JIunjan a Credanocka, Ckormnje
Jby6omup IIpotuk, Benrpap

EJIEMEHTAPHU ®YHKIINN 1 ®YHKIIMOHAJIHM PABEHKU

[Monmmort pyHKIMja € eaeH Off OCHOBHUTE MOWMHM BO MaTeMaTrnkaTa.Bo oBOj Hammc Hema fia ce
3afipsKuMe Ha 00jacCHYBAam-ETO Ha OBOj MOWM, TYKy (PYHKIMHUTE K€ T'M pas3rieflaMe MpeKy HEKOIJKY
rpynu Ha 3agauu.IIpuroa noceGHO BHUMaHue Ke OGpHEME Ha HEKOU eJIeMEHTapHH (PyHKIIMOHAIHU

PaBEHKH.
1.BOBEIJHU 3AJAYUN

3apauva 1.[lagenn ce pyHKUMUTE f(x)=2+3x U g(x)=2+x.

aypeemetajre f(1), £(2),g(1),g(2), f(g() 1 g(f (D).

o)[Ipecmerajre f(2x),g(3x).g(f(x) # f(g(x)) .

B)Pemiere ru paBenkure: i) f(x)=17, i) f(x)=g(x), ii) g(g(x))=10.

Pemenune.Mimame

fM)=2+3-1=5, f(2)=2+3-2=8,g()=2+1=3, f(g)=1(3)=2+3-3=11, g(f)=gB)=2+3=5.

o) Imame: f(2x)=2+3-2x=2+6x, g(f(x)=g(2+3x)=2+(2+3x)=4+3x,

flgx)=r2+x)=g2+x)=2+32+x)=8+3x.

B) /) PaBeHkaTa f(x)=17 € eKBUBAJICHTHAa Ha paBeHKaTa 2+3x=17. Pemenne Ha nocnegHaTa
paBeHKa € x=5.3Haul, pelleHie Ha 1aJilcHaTa paBeHKa € x =5 .

ify PaBeHKaTa f(x)=g(x) € €KBHBaJICHTHa Ha paBEeHKaTa 2+3x=2+x YHE pelieHue € x=0.
3Hauy, penieHne Ha AajieHaTa paBeHKa € x=0.

i O g(g(x))=g(2+x)=4+x pobOuBaMe [eKa JajeHaTa paBeHKa € eKBHBAJICHTHa Ha
paBeHKaTa 4+x=10. PemmeHne Ha mociefgHaTa paBeHKa € x =6, I1a 3Ha4d, pelICHUE Ha fajeHaTa
paBeHKa e x=6.

Bapaua 2.Jlafiena e dyHKumjaTa f(x)=x" +%+% TlpecmeTtajte f(2), j(%} , f@), f@®-1),
X X+

f&} any

Pemenne.®ynkiujata f(x) e gecduHupana3a x=0 u x=-1. mMame
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3apaua 3.JlafieHa e pyHKIMjaTa f(x)= IIpecmerajre f(1-a) u f [3/%} .

3-25°

. 3 3
Pemenne.Oynkuujata f(x) e nepuampana 3a 3-2x° %0 , T.€. % ;:3 , OMHOCHO x # i/; . 3Haum,

f [%/%] HE TIOCTOU OWAEjKH BO x = 3% ¢yHKIMjaTa He e AeduHupaHa.



3a 1—a¢i/§,T.e. a;tl—i/g nMame

. 31-a)+1 4-3a
fma= 20 CA—
3-2(1-a)” 1+6a—-6a"+2a
3amaua 4. [IpecmeTajTe I BpegHOCTUTE HA (PYHKIMKATE

a) £(0)= x> 4, 6) f(0) ="+,
X X

1
3a OHUE BPEAHOCTHU Ha NPpOMEHIMBATa x 3a KOU x+—= 4.
X

2
Pemenne.a)On f(x)=x> +L2 = {x+lj -2, gobuBame fleKa TOUKa x, 3a KOja BaXd x, + L 4
X X Xo
nMame
f(x,)=4>-2=14.
0)On
2
2 2
g(x)=x* +L4=[x2 +L2J —2={[x+lj —2} -2,
X X X
nobusame g(x,)=[42-2]>-2=196-2=194 .
3apgaua 5. PynkuujaTta f(x) ja 3aJ0OBOIyBa penanujaTa
f(x)+2f[ijz3x,x¢0. 1)
X

IIpecmerajre f(1) 1 f(2).
Pemenune.Opn penanpjaTa (1), 3a x=1 gobuBame f(1)+2f(1)=3.3Haum, f(1)=1.

