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a*hb—1

Problem 1. Find all ordered pairs (a,b) of positive integers for which the numbers |
a

ba + 1
b—1

and are both positive integers.

Problem 2. Let ABC be an acute triangle with AB < AC and O be the center of its
circumcircle w. Let D be a point on the line segment BC' such that /BAD = ZCAO. Let E
be the second point of intersection of w and the line AD. If M, N and P are the midpoints
of the line segments BE, OD and AC, respectively, show that the points M, N and P are
collinear.

Problem 3. Show that

2 2
a+2b+—— | b+2a+-—-) > 16
a+1 b+1

for all positive real numbers a and b such that ab > 1.

Problem 4. Let n be a positive integer. Two players, Alice and Bob, are playing the following
game:

e Alice chooses n real numbers, not necessarily distinct

n(n—1)
2

e Alice writes all pairwise sums on a sheet of paper and gives it to Bob (there are
such sums, not necessarily distinct)

e Bob wins if he finds correctly the initial n numbers chosen by Alice with only one guess
Can Bob be sure to win for the following cases?
a.n=5 b.n=6 c.n=38
Justify your answer(s).

|[For example, when n = 4, Alice may choose the numbers 1, 5, 7, 9, which have the same
pairwise sums as the numbers 2, 4, 6, 10, and hence Bob cannot be sure to win.|

FEach problem is worth 10 points.

Time allowed: 4 hours and 30 minutes.



Problem 1.

Solution. Asa®h—1=0(a*+1)— (b+1)and a+1|a®>+ 1, we have a+ 1| b+ 1.
Asbla+1=ad®—1)+(a+1)and b—1|0>—1, we have b— 1| a + 1.
Sob—1|b+1 and hence b—1|2.

e If b =2 thena+1|b+1=3gives a = 2. Hence (a,b) = (2,2) is the only solution in
this case.

e Ifb=3,thena+1|b+1=4givesa =1 or a =3. Hence (a,b) = (1,3) and (3,3) are
the only solutions in this case.

To summarize, (a,b) = (1,3), (2,2) and (3,3) are the only solutions.
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Problem 2.

Solution. We will show that MOPD is a parallelogram. From this it follows that M, N, P
are collinear.

Since Z/BAD = ZCAO = 90° — ZABC, D is the foot of the perpendicular from A to side
BC'. Since M is the midpoint of the line segment BE, we have BM = M E = M D and hence
IMDE =/MFED = ZACB.

Let the line M D intersect the line AC at D;. Since LZADD, = /MDE = ZACD, MD is
perpendicular to AC'. On the other hand, since O is the center of the circumcircle of triangle
ABC and P is the midpoint of the side AC', OP is perpendicular to AC. Therefore M D and
OP are parallel.

Similarly, since P is the midpoint of the side AC', we have AP = PC = DP and hence
ZPDC = ZACB. Let the line PD intersect the line BE at Dy. Since Z/BDDy, = /PDC =
/ACB = /ZBED, we conclude that PD is perpendicular to BE. Since M is the midpoint of
the line segment BE, OM is perpendicular to BE and hence OM and PD are parallel.
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Problem 3.

Solution 1. By the AM-GM Inequality we have:

a+1 2
> 2
2 +a—|—1_
Therefore +3
0+ 2b+ >4T2 o,
a+1 2
and, similarly,
2 b+ 3
b+ 2 ——>2 —_—.
+ a—l—b+1_ a + 5

On the other hand,
(a+4b+ 3)(b+4a +3) > (Vab+ 4Vab + 3)* > 64

by the Cauchy-Schwarz Inequality as ab > 1, and we are done.

Solution 2. Since ab > 1, we have a +b > a+ 1/a > 2+/a - (1/a) = 2.
Then

2 2
a+2b+——=0b+(a+b)+—r
a+1 a+1

2
>b+2+ ——

a-+1
_b+1+b+1+1+ 2
92 2 a+1

o (b + 1)

- 2(a+1)

by the AM-GM Inequality. Similarly,

2 (a+ 1)
bt 20+ —— >4 .
TR TN 2
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Now using these and applying the AM-GM Inequality another time we obtain:

ot 2 V(proar 2 zmi‘/w
it 1 b+ 1 A

[ (2v/a)(2vh)

> 16
- 4

= 16Vab

> 16

Solution 3. We have

2 2 2 2
<a+2h+517)<é+2a+513>—-0a+b}+b+a+l)(m+by+a+g1i>

9 2
- (HH\@JF (a+1)(b+1)>

by the Cauchy-Schwarz Inequality.
On the other hand,

2 4
>
@+ Db+1)  a+b+2

by the AM-GM Inequality and

2 4 1 —2
a0+ b+ Vab+ Satbt14 _(et+bt+1{at+b=2)
(a+1)(b+1) a+b+2 a+b+2

+4>4

as a + b > 2v/ab > 2, finishing the proof.
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Problem 4.

