Ouer Mymikapos, Coguja
IIPOBJIEM HA MAJI®ATHU

1. BOBE]

Bo 1803 ropguHa, NTaanjaHCKUOT MaTeMaTU4ap ToBann Mandaru ro nocra-
BHJI CIICTHHOT MPOOJIEM: 80 BHAIUPEUIHOCHIA HA 0adeHa THpUazZoaHa dpusma oa ce
cmeciiaill ipu HellpeceKy8auKu UUAUHOPU HIAKA Willo 36Upoill Ha HUGHUIle 80ayMe-
HU 04 € MAKCUMANEH.

OunrnegHo € fieKa OBOj NIpo6IeM € €eKBUBAICHTEH Ha CIEJHUOT reOMETPUCKU
eKCTpeMaJsieH MpobJieM: 80 Oa0eH PUAZOAHUK, 04 Ce CMECIlaill P KPYHHULL KOU
He ce ce4aill, WaKa Witlo 30upoilt Ha HUBHUIe HAOUITUUHU O € MAKCUMALEH.

Masndatu 1 MHOTY APYTH MaTeMaTHIapy
MHUCIIENIE fIEKa PEIIEHNETO HA OBOj MPOBJIEM € Jia-
IEHO CO TPW KPYXKHUIM Off KOW IITO CeKoja
KPYKHUIIA ONHAJBOP TH JONUPA OCTAaHATHTE J[BE
KPYKHUIM M CEKOja Off KPYKHUIUTE € TAHTEHTHA
KOH J[BE CTPaH! Ha TPUATOJHUKOT (1pT. 1).

MandaTu ru npecmeTan paguycuTe Ha
ceKoja of TUE KPY>KHUIM KOU Ce IMO3HATH KaKO Hpr. 1
Mandatuesu kpyxuunu. [TogonHa craHano jac-
HO JIeKa NPeTIOoCTaBKUTe Ha MasnaTu u Heroso-
TO pelleHue He ce TouHH. OCBeH Toa aMepuKaH-
ckroT MaTtematuyap Iomabepr Bo 1969 ropuna fo-
KaxyBa fieka MainaTreBure Kpy>KHULM HE 1aBaaT
peutenne Ha MandatueBnoT npobaem. Co apyru
300poBH, 32 OWJIO KOj TPUArOJHUK MOCTOjaT TpU
KPY>KHHUIIX KOM HE ce ceyaT U ce BO BHATPEITHOCTa Lpr. 2
Ha TPUATOJHUKOT ¥ 30MPOT HA HUBHUTE IJIOLITUHA
e ToroseM off 36UpoT Ha IOIITHHUTE Ha Manda-
THUEBUTE KPY>KHULIM.

W nokpaj co3nanujara Ha l'omp6epr, Mai-

¢paTueBroT npodieM He OWJ pelleH, MaKo W3rJe-
flania pasyMHa PETIOCTABKATA JIeKa PEIIEHHETO & Hpr. 3
JafiecHO CO cIefiHaTa KOHCTPYKIWja: MPBO Ke BIH-
IeMe Kpy>KHHMIIA BO Na/IeHNOT TPUATOJTHUK, TOTOa Ke BIUIIeMe KPY>KHUIH BO TOMAJIAOT
aroJl O TPUAroNHWKOT KOja € TaHTeHTHa KOH BeKe BIWIIaHaTa KpyKHWIa. Tperara
KPY>KHUIIA € BIUILAHA WIX BO UCTHOT arolt (LpT. 2) WIK BO CPEIHHUOT aroJ 1o rojieMruHa
OJf TPHArOIHUKOT (TPT. 3), BO 3aBECHOCT Off TOA KOja Off HUB NMa ITOrojieMa IIOITHHA.

Bo oBaa crartnja Ke ro pasriaegame MaingaTiHeBrOT Ipo6iieM 3a ABe KPY>KHHA-
¥ BO TPUAroJIHMK WJIM KBajpaT. ['aBHa mes e pemaBame Ha MangaTtueBnor mpo-
0JsieM 3a paMHOCTpaH TPUATrOJIHUK.

