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Macedonian mathematical Olympiad-ARMAGANKA

XXV Regional competition of mathematics for secondary school

03.03.2001 year
I class
1. AB Prove that the product of four following natural numbers :
a) Isdivisible by 24 ; b) is not a square of any natural number

Solution. (a) Let n,n+1,n+2,n+3 be four following natural numbers.
Hence, their product n(n+1)(n+2)(n+3)has at least two even numbers, one
number divisible by 4 and at least one number divisible by 3. Hence, that number is
divisible by 2-3-4 = 24.

n(n+1)(n+2)(n+3)=(n?+3n)(n®* +3n+2) =

=(n?+3n)2+2(n*+3n)+1-1=(n*+3n+1)* -1
it follows that the product is not a square of any natural number n.

b) From

2.A Ifl+1:E and ac >0 ,then a+b + c+b > 4. Prove it/
a c b 2a-b 2c-b
Solution. l+1:g :H:E:bzﬁ . Hence,
a c b ac b a+c
2ac 2ac
ath c+b _ at i N Ctaio :a2+3ac+c2+3ac:
2 2
2a-b 2c-b ,,_2ac , _ 2aC 2a 2c
a+c a+c

=£+§£+1+§E=1+§(3+3]2 1+§-2:1+3:4.
2 2a 2 2c 2la cC 2
The equality holds for a=c.
2.B  Mile and Zlatko were writing their homework. Ana came to their house and
asked them about the subjects of their homework. They gave her these answers:

Mile: "If I am doing math then Zlatko is doing Macedonian language and

literature".
Zlatko: " I am doing Macedonian language and literature or Mile is not doing

math".
Then Ana thought for a while and said: "Either both of you are telling the truth or

both of you are not telling the truth™.
Is Ana telling the truth ?
Solution. Let us denote with pand q the following statements:

p: "Mile is doing math ".

q: "Zlatko is doing Macedonian language and literature ".
The formula (p=q) < (qv | p) is tautology. Hence, Mile and Zlatko either
both are telling the truth or both are not telling the truth. So, Ana is telling the
truth.

3.A Let H be the orthocenter of the triangle ABC. Prove that the circumcircles of
the triangles ABH,BCH and CAH have equal radiuses.
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Solution. Let k; and k, be the circumcircles of the triangles ABH and
BCH respectively and let HL and HM be the diameters of k, and k, respectively
(see the picture). From /HBL =90° = ZHBM , it
follows that L, B,M are collinear.
(1) ZHLB = ZHAB, as the peripheral angles over the
arc HB of the circle k;
(2) ZHMB = ZHCB, as the peripheral angles over
the arc HB of the circle k, .
The right triangles HAC, and HCA, are similar, so
(3) ZHAC, = ZHCA,,i.e. ZHAB = ZHCB.

From (1), (2) and (3) it follows that
1 L /HLB = Z/ZHMB, i.e. ZHLM = /ZHML. Hence, the

triangle ALMH s isosceles triangle, so, HL = HM.

3.B Let r and 2r are the radiuses of two concentric circles. Prove that the angle
between the tangents in any point of the circle with radius 2r to the other circle is

60°.
A Solution. Let AB and AC be the tangents in the point
c A. From the right triangle AOAB we have OA=20B,
so, ZOAB =30°. Analogously, we have ZOAC =30°,
K

so, /BAC =60°.

4.AB Determine the biggest natural number that is less than the value of the

expression \/6+w/6+...+\/6 +3\/6+§/6+...+§/6, knowing that /6 >18.

2001 roots 2001 roots
Solution. From\/g > 2,4 and i/@ > 18 it follows that

4,2<\/§+i/€<\/6+\/6+...+\/€ +3\/6+\3/6+...+i/€

On the other hand we have that:

\/6+\/6+...+\/§ <\/6+,/6+...+\/6+3 =3
3\/6+§/6+...+3\/§ <3\/6+31/6+...+3«/6+2 =2
\/6+w/6+...+\/€ +3\/6+%/6+...+§/€ <5.

So, the number we are looking for is 4.

Il class
1.A Let a and b be the solutions of the equation x> —3cx—8d =0, and ¢ and d be

the solutions of the equation x* —3ax —8b =0. Determine the sum a+b+c+d, if
a,b,c,d are different real numbers.

Solution. From the Viet formula it follows:
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a+b=3c,c+d=3a,ab=-8d, cd =-8b.
If we add the first two equations we have a+b+c+d =3(a+c). From the same two
equations we have:b=3c—a, d =3a-c and if we replace them into the other two
equations we have:
a(3c-a)=-8(3a—-c), c(3a-c)=-8(3c-a) .
If we subtract these two equations we have: ¢ —a® =32(c—a).
From a =c, it follows that a+c=32. Hence, a+b+c+d =3(a+¢c)=3-32=96.

1.B The formula y=(k+1)x?—2kx+k-1, ke &\{-1} determines the set of

parabolas
a) Determine the geometric set of the apexes of the parabolas ;

6) Solve the equation: (k +1)x* —2kx+k-1=0.
Solution. a) Let T(x,y) is the apex of the parabola y = (k +1)x* — 2kx+ k —1.

Then
k 1 1

X = =1- ,y=——.
kK+1 k+1 y k+1
If we eliminate k from the equations above then the equation of the geometric set of
points is: y = x—1. So, the geometric set of the apexes of the parabolas is a line.

k-1
oL
2.A Determine all triplexes (x,y,z) of real numbers that satisfy the system of
equations: x+\/§:3, y+\/E=3, Z++/x =3.

Solution. x—y:ﬁ—ﬁ, y—z=\/§—ﬁ, z—x:\/y—\/;. Let x<y.
Then vz —\/y <0 ie. z<y and Vx =+ >0, i.e. x>z. It follows that y <x. So,
X =Y. Analogously we have x=z.S0, Xx=y=12.

6) From D =4k? —4(k2 —1)=4, it follows that x, =1, X, =

Now, it remains to solve the equation: x ++/x =3, i.e.+/x =3—x, where x [0,3].

Its solution is: 7_;/E, so, the solution of the system is:
[7—\@ 7-413 7—@}
2 2 2

2.B Determine all triplexes (x,y,z) of real numbers which satisfy the system of
equations: x+y=z, X +y’=z, xX+y’=z.

Solution. With squaring and raising to the third power the first equation we
have:

X*+y2+2xy=12%, z+2xy =127, xy:%(zz—z)

ey rdylcey)= 2, 22—tk = 2 2-e-2)-0.

If z=0,then x+y=0, xy=0, so, the solution is (0,0,0).
If z=1,then x+y=1, xy =0, so, the solution is (0,1,1) and (1,0,1) .
If z=2,then x+y=2, xy=1,so, the solution is (1,1,2).

Hence, the solutions of the system are: (0,0,0), (0,1,1),(1,0,1) and (1,1,2).
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3.AB Let ube a complex number. Determine all complex numbers z, such that

Z.
1 is a real number.
—Z

Solution. The complex number a is a real number if and only if a=a. We

have that
u-uz [(u-uz Uu-uz u-uz
1-2 1-z )

1-z  1-z
U—UZ—-UZ+UZZ=U—-UZ-UZ+UZZ, (ﬁ—u)(l—zE):O.
If u is a real number then u=u, so the solution isevery ze ~ \{1} .
If u is a complex number then the solution is every ze @\{1} such that
lz|=1.

4.AB Let ABCD be a rectangle. Let BC be the tangent in the point N of the circle
kl(Ol,Rl) which passes through the points A and D and let CD be the tangent of

the circle k,(O,,R,) which passes through the points A and B. If a=AB, b= AD
then prove that R, +R, > g(a+b).

Solution. Obviously N is the middle point of the side BC. Let M be the middle
point of the side AD. From the right triangle MOD it follows

2
that:R> =MD~ + MO, = (gj +(@a-R).

D C
R,
M 0, N
A B
2 2 2 2
Now, R, = b +4a . Analogously, R, :%.
ROAR - b®+4a’h+a’ +4ab> (a+b)a? +b? +3ab) _ (a+b)(2ab +3ab) 5(a+b)
P 8ab 8ab - 8ab 8
11 class

1.AB Solve the inequality: Ig(5X + X - 20)> Xx—xlg2.

Solution.  From  x-xlg2=x(lgl0-Ig2)=xlg5=1g5* it follows that
Ig(5" + x—20)> Ig5* . Then 5" +x—20>0, 5+ x—20>5". So the solution is every
x> 20.
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2.A Prove that for arbitrary o, and y at least one of the numbers: sina.cosp,

sinpcosy, sinycosa is not bigger than .

Solution. Let us assume the contrary i.e. let each of these numbers be bigger than %

Then

sino.cosP-sinfcosy-sinycosa > 111 =1,

2sinacos f-2sin fcosy - 2siny cosa > 3-8, sin2asin2Bsin2y >1, which is not
possible because sin2¢-sin24-sin2y <1.

2.B Solve the equation: sin 2x=\/§sin2x+(2—\/§)coszx.

Solution. If cosx =0, then sin® x =1, sin2x =2sinxcosx =0, so the equation has
no solution.

