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Pucro Mamueckn
Ckormje

XAPMOHUMCKA ITPOI'PECUJA

Bo oBaa pa6ora e pasriefaH IOIMOT XapMOHHUCKA IIpOrpecyja, KOj € BO TECHA BpcKa
CO TNOMMOT XapMOHHCKa cpefuHa. IIpuToa ce AoOKaskaHM OCHOBHUTE CBOjCTBAa HA
XapMOHHUCKaTa Mporpecuja M € JajieHa BpckaTa Mefy XapMOHNCKAaTa U apUTMETHYKATA,
OJJHOCHO F€OMETPUCKATA ITporpecuja.

Bo HaramomHuTe pasriefyBama Ke cMeTaMe JeKa YATATeJOT € 3alo3HaT Co
apUTMETHYKaTa ¥ TEOMETPHUCKATA IPOrPECHja U CBOjCTBATA HA MCTUTE.

1. JEOMHUIINIJA 1 OCHOBHHN CBOJCTBA HA XAPMOHUCKATA
I[TPOI'PECUJA

Hedunnuja 1. Heka r,cel , ¢=0. Husara ¢;, i=1,2,3,... geduHupana co

q=c, Ck+1:T, k:1,2,3,... (1)

Ck
ja HapeKyBaMe XapMOHHCKa Mporpecyja, a 6pojoT r To HapeKyBaMe Hej3MH mapameTap.
[MpupogHo ce HameTHyBa NpalllabeTO AaldM MOCTOjaT HU3M KOW ja 3al0BOJyBaaT
mageHata feduHnuja. OAroBOpOT HA OBa Mpalllamke € MO3UTUBEH IITO MOXKE f1a ce BUAU
Of CIIE[{HUBE MPUMEPH.
IMpumep 1. Heka r=1, ¢=1. Ox (1) to6uBame
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aq=1,c=——=—,c= ==, 4=
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IIpumep 2. Heka r=2, ¢=1. Op (1) nobuBame
1 1 1
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Clzl, CZZE,C:))ZE, C4=7,...
IMpumep 3.Heka r=2, c=2. Opn (1) nobuBame
aq=2, 02:2, 0323, c4:£,...
5 9 13

Bo nperxonguute pasrienysama gepuHIpaBMe ONpefesieH IouM U ce yOoenuBMe, feka
BO CMHCOJ Ha f[ajeHaTa jeduHOMja I[IOCTOM HENpa3sHO MHOXeCTBO o0jexTu. [a
pasriiejaMe HEKOHU CBOjCTBa Ha XapMOHMCKaTa Iporpecuja.

Teopema 1. Pa3snukata Mefy peuUUIPOYHHUTE BPEJHOCTH HAa CEKOM J(Ba COCETHU

YWICHOBM Ha XapMOHHCKaTa NporpecHja € KOHCTaHTHA BeNWYMHA W € eJHaKBa Ha
rmapamMeTapoT Ha XapMOHHUCKATa MPOrpecHja, T.e. C#—Ci =r,3acekoj k=12,3,...

k+1 k
1 1 .
:T:r+c—, 3a CEeKO] k=12,3,.., O LITO ClIeyBa
k

Hoka3. On (1) go6uBame

Ck+1 L
k

1 1 .
—-—=r, 3aCE€KO] k=123,....
Ck+1 Sk
Teopema 2. Heka e mageHa xapMoHucka mporpecyja (1). Toramn Hej3MHHOT OMNINT
4JIeH € AafieH co popMyJiaTa
1

S el
(k=Dr+L

Ck ,3aceKoj k=1,2,3,.... (2)

Hdoka3. TBpaemeTo Ke To JokaxkeMe co MHAYKIHja Mo k .
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i)3a k=1 umame ¢ = , T.e.popMynaTa (2) BaKH.