2. IIPOBJEM HA MAJI®ATHU 3A IBE KPYXHUIIN

PasrnenyBamata Ke ru 3arouHemMe co Ipo6yieMoT Ha MasdaTi 3a Be KpyX-
HUIIY BO BHATPEIIHOCTA HA KBaJ[paT WM TPHATOJIHUK.

IIpo6nem 1. Bo BHaTpeniHocTa Ha KBaJpaT, a ce HajAaT ABE KPY>KHUIU KOU
He ce cevarT, Taka IITO 30MpOT Ha HUBHUTE IJIOIITHHA ¢ MaKCUMAaJIeH.
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Pemenue. Pa31"JIeI_[YBaMC ABE€ IPOM3BOJIHN KPY>KHUAIM BO BHATPCIIHOCTA Ha
KBajpaT CO €JUHEYHa MOBpUIAHA. He e Temko Ja C€ IIOKaxXK€ acKa HOCTOjaT IBE
KPY2>KHHUIIA CO UCTHU paJUyCHh KOM C€ BIIUIIIAHU BO CIPOTHUBHU arJil O KBaApaTOT U KOU
HEMaaT 3a€JTHUYKUN BHATPEUIHU TOY-

ku. Buejkn Hue TO pasrienyBame O O RS
30MpOT Ha HUBHHUTE MOBPUIMHU MO- i
>KeMe J1a MPEeTIOCTaBUME fieKa JIBETe L
KPY>KHULIM C€ TaHICHTHH €[Ha Ha K) q
mpyra (upt. 4, B)). la Tu O3HaYNME N N
HUBHUTE pajuycu co I u r,. Torai, a) 6) B)
JIECHO € Jla Ce MPOBEPH JleKa Lpr. 4
h+r = 2— \/E (1)
Bupnejku kpy>kauITe MpumnaraaT Ha BHATPEIIHOCTA HA KBAJJPaToT, jacHO € ieKa
1
< <1l
0< 1, s 2 (2)

Criopef Toa HAIIMOT TPOGIIEM € peyIpaH Ha CISHOTO: fla Ce Haje MaKCH-
MyM Ha rl2 + r22 npu ycnosure (1) u (2). Heka npernocraBume ieka Iy <rp, U cTaBame

rlz#—x u r1=#+x, kage mTo X>0. Op (2) moGusame / \
2
2, .2 (2—2\5) +ox2

V21
feKa X <~ Cnopepy T0a MaKCUMyMOT I” + Ty =

V2

ce JOCTUTHYBa 3a X :T_l. Bo Toj ciyuaj 1y :%—\/E, ry :%, na

T. 5
PEIEHNETO HA MPOGIEMOT € AafeHO CO KPYXKHUIUTE Off [PTEXK 5. Hp

Bo HapenHuoT fien Ke ro pemaBaMe Npod6aeMoT Ha Maingatu 3a ABe KpyX-
HUIY BO IPOU3BOJICH TPUATOJIHUK.

ITpo6aem 2. Bo BHaTpelIHOCTa HA TPUATOJHUK Jla CE HAjAaT /Be KPY>KHUIN
KOM He ce ceyvaT, Taka IITO 30MPOT Ha HUBHUTE IUIOIITHHY J1a OWjie MaKCUMAJICH.

Pemenne. Ke mokaxeMe [leKa PEIIEHHETO € AaJeHO CO BIMIIAHATA KPYXKHHU-
]a BO TPHArOJHUKOT W KPYKHMIATa KOja € BIMIIIaHA BO HajMaJHOT aroil Off TPHaroJ-
HUKOT ¥ ja JONHpa BIMIIaHATa KPYXKHUIA. C

Hexka k;(Oq1,r1) 1 ky(O5,rp) ce mBe
KPY>KHHUI BO BHATPEIIHOCTAa Ha TPHArOlHUKOT
Konm He ce cevar. be3 orpaHmuyBame Ha OII-
HITOCTa MOXKeMe Jla IPETIIOCTaBUMeE JleKa CeKO-
ja o7 HMB e TaHTeHTHA JI0 HAMAJKy ABE CTpaHM
of TpuarogHukoT. Crnopep HpTexX 6, MpeTno-
cTaByBaMe JieKa Ki € TAHreHTHAa KOH CTPAHUTE A

Lpt. 6

AB m AC, a kpyxkunmata K, e TaHT€HTHa KOH
AB u BC.

