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XXIV Regional competition of mathematics for secondary school 
03.03.2001 year 

 
I class 

1. AB  Prove that the product of  four following natural numbers :  
a) Is divisible by 24 ;                 b)  is not a square of any natural number 
Solution. (a) Let 3,2,1,  nnnn  be four following natural numbers.  

Hence, their product )3)(2)(1(  nnnn has at least two even numbers, one 
number divisible by 4 and at least one number divisible by 3. Hence, that number is 
divisible by 432   = 24 . 

b) From 
1)13(11)3(2)3(

)23)(3()3)(2)(1(
22222

22





nnnnnn

nnnnnnnn
 

 it follows that the product is not a square of any natural number n . 
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1  . 

The equality holds for ca  . 
2.B   Mile and  Zlatko were writing their homework. Ana came to their house and 
asked them about the subjects of their homework. They gave her these answers: 
       Mile: "If I am doing math then  Zlatko is doing Macedonian language and 
literature". 

Zlatko:   " I am doing Macedonian language and literature or Mile  is not  doing 
math". 

Then Ana thought for a while and said: "Either both of you are telling the truth or 
both of you are not telling the truth". 
Is Ana  telling the truth ? 
Solution. Let us denote with  p and  q  the following statements: 

 p : "Mile is doing math   ". 

 q : "Zlatko is doing Macedonian language and literature ". 
The formula  qqp ()(  )p  is tautology. Hence, Mile and Zlatko either 
both  are telling the truth or both  are not telling the truth. So,  Ana is telling the 
truth. 

 
3.A Let H be the orthocenter  of the triangle ABC . Prove that the circumcircles of 
the triangles BCHABH ,  and CAH  have equal radiuses. 
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Solution. Let 1k  and 2k  be the circumcircles of the triangles ABH  and  

BCH  respectively and let HL  and HM  be the diameters of 1k  and 2k  respectively 

(see the picture). From  HBMHBL o  90 , it 
follows that MBL ,,   are collinear.  
(1) HABHLB  , as the peripheral angles over the 
arc HB  of the circle 1k  

(2) HCBHMB  , as the peripheral angles over 
the arc HB  of the circle 2k . 

The right triangles 1HAC  and 1HCA   are similar, so  

(3) 11 HCAHAC  , i.e.  HCBHAB  . 

From (1), (2) and (3) it follows that 
HMBHLB  , i.e. HMLHLM  . Hence, the 

triangle LMH  is isosceles triangle, so, HMHL  .  
 
3.B Let r and 2r are the radiuses of two concentric circles. Prove that the angle 
between the tangents in any point of the circle with radius 2r to the other circle is 

o60 . 
Solution.  Let AB  and AC  be the tangents in the point 

A . From the right triangle OAB we have OBOA 2 , 

so, oOAB 30 . Analogously, we have oOAC 30 , 
so,  oBAC 60 . 

 
 
 

4.AB  Determine the biggest natural number that is less than the value of the 

expression 
    

rootsroots 2001

3 3 3

2001

6...666...66  , knowing that    8,163  . 

Solution.   From 4,26   and 8,163   it follows that  

                       3 3 33 6...666...66662,4   

                                   On the other hand we have that: 

336...666...66     

                                   226...666...66 3 3 33 3 3      

                                  56...666...66 3 3 3  .  

                                   So, the number we are looking for is 4 . 
 

 
II class 

1.A Let a  and b  be the solutions of the equation 0832  dcxx , and c  and d  be 
the solutions of the equation 0832  baxx . Determine the sum  dcba  , if 

dcba ,,, are different real numbers.  
Solution. From the Viet formula it follows:  

A

B

C

O

C1

A1

B1

M

k

k

1

2
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 cba 3 , adc 3 , dab 8 , bcd 8 . 
If we add the first two equations we have  cadcba  3 . From the same two 
equations we have: acb  3 , cad  3  and if we replace them into the other two 
equations we have: 
                                       )3(8)3( caaca  , )3(8)3( accac   . 

If we subtract these two equations we have: )(3222 acac  . 

From ca  , it follows that 32 ca . Hence, 96323)(3  cadcba . 

1.B The formula   121 2  kkxxky ,  1\ k  determines the set of 
parabolas 

a) Determine the geometric set of the apexes of  the parabolas ; 
b) Solve the equation:   0121 2  kkxxk . 

Solution.  a) Let  yxT ,  is the apex of the parabola   121 2  kkxxky . 
Then 

                           
1

1
1

1 





kk

k
x , 

1

1




k
y . 

If we eliminate k  from the equations above then the equation of the geometric set of 
points is: 1 xy . So, the geometric set of the apexes of  the parabolas is a line. 

b) From   4144 22  kkD , it follows that 11 x , 
1

1
2 




k

k
x . 

2.A Determine all triplexes (x,y,z) of real numbers that satisfy the system of 

equations:    3 yx ,      3 zy ,         3 xz . 

Solution. yzyx  , zxzy  , xyxz  . Let yx  .  

Then 0 yz  i.e. yz   and 0 zx , i.e. zx  . It follows that xy  . So, 

yx  . Analogously we have zx  . So, zyx  .  

Now, it remains to solve the equation: 3 xx ,  i.e. xx  3 ,  where  3,0x .  

      Its solution is: 
2

137 
, so, the solution of the system is:  








 
2

137
,

2

137
,

2

137
. 

2.B    Determine all triplexes (x,y,z) of real numbers which satisfy the system of 
equations: zyx  ,   zyx  22 ,     zyx  33 . 

Solution.  With squaring and raising to the third power the first equation we 
have: 

                   222 2 zxyyx  , 22 zxyz  ,  zzxy  2

2

1
    

  333 3 zyxxyyx  ,    32

2

3
zzzzz  ,      021  zzz . 

      If 0z , then 0 yx  ,  0xy , so, the solution is  0,0,0 . 

      If  1z , then 1 yx  , 0xy , so, the solution is   1,1,0  and  1,0,1  . 

      If  2z , then 2 yx  ,  1xy , so, the solution is  2,1,1 . 

Hence, the solutions of the system are:  0,0,0 ,  1,1,0 ,  1,0,1  and  2,1,1 . 
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3.AB  Let u be a complex number. Determine all complex numbers z , such that  

z

zuu




1
 is a real number. 

Solution.  The complex number a  is a real number if and only if  aa  . We 
have that 

                                    














z

zuu

z

zuu

11
,                 

z

zuu

z

zuu








11
 

                                     zuzzuzuuzzuzuzuu  ,         01  zzuu . 

     If u  is a real number then uu  , so the solution is every {1}\z  . 

     If u  is a complex number then the solution is every  {1}\z  such that 

1z . 

 

4.AB Let ABCD be a rectangle. Let  BC  be the tangent in the point N of the circle 
 111 , ROk  which passes through the points  A  and D   and  let CD  be the tangent  of 

the circle   222 , ROk  which passes through the points A  and B .  If ABa  , ADb   

then prove that  baRR 
8

5
21 . 

Solution. Obviously N is the middle point of the side BC . Let M  be the middle 
point of the side AD . From the right triangle DMO1  it follows 

that:  2
1

2
2

1

22
1 2

Ra
b

MOMDR 





 . 

 
 
 
 
 
 
 
 
  
 

 

Now,  
a

ab
R

8

4 22

1


 . Analogously, 

b

ba
R

8

4 22

2


 .     

       
8

5

8

32

8

3

8

44 222323

21

ba

ab

ababba

ab

abbaba
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ababab
RR













     
III class 

1.AB  Solve the inequality:     2lg205lg xxxx  .                                                                 

Solution. From   xxxxx 5lg5lg2lg10lg2lg   it follows that   

  xx x 5lg205lg  . Then xxx xx 5205,0205  . So the solution is every 

20x . 

A B

CD

OM N

R
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2.A   Prove that for arbitrary  ,  and   at least one of the numbers: cossin , 
cossin , cossin  is not bigger than  2

1 .  

Solution. Let us assume the contrary i.e. let each of these numbers be bigger than 
2

1
. 

Then  

8
1

2
1

2
1

2
1cossincossincossin  ,

8cossin2cossin2cossin2 8
1   , 12sin2sin2sin  , which is not 

possible because 12sin2sin2sin   .  