1

A
ii) Hexa npeTnocrasume feka popmyiata (2) Baxxu 3a k=n.3a k=n+1 opn (1) u o

WHAYKTUBHaTa MPETIIOCTaBKa CIeayBa
1 1 1

= = = ,
" r+ rem-Dr+l wr+ b
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T.€. Baxu popMmyiara (2).
Cera TBpAEHETO Ha TeOpeMaTa caeflyBa O IPUHIMIOT Ha MaTeMAaTHIKa HHAYKIH]ja.
3abenemxka 1. Cnopep npeTxogHaTa TeopeMa ONIITUTE YJIECHOBU Ha XapMOHUCKHTE
nporpecuu of mpuMep 1,2,3 ce fafeHu co popMyaure
1 1 1 1 1 2

Cp=——————=—, c, = = N c, = = .
(n=D-1+1 n (n-1-2+1 2n-1 (n-1-2+1 4n-3

Ha nmoveTokoT Ha craTHjaTa ro “mpefBHIOBME” MpAlIameTo Hajld 3a ceKou r,cell ,
c¢#0 co (1) moxe pga ce aecduHUpa XapMOHHCKa mnporpecuja. OAroBopoT Ha OBa
mpallakbe € JajieH BO CclefHaTa IOCIefnla, 4Hj JOKa3 HENOCPeJHO CclefyBa Of
IPEeTXOAHATa TEOpeEMa.

IMocaemuna 1. a) Co cdopmynute (1) Moxe fa ce geduHMpa KOHEYHA XapMOHHCKA

[pOrpecrja ako M CaMo akKo ——-g[] .
rce

0)Axko Losen , Toraml co copmynure (1) Moxe ga ce fecduHHpPa KOHEYHA
rc

XapMOHHUCKA IIPOTPECHjA ¢|,Ca5.esC)y -

Bo cnepmnata Teopema Ke TO [OKaxkeMe KapaKTEpPHUCTUYHOTO CBOjCTBO Ha
XapMOHHCKaTa Iporpcyja cuopeq Koe ucraTa 1 ja MMeHyBaMe.

Teopema 3. Cekoj 4iIeH Ha XapMOHUCKaTa IPOrpecrja, OCBEH NPBUOT U NOCAETHUOT
Kaj KOHEYHUTE XapMOHMCKHU MPOTPECHH, € XapMOHMCKA CpefluHa Ha HETOBUTE COCEHU
YJIEHOBH, T.€.

Ck:#i —.3a k=234,.. 3)
B
Hdoka3. Ako ja uckopuctume gopmyiara (2) gobnBame
2 2 1
+

- 1 - 1
P m (k—2)r+?l+kr+?l (k—l)l""'?l

CegHOTO TBpAieWkE Ha MPB IOTIIE] M3TJela KaKo OOOMIITYBalke Ha TeopeMma 3, HO
BCYIIHOCT [IBETE TBPJIEHA CE EKBUBATICHTHHU.
Hocnegnna 2. Cekoj 4jaeH Ha XapMOHHUCKA MPOTpecHja € XapMOHIUCKa CPefiHa Ha Ha
1o 6poj eJHAKBO OfilaIeYeHN YIEHOBH Off HETO, T.€.
2

141
Ch—i Ck+i

Hoxka3. [TocraneTe aHaJlOTHO KaKo BO OKa30T Ha Teopema 3.

3adenemka 2. IIpeTXOnHO MCKa’kaHUTE CBOjCTBA Ha XapMOHMCKaTa Iporpecuja
BaXkaT Kako BO Clyyaj Kora Taa € KOHEYHa, Taka W B O Clyyaj Kora ¢ OeCKOHEUYHa.
CnemHOTO CBOJCTBO € CIMYHO Ha CBOjCTBAaTa MCKaxkKaHM BO TeopeMma 3 U mociefuna 2, Ho
TOAa Ce OHECYBa CaMO 32 KOHEYHUTE XapMOHHUCKY NIPOTPECUi.

