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IIpenrosop

HPEAT'OBOP

Huenno uctpaxxyBame Ha YOBEKOT HE MOXKE Jla Ce Hapede
BHCTHHCKA HayKa akO0 HE € MOTKPEIeHO CO MaTeMaTHYKH
JIOKa3.

[IpobnematnyHa € BEpOJOCTOJHOCTA HA TBpJCHATa BO
HayKHTE Kajie ITO HeMa IIPUMCHA Ha HUTY €IHa MaTeMaTHIKa
TUCIHIUINHA, T.€. KOU HE CE MMOBP3aHHU CO MAaTEMaTHKAaTa.

Jleonapno na Bunun

Kuaurasa Mamemamuuxku manenm C3 e mpoAoDKeHHE HA KHUTHTE MaTeMaTH4Kd
tasieHT Cl u C2 u ucrata e HaMeHeTa 3a TAJCHTUPAHUTE YYCHHIIM MO0 MaTeMaTHKa O]
BTOpa TOJWHA OJf CPeIHOTO oOpa3zoBaHue. KHHrata, BCYIIHOCT, € TPBUOT JAeN O]
30upKara 3aJa4uu 3a BTOpa FOJMHA U BO OBOj eI Ce COAp KaHU 547 peleHu 3aJauu U BO
YETUPHU OJJICITHU Jiesia ce 00pabOTeHH KOMIUICKCHUTE OpOCBH, KBajpaTHaTa (PyHKIIMja U
KBaJpaTHaTa paBeHKa, 3aJa4yd OJl HEpaBEHCTBA W 3aJaud OJf TeopujaTa Ha OpOEBH.
Tpernor m 4eTBPTHOA 1€ BCYIIHOCT C€ MPOJODKEHHja Ha COOJIBETHUTE JIEIOBU O]
kaurata Matemaruuku taneHT C1. Taka Bo TpeTHOT e ce 00paboTeHH HEPABEHCTBOTO
Ha Kommu-bymakoBcku-1lIBapu, EHre10BMOT NpuHIMI HA MUHHMYM M HEPAaBEHCTBOTO
Ha YeOuies, a Ha KpajoT ce JaJeHU JOTOJIHUTEIHHU 3a/1a4l BO KOM BCYLIHOCT C€ BPILU
IIOBTOPYBaH-€ Ha COJPKUHUTE OJ1 HEpaBEHCTBa 0/ KHUrata MaTtemarnuku tajieHt Cl.

Kako u Bo kuurure Mamemamuuxku manrenm Cl1 u C2 1 BO OoBaa KHUTa IpHUpojaTa
Ha 3a/la4iTe COAPKAHM BO HEa € TaKBa IITO THE C€ MOCEOHO MHTEPECHHU 32 KOMUCHHTE
KOM TH CIPOBeayBaaT MaTeMaTHYKUTE HaTHpeBapu. [IpuToa, 3agaunTe MOBTOPHO HE ce
CUCTEMAaTU3UPAHU CIIOpPE] CTETICHOT Ha HATIIPEBAPYBAHETO, TYKY THE C€ paclpeieieHn
no obnactu. Taka, Ha mpuMep, 3aa4nTe O] TeOpHjaTa Ha OPOEBHU Ce BO MET JieTa, U Toa:
Oyukmuute 1(N) u o(n), Oyakuuute [X] u {x}, Teopema na UYebumes, PepmMaToBu u

coBpIIeHN OpoeBH ¥ JIOTIOTHUTENTHY 33aJa49H, JIe]l BO KOj C€ aJIeHU 3aJa4u CO JICINUBOCT,
KOHrpyeHUIUH 1 J{noaHTOBU paBEeHKH.

Peuenzenrure, n-p Cnarana bpcakoBcka, a-p 3opan Mucajnecku u a-p Tomwu
JIMMOBCKH, MIPUIOHECOA CO CBOMTE CYIeCTUH M 3a0eNeIKH Ja ce MoJ00pU COApKUHATA
Ha KHUTAaBa, 3a IIITO MOCEOHO UM OJiaroiapume.

W nokpaj BIOKEHHOT HAIOpP, HE MOYKEMeE J1a Cce 0CJI000JMME OJ1 BIIEYATOKOT JieKa ce
MOXHHU 3HAQUWTENHH M0J00pyBama Ha OBaa 30MpKa pelleHH 3ajaud, Kako W OTCTpa-
HYBame Ha €BEHTYAJHHUTE NMPOIMYCTH M TPEIIKH. 3aT0a, OJHAINpE] cMe OJarogapHu Ha
ceKkoja foOpoHamepHa 3abenelka, KpUTUKA U CyrecTHja.

Ha kpajot, ke Hu Ouzme ocoOeHa yecT M 3aJ0BOJICTBO aKO OBaa 30MpKa MpHUJIOHECE
YUCHHIIUTE J]a HaBJIe3aT BO TajHUTE HA MaTeMaTHKAaTa, a MOCEOHO aKo MaTeMaTHKaTa UM
CTaHe KUBOTHA OTIpe/Iesi0a Ha HEKOH O] HUB.

Ckorje ABTOpHTE
HoemBpH, 2019 1.







KommnexcHu OpoeBu

| KOMIIJVIEKCHUM BPOEBU

1. Axo |al=1 wm |b|=1 (a#b), roram |%|21.H0K3>KI/I!

Pemenne. Hexa |a|=1. Toram |a|=1, na satoa

_1_latl _ labl _labl_jan
la |al{a—b] [aa—ab] [1-ab|

1-ab

2. Hexa a >0 e peanen 6poj u b € C takoB mto b = —a. [Ipecmeraj ro momynor
atb

140
a

Ha KOMILUIEKCHUOT OpO]

Pemenne. KoMIiekCHUOT Opoj MOKEMeE J1a TO 3aIluIeMe BO 00JIMK
ath _ ga+h _ja+h _ 5a+b ,
1+2 a+b a+b a+b

3apaaM Toa mrto a=a u a+b=a+b. Cera, on Toa mro |al=a u paBeHCTBOTO

|la+b|Ha+b|, umame

a+b
| 24D |y g aih g | By
140 +b |a-+b|

~1+i.3 2

3. Axo a= > > JOKaXH JieKa o +a+1=0 u & =1. Ioroa ONpenesid U

2
peaIHUOT ¥ UMaruHapHUOT /1€ Ha OpojoT T+—;ab ,Kage mro a u b ce peanHu 6poeBH.

Pemenue. Mimame ce 6poeBure
o +a+l= (_]izi‘ﬁ)2 + _]izi‘ﬁ +1= _Ziii*/é + _Jizi\g +1= _1“_‘2i\/§ + _]izi\ﬁ +1=0.

Cera
0=05(052 +a+1) —a+a’ +a=a3+(a2 +a+1)—1=a3 -1,

OJ1 KaJie clelyBa o =1. [Tonaramy,
ac’+bh _ act+ba _  atba _1 —Hixﬁ

atha = (atha)a  (a+tha)a  « 2

2
Jla 3a0enexume JieKka BO UIMEHUTENOT Ha JPOIIKaTa aﬁbzb Mopa Jia Ouje pasindeH oJl

HyJIa, TO K& OHJIC UCIIOJIHETO aKO a?+b? % a’+b% 20 ).

4. Axo o = _1+—2|\ﬁ JOKaXX! I€Ka 3a CEKOU 4, b u ¢ Baxu

(a+b+c)(@+ba+ca?)@+co+ba?)=as+b3+c3-3abc.

Pemenne. On o = _1+—2"ﬁ cieayBa OLZ =_1_T“/§ , a+ol = -1, o’ =1. Umame

(a+ba+ca’)(@+co+ba?) =a? +ab(o+a?)+bc(o+a?)+b% +c?

=a2—ab—ac—bc+b2+cz,
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I1a 3aTo0a
(a+b+c)(@a+ba+ca®)(@+co+ba®)=(a+b+c)a?—ab—ac—bc+b? +c?)

—ad+b°+c3 —3abc

5. Jlokaxku Jiexa

x/l+iﬁ+«/l—i\ﬁ :\ﬁ.
Pemenne. mame

(W1+iNB +\1-i3)2 =1+iV3+1-iV3+2\1+3=6.

Cnopen toa,

\/l+iﬁ+\/l—iﬁ =6

n
6. [Ipecmeraj ro 30MpoT Y| iK=iti% . +i" ,Kajie | e UMaruHapHarta eJIuHHIIA.
k=1

Pemenue. Mmame i2 = -1, i3 =i , i =1.Ke pasriiesiamMe 4YeTUPH CIIy4au, U Toa

a) Ako N=4p, Toram ox

AL j45+2 4 j4SH3 it _j_1_j+1=0,3acexoj 5=0,1..,p—1

nobuBame
4p
S K =i+ i3 +it 4 iP S 4P AP 4P
k=1
0) Ako N=4p+1, roram
A - 4p-3  :4p-2  Ap-1 :Ap  :4p+l 4p+l _
o e R e e L Y e S LA o F N

Do

k=1

B) Ako N=4p+2, Torami
4p+2
S ik =i i il it AP P2 AP AP japeL | jape2
k=1

=0+i*PH 4i4P2 0 4i-1=i-1

r) Ako N=4p+3, Toram
4p+1+i4p+2+i4p+3

4p+2
S ik s i i il it 4P 4 AP2 AP AP
k=1
=0+i*PH 4P 4P —01j—1-i=—1

7. IIpecmeTaj ja BpeaqHocTa Ha 30UPOT
Tri g ()2 (k)3 (1xi)1986
NPRRNCUAN N7

Pemenne. Ke ro uckopucrume pesynraTtoT (1—’\+F2')2 =1, a 3a NOKPaTKO MUIIYBaAKE

craBame Z =1L Akoco S ro o3Haunme 6apaHHOT 36Up, ke UMaMe
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2 2 3 992 n 993

+.o.+Z- i

+i%2 ) ri(Lri+i% ..+

=(Z+D)L+i+i% +...+1°%)

= 2D+ +i2+i3)+ (* +P +iC +iT) .+ (1988 41989 %90 499y 1992y
=(Z+D[A+i-i-D)+@+i-i-D)+..+A+i-i-1)+1]

:z+i:1—+i+i:—1+(l+ﬁ)'.

2 2

S=z+4+i+z-1+1“+z-i“+i

:z(1+i+i2+...

8. Heka U=-1+i\/3, v=—1-i3, w=2un e npupoeH Opoj Koj He € JIeTHB CO
3. Jlokaxku eka um vt +w" =0.
Pemenne. Mmave u° = (—1+i\/§)3 =8u V= (—1—i\/§)3 =8. OcBen Toa U2 =2V
mv?=2u.
Axo n=3k+1, kage k € N, Toram
u" v +w” =8%u+ 8 v+85w=8%(u+v+2)=0.

Jokazor3a N=3k+2, ke N e ananoren. /leranure ru octaBaMe Ha YUTATEIIOT.

9. Onpenenu ru cute NPUPOTHU OPOEBU N 3a KOU OPOjOT Z = (%)n € peaJieH.

Pemenue. KommiekcHuoT 6poj % MO’KEME J1a TO 3anuieMe Bo 00IMK
3+ _ 3+i 2+ _ 645i+i% _ 545 _q
T 4z 5 —itl

3naun, z=(1+i)". Axo n e mapen 6poj, onHocHo n =2k 3a ekoj k € N, Toram
z=(L+i)" = Qi) =[@+i)%] = i)
Axo mak k e mapen 6poj, oqHocHO K =2m 3a Hekoj M€ N, Toram
z2=(2)"" = @4i%)" =4a"(-)™.
3Hauy, ako N=4m, t.e. 4|n toram Z € R.

Axo 4| n, Toram n uma eneu ox oomuuute 4m+1, 4m+2 unu 4m+3. Bo cekoj
O]l THE CITy4au UMame

z=@1+i)"™ = 4" )M 1+i) e R,

z=@0+i)*2 = 4" D" 1+i)2 =4™ - ()™ -2i ¢ R,

2=0+)*™3 = 4™ ()" @ +i)® = 4" (D™ - 2i@+i) =4 - (<)M - 2(-1+i) ¢ R .
3Hauu, Z e pealicH Opoj ako u camo ako 4|n.

10. /laneH e KOMITJIEKCHUOT Opoj Z = _1+—2"/§ . [IpecmeTaj ro MpOU3BOIOT:

2 2012
(z+1)(z +Zi2)...(z +22%12).

Pemenue. O
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e 1+|f) _ 1-2i 3—3: —1-iV8 3 - =B 1B g
2 2

2
ciaeayBa:

(z+1)(2? +Zi2)...(22°12 o) = (2 22)(2%2 + 2)1+1)%"0 (2 + 22) (2% + 2)

_ 9670

(22 L Z)1342 _ 2670(—1+2iﬁ N —1—2i\/§’)1342

_ 9670 (_1)1342 _ 5670

11. Ako 3a KOMIUIEKCHHOT Opoj Z#-3+21 Baxu | Z+§+§: |=1, Toram
Im(z) = Re(z) . Jokaxwu!
Pemenne: Axo z =a+Dbi Toram ox ycioBoT Bo 3aauata foouBame
|(@a=2)+(b+3)iH(@+3)+((b-2)i]|,
a OTTyKa
(a-2)? +(b+3)° =(a+3)° +(b-2)°.
Ox nocnieroto paBenctBo umame 10a—10b =0 ma 3atoa Re(z) =a=b=1m(z).

12. Jlokaxwu, ieka ako MOAYJIOT Ha €JeH KOMIUIEKCEH Opoj € eIHakoB Ha 1, Toramr

TOj MOJKE /1a C€ MIPETCTaBH BO OOJIUKOT % Kazne C e peaneH Opoj.

Pemenue. Axko |z|=1u c=i Z*% , TOTall Z = g“ ul|h C+H =1, re.
u@ -1
C—l c+i

Co cpenyBame Ha TOCISAHOTO paBeHCTBO jgoOmBame C—C=0. 3Haun, CeR u

Z_c+|

- mron Tpeballie 1a JoKaxKeMe.

13. Jlokaxku, eKa ako | 72 +1=2|z+1|, zeC, roram |z |< J7.
Pemenne. Heka Z = X+1iy . Toram
Z+1=X+1+iy u 72 +1=x? —y2 +1+ 2xyi ,
01 Kajie 100nuBame

122 +1]=2| 2+1] & (X° — Y% +D)? +4x%y? = 4((x+1)% + y?)

=
x4+y4+1—2x2y2+2x2—2y2+4x2y2=4x2+8x+4+4y2 =
x4+2x2y2+y4—2x2 —8x—3—6y2 =0 =
(x2+y2)2—6(x2+y2)+4x2 -8x+4-7=0 <
(X +y2)? —6(x% +y2) +4(x-1)% -7 =0.

AKo cTtaBuMe I’2 = X2 + y2 TOTAIIl OJ] ITIOCJIIEAHOTO PAaBEHCTBO CIENYBa AEKa

(r2)2—6r2—7§0 = (r2—7)(r2 +1) <0 =

-7<0 o r?<v = |r|£«ﬁ

ITO Tp66ame n aa C€ JOKaxXe.

10
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14. JlokaxKu 1eKa 3a CeKoj KOMILIEKCeH 6poj Z , ako | Z+1]< —= | toram | 22 +1>1.

J2

Pemenue. ILa NpCTIIOCTAaBUME JIC€Ka IIOCTOM KOMIIJICKCCH 6p0_] Z TakKOB WLITO

|Z+1|<% u |Z2 +1|<1. Heka z =a+bi. Toram

Z+l=a+1+bi u z2+1=a°—b? +1+2abi.
On |Z+1|<% noOuBame

(a+1)2+b2<% = a2+2a+1+b2<% =
2a% +4a+2+2b° <1 o
2b? < —2a% —4a-1. 1)
On | 72 +1<1 nobusame
(a2 —b? +1)2 +4a%h® <1 o
a* +b% +1-2a%b? +2a® — 202 + 4a%b® <1 N
a* +b% +1+2a%p® +2a% - 2b° <1 &
(@ +b%)? < 20% - 2a°, (2)

AKO oIlcHKaTa Ha 2b? ox (1) ja 3amenume Bo (2) mobuBame
(@2 +b%)? <—2a°-4a-1-2a° < (@2+b%)?+4a’+4a+1<0 <
(@® +b?)? +(2a+1)2 <0.

[TocnennoTro HepaBeHCTBO HEe € MOXxHO. CienyBa JeKka 3a CeKoj KOMIUIEKCEeH Opoj Z,

aKo |Z+1|<% , TOTalll |Z2 +1>1.

15. Axo Z e KOMIUIEKCEH Opoj TakoB IITO | Z |=1, mokaxku jeka

a Z +a4Z+
| 222 TUT™% |1 kane ag,a,8, € C.
agz’+ayz+a,

Pemenue. Heka |z |=1. Toram

a2 +agz+ay | | a2t vaztay 7 o azlzf+ay|zff+agz | | az+atagZ | |apzta+agz|
Z}= —

agz’+agz+a,  Byzi+az+a, ayzlzf+a|zP+a,z | az+atagl | |az+a+3,Z]

16. 3a KOMIUIEKCHHUOT HEHYJITH OpOj Z , BAXKH 2=7. [Ipecmeraj ro 72004

Pemenne. Oy 2> =7 cienyBa 73 = 7. Co MHONeIbe HA JBETE paBeHCTBa J00MBa-

me 2°7° =7z, onHocHo | z |6:| z |2 . bunejkun z #0, umame |z |4:1, na 3aroa | Z|=1
Cropen Toa, 2t =7 =z |2:1, na saroa 7200 = (24)501 =1.

17. 3a HeHy/ITUTE KOMIUIEKCHH OpoeBr Z U W Baxu |Z | Wl z—w|. [Ipecmeraj

(2)%.

11
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Pemrenne. O ycJIOBOT Ha 3aja4ara cieaysa | %+ =1 % —1|. Heka u = % Toram

_ - 2
uu=1 u (U-1)(u-1) =1, ma 3aroa lz(u—l)(%—l):—%, ol Kajae noOuBame

U2 =u-1. Ilocmexnoro PaBCHCTBO I'O MHOXHUMEC CO U U I[O6I/IBaMe U3 = U2 —u=-1.

Crnopen Toa,
u? =@ = (¥ =-1,1e. ()P =-1.

18. 3a HeHYNTHOT KOMIUIEKCEH OpOj Z Baxu 22 =7. Kou BPEIHOCTH MOXeE J1a TH

npuMu 6pojoT 72019
9

Pemenne. O z° =7 cieaysa z° = 27 =z |2 ,Ta. |z |9 =z |2 u Kako |z =0 nobu-

Bame |z|=1.
2019 _ (,9y224,3 _ ;3 4 (33 = 3

bunejku 7° =1,o0n z -7° =1, ako cTaBuUMe W=2",

ja mobuBame paBeHKaTa w?-1=0, re. paBeHKaTa (W—l)(W2 +W+1) =0, uum pere-

Huja ce W =1 w3 = _]iz"ﬁ. Cnopen Toa, 28 e{l,_l_—z'?’,_l“LT"ﬁ}, IITO 3HAYM JIeKa

- B
Zoge{L 12| 3, 1+2|\E}.

19. Heka a,b,C ce xoMIuiekCHI OpOeBH TaKBH IIITO
a+b+c=0 u ab+bc+ca=0.
JHoxkaxwu, nexa |al|=bl=c]|.
Pemienne. OI[ MIPBOTO PABCHCTBO I[06I/IBaMe a+b=-c , IIa 3aToa CO 3aMC€Ha BO
BTOPOTO PaBEHCTBO Haorame
O=ab+bc+ca=ab+c(a+b)= ab—c?, Te. ab =c?,

2

Amnanorno no6usame bc=a“ u ca= b?. On nobueHuTe paBeHCTBA ClIeyBa

2 2 2
lal-[bHc|”, [b]-[clHal” n[c]|-|alHb]|".

2
al |c

AKO T TIOJIe/TUME TIPBUTE JIBE PABEHCTBA J0OMBaMe la _ e T.c. |a |3:| c |3 mma 3aroa
T ’

|al= c|. AnanorHo ce nobusa aeka |b|= c|, na 3aToa Baxku |alb|<c]|.

L+1,
+z7,

20. Axo |y |9 z, |=1 u 7y, # -1, noKkaxu jeKxa e pearner 6poj. oxaxwu!

Pemenne. Mmame,
u+z, | utz, yz,  (+2,)(+zzp)

Wz, W37y 14y +2,2,[?
2 2 2"
[1+2,2,| [1+2,2,| [1+2,2,
4+,

Ho, 71 +7; m Z, +Z, ce peannu 6poesy, na 3aToa U € peaiieH 0poj.

+7z,

12
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21. Heka a,b,c ce xommuekcuu 6poesu. Ako 1+C+ c?=0 , TOKaXXH JIeKa
(ac2 +bc)(bc2 +ac) = a? —ab+b?.
Pemenne. Ox 1+c+c? =0, nmame c+c+c> =0, re. c3 :—(C+C2) =—(-D=1
3aTtoa
(ac2 + bc)(bc2 +ac) = c? (ac+b)(bc+a) = c? (abc2 +a’c+b’c+ ab)
= c?[ab(c? +1) +c(a® +b?)] = c?[ab(~c) + c(a? +b?)]

=c3(a? —ab+hb?) =a? —ab+b?.

22. Hexa z; u Z, ce KOMIUIEKCHM OpO€BH TaKBH IUTO BakH |Zy +27Z, |27+, |.
Jlokaxku, eKa 3a CeKoj pesaeH Opoj o BakH | Z; +0Zy |5 azy + 7, |.
Pemenue. 3a cexoj peasieH Opoj o BaKu
|7 +0z, P =0y +2, = (2 +a25)(21 + 0a25) — (a2 + 25) (071 + 2,)
= (1 +a2))(1y +azp) ~ (02 + 2) (07 +2) "
Haf +a® |2 ranzy +z0)-af (1 |2 ~a(tz; +252)
=@-o®)znl -1z ).
bunejku |z +22, |4 2z, + 2, |, omHOocHO |74 +22, |2 -2z +12, |2= 0 u xako cropesn
(1)3a a=2 Baxu
|z +22) F ~ |22 +2, P=0-2)(2 " -1 2 ),
no0uBaMe JieKa BaxH | Z; |2 -z |2= 0. 3aroa, moBTopHO o1 (1) ciemyBa Jeka

| 1 + 0z |2 —|loazg + 125 |2=O, T.e. |1 +0Zy |H oz +2, .

23. Ako a,b u ¢ ce kommiekcuu OpoeBu Taku mto |alHblj=1 u a=b, Toram

% ¢ UMaruHapeH 6poj. Jlokaxu!
Pemenne. Hexa W:%. Toram sz . On |aldbl=1 cnenysa

JIeKa aa =bb =1. Nmawme:
W = atb+c+abc _ a+bictabc  ab _ aab+abbrabcrasbbe _ b+atabe+c _
a—-b a—b aab—abb b-a
u oTTyKa cienyBa Rew=0.

24. Heka 7;,Zy M Z3 ce KOMIUIEKCHH OpoeBH co Moayn 1 u Heka 7q +2Z+123 =0.
Jlokaxkm geka
-2, Hz -3 H 3 -7
Pemenne. On 2y +2,+23 =0 u |z |4 Z, |4 z3 |=1 nobusame
|z+2,Hzp +z3Hz3+7 =1,
Heka 7 =X +1y,, k=1,2,3.0x1 | z +2; |=1 3a k # j mobuBame

13



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

Ok +X5)+(VE + YD) +204X; + Y yj) =1
2+2- (%X +YYj) =1
2(%Xj +Yykyj)=-1.

Kopucrejku ro toa, 3a mogynor Ha z —Zj (K, j€{1,2,3}, k # j) nobusame

|z —2j P= (% = %)%+ (¥ - ¥j)°
= (% +X5)+ (Ve +¥) = 20xXj + YY)

=2-1=1
Te |1 -2 HZ~23|HZ3 -7 1.

25. Ao 7,75 ,Z3 ce KOMIIJIEKCHU OpOeBH TaKBHU LITO
|z Hz Hzz |l m 3 +2;+23 =0,
TOTall U3pa3or
2 2 2
|z +22" +l2p + 231" +| 23+ 7 |
MMa KOHCTaHTHA BpeaHOCT. Jlokaxu!
Pemenne. /Ips nayun. Hexa | z; |= z, |4 z3 |=k , Toram ox ycnosot z; +2, +23 =0

nobuBaMme:
uy+2,=-123, 1€ |y+2H-23|=k
Amnanorso Haorame 1ieka |z, + 23 |9 -z |=k u | z3+2 |H -2, |=k , ma nobusawme:
|20+2, 2 +| 25 + 25 |2 +| 23+ 71 [P=3K?
Bmop nauun. KopHCTejI'cI/I)JeKa|Z|2:Z-E M Z+W=2z+W, 3a cexon Z,WeC,
UMaMe:
_ 2 2 2
A—|21+22| +|22+23| +|23+21|
=g+ +29)+ (22 +23)(2 +23) + (23 + 1 ) (23 +71)
=g+ (g +29)+ (22 +23)(2 +23) + (23 + 7 ) (23 +71)
=212_1+215+ZQZ+225+225+225+23Z+23£+23Z+23i+215+212
o o o 2 2 2
=u(y+2p+23)+ (1 +2+23)+3(+ 2+ 3)+ [ |7 +[ 22 |7 +] 23|
I 2 2 2
=(Zl+22+23)(21+22+23)+|le +|22| +|23|
bunejku 71+, +23 =0, | 71 |H 2, |H z3 |=C, cnenysa nexa u3pazor A mMa KOHCTAHTHA

BPEHOCT: 3c?.
3abesenka. 3aayara MOXKEME J1a ja PEIIMMe aKO KOMIUIEKCHUTE OpOCBH TH 3aIUIIIEMe
BO anrebapcka (cranmapiaHa) opma z, = Xy + Vi (k =1,2,3), Toram:

2 2
|21+22|=\/(X1+X2) +(Y1+Y2)" wurH,
a 0]l YCIIOBOT 71 +Z9 +23 =0, cnemyBa: X +Xy, +X3 =Y, + Y, +Yy3=0.
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KommnexcHu OpoeBu

26. Hexa 7;,2,,...,Z, ce KOMIUICKCHH OpOEBH TakBH WITO | Z |4 Zy |=...5z,|=1n

n n
> 7z, =0. Jokaxu nexa ., |z-—zy |2 =n(| z|2 +1).
k=1 k=1
Pemrenne. Umame

|2-2 P= (-2 )2 -2) = (2-2)(@~%) = 22~ 23 ~ 5 2+ 7 7 M
:|z|2 —za—zk2+|zk |2:|z|2 —zi—zkf+1

On ycnosor 7y +27p +...4+2, =0, cnenyBaZ_1+Z+...+Z:0, na 3atoa of (1) mobu-
BaM¢€

n 2 n 2 I _ 2 n__ _n

2lz—g I =2 (z]" Hl-zzg — ) =n(z|" +D) -z 2 7 -2 > 7

k=1 k=1 k=1 k=1

=n(|z[> +1)-2z-0-z-0=n( z|> +1) .

27. Ako a,b u C ce KoMIUIEKCHH OPOEBH TAKBU IITO
laldb|Hc|=r, r>0

Toram
|ab+bc+cal=r|a+b+c|.
Hokaxmu!
Pemenne. Ox r° =|al®=aa cneaysa + = 4 . AHanorso == % ui=LC Cropen
a r b C r

TOA,

ab+bc+ca=abc(L+1+1) :abc(r%+r%+r%)

=2k a1 b+c
r
0J1 IITO CJIeTyBa JIeKa
|ab+bc+cal=22 | atb+cl=r|a+h+c],
r

mTo U Tpe6ame Ja C€ NOKaxe.

28. Hajmu xomruiekceH Opoj Z IITO T'M 3370BOJyBa paBeHCTBaTa |Z+2i|=z—4i| u
|z—4|=1.
Pemenne. Heka z = x+1y . Toram
| X+ yi+2i |5 x+yi—4i|

\/xz +(y+2)2 =\/x2 +(y—4)2
X2 + y2 +4y+4= X2 + y2 -8y +16
y=1.
On BTOpPHOT yCJIOB JOOMBaMe
| x+iy—4|=1

«f(x—4)2 +y2 =1

(x—4)2 +1=1

15
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Xx=4.
CnencrBeHo, 0apaHUOT KOMIUIEKCEH Opoj € Z =4+1 .
29. JIokaku JieKa 3a CeKOM KOMIUICKCHH OpOeBU Z; U Z, BaXu
o, 12 2 2 2
11-212, | — |53 2, "=+ | 2o ) = (o [+ 22 )7
Pemenue. On 77 =z |2 , HEIIOCPETHO ClIeTyBa
11-212; |” =71 -2, "= A= 725) Q- 7925) — (51 - 2 )(7 — 2p)
=1-225)A-22) (71— 23)(z1 — 2,)
=1-212) ~ LU + 14 252~ 4l ~ 2 + 42~ 3
2 2 2
=72 " -1z " -2 |
2 2

=U+72 ) =1z | +122 )7,

IITO U Tpe6ame Ja CC TOKaXxe.

30. Onpenenu r'u KOMIUIEKCHUTE OpOEBU Z 32 KOU

2kt 211,
Pemenne. JacHo, paBenkute ce ompenencan 3a Z#0. Ox paBeHkata |Z|= ﬁ :
nobuBame |z |2: 1, ogHOCHO
|z|=1. 1)
Opn mpeTxoHaTa paBeHKa U paBeHKata | Z |= Z—1| ja noOuBame paBeHKaTa
|z-1=1. (2

AKO KOMIUIEKCHHOT Opoj Z To 3ammineMe Bo anrebapcku ook Z = X+1y , ox (1) u
(2) nobuBame

x2+y2 =1
(x-1)2+y? =1 .

AKO 0J1 TIpBaTa paBEHKa ja OJI3eMEME BTOpara paBeHKa, ja JoOMBaMe paBEeHKaTa

3)

2Xx—1=0.on kane X = % . AKO 3amMeHNMe BO OMJIO KOja OJ] paBEHKUTE O] CUCTEMOT (3),

ja mobuBame paBeHKaTa y2 = % Hej3unu permenuja ce Yy = i@. Crnopen Toa, MHO-
KECTBOTO OpOEBU

2 22

g+if1-ify,

€ PCIICHUC HA PABCHKHUTE.

31. Onpenenu ru cuTe KOMIUIEKCHH OpOEBH Z 3a KOU Ba)kaT paBEHCTBaTa

z-12|_5 -4 _
e -3 1l FL

Pemenue. Ako Z = X+1y , Torarr oJ] ycJOBOT Ha 3aJa4ara JJo0MBame
12 2 2127 _ (x12)°+y* _ 25 =4 2 l—4f _ (x=4)*+y? 1
z-8i -8 lz-8%  (x-8)%+y?

lz-8iF  x%+(y-8)2 9
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KommnexcHu OpoeBu

OJ1 IITO TO JOOMBaMe CHCTEMOT PaBEHKHU

22 + 2y2 +27x-50y+38=0

X=6
yuu pemieHuja ce X=6,y=17 u X=6,y=8. Crnopen Toa, OGapaHute OpOeBH cCe
z=6+171 u z=6+8i.

32. Heka a e KOMIUIEKCEH OpOj TaKOB IITO BaXKH a®+a+1=0. Konky BpemHocTH

MOKe J1a UMa U3pa3oT a® (a-1n~?

Pemenue. Baxn

a®+a+l=a’-a*+a*-a®+a-a’+a+a+1

=a? (a3 —a2)+a(a3 —a2)+ (a3 —az)+(a2 +a+1)

3

=(a —a2)(a2 +a+1) +(a2 +a+1)

= (a3 ~a’® +1)(a2 +a+1).

2

Axo a’+a+1=0, toram a’(a-1)=—(a+l)(@a-)=1-a’=a+2. Ox a’°+a+1=0

cieayBa a = Lz"ﬁ , TIa BO TOj CJIy4aj 100MBame a2 (a-1)= 3i'2‘/§ .On a3 —a2 +1=0,

2

ciieayBa a’ (a-1)= a’—a® =-1. 3naun, H3pas3or a’ (a—1) moxe ma mpuMH TPH BpEI-

HOCTH —1, %, %%ﬁ

33. Jlokaxu Jexa MocTojaT caMO KOHEYHO MHOTY MOJPEIEHH TPOjKU KOMITJICKCHH
opoeBu (X—Y,Y—2,Z—X) KOHW I'M 3aI0BOJTyBaaT paBEHCTBATA

X(X=D)+2yz=y(y—-1D)+2xz=2(z-1)+2xy.

Pemenue. Hexka a=x-y, b=y-z, c=z-x. Toram X=a+y, z=y-b,
c=—(a—b), ma nagenute paBeHCTBa ce TpaHC(HOpPMHpAAT BO: a’—a=-2ab=b’+b.
Axo a#0, toram b= l_Ta , TIa CO pelllaBarbe Ha PaBEeHKATa a’-a= (1_7"")2 +1_Ta’ ce
nobomBa a=1 wmm a=-1, ox xkaze mro ru gobusame tpojkute (1,0,-1) u (-1,1,0) .

Axo a=0, roram oz b% +b=0 , ce noousa b=0 mmm b=-1, co mro ru nodusame
tpojkute (0,0,0) u (0,-11) .

34. Hexa A={z,2,,....,Z1996} © MHOXECTBO OJl KOMIUIEKCHU OpOEBH U HEKa 3a

cekoj 1€{L,2,3,....,1996} e ucrnosHeTo paBEHCTBOTO

{Zi 21,ZiZy,...., Zj 21996}: A.
a) Jlokaxere 1eKa 3a cekoj i e ucronnero | z; |=1.

0) Jloxaxere nexka o z € A crnenyBa Z € A.
Pemenne. a) Jla npernocraBuMe aeka 3a Hekoe | BaxH |z [>1. Heka e Toa TokmMy

Opojot co makcumaseH Moy. Toram ziz =7jzj€A,ma
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2 2
|z Hzi ">z,
IITO MPOTUBPEYH HA MAKCHUMAIHOCTA HA | Z; | .

Axo 3a Hexoe | Baxu 0 <]z [<1, n3bupajku ro TOKMy OPOjOT CO MHHHMAJICH MO-

IyJ1, TOBTOPHO JIOOMBaMe POPHUBPEUHOCT | Zi2 = z; |2<| Z; |, co MUHMMAIHOCTA HA | Z; | .
Ha xpajot axo 3a Hekoe | Baxu |z |=0, T.e. z; =0, ma cure enemenTd ox A Ou
Oue eIHaKBU Ha HYyJA, ITO € HEBO3MOXKHO.
CrniencTBeHO, 3a CeKoj | e ucnonHero | z; |=1.

0) Heka z € A. I'm pasrienyBame OpoeBute Z, 22, 23,.... Cropen ycnoBOT Ha 3a-

Javata U OBHE €JIEMEHTH npunaraat Bo A . bujiejku A € KOHEYHO MHOXKECTBO, 3a He-

kou M u | Mopa ga Baxu M = ZI , OJTHOCHO Zk =1. Axo craBumMe Z'= Zk_l, noou-
ame 2'z =z =1,ao0x1TyKa
_1_ .z z _71_5
Z :—:—,:—:—:Z,
z 72z |72 1
ounejku | z|=1, copen a). Taka z=2"€ A.
35. Pemu ro, BO MHOXECTBOTO KOMITJICKCHU OPOEBU, CUCTEMOT PAaBEHKH 7w = 1,
Pw' =1, *+wt=2.
19,,,25
Pemenne. On z°W' =1 nobusame 7°W?t =1 , ma 3atoa L0 =1, re. 7wt =1.
7w
Opn mocnemHaTa W OJl TpeTaTa paBeHKAa Ha CHCTEMOT J0OMBame JeKa 2w wh ce

4 7

pellieHrja Ha paBeHKaTa t2-2t+1=0 ,T.e. 2 = wh =1, Cropen Toa 1= 22w =zw?.

Hatamy, wt=w ma z=w. Pemenunjata na cucremot ce (1,1),(-1,-1), (i,i) u

(—1,—-1).
36. /la ce noka)ke HEPaBEHCTBOTO

n
\/(a1+a2 +...+an)2 + (b +b, +...+bn)2 < Z«/aiz +bi2 :
i=1

Kajue ay,ap,...,a,,0,0,...,0, € R.

Pemenne. Jla ru pasriegame KOMIUIEKCHUTE OpoeBH Z; =8¢ +iby, Zp, =ay +iby,...,

Z, = a, +iby, . O HepaBEeHCTBOTO Ha TPHArOJIHUK 32 OBHE KOMILUICKCHHM OPOEBH CllelyBa
|1+ 2o+ 23+ .+ 2|1 1 | +| 2o | +| 23| +.+] 2 |

Cera, ako BO TOPHOTO HEpPaBEHCTBO 3aMeHHMe Z, =&, +iby, 3a k=1,2,3,..,n, ro

nobuBaMe 6apaHOTO HEPABEHCTBO.

37.Heka a u b ce xommnexcHu 6poesu u € >0 . Jlokaxu ieka
la+b[P<(+c)|af® +1+1)[b[. (1)
Pemenue. bunejku
la+b[?=(a+b)(@a+b) =(a+b)(a+b)=aa+ab+ba+bb,
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AaJCHOTO HEPABCHCTBO IMOCIICAOBATCIIHO € CKBUBAJICHTHO CO HECPABCHCTBATA
ab+ba < caa+%bb .
ca(a—1b)-b(a-1b)>0,
(ca—b)(a-1b)>0,
(ca—b)i(ca-b)>0,
%(Ca —b)(ca—b)>0, (Ounejku c e peanex 6poj)
|ca—b|?>0.
KOHC‘IHO, 0o TOYHOCTAa Ha MOCICAHOTO HCPABCHCTBO, CJICAYBAa TOYHOCTA Ha HCPABCH-

ctBoTO (1).

38. Heka V u W ce JBa pa3IUyHU HEHYITH KOMIUIEKCHH OpoeBH. JloKaxku aeka
BaXKU:

|zw+v_v|s| zv+\_/|,
3a cekoj z € C,|z|=1 ako u camo ako nocron K €[—11], taka mro w=Kkv .

Pemenue. Axo moctou K e[-1,1] takoB mro w=Kv, Toram HepaBEeHCTBOTO €

OYHTJICTHO.
OO6parno, Heka t>1 e TakoB mrTo W—tv=0. Jlebunupame komruiekceH Opoj:
_ tv-w : _ —~ _ t(w-w) v _ Wew
z=" 7, >33 KOj BaXH | z|=1. Ilputoa zZW+w = Wiy 2 OMHOCHO ZV+V=="—-"%, na
3aroa

| zw+wl=t|zv+vV].
HO, t >1 ma 3aroa O MOCJICAHOTO PpaBE€HCTBO U PABCHCTBOTO O4 YCJIIOBOT Ha 3aJiadara

cienysa |zw+w|H zv+v|=0, mro 3Hauu aeka %: k € R. Koneuno co 3ameHa BO

HEepaBEHCTBOTO OJ] YCIOBOT Ha 3a1ayara noousame K € [-1,1].

39. Heka U u Vv ce KoMIuIeKCHH OpoeBH. Jlokaxku Jeka
@A+ uv)@+uv) < (L+uu)L+w) .
Pemenne. /Ips nauun. imame
A+u)@+uv) < (L+uu)l+W) < WH+WSUuu+wW <

S U-VU-V)20<= U-V)u-Vv)>0 < |u—v|220,
M Kako 3a OWJIO0 KOM KOMILIEKCHHU 6pOCBI/I U B V IOCICAHOTO PAaBCHCTBO € TOYHO,
):[O6I/IBaM€ ACKa 1 MNOYCTHOTO PAaBCHCTBO € TOYHO.

Bmop nauun. Heka u=a+ib u v=c+di. BoBeaysame o3naku L = (1+uv)(l+ J/)

u D =(1+uu)+w) . Cera
L =[1+ (a+ib)(c+di)][L+ (a—ib)(c —di)]

=[1+ac—bd + (ad + bc)i][L+ac—bd — (ad + bc)i] = (a+ ac—bd)2 + (ad +bc)2

—1+a%c2 +b%d? +a%d? +b%c? + 2ac—2bd
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D =[1+(a+ib)(a—ib)][1+ (c+di)(c—di)]
=[1+a2 +b2][1+c2 +d2] =1+a% +b? +c? +d? +a’c® +b%c? +a%d? +b%d?
Cnopen Toa,
D-L=(a®-2ac+c?)+(b* +2bd +d?) =(a—c)® + (b+d)?> >0,

on kane noouBame D > L mTo u Tpebare na ce mokaxe.

40. Hajau ro MHOXKECTBOTO TOYKH BO KOMIUIEKCHATA paMHHMHA IITO OJroBapaar Ha

Opoesure Z = X+1y 3a koumro Im(z+ Z_l) =0.

Pemenne. Mmawme:
-1 X—y x(x2+y2)+y(x2+y2)i+x—iy

oy 1oy
2427 = XY+ x+|y+X2+yz oy

x(x2+y2+1) y(x2+y2—1) .
= 2.2 7 2 |
X“+y X“+y

2 2
On ycnosor Im(z+ Z_l) =0 cnenysa w =0, oaHOCHO y(x2 + y2 -1)=0.
X"+Yy

Crnopen 10a, Y=0 wm G +y2 —-1=0. Og y=0 wu ¢akror neka z=#0 cienysa

Imz=0, z#0, aox X er2 —1=0 crnenysa |z|=1. Cnopen Ttoa, 6apaHOTO MHO-

KECTBO TOYKH €:
{z|Imz=0, z=0}yu{z||z|=1}.

3abenemka. JacHo, Z # 0, Ounejku BO CIPOTUBHO % HE TIOCTOM.

41. Ompenu ja MUHMMamHAaTa BPEAHOCT Ha HU3pa3oT |Z—%|, (z e KoMILIEKCEH

0poj), ako |z |=2.
Pemenue. Heka z =a+bi, Toram, nmopaau |z|=2 cienysa a’ +b% =4, na uma-
Me:
2 42 . .
P=E 117 P z41P=Llatbi-1P [a-bi+1P

=
|2

2 27\ 142 2
=2(@® -2a+1+b%)(a” +2a+1+b") = 7(5-2a)(5+2a)

1 2y 1 2y _ 1 2\ _ K2, 9
= 2(25-4a%) = 1(25-4(4-b")) = £(9+4b") =b" +3.

3Hauw, |Z—%|=1?b2+% ,ma min{| Z—%l}z% 3a b=0. Orryka a==%2.

CrieicTBeHO, TaICHUOT M3pa3 JOCTUIHYBa HajMaia BpeaHoct 1,53a z==%2.
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KBagpatHa ¢pyHKIM]ja U KBaJpaTHa paBeHKa

Il KBAJIPATHA ®YHKLMJA U
KBAJIPATHA PABEHKA

1. KBAJAPATHA PABEHKA

1. Pemu ja paBenkarta X +2 +-2-=1.
X X

x+%
X

Pemenne. Jacho, X=0 He e pemieHHe Ha paBeHKaTa. PaBeHkarta MoXxeme Ja ja
3anuiieMe BO 00K

x+-2-=0. (1)

X+1
On (1) cnenyBa neka X =—1 He e pemieHue Ha paBeHkarta. Cropeja Toa, pellieHHjaTa

Tpeba na ru 6apame Bo MHOkecTBOTO [R\{0,—1}.

Axo pasenkara (1) ja momHOXHMe co X+1, ja moOMBaMe paBeHKaTa X2 +2x=0,
T.€. paBeHKaTa

X(x+2)=0. (2)
Ounrnenno, pemennjata Ha (2) ce X =0 u Xp =—2. Ox HuUB camo X, =—2 ¢ peure-

HHUC Ha ITOYCTHATAa paBCHKaA.

2. Jla ce pemu paBeHKaTa
X2 +3X =a(x+3)]|,

BO MHOKECTBOTO peasinu OpoeBu K .

Pemenne. PaBenkara ke ja sammmeme Bo obmuk  X(X+3) = a| x+3|. Ke
pasrnename tpu ciaydan: X+3=0, Xx+3>0 u Xx+3<0.

Bo npBuor ciyuaj mobuBame X+3=0 u x-0=a|-0. Cnopexn Toa, BO OBOj CiIy4aj
pemieane ¢ X=—3 3a a€R.

Bo Bropuotr ciy4aj umame X+3>0 u X=|a|. bunejku |a[>0>-3, nobusame
JieKa BO OBOj ciiy4aj pemieaue € X =|a|, aeR.

Bo tpetnot cny4aj umame X+3<0 u x=—|a|. [lpu Toa X=—|a| e pemenue Ha
paBeHKaTa ako U camo ako —|a|<—3. Cnopen Toa, pemeHne ¢ X=—|a| 3a |al[>3,
oqHOCHO X =—|a|,3a ae (—w0,—3)U(3,+x0).

Koneuno mmame 3a ae€(—o0,—3)U(3,+0) pemenuja ce ¥ =-3, Xp=a| u

X3 =—|al, a3a ae[-3,3] peennjace X =-3,% = a|

3. Ako 22 +2+1=0 , TOTalll 72002, ;72002 _ 4 Joxaxmu!

Pemenue. Pemennjara Ha paBeHKaTa ce KObYTUpaHO KOMIUIEKCHU Opoesu. IlpuToa

2

3a peleHrjaTa Z Ha paBeHKaTa € ucnonHeto Z#1lwu z#-1. Axo z°+z+1=0 ja no-

MHOXHMe co Z—1#0, nobuBame (z —1)(22 +z+1) =0, Te.. z3-1=0. 3naun 3a pe-

LIIeHHjaTa Ha paBeHKaTa 72 +7+1=0 e ucnonseto PaBEHCTBOTO 22=1u % =1. V-
z

TE MOBEKE
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2
2°+1=-27,m ZT“:—l.

Bpojot 2002 moxeme na ro 3anumeme Bo 00k 2002 =667-3+1, ox kage nobuBame

2002 1 /3667 N O .

—+

4. Tpu KBaJpaTHH PaBEHKH BO CBeJEH (HOpMaseH) OOJHK MMaaT TUCKPUMUHAHTH
Dy, Dy, D3 xou ce kBagpartu Ha nenu 6poeBu M, N, p 3a kou wro | M= n|+| p|. Jamum
IOCTOM M300p IO €eH KOPEH O] CeKOja paBeHKa, TAKOB IITO HUBHHOT 30Up € €JHAKOB

Ha 30MPOT Ha MPEOCTAHATUTE TPU KOPEHH.

24X+ =0, Y +py+G =0 u

2% + P3Z+03 =0 ce kBaspaTHU PaBEHKH 3a KOM IITO

p? —4q =m?, p3—4q, =n?, p3 —4q; = p?,

. —pytm —p,£n —pst
a HUBHUTE PELIEHH]A CE X/ :_p12| | y Yu/2 =—p22 L 2y = _p32 o

Pemenne. Heka mnpernocraBume Jieka X

. 3a HUBHHUTE pe-
IICHUja Ce UCIIOJHETU PaBeHCTBATa X —Xo = M|, Y, —Y, = n| u z -2z, = p|, oxHocC-
HO X, =X —|M|, Yy =VYo+|n|, z =2,+]| p|. Cnopexn Toa
Yi+2z3+X =(Yo+[n))+(zo+| pl)+(x—|m])
=Y+ 2o+ X +(n|+[p|-|m])
=Yy +17y+X.

5. 3a KoM BpeTHOCTH Ha TTapaMeTapoT K , paBeHKara
| X% —6x+8|+|X* —6x+5|=k
nMa 0ECKOHEYHO MHOKECTBO peleHuja?
Pemenne. Ako X° —6X+5>0 , TOTall X% —6Xx+8>0 , TIa paBeHKaTa ro J00uBa

BugoT 2X° —12x+13—k =0. OBaa paBeHKa HE MOXeE Ja UMa MOBEKe OJ1 IBe PellIeHH]ja
3a HHEJHA BPEIHOCT Ha mapameTaport K.

Jlo ucT 3aKiIy4oK goaraMme Kora X2 —6X+5>0 u x° —6x+8<0.
Axo, nak, X° —6Xx+5<0 u x> —6x+8>0 , TOTAIll paBeHKaTa ro J100MBa BUIOT
X% —6Xx+8—X% +6x—5=KkK ,
T.e. kK =3. CnencrBeHo, 3a k =3 pemnienne Ha JajieHaTa paBeHKa € CEKOj peaieH Opoj

X KOj TH 3aJ0BOJIyBa YCIIOBUTE x? —6X+5<0 u x> —6Xx+8>0. Pemennero Ha
npBaTa HepaBeHKa e mHTepBaioT M =[1,5], Ha BTOpara M, =(—o0,2]U[4,4+x0), a
PEIICHNEeTO Ha CUCTEMOT-HUBHUOT npecek M =M; "M, =[1,2]U[4, 5].
Axo, nakx, X° —6x+5>0 u x> —6x+8<0 , TOTaIll paBeHKaTa ro J1001Ba BUIAOT
—X? +6X—8+ X2 —6x+5=k ,
T.e. K=-3. CnencrBeHo, 3a k=-3 pemenue Ha JajeHaTa paBeHKa € CEKOj pealieH

O0poj X KOj TW 3aJJ0BOJTyBa YCJIOBHUTE x° —6X+5>0 u x°> —6x+8<0. Pemennero Ha
npBata HepaBeHKa ¢ mHTepBaIOT My =(—o0,1]U[5,+0), Ha BrOpata M, =[2,4], a

PEIICHNEeTO Ha CUCTEMOT-HUBHHUOT npecek M =M; "M, =
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3Haum, 3a K =3 paBeHKaTa Ma OECKOHEYHO MHOYKECTBO pelieHrja. Toa MHOKeCTBO
e [1,2]U[4, 5].

6. Jlasim Mo’xe KBajipaTHaTa paBEHKA
ax® +bx+c=0,
kajge a,b,C €7 nawma quckpuMuHaHTa eHAaKBa Ha 23.

Pemenne. JluckpuMrHaHTaTa Ha paBeHkara € D = b? —4ac. On paBeHCTBOTO

b? —4ac = 23 1)
T'"l T0OMBaMe €KBUBAJICHTHUTE PAaBEHCTBA b%2 _25=4ac—2 |
(b-5)(b+5)=2(2ac-1) . (2

Jacno, 2|2(2ac-1) u 4 }' 2(2ac—1) . Ke pasriegame [Ba ciydan.

a) Axo b e menapen Opoj, Toram b—5 u b+5 ce mapuu OpoeBu, ma cropen Toa
(b-5)(b+5) e nemus co 4. bunejku 4 | 2(2ac—1) nobusame nexa paBeHCTBOTO (2) a
co Toa U paBeHCTBOTO (1) HE € TOUHO.

0) Axo b e mapen Opoj, Torami b—5 u b+5 ce HemapHu OpoeBu, ma criopea Toa
(b—5)(b+5) He e nenuB co 2. buaejku 2|2(2ac—1) , noduBame aeka paBeHCTBOTO (2)

a co Toa u paBeHCTBOTO (1) HE € TOYHO.

7. Onpenenu ru cute naposu uenu OpoeBu (@,b), Taka ma a+b e kopeH Ha pa-
BEHKaTa

X2 +ax+b=0.

Pemenne. Heka a u b ce 1enu OpoeBu, TakBu MTO a+b € KOpeH Ha paBeHKaTa

x? +ax+b=0. Cropen Toa,
(a+b)? +a(@a+b)+b=0,
OJITHOCHO
b2 +(3a+1)b+2a’ =0. (1)
3Hauu, mapot nenu OpoeBu (a,b) e pemenne Ha paBenkara (1). PaBenkara (1) mma
11e7100pOjHU pellleHr]ja, aK0 Hej3UHATa JUCKPUMHUHAHTA
D=(3a+1)°-8a’=(a+3)°-8

€ KBajapar Ha 1uen Opoj. JacHo, 3a a+3=0,%£1,+2 paznukara (a+3)2 —8 He e moiH

KBaJparT, a UCTO Taka W 3a a-+3=14,+5 pasznmkara (a+3)2 —8 He e MoJH KBajpar.
[Tonaramy, JleCHO ce TOKaxyBa Jieka 3a |a+3[> 6 Baxu
(a+2)? <(a+3)>-8<(a+3)?,
T.C. (a+3)2 —8 He e MOJH KBaJIpar.
3a a+3=13, opojor (a+ 3)2 ~8=9-8=1=1% ¢ nosn KBajJpar. 3Ha4YM, paBeHKATa

(1) uma nenoOpojuu pemenuja 3a a=0 u a=-6. [Ipu Toa, 32 a=0 pemenunja ce
b=0wub=-1,a3a a=-6 pemennjace b=9 u b=8.
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JlecHo ce mpoBepyBa neka kora (a,b) e: (0,0),(0,-1),(-6,8),(-6,9) , Toraimr a+b e

pelIeHre Ha paBeHKaTa x? +ax+b=0..

8. Ompenu ja HajroJemMaTa BPEIHOCT Ha pa3jikKaTa X —Y aKo
2(x2+y2)=x+y. 1)
Pemenne. Hexa a =X—Yy, ogHocHo X =a+ Y . Ako 3amenume Bo (1), nobuBame
2(y+a)2 +2y2 =a+2y,
OJIHOCHO 4y2+2(2a—1)y+ 2a® —a=0. Tlocneanara paBeHKa € 3aJ0BOJIcHA M 3a
a = Ay - Taa IMa GapeM efieH peajieH KOPEH Y aKo U CaMo aKo
D=(2a-1)?-4(2a’ -a)>0,
onHocHo 4a% —1<0. OBa e TOUHO caMo ako a € [—%,%] . Taka 8y ==

E .

9. Jla ce Hajaat cute mapoBu peanHu 6poeu (a,b) Takeu ITO
2(a +1)(b° +1) = (a+1)(a+1)(ab+1).
Pemenue. /[azeHara paBeHKa Ke ja 3ammiieMe Kako KBaJpaTHa PABEHKA 10 a :
a?(b?> -b+2)—a+1)? +2b° —b+1=0.
Hejsunara nuckpumunanta e A=—(b —1)2 (7b2 —2b+7) . bunejku

2 —7(h2 _9.1py 1 48y _ _1)2 48
70 -2b+7=7("-2 7b+49+49)_7(b 7) +23 >0,
noouBame nexka A<0. PaBeHkara mma peajHu pemeHHja ako u camo ako A>0.
EnunctBena BpenHocT 3a b 3a xoja mmo A>0 e b=1. Ho Toram 2a° —4a+2=0,

T.e. 2(a —1)2 =0. Cnopen Toa, eAMHCTBEHO peajHo pemenne € a=1b=1.

10. 3a xom BpexaHoctH Ha K € 7Z paBeHKaTa kx? —(1-2k)x+k—-2=0, k=0 uma

palMoHaiIHu KopeHu?
Pemenue. Kopennure Ha kBajjpaTHaTa paBeHKa ke OUIAT pallmOHaIHH OPOEBH, CaMo
aKo Hej3MHAaTa TMCKPUMHHAHTA € TOYeH KBaapaT. JIucKkpuMuHaHTaTa €:

D= (1-2k)? —4k(k —2) = 4k +1.
Axo keZ, k=0, Toramu D eZ. bunejku D =4k +1 e menapen 0poj, crnenyBa Jieka
D e kBangpar Ha HenapeHn Opoj, T.e. 4k +1=(2m +1)2 , o1 kaze cienyBa K =m(m+1).
3naun, K =m(m+1), meZ\{0,-13, re. k €{2,6,12,...}.

11. BpoeBuTe @ W b ce panMoHAIHU M BaXu a? +b% #0. Jlokaxxu 1eKka KOpeHUTe
Ha paBeHKaTa

(a® —b?)x? +ab = (a® +b?)x
CC MCTO TaKa paliMOHAJIHU 6p0€BI/I.

24



KBagpatHa ¢pyHKIM]ja U KBaJpaTHa paBeHKa

Pemenne. Axo a=Db =0, Toram paBeHkara ro moomBa BUAOT 2X =1 W HEj3MHO

pelieHue € X = % .
Axo a=-b =0, Toram paBeHkara ro qo0uBa BUIOT 2X =—1 ¥ HEj3UHO pelIeHue €
=_1
X= 5"

Heka a #Db . Toram paBenkata ke ja 3anuiieMe Bo 00JUK
(@% —b?)x? —(a% +b%)x+ab =0.
Pemenujara Ha mocnegHaTa paBeHKa ce

_ a%+b?+(a+b?)2—4ab(a’—b?)
X1/2 - 2(a2 _bZ)

U KaKko
(@ +b?)? —4ab(a’® —b?) =a* + 2ab? +b* —4a%p + 4ab® = (a® —2ab-b?)?,
noOvBaMe JieKa pellieHrjaTa Ha paBeHKaTa ce

_ a’+b%+(a®-2ab-h?)
X2 = 2(a2-b?)

¥ TOA C€ pallMOHAJIHU OpOEBH.

12. JTokaxu Jieka cekoj rmapeH 0poj Moxe J1a Oujie BpeaHOCT Ha U3Pa30T

2x% +11y +12y? +4X+5y +6 .
Pemenue. /Ips nauun. Tpeba na nokaxeme JeKa 3a CEKoj 1ies1 Opoj M, paBeHKaTa
2x2 +11y +12y2 +4X+5y+6=2m
nma OapeM eHO pelleHre Bo 7 . 3a Taa Iiell ja 3alMillyBaMe paBeHKaTa BO BUJOT
(2x+3y)(x+4y) +4x+5y+6=2m,

u craBajku 2X+3y=0,T1.e. y= —% X, mobuBame: 2X+18=6m, u orTyka

x=3m-9 a y=6-2m.
3Hauu, 3a MPOM3BOJICH MapeH Opoj 2M, ITOCTOM JBOjKa IeTTH OpOeBH
(X, ¥)=(Bm-9,6—2m)
3a Koja ILITO JaJIeHUOT U3pPa3 € eHaKOB Ha 2M.
Bmop nauun. Jlanenuot uspas ma ro o3auume co A(X,Y), ro tpanchopmupame Ha
CIIETHUOT HAYMH:
A(X,Y) = 2x% +11y +12y? + 4 +5y + 6
=X(2x+3y)+4y(2x+3y) +2(2x+3y)+6 -y
=(2x+3y)(x+4y+2)+(6-Y)
Ha craBume 6—-y=m, meZ u X+4y+2=0. Toram: y=6-m, x=4m-26.
3Hauw,
A(Adm—-26,6—m)=m, meZ,
T.e. ceKoj 1enm Opoj M Moxke Ja Ouae BpeAHOCT Ha AaJEeHHOT M3pas3, Ma CIEACTBEHO H
CEKOj MapeH 1e 0poj.

13. Jlokaxxu ieka paBeHKaTa
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3(a+b+c)x2 +4(ab+bc+ca)x+4abc =0

¥Ma peajiHd pelicHuja 3a cekon a,b,Cc € R . Tlpu kou ycioBH pelieHHjaTa Ce eIHAKBH

Mmery cebe?
Pemenne. 3a tuckpuMuHaHTaTa Ha KBaJpaTHaTa paBeHKa Jl001MBame

D =16(ab+bc+ ca)2 - 48(a2bc +b?ac + c2ab)
= 16(a2b2 +b?c? +c?a? +2a%be + 2b%ac + 2c2ab — 3a%bc — 3b%ac — 3c2ab)
= 16(a2b2 +b?c? +c%a® —a’bc —b2ac - czab)
= 8(2a2b2 +2b%c? +2c%a® - 2a%bc — 2b%ac - 2c2ab)
= 8[(ab—bc)? + (bc—ca)? + (ca—ab)?]= 0

IITO 3HAYM JIeKa JaJeHaTa paBeHKa MMa peajlHd pelieHdja. PaBeHkara ke MMma JBOCH
KOpeH ako u camo ako D =0, T.e. ako u camo ako ab=bc =ca .

14. 3a koja Hajmana BpeaHocT Ha P € N, paBeHkaTa X2 + px+1988 =0 ke uma 1e-

n06pojuu pewennja? Hajau ru tue pewenuja. Pemenme. JlaneHara paBeHka ke nma
11eJI00pOjHM PELIeHH]ja, CaMO aKO HEj3MHAaTa JUCKPUMHHAHTA € TOUEH KBaAparT, T.€.

D=p?-4-1988=k?.
On p2 — k% =7952 cieayBa
(p—Kk)(p+k)=7952.
Bpojot 7952 ro pasnoxkyBaMe caMo Ha MapHU MHOXUTENH, ounejku p—K u p+k

Ce CO UCTa MapHOCT (ABaTa HCTOBPEMEHO HEe MOXKe Jja OuaaT HemapHu, 301T0?). MoXHU
Cce CIIeIHMBE CIIydYau:

1" (p—k)(p+k)=2-3976, on kaze mro ciemysa

p—k=2
p+k=3976"

Te. p=1989
2° (p—K)(p+k)=4-1988 = p =996
3" (p-k)(p+k)=8-994 = p =501
4 (p—K)(p+k)=8-568 = p=291
5 (p—k)(p+k)=28-284 = p =156

6" (p—k)(p+k)=>56-142 = p=99
Crnopen Toa, Hajmanata BpegHocT Ha P € N e 6pojor 99 . Bo 10j cityuaj paBeHKaTa

e X% +99x+1988 =0, ox Kaze mTO 0GUBaME X =—71, Xo =-28.
3abenemka. /lanenata paBeHKa MOXKeEMeE Jia ja 3aruIieMe BO BUJOT
X(X+ p) =-1988.
[Totoa MoOXe mpH TpeTHocTaBka X< X+ P Ja ce pasriiefaaT CUTe MOXKHH CIydau,
npercraByBajku ro Opojor 1988 Bo kaHoHn4HaA popma.
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15. Heka P(x) = x> +ax+b xaze a n b ce uenmn OpoeBu. Ako P(X) e mosH kBaj-

par 3a 6eCKOHEUHO MHOTY e GpoeBH X , Toram a2 = 4b . Jlokasxu!
Pemenue. O yCIIOBOT Ha 3aja4daTa ocTojar 0eckoHeuHO MHOTy mapoBu (X,K), 3a

kon X2 +ax+b—k%=0. Crnopen Toa, 3a OECKOHEYHO MHOTY TpPUPOAHH OpoeBu K

a? —4b+4k? e nomn KBaJIpaT Ha MpUpOJeH Opoj. 3HA4M, MOCTOU HajMajl MPUPOJEH
Opoj N, 3a KOj ITO

a’-4b-1
2

1 KOj 'O UCIIOJIHYBA yJIOBOT Ha 3a1avara. Ho Toram
—An<a?—4b-1<4n

4n? —4n+1<a®—4b+4n <4n? +4n+1

(2n-1)% <a® —4b+4n? < (2n+1)?

—N< <n

Ho, a% —4b+4n? e nomw KBaJIpart, 1a 3aToa aZ —4b+4n? = 4n? , T.€. a?—4b=0.

16. Manenu ce peanaute 6poeBu a,b u c. Jlokaxu aeka 6apeM eiHa 0J paBCHKUTE
x2 +(a—b)x+(b-c) =0
x2+(b—Qx+(c—a):0

G +(c—a)x+(a-b)=0
MMa PeajiHu pelleHH]a.
Pemenue. Ke ru pasriename 6poesute & =a—b, by =b—c u ¢, =c—a. Ipuroa,
& +b+c =(@-b)+(b-c)+(c—a)=0.
On mocnenHOTO paBEHCTBO, J0oOKMBaMe Jieka OapeM eIeH O TpUTe coOMpoLu HE €
no3uTHBeH. be3 orpaHnuyBame Ha OIIITOCTA MOXKEME Jia MPETHOCTaBUME JieKa Toa €
Opojor b—c. 3naun b—c <0, na 3a npBaTa paBeHKa UMaMe TUCKPUMUHAHTA
D=(a-h)?>-4(b-c)>0.
[IpBara paBeHka UMa pelIeHHja

/ 2
X5 = —(a—b)*4/(a—b)*—4(b—c) cR.

2
AHAIIOTHO ce pa3rienyBaar u APYrUTe CIydau.

17. 3a xou BpeTHOCTH Ha MAPAMETAPOT & PABEHKHUTE

X2 +ax+1=0wu x°

+X+a=0
nMaart 3aCJHUYKHN KOpeH.
PemeHne. HeKa o € 3aCJHUYKU KOpeH Ha paBeHKI/ITe, TOraml

ocz +ao+1=0wu oc2

+a+a=0.
Co ennMuHaMja HA o’ noGusame ao+l=o+a,T.e. (a-Da=(a-1).
i) 3a a=1 (a e koj 6o peasieH Opoj), paBEHKHUTE Ce CKBUBAJIICHTHU.
ii) Ako a=1, toram o =1, na oa npBara paBeHKa Haorame: 1 +a-1+41=0, Te.

a=-2.
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3Haun, 32 @ =1 paBeHKUTE ce €KBUBAJICHTHU (MMaaT 1O JBa 3a¢HUYKH KOPECHH), a
3a @=—2 uMaaT caMo €JICH 3aCIHUIKU KOPECH.

18. AkO paBeHKHTE ax%+bx+c=0 u AX? +Bx+C =0 mmaar Oapem emHO 3aej-
HHUYKO perienue, Toram (aC — AC)2 = (aB — Ab)(bC — Bc) . Jokaxwu!
Pemenne. Jla ro o3HauMMe 3a€AHUYKOTO PELICHUE HA JBETE PABEHKU CcO Y . Toram

ay2+by+c=0 Q)

Ay? +By+C =0 )

AKO TPBOTO PaBEHCBO T'O TIOMHOXXUME cO A, a BTOPOTO CO @ W MOT0A JOOUCHHUTE
paBC€HCTBA I'd OA3CMEME, I[06I/IBaM€

(aB—Ab)y = Ac—aC. 3)

On apyra crpaHa, ako NPBOTO PaBEHCTBO I'O MOMHOXUME co B, a Broporo co b wu
NOOMEHUTE PaBEHCTBA I'M OJ[3eMeMe, T0OUBaMe

(aB— Ab)y? =bC - Bc . ()
Axko aB—Ab =0, toram uspasysajku ro y ox (3) u 3amenyBajku ro Bo (4) ce
no0uBa 6apaHOTO PaBEHCTBO.
Heka aB—Ab=0. Toram, ox (3) u (4) nodusame aC—Ac=bC-Bc=0, na
3HA4YM U BO 0BOj ciy4aj Baxku (aC — AC)2 = (aB - Ab)(bC —Bc).

X

19. Hajau ru cute peasinu OpoeBU X , 3a KOM JpOINKaTa sy S Ut 6poj.

D S
X% —5x+7

kx? — (5k +1)X+ 7k =0. (1)
PaBenkara (1) ke Wma peajHH KOPEHHM MO X, aKO HEj3MHATA JAUCKPHMMHHAHTA €
HEHEeTaTUBEH Opoj, T.€.

D = (5k +1)? —28k? = —3k? +10k +1>0.

Pemenne. Heka k € Z u Heka =Kk, Toram

Otryka Kk € [#,%ﬁ] , omHocHo k €{0,1,2,3}.

Cropejt Toa, IMaMe Y€THPH MOYKHOCTH:

i)ako k=0, toramr X =0,

ii)ako k=1, paBenkara (1) ro mobuBa OOJIHUKOT X2 —6Xx+7=0, 01 Kaje ILITO
Xoi3 = 3+ \E ;

iii)ako k=2, toram X4 =2, Xg =7,

i — - 1

iv) ako k =3, Toram X5 =3, X7 = 3
e 1eq1 0poj, 3a BPETHOCTUTE HA X OJ MHOXECTBOTO

{O$2!31%1%$3_\/§’3+\/§}-

X
3Hauu, IpomnKaTa N
X—=5x+7

20. Bo MHOXeECTBOTO peaiiHi OpOEBU pEIId ja paBeHKAaTa
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(X2 —x+1)(4y? +6y+4)(422 —122+25) = 21.
Pemenue. Mmame

2 2
X“—x+1=(x-3)7+3>3, (1)
4y2+6y+4:4(y+%)2+%2% 2)
)51
2 _ 3)2
4z —122+25_4(z—§) +16>16. 3)
On (1), (2) u (3) cnenyBa eka
(xX* —x+1)(4y” +6y+4)(42> ~122+25) >16-3 - L =21 (4).

PaBenctBO € mcnonHeTo akom u camo ako Bo (1), (2) u (3) ce ucnonHeTH paBeHCTBA.
Ho, ycioBOT 3a paBeHCTBaTa € 3a/a/ieHaTa paBeHKa

(X? =X +1)(4y? +6Y +4)(42° —122 +25) = 21

I1a criope Toa peuICHUE HAa paBCHKATa € X = % , Y= —% , L= % .

21. Heka a u b ce magenu peannu 6poesu, takamro a=0, b=0, a=b uw a=-b.

[a ce pemm paBeHkarta
1 1 1 1
4= =0.
X X+l  x+b = x+atb
Pemenne. 3a u3pazor L ojJjieBara cTpaHa Ha paBeHKaTa UMaMe:

_(1 1 21 1 y_ 2x+a+b 2x+a+b
L= (x + x+a+b) + (x+1 + x+b) X(x+a+b) + (x+a)(x+b)

_ (2x+a+b)[2x%+2(a+b)x+ab]
- x(x+a)(x+b)(x+a+b)

Crnopen Toa, 1ageHaTa paBeHKa € eKBUBAJICHTHA CO PaBEHKAaTa
(2x+a+b)[2x2 +2(a+b)x+ab]=0,

_ash _ —(a+b)t\fa?+b?

5> Xp3=———% —— . On npernocraskure 32 a u b,

JaZicHU BO 3a/1a4aTa, clelyBa JieKa KOPEHHTE Xi,Xp, X3 C€ pasIMYHM OJ Hysa, oJ —a,

YUY pElICHUja ce X| =

on —b mox —(a+h).

22. Pemu ja paBeHkarta
(x2 —a2)2 —4ax-1=0.
Pemenue. Umame
2 .22 _

(x“—a%)—-4ax-1=0

(x2 +a2)2 —4a%x% —4ax-1=0

(x2 +a2)2 —(2ax+1)2 =0

(x2 +a? —2ax—1)(x2 +a® +2ax +1)=0

[(x—a)% —1[(x+a)® +1] =0

(x—a-1)(x—a+1)[(x+a)? +1]=0.
KoneuHo, pemienrjara Ha J1ajieHaTa paBeHKa ce
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X =a+l X =a-1 xg=—a+i, X =—-a—i.

23. Pemn ja paBeHkara
(x% +3x—4)% + (2x° —5x+3)% = (3x% —2x—1)3.

Pemenne. BoenyBame cmeHu U = X2 +3X —4,v= 2x? —5X+3, mocie mTo paBeH-

3

KaTa ro J06uBa 06MHKOT US +V° = (u +V)3 , T.e. 3uv(u+Vv) =0. Orryka crnemxyBa

X2 +3x—4=0 mm 2x° —5x+3=0 um 3x%2 —2x—1=0,
I1a 3aT0a peIHCHI/I_jaTa Ha JaJacHarta paBCHKa CcC

v — oy — _ 1 _3 _
xl—xz—x3—1,x4——§,x5_§,x6——4.

24. Heka a,b,c € Z. JTanu € MOXKHO BpeJHOCTa HA JUCKPHMMUHAHTATA HA KBaJpaTHa-
Ta paBeHKa

ax® +bx+c=0 \
na Ouze enHakBa Ha 23.

Pemenue. /[uckpumuHanTaTa Ha paBeHkara e D = b? — 4ac . PasencTBoTO

b® —4ac = 23 1)
€ EKBUBAJICHTHO HA PaBEHCTBO b2 -25=4ac—2, .. Ha PaBEHCTBOTO
(b—5)(b+5)=2(2ac-1). (2

Jacno, 2|2(2ac-1) u 4 }' 2(2ac—1) . Ke pasriegame [Ba ciydan.

Ako b e Hemapen Opoj, Toram b—5 m b+5 ce mapuu Opoesu, ma cnopes Toa
(b—5)(b+5) e nenmus co 4. bunejku 4 }' 2(2ac—1) mo6usame neka paBeHCTBOTO (2), a
co Toa 1 paBeHCTBOTO (1) HEe € MOXKHO.

Axo b e mapen Opoj, Toramr b—5 u b+5 ce Hemaprm OpoeBu, ma cropex Toa
(b—5)(b+5) He e nenmuB co 2. bunejku 2|2(2ac—1) , nobuBame reka paBeHCTBOTO (2),

a co Toa ¥ paBeHCTBOTO (1) He € MOXKHO.

KoneuHo, o/l IPeTXOJHUTE pa3riielyBama ClieayBa Jeka 3a OUI0 KOU IelH OpoeBU
a,b,c € Z BpennocTa Ha IUCKpUMHMHAHTATAa HAa KBaJpaTHATa paBeHKa HE MOXeE Ja Oujie
elHaKBa Ha 23.

25. bpoesute a,b,c ce takeu mro a>0, b >a+c. Jokaxu aeka peiieHujaTa Ha

paBeHKaTa ax? +bx+c=0 ce pealTHu ¥ pa3IMyHHU.

Pemenne. Axo € <0, Toram b% —4ac >-4ac>0. Ako C> 0, Ttoram a+c>0,
b? > (a+c)2 u b? —4ac> (a+c)2 —4ac = (a—c)2 >0.

Cropen Toa, IpH JaJICHUTE YCIIOBU BPEIHOCTA HA JUCKPUMUHAHTATA HA pa3riieayBa-

HaTa KBaJpaTHa paBEeHKa € MO3UTHUBHA, IITO 3HAYM JIeKa HEJ3UHUTE PELICHN]a CE PEATHU
U pa3IuyHU.

26. Jlokaxku Jieka pelieHujaTa Ha paBeHKaTa

(a2 —a—2)x2 +(2a2 —2a+5)x+a2—a—2:0, ax-1, a#2.
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CE peayHH.
Pemenue. mame

D=(2a®-2a+5)% —4(a’ -a-2)(a’* —a—2) = (2a® —2a+5)* - (2(a® —a—2))?
= (2a® —2a+5-2a° +2a+4)(2a® —2a+5+2a% —2a—4)

=9(4a® —4a+1) =9(2a-1)° > 0,
01 KaJI€ 3aKIIy1yBaM€C JICKa KOPCHUTC HA pa3rjicAyBaHaTa paBCHKaA CC pCaJIHU.

