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Abstract. Each carbon nanotube (CNT) has its own mathematical
representation due to its hexagonal lattice structure. The subjects of research
are multi-wall carbon nanotubes (MWCNTSs) and determining their structural
parameters: innermost and outermost diameters, chiral indices m and n, number
of walls and their unit cell parameters. Within this paper low frequency region
and corresponding high frequency parts of Raman spectra of three
experimentally produced CNTs are considered, as well as Python programming
for the most accurate (m,n) assignment. Determining the chirality of these
samples enables calculation of other structural properties which are performed
hereby. Furthermore, this author’s work enables future studies on the samples,
as are calculation of different topological indices using the graph
representation and the chirality of the studied CNT samples.

1. INTRODUCTION

Carbon nanotubes (CNTs) are allotropes of carbon in nanodimensions with
highly outstanding properties. Since graphene is a 2D building unit of all carbon
allotropes, such as fullerenes, CNTs, nanoribbons, and so on, CNTs may be
observed as wrapped up graphene structure having an ideal cylindrical shape, as
shown in Fig. 1 A, B [4].

graphene MWCNT
Figure 1: Graphene sheet as a 2D building unit of A) SWCNT; B) MWCNT.
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Each nanotube has its own mathematical representation due to its hexagonal
lattice structure [1],[2]. The geometric structure analysis of carbon nanotubes
has been quite a challenging task, particularly if the subject of research is multi-
wall carbon nanotubes (MWCNTS) [1]-[3], [5]-[8]. Knowing CNTs structural
parameters (diameter, chiral angle, chiral indices m and n) is basically knowing
their properties, which is essential for any research in the field of CNTs and
their application. There are several excellent tools as are HRTEM, ED, RRS and
others that suggest some models of (m,n) assignment for single-wall carbon
nanotubes (SWCNTs), as well as for MWCNTs. However, precise
determination of the CNTs atomic structure features becomes extremely
complicated for more than three walls (layers) [5]. Thorough and overall
analyses and use of experimental results combined with recent theoretical
background may lead to successful estimation of its structural elements.

Within this paper Raman spectra of three experimentally produced CNTs of
undetermined diameter, chirality, and number of walls, are considered, having
assigned nomenclatures: CNT;, CNT,, and CNT;. Due to the fact that their
properties are tightly connected and dependent on their atomic structure,
detailed analyses with regard to determining their diameters, calculating their
chiral indices m and n, and furthermore other parameters, were calculated,
hence estimating the number of walls (layers) of each nanotube. This research
was strictly focused to determination of outermost and innermost diameters, as
well as corresponding chiral indices, estimation of the number of other inner
diameters, which would implicate the number and the nature of CNT’s walls.
Knowing the chirality of these samples enables calculation of other structural
properties which are performed hereby. Authors strongly suggest future studies
on the samples, as are performing additional EDP analysis to enhance and
confirm the accuracy of applied methods, as well as calculation of different
topological indices using the graph representation and the chirality of the
studied samples, since it is known that they are related to some properties of the
corresponding molecules.

2. MATERIALS AND TECHNIQUES

The carbonaceous phases extracted from the solidified electrolyte were
observed by scanning electron microscopy, using JEOL 6340F (SEM, 10 kV).
Structural characteristics of the carbon nanostructures were studied by means of
Raman spectroscopy. Non-polarized Raman spectra were recorded by a
confocal Raman spectrometer (Lab Ram ARAMIS, Horiba Jobin Yvon)
operating with a laser excitation source emitting at 532 nm. The low frequency
regions 50-350 cm™ were taken into consideration, as well as the frequency
regions 1200-1800 cm™ from the Raman spectra of the CNTs. Python
programming was applied to determine possible chiral indices assignment to the
studied samples.
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3. ANALYSES AND APPROACHES TO THE CNT SAMPLES

Knowing the mathematical representation of CNTs, due to its hexagonal
lattice atomic structure, one can determine the relations among various CNT

parameters: unit vectors & and &, chiral vector C,, CNT diameter deyr
chiral angle 6, translation vector 7 of the CNT unit cell (being the shortest

repeat distance along the nanotube axis), number of hexagons Ny, number of
vertices (atoms) and so on, (Fig. 2), which are expressed with the formulas (1)-

(5). Lattice constants are the lengths of the unit vectors a =|d;| = |d| = 0.246 nm

and the distances between neighbouring carbon atoms are a-_- =0.142 nm [1].

0.142 nm

—

0.123 nm

Figure 2: A) Atomic mathematical CNT structure; B) CNT constants;
C) Various CNT unit cells; D)Three CNT types according to 6.
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T=|7] - i (4)
drp =GCD(2m+n,2n+m), given by
dp = { d, if m—nisnota multiple of 3d
3d, if m—nis a multiple of 3d
where d = GCD(m, n)
NH=2(m2+mn+n2) )

dp

There are different experimental methods of producing CNTs, and based of the
procedure, they can be either SWCNTs or MWCNTSs. The CNT with the lowest
reported diameter value experimentally produced is known to have the
diameter d =4A [10]. As theoretically predicted, it is the narrowest attainable
that can still remain energetically stable. Such nanotubes may be the innermost
constituent layer of MWCNTSs. In contrast to CNTs with larger diameters, whose
conductivity nature depends on their diameter and helicity (chirality), these
smallest nanotubes are always metallic, regardless of the chirality [10]. For
every other CNT it holds that it is metallic, if and only if it satisfies the condition
MOD(2m+n,3)=0. In Fig. 3 images of cxperimentally obtained MWCNT

samples at the Faculty of Technology and Metallurgy in Skopje are presented.

s

Figure 3: SEM and TEM images of experimentally obtained MWCNT

To date, the atomic geometric structure of carbon nanotubes determination and
analysis has been quite a challenging task, particularly if the subject of research
is MWCNTs. Three CNTs, experimentally produced, are considered for analyses
in this research: CNT;, CNT,, and CNT;. Each of the three nanotubes is
undetermined with regard to its diameter, chirality and number of walls. The
focus of this research is strictly focused to determination of their diameters, both
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innermost and outermost diameters denoted by d; and d, correspondingly,
determination of chiral indices (m,n), the total number and nature of other inner
walls (layers), cach having a diameter dj,, and the interlayer distance é‘f (Fig.
4). The latter are known to wusually be within the interval
0.32nm< é‘,k <0.35nm, although it can sometimes vary from0.27 nmup to
0.35nm [9].

The relation among the diameters and
the interlayer distances (Fig. 4) is given

by
sk = Ak —di
r 2 ’
whereas by
d, —d,
N=Lo "%
26

I

Figure 4: Diameters of MWCNTS the relation among the number of layers

N, the innermost diameter d; , the

outermost diameter d,, , and the average interlayer distance o, is given.
The key role within our analyses was assigned to the Raman spectra in two

frequency regions of each nanotube samples: we[50 em™, 350 cm_l] and

we[1200cm!,1800 cm™']. The first region was expected to point to the
Radial breathing mode (RBM) frequencies at SWCNTs, and to Radial
breathing-like mode frequencies (RBLM) at MWCNTs. These measurements
can be used as an accurate tool to estimate the diameters of each layer of the
tubes, since RBM is an active mode where all carbon atoms move in-phase in
the radial direction. Several experimental relations have been established
between the diameter of the tube and the RBM frequency wgpy, [5]. Within a
limited range of diameters, those relations are equivalent. While (6) is more
accurate when small diameters are considered, (7) is more useful when it comes
to very large diameters (or extremely low frequencies). The dependence of the
innermost diameter d; and the outermost diameter d, on the corresponding
frequency is given by the established relations in (6), whereas relation (7) can be
used for much larger range of diameters, and whenever relation (6) is unusable
or unreliable, due to the size of the outermost diameter. One may notice that d;

is obtained by the same equation as d,,, with C, being 0. The latter is due to the
fact that the parameter C, is conventionally used to express different

environmental conditions around the nanotube. The innermost concentric
nanotube within the MWCNT is not affected by such conditions, which is not
the case with the outermost concentric tube.



104 V. Andonovic, A. T. Dimitrov, P. Paunovic, B. Andonovic

228
d; = HRBLM
d,= 228 ,  C,=0.065nm™> (6)
J@RPMY? _20g? .,
A
Oppy =+ B (7

A4=223cm™!, B=10cm™
Another frequency region to help the analysis is the high frequency region of
G-modes, showing off in the interval @ e (1500 cm_l,l600 cm_l). A useful

diameter dependence for the chiral CNTs (semiconducting or metallic), which
was used as a control method herein, is given by the formulas (8) and (9) [5].
7.5

(ojgo (d)=1582—- 2—2, for semiconducting chiral ®
d

a)go (d)=1582— &28 , for metallic chiral ©
d

The number of components in the G-peak is an excellent indicator of the
conductive nature of the studied CNT sample [5]. Table 1 will help the analysis
when the chiral indices assignment to the samples is done.