Teopema 4. Heka e fmajgeHa KOHEYHa XapMOHMCKa INPOIpPecuja c,cs,....c, . lorail

=¢;,3a CeKOj k=2,3,4,....

1

¢ = ,3a i=12,..,k—1.

XapMOHHUCKATa Cpe€inHa Ha CEKOM [IBa €JHAKBO OJNaJICUCHN HejSI/IHI/I YJIC€HOBHU, IIO 6p0j,
Ol ¢; U ¢,, € KOHCTaHTa U € €JHAKBA Ha XapMOHUCKaTa Cp€/iuHa Ha ¢; U ¢, , T.C.
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2 2
= ,3a k=12,...,n.
1, 1 1,1
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HMoka3. Henocpenno of popmyiata (2) ciaemysa
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Hexka e mageHa xapMmoHucka nporpecuja (1), co HeHynTu nmapamertap r. Torami, 3a
36I/Ip0T Ha NIpBUTE n YJICHOBU HO6I/IBaMCZ
rc 1 1 1 1
S=—l+——0+ —+ =+t -
roor+-—- 2r+-—- 3r+-—- (n—Dr+—-
a a A a

n—1
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Kage D L .
re

Ox dopmynarta 3a 30up Ha OPBUTE n -4JIECHOBU HAa XapMOHHCKaTa Iporpecuja Moxe
Ja ce 3aKJy4YHd JeKa UCTaTa € JocTa HENPaKTU4IHa 32 OIpENeNyBamke Ha UCTHOT. Bo oBa
MOKE J]a C€ YBEPHUME U aKO 'O pasriefame CIeIHAOT IpUMeEp.

IIpumep 4.3a 30upoT Ha IpPBUTE NET YJIEHOBUM HAa XapMOHMCKaTa Iporpecuja Of
npuMep 3 umame:

Ss :2+—+£+£+i.
5 9 13 17
3adenemxka 3.Henmocpenno on ¢opmynaTa (2) ciaemyBa eka ako MapaMmMeTapoT r €

pasnuyeH o 0, Toraim 3a GeCKOHEYHaTa XapMOHHUCKa Iporpecuja Baxku lim ¢, =0. Bo
n—>0

BpCKa €O 3HAKOT Ha MapaMeTapoT » BaxKH CJIEfHAaTa Teopema.
Teopema 5. Husata o penunpoyYHMBPEJHOCTH Ha XapMOHHCKaTa Iporpecuja co
napameTap r € MOHOTOHA M TOAa:
a)ako r <0, Torami Taa CTporo MOHOTOHO omara, u
6)ako r >0, Toraii Taa CTpOoro MOHOTOHO pacTe.
Hoka3. Ox popmyaTa (2) HETIOCPETHO CIeayBa

! =kr+i>(k—1)r+izi, Kora r>0,u
Cr+1 < a <

! :l’chri<(k—l)r+i:L Kora r<0.
Cle+1 < a G

2. BPCKATA MEI'Y XAPMOHUCKA, APUTMETUYKA 1 TEOMETPUCKA
I[TPOI'PECUIJA

Ha ja pa3sriegaMe XxapMOHHMCKaTa NMPOTPECHja ¢,Cy,...,Cy,... CO MapameTap r. Crnopen

(2) 3a HM3aTa PEIUMTPOTHH BPETHOCTH Off WICHOBHUTE HA XaPMOHMCKATAa MPOTrpecHja Baxku
1 1
ap=—=>(-Dr+—, 3a k=1,2,3,...,n,..,
Cr G
T.e. Taa € apUTMETHYKa MpPOrpecHja co pasnuka d =r. 3HaudW, 30MPOT HA OPBUTE n
peLUIpOYH BPETHOCTY Ha WICHOBHUTE Ha XapMOHUCKaTa nporpecuja (1) e mageH co
n
1 1 n-1
Z— =|—+ S| 4)

