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[Ipenrosop

Bo Makenonuja oBaa TOIMHA ce OAp’Kaa CHTE €TalM Ha HATIPEBAPH BO OCHOBHHUTE U
CpeHUTE YUWINILNTA: YYMIHIICH, pETHOHAJIEH, PEIyOJIMYKY U OJMMIINja/Iu.

[Mocne puroposnure cenexiuu Ha ucture ce Gopmupaa exunure 328 BMO u JEMO kou BoO
npujatHa aTMocepa ce oapkaa Bo Penybnuka Pomanuja u Penyommka Kunap coonsertHo.

[To cnpoBenyBamero Ha UMO cenexionnor Tect ce popmupa exkunara 3a UMO 2011 koja
ce opxyBa Bo AMcrepaam, Penyoiuka Xonanauja.

ConpxuHa Ha 0Baa KHWTa C€ 3aBPIIHUTE MaTeMAaTWYKH HATIpeBapd Bo MakenoHHja U Ha
bankaHOT, 3ae1HO co penHHujara.
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M/\M 20" MACEDONIAN
2013 MATHEMATICAL OLYMPIAD
0 06.04.2012 FEIT - Skopje

20-taMakedonska
mat emati ~kaol i pi jada

1. Solve the equation p*? +¢*” =r in the set of prime numbers.

2. A total of 2" coins are distributed among several children. If one of the children has
at least half of the coins, the coins are redistributed: coins are transferred from such a child
to each of the other children in such a way that each of them gets as many coins as it had.
In the case when one child possesses all the coins there is no possibility for redistribution.
What is the greatest number of consecutive redistributions? (For example, if 32 coins are
distributed among 6 children in the following way: 17, 2, 9, 1, 2, 1 , then after one
redistribution the children will have: 2, 4, 18, 2, 4, 2 coins, respectively; in the example,
that number is 2).

Explain your answer!

3. An acute-angled triangle ABC is given such that the angle at the vertex C is the
biggest. Let £ and G be the points of intersection of the height drawn from A to
BC with the circumscribed circle of the triangle ABC and with BC respectively,
and the center O of the circumscribed circle lies on the perpendicular drawn from A

to BE. The points M and F are the feet of the heights drawn from E to AC and

AB respectively. Prove that P, <P, .

4.Let x,y and z be positive real numbers such that x* + y* + z* = 3. Prove that
9 N 9
Wyt eyt X4yt
When does equality hold?

6 6 6
<X +y +z +6.

5. An arbitrary triangle ABC is given together with two lines p and g which are

not parallel to each other and are not perpendicular to any of the sides of the triangle.
We denote the perpendiculars through 4, B and C to the line p by p,, p, and p,

respectively, and the perpendiculars to ¢ by ¢,, ¢, and ¢, respectively. Let us
denote the points of intersection of the lines p,, ¢,, p,, 9,, p. and g. with ¢,, p,
» 4es Pes q, and p, respectively by K, L, P, Q, N and M . Prove that the lines
KL, MN and PQ intersect at one point.
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AN 20-th MACEDONIAN
MATHEMATICAL OLYMPIAD
O 06.04.2012 FEIT - Skopje

20-taMakedonska
mat emati ~kaol i pi jada
1. Solve the equation p27+¢27=r in the set of prime
numbers.
Solution. It is clear that »>2, from where » must be an odd prime number. One of the numbers p
or g must be 2, and the other must be an odd prime number. Without loss of generality, let ¢=2 and p

be odd. But then the equation is of the form pH22P=p je. p*442% =r where p=2k+1, keN.
But then

ph a8k = p4 4 4.0% +4.22kp2_4.22kp2:(p2+2.22k)2_4‘22kp2 -
=(p2 +2:22k 422k p)(p2+2.2% —2.2k p)=
=(p2+2-2% +2-2kp)((p72k)2+22k)

That means that the number p*-+227 is never prime, which means that the equation has no solution
in the set of prime numbers.

2. A total of 2" coins are distributed among several children. If one of the children has
at least half of the coins, the coins are redistributed: then coins are transferred from that
child to each of the other children in such a way that each of them gets as many coins as it
had. In the case when one child possesses all the coins there is no possibility for
redistribution. What is the greatest number of consecutive redistributions? (For example, if
32 coins are distributed among 6 children in the following way: 17,2, 9, 1, 2, 1, then after
one redistribution the children will have: 2, 4, 18, 2, 4, 2 coins, respectively; in the
example, that number is 2). Explain your answer!

Solution. At most n consecutive redistributions. We will start with an example showing that »n
consecutive redistributions are possible. Let 2" coins be distributed among 3 children initially as follows:
1,2n1427n=2 4 42 1. The successive redistributions (a total of » ) will be:

21, on=lyon=24 +22, 2!
22, anlpon24 423, 22

27172’ 27171’ on—2
27171’ 0, on—1
0,0, 2"

Let us show that # is the maximal number of consecutive redistributions. We start by assuming that there
is an initial distribution for which there are at least n+1 possible redistributions and we seek
contradiction: let us note that after one redistribution the number of coins that each child has is divisible
by 2 (each child to whom coins have been added has a doubled number of coins which an even number,
and the child from whom coins have been taken has again an even number of coins since there is a total of
2" coins i.e. an even number of them). Analogously after the second redistribution each child has a
number of coins that is divisible by 4, and so on, until the » -th redistribution in which the number of
coins each child has is divisible by 27 ; taking into account that the total number of coins is constant and
equals 27, the only possible distribution (in some order) is 2,0, 0, ... ,0 . But then there cannot be a
next redistribution. Contradiction!
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3. An acute-angled triangle 4BC is given such that the angle at the vertex C is the
biggest. Let £ and G be the points of intersection of the height drawn from 4 to BC
with the circumscribed circle of the triangle ABC and with BC respectively, and the
center O of the circumscribed circle lies on the perpendicular drawn from 4 to BE.
The points M and F are the feet of the heights drawn from EF to AC and AB
respectively. Prove that Py, < Prpr. -

V. Solution. Let us denote the intersection of EM and BC
by ¥ (the intersection will always exist since the angle at C
is acute). From Simson’s theorem if follows that the points M
, G and F are collinear. Let us note that L/EAC=/EBC
since they intercept the same arc. Also, ZCAE=/BAO . The
quadrilateral FBEG is inscribed. Therefore we get
/GBE =/GFE . Also, /GAO=/GBE since they are angles
with perpendicular rays. We get ZCAE=/GAO=/BAO .
Therefore we get that 4O is a bisector of the angle and a
height in the triangle ABE . It follows that the triangle ABE is
isosceles from where GF is parallel to BE. The lines 40,
BG and EF intersect at one point (EF and BG are heights
in the triangle ABE). Let us note that AGMV is inscribed.
We have IMVG=/LGAM . We also get
LMAV =/ZVGM = ZFGB . Therefore AM is a height and a bisector of the angle in the triangle E4V . It
follows that the triangle EAV is isosceles and M is a midpoint of the side VE . Also AAVE~AA4EB . It

is clear that AEGV = AEGB and since both of them are right-angled, Fgzy, :%PGEB . On the other hand

Fopg = Fgpp from where we get the required inequality.
4. Let x,y and z be positive real numbers such that x*+ y*+z4=3. Prove that
9 9 9 64 164 6
< 6.
x2+y4+z6+x4+y6+z2+x6+y2+z4—x tyh o+
When does equality hold?

Solution. If we use the Cauchy-Bunyakovsky-Schwarz inequality for the positive numbers (x, y2,z3)

and (x3,y2,z) we get

(et 424 (2t )yt 4 22) e

6 4 2
1 Sx +y'+z ) (1)
x2+y*+20 9

Analogously, using the Cauchy-Bunyakovsky-Schwarz inequality for the positive numbers (xz, y3,z)

and (xz,y,z3), and also for the positive numbers (x3,y,22) and (x,y3,22) , we get

4 2 6
1 SX +y tz , (2)
40422 9
ie.
2 6 4
1 <X +y°+z ) (3)
xO04p2 4247 9

Now, by adding the inequalities (1),(2) and (3) we get the inequality
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1 N 1 N 1 B o s - o S 0 VA - o e Ao @)
x2pypt4z6 x4 y0422  x6432424 7 9 '

From the inequality between the arithmetic and quadratic mean for the positive numbers x2,y2 and z2
we get that x2 +y2 422 <3, [W =3, so if we substitute in (4) we get the required inequality.
Equality in (1) holds if and only if é:i—i:é ie. x=z=1 and from x*+y*+z4=3 it follows that
y=1.

5. An arbitrary triangle 4ABC is given together with two lines p and ¢ which are
not parallel to each other and are not perpendicular to any of the sides of the triangle.
We denote the perpendiculars through 4, B and C to the line p by p,, pp and p,
respectively, and the perpendiculars to ¢ by ¢,, ¢ and g, respectively. Let us
denote the points of intersection of the lines p,, ¢,, pg, ¢z, pc and g, with q,,
Ps> 9¢> Pc»> 94 and p, respectively by K, L, P, O, N and M . Prove that the
lines KL, MN and PQ intersect at one point.

Solution. Without loss of generality we can assume that pp is between p, and pc. The first case is
if g4 is between gp and gc as shown in the picture, obviously KL intersects PN . Analogously, if ¢
is between g4 and gpg the case is symmetrical to the one are considering. The second case, if gp is
between g4 and g, then MQ and PN are not parallel, so KL intersects at least one of them and the
two cases are equivalent. According to this we can assume that KL intersects PN . The line MN cannot
be parallel to pp, since in that case p is perpendicular to 4C and analogously PQ is not parallel to ¢ 4.

Let X, Y and Z be the points of intersection of the lines PN, g4 and pp with KL, PO and MN

respectively. From the similarity of the triangles LNZ and PMZ we get

Z_

PZ PM’ M
Similarly from the similarity of LPY and NQY we get

LY LP

If KL does not pass through C, let it

intersect NC and MC in U and V
respectively. From the triangle CPN and
Menelaus’ theorem for the line KL we get

NY_NO ()]

BXNUCI_ ) o
XN UC VP T
PX _ UC VP 3)
NX NUCV ’
From the similarity of the triangles KQU
and LNU we get vo _ko , from where
UN LN
1+£=1+@ , SO UN =N and %:W+W:w and from here
UN LN KB KB
_ _LNNQ _
NU____ KB ____ _LNNO )

UC  LNNQ+NCKB  LNNQ+NCKB'
KB

Analogously, for the similar triangles KMV and LPV we get

CV _ LPPM+PCKA
CV _ LPPM+PCKA (5)

VP ~LPPM
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If we substitute (4) and (5) in (3) we get:

PX _UC VP _ LNNO+NCKB  _7ppM  _ LNNO+NCKBIpPpM _ LPPM (6)

NX NUCV —LNNQ LPPM+PCKA LPPM+PCKALNNO  LNNQ
If we now substitute (1), (2) and (6) in Ceva’s equality for the triangle LNP and the lines LK , NM
and PQ we get:

LZPXNY _ LN NO_IPPM _ _

PZNXLY PM LP LNNO

If KL passes through C ,then X is the midpoint of PN and
LN _ NC O]

BK LB’
If we now substitute (1), (2) and (7) in Ceva’s equality for the triangle LNP and the lines LK, NM and
PO we get:

LZPXNY _ _INNQ_ W@:—l )

PZNX LY PM LP LB LP
From the converse of Ceva’s theorem, the lines KL, MN and PQ intersect in one point or are

parallel. Without loss of generality we can assume that pp is between p4 and pc. If gp is not between

q4 and gc as shown in the picture it is obvious that the lines cannot be parallel. If gg is between ¢4

and ¢c, then in order for the lines to be parallel it is required that AK ALyt then 4K —AL_KB |
AM AN AM AN MC

therefore AB is parallel to AC, which is impossible since 4BC is a triangle.