Table 1: Dependence between G-peak components and the CNT conductivity

Nanotube Number of components  G-peak profile
Semiconducting chiral (SC) 2 LO, TO: narrow, symmetric
Metallic chiral (MC) 2 LO: broad, asymmetric

TO: narrow, symmetric
Armchair 1 TO: narrow, symmetric
Semiconducting zigzag (SZ) 1 LO: narrow, symmetric
Metallic zigzag (MZ) 1 LO: broad, symmetric

3. RESULTS AND DISCUSSIONS

3.1. NANOTUBE CNT;. (n,m) ASSIGNMENT RESULTS

The Raman spectra in both frequency regions for CNT; are shown in Fig. 5 A,
B. There is only one peak in the low frequency region, which indicates that the

nanotube is a single-wall, i.e. d® = d(()l). Using (6), it is obtained:
dM =dM =0.665nm
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Figure 5: A) Raman spectrum RBM mode for CNT;
B) Raman spectrum G-mode for CNT;,

The determined diameter is lower than 1 nm and the most accurate results are
expected for diameters 1 nm — 2.5 nm, hence the interval for calculating
possible chiral indices candidates was performed within somewhat broader

diameter interval (d (1) -0.02, d® +0.02) . Python programming was applied

for obtaining possible candidates to satisfy equation (2), and the results of 24
possibilities are indicated in Table 2.

Table 2: Possible (m,n) assignments for Duc to the broadness of the G-
diameter dP =0.665nm of CNT, Pe:i‘k (see Fdlgd 5 B), the cgiral
indices candidate pairs need to
Egé; Egég Eg;; Egg; Egjg Eg;; satisfy the metallic condition
(6,6) (7’0) (771) (7’2) (7’3) (7’4) MOD(2m + }’l,3) =0. Hence,
(7,5) (8,00  (8,1)  (82)  (83)  (8,4) only the five chiral indices pairs
in red (see Table 2) are
considered. However, the armchair type (5,5) would show one narrow and
symmetric G-peak, and the chiral metallic (6,3), (7,1), and (8,2) would show
two components of the G-peak, one being narrow (see Table 1), which here is
not the case.
This leaves only one possibility, the zig-zag metallic tube (6,0), which is in
high accordance with the broad and asymmetric G-peak of the nanotube CNT;.
In Figure 6 there is an illustration of CNT, with determined diameter and

chiral indices assignment.
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Figure 6: Visual model of (6,0) SWCNT

3.2. NANOTUBE CNT);. (n,m) ASSIGNMENT RESULTS

The Raman spectra in PBLM frequency region, as well as in G-mode region
for CNT, are shown in Fig. 7 A, B. There are two peaks in the low frequency
range, which identifies the CNT, as double-wall CNT (DWCNT).

Raman spectrum of
CNT,in the RBLM
range

Raman intensity (a.u)

250
Raman shift (cm~-1)

B

1200 1300 1400

Raman intensity (a.u)

1500 1600 1700 1800
Raman shift (cm*-1)

Figure 7: A) Raman spectrum RBLM modes for CNT,;
B) Raman spectrum G-mode range for CNT,

According to the corresponding frequency values in Fig.7 A and equation (6),
both the innermost and outermost diameters are calculated as follows.

d® =1.63nm
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d(()z) =2.3nm

do —d; =0.335nm, which is the

The interlayer distance is calculated as o, =

equilibrium distance for tubes that are DWCNTs [5].

Considering the G-mode range, and depending on the chiral or achiral
character of each constituent SWNT, one expects to observe 4 (chiral@chiral),
3 (chiral@achiral or achiral@chiral) or 2 (achiral@achiral) components in the
Raman spectrum measured on an individual DWNT. However, some
components can appear at close frequencies and thus cannot be experimentally
resolved. Consequently, the number of observed components can be less than
the one predicted or expected for different configurations (see Table 1). With
regard to CNT,, two identified components of the G-peak are located at the
frequencies 1570.98 cm™ and 1574 cm™. These frequencies enable the

estimating of the diameters, and hence it is obtained dl-(z) =1.58 nm by using
cquation (8), which implicates a semiconducting chiral layer, and
d£2) =2.25nm by using equation (9), which implicates a metallic chiral layer.

One may notice that the obtained diameters by both methods are in high
accordance, and the values obtained by (6) are kept as accurate.

The determined diameters are within 1 nm — 2.5 nm, hence the interval for
calculating possible chiral indices candidates was performed within narrower

diameter interval with a 0.01 nm error bar (d(z) —0.01, d® +0.01). Python

programming was applied for obtaining possible assignment candidates for both
diameters to satisfy equation (2), and the results of 16 combinations are derived
from the pairs indicated in Table 3.

Table 3: Possible (mm,1) assignments for Qualitative analysis of the G-
the innermost and outermost diameters of ~ Peak indicated a broad component,

CNT, hence a metallic chiral character of
) one layer and semiconducting
d? di(Z) chiral character of the other layer.
Hence, the possible cases are

(22,11) (12,12 either  MC@SC or SC@MC,
gg’zg 8;’3) which  corresponds to  the

implications from ecquations (8)
and (9) results. The only chiral
indices pair assignment satisfying the MC condition is (25,7). There are three
possibilities of type SC@MC: (13,1D)@(25,7), (17,6)@(25,7), and
(19,3)@(25,7). The exact innermost and outermost diameters of these three
possibilities give interlayer distances 0.329 nm, 0.335 nm, and 0,335 nm
correspondingly. The latter eliminates the first tube, and, the remaining two
possibilities (17,6)@(25,7), and (19,3)@(25,7) are equally possible up to here.
However, it is possible to make a strong distinction between these two

(28,2) (19,3)
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possibilities by an additional method of performing and analyzing an EDP of
the CNT,. Authors suggest such further research, since this analysis would
estimate the ratio m/n, which greatly differs at the last two possibilities. It is
highly expected that it would leave only one candidate combination.

In Fig. 8 there is an illustration of the two candidates with determined
diameters and chiral indices assignment to the tube CNT,.

=g
e,

e

N ot

S

SSSS

e

Figure 8: Visual model of A) (17,6)@(25,7);
B) (19,3)@(25,7)

3.3. NANOTUBE CNTj;. (n,m) ASSIGNMENT RESULTS

Several (six) peaks may be noticed in the Raman spectra in PBLM frequency
region of CNT; (Fig. 9 A), which identifies this nanotube as MWCNT. Presence
of both narrow and broad components in the G-mode range (Fig. 9 B)
implicates both semiconducting and metallic layer in the structure of CNTj;.
According to the corresponding frequency values in Fig.9 A and equation (6),
both the innermost and outermost diameters are calculated as follows:

d® =0.65nm
d®) =7.73nm

The frequency of the outermost diameter dt? ) is extremely low and near the

limit of possible calculation, therefore its calculation may have a high error bar
or even be highly inaccurate. Hence, the outermost diameter is recalculated
using equation (7) and following result is obtained:

d¥ =4.04nm
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Figure 9: A) Raman spectrum RBLM modes for CNT3;
B) Raman spectrum G-mode range for CNT;

To be able to decide which outermost diameter value is good, equation (8) is
applied for the G-peak component frequency @ =1580.34 em™'. Thus it is

obtained d£3) =4.07 nm. The latter is in accordance with the calculated value

by (7). Furthermore, the use of this equation points to semiconducting chiral
layer. It is possible to estimate whether the choice of these equations was

d, —d;
justified by checking the accordance with N =—2—-X+1, when calculating

I

the average interlayer distance o, in CNT;. Using the values N=6,

d((,3) =4.04nm, and dl-(3) =0.65nm, thus obtaining &, =0.339nm, is an
excellent indicator that the diameters are well estimated. The innermost and the
outermost diameters are out of the high accuracy diameter range 1-2.5 nm, and
obtained by different equations. The possible (m,n) assignment was performed
using Python programming, equation (2) and corresponding error bars.

For the outermost diameter, there were three possibilities in the interval

(d> -0.002,d? +0.002): (31,28), (32.27), and (49.4), each being chiral.

However, considering the semiconducting nature of this layer, the only pair of
chiral indices satisfying the condition MOD(2m+n,3) #0 is (32,27).
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With regard to the innermost diameter, the possible (m,n) assignment was
performed in the interval (di(3) —0.02, di(3) +0.02) resulting into two
possibilities: (7,2) and (8,0), of which it must be emphasized that the pair (7,2)
is within a much lower error bar. Both of these possibilities point to a
semiconducting layer.

There are two possible combinations: (7,2)@@(32,27) and (8,0)@@(32,27).
The option (7,2)@@(32,27) was discussed to be within a smaller error bar, and
also its calculated interlayer distance of 0.340 nm is closer to the determined

6, =0.339nm, than the distance of 0.341 nm that holds for the option
(8,0)0@@(32,27). However, these findings are not enough of a discrepancy at
the latter option in order to be excluded.

In Fig. 10 there is an illustration of the two candidates with determined
diameters and chiral indices assignment to the tube CNT;.
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Figure 10: Visual model of A) (7,2)@@(32,27);
B) (8,0)@@(32,27)

Considering this nanotube CNTj; it is again strongly suggested an additional
EDP analysis to be performed. This would differentiate the two candidates,
since they have different m/n ratios of the innermost constituent tubes, and
hence it is highly expected that the EDP would leave only one possible
candidate.
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4. CONCLUSIONS

Based on the analysis aned discussions in previous sections, several
important findings may be concluded:

Determination of three CNTs atomic structure has been performed;
fully for CNT] and CNT), and partially for CNT3 (as presented in
Table 4);

The thorough analyses were made with regard to the CNTs’ Raman
spectra in RBLM and G-mode frequency regions, combined with use of
Python programming;

The performed calculations were in excellent agreement with the
theoretical background and with control methods;

The calculations can be further improved in terms of higher accuracy,
and corresponding methods, as EDP, are strongly suggested;

The results enable many applications, as well as providing full
necessary information for graph theorists who work on topological
indices.