Solution. a. Yes. Let a < b < ¢ < d < e be the numbers chosen by Alice. As each number
appears in a pairwise sum 4 times, by adding all 10 pairwise sums and dividing the result by
4, Bob obtains a + b + ¢ + d + e. Subtracting the smallest and the largest pairwise sums a + b
and d + e from this he obtains c¢. Subtracting ¢ from the second largest pairwise sum ¢ + e he
obtains e. Subtracting e from the largest pairwise sum d + e he obtains d. He can similarly
determine a and b.

b. Yes. Let a < b < ¢ <d<e < f be the numbers chosen by Alice. As each number appears
in a pairwise sum 5 times, by adding all 15 pairwise sums and dividing the result by 5, Bob
obtains a + b+ c+ d+ e+ f. Subtracting the smallest and the largest pairwise sums a + b and
e + f from this he obtains ¢ + d.

Subtracting the smallest and the second largest pairwise sums a+b and d+ f from a +b+c+
d + e + f he obtains ¢ + e. Similarly he can obtain b+ d. He uses these to obtain a + f and
b+e.

Now a+d, a+e, b+c are the three smallest among the remaining six pairwise sums. If Bob adds
these up, subtracts the known sums ¢+ d and b + e from the result and divides the difference
by 2, he obtains a. Then he can determine the remaining numbers.

c. No. If Alice chooses the eight numbers 1,5,7,9,12, 14,16, 20, then Bob cannot be sure to
guess these numbers correctly as the eight numbers 2,4, 6,10, 11, 15,17, 19 also give exactly the
same 28 pairwise sums as these numbers.
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17-Tta Jynuopcka 6ajJKaHCKa MaTeMaTHUYKa 0JMMITHjaaa
AnTtanuja Pemyosauka Typuuja, 19-24 jynu 2013

1. Onpenenu v cCUTE MOAPEICHH MapoBU MpUpoaHu OpoeBu (@,b) TakBu 1mro GpoeBuTe

a’b-1 - bla+1
a+l b-1

CC IIO3UTHUBHU LICIIN 6p0€BI/I.

Pemenne. 3a najgenu npupoanu 6poeBu a u b Opojor a%b—1 moskeme Jla TO 3aruiiemMe
BO O0JIHK

a%-1=b(a>+1) - (b+1) .
Axo a u b ce OpoeBu KoM T0 HCIOJIHYBaaT yCJIOBOT OJ 3ajadara, Toram a-+1| a’b-1 u
a+1| b(a3 +1), mazaroa a+1|b+1.
Anarnorno, b%a+1 MoxkeMe 1a ro 3auIIEMe BO 06/HK
bla+l=a®®-1)+(a+1) .
Axo a u b ce OpoeBH KOM IO HCHOJNHYBaaT YCIOBOT OJ 3ajadara, Toram b—1| ba+1 u

b-1| a(b3 —1) ,na3aroa b—1|a+1.

Cera, Ha IOTITOJIHO aHAJIOTEH HA4YMH ce qoOuBa neka b—1|b+1. Ox paBeHCTBOTO

b+1-(b-1) =2,

creaysa b—1|2 , ma umame JBE MOKHOCTH.

Cayuaj 1. b=2. Toram a+1|b+1=3 u exuncTBeHa MOKHOCT € = 2. Bo 0B0j cityuaj
enuHCTBeHO perenue ¢ (a,b) =(2,2).

Cayuaj 2. b=3. Toram a+1|b+1=4 , na umame nBe MoxkHocTH a=1 wmm a=3.
Pemrenuja Bo oBoj ciyyaj ce (a,b) =(1,3) u (a,b)=(3,3).

Koneuno 6apanure noapenenu maposu ce (a,b) €{(1,3),(2,2),(3,3)}.




2. Hexka ABC e ocrpoarosnen tpuaromauk co AB < AC u O e nenTap Ha HEeroparta OIu-
mana kpyxkHuna o. Hexka D e Touka on orceukata BC TakBa mro ZBAD = ZCAO.
Toukara E e BTOpa mpeceuna Touka Ha o u npaBarta AD, a toukute M,N u P ce cpeaunu

Ha otceukute BE,OD u AC. Jlokaxu neka M,N u P ce konuHeapHu.