Axko Bo (1) craBuMe MOCHEOBATENHO x=2 U x= noOGuBame f(2)+2f[%}:6 u

1
2

f (%] +21(2) :% , coonBeTHO. Cniopen Toa, f(2) ro goouBame Off CHCTEMOT

1@ +21(4)=6
£(3)+ 2 =3

Koneuno, f(2)=-1 u f[%j:%

. 1
3a6ememka. [Tocinennara 3agaya MoxXeMe jja ja pemmMe u ako Bo (1) craBume x=¢t U x=—,
t

t#0. I[IpuToa, ro JOOMBaMe CUCTEMOT PaBEHKHU
1) +21(1)=3

, t#0. 2)
f(E)+2r0=2
s
t
npecMmeryBaart f(1) u f(2).

3amaua 6.[lafgena e pyHknygjaTa

Opn (2) maofame f(t)=—-3t, t=0. 3Haum, pyHKOmjaTa f(x) € f(x)=2—x , x#0. Cera necHo ce
X

)= 2"_“ , x#£2.
IIpecmerajre
a) f(f(1996)), 0) (S (f(-(f (1997))..))) - B) [(f(f(-(f(1996))..)) .

1996 1997
Pemenne.a)Op
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3a cekoj kel . Ilpu Toa Ke KOopucTUMe MHAYKIMja O & .
Opa)3a k=1 uMame f(f(x))=x,a of AedpuHIjaTa HA f AOOUBame
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2x+1
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Heka mpeTnocraBuMe Jieka TBPACHETO BaXH 3a k=n. OJ MHIYKTUBHATA MPETIOCTaBKa 3a
k=n+1 gobuBame
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T.e. TBPACHETO BaXW W 3a k=n+l, Ma cOoped NPWHIOUIIOT HAa MaTeMaTWyKa WHAYKIIja
3aKJIydyBaMe JieKa BaXKy 3a CeKoj kell .
6)Op IpeTXOHO U3HECEHOTO UMaMe:
SUSCfA997))..)))=1997 .
LY VA
1996
B)AHAJIOTHO, Kako 1noj 6) foOuBame:
2-1996+1 3993

f(fl(gjj)g---(f(lg%))---))) “To%6—2 1991

xz—x )C—)Cz

+a U o(x)= —a, kane ael . Jlokaxere ru

3apaua 7. [laneHu ce pyHKIMUTE f(x)=

penanuuTe
fl+x)+o(l-x)=x U f(-x)+e(l+x)=0.
Pemenne.limame,
2 2
(1+x) —(1+x)+a+1—x—(1—x) 3
2 2
(7x)27(7x)+a+1+x7(1+x)2_a_x2+x+1+x ix X 4x

S0 +o(+x) = 2 2 2 3 d-0d+x)]= 3 3

mTo U TpeGame Jda JOKaXeMe.

B Gy B
=X

SA+x)+o(1-x)= a:HTx[1+x—1]+1_Tx[1—(1—x)]

=0.

2.ENIEMEHTAPHHN & YHKIINMOHAJ/IHU PABEHKHA

Bo 3amaua 7 pokaxkaBme [eka (PYHKIUHTE f(x) M ¢(x) 3aJ0BOJIyBaaT OMNpeAeIeHN
penanun.IlpuponHo e fga ce 3ampamiaMe Jajad MOXe fa ce pellln o0paTHaTa 3ajada, T.e. ald ako
3a HEKOM (PYHKIUHN S[1(x), f5(x),..., fr (x) 3HAEME [AEKa 3aJ0OBOJyBaaT ONpPEJCJICHN pejlalliil MOXKEME
JIa T ompepenuMe oBre (PyHKIWH. PemmaBameTo Ha oOBaa 3ajava MO MPaBWIO € 3HAYUTEITHO
TIOKOMIUTALIIPAHO, HO HUE BO OBOj JIEN K€ ce 3aip>KuMe Ha HEKOJIKY Haje[THOCTAaBHYU 3afavy Off OBOj
BUJI.