Table 4: Summarized results to specify studied CNTs

Parameters in nanotube CNT, CNT, CNT;
(17.60@025.7) (1.2@@(32.27)

Chiral indices (m,n) (6,0)
(193)@(25.7)  (3.0)@@(32,27)

Diameters (in nm) 0.665 1.63@2.3 0.65@4.04

Interlayer distances (in nm) - 0.335 0.34

Number of walls 1 2 6

Conducting nature MZ SC@MC SC@@SC (intrinsically Metallic)
0.25@0.21 0.21@@0.47

Chiral angles (in rad) 0

0.13@0.21 0@@0.47
8.87@A.17 3.54@@21.98

Length of the unit cell (in nm) 0.6

8.87@4.17 0.44@@21.98
854@566 134@5234

Number of hexagons in the UC 12

854@566 16@5234
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REGRESSION METHODS IN ANALYSIS OF GEOTECHNICAL
PARAMETERS OF COAL DEPOSITS

UDC: 519.242:553.94.048
Bojana Nedelkovska, Igor Peshevski, Milorad Jovanovski,
Danicl Velinov, Zoran Misajleski

Abstract. In this paper, a comparative analysis of geotechnical parameters of
coal deposits from different sedimentation basins in Macedonia is given. The
knowledge of the geotechnical properties of the rock masses in mineral
deposits is very important for the economy of the extraction process, safety of
work and protection of the environment. From the geological and geotechnical
investigations of the coal deposits, usually a relatively large stock of data for
the physical and mechanical properties of materials is obtained, forming a
series that can be statistically analyzed. Analysis of selected samples and types
of performed tests for several deposits was conducted, as well as a comparative
analysis of the values for the following geotechnical parameters: natural
moisture on each deposit, unit weight and coefficients of filtration. Several
correlation dependencies have been established between certain geotechnical
parameters, such as: unit weight - dry unit weight and porosity - filtration

coefficient, for which high values for the correlation coefficient R? (which
indicates a strong to very strong dependance) are obtained. With such analyses,
a procedure for processing a larger pool of data from geotechnical
investigations of mineral deposits is defined. The introduction of such a
procedure aims in selecting and adopting the most relevant value for certain
geotechnical parameter, and generally define reliable geotechnical parameters
for coal deposits, which in turn are needed to perform a number of other
geotechnical (both geological and mining) analyses.

1. INTRODUCTION

This paper is devoted on coal deposits and establishing a procedure for
defining their most realistic geotechnical parameters. The importance of
complete information for the geotechnical parameters is seen both in economic
terms and safety of the extraction process, as well as environmental protection.
Whether the coals are excavated underground or on the surface, it is always
necessary to have detailed knowledge on their geotechnical parameters in order
to have good implementation of the processes of planning, designing,
cxploitation and closing of coal mines. The coal is one of the main source of
cnergy in our country, and in the last four decades some scrious activities in
coal’s investigations, including geotechnical activities, are conducted.

2010 Mathematics Subject Classification. Primary: 62P30, Secondary: 65C20,
65C60.

Key words and phrases.coal deposit, geotechnical parameters, statistical
analysis, regression, comparative, correlations.
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The data of the state’s electricity production company show that there are
total confirmed reserves of 664 million tons of coal. This fact implies that there
is strong need of formation of clear and detailed geotechnical profiles of the
deposits, with emphasis on possible excavation depths in underground
excavation or high slopes in the case of surface excavation. Therefore, the need
of knowledge about the differences in geotechnical parameters in mineral
deposits from different sedimentation basins and specific correlations used in
different phases of design and exploitation of the coal, is quite strong.

Herein is presented analyzed data from four coal deposits. More precisely,
data on natural moisture content, unit weights, and coefficient of filtration is
considered. Then a correlation analysis between unit weight-dry unit weight and
porosity-coefficient of filtration for certain materials within the coal deposits is
conducted. As main and ultimate goal of this paper is to use regression method
for proper selection and adoption of most representative values of specific
geotechnical parameters, which can be used for further geotechnical analysis.
Another goal in this paper is to perceive the influencing factors on the
parameters, to compare and make possible correlations.

From all coal reserves, it is estimated that around 38% can be exploited with
surface excavation, and the rest with underground technology (underground coal
cxcavation in our country is still not applied). Having on mind that the surface
cxcavation is the usual way of excavation in our country, it is necessary to have
surface mines with relatively great depths. This includes design of stabile
slopes, which on the other hand implies need for detailed picture for the
geological and geotechnical profile of the coal deposit. Hence, a complex
geological, engineering-geological, hydro-geological and geotechnical
investigations, consisting of drilling exploratory borcholes, ficld and laboratory
tests, have to be done.

For the purpose of the comparative analysis of the geotechnical parameters
of coal deposits of different sedimentation basins and available data, a choice of
certain mineral deposits, who will be considered in this paper is made. The
chosen coal deposits are:

- Suvodol and Brod-Gneotino (part of the Pelagonia basin)

- Lavci (part of Prespa basin)

- Zvegor-Stamer (part of Delchevo-Pehchevo-Berovo’s basin).

For all mentioned coal deposits, in different time periods, certain amount of
geological and geotechnical, as well as laboratory works are made.

The data in this paper is taken from technical documentation prepared in the
time period 1985 to 2018, and the number of the results for each coal deposit
varies from 600to 1200 . We investigate only three parameters of the deposit
materials in this paper. The large amount of data allows us to make statistical
analysis with quite big confidentiality and also statistical comparison between
different coal deposits. The comparative analysis is given by tables and graphs,
usual tool of descriptive statistics, relieving the process of making conclusions.
This type of approach allows to determinate the confidence interval for
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particular geotechnical parameter, to detect non logical values, to find maximal,
average and minimal values, standard deviations, median and other statistical
parameters for the materials in the mineral deposits. Using these type of
analysis, we can deduce certain conclusions for geotechnical parameters of
particular deposit/s, to plan future phases of investigations for each deposit and
to prescribe the number of sufficient number of tests. Correlations between
certain parameters and dependences with high coefficient of correlation are
obtained.

These type of correlations enable efficient programmed investigations for
further explorations and reducing of unnecessary costs in case of consistency of
some specific parameter. Having all this on mind, it is quite clear that the
results placed here could be used in coal exploration and exploitation practices.

2. METHODOLOGY

In this section are presented the main statistical definitions and methods used
for analysis of the data obtained from coal deposits mentioned in the
Introduction. It important to note that, to our knowledge, this kind of approach
in analysis of geotechnical parameters of the coal deposits has never been done
before.

The definitions and basic facts about average values, standard error, median,
mode, standard deviation, variance are quite known statistical and very recently
used notations in descriptive statistics, so we are going to omit them. We are
going to present same basic facts about skewness, kurtosis, confidence intervals,
boxplots, correlation and regression.

The skewness usually is described as a measure of the symmetry of data, or
it can be interpreted as a lack of symmetry. Perfectly symmetric set of data have
skewness 0. The formula calculating skewness is the following

N3
X;—Xx
e 3 L
ns
Here we can notice that the exponent is3, since the skewness is “the third
standardized central moment in the probability”.

The kurtosis is statistical measure defining how the tails (the parts which are
far from the peaks, i.e. the left and the right ends of the curve) of the distribution
differ from the tail of standard normal distribution. This means that the kurtosis
gives us information whether the tails of certain distribution contains extreme
values. The kurtosis does not study the peaks (extremes), curved and flat parts
of the distribution. The kurtosis is given by the following

4
X;—Xx
a4 = Z—( : 4) :

ns
It can be noticed that the exponent is4, since the kurtosis is “the fourth
standardized central moment in the probability”.
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In the expressions for skewness and kurtosis, # is the size of data, x; is the i -th

value of the sample, x is the average value of the sample data and s is the
standard deviation.

Usually confidence intervals are used when we want to give an estimate of
some parameter of the population, i.e. how accurate is the estimate with certain
probability. 95% confidence interval means that when we have repeatedly
sampling (sample series) from the population, 95% of the obtained intervals
will include the real value of the parameter of the investigated population. It is
clear that bigger sample implies more reliable confidence interval.

The maximal and minimal observations tell us little about the distribution of
the sample values, but they give us information about the tails of the distribution
that are missing if we know only the median and the quartiles. To obtain a quick
summary of both center and spread, we combine the following five numbers:
minimum, first quartile, median, third quartile and maximum, written in order
from smallest to largest. These five numbers offer a reasonably complete
description of center and spread. A boxplot is a graph of the five-number
summary: A central box spans the quartiles Q; and O3, a line in the box marks
the median M , lines extend from the box out to the smallest and largest
observations. Because boxplots show less detail than histograms or stemplots,
they are best used for side-by-side comparison of more than one distribution.

The regression line summarizes the relationship between two variables, but
only in a specific setting when one of the variables helps explain or predict the
other. A regression line is a line that describes how a response variable y
changes as an explanatory variable x changes. This line often is used to predict
the value of y for a given value of x. The least squares regression line of y on
x is the line that makes the sum of the squares of the vertical distances of the
data points from the line as small as possible.

A quadratic regression is the process of finding the equation of the quadratic
function (parabola) that best fits a set of samples. As a result, we get an equation
of the form

y:ax2+bx+c, azx0.

The best way to find this equation is by using the least squares method. That
is, we need to find the values a,b and ¢ such that squared vertical distances

between each point (x;,y;) and the quadratic curve y = ax? +bx +c is minimal.