Team Selection Test for IMO 2013
First day 08.04.2013

1. An acute-angled triangle 4BC is given. The points 4,, 4,, B,, B,, C, and C,,
lie on its sides in such a way that 44 =A4,=A4,B=14B, BB,=BB,=B,C=1BC
and CC,=C,C,=C,A=1CA. Let k,, k and k. be the circumscribed circles of the
triangles 44,C,, BB, 4, and CC,B, respectively, a, and a. be the tangents of &, in
4, and C,, b. and b, be the tangents of k, in B, and 4, and c, and ¢, be the
tangents of k. in C, and B,. Prove that the perpendiculars drawn from the
intersection of a, and b, to 4B, the intersection of b. and ¢, to BC and the
intersection of ¢, and a. to CA intersect in one

point.
Solution. Let us denote the intersections of ag, br and ¢y

with by, cp and ac respectively by A', B' and C'. The
triangle A4 C, is similar to 4BC, since they have a common
angle and their sides are at a ratio 1:3. Let O, be the center of the

circumscribed circle around the triangle 44;C, . Then:

20 44 A=1(180° =240 4 4)=90° — LACy 4 =90° —y

Since ap is perpendicular to O44; it follows that the angle

between ap and AB equals
180°—90°—(90° —y)=7y.
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Analogously, the angle between b, and 4B equals y, so that the triangle 444" is isosceles with
base 44, , that is, the perpendicular to AB through C' passes through the midpoint of 4,4, , which is

also the midpoint of AB,(4) so that the perpendicular passes through the center of the circumscribed
circle around the triangle ABC . From symmetry reasons, all the three perpendiculars pass through the
center of the circumscribed circle, that is, they pass through a common point.

2. a) Let S(n) be the sum of the digits of the number #n. After the comma, we write

the numbers S(1),S(2),... one after the other. Prove that the obtained number is

irrational.

0) Let P(n) be the product of the digits of the number n. After the comma we
write the numbers P(1), P(2),...one after the other. Prove that the obtained number is
irrational.

Pemenue. a) The number 0,S(1)S(2)... is irrational if it is non-periodic. Let’s assume that the number
is periodic and let d be the length of its period. It is clear that the period has to contain digits different
from O since, if this wasn’t the case, the number would be of the form 0,S(1)S(2)...S(k) and there always
exists a number bigger than & whose sum of digits is different from 0.(for example 10” for sufficiently
big m is greater than & and the sum of its digits is 1). However, there exists a natural number which is big
enough whose sum of its digits ends in 2d zeroes. (the sum of digits of 11...11 with 1024 ones is 1024 ).
Then the period of length d has to appear completely in the number S(102¢) | which implies that it has to

consist only of zeroes.
6) The number 0,P(1)P(2)...1s irrational if it is nonperiodic. Let us assume that the number is periodic

and let 4 be the length of its period. It is clear that the period has to contain digits different from 0 since,
if this wasn’t the case, the number would be of the form 0,P(1)P(2)...P(k) and there always exists a
number bigger than k whose product of digits is different from 0.(for example 11...1 with sufficiently
many ones is bigger than # and the product of its digits is 1). The number of the type 22...255...5 can be

m m
chosen arbitrarily big and it is clear that the product of the digits of those numbers is 10” . If we choose

m>2d , then the period must completely appear in the number S(22...255...5) which implies that it has to
m m

consist only of zeroes.

3. We denote the set of all nonzero integers and the set of all nonnegative integers
by Z* and N, respectively. Find all functions f:Z* — N, for which the following
two conditions hold:

(1) for each a,bcZ* suchthat a+b&Z* itholds that f(a+b)>min{f(a),f(b)} ;

(2) foreach a,beZ~ it holds that f(ab)= f(a)+ f(b).

Solution. One trivial solution is the constant function f=0. Let f be a nontrivial function for which
the conditions (1) and (2) hold. We will show that there exists a natural number ¢ and a prime number p

for which it holds that f (@)=cvp(a) for each a€Z*, where vpla)= the exponent of p in the canonical
factorization of a : let us note at first that f(1)= f(—1)=0 (proof:

SO=7AD=7O+f D), fO=,(D-(D)=fD+/(=D);
from this and from (2) it follows that there exists a prime number p for which f(p)=0; for c:= f(p) we
will show that f(a)=cv,(a) holds for every a€Z*; namely, for each prime g=p there exists nonzero

integers a,p for which 1=ap+fq , so that the inequality 0= f(ap+Bq)>min{f(ap),f(Bg)} holds;

from

flap)=f(@)+f(p)= f(p)=c=0

10
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it follows that f(Bq)=0 and f(q)=0;let a==xpkqPr7... be the canonical factorization of a ; then
f@=f&Ep)+ @GP+ [N+ .= fED+ (P =k (p)=cvp(a)

It remains to note that each such function satisfies the conditions (1) and (2), and therefore it represents a
nontrivial solution to the given problem.

Team Selection Test for IMO 2013
Second day, 09.04.2013

1. Let a>0,b>0,c>0 and a+b+c=1. Prove the inequality
a*+b4 b3+c3+2a2+b2+2c2 > 1
a’+b*  b+c 2 =2

Solution. From 1=(a-+b-+c)? =a?+b2+c2+2(ab+bc+ac) we get

a?+b?+c2 _1
2 2
We use the inequality (a”~!—b"1)(a—b)>0 for n>1with equality holding when a=b. The last

ab+bc+ca+

inequality is equivalent to the inequality a” + 5" Zab(a”_z +b"—2) when n>2. In the case at hand we

4,14
Loat4bt B3+, c2+a? ; ; i

have: 2 +b2_ab e >bc and T =ca. By adding the last three inequalities we get
4 4 3 3 2 2
azizz bbi(i +¢ sza >ab+bc+ac from where
a

4 4 3 3 2 2 2 2

a*+b*  b’+c 2 2,b% cc4a-+b-_1

a2+b2+ bic +cc+ac+ > _ab-l—bc—i—ac—&-i2 3

1
3
2. We say that a rectangle is inscribed in a triangle if two of the rectangle’s
neighbouring vertices lie on one side of the triangle, and the other two lie on the
remaining two sides of the triangle. Assume that the lengths of the sides of the triangle
ABC are known. What is the smallest possible length of the diagonal of an inscribed
A rectangle in this triangle?

It is clear that equality holds when a=b=c=

Solution. Let the quadrilateral EFGH be inscribed in

H. the triangle ABC so that £ and F lie on BC and G

lies on AC and H lies on AB. Let us denote the side-

lengths of the triangle A4BC by a, b and ¢ and let &

B E vV u ja ¢  denote the length of the height drawn from 4 to BC . We
put AH=x, EF=u and FG=v.

h(c—x)

From AAHG~AABC we have u=%% from ABEH ~ABVA we get v=

¢ . If 7 denotes the

20, )2
length of the diagonal of EFGH , we get 12:%4-%. The smallest value of the parabola
c c

2.2 h2(c—x)® . 25,2 L . 2
fx)=4 ’2‘ +h (62 ¥) is —a‘h and it is attained when x=_/C
C C

. Let us note that
a’+h? a’+h?

a?h? _ _ 4p2
a?+n? a2+4P2
a2

, where P is the area of the triangle. Now if we do the same when the rectangle has

11
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Lzz for the smallest possible length of the

bZ +4L
b2

two neighbouring vertices lying on the side AC, we get

; 2 4P2 40 4P2_ (2 p2\(j_4P%
diagonal. We have a? + 2 b 42 7(a b )(1 22
Since ab>2P the last expression is greater or equal to 0 if and only if a>5 . In other words, the

smallest value of / is obtained when the rectangle has two neighbouring vertices lying on the longest side

2P

of the triangle. Let a be the longest side. We already saw that the smallest value of / is and

h%c ___4P2% )
a’+h? a*44pP2
expressed through the side-lengths of the triangle by e.g. Heron’s formula.

it is obtained when AH=x= Let us note that the area is known and it can be

3. Let @ and n be integers . We define a,=14+a+a*+...+a"'. Prove that if

an _an
a? =1(mod p) for every prime divisor p of n, —n, , then the number —2—=-

is an integer.
n,—m

Solution. Lemma. Let aand n be integers such that a=1(mod p) for each prime p|nand
a,=l4+a+a?+..+a". Then nla,.

Proof of the lemma. Let p” be the largest power of the prime number p such that p”|n. We will prove
the equality

Itata®+.+ar =|l4a? +a2 +.+a P |[[(1+a?" 420" 4 aleDpt )

priD | r
k=i

for each integer a . If a=1 the left-hand side is # and the right-hand side is 2. p”=n (one p for each
P

term in the product). Let a=1. If we multiply the left-hand side and right-hand side by a—1 from the right
we get

G)

a—D)(1+a+..+aP V) 14+a? +a2P +..+a®DP). [14a2P" +. +a P
(a=1)(

=D

=(a? =1)(1+aP +a?? +..+aPOP) |14+a?" +. +a P’

G)

=(ap2 —1)(l+a!’2 + ot alpDp? ) 1+a2P" +..4a P ]:

o)

B P’(erl)
1+a2P" 4. 4a P =a"—1

Each expression in the product is divisible by p since
I+aP 4 g2pF 4 4 ap-DpFt = (ap"’l 71)+(a2p"’1 71)+._.+(a(p71)pk’1 71)+ »
each of the expressions in brackets is divisible by p.

Without loss of generality we can assume that n; <n, . It is clear that

12
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— n ny—ny—l1
9y~ _14+a+..+a ! —1-a—..—am"1 _4 1(1+a+...+a 271 )
ny,—ny ny,—n ny, —ny ’

a —a
from where we get that the number —“2— "L is a natural

Using the lemma we get (n, —ny)|a
ny—m

ny—m

number.

M M) XV Junior Macedonian Mathematical Olympiad 2013
Faculty of Natural Sciences-Skopje

2013 25.05.2013, Skopje

O

17-ta JIMMO

1. Let x be a real number such that the numbers x3 and x24x are rational. Prove
that x is rational.

2. A triangle AABC is given together
with a segment PQ of length ¢ on the

segment BC, so that P is between B and
0O and Q isbetween P and C. We draw

parallel lines from the point P to AB and
AC which intersect AC and 4B in A

and P,, respectively. We draw parallel
lines from the point Q to 4B and AC
which intersect AC and 4B in Q, and
0, , respectively. Prove that the sum of the
areas of PQQ,P, and PQQ,P, doesn’t
depend on the positoin of PQ on BC.

3. Let a,b and ¢ be positive real numbers such that abc=1.Prove that the

ino i i 1 1 1 1
following inequality holds 2(ﬁ+@+%)+l+a+l+b+l+cz3.

When does equality hold?
4. A regular hexagon with side-length 1 is given. Inside the hexagon m points are

given so that no three of them are collinear. The hexagon is split into triangles, so that each
of the given m points and each vertex of the hexagon is a vertex of one such triangle. The
triangles into which the hexagon is split have no common interior point. Prove that, among

33
4(m+2)°

5. Find all numbers p, ¢ and r, such that p and » are prime, ¢ is a positive

them, there exists one triangle whose area is not greater than

integer so that they satisfy the equation:
(p+q+7r)=2p242¢>+r2.

13
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XVII Junior Macedonian Mathematical Olympiad 2013

M 2013 M Faculty of Natural Sciences-Skopje
25.05.2013, Skopje
@)
17-ta JMMO

1. Let x be a real number such that the numbers x> and x2 -+ x are rational. Prove that
X 1S rational.
Solution. Let a=x3,h=x2+x . Then a=x3+x2—x2—x4+x=xb—b+xor a=x(b+1)—b . It is clear

2 2
that b=—1, since, if this wasn’t the case, x2+x=—1or (x—&-%) —%:—1 . Then (x—l—%) :—% which is

a+b

impossible. We get that x= which is a rational number since the numbers a and b are rational.

b+1

2. A triangle AABC is given together
with a segment PQ of length ¢ on the

segment BC, so that P is between B and
0O and Q isbetween P and C. We draw

parallel lines from the point P to AB and
AC which intersect AC and AB in P

and P,, respectively. We draw parallel
lines from the point Q to 4B and AC
which intersect AC and 4B in Q, and
0, , respectively. Prove that the sum of the
areas of PQQ,P, and PQQ,P, doesn’t
depend on the positoin of PQ on BC.

Solution. Let D be the intersection of PR and QQ,. Let us note that
Pppo,p, =2Paapp @A Pyppo, =2Paspp - SO Now we have:

Prog,p, +PrR0,0 = Frpo, P, + FoDRO, T2PAPOD = 2PA4pP +2PA4D0 +2PAPOD =
=2Paupg =PQ 1y
3. Let a,b and c be positive real numbers such that abc=1.Prove that the

following inequality holds: l(\/; + b+\/2)+ ! + ! + ! >3
2 l+a 1+b 1+c

When does equality hold?

Solution. Since (1—\/1;)2 >0 it follows that 14+bc> 2Jbe ie. 2\/15 zﬁ. We get that

Na, 1 _ 1 1o 1 1 _ 1 —1..(1)

1
2 14+a 2Jbc 1+a~l+bc 1+a 141 14a

In the same way we prove that

14
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OIS Ve 1
3 +1+b*1"'(2) and 3 +1+621.A..(3).

By adding (1),(2) and (3) we get the required inequality. Let us note that equality holds if and only if
1=+/bc i.e. a=1. In the same way we get b=1 and c=1.