So,cosx=0. If we divide the given equation by cos’x then

\/Etgzx—Zng+2—x/§:O, (tgx—l)(ﬁtgx+ﬁ—2)=0. So, tgx =1 or tgx:\/?—l.
Solutions of these equations are: X, =%+k7z, X, =%+m7z (k,m S A).

3.A The edges AB,AC and AD of the tetrahedron are ABCD are diameters of the
balls T,s, T,c and T,. Prove that these tree balls cover the tetrahedron.

Solution. Let AH be the perpendicular line to the face
BCD of the tetrahedron. Let HL,HM and HK be the

perpendicular lines to the sides BD,DC and CB of the

triangle BCD. We have to prove that each of the
pyramids ABKL, ACKM and ADML is covered with

the balls T,;, T, and T,y , respectively.

From the construction of the pyramid ABKL it
follows that ZAKB = ZALB = Z/AHB =90°, and that's
why the points K,H,L belong on the sphere S,;. So,
the segments BL,BH, BK, AL, AH and AK are in
the ball and that's why the triangles AKB, AHK and ALB and the quadrilateral
BLHK are in the ball T,; . Hence, the pyramid ABHKL is covered by the ball T,; .

3.B The radius R of the circumcircle and the radius r of the incircle in the right
triangle ABC are related as 5:2 , respectively. Determine the acute angles of the
triangle.

Solution. We use the notation as on the picture. From AB=2Rand
AB=AD+DB= ﬁctg%+ﬁctg%= r(ctg%+ ctg gj it  follows  that
2R=r ctgg+cth . Hence, ctgg+cth=25:2-§=5.

2 2 2 2 r 2

From the right triangle ABC it follows that o+ =90° i.e. —+==45°. From the

N ™

N R

equation
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a . B
ctg—-ctg--1
ctg(gdrgj: 2 2 =1,it

2 o B
ctg — +ctg ~
g +etg

B

follows thatctg %ctg ' 6 . Let a < .The solutions of the system of equations:

p o P o p
—=5,ctg—ctg—=6 are ctg—=3 and ctg—=2.
2 g 2 J 2 J 2 d 2
Hence « = 2arcctg3 = 36°52'12", = 2arcctg2 = 53° 07'48".

o
ctg—+ct
92 g

A 4.AB Let AB=a,BC=b,CD=c,AD=d be the

sides of a convex quadrilateral, s be the half
perimeter, and 2¢ be the sum of its opposite angles.
Prove that its area is
P=y(s—a)s—b)s—c)s—d)—abcdcos’o.
Solution. Let B+ 03 =2¢ (see the picture). Then

P = Pagc + Paco =a7b5in[3+%sin6 i.e.

2P =absinp + cdsind . By raising to the second
: power the last equation we have:

c Cp 4P?=a’h?sin?B+c?d?sin? 5 + 2abed sin 3
. If we put sin’p=1-cos*f, sin®5=1-cos’$§ in the last
equation we have: D
4P? = (ab+cd )’ —(abcosP —cd cos5)* — 2abed (1+ cosBcosd —

sind

If we put 1+ cos2¢ = 2cos’ ¢, in the last equation we have

4P? =(ab+cd)’ —(abcosp —cd cos5)* — 4abed cos? ¢ .
M
Let AC =e. From the cosine theorem for the triangles ABC and ACD it follows that:
e’ =a® +b*—2abcosp, e* =c* +d” —2cd cos$ .

If we subtract these two equations we have: abcosp —cd cosd = %(o2 +d?-a’-b?).

If we put this equation in (1) we have
4p* = (ab+cd —%(C2 +d*-a’ —bz)2 —4abcd cos® ¢ , i.e.

4p? :%(—a+b+c+d)(a—b+c+d)(a+b—c+d)(a+b+c—d)—4abcdcosch

:—a+b+c+d.a—b+c+d.a+b—c+d .a+b+c—d

2 2 2 2

From EiE%EiE:S,HfMMWSmm:

P2

—abcd cos® ¢

P=y(s—a)s—b)s—c)s—d)-abcdcos’¢



Macedonian mathematical Olympiad-ARMAGANKA

1V class

1.A In the infinite arithmetic series of integer numbers, one of the terms is a square
of natural number. Prove that this series has infinite terms which are squares of
natural numbers.

Solution. Let (a,) be an infinite arithmetic series of integer numbers with difference
d.If m,me A isatermof (a,) then (m+kd)*> =m?+d(2mk +k?d) is also a
termof (a,).

1.B The binomial coefficients on the second, third and fourth member in binomial
expansion of the bynom (1+ x)" are terms of arithmetic series. Determine n.

n n n n
Solution. From [J—(J :[3J_(ZJ it follows that n>—9n+14=0. Solutions of

this equation are n, =7 and n, =2, but the only solution of the problemis n=7.

2.A Solve the inequality («/E +1):T_11 < («/5—1)%.

. \/§+1 .
Solution. From -1 2 +1, it follows that
uti V2-1)"' = ﬁ N —V2+
|x-1 X
(ﬁ+1 x+1 s(ﬁ+1)5
2
N0W|X|—_1£1,i.e. 6|X|_6_X _Xgo.
x+1~ 6 6(x+1)
2
If x>0, then 2X-0=X g je. WZO.HGHCB x e[0,2]U[3,).
6(x+1) 6(x+1)
2
If x<0, then MSO, ie. WZO. Hence
6(x+1) 6(x+1)

e[-6,-1)u(-10). Finally x e [-6,-1)U(-1,2]U[3,0).
2.B Sides of the angle are tangents of
circles as it is shown on the picture.
Determine the sum of:
a) perimeters b) areas of all circles.

Solution. Let AM = r, BN=r,OM=a,

MN =b. From the similarity of the
triangles OBN and OAM it follows that

B g_ a;b On the other hand sin30° =
1

so a=2r;. Hence r=r{1+9j=rl 1+L =1+ 0 e, rl:£
a 2r, 2r, 3

A
Analogously r, = 51 =9’ etc.

a) The sum of the perimeters is 27r(r+ r+r, +...): 272'(['4—%4—%4—...) = 27zrg: 3nr .
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b) The sum of the areas is

8 8
3.AB Let k,(O,r) and k,(O,R) be two concentric circles, r <R, and
letPObe an interior point of k;. Half-straight line lwith the initial

2 2 S 9 9
ﬂ(r2+r +r +...):7z 2 —t—t.. |=a?= =72,
1 2 32 34

point P intersect the circles k; and K, in the points A and B respectively. Prove that

the length of the segment ABhas the biggest value if half-straight linelis
perpendicular to OP.

Solution: Let us put the circles k; and K, in the

coordinate system with origin of coordinates in
O .WLOG if we assume that P ison the y -axis. If

d =OP, then the equation of the half-straight line | is
y=kx+d, x>0 (WLOG if we assume that x>0). If

Z/p

\\y A(X,,Y,)and B(Xg,Yg ) then x,> +y,” =r? and
Y. =kx,+d, X, >0. From these two equations it

follows that (1+k?)x,? + 2kdx, +d? —r? =0. From

r>d itfollows (1+k?)r> —d? >0, so the equation has

two real solutions. From r >d it follows that (kd)* <r?—d?+(kr)’, i.e.

(kd ) < (1+k?)r2 —d?. Because x, >0 we consider the

: —kd + L+ k2 )r? —d? —kd +/[L+k?)R? — d?
solution: x,, = . Analogously x; = :

1+k? 1+k?
Hencey, =kx,+d, y; =kx; +d , so the distance between the points A(XA, yA) and
1 2 2
B(X6 Y5 ) 18:D(k) = y(xy - %0 J + (5 - v ) = T

2 2
\/RZ— d 2+\/r2— d 5
1+k 1+k

This expression reaches its maximal value if the

inominator is minimal i.e. if

k =0. Hence, | is perpendicular toOP .

4.AB Rectangle ABCD is intersected with m-

lines that are parallel to the side AB and with

M -lines parallel to the side BC. Determine the

A B number of the rectangles construct in this way.
Solution: There are m+2 horizontal lines,

including the lines AB andCD, and the same number of the vertical lines. Every two

horizontal lines are determining one rectangle. The number of such rectangles is

m+2

cC 2= (mgz) The number of the rectangles determine from the vertical lines is

m+2

(m+2J2 _(m+2f(m+1y

also cC zz(mgz) Hence, the number of all rectangles is

2 4
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XLIV Republic competition of mathematics for secondary school
Strumica, 31 111-2000 year

| class

1. Is it possible for the natural numbers from 1 to 1991 to be written in series such that each
number can be written twice, so that on the second time writing number k , k e {1,2,... 1991} will be
exactly k places after the first writing?

Solution. Let us assume that this is possible. Then, number k € {L,2,...,1991} is on the m, -th
and on the (m, +k)-th position. Then

1+ 2+..43982 = (m, + (m, +1))+(m, +(m, +2))+...+ (Mg, + (Mg, +1991))
7930153 = 2(m, + M, +...4+ My, ) +1983036
5947117 = 2(m, +m, +...+ Mgy, )

which is a contradiction. So, that kind of writing is impossible.