Toram muBaUTE HeHTpH O M O, jexar Ha cumeTpanuTe Ha ZA u £B co-
onaBeTHO. Heka mpeTnocraBuMe fieka HUTY €Ha Off KpysKHUIuTe K; U K, He e Bhuia-
HaTa KPyXKHHIA Kk BO TpHAromHMKOT. Ke JoKaxeMe jileKa BO OBOj CIydaj MOCTOHM
Kpy>KHHIAa K' KOja HeMa 3aeTHIYKa TO4Ka co K ¥ TakBa IITO 30UPOT Ha MOBPIINHATE
Ha k m k' e moromem op 306mupoT Ha wIomMTHHUTE Ha K; U K, . Be3 orpannuyBame Ha
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ONIITOCTa MOXKeMe Ja mpernocraBuMe faeka o =/ZCAB</ZCBA=f u n <r,.

Hasucruna, ako r; >y, ja o3HauyBaMe co K; Kpy>KHHUIIATa CO pafiuyc I =r, Koja e

BrnuiaHa Bo ZCBA, a 3a k'2 KpY>KHUIIA CO 0O, ()}
paguyc r2' =I; Koja e Boumana Bo ZCAB.

Toram r; <rp, u 30UpOT HAa NOBPIIMHATE HA

[NJReN

IR

ki 1 k, e uct kako oHoj Ha Ky u k,. Ha

3abernexume, (1pt. 7), neka |O,M > O,N |, 0; 0,
oupejku a < . Lpt. 7
OTTyKa Cc
10105 |2 [0,0, [ 2K +15 =1 +15.

T.e. KPYKHUILIUTE k1' u ké HeMaaT 3aeHIYKa
BHaTpelmHa TouYka. [la mpeTnocraBnMe feka @ 0
a<pfB ur<ry,.3emame e=r—rp, >0, Kafge r 0! 2
€ pagWyc Ha BIWIIaHATa KPY>KHHUIA BO TpHa-

ronmHukoT ABC . AKo I <g,Torami Iy +ry, <r. A B

Lpr. 8
3aroa rl2 + r22 <r2. Cnopep Toa IUIOLITHHATA

Ha BIMIIaHATa KPYXKHUIA € TTorojieMa off 30UpoT Ha IJIOIITHHUTE Ha KPYKHUIUTE Kq
u K,.3apagu Toa, HEKa I > ¢ U K' e Kpy>KHHUIA CO paguyc I'=r; — & Koja e BIUIIaHa
Bo ZCAB (upr. 8).
Toram
a(r?+r?)=a((n-e)? +(rn+e)?) =a(r2 +rf +2e(ry —n)+262) > 2(rf +r7).
OcranyBa fja ce fOKaxe jeKa KpyHuiuTe K um K' Hemaar 3aeffHMYKa BHa-
TpelHa To4ka. [la 3abenexume geka

00, =—£_<—£_=0,0, .

Cnopepn Toa

|00, =00, +0,0; >00; +0,0> 0,0, .

3Haun, 001' 20105 21+ =r+r', u3apagu Toa kK 1 k' Hemaar 3aegHUY-
Ka BHATpEIIHA TOUKA.

ITpeTxonHuTEe pasrienyBama MOKaXxyBaaT jekKa MaKCUMyMOT Ce€ JJOCTHTHYBa
KOTa effHa Of] KPY>KHUIIUTE € BNHINAHATAa KPY>KHUI]A BO TPUATOIHUKOT, a pyrarTa e
KPY>KHHAI[A BIIUIIIAHA BO HAjMAIMOT aroJ off TPUArOJHUKOT U € TAHTCHTHA KOH BIIUIIIA-
HaTa KpYy>KHUIIA.