3amaua 8.Hajmere ja pynkumjata f(x) ako:



a) f(x+3)=2x-5, 6) f(x-1)=x>-5x+6, B)f[x+l]=x2+i2, I‘)f[l]=x+\/1+x2 ,
X X X

1
m () =—.
X
Pemenne.a)Co cMeHata x+3=¢, T.e. x={-3 Off IajleHaTa paBeHKa gobmBame f(r)=2(1-3)-5,
T.e. f(t)=2t-11.3Haun, 6apanara pyHknmja e f(x)=2x-11.
0)CraBame x—1=¢,T.e. x=t+1 U goOUBaMe
F@O =@+ =50+ +6=1>-3r+2,
T.e. Gapanara (pyHKIHja e f(x)=x> —3x+2.

1 1Yy 1 1Y
B)On x2+—2:(x+—) -2 pobuBame f(x+—)z(x+—) -2 ,Te.
X

X X X

f(H=t*-2,3a z:x+i,x¢o.
X

3Haun, 6apaHaTa (yHKIHUja €
fx)=x>-2, x=0.

1 . 1 1
r)Ja BoBegyBamMe cMmMeHaTa —=¢ W pAOOWMBaMe j(t)=?+ l+—, ¢#0. 3naun, OGapanata
x s

¢yHKIHTja €

f(x):l+ /1+L , x#0.
X xz

nOn x>0 u x2:t, t>0 pobuBame x:\/t—, t>0. Cnopep Toa, f(t):%,wo OIHOCHO
t
GapaHata (pyHKIHja e
1
xX)=—=, x>0.
S ) N

3amaua 9.[lafgena e pyaknmjaTta f(x)=x+2 . Hajuete pynkmmja g(x), Taka mro f(g(x))=3x .
Pemenune.Mimame, f(g(x))=g(x)+2. Co 3aMeHa BO fajieHaTa peianygja fobuBame g(x)+2=3x,
T.e. 6apaHaTa pyHKIHja € g(x)=3x-2.
3apgaua 10.Jagena e dynkuujata f(x)=x+2. Hajgere ja ¢yHKnmjaTa g(x), TakBa IITO
fle(f(x)=5x-1.
Pemenne.limame,
FE@f))=g(f(x)+2=g(x+2)+2.
Co 3aMeHa BO flajieHaTa pejanyja joouBame g(x+2)+2=5x-1, T.e.
g(x+2)=5x-3.
CraBame x+2=¢, T.e. x=t—-2 U gobuBaMe g(t)=5(t-2)-3=>5t—13. 3Haumu, GapaHaTa (pyHKIH]ja €
g(x)=5x-13.
3. XOMOTEHU NUPEPEHIIHM PABEHKHW O 1 PEJ CO KOHCTAHTHU
KOEPUILIMEHTU

Heka P(x), O(x) u R(x) ce fafeHu peansu pyHkuyn. PyHKIMOHATHATA paBeHKA
Sx+2)+ P)f(x+ D) +0(x) f (x) = R(x) (6]
ja HapekoBMe NuHeapHa audepHuHa paBeHka of II pen. Ako R(x)=0, Toram 3a paBeHkaTa (1)
BelMMe JieKa € XoMoreHa. 3a paBeHKaTa (1) Ke BeluMme fieka € CO KOHCTaHTHH KOe(UIIMEHTH aKo
P(x)=ay, O(x)=a,, a,a,€ll .
3a ¢yHkumjaTa f,(x) Ke BeluMe ieKa e pelleHrne Ha fudepeHIHaTa paBeHka (2) ako
So(x+2)+ P(0) £ (x +1)+ Q) f.(x) = R(x)

3a cekoj xell .



3agaua 11. Hexka ¢ (x) u ¢,(x) ce NPOU3BOJIHU NApPTUKYJNIapHU pEllleHHja Ha JHMHeapHaTa
xoMoreHa gucdepeniHa paserka (1). Toram ¢ynknujaTa
J.(0) =G (%) + Crpy (%)
Kage C;,C, ce IPOU3BOJIHU KOMIUIEKCHU OPOEBU € pellIeHNe Ha lajieHaTa paBeHka. JJokaxere!