27. Heka a,b u ¢ ce mpousBosnnu peannu Gpoesu. JIokaku jieKka paBeHKATa
(x—a)(x—b)+(x=b)(x—c)+(x-c)(x—a) =0,
uMa peajiHu pelicHH]a.
Pemrenne. JlafeHara paBeHka € €eKBUBAJICHTHA HA paBEeHKaTa

3x2—2(a+b+c)x+ab+bc+ca:0. (¢D)]

3a aucKpUMUHAaHTaTa Ha paBeHkara (1) moOuBame
D =[2(a+b+c)]? —4(ab+bc +ca) = 4(a+b+c)® —4(ab +bc + ca)
= 4[a2 +b? +c? —ab—bc - cal] = 2(2a2 +2b% +2¢? —2ab—2bc — 2ca)
= 2(a2 —2ab+b%+b? —2bc+c? +¢? —an+a2)
=2[(a-b)%> +(b-c)’®+(c-a)’]>0

bunejku D e HeneraruBen Opoj, paBeHkata (1) uMa peasHu pelIcHH]a, IITO 3HAYU JeKa
W Jla/ieHaTa paBeHKa MMa pealTHy peliey]a.

28. Hexa a,b,ceR u a% +b%+c? #0. Jlanu paBeHKaTa
(a2 +b? +02)x2 +2(@a+b+c)x+3=0,

MMa peajHu U Pa3IUYHU peIleHH]a.
Pemenne. 3a TMCKpUMUHAHTATA HA PAaBEHKATa IMaMe

D=[2(a+b+c)]? -12(a% +b? +c?) = 4[(a+b +c)? —3(a% +b? +¢?)]
= —4(3a2 +3b% +3c% —a? —b% —c? —2ab—2bc— 2ca)
= —4(2a° + 2b? + 2¢% — 2ab - 2bc - 2ca)
= —4(a2 —2ab+b? +b% —2bc+c? +c? —2ca+ a2)
= —4[(a-b)* +(b-c)? +(c-a)?]1<0
Cnopen Toa, ako a#b wmm b#C nnmm C#a paBeHKara MMa KOBYTUPAHO KOMILIEKCHA
KOpEHH, a ako a =b =C paBeHKaTa UMa peaiHH U €HAKBHU PEIICHH]a.
3HauH, pas3rienyBaHaTa paBeHKa HEMa PeajHU U pa3IMdyHU PELICHH]a.
29. a) Hexka m e R \{0} . Jlokaxxu, qeKa pelicHrjaTa Ha paBeHKaTa

G —(m2 +1)x+m2 =0
ce TIO3UTHBHU peaHu OpOEBH.
0) 3a KoM BpeAHOCTH Ha MapaMeTapoT M, 3a PeIICHHjaTa X M X, Ha JaJcHara

PaBEHKaTa € HCIOJIHETO PABEHCTBOTO /X] +4/Xp =37
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Pemenue. a) J[uckpuMrHAHTAaTa HA pABEHKATa €
D =(m? +1)% —4m? = (m? —2m+1)(m? + 2m+1) = (M-1)?(M+1)? = (m* -1)% >0,
LITO 3HAYU JIeKa HEJ3UHUTE PElIeHN]ja ce

_ (mM)+JD _ m’+14m’-y
2~ 2 - 2 ’

X,
X = m? u Xo =1. Ho, me R\{0} ma 3aroa Xj,%, >0.
6) Ako 32 X =M? U X, =1 © HCIONHETOT PABEHCTBOTO +|¥ +X =3, Toram

Baxu | M|+1=3, ox kage nobuBame M=+2.

30. Heka 3a peannute koepurmentu a,b,c, a=0, Ha KBampaTHaTa paBeHKa

ax? +bx+c=0 Baxu bf:c <—1. Jlokaxku, 1eKa paBeHKaTa UMa peaJiHu pelleHu]a.

Pemenune. Axo b+a“° < —1 TO MOMHOXKHME CO a° , 1obuBame ab+ac < _a? , OJHOCHO

2 L ab. Toram

b2 —4ac > b? +4a’ +4ab = (b+2a)% >0,
a OTTYKa CJIeAyBa JCKa JaacHaTa paBCHKa MMa pCaJlHu pemeHI/Ija.

—ac=a

31. Heka @ u b ce HeHynTH peamHu OpOEBH, TAaKBH ILITO PaBEHKATa
a(x—a)? +b(x-b)? =0
uma aBoeH KopeH. Jlokaxu neka |a|= b|.
Pemenne. Heka npernocraBume aeka |al# b|. Toram ox cBojcTBara Ha anconyt-

HaTa BPEIHOCT cienyBa a==xb, T.e. a=b u a=-b. JlaneHata paBeHka € €KBUBa-
JICHTHA Ha paBEHKaTa

(a+b)x? —2(a% +b%)x+a> +b% =0
3a nuckpumuHaHTata D Ha paBeHKaTa UMaMme
D~ (a®+b*)? —(a+b)@*+b°)
=a*+2a%p? +b* —a* —ab® —ba® -p*
= —ab(a’ - 2ab +b?)
= —ab(a—h)?.
Ho, @ u b ce menyntu peannu OpoeBu u a # b, ma 3aroa % # 0, mrTo 3Hauu aeKa

paBeHKaTa HeMa BOEH KopeH. [1ocieIHOTO MPOTUBPEYH HA YCIOBOT HA 3a/1a4ara, 1a o]
noOHeHara IpOTHBPEYHOCT cieayBa jaeka |a|=b].

Bmop nauun. Ke pasriename aBa ciiydau.
Cnyuaj 1. @ m b ce co ucr 3Hak.

a) a,b>0. Bo 10j ciyuaj a(x—a)2 >0, b(X—b)2 >0, ma paBeHCTBOTO ke Ouje

UCTIONTHETO ako X € R e TakoB miTo a(x—a)2 +b(X—b)2 =0, a Toa € MOXHO aKo "

camo ako X=a u X=Db, r.e. a=D, mro Tpebame na ce noxaxe.
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6) a,b<0. Bo oBoj ciyuaj a=—|a| u b=—|b|, na paBenkara ro mob6usa o6u-

kot —|a|(x—a)® +(—|b)(x—b)? =0, Te. |a|(x—a)’+|b|(x—b)? =0. Honaramy
OBOj TOJICJIY4a] C€ pasrieayBa Kako W MPBUOT MOJCIyYaj O]l OBOj CIIydaj, MPH IINTO CE
nobuBa a=b.

Cnyuaj 2. @ u b ce co pasnuuen 3Hak. be3 orpanuyuyBame Ha OMIITOCTa MOXKEME A
npernoctaBume aeka a>0 u b<0. Iloctojar mo3utuBHM peannu Opoesu C u d

Takeu wro a=c> u b=-d?. Bo TOj CIIy4aj paBeHKaTa ro JoOUBa OOJIHMKOT
0=a(x—a)%+b(x—b)?
=c?(x-a)? —d?(x—h)?
= (c(x-2))* - (d(x-b))?
=(c(x—a)—-d(x-=b))(c(x—a)+d(x—Db))
— ((c—d)x—(ac —bd)((c + d)x — (ac + bd)).

Axo C#d paBeHKkaTa UMa JBE pa3IMYHU pPEIICHH]a, T.€. IBa PA3IMYHU KOPEHH, U TOA

_ac-bd _ c+d® _ ac+bd _ c3-d?
M="d ~ od BT Gd T od
3_d%| u |c—d|c+d].
3Ha4wy, 3a J]a € UCMIOJTHET YCIIOBOT O] 3aj[a4aTa, T.c. paBeHKaTa Jla IMa €JJHO ¢IMHCTBEHO
pemienne, Mmopa C=d, ox kajge mTO Mak ce qobmBa b=-a, mTo Tpebame ga ce

JOKaxe.

a 3alenexxuMe neka | X > Xo |, Oupmejku G +ddplc
il 2 )

32. PaBenkara ax’+bx+c=0 uma peasnnu penieHdja. Jlokaxu, Aeka paBeHKaTa

3 3

a>x? +b3x+¢® =0 ucro Taka uma peaHM pelieHuja.
Pemenne. Ke pasriesame iBa ciaydau.

a) ac<0. Toram —4a3c>0 on xaze wro noGuBaMe aeka JUMCKpUMHUHAHTATa
D =b%—-4a%3>0. 3uaun, paBeHKaTa a>x? +b°x+¢3 =0 uma peasiHy pelieHyja.
0) ac > 0. KsanparHaTa paBeHKka ax? +bx+c=0 uma peaHU pelieHuja, na 3aToa
b2 —4ac>0,
b®>4ac>0.
6 3.3 3.3 _ Ko 3.3
Ho Toram b~ >64a”c” >4a”c”. 3naun, D=b" —4a°c” >0, mro e 10BOJIEH yCIIOB 3a

ma ax? +b3x+c® =0 nma peaHM pelIcHH]a.

33. Hexa a u b ce peannu OpoeBu. [lokaxku Jieka 6apeM elHa 0J1 paBEHKUTE
X% +2ax+b =0; ax? +2bx+1=0; bx? +2x+a=0
MuMa peaiHu pelicHH]a.
Pemenue. Axo Gapem enen on Opoesute a u b e 0, Toram Tperara paBeHKa UMma

peanHM KOpeHH. 3aToa Heka nperrnocraBume aeka ab = 0. Toram cure Tpu paBeHKH ce
KBaJ[paTHU PAaBEHKU U HUBHUTE AUCKPUMHHAHTHU CE€ COOBETHO:

D,=a’—b, D,=b?>-a, Dy=1-ab.

3a 30UpOT Ha TPUTE NUCKPUMHUHAHTH NMaMe
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Dy + D, + Dy =a” +b” +1-a—b-ab=1[(a-b)* + (a-1)*+)(b-1)*] =0,

O]l KaJie ITO ClIeqyBa JieKa HeKoja o AUCKPUMHUHAHTHTE € HeHeratuBHa. CJeICTBEHO,
COOJIBETHATa paBeHKa UMa PEaHU pelleHH]a.

34. 3a Ko BpeIHOCTH Ha IapaMeTapoT a paBeHKaTa
2a(x+1)°—| x+1|+1=0
1Ma YeTUPU Pa3In4yHU pelIeHHja.

Pemenue. bunejku (X +1)2 = X+1|2 , PaBEeHKaTa MOKEME J1a ja 3aIHIIeMe BO 00JIMK

2a|x+1° —| x+1|+1=0. (1)
Axo BoBeneme cMeHa t =| X +1|, ja moOmBaMe paBeHKaTa
2at’> —t+1=0. )

PaBenkara (1) uma yeTHpH pealHH KOPEHH, aKo U caMoO ako paBeHKata (2) uma JBa
peaHu MO3UTHBHU KopeHHU. Pemenuja Ha paBeHkara (2) ce ty, = %‘/? . 3a na opo-
esutre t; u t, ce peanHu, mOTpeOHO € AUCKpPUMHHAHTaTa D 1a e mo3uTHBHA, T.e.
D=1-8a>0, oxg kane cieayBa aecka a <%. On npyra ctpana, 3a a<0, Opojor

= 1+1-8a

4a  © HETaTWBCH, IITO MPOTHBpEHH Ha 4,ty > 0, ma3atoa a>0.

Koneuno, ox a>0 n a<1, crenysa ae (O,l) )

35. Heka P(X) e kBaapaTeH TPUHOM CO BOJCYKH KOSPHUIIMEHT 1 TAKOB MITO MOJIUHO-
mute P(X) u P(P(P(X))) mmaar 3aenandku kopeH. JJokaxu, neka P(0)P(1) =0.

Pemenne. Hexa { e 3aenHnuky kopeH Ha aBata noanHomu. Toram

0=P(P(P(t))) = P(P(0)) .
Axo P(x) = x2 +ax+b, roram P(0)=b,P(1)) =a+b+1, na 3atoa
P(0)P(1) =b(a+b+1) =ab+b?+b = P(b) = P(P(0)) =0.

36. Pemn ja paBeHkara X0 —7x2 +6=0.

Pemenne. /Ips nauun. Jla craBume a = \E Toram a’ =6, a’+1=7 , TIa paBeH-
Kata ro 700MBa BUIOT:

x6—(a2 +1)x2+a=0,

a 1oToa ja TpaHcopMHupame BO KBaJpaTHa paBeHKa IO a:

x?a? —a—x® +x? =0,

4
YUH KOPCHH Ce: 8 = X2, a, =%,
X
— —4+4 ;
On npBarta paBeHKa a00uUBaMe Xjp =tia = +{f6 , a BTOpara ja TpaHchopMupame
BO OMKBaJIpaTHA MO X :

x4+ax2 -1=0.
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2 —J6+10
2

Ottyka X° =

JIBa KOBbYTHUPAHO KOMIUICKCHHU KOPCHU X5/6 = iia f—ﬁ;%

Bmop nauun. Co cmenara y = x2 jo6uBaMe:
y*~6y-y+\6=0
y(y* ~6)~(y—/6)=0
y(y —B)(y +6)~(y—/6) =0
(y—B)ly* + yv6 -1 =0
Hmame, y—\%= 0, ox xane nobuBame Y, = \E , T.€. Xqyp = i% u y2 + y%—lz 0,

071 Kajzie fobuBame Yo/3 = _‘FGiT O+ e X3/4 = ia,@ U Xg/6 = iid@ :

37. KBagpatauot tpuHom f(X) = ax? +bX+C e TakoB mwTO paBenkara f(X) =X

, [N

, T.C. ,Z[OGI/IBaMe YUITe ABa p€alHu KOpCHa X3/4 =T 2 Hno

Hema peanHu kopenu. Jlokaxu nexa u paenkata f (f (X)) =X Hema peanHu kopeHH.
Pemenne. Heka f(X) =X Hema peannu xopenu, onHocHo f(X)—Xx =0 Hema peai-
Hu Kopenu. 3Haun 3a a>0, f(X)—x>0 wmm3a a<0, f(x)—x<0.
Heka a>0.Ox f(x)>x cnenysa mexa f(f(x))> f(x)>x. Cnuuno, ako a<0
umame f(f(X))<x.3naum, f(f(X))=X Hema peasHu KOpeHHU.

38. Jlokaxku, 1eKka ceKoj KOMILIEKCEH Opoj Z 3a KOj MOCTOU TOYHO €/IeH KOMILIEKCEH
O0poj a TaKoB IITO

z3+(2—a)22+(1—3a)z+a2—a:0 @
axn z° =1.
Pemenne. Heka z e komiiekceH Opoj TakoB mTo 3a Hekoj a Baxu (1). Toramr
a’ —a(z2 +3z +1)+(z3 +22° +2)=0.
AKO TIOCTOM TOYHO €eH KOMIUIEKCEH Opoj @ 3a KOj BakKM TOPHOTO PABEHCTBO, TOTALI

AUCKPHUMHUHAHTATA Ha MOCJICAHAaTa KBaJApaTHa PaBCHKA (HO HCIIO3HaTa a) € €IHaKBa Ha
HYyJIa, 11a 3aTO0a NOCJICI0BATCIIHO Z[O6I/IB3.MC

(z2 +3z +1)2 —4(z3 +22%2 + z)=0
24 1 2x3 4322 +22+1=0
(z2 +2 +1)2 =0.
3HaLII/I, 22 +Z+1=0 N aKO IOCJICAHOTO PABCHCTBO I'O IMOMHOXXHUME CO z-1 0~
oupame z° =1.

39. Pemm ja paBenkara
1
3ty _

2) 4,
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Pelnenue. I[a):[eHaTa PpaBCHKa MOCJICA0OBATCHIIHO € CKBUBAJICHTHA HA PAaBCHKUTC

|x 3|+IX 7 _ 22

| x — 3|+|X =3 =2

|x—3| -2|x-3|+1=0
(1x-3]-1)° =
On mocnennata paBeHka goduBame | X—3|=1, omHocHo X=4 wmm X=2. JacHo, Toa

Ce pellieHuja M Ha MOYeTHATa PaBeHKa.

40. Omnpenenu ja Hajmanata BpeaHocT Ha pyHkiujarta Y = X(X+1)(X+2)(x+3) u 3a

KOM BPETHOCTH Ha X Taa ce JJOCTUTHYBA.
Pemrenne. mame

y = [X(X+[(X+D)(X+2)] = (X +3%)[(X? +3X) + 2]
= (X? +3%)2 + 2(x® +3x) +1-1= (x> +3x+1)° —1.

Nzpazor (X2 +3X +1)2 —1 wma HajMmasa BPEIHOCT aKO M CaMO aKo x° +3x+1=0. Ilo-

. —3+
cieaHaTa paBeHKa MMa PEalHM U Pas3/IMYHU PELICHH]a Xi/p = 3_2"/§ , IIITO 3HA4YU JEKa

HajMaylaTa BPEAHOCT Ha (QYHKIHUjaTa Yy, =—1 ce JocTHrHyBa 3a JBE BPEIHOCTH Ha
IPOMEHJIMBATa X M TOa X = M U Xp = =3 ‘F

41. Petmm ja paBenkata (X+1)(X+2)(X+3)(x+4)=3.

Pemenue. /lps nauun. bunejku

(x+D(x+4) = X2 +5X+4 u (X+2)(x+3) = X% +5X+6 ,
JlajieHaTa paBeHKa € CKBUBAJICHTHA CO paBEeHKaTa
(X°+5X +4)(X*+5X+6) =3

Jla BoBeMMe cMeHa t = x2 +5X+4 . Toram ja mobuBame paBenkata t(t+2) =3 uuu pe-

wenuja ce tj=-3,tp=1. 3a t; ja nobuBame paBeHKaTa X2 +5X+4=-3 u HEj3UHUTE

pelIeHnja ce KOMIUICKCHUTE OpOeBH X = —§+ﬁi U Xp = -2 —@i ,a3a l, paBeHKaTa

2 2 2
5, i3 u X4:—%—@. Cure

X°+5x+4=1 n HEJ3MHUTE pEIICHU]ja Ce X3 =—3+5

pellleHrja Ha JlaJieHaTa paBeHKa BO MHOKECTBOTO KOMIUIEKCHU OpOEBH ce X, Xo, X3 H
X4 -
Bmop nauun. Kako BO NpBHOT Ha4MH paBEHKaTa ja TpaHc(opmupame BO OOIMKOT

(X2+ 5X+4)(X2+ 5x +6) = 3. BoBenysame cmena t = x> +5X ja moOuBame paBeHKaTa

(t+4)(t+6)=3, re. t2+10t+21=0. Hejsunnre pemenmja ce t{ =—-3 n t, =—7. 3a
5 13

t; ja noOuBaMe paBEeHKaTa X2 +5X+3=0 u HEJ3UHUTE pPEIIeHHja Ce X = —St5 H
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Xzz—%—@, a 3a t, paBeHKara X2 +5X+7=0 uun HEJ3MHH Ce X3:—%+§i u
5_\3;
Xg =—3 =1

Tpem HA4YUH. I[aneHaTe PpaBCHKa € CKBUBAJICHTHA CO PAaBCHKATA
(x2 +5x+4)(x2 +5Xx+6)=3.
Haramy
(X2+5X+4)(X2+5X +6) = (X>+5x+5) —1)((x? +5x+5) +1) = (x*> +5x+5)% -1,

ma ja gobuBame paBeHKara (X2 +5x +5)2 =22, mro smaum X°+5X+5=2 wm

,a

S5
w

X2+ 5X+5=-2. Pemenunjara Ha npBaTa paBeHKa ce X = —% + @ U Xp =—

N|on

__5_.1B; __5_AB3;
Ha BTOpATa X3 =—3+-=1 M X4 =—3—==1.
Yemepm nauun. Bo paBeHKaTa Jja BOBEJAUME CMEHA Z = X+% . Toramr ja no6uBame

CKBUBAJICHTHATA HAa  Hea  paBeHka  (Z— %)(Z —%)(Z + %)(Z + %) =3. Orryka
(Z2 — (%)2) (Z2 —(%)2) =3. Co cpenyBame ja moOMBamMe OMKBaJpaTHAaTa pPaBEHKa

162* — 4022 -39=0. Hej3unute penieHuja ce zl=@, Zy SRE] Z3 =iﬁ u

4 4’ 4
Zy =-I @ . CooniBeTHHTE BPETHOCTH 32 X C€ pEIICHH]jaTa Ha TIOYEeTHATA PaBeHKA!
_3 5, _ V13 5 , i35 __jWB_5
=g %= 3 BTy XM=y
Iemmu nayun. Co MHOXEH€ Ha JIeBaTa CTpaHa O] paBEeHKaTa Jo0uBame
x* +10x3 +35x% +50x+21=0. 1)
Jla ce oOuyieMe paBeHKaTa Jia ja 3armiieMe BO 00JIMKOT
(x? +ax+b)(x2 +cx+d) =0. )

Co wm3enHavyBame Ha KOCPUIIMEHTHTE IPE] COOJBETHUTE CTENCHH HA X BO JICBUTE
ctpanu ox (1) m (2) mobmusame 10=a+c, 21=bd, 35=b+ac+d u 50=ad +bc.
Enno pemenne Ha oBoj cuctem e a=5, b=3, ¢=5 u d =7. Cnopex Toa nouerHara pa-

BEHKAa € EKBHUBAJICHTHA CO (X2 +5X+ 3)(X2 +5Xx+7)=0. Haramy X2 +5X+3=0 wm

X2 +5X+7=0 uco pelaBame Ha OBHE JIBE PABSHKH T' JOOMBaMe pelleHrjaTa

__5 13 __5 13 __5 3 __5 3

42. Bo MHOKECTBOTO peaiHi OPOEBH PEIIN ja paBEHKATa
Bx+D)Ex+)(6x+DH(12x+1) =2.
Pemenne. limame:
8-(3x+1)-6-(4x+1)-4-(6x+1)-2-(12x+1)=2-8-6-4-2,
OJTHOCHO
(24x+8)(24x+6)(24x+4)(24x+2)=2-8-6-4-2.
BosenyBame cmena 24X+5=Y, u ja moOuBame paBeHKaTa

(Y+3)(y+D(y-1)(y-3)=2-8-6-4-2
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T.C. paBeHKaTa
y*-10y? +9-2.8.6-4.2=0.
Bo MHOecTBOTO peanHu OpoeBH pelieHH]a Ha MOCIeHATa PABEHKA Ce
Y2 =t\5+\25-9+2.8.6-4-2 = =,[5+[16(L+48) ==/33
—5+4/33

24

rna 3aTtoa Xy o = Cce pemeHI/IjaTa Ha IMo4Y€THaTa paBE€HKa BO MHOXXCTBOTO pC€aIHU

OpoeBH .

43. Onpenienu o OPOjOT HA peaTHUTE PEIICHU]a Ha paBeHKaTa
|X? —2| x| +1|=3]2—x|-1?
Pemenue. bunejku X2 = x |2 , IaJicHaTa paBeHKa ja 3aluIryBaMe BO BUIOT
(I x|-1)?-3|x—2|+1=0. (1)
Ha cexoj ox uaTepBamure (—o0,0), [0,2) u [2,+90) Ha neBaTa cTpaHa Ha paBeHKaTa
(1) mobuBame kBaapaTeH TpuHOM. OIETHO Ke THO pasriieaMme TPUTE CIIyYau.
1) Ha unrepBanor (—oo,0) Baxku X2 +5x—4=0, T.e. X= _‘SiT*/Tl U camMo _5%/4_71

npumnara Ha uHTepBasoT (—o0,0) .

2) Ha wuntepsanor [0,2) Baxwu X° +x—4=0, Te. X:% U camo %

npunara Ha uaTepBayior [0,2) .
3) Ha unrepsanor [2,+00) Baku X° —5X+8=0u oBaa paBeHKa HeMma pealHH

pelIeHuja.
3Hauu, lajieHaTa paBeHKa MMa JIBE PEalHU PEIICHH]a.

44. Onpenenu tu cute pyrkuuu T (X) =ax +b raxsu mro

f(f(X)):(|a|+|b|+2)X+b2—6b,3ace1<0j xelR.

Pemenme. Ox f (f(X))=a(ax+b)+b=a?

cjeayBa

X+ab+b wu ycrnosor ma 3amauara

a’=a|+|b|+2 (a+Db=b%—6b.
Axo b=0, toram a? =la|+2, on xane cnenysa a =12
Axo b#0, Toram on BTOpAaTa paBeHKa Jo0MBaMe b=a+7, nas3aroa
a’=la|+|a+7|+2.
Pemennjata HMa mocjieHaTa paBeHka ce a=—3 u a=1+ J10, u nputoa D=4 u

b=8+ \/E , COOJIBETHO.

Koneuno, 6apanure ¢pyHkmm ce

f(x)=22%, f(X)=—3x+4 u f(X)=(1+10)x+8++/10.

45. Jlanenu ce nomunomure f(X) = X2 +ax+b u g(x)= x° +a2x? +b?, xkane
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a u b ce peannu napamerpu. Onpesienu TH cuTe BpeaHOCTH HA & U D 3a Kou Hekoj
on o1 6poesute —2, —1 u 1 e 3aequuuku koper Ha f(X) u g(X).

Pemenne. On g(1) =1+ a’ +b%>0 cIe/yBa Jieka 3aeAHHYKHOT KOPEH HE MOXKE

na 6une 1. Heka npernocraBume jgeka —2 e 3aeauuukd kopen Ha f(X) u g(X).
Toram f(-2)=-8-2a+b=0 u g(-2)=-8+ 4a® +b% =0, on xaze noGuBame

b=2(a+4), 4a® + 4(a+ 4)2 =8, 1e a’+4a+7=0. Mocremmara paBeHKa HeMa
peasHu pelenuja, na 3atoa —2 He Moke 1a ouze 3aequndku koped na f(X) u g(X).

OcranyBa aa nmpoBepume ganu —1 Moxke Jaa Oujie 3aeIHUYKKH KOPEH Ha pasrjie yBaHuTe

nommnomu. Umame f(-1)=-1-a+b=0 u g(-1)=-1+ a’ +b% =0, ma saroa

b=a+1 u a2+(a+1)2 =1, te. 2a2+2a:0, on kxame moomBame a=0 wm

a=-1 ucoomserno D=1 wm b=0.

46. [Ipon3BOAOT HA €HO pPEIIeHUE Ha KBaJIpaTHATA PABCHKA ax’ +bx+b=0 u ex-

HO pEIEHUE Ha KBaJpaTHATa PaBEHKa ax’ +ax+b=0 e exnakos Ha 1. Onpenenu ru

pelieHnjaTa Ha PaBEHKHUTE.
Pemenue. Hexka y u Z ce penieHuja Ha paBEHKUTE

ax’ +ax+b=0 u ax2+bx+b=0,

c00JBeTHO, 3a kou Yyz=1. Toram 2z :% 5

" ai+b%+b:0, T.e. by? +by+a=0.
y

Axko ru cobepeme paBeHKHUTE ay2 +ay+b=0u by2 +by+a=0 nobusame
(a+b)y2+(a+b)y+a+b:0,T.e. (a+b)(y2+y+1):0.

HNmame y2+y+1:(y+%)2+%>0, 3a cexoj yeRR. 3aroa, a+b=0, te. b=-a.

2 2

+ax—a=0 u ax® —ax—a=0. Ho, paBeHkure ce KBaJpaTHU

2

3Ha‘II/I, PaBCHKHUTEC CC aX

Ima 3aToa a¢0, o4 Kajac ]106I/IBaMe JAC€Ka IOaACHUTC pPAaBCHKM CC X +X-1=0 m

x2 —X—1=0 u HUBHUTE pelICHHja Ce X = _]iz*/g M X p = HT‘/‘F’ , COOZIBETHO.

47. Heka f(X) e xBagpareH TpuHOM U &, b, C ce 10 MapoBU Pa3IHYHK peaiHi Opo-
esu. [Ipecmeraj ja f(a+b+c),ako f(a)=bc, f(b)=ac u f(c)=ab.

Pemenue. Heka f(X) = pX2 +0X+r . Toram
pa2 +ga+r=»hc
pb2 +gb+c=ca
pc2 +qgc+r=ab

AKO 0J1 IPBUTE JIBE PAaBEHKH ja OJ[3eMEM€ TpeTaTa paBeHKa, Jo0uBaMe
p(a2 —c2) +g(a—-c)=b(c-a)
p(b? —c?)+q(b—c) =a(c—b)
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On ycioBOT Ha 3ajadata umMamMe a=b u a#C, ma MmocieTHHOT CHCTEM T'0 J00MBa
OOJIMKOT

p(a+c)+gq=-b
{p(b+c)+q =-a
Axo o] mpBaTa paBeHKa Ha IIOCIEIHHOT CHUCTEM ja OJ3eMeMe BTOpaTa jJoOuBame
p(a-b)=a-b. Ox a#b nobusame p=1, ma cnopex toa gq=—(a+b+cC) u
r =ab+bc+ca. 3naun,

f(x) =x° —(a+b+c)x+ab+bc+ca u f(a+b+c)=ab+bc+ca.

48. Hexka a,b u ¢ ce peannu OpoeBu u a#C. PaBeHkute ax? +bx+c=0 u
cx? +bx+a =0 umaar 3aeAHUUKO peleHne ako u camo ako (a+ C)2 =b?. Jokaxwu!

Pemenne. Heka npernoctaBuMe 1eka paBEeHKUTE MMaaT 3a€HUYKO pELIeHHEe X,
T.€. JIeKa axg +bxg+c=0 un axg +bxg+c=0. Axo on mpBara ja ox3emMeMe BTOpaTa
paBeHKa, JoOHuBame (a—c)xg +c—a=0, Te. (a—c)(xg -1)=0. bunejku C#a, T.e.
a—C =0, mociaeqHOTO PaBeHCTBO € MOXHO aKO M CaMO aKo XS —1=0. Cmnopen Toa,
3aeIHMYKOTO peleHne € Xg =1 mimm Xy =—1. Bo ciaydajor Xy =1, xoeduuueHTure

a,b u c na paBeHkuTe ro 3amoBonyBaat ycinoBoT a+b+c=0, a Bo ciaydajor X5 =-1

ro wuchoigHyBaar ycioBoTa—b+c=0. 3HayM, aKko paBEHKHUTE HMaaT 3aCTHUYKO
pemienue, Toram a+c=+b, T.e. (a+ C)2 =b2.

OOpaTHO, HEka HpeTrnocTaBuMe jeka KoeduimeHture a,b um C Ha paBeHKuTE IO
3a7J0BOJTyBaaT yCIOBOT (a+ C)2 =b2. Crnopentoa a+Cc==b.

Bo ciydajor a+ ¢ =-b, npBara paBeHka ro 1o0uBa 0OJIHKOT ax® — (a+c)x+c=0.
a BTOpara paBeHKa To J00uBa OOJIMKOT ox? — (a+c)x+a=0. JlecHo ce mpoBepyBa
ZieKa BO OBOj CITy4aj 3aeIHMYKO pElICHNE Ha paBeHKHUTEe € Xy =1.

Bo cnyuajor a+Cc=b mpBaTa paBeHka ro J100KMBa 0OJUKOT ax® + (a+c)x+c=0 a

BTOpaTa paBeHKa ro J00HBa OOIUKOT ox? + (a+c)x+a=0. JlecHo ce npoBepyBa JieKa

BO OBO] CJIy4aj 3a€JIHMYKO PEIICHHE HA paBEHKUTE € Xy = —1.

49. Hexa a>0 u p,qeR. Jlokaxu, eka 3a ceKoe peajaHo PelIeHUEe X Ha paBeH-

kata X + px+q =0 Baxu

2
x > 49pra)r (1)

Pemenne. PaBeHkata nma peaHu pelicHuja, ma 3aToa p2 —49>0. Bo (1) craBame
‘o —pyp?—4q
——

HEpaBCHCTBATA

HOCJ’ICI[HOTO HCPABCHCTBO IMOCJICAOBATCIIHO € CKBUBAJICHTHO CO
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p2 —4q12a«fp2—4q +a%>0
(«/pz —-4q J_ra)2 >0.

KoHeuHO 01 TOYHOCTA Ha TOCIEIHOTO HEPABEHCTBO CIICAyBa TOYHOCTA Ha HEPABCH-
ctBoTO (1).

50. Pemu ja paBeHkara
2 L (X)2 =
X +(X_1) =8.
Pemenne. [lanenara paBeHKa HIOCJIEZIOBATETHO € EKBUBAJICHTHA CO PAaBEHKHUTE
X X\2_ox2 _g_
X2 +2X 5 +( 1) 2-5-8=0
(X+ —2 X’ —8 0
X_ - X__ —
(X_1 2 ] 8=0.
2 . .
BosenyBame cmena ﬁ:t 1 ja goOuMBaMe paBEeHKAaTa t?2 -2t-8=0. Pemenuja na
nocyeHara paseHka ce ty =4 wu t, =-2, ma cnopex Toa rm H0OMBAME PAaBEHKHTE
X2 —4x+4=0 u X*>+2x-2=0. IlpBaTa paBeHKa MMa pelIeHHja Xqp =2, a pele-
HMja Ha BTOparta ce Xgj4 =—1%t 3.

KoneuHno, pemnennjata Ha moyeTHaTa paBeHka ce 2,—1+ «/§ -1- x/é .

51. Pemn ja paBeHkata
(x2 -8)(x +1)2 +x2=0.

Pemenue. Jacuo, -1 nee PEIICHUEC Ha paBCHKATA, I1a 3aToa Taa MOCJICA0BATEIIHO €

CKBUBAJICHTHA CO PABCHKUTEC

x2-8+-X_ -0

(x+1)2
( x+1) + 2 X+1 -8=0
(X+1) + 2m -8=0.

2
BOBCILYBaMe cMmeHa t = ﬁ u ja nobuBame t24+2t—8=0, uun pemennja ce 2 u —4.

2
= =1+ X -
On X~ ol =2 ru robuBame Xq o 1+/3,a 01 = —4 nobusame X3 =-2.

52. Onpenenu T'M CUTE peasHu OpOeBH C 33 KOM paBEHKaTa
(x2 —4x—c)2 —8x° +32x+8c =0

¥MMa TOYHO JIB€ PEaIHU PEIICHH]a.
Pemenne. Jlanenara paBeHkaTa € €eKBUBAJIEHTHA CO paBEHKATA

(x2 —4x—c)2 —8(x2 —4x-c)=0.
BosenyBame cmena t= X2 —4x—c , M ja poOuBaMe paBeHKaTa t2 _gt = 0, uyum

pemernja ce 0 u 8. 3nauny, X2 —4x—Cc=0 wm x> —4x—Cc=8. JuckpuMuHaHTaTa Ha
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npBata paBeHka ¢ Dy =4(C+4), a Ha Bropara paBeHka ¢ D, =4(4+C+8) =4(c+12).
PaBeHKkaTa UMa TOYHO JIBE PEAHU PEILICHHU]a aKo:
D, >0 =0 <0
1) ! Wi 2) Dy win 3) Dy .
D2 <0 D2 =0

Pemrenne uma camo TpeTnor cucrem, T.e. C € (—12,—4) .

53. Bo 3aBHUCHOCT Of1 BpE€HOCTa HA PEATHHOT TapaMeTap, BO MHOXECTBOTO PEaHU
OpoeBU eIy ja paBeHKaTa

(@a-DA+x+x%)? =(@+DL+x*+x4).
Pemenne. mame
1+x% +x4 = @+x+ x2)2 —(2x+ 2x% + 2x3)
=0+x+ x2)2 —2X([A+ X+ xz)
= (L+ X+ X2)((L+ X + X2) = 2x),
I1a 3aT0a JaZicHaTa paBCHKa IOCJICOBATCIIHO € CKBUBAJICHTHA Ha PABCHKUTC
(@-DL+x+x%)? = @+ L+ X+ Xx2)((L+ X +X*) - 2X)
AL+ x+x°)(((a-D) - (@+D))L+x+x?)+2x(a+1) =0
1L+ X+ X2)(=2(1+ X+ X?) + 2x(a+1)) =0
@+x+ x2)(1—ax+ x2) =0.
Pasenkata 1+X+X° =0 Hema peasnu pemieHuja. JluckpuMuHaTaTa Ha paBeHKaTa
x2—ax+1=0¢ D=a’—4 , TIa 3aT0Aa OBaa paBeHKA MMa PEAJIHU PEIICHH]a aKO M CaMO
ako |a|> 2. Koneuno,

- 3a ae(—2,2) naneHara paBeHKa HEMa PEaHU PEIICHH]a,

- 3a a=_2 paBeHKara uMa eIHO pemeHue X =1,

- 3a a=—2 paBeHKara uMa eJHo pemeHue X =—1 u

- 3a a<-—2 wiM a>2 paBeHKaTa UMa PeallHu U Pa3InYHH PEIIeHH]ja

2
atya -4
X1,2 =T.

54. JlaneHa e paBeHKaTa
X2 +(a—2)x—2a2 +5a-3=0, aeR.

Omnpenenu rM BpeAHOCTHTE Ha IMapaMeTapoT a 3a KOHM arcojlyTHaTa BPEJIHOCT Ha
CAHUOT KOPCH € JABAIlaTU MOroJjieMa Oo/1 aliCoJiyTHaTa BPEAHOCT Ha APYI'HOT KOPCH.

Pemenne. Mimame

o — (@222’ -4(-2a"+5a-3) _ 2-aroa’—24a+16 _ 2-a+\[(3a-4)? _ 2-ax(3a-4)

V2 = 2 - 2 - 2 - 2 :

3Hauu,

2—a+(3a-4) _
— =

_ 2—a—(3a—4)

X = a-1, X 5 =3-2a.

MoxHHU ce JiBa cily4yau:
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a) Ako | X |=2|X, |, Toram |a—-1|=2|3-2a|, t.e. £(a—1)=2(3—-2a). Pemenuja

Ha MOCJIC/IHUTE JIBE PABEHKH a = % ua= % .

0) AkO | Xy |=2]|% |, Toramr |3—-2a|=2|a-1|, t.e. £(3—2a)=2(a—1). Pemenue
Ha TIOCJICTHUTE PABEHKH € a = % .

KoHeuHO, 01 IpeTXOHUTE pasriie/lyBama CiiejlyBa JeKa M0CTOjaT TPH BPAHOCTH 3a
a mroa %%%

55. Hajau ro pearHuoT Opoj M Taka IMITO paBeHKaTa
(x2 —2mx—4(m2 +1))(x2 —4x—2m(m2 +1)=0 1)

yMa TOYHO TPH Pa3IMYHU PEAIHU KOPEHHU.
Pemenue. [laneHara paBeHKa € €KBUBaJIEHTHA CO BKYITHOCTa PaBEHKU

X2 — 2mx—4(m2 +1)=0
x2 —4x—2m(m? +1) =0.
JluckpuMUHaHTaTa Ha MpBaTa U BTOpaTa paBeHKa ce
D, =4(5M? +4) u D, = 4(4+2m(m? +1)),

coonsetHo. JacHo, Dy >0. Toram, Ouznejku mpBaTa paBeHKa MMa CEKOraiml JiBa pas-

)

JIMYHYU PEATHU KOPEHH, MOKHU CE CIICTHUBE CITydau:

A) Bropara paBeHKa MMa TOYHO €JIcH PEaJieH KOPEH, Pa3JIMYeH OJ KOPCHHTE Ha
mpBara.

b) Bropara paBeHka nma JiBa pa3jiMYHU PEaJTHU KOPEHH, HO €/ICH O]l HUB € €JIHAKOB
CO KOpPEH Ha IpBaTa paBeHKa.

A) Bo 0B0j city4aj ja 1o0MBamMe paBeHKaTa

3

D, =m +m+2=(m+1)(m2—m+2)=0

KOja BO MHOXKECTBOTO peajHu OpoeBu uma ejiHo pemeHue M= —1. Toram pemenuja Ha
npBaTa paBeHka ce 2 1 —4, a Ha BTOpaTa peuieHue e 2, 0IHOCHO paBeHkara (1) uma e
peannu penennja. 3Haun M = —1 He e 6GapaHOTO pelIeHue.

b) Heka X; € 3aeAHMYKHMOT KOPEH HA PaBEHKHTE 0Jf cucTeMoT. Toram ako of

Xg —2mXxg —4(m2 +1) =0 ro omzememe Xg —4Xo —2m(m2 +1) =0 mobOuBame
(4—2m)xy = (m? +1)(4—2m) .
Axo M =2 Toram mpBaTa ¥ BTOpaTra paBeHKa Ha (2) ce eqHaksu ma (1) nma TO4HO /1Ba

pealHu pa3IMuHU KOpeHU. 3HauM M= 2, a Toram Xg = m? +1. Co 3ameHa Ha Xy BO

npBaTa paBeHKa ja J0OMBaMe paBeHKATa (m2 +1)(m2 —2m—-3) =0, a Hej3uHN peasHu
pemennja ce My =-1 u My =3. Ox auckycujata nox A), m=-1 He e GapaHOTO

pemenue. Ako M =3 Toram KOpeHH Ha mpBarta paBeHka ce 10 u —4, a Ha Bropara —4
n —6. 3Haun GapaHOTO pemieHre € M=3.

56. Pemn ja paBeHkaTa
3,1 4 4 1 3 _
x+ x—1+x—2+ x—3+ x—4+ X5 0

Pemenue. I[aﬂeHaTa paBCHKa MOCJICA0BATC/IHO € CKBUBAJICHTHA CO PABCHKHUTE
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3,3 . 4 .4 1 1 _
x+x—5+x—2+x—3+x—4+x—1 0
3(2x—5)+ 2%—5 n 4(2x-5) ~0

X2 —5x X2 —5x+4  X°-5x+6

OrtTyKa € jacHO JieKa e/IHO PEellIeHNe Ha PaBEHKATa € X = % Axo 3a X # % ja monenume

paBeHKaTa co 2X—5 U BOBeAEME CMEHa x2 —5x =t , Ja ToOuBame paBeHKaTa

3,1 .. 4 _
t+t+4+t+6 0,

0]l Koja 1mo MHOXemeTo co t(t+4)(t+6) ce cBeqyBa Ha KBaJpaTHA PABEHKA W YUHILITO

pelienuja ce t; = —% u t, =—2. Co 3amMeHa Ha OBUE BPEHOCTH BO HAIlpaBeHaTa CMEHa

no0uBaMe JiBe KBAJIPAaTHU PABEHKH YMHIITO PEIIEHH]jA CE Xp/3 = 5iT*ﬁ U Xq/5 = % .

JacHo, nobuenuTe pelieHnja ce pelieHrja u Ha movyeTHara paBeHka (3omro?).

57. Pemn ja paBeHkaTa

x* +2x3 +7x% +6x+8=0.
Pemenne. Jlanenara paBeHka € €eKBUBAJICHTHA HA paBEHKaTa

(x2 +x)2 +6(x2 +Xx)+8=0.
BoBenyBame cMmeHa t = X2 +X 1 ja nobuBame paBeHKaTa t2 +68+8=0 uun pelieHuja
ce ty =—4 n t, =—2. 3naun, (t+4)(t+2)=0, oqHocHO
(x2 +x+4)(x2 +x+2)=0.
KoHeuHO, MHOKECTBOTO Ha pEIlIcHH]ja Ha TOYSTHATA PABEHKA €

(LIs eidTy

58. Pemu ja paBeHkara x4 —5x3 +5x% —5x+1=0.
Pemenue. Ounrnenno e neka X=0 He e pemeHue Ha paBeHkara. Criopexa Toa,
JaJieHaTa paBeHKa MOCIIeIOBATEIIHO € €KBUBAJICHTHA CO PABEHKUTE

X2 —5x+5—51+%20
X x
(x* +L1)-501+1)+5=0
X X
(1+1)*-5@1+1)+3=0

BosenyBame cmena t = X+% U ja noOMBaMe KBaJpaTHaTa paBeHKa t2 —5t+3=0 Koja

5413

2
x+%=—5i‘2/1=3 T X2 ——SiEEx+1=O

uMa pemienuja typ = . 3Hauu ru 10OMBaMe KBaJPATHUTE PABEHKU

KOM MMaaT pelleHuja

o = 3R x [E5B) 4 i s =3B 1 [(B)2 —a)

Xq/7 =%(5+\Eix/22+1oﬁ) WIH Xz, =%(5—\Ei«/22—10\/1=3) .

T.C.
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59. Pemn ja paBeHkaTa
A+x)8 +(@+x%)* =2x*.
Pemenne. bunejku X =0 He e pelleHHe Ha paBeHKaTa, Taa € CKBUBAJICHTHA CO
paBeHKaTa

(x2+§x+1)4 " (x2X+1)4 _2-0.
Co cMmenara , % = p—1, ja tobuBame paBeHKaTa
(P-D*+(p+D*-2=0,
KOja € EeKBUBAJICHTHA CO paBEHKATa p4 +6 p2 =0. PemenujaTa Ha nociieJHaTa paBEeHKA
ce pp=py, =0, p3=i\/§ u p4=—i%.

3a p;=p, =0, nobusame x2+x+1=0, ox xage Haofame X =X =

—1-i+/3
X3::X4::——§jt.

—1+i\ﬁ -

2

3a p3 =iJ6 ja moOmBame paBeHKaTa G +(1—ixﬁ)x+l:O, Ol KOja clieayBaaT

“14if6+y{9-2i6

2 1

peniennjaTa Xs/g =

3a p3= -6 | ja mobuBamMe paBeHKaTa X2 + @+ ix/E)X +1=0 , ox koja crnemyBaat

- _1-iJ6+\PiJ6-9
5 .

penienujara Xy/g =

60. Bo MHOXECTBOTO peajiHu OpOCBU PEIIH ja paBeHKaTa X*+4x3+6X%+2x +1=0.

Pemenmue. [Ipg nauun. Ke nokaxeme JeKa paBeHKaTa HeMa PeajHH peleHHja. AKO
X>0 e peanqHO pelieHUE, TOTAIT x4 +4x3 +6x% +2x+1>0 , IITO HE € MOXKHO. 3HAYH
JIOKOJIKY UMa pelIeHUe Toa € HeTaTUBEH pealieH 0poj.

Cera j1a ja 3anuiieMe paBeHKaTa BO CJICIHHOB 00JuK (X +1)4 —2x=0.Cera x=-1

He ¢ pemierre. Ako X< —1 mwm —1<X <0, Toram (X +1)4 U —2X ce MO3UTHUBHHU, 1A
HUBHHUOT 30Hp € MO3UTUBEH. 3HAUU paBEHKaTa HEMa PEaHU pelleHuja.
Bmop nauun. JleBaTa cTpaHa o]l paBeHKaTa ke ja TpaHcopmupame Ha CIIEIHHOB

Ha4YMH

2

x4+4x3+6x2+2x+1:x4+4x3+4x2+x +x2+2x+1

= xz(x2 +4x+4)+x2 +(x+1)2
= xz(x+2)2 +x2 +(x+l)2
3Hauyn 10OMBME JIeKa MOYeTHATa PAaBEHKA € eKBUBAJIEHTHA CO PaBeHKaTa
x2(x+2)2 + X2 +(x+1)2 =0.
30MpoT Ha KBaJpaTUTE HAa TpH Opoja MOXKe J1a OMe Hylla ako M caMO aKo CHTE OpOeBU

ce Hynu. Toa BO HaIIMOB Clly4aj HE € MOXKHO, OMIEjKM MOpa MCTOBPEMEHO Ja BaXku
X=0 um X=-1.3Hauu paBeHKaTa HEMa PEAJTHH PEILICHH]a.
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61. Pemn ja paBeHnkara x4 +2ax3 +bx? + 2ax+1=0.
Pemenne. mame

(x2 +ax+1)2 =x* +2ax3 + (a2 + 2)x2 +2ax+1.
I1a 3aTO04a JaJcHaTa paBCHKA MMOCJICA0BATCIIHO € CKBUBAJICHTHA HA PAaBCHKUTC
(x2 +ax+1)2 —(a2 +2—b)x2 =0

(2 + (a+va? + 2-b)x+1)(x% + (a— a2 + 2—b)x+1) = 0.

3HaHI/I, peiraBamkbCTO HA MOYCTHATA paBCHKA I'0 CBCJOBMC Ha pClIaBalkbC HA ABC KBAaApaT-
HU paBCHKHU. HeTaHI/ITC I'M OCTaBaMe Ha YUTATEJOT 3a BexKOa.

62. Bo MHOXECTBOTO Ha peaTHu OPOEBH pEIIN ja paBeHKaTa

\/SXZ +14x+9—\/x2 —x—20 =5yx+1.

Pemenne. 3a neyHuIIMOHaTa 00JIACT HA pAaBEHKATa HMaME :
5X” +14x+9 =5(X+1)(x+2) 20, x? ~x~20=(x~5)(x+4) =0 n x+1=0,

0J1 KajJie noOuBaMe Jieka paBeHkara e aedurupana 3a X >5. [locnenoBaTenHo go00uBa-
Me

\/5x2 +14%x+9 —\/xz —X-=20= 5\/ﬁ,
JBX+9)(Xx+1) =/(Xx—5)(x+4) +5Jx+1,

2x2 —5x+2 =5f(x=5)(x +4)(x+1) ,

2(x% —4x—5)+3x+12 =5,/(x-5)(x +1)(x + 4) ,
2(x—5)(X+1) +3(x+4) =5/(x=5)(X +1)(x+4) ,
2(x-5)(x+1)+3(x+4) _ 5J(xB)(x+1)(x+4)

X+4 X+4

2(x-5)(x+1) _ (X-5)(x+1)

X+4 +3= 5\} x+4

B (x-B)(x+1) _ 22 _EV13-0 .
OBEAYBAMC CMCHA 4| "7— = y, npu mro goouBame 2y~ —95y+3=0. Pemenuja

Ha II0CJIE/IHATA PAaBEHKa CE€ Y = % y, =1.0g , f% = % , IIOCJIEIOBATEIHO 100U~

BaM¢

(x-5)(x+1) 9
T x4 4

4(Xx=5)(x+1) =9(x+4)

4x% —25x—-56=0
25i\/625+896

_ _ 1 (Xx-5)(x+1) )
3 1.6 X =8, Xp=—,.0n ﬂf—xM =1, nocienosa

(x-5)(x+1) _
s 1L

(X=5)(x+1)=x+4,
X2 —5x-9=0

U OTTYKa Xjp =

TEJIHO JoOUBaMe
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H OTTYKA Xajg = 5i«/225+36 _ Si\ZE .
KoneuHo, Ounejku X >5 penieHujaTa Ha IOYETHATA paBEeHKa ce 8 u 5“2/6_71 :

\/x2+x+6+\/x2—x—4 -5
\/x2+x+6—\/x2—x—4 .
Pemenne. 3a x=-5 mocienoBaTenHo go0uWBaMe JeKa JajeHaTa paBEHKa €
C€KBHBAJICHTHA HA PaBEHKU
\/x2+x+6+\/x2—x—4 -5
x/x2+x+6—«/x2—x—4

\/x2+x+6+\/x2—x—4:5«/x2+x+6—5\/X2—x—4

63. Pemu ja paBeHka

6\/x2—x—4:4x/x2+x+6

3\/x2 —X—-4 :Zx/x2 +X+6.
[TocnennaTta paBeHKa ja KaBIpupaMe U TOCIEI0BATEIIHO o00uBame
9(x2 —x—4) :4(x2 + X+ 6)
5x2 —13x—60=0
12

X1=5, X2 =—€.

Co HemocpeaHa MpoBepKa ce yBepyBaMe JeKa HajIeHUTE pellleHHja ce pelleHuja U Ha
MOYEeTHATA PABEHKA.

64. Bo MHOXeCTBOTO peasiHu OpOEBU pellly ja paBeHKaTa
X+1—X +1=X+3 X(1-X) .
Pemrenne. JacHo e neka neduuuiionara ooaact Ha paBenkata e uarepsaior [0,1].

}Iaz[eHa PaBCHKa € CKBHMBAJICHTHA CO PaBCHKATa

Wx—V1=x)(2Ix -1-x-1) =0.
Cropen Toa, «/; =1-X wm 2\ﬁ= J1-x+1.
Cnyuaj 1. On \/;:«/l—x , ToObuBaMe X =1-—X, OOQHOCHO Xz% €[0,1]. Jlecuo ce

IIPOBEpPYyBa JICKa % € pCHICHUC Ha MOYCTHATAa paBCHKATaA.

Cnyuaj 2. Ja xBagpupame 2JX =J1-x +1 u nobusame 4X=2—X+ 2J1-x . Axo

no6ueHarta paBeHka 5X—2 = 2+/1— X ja kBaapupame, ja 106MBaMe T06MBaMe PaBEHKATa

25x% — 20X +4 =4—4X, umn pemenuja ce X =0 u Xy, = % . Co mHemocpenna
IPOBEPKA CE yBepyBaMe JeKa % € pelICHNE Ha II0YETHATA PaBEHKa.
3Hauy, pellleHrja Ha I0OYETHATA PaBEHKaA Ce % u % .

65. Pemu ja paBenkata 3v2—X ++/x—1=1.

Pemenne. /lpe nauun. On 2—x=>20 m Xx—-1>0 crmexyBa nexa pedpuHIHOHATA
obmact Ha paBenkara ¢ D=[1,2]. PaBenkara ja 3amuuryBamMe BO BHIOT
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3J2-x zl—x/X—l U 10 KBaJpHUPAKETO U CPEAYyBamETO, 100MBamMe Jx=1=5x-9.
Co ymre enHO KBajpHpame, IPH ITO 3eMaMe npenBu aeka 5X—9>0, T.e. X 2% ,ja

noOvBaMe KBajpaTHaTa paBeHKA 25x° —91x+82 =0 uun KOPEHH C€ X =2 U Xp = g—é

IIPH TITO CaMO MPBUOT TH 33]I0BOJTYBa YCIOBHTE.
Bmop nauun. Ke craBume /X—1=y, y>0. Toram,
X—1= y2, 2—-x=1- y2
3 1—y2 + Yy =1, npu mro l—y2 >0,1e ye[0,1],
2

ANM-y)A+y)=@1-y)

(1-y)@8+10y)=0

y=1,
ozl kaje noouBame X—1=1, T.e. X=2. Pemennero y=-0,8 He ro 3emame npeasus
Ouzejku He ro 3amoBonysa ycimosor Y €[0, 1].

66. Bo MHOXeCTBOTO peasiHu OpOeBU pellly ja paBeHKaTa

f'/a—x+i"/b—x :i‘/a+b—2x .

Pemenne. BosenyBame cmeHn a— X =t* ub-x=2z%n JlaJleHaTa paBeHKa Iro J0-

OnBa OOJIMKOT \%4 +\4/Z4 = \4)t4 +7° , T.e. t+z= \4ft4 +74 [Tocnenqnata paBeHKa ja

creneHyBame Ha crerneH 4 u jpobuBame (t+ Z)4 = (x/4 t4 + 2% )4 , OJTHOCHO

437 +6t222 +4t2° =0 ,

T.C.
2tz(2t2 +32t+222) =0. @

Pemrennja Ha (1) ce t =0, z =0 wim perieHujaTa Ha paBeHKATa 2(t2 +722 )=-3tz.
Axo t=0, toramt a—Xx=0 , 1.e. X=a, aaxko z=0, toramrt b—x=0, T.e.
X=D.

PaBenkara 2(t2 + 22) = -3tz co KBaapupame ce CBeIyBa Ha t4 + 2% =t%22

. AKo BO

rocJie/iHaTa paBeHKa 3aMeHuMe t = »\4/a —X, Z= x4/b —X , ja moOuBaMe paBeHKaTa
a+b—2x= «/(a—x)(b—x) ,
KOja MMa JIBa KOMIUIEKCHH KOPEHH X3 U X4 (mposepu!).

KoHneuHo, peasiHO pellieHHe Ha paBeHKara e X =a, ako b>a,wm X=b ako a>Db.

67. Onpenenu ru cute 1eT00POJHU BPETHOCTH M 32 KOM paBeHKaTa

V3+X+5+x=m

UMa peayHu pelieHHja. 3a ONpeesieHUTe BPEJIHOCTH Ha MapaMeTapoT M OINpeaesu I'
pelieHnjaTa Ha paBeHKaTa.

Pemenne. Jacio, m>0. Criopex Toa M—+/5+X =+/3+x >0, ox kane n06uBaMe

m > /54 X . Co kBaipupame Ha Mocje HaTa HepaBeHKa UMaMe
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x<m?-5. (1)
AKO paBeHKaTa ja 3allMIIeMe BO oOIMK 3+ X =M—+/5+X U ja KBajpupame, J06H-

BaMe 2M~/5+ X = m2 +2 , @ CO YIIITe €HO KBaJIpupame 1001uBamMe
4 2
m*-16m-+4
4m? 2)

4 2
Ox (1) u (2) nobuBame % <m? 5, m®>2, | m[> J2. Criope Toa, perieHne

4 2
Ha J]aJleHaTa PaBeHKA € X:%Ja meZ, m>+2.
m

68. Pemn ja paBeHnkara

(x3§LX)3 n X+ 3x .

3 =
x3ax _ 3 _ 3 v
Pemenne. BopenyBame cMeHa “o= =Y u nobuBame Yy +y=3X u X°+X=3y.
X3 +Xg
3HauM, aKo Xy € PCLICHHE HAa PABCHKATA HA [OYCTHATA PABEHKA M —— =Yg, TOraml

(Xp,Yg) € pelleHre Ha CHCTEMOT PAaBEHKH
3
X” +X=3y
; . M
yo+y=3X

JlecHo ce MOKa)KyBa JieKa Baki U 0OpaTHOTO TBPJAEH-E, I1a 3aT0a JIOBOJHO € Jia Ce PEeLIH
cuctemor (1). Ako oj1 mpBaTa paBeHKa Ha CHCTEMOT ja 0J[3eMeMe BTOpaTa 100nuBaMe

G =y +(x—y)=3(y—x)
(x—=Y) (% +xy +y* +1) =3(y —X)
(x=y) (X +xy+y? +4) =0 )

bunejku 3a cexou X,y € R Baxu

2 2

X2 + Xy + y2+4=x2+2x%+y7+%y2+4:(x+%)2+%+424,

X3+X
3

on paBenkara (2) cienyBa X—Y =0, 1.e. Xx=Yy. Cnopen Toa, =X, 0] Kajie 100u-

Bame X(X2 —2) =0, 0IHOCHO X =0, X = 2 u X3 = 2. Co HEIIOCPEIHA IPOBEpPKa
ce NMOKaKyBa JIeKa HajJeHUTE PelLIeHNja ce PEIICHNja U Ha [I0YeTHATA PaBeHKA.

69. Pemn ja paBeHkara
A+ x)* —2(1-x)* = (1-x?)?.
Pemrenme. Hexa a=1+X u b=1—x. Toram 1—x? =ab , IIa 3aToa JajcHaTa
paBeHKa ro J00uBa OOJUKOT at —20% =a%v?, re. (a2 +b2)(a2 — 2b2) =0. Cnopen
Toa, a2 +b% =0 wm a’ —2b% =0.

Cnyuaj 1. ENMHCTBEHO peanHO pelleHHE Ha paBEeHKara a’+b?=0 ¢ a=b=0u
torait 1-Xx=0 u 1+ X =0, mwro HE € MOXKHO.

Cnyuaj 2. PaBeHnkara a’-2b%> =0 uma pelieHuja a = +h /2 . Cropen Toa,
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1+ x=+(1- X)ﬁ

of1 Kajie JobuBame X =3— 2J2 u Xo =3+ 2J2 . Co HEMoCpe/iHa MPOBEPKa ce TOKaXKYy-
Ba JIeKa HAjJICHUTE PEIIeHH]a Ce PEIICHHja 1 Ha TOYETHATA PABCHKA.

70. a) Ako X, Y, Z ce peanHu OpoeBH, cuTe pasauuHu oa 1, TakBu mTo XyZ =1,
IOKaKU JeKa:
2 2
X _+ y -+—2—2>1
x-D*  (y-)° (z-)
0) Jlokaxcu Jieka paBeHCTBO Ba)KH 32 OECKOHEYHO MHOT'Y TPOJKH PallMOHATIHH OpOCBU
X, Y, 7.

Pemenne. a) Heka a = ﬁ b= c= ﬁ . Umawme:

Ty T = moayay = @+ Db+De+D)
IITO € EKBUBAJICHTHO CO.

ab+ac+bc+a+b+c+1=0
OnoBae cnenyBa Jeka :

2

a? +b% +c? =a® +b% +c? +2(@b+ac+bc)+2(a+b+c)+2

ma.
a®+b%+c? = (a+b+c+1)2 +1>1
Ol KaJie CjIcayBa 6apaHOT0 HCPABCHCTBO. PaBeHcTBO Baky ako ¥ caMoO aKoO
a+b+c+1=0
OJHOCHO, aKO 1 caMO aKo
ab+ac+bc=0

0) Umame:
Xy Xz yz
+ + =0
1=-x)0-y)  1=x)0-z)  1-y)1-2)
o]l kKajie noouBame Xy +XZ+ Yz =3. buzejku X = % , OBa ce Tpanchopmupa Jo:

%+%+yz =3 u 2’y —(3z-1)y+2=0
OBaa paBeHKa MoO’e Ja ja HabJbyJdyBaMe Kako KBajpaTHa paBeHka 1o Y . Jluckpu-

MHHAHTAaTa HAa paBCHKATa €.
D=(3z-1)° -4z =(z-1)°(1-42),

2 . .
ITa ako ro u3bepeMe Z TaKoOB IUTO Z = l_Tm’ 3a HEKOj HEeHYJITH palroHajeH 6poj m,
toram +D e panumonanen 6poj, ma U pemieHMeTo Y € panuoHaneH 6poj. Komeuno,
X = % , 1 X € paluOHaJIeH.

71. Pemu ja paBeHKara: x* +2ax3 +bx? + 2ax+1=0.
Pemenne. Jla 3a0enexume aexa

(x2 +ax+1)2 =x* +2ax® +(a2 +2)x2 +2ax+1.

3Ha‘II/I, ropHaTa paBCHKa MOXKE J1da CC 3allUIIC KaKo
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(x® +ax+1)° —(@® +2-h)x* =0.

JleBata cTpaHa Ha paBeHKaTa € pa3juKa o] KBaJpaTH, [1a UIMaMe:

(% +(a+/a2 +2—b)x+1)(2 + (a—a? + 2—b)x+1) = 0.

Cera HpO6J’I6MOT Ha pllIaBarbC HAa MOYCTHATA PAaBCHKA 'O CBCJAOBMC Ha PCIIaBamk-€ Ha
ABC KBaJIpaTHU PAaBCHKU. I[CTaJII/ITC I'd OCTaBaM€ Ha YUTATEIIOT 3a BexkOa.

72. Pemn ja paBeHKaTa:

x* +2x3 +7x% +6x+8=0.

Pemenne. PaBenkara MOJKe J1a ce 3amullie KaKo

(x2 +x)2 +6(x2 +Xx)+8=0.

CTaBajI’(I/I CMCHa t:X2+X, Taa CC€ CBCJYyBa Ha KBaJ[paTHAa paBCHKA, OJ KaIAc CO

pemraBame gobuBame Jeka ) =—4 u tp, =—-2. OTTyKa,

(x2+x+4)(x2+x+2)=0.

KoneyHo, MHOKECTBOTO Ha PEIICHH]ja HA TTOYETHATA PABEHKA €

(LIs 1Ty

73. Pewn ja paenkata (X +5X +1)(X? +4x) = 20 (x+1)°.

Pewmenne. /Ips nauun. imame:

Orryka:

(X% +5X +1)(x% +4X) = 20(x +1)?

x* +5x3 + X2 +4x% + 20%2 + 4x — 20x% — 40X —20 = 0
x*+9x3 +x% —36x—20=0

x* —4x% +9x% —36x+5x%> —20=0

x2(x2 —4)+9x(x2 —4)+5(x2 -4)=0

(X2 —4) (X* +9x+5) =0

X2 —4=0 = x,=%2

X2 +9x+5=0 = Xg4= 9Bl

Bmop mnauun. 3abenexyBame 1eka (X2 +4x)+(x+1) = x> +5x+1. 3aroa Heka:

X2 +4x = a, X+1=b . Toram paBeHkara ro 1001MBa BUIOT:

(a+b)a =200’
a?+ab—200 =0 /:b* (b#0, re x#-1)
ay2 _ a _
(2)°+2-20=0

(g) _ —H\/1+80 _ =149
b/L.2= "2 T2
p=-5 < a=-5b u §=4 < a=4db

o1



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

1) Axo a=-5b, Te. X2 +4x =-5(x+1), Toram X2 +9x+5=0 o1 Kaie MmTO J10-

OuBame X1,2 = —9i2

2) Ako a=4b, T.e. x2+4X:4(x+1),T0ram X% = 4, o1 Kaje MmTo X34 =22,

Co mpoBepka ce yOegyBaMme JeKa CHTE YETHPH PEIICHHja ja 3a70BOJYyBaaT MOYET-
HaTa paBeHKa.

Buaun, M ={-2, 2, —9—5/6;1 ’ _9+2‘/6=1}.

74. 3a KOM BPEJHOCTH Ha a, 3a NPOU3BOJIHO D mocrou GapeM e€qHO C, Taka IITO
CHUCTEMOT

2x+by:ac2+c

bx+2y=c-1
na uMa 0apem eIHO perieHue?
Pemenue. Umave: A=4—b? A = 2ac? +2c—bc+b.

Axo A#0, r.e. b#42, Toram cucTeMoT MMa €IMHCTBEHO PELIEHUE 32 KOU OHUIIO
auc.

Axo A =0, Toramr 3a CHCTEMOT Jia UMa perieHne Tpeba na une u A4, =0.3a b=2
noOuBamMe ac? =-1, ma oBaa paBeHKa MMa pelIeHHe MO C 3a cekoe a < (—0,0). 3a

b=-2 ja nobusBame paBeHkara ac’+2c-1=0 , KOJIITO UMa PeUICHUe 1Mo C 3a CeKoe
ae[-1+x).

ClieICTBEHO, JaJ€HHOT CHCTEM MMa OapeM €IHO pEIICHHE 3a MPOM3BOJIHO D
HEKOe C ako M camo ako a €[—1,0].

75. Pemn ja Bo R paBenkata 2x% —3x = 2X\/X2 -3x+1.
Pemenne. /laneHara paBeHKa ke ja 3anuiieMe BO BUIOT

G +(x2 —3x) = 2xyX? —3x +1.

AKo cTaBuMe X2 —3X = y2 , JoOmBame X2 + y2 =2Xy +1, omHOCHO (X— y)2 =1. Orry-

ka goouBame X—Yy =211 Te. X-1= \/X2 —-3X wm X+1= \/XZ —3x . IIpBara paBeHKa

HeMa pellIeHue, a PelIeHHEeTO Ha BTopaTa paBeHKa € —% .
76. Bo MHOXECTBOTO peaslHi OpOCBH DI ja paBeHKaTa X+ ad = Ja—x.

Pemenne. PaBenkara e omnpejerneHa 3a cekoj X € [R. BoenyBame cmeHa X =a— y3

a—y3 +as :ﬁa—(a—y?’)

yl+y=a’+a.

U noOuBame

OuwurienHo e Jeka eIHO pelleHne Ha paBeHkara € Y = a. Ke nmokaxeme neka apyru pe-

neHyja paBenkara Hema. O GopMynuTe 3a CKpaTeHO MHOXKEHE UMaMe
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yl-al+y-a=0
(y—a)(y2 +ay + y2 +1)=0.
On mocneanara paBenka umame Y —a =0 wau y2 +ay+ y2 +1=0. Cnopeatoa, y=a
€ eJIHO pelleHKe, OJ1 Kajie JoOuBaMe JieKa PelICHHEe Ha MOYeTHATA PaBEHKA €
Xx=a—a°. 1)
bunejkun
y?+ay+y? +1=y? +2%y+a742+%+1: (y+%)2 +%+121,

paBeHKaTa y2 +ay+ y2 +1=0 nema pemienue. Koneuno, eaunctBeno pemenue e (1).

77. Bo MHOXECTBOTO peaslHu OpOEBU PEIIIN ja paBeHKATa
— —3 0 520l 1006,
XTH+2X+2  X+2X+4  X“+2X+6 X“+2x+2012

Pemenne. 3a k=1,2,3,...,1006 umame
X2 + 2%+ 2K = X% +2X+1+ 2k 1= (x+1)% + 2k -1
1 .1
x242x+2k ~ 2k-1
k1 2kl _4q
x242x+2k — 2k-1 7

Cnyuaj 1. Axo X # -1, Toram

2k-1
X2 +2x+2k

L3 5 2 141414..+1=1006.
XE42X+2 X42X+4 X“+2%x+6 X“+2x+2012 T

<1, k=1,2,3,...,1006 na criopex Toa

Cnyuaj 2. Axo X =—1 toram # =1, k=1,2,3,...,1006 na cropex Toa
X +2x+2k

L3 5 4 2 _141414..+1=1006,
X+2X+2  X“4+2X+4  X“+2X+6 X“+2x+2012 ‘—1666—’

3Hauu, €IMHCTBEHO PEIlIEHUE Ha paBeHKaTa € X =—1.

78. Bo MHOXECTBOTO peajiHi OpOCBH PEIIH ja paBeHKaTa
§/x+2+§/x+3+§/x+4 =0.

Pemenne. W3pasor Ix+2+Px+3+Yx+4 ¢ ONpeseNieH 3a CeKoja peayHa
BpeaHOCT Ha X . Ilonaramy, ako ¥ < X, , Torai

X +2< Xy +2 Pa+2<3Yxp+2
X +3<Xx+3 = g +3<Yx, +3
X1+4<X2+4 %/X1+4<§/X2+4

0] Kaze nodouBame
Y +2+3x +3+3x+4 <o +2+3xp +3+3xp +4 .
Axo XO € PCIICHUC HA paBCHKaTa, TOral 3a Xl < XO nMmame
P +2+3Yx+3+Y+4 <JYx. +2+Yx +3+3x. +4=0,

a3a Xg < Xp uUMame
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0=3% +2+3x, +3+Yx, +4 <Yy + 2+ 3% +3+3x, +4
Cera e jacHO JieKa paBeHKaTa MMa ¢IMHCTBEHO penieHne. He e Temko ma ce BUIU Jeka
pelIeHre Ha paBeHKaTa € Xy = —3.

79. Bo MHOXECTBOTO peaslHu OpOCBU PEIIH ja paBeHKaTa

«/x2+x+\/1+i2 =x+3.
X

Pemenne. 1o kBanpupamero qo0nBame
X% 4+ x+1+L 42 ;xz +X+1+L =x+3
X X

2. x2+x+1+i2 :2—(x2+i2).

NN

2

bunejkun x +— 2 1 JeBaTa CTpaHa € HCHETaTUBHA, ClIelyBa JAcKa G

+==2,mr0 €
X

MOkHO camo 3a X =1 wim X =-1. Co nmpoBepka 3akirydayBame jeka Opojor —1 e enuH-

CTBEHO pPEIICHHE HAa paBCHKATA.

80. Pemmu ja BO MHOXKECTBOTO peaiHH OpOEBH paBEHKATa

\/a+x \/ b+x \/ ako azb, ab<0, a+b=0.
a+x b+x ’

Pemenne. Hexka X e pemieHne Ha paBHKarta. AKO M JBET€ CTPAHU HA PaBEHKATa I'M
Kybupame, 1o61Bame

a+x 33a+x+33 33b+x+3 3/b—x _ b—x
\A \fa+x a+x — \/b X \fb+x b+x’

atx _a=x _ b+x _b—x
a-Xx at+x b-x b+x

[TocnennaTta paBeHKa Ke ja 3amuiiemMe Bo 00JIMK

4ax_ _ _4bx a b _
> TS ,T.e. X( - )=

a%-x a’-x?> b?—x?

T.C.

a b

a?-x? Db?-x°

EnnHo Hej3uHO pemenue ounrnenHo ¢ X =0 . PaBenkara =0 moxeme na

ja 3anuieme Bo 00JIMK x2 =—ab. Hejsunu pemienuja ce Xp/3 = ++/-ab .

81. Bo MHOKECTBOTO peaJiHi OPOEBH PEIH ja paBEeHKATa

T/(:U‘ X)2 —nQ/(l— X)2 = r{‘/(1—x2) ,ako me N .

Pemenue. [la 3a0enexume nexka X =1 He e KOpeH Ha paBeHKaTa. 3aToa, paBEHKaTa

ja menume co mxf(l— X)2 u mobuBame
m/ Lixy2 1 fl+_x
(1—x) 1=9 1-x °
=1, ma noOuBame: t2 1= t, T.c. t2 _t-1=0. Pemenujata

1f

1+Xx

BosenyBame cmena M= Tox

Ha OBaa KBaJjpaTHa paBeHKa ce: f = = % bunejku t) <0, cnenysa neka
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t, He ¢ KOpeH Ha IoYeTHAaTa pPaBeHKa ako M e mapeH Opoj. 3aToa, ako M € mapeH

hﬁgm

Lesym_g

- m/1+x _ 15 1+x _ (L+fBym _ 5

OpojnobuBame X > > T.e ( > )", om kame moOwBame X (1+£)m+1.

2

(li\/g)m_l

Ako m e HemapeH Opoj, TOrall paBeHKaTa UMa ABE PEIICHHja Xjjp = —2=— . .
(1t2\E)m+l

82. Pemmn ja paBeHkaTa

\/5x2 +14x+9—\/x2 —-x-20 :5»\/x+1.

Pemenne. I'o npedpiayBame x/x2 —X—20 Ha gpyrara cTpaHa, a IOTOa KBaJpupame
1 noOuBame:

2x% ~5x+2 =5y (x2 —4x—5) (x+4) ,

T.C.

2(x% — AX—5) +3(x + 4) = 5y (x? —4x—5) (x +4) *)
Jebununmonara 06acT Ha 110jJOBHATA PABEHKA ja HaOr'aMe O] YCIOBUTE:
5x% +14x+9>0, X2 —=x—20>0, Xx+1>0,
(x+1)(x+9)>0, (x=5)(x+4)>0, x+1>0.

U 1o0uBaMe X > 5. 3a oBHe BPEJHOCTH HA X HMaMe:

JOP —4x=5) (x+4) =\x? —4x—5-/x+4,

., ., 2_py_ .
Ta JIeNejKy T IBETE CTPaHU Ha paBeHkarta (*) co X +4 U 3aMeHyBajKu % co Yy jamo-
OvBaMe KBaJ[paTHATA PaBEHKA 2y2 —5y+3=0, ummn kopenuce: y; = % uy, =1
Co pemaBame Ha paBEHKUTE
x*—4x-5 -3y x*—4x-5 _
X+4 2 -

nobuBame:

_ _ 7 _ 5461

X =8, Xp=—7, X34 =",
O]l KOU, TIOpaJu X =5 3a/I0BOJTYBaaT caMo X; M X3.
5+\/6=1

3Hayu, pelleHnja Ha 110jJ0BHATA PaBeHKa ce: X =8 U Xp = >

83. Pemn ja paBeHkara 2¥x—1+327-14x =1.
Pemenne. /lps nauun. Ako ja KyOupame paBeHKaTa qo0UBaMe:

8(x—1)+3-23x-1 27-14x Ix-1+¥27-14x)+27-14x=1
=1

OJTHOCHO

63/(x—1)(27 —14x) =6x—18.
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Co xybOupame Ha OBaa paBeHKa J0OMBaMe: X3 +5x2 —14x=0. Pemenuja Ha mocnen-
HaTa paBeHKa ce: X =0, Xo =—7,X3=2.