i=1 Sk a
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Oo6patHo, aKko q;,a,,...,a,,... € APUTMETHYKA IIPOrpecHja co pasinka d, d #0 U aKo
a,#0, 32 ceKOj n=1,2,3,..., TOrall HU3aTa Off PELMIPOYHN BPEAHOCTH € XapMOHHCKA

mporpecyja co napameTtap r=d . JacHO, 36UpOT Ha IIPBUTE n PELUNPOYHU BPEAHOCTH Ha
pasriefyBaHaTa apUTMETHYKa IPOrpecyja e AajieH co

iL:in_l 1

—.
% 4kt g,

IIpumep 5. [1a ja pasriefgame XxapMOHUCKaTa nporpecyja of npumep 2. Umame r=2,

c=1,T1€. ¢4 :ﬁ , n=12,... Hu3aTa ofi Hej3MHHUTE PEeLUNPOYHI BPETHOCTH € Ll =2n-1,

n=12,.. W Taa € apuTMETHYKa Mporpecwja 3amajeHa co a =1, d=2. Crnopep Toa,
30UpOT HAa TPBHTE n PEHUNPOYHM BPETHOCTH Ha pasriefyBaHaTa XapMOHHCKA
porpecwuja e

L1 & (2+42(n-D)n

Z—: ak—f:”

k=1 k=1

Heka ¢,c;,...,c,,... € XapMOHHCKA TpOrpecHja co mapaMeTap » 4 Heka xel "\{1}. [Ta

e

ja pasriename Hm3aTa
T 1 1
by=x%, by=x?,.,b,=x",... %)

1
Croopep, (2) umame by = x“ ("), 3a cekoj k=1,2,3,..., T.e. HU3aTa (5) € reoMeTpuUCcKa

1
nporpecuja co IOYETEH YJICH x“ M KOJTUYHUK x". JaCHO, 361/Ip0T Ha IMPBUTE n 4YICHOBU

Ha HM3aTa (5) € flafieH co popmynaTa
1 1 1 €1

n L "1 merq Z X9yl _xA

Zbk =x1 = = .
=l x -1 x' -1 x -1

Hexka b,qe0*, g=1. Husara b,b,,...,b,,... nepuHApana co by =bg", 3a k=123,. ¢
reoMeTpucka mporpecdja. 3a cekoj xel\{l} meduHEpaMe HH3A c|,Cy,....Cpp,... KAJE
cx =logy, x,3a k=123,.. CraBame r=log,q. Ox

1 1

log, by, log b+klog,g log,q+(log b+(k-1)log,q)
1 1 1

B log, g +log, b, B log, g+

Ciql = logb,c+1 X

1 Pl
logbkx c

cleflyBa ieka HU3aTa ¢,Cy,...,Cy,... € XAPMOHHUCKA NPOTPECHja CO NPB UJEH ¢ =log,x U
napameTap r=log,q .

ITpumep 6. [la ja pasriefamMe XapMOHUCKaTa porpecyja 3ajafeHa co r=2, c=2.3a
x=2, CO ONHWIIaHAaTa IOCTalKa Off OBaa XapMOHHWCKAa IIporpecuja ja poOHBaMe
reoMeTpuckaTa mporpecmja b =2, g=4. Jleranure TM ocTaBamMe Ha YMTATEJOT 3a

BeKOa.
Ha ja pasriemamMe reoMeTpHCKaTa Iporpecdja 3amafeHa co b =4, g=2. Heka

3€EMEME XZ%. Cnopen NIPpETXONHO ONIulllaHaTa MOCTalKa Cce JIOGI/IBEI XapMOHHCKa

. 1
nporpechja 3afiafieHa co ¢ =~ r= -1. leTanuTe ru ocraBaMe 3a BexoOa.