4. A regular hexagon with side-length 1 is given. Inside the hexagon m points are
given so that no three of them are collinear. The hexagon is split into triangles, which we
call splitting triangles, so that each of the given m points and each vertex of the hexagon is
a vertex of one splitting triangle. The splitting triangles have no common interior point.

33
4(m+2)°
Solution. First we determine the total number of splitting triangles into which the hexagon is split. Let
A be one arbitrary point of the interior m points. The sum of all angles at the point 4 is 360° (the sum
of all angles at A of all triangles having that point as a vertex). On the other hand, the sum of all angles at
a vertex of the hexagon is 120° . Since the sum of angles in every triangle is 180° , the number of splitting
m-360°+6-120°

Prove that there exists one splitting triangle whose area is not greater than

triangles is: =2m+4.
180°
Let us assume the contrary to the statement, i.e. that the area of each of the splitting triangles is greater
than 7 (fn\/_?_ %) Then the sum of the areas of all the splitting triangles is greater than

(2m +4)4(3ni\/-§2): % , which is impossible since the area of the given hexagon is % .

5. Find all numbers p, ¢ and r,s.t. p and r are prime, g is a positive integer so

that they satisfy the equation:
(p+q+7r)=2p242¢>+r2.

Solution. After simplifying the equation we get 2r(p—+q)=( pfq)2 . Since r is prime, it follows that
r is a divisor of p—¢q , so that »2 is a divisor of the right-hand side of the last equality. This implies that
r is a divisor of 2(p+gq).If »>2,then r is a divisor of (p+g), so that » has to be a divisor of both p
and ¢, but since p is prime, that is possible only if p=r and g=sr. After simplification we get
2(1+s):(sfl)2 , from where s2—4s—1=0. The last equality has no integer solutions, so in this case the
equation has no solution. If »=2, then p and g have the same parity, the case when p=2 is impossible
together with the previous case p=r, so they have to be odd. Let a=2 be a prime divisor of p+¢, then
a must be a divisor of p—q too, so that it must be a divisor of p and g, which is possible only if p=a

and g=sa, in this case we get 4(1+s):a(s71)2 , from where as?—(2a+4)s+(a—4)=0, with solutions

[2 2 Patl . . ..
at2iNa +‘L"+4 a“tda _ at2E2N2atl [f the pumber ~2a-+1 is an integer, then it is odd, so

a

2a+1=4b% +4b+1, from where a=2b(b+1), from where it cannot be prime. Therefore p+¢ and p—g
must be powers of 2, ie. p—q=2¢ and p+q=22%2 from where 2p=2k+22-2 and

2g=22k—2_2k  and since p and ¢ are odd, k=1, but then p+q=1, which is impossible. It follows

that the equation has no prime number solutions.
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17" Junior Balkan mathematical Olympiad
21-26.06.2013, Antlya Turkey

Problem 1. Find all ordered pairs (a,b) of positive integers for

a’b-1 ba+1 o
and are both positive integers.
a+1 b—-1

which the numbers

Problem 2. Let ABC be an acute triangle with AB < AC and O be the center of its
circumcircle k. Let D be a point on the line segment BC such that ZBAD=/CAO. Let
E be the second point of intersection of k£ and the line AD. If M, N and P are the
midpoints of the line segments BE, OD and AC, respectively, show that the points M, N
and P are collinear.

Problem 3. Show that

(a+2b+ 2 j(b+2a+i]216
a+1 b+1

for all positive real numbers @ and b such that ab>1.

Problem 4. Let n be a positive integer. Two players Alice and Bob, are playing the
following game:

e Alice chooses n numbers, not necessarily distinct

e Alice writes all pairwise sums on a sheet of paper and gives it to Bob. (there

n(n—l)
2

arc

such sums, not necessarily distinct)
e Bob wins if he finds correctly the initial # numbers chosen by Alice with only
one guess
Can Bob be sure to win for the following cases?
a. n=5 b. n=6 c. n=8
Justify your answer(s).

[For example, when n=4, Alice may choose the numbers 1,5,7,9 which have the
same pairwise sums as the numbers 2,4,6,8 and hence Bob cannot be sure to win.]

17" Junior Balkan mathematical Olympiad
21-26.06.2013, Antlya Turkey

T— Problem 1. Find all ordered pairs (a,b) of positive integers for
it . a’b-1 ba+1 e
which the numbers 7 and b1 are both positive integers.
a+ -

Solution. As  a’b—1=b(@*+1)—(b+1), and a+l1la*+1, we have a-+1|b+1. As
bla+1=ab?>-1)+(a+1) and b—1|b>—1, we have b—1|a+1. So b—1|b+1, and hence b—1|2.
Case 1. If =2, then a+1|b+1=3 gives a=2. Hence (a,b)=(2,2) is the only solution in this case.

16
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Case 2. If =3, then a+1|b+1=4 gives a=1 or a=3. Hence (a,b)=(1,3) and (3,3) are the only
solutions in this case.

Problem 2. Let ABC be an acute triangle with AB < AC and O be the center of its
circumcircle » . Let D be a point on the line segment BC such that Z/BAD=/CAO. Let
E be the second point of intersection of o and the line AD. If M, N and P are the
midpoints of the line segments BE, OD and AC, respectively, show that the points M, N
and P are collinear.

--------------------------- Solution. We will show that MOPD is a
parallelogram. From this it follows that AM,N,P are

4,

collinear.

Since £BAD=ACAO0=90°—-4£ABC, D is the foot of
the perpendicular from A4 to side BC. Since M is the
midpoint of the line segment BE , we have BM = ME =MD
and hence A\ MDE =AMED=AXACB .

Let the line MD intersect the line AC at D,. Since

£ADD, ={MDE=AACD , MD is perpendicular to AC . On
the other hand, since O is the center of the circumcircle of
triangle ABC and P is the midpoint of the side AC, OP is
perpendicular to AC . Therefore MD and OP are parallel.
Similarly, since P is the midpoint of the side AC, we have 4P=PC=DP and hence £{PDC=<ACB .
Let the line PD intersect the line BE at D, . Since £BDD, =APDC=4ACB=4BED , we conclude that PD

is perpendicular to BE . Since M is the midpoint of the line segment BE, OM is perpendicular to BE and
hence OM and PD are parallel.

Problem 3. Show that

(a+2b+ 2 j(b+2a+i]216
a+1 b+1

for all positive real numbers @ and b such that ab>1.

Solution 1. By the AM-GM Inequality we have
atl, 2 5,

2 a+1=""
Therefore

2 ~a+3
a+2b+a+l_ 2 +2b,

and, similarly,
b+2a+-2->2a+LF]

b+1 3
On the other hand,
(a+4b+3)(b+4a+3)>(ab+4Jab+3)? >64
by the Cauchy-Schwarz Inequality as ab >1, and we are done.
Solution 2. Since ab>1, we have a+b> a+i22,'a-%: 2.
Then

2 _ 2 o 2 b4l b+l 2 g ,,[0£]?
a+2b+a+1 b+(a+b)+a+1,b+2+aJrl T +a+1+174 2D’

By the AM-GM Inequality. Similarly,

17
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2 (a+1)?
Ry PR

Now using these and applying the AM-GM Inequality another time we obtain:

2J(b+2a+b2 ]21% (‘”ll(b”) 21644/(2\/;1(2\/5) =16Yab >16.

a+ +1

(a+2b+

Problem 4. Let n be a positive integer. Two players Alice and Bob, are playing the
following game:

e Alice chooses n numbers, not necessarily distinct
o Alice writes all pairwise sums on a sheet of paper and gives it to Bob. (there

n(n—l)

are — such sums, not necessarily distinct)

e Bob wins if he finds correctly the initial » numbers chosen by Alice with only
one guess

Can Bob be sure to win for the following cases?
b. n=5 b. n=6 c. n=8
Justify your answer(s).

[For example, when n=4, Alice may choose the numbers 1,5,7,9 which have the
same pairwise sums as the numbers 2,4,6,8 and hence Bob cannot be sure to win.]

Solution.a) No. Four apples with weights 1,5,7,9 and the weights 2,4,6,10 both give the results
6,8,10,12,14,16 when weighed in pairs.

b) Yes. Let a<b<c<d<e be the weights of the apples. As each apple is weighted 4 times, by
adding all 10 pairwise weights and dividing the sume by 4, we obtain a-+b+c+d+e. Subtracting the
smallest and the largest pairwise weights a+b and d+e from this we obtain ¢ . Subtracting ¢ from the
second largest pairwisw weight ¢+e we obtain e . Subtracting e from the largest pairwise weight d +e
we obtain d . a and b are similarly determined.

¢) Yes. Let a<b<c<d<e<f be the weights of the apples. As each apple is weighed 5 times, by
adding all 15 pairwise weights and dividing the sum by 5, we obtain a+b+c+d+e+f . Subtracting
the smallest and the largest pairwise weights a+b and e+ f from this we obtain c+d .

Subtracting the smallest and the second largest pairwise weights a+b and d+f from
a+b+c+d+e+f weobtain c+e . Similarly we obtain b+d . We use these to obtain a+ f and b+e.

Now a+d,a+e,b+c are the three smallest among the remaining six pairwisw weights. Id=f we add
these up, subtract the known weights ¢+d and b+e form the sum and divide the difference by 2, we
obtain « . Then the rest follows.

18
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| 30" Balkan Mathematical Olympiad
e 28.06-03.07.2013, Agros, Cyprus

- Problem 1. In a triangle ABC, the excircle w, opposite 4
gM O§ touches 4B at P and AC at Q, and the excircle w, opposite BA
GYPRUS,  at M and BC at N.Let K be the projection of C onto MN , and

let L be the projection of C onto PQ.

Show that the quadrilateral MKLP is cyclic.
Soluition. Denote by D the intersection point of MN and PQ and let L{CDQ=x, {CDN=y.

Notice that £LAPQ=90° —g from the isosceles A4PQ and analogously £BMN =90° —g (see picture).

A+B

Then x+y =5 In the standard notation, we have
CD _p—d (sine law for ACND )
cosZ  siny
2
D _ p._b (sine law for ACQOD)
A sinx
cos
2
A A A
Cos . _ . _cotg _ — cotg>
Therefore 123 =sinxp Z: Sin.x 12.’, (we used p—g ::Tzié , where T is the tangent point of
cost SMyp=b SMY;4i08 p= T cotg>
2 2 2
. sind
the incircle of AABC to the side AB), whence SIRX—— 2
s1 sinZ
2
The last equality and x-+ y=A'2FB imply that ng and y:g (set x+y=¢ and consider

{—=
Sll’l(

sin(t—y) _ ) . Therefore DC 1 4B and, if C, is the intersection point of CD and AB, we have

siny

sinj

DL-DP—DC-DC, — DK-DM
which implies that M, P, K and L are concyclic.

Solution 2. Let T=MNNPQ. It suffices to show TC 1 4B, as in theis case we would have
AMPL=ATCL=ATKL=180°—&MKL implying that MKLP is cyclic. Let H be the projection of C
onto AB and let PR be a diameter in w, . The homothety / of center C with maps w, to w, will also
map R to M , implying that R,C and M are collinear with RC:CM =r,:r, . Therefore, the projections
P,H and M of R,C and M onto 4B also satisfy W:W:rﬂ:rh.

Let G be the projection of 7 onto AB, I, and S be the center and the contact point with 4B of the
ex-circle of AABC opposite C, and #(X,k) be the length of the tangent from the point X to the circle
k . The triangles APTM and AAI B are similar(since their corresponding sides are parallel), and, in
them, 7G and IS are corresponding altitudes. It follows that

E:GW:TS:S?zt(C,wu):t(C,wb):nl:rb.

Therefore, ﬁ:m:ra A =PG:GM ,and H=G , as needed.

Solution 3.(Areal approach)

Recal official solution has PONMN=T . The solution follows immediately for "CT L AB". We
establish this by areals as follows:
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X yz
The line PQ has equation [c—s s 0/=0, i.e.
b—s 0 s
PQ:  sa—(c—s)y—(b—s5)z=0 (€8]
MN: —(c—s)x+sy—(a—c)z=0 2)

Now (a—s)*(1)—(b—s)*(2) passes through T and C .
Making algebra calculations the line has equation
bcos Ax—acosBy=0
Which is the areal equation so the altitude of the triangle 4BC passes through C .

Problem 2. Determine all positive integers x,y and z such that
x34+4r=2013-.