2.B  Solve the equation:   xxx 22 cos22sin22sin  . 

Solution. If 0cos x , then 0cossin22sin,1sin 2  xxxx , so the equation has 
no solution.  
So, 0cos x . If we divide the given equation by x2cos  then 

02222 2  tgxxtg ,    02221  tgxtgx . So, 1tgx  or 12 tgx . 

Solutions of these equations are: 
kx 

41 ,   
mx 

82    mk, . 

3.A The edges ACAB ,  and AD  of the tetrahedron are ABCD  are diameters of the 

balls ABT , ACT  and ADT . Prove that these tree balls cover the tetrahedron. 

Solution.  Let AH  be the perpendicular line to the face 

BCD  of the tetrahedron. Let HMHL,  and HK  be the 
perpendicular lines to the sides DCBD ,  and CB  of the 
triangle BCD .  We have to prove that each of the 
pyramids ACKMABKL ,  and ADML     is covered with 

the balls  ABT , ACT  and  ADT , respectively.  

 From the construction of the pyramid ABKL  it 
follows that oAHBALBAKB 90 , and that's 
why the points LHK ,,  belong on the sphere ABS . So, 
the segments BHBL, , BK , AHAL,  and AK  are in 
the ball and that's why the triangles AHKAKB ,  and ALB  and the quadrilateral 

BLHK  are in the ball ABT . Hence, the pyramid ABHKL  is covered by the ball ABT .  
 
3.B The radius R of the circumcircle and the radius r of the incircle in the right 
triangle ABC are related as 2:5  , respectively. Determine the acute angles of the 
triangle. 
Solution. We use the notation as on the picture. From RAB 2 and 







 











2222

ctgctgrctgODctgODDBADAB  it follows that 







 





22

2 ctgctgrR . Hence,   5
2

5
22

22






r

R
ctgctg  .                                  

 From the right triangle ABC  it follows that o90  i.e. o45
22






. From the 

equation  






A

B

C

D

K

L

M
H
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1

22

1
22

22



















 




ctgctg

ctgctg
ctg , it  

follows that 6
22



ctgctg  . Let  .The solutions of the system of equations:  

 5
22






ctgctg , 6

22



ctgctg   are 3

2



ctg  and 2

2



ctg . 

Hence "48'075322,"12'523632 oo arcctgarcctg   .    

 

4.AB  Let dADcCDbBCaAB  ,,,  be the 
sides of a convex quadrilateral, s  be the half 
perimeter, and 2  be the sum of its opposite angles. 
Prove that its area is 

      2cosabcddscsbsasP .  

Solution. Let  2  (see the picture). Then  

  sin
2

sin
2

cdab
PPP ACDABC   i.e. 

 sinsin2 cdabP . By raising to the second 
power the last equation we have: 

 sinsin2sinsin4 2222222 abcddcbaP

. If we put  22 cos1sin ,  22 cos1sin  in the last 
equation we have: 

      sinsincoscos12coscos4 222 abcdcdabcdabP
.  
If we put  2cos22cos1 , in the last equation we have  

: 

                            2222 cos4coscos4 abcdcdabcdabP .                         
(1) 

Let eAC  . From the cosine theorem for the triangles ABC and ACD  it follows that:  
    cos2222 abbae ,  cos2222 cddce . 

If we subtract these two equations we have:  2222

2

1
coscos badccdab  . 

If we put this equation in  (1) we have   

     22222222 cos4
4

1
4 abcdbadccdabP   ,  i.e.  

      22 cos4
4

1
4 abcddcbadcbadcbadcbaP

 











 22 cos
2222

abcd
dcbadcbadcbadcba

P          

From   s
dcba



2

,  it follows that :  

                                2cosabcddscsbsasP       . 





e

A B

C

D





2

2

D
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IV class 
1.A In the infinite arithmetic series of integer numbers, one of the terms is a square 
of  natural number. Prove that this series has infinite terms which are squares of 
natural numbers. 
Solution. Let )( na  be an infinite arithmetic series of integer numbers with difference 

d . If 2m , m  is a term of  )( na  then  )2()( 222 dkmkdmkdm   is also a 

term of )( na .  

1.B The binomial coefficients on the second, third and fourth member in binomial 

expansion of the bynom  nx1  are terms of arithmetic series. Determine n . 

Solution. From 


































2312

nnnn
 it follows that 01492  nn . Solutions of 

this equation are 71 n  and 22 n , but the only solution of the problem is 7n . 
 

2.A Solve the inequality     61

1

1212
x

x

x






 . 

Solution. From   12
12

12

12

1
12

1











, it follows that        

                                                        61

1

1212
x

x

x

 



 . 

Now 
61

1 x

x

x





 , i.e.     0
16

66 2





x

xxx
. 

 If 0x , then   0
16

65 2





x

xx
, i.e.  

  
  0

16

32





x

xx
. Hence     ,32,0x . 

 If 0x , then   0
16

67 2





x

xx
, i.e.  

  
  0

16

61





x

xx
. Hence 

   0,11,6 x . Finally       ,32,11,6x . 

2.B Sides of the angle are tangents of 
circles as it is shown on the picture. 
Determine the sum of: 
a) perimeters   b) areas of all circles. 

Solution. Let 1rAM  , rBN  , aOM  , 

bMN  . From the similarity of the 
triangles OBN  and OAM  it follows that 

a

ba

r

r 


1

. On the other hand 
a

r1030sin  , 

so 12ra  . Hence 






 
















 

1

1
1

1
11 2

1
2

11
r

rr
r

r

b
r

a

b
rr  i.e. 

31

r
r  .  

Analogously 
93

1
2

rr
r  , etc. 

a) The sum of the perimeters is   rr
rr

rrrr  3
2

3
2...

93
2...2 21 






  . 

O A
B

M

N
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O

A
B

a

b

P

b) The sum of the areas is 

  22
4

4

2

2
22

2
2

1
2

8

9

8

9
...

33
... rr

rr
rrrr  








 . 

3.AB  Let  rOk ,1  and  ROk ,2  be two concentric circles, Rr  , and 

let OP  be an interior point of 1k . Half-straight line l with the initial 

point P intersect the circles 1k and 2k  in the points A  and B respectively. Prove that 

the length of the segment  AB has the biggest value if half-straight line l is 
perpendicular to OP .  

Solution: Let us put the circles 1k  and 2k  in the 

coordinate system with origin of coordinates in 
O .WLOG if we assume that P  is on the  y -axis. If 

OPd  ,  then the equation of the half-straight line l   is 

0,  xdkxy  ( WLOG if we assume that 0x ). If 

 AA yxA ,  and  BB yxB ,  then 222 ryx AA   and 

dkxy AA  , 0Ax . From these two equations it 

follows that   021 2222  rdkdxxk AA . From 

dr   it follows   01 222  drk , so the equation has 

two real solutions. From dr   it follows that    2222 krdrkd  , i.e.  

    2222 1 drkkd  . Because 0Ax  we consider the 

solution:
 

2

222

1

1

k

drkkd
xA 


 . Analogously 

 
2

222

1

1

k

dRkkd
xB 


 . 

Hence dkxy AA  , dkxy BB  , so the distance between the points  AA yxA ,  and 

 BB yxB ,  is:      
2

2
2

2

2
2

22
22

11 k

d
r

k

d
R

rR
yyxxkD ABAB








  

This  expression reaches its maximal value if the 
inominator is minimal i.e. if  

0k . Hence, l  is perpendicular toOP . 
4.AB Rectangle ABCD is intersected with m -
lines that are parallel to the side AB  and with 
m -lines parallel to the side BC . Determine the 
number of the rectangles construct in this way. 
Solution: There are 2m  horizontal lines, 

including the lines AB andCD , and the same number of the vertical lines. Every two 
horizontal lines are determining one rectangle. The number of such rectangles is 








 
 2

22
2

m
C m

. The number of the rectangles determine from the vertical lines is 

also 






 
 2

22
2

m
C m

. Hence, the number of all rectangles is 

   
4

12
2

2 222









  mmm
. 
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XLIV  Republic competition of mathematics for secondary school 
 Strumica,  31 III-2000 year 

I class 
 
 
1. Is it possible for the natural numbers from 1 to 1991 to be written in series such that each 
number can be written twice, so that on the second time writing number k ,  1991,...,2,1k  will be 
exactly k  places after the first writing?  