The equation of the curve of the regression curve can be found as a solution of
the following system

4 3 2 2
a-2x +b- X +e 2 xi =3y
a-Y+b-Sx+e-Yx=Yxy ,i=12.n.
a-Zx,-2+b-Zx,-+n-c:Zy,-
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The coefficient of correlation R?, can be found by the following formula
R?=1-2,
N
whereby RSS is denoted the sum of squares of residuals and by 7SS is denoted
the total sum of squares, i.e.

RSS =% (i ~axf b —cf| and7S5 =3 (vi-7)’.

Correlation and regression are closely connected. It is important to note that
we should be careful when we want to conclude that there is a cause-and-effect
relationship between two variables just because they are strongly associated, i.e.
high correlation does not imply causation.

According to the quantity of the coefficient of correlation (RZ) we can
determine the strength of the regression, usually using the following criteria:

- ifR’< 0,3 there isn’t any dependence;

- if 0,3< R? < 0,5 there is some dependence;
- if0,5< R < 0,7 there is mild dependence;

- if 0,7< R* < 0,9 there is strong dependence;

- ifR*> 0,9 there is very strong dependence.
3. APPLICATIONS

In this part, comparative analysis for certain geotechnical parameters (natural
moisture content, unit weight and coefficient of filtration) for certain type of
geotechnical materials was made. There are given boxplot and certain tables for
the geotechnical parameters for certain materials (average value, standard error,
median, mode, standard deviation, variance, kurtosis, skewness, range,
minimum, maximum, sum, sample numbers and confidence interval) and
certain correlations between unit weight-dry weight of certain materials and
correlations between porosity-coefficient of filtration for certain materials in
coal deposits.

3.1. Natural moisture content

On the given boxplot above for each coal deposit are given minimal and
maximal value of natural moisture, first and third quartile and median. For the
coal deposits Suvodol, Lavci and Brod-Gneotino, minimal value of the moisture
of the samples varies around 10% and maximal value varies around50% .
These values for the samples are quite different in the case of coal deposit
Zvegor-Stamer, i.e. minimal value of the natural moisture around 5% and
maximal value of the natural moisture content around 70% . Generally, we can
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note that in all investigated coal deposits, the samples have natural moisture
content between 20 —40% .

Natural moisture content
W Suvodol W 2vegor-Stamer @ Lavei [ Brod-Gneotino

~
S
-

“d s mee

o

Figure 1. Natural moisture content of some deposits
3.2. Unit weight
Unit weight is one of the most often investigated geotechnical parameters in
all deposits. This parameter is essential for every geotechnical analysis. The
comparative analysis for all investigated coal deposits is given through the

tables in sequel.

Table 1. Unit weight of gravels (in kN/m")

Gravels Zvegor-Stamer Lavei
Average value 19,20 20,48
Standard error 0,325 0,517

Median 19,205 20,2

Mode / /
Standard deviation 0,4596 1,2684
Variance 0,2112 1,6089
Kurtosis / —0,6372
Skewness / —0,0593
Range 0,65 3,37
Minimum 18,88 18,63
Maximum 19,53 22
Sum 38,41 122,89
Sample size 2 6
95% Confidence interval 4,1295 1,3311
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From the table above, we can conclude that gravels are characterized with
the close minimal value, but big difference in its maximal value 19,53 kN/m? in
Zvegor-Stamer and 22,00 kN/m® in Lavci. Since this obvious difference, there
is deviation in the average value, which is 19,21 kN/m’ and 20,48 kN/m’, for
Zvegor-Stamer and Lavci, respectively.

Table 2. Unit weight of sands (in kN/m"®)

Sands Zvegor- Suvodol Lavci Brod-
Stamer Gneotino
Average value 18,98 19,48 19,73 18,55
Standard error 0,2992 0,1788 0,1374 0,2780
Median 19,18 19,565 19,985 18,72
Mode / 19,81 19,8 /
Standard deviation 0,7916 1,2386 0,8687 1,3331
Variance 0,6267 1,5341 0,7547 1,7772
Kurtosis 0,4486 2,1985 3,5553 41310
Skewness —1,0409 0,6187 —1,3222 —1,6424
Range 2,31 6,3 4.7 6,23
Minimum 17,57 16,9 16,5 14,23
Maximum 19,88 23,2 21,2 20,46
Sum 132,83 935,14 789,27 426,76
Sample size 7 48 40 23
95% Confidence 0,7321 0,3596 0,2778 0,5765
interval

Minimal value of the unit weight of the sands from the coal deposits is the
biggest from 17,57kN/m’ for Zvegor-Stamer and the least value of 14,23
kN/m® for Brod-Gneotino. The maximal value varies in all coal deposits, i.e. it
varies from 19,88 kN/m® to maximal value of 23,20 kN/m’. The average values
have small deviation, that is 18,55 kN/m® for Brod-Gneotino, 18,98 kN/m® for
Zvegor-Stamer, 19,48 kN/m® for Suvodol and 19,73 kN/m® for Lavci. There is

obvious difference in unit weight of sands at Suvodol and Brod-Genotino,
although these coal deposits are in the same sedimentation basin.

Table 3. Unit weight of silt (in kN/m")

Silts g::Igrfel;' Suvodol Lavci Gﬁ:ggno
Average value 18,36 18,84 17,99 17,65
Standard error 0,29 0,0720 0,8851 0,3560

Median 18,36 18,88 17,905 18,24
Mode / 18,94 / 17,86
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Standard deviation 0,4101 0,4136 2,1682 2,4409
Variance 0,1682 0,1710 4,7009 5,9582
Kurtosis / 3,0037 —0,8651 0,4249
Skewness / 0,8640 0,3194 -0,8172

Range 0,58 2,13 5,91 11,97
Minimum 18,07 18,1 15,29 11,02
Maximum 18,65 20,23 21,2 22,99

Sum 36,72 621,92 107,94 829,74
Sample size 2 33 6 47
95% Confidence | 3 o4g 0,1466 | 2,2753 0,7167
interval

Minimal values of the unit weight for silts are 18,07 kN/m? and 18,10 kN/m’,
in Zvegor-Stamer and Suvodol, respectively, 15,29kN/m’ in Lavci and the
lowest value of 11,02kN/m’ in Brod-Gneotino. The maximal value is the lowest
in Zvegor-Stamer with 18,65kN/m’ and the highest with 22,99 kN/m’ in Brod-
Gneotino. The average values are almost the same, i.e. for 17,99 kKN/m® and
17,65kN/m’ for Lavci and Brod-Gneotino and higher, i.e. 18,36 KN/m® and
18,85 kN/m® for Zvegor-Stamer and Suvodol, respectively.

Table 4. Unit weight of clays (in kN/m’)

Clays Zvegor-Stamer Suvodol Lavci
Average value 17,81 18,37 18,73
Standard error 3,085 0,3563 0,2582

Median 17,815 18,6 19,065

Mode / / 18,74

Standard deviation 4,3628 0,8727 1,6330
Variance 19,0344 0,7615 2,6667
Kurtosis / —1,5238 2,7559
Skewness / —0,4795 -1,4517
Range 6,17 2,19 8,08
Minimum 14,73 17,21 13,02
Maximum 20,9 19,4 21,1
Sum 35,63 110,2 749,23
Sample size 2 6 40
95% Confidence interval 39,1986 0,9158 0,5223

It can be noticed differences in the values of minimal and maximal values of

unit weight at clays in all deposits. In point of view of average values, there are
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relatively close values of 18,37 kN/m’ and 18,73 kN/m® in Suvodol and Laveci,
and lower value of 17,82 kN/m’ for Zvegor-Stamer.

Table 5. Unit weight of organic clays (in kN/m®)

Organic clays Suvodol Lavei Brod-Gneotino
Average value 18,52 16,10 16,80
Standard error 0,1522 0,5828 0,6103
Median 18,73 15,78 17,01
Mode 20,07 / /
Standard deviation 1,1493 1,3032 1,7263
Variance 1,3209 1,6983 2,9801
Kurtosis 2,2970 -1,1197 -1,4510
Skewness 0,7957 —0,3277 —0,3404
Range 6,8 3,13 4,73
Minimum 16,04 14,3 14,18
Maximum 22,84 17,43 18,91
Sum 1055,77 80,49 134,42
Sample size 57 5 8
95% Confidence interval 0,3050 1,6181 1,4432

For organic clays, the differences in values on minimum and maximum of
unit weight at all deposits are obvious. There are also differences at average
values, i.e. the lowest average value of 16,10kN/m® for Lavci, then average

value of 16,80 kN/m’ for Brod-Gneotino and much higher average value in
Suvodol of 18,52 kN/m”®. The difference in size of the analyzed data is obvious.

Table 6. Unit weight of alevrolites (in kN/m°)

Aleurolites Zvegor-Stamer Lavci
Average value 16,56 19,52
Standard error 0,2180 0,1685

Median 16,62 19,525
Mode 16,37 /
Standard deviation 1,7843 0,6305
Variance 3,1837 0,3975
Kurtosis 0,1699 —-0,9202
Skewness —0,1516 0,2934
Range 8,2 2
Minimum 13,36 18,7
Maximum 20,56 20,7
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Sum 1109,84 273,26
Sample size 67 14
95% Confidence interval 0,4352 0,3640

The alevrolites (type of sediment consisting of bonded grains of silt) are
present only in Zvegor-Stamer and Lavci. They have very big difference in
minimal values and almost same maximal values for unit weight. In average
values, also is clear difference, that is 16,56 kN/m® in Zvegor-Stamer and 19,52

KN/m® in Lavei.