Soluition. Note that 2013 is divisible by 11, and that x* is congruent with 0,1 or —1 modulo 11.
Since 4» is congruent 4,5,9,3 or 1 modulo 11, we get that x>=—1(mod11), and 4*=1(mod11).
Therefore 5|y, and the given equation is of the form «’+5°=20137=37-117-61°, where a=x and

b:4%. Note that 2/ x, and therefore (a,b)=1. Also a®+b°=(a+b)(a*—a’b+a?b*>—ab?+b*), and by
previous remark, we have (a+b,a*—a’b+a*h?> —ab’+b*)=(a+b,5a*)=(a+b,5)=1. Let us prove that
3fa*—a’b+a?h* —ab’ +b*. Suppose that this is not true, i.e. that 3|a*—a3b+a2b?—ab’+b* . If 3|ab,
then 3|a and 3|b, a contradiction. Since 37|a>+5b7, this implies that 37 |a+b . Also,
(a+b)*>a*—a’b+a’h?—ab’ +b*>a+b,
And therefore 617 |a*—a’b+a?b?>—ab’+b*,and 117 |a+b.So a+b>337, and hence
(a+b)>>617 >a*—a’b+a*h* —ab’+b*.
Let a>b(we can similarly deal with the case a<b). Then a*—a’b=a’(a—b)>a’> and
a’b? —ab’ =(a—b)ab*>ab?. So,
a*—a’b+a?*h? —ab?+b*>a’>+ab +b*>2a%+ab+b*>(a+b)?,

a contradiction.
Therefore, the given equation does not have any solution in positive integers.
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Problem 3. Let S be the set of positive real numbers. Find all functions f:S*—S
such that, for all positive real numbers x, y,z and &, the following three conditions are
satisfied:

a) xf(x,y,2)=2zf(z,y,x)
b)  f(xkyk?z)=kf (x,y,2)
) fkk+D)=k+1.

Soluition. Using the substitution g(x, y,z):f f(x,y,z) the conditions become
a') g(x,y,2)=g(z,y,x)

b) g(x.ky,k*z)=g(x,y,2)

¢) g(l,k,k+1):%.

Using the first two conditions we see that

o)

so we define A(w)=g(1,1,w), so that g(x,y,z)= h(%) . h obeys the single condition

g(x,y,2)=g(x,%,1)=g

h(k+ 1) _k+1
k? k
The rearrange this to an explicit formula for #, let w:% so that k>w—k—1=0. Then (using the
formula for a solution of a quadratic and noting & > 0 ), this rearranges to
P B/ Earty:
2w

SO

_k+1_ o, 14+/1+4w
h(w)= A =wk= 3 .
k+1

This identity holds for all w which can be written in the form e

, which is fortunately all positive reals

(by choosing k= t:fEtu ),
Back-substituting into g and then f see that for all positive reals x,y,z

Yy Faxz
f(x,y,Z)f 2x .

We have shown that there is at most one solution, given by the above formula. To show this genuinely

is a solution, we check that it satisfies condition c¢), and note that it is of the form f'(x, y,z):%h %) s

which make conditions (a), (b) immediate.

Problem 4. In a mathematical competition some competitors are friends; friendship
is always mutual, that is to say that when 4 is a friend of B, then also B is a friend of
A . We say that n>3 different competitors 4,, 4,...., 4, from a weakly-friendly cycle if

4, is not a friend of 4

.., for 1<i<n(4,,,=4,), and there are no other pairs of non-
friends among the competitors of this cycle.
The following property is satisfied:
for every competitor C, and every weakly-friendly cycle £ of competitors not
including C, the set of competitors D in £ which are not friends of C has at
most one element.
Prove that all competitors of this mathematical competition can be arranged into
three rooms, such that every two competitors that are in the same room are friends.
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Soluition. Let us consider graph G whose vertices are competitors, such that two vertices are
adjacent if and only if they are not friends. Then it is enough to prove that vertices of G can be
partitioned into three subsets such that there are no edges in each of them.

First we prove the following lemma:

Lemma. There is a vertex of degree at most 2 in G .

Proof. Suppose that this is not true. Let P be the longest induced path of G (i.e. path such that no
two of its vertices are adjacent, except for the consecutive ones). Let « and v be the ends of this path. By
our assumption u is adjacent to at least two vertices »' and " that are not in P . By the maximality of
P, both u' and u" have a neighbor in P . Let w'( resp. w") be a neighbor of u'(resp. w") on P
which is the closest to u . Let w.l.o.g. w" be closer to u than w', or w'=w". Then »" has at least two
neighbors on the cycle induced by vertex u' and vertices of P from u to w', a contradiction.

We resume the proof of the problem by induction on the number of vertices of G (denoted by |V (G)|).
If |V(G)|=3, the proof is trivial. So, let us assume that the problem is true for all graphs with at most n
vertices, and prove it for a graph G such that |V (G)|=n+1. By Lemma there is a vertex v of G which
is of degree at most 2. Consider graph G' obtained from G by removing v . This graph satisfies
conditions of the problem, so its vertices can be partitioned into three sets in the desired way. Since v is
of degree at most 2, for at least one of these sets v has no neighbors in it. Placing v in this set, we
obtain a desired partition of G , which completes our proof.

M M 20-ta MAKEJIOHCKA
2013 MATEMATHUYKA OJIUMIINJAIA
(@) 06.04.2012 ®EUT-Ckomje

20-ta Makedonska
mat emati ~kaol i pi jada

. 2 2
1. Peun ja paBenkata p°? + ¢~ =r BO MHOXKECTBOTO POCTU OPOCBH.

2. BkynHo 2" mapuuku ce pacriofiesieHd Ha HEKOJKy jena. J[o mpepacriozgenba Ha
NapUYKUTE Jloara BO CHTyalldja Kora HEKoe O Jeuara uMa 0apeM MOJIOBHHA O CHTE
TIAPHYKH: TOTAIll OJ TTApUYKHUTE Ha €THO TaKBO JETe Ha CEKOE O] OCTAHATUTE Jiela My Ce
npedpraaT OHOJIKY IMAPHYKH KOJIKY IITO Beke nMasio. Bo cirydaj kora cuTe Mmapudke ce Kaj
eIHO JIeTe HeMa MOXHOCT 3a mpepacnoaenta. Koj e HajromeMuor MoxkeH Opoj
nociiezioBaTesHy npepacnpenenou? (Ha npumep, ako 32 mapuuku Ha 6 gena ce IpBHYHO
pactipenenenw: 17, 2, 9, 1, 2, 1 , Toram mocie emxHa mpepacroaenda mernara ke uMmaar
penocnenHo: 2, 4, 18, 2, 4, 2 napudku; Bo IPUMEPOT, Toj Opoj € 1Ba).

OnroBoport j1a ce 0opaznoxu!

3. Jlagen e octpoaronen tpuaronuuk ABC TtakoB mto aronor Bo temero C €
najronem. Heka £ u G ce npeceunure Touku Ha BucuHaTa ciymrena og A kon BC
co onumanara kpyxuuna Ha Tpuaroanukor ABC u co BC coomseTHO M meHTapoT
O na onmmanaTa Kpy’KHHMIA JIEXH Ha HopMmanarta crymrena on 4 kon BE. Toukute
M u F ce nognoxjara na sucunute ciymrenu ox £ xou AC u AB coomsetHo.

Hoxaxu nexka P <P .
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4. Hexka X,y M Z ce NO3HTHBHH peaqHd Opoesnm Taka mro x + y*+z*=3.
Jlokaxu nexa
9 9
2 4 6 + 4 6 2 6 2 4
xX+y +z0 x4y 4zt Xy 4z
Kora Baxwu paBeHCTBO?

<x*+y°+z%+6.

5. Janenu ce mpou3BojieH TpUarodHuk ABC u JBe NMpaBU p W ¢ KOU HE ce

napayenHu Mery cebe 1 He ce HOpMaJIHH Ha HUTY €/IHa Of] CTPaHUTE Ha TPUATOJIHUKOT.
Hopmanute Hu3 Toukute 4, B u C Ha npaBata p Tu 00enexyBaMe co p,, p, U p.

COOJABCTHO, a HOpPMAJIMTE Ha IIpaBaTta g €O q ,, 9, U g COOABCTHHU. Heka MMPECCUHUTE

TOYKH Ha NPABUTE p,, G,, Pz> 9z> Pc U g, COOUBETHO CO ¢,, Py, G s Pes 94 U
p,ce K, L, P, 0, Nu M. Tokaxu neka npasure KL, MN u PQ ce cedaT BO

€IHa TOUKA.
M M
2013 20-ra MAKEJOHCKA
0O MATEMATHUYKA OJIUMIINJAIA

06.04.2012 ®EUT-Ckomje
20-ta Makedonska

mat emat i ~ka ol i pi jada

1. Pemn ja paBeHkaTa p?? +¢?” =r BO MHOKECTBOTO IPOCTH OPOEBH.

Pemenne. JacHo e neka »>2, ox Kaje Mopa » ja Gune HemapeH mpoct 0poj. Exen on 6poesure p
WM ¢ Mopa jaa Oune 2, a JPYTHOT HemapeH mpocT Opoj. bes rybeme Ha ommTocTa, HeKa ¢=2 U p €
nenapen. Ho Toraw paBenkara e ox o6muk p*+22P =r ognocno p*+4-2% =r xage p=2k+1, keN.
Ho Toram

2
p4+4'24k:p4+4'24k +4~22kp2*4~22kp2:(p2+2~22k) *4’22]([)2:
=(p2+2:2% +2:2k p)(p2+2-2%k —2.2k p)=

—(p2+2-2% +2-2kp>((p—2k)2 +22k)

Toa 3naun geka 6pojor p* +22P He e HUKOTAII MPOCT, IITO 3HAYM [eKA PABEHKATA HEMA PEIICHHE BO
MHOECTBOTO IPOCTH OPOEBH.

2. Bkynno 2" mapuuku ce pacrojieJieHd Ha HeKouKy jena. Jo mpepacrozgenba Ha
MapUIKAUTE JToara BO CHUTYyaldja Kora HEKOe O] Jelara mMa OapeM ITOJIOBHHA Of CHTE
TIAPHYKH: TOTAIll O/ TAPUYKHUTE Ha €THO TaKBO JETE Ha CEKOE O] OCTAHATUTE Jiela My Ce
npedpIiaaT OHOJIKY MapUIKH KOJKY IITO Beke uMmano. Bo cityyaj kora cute mapuyky ce Kaj
eIHO JeTe HemMa MOXKHOCT 3a mpepacrnoaenda. Koj e HajroleMuor MOXKeH Opoj
nocienoBaTesTHy npepacnpenenou? (Ha mpumep, ako 32 mapwdku Ha 6 Jema ce IPBUIHO
pactipenenenu 17, 2, 9, 1, 2, 1 , Toram nociie eiHa IMpepacrnonennda aernara ke uMaar
penocnenHo 2, 4, 18, 2, 4, 2 napiyku; BO NPUMEPOT, T0j Opoj € Ba).

Onroeopot aa ce 06pazmoxu!
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Pemenne. HajMuOry n mocieloBaTenHH mpepacroientn. Ke samouneMe co mpumep ieka 7
ToCIIeJOBATENIHN Ipepacoentu ce MoxkHu. Heka 2" mapuuku ce pacmpeseneHH Ha 3 Jela MpBUYHO BO
penocnen 1,27 142724 12, 1. [locnenosarennure npepacronendu (BKynHo n Ha 6poj ) ke Guzar :

o, anlgpon=24 422,21
22, on-lyon=24 423 22
on—2 , on—1 , on—2

on—1 , 0, on—1

0,0, 2n

Jla mokakeMe sfeKa n € MaKCHMAaJIHHOT Opoj IOCIeqoBaTeNHM mpepacronenou. TprayBame ox
NPETIOCTaBKa JieKa MOCTOU MPBUYHA pacro/esba 3a Koja ce MOXKHH 6apeM n+1 mpepacmnoaesnou u 6Gapame
KOHTapaJuKIHja: 1a 3a0elexuMe JeKa Mocie eHa mpepactojenta 6pojoT Ha MapuIKy Kaj CeKoe JeTe e
nenuB co 2 (Kaj cexoe JeTe Kaj Koe ce JoaBalie mapuiku, OpojoT € AyIUTUpaH, I1a € MapeH, a Kaj AeTeTO Of
KOe ce oJ3eMalie ITApUIKH MOBTOPHO OCTaHyBa IapeH Opoj OMmejku BKYITHO MMa 2" TapUdKy T.€. MapeH
0poj). AHAJIOTHO IOCIIe BTOpaTa npepacrozeta 6pojoT Ha MapUyKK Kaj CeKoe JIeTe € IeNMB CO 4, UTH. ce
0 n -TaTa Tpepacroiesiéa Bo Koja OpojoT Ha MapHIKH Kaj ceKoe JeTe € NENUB co 2" ; MajKu TpeaBU
JieKa BKYITHHOT Opoj MapHyKu € HEMEHJWB W M3HeCyBa 2", eAMHCTBEHA MOXHA (BO HEKO] pemociexn) e
pacnozmenbdara 2,0, 0, ... ,0 . Ho Toram nHema fna mMa ymre enna pacronenta. Kontpanukiuja!