Bmop nauun. BoBenyBame cmeHa §/ﬁ =A, M = B . Toram Baxu
B=1-2A. Q)
Haramy Baxu 14A3 + B® =13 u co 3amena Ha (1) Bo oBaa paBeHka qoOuBame
14A3 +1-6A+12A7-8A®=13 &  6A3+12A% —6A-12=0
=N A2(A+2)—(A+2)=0
= (A-D(A+D)(A+2)=0.
Cnopen toa A+2=0 mwm A-1=0 wm A+1=0, re. Ix—1=-2 wm Yx-1=-1

u Yx—1=1.3Haun X=—7 wm X=0 wm X=2, na THe ce pelieHrjaTa Ha Ja-
JICHaTa PaBeHKA.

84. Pemu ja paBeHkaTa

1-x% =4x3 —3x.
Pemenue. [IpBo 1a ja onpenenume nepuHuMoOHaTa 00JacT Ha paBeHKarta. Tpeba na

Bk 1-x2>0 n 4x°-3x>0. Ox npBOTO HepaBeHCTBO mmame X e[-1,1], a ox
BTOPOTO X(2X — \/_)(2X+x/_)>0 OJIHOCHO X €[— f O]u[ﬁ,oo). Cnopen Toa ako X
¢ pelIeHUe Ha paBeHKaTa Toramr X € [— f O]U[f 1]. Cera na ru kBajpupame JIBeTe

CTpaHU Ha paBeHKaTa U IO CPElyBambETO 1001Bame 16x® —24x* +10x? —1=0. Crasame

y:X2 U paBeHKara ce TpaHc(opmupa BO 16y3—24y2 +10y—1=0. Haramy ja pa3io-
AyBaMe JieBaTa CTpaHa
8y”(2y~1)~8y(2y~1)+2y~1=0,
OZTHOCHO
(2y-1)(8y? -8y +1)=0.

Cropen toa 2y—-1=0 wm 8y —-8y+1=0. On 2y—-1=0 pobuBame y==, a of

8y2—8y+120, yZZM u y _2 ’\F . 3a X mmame X:g, Xzz—g’ XBZL\E,

- ”Zzﬁ, Xg= JZ; 2 U Xg= __¢2—22 . OcTtaHyBa J]a IpOBEpHME KOH OJ] Xq, .

npunaraatr Bo Je(UHUIMOHATAa 001acT Ha paBeHKaTa. Baxu 0< X < { , Ia X; HE €

pelllcHHE Ha paBeHKaTa. 3a X, HMMame ‘f "/_<0 na X, e pemenue. CindHo

Xg = szﬁ > ¢22+1 = ? , ma X3 e peurerne. O MPETXOAHOTO Xg4 = —X3 < — \Zﬁ , A Xy

He e perrenne. Camano 0 < 2%"/7 < _¢221 =% @ , ma Xg He e pemenue. Ha kpajor
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0>Xg =—X5 > —ﬁ, na Xg ¢ pemenue. KoHeuHo pelieHujaTa Ha NOYETHATa PaBEHKa

ce

2 212 2-\2

X2 Z—T, X3 =

85. 3a xou BpeIHOCTH Ha pealHUOT apaMeTap a paBeHKaTa
J2x—3a ++/2x+3a =1

uMa perieHue?
Pemenue. I3pa3or Ha neBaTa cTpaHa € peaneH Opoj ako u camo ako 2X—3a=>0 u

2x+3a>0, 1.e. X> %a u X —3—2"" . OTTyKa cnenyBa Jeka X > @. Co xBagpupame ce

2x—3a+ 24/4x% —9a2 + 2x+3a =1
2\4x2 —9a2 =1 4x

3al 1
2 —4°

nobuBa eka

3naun mopa 1-4x>0 T.e. X> % . 3Hauu Mopa OJTHOCHO |a|< % .

Criope/1 0Ba TaJeHaTa paBeHKa HMa pereHue 3a | a |< L

ol

86. Bo MHOeCTBOTO peasiHi OpOEeBU pellly ja paBeHKaTa

X5 4X 1 +4x+2-2x+1 =1.

Pemenue. JacHo € /ieka 3a pelieHrjaTa Ha paBeHKaTa Tpeda Jia € UCIIOTHET YCIOBOT
X > —1. PaBeHkaTta MOXeMe J1a ja 3aruiiemMe BO 00JIMK

JWXFD2 = 2.2 %71+ 22 +|(x+1)% —2x+1+1% =1
JWxT1-2)2 +(x+1-1)2 =1

Cera jacHoO e JieKa paBeHKaTa I'o JJ0OMBa OOJIMKOT
|x+1-2]+|x+1-1f=1
MuosxkecTBOTO [—1,+00), T.¢. neduHUIIMOHATa 00aCT Ke ja pa3OueMe Ha TPH MHO-
xectBa. [-1,0],(0,3], (3,+x).
a)xe[-1,0]. Pasenxara ro nobmsa obmukor —(\X+1-2)—(fx+1-1)=1, Te.

—2:/X+1=-2. Hejsunoro pemennue ¢ X =0e[-1,0]. HcToTo penienne 1 Ha novyeTHaTa

paBeHKa.
6) x € (0,3]. PaBenkara ro mobusa obmukor —(\VX+1-2)+(X+1-1)=1. Oun-

rieano e aeka cexoj X € (0,3] e Hej3uHo pemieHue.

B) X € (3,+0) . PaBenkara ro no6uBa o6mukor (vVX+1—2)+(vx+1-1)=1. Hejsu-

HO pereHre € X =3, KOoe € UCTO TaKa U pPelIeHre Ha TIOYeTHATa PaBCHKA.
Pemenune Ha paBenkara € Mmaoskectsoto [0,3].
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2. BUETOBMU ITPABUJIA

1. CocraBu KBajipaTHa paBeHKa CO:

a) palMoHaIHU Koe(DUIIMEHTH, aKO €/IeH Hej31H KOpeH € 2+ NER

0) peayiHU KOS(DUIIMCHTH, aKO €JICH HEj3MH KOPEH € % .

Pemienne. a) buznejku xoeduimeHTHTEe Ce panoHaaHu OpoeBH, Tpeba ga Oujar
UCIIOJHETH YCIOBUTE X +Xo € Q M X Xp € U, a Toa € MOKHO caMO aKo Xp = 2-43.

Toramr:
p=—(X+X5) =—(2+3+2-3)=—4 ,
Q=3¢ = (2+3)2-3) =4-3=1

1a paBeHKaTa IJacu X 2_4x+1=0.
6) Ke ro xopucTume cTaBoT Jeka ako X ;=o.+if, B#0 e kopeH Ha paBeHKaTa

ax? +bx+c =0, Toram Xg = X_l =o—If e Hej3un kopeH. Torarr o
_ 2+ _ (2H)A+) _ 1430

=50 T @) - 2
CilellyBa JieKa Xy = 1_—23' , OJTHOCHO
_ _ 143i3i
p=—(x +x)=—==5=4 =1,
Cyy. 143 13 _149_5
A=X% =75""7 2 2

CnencrBeHo, OapaHaTa paBeHKa € X2 — X—% =0, T.c. 2x% —2x-5=0.

2. CocraBu KBaJI[paTHa paBCHKA YU KOPCHHU CC YCTBPTU CTCIICHU OI KOPCHUTC Ha

paBeHKaTa ax’ +bx+c=0.
Pemenne. Pemenujata Ha najeHara paBeHKa Ja I'M O3HAauMMe CO X; M Xp . Heka

OapaHaTa paBeHKa € y2 +py+q=0 co pemennja y; u Yy,. On Buerosure dpopmynu

3a JaJeHaTa paBCHKa HMaMe Xj + Xp =—% ¥ 3a 0OapaHaTa paBEHKAa XX, =% u

4 4
Yi+Y2=—P, V1Yo =q.Ilpuroa y; =X u Y, =X; . lmame
4. 4 _ 2, 22 524 2 2 2
—P=X +Xp =04 +X2)" =2x % = (0q +X2)" =2X %) © —2(xXp)"

4
a="Yy1Y2 =(XX2)" -
b* —4ab?c+2ac?

4
3Haun p=-— 4 Q= ;—4 , Ia OapaHaTa paBeHKa ¢
2 _ b*—4ab’c+2a%c? ¢t _
v R =0,

e at y2 — (b4 —dab’c+ 2a2c2)y +ct=0.

3. Ako 3a xoepuuuenture a,b,C Ha paBeHKara ax? +bx+c =0 Baxu PaBEHCTBOTO

2b? —9ac =0 , TOrall €IHUOT KOPEH Ha Taa PaBeHKa € JBaIlaTH II0r0JeM OJ APYTHOT
KopeH. Jlokaxu!
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Pemenue. /lps nauun. Axo 2b%> —9ac=0 ro mozennMe co a’, ke mobGueme
2(—%)2—9%:0. Axo o W [ ce KOpeHH Ha paBeHKaTa ax? +bx+c =0, Toram

cnopen; Buetosute popmynu umame o +f3 = —% , af = % , Ta ToOMBame:

2(oc+B)% —9ap =0
20% —50f+2p% =0
(0 —2B)(20—P) =0

T.c. 0 =203 wiu =20, mro u Tpebdarie 1a ce TOKaxe.

2 2 2
Bmop nauun. On 202 —9ac =0, crnenyBa 4ac = % . b% —4ac =h? —% = % , Ta
btg b 2b
32 KOPEHHTE Ha PABEHKATa J00MBAME Xyjp = ——, T.€. X =—7z=, Xp =—%52, Ila 32104

Xy = 2X1.

4. Onpenu ro napameTapoT M BO paBeHKaTa
x2—2(m+1)x—2m-1=0,
Taka mTo 30MPOT Ha KBAIpaTUTE HA KOPEHUTE J1a OMIe HajMall.
Pemenne. Kopucrejkm ru BueroBure Bpckm pobuBame X +Xo =2(M+1) u
X Xo =—(2m+1), ma 3atoa

x12+ x% =(x + x2)2— 2% Xy =4(m +1)2+ 2(2m+1)= AM?+12m+6 = (2m +3)2—3.

30upor X12+ X% ke Ouze Hajman (i ke u3HecyBa —3)3a 2m+3=0, 1.e.3a M= —% :

5. Ilo3Haro e neka aBeTe pelieHrja Ha paBeHKaTa x2 +bx+c=0 nexar Bo UHTEp-
BaIoT (3,4) . Jlokaku Jieka BayKi HEPaBEHCTBOTO
2c+7b+24<0. 1)
Pemenne. Hexa xj,X, ce pemeHujata Ha AaaeHaTa paBeHka. Op yCIOBOT Ha
3ajayvara, cje/yBa Jieka ce HCIIOJIHETH HepaBeHCTBaTa
(X —3)(X —4) <0 u (X —4)(x, —3) <0.
AKo T cobepemMe OBHE JIBE€ HEPABEHCTBA, MOCIE 0CI0001yBakbETO O] 3arpaaute a00u-
Bame
2% Xy —T(X +X%Xp)+24<0. (2)
On Buerosure Gopmyinu cienyBa X +Xp, =—b n ¥ X, =C, ma ako 3aMEHUME BO Hepa-
BEHCTBOTO (2) ro qobuBame HepaBeHCTBOTO (1).

6. laneHa e KBaJpaTHaTa paBeHKa
a*x? +5a°bx+4b? =0, a,b =0,
a) la ce 1okaxke Je€Ka OBa PaBEHKa MMa PEaHU M Pa3IMYHU KOPEHH 3a KOM OMiIo a
ub.
0) AKO KOPEHHTE X; M X9 Ha PaBEHKATa ro 3aJ0BOJyBaaT yCJIOBOT

4(X1 + X2) = 5(X1X2 +1) s
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Torail THe He 3aBucat og a u b . Jlokaxu!
Pemenue. a) imame D = 9a*b?
peanHu U MeryceOHO pa3IMYHM 32 KOW OWJI0 HEHYITH a u b .

0) Cnopen BueroBure mnpasuia, paBeHCTBOTO 4(X; +Xp) =5(X X, +1) mobuBa 06-

> O, TO 3HAYM JICKAa KOPCHUTC HA pPaBCHKATa CC

mix 2b+a% =0, IIPU KO] yCJIOB paBEHKaTa ce CBEJlyBa Ha PaBEHKATa 2x% —5x+2=0,

UM KOPEHH CE X ==, Xy = 2.

2 )
7. Hajou ru cute BpeJHOCTM HA P M (, 32 KOM IITO KOPEHUTE Ha PaBEHKATa

x2+px+q:0 ce €JHAKBU Ha P U (.

Pemenne. Heka X M X ce KOpEHM Ha paBeHKaTa X2

+ px+q=0. Toram criopex
BueroBute hopmynn uMaMe X + X, =—P U X Xo =(. lo ycinoB ¥ =p, X, =, na
nobuBame p+0=-—p, pq=q. [locrnennara o paBeHKUTE ja 3aUIIYBaME BO BHUAOT
(p-1Dag=0.

i) Axo =0, roramr ox npBara paBenka qoouBame P =0.

ii) Akxo p—1=0,T.e. p=1, Toram ox npBarta paBeHka jodouBame ( =-2.

CnencrBeHo, mocTojar ABe BpegHocTu3a P u : = =0 uwmm p, =1, o =-2,4u

COOJIBETHO PABEHKHUTE CE x2 =0 wm X° +x-2=0.

8. Pemenujata Ha KBajJpaTHAaTa PaBeHKA X2 +bx+c=0 npumnaraaT Ha UHTEPBAJIOT
(2,3) . loxaxu neka Baxu 5b+2c+12<0.

Pemenune. Moxe na 3abenexume Jeka OJf YCJIOBOT CIOped KOj pelleHujaTa
X1, Xo €(2,3) , TouHH ce cieIHMBE HEPABEHCTRA:

1) x,—2>0,% —3<0, og xane

(} —2)(x, -3) <0 1)
2) Xp—2>0,%—3<0, oxxane
(X —2)(q —3) <0 (2)

Cera, kopucTejku ru BuetoBute npaBuia u HepaBeHcTsara (1) u (2) nobuBame:
5b+2¢+12 = —5(X + Xp) + 2% %o +12

= (X Xp —2% —3Xy +6) + (X Xo —3% —2X%, +6) ,
= (X =3)(X —2) + (¥ —2)(xp —=3) <O0.

9. Pasenxara X° +2ax+2a’+4a+3=0 uma peanHu peunieHuja 3a Koja BPEAHOCT
Ha peaJlHuoT apameTap a, 30MpoT Ha KBaJpaTUTE Ha HEj3UHUTE pellleHHja € Hajrojaem?

Pemenne. PaBenkara uma pemennja ako D = 4a? —4(2a2 +4a+3)>0. [lobuBame

a’ +4a+3<0, 0OTHOCHO (@+D)(a+3)<0 u orryka ae[-3,—-1]. Axo ru o3Haunme

pelleHnjaTa Ha pPaBEHKaTa Cco X; M Xp, 3a 30MpOT Ha HUBHUTE KBaJpaTH HMame

x12 + x% =(X + x2)2 —2% Xy . bunejku X +X, =—2a u XX = 2a’ +4a+3, nobueame
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X12 + X% —4a® —4a® ~8a—6=-8a—6. Toram HajroemMata BPEIHOCT Ha Xl2 + X% ce

JIOCTUTHYBA 3a & =—3, a u3HecyBa 18.

10. Ilpu xom BpeIHOCTH Ha MapamMeTapoT C KOPEHMTE Ha paBEHKaTa X; M Xp Ha

2 _ X, X
paBenkata X~ +X+C =0 ro 3a10BoTlyBaaT HEPABEHCTBOTO <% >2.
b X

Pemenune. Criopes Buerosure npasuna, umaMe X +Xo =—1, X Xo =C u, nmpuroa,

¢ # 0, xoewrTo npousierysa oz ycinosoT (1) u X X, =€ . Kopucrejku ro Toa, noousame

2 2 2
X X X% (9+%p) -2%X _ 1-2¢

- +++ X
Cera HepaBeHCTBOTO (1) € €eKBHUBAJICHTHO CO >

HEPaBEHCTBOTO % >2,1e 0<c< % :

11. Axo X; U Xy ce KOpEHM Ha paBEHKaTa x> —ax—-a=0, aeR , TOram

xf+x§+x13x§ >0.
Hoxaxmu!
Pemenne. O Buerosure popmynn uMame X; +Xo =a, X Xp =—a. Toram

xf +x§ +x13x§ = (x1+x2)3 —3x1x2(x1+x2)+(x1x2)3 —a®+3a%-a%=3a%>0.

12. Hexa a,be”Z u X u X, ce pelieHHja Ha paBeHKaTa X2 +ax+b=0. Joxaxu
mexa X +Xp €7 ,3acexkoj NelN.

Pemenue. Ja BoBegyBaMe O3Ha4aTa Sy, = Xln + Xg . On BueroBure popmynu cieny-

Ba JIeKa
Si=x+X =—aeZus, :x12 +x§ :(x1+x2)2 — 2% %o —a’-2bel.
Heka npernocraBuMe Jieka 3a Hekoj] K >3 Baxku Sy_j,Sy_o €Z. Toraiu, ako ro ucko-
pPHUCTHME PaBEHCTBOTO
(4 +X)04 4337 =3 +35 + XX (4 +3X37%) |

T.€. paBeHCTBOTO S, =-—-aS,_; —bS,_,, oq MHAyKTHBHATA pETOCTaBKa CleqyBa JeKa
Sy eZ.

KoHeuHO ox mpuHIMIIOT Ha MaTeMaTHYKa MHIYKIHUja ClexyBa Jeka S, €7, 3a
cekoj N e N mTo u Tpebaie 1a ce T0Kaxe.

13. Heka o u [ ce KOpeHU Ha paBEHKaTa ax? +bx+c=0 u Heka Sy =a"+p",
n e N. Hajau Bpcka mety Sy, S,.1,542-

Pemenne. /Ips nauun. bunejku o u B ce KOPeHU Ha JaJeHaTa paBEHKA, CleayBa

TOYHOCTA Ha PAaBEHCTBATa: Aol 24tbo+c=0 n a[32 +bB+c=0.
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AKO TPBOTO 0] HUB I'0 MOMHOXHMe co o , a Bropoto co B u moToa ru cobepeme,
noOuBame a(ocn+2 +Bn+2 )+ b(ocn+1 + Bn+1 Y+c(a" +B") =0, onHocHo:
aSn+2 +bSn+1 +CSn =0.

Bmop nauun. Opn BueroBute dopmyianm 3a paBeHKaTa ax’ +bx+c=0 nmame

OL+B=—§, ocB=§.Toram on

(_%)Sn-i-l = ((x+B)(an+1 +Bn+1) — an+2 +Bn+2 +0LB(OL” +Bn ) — Sn+2 —|—%Sn ’
nobuBame:
aS,,o +bSp,1 +¢cS ,=0.

14. JlaneHa e KBajJjpaTHaTa PaBeHKa 3a2x? +10aJ5x +3b=0, b>0,a=0. Tokaxu

JeKa aKo KOPEHHUTE Ha paBeHKaTa, X; U X, 'O 33J0BOJIyBaaT yCIOBOT
3()(1 + X2) = 5(X1X2 +1) ,

TOrai THe He 3aBucar oxg a u b .

Pemenne. On 3(X +Xy) =5(% X, +1) u Bueroute dpopmynu crnexysa

3(-10avby _5(30 1) 1o —2ab=b+a’.
3a 3a

3aroa, (\%Jra)z =0, Te. \/5+a =0, oxg xame mobuBame a= —\/5. Cnopen Toa,
JajieHaTa paBeHKa IOCIICI0BATEIHO € €KBHBAJIICHTHA HA PABEHKHUTE

3bx% —10bx+3b =0,

3x2 —10x+3=0.
PemeHHjaTa Ha 1ocJicaHaTa paBeHKa HC 3aBUCAT O au b , 11a 3aT0a U pemeHHjaTa Ha
MOYETHATA PaBeHKA He 3aBUcaT o a U b .

15. Pa3nukaTa Ha HyJIWTE Ha KBaJPATHUOT TPUHOM G

+ px+q e a. Omnpexnenu ro
KBaJ[PaTHUOT TPUHOM 32 KOj IITO P+ ( MMa HajMmala BPEIHOCT.

Pemenne. Heka X, X, ce HylW Ha KBaJpaTHHOT TPUHOM X2 + pX+(Q , OIHOCHO ce

KOPEHHU Ha KBJpaTHATa paBeHKa X2 + pX+0=0. Ox ycrnoBoT Ha 3aja4ara X; —Xo =a.

Cnopen Buerosure popmynn umame X +Xp =—pP U X Xp =(. 3Hauu, u3pa3or P+(q
MOJKE JIa Ce 3aIlHIIe BO 001K P+ = XXy, — (X +Xy) . Ho, o1 paBeHCTBOTO X — X =@

nMame X2 = Xl —a, Ia 3aroa

_ _ 2 _ a+2\2 (a+2)°
p+q—Xl(Xl—a)—Xl—(Xl—a)—Xl —(a+2)x1+a—(X1—T) +a— 7
[locneHUOT W3pa3 MMa HajMajla BPEIHOCT aKO M CaMO aKko X = %2 , U TIpuUTOa

2
Xo = 2;2"". Cera p=—(X+Xy)=—2 1 q=XXo =1_a7 . bapanuoT TprHOM €

A(X) = X2 —2x+l—""7f2 :

16. [lokaxxu ieka pa3uKaTa Ha pelieHujaTa Ha paBeHKaTa
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5x2 —2(5a+3)x+5a2 +6a+1=0,
HC 3aBUCH OJ] BpCAHOCTA HaA MMapaME€TapOoT a.

Pemenune. Axo ru uckopuctume BueroBute dhopmMyiu, 3a arncoixyTHaTa BPEIHOCT HA
pas3iMKaTa Ha pelleHrjaTa Ha JajieHaTa paBeHOKa Jo0uBame

2 _ [2 2 2
| % =X |= \/(Xl_XZ) =\/X1 —2X Xy + %2 2\/(X1+X2) — 4% %)

_ \/(2(5§+3))2 _45a2+56a+1 _ \/2i5 (5a +3)2 —2;45-5(5a2 +6a+1)

~2./25a2 +30a+9- 250 ~30a-5 =24 = £,
KoneuHo, Ouiejku amncoiyTHata BPeJHOCT HA pasjiMKaTa Ha pelleHHjaTa Ha JajeHara

PpaBC€HKA HC 3aBUCH OJ] IapaMeTapoT a, 3aKlIy4yBaMe ICKa U pasjiiKaTa Ha peHIeHPIjaTa
HE 3aBMCH OJ] IapaMeTapoT a.

17. Hajau ro peaqHHOT Opoj A Taka INTO pa3jiMKaTa Ha PEIICHHjaTa HAa PaBEHKATa

8x%2 —Ax+3=0 e eIHaKBa Ha % .

Pemenne. [lpe nauun. Heka X; m X, ce pelieHHja Ha JaJeHaTa paBeHKa. Torar

nMame
1% =% = 1%
(X2 —%p)° :%
(X + %)% —dxxp = 22

_A\2_4.3_25
(-8)"—45= 25
2 _ 409
A=

/409
-

Orryka Ao =%

/ 2
Bmop nauun. Peuienujata HAa JlajieHaTa paBEHKA CE X o :% U THE ce

peajHu aKo ¥ caMoO aKo A2 >96. Toram oz | X — Xy |:% ja nobuBame paBeHKaTa

2JA%-96 =5 unuu pewennuja ce Mo = i—l4209. [Tpuroa k12/2 = %9 >96, ma HaBwuC-

THHA pellleHrjaTa MTo Ke ce JoOujaT 3a OBUE BPEAHOCTH HA A C€ peaHi U Pa3IndHH.

18. Heka X,y,a u b ce MO3UTHBHHU pealH OpOCBH, TAaKBH IITO X+Y=a+2 wu
Xy =b . Jlokaxu nexa ab>8(b—a—1) . Kora ce mocTuraysa 3HaK 3a paBeHCTBO?

Pemenne. Ox1 yCIIOBOT Ha 3a/1auata CiieyBa Jieka OpoeBUTE X M Y Ce KOPEHH Ha
paBeHKaTa 2% - (a+2)z+b=0. INocnennoro ¢ ucnonanero ako D = (a+ 2)2 —-4b>0,

2
T.€. %Zb.
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On nmpyra ctpaHa HepaBeHCTBOTO ab>8(b—a—1) e exkBHBaJIEHTHO Ha HEpaBCH-
ctBoto (8—a)(8+b)<72. Ako a>8, Toram MocieqHOTO HEPABCHCTBO OUYMUTIICIAHO €

ucnosiHeTo. 3a 0 <a <8 J0BOJHO € Ja ro IoKaKeMe HEPaBeHCTBOTO
a+2)?
8-a)8+ T2y <72,

KO€ € CKBHBAJICHTHO Ha HEpaBeHCTBOTO a(a— 2)2 >0.

19. PemenujaTa Ha KBaJpaTHaTa paBeHKa ax? +bx+c=0 npunaraat Ha
uatepanot [0,1]. Onpenenu ja HajroeMaTa MOKHA BPEIHOCT Ha M3Pa30T
(a—b)(2a-b)
a(a—b+c) - (@)
Pemenne. Heka U u V ce pernieHujaTa Ha paBeHKaTa ax? +bx+c=0 , TIpu TO O€3

ry0eme Ha OmiTocTa Moxkeme na mpernocraBume jgeka 0<u<v<1. Ox BueroBure

dbopmynu crnenyBa u+v:—% u UV:g ,T.e. b=—a(u+v), c=auv.

Axo 3ameHnMe Bo u3pasot (1), robuBame
(a—b)(2a-b) _ [a+a(u+Vv)][2a+a(u+Vv)]  a(l+u+v)a(2+u+v)

a(a—b+c) ~—  a[a+a(u+v)+auv] a2 (L+u+v+uv)
_ (1+U+V)(2+U+V) _ u ., v
T (+u)+y) 2+ Tov T T
< VT
< 2+1+u +10 3.

JacHo, 3HaK 3a paBEeHCTBO Baxku ako W camo ako U=V =1. [lpuroa Baxxu cC=a u

b =—-2a u nanenara paBenka e ro 100uBa 00aUKOT a(X —1)2 =0.
Crnopen Toa, bapaHaTta HajrojieMa MOKHA BPEIHOCT Ha u3pa3oT (1) e 3.

20. AKO cexoj KOpeH Ha paBeHKaTa X2 + pXx+g =0 ce 3ronemu 3a 1, ce qoOuBaar

KOPEHHUTE Ha paBEHKaTa X2 — p2x+ pg=0.Omnpenenuru p u q.
Pemenue. On BueroBure ¢dopmMynu 3a mpBaTa paBeHKa mMamMe O+ =—pP u

of =0. Ox BueroBure ¢opmynu 3a Bropara paBeHKa aoOuBame o +f+2= p2 u

(a+D)(B+D = pg, T.c.
a+B=p>-2 u ap=pq-(o+p)—1= pg— p>+1.
3Hauw,
p2+ p—2=0wu Qg+ p2—1= pq .
Cera, o1 npBata paBeHKa JjobuBame [P =1 unu P, =—2, a BTopaTa € €KBUBAJIEHTHA CO

paBenkata (p—1)q= p2 —1. JacHo, ako p =1, Toram ( e nMpoOM3BOJICH peayieH Opoj, a
ako p=-2, toram (=-1.

21. AKO CeKoj pelIeHne Ha paBeHKaTa X% +3X—7=0 ro srozeMume 3a penunpoy-
HaTa BPEJAHOCT Ha JPYroTO pEeIIeHH, I'M [00MBaMe pelIcHWjaTa Ha paBEHKaTa

2x2 +ax+b=0. Omnpenenutu @ u b .
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Pemenne. Heka o u B ce pemenujara Ha % +3x—7=0. Toram 3a HUB BaxKi

o+pP=-3 u afp=—7. Cnopexn ycioBOT, peliecHHjaTa Ha 2x% +ax+b=0 ce a+L un

p

B +% . Toramr:

a :—2(a+%+B+%):2(—(—3)—%) =2(3-3)=% 4

b=2(a+)(p+1)=2ap+ L +2)=2(-7-1+2)=-2.

22. AKO paBeHKUTE X2 + px+q=0 u X% + pX—q =0 umaar 11en100pojHU pelIeHu;ja,

TOralll NocTojar 1esau OpoeBH a u b, TakBHU IITO p2 =a’+b?. Joxaxu!

Pemenne. Ke noxaxeme nexa p, (, D, :«f p2 -4q u D, :«fpz +4q ce menu

OpoeBu.

—p£D;
2

2

Pemennjara Ha kBajgpaTHata paBeHKa X~ + pX+0=0 ce X, = U THE IO

—p+Dy  —p-Dy
T+—

>— =P e uen 6poj, T.e P e

YCIIOB ce 1IeJd OpoeBH. 3aT0a, HUBHUOT 30Up

1es Opoj ¥ HUBHATA Pas3jivKa # —# = Dy e nen 6poj. On Buerosure popmyinu

UMaMe XX, =(Q €7, Kako Npou3BoA Ha uLenu OpoeBu. CiaMdHO, O BTOpaTa paBeHKa

noobusame sexka D, € Z.
[Tonaramy, on p2 —-4q= Dlz u p2 +4q = D22 cienyBa neka D; u D, mmaar ucra

MapHOCT cO P. AKO ru cobepeMe MOCIeIHUTE PAaBEHCTBA T0OMBamMe 2p2 = D12 + D22 ,

2 2
+D
Te p’= % . 3aroa
2 2
2_Di+by;  Di+Dy\2 Di-Dpy2 2 2
p? = 2PL _ (Prbay2  (BrBay2_ g2 2
+D -D .,
Kaze a=¥ u b=% ce nienn opoesu, ounejku D m D, ce co ucra mapHocT.

23. Onpenenu tu cute peanuu 6poesu a u b, b >0, takBu mwTo pemennjara Ha pa-

BeHkuTe X° +ax+a=b u X° +ax+a=-b ce YETUPH MOCIICIOBATEIIHH 1I€TH OPOEBH.

Pemenne. Heka X, Xo M Xg,X4 Ce pelIeHMjaTa Ha NpBaTa U BTOpAaTa paBeHKa, CO-
onsetHo. Toram, og BueroBute GopMynu crieayBa neka 30UpOT Ha HUBHUTE PEIICHH]a
e eqHakoB Ha —2a . Ho, pemienujara Ha JaJieHUTE PaBEHKH CE€ YETHUPH TOCIEI0BATEITHH

e OpoeBH, Ta 3aToa
X+ X+1+X+2+X+3=-23a,

__a+3
x=—42.
Cniopen Toa, pelieHnjaTa Ha JaJIeHUTe PABEHKU Ce —aT“L?’, —""T‘Ll, _aT—l u —aT_?’ . Nma-
_ _at3 __a#l
Me, X p=—% u X34 =—23=, wm obparno. [loTopHO r1 KopucTHME Buetosnute

dbopmynu u tobuBame:
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X Xo +X3X4 = (a—b)+(a+b)
3y(_a-3 1y(_a-ly _
22D+ (22 = 2a,

a’?-4a-5=0

T.e. a=-1numm a=5.
3a a=-1 kopenure ce —1,0,1,2 u b=1. 3a a=5 xopenure ce —4,-3,-2,-1 u

b =1. 3nauu Gapanute OpoeBrce a=-1u b=1wm a=5u b=5.

24. Heka k e emeH on KOJNMYHUIINTE HA peEIICHUjaTa HA KBaJpaTHATa PaBEHKA

pX2 —gx+0g=0, xane p,q>0.HW3pa3uru npexy K perieHujara Ha paBeHKaTa

\ﬁxz—\/ﬁw\ﬁ:o. 1)

Pemienne. Ako a u b ce pemieHrja Ha paBeHKaTa pX2 —0gXx+q =0, Toram ox yc-
JOBOT Ha 3ajadaTa uMame %: k, a copen BueroBute dopmynu umame a-+b :g,
ab= g bunejku p u ( ce NO3UTUBHHU peaHU OPOEBHU, O] BTOPOTO PABEHCTBO J00U-
BaMe JIeKa & M b ce co ucT 3HaK, Ia 3aToa oJ MPBOTO PABEHCTBO CIEAyBa Ieka a u b

CC IIO3UTHUBHHU. Cera, dKO I'0 KOp€HYBaM€ BTOPOTO PAaBCHCTBO, I[O6I/IB8.MC \/ab = ‘¢Ep

co «/%:\E, nobuBamMme \E+\E:\E.

=k , u nobusame
Ja
Jk +ﬁ N )

[TocerHOTO PaBEHCTBO IO MHOYKHUME CO N| k«/ p u noOuBame

JpR)2 —adk +p =0.

3Hauu, xﬁ e KopeH Ha paBeHkata (1). bunejku ﬁ ¢ KopeH Ha paBeHkarta (1) u Baxu

(2), on BueroBute dopmynu cienyBa neka goOuBaMe aeka ﬁ € BTOPUOT KOpPEH Ha

Axko i mogenume paBeHcTBata a+b =

ol oo

Bo nocnegnoto PAaBCHCTBO 3aMCHYBaM¢e

paBenkarta (1).

Koneuno, ako & ,b; ce pemenujara Ha paBenkara (1), Toram & = N b =L

=

25. Jlanu nocrojar peannu 6poeBu @,0,C u d TakBu mITO yCIOBUTE:

a) paBeHKaTa ax? +bdx+c =0 nma pEaTHN Pa3IIMIHU KOPEHU Xq, X5 ,
6) paserkara bx? +cdx+a =0 nMa pealHu pasIHIHI KOPEHH X9, X3,

B) paBeHKaTa cx? +adx+b =0 nma peaaHy pa3aIMYHU KOPEHH X3, X,

C€ UCTOBPEMEHO UCIIOIHETH.
Pemenne. Heka npernocraBume Jgexa TakBU OpoeBM mocrtojar. Toramr paBeHKHUTE
1oJ a), 6) ¥ B) UMaaT IO JBE PEATHU U pa3IMYHU PELIeHH]ja, CeKoja MOceOHO, Ia 3aTroa

a=0,b#0 u c+0. [Tonaramy, ox Buerosure GopmyIu ciemyBa XqXo = %, Xy X3 :%
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U XgX :% . I'n MHOMMe NOCIIeJTHUTE TPH PaBEHCTBA U JOOMBAME xfx§x§ =1. Cno-

pen Toa X XoXg =t kxame t=x1. Ox mocneanoro paBeHCTBO M Buerosure (opmynn

HMaMe x1=t%, Xp =tg u X3 =tZ. Cera, ako X ro 3aMeHUME BO ax? +bdx+c =0,

2

Xp TO 3aMEHHUME BO bx2 +cdx+a=0 u X3 To 3ameHuMe Bo CX“ +adx+b=0 ru go-

OWBaMe paBEHCTBATA: b? (@+dt) =-ac, c? Q+dt)=—ab wu a’ (1+dt)=-bc. Ho,

a#0,b=0,c#0, ma 3atoa 1+dt=0. Cera ako mocjaeHUTE TPH PABEHCTBA I'M IMMOJIE-

3 , o1 o ouzejku a,b,c ce pean-

JMMe TI0 TIapOBH, JIECHO ce J00MBa JIeKa a’=b=c
HU OpoeBu nobuBame a=Db=c. [locnmeqHOTO NMPOTHBpPEYM HA YCIOBOT X # Xo #
X3 # X, IITO 3HAa4YM JieKa HE IMOCTOjaT peajdHu OpOeBM 3a KOM JAJCHUTE YCIOBH CE

HCTOBPEMEHO YCIIOJIHETH.

26. Hexa Xy M X; ce pealHu pelIeHHja HA paBEeHKaTa X% + yx+b =0, Xg u X, ce
peaJiHu pellleHuja Ha paBeHKaTa X2 + aX+by, =0 u Xy U X3 ce peanHH pelICHHUja HA
paBeHKaTa X2 + agX+by =0. Ompenenu ru penreHnjaTa Ha paBeHKATa

X% + a1+a§+a3 X+ bl+b§+b3 =0. (1)

Pemenne. On X§+alxo+bl:O, X§+a2X0+b2 =0m X§+a3xo +b; =0 crenysa
3x§+(a1+a2+a3)x0+bl+b2+b3=0,

OJHOCHO

2 atay+ag b +by,+by
3 Xot——3 =0

X§ +
na 3aToa X, € peaiHo pelieHue Ha paBeHkara (1). Toa 3Haum Jieka ¥ BTOPOTO pelieHne
Ha (1) e peanen 6poj. O Xp + X =—8, Xg+Xp =—8 U Xy + X3 =—ag AobuBame

3Xg+X + X+ X3 =—(8qg +ay, +a3) ,

OJIHOCHO
X+HXp+Xg _ atdy+ag

I 3

" KaKo

XatXotXs _ XoXi+XoXot+XoXs _ by +b, +by
3 3 3 '

3 ce pemeHyjaTa Ha paBeHkata (1).

o1 Buerosure popmynu ciaenysa qeka Xy U

27. Ompenenu TV TM CHTE BPEIHOCTH Ha peanHuoT mapamerap a# 0,1 3a xowm

paBEHKHUTE X2 — (Ra+D)x+a=0 u X2 + (a—4)x+a—1=0 umaar peanHu pemeHuja X
U Xy, U X3 U X4, COOJBETHO U 32 KOU € HCIIOJHETO PABEHCTBOTO

ﬁ_i_ﬁ _ Xq X4 (X +Xo+X3+%4)
X3 %o a )

(1)

Pemenne. PaBeHcTBOTO (1) € €KBUBAJIEHTHO CO PABEHCTBOTO
a(X Xy +XgXg) = X X XgXq (X + Xo + X3 +Xy) .
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Opn Buerosure ¢popMyinu ja 1oOnBaMe paBeHKaTa

a(2a-1) =a(a-1)(a+5).
Ho, a#0, ma ox mocnenHara paBeHka ja JoOMBaMe paBEeHKATa a’+2a-4=0 , UMH-
LITO pelIeHHuja ce —l—\ﬁ u —1+£ .

28. 30UpoT Ha YeTHPHUTE KOPEHH Ha KBaapaTHUTE TpuHOMU f ®m § co emHaKkBH BO-
JIeYKU KOe(UIIMEHTH € eTHaKOB Ha Hysa. KBagpaTtHuot Tpunom f + ¢ mma qBa KOpeHwH.
Jlokaxku Jieka 30MpOT Ha THE KOPEHU € €JHAKOB Ha HyJIa.

Pemenune. Axo f(X)= ax? +bx+c u g(x) = ax? +dx +e , Toram

f(X)+g(x) =2ax> +(b+d)x+c+e.

b

Cnopen BuetoBute dopmynu 30upoT Ha Koperute Ha f(X) e -5 2 30UpOT Ha Kope-

Hute Ha g(X) e —%. Cnopen yclioBOT Ha 3aja4ara 30MpoT Ha kopenute Ha f u ¢ ¢

€IHAKOB Ha HyJIa, 11a 3aT0a _b+d _ —(Q +g) =_b_d_p,
a a a a a

KOHG‘—IHO, dKO I'h UICKOPpUCTHUMC BuetoBute q)OpMYJ'II/I, TOTraml 3a 36I/IpOT Ha KOPCHUTEC

bid —p.

Ha TpuHOMOT f + @ moOuBame — 5a

29. JlaneHu ce paBeHKUTE x° —ax+b—-4=0u y2—by+a—%=0, a,beR . Ompe-

JIeNn 32 KOM BpPeIHOCTH Ha a U b, kopeHuTe He BTopaTa paBeHKa ce €HAKBU Ha pelu-
POYHHUTE BPETHOCTH O/ KOPEHUTE HA MPBATa paBeHKa?
Pemenne. Heka o 1 [} ce kopeHu Ha mpBarta paBeHka. O] yCIOBOT Ha 3ajavara

crenyBa geka o, # 0, ma 3aroa b = 4. O BueroBure Ghopmyiu, IpUMEHETH 38 TMpBa-

Ta paBeHka gobuBame o+ =8 u oaf3=b—4, a npuMeHeTH 3a BTOpaTa paBCHKA

noOuBame %+l b ul.l= a—% . Axo oj ipBUTE JIBE 3aMeHHME 32 o+ u aff BO

p o B
HOCIEHUTE IBE paBeHKua ru gobusame pasenkure a=b(b-4) u 1=(b-4)(a- %) :
O nocieTHATE JIBE PABEHKH MOCIIEN0BATEIHO J00UBAME

(b-4)(bb-4)-3) =1
b®—80b% + E2p =0,

Pemennjara Ha mocnenHarta pasenka ce: by =0, b, = % , by :% , @ COOJIBETHUTE BpPEI-
_ __7 -9
HocTH 3adce & =0, 8 =—7, a3 =7 .

30. Hexka p u Q ce peannu OpoeBu TakBu mto P+0=198. Ako permennjara Ha

paBeHKaTa X% + pX+q =0 ce nenu OpoeBH, ONpeaeny ' pelleHnjaTa Ha 0Baa PaBeHKa
U peanHure OpoeBu P U (.

2

Pemenne. Axo X 4 X, ce pelleHUja Ha paBeHKaTa X~ + pX+0 =0, roram ox Bue-

ToBHUTE GOPMYIH CIEayBa
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X +Xp=—p
{MX2=W
Opn nocnenHUTe paBeHCTBA U paBeHCTBOTO P+ =198 nobusame
198 = p+0=—(X +Xp )+ XX = (¥ —1)(x -1)-1.
Cnopen toa, (% —1)(X,—1)=199. Ho, X;,X, ce nenu 6poesu, ma 3atoa X —1,X%, —1
ce 1enu O6poeBy, a kako 199 e npoct 6poj, 011 IOCIeIHATA PAaBEHKA ClIeyBa

X1—1=1 X1—1:—1
WITH
X9 -1=199 X9 -1=-199
Pemennjata (X, Xo) Ha mocinegHute 1Ba cuctema ce (2,200) u (0,198) . 3a pemenu-
eto (2,200) ro nobuBame CUCTEMOT
2p+q=-4
200 p +q =-40000,

yue pemrenne ¢ P =-202, q=400. 3a pemennero (0,198), ro nodrBame cuCTEMOT

q=0
198p +9=-1982,

gue pemenre ¢ p=-198,0=0.

2

31. Ompenenu ru MapoBUTE KBaJpaTHU TPHUHOMU x° +ax+b u X% +cx+d Taksu

mro a u b ce kopeHu Ha x?>+cx+d,acud ce KOPEHU Ha x? +ax+b.

Pemenue. Onx BueroBure dpopmynu noousame a=—(c+d), b=cd, c=—(a+b),

d = ab, T.e. ro goOMBamMe CUCTEMOT paBEHKHU

a+b+c=0
a+c+d=0
(1)
b=cd
d=ab

AKko o1 IpBarta ja oJ3eMeMe BTopara paBeHKa, joouBame b =d , ma 3aToa cuctemot (1)
€ CKBUBAJICHTEH HAa CHCTEMOT

a+b+c=0
b=d
b=bc
b =ba

MoxHu ce 1Ba ciaydau.
Cnyuaj 1. b=0. Toramm a+c=0,1.e. c=—a.3Haun, c=-a, acR u b=d=0

1 KBaJIpATHUTC TPUHOMMU CC X2 +axX u X2 —aX.

Cnyuaj 2. b#0. Toramm a=Cc=1, b=d =-2, na 3aroa KBaJipaTHUTE TPHHOMH CE

2 2

X“+X—2 1 X" +X-2.
Co HemocpegHa NMpoBepKa ce MOKakKyBa J€Ka HajJAEeHUTE KBaJpaTHU TPUHOMU I'M
3aJI0BOJIyBaaT yCIOBUTE HA 3a/1a4aTa
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32. Onpenenu T BPEAHOCTUTE HA PEATHUOT MapaMeTap a, 3a KOW IITO pelieHujaTa
X, X9 Ha paBeHKaTa x? —2ax+a+2=0 ce peaHy HEHEraTHBHU OpOeBH 1
J+ i <245
Pemenune. Kopenure X, X, ce peaHu HEHETaTUBHHU OPOEBH aKO
D:4(a2—a—2)20, X +X,=2a20u X, =a+220,
oj mto cienyBa a > 2. Cera

Pa e <205 & x+x+2f)x <20 & Ja+2<10-a.

Axo a>10, nocienHaTa HepaBeHKa HeMa pellleHHe, a ako a €[2,10] Taa e eKBUBaJIEHT-
Ha Ha paBeHkara a+2< (10— a)2 , T.. Ha PaBEeHKaTa a’-21a+98>0. OTryka Haora-
Me a e (—oo, 7] U[14,+0) u ako 3ememe npeaBun aeka a e[2,10] nobuame jeka Oapa-
HUTE BPEIHOCTH Ha IMapamMeTapoT a ce a€[2,7]

33. PaBenkarta X2

Ka paBeHKaTa

+ax+b =0 uwma aBe peanHu u pa3nuyHu penienuja. Jlokaxwu, ne-

x* +ax +(b—2)x2 —ax+1=0
UMa YeTHPH PEaHU U Pa3INyHU PelIeHH]a.
Pemenne. Heka X M X, ce pelleHujaTa Ha paBeHKaTa x? +ax+b=0. Ox
BueroBure popmynu crenyBa X + X, =—a U ¥ X, =b. Cnopen Toa, paBeHkaTa
x4+ax3+(b—2)x2—ax+1=0 (¢D)]
ro 100uBa 00JIMKOT
x4 —(x% + x2)x3 + (XX — 2)x% + (X +X%)x+1=0
4 3 3 2 2 _
X7 =X X7 = Xo X7 4+ X X X* —2X° + X X+ XX +1=0
G (x2 —XoX—1) — xlx(x2 —XoX—1) — (x2 —XoXx=1) =0
(x2 - xlx—l)(x2 —Xox—=1)=0.
3Hauw, penieHrjaTta Ha paBeHkaTa (1) e yHuja o pelieHrjaTa Ha paBeHKUTE
x2—x1x—1:0 (2)
x2—x2x—l:0. 3)
PaBenkute (2) u (3) HeMmaar 3aeqHMYKO pemieHue. HaBucTuHA, ako NMpEeTHOCTaBUME
JeKa P € 3aeJHUYKO pelieHne Ha paBeHkuTe (2) u (3), Toram
p2 -%p-1=0mu p2 —Xp-1=0.
AKo o] mpBaTa paBeHKa ja 0J3eMeMe BTOpaTa paBeHKa, To0uBame
(2 —%)p=0.
bunejku Xo # X, 1.6. X —Xp #0, nobuBame p=0.Ho, p=0 He e pemenne Ha HUTY
eqHa on paseHkute (2) um (3). Cnopen Toa pasenkata (1) uma 4YeTupu paziIHMuHU

pemenuja. Tue ce peamHu OpoeBH, Ouzejku X12 +4>0mn X% +4>0.

34. Heka X,Y,a ce peasHu OpOeBU TaKBU IITO BaXKU
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3

X+y=x>+y3=x>

5
+y’=a.
Omnpenenu ru cuTe MOKHU BPEIHOCTH Ha OpPOjOT a .

Pemenue. YclIoBOT Ha 3ajadyaTa Ke ro 3amuiieMe BO BUIOT

X+y=a
Cryl=a 1)
x° +y° =a.

Ako X =-Y, Toram ouurienno a=_0.
Heka a#0 e takos, mro nocrojar X,y € R 3a xou Baxu (1). Jla ja pasriegame
KBaJIpaTHaTa paBEHKA
zz—az+p:0, (2
yuu penienuja ce X u Y . Toram, on BueroBute dhopmynu nocienoBaTesHo Jo0uBaMe
X+y=a
x2+y2=(x+y)2—2xy=a’-2p
XS + y3 =a’ —3ap
x* +y4 = a* —4a2p+2p2
x> + y5 =a’-5a° p+5ap2
On
xS + y3 =a
xS + y3 =a’ —3ap
ciemyBa a’ —3ap =a ukako a#0 Haorame

_ald
Oxn
X°+y° =a
x5+y5:615—5613p+5ap2
_ .5 £.3 2 , 4 g2 2 _
cienyBa a=a” —5a p+5ap” u xako a=#0 nHaorame a” —5a“p+5p° =1. Cera xo-

., 4 28’1 pra®1y2 _
pucTejku To paBeHCTBOTO (3) nodmBame a~ —5a g+ S(T) =1 wim

a-5a%+4=0.
Pemenuja Ha mocnennara paBenka ce —2,—1,1,2 .
Koneuno, moxxHute BpegHoctu 3a a ce —2,—1,0,1,2.

3abesemka. Pemenujata Ha KBajpaTHaTa paBeHKa (2) ce peaJiHu OWIEjKH O
|a|<2 cnenyBa meka 3a Hej3MHATA JUCKPUMHHAHTA BaKH

D:a2—4p:a2—4%:—4‘3a2 >0.

35. lanenu ce 15 kBagpaTHU TPUHOMHU X2 — piX+0i, 1€{L23,...,15}, unu koedpu-

IIUEHTH CE PA3JIMYHHM, IMpHUraraaT Ha MHOKecTBOTO {L,2,3,...,30} u HUTY eneH Opoj He €
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KOe(UIIMEHT BO JIBa TPUHOMHU. 3a €/IeH KOPEH Ha KBaJpaTeH TPUHOM Ke BEIMME JIeKa €
,»100ap*“ ako Toj e morosieM ox 20. Konky HajMHOTY ,,J00pu* KOpEHH MOXKeE Jla umaatr
naneHure 15 kBaapaTHu TpuHOMU?

Pemenue. Heka x2

+ PX+(Q e exeH of aJeHUTe KBaJpaTHU TpUHOMU. T0j MOXKe 1a
¥IMa HaJMHOTY efleH 100ap kopeH. HaBucTuHa, ako mpeTnocTaBuMe JIeKa U X U Xy ce
no0pu kopeHu, Torai o Buetosure popmynu cienysa nexa
p=X+X >20+20>30,
IITO MPOTUBPEYH Ha YCJIOBOT Ha 3aaavara; P €{L2,3,...,30}.
[TonaTamy, eneH KBaJIpaTeH TPUHOM MMa nobap kopeH, ako P >20. HaBucrtuna,
ako mpernocraBume jgeka P <20 u TPUHOMOT UMa A00ap KOPEH, TOTall 0] KOPSHUTE

P+ p®—4q
2

Py p>—4q
2

Ha TPUHOMOT J100ap € KOPEHOT X = . Toa 3Haun nexa

X2 =

LAl 22 44 > 20 . O mocieJHOTO HEPABEHCTBO MOCIIEA0BATEIHO J0OUBaMeE
Jp%—4q>40-p
49 <80p—1600
q<20p—-400<20-20-400=0

IITO € CIPOTHBHO HA N300pOT Ha (] .

Bo muoxectBoto {1, 2,3,...,30} uma 10 6poeu norosemu o1 20 Kou MOXKe Ja Ouaat
BpEIHOCTH 32 P a Tue ce 21, 22, 23, 24, 25, 26, 27, 28, 29 u 30. Ke nokaxeme neka 3a
CeKoj OJ OBHME OPOEBM MOCTOM TPHHOM KOj MMa no0ap kopen. Ke HampaBume u36op

p =20+k, g =k, k=12, 3,...,10. Toram
Dy = pZ — 40, = (20+k)? —4k = 400+ 40k + k? — 4k > 400— 40K +k? = (20—k)?

IIPH LITO UMaMe
max _ PrDk _ 20+k+(20-K)® 204k 420-Kk _ 20
X =T~ 2 - 2 s

Koneuno, manenurte 15 xBagpaTHu TPHHOMH MOKE Ja mMaar HajmMHory 10 moOpu
KOpEHH.

2

36. Onpenenu ja xkBagparHata paBeHKa X + pX+(0 =0, ako e mo3HaTO JIeKa pas-

JMKaTa Ha HEJ3WHUTE pelleHuja € 7, a pa3Jinkara Ha HUBHUTE KyOoBH € 91.
Pemenne. O yclioBuTe Ha 3a/1a4aTa ClielyBa X —Xo =7 H X13 - X23 =91. 3aroa,
91= x13 - x23 =(x— xz)(xl2 + X Xo + x22) = 7(x12 + X Xo + x22)
1 OTTyKa Jo00HUBaMe X12 + X Xo + X22 =13. Nmawme:

X G- 04%)" 1372 _ 45
3 3 ’

P2 = (X + %)% = (X —Xp)? + 4% X =72 412 =49-48 =1

v oTTyka P ==t1. 3Ha4ym, OapaHUTE paBEHKH ce x2+x-12=0 n x* —x-12=0.
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37. Hexka p e mpoct 6poj, p > 2. anu nocrojat npupoaHu OpoeBU X U Y TaKBU

IITO X+\/y=\/ﬁ?

Pemenue. Heka mpernocraBuMe JeKa MOCTOjaT MPUPOJIHU OpOeBH X U Y TaKBU

mTo /X + W = ﬂ/2 p . Co kBagpupame Ha MOCIETHOTO PAaBEHCTBO JOOMBaMe

x+y+2xy =2p. (1)
bunejku, X,y u 2p ce npupogau O6poesu, ox (1) cinemysa neka u \ﬁ € MPUPOJICH
Opoj, T.e. Xy = k?, ke N . Toram, X+ y =2(p—k).On nmocneanure aBe paBeHCTBA 3a-
KIydyBaMme Jieka X M Y Ce pellicHHja Ha KBaJpaTHaTa PaBEeHKa

t2 —2(p-K)t+k?>=0. )

3Hauy, pelleHujaTa Ha paBeHKara (2) ce MpUpOJHU OpOeBH, Ia 3aToa HEj3MHATa AMC-
KPUMUHAHTa € HEHEraTUBHA U € TOYEH KBaJpar, T.c.

4p(p—2k)20144p(p—2k):4m2.
JacHo, 4p(p—2k)>0, Ouzejkn Bo cipoTUBHO P = 2K, IITO MPOTUBPEYH HA P >2 |
p e mpoct Opoj. Cropen toa pP(p—2K) =m?, m=0, u Ooumejku P e mpocTt Opoj,
nobuBame M= pn, 3a Hekoj N € N. Koneuno, 3a cexoj mpoct O6poj p, p >2, HE TO-

CTOjaT MPUPOJHU OPOEBH X W Y TaKBHU IITO \/; + \/V = JZ p.

38. Ompenenu npupoaHu OpoeBH P M ( TAaKBU IITO HYJIUTE HA X2 — pX+q u
X% — gX+ p ke OupaT npupoaHU OPOEBH.
Pemenne. Heka Xy u X, ce pelleHuja Ha paBEHKaTa X% — px+q=0,a y;,y, Ha

paBeHKaTa X2 — gx+ p=0. Ox Buerosute popmynu umame
X +Xp =D, XX =0
Yi+ty2=40, Yiy2 =P
Ke pasrnename aBa ciydaja.
| cnyuaj. Enen on 6poeBute Xq,Xp,Yq,Y, € eqHako Ha 1. Heka Toa e X . Ox (1)

cienyBa gAeka (+1=p u co 3ameHa Bo (2) nmobuBame Y, +Y,+1l=yy,, Te.
(1 —D(y, -1) =2. bugejku Yy, Y, € N, o mocneaHoTo paBeHCTBO cienyBa Y, —1=1,
Yo—1=2,mm y;-1=2, y,-1=1. Koneuno Haofame Y; =2,Y, =3, uiu Yy; =3,
Yo =2, 01HocHO P =6,0=5.

Il cayuaj. Hexa Xq, %o, V¥1,Y2 >1 . 01 X +Xp <X Xo H Yy +Yp <YYo nobuBame

p<guq<p,te p=q.Ho X,X ce npupoanu Opoesu, na 3aToa p2 —-4p= n2,

onuro cienyBa p>4,u (p+n—-2)(p—n—-2)=4.0x10 p>4 nobuBame p+n—2>0,
a OTTyKa cienyBa u gjeka p—n—2>0. Ho, p+n—-2> p—n—-2, na 3aroa ox nociea-
HOTO PaBEHCTBO 'l JOOMBAME CHCTEMHUTE
p+n-2=4 p+n—-2=2
{p—n—Z:l {p—n—2=2'
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[IpBuOT cscreM Hema 1en0OpOjHH pEIIeHHja, a oA BTOpHOT mobuBame p=4, n=0.
Koneuno, 6apanure 6poeBu ce p=6,0=5; p=509=6u p=q=4.

39. JlaneHu ce KOpeHUTE Xg U X, Xg U Xp ,..., Xg U X, Ha KBaJpaTHUTE IOJH-

Homu B (X) = x? +bx+¢, Py(x)= x? +boXx+Cy, ..., By(X) = x? +b,X+C¢,, coonser-
HO. Haj)m I'1 KOPCHUTC Ha KBa)IpaTHI/IOT IIOJIMHOM
P(x) = X i b+, +..+b, X+ C;+Cy+...4Cp,

n
Peme}me.Oa YCJIOBOT Ha 3aa4aTa nMamMe
2 2 2 2
Xg +biXg +C = Xg +PoXg +Cp =X +P3Xg +C3 =...= X5 +byXg +C, =0.
AKO T coOepeMe MOCIICTHUTE paBeHCTBA J0OUBaMe
nxg +( +by +bg+...+b,)% + (¢ +Co +...+Cy) =0,

T.€. Xy € pElIeHHe Ha pas3riieAyBaHHOT monuHoM P(X). 3aroa, IMCKpUMUHAHTAaTa Ha

P(X) e HeHeraTuBHa U TOj MMa BTOp peasicH KopeH X* . Ox BueroBure popmynu numa-
Me:

Xo+X ==b, Xg +Xp =—by , ..o, Xg+ X = by, Xg+x*=—T(b +by +..+Dy).
AKO NOCJIETHOTO PABEHCTBO 'O MOMHOXKUME CO N U OJl HEro I'M OJ3eMeMe MpPBUTE N

paBeHCTBa Jo0MBamMe X* = %(Xl + X+ Xp) -

40. KBagpaTHUTE paBEHKH X2 + ax+b =0, i= 1_8 MMaar 3aeAHUYKUA KOpEH
Xg = 2, a 30upot Ha apyrure kopenu ¢ 2008. Jlokaxu 1exa KOpEHUTE Ha PaBEHKATa

2 N a+ay+.+ag X+ b+, +..+1g ~0

X 8 8

CC IPOCTHU 6pOCBI/I.
Pemienne. CHOpG}I nperxoaHarTa 3aJiada KOPpCHUTC Ha MMOJMHOMOT
qt+a,+...+ +0,+...+
P(x) = x% +2 28 % x4 D1 b28 b

2008
8

ce Xg=21 X*=%(X1+X2 +.+Xy) = =251 u Toa ce mpocTu OPOEBH.

41. Jlanu mocTojaT KBaJpaTHU TPUHOMHU ax’ +bx+c u (a +1)X2 +(b+1)x+c+1
CO 1eJI00pOjHH KOS(DUIIMEHTH, TAKBU IITO CEKOj OJf HUB MMa IO J[Ba PA3IMYHU IIEJIH
KOpeHH?

Pemenne. /la npernocraBuMe JieKa 110CTOjaT TakBU TpuHOMH. Heka X; U X, ce ko-

peHr Ha ax? +bx+c a Yy U Y, ce KOpeHH Ha (a+1)x2+(b+l)x+c+l. On Buero-

. b . c - _c+l
BUTC POPMYIIH ClIe/lyBa: X +Xp =—2; XXp =23 Y1 +Y2 = a+1 PNy =5

b ¢ b+l c+l
a’'a' a+l’ a+l
opoesu. Enen ox Opoesute a m a+1 e mapen. Heka e Toa a. Toram u b u c ce
napau 6poeBu. 3Haun a+1, b+1, c+1 ce nemapuu. Cnenysa neka 6poeBure Yp + Y,

bunejku X; , Xy, Y3 u Y, ce uenau OpoeBH cleyBa AeKa ce nenu

u Y1y, ce HenapHu. Ho 36upoTr u npousBoj Ha JBa Opoja HE MOe J1a OMIaT BO UCTO

BpeMe HeMapHU. 3Hauu, HE MOCTOjaT KBAAPATHU TPUHOMH CO 0ApaHOTO CBOjCTBO.
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3. KBAAPATHA ®YHKIINJA

1. 3a pynkumjara f(x) = ax?+bx +C 3HaeMe Jeka ce HCTIONHETH YCIIOBUTE
f(-1)<1, f(1)>-1u f(3)<4
Onpeny ro 3HAKOT Ha KOSHUIIMEHTOT a .
Pewmenne. imame

f(-1)<1 a-b+c<l
f(l)>-1 < a+b+c>-1
f(3)<-4 9a+3b+c<-4

AXO ja TOMHOXHME BTOpaTa HepaBeHKa co —2, a II0Toa ' codepemMe TpUTe HEpPaBEeHKH,

noousame 8a< -1 t.e. a< —% , 71 TO cieayBa aeka a<0.

3HayM, KOEPUIMEHTOT a € HeraTHBEH Opoj.

2. Heka P(X) = ax? +bx+c e KBaJIpaTeH TPUHOM CO HEHETaTHBHU PeaHH Koedu-

ueHTH. Jlokaxu eka 3a OUiIo Koj MO3UTHUBEH peasieH Opoj X € UCTIOIHETO
2
P()P(:) > [PO)]°.
Pemenne. 3a Onito K0j MO3UTHBEH peajieH Opoj P uMame P +% > 2, (HepaBeHCTBO

Mel'y apuTMeTHUKa U reoMeTpucka cpeauna). Cera, Gunejku ab,bc u ca ce
MIO3UTUBHU PEAIHU OPOEBH, HMaMe

P(P) = (ax® +bx+c)al +bl+c)
X
=a’+b%+c? +ab(x+%)+bc(x+%)+ca(x2 +-1)
X

>a? +b? +c? +2ab+2bc + 2ca = (a+b+c)? =[PQ)]°.

3. Jloxaxku neka ako ¢pynkmujara f(x) = ax® +bx+c mpuMa 1ejJo0pojHA BPEIHOC-
TH KOTa X e 1en 0poj, Toram 2a,a+b u ¢ ce nenun OpoeBw.

Pemenue. Heka X e men 6poj. Toram f(x) = ax? +bx+C e ncro Taka uen 0poj.
On f(0)=c cumenyBa ¢ e men 6poj. On f(l)=a+b+c, omHocno a+b=1(1)—c,
cnenyBa jeka a+b e nen 6poj. On f(2) =4a+2b+c, ogaocHo

f(2)=2a+2(a+b)+c
ciieqlyBa Jieka u 2a e 1ei 0poj.

Jla 3a0enexxume Jieka Baku B oOpaTtHoTOo. HaBucTuHa, Heka 2a,a+b u C ce menu

OpoeBu 1 Heka X e 1en O0poj. Toram ox f(X) = ax? +bx+c , ogHOCHO

f(x):ax2 +bx+c =ax? —ax+bx+ax+c
=ax(x-1) +(@+b)x+c=2a*%2 4 @+b)x+c

ke cienysa aeka u f(X) e men 6poj.
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4. Heka p(t) —at? +bt+C e NMOIMHOM CO HEHeraTHBHH KoepuIeHTu. Jlokaxu
JieKa

(p(xy))? < p(x*)p(y?).

Pemenune. Henocpenno nobuBame:
(P(xy))? = P(X*) p(y?) = (a(xy)? +bxy +¢)? — (ax* +bx® +c)(ay” +by? +c)
= a’x* y4 + b2x2y2 +c2+ Zabx3y3 + 2acx2y2 + 2bexy — a2x4y4 -

4 —bzxzy2 —bex? —acy4 —bcy2 —c?

- abx4y2 —acx* —abx? y
= 2abx3y? + 2acx?y? + 2bexy —abx*y? —acx* —abx?y? —bex? —acy” —bey?
= abx? y2(2xy —x? - y2) + ac(2x2y2 x4 - y4) +bc(2xy — X2 — y2)

:—ab(x—y)2—ac(xz—yz)z—bc(x—y)2 <0

5. Jlanena e ¢yHkujara f(X)=aX2+bX+C, takBa mTo |f(X)[<1 3a |x|<1.
Jlokaxu nexa |a|< 2.
Pemenne. mame, f(0)=c, na 3aroa |c|<1. [lonaramy, | f(1)|Ha+b+c|<1l u
| f(-1)Ha—-b+c|<1. Cnopen Toa
|2alH (a+b+c)+(a—b+c)—2c|
Ja+b+c|+|a—b+c|+|-2c|<1+1+2=4,
T.e. |[al<2.

6. Hexa 5a+3b+3c=0, xane a , b u ¢ ce peannu OpoeBu u a = 0 . Jlokaxu Je-

Ka KBaJpaTHATA paBeHKa ax> +bX+C=0 uMa 6apeM eIHO elIcHHE Xp , TAKBO IITO
Xy €[0,2].

Pemenne. 3a kBampatHata ¢yHkiuja f(X)= ax? +bx+c nmame f 0)=c,

fQ)=a+b+c u f(2)=4a+2b+c. Cnopen toa f(0)+ f(1)+ f(2)=5a+3b+c=0.

Axo f(0), f(1), f(2) #0, Toram aBa ce MO3UTHBHU M CJICH € HEraTHBEH WM CICH ©

MO3UTHUBEH, a APYTUTE JBa C€ HETaTUBHU. MoOJKe /1a ce pasriiefilaaT CUTe KOMOMHAIIMU OJ]
MPETXOAHUOT JIeJ, T1a CIIOPEe TOa, BO CUTE CIydaH MOCTOU Touka Xg € [0, 2], Taksa mTo

f(x)=0,1e. ax§ +bxg + ¢ =0. HaBuctuna,

1" f(0), f(®) >0, f(2)<0.Ilocrou Xy € (1,2) Taka mro axg +bxy+¢c=0.

2° (0),f(2)>0,f(1)<0. Tlocrojar x53€(0,)) um xe(@2) TakBu mTO
ax§+bxo+c:0 u ax12+bx1+c:0.

3@, f(2)>0,f(0)<0.Iocrou x, €(0,1) TakBu mTO axg +bxg+c=0.

4° £(0), f(1) <0, f(2) >0. Hoctom X, € (1,2) Taxa mto ax3 +bxy+c=0.

5 f(0),f(2)<0,f(1)>0. TIocrojar X, €(01) u % e(@2) rakBu mTO

axs +bxg +c=0 1 ax? +bx +c=0.
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6" f(@),f(2)<0,f(0)>0.Ilocrou X, €(0,1) Taka mro axg +bxg+c=0.

Cunyuajot kora exeH oxn 6poesute f(0), f (1), f(2) e Hyna e TpuBHjaieH.

7. Ako a,b,c ce momkwHM Ha cTpaHWTE O] TPHATOJHUK, TOrall (yHKIHjaTa

f(x)=(a+ b)X2 —2cX+a+b e nmosurusHa 3a cexoj peanen 0poj X . Jlokaxmu!
Pemenue. J[uckpuMiHaHTaTa Ha paBEHKaTa MOXKEME J1a ja 3aMuIieMe BO 00JIUK
D =(2c)? —4(a+b)? =4(c—a—-b)(c+a+bh).
bunejku a,b,C ce momkuHM Ha cTpaHW HA TPHATOJIHUK UMaMe
c-a-b<0,a+b+c>0,
na crnopen toa D <O0. KBamparHara ¢yHKIHMja HeMa pealHM KOPEHH M OuIejKku
a+b>0, noobuBame f(X)>0, xeR.

8. Axo a,b,C ce momkuHM Ha CTpaHuTE OJ TPHATOIHMK, Toram (QyHKIHjaTa
f(x)= b2x% + (b2 +c? —az)x+c2 ¢ MO3UTUBHA 3a CEeKOj peajieH 0poj X . Jlokaxwu!
Pemenne. /[uckpuMuHaHTaTa Ha pPaBEHKATa MOYKEME J1a ja 3aruIieMe BO 00JIUK
D = (b? +¢? —a®)? — 4b%c? = (b +c? —a?)? — (2bc)?
= (b% +¢? —a® — 2bc)? (b + ¢ —a? + 2bc)?
2 2 2 2

=[(b-c)*-a"][(b+c)” —a”]

=(b-c-a)lb+a-c)(b+c—a)(b+c+a).
Bunejku a,b,C ce Mo/mKMHM HA CTPAHU HA TPUATOJIHUK UMaMe

b-c-a<0,a+b-c>0,b+c—-a>0,a+b+c>0,

na criopea Toa D < 0. KBagparHata ¢yHKIIMja HEMa peasiHu KOPEHU U OUJICjKU b’ >0,
noouame f(X)>0, xelR.

9. Ako 10x+11y =% , Toram X° + y2 > ﬁ . Hokaxwu!
Pemenue. Ox ycnosor 10X +11y = % , CIIeJlyBa JieKa Y = 1‘§§X
2,2 _ 2, (1-30x\2 _ 1089x*+1-60x+900x> _ 1 2 _
X“ 4y =x"+( 3 )- = 1089 = 65 (1989x“ —60x+1) .

bunaejku pynkuujata f(X)= 1989x°% —60X +1 nma MUHHUMYM

f . _ 4ac-b® _ 41989-3600 _ 121
min 4a 41989 221°
noOuBaMe JeKa:
2 2 1 121 1
> _= =Lt — =
X +Y =1089 221~ 1989 °
2
Obonmumysarse. Axo ax+by =c, toram X2 + y2 > ¢ 7 Ako %4‘% =1, Toram
a +
2,2~ m’n?
X“+ys >0
m=+n

10. Hanpraj ro rpadukot Ha pynakmujara f(X) = (| x+1|+1)(x—3).
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Pemenune. bunejku
X+l x=-1
| x+1]=
—(x+1),x<-1

¢yHK1MjaTa ro 1001Ba OOIUKOT
2

X“—X—6, x>-1
f(x)=
—x?+3x, x<-1
I'papukor Ha g(X) = X2 —Xx—6 e napabosna: “oTBOpeHa’” Harope; co TemMe T(%,—%) ;

npecerm co X -ockara A(—2,0) u B(3,0); u mpecek co Yy -ockara C(0,—6) . I'padukot
Ha h(x) = —X°+3X e napabosa: “oTBopeHa’ HaI0Iy, CO TeMe [ (%,%) ; TIPECEIIN CO X -

ockata A'(0,0) u B'(3,0) ; u mpecek co Yy -ockata C'(0,0).

Hamnpasu cam ckuia Ha rpadukor Ha f(X).

11. Heka a,b,Cc ce peannu 6poeBu takBu mro a+2b+c<0 u a—2b+c>0. Jo-

Ka)KH, 1eKa BaXKU b%>ac.

Pemenue. /Ips nauun. Jla ja pasriename ¢ynkmmjata f(X) = ax? +2bx+c . Bu-
nejku f()=a+2b+c<0 u f(-1)=a-2b+c>0, 3aknyuyBame jJeka KBajpaTHaTa
¢yukmmja f(X) ja ceue X—ockara mery Toukure —1 u 1, IITO 3HAYM Ji€Ka Taa UMa JIBE
peanHu u pasnuuHu Hyau. OTTyKa clieqyBa JeKa Hej3uHaTa JUCKPUMHUHAHTATA € TO3U-

TUBHA, T.C. (2b)2 —4ac >0, wro 3uaun b? >ac.
Bmop nauun. Baxu 2b<a+c<-2b, ma 3atoa (a+C)2 <4b?. On Apyra cTpaHa

(a+c)2 > 4ac, na satoa 4ac < 4b%, T.e. b® > ac.

12. Hexa ne N, a, p, €R,3acexoj ke{l,2,...,n} u p;+ Py +...+ py > 0. Onpe-

n
JIENM ja HajMajgaTa MOKHA BPEIHOCT Ha M3pas’oT . Py (X—ak)2 , Kaje X e pealieH
k=1
0poj.
Pewmenne. imame

n 2 n 2 2 n 2 n n 2
> Pk (X—ay) =2 p (X —2xay +ag) = (2 Pe)XT —2(2 Prag)X+ 2. Pray -
k=1 k=1 k=1 k=1 k=1

3Hauu JaJICHUOT W3pa3 € KBaapaTtHa (QyHkmuwja oxm X . bumejku xoeduIueHTOT mpen
KBaJPaTHUOT YJIEH € MO3UTUBEH ClielyBa JeKa HajMajaTra BPEJIHOCT ce JOCTHTHYBa BO
TEMETO Ha nmapabonara, T.€. 3a

n n
(=22 pka) 2 Pk
X = = _ k4

n n
22 P« 2 P
k-1 k-1

1 Taa € €JHaKBa Ha
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13. Ompenenu U cuTe KOMIUIEKCHH OpOeBH Z 3a KOW KOJIMYHHKOT HA WMaruHap-
HHUOT JIe7l Ha MeTTHOT CTENeH Ha Z W MeTTHOT CTENeH Ha MMAaruHapHUOT Jel Ha Z ¢
HajMaj MOXeH Opoj.

Pemenue. Hexka z=a~+ib, xane a,b € R. Toram

Imz® = Im(a® + 5a*bi —10ab? —10a2b°%i + 5ab* +b°i)
=5a*b—10a%b* +b°.
Tpeba na ja onpeaenume HajManaTa MOYKHA BPEAHOCT Ha U3Pa30T
5 4 2,3 1.5 4 2
Imz == 5a b—10? b°+b =5a_4_10a_2+1.
(Im2) b b b

2

BoBenyBame cmena X = 2—2. Cnopen Toa, Tpeba 1a ja HajaeMe HajMajlaTa MOXKHA BPEIl-

HocT Ha Qynkuujara f :[0,400) — R ompenenena co f(X) =5x% —10x+1. OBaa KBa-
npatHa (YHKIMja JOCTUTHYBa MUHHMYM 33 X = —‘2%50 =1, npu mrro mMin f =—4. Ilpn-
2

TOA BaXKU Z—z =1, r.e. a=+b, acR\{0}. Cnopex Toa, 6apanute 6POEBH CE€ O] BUIOT

z=a(l+i),acR\{0}

14. Heka X,y,a u b ce MO3UTHUBHH pealHd OpOCBH, TAaKBU IITO X+Y=a+2 u
Xy =b . Toxaxu nexa ab>8(b—a—1). Kora Baxku 3Hak 3a paBeHCTBO?
Pemenne. OJ1 ycloBOT Ha 3ajjayara cieayBa jJeka OpoeBUTe X W Y ce KOPEHH Ha

paBeHKaTa 2% - (@+2)z+b=0. INocaennoro e ucroaHeto ako D =(a+ 2)2 —-4b>0,
2
re &2 5
4
On npyra ctpana HepaBeHCTBOTO ab>8(b—a—1) ¢ ekBHMBaJCHTHO Ha HEpaBEH-

ctBoto (8—a)(8+b)<72. Ako a>8, Toraimr MociaeJHOTO HEPABEHCTBO OUMUTJICTHO €

HCIIOJIHETO. AKO O<a<8 , TOraml JJOBOJIHO € Aa I'0 JOKAKEME HEPABCHCTBOTO
a+2)?
8-a)e+ 22y <72,

KOE€ € €KBHBAJICHTHO CO TOYHOTO HEpaBEHCTBO a(a— 2)2 >0.

