Tomu IumoBcku, AHa luMoBcka
Ckomnje

HEKOUM EJHOCTABHU TEXHUKHU 3A PEIHLIABAIBE HA
OYHKIIMOHAJIHU PABEHKHU (BTOP JE.JI)

OBaa craruja e mnpomomxenne Ha mnperxomHata HEKOHW EJHOCTABHHU
TEXHUKMU 3A PEIIABAILE HA ®YHKIIUOHAJIHU PABEHKMU (ITPB AEJI)
U € TOBp3aHa CO pellaBakbe Ha (DYHKIUMOHATHHWTE PAaBEHKH BO KOM (DyHKUIMHTE
3aJI0BOJIyBaaT HEKOM JOIOJHUTENHH YCIOBH KaKO. HENPEKHHATOCT, MOHOTOHOCT,
TIAPHOCT U HEMApHOCT, CUMETPHja, TIepUOAMYHOCT MTH. Ke 6unat pasrieanu u gajeHu
3a Bexxba Ha YMTATENIOT 3a/Ja4yM MOBp3aHH co oBaa obOmact kako ox IMO, taka u on
JPYTH APKaBHU U METyHAPOIHA MAaTEeMATHIKH HATIPEBAPH.

1. HenpexkuHaTn GpyHKIHH

Hekou paBeHKH BO KO ce cpekaBaar HenpekuHatn ¢pyHkuuu f:R — R moxe na

Ce peliar Ha CIEeAHMOT HauuH. Hajnpeo onpenenyBaMe HEKOW CIIELMjaIHA BPEXHOCTH,
kako Ha mpumep f(0) wmu f(l) . Co mpUHIMIIOT HA MaTEMAaTHYKa HHAYKIMja TH

onpenenysame Bpeanocture f(n) 3a cexoj ne N, a noroa u Bpeanocrure f(n) 3a

cexoj N€Z. Bo HapemTHHOT YEeKOp T'M OIpeAeTyBaMe BPEIHOCTUTE f(%) 3ane”Z,a

[0TOa ¥ BPEIHOCTHTE f(%) 3a % € Q. KoHeuHo, ja KOPUCTHME HEMPEKHMHATOCTA Ha

byukuujata f u (QakTOT meKa MHOXECTBOTO palHOHANIHH OpPOEBH € TYCTO BO
MHOKECTBOTO peajiHu OpOeBH, 3a Aa ro onpeaennme oonukor Ha f(X) 3a cexoj XeR..

Kako miryctpanuja Ha rope HaBeZIeHOTO Ke ja pasriename Korimesara paBeHka.

Ipumep 1. Onpexnenu ru cute Henpekunatu pyukuun f : R — R taksu mro
fx+y) =10+ 1(y),
3acekon X,yeR.

Pemenne. Co 3amena Bo pasenkata 3a X =Yy =0, no6uame f(0)=0. Co mpun-
LUIOT HA MaTeMaTH4Ka MHAyKIHja ce nokaxysa neka f (nx) =nf(X) 3a cekoj ne N u
cekoj Xe€ R . Crnenysa geka, f(n)=nf(l) 3a cexoj neN . 3ameHnyBame Yy =—X BO
pasenkata u gobusame f(0) = f(X)+ f(—X), ox kane cnenysa nexa f(—x)=—f(X) 3a
cekoj XeR . 3a neN, f(-n)=—-f(n)=-nf(1) . CrnenyBa mexa, f(n)=nf(l) 3a

cexoj NeZ. Heka meN u ne Z. Toram nf(%): f(n~%): f(m)=mf (1) . Cnopen

TOA, f(%) = % f(@), ommocno f(x)=xf(1) 3a cexoj XeQ . Heka xe R\Q . Toram



ounejku Q e rycro Bo R cmemysa neka moctom Hm3a (X,) OX PAIlHIOHATHH OpOEBH

takBa mro lim X, = x. Ox Henpexunarocra Ha f(X) cnenysa mexa
n—o0

f(x)=f(lim x,)= lim f(x,)= lim (x, f(@©)=xf (2) .
N—oo N—o0 nN—oo
Cnopen toa, f(X)=xf(1) 3a cexkoj XxeR . bunejku f (1) moxe na Oume OuiIo KOj
peanien Opoj, pEeUIEHHETO aKo MOCTOH Ke Ouae ox obmuk f(X) =oX 3a KOHCTaHTaTa

a=f(@) . JlecHo ce mpoBepyBa jeka OBHe (GYHKIMM ja 3aJ0BOJyBaaT [ajcHaTa

paBeHKa. W
Bo cinenanTe ABa MprMepu ce KOPHUCTH OIMIITOTO pemeHne Ha Komuesara paBeHka.