Solution. Let us assume that this is possible. Then, number  1991,...,2,1k  is on the km -th 

and on the ( kmk  )-th position. Then   

        1991...213982...21 199119912211  mmmmmm  

  1983036...27930153 199121  mmm  

 199121 ...25947117 mmm   

 
which is a contradiction. So, that kind of writing is impossible. 
 
2. The circles 1k  and 2k  have an outside common point L (see the picture). The distance from  L  

to the common tangent t of 1k  and 2k  is equal to 1. 

If 1r  and 2r  are the radiuses of the 1k  and 

2k respectively then prove that  2
11

21


rr

.  

 Solution. WLOG let us assume that  21 rr  . Let 

A  and B  be the common points of l  with the circles 1k  

and  2k  respectively. Let 2BOM   be the  point such 

that  21|| OOAM  and let  F be the intersect point of the 

segments LC  and AM . Triangles AFC  and  AMB  are similar so AMAFMBFC ::   i.e.  

 21

1

12

11
rr

r
rr

r


   

Hence 2
12121

2
121 rrrrrrrr   i.e.  2121 2 rrrr  .  

 

3. Let  srqpba ,,,,,  be the natural numbers such that  1 psqr  and 
s

r

b

a

q

p
 .  

Prove the inequality: sqb  . 

Solution. From the inequality 
b

a

q

p
  it follows that 0 bpaq . Because   bpaq   it 

follows that    1bpaq .        (1) 

                  From the inequality  
s

r

b

a
  it follows that 0 asbr . Because   asbr     it 

follows that      1 asbr .          (2) 
Than          bpaqsasbrqbpsqasqasbqrbpsbqrpsqrbb  . From (1) and 
(2)  it follows that  sqb  . 
 
 
 
 

l

A BC

F M

L
1O

2O
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4. Let P be a point on the bisector of the right angle at the point C. Let l be a line through P and let 

A and B be the intersect points of the line l and the sides of the right angle. If ACa   and BCb   

then prove that the value of the  expression 
ba

11
  doesn't  depend of the position of the line l .  

 Solution. Let PK  and PL  be the perpendicular lines through 
the point P on the sides AC  and BC  respectively. Then the triangles 

AKP  and PLB  are similar, so  

 
LB
PL

KP
AK    

i.e. hb
h

h
ha


  , where LPPKh  . From hb

h
h

ha


  ,  it follows that    

bhahab   i.e. 
bah

111
  

The fact that the number h  doesn't depend of the position of  the line 
l lead us to the conclusion.  
 

 
II class 

1. Determine all complex numbers which satisfy the system of equations:    ,12519 wz     175 wz ,      

244  wz . 

Solution. From 175 wz  it follows that 12115 wz , so 1
2115

2519


wz

wz
 i.e. 144 wz . From the last 

and the third equation of the system we have that 4z  and  4w  are the solutions of the equation  
0122  tt , i.e.  144  wz . Now 3751 zwwz   i.e.  wz  . The solutions of the system are 

 1,1 ,  1,1  ,  ii ,  and  ii  , . 
 
2. If cbxaxxf  2)(  is a function such that  1)( xf  for 1x , then prove that 2a . 

Solution. We have: 
  cf )0(    1c , 

 1)1(  cbaf  and 

   11  cbaf . 

2421122)()(2  accbacbaccbacbaa . 

 
3.If  S  is the incentre of the triangle ABC , and D is the intersect point of the line  AS  and the 

circumcircle of the triangle ABC , then prove that  DSDCDB  . 
 

 

Solution. D  is the middle point of the arc BC , so DCDB  . 

 We have: 
2


 DACDBC , 

     BCACBDSBCBDSSBDDSB oo 180180
 

SBDo 








 







222
180 . So, the triangle SBD  is 

isosceles and  DSDB  . 
 
 

A

B
C

P
a

b l

K

L

2



2



2



2



2



S

A

B

C

D
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4. Let A  be the set of all  7 - digit numbers with different digits  6,5,4,3,2,1  and 7 . Prove that 
there are no two numbers in A  such that one of them is divisible by the other. 
Solution. Let us assume the contrary i.e. let  Aba , , are such that  2,  kbka . 

From 7
1234567

7654321
k ,  it follows that  6,5,4,3,2k . From  287654321  , it 

follows that each number can be written as 13 l ,i.e. each number is not divisible by  3 , and that's 
why they are not divisible by   6 .  So 3k  and 6k .  
I case: 2k . If ba 2  then  bba 3 . But ba    is not divisible by  3, so 13  sa  and 

13  pb . So 2k .  
II case:  5k . If ba 5 , then bba 6 . But ba    is not divisible by  3, so 5k . 
III case:  4k . If   ba 4 , then  bba 3 . But  ba     is  divisible by   9 , so mba 3 . Now it 
follows that  bm 3  which is impossible. So 4k .  

 
III class 

1. If 1a , 1b , 1c  then prove the inequality  
27

1
logloglog3  cba aaabc . 

Solution. From 0log,0log,1log  cba aaa  it follows that  

3 logloglog
3

logloglog
cba

cba
aaa

aaa 


, i.e. cbabc aaa loglog27log3  . 

 
 
2. Let M be an inpoint of the triangle ABC  and let   1ABCAM  ,  1BCABM   and 

 1CABCM  . Prove the inequality  6
111


MC

CM

MB

BM

MA

AM
. 

 Solution.  Let S  be the area of the triangles ABC  and 321 ,, SSS  be the areas of the 

triangles MABMCAMBC  ,, respectively. From the 
fact that the triangles ABC  and MBC  have the same base 

it follows that 1321111 :)(:: SSSSSSMAAA   i.e. 

1

3

1

2

1 S

S

S

S

MA

MA
 . We can conclude by the analogy that 

2

1

2

3

1 S

S

S

S

MB

MB
  and 

3

2

3

1

1 S

S

S

S

MC

MC
 . So,  

 

      6222
3

1

1

3

2

3

3

2

1

2

2

1

3

1

1

3

2

3

3

2

1

2

2

1

111





























S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

S

MC

CM

MB

BM

MA

AM
 

 
 
3. Prove that if the inequality   13coscos  xbxa  has no solution then 1b . 

Solution. If  xbxaxf 3coscos)(   then 1)( xf  for every  x .   

  1)(  baf , 1)0(  baf  so 1 ba . On the other hand 1
23







  b

a
f  and 

1
23

2







  a

bf , so 1
2

 b
a

, i.e. 22  ab . Now 

  121
3

1
)2(

3

1
2

3

1
3

3

1
 abbaabbabb . 

A

A

B

B

C

C

M
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4. Two pyramids have a square for a common base. The pyramids are on the same side of the  
square. Their heights pass through the middle points of the two opposite sides of the square and 
their length is b . Determine the volume of the figure that is common for the both pyramids. 

Solution. Let ABCDE  and ABCDE  are the given pyramids. From the rectangle ABEF it 
follows that M is the middle point of the segment AE . Similarly, N  is the middle point of the 

segment CF . So, aAB   and the length of the heights in the triangle 'ABM from 'M  is  
2

b
. 

On the other hand MN   is the median of the triangle ADE , so 
2

a
MN  . Now it follows that 

4
''

a
MNMM   and  

ba
babaab

aa
b

aVVV CDNNNABCDMABCDMN
2

22

''' 24

5

244422

1

3

1
2

22

1
2  . 

 
IV class 

1. Determine the minimum value of the expression: 
yzxy

zyx


 222

 , if 0,0,0  zyx . 

Solution. From xyyxyx 2
2

1
2

2

1 2222   and yzzyzy 2
2

1
2

2

1 2222   it follows that 

2
222

1

2

1 2222
222














 






 





yzxy

yzxy

yzxy

zyyx

yzxy

zyx
. For 1,2,1  zyx  we have 

2
1221

121 222





. Now, the minimum value of the expression 

yzxy

zyx


 222

 is 2 . 