2. The circles k;, and k, have an outside common point L (see the picture). The distance from L
to the common tangent t of k; and k, is equal to 1.
If , and r, are the radiuses of the k, and
k, respectively then prove that i+l =2.
r-l r-2
Solution. WLOG let us assume that r, <r,. Let
| A and B be the common points of 1 with the circles k

and k, respectively. Let M € BO, be the point such
that AM || 0,0, and let F be the intersect point of the
segments LC and AM . Triangles AAFC and AAMB are similar so FC : MB = AF : AM i.e.
l-nh  n
rh—r  r+0

2

Hence r,+r, -7 —nr, =nr,—r’ ie. r+r,=2rr,.

3. Let a,b, p,q,r,s be the natural numbers such that qr — ps =1 and ap<%<£.

Prove the inequality: b>q+s.

Solution. From the inequality §<% it follows that aq—bp > 0. Because aq—-bpe A it

follows that agq—bp>1. (1)

From the inequality %<£ it follows that br —as>0. Because br—ase A it
S

follows that br—as>1. 2
Than b=b(gr — ps)=bqr —bps = (bar — gas)+ (gas — bps) = q(br —as)+s(ag —bp). From (1) and
(2) itfollowsthat b>q+s.
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4. Let P be a point on the bisector of the right angle at the point C. Let I be a line through P and let
A and B be the intersect points of the line | and the sides of the right angle. If a= AC and b=BC

then prove that the value of the expression 1 +% doesn't depend of the position of the line I.
a

Solution. Let PK and PL be the perpendicular lines through

the point P on the sides AC and BC respectively. Then the triangles §
AAKP and APLB are similar, so
AK _ PL K
KP LB p
i.e. &0 = ‘where h=PK =LP. From 2 = it follows that
ab =ah+bh i.e.£:£+1 L B
h a b

The fact that the number h doesn't depend of the position of the line
I lead us to the conclusion.

Il class

1. Determine all complex numbers which satisfy the system of equations:  z°w® =1, z°w’ =1,

2P rwt=2.
19,,,25

Solution. From z°w’ =1 it follows that z*°w* =1, so =1 i.e. z'w*=1. From the last

15,,,21

z

Z°wW

and the third equation of the system we have that z* and w* are the solutions of the equation
t?-2t+1=0,ie. z'=w'=1. Nowl=zw' =zw’ i.e. z=w. The solutions of the system are

@1, (-1,-2), (i,i) and (—i,—i).

2. If f(x)=ax” +bx+c isafunction such that |f(x)|<1 for [x|<1, then prove that |a| < 2.

Solution. We have:
f(0)=c = [c|<1,

[f@)|=]a+b+c/<1 and
[f(-1)=|a-b+c|<1.
28] =|[(a+b+c)+(a-b+c)—2¢|<|a+b+c|+fa—b+c|+2c|<1+1+2=4=a < 2.

3.If S is the incentre of the triangle ABC, and D is the intersect point of the line AS and the
circumcircle of the triangle ABC , then prove that DB = DC = DS .

Solution. D is the middle point of the arc BC, so DB = DC .
We have: /DBC = /DAC =%,

/DSB =180° - (/SBD + /BDS)=180° — (£/SBC + Z/CBD + /BCA) =

:180°—(%+%+yJ:GZB:LSBD. So, the triangle ASBD is

isosceles and DB = DS .
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4. Let A Dbe the set of all 7 - digit numbers with different digits 1,2,3,4,5,6 and 7. Prove that
there are no two numbers in A such that one of them is divisible by the other.
Solution. Let us assume the contrary i.e. let a,be A, are suchthat a=Dbk, k>2.

7654321

1234567

follows that each number can be written as 3l +1,i.e. each number is not divisible by 3, and that's

why they are not divisibleby 6. So k=3 and k #6.

| case: k=2. If a=2b then a+b=3b. But a+b is not divisible by 3, so a=3s+1 and

b=3p+1.S0 k#2.

Il case: k=5.If a=5b,then a+b=6b.But a+b isnotdivisible by 3,so0 k #5.

Il case: k=4.I1f a=4b,then a—b=3b.But a—b is divisibleby 9,s0 a—b=3m.Now it
follows that 3m =b which is impossible. So k # 4 .

From k <

<7, it follows that k €{2,3456}. From 1+2+3+4+5+6+7=28, it

111 class

1. Ifa>1, b>1, ¢>1 then prove the inequality log® a~|ogab-logac£2—17.

abc

Solution. From log, a=1, log,b >0, log,c >0 it follows that

log,a+ Io%‘b+ l0g, ¢ zﬂlogaa- log,b-log,c, i.e. log:abc>27log,b-log,c.

2. Let M be an inpoint of the triangle ABC and let AM nBC ={A }, BM nCA={B,} and
AM BM CM
+ -

AM BM CM

Solution. Let S be the area of the triangles AABC and S,,S,,S, be the areas of the
triangles AMBC , AMCA , AMAB respectively. From the
fact that the triangles ABC and MBC have the same base
it follows that AA :MA =S:S,=(S,+S,+8S,):S, i.e.

CM N AB = {C,}. Prove the inequality >6

— =24 S . We can conclude by the analogy that
MA S, S

MB S, S MC S, S,

=—+—L and =—+—=. S0,
MB, S, S, MC, S, S,

AM + BM +CM = i+i + i+§ + §+i >2 ii+2 i§+2 Se 5y 6
AM BM CM S, § S, S, S, S, S, S, S; S, S S,

3. Prove that if the inequality acosx+bcos3x >1 has no solution then |b| <1.
Solution. If f(x)=acosx+hbcos3x then f(x)<1 forevery x.

f(r)=—(a+b)<1, f(0)=a+b<1so|a+b|<1.On the other hand f(gj:%‘bﬁl and

f(ﬁj:b—gsl,so
3 2

2 b
2

<1,i.e.[2b—a|<2. Now
1 1 1 1
|b|=§|3b|=§|a+b+2b—a|s§(|a+b|+|2b—a|)g§(1+2)=1.

3
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4. Two pyramids have a square for a common base. The pyramids are on the same side of the
square. Their heights pass through the middle points of the two opposite sides of the square and
their length is b . Determine the volume of the figure that is common for the both pyramids.
Solution. Let ABCDE and ABCDE are the given pyramids. From the rectangle ABEF it
follows that M is the middle point of the segment AE . Similarly, N is the middle point of the

segment CF . So, AB =a and the length of the heights in the triangle AABM'from M" is %

On the other hand MN is the median of the triangle AADE , so MN =%. Now it follows that

A
MM'=M_N':% and

1 b 1
Vaecomn =Vascomn: — Voo = Eaia = 2§

_ah ah_5 2

a
4 4 24 24

1V class

X° +y?+12°
Xy + yz

1. Determine the minimum value of the expression: ,ifx>0,y>0,z>0.

Solution. From x° +%y2 >2 %xzy2 =+/2xy and %yz +22>2 %yzz2 =+/2yz it follows that

2 2, 42 (X2+1y2j+(1y2+22j
X+y +7° 2 2 >x/§xy+x/§yz
Xy + yz Xy + yz Xy +yz

2 2 2 2, -2
T+v2 +17 =J2. Now, the minimum value of the expression xry+z is \/2.
142 +4/2 1 Xy + yz

B

=+/2 . For x=1y=+/2,2=1 we have

2. Determine a right triangle for which the angle
between the median lines to the legs has a
maximal value.
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Solution. Let AC =b, BC = a. From the cosine theorem for the triangle AADT it follows
that 2AT - DT -coso= AT + DT —AD', i.e.

- _ 2 - 2 2
iAE-BD-coS@:(EAEj +(EBDJ _b )
9 3 3 4

If we put AE =D +7 and BD =a +T in (1) we have

%\/(4b2 + a2X4a2 + bz)-COS(p :é(a2 + bz), ie.

2(a® +b?
CoSQ = - ( - )2 - 2
J(4b? + a%)(4a® +b?)
Now,
. 3ab
singp=+1-cos’ ¢ = (3)
J(@ +4b?)(0? + 4a%)

From (2) and (3) it follows that tgep = 32’;2? . If we put a=csina,b=ccosa in the last equation we

have tgp = %sin 20, . Maximum value of tge can be reached for sin2a. =1, i.e. for o= % So, the

triangle we are looking for is isosceles right triangle.

3. Determine all positive values of parameter a ,for which all negative solutions x of the equation
cos((8a —3)x) = cos((14a + 5)x) form an increasing arithmetic series.

Solution. Let us write down the equation (1) as cos((8a—3)x)-cos((l4a+5)x)=0,i.e.

_osin (8a—3)x +2(14a +5)x sin (8a—3)x —2(14a +5)x

(8a—3)x +(14a +5)x = 2kn
(8a-3)x—(14a+5)x =2nn

=0. The given equation is equivalent with

(l1la+1)x =kn

. F
(3a+4)x=nn om

the system of equations [ , 1.e. with system [

a>0 it follows that 11a+1>0 and 3a+4>0. Hence, x= kn or x=—""_ | et us denote by
1la+1 3a+4
kmt nm

= and by x, =
lla+1 3a+4

. Fromx >0 it follows that n,k =0.1,2,..., so (x.) and (x,) are two

T and d,=—"
lla+1 3a+4

increasing arithmetic series with first term 0 and differences d, =

respectively.
Now we’ll prove the following proposition: Numbers x, and x, form an increasing arithmetic

series if and only if :for d, <d, there is me & such that d, =md,,or for d, <d, there is
me @& such that d, =md,.
Proof: Let d, <d,. Than d, is the second term of the new arithmetic series (the first one is 0).