Table 7. Unit weight of coals (in kN/m®)

Zvegor- . Brod-
Coals S ta;gner Suvodol Lavci Gneofino
Average value 14,21 12,41 13,97 11,88
Standard error 0,045 0,1318 1,4989 0,3992
Median 14,215 12,54 11,14 11,99
Mode / / / /
Standard 0,0636 0,6040 3,9658 0,6916
deviation
Variance 0,0040 0,3648 15,7276 0,4783
Kurtosis / 1,2736 -1,9778 /
Skewness / —0,9868 0,6376 -0,6976
Range 0,09 2,47 8,6 1,37
Minimum 14,17 10,75 10,61 11,14
Maximum 14,26 13,22 19,21 12,51
Sum 28,43 260,67 97,81 35,64
Sample size 2 21 7 3
95% Confidence | ) 5715 0,2749 3,6678 1,7180
interval

The differences of minimal, maximal and average values of unit weight for

the coal of all analyzed deposits are obvious. According the average values,
lowest unit weight of 11,88 kKN/m® has the coal in Brod-Gneotino, then
12,41 kN/m’ has the coal in Suvodol, 13,97 kN/m’ has the coal in Lavci and the
highest unit weight of 14,22 kN/m’ has the coal in Zvegor-Stamer.

3.3. Coefficient of filtration

The coefficient of filtration is parameter which determines the water
permeability of the local environment, i.e. the deposit’s sediments and can be
determined by field and laboratorial experiments, as well as by empirical
equations. The subject of this analysis is laboratory obtained values.
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Table 8. Coefficient of filtration (& [cm/s)] of sands

Zvegor- . Brod-
Sands Stamer Suvodol Lavci Gneofino
Average value | 0,000126 0,00012 | 0,000842 0,002303
Standard error 5,44.107 5,07-107 | 0,000318 0,000492
Median 6,26-10 | 816-107 | 1,65-107° 0,00078
Mode / 8,16-10™ 0,003 0,00078
Standard 0,000154 0,000209 | 0,001772 0,00023
deviation
Variance 2,37-1078 4,36-1078 | 3,14-107° 0,002459
Kurtosis -0,07193 13,47091 | 3,173536 | 6,05-107
Skewness 1,336927 3,526208 | 2,063464 —0,36507
Range 0,000383 0,000889 0,0064 0,856078
Minimum 6,12:1077 | 3,68:107° | 5,22.107° 0,0081
Maximum 0,000384 0,000893 0,0064 0,0001
Sum 0,001008 0,002043 | 0,026099 0,0082
Sample size 8 17 31 25
95%
Confidence 0,000129 0,000107 | 0,00065 0,001015
interval

By the results from the upper table, we can conclude that the coefficient of
filtration (average value) for the sands form all coal deposits has approximately
same values, which are values in the interval (1 074,9. 10_4) , except for deposit
Brod-Gneotino with average values of 2-10~°.We can make a conclusion that the
comparative analysis is made on the base of large number of data for the
coefficient of filtration for all coal deposits. Therefore, this analysis can be
taken with big confidence.

Table 9. Coefficient of filtration of silts (kf' [cm/s)]

Silts Suvodol Lavci
Average value 8,61-107° 1,98-107
Standard error 2,88-107° 8,92-107°

Median 7,21-107° 1,03-107°

Mode / /

Standard deviation 5,76- 1070 2,18- 107
Variance 3,32.107 1 4,77-10710
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Kurtosis 0,622432 ~1,30632
Skewness 1,124843 0,934925
Range 1,3-107° 5,08-107
Minimum 3,53.107° 1,7-107°
Maximum 1,65-107 5,25-107
Sum 3,44-107° 0,000119

Sample size 4 6
95% Confidence interval 9,17- 10°° 2,29- 107

By the upper table, we can see that the coefficient of filtration (average
value) for the silts from Suvodol and Lavci has almost same value with range in

the interval (107,9-107%).

Table 10. Coefficient of filtration of alevrolites (kf* [cm/s)]

Alevrolites Zvegor-Stamer Lavci
Average value 2,51 107° 4,73- 1078
Standard error 9,42-1 0’ 1,151 08

Median 1,09-107° 5,22-107%
Mode / /
Standard deviation 2,98 107° 2-1078
Variance 8,88-1 0712 3,98- 10716
Kurtosis 0,293483 /
Skewness 1,206392 —1,03241
Range 8,36-107° 3,9.1078
Minimum 1,73-1077 2,54-1078
Maximum 8,53-107° 6,44-1078
Sum 2,51-107 1,42-1077
Sample size 10 3
95% Confidence interval 2,13-107° 4,96-107

By the table, easily it can be seen that the coefficient of filtration (average
value) for the alevrolites from Zvegor-Stamer and Lavci has different values,

the coefficient of filtration is around 7-10~° and for Lavciisn 10 ,1<n<9.

3.4. Correlation between Unit weight (v ) —dry unit weight (v, )
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Using all available data for the dry unit weight and unit weight from all coal
deposits, correlation analysis was made. At all analysis, the coefficient of
correlation is greater than0,5. In sequel, a correlation analysis for gravels,
sands, silts, clays, organic clays, alevrolites and coals will be presented.
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Figure 2. Correlation between unit weight and dry unit weight for gravels

From the correlation analysis for gravels, we can conclude that there is
strong dependence between the parameters with coefficient of correlation (
R*= 0,81) and the regression equation is given by

Yq =—0,682 1y2 +29,372y—-296,92 .

v = 0.0466x° - 0,56081 ~8.9429
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Figure 3. Correlation between unit weight and dry unit weight for sands
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We can conclude that there is strong dependence for sands, between the
parameters with coefficient of correlation (R2 =0,76) and regression equation
given by

Yq =0, ()466}/2 —0,5605y +8,9429 .
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Figure 4. Correlation between unit weight and dry unit weight for silts

We can conclude that there is strong dependence for silts, between the
parameters (R2 =0,88) and regression equation given by
Yq =0, 042y —0,2492y +4,3931 .

v =-0.03175 +2.493x - 20075 ®

R'=0.9231
14

R
10 .

Ta [KN/m')

7 IKN/md)

Figure 5. Correlation between unit weight and dry unit weight for clays
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According to the analysis, we can conclude that for the clays there exist very

strong dependence between parameters (R2 = 0,92 ) with regression equation

vg =—0,0317y2 +2,493y —20,975 .
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Figure 6. Correlation between unit weight and dry unit weight for coals

According to the analysis, we can conclude that there is strong dependence

between parameters ( R?= 0,88), and the regression is given with the equation

4 =—0,0909y2 +3,7917y —24.8..

3.5. Correlation between Porosity (n) — Coefficient of filtration (&f)

From the

all available data for the coefficient of filtration and porosity at all

coal deposits, only for the sands the regression was made. There are used twelve
samples of pairs porosity and coefficient of filtration.
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Figure 7. Correlation between porosity and coefficient of filtration for sands
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We can conclude that there is strong dependence between parameters (
R* = 0,78 ) with the regression equation
k= 2-1071% —0,00191+0,0416 .

3.6. Other attempts for correlation

Having on mind the already given dependences with coefficient of
correlation greater than 0,5 (giving the existence of some dependence between
parameters), an attempt for other correlations for other geotechnical parameters
was made. There was an analysis of unit weight (y) and modulus of

compressibility ( Mv), but there is no correlation between these parameters, i.e.
the obtained coefficient of correlation is less than 0,3, which means that there
is no apparent regression connection between these two parameters. Also, an
analysis for cohesion (¢ ) and modulus of compressibility ( Mv) was made, but
again the obtained result points that there is no apparent regression dependence
between these two geotechnical parameters.

Another unsuccessful correlation is connections between residual angle of
friction ( ¢,,, ) and angle of friction (¢ ), as well as modulus of compressibility (

Mv) and uniaxial strength (qu ). In order to obtain exact and confident analysis
it is very important to have large set of samples of pairs of these parameters,
which in our case was absent.

4. CONCLUSIONS

Geotechnical engineering, besides in the civil engineering and environment
protection, is quite important science in coal exploration, where the problems of
stability of excavations, whether they are underground or surface excavations
arc present.

Since the surface excavation is the only way of coal exploitation in our
country, it is necessary to opening of surface mines with relatively great depth,
which leads to the need for design of stable slopes. In order to achieve this, is
very important that detailed knowledge for geological and geotechnical profile
of the considered deposit is secured.

For that purpose, the complex investigations, consisting of drilling of
exploratory boreholes and field experiments, as well as laboratory tests are
made. The main goal of these activities is to determine the representative
geotechnical parameters for all types of materials in the deposit.

The problems given in this paper are interesting of scientific and practice
point of view. The coal deposits are characterized with specific geotechnical
characteristics, hence applying the approach presented in this paper give us
easier determination of the geotechnical parameters, with drawing of



REGRESSION METHODS IN ANALYSIS OF GEOTECHNICAL ... 131

conclusions according to authoritative statistical parameters, correlations with
big enough coefficient of correlation, rejection of no logical data, efficiency in
the definition of vertical geotechnical profile of the deposits. In this way, we
obtain a direction in more efficient and more economical programming of future
investigations and explorations of coal deposits.