3. Jlazen e ocrpoaronen tpuaronnuk ABC Takos
mro aronoT Bo Temero C e Hajronem. Heka £ u G
Ce TPECEeYHUTe TOYKHM Ha BHUCHHATA CIymnTeHa on A
koH BC co onumanara Kpy:XHHIA HA TPUATONHUKOT
ABC u co BC coomserno u uenrapor O nHa
ONMIIAHaTa KPY)KHHIIA JIEXKH Ha HOpMajaTa CIyIITeHa
on A xou BE. Toukure M wu F ce nomHoxjaTa Ha
sucunure cnymrenn on E xom AC wu  AB

coonseTHO. Jlokaxu gexa Py, <Pp,...

Pemenne. Hexa mpecexkor Ha EM co BC e V (mpecekoT
cexoram ke mocrou 6uaejku aroiotr Bo C e ocrap).On Teopema
Ha CuMCOH ciienyBa neka Toukute M , G n F ce KOIMHEapHH.
Ja 3abenexume neka ZEAC=/EBC Xako arid Hajg HCT KpyxeH nak. Ymre LCAE=/BAO.
Yerupuaronaukor FBEG e teruBeH. [la mobuBame /GBE=/GFE . Ymre /GAO=/GBE ¥ako ariu
co HopMaiHU Kpauu. Jloousme LCAE=/GAO=/BAO .Ila nobuBame neka AO e cuMeTpaia Ha arojioT
1 HopMana Bo TpuaroianukoT ABE . Cnenysa neka ABE e pamHOKpak o kage GF e mapanenna co BE .

IIpaBure 40, BG u EF ce cedar Bo eqna Touka ( EFF m BG ce BUCHHH BO TpHaromHukor ABE). Jla
3abenexxume  gexka  AGMV e TeruBeH. HMmame AIMVG=/GAM . VYmre pobuBame
LMAV =/VGM =/FGB . Tla AM e BucuHa U cUMeTpajia Ha aroJioT BO TPHAroJHUKOT EAV . CnenyBa
JIeKa TPUAroJIHUKOT EAV e paMHOKpak u M e cpenuHa Ha ctpaHata VE . Ymre AAVE ~AAEB . JacHo

e nexka AEGV~AEGB wu Ounejku M fABaTa ce INPaBOAroiHu Fgpp, :%PGEB . On mpyra ctpana
Forg =Fgpp on xazne ce nobuBa 6apaHOTO HEPABEHCTBO.

4. Hexka X,y M Z ce NOSHTHBHH peaqHd Opoesnm Taka mro x + y*+z*'=3.
Jlokaxu nexa
9 9
2 4 6 + 4 6 2 6 2 4
x+y +z0 x"+y 4zt Xy 4z
Kora Baxwu paBeHCTBO?

<x*+y°+z%+6.
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Pemenue. Axo ro uckopucrume HepaBeHcTBOTO Ha Komm — Bymakoscku —IlIBapi 3a mo3UTUBHUTE
6poesn (x,1%,2%) m (x*,%,z) nobmuBame
(x4 p 4 24) < (24 y* +26)(x6 + ¥4 +22) Te.
xﬁ 4 ZZ
1 < tytz (1)
x2 4yt 420 9
AHanorso, co KopucTeme Ha HepaBeHcTBO Ha Komm — BymakoBcku — lIBap1r 3a mo3uTuBHUTE OpoeBU
(x2,»%,2) m (x2,,2%), kaxo u 3a mosuTHBHHTE GpoeBn (x3,1,z2) u (x,)3,2%), no6uBame

1 xt+yr 426
x4 yo4z2 = 9 ’ (2)
OJTHOCHO
1 xZ _|_y(1 +Z4
x84y +z¢ = 9 ' G

Cera, co cobupame Ha nepaserctara (1),(2) u (3) ro n06uBame HepaBeHCTBOTO

1 1 1 D 0 A A0 . 2 B e - o Sl s 20
x2+y4+2(’+x4+y6+22+x(’+y2+24S 9 -4

On HepaBeHCTBO Mely apUTMETHYKA M KBAJpaTHA CPEIUMHA 3a IO3UTHBHHTE OpoeBd X2,)2 u z2

2 24 2 xttytt2z¢
nobmBame neka x24y?4z2<3 f:3 , IIa aKo 3aMEHHME BO (4) ro nobmBame 0GapaHOTO

2 3
HepaBeHCcTBO. PaBeHcTBO Bo (1) BakH aKo M CaMo aKo %:y—z:Z— Te x=z=1 mon x*+y*+z*=3
x>y oz

crenyBa feka y=1.

5. Janenu ce mpou3BojieH TpUarodHuk ABC u JBe NMpaBU p W ¢ KOU HE ce
napayieTHu Mery ceOe U He ce HOPMAaTHH Ha HATY €IHA OJ] CTPAaHUTE Ha TPHATOJTHHKOT.
Hopmanure Hu3 Toukute 4, B u C Ha mpaBata p 'l 00elexyBaMe co p,, p, U p.
COOJBETHO, 2 HOPMAJIUTE Ha IIpaBarta ¢ €O ¢, , ¢, U ¢, coonBeTHH. Heka nmpeceunuTe
TOYKH Ha NIPABUTE P ,, ¢,, Py> 4z> Pc B . COOIBETHO CO ¢,, Pg»> q¢» Pes 44 U
p,ce K, L, P, O, Nu M. lokaxu neka npasure KL, MN n PQ ce cedaT BO
eJlHa TOYKa.

Pemmenne. be3 rydeme Ha ommuTocTa MOXKe 1a IPETHOCTaBUME JieKa P, e Mel'y p, U P . [IpB ciyuaj
€ aKo ¢, e Mefy ¢, M ¢, Kako Ha LPTEKOT, ouurienHo KL ja ceue PN . AHAJIOTHO, ako ¢, € Mery
g, U ¢ CIy4ajoT € CUMeTPHUEH Ha pasrieqyBaHHOT. BTop cimydaj, ako ¢, e mefy ¢, U (., TOram
MQ u PN He ce napanennu, ma KL ja ceue Oapem eaHara U ABaTa Cily4dau ce ekBuBajieHTHH. Criopen
0Ba MOXeMe Jia IpeTrnocraBuMe aeka KL ja ceue PN . IlpaBara MN He MOXe Jia € HapajiesHa co Dy,
Ouzaejku BO TOj Ciiydaj p € HOpMaiHa Ha
AC wu anamorno PQ He e mapanenHa co
q,-

Hexa X , Y u Z ce npeceynure TOUKH Ha
npapure PN, g, u p, coomserHo co KL,

PO wu MN . Opn cimyHOCTa Ha TPUATOJNHULIATE
LNZ wn PMZ ce nobusa

E=5. m

Caungno ox caugyHocta Ha LPY u NQY ce
nobuBa
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_No
LY — LP @
Axo KL He munyBa HU3 C , Hekaru ceue NC u MC coomsetHo Bo U u Bo V' . Ox TpHaroJHUKOT
CPN n teopemata Ha MeHenaj 3a npaBata KL noOuBame %%%: —1, 10 ecT
BX _UCVP
w=ie @
0 _Xo No_ 1, x
On cnnunocta na tpuarommumure KQU u LNU nobuame o=+1v, on kane l+iz=1+%£ ma
__LNNQ _ __ LNNQ+NCKB
UN==== n UC=UN+NC=""" U OTTyKa
__ D WG
NU — —L!
UC ~ INNQINCKE — LNNQ+NCKB * (4)

KB

Amnayorto 3a cnmuyaute Tpraroaaund KMV u LPV nobusame

OV _ LPPM1PCKA
VP~ —LPPM (5)
Axo tu 3ameneme (4) u (5) Bo (3) nobuBame:
PX __ UC VP _ LNNO+NCKB _ _IppM__ _ LNNO+NCKBIPPM _ _ LPPM (6)
NX NU CV —LNNQ LPPM+PCKA LPPM+PCKA LNNQ LNNQ

Axo cera ru 3ameseme (1), (2) u (6) Bo paBeHCTBOTO Ha YeBa 3a Tpuaronaukor LNP u mpasute LK,
NM wu PQ nobusame:

IZEXNY — IN NOIPPM — _|
PZ NX LY PM LP LNNQ

Axo KL munyBaHu3 C , Toram X e cpeluHa Ha PN u
X 0

BK LB °
Axo cera ru 3ameneme (1), (2) u (7) Bo paBenctBoro Ha Yea 3a Tpuaromaukor LNP u mpasute LK,
NM u PQ nobusame:

ZEW__IENO__FNo__
PZ NX LY PM LP LB LP

On obparnata Teopema Ha YeBa mpaBute KL, MN u P(Q ce ceyar Bo eiHa TOYKa WIH ce
napasnensu. bes rybeme Ha ONMIITOCTAa MOXKE Ja MPETIOCTaBUME eKa P, e Mely P, U P . AKo ¢, He e

Mefy q, U - Kaxko Ha UPTEKOT OYUTJICAHO € JICKA MPABUTE HE MOXKE JIa CE€ MapaJIC/IHA. Axo qp € Mef‘y

AK _ AL AK _ AL _ KB
q4 W {c, TOTall 3a TIpaBuTe Na Oupat mapanenuu tpeda L& =4l po Toram LE=4AL—=£LB ma 4B e

napanenna co AC , mro He e MOXXHO 6uzejku ABC e TpHaroIHuK.

N300pen natnpesap 3a UMO 2013
ITps nen, 08.04.2013

1. Ha cTpanute Ha oCTpoaroieH TpHAaroaHuk ABC Jexar Toukure 4, 4,, B, B,,

¢ m C,, Taka 1ITO A_AI:AIAZ: ,B=1A4B, B_BI:BIBZ:BZC:§BC u

— — —104
CC =CC,=C,A=4CA. Hexa k,, k, m k., cec ONUIIAHUTC KDPYXHHIH Ha
Tpuaronnunure AAC,, BB A, u CC,B, COOOBETHO,
a, M a. Ce TaHreHTuTe Ha k, B0 4 u C,, b. n b,
Ce TaHI€HTHTE Ha k, BO B, U A, M ¢, U c, Ce
TaHreHTuTe Ha k., B0 C, u B,. Jlokaxu 1exa
HOPMAIIUTE CITYLITEHH OJ IPECEKOT Ha a, W b, Ha
AB , pecekoT Ha b. U ¢, Ha BC ¥ IPECEKOT HA ¢,

U a. Ha CA ce€ ceyar BO €IHa TOYKa.

26



Macedonian mathematical society-Armaganka

Pemenne. [la ru o3HaunMe mpeceuuTe Ha dp, bo u ¢4 coomBetHo co by, cp u ac co A', B'n
C'.  Tpuaronuukor A4C, e ciuuen Ha ABC, OuAejkM MMaar 3aeJHHYKH aroj M CTPaHUTE UM C€ BO
cooxaHoc 1:3.(1) Heka O4 e ueHTapOT Ha OMHUILIAHATA KPYKHUIIA HA TpHaronHukoT AAC,, Toramr:

20 44 A=5(180° — 240 1 4)=90° — LACy 4 =90° —y

Bunejku ap e HopmanHa Ha Oy44; crnenyBa jeka arojor Mefy ag u AB e eqHakoB Ha

180°—90°—(90° —y)=7.(3)

Ananorso u aronotr mefy by u AB e emHakoB Ha Y, ma TpHaroaHUkoT Aj4,A' e paMHOKpak co

ocHoBa A4, To ect HOpManaTa Ha AB Hu3 C' MUHYBa HM3 cpeauHaTa Ha A4, , KOja € HCTOBPEMEHO U

cpenuHa Ha AB ,(4) na HopManaTa MUHYBa M HU3 LIEHTApOT HA OIHIIAHATA KPY)KHUIA HA TPUATOJIHHUKOT
ABC . O IpH4YMHYE HA CHMETpHja CUTe TPU HOpPMAJIM MUHYBaaT HU3 [IEHTapOT Ha ONHIIAHATA KPY)KHUIIA,
TO €CT HU3 €/IHa TOYKa.