3. AYAJIEH MAJI®ATHUEB ITPOBJEM

Bo 0BOj fgen ke pasriegame HeKOU MPOOJIEeMH KOU BO HEKO] CMHUCOJI Ce Ayal-
HI Ha MandaTtneBnor npo6ieM 3a [Be KPYKHHIM BO KBajipaT WA BO PaMHOCTpaH
TPUArOJHUK.

IIpo6aem 3. 3a najgeHu ABa NO3UTHBHEU OpOEBH & U b, 1a ce Hajae HajMaInOT

KBajpaT IITO COAP>KU ABE KPY>KHUIIN KON HE CE ce€YaT CO pajuyCcu a Hu b COOJIBE€THO.
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Pemenne. Ke npeTmnocraBuMe jieka a > b . PasrienyBame KBajipaT co cTpaHa
X, TAaKOB IITO TH COAp:KU fiBeTe KpyKHuIu kqi(Oq,a) u k, (O, ,b). Toram nerrapor
O; (coomBetHO O, ) Ha KpyxkHHUIAaTa K; (coomBeTHO K, ) mpumafaaT Ha KBafpaT Und
CTpaHH ce Ha pacTojaHue a (COOfBeTHO b ) O cTpaHUTe Ha JaICHUOT KBaapar (UprT. 9).

Toram 0,0, Sﬁzﬁ(x—a—b). On apyra crpaHa

0,0, > a+b (xpyxuunure k; u Kk, He ce cedar) na cnopep Toa
\/E(x—a—b)zaer KO€ € EKBMBAJICHTHO CO B
O
x> (a+b) 1+-L | 3 '
(a+b) 1+ ) ® o,
Hcro Taka jacHo e gexa A
X>2a (4)
Oupejku kpyxxHunarta k; nmpumafa Bo BHATPEIIHOCTA HA KBaj- Hpr. 9

paToT co crpaHa X. Cera jJecHO ce HMOKaxKyBa jeKa cTpaHaTa d Ha HajMaluoT
KBajipaT KOj 'l COfip>ku Kpyskuunute k; m K, co pagmycu a u b coopgsetHo, u Kou
HE ce cedar € flajieHa Co:

i (a+b)(1+%) . b(3+2v2)zax=b

2a , a=b(3+2v2)

YnorpebyBajKkil aHAIIOTHU pas3rieiyBama JIECHO MOXE Jla CE€ PEIld CIETHUOT
pooIEM.

Ipoonem 4. Hexka a u b (a>b) ce no3uruHu GpoeBu 1 HeKa d e cTpaHaTa
Ha HajMaJUOT PAMHOCTpPaH TPHUATOJHUK KO] COAPKH BO CBOjaTa BHATPEIIHOCT JIBE
KPYKHHIM CO pajuycl a W b ¥ Kom HemaaT 3aeHMYKA BHATpellHa Touka. [la ce
IOKaxke IeKa

_|V3(a+b)+2Jab , b<a<3b

d
2\/§a , a=3b

4. MAJII®ATHUEB ITPOBJEM 3A PAMHOCTPAH TPUATOJIHUK

Cera cMe cupeMHH fia ro pemume MandaTueBUOT Npo6IeM 32 PAMHOCTPaH
TpHaroiaHuK. [IoTOYHO Ke ro fokaxeme CIeJHOTO:

Teopema 1. Pemennero Ha MangatueBuoT npo6iaeM 3a paMHOCTPaH TpHa-
FOJIHUK € 3fi€HO CO BIHUIIAHATA KPYXKHUIA U [BE KPYXKHUIY KOM CE€ TAHTEHTHU Ha
BIIUINIAHATA KPY>KHUIIA ¥ KOH [IBE CTPaHU Off TPHArONHUKOT.