15. KBagparnara pyukimja p(X) = ax? +bx+C e co 1eI00pOjHA KOepHIMEeHTH a
u b . Jlokaxw, neka 3a cekoj e 0poj M moctou 1en Opoj N TakoB MITO
p(n) p(n+1) = p(m).

Pemenne. Hexka p(X) =(X—o)(X—P), xkame o0 u [ ce pemieHWja Ha paBeHKATa

ax? +bx+c=0. Toram
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p(n)p(n+1) =(n—-a)(n—B)(n+1-a)(n+1-B)
=[n? = (a+p)n+oaf+n—a][n®—(o.+P)n+op+n—p]
=(m-a)(m-p)
= p(m),

Kaje m:nz—(a+[3)n+oc[3+n: n?

+an+b+neZ.

16. Heka ¢ynkumjara f(Xx) = ax? +bx+c Hema peamHu HyTH 1 a+b+c > 0. [loka-
)u jgeka ¢ >0.

Pemenne. bunejku ¢ynkumja f(x) = ax? +bx+c Hema peasTHu HYyIH, 3aKJIyqyBa-
me neka f(X)= ax? +bx+c >0 ,3aceko] xeR wimn f(X)= ax? +bx+c <0 , 33 CEKOj

xeR. Ilonaramy, Owunejku f(l):a-12+b-1+C:a+b+c>0, 3aKIlydyBaMe JeKa
f(x) >0, 3acekoj xeR.Koneuno, c=f(0)>0.

17. lajmenu ce 1o MapoBH pasiMYHUTE peanHu Opoesu 8,0 u C. Jlokaxu, jaexa
OapeM JBe O]l paBEHKUTE
(x—a)(x—=b) =x—-c, (x=b)(x—c)=x—a u (x—c)(x—a)=x-b
MMaaT peaHo pelieHHe.
Pemenne. //ps nauun. Jla o3Haunme

f1(x) = (x=b)(x—c) - (x-a),
f(x) = (x—c)(x—a) - (x-b),
f3(x) = (x—a)(x—b) - (x-c)
U J]a MPETIoCTaBUME JIeKa HajJMHOTY €IHa OJi OBHE KBAJApaTHU (YHKIMU MMa peajHa

Hyna. Toram nBe ox HuB, Ha mpumep f; m f, HemaaTr peannu Hymu. bunejku koe-

(GUITHEHTUTE TIpe]T X% ce MO3UTHBHY, Baxku fi(x)>0 n f,(x)>0,3acekoj xe K. Ho,
TOTAI MTOJIMHOMOT
f1 () + f2(x) = (x=b)(x —¢) - (x—a) + (x—c)(x—a) - (x D)
=(x—c)(2x—a—-b)—(2x—a-b)
=(2x—a-b)(x-c-1)

MMa peaiHy HyJd C+1 u aT+b , IITO € MPOTUBPEYHOCT.

Bmop nauun. Kako 1 npeTxoaHo Heka npernocraBume aeka f; u f, Hemaar pean-
HU Hynmd. Toram AMCKPUMUHAHTUTE MM C€ HETaTHBHH, T.C. (b+C+1)2 <4(bc+a) wu
(c+a+1)° <4(ac+b). 3atoa (b—c-1)%<4a—4b u (c—a+1)° <4b—4a, ox kaze

cnenysa neka (b—c —l)2 +(c—a+ 1)2 <4b—-4a+4a—4b =0, mTo € NPOTHBPEYHOCT.

18. IMapabomnara y = ax? +bx+c muHyBa Hu3 Toukute A(—2,1) u B(2,9), u Hema

3aeJHUYKN TOUKU co OX -ockara.
Kowu BpeHOCTH MOKE J]a T'M MMa arciycara Ha TEMETo Ha napabosara?
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Pemenne. Op ycnoBoT neka mapabojaTa MUHYBa HM3 TOUKUTe A(-2,1) U B(2,9)
nobuBame
4da-2b+c=1
{4a +2b+c=9"

AKo oJ1 BTOpara ja oJ3eMeMe IpBaTa paBeHka, Jo0uBame b=2 unoroa 4a+c=>5.
On ycnoBoT Ha 3ajavara, mapabosaTa HeMa 3aeIHUYKH TOYKH CO OXx -OCKara, Ia
CIope]] Toa HeMa peaiHu HyJIU. 3HA4M, Hej3MHATa TUCKPUMHUHAHTA € HeraTUBHA, T.C.

D=b’—4ac=4-4a(5—4a)<0.
Pemennero Ha mocieaHaTa HEpaBeHKa € % <a<l. Ox gpyra crtpana, mapabosnara
MOKEME JIa ja 3aIuIieMe Bo 00JUKOT

f(x):ax2+b+c=ax2+2x+5—4a=a(x2+2%x+l2)—%+5—4a
a

_ 4a%-5a41
da At

_ 1y2
=a(x+3)
Cera, amcuucaTa Ha TEeMeTO Ha mpabonarta € Xg :—%, na oJ MPEeTXOJHO NOOHEHHTE
HEpaBEHCTBA 3a @ MMaMe —4 <X <—1, mro ce OapaHuTe BPEJHOCTH 3a allucara Ha

TeMeTO Ha mapabosara.

19. Hexa a,b,C ce peannu OpoeBu 1 a = 0. AKo X € pelIeHHe Ha KBaJpaTHATA pa-
BeHka ax’ +bx+c=0 u X, € pelleHHe Ha KBajJpaTHAaTa PaBeHKa —ax? +bx+c=0,

JIOKaKH JIEKa €JIHO O] PEIIeHHjaTa X3 Ha KBaJpaTHATAa PaBEHKA %XZ +bx+c=0 e merfy

X A Xy, T.C. X1SX3SX2 i Xo SX3SX1.
Pemenue. Axo ¢ =0, Toram 0 e perieHre Ha CUTE TPU PABEHKH U TBACHETO HA 3a-
nauyata Baxku. Heka mpernoctaBume neka €= 0. Toram X =0, X, #0. Jla ja pa3srie-

Jame KBazparHara (GpyHKIuja f(X)=%X2+bX+C.On ax12+bxl +c=0, cnenysa
_ a2 Ay av2 _ a2
f(x)=5x +bxg+c=ax +bx +Cc—-5x =-5X,
aon —ax§+bx2 +c=0, cienyBa
f(Xp) =2x5 +bxy +C=—axj +bxy +c+3x5 =353

Cropen toa, f(x))f(X,) <0, ma 3atoa kBaxparsara dyukumja f(X)= % X2 +bX+C BoO

Xl n X2 npruMa BpCAHOCTHU CO CIIPOTHBHU 3HAIIU. OTTYKa cjeayBa J€Ka IMOoCTOU peuic-

a
2

ja cede X—ockara BO HEKOja TO4Ka Koja e Mery toukure (X,0) u (X,0).

HHE Ha paBeHKaTa x% +bx+c=0 xoe e Mery ¥ U X, .JmeHo, mapabGonata y = f(X)

20. Hexa 5a+3b+3c=0, kage a,b u C ce peannu GpoeBu u a=0. JJoKaxu,

JieKa KBaJpaTHaTa paBeHKa ax? +bx+c=0 um OapeM €JJHO pelleHHe Xy, TAKBO LITO

Xy €[0,2].
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Pemenne. 3a kBangpatHata ¢ynkmmja f(X) = ax’ +bx+c umame f ©O)=c,
f@Q=a+b+cu f(2)=4a+2b+c. Cnopentoa f(0)+ f()+ f(2)=5a+3b+c=0.
Axo 6apem enen ox O6poesure f(0), f(1) wmm f(2) e Hynma, Toram TBpACHETO Ha

3a/1a4ara € JJOKaKaHo.
Axo f(0), f(2), f(2) =0, Toram nBa 0] HUB Ce MO3UTHBHU U €JICH € HETaTHBEH WU

CIACH OJf HUB € MO3UTHUBCH, a APYTIUTC Bd CC HCraTUBHHU, T.C. MOXKXHH CC CJIICAHUBEC CIIy-
Hau:

1) f0),f@)>0 u f(2)<0, rtoram mocrom Xge(L,2) TakoB 1mTO
axg +bxg+c=0
2) £(0),f(2)>0 u f(1) <0, roram nocrojatr Xy €(0,1) u ¥ €(12) Taxsu mTO

ax5+bx0+c:0p1ax12+bx1+c:0.
3 M, f(2)>0 wu f(0)<0, Toram mocroum Xy<(0,1) TakoB mTO

ax§+bx0+c:0
4 f0),f@M<0 u f(2)>0, toram mocronm X;e(l1,2) TakoB mTO
ax§+bxo+c=0

5) f(0),f(2)<0 u f(1) >0, toram nocrojar X5 €(0,1) u X (1, 2) TakBu mTO
ax§+bx0+c:0 u axf+bx1+c:0.

6) f@,f(2)<0 wu f(0)>0, toram mnocrom Xye€(0,1) TakoB mTO
ax§+bx0 +c=0

Cnopen Toa, Bo cekoj ciyuaj mocton Xg €[0,2], takoB mto f(X5)=0, T.e.
axg +bxg+c=0.

21. Jlanu mocTou BpEeIHOCT Ha NMapaMeTapoT a, TakBa IITO TEMETO Ha rnapalosaTa
y = 4x2 —4(@a+)x+a

71 JIeKH BO BTOPHOT KBAJIPAHT.
Pemenue. [1apaGonara moxkeme J1a ja 3anuiiemMe BO OOJIUKOT

y:4(x—"’17+1)2 —(a®+a+1).

Cnopen Toa, HEj3HHO TEME € T(aT+1 : —(a2 +a+1)). buzejku

2 —al+21lg41,3_ 12,353
a“+a+l=a"+2za++5=(@+3)" +5=7,

3a ae R, mobuBame 1eka —(a2 +a+l) < —% <0. 3naun, Toukata T mpumara uid Ha

TPETHOT WJIM Ha YETBPTHOT KkBajapaHT. Cropea Toa, HE TOCTOM BPEIHOCT Ha
napaMeTapoT @ 3a Koj TeMETO Ha rnapadojiaTa JeKd BO BTOPUOT KBaJIPaHT.

22. JlaneHo € MHOXKECTBO TtapaboJin
f(x)=ax’+(2a—3)x+a+l, acR,a=0.

Omnpeznenu ro reoMeTPUCKOTO MECTO HAa TEMUIaTa Ha napadonure. KakBa e 3aBucHocTa
Mel'y KOOpJIMHAaTUTE Ha TEMUIbaTa Ha mapooiaure?
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Pemenne. Heka Toukara T (X7, Yyr) € TeMme Ha mapabonara

f(x)=ax® +(2a—3)x+a+1. (1)
[Tapabonara ke ja 3anumemMe BO 00JIHK
f(x):a(x+2a 3) +16a 9_

4a
3- 2a 16a 9 3-2a 2a _ 16a-9 __ 3
Cnopen Toa, T( ,=2==), OJHOCHO Xy = YT e . 3Hauu, a= @)
aKo 3aMEHHMME BO YT )106I/IBaMe
_5_3
Yr =5-5%-
3Ha4M, FEOMETPUCKOTO MECTO HAa TEMHIbATA HA IBETE Napaldoiiu e
A={(322 1829)| acR,a=0},
U CUTE TOYKM IpuIlaraaTr Ha IpaBara Yy = __EX . He e Temko na ce Buam jeka cekoja
TOYKa Ofl Y = ——%x X #—1 e TeMe Ha eAHa 0]l MHOXECTBOTO Napadoiu 3al1afeHH CO

(1),

23. JlaneHo e MHOxecTBOTO mapadomu Y = (K- 2)X2 —2kx+k+2, xame k=2 ¢
peanex 0poj.

a) Ompe/eny o TeOMETPUCKOTO MECTO Ha TOYKH Ha KO IMpUIaraaT TEeMHUbAaTa Ha
JaJICHOTO MHOECTBO Tapaboe.

0) Jlanu nagenute nmapabosid UMaat 3aeJIHUYKA TOYKA.

Pemenue. a) Ancrucure Ha TeMUBbaTa Ha apaboiIuTe ce X = 2(k 2) , a opau-
_MEAE 4 gk K=
HaTUTEe cC Y = 4(k-2) =Tk 2- I X = ) Haorame l , I1a 3aTOa
y=- ZX =-2X+2.

x-1
Criopes Toa, TEOMETPUCKOPO MECTO Ha TEMHEbATa Ha JaJICHOTO MHOXKECTBO Mapaboiiu e
npaBara Y =—2X+2.

6) PaBenkaTa Ha napabosara ke ja 3anuiieMe BO BUJOT
k(x2 —2x+1)—y+2—2x2 =0.
Toukara yuu KOOPJAUHATH CE PEIICHH]a Ha CHCTEMOT PaBEHKH
x2 —2x+1=0
—y+2-2x2=0
Jexu Ha cute mapabosm. Ox mpBara paBeHKa mMame X =1 W cO 3aMeHa BO BTOpata
paBenka goouBame Y =0 . 3Haum, cure nmapabosu MuHyBaat Hu3 Toukata A(L0) .

24. Haju ru cuTe TOYKHM OJ pAMHUHATA HU3 KOU HE MUHYBA I'paMKOT HAa HUTY €THA
¢byukuuja ox pamumimjata {y = G —4px+2 p2 -3 pek}.
Pemenne. Axo (Xg,Yp) € Touka co 6apaHOTO CBOjCTBO, TOTAII HEj3MHUTE KOOPIIH-
HATH HE ja 3a/I0BOJIyBaaT paBEeHKaTa
y= G —4px+2p2 -3, VpeR.
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Cropen Toa, Hamata 3ajaya € €KBHMBAJEHTHA CO 3ajadara: Koj ycjoB Tpeba Ja ro
3aJJ0BOJyBaaT X M Yy Taka IITO KBaJpaTHaTa PaBEeHKa

2p2 —4xp+x° —y—3=0 (1)
HEMa peajiHu peuieHuja.
3a ga paBenkara (1) Hema peajHHM pelIeHHja MOTPEOHO M JOBOJHO € HEj3MHATa

JTUCKPUMUHAHTA J1a € HETaTUBHA, T.€. J1a BaXKU 8x2 +8y+24 <0, on xane nodbrBame
y <—X 2_3. @)
Cnopen Toa, HU3 To4YkHTe (X,Y) KOHM T'O 33J0BOJyBaaT YCJIOBOT (2) HE MHHYBa HUTY

enaHa GpyHKIMja o pas3rieayBaHaTa pamMuinja.

25. Jlanena e kBaaparHata Gpynkumja f(X) = X% + px+q, p,qelkR. Axo | f(0)[>1
u f(-1)f(@) >0, roram f nema mynm Ha [-1,1]. Jokaxu!

Pemenne. Hexa f(X) =0, 3a Hexkoj X €(—11) . Toram nocrou r € (X,1), TakoB
wro f(-1)f(r)<0. Ho, f(-1)f(@) >0, na 3aroa f(r)f(l)<0, mro 3Haum neka
nocron X, € (r,1) taxos mro f(X,)=0. 3Haun, ako pyHkuujaTa uma Hyna Ha (-11),
Toram uMa jaBe Hyiau Ha (—11), ma ox BuertoBure dopmynu ciemysa 1>| XX | q],

mrro npotuspeun Ha | q | f(0) [>1.

26. Jlanen e kBagpatHuoT nojuHOM f(X) = x2 +2x+b, kage b e peaieH mapa-
Metap. Omnpenenu ru cuTe BpeaHoCcTH Ha b 3a kow paBenkata f(f(X))=0 uma TouHO

TPH peaHd KOPCHH.
Pemenne. Axo f(X)=0 uma kopenu oy <o, Toram kopenure Ha f(f(x))=0

ce cosmaraar co xoperute Ha f(X)=0y u f(X)=0,. [Ipuroa e jacHo neka 3a na
HOCTOjaT TOYHO TPH PA3IUYHU KOPEHHU TOTpeOHO U noBosHO € f(X) =0y ma mMa TO9HO
€JIeH TBOCH KOPEH.

Munnmymor Ha f(X) ce mocturHyBa 3a X =—1 u TOj € enHakoB Ha b—1. Cropen

toa, oy =b-1 u f(b-1)=0, oxn xagme cnemysa b?+b-1=0. Pemennjata Ha

—1+
mocjieaHara paBeHKa Ce ]_2% .

3a b:_l%/g uMame alzb—lz_s%ﬁ>a2:%ﬁ 1 0Baa BPEJHOCT HA b He e

PCUICHUC HA 3ala4aTa.

3a b= Lz‘ﬁ uMame oy =b-1= by, o1 oq+oy=-1 ciexyBa neka oy

2
_ _ -1
HaBucTHHA ¢ momannot kopeH Ha f(X) =0. Koneuno, b= .

27. Bo MHOXECTBOTO peajHu OpOEBU pellIX ja paBeHKaTa xfmzxz +1=xX —% .

Pemenue. bunejku neBata cTpaHa Ha paBeHKaTa Mopa Ja Ouje MO3UTHBHA, TaKBa
Mopa Ja Ouje u JiecHaTa, 1a 3aroa X > % . Co kBajipupame 100MBamMe
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m2x2+l:x2—mx+mT2
T.C.
2 2 2 _
4(m* =1)x°= +4mx+4—m* =0. @

On D =16m? —16(m2 -1)(4- m2) = 16(m2 - 2)2 >0 creayBa jeka KOPEHUTE Ha paBEH-

kara (1) ce peannu. TpeOa ga HajaeMe KOJIKY KOpeHH Ha paBeHKata (1) ce morosiemMu of
m

>

Ja ja pasriename ¢yukiujara f(X) = ax? +bx+c KOja MMa [IBE PEaHU HYJIU X| U

X, . Hexa t e mazneH peanien Opoj pasnuueH of HyluTe Ha GyHKIMjaTa. MOXXHH ce 1Ba
ClTy4amu:

- af(t)<0. Ako a>0, Toram f(t) <0, mro 3Ha4m geka t e mely HyJUTE Ha

¢dyHkmmjara, a ako a <0, roram f(t) >0, mTo moBTOPHO 3HAuM Acka t e Mery

KopeHute Ha pyHkuujata. 3Haun, ako af (t) <O, Toraur exeH KOpeH Ha paBeHKa-

ta f(X)=0 e moronem ox t.

- af(t)>0. Axo a>0, roram f(t)>0 1e. te[x, %] u axo t<L2X2:—%,
TOTall M JBaTa KopeHu Ha paBeHkara f(X)=0 ce moroiemu ox t. Ako a<0,

toram f(t) <0, te[X,X] uako t< 5 =5 » TOTalll U JBaTa KOPEHH Ha
paBeHKaTa ce moroyiemMu oxa t. 3Haum, ako af (t) >0 u t< —%, TOTaIll U JIBaTa

KopeHu Ha paBeHkara f(X) =0 ce noromemu ox t .
OJ1 IPEeTXOTHO M3HECEHOTO NMaMe:
- ako 0> 4(m2 -Df (%) = 4(m2 —1)(m2 +4), 1.e me(-L1), Toram eaeH KOpeH

Ha paBeHkaTa (1) e moronem on % U TOj € pellleHHe Ha MOoYeTHaTa paBeHKa.

—m—2+m?
2(m?-1)

- 2 _1yf (MY = 4(m?2 — 2 m___ 4m 2
ako 0<4(m 1)f(2) 4(m* -D(m“ +4) u > < —2.4(m2_1),T.e.m 1>0 u

bapanuor kopeHn e X = (mposeperte!)

m®
m?-1

TOa, ako M € (—oo,—1), Toramr noyeTHaTa paBeHKa UMa JBE PEIICHHja U THE Ce

<0, Toram u gBaTa KOPeHU Ha paBeHkara (1) ce moroiemu ox % Cnopen

_ —mJ_r|2—m2|
2(m?-1)

28. Jla ce ompenenaTr BpeOHOCTUTE Ha MapamMeTapoT
a 3a KOM IITO pPaBeHKaTa
|x2 +2x+al=2,
¥MMa YeTHPH Pa3INYHU PELICHH]a.

Pemenne. J0BOJIHO € 3a pa3auM4HHU BPEJHOCTH HA
rapaMeTapoT a Jia ro ckuiupame rpaukoT Ha QyHKIH-
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jata y = X2 +2X + a|.Iloroa mOBOJIHO € Ja I'M HajleMe MPECEYHUTE TOUKH Ha TPAaQHUKOT

co mpaBara Y=2. bunejku X2+2X+a:(X+l)2+a—1,jaCH0 e Jeka Tpeba na

1121 la-1|

N
7

N
7

X X

pasrieayBame Tpu ciydad, U Toa a—1=0,a-1<0 u a-1>0. Bo npBuoT ciyuaj,

0JIHOCHO Kora a =1, ¢yHKIMjata 0 100MBa OOJUKOT Y = (X+1)2. Toa e mapabona
yre TeMe ce Haora Ha X-ockarta (BUaW HpTeX ). Bo 0BOj ciydyaj oyurjienHo e jaeka
paBeHKaTa UMa JIBE pelleHH]a.

Axo a>1, ognocio a—1> 0, Toram x° +2x+a>0

uy= X2 +2x+a. Ounrneano e (BUIU LPTEXK), JAeKa BO

OBOj Clly4yaj paBeHKaTa MMa JBE, €IHO WA HUTY €IHO

pemenue. 32 a—1=2 uma egHo pemieHue, 3a a—1>2

HeMa pelIeHue, a 32 a—1< 2 uMa JBe penieHyja. @*‘ a-1]|
Axo a-1<0, rtoram rpadpukor Ha ¢yHKIHjaTa

-1 X

y < X2 + 2X+a| e ckuIUpaH Ha HPTEX. JacHO € JeKa BO

TO] CJyd4a] paBeHKaTa MOXKE Jia MMa JBe, TPH WIM 4eTHpH pemieHuja. [Ipu Toa 3a
|a—1|<2 wuma nBe pemenuja, 3a |a—1|=2 wma Tpu pemreHuja, a 3a |a—1|>2 uma
YETUPH pellieHr]ja (BUIU [PTEXK ).

A A A
y=2 y=2 y=2 /f?"""l -1
N0 AN . s | 5
) 7 X ) 7 X 1 7 X

29. Ompenien TM BPETHOCTHUTE HA MTapaMeTapoT M Taka aa QyHKIujaTa
f (x) = X2 —6X|—m
uMa TOYHO TpHW Hynu. Jlamu 3a ompezaerneHara BpeJHOCT Ha M rpadpukor Ha f wma

OCKa Ha CUMETpH]a.
Pemenne.3a na ru onpeenuMe peaJHuTe HyIu Ha GpyHkiujara f moBosHO e a ru

omnpeneanMe pemieHrjara Ha paBakata f(X) =0, ogHOCHO
| x> —6x|-m=0. (1)
bunejku
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x2—6x, x<0
|x2 —6Xx|= —(x2 -6x), 0<x<6.
X2 — 6X, 6 <X
paBenkata (1) ke ja pasriename Ha cekoj o unrepBaure (—0,0], (0,6), [6,+0).
|. Ha unrepBanor (—oo,0] u uHTepBanor [6,+00) paBeHKaTa ro 100MBa 0OJIUKOT
X2 —6x-m=0,
Y HEJ3UHU PELIEHU]a CE Xq/p = @ =3+9+m.

Ako m >0, Toram peneHueTo

X =3+v9+m e[6,+%) u X =3—-+/9+m e (—0,0].
Axo m<O0, Toram Xy, €(0,6) u He ce pemennja Ha paBeHkara (1). 3Haun, 3a na

(dbyHKIIMjaTa ©Ma TpU HYJIK ToTpedHO € M > 0.
3a m=0 ¢yHKIMjaTa ©Ma JIBE HYJIH.

Il. Ha untepBanor (0,6) paBenkaTa ro ao- ™

OuBa 00JIMKOT y = x? —6x| -9
x2 —6x+m=0. (2)
3a na paBeHkara (1) uma TOYHO TpHU peLIeHHja
noTpeOHO € paBeHKaTa Ja MMa TOYHO €THO
pemenne. Crnopen toa D=0, kame D e >x
JTUCKpUMHUHaHTA Ha (2). 3Hauw, 0
D=36-4m=0,

OJTHOCHO M =9.

3nauu, rpadukor Ha f wWMa Tpu Hymu ako
¥ camMo ako M =9 (Buau upTex). o

Ocka Ha cumeTpuja e mpaBata X =3.

30. Ompenenu v HajroJeMara U HajMasaaTa BpeIHOCT Ha (pyHKIIMjaTa
f(x)= x> —2x—1,
32 OHHE peajHh OpPOCBH X KOHW IO 3aJI0BOJYBAaT yCJIOBOT x* +36 <13x°. OxaroBopot
J1a ce 00pa3IIoKH.

Pemenne. [IpBo ru HaoraMe OHUE X 3a KOU BaXKH x* —13x? +36<0. Pemrenuja Ha
OMKBaJpaTHaTa paBCHKA x* —13x%2 +36 =0 ce: —3,-2,2,3. HepaBeHCcTBOTO € TOYHO 3a
xe[-3,-2] nu xe[2,3].

[Tapabonara f(x)= x> —2x—1 uma MHHUMYM BO ToukaTa X =1. 3Haum, Taa omara
Ha uHTepBanoT [-3,-2], nma 14 = f(-3)> f(x) > f(-2) =7 3a xe[-3,-2], a pacTe Ha
untepsaior [2,3],ma —1=f(2) < f(X) < f(3)=2 3a xe[2,3].

Crnopen Toa, HajMasa BpenHocT Ha f(X) 3a OHHE X 3a KOW BaxH x* +36 <13x° , €
-1, a Hajronema BpenHocT € 14.
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31. 3a monmuHOMOT P(X) = x* +6x3 +11x% +6x 1a ce OTpeNieN HajMajaaTa Heropa
BPEIHOCT U TOYKUTE BO KOM Taa ce JOCTUTHYBA.

Pemenue. AnreGapckuoT u3pas x* +6x3 +11x% +6X MOKEMe Ja ro 3aIHIeMe BO
00K

x* +6x° +11x% +6x = x(x3 +6x2 + 11X+ 6) = x[(x3 + xz) + (5x2 +5x) + (6x +6)]
= x[x2(x+l) +5x(x+1) +6(x+1)] = x(x+1)(x2 +5Xx+6)
=X(X+D)(X+2)(x+3) =[x(x+3)][(x+1)(x+ 2)]
= (x2 +3x)(x2 +3x+2) = (x2 +3x)2 + 2(x2 +3x)+1-1
= (x2 + 3% +1)2 -1
3naun, P(X)= (X2 + 3% +1)2 —1. 3a O6uno koj peaneH Opoj X, (x2 +3X+1)2 >0, ma
criope] Toa (X2 +3x +1)2 —1>-1. 3naun, P(X)>—1 u paBeHCTBO ce JOCTUTHYBa CaMO
ako X% +3x+1=0. Pemrenja Ha mocieqHara KBajpaTHa paBeHKa, BO Kou P ja moctwur-

HyBa HajMayaTa BPEIHOCT Ce X| = ‘_3?ﬁ u Xy = —3—2\/§ '

32. Onmpenu ja HajManara BpeIHOCT Ha QyHKIHjaTa
f(X) = ——L——,ak0 0<X<2.

3—«/5x2—8x+3,29

Pemenue. [IpBo 1a 3a0enexxume aeka paBeHKaTa G —8x+3,29=0 Hema peanHu
pelieHuja, ma 3a CeKoj peajeH Opoj X BaxkwH 5x% —8x+3,29 > 0. [Tapabonara

g(X):5X2—8X+3,29 umMa Teme Bo 4, ma 3a 0<X<2 Baxn 5X°—8X+3,29

[GIENS

<max{g(0), g(2)}=9(2)=7,29. Orryka ciexyBa JcKa 3—\/5X2 -8x+3,29>0,

onHocHo f(X) >0 3acekoj Xx.Haramy, f(X) ke Oume HajMano ako MIMEHHUTENOT € Haj-

rojieM, OJJHOCHO aKoO 5x? —8x+3,29 ¢ nHajmano. Ho toa e ciydaj Bo TemMeTo 0J1 mapa-

oomara g(x) = 5x% —8x+3,29 , OTHOCHO 32 X = % . Bpennocra Ha ¢yHKIIMjaTa BO X = %
n3HecyBa f (%) = % . 3HauMm HajMamata BpeAHOCT Ha ¢yHKmujata 3a 0<X<2
U3HEeCyBa ;—(7) U Ce JIOCTUTHYBA 32 X = % .

33. 3a kou BpeHOCtH Ha peaTHUot papaMeTap M paBeHKaTa
mx? —(2m-3)x+7-3m=0

. y a>0 a<0
a) IMa TOYHO €JIHO pelICHHE; f(@)>0 f()>0 Y1f@<0 f(p)<0
0 i t t
) UMa JBE pEIIeHHja BO HHEpPBAJIO f () 5 /]\ 5
0,4)? >
M, / X
Pemenne. a) IlotpeGen u moBoOJICH \ T X f(p)
YCJIOB TOYHO €/{Ha HyJa Ha (pyHKIIHjaTa a o\l/ g f (@)

f(x) =ax® +bx+c,
T.C. €IHO pCIICHHEC HA PaBCHKATA
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ax? +bx+c=0 )
na ce Haora Bo untepBasior (o,f) e f(a)f(B) <0 . Bo Hammor ciny4aj umame
f(0)=7-3m, f(4)=-4m+19,
na ja mpobuBame HepaBeHkata (7—3m)(19+5m)<0. PemraBajku ja oBaa HepaBeHKa

nobuBame me (—oo,—%) U (L,00) . 3Haun 3a THE BPEIHOCTH HA M TOYHO EIHO pelle-

HHE Ha Jla/ieHaTa paBeHKa ke ce Haora Bo uatepBasor (0,4).
0) IIpBo na onpenenmmMe 3a KoM
BPE/IHOCTH HA M paBeHKara nme m e (o, me( % )
IBe peiieHuja. PaBeHkaTa uma jBe < >
pelIeHja aKo M caMo aKo
D =(2m-3)? —4m(7—3m) >0,
OZTHOCHO

16m2 —40m+9>0.
PCIJ_IGHI/IG Ha oOBaa HepaBeHKa c

npTex 2

me (o0, 1)U (2,0). JlBere Hymn
Ha ynkuujara f(X) = ax? +bx+c ce Haofaar Bo uHTepBasor (o, [3) aKo ce UcmoHe-
ti cinennuBe yciou: af (a) >0,af (B) >0 u ako amcriucara Ha TeMeTo Ha mapadosara

y= ax’ +bx+C ce Haofa BO uHTepTBaIOT (0,) (uprex.l). Bo HammoB ciyuaj
a=m, a=0,B=4,b=2m-3, c=7-3m, na umame:

- o1 mf (0) >0 ja mo6uBame Hepaserkara M(7 —3m) >0 une peurenne ¢ m e (0,£),

-ox mf (4) >0 umame M(5m+19) >0, na ciexyBa me (—oo ——) (O oo)

- O<—2—<4 T.€. 0<2?m3<4 PemenueTo Ha O<2g‘m3 e me(—0,0)UE,0),a
Ha HepaBeHKaTa 22‘ 2m-3 4 me(—oo— YU (0,00). Cropex Toa, 0<2M=2 <4 ako u

2m
camo ako M € (—oo, ——) U (2,00) . CHTe YCIIOBH Ce HCIIONHETH 32 M € ( ) (uprex 2).

4. KBAJIPATHA HEPABEHKA

1. Onpenu ja HajMasiaTa BPEIHOCT HAa U3Pa30T
A=(X+1)(x+2)(x+3)(x+4)+1999.

3a KOja BpETHOCT Ha X Taa ce JOCTUTHYBa?
Pemenne. I'o Tpanchopmupame n3pazor Ha CICTHUOT HAYHH:
A=(x+1)(x+4)(x+3)(x+2)+1999

= (X? +5X+4)(x® +5x+6)+1999 =
= ((x2+5x+5)—1)((x2+5x+5)+1)+1999
= (x? +5x+5)? +1998.
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OTryka 3aKiTydyBaMe JieKa HajMajata BpEIHOCT Ha m3pa3or A e 1998, a ce moOuBa

xora x> +5x+5=0, T.c.3a X2 =%.

2. Bo MHOKECTBOTO peaiHi OPOEBH PEIITH ja HEPaBEHKATa

\/xz —X-=12 > 7xX.

Pemenue. He(l)I/IHI/IL[I/IOHaTa o0yacT Ha JaacHaTa HCPABCHKa € OIpCAciiCHa CO

x> —x-12>0 ,T.e. co (X—4)(x+3) >0, on kane nobuBame X € (—o0,—3]U[4,+x0).

Axo x <0, Toram \lxz —X—12 >7X 3a cekoj X on mepuHUIIMOHATA OOJACT, IITO
3HA4YM JieKa MHTepBajoT (—oo,—3] e pelieHne Ha ToYeTHaTa HepaBEeHKATa.

Axo x>0, Toram \/XZ —X—-12 >7X 3a cekoj X ox mepuHHIHOHATA OOJIACT, Ta

3aToa X2 —X-12> 49x2, Te. 48x% +x+12<0. Ho, mocnegnara HepaBeHkKa HeMma
pelieHue, MTo 3Hauu Jeka 3a X >0 u nmoyeTHara HepaBeHKa HEMa pEelICHHE.
KoneuHo, penieHrja Ha IoYeTHAaTa HepaBeHKaTa € MHOKECTBOTO (—o0,—3] .

3. JlaneHa e HepaBeHKaTa x? +ax—1<0. Omnpenenu ru BpeJHOCTUTE Ha Hapame-
TapoT &, TakKa IITO MHOXKECTBOTO HEJ3MHUTE PEILIEHU]a € HHTEPBAJ CO IOJDKUHA 5.

Pemenne. /luckpumunanTara Ha HepaBeHkaTa € D = a’+4>0, na cropez; Toa Taa
uMa peasHu peureHuja. O yCIOBOT MHOXECTBOTO pEIIEHHja Ha HepaBeHKaTa Ja €
WHTEPBAJI CO NOJDKMHA S U o1 BueroBure dhopmynu nodbusame:

S5x—X%|= \/(xl—xz)z =\/(x1+x2)2—4x1x2 =\/a2+4 .

Pemenuja Ha paBeHKaTa xlaz +4=5 ce a=+21.

4. Oapenu ru BpeJHOCTUTE HA IapaMeTapoT M Taka IITO 3a pelleHujata X; U X,

X X
Ha paBeHKaTa X2 +(M+3)Xx+m+21=0 e ucnonsero: X—l+x—2 <1.
2 1

Pemenne. Axo HepaBeHKaTa ja TpaHC(opMHpamMe M I'M UCKopucTuMe BueroBute
¢bopmynu, toOuBame

x12+x§ _1<0 & x12+x§—x2x1 <0 & (x2+x1)2—3x2x1 <0 (m+3)2-3(m+21) <0
XoXq XoXq XoXq m+21
m?+3m-54 (m+9)(m-6)
< m+21 <0< m+21 <0
- (M+9)(m-6)>0 [(M+9)(m—-6)<0
\Y
m+21<0 m+21>0

= me(—0,-21)U(-9,-6)

5. Pem ja HepaBeHkara:
a) ax? —2x+1>0 , KaJie @ e peaJieH mapamerap;

0) by2 +Y+1<0, kane b e peanen mapamerap.
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Pemenne. a) Bo 3aBUCHOCT 0J] BPEJHOCTUTE Ha MapaMeTapoT & MOXXHH CE TpH
CIIyYau.
IIps cnyuaj. a=0. Jlanenara HepaBeHKa ro qoOuBa BUIOT —2X+1>0 u Hej3uHO

peumecHue € X < % .

Bmop cnyuaj. a>0. Pemennjata Ha HepaBeHKaTa 3aBHCAT OJ JAUCKPUMHHAHTATa
D, =1-a, npu mro:

1) ako D; =0, T.e. ako a=1, Toram HepaBeHKaTa UMa BUJ X2 —2x+1>0 , T.C.

(X—l)2 >0, mITo e UCIoTHETO 3a ceKoj X =1
2) ako D; >0, t.e. ako O<a<1, Toram pemennjata ce X € (—o0;Xy) U (X ;0),
_1 .
Kaje X o = 5(1i x/l—a) , X > Xo 5
3) ako D; <0, r.e. ako a>1, Toram pemenujara ce X € (Xo;%) -

Tpem cnyuaj. a<0. Toram Dy >0 u pemenujata ce X € (Xo;%) -

0) Bo 3aBHCHOCT 01 BpeIHOCTHTE Ha MapamMeTapoT & MOKHH CE TPH CITy4aH.
IIpe cayuaj. b=0. Jlanenara HepaBeHka ro no6usa Bunotr Y+1<0 u pemenujara

ce y<-1.
Bmop cnyuaj. b >0 . luckpumunanrata e D, =1-4b, 3a koja:

1) D, =0, Te. b=% ¥ HEpaBeHKaTa IO INpHMa BUJIOT %y2+y+1<0, T.C.

(% +1)2 <0, xoja HEMa pelIeHHe;

2) D,>0, 1e. O<b <% U pemreHujata ca Yy e (—o;Yo)U(Y;0), Kane
Yi2 =2 (-1=\1-4b), y; >y,

3) D,<0,te. b >% ¥ BO OBOj Clly4yaj HEMa pelicHue, OuIejku by2 +y+1>0 3a

CeKoj Y.
Tpem cayuaj. b <0 . Toram D, >0 u pemennjara ce Y € (—o0;y,) U(Yy;0) .

6. Pemmn ja HepaBeHKaTa (02 —1)Z2 - (C2 +4c-1)z+2(c+1) >0, xame C e peanen
napamerap.

Pemenue. [lps cnyuaj. c?-1=0 ,T.e. (c+1)(c-1)=0.

1) ¢+1=0,1.e. c=-1. HepaBenkarae 4z >0 co pemenuja z>0.

2) ¢—1=0,r.e. c=1.HepaBenkarae —4z+4>0 co pemenuja z <1.

Bmop cayuaj. c?-1#£0 , T.e. C#*1 uja pasrienyBame TUCKpUMUHAHTATA
D=(c®+4c-1)2 —4(c® -1)(2c +2) =c* +6¢2 +9=(c® +3)> > 0.

2 2 2 _
_ c’44c14c?+3 _ (D) oyl _ Ay 2
HNmame z; = 2@ © DD ol U Zy= 20eD(cH) ol 3a cropeyBame
2
Ha KOpeHHTe ja (opMHMpame pasnumKaTa  Z) —Zp = g—j—ﬁ = WELC?’—I) . Bunejku

2y >, xora C>1 mmm c<-1wu 7 <7, xora —1<C<1, umame jBe MOXKHOCTH:
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1) axo ¢>1 umm C < -1 penrennjara ce zZ < ﬁ Wi Z > g—j ;
_ ; c+l 2
2) ako —l<c <1 pemienujara ce <1< g

7. Onpez[emzl I'M BCAHOCTUTC HA PCAJTHUOT IMMapaMEThbp m, 3d KO HCPABCHCTBOTO!
a) (M+5)x° —2(M+1)x+2(m-2)>0;

6) (M—-3)x*> —2mx+3(m-2) <0
€ MCIIOJIHETO 3a CeKoj peasieH 0poj X.

Pemienne. a) Ako m+5=0, T.e. akOo M=-5 1aAEHOTO HEPABEHCTBO HMMa BHU]]

8x—14>0, ox kage X > % Y CJICJICTBEHO HEPABEHCTBOTO HE € UCIIOJIHETO 32 CEKOj X.

Axo m+5# 0, Toramr KBaaApaTHOTO HCPABCHCTBO € HUCIIOJIHCTO 3a CCKOj peainen X,
ako M+5>0 u JAUCKPHUMHUHAHTATA € HCraTUBHA, OAHOCHO

D, = (M+1)% —2(m+5)(M—2) =-m? —4m+21=~(m—-3)(M+7) <0,
T.e. M>3 mwm M<—7. KoHeuyHO, OJf MPETXOJHHUTE pas3rjeyBama CleayBa cKa
pelreHue Ha 3aqadata e m> 3.

0) Akxo m—-3=0, T.e. ako M=3 na7AeHOTO HepaBeHCTBO UMa Bua —6X+3<0, ox

Kage X > % " CIICACTBCHO HCPABCHCTBOTO HE € MCIIOJHECTO 3a CCKOj X.

Axo M—-3#0 KBaApaTHOTO HEPABEHCTBO € HCIIOJHETO 3a CEKOj peayieH X, aKo
M—-3<0 u auckpumMuHaHTaTa € HeratuBHa. OJTHOCHO

D, =m? —3(m—3)(m—2) =—-2m? +15m-18 = —(m—6)(2m—3) <0,

T.e. M>6 mim m< % . KOHC‘IHO, O TMPETXOAHUTC pasrjicayBamba CJICAyBa JCKa
pemeHue Ha 3aa4ara € M < % .

8. Ompenenu TW BPEIHOCTHTE HA peaJHHOT mapamerap d, 3a Koj H3pa3oT

\/(d2 +d-— 2)t2 —(d-Dt+1 e ompeneneH 3a cexoj peaneH 6poj t.

Pemenne. /laneHnoT mpanuoHalieH uU3pa3 € OMpeesieH 3a CeKoj peajeH O0poj t 3a
BPEIHOCTHUTE Ha mapamerapot d, 32 Kou HEpaBEeHCTBOTO (d2 +d - 2)t2 —(d-Dt+1>0
€ UCTIOJHETO 3a CEeKOj peasieH Opoj t. MokHUTE cllydau ce:

ps ciyuaj. d°> +d—-2=0,1e. (d-1)(d+2)=0.

1) d-1=0, 1.e. d =1 u HepaBeHCTBOTO 0 J00MBa BUaOT 1> 0, T.e. Toa Baxku 3a

ceKoj peasieH O6poj t.
2) d+2=0, r.e. d=-2 u HepaBeHCTBOTO o noOuBa BumaoT 3t+1>0, ox xaze

t= —% U OBA HE € pEIIeHuE.
Bmop cnyuaj. d2+d-2%0 ,T.e. d#1, d=-2. Toram Tpeba ga ce UCIOIHETH
HepaBeHCTBaTa d?+d-2= (d-1)(d+2)>0 u
D=(d-1)%-4(d?+d-2)=-3d? —6d +9=-3(d —1)(d +3) <0.
Pemenunjara Ha oBue a8e HepaBeHcTBa ce d € (—o0;—2) U (L) u d € (—o0;—3) U (L) .

Koneuno, naorame d € (—o0;—3) U[L ).
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9. Omnpeenu To peaTHUOT nmapameTap K Taka ITO HEpaBEHCTBOTO
ku? +(2—K)u+3-2k <0
€ TOYHO 3a €/IHa p€aJlHa BPCJAHOCT Ha u.
Pemenue. Bo 3aBucHOCT 011 mapaMetapoT K MOKHHU Ce CIeTHUBE CIydau:

Ilpe cnyua. k=0 u mameHOTO HEpaBeHCTBO ro mpuMma BuAoT 2U+3<0, koe e

TOYHO 32 CEKOj U < —% .

Bmop cayuaj. k > 0. Cera ja pasrienyBame TUCKpUMHHAHTATA
D = (2-k)? —4k(3—2k) = 9k? —16k +4 .

Nmame TPU MOKXHOCTH:

_1

1) D=0, on kane naorame K, B+247) u u =u, =%. JaneHoro Hepa-

9
k—242 _k-2.
BEHCTBO T'0 J1001Ba BUAOT K(u _W) <0 u e UCMONHETO camo 3a U = ETR
2) D>0 wu pemeHnja Ha JaJIGHOTO HEPABEHCTBO ca OECKOHEYHO MHOTY pEalTHH

OpoeBu o1 uHTEpBANOT [Uy;Uh], Kane Uy p = k_%ﬁ ;

3) D<0. Cera HepaBeHCTBOTO HEMa pPEIICHUE.

Tpema cayua. k <0.
1) D>0. PemieHujata Ha AaJCHOTO HEPABEHCTBO C€ OPOEBUTE OJ WHTEPBAIUTE

(—ooup] m [ug;o0) ;
2) D <0. Cera cekoj peasieH Opoj To 3aJ10BOJyBa HEPABEHCTBOTO.
Kone4Ho, o1 MpeTXoJHUTE pa3riieyBama CleayBa JeKa pEIICHHE Ha 3ajadyara e

ko =2(@+247).

10. Ompenenu TM BPeAHOCTHTE Ha peasHHOT mapamerap d, 3a Kou OpoeBHTE O
UHTEPBAJIOT:

a) [0;1] ce perrenuja Ha HEpaBeHKaTa x2 —x+d <0;

6) (0;1) ce pemieHuja Ha HEpaBeHKaTa x2 —dx+1<0.
Pemenne. a) Ke ro xopuctume TBpremero: bpoesure ox maTepsanor [P;q] ce

pellieHrja Ha HepaBeHKAaTa f(X):aX2+bX+CSO,3a a>0 ako u camo ako f(p)<0
u £(q)<0.3a p=0, q=1u f(X)=x°—x+d umame f(0)=f(@)=d<0.

6) Ke o xopuctume TBpaemeTo: bpoesure on muTepBanor (pP;() ce pelreHuja Ha
HepaBeHKara f(X)=aX2+bX+C<0,3a a>0 axo u camo ako f(p)<0 u f(g)<O.
3a p=1, q=2 u f(X)=x’>—dx+1 uvmame f(1)=2-d<0 u f(2)=5-2d <0, na

3atoa d>2 u d Z% . CniezicTBeno Oapanure BpeaHocTH ce d 2% .

11. Omnpenenu v 1eN00POJHUTE BPEAHOCTH HA MapameTapoT K, 3a KOou HepaBeH-

ctBOTO 2X2 + (2k +9)x + 2k? +3k <0 Bax 3a cekoj 6poj ox maTepBanor [—2;—1].
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Pemenune. Kako Bo 3amaua 9, TouHo e tBpaewmero: Cexoj Opoj oA MHTEpBAJIOT
[p;q] e pemenue na mepasenkara f(X)= ax? +bx+c<0, 3a a>0 ako | camo aKo
f(p)<0wu f(g)<0.3a p=-2, q=-1 umame

f(~2) =8-2(2k +9) +2k® +3k = 2k’ —~k -10<0 wu
f(-1)=2—(2k +9)+2k? +3k = 2k? +k -7 <0.
CoonBeTHHTE peIIeHUja Cce —2<k<% u %(—1—ﬁ)<k<%(—1+\/§). bunejku
7<+[57 <8, Baxu —2,25<%(—1—\/Eﬁ)<—2 u 1,5<%(—1+\/5_7)<2. OtTyKa 1O

nobuBaMe OMIIoTo pemierne —2 <K < %(—1+ \57) u 3aToa Gapanute BpeaHocTH Ha K
ca-1,0mul.

12. Onpenenu Tv 1eNO0OpPOJHUTE BPEHOCTH HA MapamMeTapoT N, 3a Kou abcoxyTHaTa

BPEIHOCT HA CEKOE PEIICHHUE Ha HEPaBEHCTBOTO x> +(@- n2)x— N>0 e momana miu

eJHaKBa Ha 2.
Pemenne. 32 N =0 nmageHOTO HEPaBEHCTBO ro J0OMBa BUIOT X >0 M HE € ucmo-
HET yCJIOBOT Ha 3ajiayara.

3a n#0 HepaBeHCTBOTO To n00MBa BUAOT N(X—nN)(X +%) >0. Axo n>0, roram
pellIeHne Ha MOCIEIHOTO HEPAaBCHCTBO € YHHUja Ha JBa OCCKOHEYHU MHTEPBAJIM U HE €
UCIIONHET YyCIoBOT |X[|<2. 3a N<0 JaJeHOTO HEPAaBEHCTBO € CKBUBAJICHTHO Ha

1

(x— n)(x+%) <0, u Ouaejku n< —+ TOa MMa perieHHe N< X< —%. CrnejcTBeHO

n>-2 u —% <2, ox xage goomBame —-2<n< —% , a OapaHuTe MEIOOPOJHU BpEI-

HocTH ce —2 U —1.

13. Onpenenu ru BpeJHOCTUTE HA PEATHHOT mapamerap M, 3a KOU CEKOe pelleHHe
Ha HEpaBeHKaTa x> -3x+2<0 e pelIeHne U Ha HepaBeHKaTa
mx? —(Bm+1)x+3>0.

Pemenue. Pemienujata Ha HepaBeHKaTa x> —3x+2<0ce l<x<2.

3a m=0 BrOopara HepaBeHKa MMa BHaa X <3 H ro coapxu uarepBaior (1;2) mro
3HAYM JIeKa € UCTIOIHET YCIOBOT Ha 3a/ayara.

32 m=#0 Bropara HepaBeHka mMa Bun M(X—3)(X —%) >0. 32 m<0 Taa e

1

(x=3)(x —%) <0, ma 3aroa % <0< 3. Pemenujara ce = <X <3 ¥ TO0 coapKaT HHTEp-

Baot (1,2).3a m>0 umame (X—3)(X—%) >0 u 3a HEj3UHHTE PEIICHH]ja MOXHU Ce
CIIC/THUBE CITy4Yau:
1) %=3,T.e. m=% . Toram (X—3)2 >0 Baxku3a cexkoj X#=3, mamza l<x<2;

1

2) % >3, T.e.. M <% . Toram pemenujara ce X <3 wim X > = M TH COapKaT opo-

eBute o7 uaTepBanor (1;2);
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3) L<3,1e. m> % . Toram pemenujata ce X <-4 miu X >3 uro coapxar (1;2)

m m
caMo aKo iZZ,T.e. m<i.
m 2
Koneuno, ox mperxognuTe pasriefyBama ClieyBa JeKa pelleHHe Ha 3ajadaTta €
<1,
m= 2
14. Onpenenu v BpeIHOCTUTE HA PEATHHOT MapaMerap M, 3a KOU CEKOe pelleHue

Ha HepaBeHKaTa 2X° + (M+7)x+5m+1<0 e penrenre u Ha HepaBeHKaTa

x2 +4x+3<0.

Pemenue. PemieHrja Ha HepaBeHKaTa x> +4x+3<0 ce —-3<x<-1. Perenujata
Ha TIpBaTa HEPaBCHKa 3aBHCAT O] AMCKPUMHHAHTaTa D Ha KBaJApaTHHOT TPHUHOM

f(x):2x2+(m+7)x+5m+1. Axo D<O0, toram f(x)>0 3a cexoj X, a f(x)<O0
YMa pelleHHja aKo D=(m+7)2 -8(5m+1) >0, Te. m2—26m+41>0, Ol Kaze
m<13—+128 wmu m>13++/128 . Toram pemennjara Ha f(X) <0 ce Xp <X <X,

—(m+7)+D
4

Kazac X1,2 = n ClIcAyBa, AC€Ka YCJIOBOT Ha 3aJladaTa € HCIIOJIHET KOora

—(m+z)+ﬁ <1u —(m+z)—ﬁ

X <-1lwu X =-3, 1e. >—3. OBHe J]Be HEPAaBEHKH Ce

exBuBaeHTHH Ha D <m+3 u D <5-m, coomseTHO. bunejku /D >0, tpebda

m+3>0 u 5-m>0, r.e. -=3<M<5 u ru goOUBaMe HEPABEHKHUTE Dg(m+3)2 u

D<(5- m)2 , OJTHOCHO

m? —26m+41< m2+6m+9 1 m2 —-26m+41< 25—10m+m2,

KON UMaart 3a€JHNYKO peI_HeHI/IC m2> 1 . CHOpCI[ TOAa,
1<m<13-82.

15. Ompezenu Tv 1e100POjHUTE BPEJIHOCTH Ha MapamMeTapoT K, 3a Kou cexoe periie-
HUe Ha HepaBeHKaTa X—4K —1>0 e penieHre U Ha HepaBeHKaTa x? —4kx —15K +4 > 0
Pemenne. /lanennTe HepaBeHKN ce eKBHBAJCHTHU Ha HepaBeHCKUTE X—2K > 2K +1

7 (X—2k)2>(k+4)(4k—1). Crasamve X—2k=y wu pobuBame Yy>2k+1 w

y2 >(k+4)(4k-1). 3a (k+4)(4k-1)<0, 1e. k<-4 mm k> % pelieHujaTa Ha

BTOpaTa HepaBeHKa ce Y < —a/(k +4)(4k-1) wm y> «/(k +4)(4k -1) . 3a ma ce co-

JpKat Bo pemenujata Ha Y > 2K +1, tpeba 2k +1>/(k+4)(4k -1) . 3a k <—4 T0a He

e MoxHo, ounejku 2K +1<0. Ilpu k 2% umame 2Kk +1>0 wu mociie KBaJIpUpPamETO

noGupave (2Kk +1)? > 4k® +15k -4 wm 11k <5, r.e. k <> .
On mperxoaHuTe pasrienyBama Haorame —4 <Kk < 1—51 n OapaHuTe LEI00pPOJHU
BpenHoctu 3a k ce: =3, -2, -1 u 0.
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16. Onpenenu ru BpeAHOCTUTE HA PEATHUOT MapameTap &, 3a KOM MHOXKECTBOTO
pelIeHnja Ha HepaBeHKaTa:

a) x° +ax—2<0 e WHTEpBaJ CO IOJDKUHA 3;
0) 4x(a—x)—5(2a—5) >0 e uHTEpBaI CO AOKHHA 2.

Pemenue. a) JluckpuMiuHaHTaTa Ha KBaJpPaTHUOT TPUHOM x> +ax—2 ¢ D=a’+8

u D >0 3a cekoj peaneH a, ma 3aroa paBeHKaTa x? +ax—2=0 uma apa pa3IuyHu
KOpEeHa X > X, . MHOXXECTBOTO pelleHHja Ha JaJeHaTa HEpaBeHKa € WHTepBaJoT

(Xp;%) , UMja JOJKMHA CHIOPE]] YCIOBOT € X —Xp = 3. bujejku ¥ — X, =+/D , umame

D =3 nm a’+8=9 , OIl Kajge Haorame a =*+1.
0) Jlazenara HepaBeHKa € €KBHBAJCHTHAa Ha HepaBeHKaTa (2X—5)(2x+5-2a)<0.

MHOECTBOTO PEIICHUTA € OTBOPEHHOT MHTEPBAI CO KPajHU TOUYKH % " a—%, Jnja
JOJDKHHA CTIOpEe]T YCIOBOT € |a—5|=2.

Orryka a—5=2 wim a—5=-2 ucnencrBeHo a=7 wm a=3.

17. Ompenenu T BpEeJHOCTHTE HA PEalHHOT Hapamerap D, 3a Koj HepaBeHKaTa

bx? —3x+2<0 uma pelieHrja ¥ MHOYKECTBOTO PEIICHHja € HHTEPBaJl CO TOJDKHHA T10-

mana on 1.

Pemenne. 3a b =0 HepaBenkara ¢ —3X+2<0, T.e. X >% Y yCIIOBOT Ha 3ajadaTa

He e ucronHeT. 3a b= 0 auckpuMuHaHTaTa Ha KBaJApPAaTHHUOT TPUHOM bx? —3x+2 e

D=9-8b. Ako D<O0, 1e. b> % , JlaJicHaTa HepaBeHKa Hema perieHue. 3a b <%

umame D >0 u paBeHkara bx? —3x+2=0 numa gBe pa3IMYHU pELIeHuja X > Xy . 3a

b <0 MHOXeCTBOTO pelIeHHja Ha HepaBEeHKaTa € YHHja Ha J1Ba OECKOHEYHH MHTEpBasa
9

M TaK HE € WCIOJHET YCIOBOT Ha 3ajayara. 3a 0<b<§ pemienujata GhopmupaaT

UHTEpBal (Xp;% ) H IO YCIOB X —Xp <1 mmm JD <1, re. D=9-8b<1, ox xaze

cienyBa b>1. KoHeuno, o mpeTXoAHUTE pasriieAyBarba CIEAyBa JeKa pElIeHHuE Ha
9

3amauatae l<b< 5

18. Onpezeny ru CUTE BPEJHOCTH Ha PEATHUOT MapameTap C, 38 KO MHOXKECTBOTO
pellenyja Ha HeEpaBEeHKATa cz? - (2c+1)z-1<0 coap:xu TOYHO TPU LIEIU OPOEBU.

Pemenne. 3a Cc<0 pgameHara HepaBeHKa MMa OCCKOHEYHO MHOTY IIEIOOpOjHU

pemennja. Pasrmemysame Q(z) = cz? —(2c+1)z-1 3a ¢>0 wu pauCKpUMHUHAHTATa

D=(2c +1)2 +4c>0. Toram pasenkara Q¢(z)=0 wuma jaBe pa3IMYHH peEHIEHH]jA
Z) > Z, W MHOXXECTBOTO pelleHHja Ha HepaBeHkaTa ((z) <0 e uHTepBanor [Z,;7].
bunejku  g(0)=—1<0, mobuBame mgexka Hymata ¢ pemienne Ha ((z)<0, a on
g(-1)=3c>0, cmenyBa, neka —1 He e pelieHMe Ha JajJeHaTa HepaBeHka. Toa

MOKaXyBa, J€Ka MHOKECTBOTO pelIEHHja HE COJAPXKHM HETraTWBHU Leau OpoeBu. Ho
g)=-c—-2<0 u g(2)=—-3<0, ox kaxe ciaeaysa, aeka reaure 6poesu 0, 1 u 2 ro
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3aJJ0BOJIyBaaT yCJIOBOT Ha 3ajadara. 3a Jja HeMa JApYyTrHy LeJ00pojHH pelieHuja, Tpeba aa
Baxu z; <3 mm g(3)=3c-4>0,T1e C> % ¥ TOA € PEIICHUeTO Ha 3ajaJaTa.
19. Hajau ymcr nepuoandeH Opoj, KOj € IMorojeM 0. % , @ IOMaJI OJ1 %, Taka MITO

30upoT Ha MdpuTe BO mepuojara € 3al2 morojem o KBaJIpaTtoT Ha OpojoT HAa LUp-
pure.
Pemenne. Axo Gapanuot 6poj e Xx=0,(yasaz....a,), Toram 0,25<x<0,333....

Toa3naun neka & =2 WM & =3 U TPUTOA, BAXKH YCIOBOT

g +ay +...+a, —n?+12. (1)
Axo @ =3, Toram a, €{L,2,3}, ma 30mpor Ha mudpure ke Ouxe HajMHOTY
3+3+9(n—2). Cnopen Toa, ke UMame

n%+12<6+9(n-2),re. N> —9n+19<0.

Bo MHOXeCTBOTO IPUPOHU OPOEBH pEIICHH]a Ha OBaa HepaBeHKa ce My =4 u Ny =5.

1° 3a n=4 umame n° +12 =28 , TIa

2+ay+ag+a, =28,T.6. 2 +ag+a, =26=9+9+8.
Cnencreeno, x=0,(2abc), kage mro abc e 6mino koja mepmyramuja ojx OpoeBHTE
9,9,8, T.e. BKyHO TpH peleHuja:
X =0,(2998), x5 =0,(2989), x3=0,(2899).
2° 3a n=5 umame n° +12 =37 , T1a
2+ay +ag+ay+ag=37,T€ A +az+ay+a5=35=9+9+9+8.

CnencrBeno, X =0,(2abcd), kage mro abcd e 6uino koja mepmyranmja ox GpoeBuTe

9,9,9,8, T.e. BKyIHO 4eTHPH pEIlICHH]a:
X4 =0,(29998), x5 =0,(29899), X5=0,(28999), x; =0,(29989) .

20. Jla ce ompenenaT BpeJHOCTUTE Ha TapaMeTapoT M, Taka MITO CUCTEMOT paBeH-
KA

(m+D)x—-my =4
{3x —-5y=m
1a uma pemniendja (X, y) KOH ro 3aJ0BOJTyBaatT yCIOBOT X—Y < 2.
Pemenne. [[erepMUHaHTAaTa HA CHCTEMOT €

m+1 -m
= =-2m-5,
3 -5
a I[eTepMI/IHaHTI/ITe Ha HpOMeHJ'II/IBI/ITe Cce
Ay = =-20-m*, Ay = =m~+m-12.
m -5 3 m

3a m= —% , A=0,a Ay = —(% +20) = —1075 # 0, IIa CHCUTEeMOT HeMa pelieHue. 3a

5 m?+20 _ m’+m-12

M# —2 , PEIICHUE HA CUCTEMOT € X =7 220, Y = m+5 Cnopen Toa
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X—y = m’+20 | m?+m-12 _ 2m’+m+8
2m+5 2m+5 2m+5 '
2m?+m+8
2m+5

2m?-3m-2
omi5 <0 D)
Pemenuero Ha (1) ce Gapanute Bpennoctu 32 m. On HepaBenkara (1) ru mobuBame

CUCTEMUTEC

Ila ycnoBoT X—Yy <2 ro no6uBa o0JIMKOT <2, 0THOCHO

2m? —3m-2>0 ; 2m? —3m—-2<0
2m+5<0 2m+5>0

Pemienue Ha MPBHOT CHCTEM € (—oo,—%) , @ PEIlICHHe Ha BTOPHOT CHCTEM € (—%,2).

3naun, pemenne Ha (1) e (—oo, —%) u(-1,2).

21. Onpenenu ' CUTE BPEIHOCTU HA PEAIHUOT MapaMerap M, 3a KOM HepaBeHKaTa

mx? +8(M—-1)x+7m-16<0 uma HajMHOTY IIECT pElICHU]a, KOU CE LEIU OPOEBH W

€IHOTO O] HUB € 2.
Pemenue. 3a m=0 namenarta HepaBeHka ¢ —8X—16 <0, T.e. X>—2 u uma Oecko-
HEYHO MHOTY IIeJI00pOjHH pelIcHH]a.

3a m=0 ro pasrieayBame kBaapatHuor tpunom f(X) = mx? +8(m-1)x+7m-16

v HerosaTa auckpumunanta D =16(m —1)2 -m(7m-16) = 9m? —16m+16 >0 . Pasen-
kara f(x)=0 mma nBa paznmuHM KOpeHa X; > X, M mpu M<0 MHOXECTBOTO pe-
meHuja Ha HepaBeHkaTa f(X)<O0 e yHuja Ha OeckoHeuHHuTe MHTepBanu (—o0;Xo] u
[%;0), xou coxpkar GeckoHeyHO MHOro menu OpoeBu. 3a m>0 pemenujata Ha
f(x) <0 cdopmupaar uaTepBan [X,;% ], Koj Mo yciaoB ro coxpxu Opojor 2. 3Hauw,
f(2)<0,T.e. 4am+16(M-1)+7m-16=27m—-32<0,1e. Mm< % . Ho
f(-)=m-8(m-1)+7m-16=-8<0,
ITo 3HauH, aeka opojor —1 e pemenne Ha f(X)<0.On
f(-2) =4m-16(m-1)+7m—-16=-5m<0
3a m>0 crneaysa, neka u Opojor —2 e pemenne Ha f(X)<0. OcBen Toa, 3a

O<m£% nMaMme

_ 32 _ 208
f(O)—7m—1637ﬁ—16——7<0 u

f(©) =m+8(m-1)+7m-16 =16m-24<16-32 24 - 13 < 0.

<32
27

nepaserkara f(x) <0 uma O6apem meT nenodpojuu pemenuja. Toa ce 6poesute 2, 1, 0,

3naun, O6poesute 0 u 1 ce pemenns Ha f(X) <0. 3akmyuyBame, neka 3a 0<m

-1 u —2. bunejku
f()=9Im+24(m-1)+7m-16=40(m-1) u
f(-=3)=9Im-24(m-1)+7m—-16 =-8(m-1),
' pa3rnez[yBaMe CJICIHUTC CJ'IyT-IaI/IZ
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IIpe cayuaj. m=1. Umame f(3)= f(—3)=0 u nHepaBenkata f(X)<0 uma cemxym
1EJIOOPOHU pelIeHH]a.
Bmop cayuaj. 0<m<1.HUmame f(3)<0, f(-3)>0 u
f(—4)=16m-32(m—-1)+7m-16=16-9m>0.
3a 1a HeMa moBeKe O]l IIeCT 1eT00POjHU pelIeHrja Tpeda
f(4)=16m+32(m-1)+7m—-16=55m—-48>0.

OTtyka cienyBa, neKa 3a % <m<1 nagenara HepaBeHKa MMa IIECT 11eT00POjHU perie-

auja: 3,2, 1,0, -1 u -2 .

Tpem cayuaj. 1<m<3Z . Hwave f(3)>0, f(-3)<0, f(-4)>0 u f(4)>0.

LlenoOpojuuTe pelieHrja Ha JajJeHaTa HepaBeHka ce mecte opoesu: 2, 1,0, =1, -2 u
-3.

22. Heka a u b ce penanu 6poeBu TakBu mto 0 < a <b. Pemmu ja HepaBeHkaTa

L+L32.
Xx-b = x-a

Pemenue. I[a;leHaTa HCpaBCHKA € CKBUBAJICHTHA HA HCPABCHKATA
—2x%+(3a+3b)x—(a+b)? <0
(x—a)(x—h) -

bunejku nynute Ha Opoutenor ce a+b u a—"ZLb , 2 Ha IMEHUTEJIOT ce a U b u Ounejku
BaXKH
a<b<p<a+b
¥
¥, = (x-a)(x-b)
0 a+b x

MOXeMe J1a TU CKHIpaMe rpadunnre Ha GyHKIUUTE
yi = (x—a)(x—b) u Y, =—2x? +(3a+30b)x—(a+h)?.
Cera, Ouzejku n3pa3oT Mopa jaa Ouje moMai Wid eJHAKOB Ha HyJa, JoOMBaMe JieKa

pelieHujaTa Ha pasrienyBaHaTa paBeHKa ce HMHTEpBAIUTE Ha Kou rpaduiuTe Ha
(GyHKIUUTECE Ha Pa3IMYHU CTPAHM OJ X—oOcKarta, mpu mro X#a u X#b. Crnopen

108, X € (—0,a) U[2L, b) U[a+Db,+0) .
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23. 3a KoM BpPEIHOCTHU Ha MapaMeTapoT M CHUTE pelIeHHja Ha paBeHKaTa

mx® — mx?2 +m+1=0,

ce Haoraat Bo uHTepBajoT (—1,1).
P _ 2
emenne. Co cMeHaTa Y = X, paBeHKara ro Jo01MBa O0JIMKOT

myz—my+m+1=0. &)
AKO X e pelleHHe Ha MOYeTHATa paBeHKa ILITO ce Haora mely peannure Opoesu —1 u 1,
Toram Y e pemieHue Ha (*) mro ce Haora mery peannute Opoeu 0 u 1. PaBenkata (*) on

Jpyra CTpaHa He MOXe Ja uMa camo emHo pemenue mery 0 u 1. Bo Toj citydaj Ou Omino
ucronrero f(0)- f(1) <0, kane f(y)= my2 —my+m-+1, ogaocro (M +1)2 <0 mrro He

€ MOYKHO.
Jla 3abenexmme neka (*) mma nBe pemennja kou ce mery 0 u 1 ako ce wcnomHeTH
CIIC/THUTE YCIIOBH

a) D>0, re. m? —4m(m+1)>0. TIlocrnemHara HepaBeHKa € WCIOJNHETA 32
me [—% ,00) .

6) mf(0)>0, Te. m(m+1)>0. IlocienHata HepaBeHKAa € WCIONHETA 32
m € (—o0,—1) U (0, +00) .

B) mf(1)>0, tme. m(m+1)>0. IlocrenHata HepaBeHKa ¢ HCIOJHETa 3a
m e (—o0,—1) U (0, +0) .

r) f')f'(0)<0,re. —m? < 0. Tocneanara HepaBeHka e ucrnioyiHera M e R\ {0} .

CuTe YeTHpH YCIIOBH CE MCHIOTHETH 32 M € [—4,—1) . 3a BaKa OnpeJie/ieHHTe BPEIHOCTH
Ha m mmame 0 < y; <Yy, <0, ogHOCHO

-1<—ys <—\/E<O<\/E< yo <1,

1ITO Tpedalle a ce JOKaxe.

24. Onpenu TM CUTE MApOBU LIEIH OpoeBU X U Y, KOU TO 3a/10BOJYyBAaaT CHCTEMOT

HEPaBEHKHU

y—|x2—2x|+%>0; y+|x—1]< 2.
Pemenne. O ycioBute Y >| G —2X|—% U y<2—|x—1| cnenysa

|x*—2x| -1 <2-|x-1]. *)
Bbpoesute 0, 1 U 2 ro pa3duBaaT MHOXKECTBOTO Ha peaTHUTE OpPOEBH Ha YETHUPU
nucjyaktHu uaTepBanu (—oo,0), [0,1), [1,2), [2,+=) . bapame 11em00pojHN pelieHu]ja
Ha HepaBeHKaTa (*) BO CE€KOj 0J1 OBUE HHTEPBAIIH.

i) Ako X e (—,0), Toram HepaBeHKaTa ro J0OHWBa BHIOT X2—2X—% <2+x-1,

T.e. 2X° —6X+3<0 , YA€ MHOKECTBO PEIICHU]a, HHTCPBAJIOT (B_QE , 3+2‘ﬁ ), HeMa 3ael-

HUYKHU eJIEMEHTH cO UHTepBaioT (—o0,0) . 3Hauu, BO OBOj MHTEpBAJI HEpaBEHKATa HeMa

pelieHue.
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ii) Ako x€[0,1), Toram HepaBeHKaTa T0 10OMBA BUIOT X% 2X—% <2+x-1,

T.e. 2X2—2X+3> 0, u Taa e 3a/10BOJieHA 3a CeKoj peasieH Opoj. 3nauyn, X =0; Toram

on y> —% u y<1 cnenyBa y=0. Caencreeno, mapor (0,0) ru 3amoBosyBa aBETE
HEPABEHKH OJ1 CHCTEMOT.

iii) Ako X €[1,2), Toram HepaBeHKaTa T0 JOOMBa BHIOT X2 4 2X—% <2—-X+1,
T.e. 2X° —6X+7>0 , ¥ Taa 3aJI0BOJICHA 3a CEKOj peajieH Opoj. 3Hauu, X =1; Toram on
y >% u y<2,cnenysa Y =1. Cnencreeno, mapor (L,1) e 1menoOpojHO peleHue Ha
CHCTEMOT HEPaBEHKH.

IV) Ako X €[2,400), TOraim HepaBeHKaTa ro J00MBa BUIOT X2 — 2X—% <2-x+1,
1-15 1+/15 )
2 ' 2 !

T.e. —1,4<Xx<2,4. 3nHaun, X=2; toram Y=0, ma cimenysa aeka mapotr (2,0) e

T.e. 2x° —2X—7<0 u Taa e 3a10BOJCHA 3a CeKOj X o MHTepBaioT (

pellicHrEe Ha CUCTEMOT HEPABEHKH.
Koneuno, 3aknyuayBame neka camo naposute (0,0),(L1) u (2,0) ru ucnonnyBaar

YCJIOBUTE Ha 3aaavara.

25. Axo peamHuTe OpOeBH X,Y W Z TH HCIOJHYBaaT ycjIoBUTe X+Y+Z=7 u

Xy + Yz +2X =16, Toramr cexoj O HUB JIEXKU BO HHTEPBAIOT [% ,3] . Mokasku!
Pemenne. AKo 01 paBeHKHTE ja eIMMHUHAPAME HETIO3HATaTa Z JoOUBaMe :
y(7=x=y)+(y—x-y)x+xy =16
y2 +(X=7)y+ x> —7x+16=0,
KOpeHI/ITe Ha OBaa paBC€HKa CC pCaJIHu, aKO JUCKpUMHUHAHTAaTa € HCHCIraTUBHA, T.C.
(X—=7)% —4(x> —7x+16) >0
3x% —14x+15>0.

PelenneTo Ha MocIeHaTa HepaBeHKa ¢ uatepsanor [2,3]; snaun X €[2,3]. Bunejkn

PaBEHKHTE ce CHMETPHYHH, 3aKiTydyBame teka Y €[2,3] u z€[2,3].

26. Oapeau TO MHOYKECTBOTO Ha peajaHH OpOEBH X, 32 KOW IITO P+x+n-x e
uen 0poj.
Pemenne. Heka Y1+X +31—x =k, keZ. Co KyOHMpame U cpeyBame J00uBaMe

3k -V?’l— x2 =k3-2,1e 1-x% = (%)3 . OrTyKa,

X yo=t\1-(52)° (1)

3a X ma Oune peaneH O6poj, Tpeda

(k=23 k®-3k—2
1 (Sk) >0, T.e. 3 <0.

bunejku

101



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

k3-3k-2=(k+1)*(k-2)
2
peleHne Ha HepaBeHKaTa wﬂ)s# <0 e unrepsanor (0,2]. bunejku k e nen 6poj

cnenysa neka K €{1,2}.3a k=1 ox (1) nobusame ¥, ==+ % ,

a3a k=2 Haofame neka X3 =0.
CrenctBeHO, 0apaHOTO MHOYKECTBO Ha peaiHd OPOEBH X € MHOKECTBOTO

2.0, 23,

27. Ozppenu ro UHTEPBAJIOT BO KOj C€ Haola mapaMeTapoT a , Taka ILITO BPeJHOCTa

2 . .
Ha JPOIKAaTa X2+T2X_1 MoKe 11a Gujie Koj 6uio peases 6poj.
X"+4X+a

X2 +2x-1

2

Pemenne. Tpeba na ro oapeaume mapameTapor a, Taka IITo .
X“+4x+a

=y, yelk
Nmame
X2 +2x—1= yx2 +4xy +ay
(y—l)x2 +2(2y-1)x+ay+1=0
I'o onpenyBame a, 3a paBeHKaTa Jla IMa peaHH pemieHuja 3a cekoj Y € [K. Ox ycnmoBot
D > 0 nobuBame
(2y-1)* ~(y-1)(ay+1) 20
4y2 —4y+1+ay+l—ay2 -y>0
(4-a)y? +(a-5)y+2>0.
OBaa HepaBeHKa € ucnonHera, ako 4—a>0 u D; <0.3naun, a<4 u
(a-5)%>-8(4-a)<0
a®-10a+25-32+8a<0
a’?-2a-7<0

a% =1ixﬁ,
Ia 3aToa ae(l—«\ﬁ,l+\@).