 
 
2. Determine a right triangle for which the angle 

between the median lines to the legs has a 
maximal value. 

 
 

A B

CD

EF

N

M

A

BC

D

M’N’ MN

at

bt





at

bt T

CA

B

E

D
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 Solution. Let  aBCbAC  , . From the cosine theorem for the triangle ADT  it follows 

that 
222

cos2 ADDTATDTAT  , i.e.   

43

1

3

2
cos

9

4 222
b

BDAEBDAE 












 .                         (1) 

If we put 
4

2
22 a

bAE   and 
4

2
22 b

aBD   in (1) we have 

    222222

9

2
cos44

9

1
babaab  , i.e.  

)4)(4(

)(2
cos

2222

22

baab

ba




                                             (2) 

Now,  

)4)(4(

3
cos1sin

2222

2

abba

ab


                                                               (3) 

From (2) and (3) it follows that 
22

3

c

ab
tg  . If we put  cos,sin cbca  in the last equation we 

have  2sin
4

3
tg . Maximum value of tg  can be reached for 12sin  , i.e.   for 

4


 .  So, the 

triangle we are looking for is isosceles right triangle. 
 
 
3. Determine all positive values of parameter a ,for which all negative solutions  x of the equation 

     xaxa 514cos38cos  form an increasing arithmetic series. 
 

Solution. Let us write down the equation (1) as       0514cos38cos  xaxa ,i.e. 
       

0
2

51438
sin

2

51438
sin2 







xaxaxaxa
. The given equation is equivalent with 

the system of equations 
   
   






nxaxa

kxaxa

251438

251438
,  i.e. with system 

 
 






nxa

kxa

43

111
. From 

0a  it follows that 0111 a  and 043 a . Hence, 
111 




a

k
x  or 

43 



a

n
x . Let us denote by 

111 



a

k
xk  and by

43 



a

n
xn . From 0x  it follows that ...,2,1,0, kn , so  kx  and  nx  are two 

increasing arithmetic series with first term  0  and differences 
1111 




a
d  and 

432 



a

d  

respectively. 
Now we’ll prove the following proposition: Numbers kx  and nx  form an increasing arithmetic 

series if and only if :for 21 dd   there is  m such that 12 mdd  ,or for 12 dd   there is 

m such that 21 mdd  . 

Proof: Let 21 dd  . Than 1d  is the second term of the new arithmetic series (the first one is 0 ). 

From 
43111 







aa
 it follows that the difference of the new arithmetic series is 1d . But 2d  is the 

term of that arithmetic series, so, there is m such that 12 mdd  .  

Contrary, let m  is such that 12 mdd  . Hence,  12  nmdxn  and every term of the series  nx  

is the term of the series  kx . So, the series we are looking for is  kx . 
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The proof is analogous for 12 dd  . 

Now, let 21 dd  . There is m such that  12 mdd  , i.e. 
11143 







a
m

a
 from where it follows 

that 
m

m
a

311

14




 . From m  014 m ,  03110  ma , so, 
3

11
m . Hence,  3,2,1m  

and the appropriate values for  a  are 
3

11
,

5

7
,

8

3
. 

Now, let 12 dd  . There is m  such that 21 mdd  , i.e. 
43111 







a
m

a
, from where it 

follows that 
311

4





m

m
a . From m  and 0a  it follows that 0311 m  and 04  m .Hence, 

 3,2,1m , and the appropriate values for a  are 
30

1
,

19

2
,

8

3
. 

So, 








3

11
,

5

7
,

30

1
,

19

2
,

8

3
a . 

 
4. The rectangle ABCD  with dimensions  m and n  where m  and n  are natural numbers and 

mkn   , is divided by nm   unique  squares (see the picture). Every path from the point A  to 
the point C  which goes through the 
divided segments only to the right and up, 
has length nm  . Determine how many 
times the number of paths from A  to C  
which passes through the point T  is bigger 
than the number of paths form A  to C  
which passes through the point S . 

 
 

Solution. Let us denote with series of 0-es (for the 
move to the right for the unique length) and with 1-es (for the 
move up for the unique length) every path from A  to C . 
Hence, the number of the paths through the point T  is 













 1

11
1 n

nm
Cn

nm  the number of the paths through the point 

S  is 











 1

11
1 m

nm
Cm

nm . From k
n

nm

m
nm






















1
1

1
1

, it follows that  the number of the paths through the 

point T  is k -times bigger than the number of paths through the point S .  
 
 

)0,0(A T

S

),0( mD ),( mnC

)0,(nB

)0,0(A T

S

),0( mD ),( mnC

)0,(nBA B

CD
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1. Prove that if 20012000 sm  where sm,   then the equation 

322  symx  has no solution in  . 

 Solution. 322  symx , 20012000 sm . If we multiply the first 

equation by m  then 222 3 msymxm  . 

Now )3(mod)1(20003 22200122001222 yyymsymxm  . But 

)3(mod022 xm  or )3(mod122 xm  and  )3(mod02  y  or 

)3(mod12  y , so, we have )3(mod0222  yxm  

 mxy |3,|3 22 )(|9,|9 mxy . According to this 

mmmsyxmm |3)9(mod033 222  . But 

msm |320002001  , so the equation has no solution. 
 2. Does  there exist a function   :f such that for every 

2n  holds   )()1()1( nfnfnff  ? 

 Solution. Let n and 2n . For every  ni ,...,2  holds  

  )()1()1( ifififf  . 

If we sum all these equations we have 

  )2()1()()1())1((
22

fnfifififf
n

i

n

i

 


 

i.e. nifffnf
n

i

 
2

))1(()2()1(   ( f  is a function on  ).  

Now 3)2())1((,2)1(  iififfiif , so  

 


n

i

ifffffffnf
4

))1(())2(())1(()2()1(  

                                                      
2

)3)(2
3)3(3

4


 



nn
i

n

i

. 

Now 12
2

125
)1(

2




 n
nn

nf  for 10n .Let   

34)2(  nMnf . Then                      







1

2

))1(()2()(
M

i

ifffMf , 







12

2

))1(()2()2(
n

i

ifffnf  
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))2((...))12(())2(()2()(  MffnffnffnfMf . 

But )())2(( Mfnff   so we have 
))2((...))12(())2(()2(  Mffnffnffnf  

which is not possible. Therefore there is no such function. 
 3. Let ABC  be a triangle with no two sides equal, and let k  be 
an circumcircle around ABC . Let CBA ttt ,,  are the tangents of the circle 

k  in the points CBA ,, , respectively. Prove that 

ABC tBCtACtAB  ,,  and that the points ABC tBCtACtAB  ,,  
are collinear. 

 Solution. Let us put the triangle ABC   in the coordinate system 
with C  as a  origin of coordinates and Ct  as y -axis. Then every point of 

the k  satisfy the equation 1)1( 22  yx . Let  22, aaaA   and 

 22, bbbB  .Let 22 aaA   and 22 bbB  . 

Then the equations of the lines At  and OB are 

)(
1

ax
A

a
Ay 


 and x

b

B
y  , respectively. The coordinates of the 

22, aaa A( )

22, bbb B( )

C ( )b,0 ( )a,0

x

y

N
S

M

D
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intersect point ),( MM yxM  of these two lines are  
b

M
B

M D

Ba
y

D

ab
x  ,  

where )1( abBADb  .Similarly, the coordinates of the intersect 

point  ),( NN yxN  of the lines AC  and  Bt  are 
a

N D

ab
x   and  

a
N D

Ab
y  , where )1( baBADa  . If  ),( DD yxD  is the intersect 

point of the lines AB and Ct then 0Dx  and 
ab

BaAb
yD 


 . 

The equation of the line MN  is )( N
NM

NM
N xx

yx

yy
yy 




 and for 

0x we have  

ab

BaAb
x

D

ab

D

ab
D

Ba

D

Ab

yy n

ab

ba
N 







 ... . 

Now, it follows that the line MN  intersects Ct in the point D , so, the 

points NM ,  and D  are collinear. 