3.IIOTEHIIMJAJI HA APUTMETHNUYKA, TEOMETPUCKA 1 XAPMOHNCKA
I[TPOI'PECUJA
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Jda ja pasriegame KOHEUHaTa XapMOHHUCKA IPOTPECHjA ¢},Cy,...c,. Of (2) 1 (3)

Jo0uBaMe

n 2 2

1
ii l+n_1r i+i(n—1)r i+L
o q 2 o q aq c

n

HITO 3Ha4YM [1€Ka XapMOHHUCKaTa CpE€inHa Ha CUTE HejSI/IHI/I YJIC€HOBU € C€IHaKBa Ha
XapMOHHUCKaTa CpeinHa Ha ABaTa Kpa]HI/I YIICHOBMU.
Ha 3abeliesknume A€Ka aHaJIOTHU peJlallui BaXXaT WM 3a KOHEYHUTEC apUTMETHUYKU U

reoMeTpucku nporpecud. IMeHo, ako {a;}/.; u {b;}/., ce apUTMETHYKA U T€OMETPUCKA
mporpecuja, COOgBETHO, TOTall

ia" a+a —
k:ln _ 12 n u ”szlbk — ,blbn .

Hedunnuja 2. Heka {4;}]_,, {4}/, 1 {¢;}/-; c€ KOHEUYHU apUTMETHYKA, TEOMETPUCKA U
XapMOHHUCKA CPefINHA, COOABETHO. bpoesuTe

1 n n ;
pa:_zaks Pp = ku u Pc=7
M= k=1 2o
k=1
I HapeKyBaMe NOTE€HLUjajl Ha IPOTPecunTe {a;}i;, {b;}i ¥ {c;}/; COOABETHO.
Hemnocpenno on nmeduHumjata Ha moTeHnmjan, ¢opmynara (4) u cBojcTBaTa Ha
apuTMETHUYKaTa U FeOMeTpucKaTa porpecuja cienyBa

-1
Pa=q +an , kajie d e pasnukaTta Ha {g;}i,,

n—1
=1 n
py=hq?, Kaje g € KOIMYHUK Ha {b;};_;, H
1 n
Pe=——7> Kajie r € mapamMeTapor Ha {c;}i. .
Tty
1

JacHo, ako »n e HemapeH OpoOj, TOraml p,=dun, pPp=bw U p,=Cu, T.E.
2 2 2
MOTEHIWjaJINTe ce eJHAKBY HAa CPEIHUTE WICHOBH Ha MIPOTPECUNTE.
Teopema 6. Heka e fafjeHa KOHEYHa XapMOHHMCKa Iporpecuja {c;}i;, co mapamerap

r. Toram HU3aTa {¢;}iL; nepuHUpaHa co ¢; =c¢,_;,; 3a i=12,..,n € KOHEUHA XapMOHHUCKA

mporpecuja co napaMeTap —r W HOTEHIMjauTe Ha JBETE MPOTPECUH Ce THAKBU.
Iloka3s. JacHo,
) 1 1 1

Cp = Cpg41 = - (n_l)r+f}l+(k—1)(—r) B %+(k—1)(—r) )

(n—k)yr+

o
IITO 3HA4M AeKa {c;}i-; € XapMOHMCKa IIporpecuja co napaMeTrap —r. 3a NOTEeHLUjaIuTe

Ha HU3HUTE {c;}", U {¢;}', uMame
pc.: ”1 :—n ”l = “nl :pc_
o Z’l sl 0y

ke k=1

M=

=
i

1
3adenemka 4. Ha xpajor Ha oBaa paboTa jja 3abeyeskuMe fieKa 3a apuTMeTHIKaTa u

TeOMEeTpPHUCKATa MPOrpecuja BaXkaT CBOjCTBA aHANIOTHU HA CBOjCTBATA 3a XapMOHHCKATa

mporpecuja ucKaxkaHu Bo TeopeMa 6. [leTannute ru ocTaBamMe Ha YUTATENOT 3a BexkOa.