Pemenune.Co 3ameHa Bo (1) noGuBame:
L@ +2)+ P) £ (x4 1)+ 0() £.(0) = Gy (x-+2) + Copy (x+2) + POLCiy (x4 1)+ Gy (x+ D]+ Q)G () + Cogpy ()] =
=Gl (x+2)+ P(x)p (x +1) + O(x)y (x)]+ Co [, (x +2) + P(x)5 (x + 1) + O(x) 9, (x)] = C; -0+ C, -0=0+0=0

ounejku ¢ (x) M ¢,(x) ce MapTUKYyJapHU pellieHHja Ha pa3rie/lyBaHaTa XOMOreHa paBeHKa.

Na ja pasrmegame xoMoreHaTe pudepeHnjaTHa paBeHKa of Il pem co KOHCTAaHTHH
KOE(UIUEHTH:
S(x+2)+a f(x+D)+a,f(x)=0, a; #0 . 2)
PemammjaTta co koja MOKaT fa ce moOwWjaT pelieHnjaTa Ha paBeHKaTta (2), JOKOJKY IMOCTOM Ke
ja HapedyeMe HEj3MHO OIIITO pElleHHe, a (PYHKIHjaTa Of KOja HEe MOXE Jla c€ U3BEAH OIIITOTO
pelleHre Ha iajieHaTa paBeHKa Ke ja HapeKyBaMe NMapTUKYJIapHO pellleHUe Ha McTaTa.
3a paBenkara (2) ja ¢popMupamMe KBajjpaTHaTa paBeHKa

P tar+a, =0 3)
KOja ja HapeKyBaMe KapaKTepHUCTHYHA paBeHKa Ha paBeHkara (2). Heka 7,7 ce pelleHuja Ha

pasenkaTta (3). Moxe pma ce gokKaxke feKa OINIITOTO pElIeHHEe Ha paBeHKaTa (2) 3aBHCH Off
peluieHnjaTa Ha paBeHkara (3) 1 IpuToa

S(x)=Ci" +Cyry , AKO 1 # 153,15 €L 4

S(x)=Ci" + Cyxi™ , aKO 1y =ry;0,1, €0, %)

F(3) = Cp* cos(gn)+ Cyp* cos(px) ako p =i [y Na? 467, tgp=2, kane np=atib.  (6)
a

3amaua 12. Pemmere ja gucpepennaTa paBeHka f(x+2)—7f(x+1)+12f(x)=0.

Pemenne.CoopiBeTHaTa KapaKTEPUCTUIHA PAaBEHKA € P —Tr+12=0, uun peuiennja ce

TEJCTE 4112 741

Ny = >
1/2 2.1 )

T.. =4, r, =3 . Cnopep Toa, ONMIUTOTO pellIeHNE HAa paBeHKaTa € f(x)=C,3" +C,4" , kage C;,C, ce

MPOU3BOJIHU KOMIIJIEKCHU GPOEBH.
3amaua 13.Pemere ja fuepennata paBeHka f(x+2)—6f(x+1)+9/(x)=0.

Pemenne.COOfIBETHATA KAPAKTEPUCTHYHA PaBEeHKa € r* —6r+9=0, T.e. (r-3)*=0.On 5/, =3,
cropef (5) mobuBaMe JieKa OMIITOTO PellleHNEe Ha AajeHaTa paBeHKa € f(x)=(C; +C,x)3" .
3amaua 14.Pemere ja fudepennara paBeHka f(n+2)-2f(n+1)+2f(n)=0.
Pemenne.3a KapaKTepUCTUUHATA paBeHKa UMaMe r> —2r+2 =0 . Hejsunu pemenuja ce r =1+i,
r, =1-i. Cnopep (6) go6uBame Jieka OIIIITOTO PEIICHNUE Ha JjajiecHaTa paBeHKa €
(%)= p*[C cos(px) + C, sin(px)]
Kage p=vy1>+12 =42, tg(p:%zl , Te. p=v2, (p:%. 3HayM, ONMIITOTO pelIeHWe Ha [ajieHaTa
paBeHKa e
F)=(2)*| GeosZE+C,sin R |
4 4
Ojp mocera U3HECEHOTO MOXeMe f1a 3abeyiesKuMe fIeKa ONIITOTO pellleHHe Ha paBeHkara (2) e
MHOKECTBOTO (DYHUKIIUH, IIPH IIITO CEKOj EIEMEHT f, Off OBa MHOXKECTBO ce TOOMBa 3a COOABETEH

n360p Ha KoHcTaHTuTe C; U C,.JacHo, ako 3a (pyHKIMjaTa , KOja € pellleHie Ha paBeHkaTa (2) ce