If BCtA ||  then CBAMAB  , so  

 )90(9090  BASMAB . But CBA , so    

i.e.  ABC  is not a triangle with no two sides equal. Contradiction!. 
 4. Let M  be a finite set and let )(M  such that:  

(1) If  2 BA  for BA,  then BA  ; 

(2) There are  CBA ,,  such that ACBA   and 

     1 CBA ; 

(3) For every A  and for every AMa \  there is 
unique B  such that Ba  and  BA . 

Prove that there are numbers p  and s  such that: 
(a) For every Ma the number of the sets which include 

the point a  is p . 

(b) For every A , sA  ; 

(c) ps 1  
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 Solution. (a) Let Mx . Let  XxXx  . We'll prove 

that  yxMyx  ),( . We define the mapping 

yx  :  by 








TyT

TyT
T

,'

,
)( , where 'T  is the set for which 'Ty  

and  'TT . The set 'T exists because of the condition (3) and at the 

same time    is bijection. Hence yx  , so, if  Ma  and ap   

it follows that the number of all sets from which include the point a  is 
p .  

(b) Let BA,  and BA  .   

 1   BA . Let Aa . Then Ba . From 3a  (because 

of the condition (2)) it follows that there is C  such that  BC  

and }'{aBC  . We define the mapping BA :  by ')( aa  . 

There is  D  such that }'{, xBDCD   and }{xAD  . 

Now we put ')( xx  .    is bijection(  is onto mapping because of the 
condition (3)) and that's why |||| BA  .  

 2  BA   , 1||0  BA . Let }{aBA  . We define mapping 
BA :  by aa  )( . From the condition (2) it follows that there is 

C  such that BCACCa  ,, . Let Ax  be an arbitrary 

element. Because of the condition (3) there is ED,  such that  

 BDDx , , }"{xCD  ,  AE  and }'{xBE  .We 

define  ')( xx  ;   is bijection.  Hence |||| BA  . 

 Let A  be an arbitrary set and let || As  . Then from 1  and 
2  it follows that sBB  ||)( .  

 (c) Let A  be an arbitrary set. Because of the (b) we have  

sA || . Let Aa . From (a) it follows that pa  . Because of the 

condition  (3) there is B  such that  AB  and Ba . For every 

aC  ,  AC  (because of the condition (1)). Because pa   

there are 1p  sets C  with such conditions. Because sA ||  we have 
sp 1  i.e. 1 sp .  
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BALKANSKA MATEMATI^KA OLIMPIJADA  
MOLDAVIJA, 2000 

 

1. (Albanija). Da se najdat site funkcii RR :f  takvi, {to  

yxfyfxxff  2))(())()(( ,    (1) 

za sekoi Ryx, .  

Re{enie. Neka funkcijata )(xf  gi zadovoluva uslovite na zada~ata. 

Ako af )0( , toga{ stavaj}i 0x  vo (1) dobivame yayff  2))(( , za 

sekoj Ry . Ponatamu, vo poslednoto ravenstvo stavame 2ay    i do-

bivame 0))(( 2 aff , t.e. za )( 2afb   va`i 0)( bf . Sega, od ravenst-

voto (1) pri bx   dobivame yyff ))(( , za sekoj Ry . Povtorno od (1), 

ako x  go zamenime so )(xf  dobivame yxyfxxff  2))()(( , pa zatoa 

yxyxf  22))(( , t.e. 22))(( xxf  , za sekoj Rx . Spored toa, 

1)1( f .  

- Ako 1)1( f , toga{ yyff  1))(1(  za sekoj Ry , pa zatoa 

22 )1()))(1(( yyff   odnosno 22 )1())(1( yyf  . Kone~no, 

yyf )( , za sekoj Ry .  

- Ako 1)1( f , toga{ yyff  1))(1(  za sekoj Ry , pa zatoa 

22 )1()))(1(( yyff   odnosno 22 )1())(1( yyf  . Kone~no, 

yyf )( , za sekoj Ry .  

Spored toa, dobivme dve re{enija xxf )(  i xxf )( . Neposredno se 

proveruva deka ovie funkcii ja zadovoluvaat ravenkata (1).  
2. (Makedonija). Vo raznost-

ran ostroagolen triagol-
nik ABC  to~kata E  e vna-

tre{na to~ka za te`i{-

nata linija )(, BCDAD  . 

To~kata F  e ortogonalna 
proekcija na E  vrz pravata 
BC . Neka M  e vnatre{na 

to~ka na za otse~kata EF , 
a to~kite N  i P  se orto-

gonalnite proekcii na to~-
kata M  vrz pravite AC  i 

AB , soodvetno. Doka`i, 
deka simetralite na aglite 
PMN  i PEN  se paralelni.  

Re{enie. ]e doka`eme deka EPMENM  , (crt. 1). Neka l  e prava 

niz E  paralelna na BC . So 1B  i 1C  da gi ozna~ime prese~nite to~ki 

na pravata l  so pravite AB  i AC , soodvetno. Jasno, E  e sredina na 

 
Crt. 1 
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11CB . Osven toa BCEF , pa zatoa 11CBEF , {to zna~i deka MCB 11  e 

ramnokrak. Spored toa 1111 CMBMCB  . No, 0
11 90 MECMNC   

pa zatoa to~kite NME ,,  i 1C  le`at na ista kru`nica, od {to sleduva 

deka ENMMCB  11 . Analogno, 0
11 90 MEBMPB , t.e. to~kite   

PME ,,  i 1B  le`at na ista kru`nica, od {to sleduva 11CMBEPM  . 

Sega da go razgledame ~itiriagolnikot EPMN . Aglite PMN  i PEN  }e 

gi poistovetuvame so soodvetnite vnatre{ni agli na ~etiriagolnikot 
i za rasuduvawata, koi sleduvaat, ne e va`no dali ovoj ~etiriagolnik e 
konveksen ili ne e. Rasuduvawata ostanuvaat vo sila i koga ~etiriagol-
nikot se degenerira vo triagolnik, t.e. koga E  le`i na PN . Za sime-

tralata na PEN  mo`ni se dva slu~ai: taa minuva niz to~kata M  ili 

se~e nekoja od otse~kite MP  ili MN . Ako simetralata minuva niz M , 

toga{ EMPEMN  , od {to sleduva deka MPMN  . No, toga{ 

11 MPBMNC  , pa zatoa PMBNMC 11  . No, toa zna~i deka 

EABEAC 11  , t.e. ACBACB  , {to ne e mo`no bidej}i ABC  e 

raznostran. Ako simetralata na PEN  se~e nekoja od otse~kite  MP  

ili MN , na primer  MP  vo to~ka Q , toga{ od  

MPEPEQPMN  223600  

sleduva deka  

PMNMPEPEQEQP 
2
10 )(180  

{to zna~i deka simetralite na aglite PEN  i PMN .  

3. (Jugoslavija). Da se najde maksimalniot broj na pravoagolnici so stra-

ni 1  i 210  koi mo`e da se ise~at od pravoagolnik so strani 50 i 90 so 

se~ewa, paralelni na stranite na po~etniot pravoagolnik.  
Re{enie. Pravoagolnikot ABCD  da go postavime vo koordinaten 

sistem, taka {to negovite temiwa da imaat kordinati ),50,0(),0,0( BA  

)0,90(),50,90( DC . Prvo }e doka`eme kako od pravoagolnikot mo`e da se 

ise~at 315 pravoagolnici so strani 1  i 210 . Bidej}i 210690  . 

Mo`eme da go podelime ABCD  na dva pravoagolnika so dimenzii 

26050  i 50)26090(  . Od prviot ~etiriagolnik so horizontalni 

pravi na rastojanie 1 edna od druga mo`eme da ise~ime 50 lenti so di-

menzija 2601 , posle {to od sekoja lenta mo`eme da ise~ime po {est 

pravoagolnici so dimezii 2101 . Spored toa, prviot pravoagolnik }e 

go podelime na 300650   pravoagolnici so dimenzii 2101 . Bidej}i 

526090   i 210350   od vtoriot pravoagolnik mo`eme da ise~ime 

pravoagolnik so dimenzii 2305  od koj potoa se~ime 1535   

pravoagolnici so dimenzii 2101 , {to zna~i deka isekovme 315 

pravoagolnici so dimenzii 2101 .  
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]e doka`eme deka 315 e maksimalniot broj pravoagolnici so dimnzii 

2101  koi mo`eme da gi ise~ime od dadeniot pravoaglnik so dimenzii 

9050 . Da gi razgledame presecite na pravite so ravenki  

210:1  yxL , 220:2  yxL , ..., 290:9  yxL  

so pravoagolnikot ABCD . 