2. a) Heka S(n)e 30upor Ha umudpure Ha Opojor n . Ilocme 3anmpkara ru
nuiryBame enen mo apyr opoesure S(1),S(2),.... [dokaxu nexa OpojoT mro ce

nmobuBa € upaImoHaseH.
0) Hexa P(n)e mpousBomor Ha mudpure Ha Opojor 7. Ilocie 3amupkara ru

nunryBame ener mo apyr Opoesure P(1),P(2),.... Jokaxu neka OpojoT mro ce
J00MBa € UpaIMOHaJIEH.

Pemenne. a) bpojor 0,S(1)S(2)... e upanuoHajneH ako ¢ HemepuoauueH. [Jla mpermnocrtaBUMe jeka
OpojoT e ImepruoANYeH U HeKa IIePHUOJI0T UMa JIOJDKHHA d . JaCHO e JeKa IepHoi0T Mopa 1a COIPKA IUuppu
paznuanu o1 0 Guaejku Bo CIpoTUBHO OpojoT Ou 6un ox o6muk 0,5(1)S(2)...S(k) u cexoraur octou 6poj
norosieM o k uuj 36up Ha 1mbpu e pasaudeH ox 0.(Ha npumep 107" 3a ZOBOJIHO TOJEM m € MOTOJIEM O]
k a 36upor Ha 1mdpu My e 1). Meryroa, IIOCTOM TOBOJIHO TOJIeM MPUPOJeH Opoj uuj mTo 36up Ha nudpu
3aBpinyBa Ha 2d Hymu. (11...11 co 1024 epqunuim e TakoB IITO € TOTojieM oj 30MpOT Ha LU(PH My €

1024 ). Torai nepHoIoT Co AOIKHHA d MOpa Ja ce jaBH LenocHo Bo Gpojor S(1024) | ox kane mopa aa

Ce COCTOM CaMO O HyJIH.
6) Bpojotr 0,P(1)P(2)...e WpaluoHaieH ako € HemepuoaudeH. [la mpernocraBuMme aeka OpojoT e

TIepHOANYCH M HEeKa IIepUOA0T MMa JOJDKHHA d . JacHO e JieKa IIepHOJOT MOpa Jia COAPXKH LIU(pH
paznudnu ox 0 Guaejku Bo cpoTHBHO OpojoT 6u 61 ox o6k 0,P(1)P(2)...P(k) u cexorai nmocrou 6poj
roroyieM oj] k 4uj mpou3Box Ha mudpu e pasmmder ox 0.(a mpumep 11...1 co TOBOJIHO MHOTY €IUHUILHA €

ToroJIeM oJ] k a mpou3BoJOT Ha mudpu My e 1). Bpoesure ox obmmk 22...255...5 moxe ma ce nzdepat
m m

MPOU3BOJIHO TOJIEMH M jaCHO € JieKa MPOU3BOAOT Ha Imbpu Ha THe OpoeBu ¢ 107 . Ako ro m3bepeme

m>2d , Toral nNepuoJoT Mopa LEIOCHO Jia ce jaBu BO OpojoT S(22...255...5) ox Kajie MOpa Jja C€ COCTOU
m m

€aMo OJ1 HyJIH.

3. Co z* m N, ce 03Ha4YeHW MHOKXECTBOTO OJI CHUTE HEHYJITH IIeIn OpOECBH H
MHOXKECTBOTO OJ CUTE HEHETaTHMBHH Ilein OpoeBH, coojBeTHO. Hajau ru cute
npeciukyBama [ :Z° — N 3a KOU Ce HCIOIHETH CIICJHUBE BA YCIOBH

(1) 3acexou a,beZ" 3axon a+beZ" Baxu f(a+b)>min {f(a), f(b)} ;

(2) sacekou a,beZ” Baxu f(ab)= f(a)+ f(b).

Pemenne. EnHo TpHBHjaIHO pelIeHHEe € KOHCTAaHTHOTO mpeciukyBame f=0. Heka f e enHo
HETPHUBHjaHO IpeciInKyBame 3a koe Baxar (1) u (2). Ke mokaxeme mexa moctou mpuponeH 6poj ¢ u
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npocT 6poj P 3a KOW € HUCIIOIHETO fl@)=cv,(a) 3a CeKoj a€Z*, xane v, (@)= SKCIIOHEHTOT Ha P BO

KaHOHCKaTa (hakTopu3anuja Ha a : 1a 3abenexxume Hajmpeo aeka f(1)= f(—1)=0 (moxa3:
SO=7AD=7O+f D), fO=F(D-(D)=f(D+/(=D);

oz oBa M of (2) cremyBa JeKa MOCTOU IpocT Opoj p 3a koj f(p)=0;3a ¢:=f(p) Ke MOKaKeMe JeKa BOXH
f(@)=cv,(a) 3a cexoj a€Z*; MMEHO, 3a CEKOj IIPOCT Opoj g== p HOCTOjaT HeHynTH Lemu OpoeBd a,f 3a
ko 1=ap+ fq , ma ucnomuero e Hepaserctsoto 0= f(ap+ fq) >min{f(ap), f(Sq)} ; on
Sflap)=f(@)+f(p)= f(p)=c=0
cienyBa f(Bq)=0 u f(q)=0;uexa a=+pFqhr’... ¢ xanonckara paxropusauuja Ha a ; TOram
f@=fEP+ @)+ ) +..= f(ED+ () =k (p)=cv (a)

OcranyBa nma 3abenexnMe Jeka CEKOe BAaKBO IPECIHMKYBambe I'M HCronHyBa ycinoure (1) m (2) ma
MpeTCTaByBa HETPUBHjAJTHO PELIEHNE HA TOCTABEHUOT IIPOOIIEM.

N300pen natnpesap 3a UMO 2013
Brop nen, 09.04.2013
1. Heka a>0,b>0,c>0 u a+b+c=1. Jlokaxxu T0 HEPAaBEHCTBOTO

a*+b*  b+c? +2a2+b2—|—262 > 1
a’+b* b+c 2 =2

Pemenne. Ox 1=(a +b+c)2 =a?+b2+c?+2(ab+bc+ac) nobusame

2 2 2
ab+bc+ca+%

=1
2
I'o xopucTuMe HEpaBEHCTBOTO (a”—l fb”—l)(afb)zo 3a n>1IpHU IWTO PaBEHCTBO € UCIIOIHETO KOTa

a=>. llcnenHOTO HEPABEHCTBO € EKBHUBAJIEHTHO CO HEPABEHCTBOTO a”+b"2ab(a”—2+b”—2) Kora

. 4.4 p4 343
n>2. Bo KOHKpeTHHOT ciyuaj umame: & b2 S ap , D te

24,2
>he U %zca. Co cobupame Ha

a2+bp2= " 7 bte
4 4 3 3 2 2
at+b*  b>+c’  ct+a”
MOCTICTHATE TPU HEPABEHCTBa ToOMBaMe 2 1b? hic + > >ab+bc+ac on kane
4,54 333 2 20 420p2
a*+b* B4 2, 2, b2 ctta’4b>_1
212 bic +cc+a“+ > >ab+bc+ac+ 2 7

JacHo e Jieka 3HaK paBeHCTBO C€ JJOCTHUI'HYBa KOra a :b:c:% .
2. HpaBOﬂI‘OJ’IHI/IK BCJIMMEC JI€Ka € BIIMIIAH BO TPHUAr'OJIHHUK aKO ABE HETOBU COCCIHU
TCMUIbA JICKAT HA €/]HA CTPAaHA HA TPHUATrOJIHUKOT, a APYTUTC ABEC JICKAT HAa OCTAHATUTC
ABC CTpaHU HA TPUATOJIHUOT. Heka AOJDKMHUTE HAa CTPAHUTC HA TPUATOJIHUOT ABC ce
no3Hatu. Konkasa e HajMaJ'IaTa MOXKHa JOJI’KHMHa Ha I[I/Ijal" OHaJla Ha MpaBOAroJIHUK
BITMINIAH BO OBOj TPHAT OJTHHK.
Pemenue. Heka uerupuaronnukor EFGH e BNUIIaH BO
4 TPHArolMHUKOT ABC Taka mto E u F nexatr Ha BC u G
X nexu Ha AC u H nexu Ha AB. Heka nomxuHHTE Ha
H G CTPAHUTE HA TPUATOJHUKOT ABC T'M O3HaYUMe ¢o a, b U ¢
U HeKa Co /1 ja 03HauMMe JOJDKMHATA Ha BUCHHATA CIyIITEHA
ox A xon BC . CraBaMe E:x, EF=uu FG=v.

u
B E 4 F ¢ On AAHG~AABC umame uz%, on ABEH ~ABVA

h(c—x)

JobuBame v= . Ako co / ja o3HauMMe NOJDKMHATa HAa AWjaroHanata Ha EFGH , nobuBame

2 2
12:a2x2+h2(cfx) :a2x2+h2(cfx)
2 2 2

Hajmanata BpemHOCT INTO ja MMa mapabonara f(x) 5
c

€
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272 2 252 2
7‘2’ h 5 M Taa ce nobuBa Kora xzizh ¢ 5. Ha 3abenexnme _ath® ___4P° _  jane P e
a’+h a*+h a?+h? a2+ﬂ
a

IUTONITHHATA Ha TPUAroiHUKoT. Cera ako MCTOTO IO HAaIpaBUMe KOTra BIUIIAHNOT IIPABOATOIHUK MMa JBE
COCEIIHU TeMHIba KOM JIexaT Ha cTpaHata AC , 3a HajMana MOXKHA BPEIHOCT HA JMjaroHajnara go0uBame
4p?

2
b2 +£
b2
2 2 2
e ]
a b a<b
bunejkn ab>2P mocnemHUOT W3pa3 € MOTOJNeM WM efHakoB Ha 0 ako u camo ako a>b. Co gpyru

. Umame

360pOBH, HAjMalaTa BPENHOCT HA [ ce JAOOMBA KOra NMPABOATONHHKOT MMa JBE COCETHH TEMHHa KOH
Jie)aT Ha HajrolieMaTa CTpaHa Ha TPHAroMHUKOT. Heka @ e Hajronemara cTpana. Beke BHIOBMe jeka
— 2 2
2P y 1aa ce no6uBa Kora AH:x:%:%. Jla
2, 4P a?+h? a*t+4P
ac+—
42
3aenexxiMe Jeka TUIOMITHHA € TI03HATA ¥ MOXe Ja OHe M3paseHa MpeKy CTPAHHTE HA TPHATOJTHHKOT Ha
npuMep npexy XepoHoBa GopMya.

TOrall HajManaTta BPeIHOCT Ha [ e

3. Heka a u n ce uenu OpoeBu . Jepunupame a,=l+a+a’+...4a"'. [okaxu

. . a a
JeKa ako a” =1(mod p) 3a CeKoj mpoCT AenuTen p Ha n, —n,, OPOjoT ’;’771"‘ e med.

2 1

Pemenne. Jlema. Hexka au nce nean OpoeBH TakBH INTO azl(l’l’lOdp) 3a CeKOj MPOCT p|nu
a,=14a+a?+..+a". Toram nla,.