From ——— <—" it follows that the difference of the new arithmetic series is d,. But d, isthe

1la+1 3a+4
term of that arithmetic series, so, there is m e & such that d, =md, .

Contrary, let me & is such that d, =md,. Hence, x, = d,m(n —1) and every term of the series (x,)
is the term of the series (x, ). So, the series we are looking for is (x, ).

5
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The proof is analogous for d, <d, .
T

) =m T
3a+4 1la+1

Now, let d, <d,. Thereis me & suchthat d, =md,, i.e from where it follows

that a= 2™
1

.Fromme & =4m-1>0, a>0=11-3m>0, so, m<1—31. Hence, m e {1,2,3}

and the appropriate values for a are §,Z,E

5'3°

Now, let d, <d,. Thereis me & such that d, =md,, i.e T

) =m , from where it
1la+1 3a+4

m .From me & and a >0 it follows that 1ZIm -3 >0 and 4—m > 0.Hence,

follows that a =

1

m e {1,2,3}, and the appropriate values for a are 3 19'3

8
32 1711
SO, AEy =, Ty (-

81930 5 3

4. The rectangle ABCD with dimensions mand n where m and n are natural numbers and
n=mk , is divided by m-n unique squares (see the picture). Every path from the point A to

D C. the point C which goes through the
divided segments only to the right and up,
has length m+n. Determine how many
times the number of paths from A to C
which passes through the point T is bigger

S than the number of paths form A to C

AT B which passes through the point S .

D(O,m) c(n,m) Solution. Let us denote with series of 0-es (for the
move to the right for the unique length) and with 1-es (for the
move up for the unique length) every path fromA to C.

S Hence, the number of the paths through the point T is

m+n-1
AOD) T B00) crt :[ N1 j the number of the paths through the point

m+n-1 men-l
Siscl, =( _— j From %= k, it follows that the number of the paths through the
- n-1

point T is k -times bigger than the number of paths through the point S .



Macedonian mathematical Olympiad-2001

8-th Macedonian Mathematical Olympiad

1. Prove that if m-s =2000%" where m,s e 4 then the equation
mx” —sy® =3 has no solution in A .

Solution. mx* —sy® =3, m-s = 2000™". If we multiply the first
equation by m then m?x? =3m+ msy?.
Now m?x? = 3m+ msy’ = 2000°" y* = (-1)**"y? = —y*(mod3) . But
m®x? = 0(mod3) or m*x*> =-1(mod3) and — y* =0(mod3) or
—y?=-1(mod3), so, we have m*x* = —y? = 0(mod?3)
= 3|y, 3|mx=9]|y?, 9] (mx)*. According to this
3m = m’x* —msy’ = 3m = 0(mod9) = 3| m. But
m-s = 2000 = 3} m, so the equation has no solution.

2. Does there exist a function f: 2 — # such that for every
n>2 holds f(f(n—1))= f(n+1) - f(n)?

Solution. Let ne & and n>2. Forevery i=2,...,n holds

f(fi-1))=f@i+1)-f().

If we sum all these equations we have

S HH-D) =31+~ ()= f(n+D- 12

e f(n+1)=f(2)+zn:f(f(i—1))2n ( f isafunctionon ).
Now f(i—1)>i-2, fl_(f(i—l))z f(i-2)>i-3,s0
f(n+1)=f(2)+f(f(l))+f(f(2))+_zn:f(f(i—1))z

23+i(i—3)=3+w.

2_
Now f(n+1)2L2n+12>2n+1 for n>10.Let

f(2n)=M >4n+3. Then
f(M):f(2)+§f(f(i—1)),

2n-1

f2n)= 1@+ f(f(i-1)
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f(M)-f(@2n)=f(f(2n))+ f(f(2n+1)+...+ f(f(M -2)).
But f(f(2n))= f(M) so we have
—f@n)=f(f2n)+ f(f2n+1))+...+ f(f(M -2))
which is not possible. Therefore there is no such function.

3. Let ABC be a triangle with no two sides equal, and let k be
an circumcircle around ABC. Lett,,t;,t. are the tangents of the circle
k in the  points AB,C, respectively.  Prove  that
ABd t., ACé t,;, BCd t, and that the points ABt., ACnt,, BCNt,
are collinear.

Ay
M

A(a,\/Za— az)

(b.,0) S, (@,0)

il

Solution. Let us put the triangle ABC in the coordinate system
with C as a origin of coordinates and t. as Yy -axis. Then every point of

the K satisfy the equation (x-1)>+y>=1. Let A(a,\/Za— az) and
B(b,\/Zb—bz ).Let A=2a-a’and B=2b-b?.
Then the equations of the lines t, and OB are

y—A= 1_TAa(X —a)andy = % X, respectively. The coordinates of the
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intersect point M (x,,,Y,,) of these two lines are x,, =;—b, Yu = aE)/g
B b

where D, = JAVB - b(1-a) .Similarly, the coordinates of the intersect

point N(X,,Y,) ofthelines AC and t; are X, :;—b and

a

Y :bDﬂ,where D, =JAVB —a(l-b). If D(xp,Yp) isthe intersect
point of the lines AB and t. then x, =0 and y, :b\/Kb;a\/E.
—-a
. . . _Ym —Yn
The equation of the line MN is y-y, =——(x-Xx,)and for
Xm ~ Y
X =0we have
_bJA_ a/B
_, .. b, D _ _b/A-a/B
Y=1Yun ab _ab T T T e
Db Da

Now, it follows that the line MN intersects t. in the point D, so, the
points M, N and D are collinear.
If t, || BC then ZLMAB = ZCBA, so
/MAB =90" - Z/BAS =90° — (90° —y) =y . But ZCBA=f,s0 B=Yy
i.e. ABC is not a triangle with no two sides equal. Contradiction!.
4. Let M be a finite set and let Q < M) such that:

(1) 1f |AnB|>2 for ABeQ thenA=B;
(2) Thereare A,B,CeQ suchthat A=B=C = A and
IAnBNC|=1;

(3) For every AeQ and for every ae M \ A there is
unique BeQ suchthat ac B and AnB=0.
Prove that there are numbers p and s such that:

(a) For every a € M the number of the sets which include
the point a is p.

(b) For every AeQ,
(c) s+1=p

A=s;
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Solution. (a) Let xeM . Let <x>={X eQ|xe X}. We'll prove
that (vx,y e M)|(x)| =[(y)|. We define the mapping
_ B T,yeT . . '
@1 (x)—>(y) by ¢(T) _{T',yeT , where T' is the set for whichy e T
and T NT'=Q. The set T "exists because of the condition (3) and at the
same time ¢ is bijection. Hence [(x)|=|(y)|. so, if aeM and p=|(a)|

it follows that the number of all sets from Qwhich include the point a is
p.
(b) Let ABeQ andA=B.

I AnB=0. Let acA. Then agB. From ((a)|>3 (because

of the condition (2)) it follows that there is C € Q such that CnB = J
and CnB={a}. We define the mapping v:A—>B by y(a)=a'.
There is DeQ such that DNC =, DnB={x} and D A={x}.
Now we put y(x) = x".  is bijection(y is onto mapping because of the
condition (3)) and that's why | A|H B]|.

2” A=B , 0<AnB[<1. Let AnB={a}. We define mapping
yv:A—B by y(a)=a. From the condition (2) it follows that there is
CeQ such that aeC,C#A C=B. Let xe A be an arbitrary
element. Because of the condition (3) there is D,E € Q such that
xeD,DNnB=YJ, DNnC={x"}, EnA=C and EnB={x"}.We
define wy(x)=X"; y is bijection. Hence | A|HB].

Let A€ Q be an arbitrary set and let s=| A|. Then from 1" and
2° it follows that (VB e Q)|B|=s.

(c) Let AeQ be an arbitrary set. Because of the (b) we have
|Al=s. Let ag A. From (a) it follows that |(a)= p. Because of the
condition (3) thereis B € Q such that BN A=< and a < B. For every
Ce(a), CnA=@ (because of the condition (1)). Because (a)|=p

there are p—1 sets C with such conditions. Because | A|=s we have
p-1<sie p<s+1.
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BAJIIKAHCKA MATEMATHUYKA OJIUMIINJATA
MOJJABUIA, 2000

(Anoanmja). [1a ce Hajmat cure ¢pyakumn f :R — R Takswm, mrTo

FOE 00+ F () = (F ()% +, (1)
3acekou X,YyeR.
Pemenne. Heka ¢ynkiujara f(X) ru 3agoBoiyBa yclIOBUTE Ha 3ajavara.