5. CUCTEMMU PABEHKU

1. Bo paBeHkwure X2 —ax+b—4=0 u 4x° —4bx+4a—-1=0, onpexenu ru peai-
HUTE TapamMeTpu a M D, Taka mTO KOpeHUTEe Ha eHaTa paBEHKa ce PEIUNPOYHHU
BPEAHOCTH HAa KOPEHUTE Ha Jpyrara paBeHKa.

Pemenne. Hexa X, Xo ce KOpeHM Ha paBeHKaTa x? —ax+b-4=0, a X1, X ce

1 R
% U Xp ==, U 0]

KOpPEHU Ha paBeHKaTa 4x% —4bx+4a-1=0. Cnopen Toa Xi = p
2
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BueroBute Gopmynn umame X +Xp =a, XX, =b—4 u X +%X, =b, XX, = % .On

YCJIOBOT Ha 3aJia4yaTa nMamMe

1,1 _XtX% _ a
b= X1+X2_ 1+x2_ XX,  b—4
4a-1 11 _ 1
4 —X1X2 X X, b—4’

Cnopen Toa, ro 100MBaMe CUCTEMOT PaBEHKH

—L
b= b-4
4a-1 _ 1
4 b4
7 _ 7. _9 9
Herosu pemenmja ce a =0,y =0;8, =—,by =583 =7,03 =3 . 3uHaun, maposu
(a,b), xom ro wucnomnyBaar yciaoBor Ha 3amadara ce (0 0)( )( Z)'

CooBeTHUTE TApOBU PAaBEHKU CE

X2 _4=04x2-1=0" xz—%x—%=0,4x2 ~7x-15=0u

xz—%x+%:0,4x2 —18x+8=0.

2. Pemy ro cUCTEMOT PaBEHKH
X+Xy+y=7
{xz +xy+y2 =13
Pemenne. /Ips nauun. Bropara paBeHKa, IMajKu IpeBU eKka X+ Y =7—XY , ja
TpaHchopMupame BO BUIOT
(x+y)2=13+xy, (7-xy)?>=13+xy
49-14xy + x%y? =13+ xy
(xy)? —15xy +36 =0
o kane mto qobuBame Xy =3 wiu Xy =12 . ['u pemraBame cera cucteMure:
X+y=7-3 X+y=7-12
{xy =3 ! {xy =12
Pemenunjara Ha npBHOT cucteM ce noxapeaenure n8ojku (1,3) u (3,1), a BTopuoT

CHCTEM HeMa peaslHu pelleHu]a.
Bmop nayun. Co cobupame Ha JBETE paBEHKH 100MBamMe

x2+2xy+y2+x+y:20
(x+y)2+(x+y)—20=0,

o4 KaJae IITo Haorame X+ y= 4 yma X+ y= —5.Tu peuraBaMe CUCTCMHUTE

X+y=4 X+y=-5
u
Xy=7-4 Xy=7+5
Perrenuja va npsuot cuctem ce (1,3) u (3,1) a BTOPHOT CHCTEM HEMa peajHu perie-
HUja.
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3. Pemn ro cuctemMoT paBeHKH
{2x2y3x2y+5xy =0
3xy+2y2-12y =0
Pemenne. ['u pasioxxyBamMe JICBUTE CTPAHU HA PABEHKUTE HA MHOKUTEIIH
Xy(2x—-3y+5)=0
{y(?,x +2y-12)=0
[TocTojar cnenHMBE MOXKHOCTHU:
i) Axo y=0, roramr X e R
ii) Ako y#0, x=0, Toram BTOpaTra paBeHKa Ha CHCTEMOT T'0 JOOWBa BHUJOT
y(2y—-12) =0, ox kame mTo Y =6.
iii) Ako y#0, x#0, Toram
2x—-3y+5=0
{3x +2y-12=0
O]l Kajie mTo Haofame X =2, Yy =3.

CriesicTBeHO, YCJIIOBOT Ha 3ajavyaTa ro 3aJ0BOJyBaaT CHUTE TOYKH OJ arlCIMCHATa
ocka u Toukute (0,6) u (2,3) .

4. Hexa a,b,Cc ce peannu GoeBu 3a kou Baxar: ab—a=b+119, bc—b=c+59,
ca—c=a+71. [Ipecmeraj T¥ cCTEe MOKHU BPEIHOCTH HA a+b+C.
Pemenue. On npsata paBenka mmame (a—1)(b—1)=120. Cnuuno, BTOpara €

exBuBajieHTHa co (b—1)(c—1) =60 u tperata co (c—1)(a—1) =72. Orryka, g—j =2,

a—1=2(c—1) u 3ameHeTo BO Tperara JoOUBame 2(C—1)2 =72. JlobuBame, C; =7,
C, =—5 u orryka 8 =13,a, =—-11 u by =11b, =9, cooxserno. 3aToa, MOKHUTE
BpenHoct 3a a+b+c ce: 13+11+7=31u -11-9-5=-25.

5. BO MHOXCCTBOTO peaJ'IHI/I 6pOCBI/I pemH T'O CUCTEMOT:
{a +b+c=63

ab+bc+ca = 2010.

Pemenue. Heka a, b, C ce peaiqHu OpoeBU KOU IITO IO 33JI0BOJTyBaaT CUCTEMOT. O
UIACHTUTCTOT
(a+b+c)2 =a’ +b? +c? +2(ab+bc+ca)
Y OJ1 JaJICHUTE PaBEHKU JOOMBaMe
a? +b% +c? =(a+b+c)? —2(ab+bc+ca) =63% —2-2010 = 3969 — 4020 = 51 <0,

ITO € MpoTuBpeyHocT. O qo0MeHaTa MPOTUBPEYHOCT clieyBa JeKa JaJeHUOT CHCTEM
HeMa pelleHrja BO MHOXKECTBOTO PpeaHu OPOEBH.

6. Bo MHOeCTBOTO pcainun 6pOCBI/I peuur ro CUCTEMOT paBCHKH

1,1 1 1,1 1,1 _1

1 -1 -
X y+z 3" 'y z+4x 5" z x+y T°
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Pemenue. Jacho X#0,y#0,Z#0. Co cBeqyBame 1Mo HajMas 3a¢THUIKU COJIpIKa-

TEJ O JaACHUOT CUCTEM I'0 TOOMBAME CHCTEMOT
Xy +XZ=3(X+Yy+2)

YZ+yX=5(X+Yy+12)
IX+YyZz=T(X+Yy+2).
Axo T coGepeMe IIpBaTa U BTOpAaTa paBCHKa U HOTO&ja OJ[3CMEMC TpCTaTa paBCHKA, 10-

ouBame 2XY = X+ Y+ 2. Ha ciuuen HauuH 100HuBamMe
2yz =9(X+Yy+2) u 2zx=5(Xx+y+2).

3aroa Baxu X+y+Z:2xy:%yZ:%ZX u ounejku X=0,y#0,z#0 3aknyuyBame
neka 9X =5y =z . Cera JiecHo ce J1oOuBa JeKa Xzf—g, yzf—g, yA =5—29.

7. Hexa a, b, ¢ ce peannu Opoesu 3a kou mro a=0, b=0, c=0. /la ce onpe-

111 _ax=by=cz.

jenar X, Y, Z Taka mTo §+7+3
A#0.  buzejku

Pemenne. Heka l+%+%=ax=by=cz=x. JacHo,
A y—A ,_A 1.1.1_ 1_.1_.1_

X=2,Y=¢,2=", aK0 3aMCHHME BO x+y+z 7\,,I[O6I/IB3MCL+%+L A, OII Kaje
a C

naofame A% =a-+b+c.
Croopenr Toa, CUCTEMOT MMa pelleHre ako u camo ako a+b+c>0. Cnopen toa

A ==%a+b+cC, on kazne mro fo6uBaMe eKa pelIeHH]a Ha CHCTEMOT Ce
_Jath+c \/a+b+c)

(Ja+b+c Ja+b+c Ja+b+c) (- Ja+b+c
a ! b ! c a ! b ! c
8. Bo MHOeCcTBOTO peasiHu OpPOEBU PEILIU TO CUCTEMOT PABEHKH:
1+ x+y=xy
2+y+1=Yyz
3+Z+X=12X

Pemenue. O IpBaTa ¥ TpETaTa paBeHKa UMaMe Y = );—j , 2= % . AKo 3ameHMMe
1 .
xa3 _ OEX) o wane o CPENyBABETO ja

X+l
BO BTOpaTa paBeHKa, 1o0uBame 2+ o1 T (x-1)2
2+\6
2

no0vBaMe paBeHKaTa 3x% —6x—-5=0 , YU pelicHHja ce X :% . Cera y=

= 11% , TIa PeIIeHN]ja Ha CUCTEMOT Ce
3+2./6 2+/6 3-26 26 1
(T’T’“\E) n (==, =5-1 J6).

9. Bo MHO€ECTBOTO pcajinun 6pOCBI/I peuur ro CUCTCMOT PpaBCHKMU!
G +y2 +2% =192

l+l+l:0
X 'y z
X—-y+z=11

u
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Peinenue. /laneHIOT CUCTEM € €KBUBAJCHTEH CO CUCTEMOT
(X+y+ z)2 —2(Xy +yz +2x) =192
Xy+yz+za=0
X—-y+z=11
0J1 Kajie LITO JoOuBaMe

(X+y+ z)2 =192

X-y+z=11
TlocienHUOB cUCTEM € EKBUBAJIETEH CO CJIEIHUBE JBa CUCTEMA
X+z=15
X+2=-4
{ e )

On cucremot (1) u koja OMIO OJ PaBEHKUTE Ha JAJCHUOT CUCTEM TI'M JOOHMBME
CIIC/THHBE JIBE pemeHHja: (15+\2/465 4, 15—\2/465) u (15—\2/465 4, 15+x2/465) .

On cuctemor (2) u OWIO Koja OJ JaJICHUTE PABEHKM HA NAJCHUOT CHUCTEM Ce
nobuBaat cieaHuBe aBe pemienuja: (6,—15,—10) u (-10,-15,6) .

10. Bo MMHOKECTBOTO peaiH GPOEBH PEILH I'O CHCTEMOT PaBEHKH
X(5+ y—2x2)=0
yG+x-y)=0

Pemenne. bunejku npousBoa Ha 1Ba Opoja € €AHAKOB HA HyJa, CaMO akO €/IeH O]1
MHOXXHUTEIIUTE € €THAKOB Ha HyJIa O] AaICHUOT CUCTEM I'l I0OMBaMe CUCTEMUTE

{X:O x=0 %+y—2x2:0 %+y—2x2=0
y=0 %+x—y:0 y=0 24ix-y=0

2
On npBuor cuctem ro goduame penienuero (0,0).

On Bropuot cucrem umame X=0 u y = % , T.¢. To nobuBame pemennero (0,2).

On tpetor cuctem umame Yy =0 wu 2x2 =% , O] Kaje nobuBame X =+ Te. ru

nobusame pemennjata (—+,0) u (1,0).

On BTOpara paBCHKA HA YCTBPTHUOT CUCTEM UMaAMC Y = % + X ¥ CO 3aMCHa BO IIpBara

paBeHKa ja 1o0MBaMe KBaJIpaTHATa PaBeHKA 2x% —x—3= 0, yuwm miro perrenuja ce —1
u % . Pemnennja na cucremor ce (—1,3) u (2,4).

KoHneuHo, MHOKECTBOTO pellieHHja Ha IOYETHUOT CUCTEM €

{(O, 0)1 (0, é)’ (_% ’ 0)! (l ' O)’ (_1! §)! (§ ! 4)}

11. Pemu ro cucTeMOT paBEHKHU
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3 —y® =7(x—y)
x3+y3 =2(X+Y)

Pemenne. J[aeHUOT CUCTEM TO 3aMMIIIyBaMe BO OOJUKOT
(X=y)(< +xy+y*=7) =0
(x+ y)(x2 —Xy+ y2 -3)=0

I1a 3aTo0a TOj € CKBUBAJICHTCH CO BKYIIHOCTA O YCTHUPHU CUCTCMMU:

Xx—y=0
1){ y O,qnepemeHHee (0,0).

X+Yy=
Xx—y=0

2) 5 4 , . COpelIeH”ja (i»\j§, J_r»\/§)
X“=Xy+y° =3

2 2
3) rxy+y _7,c0 pemennja (++/7,%£V7),
X+y=0

2 2
=7
4) {X Yy , co pemennja (+1,+2) u (£2,11).

X2 — Xy + y2 =3
3Hauu, CUCTEMOT UMa JICBET pelICHH]a:

(0,0), (=3, +43) , (17, £7) , (11, +2) , (+2,+1).

12. Bo MHOXECTBOTO peajHi OPOEBH PEIIM I'0 CHCTEMOT PaBEHKHU
@+ 4x2)y = 472
@+ 4y2)z — 4x°
@+ 422)x = 4y2.

Pemenne. Axo Heko] X,y WIM Z € €IHAKOB Ha HyJa, toramli X=y=z=0. Bo
CHpOTUBHO Mopa j1a Baxku X >0,y >0,z>0. AKO 'l TOMHOXHME JTaCHUTE PABEHKH,
toramr Xyz(1+ 4x2)(1+ 4y2)(1+ 422) = 6422x2y2 u Kako Xyz =0 nobuBame

(L+4x%) 1+ 4y?)(L+42%) = 64xyz .
[Tonaramy, 3a MO3UTHBHU peasiHu OpoeBU X,y U Z Baxu 1+ 4x% > 4%, 1+ 4y2 >4y,

1+47% > 47 , JoOnBaMe
(L+4X2)(1+4y?)(L+42°) > 64xyz

IIpHU 1ITO 3HAK 3a PABCHCTBO BAXXHW AKO U CaMO aKO X =Y =7 = % .

Kone4Ho, eAMHCTBEHH pelieHrja Ha CUCTeMOT ce X=Y=2=0 u X=y=2=

N~

13. Bo MHOXECTBOTO peaHd OPOEBH PEIr TO CHCTEMOT PABEHKH
{az —ab+b? =7

a* +a%b? +b* =91.
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Pemenue. Axo mpBaTa paBeHKa ja KBaJgpupame, I10TOa 3aMEHUME O IpBaTa pa-
BEHKa, II0CJIEI0BATEIHO J00MBaMe

a* +a%b? +b* +2a°b? —2a°bh—2ab® =49 :
91-2ab(a® —ab+b?) =49,
—2ab-7=-42, ab=3,b=3.
AKO 3aMEHHMMeE BO TIpBaTa paBeHKa, ja JoOMBaMe paBeHKaTa
a® —§a+a¥92 =7, 1e. (a%)?-10a®+9=0.

BosenyBame cmena a’® =t , ¥ ja toOuBame paBeHKaTa t2 -10t+9=0 , Koja uma pere-
Hvja 4 =9 u t, =1. 3a pemenuero t; =9 nobusame a? =9, omsoco & =3 mm
ay, =—3, ma 3aroa by =1 wmm b, =—1 cooxserHo. 3a pemeHuero t, =1 nobusame

a® =1, ogHoCHO ag =1 nwm a, =-1, ma3aroa by =3 wmm by =-3, coonserHo.

KOHG‘IHO, HC € TCIIKO J1a CC IIPOBEPHU ICKaA pemeHI/Ija Ha CUCTCMOT CC

(a,b) e{(31),(-3,-1,(13),(-1,-3)}.

14. Bo MHOXECTBOTO peaHH OPOEBH PEIIN I'0 CHCTEMOT
x(y+2)=35
y(z+x)=32.
z(x+y)=27
Pemenmne. ﬂa}leHI/IOT CUCTEM € CKBHUBAJICHTCH Ha CUCTEMOT
Xy + Xz = 35,
yz+ yx =32,
X +zy =27.
I'u BoBemyBame cMeHuTe @ = XY, = Xz,C = yz u ro nobuBame cUCTEMOT
a+b=35 @
c+a=32 (2)
b+c=27 (3)

Axko mipBo ru codepeme (1) u (2), ma ja omzememe (3), motoa ru codbepeme (2) u (3), ma ja
omememe (1), a Ha kpajor ru cobepeme (1) m (3) m ja ommememe (2), mocie
CKpaTyBambeTO Ha CEKOja OJ] pAaBEHKUTE CO 2, 0 JoOMBaMe €KBUBAJICTHTHUOT CUCTEM

a=20
b=15
c=12.
3Ha‘II/I, INIOYECTHUOT CUCTEM € €CKBHUBAJICHTCH HAa CUCTEMOT
xy =20
xz =15
yz =12,

u npuroa X,Y,Z #0. AKO T TOMHOXXHME PABEHKUTE Ha TOCIIEJHUOT CUCTEM T0OMBaMe

(XyZ)2 =3600, ox kage Haorame Xyz =160 . KoneuHo, o
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Xz

x=ﬂ,y=ﬂ,z=
yz Xz Xy

no0vBaMe Jieka pelieHrjaTa Ha JaICHUOT CUCTEM Ce
(Xl y1 Z) e{(si 41 3)1 (—5, _4, _3)} .

15. la ce pemu cUCTEMOT paBEeHKHU

x(y+z):a2
y(z+x):b2 .
z(x+y):c2

Pemenne. [TocTamyBajku aHaJIOrHO KaKo BO IPeTXOHATA 3a/1a4ya Jo0uBame

2.2 2
_a‘“+b°—c
Xy——2
_ b%+c?-a?
yZ— 2
2,2 .2
_c°+a‘—b
ZX——2 .

AKO BTOpaTa paBeHKa O] MOCIEAHUOT CUCTEM ja MOAETMME CO MPBaTa paBeHKa, BTOpaTa
paBeHKa ja MojeIuMe CO TpeTara JoOuBaMe:

z _b*+c?-a® Y _ b%+c?-a’

X aZip?-c? ' X c?alh?
Opn mocnenHUTE IBE paBEHKU JOOMBaMe

7 = b?+c—a? XU V= b?+c?—a’ X (1)
2.2 2 2.2 27
a“+b“—c c +a“-b
b?+c?-a?
AKO BO TpeTaTa paBeHKa 3aMEHUME Z = Peaea X , noOuBame
a“+b“—c
2 b2rc?—a® _ ’+a’—b’ w— 4 |(2+at-b®)(a®+bc?)
2 2 2 2 » T.C. A= 2,2 .2 :
a‘+b“—c 2(b“+c“—a“)

AKo 3a moOueHaTa BpeTHOCT Ha X 3aMeHuMe BO paBeHkuTe (1) moOuBame:
y=+ (c2+a2—b2)(a2+b2—c2) 7=+ (a2+c2—b2)(b2+c2—az)
- 2(a’+c2-b?) ’ - 2(a®+b?—c?) '

Tpojkure peasnu OpoeBu GopMupaHHu 0 JOOUEHUTE BPEIHOCTH 3a X,y M Z W30paHU

CO UCT 3HAaK ce pelieHuja Ha cucteMoT. Criopes] Toa pelieHuja Ha CUCTEMOT ce
(c®+a’—b?)(@%+b?—c?) [(c®+a’-b?)(a®+b®—c?) [(a®+c?-b?)(b*+c®—a?)
( 2 2 2 ! 2 2 2 ! 2 2 2
2(b“+c“—a“) 2(a“+c“—b%) 2(a“+b“—c?)
a \/(c2+a2—b2)(a2+b2—cz) B \/(c2+a2—b2)(a2+b2—c2) ~ \/(a2+cz—b2)(b2+cz—a2))l

2(b%+c?-a?) ' 2(a®+c?-b?) 2(a®+b?—c?)

16. Pemm ro cuCTeMOT paBeHKHU
x*~(y-2)* =a’
2 2 2
y2—(z-x)? =b. ()

22— (x—y)? = c?
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Peimnenue. AKo 3a JICBUTE CTpaHU Ha PABCHKUTC OJf CUCTCMOT I'0 HCKOPUCTUMC

unentureror A2 —B? = (A—B)(A+B), cucreMoT ke 1o 1001e 0OTUKOT:
(X—y+2)(x+y-2)= a®
(y—z+x)(y+2-x)=b?. (2)
(z—=x+y)(z+x-Y) =c?

Ke BOBemeMe CMEHH —X -+ y+Z=U, X—Y+Z=V, X+Yy—Z=W, U CHCTEeMOT K& TO
nobue 00JIUKOT:

vw = a’
wu =b? . (3)
2

uv==cC

On MOCHETHUOT CHUCTEM HMaMe u?vew? = a’b?c?

Crnopen Toa, cucteMoT (3) UMa JBe pelieHuja:

, O]l Kajxe nobmBame UVW =tabc.

i _ bc _ac _ab it _ _bc __ac __ab
(1) u =22V =57 w =< (il) up ==, vp = =55 Wy =—22.
3a perrenurero (i) ro g00MBaMe CHCTEMOT PAaBEHKH
—X+Yy+2Z= %
X—y+z==2,
X+y—2= a?b
1 HETOBO PEIICHHUE €
_ ab’+ac? _ ba®+bc? _ ca’+ch?
M= VT T AT o (4)
3a perrenuero (ii) ro moOMBamMe CHCTEMOT PaBEHKH
_ — _bec
X+y+2=—
X—y+2z= —% :
X+y-2= —aTb
1 HETOBO PEIICHHUE €
Xo = — ab®+ac® Vo =— ba?®+bc? 7, = — ca’+ch? (5)
2 2bc ' )2 2ac ' 2 2ab -

He e Temko na ce nposepu aeka (4) u (5) ce pemrenuja Ha (1).

17. Bo MHOECTBOTO peaHu OpOEBH J1a C€ PEILIN CUCTEMOT PAaBEHKH

N
y2—z=x%,
22 —x=y?

Pemenune. PaBeHkuTe ru coOupame u 100MBaMe
X+y+z=0.
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Crnopen Toa, Z=—X—Y H ako 3aMEHHME BO IIpBaTa paBEHKa HAa CUCTEMOT J1I00MBamMe
x2—y=x2+2xy+y2,
y(y+2x+1)=0.

Cera, MOXHHU Ce J1Ba CIy4au.
Cnyuaj 1. y=0. Toram Z=-X, ma ojJ BropaTa paBeHKa Ha CHCTEMOT JoOWBame

neka X(x—1) =0. Hej3unu pemennja ce X=0 nu x=1. Ako Xx=0, toram z=0, nma
pelieHHe Ha TOYETHHOT cucteM ¢ X=Y=Z=0. Ako x=1, toram z=-1, ma
peuienue Ha cuctemMor ¢ X=1y=0,z=-1.

Cnyuaj 2. y=-2X-1. Toram z=X+1. AKO 3aMeHMME BO TpeTaTa paBEeHKa Ha
MOYETHHOT cucteM, foduBame X(X+1) =0 . Pemenuja Ha nmocneanara paBenka ce X =0
nu x=-1.3a x=0, noouBame y=-1, z=1 u pemenue Ha cucremor ¢ (X,Y,Z)=
(0,-11) . 3a x=-1, nobuBame Yy =1 u z=0, ma Bo 0BOj Clly4ja pelIcHUE HA CUCTE-
mot e (X,Y,2)=(-110).

KOHG‘—IHO, MHOKCCTBO Ha pemeHHja Ha CUCTCMOT €

{(0,0,0),(1,0,-1),(-1,10),(0,-1,1)}.

18. Bo MHO€CTBOTO peaHu OPOEBH €IIM 'O CUCTEMOT PaBEHKHU

X+y=12
x2+yl=z.
xCyd =7

Pemenue. bunejku XS + y3 =(X+ y)3 —3xy(X+Y), ako 3aMEHHUME BO TpeTaTa pa-
BCHKa Ha CHCTEMOT, a M0T0A 3aMCHUMeE O] PBaTa M BTOpaTa paBeHKa, ja jo0uBaMe pa-
BeHKaTa Z=2° —3xyz . Tlonaramy, Xy = %[(X-i- y)2 - (X2 + y2)] = %(Z2 —2Z), ma co
3aMeHa BO MMOCJIEIHATA PABeHKa MOCIIeI0BATEIHO J00UBaMe

2:23—%2(22—2)

22 -32°+22=0
2(z-D(z-2)=0.
Cropen Toa, Z€ {0,1, 2} . 3a cekoja on JMOOMEHWUTE BPEIHOCTH Ha Z TO peliaBame
CHCTEMOT PaBEHKH
X+y=12

x> +y? =1

1)
Axo z =0, toram pemenue Ha cucteMoT (1) ¢ X=Y=0. Ako z =1, Toram pemieHuja
Ha cucteMorT (1) ce X=0,y=1u x=1Ly=0. Ako z=2, Toram pelieHue Ha CHCTE-
Mot (1) e Xx=y=1.

KoneuHo, penieHrja Ha IOYETHHOT CUCTEM CE€ TOJPEICHUTE TPOjKH

(x,¥,2) €{(0,0,0),(0,12),(10,2), (11 2)} .
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19. Bo MHOkeCTBOTO peajtHi OPOEBH eI IO CUCTEMOT
XyZ=X+Yy+1z

yzt =y+z+t
Ztu=z+t+u
fux=t+u+x

Pemenne. Oy npBata paBeHKa ja oj3emMamMe BToparta u gobuBame YZ(X—t)=Xx-t,
orxHocHO (yz—1)(Xx—t)=0. Moxnu cnyuan ce yz—1=0 wm X—t=0. Ako yz—-1=0
co 3aMeHa BO mpBata paBeHka fgo6uBame 0=Yy+Zz. Toram, ox yZ—-1=0 u y+z=0
clieqlyBa JeKa y2 =-1, ma Bo 0OBOj CiIy4aj CUCTEMOT HeMa peajHH pelleHHja. 3aToa,

Baku X—t=0, T.e. Xx=t. AKO ce MOBTOPH MOCTANKATa CO BTOpATa U TPETaTa PaBEHKA,

KaKo M CO TpeTara M 4yeTBpraTa qobuBame X =t =y =z . Toram, x> =3x : X(X2 -3)=0

¥ OTTYKa CJIeIyBa JIeKa MHOXKECTBOTO PEIICHHja HA CHCTEMOT €

{(0,0,0,0), (¥/3,4/3,4/3,4/3), (—/3,—/3,~V/3,—/3)}.

20. Bo MHOXECTBOTO peajiHi OPOCBH PEIIU TO CUCTEMOT:
(x+ 3)3 =3-2y
22+4y2:8y
(2z-x)(x+3) =5x+16

3a ko Baxu Z>0.
Pemenue. Ako ja pasrieaaMe BTOpaTa paBeHKa OJ] CHCTEMOT KakO KBaJpaTHa BO

OJIHOC Ha Y , HEj3UHATa JUCKpUMUHaHTa ¢ D = 641672, On 64-1622>0 , Jo0uBaMe

neka | z|<2.On ycnoBor Z>0 mmame 0<z<2.]laja npercTaBuMe TpeTaTa paBeHKa
Ha CUCTEMOT KaKo KBaJpaTHa BO OJIHOC Ha X : X2 — 2(z—4)x—6z+16=0. 3a Hej3uHara
nuckpuMuHaHTa D nmame % D=(z- 4)2 +6z-16>0. Orryka, UMajku peaBU JIeKa

z>0, moouBame z e{0}U[2,0). Ho 0<z<2,ma z=0 u z=2. Pemennjara ce
(-4,2,0) u (-2,1,2) .

21. Bo MHOXECTBOTO peaHi OPOEBU PEIIN IO CHCTEMOT

X+4y =1
y+JF:1.
Z++/x =1

Pemenne. O yciaoBoT Ha 3amadata ciueayBa X,Y,Z2>0. Heka X<y. Toram
OZX—y:xﬁ—\ﬁ, omHocHo Z <Y . OTryKa, y—Z:«ﬁ—xEZO, OJIHOCHO X>Z.
On X—Z:\/;—\/VSO cinenyBa neka X<z. Cnopen toa, X=Yy=2z. On X+«/;:l

noOuBame JeKa «/_ = %/E . bunejkn \/; >0, «/; = %, OJIHOCHO
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X = y =7 = SLE .
Axo X > y , TOram CO aHaJIOTHU pasMHUCIIyBalkba KaKoO IMOorope ce 1[061/11321 IMPpOTUBPCY-
HOCT.

KoHeuHo, €eIMHCTBEHO PEIIeHUE HAa CUCTEMOT € X =Y =27 = % .

22. Onpenenu TU CUTE MAapoBH peanHu opoesu (U,V) 3a Kou

W+ +1) = adudv .

Pemenne. Jacuo e nexa u,v=0. Ke BOBeJIEME CMEHa U = X8

, V= y8. Co BoBe-
JieHaTa CMEHa, paBEHCTBOTO MOCIIE0BATEIHO I0 J0OUBa OOJUKOT

(x4 +1)(y4 +1) = 4x? y2 ,

x4y4 +xt y4 +1= 4x2y2 :

(x2y2)2 —2x2y2 +1+x% —2x2y2 +x* =0,

(x2y2 —1)2 +(x2 — y2)2 =0.

30up Ha JiBa Ba KBaJpaTH € HyJa, aKo M CaMO aKO CEKOj COOMPOK € €JHAKOB Ha HyJa.
Crnopen Toa,

x2y2—1:0 u x2—y2 =0.
On mocnennuTe JBe paBeHkH gobuBame X =11 w y=11. Ho Toram u =(i1)8 =1,

V= (il)8 =1. 3Hauu, eIMHCTBEHO pelieHue e mapot opoesu (U,V) = (1L,1).

23. Bo MHOXecTBOTO peajHi OPOEBH PEIIN T'O CUCTEMOT

X+ 32X_y2 =3
X“+y
X+3y

- =0.

y x2+y2

Pemenue. I[aI[eHI/IOT CHUCTEM € CKBUBAJICHTCH CO CUCTCEMOT

3x-y
Xy +——>Yy =3y
X"+y
x+3y
Xy —X—==0
y x2+y2

3xy—y*—x"=3xy _
. —

5 3y, ogHocHo 2Xy =1+3y . buzaejku y#0 on

OtTyka nobuBame 2Xy +

X"+y
143
focjexHaTa paBeHKa Jo0uBame X = 2_yy . 3amMeHyBaMme BO BTOpaTa paBeHKa HA CHUCTE-
: lf;y*?’y 4 a2
MOT W ja JoOWBame paBeHKaTa y—mzo, T.e. paBeHkata 4y —3y°-1=0.
2y

EnvHCcTBEHOM peanHW pelieHWja Ha TocieqHata paBeHka ce Y =11, ma 3aroa

eIMHCTBEHU PeaiHK PElICHHja Ha MIOYETHUOT cucTeM ce maposute: (2,1) u (1,-1).
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24. Bo MHOX€ECTBOTO pPeaHU OpPOEBH pEIIN 'O CUCTEMOT

(x+y)* =2
(z+x)2 =Y.
(y+2)° =x

Pemenue. JacHo, Z,Y,X>0. Ako o mpBata ja oJ3eMeMe BTOpara paBeHKa, J00H-
BaMe IOCJI€ CPETYBABETO IO T0OMBaME CUCTEMOT
(y-2)2x+y+2)=z-Yy
(z+x)° =y
(y+ z)2 =X
0] Kajie ro 1oO0uBaMe CUCTEMUTE
y=12 2X+y+z=-1
(z+x)2 =y u (z+x)2 =y
(y+z)2:x (y+z)2=x
bunejku z,y,X>0, BrOopHmoT cucTeM HeMa pelieHHe. AKO O] BTOpaTa paBeHKa Ha
NPBUOT CUCTEM ja OJ[3EMEME TpeTaTa, TOTalll aHAJOTHO KaKO MPETXOJHO T'M J00uBaMe
CUCTCMHUTC
Z=X uxX+y+2z=-1.
(y+z)2:x (y+z)2:x
JacHO, BTOpHUOT Ol TOCNIEIHUTE JBAa CHUCTEMU HEMa pEIICHHEe, 3apagud paBeHCTBATa

X=Yy =2, o1 NpBHOT cuctem pobuBame (X+ X)2 =X, T.e. 4x°=X. Pemennja Ha

1

nocnenHata paBeHkace X =0 u X = 7

Koneuno, pemenujara (X,Y,z) Ha noyetnuot cucrem ce (0,0,0) u (%,%,%) :

25. Bo MHOXecTBOTO R periu ro cHCTeMOT paBEHKH

2 2
XY —12
y X
1
X

1,1_1

1
y 3
Pemienne. J[aneHHOT CUCTEM € €KBUBAJIEHTEH CO CHCTEMOT
ﬂ(x2 — Xy + y2) =12
Xy
X+y 1
xy 3
o/l Kaje wTo 10GMBaMe X — Xy + y2 =36, t.e. (X+ y)2 —3xy=36. Heka z=x+Y.
Toram, Xy=3Z OAHOCHO TMOCJIEJHATA pPaBEHKAa € CKBHBAJCHTHA CO paBCHKATa
22 -97-36=0. Hej3unu pemennja ce 2y =12 u z, =—-3. 3Hauu ru fo6UBamMe cucte-

MUTC:
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X+y=12 X+y=-3
u
Xy =36 Xy =-9

T 3HA4M JIeKa X U Y Ce pEelleHHja Ha KBaJpPaTHUTE PAaBEHKU t2-12t+36=0 u

t2 +3t—9=0, COOBETHO. 3HAN MHOKECTBOTO peleHja Ha 1aICHUOT CUCTEM €

M ={(6,6),) 228 338 (3308 338y

26. Pemm ro BO MHOKECTBOTO Ha peaTHUTE OPOCBH, CUCTEMOT PaBEHKHU
X2 + y2 +2=2
X+ y2 +22=2
X2 + y+ 22 =2
Pemenne. Axo o npBara ja oJ3eMeMe BTopaTa paBeHKa J1001MBame
x2 —x—2°+2=0, re. (x=2z)(x+z-1)=0.
Otrryka Xx=2z wmn X=1-z. CiuyHo, ako O]l MpBaTa ja OJ3eMHUME TpeTaTa paBEHKa
noOuBame

y2 —y—z2 +z=0,1e. (y—-2z)(y+z-1)=0.
Orryka Y =27 win Y =1—27 . MOXHH Ce YETUPH CITydau:
(i) x=2z, y=1z. 3aMeHyBajKku BO MpBaTa paBeHKa JI00MBaMe 27% +7-1=0, uunm

pelIeHuja ce 7y, =% . Pelienujara Ha CHCTEMOT ce (_Ji;/ﬁ : _]iﬂt/l_? , _]ii/l_? ) -

(i) x=2z, y=1-z. 3aMeHyBajku BO IpBaTa paBeHKa H0OHMBame 272 -7-1=0,
1

yuu pemeHuja ce z1=1 u 2z, ==5. . Pemenuja Ha cuCTEMOT BO OBOj cCllyuyaj ce
~13_1
(1,0,1) u 5190 2).
(iii) x=1-2z, y=z. 3aMeHyBajku BO MpBara paBeHKa Ha CHUCTEMOT J00UBame
272 —7-1=0 , UMM penieHuja ce zp =1 un 2, = —% . PerieHnjara Ha CUCTEMOT BO OBO]
cayuaj ce (0,1,1) u (%,—%,—%).

(iv) x=1-z, y=1-1z.3aMeHyBajku BO MnMpBaTa paBeHKa JoOUBaMe 272 -32=0,

yun pemenuja ce 21 =0 u 2, =3 | PemreHmjata Ha CHCTEMOT BO OBOj Ciydaj ce

2
(1,1,0) u (—%’_%,%).

27. Bo MHOXECTBOTO pPeaHU OpPOEBH pEIlIN 'O CUCTEMOT PABEHKH
2a® —2ab+b% =a

4a% —5ab+2b% =b.

Pemrenne. Axo mpBaTa paBeHKa ja IOMHOXHME co Db, a BTopaTa co a, ro 1o6uBame
CHCTEMOT PaBEHKU

115



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

2a’b—2ab® +b* = ab
4a® —5a%b +2b%a =ab
AKO BO MOCIIEJHUOT CHCTEM I'M OJI3EMEME PABEHKHUTE J00UBaME
b® —4b%a+7a%b—4a° =0.
Axo a=0, roramt b =0, ma 3aroa (a,b) =(0,0) e exHO perieHHe HA CHCTEMOT.

3a a#0 jaBoBeayBaMme 3aMeHaTa Z = % u ja 1oOuBamMe paBeHKaTa

2247’ +77-4=0
KOja € CKBUBAJICHTHA CO PABEHKATA
(z-1)(z° -3z +4) =0.
3a z=1 Baxu a=>b, a moToa co 3aMeHa BO MOYETHUOT CUCTEM JIECHO CE I00MBa JieKa
(a,b)=(12) . Ilonaramy, TUCKpUMHHAHTAaTa HA paBEHKATa 72 -37+4=0 e ennaksa

Ha —/, I1a 3aT0a Taa HEMa PeajHH PEIleHHja, IITO 3HAUU JIeKa TOYETHUOT CUCTEM Hema
JOPYTH pEaHH PEelIeHU]a.

28. Bo MHOXECTBOTO peaHu OpPOEBH PEIIN IO CHCTEMOT PABCHKH
2x? —3xy + y2 =3
G +2xy—2y2 =6.
Pemenue. Ouurnenno X = 0, Oujejku BO COPOTHBHO OJ1 BTOpata pabeka go0uBame

y2 =—3 IITO BO MHOXXECTBOTO peajHu OpoeBU HE € MOKHO. BoBenyBame cmeHa Y = tX

CO KOja CUCTEMOT ro J100MBa OOJIUKOT
x2(2-3t+t%)=3
x2(l+2t-2t°) =6

AKo mpBaTa paBeHKa Ha CHCTEMOT ja IMOJEIMME CO BTOpara, ja JoOMBaMe paBeHKATa

1)

2 . .
% = % , Koja e ompeneneHa 3a t # HT*E [TocnenHaTta paBeHKa ja 3aMUIIyBaMe BO
+ -
obuukor 4t° —8t+3=0 n HEJ3UHU pelleHnja ce ) :% uty :% .

Cnyuaj 1. t = % . On nmpBara paBenka Ha cuctemor (1) noOuBame x2 =4 , TIa Criopet
Toa Xy =2 U Xp =—2, ma3zaroa Yy =1 u y, =-1, cooaserno. JlecHo ce nmposepyBa
neka maposure (X, Y;) =(2,1) u (Xo,Y¥,)=(-2,-1) ce pemieHuja Ha CHCTEMOT.

Cnyuaj 2. t, :%. On mpBara paBeHka Ha cuctemMoT (1) mobuBame X2 =-12, na

3aToa, BO OBOj ClIy4aj CUCTEMOT HEMa PeaHH PEIICHHUE.
KoneuHo, eAMHCTBEHU pelieHrja Ha CUCTEMOT Ce

(4, ¥1) =(2D) u (X, Y2)=(-2,-1).

29. Onpeneny T CUTE PEATHN PEIICHN]a HA CUCTEMOT PaBEHKH
X33 X\2
2)7+ () =12
3P+ =12

(xy)® +xy =6
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Pemenne. Boeneme cmena % =U u Xy =V U T0 J00UBaMe CUCTEM

u+ul =12

v2+v:6

[IpBata paBeHKa ¢ CKBHBAJCHTHA HA pPaBEHKATa (u—2)(u2 +3u+6)=0 u Taa uma
SIUHCTBEHO PEANHO pelleHHe U =2, a peajHd pelICHHja Ha BTOpara paBeHKa O]
TIOCJICTHHOT CUCTEM C€ V; =2 U Vo =—3.

3a U=2, V=2 gobOuBaMe CUCTEM

X_9
y
Xy =2

U HeroBHW pemreHujace X =2,Y; =1 n X, =-2,y, =—1. 3a pemenujata U=2, V=-3
noOuBaMe cucTem

X_9p
y

Xy =-3
KOj HEMa peJlaHU pelleHHja, Ouaejku KOJTMYHUKOT U MPOU3BOAOT Ha JiBa peasHu Opoja
HE MOXE J]a C€ CO Pa3IMYHM 3HAIH.
Crnopen Toa, MOYETHUOT CUCTEM MMa J[BE PeIIeHH]ja
X =2y1=1u % =-2y, =-1.

30. Onpenenu ru penieHrjaTa Ha CHCTEMOT
X
xy-2X=a
y y

xy—%:%.

Pemenune. Axo of IpBaTa paBeHKaja OJI3CMEMEC BTOpATa paBCHKaA, )106I/IBaM€

_x ¥ _g-1
y X a

1

L= a—% . Pemmenuja Ha

BosenyBame cmena y =t , mpu mTo ja foOMBaMe paBeHKaTa t—
X

KBajIpaTHaTa paBeHKa t? —t(a- %) -1=0 ce

_1 _1)2 1 1
a aixﬁa ) 4 a— E(ar))

by = 2 = 2 '

1

T h=anty=—=.

3a { =a, nmobusame (ax)x —ﬁ =a. OBaa KBaJpaTHa paBeHKa WMMa peCIICHHUja

2
Xyp =% faa—;l . HemocpeiHo ce npoBepyBa Jieka MoJApeICHUTE TapoBU

2 2 2 2
a“+1 a“+1 a“+l a“+l
(xf a2 ’a\f a2 ) u (_«; a2 y—a a2 )

ce pemeHI/Ija Ha CUCTCMOT.
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1

3a tp =—% , ja moOuBame KBaJpaTHAaTa paBEHKa -3 x? =0 , KOjJa UMa pelieHue

X =0. 3Hauu, Bo 0BOj Cilyyaj CHCTEMOT HEMa pEILICHHE.

31. Hajau ru cute BpeTHOCTH Ha TTapamMeTapoT M, 3a KO CHCTEMOT PaBEHKHU
4y = Am+3—x? + 2

2x = X% + y2
HMa ABC pCaJIHh KOPCHHU.
Pemenue. Axo ru cobepeme paBeHKUTE 100MBaMe

y2—4y+4m+3=0
Yy =2+1-4m m<i.

Bropara paBeHka ja 3amumryBaMe BO BHAOT (X—1)2+ y2=1, O]l KaJie MTO CIeayBa
-1<y <1, nma3aroa:

-1<2+41-4m<1

3<+\fl-4m<-1
bunejku J1-4m =0, cienyBa
3<—1-4m<-1, Te.
1<1-4m<3

1<1-4m<9
on kane noouBame M e (—2,0).

32. Onpexnenu TM CUTE peajHU BPEJAHOCTH Ha MapaMeTapoT a 3a KOU CUCTEMOT
pPaBEHKH

X—y=a(l+xy)
X+y+xy+2=0
HMa CIMHCTBCHO PCUICHHUC.
Pemenue. CI/ICTGMOT Ke 0 3aImmMiaIeMe BO O6J'II/IK

X—y=a(l+xy)

X+Yy=—-Xy—2
AXo TM KBajipypame JIBETe PaBEHKH, a T0TOa OJ1 BTOpaTa ja ojJ3eMeMe MpBaTa paBeHKa
ja noOuBaMe paBeHKaTa

(x+¥)? = (x=)? = 2+ x)* ~a’ L+ xy)°
KOja € eKBHBAJICHTHA Ha paBEeHKaTa
(1-a2)(xy)® —2a%(xy)+4—a° =0.
BosenyBame cmena Xy =t u ja moOuBame KBaapaTHATa paBeHKA
(1-a)t?—2a’t+4-a%=0. (1)
CucTeMOT UMa €IHO €IMHCTBEHO PEIICHHEe, aKO U CaMO aKo KBajparTHara paBeHkKa (1)

uMa equHCTBEeHO pemieHue. KBanpaTHata paBenka (1) uMa eIMHCTBEHO pEIIeHUE aKo U
camo aKo

a) 1-a%2=0 ,T.e. a=1wmwm a=-1.
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6) D=a*-(1-a®)(4-a’)=0, re. 5a° =4

3Ha4M, CHCTEMOT MMa €IMHCTBEHO PEIICHHE aKo M caMo ako a=-l,a=1,a= i% .

33. Onpexenu v cuTe KOMIUIEKCHU OpoeBu (W, Z), W # Z TaKBH ILITO

W5+W=25+Z

W5-i—W2 =25+22.

Pemrenne. Co 0a3eMarbe Ha JacHATE PABEHKH J00MBaMe W—W? = Z — 72 | OJIHOCHO
(W—2z)(w+2z-1)=0. Ilonaramy, Ounejku W=z nobuBame W+Z=1. [locnenHoro

2

pPaBEeHCTBO TO KBaJpHpame U jaoOuBame W +2%=1-2wz, ox wWro co MOBOTOPHO

KBaJIpupame J00rBaMe wh + 2% =1-awz + 2(WZ)2 .

HpBaTa paB€HKa Ha CUCTEMOT IIOCJICA0OBATCIHO € CKBUBAJICHTHA CO PABCHKHUTC

5
W5—Z =-1
wW—2
wW—2 W4+W32+W222~l—W23~I—Z4
=-1
wW-—2

W4+WSZ+W222+W23+Z4+1=0

wt + 2% +Wz(w2 +WZ+22)+1=0.

Axo BO rnocjcaHaTta paBCHKa 3aMCHUMC 3a W4 + Z4 u W2 + Z2 , IIOCJIC CPpCAYBAKBLCTO

noduBame
(Wz)2 -3wz+2=0,

o1 kane Haofame WZ =1 wiu wWz=2. Axko BO W+Z =1 3ameHume z:% u Z:% '

2 2

nobmBame paBeHkuTe W —W+1=0 umw W —w+2=0, cooaetHo. Koneuno, on

MOCJICAHUTEC PaBCHKU 'l 2106I/IBaMe pemeHI/IjaTa

+i Fi +i Tiv
(w,2) = (B8 1208 - (a7 T

34. Bo MHOKECTBOTO peasiHi OpOEBU pEIId ja paBeHKaTa

141 24
X2 " (1—x)2 '

Pemrenne. JlaneHara paBeHKa € €eKBUBAJIEHTHA HA CUCTEMOT
X+y=1

1 1
Lyl
X2 y2

On mpBata paBeHKa noOMBame X2+y2 =1-2Xy, a om BTOpaTa paBeHKa CleIyBa

X2 + y2 — 24x2 y2 . 3aroa 24(xy)2 +2xy—1=0, omHOCHO Xy = —21\2/214-24 _ _55 .

Ao xy=-22=—2% on x+y=1 cuenysa aeka X u Yy ce pelicHuja Ha paBeHKATa
2 L — 2 12 _ 145 _
X“—X—4=0, ma satoa X ==5%,X; ="5%. AHAIOTHO, aK0 Xy==52==, 0]
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X+Yy=1 cnenyBa neka X W Yy ce pelIeHHja HAa paBEeHKAaTa X2 —x+— 0, ma 3atoa

_3+f3 3B
X3 = 5 Xq = 5 -

HenocpenHo ce mpoBepyBa JieKa HajIeHUTE pENICHU]a Ce PEIlcHMja Ha I0YeTHAaTa
paBeHKa.

35. 3a KoM BpeTHOCTH Ha PEATHUOT IapaMerap a , CHCTEMOT

X+y+z=+3a-1

x> +y?+7° =a

xy = 22

1Ma pa3jIMyHU peaHy peleHuja?

Pemenue. 3a cucremor na nma pemenue Tpedba 3a—1>0 u a>0, onHocHO a > % .

Bropara paBeHKa 0/1 CHCTEMOT € €KBUBAJICHTHA CO paBeHKarta (X-+ y)2 —2Xy + % =a.
Torami, co cMeHa Ha X+ Y W XY OJ IpBaTa M TpeTaTa paBeHKa ja JoOMBaMe paBeHKaTa

(\/Sa—l—z)z —27°+7%°=a , KOja € eKBUBAJCHTHA CO paBEHKaTa 2\/3a—1z =2a-1.

IocrenHaTa paBeHKA MMa PElICHHE BO PEAlHATE OPOEBU aKO &+ i, ma 3aToa a> <.

3’ 3
Toram Zzﬁ. Co 3ameHa Ha 7I=—"F= 2a-1 BO IIpBaTa M BTOpaTa paBCHKA Ha
2\/3a—1 2«/3a—
CHCTEMOT, TO I0OMBaMe CUCTEMOT
4a-1
X+y=—"F—=
y 2.3a-1
2a-1 \2 '
Xy =)
Toram X m Yy ce pelnieHuja Ha KBaJpaTHATa paBeHKa
2 4a-1 ( 2a-1 )
2«/3a 2\/3a

bunejku cucteMoT Tpeba 1a Ma pa3IMyHU peaTHu pemeHHj a, Tpeda
da-1 2 _»_2a-l
——===_)“ — >0.
Gay) GChs )?

PN

[TocnenHara HepaBeHKa € €KBHBAJCHTHA CO HEpPaBEHKAaTa 4?§a > 0, a Ounejku nume-
HUTEJOT € TIO3UTHBEH clieyBa neka 8a—3>0. Orryka cienyBa neka a > % .
Koneuno, 3a a > % CHCTEMOT UMa Pa3IINuHU PEaTTHU PEUICHH]a.

36. 3a KoM BpeTHOCTH Ha PEaHUOT IapaMeTap a, CHCTEMOT paBEHKU
(x-y)?> =6a—14
X2 + y2 =3a+6

¥“Ma TOYHO JIBE pelieHuja?

2

Pemenue. Ja 3anuiryBaMe mpBata paBeHKa BO BHIOT X° + y2 —2xy=6a-14, na

MMajKu ja peBUJ] BTOpaTa paBeHkKa, J001MBame:
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3a—-6—-3xy =6a-14

2xy =20-3a
_ 20-3a
Y=

3aMeHyBajKu r0 OBOj M3pa3 3a Y BO BTOpaTa paBeHKA, M0 CPEIYyBamETO, T0OUBaMe

4x* —4(3a+6)x? +(20—3a)% =0.
JloOueHaTa OMKBaJipaTHAa paBeHKA K& MMa TOYHO JBE PEIICHH]a, aKO HEj3MHATA JIUCKPH-
MUHAHTa € eJHAaKBa Ha HYJIa, T.C.

4(3a+6)> -4(20-3a)° =0
(3a+6—20)(3a+6+20—3a) =0
(6a—14)-26=0

OJ] KaJ€ IITO a = % .

7

CHGHCTBGHO, 32 a= JaJCHUOT CUCTEM UMa TOYHO IBC pemeHHja M TOa CC IapoBU-

re (5020w (503

w

37. la ce HajaT cuTe pelIeHrja Ha CHCTEMOT PaBEHKH
X | X [—(q—a) | X —al=X | X2 |
Xo | Xo | =(Xp —a) [ X —al=X3 | X3 ] ,
X3 %3 [—(Xg —a) [ Xz —al=x [ x|
KaJie IITO a € peaJieH mapamerap.

Pemenue. [la 3abenexume geka ako (X,Xp,x3) € PelICHHE Ha CUCTEMOT CO Hapa-
merap a, toram (—¥,—xp,—x3) ke OHIe pelleHHe Ha CHCTEMOT CO IapaMerap —a.
3aToa, TOBOJIHO € JIa ce pasriiesia caMo Ciry4ajor kora a>0.

Heka (X;,Xo,X3) € pelieHue 3a koe X <a,X, <a,X3 <a;roram | X —a|=—(x —a)
U aKo T'u co0epeMe paBeHKHTE J00uBaMe

(1 —a)" +(xp —a)* +(x3—a)° =0,
O KaJie CIelyBa IeKa X = Xp = X3 =& € CAUHCTBCHO PEIICHUE.

Heka (Xg,Xp,X3) € peleHue 3a koe X; >a 3a Hekoj i . Toram of i-Tara paBeHkKa

nobuBame

2 2 2

X [ X1 =X — (% —a)" =a(2x —a)=a”.
3Haum, X;j >a.3a i =3 ma3amenume i+1 co 1; Toram gobuBame X >a,Xp >a,X3=4a,
na coOupajku ' paBeHKUTE JoOMBaMe X| = Xo = X3 =a, Ma CHOpes T0a, €IUHCTBEHO

peueHne € X =Xy = X3 =a.

38. Jla ce pelu cUCTEMOT PaBEHKH
Ix + §/§ =3
3y +3y? =3
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Pemenne.Ke BoBeieMe cMeHN g’ﬁ =uu §/§ =V OJI KaJie IITO JoOUBaMe X = ud u
y= v3. Co toa noouBame
u+v=3 u+v=3 u+v=3
2 2 < 2 =
uc—uv+ve =3 (U+v)=3uv =3 uv =2

3Hauy, U ¥ V Ce KOPEHHU Ha KBaJpaTHATa PAaBEHKa t2-3t+2=0 uun pelieHuja ce
tl =1, t2 =2. 3Hauwn, Uy :1,V1 =2 wm Uy, = 2,V2 =1.

Cera, pemienunja Ha cucteMoT ce X =1,y; =8 u X, =8,y; =1.

39. Bo MHOECTBOTO peasiHi OpOEBU pEIIr ja paBeHKaTa \3/2 —X+1-x=1.
.y _ 3 _

Pemenue. BoenyBajku cMeHn Y =3/2—X M Z=+/X—1, ro no6uBame cUCTEMOT
paBeHKHU y3 +x=2, 22 +1=X, y+z=1. On npBara U BTopaTta paBeHKa, CO eTMMHHa-
ja Ha X , ToOuBame y3 +2% =1. 3ameHyBajku z =1—y, nobuBame

y3 + y2 —-2y+1=1,T1.¢ y(y2 +y-2)=0.
Pemenuja Ha y3 + y2 —-2y=0 ce

y1=0mu y2/3:_ﬁ;/§,1e. y1=0, yo=1, y3=-2.

On x=2- y3 , ce nobuBaat 6apanuTe pemenrja X =0, X, =1, X3 =10.

40. Bo MHOECTBOTO peayiHi OpPOEBHU PEIIN ja paBeHKaTa J2-x+Ix-1=1.

Pemenne. BoBenyBaMe HOBU HENO3HATH %/ﬁ =Yy, x/ﬁ =27, U ro gobuBame
CHUCTEMOT PAaBEHKH 2— X = y3 , X=1= 72 , Y+Z=1. bunejku y3+z2 =2—x+x-1=1,
CUCTEMOT PAaBEHKH CE€ CBEJyBa HA CIEIHUOT y3 +2% = 1, z=1-y, ox xane mro n1o0u-
BaMe y3 +(1- y)2 =1, Te. y3 + y2 —2y =0, oaHOCHO y(y2 +y—-2)=0. Orryka:
Vi=0, yp =1, y3=-2,maoxn X=2- y® noGusame xoneuHo: X =2,% =1 X3 =10.

CnenctBeHo, pellieHrja Ha paBeHkaTa ce Opoesure 1, 2 u 10.

41. Bo MHOECTBOTO peayiHi OpPOEBHU PEIIN ja paBeHKaTa
Pemenne. Jlepununronara o01actT Ha paBeHKaTa €
D ={x|x? +x>0,x#0,x>-3}=[-3,-1]U(0,+x) .
Co kampupame Ha paBeHKaTa Jo0nBame:

G +x+1+i2+2\/(x2 +X)L+L) =x+3,
X X

G —2+%+2‘f(x+1)(x+%) =0,
X

" OTTYKa UMaM€
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OJHOCHO

(x—1)? +2‘/(x+1)(x+%) =0.

Ilocnennara paBC€HKa € CKBUBAJICHTHA CO CEBKYITHOCTA

(x-1)* =0 x-1=0
= ) =
,j(x+1)(x+§)=o (x+1)(x+)=0
x—+=0 x—1=0
X = X .
2X(x+1)=0 X =0,%x=-1

bunejku X =-1€ D wu e pemenue Ha paBeHKaTa X —% =0, 3axiyuyBame Jieka X =—1 e
€IMHCTBEHO PELIEHNE Ha MI0YEeTHATa paBEHKA.
42. Bo MHOKECTBOTO MO3UTUBHH PEAIHU OPOEBU PELIN IO CUCTEMOT PAaBEHKU
1,11 _qexy Y,z
2x+3y+62 _1'(2+3+6)
X+ y2 +2°=14.
Pemenue. Ja Tpacopmupame rnpBata paBeHkKa:

(2—1X+3—1y+é)(g+%+é):1 /-6

3.2 yx Y 2y
(x+y+z)(2+3+6) 6

3. Y,z x 2,z  x_ Y _ 1_
2 Txtax Ty tstay ot T6=0
x Y lexypzy, 1Y zy_22

y x+2(z+x)+3(z+y) 6

6(§+%)+3(§+§)+2(%+§) =22.

bunejku %+% >2, 3a a,b>0, caenysa jeka jieBaTa CTpaHa Ha IMMOCJI€IHATA PaBEHKA

e: 6:2+3-2+2-2>212+6+4=22, 01 xane 3akiydyyBaMe JeKa paBEHKaTa € MOXHa
camo ako X =Y =2z. Toram ox Bropara paBeHKa J00HBame:

X2 +x% +x—14=0.

Co npoBepka yTBpyBaMe JeKa e/IcH KOPSH Ha 0Baa paBeHKa € OpojoT 2, Torair:
X +x2 +x—14 = (x—2)(x2 +3X+7).

bunejku TpuHOMOT X2 +3x+7 =0 Hema peanHu HyJM, 3aKiydyBaMme JIeKa pelIeHUe Ha
I0jIOBHUOT CHCTEM € MopeaeHara Tpojka (2,2,2)

43. Bo MHOKECTBOTO peasiHi OPOEBH PEIIN IO CHCTEMOT PABEHKH
X = y2
x+y+35xy =819
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Pemenue. Ounrnenno, X>0 u y>0. Heka x= 72 , (z>0), Toram y= 73 , TIa

0J1 BTOpaTa paBeHKa Jo0uBaMe Z 2,7347-819=0. Ho, 819= 93 492 +9, ma 3aroa :
2393 +72-9%2+7-9=0
(2—9)(22 +9z2+81)+(z2-9)(z+9)+(z-9)=0
(z-9)(z%2 +102+91) =0

Otryka zZ =9 u Kako 72 +10z +91>0, noouBame X =81, y=729.

6. IPUMEHA HA KBA/IPATHUTE PABEHKH ,
HEPABEHKHU U KBA/IPATHATA ®YHKIINJA

1. Tlpn MHOXewe Ha JBa MO3UTUBHU OPOEBU OJ KOU €IHHUOT € 3a 9 morosieM of
JPYTUOT, YYEHUKOT HAIIPaBUJI IPELIKa CTaBajku Ha MECTOTO Ha JAEeceTKUTe Opoj, 3a Tpu
nomain oJ TouyHuot. Ilpu nenewmero Ha TOj OpPOj CO MOMATMOT MHOXKHUTENT YYEHHKOT
n00m1 KOJIMYHUK 42 1 octaTok 4. Kou 6poeBr r MHOKEN yUEHUKOT?

Pemenne. Heka momMannoT MHOXKHTEN € X, a OPOjOT IITO TO JOOUJ YUEHUKOT € Y .

Toram O YCJIOBOT HaA 3a/iavyaTta CcjicayBa CUCTEMOT
X(x+9)=y+30
y=42x+4

PemaBajku ro cucteMoT o X ce fjobuBa ¥ =34 u X, =—1. 3Hauu, Opoesure ce 34 u
43,

2. Hajau ru cute npupoaHu OpoeBU X, 32 KOM INPOM3BOJOT Ha HUBHUTE LU(PHU €
€IHaKOB Ha

x2 —12x-10.

Pemenue. [IponsBonor Ha nudpuTe Ha cekoj NpUpoJeH Opoj € HEHeraTuBeH Opoj, a
U3pas3oT x? —12x-10 e mnosurmeen 3a X>13 (pemieHue Ha HepaBeHKaTa
x? —12x-10>0 e (—oo,6—\m]u[6+ﬁ,+oo) . mputoa 6-++/46 ~12,78). Ucto
Taka, HajroJIEMHOT MpPOU3BOJA Ha Ludpure Ha aBouudpper Opoj e 81, a TpuHOMOT
x? —12x—10 e morosnem ox 81 3a X >18. 3Haun, ako MOCTOjaT MPUPOJIHU OPOCBH UH]
MIPOU3BOJ] € €THAKOB Ha G —12x—-10, The mpunaraaT Ha BTOpaTa JIeceTKa, T.€. CE O]
BUJIOT: 5(:10+X, 3<x<8. Toram:

1-x = (10+x)? ~12(10+ X) -10

X =100+ 20X + x* ~120-12x—10

x2 —7x-30=0.
Orryka: ¥ =-10, X, =3; 3a70BoiyBa caMO BTOPUOT KOPEH, CIEACTBEHO, OApaHUOT
opoj e 13.

3. Bo terpatkute Ha [letap u Kupo ce 3anmuimanu mo 18a Opoja: Ha mMoueTokoT 1 u 2
kaj Ilerap, u 3 u 4 xaj Kupo. Bo cekoja munyra Iletap ¢popmupa KBaapaTeH TPUHOM
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f(X) umm KopeHu ce OpoeBHTE 3alWIlIaHK BO HEroBata TeTparka, a Kupo kBajpaTteH
TpuHOM ((X) YMM KOpEHHM CE 3allMIIaHh BO HEroBaTa TeTparka. AKO paBeHKATa
f(X)=09(x) uma gBa pa3jMYHU pEATHH KOPEHHW, TOrall €IHO OJf MOMYHIATa TO

3aMEHYBa CBOjOT Tmap OpOeBH CO THE KOPEHH (BO CIIPOTHBHO HHINTO HE CE CIydyBa).
AKO BO HEKOj MOMEHT ce T10jaBu OpojoT 5 Bo TeTparkara Ha Iletap, koj e apyruot 6poj?

Pemenue. Bo cexoja TeTpaTka Ke ro JAOMUIIEMe KBAAPATHUOT TPUHOM YHUU KOPEHH
ce coojaBeTHUTEe OpoeBH. Heka BO HEKOj MOMEHT BO TETPATKUTE CE 3alMIIAHU TPUHO-

mure P(X) u q(X). Toram paBeHkara koja ce pemasa e ox BuaoT ap(X)=pq(X), xage
o ¥ [} ce HEHYJITH pealHd KOpeHH. 3HauH, J0OUeHUTE OPOEBHU ce PEllICHU]ja Ha paBeH-
kata ap(Xx)—pq(x) =0. Ako HeKoe 01 MOMUYHIbATA TH 3aMEHU OPOEBUTE, TOTAIIl MOKe-
Me Jla CMeTaMe JieKa 3aeJHO CO HUB TO 3anuiian noaduHoMoT op(X)—Bg(X) .

Heka po(x)=(x-1)(Xx—-2) u 0gg(Xx) =(Xx—-3)(x—4). On npeTrxomHO H3HECEHOTO
clie/lyBa Jieka BO CEKOj YeKOp BO CEKOja O] TETPTAKUTE € 3alluIliaH TPHHOM OJ BHIOT
aPo (X) +PBdg (X) -

Crnopen Toa, ako OpojoT 5 ce mojaBu BO HEKOja OJl TETPATKUTE, TOTall BO Hea €
3amumuad U TpEHOMOT a(X—5)(X—Xy) =a(X—1)(x—2)+P(x—3)(x—4) . 3a x=5 no-
ouBame 120+ 23 =0, ox kage Haorame

a(X—-D)(x—2)+P(x—3)(x—4) = oc(—5X2 +39x —70) = —a(x —5)(5x —14)

Crnopezn Toa, BTOPHOT Opoj € Xp = % .

4. U3pazot %—% pa3JoKK IO Ha JIBa PAlMOHAHU MHOXXUTENIH 4H]j 30Up € eJaKoB

Ha %+% . Konky TakBu pasznoxyBama nocrojar?
a_b
Pemenne. N3pazor b —3 MOXKeMe Jia To 3amuiIeMe BO 00JTHK

a_b_a’b?_(ab)ath) _abatb _(a_qyb
b a~ @ — @ b b - DGtD
W3pasure %—1 u %+l ce pallOHAJIHU ¥ HUBHUOT 301D € €IHaKOB Ha %+% .

Ke JOKaKCMCE JI€Ka IIOCTOU CaMO €J/IHa BAKBO PA3JI0KYBALC. Heka MNPpCTIIOCTABUME
J€Ka U ¥ V CC palMOHAJIHM U3pa3H 3a KOU IITO BaXXH

u+v=2+b
b a
—_a_b
uv=3-2

Toram o BueroBute Gpopmynu cienyBa 1eka U U V ce KOPEHU Ha KBaJpaTHaTa paBeH-
Ka

2 _ca, by ,a_b_
X (b+a)x+b a—O.
Huckpumunantata D nHa oBaa KBaz[paTHa paBeHKa e

D=@+D2)?-4@-D)= —+2+ —43-0) = ——2+——4(———)+4

=(%—§) —4(%—§)+4: @-2-2y

3naun, D e ToueH KBaxpar, ra pelieHrjaTta Ha KBaJpaTHaTa PaBeHKa ce PalHOHAIHH
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a,b,sa_b a,b_¢a_b
w5262 _a g o _5*aGad by
1 2 b= 72 2 a o’
KoHeuHO, 01 IPETXOAHO U3HECEHOTO CIEAyBa JeKa 0ApaHOTO PA3I0KyBALE € €AUH-

CTBCHO.

5. JIBe 1ieBku nojHat eneH 0azeH. Bropara neBka, cama, ke TO HaloJHU 0a3eHOT 3a
5 yaca MoJoJro OTKOJKY IpBaTa LeBKAa. AKO ce MyIITaT HCTOBPEMEHO JBETe LEBKU
0a3eHoT ke ce HamoJHM 3a 6 yaca. [Ipecmeraj 3a Koe BpeMe BTOpara 1eBKa MOXKE caMa
Jla TO HATIOJIHU 0a3€eHOT.

Pemenue. Heka npBaTa 11eBka cama ro mnosHu 6a3eHoT 3a t yaca. Toramr 3a 6 yaca ke

6

HaIrroJIHnu N

JCJI0BU O 0a3cHOT. Cnopez[ YCJIOBOT Ha 3aJavaTta BTOpaTa LICBKa I'0 MOJIHA

GaseHoT 3a t+5 waca. 3a eJeH 4ac MOJHH —L— JENOBH O 6a3enoT, a 3a 6 Jaca 6

t+5 t+5
nenoBu o OazeHoT. buaejkm 3a 6 yaca co ucTtoBpemMeHa paboTa Ha JBETE IIEBKU

0a3eHoT Ke ce HaMOJIHU, JoO0HBaMme %+% =1, ox xaze Haorame t2 —-7t-30=0, 3a

t #0;t = —5. Peernja Ha mociegHaTa paBeHKa ce t = 1O;t2 =-3. Ho, BpeMeTo HE MOXKeE

Jla Ouje HeraTUBHO, Ia 3aToa eAUHCTBeHO peuleHue e t =10. 3Haun, BpemeTo noTpedHo
BTOpATa IIeBKa Jia To HanoJiHu O0a3eHot e t+5=154aca.

6. JIBajuia paboTHUIIM, pabOTEJKH MCTOBPEMEHO, W3BpIIyBaaT ojpelcHa padora 3a
eneH neH. Kora 6u paborene eieH 1Mo Ipyr, CEKOj MO TOJKaB [N O] J€HOT KOJKY IITO
W3HECYBA JI€JI0T 0J] paboTaTa IITO ja M3BPLIMI 32 €JeH JIeH, Toram 61 6w 3aBpiieH K -
TH 1en o paborara. Konky Bpeme My e moTpeOHO Ha CeKoj paOOTHHK caM Ja ja 3aBpIIH
paborara?

Pemenue. Heka npBruoT pabOTHHK ja 3aBpiIyBa paboTaTa 3a BpeMe O]l X €IWHUIN;

TOTall BTOPUOT PabOTHHK Ke ja 3aBpIiu paboTara 3a Bpeme ﬁ Crnopent yciioBOT Ha
2
3a , 1, (D 1
flauaTa, ke MMaMe 5 +-—— =1, 0O Ka/ie LITO noOuBame
X X
(k—1)x? —2kx+2k =0 . (1)
_ kenf2k—K2

Pemiennjara Ha oBa paBEeHKa ce X/ . PaBenkata (1) TpeOa na uma peaaHu

k-1
pelienuja, na, 3Haun 2K — k?>0,1e ke [0,2], a Gunejku K e nmpupomen 6poj, 1oou-
Bame jieka K =1 wim k=2,

3a k=1, ox (1) nobusame X =1, T.c. IPBUOT PabOTHUK OW ja 3aBPLIMI IlejaTa
paboTta, a BTOPUOT pAaOOTHUK HEe OM MMal IUTO J1a padOTH, MITO HE € MOXXHO NpH
3aeaHuYKa pabora. 3a K=2 wumame X=y=2, T.e. ¥ JABajuara pabOTHHUIM Ke ja

3aBpHIaT paboTaTa 3a UCTO BPEME.

7. Bo mpaBoaroaaukor ABCD, P u Q ce touku ox AB u BC cooxserHo, Taka

wito Tpuaronauuute APD, PBQ u QCD wumaar ucra noBpimHa. [la ce Hajae == .

Pemenne. BoBenyBame o3Haku

AP=p,, PB=p,, QB=0,, QC=gq.
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On paBeHcTBaTa %( P+ P2) = %(% +0 )P = % g, P, nobuBame % = 3—1 na criopesn
2 2

TOQ
Py @ _ 1 1

P2 Gty i) a L]
a2 p2

Ox mocleHUTEe PaBEHCTRA, ja HOOMBaMe KBaJIpaTHAaTa paBeHKa (%)2 +%—1:O
2 2

Py _ —1+«E

0J{ Kazie foouBame
P2 2

8. lanena e kpyxHnuna co nenrap O u nujamerap AB. Toukata C e m3bpana Ha

KPY>KHHIIATa TaKa IITO DB =30M , kaze wro D e npoekiuja Ha C Bp3 AWjamMeTapoT
AB,a M e mpoeknuja na O Bp3 BC . Onpenenu ro £ABC .

Pemenne. Heka OM =x u OB =Y. Cnopen yc- C
JIOBOT ﬁB=3W=3X, na AD = AB— DB =2r—3x.
On roa mro OM e cpenna nmuamnja Bo 2 ABC umame
AC =20M = 2X. z
Tpuaronmaunure OBM u ACD ce cinuitv, ita >

AC _ OB 2x_ _r1
3aT0a BaXU 2D oM’ T.C. roax — X ° O]l Kaae IITO

2x2 +3rx—2r2 =0. Pemennja Ha oBaa KBaJpaTHAa paBeHKa Ce: Xyp =T, O Kaje

N|=

r =2x.3naun, AC =A0=0C,mae £CAB=60".Cuenysa Gaparuor aron e 30° .

9. Ox cute TPUArOJHUIIM CO MIEPUMETAp 2S U cTpaHa C, ONMpPEJeI 'O TPUATOJTHUKOT
KOj MMa MaKC}iMaJIHa IUIOIITHHA.
Pemenwe. Hexka X ¥ y ce JODKMHUTE Ha JPYTUTE JIBE CTPAHU HA TPUATOJHHKOT.

HNmame X+Yy+C=2S, na3aroa Y=2S—C—X.3Hauu, S—y = X+C—S, 1a 07 XEPOHO-
Bata ¢opmya 1oouBame

P=s(s—c)(s—Xx)(x+C-S),
Kare S U S—C ce KOHCTaHTH. MakcuManHata BpeJHOCT Ha P ce JOCTUrHyBa KoOra
(5—X)(X+C—S) ke ja AOCTHTHE MaKCHUMallHaTa BPEAHOCT. 3aToa ke ja pas3riename KBa-

npatHata QyHKIMja
f(X) = (S—X)(X-l-C—S) :—X2 +(2$—C)X+S(C—S) :%_(X—S—l—%)z .
2
c

Hejsuunor Makcnmym e - 1 T0j ce 100nBa 3a X = 252_0 =s—5.Cera, y=s-5, mro

3Ha4YMW AC€Ka IUJIOITHHATa € MdaKCHUMaliHa KOra TPpUAroJHUKOT € paMHOKpakK CO CTpaHU
_C g_C

C,S—5,5—%.

10. JomkuHUTE Ha CTpAHUTE HA €ICH TPUATOJHUK M HEroBaTa IUIOMITHHA C€ TMpPH-
ponnu OpoeBu. Ennata crpana e 21, a nepumerapor 48 mepHu eaununu. Oapenu ja
HajMajaTa cTpaHa Ha TOj TPUAroJHUK.
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Pemenune. Ako C=21 u ako a e HajMajara cTpaHa Ha TPHUArOJHHUKOT, TOTaIl
a+b=27,b=27-a un a<13. Ako S e MoJynepuMeTapoT Ha TPHUATOTHUKOT, TOTAIIl

P=/s(s—a)(s—b)(s—c) =/24-(24—a)-(a—3)-3=6/2(a—3)(24-a) .
bunejku P e mpupomen 06poj ciemysa c
neka 2(a—3)(24—a) = k?, keN;Te.
2a° —54a+144+k? =0
IMTocnenHata paBeHKa ke MMa IeJI00pOjHH

pelieHrja Mo a caMo aKo Hej3MHATa
JMCKPUMUHAHTA € TOYCH KBAJpaT, T.C.

D =272 —2(114+k?) = 441-2k® =m?,
meN.Ogng
2k? +m? =441=9-7-7=B+1)-7-7=8-7-7+7-7=2-14° + 7?,

A D B

3aknmydyBame Jneka K =14, ma Ttoram 2a% —54a+340=0 , nobuBame g =10 u

ay =17 . 3Hauu HajMazaTa CTpaHa Ha TPUATOJHUKOT € 10 MEpHH eANHUIIN.