NO3HaTH HCj3I/IHI/ITe BpPEIHOCTHU BO ABE PA3JINYHU TOYKHU x, U Xx; , TOramr o CMCTEMOT



f(x1) = fo(xl) ’

MOXeMe Jla TU ONpefieNnuMe KOHCTaHTuTe C, U C,, CO udja IoMoul yHKIujaTa f, ce [odusa of

{f(xo):fo(xo)

ONIITOTO pellleHHe Ha paBeHKaTa (2). Bpegnocrute f.(x,) ¥ f.(x) TH HapekyBaMe IOYETHU

YCJIOBH 3a paBeHKaTa (2).
3amaua 15.Pemere ja gucepennnara paBeHka f(x+2)— f(x+1)— f(x)=0, Ipu MOYETHN YCIOBU

S0)=0m f()=1.
Pemel-me. COOHBGTHaTa KapaKTCpI/ICTI/I‘IHa paBeHKa e r
1£45

2_r-1=0 ®W Taa WMa pellIeHH]a

. 3Ha‘{I/I, OIIIITOTO pEIICHUE Ha TaicHaTa paBCHKa €

f(x):Cl[“\E] +cz[1‘/§J .

N2 =

2 2

AKXO T'l ICKOPUCTUME TMIOYETHUTE YCIOBH, JOOMBaMe

] of8]

2 2
1 1’
1=¢ 1+45 e -5
2 2
T.C.
0= G + G
1=C11+2\/§+C11—2\/§'

Pelrenne Ha cuCTEMOT €
1 1
Ci=—, Cy=——.
NN
3Haun, peleHne Ha IafieHaTa paBeHKa e
=) 1+45) 1 (1457
Jsio2 N '
3adenemka. Co f(0)=0, f()=1, f(n+2)=f(n+1)+ f(n), BCYIIHOCT € QajeHa HHU3aTa Ha
dubonaun. Cnopen Toa, PuboHauneBrTe OHPOEBU MOXKEME fla TH TOoOMEME aKo ja MCKOPHUCTUME

¢opmynara
o (1+5) (1)
f(n)—\/g[ 2 ] —\E[—z ],nO,l,....

4 HEKOU NCTOPNUCKHN ®YHKIMOHAJTHU PABEHKHA

Bo 0BOj fien Ke pasriegame HEKOJIKY OCHOBHH (DYHKIMOHAJTHU PaBEHKH, 32 KOM cMaTaMe JieKa
Ke ro mpuBJiieyaT BalleTO BHUMAaHUE.
3amaua 16.(PaBenka Ha Komm, 1821)Bo MHOKECTBOTO Ha paIiOHAIHUTE PEIIeTe ja paBeHKaTa

SG+y)=f®)+ /() (D
Pemenne.Axo Bo (1) craBume x=1, y=0 gobuBame f(1)= f(1)+ f(0) ox mTO cregyBa f(0)=0.
3a y=-x,on (1) ciegyBa f(0)=f(x)+ f(-x), T.c.
S0 ==f(x) ()
JacHo f(2x)=2f(x). Heka mpermocraBumMe neka f(nx)=nf(x).3a n+1 gobuBame
S((n+Dx) = f(nx+x) = f(nx) + f(x) =nf () + f() =(n+1) f(x) ,
T.e. f(n+Dx)=m+1)f(x).3Haun,
f(mx)=mf(x),3a cexoj mell ,



IITO 3aefiHO co f(0)=0 u (2) paBa
f(nx)=nf(x),3acekoj nell ,xell . 3)

Heka xel . Toram x=2, p.qell, g=0. Amame
q

f[ﬁ} =i[qf(£]] =if[q£]=if<p> ~Lprm=2rq). )
q q q q q q q q

Axko craBume f(1)=c, Toram jobuBame fieka f(x)=cx, xell e pemieHue Ha (1).