Axo f(0)=a, Toram craBajku x=0 Bo (1) goduBame f(f(y))= a’+ y, 3a

CeKOj ye R. HOHaTaMy, BO IMOCJIETHOTO PAaBCHCTBO CTaBaMeE Y = —a2 Hu 10-

ouBame f(f (—az)) =0,1.e.3a b="f (—az) Baxku f(b)=0. Cera, ox paBeHcr-
Boto (1) npu X =h mobusame f(f(y))=y,3acekoj yeR.IlosropHo of (1),
ako X ro 3amenume co f(x) moousame f(xf(x)+ f(y)) = x2 + y, ma 3aTtoa
(f (x))2 +y= x2 + y, T.e. (f(x))2 = x2, 3a cekoj xeR. Cmnopep Toa,
f(1)=+1.

- Axko f(@)=1, roram f(l+ f(y))=1+y 3a cekoj yeR, ma 3aroa
(f@+f(Y))2 =@+Yy)? ommocro (L+ f(y)? =1+y)?. Koneuno,
f(y)=y.,3aceko] yeR.

- Axko f(Q)=-1,1oram f(-1+ f(y))=-1+y 3acekoj ye R, ma3aroa
(f (=1+ f(y)? =L+ Y)? ommocro (-1+ f(y))? =(1+y)?. Koneuno,
f(y)=-y,3aceko] yeR.

Cnopen Toa, fo6ume nBe pemennja f(x)=x u f(x) =-x. Hemocpengno ce

mpoBepyBa fileka oBue (DYHKIUH ja 3aJ0BOyBaat paBenkara (1).
(Makenonnja). Bo pasHoct-
paH OCTpOarojieH Tpuaro-
muk ABC Toukata E e BHa-
TpellHa TOYKa 3a TEXKHUII-
Hata juamja AD, (D € BC).

Toukara F e oproronamHa
npoekiyja Ha E Bp3 mpasara
BC . Heka M e BHarpelHa
TOYKa Ha 3a oTceuykara EF,
a toukure N m P ce opro-
TOHAJTHATE NPOEKIUK Ha TOY-
kata M Bp3 npaBute AC n
AB, coomgBeTHO. Jlokaxwu, Lipr. 1
fieKa CUMETpaJINuTe Ha arjauTe

PMN u PEN ce napasnenHn.
Pemenne. Ke gokaxeme neka ZENM = ZEPM , (upt. 1). Heka | e mpasa
Hu3 E mapanenna na BC . Co B; m C; ja ru o3HaYMMe NPECEYHUTE TOYKH

Ha mpaBaTta | co mpaBute AB m AC, coousetHo. JacHo, E e cpemuHa Ha
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B;C; . OcBen Toa EFLBC, na 3atroa EFL1B,C,, mTo 3Haun neka AB;C{M e
pamHokpak. Cnopen toa /B,C;M = ~ZMB,C,. Ho, ZMNC; = ZMEC, =90°
na 3atoa Toukure E,M,N u C; nexar Ha ucTa Kpy>KHHIIA, Of] LITO CIEAyBa
neka /B,C;M = ZENM . Amnanorno, ZMPB; = Z/MEB; =900, r.e. Toukure

E,M,P m B; nexar Ha ucTa Kpy>KHHAIA, Off IITO cienyBa ZEPM = ZMB;C;.

Cera ga ro pasriegame yutupuarodHukoT EPMN . Arnmute PMN u PEN ke
I'dl IOUCTOBETYBAME CO COOJIBETHUTE BHATPEILIHM arjd HAa YETUPUATOJHUKOT
U 3a pacyfyBamaTa, KOH CJIe[[yBaaT, He € Ba>KHO JJaJil OBOj YCTHPUATOJIHUK €
KOHBEKCEH Uiy He €. PacygyBamaTa ocTaHyBaaT BO cujia U KOra 4eTUPHAroJ-
HUKOT ce JIeTeHepupa BO TPUAroJjHUK, T.e. kora E mexwu Ha PN . 3a cume-
Tpanmata Ha ZPEN MOXHU ce fBa cily4yad: Taa MUHYBa HU3 ToukaTa M wnnm
cede HeKoja off orceukure MP mnmm MN . Ako cuMeTrpasnaTa MEUHYBa HU3 M ,

torami AEMN = AEMP, op mTo cnemyBa peka MN = MP. Ho, Toram
AMNC; = AMPB;, na 3aroa ZMC;N=/MB;P. Ho, Toa 3Haum peka

/ACE = ZABE, T.e. LZACB=ZACB, mto He e MOXHO Oupiejku AABC e

pasHocTpaH. Ako cuMmeTpanaTta Ha ZPEN ceue Hekoja of orceukutre MP
unu MN , Ha mpumep MP Bo Touka Q, Toram of

/PMN =360° - 2/PEQ - 2/MPE
cliefyBa jieka
ZEQP =180° - (LPEQ + ZMPE) =1 ZPMN

LITO 3HA4M fieKa cumeTrpanure Ha arite PEN u PMN .
(Jyrocnasuja). [la ce Hajae MakCUMATHUOT OpOj Ha MIPABOATONHUILIM CO CTpa-

un 1 u 1042 xom moxe la ce ucevat of] mpaBoaroidHuk co crpanu S0 u 90 co
cedema, apajeiHi Ha CTPaHUTe Ha MOYETHUOT MPaBOAroJHUK.

Pewmenne. IlpaBoaronnukor ABCD pga ro mnocraBuMe BO KOOpPAHMHATEH
CHCTeM, TaKa IIITO HeroBWTe TeMuma na mMaat kopauHatu A(0,0), B(0,50),

C(90,50), D(90,0) . ITpBO ke mokaxkeMe KaKO Off IPaBOArOTHMKOT MOKe J1a ce

uceyaT 315 mpaBoaroyiHuIM co cTpaHu 1 u 1042 . Bunejkn 90> 6-10v2 .
Moxeme ga ro mogennme ABCD Ha fBa mpaBOarojHuUKa CO JUMEH3UN

50x60v2 n (90—60\/5)x50. Ojp mpBHOT YETUPHATOIHUK CO XOPU3OHTATHU
MpaBy Ha pacrojanue 1 egHa o Apyra Moxeme fa uceunme S50 JIEHTH cO Ju-
MeH3Huja 1x 60+/2 , mocne wTo og ceKoja JeHTa MOXKeMe J1a UceUUMe IO IIeCT
IIPaBOAroJIHALY CO JUME3UU 1x10v2 . Cnopepn Toa, IpBUOT IPaBOAroJIHUK Ke
ro nopenume Ha 50-6 =300 mpaBoarogHUIM CO fUMEH3UU 1x 1042 . Bunejku
90-60+/2 >5 u 50> 3-104/2 OJl BTOPHAOT MTPaBOATOJIHAK MOKEME J]a UCEUnMe
IIPaBOAroJIHUK CO [AMMEH3HUH 5x30v2 on Koj moroa ceunme 5-3=15
IPaBOArOJIHUIUA CO AUMEH3UU 1x104/2 , wro 3Haum feka mcekoBMe 315

MTPaBOATOJIHALIA CO TUMEH3UA 1><10\/§ .
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Ke nokaxkeme aeka 315 e MakCHMaJHHOT GPOj MPaBOAroOJHUIU CO JUMH3UU

1x104/2 KoM MOKEMe ja I HCeUnMe Off AAACHHOT NPAaBOArTHUK CO JUMEH3UH
50x90. [Ia ru pasriegaMe IpeceluTe Ha IIPaBUTE CO PABEHKH

Ly :x+y=10\/§, L, :x+y=20ﬁ,..., Lg :x+y=90\/§
co mpaBoaroigHukoT ABCD .
Ha 3abenexkume, pAeKa Of

100v/2 —90 > 50 crenysa feka

mpaBaTa 4Ydja paBeHKa € \\

AN
X+y= 100v/2 He ro ceue npa- _
BoaronuukoT ABCD . .

\

Bupnejku cexoja o ropHute

mpaBu 3acdaka arona of 45°
CO KOOPAMHATHUTE OCKH, HE €
TEIIKO fa ce JAOoKaXxe JeKa
306MpOT HA OTCEYKUTE Of] OBHE Lpr. 2
MpaBd, KOM JiexkXaT BO MPaBo-

aronuuk 1x104/2 co CTpaHU TapaJieIHl Ha KOOPIMHATHATE OCKH, € V2. Ha ja
O3HauMMe JOJDKWHATA Ha OTCeYKaTa Off mpaBaTta L, Koja Jexkw BO BHATpEII-

HocTa Ha mpaBoaromHuKOT ABCD co lj. Co enemeHTapHH mIpecMeTyBama
Haorame jeka

l, =20, 1, =40,13 =60, I, =I5 =g =50~/2,

l; =140/2 140, Ig =140+/2 —160, lq =140+2 180
Co cobupame Haofame, fieka BKyIHaTa AOJKMHA BO BHATPEIIHOCTA Ha Ipa-
BoarosiHukoT ABCD e efgHakBa Ha 570\/5 —360. bunejku emen mpaBoaro-
HUK CO AUMEH3UU 1x 10\/5 BO cebe COIp>KM OTCeYKa CO BKYITHA JIOJKUHA ﬁ .

ako mMame t TpaBOArONHUIM, TOTAIl tx/E £570\/§ —360, mTo 3HA4YM JeKa

t< [L\ZE_%O] =315, mrro u Tpebare f1a ce JoKaxKe.