11. TlepumeTapoT Ha ejieH mpaBoarojieH TpuaroiHuk ¢ 2P (P >0) a HeroBara
BUCHHA CITIITCHA KOH XUIOTeHYy3aTa uMa J0/bkuHa h . Ompeaeny I HEroBUTE CTPaHU.
Pemenne. On ycnoBoT Ha 3ajadara umame a+b+Cc=2p, kage a u b ce non-

JKUHUTE HA KaTETUTEC a C € JOJDKUHA Ha XUIIOTCHY3aTa. Cnopez[ TOa
a+b=2p-c @

(a+b)* = (2p-c)’

a’ +2ab +b? :(2p—c)2

c? +2ab:(2p—c)2

ab:2p2—2pc. @)

bunejku ab =ch, ako 3amenume Bo (2) modbuBame ch+2pc =2 p2 OJTHOCHO C =

Ako nobueHoro € ro 3amenume Bo (1) u (2) nobuBame

_ 2p(h+p)
a+b= hi2p
_ 2p°h
ab= h+2p

2
Cnopen Toa, @ U b ce KopeHHM Ha KBajJpaTHaTa paBEeHKA X2 — Zﬁih;pp) X+ ﬁfzg =0.

3Hauu,

2
a=plslh+ py(p-n7?-2n2],b=Bolh+ p-\(p-h)? 2], c= 20

12. Bo mpaBoarojiieH TpUaroJHUK, OJHOCOT Ha paJMyCUTE Ha BIWIIIAHATA W OIHUIIIA-
HaTa Kpy)XHuIa e 2:5 . Onpeaenu ro OAHOCOT Ha KaTETHTE.
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Pemenune. Hexka ABC e mpaBoarojieH Tpua-
TOJTHUK CO T€ME€ Ha MpaBHUOT aroy Bo temero C .
Heka b e momxunara Ha moroiiemara katera AC
M a € JoJDKMHATa Ha rnmoManara kateta BC .

Heka r e pagnyc Ha BOMIIAHATa Kpy>KHUIA Kq

a R e paamyc Ha ommmianata KpyxHuna K, (Bunu
LPTEK).

Toram R=% u ra+Tb_° , TIa OJl YCJIOBOT Ha
3agadara, UMame
a+b—c
2 _2
c 5"
2
[TocneqHOTO paBEHCTBO MOKEME JIa TO 3aIHIIeMe BO 00K
a b_7
cte=5- 1)
Opn IuraropuHa TeopeMa MMame
@) +(®)% =1. 2)
On paBenkute (1) u (2) ro qoOUBaMe CUCTEMOT
a,b_171
c + c 5

@7+ =1

Axo BoBesieMe cMenn & = x, 2 = y , TO 10OMBaMe CUCTEMOT
C C

-7
X+y=¢
x2+y2=L
KOj € EKBUBAJICHTEH CO CUTEMOT
-7
X+y =g
—12
Xy = 25
Cropen Toa, X W Y ce pelleHHja Ha KBaJpaTHATa PaBeHKa t2 —%t +% =0. Pemenuja
Ha KBaJipaTHaTa paBeHKa ce t; = 2 yt,=3 Ceraumame, 2=X=23
17 5" 275" by 4°

13. 3a oABC mno3naru ce ctpanara a u miomrnHata P . [Ipecmeraj ru ctpanure b
u C,ako b=3c.

Pemenne. Bo Xeponosara (opmyna P2 =atD+C ath-c a-bic -aibic opppaye

2 2 2 2
b =3c, u nmo cpenyBame Ha U3pa3o0T ja JOOMBaMe paBeHKATa
64c* —20a°c? +a* +16P? =0. 1)

CrpaHuTe Ha TPUATOIHUKOT MOpa Jia TH 3aJ0BOJIyBaaT yclIoBOT b—c<a<b+cC u

kako b=3c mobmBame 2C<a<4C, OIHOCHO 4c? < a? <16¢2 , O IITO CleayBa

2 2
T—6 <c?< & - Ma ja pasriename pynkunjata
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f (t) =64t% —20a°t +a” +16P?.
3agauara ©Ma eHO perieHue ako f (%) f (aTz) <0, mITo He € MOKHO OUIC]KH
a’y _ f¢a’y _ 2
f(f5) = F(5) =16P".
Cera, Ounejku 64 f (%) >0 u 64f (aTZ) >0 3amadarta UMa JBe pelIeHuja ako

D =16(9a* —256P?)>0 u
a? _tth _ 20a% _ a?
16 2 256 4 -
bunejku BTOpHOT yClIOB € ceKkorail MCIOJHET 3aKiydyBaMe JeKa 3ajadaTa MMa JIBe

< 3a®
16
ja peunMe OMKBajapaTHaTa paBeHka (1).

pewenuja ako P . Koneuno, 3a na ru onpenenume crpanute b u C ocraHysa aa

14, JlaneH € paMHOKpaK MpaBOarojcH TPUATOJHUK YMH KaTeTu ce co mospkuHa 10.
Onpenenu ja HajrojieMara MOXHA TUIONITHHA HAa MPABOArOJIHUKOT YHWja €aHA CTpaHa
JIeKU Ha XUIIOTEHY3aTa, a TEeMUbaTa Ha CIIPOTUBHATA CTpaHa MpumnaraaT Ha KaTeTUTE.

Pemrenne. Heka mnpaBoaroiHUKOT c
PQORS e Bouman Bo AABC Ha 3a-

MaJeHUOT HayuH (Buau 1pTex). Of

[MuraropoBara Teopema cieayBa AeKa S R
AB = 10\5 . [la o3Haunme - =
QR=x n PQ=y.
Tpuaromaumure BRQ u APS ce - -
pamMHOKpaku, ma 3atroa AP=x u A F Q #

BQ = x. Ox oBne cinenyBa neka 2X+Y =102 u 3a mwiowrnHata Ha MIPABOATOJTHUKOT
noduBame

P(x)=xy = x(10ﬁ—2x) = 2x(5\ﬁ— X) .
dynkumjata P(X) e kBaxpaTHa, a HEJ3MHUOT MAaKCHUMYM C€ JIOCTHI'HYBa BO alCIEca co
Teme X = %\/5 .

Criopen Toa, HajrojieMaTa MOKHA TUIOIITHHA € €THAKBa Ha P(% \E) =25.
15. TemumaTa Ha e€l€H KBajpaT JeKaT Ha CTpaHUTE Ha APYr KBaapar (Ha elIHa

cTpaHa emHO Teme). Jla ce Hajue OJHOCOT Ha KOj Ce€ pa3/eleHH CTpaHUTEe Ha BTOPHOT
KBaJpaT cO TEMHUIaTa Ha MPBUOT KBaJpaT, akO OJHOCOT HA HUBHHUTE IUIOMITUHH €

¢/IHaKoOB Ha ), (%< p<1). D X M y C
Pemenne. Heka ABCD u KLMN ce pamenute y
kBaapatu, taka mro K,LLM wu N npnnafaaT Ha \ y
ctpanure AB,BC,CD wu DA cooxaserHo. Ke BoBeneme
O3HaKH ﬁ_:y, @:X,H:bnﬁza,npnnno ) .
MOXEMe J1a IpeTrnocTaBume X > Y . Toram y
A Y KX 8
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R = Pagep =% = (x+Y)?,

2

a criopen [Iuraropunara Teopema b2 =x% + y2 , TIa 3aT0a

PZZPKLMN :b2:X2+y2.

P x2+y2 2+y2
Opn ycioBoT Ha 3a7adaTa b= > =P, kage 0< p<1.Pasencrsoro > =
1 (x+y) (x+y)
MOXeMe J1a TO 3aIuiieMe BO 00JIMK
(- p)x* —2pxy+A-p)y* =0 /1y’
2
(1-p))" -2py+(1-p)=0.
AKO BOBeJIeME O3HaKa % =1 noOuBame
(1-p)t® ~2pt+(1-p)=0. (D)
Pemenuja Ha paBeHkata (1) ce t) = p+1¢_2pp—1 4= p—l_zpp—l . JacHo e neka % = p+1— ’_pr_l

e 0apaHOTO pelIeHue.

16. Ompeneny ja TUIOMITHHATA HA KPYTOT OMHUIIAH OKOJY MPaBOArOJHUOT TPUAroJ-
HUK, aKO JOJDKMHHUTE Ha HErOBUTE KAaTeTH C€ KOPEHM Ha KBaJpaTHaTa paBEHKa

ax2 +bx+c=0.
Pemenue. Pa,I[I/IyCOT Ha KPY>XKHUIIATa OIMIIaHa OKOJY IIPaBOAroJIHUOT TPpHUArOJHHK
€ €JIHaKOB Ha TOJIOBHHA O] IOJDKMHATA Ha XUIIOTEHy3aTa. AKO U M V C€ JOJDKMHHM Ha

KaTeTUTE Ha TPUATOJIHHUKOT, ToOMBamMe UV :% , U+Vv= —% . AKO W e JoJDKMHATa Ha

XUIIOTCHY3aTa, Torau

W2 = U2 +V2

w2 =u? +2uv + V2 —2uv=(u +v)2 —2uv

2 2
w2=b—2—2£=b —gac,
a a a

1,12 _ b®-2ac
(ZW) 422

bunejku R = %W , IMaMe

_ . p2_ (1,12 _ _h?-2ac
P=nR —TC(ZW) =

17. Bo kpyKeH OTCE4OK cO LeHTpaieH aroi o 120”7 e BhuIIaH KBajpar co CTpaHa
3 cm . Hajau ro pagnycoT Ha KPY»KHHIIATA.

Pemenne. Heka kBagparor ABCD, co crpana @ =3 CM ¢ BIOUIIAH BO OTCEYOKOT
PMQ, co paxuyc r (Bumu nptex) u Heka S e cpeauna Ha PQ . Crmopen yclioBoT Ha

3amauara OS = SM =%, a OTTyKa:
__L_ TN _ 3r
MN_2 a, LN_—2+a.

Toram, ox npaBoaroiaanotr aLMC nobusame
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MN -LN = NC~

r 3r _a’
G-a5+a) =5
3r2 —4ar—5a2 =0
hy2 =2(2+419).

3ameHyBajku 32 & =3, nobuBame I =2+ J19.

18. JIBe Temumba OJ1 €/IcH KBaJpaT Ce TOUKH O]l KPYXKHHIA cO paauyc R, a apywure
JIBE C€ TOYKH O] TAHT€HTA MOBJICYCHA KOH MCTaTa KpyXHula. /la ce Hajae cTpaHara Ha
KBaJ[paToT.

Pemenne. Heka Temumara A u B onx kBagparor ABCD mnpumaraatr Ha

kpyxuunara k(O,R), a temumara C u D nexar Ha mpaBara t koja ja momupa k Bo
toukata Q . Crmopen Toa, t|| AB u 6unejku OQ L CD , nodusame QT || AD || BC xazne
T=QONAB. Ho OQT u QT L AB, ma crmopex toa OT L AB. 3Hauu, Tpu-
aromaukoT BOA e pamHOKpak co ocHoBa AB u OT e HeroBa BHcHHA.

AKO cTpaHaTa Ha KBaJpaToT € X (E: X), D Q C

toram AT =%, U O IIpaBOaroJIHUOT TpHUa-

romauk ATO mmame

— =2 —=2
OT =\VAG - ATZ = [RZ-(%)? = [R?-X.

Cera, o

TQ=AD=BC=T0+0Q=,/R?~ £ +R,

2
JlobuBame X—R= R? _XT . Pemenne mna

MIOCJIEIHATA PABEHKA € X = % R=16R.

19. Pacrojanuero Mel'y EHTPUTE Ha JIBE KPY>KHUIM CO paJuycu I € eIHaKBO Ha I .
Bo mpecekor Ha kpyroBure € BhumaH KBajapar. Koyiky e moipkuHaTa Ha cTpaHata Ha
KBaApaToT?

Pemenne. Heka nageHure KpyKHUIH
ce k(O,r) u ky(O,,r), nmpu mro

0,0, =r. Heka ABCD e kBagpar mTo ¢
BMHUIIAH BO HUBHHOT npecek, A, D ek, u
B,C ek (Buam mprex). AKo X € JOJDKH-

Ha Ha CTPaHaTa Ha KBaJpaToOT, TOTall jaCHO
e neka O0<x<r.Heka 00, "AD=E u

0,0, "nBC =F . Ilpu toa &zﬁ:%x

o1 KaJc I[O6I/IBaMe
E=0,F = 1
:EI. 2 2 (r X)
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OE=0OE+EF=1(r— =1

OE=0E+EF =5(r—-x)+r=3(r+x).
Cera, o mpaBoaronnuot TpuaronHuk O;FC umame

—2 —==2 ——=2

OF +FC =0C

1 2 ,1,2_ .2

Z(HX) +aX° =T
2x% +2rx—3r? =0.

bunejku x >0, umame X = *ﬁT_lr .

21. EnHa KpyXHHUIA JOMHpa IBE COCEAHM CTPAHU HA KBAJApar, a JAPYTHTE JBE T'H
JICNTM Ha JiBa Jiena co Jo/ukuHu a u b (a<b). Onpenenu ro pagnycoT Ha KpyKHHIIATA.
Pemenne. Heka kpyxuuiiata K(O,r) ru monupa crpanutre AD u DC on xBaa-

pator ABCD Bo Toukute Ty u T,, a ctpanute AB u BC ru cede Bo Toukute K; 1

K, coomBeTHO, mpH mITO B_Kl = B_K2 =b u A_Kl = CTZ =a. Op ycioBoT Ha 3a3j1a4aTa

umame AB=a-+b.Toukara O e BHarpemHa Touka 32 ABCD , npu mro
Z(a+b)<r<a+b. b

Hexa OT, "AB =M . Bo npaBoaroaHuoT Tpuaroi-

nuk OMK; kateru ce
OM = MT2 —OT2 =a+b-r
I\/IK1=AI\/I—AK1=OT1—AK1=r—a, T,

a xunoreny3ara ¢ OK; =r . Toram
r>=(r-a)®+(@+b-r)? A K

r? —2(2a+b)r+2a% +2b% +2ab =0

Kopenu Ha mocneHara paBeHKa ce

/2 =2a+b++y2a’+2ab,
L =2a+b+v2a?+2ab>a+b,

I1a crmope Toa 6apaHaTa BpeaHocT3a I €

IpH IITO

r=r,=2a+b- 2a2 + 2ab

(HE e TemKo /1a ce MpoBepH JAeKa %(a +b)<2a+b- \/2&2 +2ab <a+b).

22. JlBe BUCHHH BO OCTPOAroJIeH TPUAroJHUK C€ CO JIODKMHU 3CM u 22¢m, a
HUBHATa MPECEYHA TOYKA ja JIeIW TpeTaTa BHCHHA BO OAHOC 9:1, cMeTaHo o1 TeMeTo

Ha TpuaroJHukoT. [IpecMeraj ja miuomTrHaTa Ha TPUATOIHHUKOT.
Pemenne. Hexka H e opronenrapor Ha aABC (Bumm nptex) u Heka

AA =3, BB =22, CH:HC =5:1.
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On cnuynocta Ha TpuaronHuuure AHB; u
BHA, uMajku ru npeaBu1 03HAKUTE HA LpTe-
K0T, 1oOuBaMe:

X@-%) =y (22-y). (1)
Hexa P e mmomrunara va AABC, Toramr:

P=1a3=a=2",

2 3
2P

TXZ P

N~

I
PBCH =3 a-X
AHAaJIOrHO HAOraMe:

y
PacH =55 P 1 Pasn =¢P,

Te. P=XP+Y_P+1P nasaroa
3 22 6

On (1) u (2) ro noOMBaMe CUCTEMOT PaBEHKH:

x(3-x)=y(2J2-y)

X y 5
2+2==3,
3 z\ﬁ 6
Opn BTOpaTa paBeHKa 1o0uBame:
o 10—:Zy\ﬁ w3 x = 2+BZ\E’

I1a CO 3aMCHa BO ITpBaTa paBC€HKa UMaMe:

20+ 24y\2 —18y? = 32y\2 -16y? um y® +4y\2 -10=0.
ITo3UTHBHUOT KOpEH Ha OBaa PaBEHKA € Y = xﬁ (y= —Sxﬁ HE 3aJI0BOJTyBa), a COOJ-
BETHATa BpeqHOCcT 32 X € X =1.

On cimunocra Ha tpuaronmammre AHC;, m CHA; nobmsame z-5z =Xx(3—-X), T.e.

2% = % Op npaBoaronuute Tpuaronaunu BHA u CHA nobusame:

_2 —_—
BA =(22-y)?-x?=2-1=1, BA =1,
_2 —_
CA " =(52)> —x* =10-1=9, CA =3.
[Tonaramy BC = @ +E =1+3=4, ma mmomrunara Ha aABC e:
=1BC.AA =1.4.3=
P=5BC-AA =5-4.3=6.
3Hauy, 6GapaHaTa IUIOIITHHA € €JHAKBA Ha 6cm?.
23. Tlpecmeraj ja mmomTuHata Ha yetupuaroasuukor ABCD, ako AB=12cm,

BC =17 cm, CD=4cm u DA=5cm u ako ctpanute AB u CD ce 3aemHO HOp-

MaJlHU.
Pewenue. /Ips nauun. Pasrienysame Tpu citydau:

1" Yerupuaronmuukor ABCD ro uma BHIOT Kako Ha LpTex 1.
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Hexa AM =X, DM =Yy, toram ox npaBoaromuute tpuaronmauim ADM u BCM
uMame:
2 2 2 2
X“+yc =25, (12—-x)°+(4+y)° =289.
Axo o1 BTOpaTa paBeHKa ja 03eMeMe MpBata, 1o CPeyBambeTo, Jo0BaMe
y =3x+13. 1)
Co 3ameHa Ha (1) Bo mpBaTa paBeHKa ja JoOOMBaMe KBaJipaTHaTa paBeHKa
5x%+39x+72=0,
YU KopeHn X =—3 u X =—4,8 He T'™ 33/10BOJTyBaaT yCJIOBUTEHA 3aa4ara.

2° Yerupuaronaukor ABCD ro uma BUIOT Kako Ha 1prex 2. Torari, criopes o3Ha-
KUTE Ha [PTEXKOT UMaMe:

x> +y? =25u (12+%)% +(4—y)? =289,

O]l KaJie IITO Haorame

y =3x-13. 2
Co 3ameHa Ha (2) BO mpBaTa paBeHKa O] CHCTEMOT ja ToO0MBaMe KBaJpaTHATa paBeHKa

5x2 —39x+72=0,
YU KOPEHH ce: X =3 U Xp =4,8. CooBeTHUTE BPETHOCTH 3a Y C€:
y1=3-3-13=-4mu y, =14.

3HauM, OBOj YETHUPUATOJHHK TOcTOoM camo 3a X=4,8cm u y=14cm. Herosara

IUTOIITHHA € 30Mp Ha TuromTHHUTE Ha Tpuaronauure ADM u BCM |, ma nmawme:
P=2[x-y+(12+x)(4-y)]=$(4,8-14+16,8-2,6), .. P =252 cm?.

y y
y+4 Ci Y +4
D
X+12 X x+12
0 A B X OM B X
upTex 4 DIY nprex 5

3" Yerupuaronaukor ABCD ro umma BHIOT Kako Ha Kako Ha 1ptex 3. Bo oBoj ciy-
4aj ro 100MBaMe CUCTEMOT

X2+ y?=25, (12+X)°+(4+Yy)?=289
OJI Kajie IITO HaoTaMe
y =13-3x. (3)
Co 3ameHa Ha (3) BO mmpBaTa paBeHKa 0JI CUCTEMOT ja 1oOMBaMe KBajJpaTHATa paBeHKa
5x2 —39x+72=0,
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YUY KOPEHHU ce: X; =3 U X =4,8. Co0oBETHUTE BPEIHOCTH 32 Y Ce:
y1=4uy,=-14.

3Ha4M, OBOj YCTUPHATOJHHUK MTOCTOM 32 X =3CM u Y =4CM, ma HeroaTa IIONITHHA €:

[xy+(12+y)(4+y)] l(4 3+15-8), T.e. P =54cm?.

CJ'IC)ICTBCHO, HOCTOJ aT JIBa UYCTUPHUATI'OJIHUKA IITO I'M UCIIOJIHYBAaT YCJIOBUTC HaA 3aaavdara U

2 2

HuUBHHTE IDTomTHHA ce 25,20cm” u 54cm

Bmop nauun. Yernpuaromaukor ABCD ro moctaByBame BO NMpaBOAarojieH KOOPIMHATEH
cuctem XOY . Ako HeroBute Temuma A u D ru umaat koopmunature A(X, 0) u D(O, y) ,

torami Temutbata B u C ru umaar koopmuHatute B(X+12,0) u C(0, y+4) .Kopucrejku

v popMyJIHUTE 3a pacTojaHue Mel'y JB€ TOUKU U YCIIOBUTE AD =5 u BC =17, ro no6uame
CHUCTEMOT PABEHKH
X2 + y2 =25
(x+12)% +(y+4)% =289
on kaje mro Haofame X=3; Y=4 u Xx=4,8; y=-14.
Bo npsuot cinyuaj umame P =P —P,, xage mto P, u P, ce miomTuHu Ha Tpua-
romaunure OBC u OAD, cooaBeTHO (1ipTek 4), a BO BTOPHOT CiIy4aj HMame

P =R +P, (uprex 5). Ilo npecmeryBame Ha P, 1 P, Bo cekoj onjeneH ciy4aj nMaMe

P =54cm? wm P =25,2cm?.

24. 3a ctpanure @,b u ¢ ma aABC Baxu 2a=Db+cC. Hajau ru crpanure, ako ce
HO3HATH CHUMETpajaTa Ha arojoT S, M TEKHIIHATA JIMHUja 1, MOoBJIeYeHH o] TeMeTo A .

Pemenne. Ke rv kopucTrMe NMO3HATUTE (popMme

2,2 2
P2 R N R 115 5
2 4 (b+c)?
bunejku, mo ycios, b+c =2a, numame 52 bc(za) —at =3pc, re.
T @ A
_4q2
bc=3S;. Q)
ITonaramy,
2 _bPac? _a? _ (br0)’-2bc a2 _4a’-2bc a2 7,2 _1g2_4§?2
ta =" 4~ 2 4 2 4 =42 bc=7a Sa'

_4 4 2 . 2 2
T.e. al (t Sa)- Orryka Ouzpejku a >0, mobGuBame a—%qﬁt +4S; . Cera

HUMaMceE:

b+c=2a=—7=4/3t3 +4S2 2
f )
Cropen (1) u (2) cnenysa aeka b i C ce KOpEHHU Ha KBaJpaTHaTa paBeHKa
X% — F 3t +485 +487=0.

Kopenutre Ha oBaa KBajgpaTHa paBeHKa ke OuagaT peaqHun OpoeBU, aKO HEJ3UHATA
JUCKPUMUHAHTA € HEHEeraTUBHA, T.€.
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16 (3t5 +485)-LsZ>0
3t2+4S2-752>0
3(t2+S2)>0; t,>S,.
MerfyToa, BAKOB TPHATOJIHHUK TIOCTOH, aKO U CaMO aKo (b—C)2 <a’< (b+c)2. Hepa-

BEHCTBOTO (b+C)2 >al = (b—erC)2 € OYUTJIeIHO UCToNHeTO. O (b—c)2 <a’ nobusame
a® =(228)% > (b-c)* = (b+c)* - 4bc,
abc>2(b+c)?
4.47>3.18 37 +48])
1652 > 9t2,
45, >3t,

CnexnctBeHo, Sy <ty < %Sa. IIpu oBue ycnosu, nmame x? —2ax+48§ =0, oxHOCHO

3
2 2 .y 2 2 2 2
X1/2 :ai,¢a —%Sa . Bunejkn a _%Sa =%(ta—8a), Mame
_ 2 2  4c2 2 42
Xyz—f(\/ta +§Sa i\/ta—gsa)

KoHne4Ho, cTpaHUTE Ha TPHATOJIHUKOT ce: &, b =X, C=X, wm a,b=X,,c=X..

25. JIpa Opoja Tpruajge UCTOBPEMEHO €/IeH KOH JPYT, MPBHOT OJ1 MPUCTAaHUIITETO A
KOH npuctanumTer B, a BropmoT Bo oOpaTHa Hacoka. Tue ce cpeTHasne Mo Tpu yaca.
[TpBuoT Opox cTurHan Bo npuctanuiteTo B 3a 2 yaca u 30 MUHYTH MOKaCHO OTKOJIKY
IITO BTOPHOT OpOJI CTUTHAT BO MpHUcTaHUIITETO A . 3a KOJKY Yaca CeKoj o] OpoIoBHUTE
0 MUHYBaJ pacTOjaHUETO Mel'y JABETE MPUCTAHUIIITA.

Pemenne. Heka V| e Op3uHara Ha pBHOT OpoA, a Vo € Op3uHaTa Ha BTOPUOT OpO.

AKXO0 X € pacTojaHHeTO Mely IMPHUCTAHUIITATA, TOTAIIl

3V +3v, =X. (1)
Axo BTOpHOT OpoJI MaTyBaj Yy daca, Torail IpBHOT Opox maryBan Y+ 2,5 uvaca. Cro-
pen Toa,

vi(Yy+2,5)=x

VoY =X,

ol Kajie 1o0uBame Vq = V) = % Cera, axko 3amenume Bo (1) noOuBame

X
y+2,5'
3X 33X _
y+2,5+ y X
3 3 _
y+2,5+ y =1,
2y? —7y-15=0.

[To3uTuBHO pelieHne Ha rmocjenHara paBeHka € Y =5 . Bropuot Opox nmpucTuraan 3a 5

yaca, a IPBUOT OpOJI MPUCTUTHAJ 32 7,5 Jaca.
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26. Ox mecroto A koH mMecToTo B mCTOBpemMeHO TprHyBaaT I1BE TPYIH TYPHCTH.
[IpBara rpyna Tpraaga co aBTOOyC IBHXKEjKH ce co mpocedyna Op3uHa ox 20 km/s wu

crurHana o mectoto C 1mTo e Ha mosoBuHa mat mery A u B, a moroa Tpruaie
nemky. Bropara rpyna Tpraana nemku, a mo 1 yac ce kaumsia Ha aBToOYC, KOj Ce JBH-
xen co npoceuna ox 30 km/h. Bo mecroro C , npBaTa rpymna cturnana 35 MUHYTH T10-
paHO ox BTOparta, a Bo Mectoto B 3a 1 wac m 25 munyTtn nogomnna. Konky ce oxna-
neyenn mectata A u B u xomkaBa e mpoceuHara Op3mHa rpymnuTe, Kora oJaT MenIKy,
aKo mpoceuyHara Op3uHa Ha mpBaTa rpyma ¢ 3a 1 km/h moromema ox mpoceunara Op-
3MHa Ha BTOpara rpyna?

Pemenne. Co X ja ja o3HauMMe MpoceyHaTa Op3WHA Ha MpBara rpyna(kora oaat
NEIIKK); Toraml MpoceyHaTa Op3WHa Ha BTOpara rpymna (Kora ojaT TMeNIKH) ke Oue
y=X-1. Ak0o co S ro o3HaunmMe pactojanueTo mery mecrata A u B, Toram, of

YCJIOBUTC HaA 3aa4ara, )106I/IBaMeZ

S S

20 1z =1t 55
S S
2_2
x=30+2

0[] Kaje To fobuBame X =6,X, =67, s, =30,s, =-215.
3Hauu, mpocevHaTa Op3WHa Ha mpBarta rpymna (kora oiar memkud) ¢ 6 km/h, Ha

Bropara 5 km/h,awmecrara A u B ce ogmanedenu 30 km.

27. VIMeHHUTENOT Ha eIHa HeCKpAaTJIMBa JIPOIKA € 3a 2 MOrojieM o OpOUTENoT. AKO
Ha pPEUMIIPOYHATA APONKA C€ HaMmalld OpOUTENOT 3a 3, a moToa ce OA3eMe IpBaTa

JpOIIKa ce J00uBa % . Koja e moueTHara npormnka?

Pemenne. Heka mouernata nporka e ?Xz, mpu MTO X € HemapeH O0poj (BO

CIPOTUBHO JpornkaTa Ou 6mna ckpariusal). Toramr o1 yCI0BOT Ha 3a7jayaTta uMame

X+2-3 __x _ 1
X x+2 15°7

0J1 KaJie ja JoOuBaMe paBeHKaTa

x% ~13x+30=0,
YUU KOpPeHH ce X =3 U Xp =10. On HuB ycnoBOT Ha 3aja4aTa ro 3aJ0BOJIyBa CaAMO
NPBHUOT, NTa OapaHaTa JIporKa ¢ % .

28. Jla ce ompenenat 11 peanHm Opoja Taka IITO CEKOj O] HWB Jia € €IHAKOB Ha
KBaJIpaToT Ha cymara Ha npeoctanature 10.
Pemenne. Hexa Gapanurte 6poeBu ce Xi, Xp,..., X1 U HEKa BaXH:

X < Xo << Xqq - (1)
Heka BkymHarta cyma Ha OpoeBute € S . Criopes yCJIOBUTE Ha 3a/1a4aTta, HMaMe:

X =(s—x)%, i=123,..,11, )
on kane cnoper (1), nobuBame:

(5—%)2 <(5—%)2 <...<(s—%1)?. 3)
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bunejkun Oapanute OpoeBU ce KBaapaTu, UCTUTE C€ HEHeraTuBHH, ma ox (1) ciexysa
JeKa S—X; <S—Xy <....<S—X11, OTHOCHO

(5=x)%>(5=%)2 > ... > (s—%q)°. (4)
On (3) u (4) nobuBame nexa (S—Xl)2 = (S—X2)2 =..= (S—Xll)z, Ol Kajie Mmopaau
HEHEraTUBHOCTA, UIMaMe X = X =...= X(1. 1Orall 3a CeKoj OJ HUB BaXH X = (10x)2,
oJ1 Kazie nobuBame aeka cute Oapanu OpoeBu ce ) WM CUTE ce eTHAKBH Ha ﬁ :
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i1l HEPABEHCTBA

1. HEPABEHCTBO HA KOLHIN-BYHBAKOBCKHU-LHIBAPL]

1. Jloxaxku, eka 3a NpOU3BOJIHU peaHu OpoeBH X, Y,Z Baxu

L+xy+xz  1+yz+yx " 1+ zx+zy >
A+y+2)?  @+z4x)2  (Q+x+y)?

Pemenne. Ox HepaBeHncTBOoTO HAa Komm-bymakoscku-1lIBapr cienysa
(1+%+§)(1+ Xy +x2) > (1+y +2)2.

CreicTBEHO

1+ xy+xz S _ X

(A+y+z)? — XFy+Z°
KonewHno, ako mociemHOTO HEPAaBEHCTBO IO coOepemMe CO aHAJIOTHUTE HEPaBEHCTBA,
nobuBame

1+Xy+xz 1+yz+yx+l+zx+zy S _X y 7
A+y+2)?  (1+z+X)°  (Ax+y)®  XHYHZ O XFYFZ O X+Y+Z

2. Heka ag,ay,...,a, ce NPOU3BOJIHYU peanHu OpoeBu. Jlokaxu, Aeka Bakd HEPABEH-

n n 2 n 4
e < Dl >l ?
i1 i1 i1
Pemenne. Co npyMeHa IpBO Ha TPMBHUjaIHOTO HEpaBeHCTBO a <|a|, a moToa Ha He-

CTBOTO

paBeHcTBoTO Ha Komm-bymwakoscku-IlIBapii, ce nodusa:

n n n 1 2 n 2 |n 4
as<Xlal=2laPlaP<s | Xla R [ Xl .
i—1 i=1 =1 =

3. Heka X,Y,Z ce NMO3UTHUBHU pealHU OPOEBH TaKBU MITO XY+ YZ+ZX=X+Y+Z.

Jlokaxku ro HEpaBEeHCTBOTO
L 1 -1 <1

X2+y+l  yitz+l Z%4x+l

Kora Bo npeTxoaHOTO HEpaBEHCTBO BaKH 3HAK 32 PABEHCTBO?
Pemenne. Co npumena Ha HepaBeHCTBOTO Ha Komu-bymakoscku-I1IBapi 3a Tpoj-

kute (X, \ﬁ,l) u (1 \ﬁ, Z) nobuBame

1 < .
X2+y+l ~ (x+y+2)?

1+y+z2

AHaJIOTHO BaXXu

2
1 < 1+z+x? g — L o xhy
y24z+41 " (x+y+2)? 2% +x+1 (x+y+z)2

Co CO6I/IpaH>e Ha OBHC HCPABCHCTBA I[O6I/IBaMe

i . 1

1 < B4 x+y+z+X2+y?+7° —3
X2+y+l  yPi4z4l 224x+l (x+y+2)? '
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OcranyBa na Jokaxkeme Jeka S <1, a Toa crmopel yCIIOBOT Ha 3ajayara ¢ CKBHBa-

JICHTHO CO
3+X+y+z2<L2(xy+yz+2X)=2(X+y+2),1..CO X+Yy+2>3.

2
[TocneaHOTO HEpaBEHCTBO ciienyBa o X+Y+Z=Xy+YyZ+ZX < w )

4. Heka X,y M Z ce HEHEraTUBHU peanHu OpoeBU. Jlokaxu, aeka

X-y y—z 42X
Xy+2y+1l = yz+2z+1  zx+2x+1 T T

Pemenune. BoenyBame cMeHH
X-y y—Z Z—X

- Xy+2y+1’ - yz+2z+1 ne= ZX+2X+1
1 —
Toram a+1 =22 yorryka 2 =—2Y -1 _ 1 Apanorno saxn
a X—y a+l  Xxy+x+y+l  y+l x4l
b __1 1 c _ 1 1

b+l = z+1 y+l © ¢+l xH  zHl°

L 11 -1 cienysa geka -, 2 C <1, nasaroa a+1b+1

Ilonaramy, on 0 < 'y 74 a+l'b+l’ ¢+l

n C+1 ce nosutuBHU. OCBEH TOA, BaXKH

a ., b . c _ I R N
a+l b+l c+l 0,re. a+1+b+1+c+1 3.

Cera, on HepaBeHcTBOTO Ha Komm-bymakoscku-1lIBapi cienysa
@+)+Mb+)+(c+1) >3, 1e. a+b+c>0.
5. Heka X,Y,Z ce NO3UTUBHU peanHu OpoeBu TakBu mto XyZ =1. Jlokaxu jeka
4 2 4 2 4 y2 2 y2 2
() 50" + 5) 2 oA+
Pemenne. Kopucrejku ro HepaBenctBoTo Ha Komu-I1IBapi; umame

\/(x2)2+(§)2 -\j(y2)2+(§)2 2x2y2+§-§=x2(y2+xly)

22, x22 . 2272 L YN2 < 252 x. Y 2052, 1

N R R e R S s e e Cae

22 2\2 . 15242 L (VN2 o y2,2 .2 Y _ 2042, 1

\/(x) H@2 @2+ 2 X222 12 Y =22 4 ).
MHoOejKu TH TTOCIIETHUTE TPU HEPABEHCTBA TI0OMBaMe,

2 2 2
0+ + 20+ ) 2y 2R (v )+ 0C )

3 2 2 2
= (92’ -+ D +D(5 +D)
2 2 2
= (X7+1)(y7+1)(27+1),
HITO U Tpeballie Ja ce JTOKaxe.
6. Hekxa a,b,C ce nosurusuu peannu 0poesu. JJokaxu:

ab+bc+ca — a+b+c’
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Pemenne. 3a Mo3uTHBHMTE peannu Opoesu @,0,C, cropen HepaBeHCTBOTO Ha
Ko bywmakoBcku nmame

ab+bc+ca£\/a2+b2+c2\/b2+c2+a2 —a®+b%+c?

= (a+b+c)? —2(ab+bc+ca)
Cnopen Toa
3(ab+bc+ca) < (a+b+c)?

ab+bcrca  (a+b+c)?

3 - 9
3 > 9
ab+bc+ca  (at+b+c)?
3 > 9 6
1+ ab+bc+ca — 1+ (a+b+c)? =@ a+b+c) a+b+c a+b+c’

7. Heka a,b,C ce nosutusau peannu 6poeBu 3a kou Baxku ab+bc+ca :% . Ha ce

JOKaK€ HCPABECHCTBOTO

S A iy é .
a‘—bc+l b°—ca+l c“—ab+l a+b+C
Pemenne. /[a 3a0enexxuMe 1eka MMEHUTEIUTE BO JICBHOT M3pa3 ce Mo3uTuBHU. Of
HepaBeHCTBOTO Ha Komm-bymakoscku-1IBapr ciierysa
2 2 2 a+b+c)?
2a +2b +2c :3a +3b +3c 233(3 )
a“—bc+l b“-ca+l c“—ab+l a°-abc+a b’-cab+b c¢’-abc+c a’+b’+c’+a+b+c—3abc
[Tonaramy 6unejku

a +b3 +c® —3abc = (a+b+c)(a2 +b? +¢? —ab—bc—ca)
=(a+b+c)(@® +b? +c?-1)
clieyBa Jexa

(a+h+c)? B (a+h+c)? _ atbsc
a’+b’+cP+atbrc-3abc  (atb+c)(@®+b’+c?+1-1)  a’+b’+c?+2

— atb+c __1
a?+b?+c?+2(ab+bc+ca)  a+b+c

1ITO U Tpedaillle Aa ce J0Kaxe.

8. Ako a,b,C ce mo3uTuBHY peaaHu OPOEBHU JOKAXKH 'O HEPABEHCTBOTO

_h\2
a +b +C >a+b+c+ @D
b a+b+c

Kora Baxxu 3Hak 3a paBeHCTBO?
Pemenue. Bnnejfm

—2a b+(a b)? I[’2—2b c+(b o’ °2_20 a+(C a)’

aJIeHOTO HepaBeHCTBo € EKBHBAJICHTHO CO HepaBeHCTBOTo
la—bf? = |b—cf’>  |c-a® _ 4la—b]?
+ + >
b c a a+b+c
[TocneaqHOTO HEPABEHCTBO HEMOCPEHO ClieayBa 01 HepaBeHCTBOTO Ha Komu-bymakos-
cku- [IBapr, T.e.
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2 A2 a2
(a+b+o) (@2 Do kol > ja b+ |b—c|+|c-a])? > (2]a-b))?
ounejku |a—b|a—c|+|c—b]|. 3nak 3a paBeHCTBO Baku ako U camo ako |a—b|=kb,
|[b—cl=kc, |c—al=ka, 3a vexkoj k u |[a—b[Ha—-c|+|c—Db|. Ako k=0, ox oBue

penamuu ciieayBa b =c+a, ma 3aroa a=kc = k’0 u | %—1| a=c—al=ka wu mecHo ce
nobuBa neka kK=¢= @ . Axo k=0, Toramm a=b=c. Cnopen Toa, 3HaK 3a
PaBEHCTBO BayKK aKo M caMo ako a=b=c wm a:b:c :(|)2 1.

9. Heka a,b,C ce nosutuBHu peannu Opoesu Takeu, mto abc =1. Jlokaxu aeka

a b c
+ + <1.
a’+2 b%+2 c%+2

Pemenue. bunejku X2 +2>2x +1, ZOBOJIHO € Ja JOKaKeMe JeKa

__a b cC_ <«
L 2a+1+2b+1+2c+1_1'

ITocnegnoTo HEPABCHCTBO € CKBUBAJICHTHO CO HEPABECHCTBOTO

_ 1 1 1
3_2L_2a+1+2b+1+2c+121' 1)

BoBenyBame 3amena a ==, b = Yc= i co mrto (1) ce cBenyBa Ha

X
y'o oz

y Z X >
2X+y + 2y+z + 27+X — 1. (2)

Cera on HepaBeHcTBOTO Ha Komm-bymakoscku-1lIBapiy cieqyBa HepaBeHCTBOTO
2 _ y
(X+y+2)"=( fm -Q/y(2x+ y) + ¢2yz+z -a/z(2y+ z) +4/22’1X -a/x(Zz +X))

= (2X):ry * 2yz+z + ZZ)fi-X)(y(ZX—'_ y)+2(2y+2)+X(2x +2))

— (Y z X 2
B (2x+y + 2y+12 + 22+x)(xJr y+12)

KOC€ € CKBUBAJICHTHO CO HCPABCHCTBOTO (2) 3HaK 3a PAaBCHCTBO BaXMW aKO U CaMO aKO
a=b=c=1.

10. Heka X,Y,Z ce MO3WTHBHH peaaHu OpoeBH. JloKaku ro HEpaBEHCTBOTO

2x2+xy 2y2+yz N 2724 7% 51
(y+Jzx+2)? (Z+\/W+x)2 (x+ﬁ+y)2_ '

Pemenne. Ox HepaBeHcTBOTO HAa Komm-bymakoscku-1lIBapr cienysa

(yx+x? +x2)(%+§+%)z(y+ﬁ+z)2,
X

2x%+xy X2
0]l Kajie Jo0uBame > = > . AHAJIOTHO ce 100MBaaT HEPABEHCTBATA
(y+x/zx+z) XY+XZ+Z
2 2
2y°+yz Y 2% 42x o 72

(e xy+x)?  yzryxex® T (xrfyz+y)? T oxzy+y?
CHOpeI{ TOA, JOBOJIHO € Aa JOKAaXXEME ACKa

2 2 2
M:X2+y+Z >1.

XYy+XZ+2%  yz+yx+x?  ox+zy+y?
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[ToBTOopHO 011 HepaBencTBOTO Ha Komm-bymakoscku-11IBap nobuBame
M ((xy + Xz + 22)+(yz+ yx+x2)+(zx+ zy + y2)) >(X+y+ z)2
1 KaKo
(Xy+xz+ 22)+(yz+ yX+ x2)+(zx+ zy + y2) =(X+y+ z)2
JobuBame gexka M >1.

11. Onpenenu To HajMaJIUOT peasieH Opoj K 3a Koj HEepaBEHCTBOTO

J(@2 +1)(b2 +1)(c% +1) +/(a? +1)(b2 +1)(d% +1) +

@ +1)(c2 +1)(d% +1) + /(b2 +1)(c? +1)(d2 +1) >
>2(ab+bc+cd+ac+bd+ad)—k

BaXM 3a IPOU3BOJIHK peanu 6poesu a,b,C u d .
Pemenue. On HepaBencTBoto Ha Komu-bymakoscku-11IBapr cnenxysa

J@ +1)(0% +1)(c2 +1) = [(a+b)? + (ab—1)2](c? +1) > (a+b)c+ab—1
AKO MOCJIEHOTO HEPABEHCTBO 'O COOEpPEME CO TPUTE aHAJIOTHU HEPABEHCTBA, 'O
I[06I/IBaMe CAaKaHOTO HepaBeHCTBO CO KOHCTAaHTa k =4 . 3HaK 3a paBeHCTBO BaXXH 3a

a=b=c=d =43, nazaroa OapaHaTa HajMayia BpeHocT € K =4 .

12. Ompeseny ja Hajronemara BPEIHOCT Ha m3pazorT A=+X+3+ \/y +3+42+3,

1989

aKko X,Y,Z ce peaJHu OpOeBU TaKBU IUTO X+ Y+Z = 3

Pemenue. M3pazor A ke ro 3amumeme BO 00JIHK
A=1-Xx+3+1Jy+3+1-yz+3.
On nepaBenctBoto Ha Komu-bymakoscku-1lIBapiy ciemxyBa

A=1-x+3+1\[y+3+1-7+3
<12 412 412 \/(\/x+3)2 +(Jy+3)? +(Nz2+3)?
=Bx+y+z+9 :1f&316\/§:\/2016.

Bo HCPAaBCHCTBOTO Ha KOH.II/I'BYH;&KOBCKI/I-H_IBapL[ 3HAK 34 PpaBCHCTBO BaXMW aKO U CaMO
aKo

S ng = ‘/Zjﬁ,re. Vx+3=y+3=+z+3.

On mocnegHUTE paBeHCTBA W YCJIOBOT Ha 3ajnayarta cienyBa X=Y=z. bunejku

X+y+22%,uo6nBaMe X=y=2=221.

Koneuno, A no6uBa Hajronema BpegHocT /2016 3a X =y =z =221.

13. /lanenu ce mo3uTUBHU peajnu Opoesu @,0 m C TakBu mro abc =1. JJokaxwu,
JeKa
1 n 1 + 1 < . v . _
\/a2=+2b2+6 b?+2¢%+6 \/czjazw Jat+ab+ac  \bi+dacrsa ot +dardb
Pemenne. Ke nokaxeMe jeka H3pa3oT Ha J1eBaTa CTPAHA HA HEPABEHCTBOTO € MOMAJI
WIN €JHAaKOB Ha |, JoJeKa M3pa30T Ha JIecHaTa CTpaHa € MOTroJieM WM €IHAKOB Ha 1.
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Axko uckopuctume neka abc =1, o1 HEepaBEeHCTBOTO Mely apUTMETHYKATa M TEOME-
TPHCKATa CPEAUHA CIIETyBa
a® a’ S a’ __ a?
Jat+4brac  Jatraabic+dabc? \/a4+(a2b2+a2c2+b2c2+b4)+(a2b2+a202+b202+c4) a?+b?+c?

Amnanorao nfobusame

2 2 2 2

: Z— bz 7 U £ Z— Cz 2

Jb*+4craa  @’+b+c Jchtaarap  a’+b?+c
' cobupame mocieTHUTE TPU HEPABEHCTBA M JOOMBaMeE JieKa
2 2 2
a + b + < >1.

\/a4+4b+4c \/b4+4c+4a \/c4+4a+4b
OcranyBa ja JoKa)XxeMe JIeKa N3pa30T Ha JeBaTa CTpaHa € IoMall Wik exqHakoB Ha 1. Ox
HEPaBEHCTBOTO Mery apI/ITMeTHt{KaTa U reoOMEeTpUCKaTa CpeilHa ciie1yBa

abc 1 ¢

\/a +2b2+6 \/Sab2+6 \/3ab2+6abc 3 b+2c
1/1 C 1
< _(§+ b+2c) ( b+20)

AHaJorHo ru Jo0MBaMe HepaBeHCTBATa
1 1.5 c 1 <1¢5 a_)

1 <l(o_ L(2_

hZooctig G-z ¥ [Zioatig 4 G-am
Opn nmocnepaHuTE TPU HEPABEHCTBA U 0]l HepaBeHCTBOTO Ha Komm-bymwakoscku-11IBapn
cienyBa

1 1 5_1/( b c a
+ + <2—=( + + )
[2 120246 b21+2c2+6 2i0a2+6 4 4'b+2c  c+2a  a+2b
<5_1. (a+b+c)? _
~ 4 4 Db(b+2c)+a(c+2a)+a(a+2b)

14. Ako a,b,C ce HeneraruBHM LU OPOEBH TaKBH, LITO aZ +b? +c? =1, nokaxu
ZeKa

a_, b 2°12%(a a+byb +cc)?
a +.

b2+l c?+1
Pemenue. Hexa

. =«/a2(b2 +1), % =«/b2(c2 +1), Xq :«/cz(az +1),
— yi — jL — fL
= b%+1’ Y2 c?41’ Y3 a4+l

On HepaBEHCTBOTO Ha KomH-ByH,aKOBCKH-LHBapu cieyBa
[a®(b? +1) +b?(c? +1) +c? (a2 +D](2 c )>(aﬁ+bf+cf)
C

Cnopen Toa, 3a 1a ro J0KaKeme 6apaHOT0 HepaBeHCTBo, Tpe6a Jla TOKaKeMe JIeKa
a®(b% +1) +b?(c® +1)+c?(@® +1) < £

Onx ycioBoT a’+b%+c? =1 clieyBa
a®(b% +1) +b%(c® +1) +c?(a® +1) = a% +b? + ¢ + a’h? + b%c? +c?a’
2(a2b2+b2c2+cza2)+(a2b2+b202+cza2)
3
2(a%b?+bc?+c?a?)+at +h* +c? 1 (@®+b%+c?)?
3 B T L

=1+

<1+
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[TocnenHoTO HEPABEHCTBO CIEAYBa O/ HEPABEHCTBOTO

(@% —b%)? + (0% -c?)? +(c®* -a®)?* > 0.
Co Toa e nokaxaHo 0apaHOTO HEPABEHCTBO U 3HAK 32 PABEHCTBO Ba)KH aKO M CaMO aKo
a=b=c= % . Bo 0B0j cityuaj Ba)ku 3HaK 3a paBEHCTBO BO HEpaBeHCTBOTO (1) u Baxu

3HAK 3a paBCHCTBO IIOCJICIHOTO HEPABCHCTBO.

15. Heka X,Y,Z ce MO3UTHBHU pealiHu OpoeBU TakBU aa X+ Y+2Z =1. Jlokaxu neka

A> B2 , kaje
(L+xy+yz+2x)(1+3x%+3y% +322) _oxx+l | YWY 774
A= uB= + + :
9(x+y)(y+2)(z+%) {3rox®  43+9y? {31972
Pemenue. Onx X+ Y+2 =1 Haorame

1+xy+yz+zx:(x+y+z)2+xy+yz+zx
=(X+Y)Yy+2)+(Y+2)(Z+X)+(Z2+X)(X+Y)

U aKoO ro MCKOpucTuMe HepaBeHCTBOTO Ha Komm-bymwaxoBcku-llIBapi, 3a necHara
CTpaHa Ha JaJICHOTO HEPaBEHCTBO J00HMBamMe

3
A= 5oy (30 + (Y +3y7) + (2 +32%)) 2 (/g(xl+xx 4/9{1_” g(zljz

Crnopes Toa, TOBOJHO € Ja JOKaKeMe JeKa 3a cekoj peasieH 0poj S € (0,1) e ucrmonHero

HEPaBCHCTBOTO

38345  sys+l
9(1-5) " 43,952

2 2
[TocneqHOTO HEpaBEHCTBO € EKBUBAIECHTHO cO HepaBeHCTBOTO 3(9s”—1)° >0, koe

OYUTIJICJIHO € TOYHO. 3HaK 3a PaBCHCTBO BaXXHU aKO M CaMO aKO X=Y =17 :% .

16. Heka X,Y,Z ce NM30THBHHM peajiHM OpoeBH TakBW mTO X+ Y+2Z=1. Jlokaxw,

JIeKa

x+2y+z>g_

y24z  224x  xP+y 4
Pemenne. On HepaBenctBoTO HAa Komm-bymwakoscku-lIBapiy cienysa
y

(F—+5—+F )(x(y2+z)+y(22+x)+z(x2+y))2(x+y+z)
yo+z 254X XS4y

2

3aToa JIOBOJIHO € Ja C€ JOKaXXC€ HECPABCHCTBOTO

9(x(y2 +2)+ y(z2 +X) + z(x2 +V¥) <4(X+y+ z)2
KOC€ € CKBUBAJICHTHO CO HEPABCHCTBOTO

4(x2 + y2 + 22) > Xy +Yyz +zx+9(xy2 + yz2 + zx2) :

2 2 2

Ho, X°+y“+2° > Xy+ Yyz+ ZX, na 3atoa JOBOJHO € Jia Ce JOKaXKe JeKa

X2 + y2 +2% > 3(xy2 + yz2 + zx2) :
Nmame X2 -1=x2(x+ y+2) =x3+x2y+x22 U CIIMYHO 33 Y M Z. AKo ru cobepeme

HEpaBCHCTBATa
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x(x2 + 22) > 2%z, y(x2 + yz) > 2xy2, z(z2 + y2) > 222y
cC Z[O6I/IBa 6apaHOTO HCPABECTBO. 3Hak 3a PaBCHCTBO BaXXU aKO U CaMO aKO X=Y =17,

ma ounejku X+Y+2z =1, nobuBame Ieka 3HAK 3a PABEHCTBO BAXKU aKO M CaMO aKo

X:y:z:%.

17. Heka aq,ay,...,8yq0g C€ peanHu OPOEBH TaKBU LITO

a1+a2 +a3 +...+a2008 =0

a12 +a§ +a§ +...+a§008 =502

1)
Ognpenu ja MakcHMMaJHaTa BPEJHOCT 3a ayqog - Hajan 6apem enHa HM3a OJ BPEAHOCTH
&,ay,...,Ayp07 BO KOja Taa ce JOCTUTHYBA.
Pemenue. Cnopen HepaBeHcTBOoTO Ha Komm-bymwakoscku-IlIBapi, 3a peannute
OpoeBu &,8y,...,89p07 UMaMe
(al +ay +...+ a2007)2 = (1 d +1- ds +... +1- a2007)2

<1 +12-f....+12)(a12+a§+...+a§007) (2)
2007—nartu

=2007(a? +a3 +...+ a3y07) -
PaBeHcTBO Cce JOCTHUTI'HYBa dKO U CaMO aKoO

a_2% _ 3% _ Ay

1 1 1 1
PaBenctBara (1) ke ru 3anuiiemMe BO BU/T

q +ay + 3.3 +...+ a.2007 = —a.2008

af +a§ +a§ +...+a§007 =502—a§008

y T.€. & =ay =...=dyn7 -

U aKo 3aMeHuMe Bo (2) mjo0uBame
(—a008)” < 2007(502 — ayog) -

2 2007-502 __ 2007 \/2007
3uaun, a0 < a5 = <4 » OA Kale nobusame |axngg [< 5 .
3a OMJI0 KOja HM3a peanHu OpoeBU & ,dy,...,p007 » 38 KOja & =ay =...=ayyp7 €
12007

HCIIOJHETO | 8yqg [<

\[2007
2

. Cnopexn toa, (ax008)max = 5

18. Onpenenu ru cute peaaHu OpoeBH X,Y W Z , TTOTOJIEMH MJIM €IHAKBH Ha 1, KoM
'O 33JI0BOJIyBaaT yCJIOBOT

MIN{\X + XYz, \J Y + XYz, 2+ Xyz} =X —1+y-1++z-1. (1)

2
Pemenne. Heka a,b u c ce HeHerartuBHu peannu GpoeBH TakBu mro X =1+a°,

y=1+ b2 u z=1+c?. Be3 OrpaHMYyBamkEe Ha OIIITOCTA MOXKEME Jla CMeTaMe JeKa
¢ =min{a,b,c}, nma Taka ycnoBot Ha (1) MokeMe J1a TO 3amuIIeMe BO 00JIHKOT

(L+c?) L+ (@ +a®)(L+b%) = (a+b+c)?. )
Opn mepaBeHncTBoTO Ha Komm-bymakoscku-1lIBapi cienxysa
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(a+b+c)? <1+ (a+b)?)@+c?),
na 3atoa (1+ a2)(1+ b)2 <(a+ b)2 ,T.e. (ab —1)2 <0. Cnopen Toa, ab =1 u npeTxoaHO
Tpeba J1a BaXkKM 3HAK 3a paBeHCTBO, T.¢. C(a+h) =1. O6paTHO, aKoO ce UCIIONHETH paBeH-

crBata ab=1 u c(a+b) =1, roram ycnosor (2) e ucnonner. Koneyno, pemeHrie Ha

. 2
3amadara ce cute Tpojku (X,Y,z)=(1+ a1+-L 1+ (2‘3—1)2), kage a>0 u HUBHHTE
a a +

NepMyTalUH.

19. Heka X, Xy,..., X, C€ IPOU3BOJIHU peanHu OpoeBu. JJoKaxu ro HEPaBEHCTBOTO

X X X
L —2 4 .+ n 2<\ﬁ

1+x12 1+x12 +x§ 1+x12 oA Xh

Pemenne. O HepaBenctBoTo Ha Komm-bymwakoscku-111Bapir umame:

& +ay+..+a, g\/ﬁ\/alz +a3 +..+a3

3a CEKOM peaslHd OpOeBH ay,ay, ..., a, . 3eMajkn

ay :X—kz 3a k=12,...,n

l+x12 . A X
JIOBOJIHO € J1a JOKa)XXEMe ,I[eKa BaXu

()2 +H 2 )t ()% <L

1+x{ +x1 +X5 LHX{ X

Jla 3a0enexume aeka 3a K> 2,

2
( * 2 _ X < X 1 1
1+x12+...+x,f (1+x12+...+xf) (1+x1+ +xk l)(1+x1+ +xk) 1+x1+ +xf 1 1+x12+...+x|f
3a k=1, Ha caMuYeH Ha4YMH ce T0OMBa HEPABEHCTBOTO ( 2) 1+x2 . Cymupajku
1

'l OBUC HCPABCHCTBA, CC I[OGI/IBa

<1-—1 —<1.
I<Zl(1+xl+ +xf) 1+x12+...+x|f
o0
20. Heka (X,)jy € HU3a OJ1 TIOUTHBHU GPOEBH, 32 KOM IITO X| + Xp +...+ X, > /N,

n>1. Jla ce 1okaxe neKa X12+X2+ +Xn 1(1+ +.. +1) nx1.

Pemenue. BoBenyBame 03HaKH S, =X +Xo +...+ Xy, Y = \/ﬁ—\/n—l ut,= \fﬁ
Cnopen ycnoBoT Ha 3afa4aTta JoOMBaMe JeKa

Sy =t . 1)
n
[Monaramy, Y Vy; =t, u
i-1
n n n n n n
2 %iYi = 2 % [Yna + kZ (Y = k)= 2% kZ (Y = Vi) + 22 %i Ynaa
i—1 i—1 =i i1 k=i i1

n
=2 (yj- y1+1)2 X + le Yna = Z Si(¥Yj = Yjs) + Yns1Sn
j=1 i=1 i=1 =1
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n n n
| 1y.2 = 2= Z YilYnsa + Z (Vk = Yka1)] = Zly. kZ (O~ Ysa) + 2 i
i= i= =i = i i=

n
=2 (yj- YJ+1)Z Yi +zy|yn+1 Zt (Yj = ¥j2) + Yni1Sn
j=1 i1 ia

Op HepaBeHcTBOTO (1) M HepaBeHCTBOTO Ha KOLIJM-Eyl-baI-(OBCKVI-LUBapLI,jaCHO e AeKka

U L N o J 5
Zy. SZX.y.— VX L Te Y S x

i=1 i=1 =1l i=1 i=1
Cera
N, 0 — 4 1 _1v1
i:zlx' Zgly' Z(\/- i-p® = fF) _1 (1+F) Ell (1+1)2 4i§1i'

2. EHI'EJIOB IPUHIUITI HA MUUMYM

1. Heka 3a mo3uTuBHHATE OpOEBH X, Y U Z Baxku XyZ =1. Jlokaxw, jaeka

x? yz 22 3

A S— _+_ =
y+z = z+X Xty 2
Pemenne. O EHrenoBUOT NpUHIIMIT HA MUHUMYM CJI€/TyBa
X2 y? 72 > (X+y+2)? _ X+y+z
y+z  z+X  x+y  2(x+y+z) 2 °

AKO Mak ro mpuMeHNMe HEPaBEHCTBOTO Mel'y apUTMETHUYKATa U TeOMETPUCKATa CPeIn-
X+
Ha M TO KOPUCTHUME yCIOBOT XyZ =1, moOuBame g > 3,3/xyz = 3 . Koneuno, oz

MOCJICAHUTE IBC HECPABCHCTBA CJICIYyBa 6apaH0T0 HCPABCHCTBO

2. Heka a,b u ¢ ce mosuruBHM peantu OpoeBr TakBu mto abc =1. JIokaxu Jexa
1 1, 1 53

+ 2 5.
a’(b+c) b3(a+c) c3(ath) 2
Pemenne. O EHrennoBUOT NpUHIMIT HA MUHUMYM cnez{yBa'

142 1y2 1)2 1y2
L1, 1 @ 6T @ o GRY)T 1 abiberca
a’(b+c) b3(a+c) ci(at+h) a(b+c) b(a+c) * c(a+tb) T 2(ab+bc+ca) 2 abc

On HepaBeHCTBOTO Mel'y apTUMETHYKA U T€OMETPUCKA CPE/IMHA CIIe1yBa:

1 abtbctca 5 1 33(abe)?

2 abc — 2 abc 2
On IIPETXOHUTE IBE HEPABEHCTBA CE 100MBa TOYHOCTA HA I0YETHOTO HEPaBEHCTBO.

3. 3a MpOM3BOJIHY TIO3UTHUBHU PEaTHU 6poeBH a,b u ¢ e ucnonnero HepaBeHCTBOTO

a b
b+2c + c+2a + a+2b z1.

Hokaxmu!
Pemenne. Jla 3a0enexxume nexa

149



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

a b c __a’ b? c

b+2c + c+2a + a+2b = ab+2ac bc+2ba + ca+2ch

1)

Ho cnopen EHrenoBroT npuHIun Ha MUHUMYM UMaMe

2

a’ b2 S (a+b+c)?
ab+2ac bc+2ba ca+2cb — 3(ab-+bc+ca)

On
a® +b%+c? —ab—bc—ca:%[Za2 +2b% + 2¢% — 2ab - 2bc — 2ca]

=1[(a* - 2ab+b%) + (b* - 2bc +c?) + (c* - 2ca+c?)

=1[(a-b)*+(b-c)* +(c-a)’]=0

clieyBa
2 2 2
a‘+h°+c” -
ab+bc+ca — 1. @)
Ia 3aToa
(a+b+c)® _ a?ip?+c?+2ab+2be+2ca
3(ab+bc+ca) 3(ab+bc+ca) (3)

_ _a’+b?4c? +2(ab+bc+ca)> 2_q
3(ab+bc+ca) ' 3(ab+bc+ca) ~ 3 ' 3

Koneuno, ox (1),(2) u (3) cneayBa TouHOCTa Ha 0APAHOTO HEPABEHCTBO.

4. Heka X u Y ce no3utuBHHU OpoeBu. [lokaxu, Jieka
5
1 1 24

. :

iy Yxry
2
Pemenue. O EHre0BHOT MPUHIMMIT HA MUHUMYM CIIEAYBA —L= +—L > 2" _  [lo-
! P EEYR T TRl

HaTaMy OJf HEpaBEHCTBOTO Mel'y apUTMETHYKaTa U KBaJpaTHaTa CpeuHa Haorame

54y <2 P o [Ty w7 2B 2y

na 3aroa X +<1/§ < 25.5/5.{‘/X+ y = ZZ.Q/X+ y,Te. T . Koneuno,
+\F 24 Q/T

1 1

22 22
+ > > =—=—.
4/x 4y 4fx +x4/y 2%.4/'=x+y 4 x+y

5. Heka a, b, ¢ u d ce mo3urusHu 6poeBH. I[oxancn eKa
a ;. b, c d s
b+c + c+d + d+a + a+h —

Pemenne. Ke nanpasume Tpancdopmaimja co men ga rodueMe KBajapaTéd BO Opou-
TeJINUTE, a IOToa K€ TO NpUMeHNMe EHreloBUOT MPUHIIKIT HA MUHUMYM:

a b , c , d a’ b2 2, _d? (a+b+c+d)?
b+c ' c+d ' d+a '« atb a(b+c) b(c+d) c(d+a) d(a+b) — 2ac+2bd-+ab+bc-+cd+da

Or apyra crpana (a+b+c+d)% =a?+b?+c?+d?+2(ab+ac+ad +bc+bd +cd)
I1a 3HA4YU
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(a+b+c+d)? —2(2ac+2bd +ab+bc +cd +da) = a® +b? + ¢ +d? — 2ac - 2bd

=(a-c)®+(-d)*>>0

0J1 KaJie ciielyBa 0apaHOTO HEPABEHCTRBO.

6. Jlokaxu, JeKa aKo 3a MO3UTHUBHHTE OpoeBu @, b u € Baxxu a+b+c=1, roram

TOYHO € HCPABCHCTBOTO
1.1 .12 2,2
1-a +1 b+l— 1+a+1+b+1+c'

Pemenue. HpBO Ja 3a0eIeKuMe JACKa 0J1 YCJIOBOT CJICyBa

1,1 .1 _1 .1 ,1
1—a+1 b+1—c a+b+b+c c+a '

1,1 - _ 4

25T Brc 2 arabic = 1p - Anano-

Cera ox EnrenoBuot IIPUHOMWIT HAa MUHUMY CJICAYBa

T 1,1
THO b+c+c+a_1+c 1 c+a+a+b_1+a

CTBa )IOGI/IBaMC JCKa

Axo ru cobepeme mocieIHUTEe TPU HEpaBeH-

1 4 1y 4 4 4
2(a+b b+c c+a) ~l+a + 1+b
0]1 KaJie HEMOCPEIHO Clie1yBa OapaHOTO HEPABEHCTRBO.

7. Jlokaxxu, neka ako @, b u C ca HEeHeraTUBHU OPOCBU TaKBH IIITO a% +b? +c? =1,

TOTaml

a b c 3 2

+ + >3 (aJa+byb +cyc
b%+1 c?+1 a’+1 4 ( f)

Pemenne. Imame
a . b . c __a . & _ @@ Oh)’ @h)?
b2+l c?+1 a’+1 a%®+a® b%?+b?  cfa’+c®  a%P+a’ b2c2+b2 ca2+c2
On EHresioBUOT MPUHIIMIT HA MUHUMYM CJI€yBa
a . b, _c 5 (afatbibicdo)? _ (avatbybroio)®

b2+1  c®+1 a’+l  a%b’+a+b’c®+b’+c?a®+c?  a’h?+b%c?+cla’+l

Cera on HEpaBEHCTBOTO 1= (a2 +b? +c2)2 > 3(a2b2 +h?c? +02a2) clieqlyBa, JieKa

a%b? +b%c? +c2a® +1<1 +1 , OTHOCHO —5— 212 > = KoHeuHO,
a?b?+b%c®+c?a’+1 4

a . b, c >(af+b«f+<:f) > 2 (av/a + by + cT)?

b?+1 c®+1 a’+1 a’b?+b%c?+cla’+l

8. Heka X, Y,z ce peannu OpoeBu TakBu mto X+ Y+2Z =0. Jlokaxu, aexka
X(X+2 2)  z2(z+2
(2+)+y(y2+)Jr (+)>0
2x°+1 2y +l 222411
Kora Baxxu 3Hak 3a paBeHCTBO?
Pemenne. J[aneHoTO HEPABEHCTBO € EKBUBAJICHTHO CO HEPABEHCTBOTO
2x+1)? | (2y+1)? | (2241
( :) iy y:) L +1)? >3,
2x°+1 2y“+1 27°41
be3 orpannuyBame Ha OIIITOCTa MOKEME J1a IPETIOCTaBUME JIeKa
| z|=max{| x|,| y|.| z[}.

Toram, oL EnrenoBuot NPUHIOUIT HAa MUHHUMYM CJICAYBA JICKa
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(2x+1) N (2y+D)? § 20x+y+)? _ 2(1-2)®  2(1-2)° _a_ (22+1)° 53

2241 2y%+l  x3ayRl x3eyPil . 2724 27%41

IITO U Tpe6ame Ja CcC JOKaxKe. 3HaK 3a PABEHCTBO BAaXXKH aKO U CaMO akKoO X=Y=Z7= 0

wm (X,Y,2) = (—%,—%,1) U CUTE TIEpMyTalluu Ha (—l,—%,l) .

9. Heka a,b u ¢ ce nosutuBHu peannu OpoeBu. JJokaxu, neka
1 .1 , 1 > 3
a(l+b)  b(l+c) c(l+a) — l+abc

Cz%, 3a K,X,Yy,z>0 HepaseH-

Pemenne. Co cmenure abc = k3, a= %, b=

ke
y )
y + Z > 3

CTBOTO IO 10OMBAa BUIOT —X—+
ky+kzz kz+k2x kx+ka k3+1

. Cera EHrenoBHOT mpUHUMIT

Ha MUHHUMYM CJICAyBa

X y z__ s (x+y+2)°
2t T 2, = 2 2 2
ky+k“z  kz+k“x  kx+ky  x(ky+k“z)+y(kz+k“x)+z(kx+k“y)

S € ) S RS-
(KZ+k)(xy+yz+2zx)  k2+k k341

ounejku  (X+Yy+ Z)3 >3(Xy+Yyz+2X) u k? +k <k®+1. 3nax 3a PaBEHCTBO BaXXH aKO
nmcamoako X=y=zu k=1,1e. a=b=c=1.

10. Heka a,b,c,d ce nmo3uruBuu peannu OpoeBu Taku mro a+b+c+d =8. [oka-

KU, JIeKa
a b c d
+ + + >
¥3+b—d 3IYB+c-a IB+d-b YB+a—c
Kora Baxkut 3HaK 3a paBEHCTBO?
Pemenue. /{ajieHOTO HEPABEHCTBO T'O JCIUME CO 4 U ro J00MBaMe EKBHBAJICHTHOTO
HEPaBEHCTBO

a b c q
5@ 0 ) BoBca)  eBEaD)  EBaD 1. 1)

Op HepaBEHCTBOTO Mel'y apuTMETHUKaTa U FEOMETPUCKATa CPEeIMHA CllelyBa
a b c d 3a 3b 3c 3d
+ + + > + + + (2
¥88(8+b—d) JBB8(B+c-a) 3BB(B+d-b) I8(Bra—c) 24+h-d ~ 24+c-a  24+d-b - 24+a-c )

Ke noxaxeme neka

3a 3b 3c 3d
24+b—d + 24+c—a + 24+d-b + 24+a—c z1. (3)

OI[ EnrenoBuot IIPUHIOUII HA MUHUMYM CJIEAYBa

3a 3b 3c 3d  _ _ 3a? 3b? 3c? 3d?
24+b—d T 24+c—a T 24+d—b T 24ra—c _ a(24+b—d) ' b(24+c—a) ' c(24+d—b) | d(24+a)
S 3(a+b+c+d)?
— a(24+b—d)+b(24c—a)+c(24+d—-b)+d (24+a—c)
_ 38 _364 _q1

" 24(a+b+c+d) ~ 248
Koneuno ox nepasenctBara (2) u (3) cieayBa HepaBeHCTBOTO (1), T.e. maaeHOTO
HEPaBEHCTBO. JaCHO, 3HAK 3a paBEHCTBO BaXKM aKko U caMo ako a=C,b=d .
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11. Heka a,b u ¢ ce mo3utuBHHM peanHu 6poeBu TakBu mto abc =1. Jlokaxu, aeka
1 n 1 4 1 < a’ L b? 4 c .
\/a2+2b2+6 «/b2+202+6 \/02+2a2+6 \/a4+4b+4c «/b4+4c+4a \/c4+4a+4b

Pemenne. Ke JOKakeMe JeKa U3pa3oT Ha JieBaTa CTpaHa Ha HEPABEHCTBOTO € ITOMaJl
WY €JHAKOB Ha 1, JoJleKa M3pa30T Ha JecHaTa CTpaHa € MOroJieM WIHM €IHAKOB Ha 1.
AKko uckopuctuMe Jieka abc =1, 0] HepaBEeHCTBOTO Mel'y apUTMETHYKAaTa U T€OMETPH-
CKaTa cpeauHa cieayBa

a’ _ a’ a’

= >
Jat+4brac  \Ja*+4ab’c+aabc? \/a4+(a2b2+a202+b202+b4)+(a2b2+a202+b2c2+c4)

a2

a%+b?+c?

Amnanorso nobuBame
2 2 2 2
: Z bz 2 1 : 255
Jb*+dctda  at+b’+c Jch+darap  at+bi+c

' cobupame nmocneHUTE TPU HEPABEHCTBA U JOOUBaMe JieKa
2 2 2
a +——D + == >1.

Ja*+abrac  \bP+dc+da  \ct+da+db
OcranyBa /1a oKaxeMe JieKa W3pa3oT Ha JeBaTa CTpaHa € nmomMaji Wwin e1HakoB Ha 1. Of
HEPaBEHCTBOTO Mery apHTMeTHqKaTa Y TeOMETpPHCKaTa CpeIuHa ClielyBa

abc  _ \/l .
JaZiab?+6 +2b2 \/Bab2+6 \/3ab2+6abc 3 b+2c

1/1 c
<3G Tha ( b+20)
AHaJIOTHO TH J0OMBaMe HEpPaBEHCTBATA
1 15 ¢ 1

s S 1G e " s S iGa )
KoneuHo, ako v cobepemMe mocieIHUTe TP HEPABEHCTBA, Torainl o1 EHresioBUOT npuH-
LMIT HA MUHUMYM CJI€1yBa
\/az:;szr6 + b2+;c2+6 + \/02:+;a2+6 %_%(bgc + c+02a + abe)
. (a+b+c)?
b(b+2c)+c(c+2a)+a(a+2b)

IA

IA

2_1 =
i 1.

12. Jlanu mocTou HU3a MO3UTUBHU OPOEBU &, dy,... KOM I'l 3310BOJIyBaaT yCIOBUTE

n
1) > a <n?,sacexoj NneN u
=

2) Z <2008, 3a cekoj ne N,
i=1 8
Pemenne. Heka npernocraBume feka takBa Hu3a noctor. On EHre10BMOT NpUHIMI
Ha MUHUMYM CJIE1yBa
1 n’ n’ n

L +1l> > > =1
an+1 a2n an+1+...+a2n a1+...+a2n 4n 4

3a cekoj N e N. Meryroa, 07 Tyka cieayBa
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ok
zizk 3a k=12,...,
~a 4
i=1

IITO MMPOTUBPEYH HA YCIOBOT 2). 3HauH, HE IOCTOM HU3a CO OapaHHUTE CBOjCTBA.

13. Heka @,b u ¢ ce mosutuBHu peannu OpoeBu. Jlokaxwu, rexa

2 2
a b” - 3a+2b—c
a+b + b+c — 4 ’ 1)
Pemenne. //ps nauun. AKO Ha JIBETE CpaHU Ha HepaBeHCTBOTO (1) ro momageme
H3pa3oT aT+b+b+;c , ToOMBaMe JieKa JTaJeHOTO HEPABEHCTBO € €KBHBAJICHTHO CO HEpa-
BEHCTBOTO
2 2
a b® , a+b , b+c - 3a+2b—c , a+h , b+c
a+bb+c+4+4_ 4+4+4
2 2
a a+b b”  b+cys
a+b+ 4 )+(b+c+ 4 )za+b.

[TocineqHOTO HEpaBEHCTBO ClieAyBa OJ] HEPABEHCTBOTO Mery apUTMETHYKAaTa M reome-
TpHUCKaTa CpeuHa OuJIej KK

2 2 2 2
2’ L ahs ya_.a_+b: b% |, bics }b_.w:
a+b+ 4 22 a+b 4 aHb+c+ 4 22 b+c 4 b,

LITO 3HA4U JIeKa € TOYHO HepaBeHCTBOTO (1).
Bmop nauun. On EHrenoBuoT npuHIMO HA MUHUMYM, KOJ IJIacH:
Axo x u y ce nosumuseHu 6poesu u u v ce peainu Opoesu, mo2aul
2
ﬁ + ﬁ > M
X Yy X+y
npu U=a,v=Db,Xx=a+b u y=b+c nobusame
2 2 2
a b (a+b) (a+b)(b+c)
a ., b > - _Aem AT
a+b  b+c T a+2b+c a+b a+2b+c (2)
[lonaramy, oJ1 HEpaBEHCTBOTO Mel'y apUTMETHUYKaTa U F€OMETPUCKATa CPEHHA CIIEyBa

b)+(b
a+22b+c _(ar )er( +0) > (a+b)(b+c),

na 3aroa (a+2b+ C)2 >4(a+b)(b+c), Te.
_(a+b)(b+0) o a+2bic
a+2b+c 4
KoneuHo, o1 mocietHOTO HEPABEHCTBO U OJ1 HEPABEHCTBOTO (2) ciieayBa

2 2
a® . b” 5 54p_2a+2b+c _ 3a+2b-c

atb  b+c 4 4 !
T.€. TOYHO € HepaBeHCTBOTO (1).
Tpem nawun. 3a TO3UTUBHUTE peajHH OPOEBH a W D TOCIenoBaTenHO ce TOYHH
€KBHBAJICHTHUTE HEPABEHCTBA!