3apgaua 17.(PaBenka Ha JeHceH, 1906) Bo MHOXecTBOTO palyOHalHU OpOEeBH pelleTe ja
paBeHKaTa

Zf(x ; z ] = )+ /() (5)

Pemenne.Heka f(0)=a. Ako Bo (5) craBuMe y=0, fobuBame 2f (%J = f(x)+a . Ja BOBenyBaMe
cMeHaTa f(x)=g(x)+a U goOuBame

g(0)+g() +2a =[g(x) +al+[g(y)+al= f(x)+ f(») = 2f(“Tyj = f(r+y)+a=glr+y)+2a.

Crnopep Toa, pelieHHEeTO Ha paBeHKaTa (5) uma oONMuK f(x)=g(x)+a, Kafe g(x) € pelieHue Ha
paBeHKaTa
gx+y)=gx)+g(»), x,yell . (6)
Opn mperxopgHaTa 3apmada pob6mBame g(x)=xg(l), xel . AKo craBume b= f(l), gobmBame
g)=f(1)-a=b—-a ,na3Haun
f=gx)+a=gO)x+a=b-a)x+a, xell ,
€ OIITO pelieHue Ha (5).
3apaua 18.(PaBenka Ha Ilekcupep, pemena 1900,1903 roguna). Bo MHOXKECTBOTO panMmoHaIHA
GpoeBH peleTe ja paBeHKaTa
Sx+y)=g@)+h(y) . @)
Pemenne.Heka a=-#(0), b=-g(0). AKo Bo (7) ctraBumMe y=0 mobmBaMe g(x)=f(x)+a, a 3a
x=0 gobuBame h(y)=f(y)+b.Cnopen Toa
fx+y)=fx)+a+ f(»)+b
OIHOCHO
fx+y)+a+b=[f(x)+a+bl+[f(y)+a+b].
CraBame F(x)= f(x)+a+b, 1 foOMBaMe
F(x+y)=F(x)+F(y) (3)
Crnopep 3afava 16 F(x)=ax, ael , xell .
3Haun, (x)=F(x)—a-b=ax-a-b; g(x)=ax-b; h(x)=ax—a; xel , a,a,bell .
3agaua 19.(Mopucdunupana JeHceHOBa paBeHKa). Bo MHOXECTBOTO palMOHATHU OpOEBU
pelIeTe ja paBeHKaTa:
f(u] _g0+g0)
2 2
YunarcrBo. Bosenere ru cmenute f(t)=r(2t) , g(t)=2s(f) U h(¢)=2u(t) , a HOTOA UCKOPHUCTETE ja
TpeTXofHaTa 3ajaJa.

5.3AIAYN SA CAMOCTOJHA PALOTA

Ha kpajor Ha oBaa pabora BM IpejyaramMe HEKOJKY 3afaud 3a BexOame. CMeTame jeka,
TOKOJIKY CTe T'M pa3paboTmie MPEeTXONHUTE YETHPH Jesa, HeMa fa BH IPETCTaByBa TEHIKOTHja
CaMOCTOJHO f]a TH PEIINTE CIETHUTE 3a/{aYn.

1. Japnena e d¢ynkumjata f(x)=x+2. [Jla ce omnpeaenu ¢yHKOMja g(x) TakBa IITO

f(2+g(x)=3x-1.



2.Hajnere pyHkmja g(x) Taksa IITO 3a (pyHKIHUjaTa f(x)=3x+2 BaXn
F(2 +xg(x)=3x2 +6x+5.

3.Pemiere ru paBeHKUTE:
a) f(x+2)—4f(x+D+3f(x)=0
6) f(x+2)+3f(x)=0.
B) f(x+2)- f(x)=0
T) f(x+2)=10f(x+1)=25f(x) .

4.Bo MHOXECTBOTO pal[iOHAIIHN OpOEBHU pelleTe ja paBeHKaTa
SE+P+fx=y)=2/()+2/(y) .

5.HajmeTe ru cuTe NONMHOMH f(x) 3a KOM IITO BaXKU
(x=-Df(x+)-(x+2)f(x)=0, Vxel .