Ipumep 2. Oapeau ru cute HenpekuHatd Gyukuuu f : R — R TakBu mro

FEC+y3) =3 1300+ 13(y)

3a cekou X,y eR.

Pemenne. qDyHKI_II/IOHaJ'IHaTa PaBCHKA MOXKEMC naja HaIAIIEME BO OOJIMK

3@ +y%) = 13(x)+ £3(y).
Co 3amena X=Yy=0 Bo paBenkata noousame f(0)=0. Co 3amena y=-X, ce

nobusa pexka f(—x)= f(X), ognocHo nexka f e wemapha ¢ynkimja. BoBemyBame
cMena XC =t, y3 =U u gobuBame
(FR+u)° = @)+ ).

Heka ¢g:R—>R ¢ oyakuuja npedunumpana co g(t) =(f (Q/t_))3 . Toram
g(t+u)=g(t)+9g(u) . PaBenkara g(t+u)=g(t)+g(u) e Kommuena, ox kaxe cienysa

neka g(t) =oat 3a o e R. Toram ox (f (g/t-))3 =g(t) = at, mrobusame nexa f(X)=pX,

KaJie IITO B=§E.I

Mpumep 3. Onpenu ru cute Henpekunatd Gynkmun f @R — Ry Taksu mro

FEC+y8) = F(0)+ F(y).

Pemenne. Co 3amena X=Y =0 Bo paBenkara noouBame f(0)=0. On apyra

3acekon X,y eR.

ctpana, 3a X<0 my=0 , no6usame nexa f(—x)= f(x), omHocHo nmexa f e mapna

¢yukimja. Criopen Toa, JOBOJHO € Ja ja onpenenume ¢yakunujata f(X) 3a x>0.
Hedunupame g:R§ — R§ co g(x) = f(¥/x). 3amenysame n no6usame

g(x® +y®) =g(x®) +g(y®).



Boseaysame cmena X=3t,y=u n nobusame g(t+u)=g(t)+g(u), 3a t,u=0.
Pemenne Ha mocnennata paseHka € g(X)=oX 3a aeRj . Orryka, crenysa

f(§/x) = g(x) = ax, omrocro f(x)=ax®. m

Ipumep 4. Onpenenu ru cute HenpekuHatu Gpymkimu f(X) 3a X >0 TakBH WITO

_ M)
FOHY) = Togr iy -

3a cexon X,y eR™.

Pemenne. Ounrnenno e aeka f(X)#0 3a cekoj XeR™. 3amenyBame y=X Bo

JaneHaTa paBeHKa U JoOMBaMe

_ fxfx) _ f(x)
F(2) =tooto0 =2 -

3ameHyBaMe Y = 2X BO JIajJeHaTa paBeHKa U 1oOMBame
f
f()f(2x) f(X)% f(x)

f(3x) = - _fm
(3%) =+ @0 fei® 3

f(x)

n

JlecHo ce MOKaKyBa cO TIPUHIIMIIOT HA MaTeMaTH4Ka HHayKIwmja aeka f(nx) = , 3a

. f@
cekoj ne N. 3amenyBame X =1 BO mociiemHOTO paBeHCTBO W goGmBame f(n) :% ,

3a cekoj neN . Ymre moseke, f(1)=f (n%) =% f (%) , ogHocHo f (%) =nf() .

Toram 3a Mm,n e N umame

f(R)=f(md)=a()=5 0.
f()

Cnopen Ttoa, f(x) =—", 3a CeKoj X €Q". Heka xeR"\Q. Toram mocron nusa

(X,) on mo3uTHBHHU panuoHanHU OpoeBH TakBa wto lim X, = X . On HenpekuHarocTa
n—o0

na f(X) crnenysa nexa

o _ 1o
S s

f(x)=f(lim x,)= lim f(x,)= lim S
n—o0 n—o0 n—o0

n

CnopenToa, f(x)=% 3a ae R™ ce Gapanure QpyHKIMM. W

2. JlonoTHATETHUA UCTIUTYBaba

MeromuTe KOM 10 cera I pasriielaBMe 3a >Kajl He ce JJOBOJHM 3a pellaBambe Ha
nocyiokeHn mpobnemu. Hajuecto ce moTpeOHM HEKOW JOTOJTHUTEITHH HUCIUTYBama BO
Bpcka co GpyHkuuute. Hexou o HUB ce Ha mpUMeED:

- Janu ¢yHkumjata e mapHa, naam € HemapHa? (BO OBHE Cilydad JIOBOJHO € Jia
pasrieayBame kora X >0).