Jlokas ma nemara. Heka p’ e HajroqeMHOT CTeNeH Ha MpOCTHOT 6poj prakos mro p’|n. Ke ro
JOKa)KeMe PaBEHCTBOTO
"L r
_ r r r k—1 2 pk—1 —1)pk—1
l+a+a?+..+a" 1 =1+al" +a?V" +. . +a P H(1+a1’ +a2P" 4. apDp )
k=1

3a cekoj 1en 0poj a . Ako a=1 neBara cTpaHa U3HECYBa n a AECHATA CTPAaHA HA PaBEHCTBOTO M3HECYBa
X.p’=n (N0 eOHO p3a CeKOj WIEH BO MPom3BomoT). Heka a=1. AKO ja MOMHOXHME M JeBaTa
JiecHaTa CTpaHa co a—1 of1 iecHO nobuBame
. P
(a—l)(l—i—a—i—...—i—apfl)(l—&-ap +a?p +...+a(P*1)P)... 14+a2P 4. 4a P

. P
=(a? -1)1+aP +a?7 +..+aPDP) |14a?P" +. . +a P

:(“pz _1)(l+“p2 +..+alP P’ ) 1+a2p" +...+apr(ﬁ71) _

pr(L)

=(apr 71> 1+a2P 4. 4+a P a—1

Cekoj 011 M3pa3uTe BO MPOU3BOJIOT € JIENNB CO p Ouaejku
+ar ™ a2 o DP T = (aPM T ) (020 1) (@l DR 1) p
CEKOj O] M3pa3UTe BO 3arPauTe € IEIUB CO P .

be3 rybeme Ha OIIITOCTa MOXKEME 1a PETIIOCTaBUMeE Jieka 1 <M, . JacHO e JieKa
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— n ny—ny—l1
9y~ _14+a+..+a ! —1-a—..—am"1 _4 1(l+a+...+a 271 )
ny,—ny ny,—n ny, —ny ’

o Gy T
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XVII Juniorska makedonska matemati~ka

M J M olimpijada 2013
2013 [Tpuponno matemaTnuku pakynrer-Ckormje
O 25.05.2013, Skopje

17-ta JMMO

1. Hexka x e peaned Opoj Taka mrTo OpoeBUTe x* W x2+xCe€ paMOHATHH.
Jlokaxwu mexa OpojoT x € palnroHaICH.

2. Jladen e triagolnikot AABC i
C otse~ka PQ so dol'ina ¢ na orceuxara

BC ,taka{to P eme|u B i Qi Q emeu
P i C. 0Od to~kata P se povle~eni

paralelni praviso 4B i AC koi gi se~at
AC m AB vo B i P,, soodvetno. Od

to~kata Q se povle~eni paralelni pravi

so AB i AC koi gi se~at AC u AB vo
0, i 0,, soodvetno. loka'i deka zbirot od

ploftinite na POQO,P, i POQ,P, ne zavisi
od polobatana PQ na BC .
3. Heka a,b W ¢ ce TO3UTHBHHA

peasrnn OpoeBH 3a KouW Baxu abc=1./lokaxn Jexka BaXH HEPABEHCTBOTO

1 1 1 1
Z(JE+JB+JE)+1+a+1+b+1+Cz3.

Kora Baxxu paBeHCcTO?

4. TaneH e mpaBWIeH HIECTAarOMHUK cO cTpaHa 1. Bo BHaTpemHocTa Ha MIeCTarOJIHUKOT
JTAIEHN C€ m TOYKH TAKBH IITO HUKOW TPH OJT HUB He ce KonumHeapHu. [llecTaromHukor e
pasnerneH Ha TPUATOHHIIY, TIPH IIITO CeKOja Of NAJACHUTE m TOYKU U CEKOE OJ TEMHEhaTa
Ha INECTArOJIHUKOT € TEeME Ha JIeNOCH TpPUaroiHUK. J[enOeHW TpUAroJIHUIM HeMaaT
3aeIHAYKA BHATpEITHA TouKa. JIoKaku JieKa IMOCToH JIei0eH TPHUAroHUK Yrja TUIOMITHHA

33

HC € 110rojicma ona 4(1117—1%2) .

5. Hajau tu cute OpoeBu p, ¢ U r, TAKBH IITO p M r CE IMPOCTH, ¢ € TIO3UTHBEH
et Opoj ¥ ja 3aJJ0BOJTyBaaT paBEeHKATa:

(p+q+r)'=2p+2¢*+r2.
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XVII Juniorska makedonska matemati~ka

M M olimpijada 2013
2013 [Ipuponno matemaTnuku pakynrer-Ckormje
0) 25.05.2013, Skopje
17-ta JMMO

1. Heka x e peasnen Opoj Taka 1mro Opoesure X3 M X2+ X ce panmoHaiHu.JJoKaxu
JIeKka OpojoT X € parioHaJICH.

Pemenne. Hexka a=x3,b=x2+x. Toram a=x3+x2—x2—x+x=xb—b+xum a=x(b+1)—b.

2 2
JacHo € nexa b=—1, OUIEjKN BO CIPOTHBHO X2 +x=—1 Win (x-l—%) —i:—l . Toram (x-l—%) :—%
IITO HE € BO3MOXKHO. JloOuBame jieka x= ‘;)iil’ LITO € palroHalieH Opoj Ounejku OpoeBuTe au b ce

palrOHAJIHHU.

2. laden e triagolnikot A4BC i otse~ka PQ so dol'ina ¢ na orceukata BC,
C taka {to P eme|u Bi Qi QO eme|u
P i C.0d to~kata P se povle~eni

paralelni pravi so 4B i AC koi gi
se~at AC mw 4B vo B 1 P,

soodvetno. Od to~kata Q se

povle~eni paralelni praviso 4B i AC
koi gi se~at AC u 4B vo Q, i Q,,
soodvetno. Jloka'i deka zbirot od
plo{tinite na PQQOP i PQQO,P, ne
zavisi od polo’batana PQ na BC.

v

4 0,
Re{enie. Neka D e presekot na PH i

00, . Da zabele'eme deka Pppp,p, =2Paspp 1 Foppo, =2Pa4po - Pa sega imame:

3. Heka a,b w ¢ ce MO3UTHBHM peaTHd OPOEBH 3a KOM Baku abc=1. Jlokaxu neka

1
1+b

+1>3

1
Ba)KH HCPAaBEHCTBOTO 2(\/; +~b+ \/E) l+c=""

1
* I+a +
Kora Baxxu paBeHcTO?

Pemenne. bunejku (1—\/b_c)2 >0 ciexyea aexka 1+be>2Vbe T.e. ﬁzﬁ JlobuBame nexa

BaXXu

N 1 Lo 1 L _ 11y

2 "1+a 2dbe 1+a=1+bc  1+a T l+a
a

Ha uct Haunn ce JOKa)XyBa JICKa

NS IS Ve 1
Dtlpz1.2) u L o21.0)

Co cobupame Ha (1),(2) m (3) ce mobuBa GapaHoTO HepaBeHcTBO. Jla 3abenexume jeka

PaBEHCTBO BaXKH aKO M caMo ako 1=+bc T.e. a=1. Ha uct Hauun nobuBame b=1 u c=I.
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4. Ha}IGH € IMpPaBWICH MICCTArOJIHUK CO CTpaHa 1. Bo BHATpCIIHOCTA Ha
MECTAaroJIHUKOT JaJCHU CE€ m TOYKU TAKBU IITO HUKOW TPU O] HUB HC CC KOJMHCAPHU.
IecTaroiqHukoT € Pa3acyIiCH Ha TpUaroJHUIA, Ipyu HITO ceKoja o JAACHUTC m TOYKHU U
CCKOC OJ TCMHEbaTa Ha HICCTAarOJIHUKOT € TEMC Ha ,ZICJI6CH TpHUarojHuK. HCH6CHI/I
TpUaroJHUuld HEMaaT 3aCIHMYKAa BHATPCIIHA TOYKaA. ﬂOKa)KI/I J€Ka II0CTOU )_'[CJ'I6CH

33

TpHUaroJiHuK ‘{I/Ija IIOIITHHA HE € II0roJiIEMa o N3 .
4(m—+2)

Pemenne. HajipBo ro ompenenyBaMe BKYIHHOT Opoj Ha JeOSHH TPHATOJHHIM Ha KO € MOMEIeH
JaZeHUOT IiecTaroqHuk. Heka A e mpou3BoJIHA TOYKA OJ BHATPELIHUTE /m TOYKH. 30MPOT OJ CUTE ariu
Bo Toukata 4 e 360° (30up oz cute armu BO A Ha CUTE TPHATOJHUIM KOW Taa TOYKA ja MMaaT 3a CBOE
teme). Ox Apyra cTpaHa, 30UpOT O/ CHUTE ariik BO TeMe Ha miecTaronHukor ¢ 120° . bunejku 30upot Ha
m-360°+6-120°

180°
Hexa npernocraBuMe CIPOTHBHO Ha TBPAEHETO, OAHOCHO JEKa IUIOIITHHATA Ha CEKOj Of JaJeHHUTe

33
4(m+2)

(2’”4)4(;372/52) :%

arJuTe BO CEKOj TpUaroiHuk ¢ 180°, 6pojoT Ha AenOeHN TPUAroIHHULH €: =2m+4.

JenOeHN TPUArOJHHULM € HOorojeMa OoJx . Toram 30MpOT Ha IUIOIITHHUTE HAa CHUTE OEIOEHU

TPUATOJIHULU € IIOTOJIEM OJ , LITO HE € MOXXHO OHICjKM IUIOIITHHATA HA

33

ZI3/ICHHOT WIECTArOHHKOT € 3= .

5. Hajnu tu cute OpoeBu p, ¢ U r, TAKBU IIITO p U r C€ MPOCTH, ¢ € MO3UTUBCH
11e1 Opoj | ja 3aI0BOJTyBaaT paBeHKATA!

2
(p+q+r)=2p+2¢>+r

Pemenne. [To cpenysame Ha pasenkata mobusame 2r(p+q)=(p—gq)’ . Bunejku r e mpocr,
clefyBa JeKa r € JeNUTel Ha p—g, ma r? e JeIWTen Ha JecHaTa CTpaHa OJ IOCIEeTHOTO
pasenctBo. Ot Kajie creyBa 1eka r € jenuren Ha 2(p+q). Ako r>2, Toram r e JenuTen Ha
(p+q), namMopa r nae HeNUTEN W HA p W HA ¢, HO OUIE]KM p € MPOCT, TOA € MOXKHO CAMO aKO
p=r u g=sr. Ilo cpenypame nobusame 2(1+s)=(s—1)*, ox kane s2—4s—1=0. [ocneaHoTo
PaBEHCTBO HeMa 11eJ100POjHU pellieHuja, Ia BO OBOj CIIy4aj paBeHKaTa HeMa pelieHue. Ako r=2,
TOTalml p WM ¢ C€ CO MCTa MAPHOCT, CIYy4ajoT Kora p=2 ¢ HEBO3MOXEH HCTO KaKO CIy4ajoT p=r
OJ] TIPETXO/HO, ITa Mopa 1a OumaT HemapHU. Heka a==2 e mpocT genuTen Ha p-+¢ , TOTAll Mopa a
Jia e IeNTe] ¥ HA p—q , I1a MOpa fa € JeIUTeT U Ha p W Ha ¢ , IITO € MOXKHO CaMo aK0 p=a |
g=sa, BO 0BOj ciydaj mobusame 4(1+s)=a(s—1)°, on kame as>—(2a+4)s+(a—4)=0, co

pelieHnja eiNeiderioatide — o283ail - Ago  Opojor «2a+1 e wem, Toramr e HemapeH, ma

2a+1=4b?+4b+1, on xage a=2b(b+1), na He Mosxe na e npoct. Criopea oBa p+q U p—g Mopa
Jla ce CTeNeHu Ha 2, To ecT p—qg=2F u p+¢q=2%2 on kage 2p=2K42%2 y 2g=2%2_2F y
Ounejku p U g ce HemapHHW, Mopa k=1, HO Toraml p+g¢=1, mro He e MoxHO. ClenyBa seka
paBeHKAaTa HeMa PEIleHH]a KOU ce TIPOCTH OpPOEBH.
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Pesynratu ox 20-ta MakenoHcka MaTeMaTUdKa OJIUMITHjajia