Da zabele`ime, deka od 

50902100   sleduva deka 

pravata ~ija ravenka e 

2100 yx  ne go se~e pra-

voagolnikot ABCD .  

Bidej}i sekoja od gornite 

pravi zafa}a agol od 045  

so koordinatnite oski, ne e 
te{ko da se doka`e deka 
zbirot na otse~kite od ovie 
pravi, koi le`at vo pravo-

agolnik 2101  so strani paralelni na koordinatnite oski, e 2 . Da ja 

ozna~ime dol`inata na otse~kata od pravata iL , koja le`i vo vnatre{-

nosta na pravoagolnikot ABCD  so il . So elementarni presmetuvawa 

nao|ame deka 

1802140,1602140,1402140

,250,60,40,20

987

654321





lll

llllll
 

So sobirawe nao|ame, deka vkupnata dol`ina vo vnatre{nosta na pra-

voagolnikot ABCD  e ednakva na 3602570  . Bidej}i eden pravoagol-

nik so dimenzii 2101  vo sebe sodr`i otse~ka so vkupna dol`ina 2 , 

ako imame t  pravoagolnici, toga{ 36025702 t , {to zna~i deka 

315][
2

3602570  t , {to i treba{e da se doka`e.  

4. (Rumunija). Eden priroden broj r  go narekuvame “stepen”, ako  str  , 

kade 2,2  st  se prirodni broevi. Doka`i, deka za sekoj priroden broj 

n  postoi mno`estvo A  od prirodni broevi, koe gi zadovoluva slednite 

uslovi:  
a) A  ima n  elementi;  

b) sekoj element od A  e “stepen”; i  

c) za sekoi Arrr k ,...,, 21 , nk 2  brojot 
k

rrr k ...21  e “stepen”. 

Re{enie. Prvo }e ja doka`eme slednata  

Lema. Za sekoj Nm  postoi takov Nd , {to site broevi od mno-

`estvoto },...,2,{ mddd  se stepeni.  

Dokaz. Neka kppp ,...,, 21  se site prosti deliteli na !m , a mqqq ,...,, 21   

se prvite m  prosti broevi. ]e barame d  od oblik kx
k

xx ppp ...21
21  taka, 

 
Crt. 2 
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{to dl  da e to~no lq ti stepen na ml ,...,2,1 . Ako go zapi{eme l  vo ob-

likot 
)()(

2
)(

1 ...21 l
k

ll kppp 
 dobivame, deka treba da e )(mod0)( lii qlx  , 

ki ,...,2,1  t.e. sekoj ix  treba da go zadovoluva uslovot  

)(mod0)( lii qlx  , za ml ,...,2,1 . 

Bidej}i broevite mqqq ,...,, 21  se po parovi zaemno prosti, od kineskata 

teorema za ostatoci sleduva deka posledniot sistem ima re{enie, {to 

zna~i deka lemata e doka`ana.  
Sega re{enieto na zada~ata sleduva ako vo prethodnata lema stavime 

2
)1(!  nnnm  i zememe djnr j ! , za nj ,...,2,1 . O~igledno aritmeti~kata 

sredina na bilo koi k  od dadenite broevi e od oblik id , kade  

mni nn  
2

)1(!  

pa zatoa taa e stepen.  
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18th BALKAN MATHEMATICAL OLYMPIAD 
Belgrade. Yugoslavia, May 5, 2001 

 
1. Let n  be a positive integer. Show that if a  and b are integers greater then  

1such that abn 12 , then the number 1)(  baab  is of the form mk 22 , where 
k  is odd and m  is a positive integer. 

Solution A. The number T can be written as )1)(1(1  babaab , and 
therefore is suffices to find the form of the numbers 1a  and 1b . 
  We observe the following cases: 
        Case 1: If sn 2 , s , we have: absssn  )12)(12(1212 2  and 

therefore we can set 12,12  ss ba  and we will have ss ba 211,211  , 

therefore smbaT s  ,21)1)(1( 2  and 1k . 
        Case 2: If )12)(12(  rtn ; rt,  (odd mixed), we have  

  1)2(...)2()2(121)2( 121212212121212   trtrttrtab , 

and therefore we have 12 12  ta , so 1221  ta  and  
1)2(...)2()2( 121212212   trtrtb  

implies )12(21 12   zb t , z , and so )12(22)12()1)(1(  tzbaT , with 
12  zk  and 12  tm . 

        Case 3: If pn   where p  is a odd prime, because 12 n  is odd it implies that 
ba,  are odd, and let 12  La  and 12  UB . The numbers L  and U  cannot be of 

the form 12  dL  and 12  fU , since: 
             (i) If  12  dL  then 12  da  and since )12(| na  we must have  
n multiple of d ; contradiction, since n  is prime; 

 (ii) If 12  fU  then 12  fb  and since )12(| nb  we must have 
n even multiple of f ; contradiction, since n  is prime. 

 Therefore we have that the numbers L  and U  are of the form: 
)12(2 1   hL d  and )12(2 1   vU f  and therefore )12(21  ha d  and 

)12(21  vb f . Now it suffices to show fd  . 

 We have )1)12(2)(1)12(2(12  vhab fdn  or  

)12(2)12(2)12)(12(22   vhvh fdfdn . 

If fd  , dividing by d2  the last relation we have even number equal to odd number; 

contradiction. Similarly, if fd   , dividing by f2  we arrive to a contradiction; 

therefore fd   and so )12)(12(2)1)(1( 2  vhbaT d , dm   and  
)12)(12(  vhk . 

 Solution B. Denote by x2deg  the greatest k  such that xk |2 . Then  

))1)(1((deg))1)(1((degdeg 222 ababaT  , since a  is odd. Further, we have  

))2((deg))12)(1((deg)))(1((degdeg 2222 ccaaaabaT nn  , 

where 1 ac  is even, and nc 2 . Let kc 2deg . Then kcn  )2(deg2 , and 

kccT n 2)2(degdegdeg 222  . 
2. Prove that if a convex pentagon satisfies the following conditions: 
(1) all interior angles are congruent; and 
(2) the lengths of all sides are rational numbers, 
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then it is a regular pentagon. 
Solution. Let the pentagon 54321 AAAAA  have the mentioned properties. Then  

the interior angles are equal to 108 . Let 51AA  

intersect 32 AA  and 43 AA  in C  and  

D  respectively. Then the triangles 21CAA , 54DAA  

and DCA3  are isosceles. Therefore, DACA 33   and 

212 72cos2 AACA  , 544 72cos2 AADA  .  

Hence, DAAAAACA 443322  . Therefore, 

  2154433272cos2 AAAAAAAA  . If 

4332 AAAA  , then it implies that 72cos is a rational 

number, false. (In fact, 136cos72cos4   and the 
number  72cos18sin a  is a solution of the 
equation 1)21(4 2  xx  which is equivalent to 

0)124)(12( 2  xxx . As far as 
2

1
a , the 

number a  is irrational.) 

Therefore, 4332 AAAA   and 5421 AAAA  . Analogously, we can prove that all  

the sides of the pentagon are congruent. Hence, the pentagon is regular.  
 

3. Let cba ,,  be a positive real numbers such that abccba  . Prove that  

abccba 3222  . 

Solution. Assume by contradiction that abccba 3222  . Then  

abccbacba 33 2223 222  . It follows that 33abc . On the other hand we 

have: abccba
cbacba

3
3

)(

3
222

2222




 , and obtain 33abc ; this is a 

contradiction. 
 