- Janu e ¢Qyukumjatra nepuopuynHa? (ako € MEPHOAUYHA JOBOJHO € Ja To
orpaHuueMe JOMEHOT Ha (DYHKIUjaTa HA HEKO] KOHEUCH MHTEPBA).

- Manu e pyHKUIMjaTa WHjeKnMja, Taju € cypjekuuja?

- Jlanu ¢yHkuujata umMa GukcHa Touka (zanu mocton X 3akoj f(X)=x)?

- lanu nocrou HeKakBa cumeTpuja?

- Axo dyHkuujara e nepunupana Ha N, Toranr KaHOHUYHATa peNpe3eHTalja MOXKe
na Omze o KOPHCT.

Hexou on1 ropeHaBeieHUTE UIeH K€ TH pas3riieiaMe BO CIEJAHUTE IIPHUMEpH.

IMpumep 5. Tlokaxu geka cure ¢yakuun f:R—>R  rtakBu  miro
f(x+4)+ f(x—4)=f(x), 3a cexoj] Xe R, ce mepuOAUYHU U JE€Ka MOCTOH HajMal
3aeqHUYKY iepuoa 1T >0 3a cure Tre GyHKINH.
Pemenne. Ha mectoTo Ha X 3aMeHyBame X+4 u goOuBame
f(x+8)+ f(x)=f(x+4).
Ja 3aMeHyBaMe mpBaTa paBeHKa BO BTOpAaTa U J00HBaMe
f(x+8)+ f(x—-4)=0.
IToBTOpHO HAa MECTOTO X 3aMeHyBame X+4 u mobuBame
f(x+12)+ f(x)=0.
3a Yy =X+12 nobusame
0=f(y+12)+ f(y) = f((x+12)+12) + f (x+12) = f (x+24) + f (x+12).
On nocnennute aABe paBeHkH cienysa aeka f(X+24)= f(x), 3a cexoj X e R . Cropen
Toa, T =24 e 3aeannuku mnepuon 3a cure ¢yskiuu f(X) kom ja 3amoBosyBaatr

naneHata paBenka. ClieHO Ke mokaxeme eka T =24 e HajMaJlMoT NO3UTHBEH MEPUO]T
3a oBHE (DYHKIIUH.

Heka f(X):Sin%. Toram T =24 e wuajmanuor mnosutuBen nepuox 3a f(X) .

N _4 . .
n()l(; )+S|n n()l(z ):sm% , omHocHo f(X) ja 3amoBomyBa najeHaTa

paBeHKa, ciuenyBa Aeka T =24 e HajMalIuOT MO3UTHBEH IEPHOJ 32 OBUE (QYHKIUHU (aKo

Bunejkn  sin

IIOCTOM TIOMall 3aeJHWYKU TIO3UTHBEH IIEpHOJ, Toraml | =24 He € HajMalnoT

n I

nosutueeH mepron 3a f(X) =si 12

IITO IPETCTaByBa KOHTPAAMKIIH]ja). W

Ipumep 6. (Romania 1999) Heka ¢yunkumjata f:N—>N e cypjekunja, a
oyukumjata g:N — N e unjekumja. Axo f(n)>g(n) 3a cekoj ne N, mokaxu aeka
f=g.

Pemenne. Heka A:{n eN|f(n)= g(n)} W Heka mpernoctaBume Jeka Az O.
Toram u B ={g(n)|neN} e ucro taxa nenpasuo noamuoxectso ox N . Criopen Toa,