(Pymynnja). Enen npuposien 6poj r ro HapekyBame “crenen”, ako r=t°,
Kajie t>2,5>2 ce npupogau 6poeBu. [JokaxKu, IeKa 3a CeKoj MpUpOoJieH Opoj
N TOCTOW MHOKECTBO A OJf IpUPONHHU OPOEBH, KO TH 3aJOBOJIYBA CICIHUTE
yCIIOBH:

a) A uma n eJeMeHTH;

b) cekoj enemenT on A e “crenen”; n

L4+ 40
%“ e “crenen’.

C) 3acekou Iy,lp,.., N € A, 2<k <n 6pojoT

Pemenue. [IpBo Ke ja fokaskeMe cieHaTa
Jlema. 3a cekoj me N mnocrou TakoB d €N, mTO cute GpPOEeBH O MHO-
xkectBoto {d,2d,..., md} ce creneHu.

Hoxa3s. Hexa pq, Py...., Py ce cuTe mpoctu genurenn Ha M!, a qp,02,..., O

ce npeuTe M mpoctu Gpoesn. Ke Gapame d of o6mmk plxl p;z...pzk Taka,
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mro dl ma e Touno ) — i crened Ha | =1,2,...,m. AKo ro 3anmmreme | Bo 00-

JIAKOT plal(l) pg’Z(I)...p

?k(l) nobuBame, fneka tpeba fa e Xj +«j(l)=0(mod q;),
i=12,.,k T.e.cekoj X; Tpeba ga ro 3ajoBOIyBa YCIOBOT

Xj +aj(l)=0(mod q;) ,3a 1 =1,2,...,m.
bupejku OpoesBute Qq,05,...,qy €€ IO MapOBU 3a€MHO NPOCTH, Ol KUHECKATa
TeopeMa 3a OCTaTOIH CIIeAyBa ieKa IOCIEIHNOT CHCTEM MMa pelleHne, IITo

3HAYM JieKa JeMarTa € JoKakaHa. ¢
Cera pellleHHETO Ha 3ajjlayaTa CJe[yBa aKo BO MPETXOHATA JieMa CTaBUMe

m= n!w 1 3eMeMe [ = jnld ,3a j=12,...,n. OuurnegHo apuTMeTHIKaTa
cpenuHa Ha 6mio Kou K off jajenute 6poeBu e of oonuk id , Kaje
i< n!w =m

I1a 3aTOa Taa € CTCIICH.
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18th BALKAN MATHEMATICAL OLYMPIAD
Belgrade. Yugoslavia, May 5, 2001

1. Let n be a positive integer. Show that if a and b are integers greater then
1such that 2" —1=ab, then the number ab —(a—b)—1 is of the form k-2*", where

k isodd and m is a positive integer.
Solution A. The number T can be writtenas ab—a+b-1=(a+1)(b-1), and

therefore is suffices to find the form of the numbers a+1 and b-1.

We observe the following cases:

Case 1: If n=2s, se &, we have: 2"-1=2%-1=(2°-1)(2° +1) = ab and
therefore we can set a=2°-1b=2°+1 and we will have a+1=1-2°,b-1=1-2°,
therefore T = (a+1)(b-1)=1-2* , m=s and k =1.

Case 2: If n=(2t+1)(2r+1); t,r e £ (odd mixed), we have

ab = (2212t _q = (22t+l _1X(22t+1)2r AN (22 +1),
and therefore we have a=2*""-1,s0 a+1=2*"" and
b — (22t+1)2r + (22t+l)2r—1 + ... +(22t+1) +1
implies b-1=2""(2z+1), ze &, and so T =(a+1)(b-1) =(2z +1)2**"*Y | with
k=2z+1and m=2t+1.

Case 3: If n=p where p isaodd prime, because 2" —1 is odd it implies that
a,b are odd, and let a=2L -1 and B=2U +1. The numbers L and U cannot be of
the form L=2°"and U =2, since:

(i) If L=2°"then a=2" -1 and since a|(2" —1) we must have
n =multiple of d ; contradiction, since n is prime;

(i) IFU =2"" then b=2" +1 and since b| (2" —1) we must have
n =even multiple of f ; contradiction, since n is prime.

Therefore we have that the numbers L and U are of the form:
L=2°"(22h+1) and U=2""(2v+1) and therefore a+1=2%(2h+1) and
b-1=2"(2v+1). Now it suffices to show d = f .

We have 2" -1=ab=(2'(2h+1)-1)(2" (2v+1) +1) or

2" =2"""2h+Dv+1D)+2°(2h+1D) -2 (2v+1).
If d > f, dividing by 2° the last relation we have even number equal to odd number;
contradiction. Similarly, if d < f , dividing by 2" we arrive to a contradiction;
therefore d = f andso T =(a+1)(b-1) =22 (2h+1)(2v+1), m=d and
k=(2h+1)(2v+1).

Solution B. Denote by deg, x the greatest k € & such that 2| x. Then
deg, T =deg,((a+1)(b-1)) =deg,((a+1)(b—-1a), since a is odd. Further, we have

deg, T =deg,((a+1)(ab—a)) =deg,((a+1)(2" —1-a)) =deg,(c(2" —c)),
where c=a+1 is even, and c<2". Let deg,c=k. Then deg,(2"-c)=k, and
deg, T =deg, c+deg,(2" —c) = 2k.

2. Prove that if a convex pentagon satisfies the following conditions:

(1) all interior angles are congruent; and
(2) the lengths of all sides are rational numbers,
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then it is a regular pentagon.
Solution. Let the pentagon A A,A,A, A, have the mentioned properties. Then

the interior angles are equal to 108°. Let AA
intersect A,A; and AA, in C and

D respectively. Then the triangles ACA,, A,DA
and CA,D are isosceles. Therefore, CA, = A,D and
2CA,c0s72° = AA, , 2DA,cos72" = AA, .

Hence, CA, + AA =AA +AD. Therefore,
200572 (A,A, ~ AA )= AA ~AA, . I
A A, = AA,, then it implies that cos72"is a rational

number, false. (In fact, 4cos72°cos36° =1 and the
number a=sinl8 =cos72" is a solution of the
equation 4x(1-2x?)=1 which is equivalent to

(2x-D(4x* +2x-1)=0. As far as a;t%, the

c number a is irrational.)
Therefore, A,A; = A,/A, and A A, = A A, . Analogously, we can prove that all
the sides of the pentagon are congruent. Hence, the pentagon is regular.

3. Let a,b,c be a positive real numbers such that a+ b +c > abc . Prove that
a? +b% +c? >+/3abc .
Solution. Assume by contradiction that a2 +b? + ¢c? < +/3abc . Then
3/a?%c? <a®+b? +c? <+/3abc. It follows that abc >3+/3. On the other hand we
a’b’c? _(a+b+ c)’

have: 3 S 3 <a?+b?+c? <+/3abc, and obtain abc <3+/3: this is a

contradiction.

4. A cube of dimensions 3x3x 3 is divided into 27 congruent unit cubical
cells. One of these cells is empty and the others are filled with unit cubes labeled in an
arbitrary manner with numbers 1,2,...,26. An admissible move is the moving of a
unit cube into an adjacent empty cell. Is there a finite sequence of admissible moves
after which the unit cube labeled with k and the unit cube labeled with 27 —k are
interchanged, for each k =1,2,...,13? (Two cells are said to be adjacent if they share
a common face)

Solution. Colour the cells black or white, so that adjacent cells have different
colours. Numerate the cells 1,2,...,27 so that consecutive numbers correspond to
adjacent cells (e.g. [1] upper level 1—9 ordered: row 1, from left to right; then row 2,
from right to left; then row 3, from left to right. [1I] middle level 10 -18, where cell
10 is below cell 9, and the level is ordered similarly. [I11] lower level 19-27,
ordered similarly with cell 19 bellow cell 18).