4. A cube of dimensions 333   is divided into 27 congruent unit cubical  
cells. One of these cells is empty and the others are filled with unit cubes labeled in an 
arbitrary manner with numbers 26,...,2,1 . An admissible move is the moving of a 
unit cube into an adjacent empty cell. Is there a finite sequence of admissible moves 
after which the unit cube labeled with k  and the unit cube labeled with k27 are 
interchanged, for each 13,...,2,1k ? (Two cells are said to be adjacent if they share 
a common face) 
 Solution. Colour the cells black or white, so that adjacent cells have different 
colours. Numerate the cells 27,...,2,1  so that consecutive numbers correspond to 
adjacent cells (e.g. [I] upper level 91  ordered: row 1, from left to right; then row 2 , 
from right to left; then row 3 , from left to right. [II] middle level 1810  , where cell 
10  is below cell 9 , and the level is ordered similarly. [III] lower level 2719  , 
ordered similarly with cell 19  bellow cell 18 ). 
 Call the pair of cubes },{ nm  inverted if the cube with the greater number is in 
the cell with the less. Denote by )(kI -th total amount of inverted unordered pairs of 

A1 A

A

A

A

2

3

4

5

C

D
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cubes after 0k  moves. A moved cube is always placed in a cell with a different 
colour. Then in the ordering of the cells, it passes even number (possibly 0 ) of other 
cubes. Passing a cube changes )(I  by one. Thus the moves preserve the parity of 

)(I . Suppose that we have reordered the cubes (as needed) in z  moves. 26  cubes 
form 3251325   unordered pairs. A pair of cubes in two cells is inverted in the final 
ordering if and only if the pair of cubes in the same two cells has not be inverted in 
the initial ordering. Thus )0(325)( IzI   contradicting the equal parity of )(zI  and 

)0(I . So, it is impossible to reorder the cubes that way. 



Macedonian mathematical Olympiad-2001 

 1 

ME\UNARODNA MATEMATI^KA OLIMPIJADA  
J. KOREJA, 2000 

 

1. (Rusija). Kru`nicite 1  i 2  se se~at vo to~kite M  i N . Pravata l  e 

zaedni~ka tangenta na 1  i 2  taka, {to to~kata M  e poblisku do l  od 

to~kata N . Pravata l  gi dopira kru`nicite 1  i 2  vo to~kite A  i 

B , soodvetno. Pravata niz M  paralelna so l  po vtor pat gi se~e 

kru`nicite 1  i 2  vo to~kite C  i D , soodvetno. Pravite CA  i DB  

se se~at vo to~kata E , pravite AN  i CD  vo to~kata P  i pravite BN  i 

CD  vo to~kata Q . Doka`i deka EQEP  .  

Re{enie. Neka K  e prese~nata to~ka na AB  i MN , napravi crte`. Od 

22
BKKNKMAK   sleduva deka BKAK   i kako ABPQ || , zaklu~uva-

me, deka M  e sredina na otse~kata PQ . Ponatamu, dovolno e da 

doka`eme, deka PQEM , od kade }e sleduva deka PQE  e ramnokrak. Za 

triagolnicite ABM  i ABE  stranata AB  e zaedni~ka, MCABAE  , 

( CDAB || ), MABMCA  , (zo{to?), t.e. MABBAE    i analogno 

MBAABE   . Spored toa, ABEABM  , pa zatoa ABEM  i kako 

PQAB ||  dobivame deka PQEM . No M  e sredina na otse~kata PQ , pa 

zatoa PQE  e ramnokrak, t.e. EQEP  .  

2. (SAD). Neka ba,  se pozitivni realni broevi takvi {to 1abc . 

Doka`i deka  

1)1)(1)(1( 111 
acb

cba .  

Re{enie. Zaradi uslovot 1abc  dadenoto neravenstvo mo`e da se tran-

sformira taka, {to }e se iskoristat smenite 
x
z

z
y

y
x cba  ,, , kade 

0,, zyx  i pritoa }e se dobie neravenstvoto  

xyzyxzxzyzyx  ))()(( .  

Dobienoto neravenstvo e parcijalen slu~aj na neravenstvoto na [ur 
pri 1 , koe za sekoi 0,, zyx  i sekoj realen broj   glasi  

0))(())(())((   zyzxzyxyzyxzxyx . 

3. (Belorusija). Neka 2n  e daden priroden broj i neka na horizontalna 

prava se rasporedeni n  bolvi taka, {to ne site se nao|aat vo edna 

to~ka.  
Za pozitiven realen broj   da definirame skok na sledniot na~in:  

Se izbiraat dve bolvi, koi se nao|aat vo proizvolni to~ki A  i B  taka, 
{to A  e levo od B , i bolvata od A  skoka vo to~kata C , koja e na pra-

vata desno od B  i taka, {to 
AB
BC .  

Da se najdat site vrednosti na   taka, {to za sekoja to~ka M  od pra-

vata i za proizvolen raspored na n te bolvi postoi kone~na niza od 

skokovi, posle koja site bolvi se nao|aat desno od to~kata M .  
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Re{enie. Neka posle k ot skok imame konfiguracija, vo koja rastoja-

nieto me|u najlevata i najdesnata bolva go ozna~uvame so kd , a najmalo-

to rastojanie me|u sosednite bolvi go ozna~uvame so k . Jasno, 

kk nd )1(  . Ja izbirame slednata strategija: vo sekoj ~ekor najlevata 

bolva ja preskoknuva najdesnata. Toga{ pri  )1(k ot ~ekor se pojavuva 

novo rastojanie me|u sosednite bolvi i toa kd . Ako kk d 1 , toga{ 

kk n  )1(1  , a ako kk d 1 , toga{ kk  1 . Da zememe 
1

1


n
 . 

Toga{, vo sekoj slu~aj kk  1 , za sekoj k  i nizata od najmalite 

rastojanija e neopa|a~ka. Toa zna~i, deka vo sekoj ~ekor najlevata bolva 
se premestuva vo odnos na najdesnata na rastojanie koe ne e pomalo od 
dadena konstanta, {to zna~i deka pri izbranata strategija site bolvi 
}e se premestat vo desno na onaa dale~ina na koja }e posakame.  

]e poka`eme obratno, deka pri 
1

1


n
 , kako i da preskoknuvaat bolvi-

te, tie ne mo`e da se najdat desno od prethodno izbrana to~ka M . Po-
lo`bata na bolvite }e ja opredelime so koordinatite vo odnos na koor-

dinaten sistem na dadenata prava. Neka ks  e zbirot na koordinatite na 

n te bolvi posle k ot skok, a k  e koordinatata na najdesnata bolva 

posle k ot skok. Jasno, kk ns  . ]e doka`eme deka nizata }{ k  e 

ograni~ena.  

Neka pri  )1(k ot skok bolvata od to~kata A  ja preskoknuva bolvata 

vo to~kata B  i pa|a na to~kata C . Koordinatite na to~kite BA,  i C  

da gi ozna~ime so ba,  i c , soodvetno. Toga{, acss kk 1 , a spored 

praviloto za preskoknuvawe imame )( abbc   , {to e ekvivalentno 

na ))(1()( bcac   . Spored toa, )(
11 bcacss kk   
 . Neka 

kc  . Toga{, ck 1  i kako kb   dobivame  

)()( 1111 kkkk bcss 



   . 

Poslednoto neravenstvo e to~no i koga kc  , bidej}i pritoa 

kk  1  i 01  acss kk . Sega da ja razgledame nizata  

,...2,1,0,1   ksz kkk 
 . 

Od prethodnata ocenka sleduva, deka 01  kk zz , t.e. razgleduvanata 

niza ne raste i zatoa 0zzk  , za sekoj k . Od 
1

1


n
  sleduva deka 

 n1 , pa zatoa kkk snz  )( , kade 01   n
 . Spored toa, 

kkkkk snz   )(  odnosno  0zz
k

k  , za sekoj k . Zna~i, }{ k  

e ograni~ena i pritoa nejzinata ograni~enost e doka`ana bez razlika 
na izbranata strategija na preskoknuvawe.  