Ioka3s. Ke 3eMeMe Jieka cTpaHaTa Ha paMHOCTPaHHOT Tpuaroiuuk e 1. Ke
IOPETIOCTAaBUME JIeKa TOj BO CBOjaTa BHATPEIIHOCT COAPKU TPU KPYKHHUIU CO
pammycn a, b m ¢ Kou He ce ceuar. Ke To mokaxkeme HepaBEeHCTBOTO

2 .12, .2
a®+b®+c” <. (5)

Be3 orpanmuyBamke Ha OIIITOCTa MOXEME fa MPEeTIOCTaBUME JeKa

a>b>c.Ke pasriefgaMe iBa ciaydau:

CJIYYAJ 1. Heka a > 3b. bupejku a < ﬁ nobuBaMe meka

2 2,2q2 1L

<a’+2b%<a 108

a’+b%4c
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IIa 3abeJeKnMe JI€Ka paBE€HCTBO € UCIOJIHETO aKO U CaMO aKO
Ao L

, b=c= 1
23 63
CIYYAJ 2. Heka b<a<3b.Opnpobnem 4 cienysa neka

x/g(a+b)+2\/££1.

3emame a = 3x°b Kajie X e mo3uTuBeH Opoj. Toramn cnegHuTe NBE HEpPaBEH-
CTBa ce €KBUBAJICHTHH
1

luw bs——.
\/5(3x2+2x+1)

1 <x<
\/7 S XS
CHOpeH TOa
IX™ +2

a’+b2+c?<a?+2m? =(x*+2p2<c——— =
3(3x2% +2x+1)?

(6)
JToBOMHO e f1a oKaXxeMe JieKa
o2 11
(3x2+2x+1)2 ~ 36
OBa HEpaBEHCTBO € €KBUBAIIEHTHO CO
(225x° +93x? —17x—61)(x-1) <0,
KO€ € UCHOoNIHEeTOo ouejku Xx—1<0 u

225x% +93x% ~17x—61=51x(x2 — L J174x% + 93x2 ~612 174 4 83 _g1 - 1149043
3 33 3 33

IIa 3abelieskuMe JICKa paBCHCTBO € UCIOJIHETO CaMO aKoO X = 1, b=c=

IN
x
IN
[EN

-

1  u
NE) (3x2+2x+1)
MIOBTOPHO JIOOMBaMe fileka

a b=c

=_1 =1
243’ 643
ITpuponHo € ma ce 3ampalliaMe IITO € pellleHrne Ha Mal(aTUEeBHOT MPOOIeM
3a KBaJIpaT M TP KpyKHUIH. [locera He e MO3HATO pellieHne Ha OBOj MPOOIIeM.

5. 3ATAYM

IIpoGaem 5. [1a ce HajnaT ABe KPY>KHUIM CO paguych & u b Kom He ce ceyaT
U ce BO BHATPEIIHOCTA HA PAMHOCTPAH TPUArOJHUK TaKa IITO

a) ab 6)a +b3
€ MaKCUMaJIHO.

IIpo6aem 6. Bo BHaTpeniHOCTa Ha KBafipaT Jla ce HajuaT JIBe KPY>KHUIA CO
pamuyc a W b Kom He ce ceyaT Taka IITo

a) ab 0) ad+p3
IIpoonem 7. [1a ce Hajae HajMas KBaJpaT KOj COPKU TPHU KPYKHUIH IITO HE
ce ceyaT co paguycH 1, V2 u2.
IIpo6aem 8. [1a ce Hajme HajMad KBafipaT KOj COAPKU MET KPYKHHUIHU CO
pajuyc efileH KoM He ce cevar.
po6aem 9. [1a ce pernmm MandatueBHOT mpobiaeM 3a KOIKa U IBE TOTKH.

IIpoo6nem 10. [1a ce Hajae HajMasa KoOLKa KOj COAPKU IEBET TOIKHU CO PAJHUYC
efleH Kou He ce cevar.
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