Therefore, the findings of this paper should be considered very relevant and
presented techniques and results can be suggested and applied in engineering
practice. The approach can be upgraded with new scientific researches and
practical explorations, and thus establishing geotechnical database which will
enable us to give more confident correlations applicable in practical works at
coal mines.
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DETERMINATION OF A FLOOD WAVE PROPAGATION CAUSED BY

HIGH INTENSITY RAINFALLS USING PROBABILITY TECHINQUES

UDC: 519.248:556.166
Mihail Naumovski, Daniel Velinov, Zoran Misajleski

Abstract. As the most unexpected occurrence in hydrotechnical engineering,
high intensity rainfalls can lead to a significant increase in water level, creating
a flood wave propagation in the catchment arca. Therefore, it is necessary to
predict the scenario that can be critical in terms of creating a high — performed
hazard, caused by the flood wave propagation, which influence can affect not
only on the catchment area but also on the human beings nearby. In that case,
as better the hazard is assessed, the better will the consequences be treated.
Even upon the receipitation of high intensity rainfall data base, from the
hydrometeorological station, it processing can be approached. The data base is
obtained as a pluviogram in every tenth minute, from which can be created a
hydrogram of the maximum rainfall intensity, whose values are given in time
intervals not less than the pluviograph time. So, this kind of hydrograph is the
base of determination of the maximum value of the rainfall intensity that can
contribute to the creation of the flood wave propagation. Also, it is important
that the high intensity rainfall data base is given for a period of tenth minutes
pluviograms, measured at least of a year. Hence, the created hydrogram is the
base of defining the frequency of occurrence of the maximum high intensity
rainfall value, which is inversely proportional by the measured period. In this
way, it can be determined the variables which will be used for creating a
distribution of the probability density function. The probability density function
is mostly based on a Gumbel distribution, so the results are the best possible
simulated. The variables are based on the parameters of a time interval
sequences, which refer to the measured period.

In this case, the benefit using probability density function is not just the
determination of the value of maximum intensity rainfall which causes flood
wave propagation, but also is the determination of the frequency of its
occurrence. This helps to correct hazard assessment in order to design
buildings in hydrotechnical engineering, which are permanent and lasting,
serving the surroundings, not destroying the environment.

1. INTRODUCTION

Nowadays, engineers in the domain of hydrotechnical engineering are being
more aware of determinating and managing a problem, such as high intensity
rainfalls, than in the past. This is due to the contemporary investigations and
technologies, developed on treating such an occurrence with a stochastic
character, which can cause a catastrophical scenario followed by large-scale
consequences. Nevertheless there are many circumstances that can undoubtedly,
as in the engineering word is said, affect to the genetic code of the buildings,
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which are build just for the benefit of the mankind and the environment. And
when once the genetic code is destroyed, than every idea of quality
hydrotechnical engineering fades away.

The stochastic character of the high intensity rainfalls is generally due to the
probability of their occurrence. Namely, there are no ways to decisively predict
when and in which amount of can the high intensity rainfalls appear. This may
cause distortion in the flow of watercourses and rivers, followed by increasing
in water level. Such a phenomenon can inevitably form a flood wave
propagation, which poses a huge threat as it is said in the abstract. For that
purpose, scientific research activity till now is based on determinating the flood
wave propagation, by processing the high intensity rainfalls data base, measured
nearby the location in question. This location in question refers to the catchment
areca followed by the watercourse or the river in which the flood wave
propagation is made.

2. CONDITIONS AND MEASUREMENTS

Not always in the surroundings of the location in question can a
hydrometeorological station be found. Therefore, it is necessary to obtain a clear
representation of the location, more specifically to the distance from the nearest
hydrometeorological station. If there are more of them the relevant
measurements for the high intensity rainfalls data base will be taken from all of
them, but before the processing, they will be optimized and fused into one. This
fusion is always made of one of well know methods in hydrotechnical
engineering, especially in hydrology: Method of Tiesen or Method of arithmetic
mean. Some investigations show that both methods give approximate results, but
the Method of arithmetic mean has greater degree of confidentiality in showing
the real condition of the high intensity rainfalls data base.

Figure 1. Construction of the automatical pluviograph.
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In every hydrometeorological station, there are not just instruments that
measure one parameter, as precipitation which is directly connected with the
high intensity rainfalls, but also parameters that affect on it such as: humidity,
windiness, the number of sunniest days in the year and flora and fauna nearby.
The instrument which measures the precipitation is called pluviograph. There are
two types of pluviographs. The traditional one, which is being used by many of
the engineers from the old school and the automatical one, which is used
nowadays from the new aged school engineers. In this paper it is going to be
presented the automatical pluviograph, because of its widely application not just
in the world, but also in our country. As it is shown in the Figure 1, the
construction of the pluviograph consists of a concrete foundation, metal casing —
mostly as an aluminum casing, because of its endurance of environmental
aggression, in which is installed the digital device and the top construction. The
digital device is connected with the funnel at the top of the construction, in
which the precipitation is collecting. The digital device is tuned at a minimum
time interval of ten minute, so the pluviogram could not be registered at a
smaller time interval. This means that when the high intensity data base is ready
for processing, it should be put a point in time, where the measurement has been
stared. It is quite important to distinguish the unevenness between the started
point of the measurement and the started point of the precipitation. Mostly the
started point of measurement is matched with the started point of the
precipitation, at the time of 00:00 when initially the day starts. As it is shown in
Figure 2., the digital device takes many circumstances which can affect on the
intensity of the rainfalls, so the device may register the clear image of the
outside precipitation scenario.

Figure 2. Digital device of the pluviograph. (Source: https://www.pce-
instruments.com)

It is also important that the pluviograph must be isolate in a radius 4-5 meters
around. That is because of the digital device, which works on signals. Namely, if
there is another digital device around the signals of both devices can be mixed
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up and the measured data base will be incorrect and inappropriate for further
processing. For proper functioning the pluviograph should be subjected to a
regular inspection and maintenance.

3. DATA BASE PROCESSING AND STATISTICAL ANALYSIS

After the registered high intensity rainfalls data base is been given, the
processing can be started. At first it is necessary to process the pluviograms in a
table by ordering them in columns, which are represented as time interval
columns. It means that the registered precipitation can be analyzed in a time
frame from the smallest time interval of 10 minutes, to the largest of a day. This
table has to be more organized in the detail, such as the Table 1, where are
separated just the monthly maximum precipitation in a period of at least three
years (the maximum period is not limited).

Table 1: Monthly maximum rainfall for characteristic time interval. (Source: [1])

Year M((:;th 10> | 20° | 40’ | 60’ | 90° | 120* | 180 | 300’ | 720° | 1440°

01 30 | 3.0 | 34 | 42 | 5.0 5.6 5.8 7.6 13.0 14.0

02 1.8 | 24 | 34 | 38 | 42 4.4 52 54 5.7 7.8

03 46 | 80 | 124 | 158 | 208 | 22.8 | 23.6 | 23.6 | 258 40.4

04 40 | 48 | 64 | 80 | 10.0 | 102 10.8 11.8 17.0 17.6

05 58 | 70 | 7.8 | 92 | 112 | 13.6 | 164 | 208 | 342 40.2

© 06 | 76 | 84 [ 104124126 138 | 182 | 228 | 228 | 228
4 07 |14 ]26]28 28 ]28]30]30]30]30] 30
08 |160]186]192]192]192] 192 | 194 | 198 [ 198 | 198
09 | 164]226]312]346]356] 356 | 364 | 376 | 376 | 376
10 [ 22261323642 46 | 66 | 86 | 94 | 98
11 |34 485460 70] 78 | 80 | 82 [ 154 ] 180
12 loz2]o2 o202 02020202 ]o02] 02
01 04 | 08 | 12 | 1.6 | 1.8 | 2.0 2.4 2.6 3.0 3.2
02 [os 1216222424 247 307]36] 36
03 121222283232 ]38 1] 42| 52 ] 62
04 |26 ] 48 607290 116/ 134 168 [ 168 190
05 |13.8] 154296320320/ 464 | 524 | 570 | 576 | 590
> 06 |36 ] 46|48 |66 84| 84 | 104 ] 104 [ 104 ] 202
S 07 |16 18] 182636/ 44 | 50 7] 50| 64 | 74

08 20 | 30 | 42 | 50 | 6.6 7.6 72 9.4 10.0 10.0
09 1.6 | 1.6 | 1.6 | 24 | 3.4 4.6 6.0 6.6 8.2 8.8
10 14 | 22 | 40 | 46 | 52 6.0 6.8 8.0 10.2 10.2
11 14 | 26 | 46 | 64 | 86 9.4 9.6 10.6 17.4 25.8
12 62 | 62 | 7.6 | 94 [ 11.0 [ 12.8 14.0 176 | 224 37.6
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01 1.8 | 32 | 62 | 86 | 11.8 | 132 136 | 13.6 | 138 13.8

02 1.8 1 22 |24 | 34 | 42 52 6.6 8.8 11.6 16.0

03 48 | 54 | 62 | 64 | 6.8 7.0 7.0 8.6 9.0 9.6

04 20 | 34 | 46 | 54 | 6.6 6.6 6.6 6.8 7.4 7.4

05 24 | 38 | 62 | 6.6 | 94 9.8 100 | 114 | 13.0 13.0

06 8.6 | 128|132 | 132 | 134 | 13.6 13.8 14.2 14.2 17.4

2018

07 36 | 44 | 50 | 5.0 | 5.0 5.0 5.0 5.0 5.0 5.0

08 46 | 56 | 74 | 7.8 | 80 8.0 8.0 10.2 10.6 10.6

09 00 | 00| 00 | 00 | 0.0 0.0 0.0 0.0 0.0 0.0

10 04 | 06 | 06 | 06 | 06 | 0.6 0.6 0.6 0.6 0.6

11 42 | 56 | 64 | 7.0 | 86 | 11.0 | 156 186 | 224 26.4

12 1.0 [ 1.8 ] 3.0 | 3.6 | 44 5.4 7.8 8.6 9.4 11.0

For further more detailed examination it is necessary to analyze the time
interval columns as sequences, for which we should calculate some necessary
statisctical parameters, in order to obtain more precise and vivid picture for the
problem under investigation. In sequel, we recall some basic terms and
equations from descriptive statistics. The arithmetic mean of the data sequence
X15X0 5000y Xp_1,X,, 1S given by