(a-b)?>>0
a’-2ab+b%®>0

4a® >3a% +3ab—b% —ab
4a® > (a+b)(3a—b)

a’ > 3a-b

ath — 4
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2
b” - 3b—c
b+c 4
noOuBaMe HepaBeHCTBOTO (1).
Yemepm nauun. HepaBenctBoTo (1) mocienoBaTesIHO € €KBUBAJICHTHO CO HEPABEH-
CTBaTa

1 aHaJIOTHO . KOHC‘IHO, aKO I'm CO6Cp€M€ MOCJICAHUTEC ABC HCPABCHCTBA I'0O

4a? (b+c) +4b? (a+b)>(a+b)(b+c)(Ba+2b—c)
a’b—ab? +a’c+ac? —b%c+bc? +2b% —4abc >0
b(a—c)? +(a+c—2b)(ac—b?)>0. ©)
Axo (a+c—2b)(ac —b2) > (0, Toram TOYHO € HEpaBEHCTBOTO (3), IITO 3HAYM JIeKa €
TO4HO 1 HepaBeHCTBOTO (1). Ke mokaxkeme neka HepaBeHCTBOTO (3) € TOUHO U Kora

(a+c—2b)(ac— b2) < 0. MoxHu ce Ba ciiydaja:

Ips cryuaj. Axo a+c—2b>0 u ac—b? <0, Toram b <+/ac u %>b,T.e.

G=+ac<b< % = A.bunejku a+Cc=2A u ac = G? , HepaBeHCTBOTO (3) mocineno-
BATEJHO € EKBUBAJICHTHO CO HEPaBEHCTBATA

2A%b— Ab? + AG? —3bG? +b% >0

Ab(A—b)+b(A% ~G?)+G%(A—b) +b(b? -G?) > 0.

JacHo, o G <b < A cieayBa TOYHOCTA Ha IMOCJICTHOTO HEPABSHCTRO, IITO 3HAYH JICKa
€ TOYHO HEPaBEHCTBOTO (3), T.€. TOUHO € HepaBeHCTBOTO (1).

Bmop cayuaj. Axo a+c—2b<0 u ac—b? >0, Toram % <b <+/ac, mrro npo-

TUBPEYHU HA HEPABEHCTBIOTO MEl'y apUTMETHIKATa U TEOMETPUCKATA CPESAMHA, 11a 3aT0a
OBOj CITy4yaj HE € € MOXKCH.

3.  HEPABEHCTBO HA YEBMUIEB

2 2 2
1. Heka a,b,ce R* u a3 +b3 +¢3 =3. Jlokaxu geka
4 4 4
a? +b?+c? >a® +b3 +c3. Q)
Pemenne. be3 orpaHudyBame Ha OIIITOCTa MOKEME Ja MNPETIIOCTABMME JeKa

2 2 2 4 4 4
a<b<c. Toram a3 <b3 <c3 u a3 <b3 <c3, na ox HepaBeHCTBOTO Ha YeOuiies u

YCIIOBOT Ha 3a/1ayaTa CclieZlyBa HEPABEHCTBOTO
4 4 4 2 2 2 4 4 4
3(a® +b3 +c3)=(ad +bs +c3)(as +b3 +c?)
2 4 24 24 '
<3(a%a® +bs3bs +c3c3)
KO€ € EKBUBAJIEHTHO CO HEpaBEeHCTBOTO (1).

2.a)Heka X =Xy, 2X3 >0 n 0<y; <y, <ys. Jlokaxku Jieka

R B N Ry s R N (1)
i Y2 V3 YitYatYs
0) Heka o,B,y>0 u a+B+y=mn.lokaxu aeka
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1,1,159
o B oy w
Kora Baxxu 3HaK 3a paBeHCTBO?
Pemenne. a) Ako ctaBuMe & =X, b = y ,1=1,2,3, Toram oJ HEpaBEHCTBOTO Ha
YeOuieB noduBame
X
Ai%y 3>1(x1+x2+x3)(— L 1) )

Yyiio Y2 Y3

[lonatamy, oa HEpPaBEHCTBOTO Mel'y apUTMETHYKATa U XapMOHI/ICKaTa cpenMHa 3a Mo3u-
THBHUTE peanHu Opoesn 0< Yy, <Y, < Yy3 nobusame

Yio Y2 ¥z NitYatYs
Koneuno, nepaBenctBoto (1) cnenysa on HepaBeHcTBata (2) u (3).

0) be3 orpanndyyBame Ha OMINTOCTAa MOXeme Ja 3ememe jeka a <[ <7y. AKo BO

HepaBeHCTBOTO (1) cTaBume
U 3eMeMe TIpeBua Aeka o+ [+ 7 =1, noouBame

1+1+1>3 14141 _ 9

B v “otpty =w
JacHo, 3HaK 3a paBEHCTBO Ba)KH ako M camo BO (1) Bayku 3HAK 3a paBEHCTBO, IITO 3HAYH
aKo M caMO aKo BO HepaBeHcTBata (2) u (3) Baxku 3HaK 3a paBeHCTBO. Ho, Bo (3) Baxknu

3HA 32 PABCHCTBO aKO U CAMO AKO Y1 =Y, = Y3 =73

3. Heka a,b,C ce mosurtuBHU peannu OpoeBu TakBH ImTo a+b+c=1. Jlokaxu,
JIeKa

9 <_a b
10 < Tibe * Tea T ey <L

Pemenue. 3a J€CHaTa CTpaHa Ha HEPABCHCTBOTO AOBOJIHO € Oa 3a0eIexuMe JCKa

MMEHHTEINTE Ha APONKKTE ce roroemu o | m3aroa —2—+-24+-C_ <aib+c=1.
l+bc  1+ca  1+ab

[Tonaramy, 6e3 orpaHI/quBaH,e Ha OIIITOCTa MOKEME J1a cMeTaMme Aeka a<b<c.

1 < 1 <
1+bc ~ 1+ca — 1+ab
Ha YeOumieB, HEPABECHCTBOTO Mel'y apUTMETHYKATa U XapMOHHUCKATa CpelrHa U Hepa-
BEHCTBOTO

Torarm Cera axo MOCJICAOBATCIIHO ' IIPUMCHUME HEPABCHCTBOTO

(a+b+c)? > 3(ab+bc +ca)
nobuBamMe aeka

a b 1 1
1+bc + 1+ca 1+ab) (a +b+ C)(1+bc 1+ca + l+ab)
__1 1 1
~ 1+bc + 1+ca + 1+ab
9
>__ 9 000
~ 3+ab+bc+ca
s 9 _2r

- 3+(a+b3+c)2 S 107

4. Heka a,b u C ce mo3uruBHU peannu OpoeBu Taksw, mTo ab+bc+ca=1. Jloka-
KU IO HEPaBEHCTBOTO
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JB(a+b+oy< e bb oo

C ca
Pemenne. bes OrpaHUYyBambC Ha OIITOCTA MOKCEME Ja IIPETIIOCTAaBUME, ACKa

a>b>c. Toram izﬂzi
bc ab

ada bb oo 1 b o) fasib+y0),

a 3apajy 100po TO3HATOTO HEPABEHCTBO 3(a +b% +c ) >(a+b+ C) uMame

U O/l HEpaBEHCTBOTO Ha Uebuies cienyBa

2
a b, c - (athc)
bc + + ab — 3abc

Criopes Toa, TOBOJIHO € JIa JIOKaKeMe JieKa (a+b+c)2 > 94/3abc . Mocneanoro Hepa-

BEHCTBO CJIe/lyBa OJI HEPAaBEHCTBOTO Mely apUTMETHYKaTa UM T€OMETpUCKaTa CpeuHa,
T.€. UMaMe

(a+b+c)2 =(a+b+c)?-Jabtbc+ca > (3¥abc)? -y/33a2b%c? =943abc .

5. Axo a,b,C ce HeneratuBHM peanHu OPOEBH TAKBU IITO a2 +b2 +c? =1, nokaxu
neKa

i<, b, C4£—9*ﬁ. (1)
27140 1+b*  14c 10
Kora Bakui 3HaK 3a paBEHCTBO?
Pemenne. JleBaTa cTpaHa Ha HEPABEHCTBOTO € OUYHIIIeAHA. FIMeHO,
a_, b . _c s asbics a®4b®+c® _ 1
1+a*  1+b*  14c? 2 2 2
3Hak 3a paBeHCTBO Baxku 3a nmoapeacaute Tpojku (1,0,0), (0,1,0), (0,0,1) .

3a 1a ro JoKaxkemMe JeCHOTO HepaBeHCTBO BO (1), MpBO ke To MpUMEHUME HEpaBeH-
CTBOTO Mel'y apUTMETHYKaTa M KBaJpaTHaTa CpeAnHa, I0TOa HEpaBeHCTBOTO Ha Yebu-
1I€B, TIOBTOPHO HEPABEHCTBOTO Mely apUTMETHUYKATa U KBaJpaTHAaTa CpeAuHa U Ke ro

UCKOPUCTUME YCIIOBOT a? +b? +¢? =1. Umame

10/ a b 3+(a+b+c) a b L _c
(l+a 1+b* 1c4) ( X 1+a* 1b4 1+c4)

<@+a*+bt+cth) (2 4+ b4 ¢
( )(1+a4 1+b* 1+c4)

= (A+a*) +@+bM) + L+ ch)( 14 " b4 1+C )

<(1+a) a +(1+b4)E+(1+c) 4)

—3(a+b+c) <3y3@2+b%+c?) =33
IITO 3HAYM JIEKA € MCIIOTHETO AECHOTO HepaBEeHCTBO BO (1).
[Ipen na ro mpuMeHNMe HEpaBEHCTBOTO Ha YeOuieB Tpeda Jia mpoBepuMe Jaliid OJ1
X<y u X2 + y2 <1 crnemyBa 144 Sl%, T.C. (y—x)[xy(x2 + Xy + yz)—l] <0. Ilo-
+X +y

CIIEHOTO HepaBeHCTBO ciaeayBa o1 0 <Y —X u 0] HEpaBEHCTBOTO

xy(x FXy+y )<(xy+x +Xy+y’ ) (x+4y)4 =4(x;y)4 S4(X2L2y2)2 S4~%=1,
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MIPU YK€ JTOKAXKYBame MOCIEAOBATEIHO TH MPUMEHUBME HEPAaBEHCTBATa My apuTMe-
TUYKaTa W TEOMETPUCKATa CpeauHa W HEPaBEHCTBOTO Mery apuTMETHYKaTta W
KBaJlpaTHaTa Cpe/IMHa.

6. Hexa a,b,c >0 u n>1. Jlokaxu geka

a b 3(@"+h"+c")
b+c + c+a a+bh — 2(a+b+c) (1)

Pemenne. be3 orpanndyBame Ha ONIITOCTA MOKEMe Ja 3eMeMe Jeka a<b<c.

Toram —L-<-1 <1 5, a"<p"<c" , TIa 0] HEpaBEHCTBOTO Ha YeOuieB qoouBame

b+c ~ c+a ~ a+b
a® , b" " sal+blet 1 1 1
bic ' cra ' atb - 3 (b+c toat a+b) ' (2)

HOHaTaMy, O/ HCPpaBCHCTBOTO Ha KOH_II/I-EYH)aKOBCKI/I-H_IBapH, MNPpHUMCHECTO Ha 6p0€BI/ITC

1 1 1 ybicc+aa+b nodusame
b+c’'c+a’a+b
1 o1 1y
2(aerJrC)(b+c+c+a+a+b)_9’
T.C.
41,1 .1 > 9 3

b+c c+a a+b — 2(atb+c) ”
Koneuno ox nHepaBenctBata (2) u (3) cnemaysa HepaBeHCTBOTO (1).

7. Axo a,b,C ce mo3uTHBHU peaHu OPOEBH 3a KOM BaKU %+b_12+% =1, mokaxu
a c

JieKa
a®+b’+c® 5 3
ad+bd+cd
Pewmenne. /Ips nauun. On HEpaBEHCTBOTO Mery CpeIWHHM O pex S u pexn 3 3a
Opoesute a,b,C umame

%/ a’+b°+c® > :\3// al+bi+c®
3 - 3 '

a’+b’+c® (3fa3+b3+c3 )2
ad+b3+c? 3

Cera, o1 HEpaBEHCTBOTO Mely CpeIMHHM OJ pel 3 W pen 2 JoOuBaMe JeKa Baku

I1a 3aToa

3, 1K3,-3 2 K2, A2
i”/ a~+bic \/ a +bz *C_ . Ox HepaBEHCTBOTO Mel'y apUTMETHYKA M XapMOHHUCKA CPEIu-

3
a?+b%+c? 3
Ha ¥ OJ] YCIIOBOT Ha 3a/ia4aTa cjeyBa T 2T 1 i 3.
2 2 2
a“ b° ¢

Co Toa HEPABCHCTBOTO € JOKAXKAHO.

Bmop nauun. be3 ry0oeme Ha ommrocta 3emame a<b<c. JacHo, a?<b?<c? un

a®<b®<c3. Axo HUCKOpPHUCTEME HepaBeHCTBO Ha UebOuieB qoOuBame

a®+b%+c? . as+b3+c3 < a’+b°+c®
3 3 - 3 '

3Hauw,
a’+h°+c® - a?+b?+c?
al+b3+c3 3
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2 2 2
O NpBHOT HAYMH HA pemaBame uMame &2+ >3 10 3aeqHO CO TPETXOIHOTO
3

HEpaBEHCTBO rojiaBa 0apaHOTO HEPABEHCTRO.
Tpem nauun. On nepaBeHcTBO Ha Komm — bymwakoscku — I1IBapr moOuBame

51 51 51
a2a? +b2p2 +c2c2 <\a° +b® +c®Ja+b+c

a’+b’+c - a’+b3+c?
al+b3+c®  a+b+c

T.C.

Cera, o1 HepaBeHCTBOTO Ha UeOureB qoouBame

atbrc a’+b®+c? _ a+biic?
3 3 - 3 '

oI Kaae ciieayBa ACKa

a%+b%+c® 5 al+bic S af+b’ic®? S 3 _ g
Sip+c® — ath+c T 3 i1
a’+b’+c St5+5

a® b® ¢

Llemepm HAYUH. Ke JOKaXEME JICKa
a®+b° +c®>ad+b° +c3 +2(a3 +b° +c3)

T.C.
a®—ad+b° —b3+c®—c> 2@ +b3 +cd)
51,1 501, 1 51,1 3,13, .3
a (b—2+c—2)+b (a—2+c—2)+c (a—2+b—2)22(a +b” +c)
OJTHOCHO
5 5 5 5 5 5
a b a ¢ b c 3,13, A3
b—2+?+c—2+a—2+c—2+b—222(a +b” +c”).

b5

5 3.3 ,
JloBOJIHO € J1a TO JOKa)keMe HEPaBEHCTBOTO —22 += >a” +b°. Anamorso ke Baxar u
a

3,3 b

a®, c ¢
HEpaBeHCTBaTa <5 +-52a +C H S+
cc a c

+ 2 >h3 4¢3, bunejku

g—j+2—zz a+b3 < a’ +b’ >a2b%(a+b)(a? —ab+b?)
cjIeayBa I€ka AOBOJIHO € Oa I'0 JOKaXEME IMOCJICIHOTO HEPABCHCTBO. Nmame
a’ +b’ =(a+b)@® -a’b+a’*h? —ap® +a’h?* —ab® +h®)
= (a+b)[a®(a—b)+a%b?(a® —ab+b?)—b°(a—b)]
= (a+b)(a-b)@> -b®) + (a+b)ah?(a? —ab+b?)
=(a+b)@@a-b)?(a* + a0 +a%b? + ab® +b*) + (a+b)a®b?(a® —ab+b?)

bunejku (a— b)2 >0 ro mobuBame 6apaHOTO HEPABEHCTBO.

8. Heka a,b,C ce mosuruBHM peannu Gpoesu Taksu ga abc >1. Jlokaxu aeka

aS+b3+c®>ab+bc+ca.

Pemenue. On HepaBeHCTBOTO Ha YeOuIeB, HEPAaBEHCTBOTO Mel'y apUTMETHUKaTa U
reoMeTpuckaTa CpeauHa, ycioBoT abC>1 u HepaBeHcTBOoTO Ha Komm-BymakoBcku-
[IBapr cienyBa

2 2,2
a®+b3+cd > (a+b+c)(a3 b7+¢%) > ¥abe(a? +b? +c?)>ab+bc+ca.
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9. Hajau ru cute NO3UTHBHHM peannu 6poesu @,b,C taksu na
4(ab+bc+ca)-1> a’ +b?+c? > 3(a3 +b3 +c3) :
Pemenne. Oy HepaBeHCTBOTO Ha YeOuIIIeB clie1yBa
3(@3+b% +¢%) > (a+b+c)(@® +b% +c?),
u kako a2 +b? +c? > 3(a3 +b3+ 03) nobuBame neka a+b+c<1.On apyra ctpana

4(@ab+bc+ca)—-1>a +b? +c? >ab+bc+ca,
I1a 3aToa

1<3(@b+bc+ca) < (a+b+c)? <1,

mito 3HauuM aeka a+b+c=1. Koneuno, om a+b+c=1wu 3(ab+bc+ca)=(a+b+c)2

clieyBa a=b=c=%.

10. Heka a,b,C ce peannu Opoesu 3a kou a+b+c=4 u a,b,c>1. Jlokaxu nexa
L 1 1 .1 1
+b 1+ 1_8(a+b+b+c+c+a)
Pemenue. bunejku Baxu

1 8 _ 1 8 _ 12-9a _ 3(4-3a3)

a-l1 b+c a1 4-a (a-1)(4-a) (a-1)(4-a)
AaACHOTO HEPABCHCTBO € CKBUBAJICHTHO CO

4-3 4-3b 4-3
3((a—1)(4a a) (b-1)(4-b) (C—l)(4C—C)) 20

be3 rybeme Ha ommTocTa HEKa mMpeTnoctaBuMe Aeka a>b>c. Toram jacHo e aeka
BaXKH

4-3a<4-3p<4-3c

1 1 1
(a-1)(4-a) ' (b-1)(4-b) ' (c-1)(4—c)

On l<a,b,c<4 crenysa neka ce MO3UTHBHU pEaHU

6pO€BI/I. Ke JOKaAXXEME ICKa
(a-1)(4—a) = (b—1)(4—h).
Nmame
(a-1(4-a)=(b-1)(4-b) < 5a-a’=5b-b’> < (a—b)(5-a-b)=0
AHanorso
(b—1)(4—b) > (c-1)(4—c).

Ortryka cienyBa aeka

1 1 .1
(a-1(4-a) — (b-D(4-b) = (c-D(4-c)"
bunejkn 4—3a <4—3b <4-3c Moxeme J1a TO HICKOPUCTHUME HEPABEHCTBO Ha UeOuiien

U noOuBame:

4-3a 4-3b 4-3c -
(a-1)(4— a) (b-1)(4-b) (c—l)(4—c) -

> 4-3a+4-3b+4-3c ( 1 )
3 (a—l)(4 a) (b -1)(4-b) (c—l)(4 )

=0.

PasenctBo Baxun3za 4—3a=4-3b=4-3c,1e. a=b=c=

[SSIEN
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11. Heka a,b,C ce nmo3utuBHM peannu 6poeBu TakBH mTo a+b+c=1. Jlokaxere
r'0 HEPaBEHCTBOTO
2 2
1+a2 + 1+b2 + 1+c >15 15
1-a®? 1-b* 1-¢> 4
Pemenue. O a,b,c >0 u a+b+c=1umame a<l,b<l,c<1,naszaroa O<a<l1,

O<b<1 m O<c<1l. Ilonatamy, aJICHOTO HEPABEHCTBO € CHUMETPUYHO BO OJHOC Ha
a,b u c, ma 3aroa Ge3 orpaHHYyBame Ha OMIITOCTa MOYKEME Ja MPETIIOCTABUME JICKa

O<a<b<c.Hmame a2£b2£C2<1,T.e.

1+a <1+b%2 <1+c? u —a2 > —b?

>-c?>-1
IITO 3HAYU
1-a%>1-bh*>1-c* >0,
T.C.
1 1 1
1-a® ~ 1-b*  1-c?
Cera o HepaBeHCTBOTO Ha YeOwuieB 32 N =3 H 0 HEPABEHCTBOTO MEI'y apUTMETHUYKATa
¥ KBaJ[paTHATa CpearHa Jo0uBame:

1+a® | 1+b% | 1c? 2y 1 2y 1 2y 1
+ + =(l+a°)—==+@1+b%) =+ (1+c°)—=
1-a®  1-b® 1-¢? ( ) 1-a® ( ) 1-b? ( ) 1-¢?

1 2 2 2y 1 1 1
>=(1+a“+1+b“+1+c + +
3( )(1—a2 1-b? 1—c2)
=1@B+a?+b?+c?) (L +-L 41
3( )(1—a2 1-b? 1—c2)
1r34 1 29/ 1 1 1
25[ +§(a+b+c) 1( _a2 +1_b2 +1_C2)
1 1 427/ 1
=3[B3+31 ](1—a2 1- b2 1c 2
10, 1 1
=== + + ,
9 (1—a2 1-b? 1—02)
T.€.
1+a’ | 1+b? 1+c 10 1 1 1
+ > == + . 1
1-a®  1- b2 1-c? ( 1—b2 1—02) (1)
Cera ke JOKa)XeMe IeKa
1 + 1 + 1 527 (2)

1-a®  1-b? 1-¢? 8’
3a a,b,c>0 u a+b+c=1. [loBTOPHO O/ HEPABEHCTBOTO Mery apUTMETHYKATa U
KBaJpaTHaTa CpearHa Jo0MBaMe

a®+b*+c’ >1(a+b+c)® =112 =1,
1a 3aroa —(a2 +b? + CZ) <-1 re.
3-(a®+b?+c%)<3-1
OJIHOCHO
1-a° +1-b* +1-c* < §,

ITO 3HA4YHU

1 S
1-a%+1-b?+1-c?

olw

3)
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Cera, o1 HEpaBEHCTBOTO Mel'y apUTMETHUKaTa U XapMOHHCKaTa CpeluHa

Xty+z 3 1,11 9
2> 24242 >_ 2
3 _%+%+%’T‘e' x+y+z_x+y+z’

npu X =1-a?, y =1-b%,z=1-c®’ u HEPABEHCTBOTO (3) uMame:
1,1 1 5 9 >9.3_27

1-a®  1-b?  1-c®  1-a’+l-bP+l-c? 8 8
T.€. TOYHO € HEPaBEHCTBOTO (2).
Koneuno, o1 HepaBeHCTBaTa (1) u (2) cnenyBa
1+a? | 14b? | 14c? S 10 1 1 1 10 .27 _15
+ + > == + > A =22
1-a®>  1-b* 1-c? (1a 1-b? 1—c2) 9 8 4

NIPY IITO 3HAK 332 PAaBEHCTBO BaKH aKO M CaMoO ako a=Db=cC :% . llocnenHoro cnexysa

KaKO OJ1 HCpaBCHCTBOTO Ha YeOumes u (1)aKTOT JICKa BO HCPABCHCTBATA Mefy CPCAUHHUTC
3HaK 3a paBCHCTBO Ba’XHW aKO U CaMO aKo 6pOCBI/IT€ CC€ C/IHAKBH.

12. Heka k e mpupoaen Opoj u X,Y,Z ce MO3UTHBHHU PEaTHH OpPOEBU TaKBU IITO
X+Yy+2z=1. Jlokaxwu, neka

k+2 yk+2 k+2

X z
k+k+1 k k+k Z

kgl kg T kel gk gk

~N|—

Kora Baxu 3HaK 3a paBeHCTBO?
Pemenne. be3 orpaHnuyyBame Ha ONIITOCTAa MOXKEME Ja MPETHOCTABUME JieKa
X2y 2z. Toram

Xk+1+yk+2k Syk+1+2k+Xk SZk+1+Xk+yk

HaBI/ICTI/IHa, JOBOJIHO € J1a 'O JOKAKEMC IMPBOTO HEPABCHCTBO, T.C. JICKA

+1+yk < yk+1 Xk .
ITociienHOTO HEPaBEHCTBO € E€KBHUBAJIEHTHO CO HEPABEHCTBOTO ( ) § BI/IﬂejI'(I/I
Yy < X, IOBOJIHO € J1a IO JOKaXeMe HEpaBEHCTBOTO %S i_—; , KO€ € €KBHUBAJICHTHO CO

TOYHOTO HEPABCHCTBO

0<x—x*—y+y? = (x=y)A-x~y) = (x~y)z.
Opn HepaBeHCTBOTO Ha YebuieB Ha TpOjKI/ITe

k+2 k+2 k+2 1 1
X ) I/I i)
( y ) ( k+1+y K yk+1+zk+xk Zk+1+xk+yk)

no6uBame
k+2 .
z k+l+ +Zk_3zx z k+1+ 47K _L'
cyc y cyc cyc y
Cera 3a L moBTOpHO ro mpuMeHyBamMe HEPaBEHCTBOTO Ha UeOHIIEeB, HO HAa TPOjKUTE

(X,¥,2) u (XkJrl k+l Zk+1) na qo0uBame
1.1 k+1 _1 k+1
> 1
L2 4 S AR T rd e ATy
cyc cyc cyc cyc cyc
OJ1 HepaBEHCTBOTO Ha KOIHI/I-ByHnaKOBCKI/I-HIBapH cnenyBa
S (X yK 42 )Z ->9,
cyc cyc X Tyt
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ma 3aroa
. k+1+yk+1 Zk+l
L > kL gkl K. oK. ky '
+y<* 22Xy +2%)

Criopent Toa, JOBOJIHO € Ja ﬂoxaxceMe ;[eKa

3(Xk+l y k+1) > Xk + yk + Zk )

[TocneaqHOTO HEPAaBEHCTBO clieyBa OJ HEPABEHCTBOTO HA UeOHIEeB MPUMEHETO Ha
tpojkute (X,VY,Z) u (xk,yk,zk).

JaCHO, 3HAK 3a PaBCHCTBO BaXXHW AKO U CaMO aKO BO CHUTC IMPUMCHCTU HCPABCHCTBA

BaXXH 3HAK 3a paBCHCTBO, T.€. aKO M CaMO aKO X =Y =7 = % .

5. AOHNOJIHUTEJIHU 3AJAYHN

1. JTokaxxu jaexa X0 3%+ X x3+ x%—x + % >0 3a cekoj peajseH Opoj X .

Pemenne. M3paszor X8 —x® +x* —x3 + %% — X moxeme Jla TO 3aIuIIieMe BO 00JIUK

XO x4+ x* —x3 %% —x= x[x4(x—1) + x2(x—1) +(x=1]= x(x—l)(x4 + X2 +1).

4 4

+x2 +1>1, Ouzmejku X ,X2 >0.

Ke pasrnename nBa ciyqam.

JacHo e neka X

2

a) X € (—o0,0] U[L,+o0) . Bo 0BOj ciyuaj x*+x2+1>1u x> x>0, ma criopes Toa

X6 —x° +x* —x3 +x? —x+3= (X2 —x)(x* +x +1)+3>0 1+2>0.

6) x € (0,1) . Bo 0B0j cityuaj 1<x*+x2+1<3 u
X2 —x=x%-2 IX+X—g—3=(x- 1) ->-2
U MUHUMYMOT C€ JIOCTUTHYBA 32 X = 5 € (0,1) . Cera
(x2—x)(x4+x2+1)>—%-3:—%,

0]l KaJie ce 1001Ba HEPAaBEHCTBOTO BO OBOj CIIy4aj.

2. la ce TOKaKe JieKa 3a KOM OMIIO X, Xo, X3,..., Xy 011 [0,1] € To4HO HEpPaBEHCTBOTO

(% + %y +X3 +...+xn)2 24(x12+x§ +x§ +...+xﬁ)

n
Pemenune. On x €[0,1] cnexyBa neka Xiz <X;.Heka S=) % .O0xn (S —1)2 >0,
i=1

umame (S +1)2 >4S , OMHOCHO

(ZxI +1) >4ZxI >4ZxI .

=1 i=1

3. Hexka X m Yy ce HeHeraTWBHH peanHu OpoeBu TakBu mTo X+ Yy =3. [la ce moka-

Ke JIeKa Xy2 <4.
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Pemenue. AKo ro MCKOPUCTHME HEPABEHCTBOTO Mel'y apUTMETHYKA U F€OMETPUCKa

cpenuHa, 1o0uBame
2
_ —xa Yy .3¢_Xy
3_x+y_x+2+2>3 R

OJ1 KaJie LITO CeyBa HEPABEHCTBOTO Xy2 < 4. PaBeHCTBOTO ce HOoCTUTHYBa 3a X=1 u
y=2.

n+
4. ]Jla ce mokaxke JieKa 3a cekou X, Y,Z € R Baxu:

1 1 1
+ +
X2ryz  yP4zx o 224xy

161,11
<4(L oL, 1
_2(xy+yz+zx)'

Pemenne. O HEpaBEeHCTBOTO Mely apUTMETUYKA U TE€OMETPUCKA CPEIMHA MMaMe
Jvz
_ANYZ 1 yiz

2
X% +yz
%y > «/Xz YZ , ma criopes Toa
1 yre

<l 1 "<
X2 +yz 2\/x2yz 2xyz — 2xyz 2

X+
1 < L zixy 1 o 1 XY g coGupame Ha oBUe TpH

y24zx  2Xyz 2 24xy 20z 2
HEepaBEHCTBa I'o Jo0MBamMe HEpaBEHCTBOTO Koe Tpebaie aa ce mokaxe. PaBeHCTBO ce
MOCTUTHYBA CaMo BO Cllyyaj 1a X =Y =2.

Amnasioruo noousame

. . 2
5. Onpesieny ja HajmManata BPEAHOCT HA U3PA30T 11+Txx ,3a X>0.

Pemenne. Umame

2 2
f(x)=11+TXX=2+%X—1=(x—1)+ﬁ=[%ﬂ+(x+1)]—2zz,jxiﬂ(x+1)—2=2ﬁ—2.

Bo mocneaHoTO HepaBEeHCTBO 3HAK 3a PABEHCTBO BaXKH aKO U CaMO aKo é =x+1, Te.
. 2
ako U camo ako X =+/2—1. Cnopex Toa, HajMajiaTa BPEAHOCT Ha 11+T)§<’ 3a x>0 e

€IHaKBa Ha Z(ﬁ —1) u ucrara ce JOCTUIHYBa 38 X = J2-1.

5. Jlokaxi fieka 3a KoM OWJIO TIO3UTUBHU pealiHu OpoeBu @ u b Baxku HepaBeHCTBO-

TO
2\Ja +33b >5%ap .

Pemenne.On HEpaBeHCTBOTO Mely apUTTMETHYKAa M F€OMETPUCKA CPEIUHA 3a MET
MMO3UTHUBHU peasl HU OpPOCBU NMaMe:

22 +33 = a+a+ I+ I+ 3b =59V va-Ib-3b-Jo =53 .

6. Onpezenu ro HajroJeMuoT peaner 6poj K, 3a Koj HepaBeHCTBOTO
a b CSy<(@ay b, cyb,c,a
(kK+P)k+Dk+2) <G+ +DG+{+7)
€ UCIOJIHETO 32 MPOU3BOJIHU MTO3UTUBHU PEAIHU OPOEBHU.

Pemenue. 32 a=b=C pgooumBame K < % —1. Ke nmokaxeme, geka K = % -1 e
O6apaHuoT Opoj.
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3a A=2340,¢ y B=D1¢,3 o1 yepasencrsoTo Mel'y apuTMernukara u reome-
b ¢ a a b c

tpuckara cpeauna cuexyBa A>3 u B >3. IMonaramy, 3a cexoj peanen 6poj k>0
TOYHH CE€ HEPABEHCTBATA

9k +1) < (k3 +1) AB, 9k?A<3k’AB, 9kB < 3KAB.
AKo rH cobepeMe ropHUTE HEPaBEHCTBA T0OyBaMe
9(k® +k2A+kB+1) < (k+1)3AB o

ok +2)(k+2)(k +£) < (k+1)°AB,
KO€ 3a k = %—1 € CKBHUBAJICHTHO Ha JAaACHOTO HEPABCHCTBO.

7. Onpenenu ro HajManuoT peasieH Opoj M TakoB MITO HEPABEHCTBOTO
|ab(a? —b?) +bc(b? —c?) +ca(c® —a?) [< M (a® +b? +c?)? 1)
BaXM 3a CEKOM peajinu Opoeu a,b u C.

Pemenne. be3 orpaHudyBambe Ha OIIITOCTa MOXXKEME Ja MPETIOCTaBUME JeKa
a>b>c. la oznaunme a—b=m,b—c=n,a+b+c=s. JleBara cTpaHa Ha HEepaBEH-
cTBOTO (1) ce pa3nokyBa Kako

L=(a-b)(b—c)(a—c)(a+b+c)=mn(m+n)s,
a JToJexa

2,2, 2 2
a2 +b2 JrC2 _§°+m +n3+(m+n) .

Bunejkn (M-+ n)2 < %(m2 +n? + (m+ n)2) , OJT HEPABEHCTBOTO MeT'y CPEIHUTE ClIeyBa

62 2,2 2 2,2 2 2 4,2 12 2\4
2|_2£(m+n)s <S2(m +n“+(m+n) )3£(s +m“+n“+(m+n) )4:3(a +b“+c?)

8 - 3 4 44 !
T.€.
2 2 2\2
L<—2_(a®+b” +c%)*.
o ﬁ( )
2 m?+n®+(m+n)?
3HaK 3a paBEHCTBO BaXKH aKO M caMoO ako M=N u S~ = ——3 > OJl KaJi¢ JICCHO
cnenyBa neka a>b>c=(1+-):1: (1-< . 3Haun, M =9
nyBa 1 ( ﬁ) ( ﬁ) ™G
8. Jlokaxku, nexa
a b c
+ + >1.
Ja2+8bc  \b2+8ca  +c2+8ab
3a CCKOM IO3UTHBHU PCATTHUA 6poeBH a, b, C.
Pemenue. Ke onpenenume korcranta K >0 Taka mro
k
a__>__4a 3a cexon a,b,c>0. 1)

Ja?iebe @ +bfct
HOCHGHHOTO HEPABCHCTBO € CKBUBAJICHTHO CO HCPABCHCTBOTO
@ +b* +ck)? >a%*?(a? +8nc),
T.C. CO HCPpABCHCTBOTO
@ +b* +ck)? —a% >8a%2pc .
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Opn npyra ctpaHa, 0]l HEpaBEHCTBOTO Mel'y apUTMETHYKaTa U FeOMeTpUcKara cpe-

JIMHA cIeayBa

k 3k 3k
@< +bX +c4)? —a% = (@% +p* +c )(bk+c )>8az2b4c .

Crnopen Toa, HepaBeHCTBOTO (1) e ucnoaHeTo 3a K = 5. Cera, ako (1) ro cobepeme
b " C

CO COOJBETHUTEC HEPABEHCTBA 3a > >
«/b +8ca \/c +8ab

ro joo6uBamMe 0apaHOTO HEPaBEH-

CTBO.

9. Heka a, b u c ce mo3utuBHU peamnu OpoeBu. Jla ce Hajuae HAjTOJIEMHUOT MPUPO-

JeH Opoj N TakoB IITO

1 1 1 - _n
ax+b+c = a+bx+c  at+b+cx — a+b+c

,3acexoj Xe[0,1].

3 >_n_
at+b+c — a+b+c’

u Ounejkn a+b+c>0, nobuBame N <3. Ke mokaxeme aeka N=3 € HajTOJEMHOT
npupojieH 6poj co 6apaHOTO CBOjCTBO. JJOBOIHO € J1a ToKakeMe JeKa

1 1 - _ 3
E(X) ax+b+c + a+bx+c + a+b+cx — a+b+c

Pemenue. Ako X =1, Toram HepaBeHCTBOTO o 1001Ba OOIUKOT

3a cexoj X €[0,1].
3a mo3utuBHHUTE OpoeBu ax+b+C, a+bx+cC, a+b+CX crmopen HEpaBEHCTBOTO Me-

fy APUTMECTHUYKA U XapMOHHCKa CpC/iuHa UMaM¢e

(ax+b+c)+(a+bx+c)+(a+b+cx) > 3

3 -_1 .1 ., 1
ax+b+c ' a+bx+c ' a+h+cx

T.C.

_ 1 1 S 9 __3 3
E(x) = ax+b+c + a+bx+c + a+b+cx — (atb+c)(x+2)  a+b+c x+2°

Ho, 3a x €[0,1], umame x+2<3, r.e. == >1. Cera ¢ jacHo exa

X+2
3 > 3 1__3
E(X) a+b+c X+2 — a+b+c - a+b+c ’

10. Heka a u b ce mo3uTuBHU peanHu 6p06BI/I TakBu mTO a<b. lokaxwu, nexa
X+y+2z
2./ab £+ F <a+b,

3a X,Y,ze[a,b].
Pemrenmue. OI[ HepaBeHCTBOTO Mefy APUTMECTHUYKA U TCOMCTPHCKA CPCIMHA CJICAyBa

X+§+Z f xyz+ _ab_ >2? xyz ab _2\/

OI[ HEPAaBCHCTBOTO Mery APUTMCTHUYKA U XapMOHHUCKA CpCArHa CJICIyBa

XHY+Z | ab <x+y+Z+ab(1+ _|_1) 1[f(x)+f(Y)+f(Z)]i

3 gy 3

kage f(t)=t+ aTb, 3a t € (0,+0) . [la 3abenexume aeka

ta+b— f(t) =t(a+b)-t>—ab=(b—-t)(t—a)>0,3a t e[a,b],
na cnopegtoa f(t)<a+b. Toram f(X)+ f(y)+ f(z) <3(a+b), omHocHo

166



Hepasencrsa

>H§J+#%7£%U(@+f(”+f(n]£%%a+b%:a+b,

mITO Tpe6aIH€ Ja CC NOKaXe.

11. a) Jlokaxku, nexa

X22+ y22+ 22221 (1)
(xD*  (yD* (D
3a CEeKOU peajHu OpoeBU X,Y,Z TaKBU IUTY HUTY €J€H OJ HUB HE € eJHaKoB Ha 1 U 3a
Kou Baku XyZ =1.
0) Jloxaxxu, nexa 3HaK 3a paBEHCTBO Ba)KU 32 OECKOHEUHO MHOI'Y TPOJKH pallMOHa-
HU OpOeBH X,Y,Z TaKBM IITO HUTY €JCH OJf HUB HE € €JHAKOB Ha | M 3a KOM BaXku

xyz=1.

Pemenue. a) BoseayBame cmMeHa a = xi—l’ b= ﬁ, c= zi—l ¥ YCIIOBOT Ha 3aJayara
ro nobuea oonmkotr a+b+c=ab+bc+ca+1, a HepaBencTBoTO (1) TO MOOWBA O0JIH-
KOT

a? +b% +c® >1. ()
ITonatamy, umame
a’ +b%+c® =(a+b+c)® —2(ab+bc+ca) = (a+b+c)®> —2(a+b+c)+2

=(a+b+c-1)°+1>1
T.€. TOYHO € HEPaBEHCTBOTO (2), MPHU IITO 3HAK 32 PABEHCTBO BAXKH aKO W CaMO aKO
a+b+c=1wu ab+bc+ca=0.
0) Tpeba na nokaxeMe, JeKa MOCTojaT 6ECKOHEYHO MHOTY Tpojku @,b,C € U TakBu

mro a+b+c=1wu ab+bc+ca=0. Ako Bo BTOpoTO paBeHCTBO 3eMHUME C=1—a—b

2 +ab+b’>—a—b=0. Bo nocieHoro paBeHCTBO 3eMame b =ta u wcroto

2
2t+1 ub= ;[+t _
to+t+1 to+t+1
t+1  t24t —t
t2+t41 2+l 2t

nobuBaMme a

ro g06mBa OOIUKOT (t2 +t +l)a2 =(t+1a, on xage Haorame a =

Cera, c=1-a—-b=—=t 1 Cnopent Toa, 3a (a,b,¢) = ( ) BaXKu 3HaK

t2 4t
3a paBeHCTBO 3a cekoj t e Q.

12. Hexa &,8y,...,a, ce peanxu Opoesu. 3a cexoj i €{L, 2,...,n} Heka
di =max{a; |[1< j<i}—min{a; [i< j<n}
Y HEeKa
d =max{d; |1<i<n}.
a) Jlokaxku, eKa 3a IPOU3BOIHU PEaHU OPOeBH X < Xy <...< X, BaXu
max{| % —a; [|1<i<n}>$. 1)

0) [okaxxu neka, HOCTOjaT peaHu OpoeBH X < Xp <...< X,, TakBu WITo BO (1) Baxu

3HaK 3a PaBEHCTBO.
Pemenne. a) Ox ycinoBoT Ha 3ajadaa ciexyBa jgeka d =a, —a 3a Hexkom K <I.

bunejku

(4 —a)—(x —a) = (a —a)+(x —x)>a —a=d ud=0
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cleryBa
2max{| X —ay [.[x —ay |32 % —a |+ x —ac H (@ —x) —(a —x) [=d,
ogaocHo Max{| X, —ay |,| X —& |}= % , OJ1 KaJie CIIe/IyBa ).
Jacno, Hu3ara koja ro 3azosonysa 0) 3asucu oxf uspasure M; =max{a; |1< j<i} u
m; =min{a i |1 < j<n}. Co men na ce MUHMMU3HMpPa W3PA30T HA JieBata crpaHa Bo (1),

M;+m;
2

IIPUPOJHO € J1a 3eMEME Xj = ,3a 1=12,..,n. OBaa HH3a TO 3a70BOJIyBa 0), OH-
nejku

3 n n 4 4
1) Ilo xoHctpykimja Husute {M;}—; u {M;}_; He omaraar, ma 3aToa He omara u

n
{Xi izt -
2) Axo dj = M; —m;, Toram
d m-M; M—m  d-
—j—%zxi—MiSXi—aiSXi—mi: '2 ':7',
d;
T.C. | X —@ |S?'£% , Ia Kako BaXku a) jgoOuBame neka BO (1) Baxu 3HaK 3a
PaBEHCTRBO.
13. Heka N >3 e mpuponeH 6poj u Heka ce X, >0, i=12,...,n peanHn O6poeBu 3a

KOM BaXH X1 +Xo +...+ X, =1. Jla o3HaunmMe

F, = 12 +x§ +..+ xﬁ —2(X Xp + XoXg + .+ X1 X + X %) -

Jlokaxku aeka

i =_1 i —_1 i —_1
a) mink; = 3 0) minF, 2 B) min K5 c-
Pemenne. a) O HEpaBEHCTBOTO MEXY apUTMETHUKAaTa M KBaJpaTHATa CpeauHa
cienyBa

Fs = x12 + x% + x% —2(X X9 + Xo X3 + X3X%1)
= 2(x12 + x% + x%) —(X + X + x3)2
>2(x +% + X3)? — (X + Xo +X3)? = -1
3HaK 3a paBEHCTBO BaKH aKO M CAMO aKO ¥ = Xp = X3 = % .
6) Ox HepaBeCHTBOTO Mel'y apUTMETHUKaTa M KBaJipaTHAaTa CpeluHa U HEPABEHCTBO-
TO Mel'y apUTMETHYKaTa ¥ TEOMETPUCKATA CPEANHA CIIeTyBa

Fs = x12 + x% + x% + xﬁ —2(X Xy + Xo X3 + X3Xg4 + X4 %)

= 12 +x§ +x§ +x§ —2(X +%3)(Xo +%4)

2 3 (x1+x2+x3+x4)2
4

3Hak 3a PaBEHCTBO BAXKU aKO U CAMO aKO X| = Xy = X3 =Xy =% .

2%(X1+X2+X3+X4)

EN

B) Hexka
A= XX +XoXg + XgXg + Xg X5 + X5Xg U B =X X3 +XoXg +XgXg +Xg X1 +X5X5 .
Toram HEPaBCHCTBOTO
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F, = x12 +x§ + x% +x§ +x§ —2(X X9 + XoXg + X3Xg + X4 X5 + X5 %) = —%

MOCJICAOBATCIHO € CKBUBAJICHTHO CO HEPABCHCTBATA
1-4A-2B>-1

2A+B<3
2,2 2 2 2 2
2A+B<x +X +X3 +X; +X5 +2A+2B-¢

292,32, 32, 2,2
§£x1+x2+x3+x4+x5+B.

ITocneguoTo HCPABCHCTBO CJICAYBa O[]
X12 +X§ +X§+X£+X52+X1X3+X2X4+X3X5+X4X1+X5X2 =
1 2 2 2 2 2
:E[(X1+X3) +(X2+X4) +(X3+X5) +(X4+Xl) +(X5+X2)]
> L. L5 4 Xg+ Xy +Xg +Xg + Xg +Xg X+ X5 + %) =2
=52 '5\1 3 2 4 3 5 4 1 2 5"

3HaK 3a paBEHCTBO BaKH aKO M CaMO aKO X = Xp = X3 = X4 = X5 :% :

14. Nanenu ce MO3UTUBHU peaHH OPOEBU &, 8y, ..., 8pg15 TAKBU IUTO 84ay...8015 =1
. Jlokaxwu, neka ako o> >0 ce paunoHa Hu OpOCBH, TOTAIIl
2015 2015

Yat> Y al.
i=1 i=1
1

Pemenne. Heka a:%,B:%, kage g,Nn,meN u n>m. Ako craBume b =3a],

toramr  yb,..0y015 =1 u 3aroa noBonHO e ga mokaxkeMme aeka ako byby..bygi5 =1,
TOTaNI
2015 2015

> b=y bt 1)
i=1 i=1
3a cexoj 1=1,2,...,2015 umame

146" +b +..+ b > n{1-6". 6" =nb" L.

n-1
AKko ru codepeme MociIeHUTE HEPABEHCTBA 1001BaMe
2015 2015
2015+(n—1) Z bi >N Z bi .
i=1 i=1

OcBeH TO4,

2015
> bt > 20152010 L. bt = 2015.
i=1

KOHG‘IHO, aKO I' co6epeMe MOCJICAHUTEC ABC HCPABCHCTBA I'O )106I/IBaMe HCPABECHCTBOTO

).
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IV TEOPUJA HA BPOEBU

1.  @®YHKUMMTE t(n) U o(n)

1. Konky nenurenu uma opojor 12007
Pemenne. ['o paznoxxyBame Opojor 1200 Ha IPOCTH MHOXKHTEIH, T.C. TO 3aIHIITY-
BaMe BO KAHOHMYEH BH/I;

1200=12-10-10=4-3.2.5.2.5=24.31 .52,
Cera 3a Op0jOT Ha HETOBUTE JICIUTEIU T0OMBaMe
7(1200)=(4+1)-(21+1)-(2+1) =5-2-3=30.
3naun, 6pojot 1200 uma BkynHO 30 geauTemnu.

2. loxkaxwu neka t(N) e HemapeH Opoj aKo ¥ caMo ako N € TOYCH KBaJIpar.

Pemenue. Ha cexoj nenuren d Ha OpojoT N Koj € momal oj Jn MY COOJBETCTBY-

Ba JICIIUTE] g KOj € IOTOJIEM Of] NO oOpaTHO. 3Hauu, 3a cekoj Opoj N, OpojoT Ha

HEroBUTE JEIUTENN KOU Ce Pa3IMdHu o7 /N e mapeH 6poj. Cropesn Toa, ako 6pojoT Ha

JeIUTeNUTe Ha N € HemapeH Opoj, Toram /N e geautea u obpaTHO, ako /N e
JIEIUTEN, TOTalll OPOjOT Ha JACNUTEINTE HA N € HemapeH 0poj.

3. Ompenenu To OPOjOT HA MOJPENCHUTE MApoBU MpUpoaAHU OpoeBu (M,K) 3a kou
Baxkn 20m =k(m—-15k) .

15k?

=20 - Cnopen Toa, M e mpupoacH

Pemenune. O yclioBOT Ha 3ajayaTa uMame M=

Opoj ako u camo ako k >20 u k—20 e nenuren Ha 15k 2 . bunejku
15k2 _ 15k2-20215+20245 _ 15(k=20)(k+20)+20°15 — 15(k + 20) + 8000

k—20 — k—20 k—20 k—-20"'
nobuBame jieka M e mpupojseH 0poj ako u camo ako K >20 u k—20 e nenuren Ha

6000. IMonaramy, ox 6000 = 24 -3-53, CEeKOj MO3UTHBEH AenuTell Ha Opojotr 6000 e ox

00JIMK 2a3b5c kane a<{0,1,2,3,4}, be{0,1} u c<{0,1,2,3}. 3aroa 6pojoT Ha MO3HU-

tuBHHTE JnenuTenn Ha 6000 e enHakoB Ha 5-2-4 =40, mro 3Hauu jeka OpojoT mojape-
JICHHUTE TIAPOBH KOW TO 33/I0BOJTyBaaT yCIOBOT Ha 33Jja4ara ¢ JJHAKOB Ha 40.

4. Ompenenu I'Mm CUTE HPUPOJHM OpOEBHM N KOM MMaaT TOYHO 12 nenutenu
1=d; <dp <..<dpp =n TakBu wWro AenutenoT co ungeke dy (r.e. dg, ;) e ennaxos

Ha (0 +d, +dy)dg.

Pemenne. Jacno, mocton i €{L,2,...,12} taxkos mro d; =d;+d, +d,. On dj >d,
caenysa i25. Mcro Taxa, O6unejkn djdiz j=n n didg=dg, 3 <n nobusame i<5,
wro 3Haun feka i=5 u dy+dy+dy=ds. Cera, dg,_j=dsdg=n=d,, ma saroa
dys—-1=12,1e. dy =13 u d5 =14+d,. JacHo, d, e HajMaTMOT MPOCT JEAUTET HA N
u ounejkn dy =13 moxno e camo d, €{2,3,5,7,11}. Ilonaramy, Ouzmejku n uma 12
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IENUTENH, TOj MOXKEe Ja UMa HajMHOTY 3 mpocTH Aenutenu (3omro?). Axo dy, =2,
toram d5 =16 u Toram 4 u 8 ce memmtenu Ha N, momamu on dy =13, mTO He ¢
Mo:kHO. Co aHaJOTHU pa3MHCIyBama ce fokaxysa aeka dy, =3 u dg =17 . bugejku n

uMa 12 penurenu u npoctute O6poeBu 3, 13 u 17 ce HEroBU IENUTENH, 3aKIydyBame

JIeKa MOKHHU peIIeHUja ce 32.13:17,3-13% .17 u 3-13-17%. Co HETmocpeHa MPOBEPKa

ce 100MBa JieKa camo OpojoT 32.13-17=1989 e pelieHre Ha 3aavaTa.

5. Onpenenu ru cute penieHrja Ha paBeHkara t(n) =60 .

Pemenne. ®akropu Ha O6pojot 60 ce: 1, 2, 3,4, 5, 6, 10, 12, 15, 20, 30 u 60. 3a ce-
KOJ poCT Opoj Pj UMame:

1+ pj + p? +..+ p7 #1,2,5,10.
On npyra ctpana
1+ pj+p2+..+pi =3 3a p =2,
14 pj+pf+..+pi =4, 3a p; =3,
1+ pj+p?+..+pi =6, 3a p; =5,
1+ pj+ p? +..+ pi =12 3a pj =11,
1+p +pi2+...+ piai =15, 3a p; =2,
1+ p + pi2+...+ pia‘ =20, 3a p; =19,
1+ pi+pi2+...+ piai =30, 3a p; =29,
1+ P+ p? +...+pi =60, 3a p; =59.
On 60=3-20=4-15=1-60 cienyBa jieka
o) =60=(1+2)- (1+19) = (1+3)- (1+2+27 + 2°) =1+59,

IITO 3HA4YM JCKa pCH_ICHI/IjaTa Ha JajcHaTa paBCHKa CC

N=2.19-=38, n=3.22 =24 u n=59.

6. Jlokaxu, neka 6poesute T(M") M N ce 3aeMHO MPOCTH.
Pemenune. Hexka m = pfl pgz ...pl((xk . Toram m" = plm1 pgaz ...pEak u
(m™) = (noy +)(naty +1)...(Noy +1)
na 3aroa NZD(no; +1,n)=11=12,...,k, ox mro cienysa nexa r(mn) U N ce 3aEMHO
MPOCTH.

7. Hajnu npupozen 6poj xoj e aenus co 12 u uma 14 nenurenn.
Pemenne. bpojor n e genus co 12, ma 3Haum e genus co 2 u co 3. Ox apyra cTpaHa

t(n) =14=2.7=(1+1)(6+1), ma 3atoa n=2%3% npumro & >2 u a, >1. Cropen

Toa, 8 =6 u ay =1,mae n=2%.3=192.
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8. Ilpupoanuot O6poj N MMa JBa MPOCTH ACTUTENH, a OpOjoT n? uma BKYIHO 15
nenutenu. Konky nenurenu uma 0pojot n3?

Pemenue. O ycioBOT Ha 3ajayaTa umame N = paqb, Kaje P ¥ ( ce IpoCTH

OpoeBH, n? = pzanb u (2a+1)(2b+1) =15. Ox mocineaHara paBeHKa JT0OMBaMe

2a+1=3, 2b+1=5, T1e. a=1b=2. Koneuno, OpojoT n3=p3aq3b uma

Ba+D)(3b+1) =4-7 =28 nenurenu.

9. Heka n e npupojeH 0poj. Jlokaxwu, aeka ako n° +n*+1 uma TouHo 6 pa3IuyHU

HOPUPOHH JEUTENH, TOTall n®—n+1 e Touen KBaJpaT Ha MPHUPOJIeH Opoj.
Pemenue. Enen npuposex 0poj nMa TOYHO IIECT NPUPOJIHU JAEIUTEIN aKO U CaMo
aKO HaroBUOT KAHOHHWYEH 3aITHC € p5 17001 pq2 ,Kale p u Q ce mpocTu OpoeBH.

Nmawme

n°+n*+1= (n‘°’—n+1)(n2 +n+1).

[Tonaramy, on

n® <n®+n+l< (n+l)2

clenyBa JieKa n?+n+1 He e ToueH kBajapaT. Heka co d ro o3Haumme HajTOJIEMHOT

3

3aCAHUYKH OCINUTCII HA n2 +n+1 u n° —n+1. Toram nocneaoBaTeIHO IIO6I/IBaMe

d|n(n2+n+l)—(n3—n+1)=n2+2n—1
d|n2+2n—1—(n2+n+1):n—2
d|n2+n+1—n(n—2)=3n+1
d|3n+1-3(n-2)=7.

Cropentoa, d =1 wmm d =7 .

Ilps cnyuaj. Axo d =1, Toram (n3 —n+1)(n2 +n+1) = pq2 U CIUHCTBEHA MOJXK-

HOCT €

3

n —n+1:q2 u n’

+n+1=p,

[Ipu 1mTo MPBOTO O/1 OBHE JIBE PABECHCTBA € TBPIACHJHETO Ha 3a1avara. Exen nmpumep ce
nobuBaza N=3.

Bmop cayuaj. Axo d =7 u
(N =n+1)(n% +n+1) = pg? wm p°,
TOTAll €ICH OJ] MHOKUTEIUTE O] JIEBO € eIHakoB Ha 7. JIecHO ce riesa Aexa BO OBOj
ClIy4aj HEeMaMme pelieHue.

10. IIpupoxuuotr 6poj N uMa caMo TpH MpocTH aenurtenu: 2, 3 u 5. Onpenenu ro
OpojoT N ako

T(%) =1(n)-30, ’E(%) =1(N)—35u T(%) =1(n)—42.

Pemenne. Hexka n = 2a3b5C . Toramr
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1(n) = (a+1)(b +1)(c +1)
(2) =a(b+1)(c+1)
() = (a+1)b(c+1)

1(z) = (a+D(b+1)c
a OJ1 YCJIOBOT Ha 3a/ia4yarta cJie/lyBa JeKa
(@+D(b+(c+1) =a(b+1)(c+1)+30
=(a+Db(c+1)+35
=(@+1((b+1)c+42,
0]1 KaJie To J00MBaMe CUCTEMOT
(b+1)(c+1) =30
(a+1(c+1) =35
(a+1)(b+1) =42.
Pemenne Ha mocnemnHuor cucteM ¢ a=6,b=5Cc=4, na 3aroa OapaHuoT Opoj €

n = 253°5% — 9720000 .

11. Onpenenu TM CUTE MPUPOIHU OPOEBU KOM MMAaT TOYHO IISCT JCIMTHIIHU, YH]
36up e eqnakoB Ha 3500.

Pemenne. Ako N e npupojeH Opoj KOj MMa TOYHO IMIECT JACTHUTEINH, ToTam N = p5 ,
Kaje P e mpocT Opoj WM N = p2q ,Kage P U ( ce pa3au4yHH MPOCTH OpoeBu. Bo
NPBHOT Ciiy4aj umame 1+ p+ p2 +..+ p5 =3500, T.e.

p(L+ p+...+ p*)=3449 . (1)
Bbpojot 3449 He ¢ nenmuB co 2, 3, 5 u 7, ma 3atoa P =>11. Ho, Toramr yieBata cTpaHa Ha

(1) e moromema oxn 3449, mro 3Haum jeka paBeHkata (1) Hema perieHue BO
MHO>KE€CTBOTO NMPUPOTHU OPOEBH.

Bo BropmoT ciyuaj umame 1+ p+q+ pg-+ p2 + p2q =3500, T.c.
L+ p+p?)(A+q)=5>-7-4. )
Jacno, 6pojor
1+ p+p? =1+ p(p+1)
€ HemapeH U He ce Jenu co 5, ma 3atoa ox 1+ p+ p2 >1 cnegyBa 1+ p+ p2 =7, 1.

p=2. Crnopen toa, =499. Bbpoeure 2 u 499 ce npoctu u OapaHHOT Opoj ¢
22 .499 =1996 .

12. Onpenenu T CUTE MPUPOIHU OPOEBU N TAKBH IITO 81(n2) =271t(n).

a

a .a
Pemenune. Ounrnesno N#1 u Heka N= P;*Py®...py" € KAHOHUYIHOTO PA3IOKYBA-

Be Ha N . Toram 1ageHoTO paBeHCTBO MOKEME J1a 'O 3allUIIEME BO BUILOT
2a+1 2a,+1 2a,+1 (§)3 )
a+l  a+l 7 oa+l M2/
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2a;+1 .
%S ﬁ <2 3a cexoj @ IpHu IUTO 3HAK 33 PABEHCTBO Ha JIeBaTa CTPaHa
i

[Tonaramy,
Baxu camo kora @& =1. Toram ox (1) ciemya neka 2" > (%)3 > (%)r , OI Kaje
3akiydyBame Jqeka 2<r <3.

3a r =3 umame g =1,i=12,3, og mro ro nobHBaMe pemIeHHETO N = Py Py P3 Kazme
P, P2 U P3 ce pasIMuHK IPOCTH OPOEBH.

Heka r=2. be3 orpaHuuyBame Ha OIIITOCTA MOYKEME Jla MPETIIOCTaBUME JIeKa
2+1 > 2a,+1
a+l T a+l

&y = ay, O] KaJie ClleayBa . Toramr ox (1) noOuBame

2(2a,+1) _ 2+l 2a,+1  ,3\3 2+l 2a,+l  2a,+1\2
a,+1 ol i — Q) T e = )
2 i 2 4 2 2

On nocieHUTE HEPABEHCTBA JIECHO ClelyBa Aeka 3<a, <5. Bo cekoj ox cirydante

ay =3,4,5 nobuBaMe JIMHeapHa paBeHKa IO &; INpH IUTO M JOOMBaMe pelleHHjaTa

(3,8,)=(33) u (7,4), re. n= p%S pg un= pfpg, Kage P U Py ce pasIHYHU
MpOCTU OPOEBHU.

13. Jlokaxwu, Ieka ako N e CJI0XKEH MPUPOJIeH Opoj, Torarn
o(n)>n+ Jn+1.

Pemenne. [Ipupoaanor 6poj n uma nemuren d takoB mto d #1 u d < Jn . Ho,

% UCTO TakKa € JEJIUTEN Ha N 3a KOj BAXKH % >/n . 3aroa
o(n)=>k 21+n+§2 n+/n+1.
K|n
14. Jloxaxu acka:
a) Yd“=> @), 6) (n)<2vn, n
din din
a(n)
< 2\
B) Jn < e >l
Pemenne. a) PaBencTBoTo cienyBa o hakTot neka, ako d e aenuren Ha Opojort N,
Toraim u 1 e genuren va 6pojot N, u 0OpaTHo.

d
0) AKO N He e MOJH KBaJApar, TOTall HETOBUTE JACTUTEIH TH TPYIUpaMe BO MapoBU

ox Bugor (d,1), d< % , KOM TH Ma TIOMAJIKy 0]1 \ﬁ . AKO N e MoJH KBajapar, Torarl

wn) <2(n-1)+1<2n.

B) On
ay  p*ta 2 a & a\ o
o(p®) = ] =1+ p+p°+..+p° =(a+)p? =1(p”)p2
a
noOuBame % > \f pa M aKO ja UCKOPUCTHME MYJITUIUIMKATUBHOCTA Ha (DYHKIIUUTE
(p

t©(n) u o(n) nobusame \FS%.
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15. Hexka p u ( ce pa3nuuHu mpocTu OpoeBu. Jlokaxku, JeKka MOCTojaT MPUPOIHU

OpoeBM a ¥ b TakBM IITO apuUTMETHYKaTa CpeluHAa OJ CHUTE JEIMTeIH Ha OpojoT

n=p2q° e npupozen 6poj.

(pa+1_1)(qb+l_1)
Pemenune. Criopen teopema 4.7 umame o(n) = BN CEVCEIR t(n)=(@+1)(b+1),

a 3aToa apUTMETHYKATa CPeJIMHA OJ] CUTE JISIUTEIN Ha OpojoT N = paqb e

M = oM __ (p* @™ 1)
w(n) ~ (p-D(g-D(a+)(b+) -

AKO p W ( ce HEmapHU MPOCTH OPOEBH, TOTAII p2 -1 pp+1 -1lmu q2 -1 qqul -1, ma

3aToa JOBOJIHO € Jia 3eMeMe a=pP u b=Q. Ako P=2 u ( e HemapeH, Toramr 3a
b=qua=q""+q% 3 +..+0° umame
(p-D@-D@+Db+1) = (q-D@+D)@4 +q% 3 +..+g? +1) =q¥*L —1=gP"1 -1,

na 3aroa M = pa+l—1= 221 1 ¢ npupoaeH Opoj. AHAJOTHO, aKO P € HemapeH u

q=2, toram 3a a=p u b=pP L4 pP 34 4+ p? umame M =q"t-1=20"_1,

T.€. € IPUPOJAEH Opoj, CO IITO 3ajayaTa € peleHa.

16. Jlokaxwu, Jeka mMocTojaT OECKOHEYHO MHOTY NPHUPOJHUM OpoeBM N TakBU Ja
o(n)=2n-1.

k
Pemenne. 3a cexoj mpupojieH 6poj kK Baku G(Zk) = %_11_1 =2k _1=2.2K1,

IITO 3HAYU JIeKa OpOEBUTE 2k, k=1,2,3,... o uMaat 6apaHOTO CBOjCTBO.

17. Onpesieny To HajMamnoT 6poj ox obmmk 22 P P2, Kae Py U Py Ce HEMapHU
poCTH OpOEBH, U] 30Up HA JCITUTEIN € TPUIIATH TIOT0JIeM OJ1 CAMUOT Opoj.
Pemenue. Paenxata o(m) =3m npu m= 2% p;p, ro 106uBa 0GIUKOT
(@ =D+ p)L+ py) =3-2 pypy
3a a=0 mumame (1+ p)A+ py)=3p Py wmm 1+ Py + Py, =2 Py WTO HE € MOKHO
Oujejku ieBaTa cTpaHa € HemapeH, a AecHaTa mapes 0poj. 3naun, a#0 .
3a a=1 nmame (1+ py)(d+ py) =2p; P, WTO HE € MOXKHO OUIEjKHU JIeBaTa CTpaHa
Ha IOCIIEJHOTO PABEHCTBO € JIeJIMBa CO 4, a IeCHaTa CTpaHa He € JenuBa co 4. 3Hauu
a>1.
3a a=2 wnumame 7(1+ p)(A+ po)=12pp, wmm 7+7(p + Po)=5ppo. Orryka
P =7, Py =2, 1TO HE € MOKHO.
3a a=3 umame 5(1+ p))A+ py)=8pp, wmm 5+5(p; + py)=3p P, . Onryka
M =5, pp=3. Cnopen Toa, HajMaIHOT NPUPOJAEH Opoj co OapaHOTO CBOJCTBO €

m=23.3.5=120.

18. Onpenenu ru cute MpupoIHU OpOEBU N 3a KOH 81(n2) =271t(n).
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a .a a
Pemenune. Ounrnesno N#1 u Heka N= Pl P,2...p7" € KAHOHMYHOTO Pa3lIoKy-

Bame Ha N . Toramr gageHoTo PAaBCHCTBO MOKEME A I'0 3alIMIIEME BO BUIOT

2a+1 2a,+1 2a,+1 /3,3
a+l a+l 7 oa+l _(2) ' @
2a;+1 .
ITonaramy, % < ﬁ <2 3aceKkoj @ MpH IITO 3HAK 32 PAaBEHCTBO Ha JeBaTa CTpaHa
1

Baku camo kora @ =1. Toram ox (1) cnenysa neka
r 3,3 S (3)f
2> (3P =),
0J1 KaJie 3aKiryayBame feka 2 <r <3.
3a r =3 umame g =1,i=12,3, og mro ro nobHBaMe pelmIeHHETO N = Py Py P3 Kazme

P, P2 U P3 ce pasIuuHH IPOCTH OPOEBH.

Heka r=2. Be3 orpaHuuyBame Ha OIILTOCTa MOXEME Jia IPETIOCTaBUME JeKa
2a,+1 > 2a,+1
y+l T a,+l

& = ay, OJ1 KaJie CcIeyBa . Toram ox (1) nobusame

2(2ay+1) _ 2+l 2a,+1 3.3 2yl 2a2+1> 2a,+1,2
a,+1 ol =) T ad a2 g
2 4 2 4 2 2

Op nocneTHUTE HEPAaBEHCTBA JIECHO clieqyBa Aeka 3<a, <5. Bo cexoj ox ciydaure
a, =3,4,5 nobuBame IuHeapHa paBEHKA IO & MPHU IUTO TH J0OHMBaMe peIleHHUjaTa
(3,8,)=(@133) u (7,4), Te. n= p%3 pg un= pfpg' , Kaje Py U Py Ce pasIHMIHU
IpOCTH OpOEBH.

19. Huzara npupoguu 6poeBu @q,ay,... o 3370BOIyBa PaBEHCTBOTO

an, =an +2t(n), 3a cexoj n>1.
Jlamm € MOKHO JiBa MOCJIe0BAaTETHN YWICHOBH Ha OBaa HHM3a Jia C€ TOYHU KBaapaTu?
Pemenne. He! Ouurnenno Husara ay,d,,... crporo pacre. Heka npernocraBume

AeKa a, = X% u A = y2, X, yeN. Toram ox paBeHcTBoTO any1 =ap +21(N) cne-

JyBa JIeKa X U Y CE CO eIHAKBa IAPHOCT U BaKH
2
2t(n)=ap—ay =Y

Ho, r(n)SZ«/ﬁ, na 3aroa /N> X+1>X=.,/a,, 1.e. N>a,, MTO OYHIJTICAHO HE ¢

—x% > (x+2)2 —x? =4x+4,1e. t(n)>2x+2.

MOJKHO, Ounejku @ € npupojeH Opoj U Hu3ata aj,ay,... CTPOro pacrte.

20. 3a cexoj ne N neka f(n) e Opojor Ha mpupoaHUTe OpoeBH M, M<N 3a KOH
o(m) e Henapen Opoj. Jlokaxwu, Jieka mocTtojar OECKOHEYHO MHOTY MPUPOJAHU OpOeBU

N Ttakeu mrro f(n)|n.

Pemenne. Axo n= plIrl p;z...plzk e (Qaxrtopuzanujata Ha OpojoT N Ha mpocTu

muoxkutenu, Toram o(N) =@+ p; +...+ pir‘). Bpojor o(n) e HemapeH ako W camo
i=1

A
aKo CUTe MHOXKHUTenu 1+ pj +...+ pil CC HCIIApHH, IITO € CKBUBAJICHTHO CO pi =2 W
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2|r,. Criopen Toa, o(N) e HemapeH ako U camMo ako N WIKM 3 e KBajpar Ha NPUPOJIEH

2
6poj, ox mro ciexysa f(n) = [«/ﬁ] +[\j§] .

Baxu f(n)< f(n+1) 3acekoj N. Mcro Taka, KOJTUUHUKOT HE € OrpaHMYCH,

_n_
f(n)
1a 3aToa 3a cekoj K € N mocrou HajMan N =Ny 3a Koj % >k.3a k>1 Baxu n >1

ne—1
1 D

aKo NpBUTE JIBE HEPABEHCTBA BCYIIHOCT ce paBeHcTBa, T.e. f (N )|n, =kf (n). Cure

<k, on kazme cnexysa ny > kf () >kf (n, —1) >n, —1. OBa ¢ MOXHO camo

6pO€BI/I Nk €€ pa3Iu4HU, CO IITO TBPACHETO € TOKAXKaHO.

21. Heka p,q ce pasznuuHu mpoctu OpoeBu. JIOKaKU JeKa MOCTOjaT MPUPOIHU
OpoeBu a,b Taka mITO apUTMETHYKATA CPEAMHA HA CUTE PUPOIHHU JCIUTEIH Ha OpOjoT
a b
n=pq
Pemenne. 30upoT Ha cUTE JENIUTETN HA OPOJOT N €

€ TIpuUpoJieH Opoj.

o(N) =@+ p+ P+t pYA+q+0% +...4+q%).
bpojor n uma (a+1)(b+1) npupomHu menaMTeNM TMa 3aT0a HUBHATA APUTMETHYKA
CpenuHa €

g = (+p+ p?+...+p?)(A+q+q>+..+q°)
(a+1)(b+1) '

Axo p u ( ce HemapHu OpoeBH u3dupame P=a, =Db u necHo ce rmena nexa S e

NpUpOJIcH Opoj. AkO P=2 u ( e HemapeH 0poj, Toramn u3dupame
b=q, a+1=1+g%+..+q%".

Bo oBoj ciiyuaj s=1+2+ 22 4..+2%. AHanorsxo ce u30upa ako P e HemapeH U (=2

2. ®YHKLUUTE [x] U {x}

1. Heka a,b,c,d ce nosutuBHu peannu Opoesu Taksu mto cd =1. Jlokaxu aeka
MIOCTOH TIPUPOJICH OpOj N, TAKOB IIITO

ab<n? <(a+c)(b+d).
Pemenne. Ox cBojcTBaTa Ha pyHKIMjaTa [X] umame

Jab <[Vab]+1=[ab +1] < fab +1.

JloBOIHO € 1a TOKakeMe JeKa

Jab+1<J(a+c)(b+d).

Opx HEpaBEeHCTBOTO Mery apUTMETHUYKA U TEOMETPUCKA CPEANHA, IMaMe

%Z«Iabcd = Jab
Z@Sad +bc.
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Cera
(a+c)(b+d)=ab+ad +bc+cd =ab+ad +bc+1

2ab+2ﬁ+1:(ﬁ+1)2
Jab+1< Ja+c)(b+d).

3Hauu, J0BOJIHO € jaa 3eMeMe N =[+/ab]+1.

2. Bo MHOX€eCTBOTO peayiHu OpOEBHU PEIIU ja paBEHKATa
4x% —20[x]+9=0.
Pemenne. Baxu
4x% —20[X]+9 > 4x% — 20X +9 = (2x —9)(2x —1)
1a 3atoa
(2x-9)(2x-1) <0, 1e. $<x<
3atoa 0<[X]<4 u Baxku X =% 20[x]—9 . Axo 3amenume [X]=0,1,2,3,4 noOusame

I\.)I(Q

neka 3a [X] =0 paBeHkara Hema pelICHHE, a BO OCTAaHATUTE YSTUPH CiIydau JTOoOHBame

10 €aAHa BPCAHOCT Kojaja 3a10BOJIyBa IMOYCTHATA paBCHKA:

N SV VY
T2t 2 AT 2 AT

3.a) Ako NZD(a,4) =1, roramt
[2]+[22] + [%2] = 222

Hokaxmu!
0) Jloxaxxu nexa

2(p-1 +1
(140814 + 282 = [ 5,
KaJie p € HemapeH mpoct 0poj.
Pemenne. a) Ox ycinoBoT BO 3aqauara umame a =4q+1 wm a=4q+3. Bo npeuot

Clly4aj
[G1+ 1221+ =q+29+3q =60 =52,

Bo Bropuor ciyuaj
[G1+[5 1+ 5] =0a+(2q+D) +(3q+2) =6q+3= 352
0) 3a p=3 TBpACHETO € OUUIIeAHO TOYHO. Ako P >3, toram P=4n+1 umu

[2(p_1)] [1+ p-2

p=4n+3. bunejku [%] =0 u ] 1, nobuBame neka Bo 30MPOT OJ

jileBarta CTpaHa UMaMe caMo HYJIU U €IWHHUIH, IPU [ITO cOOMpame T_ OpoeBH.
3a j1a ro omnpenenuMe OPOjOT HA HYJIHMTE OJf JIeBaTa CTpaHa JOBOJHO € BO COOHPOKOT
0J1 00IUK [Z—FZ)X] =[4—;] Ja crtaBuMe 4X < P wim X < %. 3Haum, X = [%] Cropen Toa,

OpojoT Ha coOpaHWTE EAMHUIU € IO—_l—[E] T.. N ako P=4n+1 mwm n+1 ako

p=4n+3. Ho, [ ]eeﬂHaKOBHanaKO p=4n+1 wmm n+13a p=4n+3.
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4. Bo mHOXecTBOTO R pemn ja paBeHKaTa
[X[x]]=1. (1)
Pemenne. Ox Ha dynkiujarta men gen umame 1<[X[x]] <2. Moxuu ce ciennuBe
CITydamu:
a) Ako X € (—o0,—1), roram [X]<—-2 u [X[X]]>2, T.e. X He e pemenue Ha (1).
6) Ako X =-1, roram [X]=-1 u [X[X]]=1, t.e. X=—-1 e pemenue Ha (1).
B) Ako X e (—1,0), roram [X]=-1 u X[X]=—x<1, 1.e. X He ¢ pemenue Ha (1).
r) Ako X €[0,1), roram [X]=0 u X[x]=0<1, r.e. X He ¢ peuienue Ha (1).
1) Axo X €[L,2), roram [X]=1 u [X[X]]=[x] =1, 1.e. X ¢ pemenue ua (1).
e) Ako X>2, roram [X]>2 u [X[X]] >2, T.e. X He e pemenue Ha (1).
Koneuno, X e{-1}U[L?2) .