Pemienne. Ke mokakeme  jeka MOPD € e
A

napanenorpam. Ox Toa ke cienyBa aeka M,N u P ce

KOJINHEApHHU.
bunejku  /BAD=~/CAO=90°-/ZABC, D e
MOJTHOYjETO Ha HOpMaJlaTa MoBJeYeHa o1 A 10 CTpaHara
BC. bunejku M e cpenuna Ha orceukata BE, mmame
BM = ME = MD, nia 3atoa /MDE = /MED = ZACB.
Heka MD ja ceue crpanara AC Bo Touka Dy. Og

ZADD; = ZMDE = ZACD, cnenyBa nexka MD e

nopmanna Ha AC . Ox apyra crpana, Ounejku O e LeHTap Ha KPY>KHUIIaTa OMUIIIaHA OKOIY
tpuarosaukor ABC u P e cpenuna Ha ctpanara AC, noouBame neka OP e HopManHa Ha
AC . 3atoa MD u OP ce napanensu.

Cnuuno, Ounejku P e cpeauna Ha ctpanara AC, umame H:’:E:ﬁ, ma OTTykKa
/PDC=ZACB. Jla 3ememe gnexka PD ja ceue BE Bo Touka D,. bunejku
«/BDD, = ZPDC = ZACB = ZBED, 3aknyuyBame nexka PD e nHopmanna Ha BE. bunejku

M e cpenna Touka Ha orceukata BE, OM e Hopmanna Ha BE u ortyka OM u PD ce

ImapaJiCJICHH!.




3. Jlokaxu aeka
2 2
(a+2b+a_+1)(b+2a+b_+1) >16,

3a OMJI0 KOM MMO3UTHBHU OpoeBu @ u b TakBu mTo ab>1.
Pemenne 1. On HepaBeHCTBOTO Mely apUTMETHMYKa M TI€OMETpUCKAa CpeAMHa 3a JBa
MMO3UTUBHU peaHu Opoja uMame

a2 5, fad2 s
2 Tad 22 a1 22

0J1 KaJIe IIITO HETIOCPEAHO ce J00rBa

2 - a+3 a+4b+3
a+2b+—=4= 12 +2b= =

Ha nmoTmonHo aHanoreH Ha4uH, OO UCTHUTC ITPUYIMNHU KAKO U MMPETXOAHO NMaMC

b+3 _ b+4a+3
£ >
b+2a+b 1_2a+ Rt

[Tonaramy, ox HepaBeHcTBOTO Ha Komm-bymakoscku-1IBapiy u ycnosot ab >1 umame

a+4b+3 b+423.+3 >4 1 (\/_b+4'\/_+3) 64 16

ITO TpebaIle Ja ce JoKaxe.
Pemenne 2. bunejku ab>1, u ox Toa mro & u b ce mo3uruBHYU pearHu OpoeBU, UMame

a+b2a+122‘fal=2.
a a

Cera o HEpaBEHCTBOTO Mery apUTMETHYKa W TEOMETPHCKA CpeIrHa Mery YeTHpPHU
MO3UTUBHU peaiHu Opoja uMame

2 _ 2 2 _ 2
a+2b+m—b+(a+b)+(ler 2b+2+a+1_(b+1)+a+1+1

2
b+l 2 . q_ 44/(0+D)
2 T2 Tad =N 2@

_b+1 b+l

IToTmomso AQHAJIOTHO, aKO A WU b cm rm cMmenar mecrara BO MNpETXOAHOTO HEPABCHCTBO

nobuBamMe
4 (a+1)
b+2a+—b > 4ﬂ’2(b+1)

On nobueHuTe HEpaBeHCTBA M CO YIUTE €JHAa I[pUMEHa Ha HEPaBEHCTBOTO Mery

apUTMETHYKAa M T€OMETPHCKa CpelMHa Mery JIBa peajHu Opoja, 3a€HO CO HEPaBEHCTBOTO
ab>1, nobuBame

2 2y5 164/ 0 @D _jsqlbitart
(@+2b+257)(b+2a+550) 21685 2 8 267 = 16072 2

> 16?’%% —16%ab > 16.

Pemenne 3. On HepaBeHcTBOTO Ha Komm-bymakoscku-111Bapir cienysa
2 2y L 2
(a+2b+ a+1)(b +2a+ b+1) =((a+b)+b+ )((a+ b)+a+ b+l)

2
>(a+b+\/_+ YT +1)(b+1)) .