X +)C2 +...+xn_1 +.an

_ 1 n
x= =—>x,
n =]
and its standard deviation is given by
12z —\2
S = /—Z(xi—x) , forn>30.
mi=1

The standard deviation and the variance s> is common measure of spread
about the mean as center. The standard deviation s is zero, when there is no
spread and gets larger as the spread increases. The mean and standard deviation
are good descriptions for symmetric distributions without outliers. Additionally,
concerning the standard deviation, when n <30, we use the following formula

S
c= Z(x,-—x) ,

n=1;3

measuring more accurately the standard deviation (spread).
Next, for better analysis of the data sequences, we will use scale parameter
(depends on standard deviation), given by:
1,282
o=
s
and location paramcter (depends on both, arithmetic mecan and standard
deviation) given by:

>

B=x—0,455.
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Concerning the seeking for a correlation among two variables we stress the
following notations and relations. If we think that a variable x may explain or
even cause changes in another variable y, we call x an explanatory variable and
y aresponse variable.

Let we have data of an explanatory variable x and a response variable y for
n.

The correlation measures the direction and strength of the linear relationship
between two quantitative variables. It will be abbreviated by . Suppose that
we have data on variables x and y for » individuals. The values for the first
individual are (x;,);), the values for the second individual are (x,,y,) and so
on. The arithmetic mean and standard deviation of these data sequences are x
and s, for the data sequence x,x;,...,x,, ¥ and s, for the data sequence

V>Y25. ¥, - The correlation » between data sequences x and y is:

L] i(xi—fj. yi -y

n—=1,50 s, sy,

The least-squares regression line is given with the equation y =a + bx, with a
slope:

where s are standard deviations of the variable x, y, respectively and r is

Sy, S

y
their correlation.

The interception a is calculated by

a= )_/ —bx,
where X, y are means of the variables x, y , respectively.
With this regression line we obtain the predicted response y for any x.

There is a close connection between correlation and the slope of the least-
squares regression line. The slope and the correlation always have the same
sign.

The correlation » describes the strength of a straight-line relationship. This
description takes a specific form: the square of the correlation, ¥2, is the
fraction of the variation in the values of y that is explained by the least-squares

regression of yon x. The last one can be briefly written as:

2 variation in y as x pulls it along the line
total variation in observed values of y

From the last one, it is clear that we can always find a regression line for any
relationship between two quantitative variables, but the usefulness of the line
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for prediction depends on the strength of the linear relationship. Hence, #2 s
almost as important as the equation of the regression line.

Analysing the quantity of the cocfficient of corrclation (r2) we can
determine the strength of the regression, adopted in hydrology. We have the

following grades of the strength of the linear regression: 1) R%< 0,3 there isn’t
any dependence; 2) if O,3£R2 <0,5 there is some dependence; 3) if
O,SSR2 <0,7 there is mild dependence; 4) if 0,7£R2 <0,9there is strong

dependence; 5) if R%> 0,9 there is very strong dependence.
For comprehensive approach on this statistical ideas, the interested reader
may consult [5] and [7]-[11].

4. ANALYSIS USING PROBABILITY TECHNIQUES

We start this section with the following table, in which the basic statistical
parameters are summarized, in each specific considered time interval.

Table 2. Statistical parameters (Source: [1])
Statistical |, | 50 | 400 | 60° | 90> | 120° | 180" | 300" | 720° | 1440’
Parameters
; 384 (494|656 | 7.51|852]9.57|10.60 | 11.86 | 13.66 | 15.92
o 403|498 694|750 | 7.71]19.21 | 10.03 | 10.81 | 11.42 | 13.12
o 0.3210.26 |0.18 | 0.17 | 0.17 ] 0.14 | 0.13 | 0.12 | 0.11 0.10
§ 336|448 | 6.08 [ 7.05 | 8.11 | 9.13 | 10.17 | 11.45 | 13.28 | 15.54

Using regression analysis on the previously presented sequences of data,
organized into certain time intervals, we can obtain the following plot given on
Figure 3. The following important results (not presented of the Figure 3),
concerning the regression lines, can be stated:

e For 10', the equation for linear regression is given by
y=2,4464x+18,677,
with strength of the linear regression 7= 0,8709.
e For 20', the equation for linear regression is given by
y=2,4115x+20,138,
with strength of the linear regression 7% =0,865.
e For 40', the equation for linear regression is given by
y=2,2798x + 23,593,
with strength of the linear regression 7= 0,8452 .
e For 60', the equation for linear regression is given by




140 M. Naumovski, D. Velinov, Z. Misajleski

y=2,3318x+22,59,

with strength of the linear regression P2 = 0,8635.

e For 90', the equation for linear regression is given by
y=2,483x+19,725,

with strength of the linear regression 7= 0,8951.

120
100
Linear (10")
Linear (20')
80 .
Linear (20')
Linear (40')
60 Linear (90')
Linear (120')
Linear (180"
40 Linear (300"
Linear (720')
Linear (1440')
20
0
0 5 10 15 20 25 30 35 40

Figure 3. Regression analysis of months and maximum rainfalls for the specific
time intervals

e For 120', the equation for linear regression is given by
y=2,11x+24,311,
with strength of the linear regression % =0,6133.
e For 180", the equation for linear regression is given by
y=2,4024x+31,322,
with strength of the linear regression P2 = 0,8942 .
e For 300', the equation for linear regression is given by
y=2,4574x+20,407 ,
with strength of the linear regression % =0,8979.

e For 720, the equation for linear regression is given by
y=2,6272x+16,363,
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with strength of the linear regression % =0,9306.

e For 1440', the equation for linear regression is given by
y=2,7582x+13,926,

with strength of the linear regression ¥ = 0,918.

We can conclude that in all obtained linear regressions (except in the case of
120'), the strength of the linear regression is strong, i.e. there exists strong
dependence between considered parameters. Also, we can deduce that the spread
of the values is not quite big. An interesting fact that affects on a weak
correlation at 120" linear regressions, is the error that occurs as a consequence of
the digital deviced sleep time. Namely, every two hours per a day the digital
device has to sleep not more than a minute, so the sleep time affects on a very
small part of the data base not to be registered. This is most pronounced in 120’
lincar regressions, because it is about a punctual part of the time when the sleep
time begins. Such a phenomenon does not affect on the larger time intervals,
because of the significant increase of the data base.

Next, statistical parameters for certain time period (in months) and certain
time intervals, or more precisely, a monthly maximum rainfall [mm] for
characteristic probabilities is given.

Table 3. Statistical parameters (Source: [1]

p(z) | Months | . | 5o | 400 | 60° | 90° | 1200 | 180° | 300° | 720° | 1440’
(%) (n)
50 2 451 | 591 | 8.09 | 9.19 | 1032 ] 11.76 | 13.05 | 14.55 | 16.55 | 19.29
20 5 8.10 | 10.78 | 14.61 | 15.83 | 17.58 | 20.02 | 22.10 | 24.50 | 26.97 | 32.06
10 10 1134 | 1333 | 18.60 | 21.38 | 22.45 | 27.13 | 29.94 | 32.89 | 33.61 | 38.64
25 13.62 | 17.22 | 25.68 | 28.79 | 29.49 | 33.89 | 35.84 | 39.55 | 45.83 | 52.16
50 15.72 | 20.05 | 28.58 | 31.25 | 31.84 | 38.28 | 44.09 | 49.38 | 52.94 | 57.47
100 22.45 | 30.02 | 34.05 43.90 | 49.45 | 54.29 | 56.49

On Figure 4, probability distributions of monthly maximum rainfall data i.e.
the regression lines for p(z)-monthly maximum rainfalls for specific time
intervals, for each considered time interval, are given.

The following facts, can be stated, concerning the obtained linear regressions.
We have obtained the following:

e For 10', the equation for linear regression is given by
y=-0,214x+14,399,

with strength of the linear regression ¥ = 0,8911.

e For 20', the equation for linear regression is given by
y=-0,2986x+19,286,

with strength of the linear regression P2 = 0,8294 .
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For 40', the equation for linear regression is given by
y=—0,4253x+27,097,

with strength of the linear regression P2 = 0,8511.

For 60', the equation for linear regression is given by
y=-0,4748x+30,3,

with strength of the linear regression P2 = 0,8488.

10 20 30 40 50

For 90', the equation for linear regression is given by
y=-0,42x+29,56,

with strength of the linear regression P2 = 0,881.

For 120', the equation for linear regression is given by
y=-0,5806x+37,581,

with strength of the linear regression ¥ = 0,8315.

For 180", the equation for linear regression is given by
y=-0,6507x+41,847,

with strength of the linear regression ¥ = 0,8048.