mmugpal  MMe M npe3uMe  |KJiac YYHJIHIITE rpaj MEHTOP MeaJl
1 |Maprus Jocudocku 11 |Jaxja Keman ToctuBap [Hes3zat Cosak 3J1aTeH
2 |Bojan Cepadumon Il |I1.C.Y.,Jaxja Keman"-Byren |[Ckomje  [Hypman O3rypk 3J1aTeH
3 |AnTonnj Mujocku IV_|COY I'mmH. ,,Mupue Anes"  |[Ipumen |Mapujana Cnimpkocka 3JaTEH
4 |Mapuja Teneprozosa | III [[1.C.VY.,Jaxja Keman"-ABrok. |Cxomje  |Jmama3 Jlemukrant 3JaTEH
5 |Cama CMMOHOBHUK I |Jaxja Keman Ctpyra  |Mexmer O3yH 3J1aTeH
6  |Hukoma ['pyHueBcKH II II.C.Y. Jaxja Keman"-Ctpyra |Ctpyra 3J1aTEH
7  |[boxun. CreBanoscku | II |I1.C.Y.,Jaxja Keman"-Byren [Cxomje  |[Hypman O3rypk cpedpeH
8 uHep Tekemanoscka | I [IT1.C.V. ,Jaxja Keman"-Byren |Ckomje |Hypman O3Typk cpebpeH
9 |JoBan TaceB II_|I1.C.Y.,Jaxja Keman"-ABrok. |Cxomje  [Junama3s Jlenukrain cpebpeH
10 paraH TpajueB I [[I.C.Y.,Jaxja Keman"-ABrok. |Cxomje  |Jmnma3 Jlenukrarm cpebpen
11 |Bacui KyseBcku Il |F'mmuasuja HOBA Ckomje  |®uiun HukosoBCKH cpebpeH
12 |Bacun Bacuiies I |[1.C.Y.,Jaxja Keman"-Aprok. |Cxomje  |[Juama3s Jlenukrain cpebpeH
13 [Teomop JdyeBcku III [I.C.Y. ,Jaxja Keman"-ABTok. |Cxomje  |Jmima3s JlenukTam OpoH3eH
14 |Joau KpajeBcku IV _|,Pane JoBueBcku-Kopuarmn" |Cxomje  |Cy3ana Hugota OpoH3eH
15 [Fisnik Limani Il |COY I'umH. ,,Camu ®Ppamepu” [Kymanoso|Skender Avdiu OpoH3eH
16 |Pocuma [lejanoBcka IV _[[I.C.V. Jaxja Keman"-Byren |Cxomje |Hypman O3Typk OpoH3eH
17 |Anapej VnueBcku I [[ICY ,,Anroputam Llenrap" |Cxomje  [Mpena MiangeHoBcka OpoH3eH
18 |Ana Yanocka 1T |Jaxja Keman ToctuBap [Mexmer Kerenyu OpoH3eH
19 [Epoauta Canuju IIT |COY TI'ocTuBap ToctrBap OpoH3eH
20 |becuuk Mcmanmu IV_|COY TI'octuBap T'octusap |[lInerum Peyenu OpoH3eH
21 [Kmmment. Kpcrescka | II |I1.C.Y.,Jaxja Keman"-byren |Cxomje [Hypmam O3rypk OpoH3eH
22  [Xpucr.KouankoBcku | IV [COY I'umH. ,,J. B. Turo" burosna  [OnuBepa fopl’"nesa OpoH3eH
23 [Makc. Tpudpynoscku | IV |I1.C.Y.,Jaxja Keman"-byren |Cxomje |[dummurap TpeneBcku OpoH3eH
24 [Xpuctu. bocunkoBcku| 1 |Jaxja Keman Ctpyra _ |3yxan Osyn OpoH3eH
25 |Crojan Mutonies 11 |I1.C.Y.,Jaxja Keman"-ABrok. [Ckomje  |Junma3 Jleaukrant OpoH3eH
26 |Enena E¢drumoBa Il |COVY ,Jaxja Keman" Crpymuna|O3ryp Emex OpoH3eH
27 [Mapxo MapkocKu I |COY I'mmu. ,Mupue Anes"  |[[Ipumen  [Adpoaura Ctedanocka OpoH3eH
28 |Teonopa Byjapocka I |COVY ,Knument Oxpuuackn"  |Oxpun  |Banentun Yadop
29 |brnaruua JaneBa 11 |I1.C.Y.,Jaxja Keman"-Byren [Ckomje  |[Hypman O3rypk
30 [Cumona Mumagunosa | 1 |I1.C.VY.,Jaxja Keman"-byren |Cxomje |Xatupye ITeryx
31 [Kocraguu Tenes IV [l'umuasmgja CrpymunalEmn3abera Butanosa
32 |Maptun Xopsat 11 |I1.C.Y.,Jaxja Keman"-Byren |[Ckomje  [Hypman O3rypk
33 [Mapr. BenmukoBcka I |CYICT ,,Opue Hukomnos" Cxomje  |Coduja bpeso.Temenkocka
34 [Buktop [lomazerocku | II |COVY , Kmument Oxpuzacku" |Oxpun  [Bamentun Yagop
35 |Credan Hukomocku II |COY I'mmH. ,Mupue Aues"  |[Tpuen |Kanuna Cekynocka
36 |Capa Jlpanro 11 |I1.C.Y.,Jaxja Keman"-Byren [Ckomje  |[Hypman O3rypk
37 [Mapta CtojKOBCKa II II.C.Y. ,Jaxja Keman"-byten |Ckxomje [Hypmam O3rypk
38 |Mupjana Pucroscka IV |C'mmHuasuja ,,l'ome Jemues" KymanoBo|®uiun Mia/IeHOBCKH
39 |Huxona Bynakocku 1II |COY ,,Knument Oxpuackn"  |Oxpun  |Cy3ana Henmecka Mapkocka
40 [Becna Tpudynocka II |COY I'octuBap ToctuBap |Mpena Hogurocka
Pesynratu on nzbopun HarnpeBapu 3a UMO 2013 roaunaa
1 [Maptusn Jocudocku 11l |Jaxja Keman ToctuBap | 8 | 0 | 0 | 8 | O 1|17
2 |bojaun Cepadumon III |I1.C.Y. Jaxja Keman Ckomje 8|8 |1 |8 |6 | 7]38
3 | AnTonuj Mujocku IV |COY I'mmnua3uja Mupue Anes |I[Ipunen 8| 00| 8]0 2 | 18
4 |Mapuja TeneprosoBa 111 |I1.C.Y. Jaxja Keman Ckomje 2 | 0| 1|8 2| 4]|17
5 |Cama CUMOHOBHK 1 |Jaxja Keman Crpyra 0|0 1 8|0 1|10
6 |Hukona I'pyHueBCKH 1I |I1.C.Y. Jaxja Keman Crpyra 8 |0 2 8 |0 2 |20
7 |boxunmap CreBanoscku | II |I1.C.Y. Jaxja Keman Ckomje 8 |0 2 8 2 1 ]21
8 |[dunep Texemanoscka | III |I1.C.Y. Jaxja Keman Cxomnje 2 0] 0] 8 2 2 |14
9 |JoBan Taces 11 |I1.C.Y. Jaxja Keman Ckomje 8 | 7 118 |0]|7 |31
10 |dparau Tpajues 1 [ILC.V. Jaxja Keman Ckormje 810|281 1|20
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11

Bacun Kysescku

111

I'mvuaszuja HOBA

Ckomje

8

8 8 8 8 2 | 42

12

Bacun Bacuiie

1

I1.C.Y. Jaxja Keman

Ckomje

8

0] 0| 8] 0]0]16

Pesynratu ox 17-ta JyHnopcka MakeZoHCKa MaTeMaTuyka OJIMMITA]jaia

Pp.0. MMe U npe3ume 0L, |YYMJIMIITE rpajg Meaa  [MeHTOp
1 |Angpej UnueBcku 1 |[ICY Anroputam llenrap |Cxomje 3nateH  [Mpena MiajieHOBCKa
2 |Tea CTomnkoBcKa VIII |OY Bbpaka Munagunosnu |KymMaHOBO  [31aTeH a¢uHa JocuMoBCcKa
3 |Xpuct. bocuikoBcku I [[ICY Jaxja Keman Crtpyra cpebpen [3yxan O3yH
4 |®umun JomeBcku VII |OY I'one [eruen butona cpebper [Mapuna I1. JakoBieBcka
5 |Credan IlerpeBcku VIII |0V J X Ilecrasioun Ckorje cpebpen |b.Yenutaposa, /1. Haues
6 |Hukomna [laneBcku VII(8) |OY Kouyo Parmn KymaHoBo  |06ponseH |CHeskana CredaHoOBCKa
7 |®umun CenaMoBCKU VII |OY Crus Haymos Ckomje Opomsen [Menka Kpcresa
8 |Amactacuja Tpajanosa | VIII |OY Hukona Kapes PatoBuIIx 6ponsen |Enn3abera MasHOBCKa
9 |Muku MurteBcku VIII |OY bpaka Munamgunosim |[Ipobumitun [nodan. |[bnaruina Munucosa
10 |®uaun MuxoB VII(8) |OY Jlazo AHren0BCKH Ckomje nmodan.  [Mupjana Mojcojcka
11 |Capa Kapauyanakosa | VII(8) |OOY Hukona Banuapos" |Ctpymuna [modan.  |[Ppocka Tomosa
12 |Jbymae Munormecku I |IICY Jaxja Keman Ctpyra modan.  [Mexmer O3yn
13 |Mpuna Illadkynoscka | VIII [OY Hp-.Tp. ITaHoBCKH burona nodas. |[Craspoc [ManaguMuTpuy
14 |®umun TpajkoBcku VII [OY H. T Jyma Cxomje nodan.  |[Ana ManumuHOBa
15 Menannja Kpamescka | VIII |OY Kouo Parun KymanoBo |modan. |[[lparn KapandumoBcku
16 |Kanuna CredanoBa VII(8) |OY Jby6en Jlane Ckorje Anekcanapa [1.MuraHoBcka
17 |dparana KpcreBcka VI |OY T.X.Tedos KaBanapuu Hana Muesa
18 |Cnauyo Ilpemuecku VII(8) |O0OY fopqe [TerpoB c. PonotoBo Maprapura Ninecka
19 [Copa3x AuMuTtpoB VII(9) |0V Jby6ewn Jlane Ckorje Anera Kocrocka
20 |Teonopa ITenakoscka | VII(9)|OY Tomop Anrenecku" |buroma buspana Jomescka
21 [Mumu ®@uiosa VII(8) |OY Baano Kantapyues  |['eBrenuja JacmuHa MkoHOMOBa
22 |Crepar Mepranocku | VII(8) [OY T'one [lemuen I"ocTuBap I'ypo Tprecku
23 |dumurap bajpakrapos | VIII |OY Bunoe Iloaroper Ctpymuna "opre Cepacumon
24 [Munan TaceBcku VII(9) |0V [I. U.ManemeBcku bepoBo JIunjana baramoBkca
25 |UBan JlaneBcKH VII(8) |0V CB.K1.Oxpuncku [leaueBo Emmzabera OpioBa
26 |JoBana Kocrocka VIII |0V Kouo Pauun [Tpuien Anekcanapa XpHcTocKa
27 |[MBoHa [lamecka VIII |0V Kn.Oxpuacku [Ipuien JTuauja Kapaneecka
28 |Hapmexna Mnuea VII(8)|O0Y M.M. Bpumo JIozoBo Biaagumup IBeTKOBCKM
29 |JoBana Yanocka VII(9) OV T'oue [emyeB ToctrBap fypo Tpnecku
30 |Apuron LBeranocku | VII(9) |OY I'purop [pmiues Oxpup /Anura Huxonocka
31 |Jbymka Konesa VII(8) |OY Kupun u Metoayj Kouanu Xepa CepadumoBa
32 |Muxaena Ilerposcka | VII(8) |OY JbyGen Jlame Ckorje Anekcanzpa [1. MuTtaHoBcka
33 [lopru Kouecku VII(9)|OY K.I'. -Jane IIpunen JInnjana KoBunocka
34 |Capa CraneBcka VII(9) |0V Xpucro Y3yHoB Oxpuna MuTtpecka Crarana
35 |bojan Codponuescku | VII(8) |OY Hd-p Bu IMonexunocku |Knueso Bpane ["aBpriocku
36 |Marea TanikoBcka VII(9) |0Y Jumurap MunagunoB |Ckomje Katepuna CTaMeHKOBUK
37 |Anrena ITomoBcka VII(9) |OY Jby6en Jlane Ckorje Coma [laneBa
38 |Bukrtopuja KoctoBa | VII(9) OV Jdame I'pyeB butona Mupjana TaceBcka
39 |bojana Yaropocka VII(8) |0V Jbyben Jlame Ckomje Anekcangpa I1.MutaHoBcka
40 |Muec JlecHOBCKa VII(8) OV T'oue [lemyeB TIpuien Emminja Hukonocka
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Contest

1. 20-th MACEDONIAN MATHEMATICAL OLYMPIAD

2.20-th MACEDONIAN MATHEMATICAL OLYMPIAD, solutions

3. Team Selection Test for IMO 2013, First day 08.04.2013

4. Team Selection Test for IMO 2013, Second day 09.04.2013
5. XVII Junior Macedonian Mathematical Olympiad 2013

6. XVII Junior Macedonian Mathematical Olympiad 2013, solutions
7. Junior Balkan mathematical Olympiad

8. 30" Balkan Mathematical Olympiad

9. 20-ta MakemoHCKa MaTeMaTU4IKa OJIMMITHjaa

10. 20-ta MakenoHCKa MaTeMaTHYKa OJIMMITHjajia, pEIIeHH]a
11. 1360open natnpesap 3a UIMO 2013, nps nen 08.04. 2013
12. 1360pen natnpesap 3a UIMO 2013, Brop nen 09.04. 2013
13. XVII Jynnopcka MakeZOHCKa MaTeMAaTHIKa OJUMITHjaia

14. XVII Jyrnopcka Make1OHCKa MaTeMaTH4Ka OJIMMITH]ja/ia, pEeIieHHja
15. Pe3ynratu MMO

16. Pesynratu IMMO

17. ConpxuHa

11
13
14
16
19
22
23
26
28
30
31
33
34
35
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