MHOecTBOTO B mma Hajmanky enen enement. Heka g(a),a € A e HajManuoT eneMeHT



Ha B . Toram ox wnjexktmBHOcTa Ha ((N) cnenyBa neka g(a)<g(b) , 3a cekoj
be A\{a} . On nedunuimjata Ha A W 01 yCIOBOT Ha 3ajayara, CieayBa JeKa
g(a)< f(a). On cypjektuBnocta Ha f(Nn), cinemyBa nmeka moctou Ce N TakoB mITO
f(c)=g(@)< f(a) . Jacho e nmexa c=#a . [loBropHo, on uHjekTHBHOCTa Ha Q(N)
cnenysa aeka g(c) = g(a) = f(c) . Cnopen toa, c€ A u g(c) < f(c) =g(a), mro He e
MoxHO (@ e Hajman enement Ha B ). Crnenysa nexa, A=, omrocuo f(n)=g(n), 3a

cekoj NeN. m

Tpumep 7. (IMO 1983) Onpenenu ru cute ¢pynkuuu f : R — R™ Taksu mro

sacure X,yeR" u lim f(x)=0.
X—>+0

Pemenne. 3ameHyBame Bo paBeHkata X =Yy =1 u gobusame f(f(1))=f(Q) . Ako
sameamme X=1 um y=f(l) Bo paBenkata mobusame f(f(f(1))= ( f (1))2 . On
nocieHuTe JBe paBeHcTBa Ko6uBame ( f (l))2 =f(f(fQ))=f(fQ)=f@). Cnopen

toa, f()(f(Q)—1) =0. bunejku f(X) >0, crenyBa nexka f(l)=1, ogHocHo X=1 ¢

¢ukcHa Ttouka 3a f(X) . Ako 3ameHmmMe Y=X  BO paBeHKaTa moOHWBaMe

f (xf (X)) = xf (X) , mrTo 3Haum nexa 3a cekoj X € R™, xf(X) e ¢ukcHa Toukasa f(X).

Heka mnpernocraBuMme Jexka Xg>1 e ¢ukcHa Touka 3a f(x) . Toram on
HpeTXoAHaTa AUCKycHja cienyBa neka X f (Xg) = xcz) e ¢ukcua touka 3a f(X). Ucro
Taka, ng(xg):xé e ¢ukcHa Touka 3a f(X) . Co HPHUHIMIOT HA MaTreMaTHYKa

HHJIyKIIMja ce MOKaxyBa Jieka 3a cekoj Ke N, ng e ¢ukcHa Touka 3a f(X). bunejku
2k

Xp >1, lim x§" =+o0. OrTyKa cneqysa gexa
kK—+o0
lim fO3) = lim x3¥ =40,
kK—+0 kK—+o0

LITO € CIPOTUBHO HA YCIOBOT Ha 33/1a4aTa.
Heka mpernocraBume neka 0< Xy <1 e ¢ukcHa Touka 3a f(X). Axo 3ameHeme

y=Xg U X= % BO JIaJieHaTa paBeHKa Jo0uBame

1=fM)=f(L -x)=f(L-f =xf(d).
O =6 %)= Foo)=xf (L)
CrnenyBa Jexa f(X_lo)Z%’ OJTHOCHO Xio>0 e ¢ukcHa Touka 3a f(X), mro e

CHPOTHBHO Ha MPETXOJHATA AUCKYCH]a.
CrnenyBa mexa X=1 e eamHcTBeHata (ukcHa Touka 3a f(X). Bumejku 3a cekoj

xeR™, xf(x) e ¢ukcna Touka 3a f(X), cmemysa nexa xf(x)=1, 3a cexoj xe R".



JlecHo ce mpoBepyBa HAeKa f(X):% € HaBHCTMHa (YHKIMja KOja TH 3aJ0BOJyBa

YCJIOBHTE Ha 3aa4aTa.m
3agaum 3a caMocTojHa padoTa

1. Ompenemu i cute HenpekuHatn QyHkmun f:R — R rtakBu mro f(1)=1 n

f(,fx2+y2)= f(x)+ f(y) 3acure X,yeR.

2. (Iran 2014) Onpenenu ru cute Henpekunatu Gyukimu f 1Ry — R{ Taksu mro

f(xF (y))+ F(F(y) = F(X)f(y)+2 3acure X,y R .

3. Ompemenmu rtu cute HemnpekuHatn ¢ynkimn f:R —>R  TakBu 1mTo

f(JYx%+y2)=f(X)f(y) sacure x,yeR.
4. Onpenenu yvi cuTe GbyHKIH f:R>R TaKBU ITo

f(f(X)+y)=2x+f(f(y)—x) 3acure x,yeR.

5. (IMO 1990) Onpenenu dynkumuja f Q" — Q™ Takpa mro f(xf(y))= 10 3a
y
cute X,y € Q+ .
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