Op nmpyra crpaHa, oA HEpaBEHCTBOTO MEXY apUTMETHMYKaTa M I€OMETpHUCKaTa CpeAuHa
cienyBa




a+b>2Jab>2

u
2 > _ 4
J@+1)(b+1) — atb+2’
ma 3aToa

«;(a+1)(b+1) a+b+2 a+b+2

CO IITO € 3aBpHICH AOKa30T.

+4=>4




4. Heka n e mo3utuBeH 0poj. JIBajia urpaun, Anvca u bo0, ja urpaat ciennara urpa:
e Auca u3bupa N npupoaHu OPOEBH, HE CEKOTAIl PA3TUYHU
e AJnuca I'l 3alUINyBa CUTE MO TAPOBU CYMH Ha JIUCT XapTHja U JUCTOT My 'O JaBa Ha

n(n-1)
2

e bob nmobemyBa ako TOYHO T'M MOTOAW MPBUYHUTE N m30paHu OpoeBu of Anmca co

bo6 (mocrojar BaKBH CyMH, HE CEKOTaIll pa3InYHu),

TOYHO €JTHO MOTOAYBaE.

Moske 1 Bo6 nga Oune curypeH jeka ke nooeau Bo CIeAHUTE ciiydanc?

a) N=5 0) N=6 B) N=38

O6jacHH TO TBOjOT OJITOBOP.

(Ha npumep, koran =4, Anuca Moxe 1a ru uzdepe opoesute 1,5,7,9, Kou ©Maat UCTH 11O
napoBu CyMu kako u OpoeBute 2,4,6,10, ma 3aroa bo6 Hemoxke na Ouae curypeH Jeka ke
nobeu.)

Pemenne. a) J/la. Heka a<b<c<d <e ce O6poeButre u3bpanu ox Amnuca. bunejku cute
OpOCBH ce T0jaByBaaT BO JIOOMEHUTE 1O TIAPOBH CYMHU TOYHO 4 TIaTH, CO COOMpame Ha CUTE
10 mo mapoBu no0WMEHU CymMH M JAeliele Ha pesyinrator co 4, bob ja mobuBa cymara
a+b+c+d+e. Co og3emame Ha HajMajgaTa ¥ HajrojieMara 1o maposu cyma a+b u d+e
T0j To nobmBa C. Co om3emame Ha C O] BTOpaTa HajrojieMa IOMapoBH cyMa C+€ TOj TO
nobuBa €. Ona3emMajku o € oJ Hajrojiemara 1o napoBu cyma d +e toj ro nobusa d . Ha uct
HAYMH MOXe Jia TH [ooue u @ u b.

0) la. Heka a<b<c<d<e<f ce Opoesure n3bpanu ox Anuca. buzaejku cure 6poeBu

ce 1ojaByBaaT BO JI0OMEHUTE 110 NapOBH CYMH TOYHO 5 MMaTH, CO coOupame Ha Jo0ueHure 15
110 TTApOBU CYMH U JIeNieHkhe Ha pe3ynTaror co 5, bob ja mobusBa cymaraa+b+c+d+e+ f .

Co omzemame Ha HajManara M HajrojemaTa JoOHWeHa 1o mapoBu cyma a+b u e+ f Toj ja

nobuBa cymara C+d .
Co on3emame Ha HajMaliaTa M BTOpara HajroyiemMa mnomapoBu cyma a+d uw d+f on

a+b+c+d+e+f T0jja mobusa cymara C+e. Ha cnmrmuen HaunH Moxke 1a ja nooue b+d .
Toj ru kopucTu HEB 3a a ru jooue a+ f u b+e.

Cera a+d, a+e, b+cC ce Tpute HajMajaM Mel'y OCTAaHATHUTE IIECT JOOWEHH 1O MAPOBH
cymu. Ako bo6 ru cobepe oBue Tpu mapa U MpuToa oJ HUB T om3eme C+d u b+e u
NOOMEHUOT pe3yaTaT ro mojenud co 2, Toj ro goduBa a. [loToa Toj Moxe na TH oApenu
ocTaHaTuTe OpPOEBH.

B) He. Axo Amnmca ru uzbepe ocymre 6poesu 1,5,7,9,12,14,16,20 Toram bo6 He moxe na
Ouge curypeH Jieka TOYHO Ke THU TOoroau ocymre OpoeBu, Ouzaejku OpoeBuTe
2,4,6,10,11,15,17,19 ru pmaBar TOYHO HCTUTE 28 MO TApOBU JOOMEHH CyMH Kako U
MIPETXOIHUTE OPOEBH.