Call the pair of cubes {m,n} inverted if the cube with the greater number is in

the cell with the less. Denote by I(k)-th total amount of inverted unordered pairs of
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cubes after k >0 moves. A moved cube is always placed in a cell with a different
colour. Then in the ordering of the cells, it passes even number (possibly 0) of other
cubes. Passing a cube changes I(-) by one. Thus the moves preserve the parity of
I(-). Suppose that we have reordered the cubes (as needed) in z moves. 26 cubes
form 25-13 =325 unordered pairs. A pair of cubes in two cells is inverted in the final
ordering if and only if the pair of cubes in the same two cells has not be inverted in
the initial ordering. Thus 1(z) =325-1(0) contradicting the equal parity of 1(z) and
1(0). So, it is impossible to reorder the cubes that way.
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MEI'YHAPOJHA MATEMATUYKA OJIUMITAJATA
J. KOPEJA, 2000

(Pycmja). Kpyxuaumure I} u T, ce ceuar Bo Toukute M m N . IlpaBara | e
3aef[HMYKa TaHreHTa Ha I} u I, Taka, mTo Toukata M e moGmucky fo | og
toukara N . IlpaBara | rm gommpa kpyxkumure Iy u I, Bo ToukuTe A 7
B, coomBetHo. IlpaBaTta M3 M mapanenna co | mo BTOp mar rm cede
kpyxuumure [7 u I Bo Toukure C m D, coopseTHO. [IpaBute CA m DB
ce ceyat Bo ToukaTta E , mpaBute AN m CD Bo ToukaTa P m npasute BN nm
CD Bo Toukarta Q. JIokaxu gexa EP= E

Pemenne. Hexa K e npeceunara Touka Ha AB u MN , manpasu uprex. Op

RZ :W-W:RZ clemyBa aeka AK =BK nkako PQ| AB, 3aKJIyJyBa-
Me, meka M e cpegmna Ha otceukata PQ. Ilonaramy, moBomHO € fa
mokaxeme, ieka EMLPQ , ox kane Ke cnenyBa neka APQE e pamHOkpak. 3a
tpuaromHunute ABM m ABE crpanata AB e 3aemHmuka, Z/BAE = ZMCA,
(AB||CD),ZMCA= ZMAB, (3omro?), T.e. Z/BAE=/MAB ¥© aHaJOrHO
ZABE = ZMBA . Cnopen Toa, AABM = AABE , na 3atoa EMLAB wu kako
AB|| PQ po6buBame neka EMLPQ.Ho M e cpeguna Ha orceukata PQ , ma

3atoa APQE e paMHOKpak, T.c. EP = E_Q
(CAd). Heka a,b ce mo3uTuBHM peanHu OpoeBM TakBM IITO abc=1.
JTokaxu ieka

(@-1+)b-1+Hc-1+1) <1.

Pemenne. 3apanu ycnoBoT abc =1 [afieHOTO HEPABEHCTBO MOXE fla ce TpaH-
copmupa Taka, IITO Ke ce UCKOPUCTAT CMEHUTE & = % b= % c= %, Kaje

X,¥,Z>0 unpuroa Ke ce fo6ue HEPaBEHCTBOTO
(X=y+2)(y-z+x)(z—x+Yy)<xyz.

J[To6meHOTO HEpaBEeHCTBO € TMapuujalieH ciaydaj Ha HepaBeHcTBOTO Ha Illyp
npu A =1, koe 3a cekou X, Y,Z >0 u cexoj peaneH Opoj A riacu

(x=Nx=2)x* +(y=2)(y=0)y”* ++z -2z -y)z* 20.
(benopycnja). Heka n>2 e gajieH npupojeH Opoj 1 HeKa Ha XOpU3OHTaIHa
mpaBa ce pacmopefieHn N OoJIBM Taka, IITO HE CHTE ce HaofaaT BO e€IHa
TOYKA.
3a no3uTuBeH peaneH 6poj A ma aepuHEpaMe CKOK Ha CIIETHUOT HAUUH:

Ce n36upaart fiBe 60JIBH, KOU ce HaofaaT BO MPOM3BONHY TOukH A m B Taka,
mwTo A e neBo of B, u 6onBaTta of A ckoka Bo Toukata C, Koja e Ha mpa-

BaTa JecHo o B m Taka, mTo % =A.
Ila ce HajmaT cuTe BpEegHOCTH Ha A Taka, IITO 3a cekoja Touka M op mpa-
BaTa U 3a IPOU3BOJIEH pacnopej Ha N—Te GOJNBH NMOCTOM KOHEYHA HHU3a Off

CKOKOBH, TIOCTIe KOja cuTe OOJBU ce HaofaaT JiecHO off Toukata M .
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Pemenne. Heka nocne k—ot ckok nMaMme KoH(UTypalyja, BO Koja pacroja-
HHeTO Mely HajieBaTa ! HajfjecHaTa 60JBa ro o3HauyBame co dy , a HajMaJo-
TO PpacrojaHue Mefy cocefHUTe OOJIBM IO O3HadyyBaMe co Oy . JacHo,
dy > (n-1)5) . Ja u3bupame cregHaTa CTpaTeryja: BO CeKoj YeKOp HajueBaTa
6oJBa ja MpecKOKHYyBa HajmecHaTa. Toramr mpu (K +1) — oT yekop ce mojaByBa

HOBO pacTojanue Mefy cocefnute 601BU 1 Toa Ady . AkO Iy q = Ady, Toram

Ok 2 A(N-1)6, , a ako O ,q # Ady , Toram Sy 4 =0y . Ja 3ememe A Zﬁ.

Toram, Bo cekoj cimydaj Sy,q =k, 3a CeKOj K m Hm3aTa O HajMamuTe

pacrojanmja e Heonarauka. Toa 3Hauu, Aeka BO CeKOj YeKOop HajjaeBaTa 00IBa
ce mpeMecTyBa BO OJJHOC Ha HajiecHaTa Ha pacTOjaHWe KOe He € IIOMajo Off
fajgeHa KOHCTaHTa, HITO 3HAUYM fieKa MpH m3bpaHaTa cTpaTeruja CuTe OOJIBU
Ke ce mpeMecTaT BO JIECHO Ha OHaa JjlaJieurHa Ha Koja Ke Tocakame.

Ke mokaxeMe o6paTHO, ieka nmpu A < ﬁ , KaKo ¥ Jia MPeCKOKHyBaaT OOJBH-
Te, THE He MOXeE JIa ce HajaaT IecHO Of MpeTXOoaHo m3bpaHa Touka M . Ilo-
nox6aTa Ha OOJIBUTE Ke ja onpeaenMe cO KOOPANHATHTE BO OTHOC HA KOOP-
AMHATEH CUCTEM Ha fjajieHaTa npasa. Heka Sy e 36MpOT Ha KOOpAMHATHUTE Ha
n—Te 60JBH MOCie K —OT CKOK, a @, € KOOpIWHAaTaTa Ha HajaecHaTa OoiBa
nocne k—or ckok. JacHo, S, <nwy . Ke jokaxkeme nexa mms3ata {wy} e

orpaHHYCHa.
Heka npu (k +1) —oT ckok 6oaBata off Toukata A ja MpecKoKHyBa (GoiBaTa

BO Toukata B m mafa Ha Toukata C . Kooppunatute Ha Toukute A,B u C
lla TH O3Ha4mMe co a,b m c, coomserHo. Torami, Sy 3 =Sk +C—a, a cropey
MPaBUJIOTO 32 MPecKOKHyBawe umame C—b=A(b—a), mrTo e eKkBUBaIeHTHO

Ha A(c—a)=(1+A4)(c—b). Cnopen Toa, Sy, —Sk :C—a:ﬁ(c—b). Hexka
€ > wy . Toram, wy,1 =C ukKako b <@, nobuBame

__A A
Sk41 —Sk =157 (€—0) 275 (041 — ) -
ITocnenHOTO HEpaBEHCTBO € TOYHO M Kora C<@y, Oupejku mpurtoa

W4 =K 1 Sgyq —Sk =Cc—a>0. Cera aa ja pasriename HU3aTa

Zk :%[{)k —Sk, k :0,1,2,... .

Op mpeTxofHaTa OLEHKa ClefyBa, fieka Zy,q —Zx <0, T.e. pa3riegyBaHaTa

HHU3a He pacTe M 3aroa Zy <Zg, 3a cekoj k. On ﬁ,<n% crefyBa JeKa

1
1+ A>nA, ma 3artoa z, =(N+ x)wy —Si, Kajge ,u:%—n>0. Cropep Toa,

Zy = poy +(Noyg —Si) = U@y OFHOCHO Wy S%“S%,m cekoj k. 3Haum, {w }

€ orpaHMYeHa M NPUTOA HEj3MHATAa OIPAHUYEHOCT € JJOKaXkaHa 0e3 pas3liuKa
Ha n30paHaTa cTpaTeruja Ha MPecKOKHYBamE.

(Yurapuja). Mafuonndap pacnosara co 100 kapTu, HyMepHupaH co 6poeBHU-
te of 1 ;o 100. Toj rm craBa KapTuTe BO TPpU KyTUU: IIPBEHA, Oejla ¥ CHHA Ta-
Ka, LIITO BO ceKoja KyTHja uMa 6apeM 1o eHa Kapra.
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Yogsexk op myOnukaTa n301Mpa ABE Off TPUTE KYTUM, Bal Off KYTHUTE II0 e[{Ha Kap-
Ta ¥ rO COOMINITYBa 30MPOT HAa OpoeBUTE Off M3BaficHNTe KapTh. [lo3HaBajKu T0O
30MpOT, MafHOHUYAPOT ja ONpefeslyBa KyTujaTa, Off Koja He € U3BajieHa KapTa.
Ha xosKy pa3nudyHu HauuHA MOXKE fa ce paclnopefaT CUTe KapTH BO KyTHUTE
Taka, MITO MAafMOHNYAPOT CEKOTralll fia € ycnemieH?

(IBa pacmopenu ce cMeTaaT 3a pa3iMYHM, aKO OapeM efHa KapTa € BO pas-
JIUYHU KyTHH. )

Pemenne. [Ja ru o3Haunme tpure Kytun co A, B u C u ga ru pasrnegame
pacrnopefuTe Ipyu KoM MarHOHMYAPOT € YCIIeIIeH.