For 300', the equation for linear regression is given by

60

—— Linear (10')

Linear (20")

Linear (40")
Linear (60")
—— Linear (90)
—— linear (120')
— Linear (180')
— Linear (300')
—— Linear (720’)
(

—— Linear (1440")

Figure 4. Probability distributions of monthly maximum rainfall data
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y=—0,7173x+46,262

with strength of the linear regression P2 = 0,8026.

e For 720', the equation for linear regression is given by
y=-0,7508x +49,618,

with strength of the linear regression 72 =0,8101.

e For 1440', the equation for linear regression is given by
y=-0,7255x+52,402,

with strength of the linear regression 7= 0,8564 .

We can conclude that in all obtained linear regressions the strength of the
linear regression is strong, i.e. there exists strong dependence between
considered parameters. Such a representation of the high intensity rainfall data
base, alludes to clear picture of determinating the maximum value of the
precipitation that can cause a wave propagation in the catchment area. In
essence, that was the purpose of this paper, not only to determinate a flood wave
propagation caused by intensity rainfalls, but also to make it with a high degree
of confidentiality.

5. CONCLUSIONS

Undoubtedly, the connection between engineering and mathematics can create
models that can be essential in determinating processes with very small
probability of occurrence. Therefore, with this paper we want to show the
strength of a model that can predict a cathastrophical scenario caused by flood
wave propagation, using a probability technique in order to provide protection
and safety. And as an engineer challenge: The more unexpected, the better!
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DETERMINATION OF CERTAIN PARAMETERS IN
HYDROLOGY THROUGH STATISTICS

UDC: 519.248:556.04/.06(497.7)
Violeta Gjeshovska, Daniel Velinov, Sasha Jadrovski

Abstract. Statistics uses predetermined methods for collecting and analyzing
data, mainly based on probability theory. In hydrology they are used for the
analysis of various hydrological and meteorological data for some past period,
as well as for making decisions and conclusions about the regime in future.

The approach to statistical data processing does not have a single form in
hydrology. The choice of the method depends on the accuracy or the level of
confidence that this data should be analyzed i.e. interprets the course of an
occurrence, or the conclusion we want to deduce for this phenomenon
combined with other hydrological phenomena.

Because hydrological data are mostly limited data, statistics is the main
discipline that allows obtaining complete data from the data and draws a
conclusion concerning the characteristics of hydrological phenomena. The
purpose of applying statistics to the hydrological variables that have been
registered in the past is to determine the probability with which these variables
would appear in the future.

In this paper, using old and new statistical methods, the unknown values of the
annual average temperatures for five cities Skopje, Stip, D.Kapija, Prilep and
Bitola in the period from 1925 to 2000 are determined. The obtained values
lead us to some conclusions about their adaptability and confidentiality.

1. INTRODUCTION

Hydrology is a science for the water regime on earth surface, in atmosphere
and into the soil. The processes of atmosphere’s water transformation on earth
surface, from the earth surface under the surface and vice versa, i.e. its mutual
influence within natural environment, in every aggregate state, are main subject
of investigation in this scientific field.

There are historical data for water behavior in the nature, i.e. measurements
made with previously defined purpose and goal. These data form a sequence are
used to obtain a certain rule for the observed phenomenon. For the measuring
and observation of the parameters (biological, metrological etc.) it is formed a
net of measuring stations equipped with specialized measuring equipment.

2010 Mathematics Subject Classification. Primary: 62P30, Secondary: 65C20,
65C60.
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The data from the monitoring net are not always available for some observed
palaces or it may be available but with interceptions (deficiency) in the
sequences.

Therefore, these data are not always enough; the sequences are too short or
discontinuous for the analysis that we intend to do. So, in the hydrology,
mathematical methods from the field of statistics and probability theory are used
very often in order to fulfill (to add missing members) or continue the sequences
of data. This can be done by searching a connection of at least two hydrological
phenomena with measured data (sequences), such that one of them is
sufficiently large and continuous.

The procedure of continuation of the sequences requests determining the
strengthens of the connection between two or more hydrological phenomena (one
is always with sufficiently long and continuous sequence of measured data).

The connection between hydrological and metecorological phenomena in
hydrology is given with certain correlation (here under correlation we
understand a stochastic connection of two or more variables).

Hydrological analysis and exact data for design of a hydrotechnical object
can be made exclusively with sufficiently long and continuous sequence.

The main goal of this paper, in point of view of application, is to study the
hydrological sequences of annual average temperatures at the measuring
stations in Prilep, Bitola, Demir Kapiija, Stip and Skopje, to analyze the
observed data, to make a decision which measuring station we should take for
correlation, to fulfill the sequences, to determine and analyze the strength of the
connections through coefficient of correlation and regression.

The subject of investigation in this paper is the quality of the data obtained
from the measurable stations Prilep, Bitola, Demir Kapija, Stip and Skopje
through statistical analysis.

The obtained data from the previously mentioned measuring stations have
gaps in measuring in different time intervals. These gaps will be fulfilled with
certain data obtained with linear and nonlinear correlation. For that purpose, it is
made a correlation with the nearest measuring stations. These correlations are
tested in order to be obtained the correlation with the biggest coefficient of
correlation. In continuation, analysis of the homogeneity of the sequences of
data (Kolmogorov-Smirnov test) is made and then the standard statistical
paramcters as arithmetic mean, standard deviation, cocfficients of asymmetry
and variation, coefficients of correlation and regression are determined.

There are analyzed different type of correlations (linear and nonlinear). The
simple regression, i.e. dependence between two variables x andy, one

dependent variable ()) and one independent variable (x) and between three
variables, one dependent variable ()) and two independent variables (x; and
x,) . The statistical testing of the obtained results is made with the standard and
recommended test in these types of analysis (normalized z -test, Student’s -
test, Fisher’s F -test and x2 — test).
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Analysis presented in this paper has theoretical and practical value. There
given methods for determining correlation and regression in hydrology. Use of
quality data for sequence continuation is very important and significant in
preparation of hydrological analysis.

Application of these statistical methods can be found in many areas as
ecomony [22], industry [3], thermometric [18]-[20], sociology, education,
mining, agriculture, meteorology etc. The application of the statistical methods
in hydrology is pretty deep and development of this field is directly dependent
from usage of these methods. Since hydrology is based on observed and
measured data of the investigated phenomena, processing of the obtained data is
made with some statistical methods.

In regression analysis we should know at the begging which of the
phenomena are independent variables, respectively dependent variables. Here
the main aim is to find the form (in mathematical sense) of the connection, i.c.
the formula giving the dependence of observed phenomena.

Correlation and regression are methods for describing the dependence of two
or more variables. Using these methods in any field of investigation, can be
stated scientifically, with certain significance, new and important results in
these fields. In every case, it is important, all the influencing parameters to be
taken into consideration.

2. METHODOLOGY

Hydrological sequences are series of empiric data obtained with observations
and measurements of certain hydrological phenomena as rains, water levels,
flows etc. The well-known parameters of a hydrological sequence are arithmetic
meanx, module coefficientX;, medianm, modepn, standard quadratic
deviationo, coefficient of variation C,,, whose explanations and formulas we
are going to skip, since they are very well known and basic terms in this theory.
We will shortly give the more important facts about the coefficient of
asymmetry, recently used in hydrology.

Let we are comparing two sequences. These two sequences can have same
deviations, but different signs. Therefore, a parameter determining the degree of
symmetry is introduced, known as coefficient of asymmetry. This coefficient is
given by the following formula

& -’
nCE '

For accurate calculation of this expression, it is necessary for the sequence to
have at least 60 members. For shorter sequences this coefficient can be
calculated empirical by the following formula

C,=2C,.
For sequences with rare occurrence, this coefficient is given by

C, =
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3
Cs = ECV .

From the distribution of Pirson, we have the following

c, - 2C, ,

1=Kiin

where (K,;,) is minimal module coefficient. Using the quantity of this
coefficient, it can be said the following: if (C, =0)the sequence is symmetric;
if (0<C; <0,1)there is no asymmetry; if (0,1<C, <0,25)asymmetry of the
sequence is small; if (0,25<C, <0,5) asymmetry of the sequence is medium
and if (C; >0,5)asymmetry of the sequence is large.

When we are dealing with two or more hydrological phenomena usually
exists some connection, which can be very weak to very strong. As for an
example, we can state the connection between rainfall and surface leakage in a
certain catchment area, although these phenomena are random in space and
time. Also, there is connection on the same hydrological phenomenon measured
on two near measurable stations (for example, flow of a river, measured on
different profiles). The strength of this connection will be called correlation.
The main task of the correlation analysis is to find a way in which one the
influence of the independent variable to dependent variable is given.

The dependence between dependent variable (Y) and independent variable
(X) in hydrology can be functionalY = f(X), correlative Y[Y/X] and
stochastic.

If some certain value of the dependent variable is connected with many
values of the independent variable, then this value is called a correlational value.
Correlational dependences can be linear and nonlinear. Correlational
dependences can be defined between dependent variable (Y) and one(X), or
more independent variables ()X;). Concerning the number of variables, the
correlational dependences are simple (correlation between two variables) and
multiple (correlation between multiple variables). The simple correlations are
formed with two random variables, one dependent Y and one independent
variable X . The multiple correlation dependences are formed with one
dependent variable ¥ and two or morc independent variables X;, where
i=L2,..m.

The correlation with one independent variable is given by

Y=a+b- X,

where a=Y andb=—L .

XX

where X is the average value of the random variable X, Y is the average
value of the random variable Y, S, is the sum of the residual squares of the