4. (Ungarija). Ma|ioni~ar raspolaga so 100 karti, numerirani so broevi-
te od 1 do 100. Toj gi stava kartite vo tri kutii: crvena, bela i sina ta-
ka, {to vo sekoja kutija ima barem po edna karta.  
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^ovek od publikata izbira dve od trite kutii, vadi od kutiite po edna kar-
ta i go soop{tuva zbirot na broevite od izvadenite karti. Doznavaj}i go 
zbirot, ma|ioni~arot ja opredeluva kutijata, od koja ne e izvadena karta.  
Na kolku razli~ni na~ini mo`e da se rasporedat site karti vo kutiite 
taka, {to ma|ioni~arot sekoga{ da e uspe{en?  
(Dva rasporedi se smetaat za razli~ni, ako barem edna karta e vo raz-
li~ni kutii.) 
Re{enie. Da gi ozna~ime trite kutii so BA,  i C  i da gi razgledame 

rasporedite pri koi ma|ioni~arot e uspe{en.  
Prv slu~aj. Postoi i  takov {to 2,1,  iii  se vo razli~ni kutii. Neka 

BiAi  1,  i Ci  2 . Od ravenstvoto )2()1()3(  iiii  sleduva 

deka treba Ai  3 . Analogno, Bi  4  i Ci  5 . Spored toa, ako 

BA  2,1  i C3 , toga{ A  gi sodr`i broevite od oblik 13 k , B  gi 

sodr`i broevite od oblik 23 k  i C  gi sodr`i broevite od oblik k3 . 

Jasno, pri vakov raspored ma|ioni~arot e uspe{en i pritoa imame 
vkupno 6!3   razli~ni rasporedi.  

Vtor slu~aj. Neka ne postojat tri posledovatelni broevi koi se vo raz-
li~ni kutii. Bez ograni~uvawe na op{tosta mo`eme da zememe deka 

A1  i neka i  e najmaliot broj koj ne e vo A . Bez ograni~uvawe na 

op{tosta mo`eme da zememe deka Bi . Neka najmaliot broj vo C  e k . 

Bidej}i Ai 1  i Bi , spored pretpostavkata ne smee Ci 1 . ]e 

doka`eme, deka 100k . Da pretpostavime, deka 100k . Od ravenstvoto 

)1()1(  kiki  sleduva deka Ak 1 . No, kiki  )1()1( , pa 

zatoa Ci 1 , {to e protivre~nost. Spored toa, 100k . ]e doka`eme, 

deka sekoj 99,...,3,2t  e vo B . Neka pretpostavime deka postoi 

}99,...,3,2{t  takov {to At . Sega od ravenstvoto 100)1(99  tt  

sleduva deka Ct 1 , {to e protivre~nost. Lesno se proveruva, deka 

pri vakviot raspored ma|ioni~arot e uspe{en. Jasno i vo ovoj slu~aj 
imame vkupno 6!3   rasporedi.  

Kone~no, vkupniot broj na rasporedi pri koi ma|ioni~arot e uspe{en e 12.  
5. (Rusija). Dali postoi priroden broj n  taka, {to n  da ima to~no 2000 

razli~ni prosti deliteli i brojot 12 n  da se deli so n ?  

Re{enie. Prvo }e ja doka`eme slednata lema.  

Lema. Za sekoj priroden broj 2n  postoi prost broj p  takov {to 

1| 3 np , no 1|  np .  

Dokaz. Neka pretpostavime deka postoi 2n  za koj tvrdeweto ne e 

to~no. Bidej}i )1)(1(1 23  nnnn , toa zna~i, deka sekoj prost broj 

p , koj e delitel na 12  nn  e delitel i na 1n . No,  

3)2)(1(12  nnnn  

pz zatoa 3|p , t.e. 3p . Spored toa, 1|3 n  i kako )3(mod21  nn  

dobivame deka 2|3 n . Spored toa, 1|9 2  nn  i kako 12  nn  e stepen 
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na 3 zaklu~uvame deka 312  nn , {to ne e mo`no bidej}i za sekoj 

2n  va`i 312  nn .  

Da se vratime na zada~ata. ]e doka`eme poop{to tvrdewe, deka za sekoj 

priroden broj k  postoi n  so k  prosti deliteli taka, {to 12| nn . 

Dokazot }e go sprovedeme so indukcija po k .  

Za 1k  dovolno e da zememe 3n . Ponatamu da dopu{time, deka za 

nekoj 1k  postoi broj n  od oblik tn l3 , kade 1l  i t|3  , takov, {to 

12| nn . No, toga{ n  e neparen broj pa zatoa 122|3 2  nn . Od druga 

strana )122)(12(12 23  nnnn  i zatoa 12|3 3 n . Od prethodno doka-

`anata lema sleduva deka postoi prost broj p  takov, {to 12| 3 np  i 

12|  np . Sega brojot pn3  gi ispolnuva barawata za 1k , so {to 

induktivniot dokaz e zavr{en.  

6. (Rusija). Neka 321 ,, CHBHAH  se visinite vo ostroagolniot triagolnik 

ABC . Vpi{anata kru`nica vo triagolnikot ABC  gi dopira negovite 

strani ABCABC ,,  vo to~kite ,,, 321 TTT  soodvetno. Pravite 321 ,, lll  se 

simetri~ni sliki na pravite 211332 ,, HHHHHH  vo donos na pravite 

211332 ,, TTTTTT , soodvetno. Doka`i deka pravite 321 ,, lll  formiraat 

triagolni so ~ii temiwa le`at na vpi{anata kru`nica na triagolni-
kot ABC .  

Re{enie. Neka pravata BC  gi 

se~e pravite 32 HH  i 32TT  vo 

to~kite E  i D , soodvetno. Bi-

dej}i CAHH  32  e nadvore-

{en za 3BEH  dobivame  

||3 CBBEH  . 

Od druga strana  

22
180

32
0 CBAATT    

i e nadvore{en za 3BDT , pa 

zatoa  
2

||
3

CBBDT  . Dobi-

vame deka 32
1

3 BDTBEH  , 

od {to sleduva deka BCl ||1 . 

Analogno se doka`uva deka 

ACl ||2  i ABl ||3 .  

Ponatamu }e doka`eme, deka simetri~nata slika na 2H  vo odnos na 

pravata 32TT  le`i na simetralata BI  na agolot pri temeto B , kade I  

e centarot na vpi{anata kru`nica. Neka pravata niz 2H , koja e 

normalna na 32TT , ja se~e BI  vo to~ka P , a S  e prese~nata to~ka na 
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32TT  so BI . Dovolno e da doka`eme, deka 222 STHPST  . Imame 

32 BSTPST  . No, ATT 32  e nadvore{en za 3BST , pa zatoa  

CBABST 
2
1

2
1

2
12

3 )90( . 

Od druga strana, bidej}i 1T  i 3T  se simetri~ni vo odnos na BI  va`i 

13 BSTBST  , pa zatoa 12
1

1 ICTCBST  . Od poslednoto ravenst-

vo sleduva deka okolu ~etiriagolnikot CSIT1  mo`e da se opi{e kru`-

nica. No, toga{ 090BSC , bidej}i BSIT 1 . Toa zna~i deka i okolu 

~etiriagolnikot SBCH 2  mo`e da se opi{a kru`nica so dijametar BC . 

Toga{, CBCHPSH  22  i kako CPST 
2
1

2  dobivame deka 

222 STHPST  .  

Sega da zabele`ime, deka bidej}i okolu ~etiriagolnikot SBCH 2  mo`e 

da se opi{e kru`nica, dobivame BTSH 
2
1

22 , pa zatoa BSPT 
2
1

2 . 

Ponatamu, neka 21, MM  i 3M  se simetri~nite sliki na 21,TT  i 3T  vo 

odnos na simetralite na aglite BIAI ,  i CI , soodvetno. Jasno, 21, MM  i 

3M  le`at na vpi{anata kru`nica. Pritoa BSPTSPM 
2
1

22  od 

{to sleduva deka pravata 2PM  e paralelna na pravata BC . No, prethodno 

doka`avme deka BCl ||1  i kako 1lP  dobivame deka 2PM  i 1l  se sovpa|aat, 

t.e. 1l  minuva niz 2M . Analogno se doka`uva deka 1l  minuva niz 3M .  

So analogni razmisluvawa za pravite 2l  i 3l  se doka`uva deka pravite 1l , 

2l  i 3l  se se~at na vpi{anata kru`nica.  
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