Ips cayuaj. [Tocrou i Takos mTo i,i+1,i+2 ce Bo pa3nuunu kytuu. Heka
icAi+leB mi+2eC. Op paBencrBoro i+ (i+3)=(i+1)+(i+2) cmemysa
meka Tpeba i+3€ A. Ananorno, i+4€B u i+5e€C. Cnopen Toa, ako
1le A,2eB u 3€C, Toramr A ru coapxu 6poeBute o oonuk 3k+1, B ru
conpxu 6poeBute of o6k 3k+2 u C U coppsku GpoeBute o o6auK 3K .
JacHO, mpuM BaKOB pacmopen MarfMOHWYapoT € YCIeHIeH M NMPHUTOoa NMaMe
BKynHO 3!=6 pa3nuyHU pacrnopenu.

Brop ciyuaj. Heka He nocrojaT Tpu nocaefoBaTeIH! GPOEBU KOU CE BO pas-
JNYHU KyTHH. be3 orpaHmdyBame Ha ONIITOCTa MOXKEME [a 3eMeMe JeKa
le A u Heka i e HajManuoT Opoj Koj He € Bo A. be3 orpaHmuyBame Ha

OMIITOCTa MOXeMe fla 3eMeMe Aeka | € B. Heka najmanuot 6poj Bo C e K.
Bunejkn i-1e A u ieB, cnopex mpernocraBkara He cMee i+1eC. Ke
pmokaxeme, neka k =100. [Ja npetnoctaBume, feka k <100. Op paBeHCTBOTO
i+k=(-1)+(k+1) cnegyBa meka k+le A. Ho, i+(k+1)=(i+1)+k, nma
3aToa i+1eC, mwro e nporuBpevHocT. Crnopep Toa, k =100. Ke TOoKaxkeMe,
meka cekoj t=23..99 e Bo B. Heka mpermocraBuMme JeKa NOCTOH
te{2,3,...,.99} TakoB mro te A. Cera of paBeHCTBOTO t+99=(t—-1)+100
cienyBa fieka t—-1e€C, mro e npoTtuBpedHocT. JlecHO ce mpoBepyBa, feKa
OpH BaKBHOT pacrnopef MafHOHMYApOT € yCIEIIeH. JacHO W BO OBOj ClIyuaj
nMame BKynHoO 3!'=6 pacnopepu.

KoneuHo, BKyTHHOT 6poj Ha pacopenyu Npy KON MafMOHIMIApOT € ycreleH e 12.
(Pycuja). [lanu nocrou mpupofeH 6poj N Taka, mTo N pa uma TouHo 2000
pasmuuH npocTH fenutenu u 6pojor 2" +1 1a ce gemu co n ?

Pemenne. [IpBo Ke ja fokaxkeMe ciaeffHaTa JieMa.

Jlema. 3a cekoj mpupojeH O6poj N>2 mocTom HWpPoCT OpOj P TaKOB IITO

p|n3+1,Ho pfn+1.
HOKEB. Heka NpETIOCTaBUME J[I€Ka IMOCTOU n>2 3a KOj TBPACHKHETO HE €

TouHO. Bupejku nd+1= (n +1)(n2 —n+1), Toa 3HauW, leka ceKoj mMpocT OPoj

2 _n+1 e menurea u Ha n+1. Ho,

n? -n+1l=(n+Y(n-2)+3

nm3 3aTtoa p|3, T.e. p=3. Cnopen Toa, 3|n+1 m kKako n+1=n-2(mod 3)
2

P, KOj € genuTen Ha N

nobuBame nieka 3|n—2. Cropen Toa, 9 | n? -n+1 mkako n% —n+1 e cremnen
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2

Ha 3 3akiydyBaMme fieka N“ —n+1=3, mTo He e MOXKHO OHAejKU 3a CEeKOj

n>2 paxu N2 —n+1>3. ¢

ITa ce BpaThMe Ha 3aauaTa. Ke joKakeMe MOOMIITO TBPJIEHE, IEKa 32 CEKOj
npuposieH 6poj k mocrom n co k mpoctu menmrenm Taka, mro n|2" +1.
Jloka3or Ke ro cmpoBefieMe co MHAYKIMja 1Mo K .

3a k=1 goBomHo e ja 3ememe n=3. [lomatamy fla momymTume, feKa 3a
HeKoj k >1 mocrom 6poj n of o6auK N = 3't, kage 121 u 3 ft, TakoB, mITO

22“

n|2" +1. Ho, Toram n e HemapeH 6poj ma 3atoa 3| -2"+1. On gpyra

crpana 25" +1= (2" +1)(2%" - 2" +1) u3aroa 3|2°" +1. O HpeTXORHO KOKa-

23]’1

>KaHaTa JieMa cleflyBa jieka MOCTOU MpocT Gpoj P TakoB, MITO P | +1ln

p)2" +1. Cera 6pojor 3pn T ucnonHyBa Gapamarta 3a K+1, co mTO

UHYKTUBHUOT JJOKAa3 € 3aBpIILEH.
(Pycmja). Heka AH;,BH,,CH3 ce BucuHHTE BO OCTPOAroJHUOT TPUATOIHUK

ABC . Bnimmanata KpyHuna Bo TpuaromHukor ABC rum ponmpa HETOBHUTE
crparu BC,CA, AB Bo Toukute Ty,T,,T3, coomBeTHO. [IpaBute li,l,,13 ce
CUMETPHUYHU CIMKU Ha mpasute HoHg,HgHq, H{H, Bo monoc Ha mpasute
T,T3,T3T1,T4To, coomBeTHO. [lokaxkm pmeka mpasute lq,l5,13 dopmupaar

TPUATOJIHU CO UYMW TEMHIhA JIEXKaT Ha BNMIIIAHATA KPY>KHWIIA HA TPHATOJHU-
kot ABC.

Pemenne. Hexa npasata BC ru

ceye npasure HoH3z m T,T3 BO

Toukute E m D, coogBeTrHo. bu-

nejkn ZHoH3A=~ZC e HagBOpe-

meH 3a ABEH 3 go6uBame
ZBEH3 = ZB-ZC].

= 2y r " Op apyra cTpaHna

S 0
H3 ZT2T3A _ 180 2—ZA — ZB-;ZC

Ha u ¢ HajsopemeH 3a ABDTj3, ma

- % . oGu-

B T c BaMe JeKa LBEH3:%LBDT3,

3atoa /BDTj

Lpr. 1 o wTo crefysa neka |y ||BC.

AHaIOrHO ce JOKaXyBa [E€Ka
I, | AC u I3 || AB.

ITonaTtaMy Ke fmokaxkeMme, fieKa cUMETpUYHaTa CilIMKa Ha H, BO ofiHOC Ha
nmpaBaTa T,T3 nexn Ha cuMmeTpanata Bl Ha arosmor npu TemeTo B, kape |
e IEHTAapoT Ha BOMIIaHaTa KpyxkHuia. Heka mpaBata Hu3 H,, Koja e

HOpManHa Ha T,T3, ja ceue Bl Bo Touka P, a S e mpeceyHaTa Touka Ha
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T,T3 co Bl . loBomHO € fma mokaxkeme, peka ZPST, = /H,ST,. Nmame
/PST, = Z/BST3. Ho, £T,T3A e HapBopeweH 3a ABST3, ma 3aToa

£BSTy = (90> -1 zn) -1 sB=1,C.
On apyra cTtpaHa, 6uniejku T; u T3 ce cuMeTpU4HHU BO OoffHOC Ha Bl Baxku
«/BST3 = Z/BST;, nma 3aTtoa «/BST; :%LC = ZICT;. Op noCIefHOTO paBeHCT-
BO ClIeflyBa fleKa okoiy yetnpuarodHukor IT{CS Moxe fa ce onumie Kpyxk-
auna. Ho, Toramr ~/BSC :900, ounejku IT;1BS. Toa 3Haum fleka U OKOJNY
yetupuaromrHukoT BCH,S Moxke ma ce onmia KpyskHuUNa co gujamerap BC .
Toram, /PSH, =/BCH, =ZC u xako ZPST, :%LC poOuBaMe Jeka
ZPSTy = ZH,ST5.
Cera na 3abenexume, fieka OuiejKu oKoay yetupuarognukor BCH,S moxe
Jla ce OonmIle Kpy>KHuIA, foonBame £SH,T, =%LB , ma 3aToa ZSPT, =%LB .
ITonatamy, Heka M{,M, u M3 ce cumerpuunute cnuku Ha 19, To u T3 BO
ofgHOC Ha cuMeTpanute Ha araute Al, Bl u Cl , coogsetHo. JacHo, M1, M, u
M3 nexat Ha Bnuinanata kpyxHuna. IIpuroa ZSPM, = ZSPT, :%LB on
LITO clleflyBa fieKa npasata PM , e mapanenna Ha nnpaBata BC . Ho, mpeTxonHO
mokaxkasMe feka |q || BC mkako P el; noouBame feka PM, u |; ce coBnaraar,
T.. |{ MuHyBa HU3 M , . AHAJIOTHO ce JoKaxKyBa fieka || MuHyBa HU3 M 3.
Co aHanoruu pa3muciyBama 3a npasure |, u |3 ce gokaxysa geka npasute |y,

I, u I3 ce cedaT Ha BrMIIaHAaTa KPY>KHHULIA.
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