5. Bo MHOeCTBOTO peaTHi OPOEBH PEIIM ja paBEeHKATa
[2x—1] +[4X+1] 5X 4

Pemenue. 3a cekoj peasnen 0poj I Baxku r—1< [r] <r,ma3aroa
2x-1 2x-17 « 2x-1
s 1<[F]=5

4x+1 1< [4>é+1] < 4)23+1'

Crnopen Toa,
2x-1 4x+1 2x-1 AX+17 <« 2%=1 | 4x+l
T 1+ 75 1<[3]+[6]_ %
2x=1 4x+1 5%—4 ~ 2x-1, 4x+1
3 1+ 5 1< T S5t %
_5 <L
2 <X=7
JleBata cTpaHa Ha ModYeTHaTa paBeHKa € Ien Opoj, ma 3aToa Mopa Aa Oujae U JecHaTa.
3aroa nocron K € Z TakoB IITO % =k, Te. Xx= L5+4. Cera, ounejku —g <Xx< ;
nobuBame JeKa eIMHCTBEHH MOKHU BpeI[HOCTI/I 3a X ce
118 _ 4179 13 16
5 ! '5'5" "5
Co 3ameHa BO 1oyeTHaTa paBeHKa ce 2[061/11321 JeKa He_]BI/IHI/I pelieHuja ce
2 1 4 7
x{-¢ 2}
6. lokaxu nexa 3a cekoj X € R Baxu
1
[x+31=[2x]-[x]. 1)
Pemenue. Cekoj peasieH Opoj X MoOke Ja ce 3amuiie BO oO0muK X =K+o wuim
X:k+%+oc Kage mro KeZ u 0SOL<%.

Axo X=K+a, Toram
[k+a+%]:k ; [2k+20] =2k ; [K+a]l=k,
a 3aToa TO4YHO € paBeHCcTBOTO (1).

Axo X—k+oc+2 , TOTaIl
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[k+a+%+%]:k+l;pk+2a+ﬂ:2k+t[k+a+%]=k,

1a 3aToa TOYHO € paBeHCTBOTO (1).

7. Penm ja paBeHkara [M] = % :
Pemenne. Heka 13)é+4 y. Orryka X = 3{;4 . AKO 3aMeHHMME BO paBEHKara,
3y-4
25-——2
nobuBame [T] Y, OAHOCHO [ 5y 126]— y. Crenysa Yy < 753,'52126 <y+1, on
kage 126 <23y <178 wmun % <y<=2 178 . bunejkn y e uen 6poj cnenysa neka y; =6
win Y, =7 . OTTyKa X = % WIH Xy = % , ¥ TOa Ce pellicHHjaTa Ha Jla/lcHaTa PaBeHKa.

8. Hexa n e N. [Ipecmeraj ro 36upor

2 k
P%}ﬂ%%}ﬂ%%ﬂ+m+ﬂﬁ%}hm

Pemenne. Ox 3az[aqa 6 cnez[yBa

e L M e PN L RO R R ) O

k+l k+1

— [l (31 151 [5] -+ [ -]+

=n,

+1
2]+...

ounejku nounysajku ox K =[log, n]+1 cure cobuporm Bo pasrieqyBaHHOT 30Up ce
equakBsu Ha 0.

9. Hajau ro uenuot aen Ha 30UpoT

:\E+§F+§F+...+nﬂ]’”—”.
2 3 n

Pemenne. bunejkn 1< n+\JjnT+1<2 ciexyBa Jeka S, >nN. Ke nokaxeme neka

S, <n+1, ox kaze mrto ke ciexysa geka [S,]=n.
[IpumenyBajku ro HepaBeHCTBOTO Ha Komm mefy apuTMeTHdyka M reoMeTpHcKa
cpenuna 3a K+1 Gpoesu o1 BUIOT l+ 1 ,1,1,1,1,...1 ro nobuBame HEPaBEHCTBOTO
\—v__n’
k

1 1+%+1+1+, .1

K+ £).1... B

ya+k)1 oK
1+£+k

k+ 1__k _q,_ 1
V< = Yiam

Crasajku 3a K Bpemnoctr o 1 10 n nobusame

1 1 If ntl 1
ﬁ<1+12, \F<1+23,-.-,ﬂ+3 - <1+n(n+1)'

AKO T cobepeMe OBUE HEpaBeHCTBA J100MBamMe

1 .1 1
Shn<Ntisto3t oD
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1_1.1_1 11
Sp<N+g—gts—zt =0
S, <n+l--L-<n+1.

n+l

Bnaun, S, <n+1, matoram [Sy]=n.

10. Ha xonky Hynu 3aBpiryBa Opojot 199317
Pemenne. Ako N e Gapanuor Opoj Hysu, Toram ¢ 1993! =10N ™ , M e npupoaeH
Opoj koj He e menuB co 10. bunejkn 10=2-5 nodusame N =min{N;,N,}, xane
_[1993]+[1993]_'_[1993]+|:1993]+[1993]+ — 495

Ny = [1983] +[1993] +[1993] iy [1;93)3]+[1993]+ .=1986 .

3naun, N =495, 1.e. O6pojoT 1993! 3aBpiryBa Ha 495 HyJIH.

11. Hajau ja TpuHaecerTaTta mudpa ox AECHO Ha MPOU3BOJOT Ha cute OpoeBu on 1
1o 50.
Pemenue. /lps nauun. Jla ro paznoxume O6pojor 50! Ha mpocTu MHOKHUTENTH; ©UMamMe

501=22.3°.5¢.79.11° .13 .172.192 . 232.31.37.41.43.47.
3a oapeyBame Ha MokasaTenaure a,b,... ke ro kopucTume TBpICHETo: AKO P € IpocT
0poj, N e mpupojieH Opoj ¥ O € HAjroJIEMUOT TIPUPOJICH Opoj 3a Koj P e menuTen Ha

n!, roram
a:[ﬂ]+[L]+[L]+...
Pt Tp*t Tp?

Cnopen Toa umame
a :[5—20]+[%]+[%]+[2—9]+[%] =25+12+6+3+1=47.

3Hauu, HajroneMuoT 6poj a, 3a koj 22 |50! e 47, T.e. 2% |50!.
—[99714190741207 = —
b=[ 3 1+[ 3 ]+[27] =16+5+1=22,
c=12, d=8, e=4, f =3, naumame
50 1=2%7.3%2.5'2.78 .11 .13% 172 .19% . 23% . 29.31.37-41-43-47 =10 m
CnenctBeno, O6pojor 50! 3aBprnyBa Ha 12 Hynm, a HeroBata TpuHaecerTa muppa o
JIECHO €, BCYIITHOCT, MocJieHaTa mudpa Ha 6pojoT
m=2%.3%2.78.11%.13%.172.192 . 232 . 29.31.37 - 41.43. 47,

JloBomHO € 1a ja ogpenume mocieaHaTa nudpa Ha CeKoj 0] MHOKUTEIUTE Ha OpOjoT M.
Bbpojor:

B = (24)8 23 = (16)8 -8 3aBpryBa Ha 8,

22 = (34)5 3% = (81)5 -9 3aBprryBa Ha 9,

78 = (72)4 = (49)* zaBpuryBana 1, m.r.H.

CrnenctBeHo, mocienHara mudpa Ha OpojoT M ce coBmara co mocienHara uudpa Ha

MIPOU3BOJIOT:
8.9-1.1-7-9:1-9-9-1.7-1.3-7
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a Toa e nudpara 2.

3Haun, TpuHaeceTTata mudpa o xecHo Ha Opojot 50! e 2.

Bmop nauun. Axo ro u3gBouMe Npou3BOJI0T

5.10-15-20-25-30-35-40-45-50-2 °=2.3.3.7-9-10'
3aKilydyBame Jieka TOj 3aBpiryBa co 12 Hymu. 3aToa mpow3BOJOT HA MPEOCTAHATUTE
OpoeBu u Opojot 1134=2-3-3-7-9 ke ja manme nocineaHara nudpa, Koja ke ouae Tpu-
HaecerTa nmudpa Ha 6pojor 50!. [Nocnennara nudpa ja qodMBamMe Kako mocieana nudpa
O]l TIPOM3BOJOT HA EAMHUIIUTE HAa OBHME OpoeBu. HUB TW Trpymmpame BO MeT rpynu u
3aKiIydyBame Jieka OpojoT
(1:(3-4)-(6:7)-(8:9))°

3aBpIyBa Ha UCTa MUQpa Kako U OpojoT 28 , T.e. Ha 8. KoneuHo, nocneanara nudpa ja
oapeayBame o nmpousBoaot 1134-8-(1-6-11-16-21), a toa e uudpara 2 .

12. Jla ce Hajie HajMaIMOT MPHUPOJEH Opoj N TakoB mTO N! BO CBOJOT AEKaJEH 3aIHC
uma touHo 100 Hysu.

Pemienne. bpojor Nn! wMa OHOJIKY HyJM KOJIKY INTO OpOjOT MET CE€ jaByBa KaKO MHO-
xwuren (Ouejku cexoja rmeTka MOMHOMKEHA co 2 1aBa MHOkHTeN 10, T.e. BO (hakTopuenor ou
ce T0jaBuIIa HyJa). 3HauM, ro 0apaMe HajMaIHoT MPUPOJIeH Opoj N , T.IIL

[%]+[512]+[5%]+...=100.

., N
bunejku [g] <100, t.e. N<504 cnemyBa Jeka NpBUTE YETUPU COOUPOLM CE TTO3UTHUBHH,

JI0/IeKa OCTaHATUTE ke OMaT HyIH, T.C.
n n n ny_—
[z]+ [5—2] + [5—3] + [5—4] =100.
On nocreHaTa paBeHKa T0OHBaMe:

%+%+%+%2100, T.e. 156n>62500,
5 5 5

on kaze N >401. Co mposepka noOuBame Aeka HajMaaHoT mpuponeH Opoj e n =405,
ounejku

[%]+[%]+[%]+[%] =81+16+3+0=100,
nozeKa

38+ [+ [+ [ =80+16+3+0=99.

13. a) Jlokaxku, geka ako m,n € N, Toranr KOTHYHUKOT MIPH JEJICHETO HA M co N ¢
€IHAKOB Ha [%]
0) Jokaxu, neka ako @,b,c € N, Toram
(2] _rc
[E1=[5].

Pemenne. a) Heka m=nq+r,0<r <n. Umame

my_— n- =

[ =[q+L]=q+[£]=q,

ounejku 0 < % <1.
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6) Hexa [S]=q m [J]=0p. Toram c=ga+r, q=qgb+n, xaze 0<r<a u
0<n<b. Cnopen t0oa, c=qab+(r+na), xane 0<r+na<ab, Oumejku Baxu
as<r+npa<a-l1+(b-l)a=ab-1<ab. Koneuno,

[S]-q (1=t

14. Jloxaxxu jeKa MocTojaT OECKOHEUHO MHOTY TPUPOJIHU OpOEBM N TAaKBU IITO
Jn meewen 0poj, ¥ N ¢ JICeITUB CO [\ﬁ] .
Pemenne. Heka m e mpowusBosien npupozaeH Opoj. Toram 3a 6poesute m?+m u

m? +2m umame M? <m? +m < m? +2m < (m +1)2. Cropef Toa,

m<\/m2+m <\/m2+2m <m+1.
3Hauu

[\/m2 +m]:[\/m2 +2m]=m,

24m wi n=m?+2m , ToOHMBaMe JieKa

ma 3aToa ako uzbepeme N=m
[ﬁ]:m|m2+m=n AN [\ﬁ]=m|m2+2m=n,

O/ IITO CJie/lyBa TPBJICHETO Ha 3a7a4ara.

15. lokaxcu mexa X +[§] > 2[%] ,3acekon X,nelN.

Pemenne. O ounrieIHOTO HEPABEHCTBO X +§ > Zﬁ cienyBa

x+[0] =[x+ 2> [24/n] = 2[Vn].

16. Ompenenu rv cuTe MO3UTHBHU pealHd OpOoeBM a TakBH, IITO 3a cekoj Ne N
BaXKH

[al(a+Dn]]=n-1. 1)

Pemenne. Axo Bo (1) craume N =1 gobuBame geka Tpeba qa Hajaeme peajeH Opoj

a > 0 TakoB, ITO
O<a<ala+1]<1. (2)

[Tonartamy, ox (1) u (2) cnenysa, neka 3a cekoj N e N Baxwu
n-1<af(a+)n]<n

Dl<[a+)n] <2
l<(@+dn<l+l
1-l<a(@+1) <1+l
on kaae 3akmuyBame neka a(@a+1)=1. Ho, a>0, ma ox mociaeaHOTO pPaBEHCTBO
2

a(a+Yn]l<a(@+Y)n=nu a(a+)n]>a((a+Y)n-1)=n—-a>n-1,

na 3aroa 3a cekoj N €N e ucnonnero paseHcTBoTO (1).

clelyBa Jieka a = *ET_l .Jacno,3a a= 51 u 3a cekoj N e N Baxu
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17. Jloxaxwu, IeKka 3a CeKoj peasieH Opoj a | 3a CEeKOj MPHUPOJCH Opoj N Baxu
n[a] <[na] <n[a]+n-1. 1)
Pemenue. mame [a] <a<[a]+1. bunmejku n e npupomen 6poj nobuBame
n[a] <na<n[a]+n,
T.C.
[n[a]] <[na] <[n[a]+n]. (2)
Ho, [n[a]]=n[a] u [n[a]+n]=n[a]+n, na 3aroa ox (2) cineaysa
n[a] <[na] < n[a]+n,
ITO 3Ha4M Jieka Baxu (1).

18. Jloxaxku, 7ieKa 3a CeKOj O3UTHBEH OpPOj X BaXH

NS AG]
Pemenne. Ox [\X]<+/X no6usame [ﬁ] < [ﬁ ]. Heka 3a mexoj X >0 Baxwu
[ﬁ] < [ﬁ ], T.e. mocrou mpupoeH 6poj N TaKOB MITO
[ﬁ]:n u [ﬁ]:nﬂ.

Toram n< «/[\/;] <n+l1<yWx, re. [«/;] <(n +1)2 <X, wro He e MOKHO ounejku

on (n+1) 2 < Jx creaysa (N+1) 2 < [\f;] , ITO € MMPOTHUBPEYHOCT.

19. Pemu ru paBeHkuTe (IO X OJAHOCHO MO X H Y ).

a) [x]4 x]; 6)[x]-[a]=0; B) [xI[y]=1.

Pemenne. a) On [x]=| X| cnenyBa nmeka | X| e men Opoj, a OTTyka u X € e 0poj.
bunejku | X|>0 ke cmemysa mexa u [x]>0, r.e. Xx>0. O6parro, ako X>0 e men
Opoj, Toram Baxkk pPaBeHCTBOTO [X]=X=|X|. CrieiacTBeHO pelieHHE Ha jJajeHaTa

paBeHKa € CeKOj HEHEraTUBEH LIl Opoj.
6) Ako [a]=0, T.e. 0<a<1, roram [X] e mpousBoseH Opoj, ma pelicHUE Ha

paBEHKaTa € CeKOj peayieH O0poj.
Axo [a]#0, Toram [x]=0, a orryka 0<X<1, T.e. pelieHre Ha paBeHKATa €

unrepsaior [0,1).
B) bunejku [X] u [y] ce wmemu Gpoesu, toram [X]=1,[y]=1 mwm[x]=-1,
[y]=-1.Orryka, x€[1, 2), ye[l, 2) wmu xe[-1,0), ye[-1,0).

20. Pemu ja paBeHkara
{}—{2013x}=x.
Pemenne. PaBenkara e ekBuBasienTana co —{2013x}=Xx—{X}, oanocHo
[x]=—{2013x}.
bunejku {2013x}€[0,1), cnenysa [X] € (—10] omuocuo [X]=0. CnenyBa xe[0,1).
Wmajku npensun nexka {2013x} =0, ciaenyBa aeka perieHujara ce

__k
X —m y k G{O,].,,ZO].Z}
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21. a) Jlaau npumMep Ha Opoj @ TaKOB LITO {a}+{%} =1.
a) Jlokaxwu, 1exka TakoB Opoj a He Moke Aa Ouje palruoHaleH.

Pemenue. a) Jla ro pasriaename Opojor a =2+ \/§ . Umawme, % =2—+/3, ma 3aroa

{8+ {3 ={2+3}+{2-3}=\3-1+(2-3) =1,
1 TOa € OapaHuoT MpUMEP.

0) [la npernocraBume Aeka OpojoT @ € palMoHaJIeH W UCTHOT Ja TO MPETCTaBUME

1

KaKO JpOIKa a:%. Axko {a}+{%}:1, TOTall OYATIENHO &+ € el Opoj, ma ro

m 2

F+ﬂ:k, ma 3aToa M

= +n? =kmn. OTtryka ciemyBa

o3HauuMe co K. Cropen Toa

aeka n| m? u m | N? mkako M U N ce 3aeMHO MPOCTH TOA € MOYKHO aKO M CaMO aKo
|[mHn|=1, T.e. ako u camo ako a==1. Ho Bo 0BOj ciyuaj {a}+{%}=0, mTo €

OPOTUBPEYHOCT, 1a 3aT0a OPOJOT @ HE MOXKeE JIa € pallMoHaJIeH.

22. 3a MO3UTHBHHUOT peayieH Opoj @ BaxH {%}:{az} u 2<a’<3. Ompenenu ja

BPEIHOCTA HA M3DA30T a2 — % .

Pemenne. O ycloBOT Ha 3ajadaTa cieayBa aeka a>1, a oTTyka ciemyBa Jeka
O<%<1, IITO 3HAYM JIeKa {%}:%. [Tonatamy, on 2<a’ <3 nobusame nexa

1

{a2}= a’-2 , T1a 3aT0a OpOjoT A € MO3UTUBEH KOPEH Ha paBeHKaTa == a’-2,re Ha

paBeHKaTa

(a+1)(@°-a-1)=0. (1)

EnuHcTBeH MO3UTHBEH KOPEH HAa paBEHKAaTa € a = % . Cera, kopuctejku ro GaxToT

JIeKa a? = a+1 umame
a®=a’+a=2a+1
a® =(2a+1)?=4a’®+4a+1=4(a+1)+4a+1=8a+5
a? = (8a+5)° =64a’ +80a + 25 = 64(a +1) +80a+ 25 = 144a + 89
a'® = a(144a+89) =144a° +89a = 144(a +1) +89a = 233a+144.

OI[ IMMOCJICAHOTO PAaBCHCTBO CJICIYBa

13
gl? 144 _a°-144 oaa
a a

23. Jlokaxwu, Jieka He TMOCTOW palioHaJIeH O0poj X TaKOB INTO {X2}+{X}:1. On-
penenu O6apem efieH peaseH 0poj X KOj € pellleHue Ha OBaa paBeHKa.

Pemenne. Heka X =§, p,q € Z, NZD(p,q) =1. Toram

01+ {3 ={23+ {2} =m 4 n_mna 1)
" "97 g2 a4 ¢
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3a Hekou M,ne N, kame m< q2, n<qg u NZD(m,q) =NZD(n,q) =1, mTo 3Haku aeka
necHata ctpana Ha (1) e HeckpatimBa aponka. HejsnHata BpemHOCT MOXe 1a Ouze en-
HakBa Ha | ako u camo ako (=1, HO Toram X = p €7, na 3aToa {X2}+{X}: 0, mro
3HAuW JIeKa JIajieHaTa paBeHKa HeMa PellieHne BO MHOYKECTBOTO PALMOHATHU OpOEBH.

Ke onpenennme X € (0,1) TakoB mito {X2}+{x}:1. Vmame X2 + X =1, na 3aroa

X = —1+5

5 € ClIeH peaieH Opoj K0j € peleHne Ha JajieHaTa paBeHKa.

24. Tlpecmeraj T0 30UpOT

Si997 =[N11+[N2]+[V3]+[ V4] +...+ [\1997].

Pemenne. Bo 361poT Sygg7 -

- cobupokot 1 ce jaByBa 22 -1 =3 namn

- cOOMpPOKOT 2 ce jaByBa 32 -2 =5 naru

- cobupoxoT 43 ce jaByBa 44% —43% =87 naTtu, u

- cobupokoT 44 ce jaByBa 1998—43% =62 naru.
Cnopen Toa, uMame

81997 =1.3+2-5+3-7+...+44-62
=1-1+2-D)+2-1+2-2)+3-(1+2-3)+...+43- (1 +2-43) + 44-62

_ 43244 +&24-87 +44.62 =58542,

25. Jlokaxwu, neka 3a cexkoj N e N Baxu:

So(k) = S, W
k=1 k=1
300 = ¥ JRIRI+D). @
k=1 k=1

Pemenue. Bpojor k e menuren Bo [E] Cllydad ¥ HUBHHMOT 30uUp € k[E] , T1a 3aT0a
Baxu (1).

BpoeBute KoM ce moMaaM WIM €IHAKBH Ha N u ce aeamBu co K ce: K, 2Kk,..., k[%] )

m
Cera paBeHCTBOTO (2) ce JoOHBa aKO ce HCKOPUCTH PaBEHCTBOTO » K = m .
k=1
26. (Epmum). Jlokaxwu, neka
n-1
> [x+%] =[nx], 3a cekoj NN u3acekoj XxeR.
k=0

Pemenue. bunejku 0 <{x} <1, mocrou mpuposaen 6poj j, 0< j<n TakoB 1mTO

JT_l <{x}< % . Torar,
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—x+11= n-j
[X]=[x+1]=.. =[x+ ]
u
[+ 08 = o T2 o =[x Y = [ 41
Crnopen Toa,
n-1
> X+ ¥1=nx]+ j-1=[nx].
k=0
27. Jloxaxu, JieKa, 3a CeKOj IPUPOJIeH Opoj N> 2 € UCIOJIHETO PAaBEHCTBOTO
n
W)= ([0]-[%1).
k=1
Pemenne. Umame
~ 1, akok|n
(][] =
0, axkok fn,
1a 3atoa

é([ﬁ]—[“%]) ~ Y 1-t(n).

K|n
3adesemka. bunejku n e mpoct 6poj ako u camo ako t(N) =2, oJ MpeTxoaHaTa
3ajlaya cieyBa Jieka N e mpocT Opoj ako ¥ caMo aKo

> (-1 =2.
k=1

28. Heka n e npupojeH Opoj U X € MO3UTHUBEH peajieH Opoj, TAKOB IITO HUTY €JICH

oz OpoeBute X, 2X,...,NX U HATY €/I€H 0]1 OpOeBUTE %,%,...,@ HE e 11en 0poj.

JToKasKH, ieKa € TOYHO PAaBEHCTBOTO
[x]+[2x]+...+[nx]+[§]+[§]+...[@] =n[nx]. (1)
Pemenne. Bpojor Ha cobuprure Bo 36upot [X]+[2X]+...+[NX] xou ce eaHakBu Ha
HyJIa € eHaKkoB Ha OpojoT K , 3a koj Baxku kx <1< (k+1)X, a Toa e 6pojoT [%] . Bpojor
Ha cobupuute Bo 30upoT [X]+[2X]+...4+[NX] kou ce eaHakBu Ha 1 € exHAKOB HA OPOjOT
Ha 1enute OpoeBu K 3a kow Bakn 1< kx <2, a Toj Opoj € eJHaKOB Ha [%] —[%] . Boom-
mTo, 3a cexoj 1< r <[nx] 6pojor Ha cobuprmte Bo 36upoT [X]+[2X]+...+[NX] xom ce
¢IHAKBU Ha I € ¢HAKOB Ha [rTJrl]—[i] Ha xpajor, ako [nx]=L, toram Gpojor Ha

cobuponute Bo 30Mpor [X]+[2X]+...+[NX] xom ce emmakBu Ha L e ennakoB Ha

n-— [%] =n —[@] . 3aToa € TOYHO PABEHCTBOTO
[]+[2X] + ..+ [0x] = 0-[£]+ 1 (2] - [2]) + 2+ (3] - [2]) + ...+ [n] - (n - [2])

=11~ [~ e nind,

KO€ € EKBUBAJICHTHO Ha paBeHCTBOTO (1).
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29. Jlokaxwu, AeKa 3a cekoj mpupojaeH 0poj K >2 moctou peanen 6poj X #0 Takos

[X]{X}

mro K =

PemeHue. Jacno e nexa X <0, Ougejku ako mpernoctaBume aeka X >0 ox Hepa-

[X]{ }

BeHcTBaTa {X}[X] <[X] < X cnenysa k = <1, mrTo mpotuBpeun Ha K > 2.

Heka [X]=—p, p>0. Toram 6apame p TakoB mro 0<{X}= <1 ITpBoTo

HEpaBEHCTBO € TOYHO 32 CEKO] [P, a BTOPOTO € TOYHO 3a P < kL—l Ho, p e mpuponen

Oopoju3saroa p=1,r.e. [X]=-1.Toram {x}= kL+1 I X = —ﬁ :

30. Tokaxwu, nexa Mery npou3BosiHu 20 OCIeI0BaTeTHU IPUPOIHH OPOEBU MTOCTOH
O0poj d TakoB IITO HEPABEHCTBOTO

nVd {ny/d}>3
BaXKH 3a CEKOj IPHPOJICH Opoj N .

Pemenne. busejkn 3a m= [n«\/H ] Baxku
N -{Vd} = 0 (1/d —m) = n/d = g -

JIOBOJTHO € Ja ce u30epe d TakoB mTo 3a cekon M,N e N Baxu dn? —m? ¢{1,2,3,4}.

[Tocnennoto Moxe na ce mocturae axko 3ememe O =20k +15=4(4k+3), 3a k e Nj.

Hapuctnna, Toramr m2+2 wm +3 He ce JIETUBU CO 5, mojacka m2+1 u m?+4
Hemaat aenuteny o1 ooauk 4K + 3, ma 3aToa HUTY €JIeH 0J1 OpOeBHTE m? +1, m? 4+ 2 ,

m2+3 u m?+4 ue MOKeE 1a € genus co d .

31. JlaneHu ce paBeHKUTE

[x]3 +x?

=33+ [X]% u [C1+x2 =3 +[x°].
Jlokaxku, geKa
a) LenuTe OpOeBU Ce €AMHCTBEHU PELICHH]a Ha IpBaTa paBEHKa,

0) 3a BTOpaTa paBeHKa IIOCTOH PEIIeHHE KOe He € 1ed 0poj.

2

Pemenue. a) Hexka X ja 3am0BOiyBa paBeHKaTa [x]3+x :x3+[x]2. Toram 3a

t=[X] ¥ o =X—t umame
Brt? =t+)’+(t+a)? <  o(a?+@t-a+3t2-2t)=0.

Batoa o0.=0 wiM o e KOpeH Ha KBaJpaTHUOT MOJMHOM BO 3arpagara. Bo Bropuor
cnyyaj nuckpumuHadtata (3t+1)(t—1) Tpeba na e HeHeraTwBHA W Ouaejku U e men
opoj umame t =0 wmm t=1. Toram oo =0, =1 wm o =-1. Ho, a €[0,1), ma 3atoa
a =0, T.e. X euen 6poj.

6) CreneHOT Ha MOJIMHOMOT y3 - y2 —1 e HemapeHn, ma 3aroa TOj UMa O6apeM elIH
peasieH KOpeH ., KOj OYMIVICAHO He € mes Opoj (BCYHIHOCT PEajHHOT KOPECH €

eMHCTBEH | npumnara Ha uaTepBanor (1,2)). Torarm [a3] = [oc2 +1] = [ocz] +1, ma 3aroa

[0®]-[0’]=1=0>-a?.
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32. Onpenenu ru cure peannu 6poeBn a Ttaksu mro 4[an] =n+[a[an]], 3a cekoj
npupoaeH 6poj n.

Pemenue. On ycoBOT cienyBa Jieka

4(an-1) <a+a(an) u 4dan>n+a(an-1)-1

T.C.
4
o
Ho, n e mpousBoiieH mpupojeH Opoj, ma OJ TOCIEeTHHTE HEPaBEHCTBA CIieyBa

1+a2—aT”<4a<1+a2+

1+a? =4a , O]1 Kajie JoouBaMe a = 2 —xﬁ Wik a=2+ xﬁ . AKO BO YCJIOBOT 3aMEHHME

n=1 noOuBame jieka NPBUOT ClIy4aj HE € MOKeH. Bo Bropuot ciy4aj ctaBame b = [g]
ucC =%—b. Bunejku a:4—%, BaXKH
n+[a[an]]=[n+a[4n— %]] =[n+a(4n-b-1)]
=[a(4n-1+c)]=[(4-1)(4n-1+0)]
=[4(4n-1) - 4(2 —c) + £E]=4(4n-1-b)
= 4[4n— 7] = 4[an].

Crnopen Toa, eIMHCTBEHO PEIISHHE Ha 3a/1a4aTa ¢ a =2+ \/§ .

33. Onpenenu v CUTE MPUPOIHU OpOEBH N TAaKBU IITO [E+k] =[2x/ﬁ]+1, Kaze
= [y, |

Pemenne. Ke nokaxeme nexa 6apanurte 6poesu ce oa BuaoT N=I1(1-1), xkame | > 2
€ TpupojieH Opoj.

3a n=I(l-1) umame k = [@] =1, ma 3aroa [E+ k]=2l-1, a Ounejku

(21-2)2 <411 -1) < (21 -1)?
umame [2\/ﬁ ]=21-2, 1.e. paBeHCTBOTO OJ] YCIOBOT € MCIIOJHETO.

Ke nokaxeme neka 3a N #1(I—1) e ucnonHeTo paBeHCTBOTO [E +k]=[2+/n]. Bo 10j
cnydaj kK e HajromeMuoT mpupoeH 6poj 3a koj k(k—1)<n.

AKO mpeTmocTaBuMe JeKa 3a HEKOj MPHUpOIeH 6poj | ¢ HUCIonHeTo HepaBeHCTBOTO
*/K?ﬂ > > @ﬂ , toram 1+4n>(21-1)% >4n, na satoa 1+4n=(21-1)7, Te.
n=1(1-1), urro e mpotuspeunoct. Criopes Toa,

= [ o= [ o L
re. k=[Jn] nm k =[Jn]+1.

Nmame k(k—1) <n<k(k +1) . Ke pasriename Tpu ciiydan.

1) Axo k(k+1)>n>k?, toram [2]=k u Vn>k, na saroa {n}<1. Orryxa
2[\n]=[2Vn] nsatoa [2]+k =2k = 2[n] =[2v/n].
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2) Axo k2>n>k(k—l), TOorart [E]:k—l u k>+n, na saroa k=[«/ﬁ]+1.
Orryxa {n}>1, re. 2[Vn]=[2/n]-1. 3naun,
[0]+k = 2k -1=2([Vn]+1) -1=2[Vn]+1=[2Jn].
3) Axo n=k ,Toram nosropro [£]+k =2k =[2\/n].

Criopent Toa, BO CHTE ClTydyau BaKu [E] +k = [Zx/ﬁ] .

34. Onpenenu TH cUTE POCTU OPOEBH ], 32 KOU

[ [R5 (24T (118

e TmpocT Opoj.
Pemenne. 3a p =2 umame

[ 2 [T o) = (5] + [+ 141 +[2] = 2+ 24140 =5,
K0j € rmpoct 0poj. CiaeacTBeHO P =2 € pelleHre Ha 3ajadaTa.
3a p =3 umame

[p ]+[p ]+[p ]+[p£fﬁ PD}+F1}+F6}+[ ] 5+3+2+1=11,

KOj MCTO Taka e mpocT 0poj. CiaeactBeHo u P =3 e pelieHue Ha 3a1aJdara.

Hexa p=>5 e mpoct 6poj. Torarm p2 —1=(p-1D(p+1), xoj e mpou3BO HA JBa
MOCTICIOBATEITHU MTApHHU Opoja M CIIEACTBEHO ce jeiu co 8. OCBEeH Toa pa3riieyBaHUOT
IPOU3BOJI ce AU U co 3, Ouzejku enaeH ox opoesute P—1 wim pP+1 ce menm co 3.

3akmydyBame, JeKa p2 —1 ce menu co 24 u cienCTBEHO p2 =24k +1 (k e npuponen
6poj). OTTyK nonyyaBame

[p +1] [p 42 [p2+7] [p +18] [24k+2]+[24k+3]+[24k+8]+[24k+19]

1+

=12k +1+8k +1+ 2k +1+k
=3(8k +1).
JloOuennot Opoj HE MOXKE Ja € MPOCT, OMACJKU ce JeIr co 3 W € morojieM of 3.
Taka, p=2 u P =3 ce eAMHCTBCHUTE PEILICHU]a Ha 3aja4ara.

n?-1
35. Tokaxu, qeka . [\F] l(n —1n(4n+1), 3a cexoj neN.
k=1

Pemenne. [IpBo na 3abenexume, aeka ako K e mpupozeH Opoj, Toraii

WK=Kk +1]=.. = [JKk2 + 2k] =k

M OCBEH TOa HU3aTa kz,k2 +1, ...,k2 + 2K compxu 2K +1 unenosu. 3Haum,

[Wk2]+ [Wk2 417+ + [VK2 + 2k] = k(2K +1) .

On Tyka ciemyBa jieka
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n’-1 n-1 n1_, n-1
> [Wkl= Tk(2k +1) =2 Y k? + Yk = 202D, n0 )
k=1 k=1 k=1 k=L

=+(n-)n(4n +1).

36. Heka m,n,s e N, m<n. Toram nuszara

m 2m  sm
nam, 8

s-NZD(m,n)
COJPYKH TOTHO [T] 1eJTH OPOCBH.

Pemenue. Hexka d = NZD(m,n) . Toramm m=ad, n=bd , xane NZD(a,b) =1 u uu-

3ara e %,%,...,ﬁ. Ho, NZD(a,b) =1, na 3atoa nocneanara nusa coapxu Touso [7]
nenu 6poesu. [loraramy, b = mro 3Haum gexa HU3aTa COAPIKHE TOUHO

d
[3]=[d] =222

e OpoeBH.

37. Pemm ro cUCTEMOT paBEHKH
x—y=2015
[x]+[y]=2017.

Pemenne. 3a Ouio koj peaseHn 6poj X e ucmosHeTo paBeHCTBOTO X =[X]+{X} (co

1)

[X] e o3mauen memmot mem ox X a co {X} e o3HaueH aenmMaaHHOT e ox X ). Cera
CUCTEMOT T'0 10OMBa OOJIUKOT
{[X] +{G—[yl-{y}=2015
[x]+[y]=2017
On npBara paBenka Ha cuctemor umame {X}—{y}=2015-[x]+[y]€“Z. Ho, on apyra
crpana 0 <{x}{y}<1, te. 0< {X} <1, —1<—{y}<0, nma3zaroa —-1<{x}—{y}<1.
Crmopen toa {X}—{y}=0, t.e. {X}={y}. Cera cucremot ro 10061Ba OOJIUKOT
[x]-[y]=2015
{[x] +[y]=2017"

U HETOBHTE pelIeHHja TM O0apaMe BO MHOXKECTBOTO 7 . He e Temko na ce BUaM aeka
neroso pemenue € [X]=2016,[y]=1. Cera 3a pelienue Ha MOYETHUOT CHCTEM MMaMe

Xx=2016+w,y=1+w,w<[0,1), T.e. cucremor (1) uMa GECKOHEYHO MHOT'Y PEIIICHH]a.

38. Bo MHOECTBOTO MMO3UTHUBHU PEATHU OPOEBU PEIIN 'O CUCTEMOT PaBEHKU
Ix]-{y}+[z}=20,3
Jyl+5[z]-{x}=151
{y}+{z}=0,9.
Pemenue. ['u cobupame npsata u TperaTa paBeHka u poouBame x|+ 2{z}=212.
Moxuu ce nBa ciaydaja {z}=0,1 wiu {z}=0,6. Meryroa, 3a {z}=0,6 nobuBame
3Ix]=20, t.e. [X] HE ¢ menm 6poj, mro e mporuBpeunoct. 3uaun, {Z}=0,1 u mputoa
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[X]=7. On tperara paBenka nobusame {y}=0,8, a o1 BropaTa paBeHKa cjeayBa JicKa
mopa ma Baxu {X}=0,9. Ucro rtaka Baxu Jy]+5z]=16. bunejku y u z ce
HO3UTUBHH OPOEBH, €AMHCTBEHA MOXKHOCT € [Y] =2 u [2]=2.

KoHeuHo, cCTEeMOT UMa eIMHCTBEHO penienne X=7,9,y=2,8,z2=21.

39. Onpenenu o OPOjOT Ha PA3TUYHUTE YICHOBU Ha KOHEYHATA HHU3a CO OIIIT YJICH
kane k=12,...,1997 .
[1998]’ | 12,..,199
Pemenue. bunejku paszimkara Ha JBa TOCJICJOBATEIHM YWICHOBHM HAa HH3aTa

1998}399 e nmoMana o 1, 3akimydyBaMme JIeKa CEKOM JBa COCEJIHM YJICHOBHM Ha HHM3aTa

{[1998]}32% Ce eJIHAaKBM WJIM C€ pa3iMKyBaar 3a l. bumejku mpBHOT YjieH Ha Taa HH3a €

€lHaKoB Ha |, a mocinenHuot Ha 499, 3akinydyBame eka OpOjOT Ha HEJ3UHUTE Pa3IUYHU
YJIEHOBU e 500. On Ipyra CTpaHa, pa3juKaTa Ha JBa ITOCIEIOBATEIIHM YICHOBU Ha

1997

mm3ata {—< }k 1000 € Torozema o 1 M 3aToa 4JIEHOBHMTE HA HHU3aTa {[1998]}k 21000 €€

1998
pasmmunu. Koneuno, nanenara anza uma 500+ 998 =1498 paznuunu 4ieHOBH.

3. TEOPEMA HA YEBUIIEB

1. Ako k >3, roram Py o <2py,Kage Py € K—Ttuot npoct 0poj. JJokaxu!
Pemenne. bunejku k >3 nmame p, > p3 =5. Cera on teopemara Ha YeOuiieB
cliellyBa JieKa 1ocTojaT 6apeM JBa mpocTu Opoja M I TakBu, Ja Py <q<I <2py.

Ho, Py <Qq u Pyyp <r,ma3saroa Py, o <2p.

2 (Hoctyaar Ha Beprpan). Axo n >3, toram mefy 6poeBure N U 2N—2 HOCTOU
HajMaJKy eleH npocT 6poj. JJokaxmu!

Pemenne. HaBuctuna, ako N =4, toram 5 ¢ mery 4 u 6, a ako N=5, Toram 7 e
Mmery 5 u 8.

Axo n>5, toram ox Teopemara Ha YeOumieB cieayBa Jeka Mery N u 2N uma
HajMaJKy JBa IPOCTH Opoja. AKO MOTOJIEMHOT OJ1 OBHE MPOCTH OpoeBu € 2N —1, Toramn
ounejku 2n—2=2(n—1) e cnoxeH Opoj, BTOPUOT HPOCT Opoj ke Oupe moman Hiu
€HaKoB Ha 2N—3, ITO 3HAYW JeKa Mery N U 2N—2 TOCTOM HajMajlKy €IeH MPOCT
0poj.

3. Ako n>1, Toram BO KaHOHHMYHOTO pa3joKyBamke Ha N! mMa HajMalKy eneH
npocT Opoj co creneH eneH. Jlokaxu!
Pemenne. 3a N <7 TBpACHETO HA 3a/1a4aTta € OYMIIICIHO.

Axo n=2k, k>4, toram coriacHo nocryaarotr Ha beptpan moctou Gapem eneH
npoct Opoj P TakoB mTo K < p<2k—2<n. Ho, Toram 2p > 2Kk =n, mTo 3Ha4u JeKa
P<N<2p, o wTo cleayBa IeKa IPOCTHOT OPOj P BO KAHOHMYHOTO Pa3I0KyBambe HA

n! e co crenen CACH.
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Axo n=2k+1 k>4, Toram MmoBTOPHO O/ IOCTYJaTOT Ha bepTpaH ciemyBa Jcka
mocTou mpoct Opoj p takoB mTo K< p<2k—2<n. U1 Bo oBOj ciyuaj 2K <2p, na
3Haun U 2K+1<2p, T.e. P<N<2p, ox WITO CleayBa Jieka MPOCTHOT Opoj P BO
KaHOHHUYHOTO Pa3jiokKyBame Ha N! € Co CTerneH eeH.

4. Heka n>10 e npuponen 6poj. Jlokaxu, 1eka BO KAHOHUYHOTO Pa3NIOKyBamkE HA
n! ygecTByBaaT Oapem JiBa MpocTH Opoja co crereH 1.

Pemenne. Bo kanonmuHoto pasnoxyBawe Ha 11! mpocture OpoeBu 7 u 11
yuecTByBaart co cremneH 1. 3aToa ke npernoctaBume aeka N >11. Cera, ako n=2K+r,
r=0 wm 1, roramm K >5 u cormacHo teopemata Ha YeOuimeB nocrojar Oapem aBa
npoctu Opoja p u ( takBu ga K < p<q<2k. Mmame

k+l<p<qgq<nwun<2p<2q,
a 3aTo0a BO KAHOHUYHOTO Pa3oXkKyBame Ha OpojoT N! cekoj ox OpoeBute P U ( € cO
creneH 1.

5. Jlokaxu, geka 3a cekoj mpupojeH 6poj N >4 mery OpoeBure N U 2N MMa Haj-
MaJIKy e/ieH Opoj KOj € MPOoU3BO/] Ha JBa pa3IMyHU NPOCTU Opoja.

Pemenne. Hexka n =2k , kane k > 2. CormacHo Teopemara Ha YeOuiies (Teopema
6.2) mocrou mpocT 6poj P, 3a koj Bakn K< p<2k. Ho, p>k>2, na 3aroa p e

HenapeH npoct 6poj. Toram
n=2k<2p<4k =2n,
ma 3atoa OpojoT 2P TO 3aI0BOJIyBa YCJIOBOT Ha 33adara.
Heka n=2k+1, k > 2. [ToBropHO 011 TeopeMaTa Ha YeOuIleB cieayBa ieKka MOCTOH
npoct 6poj P, 3a koj Baxku K< p<2k.Ho, p>k>2,na3aroa p e HenapeH npoct

0poj. Toram
N=2k+1<2k+2<2p<4dk <4k+2=2n,

ma 3atoa OpojoT 2P TO 3aI0BOJIyBa YCIOBOT Ha 33a4ara.

6. Ako n>1 u p, € N—THOT poct Opoj, Toram P, < 2" . Nokaxn!

Pemenne. TBpaemeTo ke ro fokaxeme co HHAyKIMjano n. O py, =3< 22 cieny-
Ba JIeKa TBPJICHETO Baxkn 3a N=2.

Heka npernoctaBuMe aeka TBPAEHETO Baxku 3a N =K , T.e. 1eka Py < 2k

3a n=k+1 umame Py < Pyyg- AKO Py < 2K Toram e jacHo geka Pyq < okt
Hexa 2K < Py41 U Za T'M pasriename OpoeBUTE M = 2K u 2m= 2K+, On Teopemarta Ha

2k+l

YeOuies cienysa aeka Mer'y OpoeBure m = 2K u 2m= ¥uMa HajMaJKy JiBa MPOCTH

Opoja q u r.Ho, py <X 2K < Px41. 1@ 3aT0A Pyiq U Pyyp CEMefy M u 2m, T.e.
Pk <2m= 2K+ Koneuno, ox NPHUHIMIOT HA MaTeMaTHYKa MHIYKIMja CleyBa JeKa

Py <2", 3acexoj N>1.
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7. Jlokaxwu, IeKa 3a CEKOM NPUPOJHK OPOeBH N U S, N> Py Py...Pg , Mely OpoeBute

N 1 2N MOCTOM HAaJMAJIKy €JIEH MPUPOJICH OpOj KOj € MPOM3BOJ HA S Pa3IMYHU MMPOCTU
MHOKUTENH ( Py € K—THOT npocT 6poj).

Pemenne. Hexka N=Kkp;p,...ps_g +1, Kaze I' € OCTATOKOT OJ JEJICHETO Ha N €O
PP.Ps1- On n>pyps...ps, cienya K=ps u O<r<pp,.ps_q. Cera, oxn
Teopemara Ha YeOwuiieB cieayBa jJeka MMOCTOM HpPOCT Opoj P TakoB, ma K< p<2K.

TouHu ce HepaBeHCTBATa

p>ps, K+1< p<2k

N=KpPp...Ps 1+ < PrP2-- P (K+1) < prpo...ps_1P < 2Py Po...ps gk <N
na 3aToa 6pojoT Py Py...Ps_1 P IO 3a10BOIYBa YCIOBOT HA 3aJadara.

4. POPEPMATOBHU U COBPUHIEHU BPOEBU

n
1. 3a 6poesure f, = 22 +1, kame n e mpupoaeH O6poj Bemume neka ce PepmMaTtoBu

OpoeBu. Ako M= n, toram depmaroute 6poesu f,, u f, ce zaemno npocru. Jlo-
Kaxu!
Pemenne. Hexa ce f, u f,,, k>0, 1Ba pasmuunn depmaTtoBu Opoja u Heka

IpeTHocTaBUMe Jeka M e TpHupoieH Opoj, TakoB ma m| f, n m| f, . 3emame

n
X = 22 U noOuBaMe

Kk Kk n_ ok
2 _ 22" 22 g (22 ¢
fa 22n +1 22n +1 22n +1 x+1

wto 3Haun geka f|(f,.—2), ma on m| f, caemysa mexa m|(f,,x —2). Ho, ox

k

X +...

k k
1,2 22, g

m| fr ® M| (f,x —2) cienysa nexka m|2 u kako depmaroBuTe OPOCBU CE HETIAPHU
nobuBame gexa M=1, mTo 3Haum nmexa Opoesure f, m f ., k>0 ce 3aemHo
IPOCTH.

2. Noxaxu, nexa 3a Gepmatosute 6poesu f,,n=12,... saxu f,|(2 fn _ 2).
Pemenne. AKO TO HCKOPHCTHME IO3HATOTO HepaBeHCTBO 2" >N+1, 3a cekoj

1 2n
2n+1 | 22" , OJ1 ITO CJeayBa JeKa (22n+ —1)|(22 —1). Ho,

ne N, mobuBame nexa
on 2n+1 on 22”
(2 +1)|(2° -1) ,mazaroa (2° +1)|(2° -1), wrro 3HAYM
n 2" 2"
(2% +1)]2(2% -1=2> 12 re f,]2"-2).

n
3. Jlokaxu, neka HUTY eneH on PepmaroBure Opoesu f,, = 22 +1, n=2,3,... He
MOJKE JIa Ce 3aIullle Kako 30up Ha JABa MPOCTH Opoja.
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Pemenne. bpoesure f,,n=23,... ce Hemapuu. 3atoa, ako Opojor f,, mMoxe na ce
3amuIle Kako 30Mp Ha JiBa mpocTu Opoja, Toram eIHUOT O] HUB MOpa Ja € MapeH, T.e.

Opojot 2, ma apyruot e 6pojor f,—2. Ho, ako n>1 Toram
2n 2”—1 2”—1
f,—2=2° -1=(2 -D(2° +I)
HE e TpocT Opoj.

n
4. lokaxwu, neka depMaToBUOT MPOCT Opoj P = 22 +1, ne N He moxe na Ouze

3aMMIlaH KaKo pa3jifKa Ha MEeTTH CTEIIEHU Ha JIBa MPUPOIHU Opoja.
Pemenne. Heka

p=a’—b° =(a-b)a* +a°b+a’b® +ab> +b*), a,beN.
bunejku p e mpoct 6poja—b =1, te. a=b+1, beN. Cera
a° —b° = (b+1)° —b° =5h° +100% +10b° +5b +1,

n
na satoa 5b° +10b° +10b? +5b = 22 , IITO HE € MOXXHO, OWJIejKH JIeBaTa CTpaHa Ha
MOCJICTHOTO PABEHCTBO € JIeJIMBA CO 5,a IeCHATa He € JIeIhBa CO 5.

5. Hexa f;,1=2,3,...,1985 ce ®epmaroBu 6poesu. Hajau ja nudpaTa Ha equHHUIMTE
BO JICKaIHHUOT 3amuc Ha Opojor NZS(f,, fa,..., fiog5) .
Pemenne. Ox 3agaua 1 mmame NZD(f,, f,,) =1,3a m#n, na 3atoa
NZS(f,, f3,..., figg5) = fo f3...f19g5 .
[Tonaramy,
f=02 41-% _p42-[2H7 —1+2
= (2% -Da, +2= (22 +1)(22 —1)a, +2
=5(, + 2,
3a cekoj N> 2. Cnopen Toa,
NZS(f2, T3,..., fiogs) = T2 f3... figgs = (502 +2)(503 +2)...(Shggs +2)
=5h+ 21984 =5+ 499 =5+ (5-1)%2 =5M +1.
[Ipuroa, Ouzmejku cexoj ox Opoesure fi,1=2,3,...,1985 e HenapeHn, nobuBame neka
NZS(f,, fs,..., figg5) € Hemapen Opoj, mTO 3Ha4M AeKa M e mapeH Opoj, T.e. M=2p.
Koneuno, on NZS(f,, fs,..., figg5) =10p+1 cnenyBa nexa uudpara Ha eIUHUINTE Ha
opojor NZS(f,, f3,..., figg5) € 1.

6. Joxaxu, neka 3a depmatosute O6poesu fy, fy,..., T, f,,,1 Baxu
fn+1 = fo fl---fn +2.
Pemenue. limame

fo ot +2= (22 4% +1)(22 +1)..22" +12% +1)+2
=22 —12% +1)2% )27 +1)..(2%" +1)2% +1)+2
— 2% —1)2% +1)2% +1)..22" +1)@% +1)+2
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— 27 —1)2% 4.2+ +1)+2
=27 R % +1)+2
2% —p? +1)+2

2n+1 2n+1
=2 -1+42=2° +1=f, 4,
oITo U Tpe6ame Ja C€ JOKaxKeE.

n
7. Jlokaxu, nexa 6pojot 22 _1 uma HaJMaJIKy N pa3IMyHU POCTHU AEIUTEIH.
Pemenne. Criope npeTxoAHaTa 3aja4a UMame

2n
2 —1: fn—2: fOfle---fn—l’

LITO 3HAYM JIeKa TOj ce aenu co npBute N depmaroBu Opoesu. Ho, cexou nBa paziuu-
Hu depmaToBu OpoeBH ce 3a€MHO MPOCTH, ITO 3HAYM JIeKa HEMAAT 3a€IHUYKU MPOCTH

n
JIeJTUTEIH, 11a 3aT0a OpojoT 22 ~1 uma HAaJMaJlKy N Pa3jIuyHU IMPOCTH HAEITUTENU.
8. Jlokaxwu, neka depmartoB Opoj He Moke Jla Oujae TOYEH KBaJapaT Ha MPHUPOJEH
0poj.
Pemenne. Imame fy=3 u f; =5 u toa He ce mornonnu kBagparu. [lonaramy, 3a

n>2 ®depmarosuot 6poj f, uma mudppa Ha eauHMIM 7, A TOj HE MOXKe Aa OHIe TOUeH
KBaIpaT Ounejku nudpara Ha SAMHUIIUTE HA CeKOj ToueH kBaapat € 0, 1,4, 5, 6 i 9.

9. 3a mpupoaHHOT Opoj N Ke Benume AeKa € cospuier, ako Baxku o(n)=2n. Ako
2" —1 e npocr 6poj, Toram 2"1(2" —1) e cospren 6poj. Jokaxu!
Pemenne. Heka m = 2n—1(2n 1) u 2" —1=p. Toram

o(m) =o(2" p) = (2" -1(p+1) = (2" -1)2" = 2m,
T.€. M € COBpIIEH Opoj.

10. 3a Gpojor M, = 2P —1, kaze p e mpoct 6poj BemmmMe neka e Mepcenos 6poj.
Jlokaxku, Jeka MapeH MpHUpOJCeH Opoj € COBpIIEH aKo M caMO aKo uMa OO0JIUK
2P1(2P _1), kane 2P —1 e Mepcenos npoct 6poj.

Pemenne. Criopen 3agada 9 tpeba 1a JToKakeMe JieKa CeKoj ImapeH COBpIICH Opoj

UMa 00JIHK 2p—1(2p ~1), kaze 2P —1 e Mepcenos npoct 6poj. Hexka m = Zp_lq , Kazie
q e Hemapen 6poj, P>1 m o(m)=2m. Jobusame (2° —1)o(q)=2Pq, ox xazme
cnenyBa neka o(q)=2Pk un q=(2P -1k, xane keN. Bunejku Gpoesure k n
(2P —1)k ce memurtenn Ha Gpojor ( ¥ HHBHMOT 30Mp e exHakoB Ha 2Kk =o(q),
no6uBaMe jeka (| Hema japyru aenurtenn. 3Haun, (= (2P —1)k e npoct 6poj, ma 3atoa

k=1, t.e. 2P -1 e mpoct 6poj.
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11. Nokaxu nexa 1udpa Ha eIUHULIATE HA NTapeH COBpIIEeH Opoj cexoraiu e 6 win 8.
Pemenue. Cnopen nperxoiHara 3ajadya IapeH COBpIIEH Opoj uMa OO0JMK

2p—1(2p ~1) xage p u 2P —1 ce mpoctu Gpoesn. 3a p=2 T0a e Gpojor 6. AKo
p>2,toram p e mpoct 6poj ox ook 4K +1 wmm 4k +3.

Axo p=4k+1, roram 2P 2% —16K nuQpara Ha €IMHULUTE Ha 0BOj Opoj €
6, a mudparta Ha eauHuIuTe Ha Opojor 2P 1= _1-2.16K-1 ¢ 1. 3Hauu, 3a

p =4k +1 udpara Ha eAMHUAIIUTE HA OPOjOT 2 IO_1(2 P_1) e6.

Axo p=4k+3, Toram 2Pt =4-16% u uudpaTa Ha €AUHUIIMTE HA OBOJ
Y

6poj ¢ 4. Liudpara Ha equnuuuTe Ha 6pojor 2P e 8, ma 3aToa rudpaTa Ha eTUHHUIUTE

na 6pojor 2P —1 3 7. Komeno, ako p=4k+3, toram mudpara HA eIUHHLUTE Ha

opojor 2p—1(2p -1) e8.

12. Axo n e coBpiueH Opoj, Toram 30MpOT Ha PELUNPOUYHUTE BPEAHOCTH HA HETrO-
BUTE JICTIUTEIIN € eHaKOB Ha 2. Jlokaxu!
Pemenne. Hexa n e coBpuien 0poj. Umame

2n=c(n)=>d=>0=-ny 1l
d d
d|n di|n din
¥ TIOCJICTHOTO PaBEHCTBO IO MOJEIMME CO N jobuBame . % =2, mTo u Tpebarie na
din
ce JOKaxe.

13. Jloxaxwu, neka CTeneH Ha MpocT Opoj He Moke Ja Ouje coBpieH 0poj.

L
p-1 "~

a+l_,

Pemenne. Hexa p e mpoct 6poj u o(p?) =2p?. Umame 2p? = O]l Kaje

a+l

nobusame 2p? = p?*+1, re. p?(2—p)=1, on kazxe cuexya 2—p=p? =1, mTo ¢

MPOTHBPEYHOCT. 3HAUHM, 3a cekoj mpoctT 6poj p o(p?) = 2p?, mro 3HauM meka cTeneH

Ha 1pocT Opoj He MOXke Ja Ouje COBpIIeH Opoj.

5. AOHNOJIHUTEJIHU 3AJAYHN

5.1. AEJIUBOCT

1. Heka X u Yy ce uenu 6poeBu. Jlokaxu aeka 2X+3Y ce aenu co 17 ako u camo
ako 9X+5Yy ce agemu co 17.
Pemenne. [TocnenoBarenno nobuBame:
17|(2x+3y) < 17|13(2x+3y) < 17|(26x+39y) <

< 17|(A7x+34y)+(9x+5y) <  17|(9x+5Y).
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5 6
2. Jlokaxu neka Opojor 3* 4% e MIPOU3BOJI HA JIBa MPUPOJHU Opoja MOroiIeMu
on 102002 .

24 5641
Pemenune. Heka a=3" u b=4 4 . Toram

5 4 6 5 1 4
3V =3"=atn 4 =l@r 4yt

3aroa
5 6 4 2 2 2 2
3Y +4° =a®+ 2 = (@%)? +(%)° = (a® + )% - (ab)* = (a® + L —ab)(a® + L +ab) .
Baxu
5541
2

2 2 2 5641 6_
a +b7—ab=(a—%)2+b7>b7=%=22—2=25 1, 910008 (942002 . 442002

3. Hajau ru cure mapoBu o npupoanu opoesu (M, n) 3a kou (M-+ n)2 e JIeTUTeN
Ha 4(mn+1).

Pemenune. O (Mm— n)2 >0 crenysa gexa (M+ n)2 >4mn . Ilonatamy, 01 yCIOBOT
Ha 3ajadata cieayBa (M+ n)2 <4mn+4. Cnopex T0a, (M+ n)2 =4mn  wim
(m+ n)2 =4mn+4 . Bo npBHOT city4aj 1o0uBaMe m=n, T.e. 4m? | 4m? +4 , T1a 3aToa
m=n=1. Bo Bropuor ciy4aj noouBame (mM— n)2 =4,1e. [M=-n|=2

Koneuno, penienne Ha 3aja4ara ce noapeneHure maposu (1,1) u (m,n),| m—n|=2.

4. Jla ce HajaaT cUTE YeTUPUIIMPPEHU OPOEBH M 3a KOW CE 3Hae JieKa:

1) m e KBazapar oj MpUpoOCH Opoj;

2) mpBara u Bropara nudpa Ha M ce eIHAKBH; U
3) Tperata u yeTBpTaTa IEdpa HAa M ce ¢THAKBU.

Pemenue. Hexka X e mpBara, a Y e TperaTa uuppa Ha M U HeKa M = k2. Toram
k? =1000x+100x +10y + y =11(100x + ) ,

on xage mro cuenysa geka 11|k, t.e. k=1In. Ox 11-11n? =11(100x+Yy) crneayBa
neka 11 e gemuren Ha X+Y. bumejkm 1<x<9 um 0<y<9, nobuBame Jeka

1< x+y<18, mro 3Hauu geka X+ Yy =11. Toram n? =9X+1, mTo e MOXHO camo 3a

X =7 . Cnopen Toa, 6apanuot 6poj m ¢ 7744 = 882 .

5. lokaxu, aexka ako N>1 e nmpousBosieH npupojieH Opoj, Toram S :%+

wl—

+..+1
n

HE € IPUpOJIeH Opoj.
Pemenne. Heka a e mpou3BOAOT Ha CUTE HEMAPHU OPOEBU KOUIITO CE€ TIOMAIU WITH

elHaKBH cO N, a K € HajroJeMHOT MPUPOCH Opoj 3a KOj 2 <n. Toram 2¢'.a-s ne

. ., k-1 1
¢ mpupojeH 0poj, OMICjKM CHUTE HErOBH COOMPIM, OCBEH 2 -a-z—k, ce TPHUPOTHH

6poesn. OTTyKa, clieyBa 1eKa U S =+ +<+.. . +1

5+3 ++ HE ¢ IPUPOJICH 0poj.
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n
6. Hajau ru cute mpupoaau OpoeBrM N Taka MITo kz % € TIpupoJieH Opoj.
=1
Pemenune. bunejku
d 1 1.1 1 _ n4n(n-1)-..3+...4+n(n-1)+n+l  (n-1)S+n+1l
Y =ttt = =
ki 11 21 n! n! n!
k=1
n

i)

n
nobuBame Y - = (=S++D) 3, > % na e uen 6poj tpedba (N—-1)!| (n-1)S+n+1.
k=1 k=1 "

Ho, (n=1)|(n-1)! u n-1|(n—1)S ma 3aroa n—1|n+1. Jacko, n—1|n—-1+2 mna

n
k! (n-1)!

oTTyKa jjoouBame feka N—1|2 . 3uaun, N=2 u n=3.
HemnocpenHo ce npoBepyBa Jieka HajIeHUTEe OPOEBHU CE PELICHHU]a Ha 3a/1a4aTa.

7. Heka k e mapen Opoj. aim e moxxHo OpojoTr 1 ma ce 3ammiie kKako 30up Ha
peIMIpOYHUTE BPEAHOCTH Ha K HemapHU 1enu OpoeBu?
Pemenne. Heka npernocraBuMe JieKa IOCTOjaT HEMApHM LeaM OpoeBU My, Ny, ..., Nk

TaKa IITo

1=14+14 +1.

m o m N

HobOuBame gexka My ---N =My +Mp +...+M, Kage My =MNo..Nji_4Njq..N, 32
1e{l2,..,k}. Bpojor mn,..n, e HemapeH OuAejku € MPOHM3BOJ Ha HemapHU OpoeBw,
nozeka OpojoT My +M, +...+M, e mapeH, 6unejku e 36up Ha K (mapen Opoj) HemapHH
OpoeBH, MITO € MpoTuUBpeyHocT. O nodueHara MpOTUBPEYHOCT ClIeayBa Jieka 0apaHOTO
3aIUIIyBake HE € MOYKHO.

Moxe na ce mokaxke Jeka ako K e HemapeH Opoj, TOraml TakBO 3alUIIyBame €
MO>kHO. OOUIH ce OBa TBP/CHE CAMOCTOJHO J1a TO TIOKaXKEeIl.

8. Onpenenu Tpu MocCIe0BATEIHNA HETIAPHU NPUPOIHU OpoeBu a,b u € TakBu mTO

a?+b%+c? e yeTupuIudpeH Opoj Koj € 3amuIilan co UCTH ITUppH.

Pemenne. Hexka a=2n-1, b=2n+1 u c=2n+3 ce Tpu mocieqoBaTCIIHU He-
HapHU TPUPOAHKA OpoeBH. 30MPOT HA HUBHUTE KBAJIPATH €

a? +b% +¢c? =(2n—1)? +(2n+1)* +(2n+3)? =12n(n+1) +11.
3naun, 12n(n+1)+11 tpeba na Oume yerupuimdper Opoj 3amuinan co UCTH nUPpH,

T.e. Tpeba na 6uae Hekoj ox Opoesure 1111, 2222, 3333, 4444, 5555, 6666, 7777, 8888
i 9999. Paznukara Ha THEe OpoeBu u O6pojot 11 Tpeba na e 6poj koj e nenus co 12. On
opoesute 1100, 2211, 3322, 4433, 5544, 6655, 7766, 8877 n 9988 camo OpojoT 5544 ¢
nenuB co 12 u 3a 0Boj Opoj Baku

5555 = (2-21—1) +(2-21+1) +(2-21+3)? = 41° + 43° + 457
Crnopen Toa, bapaHuTe TOCIEA0BAaTEIHU HelapHU Opoesu ce 41, 43, 45.

9. Jlokaxwu, JieKa 3a CeKoj mpupojieH 6poj N Baxku 6 | n® +11n.
Pemenue. 3a N =1 nmame 6|12 =13 +11-1, T.e. TBPJACHETO BAXKHU.

Hexka npernocraBume Jieka TBPACHETO Bakn 3a N =K , T.e. 6| k3 +11K .
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3a n=k+1 umame
(k+1)3 +11(k +1) =k® +3k? +3K +1+11k +11 = k® +11K + 3k (k +1) +12
u ounejkn 6|3k(K +1)+12, oq MHAYKTUBHATA MPETIOCTaBKa M CBOjCTBATA 3a JICIIUBOCT

cnenysa exa 6 (k +1)° +11(k +1).

KoHeuHo, 0/ IPUHIMIIOT HAa MaTeMaTHYKa HHAYKIMja CiIeayBa Jeka 6 | n3 +11n , 32
cexkoj neN.

10. Tokaxu, neka 3a ceKoj mpUpojieH 0poj N Baxku 23| 5on+l | o+ | o+l

Pemenne. 3a n=1 nobusame 52+l o4 on+l 53 4 95 1 92 _161=7.23 , T.C.
TBPJCHETO OJ1 33j7]a4aTa € TOYHO.

Heka TBpeHETO Ha 33/a4ata € TouHo 32 N =K, T.e. 52K+ 42K 4 oK+l _ 230\ | 3a
Hekoj M e N. 3a n=k+1 nobuBame
52(k+1)+1 i 2(k+1)+4 i 2(k+1)+1 _ 25‘52k+1 4 2_2k+4 4 2'2k+1
- 23. 52k+1 n 2(52k+1 4 ok+d 2k+1)
= 23521+ 2M),
ma 3atoa 23| 52(k+1)+1 i 2(k+1)+4 4 2(k+1)+1 .

KOHeuHo, 0]l IPHHIMIIOT 32 MATEMATHIKa MHAYKIHja, CIeayBa qeka
23|52M 4 24 L 2™ 54 cexoj neN.

11. Jlokaxu neka, 3a cekoj IpupoAeH O6poj n Opojor a, = 333 _26n—27 e nenus
co 262.
Pemenne. 3a N =1 nmame 267 | aq =676= 262 .

Hexka npernocraBume neka 262 | ay . Toram
8y g =333 _26(k +1)- 27
=27-3%+3 _27.26k — 272 + 2726k +27% — 26(k +1) — 27

= 273, +26%(k +1)
I1a o4 I/IHIIYKTI/IBHaTa MNpEeTIIOCTaBKa CJIC,HYBa TOYHOCTA HA TBPACHCTO 3a n= k +1.

KOHGLIHO, Ol IPUHIHUIIOT 3a MaTCMaTHU4Ka I/IHHYKL[I/Ija cjiIcayBa JICKa TBPACHCTO Ba-
KU 32 CEKOj pUpoJieH Opoj N .

12. Jlokaxwu, AeKa 3a CeKoj mpupozeH 0poj N OpojoT 3(15 +22 4.+ n5) € JIeTIHB CO

124+28 4403,

YnarcrBo. Mckopuctu ru popmynute
B+28+..+n° :%nz(n +)2 u P +22+..4n° = %nz(n +1)?(2n% +2n-1) .

13. Heka a, b, C ce nemnu OpoeBu Taka na a ¢ mapen, b HemapeH. Jlokaxwu jeka 3a
cexoj N e Ny, nocron nmpuponeH 6poj X, TAKOB MITO
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2" |ax? +bx+c.

Pemenne. TBpaemeTo Ha 3a/1auaTa Ke TO JOKKEME CO MaTeMaTUYKa WHIYKITH]a.

3a n=0u Xy € N umame 20 | aX02 +bXg +C, T.e. TBPAEHETO € TOYHO.

3a k>0, nexka X €N e TakoB na 2k |ax|f +bxy +c=P(x). Ke usbepeme
Xk41 € N TakoB mTo ok+l | P(X¢41) - Axo okt | P(X¢), Toram Xy ,q =X . Bo cmpo-
TiBHO P(X )= 2Xd, deZ, xane d e HemapeH Opoj M 3eMaMe X ,q = X +2%h,
h e N e nenapen 6poj. Toram

P(Xi1) = P(%) +2 (@01 + %) +b) = 2 (d +h(@licq +%¢) +b)

u ounejku d+h(a(x,q +X¢)+b) e mapen, on MHAYKTHBHATA MPETIOCTaBKa CleTyBa
2 POgc)

KoneuHo, 071 NpUHIMIOT 3a MaTeMaTH4Ka UHIYKIMja ClIelyBa JieKa TBPACHETO Ba-
KU 32 CEKOj PUpoJIeH Opoj N .

14. Jloxaxu zexa, 3a cekoj mpupogeH 6poj n Opojor a, =(N+1)(n+2)..(n+n) e
nemns co 2" Ho He e gemms co 2"

Pemenne. 3a N=1 umame & =2, ma @ e JenuB CO 2!, ame e nemus co 4=22

Ja npeTnocraBuMe Jeka ay = 74 g, kamge mro ( e HemapeH Opoj. Toram

Ay =(k+2)(k+3)...(k+k+2)

(kD) (k+2)(k+3)...(K+1+k 1) (k+1+k)(k+k+2)
N (k+1)

=2(2k +1)a, =251 (2k +1)q

a(2k+1)2(k+1)
= k=D

Ima oa MHAYKTUBHATA MPETIOCTaBKa CJICAyBa JICKa ak+1 € ACJIUB CO 2k+1

co 2K+2
KoHeuHo, oJ1 MPUHIMIIOT 32 MaTeMaTUYKa WHIYKIIHja CIICyBa JIeKa TBPICHETO Ba-
KM 32 CEKOj PUpoJIeH Opoj N .

, 4 HE € JICJIUB

15. Hexka a u b ce npupoanu OpoeBu. Jlokaxku, Ieka ako a+%—% e uen 6poj,

TOIram TOj € TOYCH KBaJpar.

Pemenne. Heka a,be N u a+g—% =k € Z . On nocieqHoTo paBeHCTBO ClelyBa
JeKa
a’b+b? —a=kab, (1)

on kaze cienysa qexka b|a. Heka a=bq, >0, geZ. Co 3amena Bo (1) noouBame
b3g? +b? —bg = kb?q,
a 1o neseme co b (b >0) mobusame
b%q% +b—q=kbq, )
on Kazne cienysa aeka (|b. Hexka b=qt, t>0, teZ. Co 3amena Bo (2) nodbuBame
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q4t2 +Qt—q= qut :
a o genewmero co g (g >0), nobuBame
°t? +t-1=kqt, ©)
o kaje cienysa neka t|1 uon t>0 nobuBame neka t =1. [loroa, om b=qt u t=1,

nobuBame nexka b=0.0x a=bq u b=q, tobusame feka a = b? .

%—% u a=h? nobusame neka k=b2+£—l=b2, HITO Tpe-

Koneuno, og k =a+ 7 b

Oarlle u Ja ce JOKaxe.

16. Onpenenu ru cute NpUPOIHU OPOEBH N, TAKBU LITO 514+ 3" ¢ nenuren Ha
5" +3".
Pemenmne. 3a cexoj n e N, umame
565" 1 +3" ) =5" + (3+2)3" 1 =5"+3"+2.3" 1 55" 43",

5M43"

Cropen Toa, FE <5,3acekoj neN. Ox npyra crpaHa, Ha CIMYEH HAYUH UMaMe

_ _ _ n n n n
3(5" Lyan 1):3-5n 143" <5"+3" na 3aroa 3<%.H0, %EN u Ou-
5743 5743

., n,an
nejku 3<5nEi;3

5"4+3"
g <5 npobuBame —">—

7—— =4. Ilocnennara paBeHKa € eKBUBAJIECHTHA
5N 43"

CO paBeHKaTa R , O] KaJie JobuBame nexka N=1.

17. lanenn ce N, N >3 1o mapoBH 3aeMHO mpocTu Opoesu. [To3Hato e jaeka npu

JIEJICHETO HA MPOU3BOJOT Ha O6mio kom N—1 ox OpoeBuTE CO MPEOCTaHATHOT OpOj ce
n00MBa eJIcH ¥ UCT ocTaToK I . Jlokaxwu, qeka r<n—2.

Pemenue. TBpaeweto e TpuBujasiHo 3a ' =0 u 3atoa Heka I > 0. [danenute Opoe-
BH Jla TM O3HAa4uUMe CO &,dy,...,8, 1 Heka P =aa,..a,, R :;F:, 3a i=12,....,n. Jac-
HO, IIpH enemeTo Ha B, co a; ce mobuBa ocratok I, ma 3aroa @ >r . Jla ro pasrie-
name 6pojor S=RB +P, +..+B,—r.Umame & [|S=(R -r)+(P, +...+B,), ounejku n
IBaTa COOMPIM ce ACNUBH CO 8. AHAJIOTHO ;| S, 3a cexoj 1=12,...,n. OrTyKa 1 0o

yCJIOBOT clienyBa jeka P =&a,..a,|S. bunejku S>a —r >0, nobuBame S>P u
toram P +P,+..+P, =S+r>P. Cnopex t0oa, — =R >%, 3a HeKoj |1, ox Kaje

cnenyBa @ <n,T.e. 8 <n-1.Ho, roram r<g <n-1,te r<n-2.

18. Onpenenu ru cute MPUPOIHU OPOEBU X M Y TAaKBH IITO
X+Yy+1|2xy u Xx+y—1| X2 + y2 -1.
Pemenne. Umame X+y—1|(x+Yy —1)2 +2(X+Yy—1) omHOCHO

(x+y-1)| X2 + y2 —1+2xy.
Cera, o1 yCIIOBOT Ha 3aja4aTa U IPU3HAIIUTE 3a JACIUBOCT CJIeIyBa

(x+ y—1)|x2 +y2 —1+2xy—(x2+y2 -1) =2xy,
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IIa 3aToa
NZD(x+y—-1,x+y+1) =NZD(x+y-1,2)<2.
MoHHU ce 1Ba cily4yau.
Cnyuaj 1. NZD(X+y -1, Xx+y+1)=2. On x+y+1|2xy u x+y—1|2xy cruenysa

L(x+y-D(x+y+D|2xy, T.e. (x+y-1)(x+y+1)|4xy. Criopes Toa,

4xy > (X+y+D)(x+y-1) =(x+ y)2 -1, 1 1> (x—y)2.
Cnyuaj 2. NZD(X+y-Lx+y+1)=1. Ox x+Yy+1|2xy u X+y-1|2xy cunenysa
(X+y-D(x+y+1)|2xy . Cnopen Toa,
2xy > (X+y+D)(x+y-1) > (x+ y)2 -1, 1e 1>(x+ y)2 —2Xxy > (x—y)2.
3Ha4M, U BO JBaTa CIy4au Baku (X— y)2 <1, ox kaze 100MBaMe JIBE MOYKHOCTH.
a) X=Y. On X+y+1|2xy mobuBame 2X+1| 2x2 . Ho, on NZD(x,2x+1) =1 wu

NZD(2,2x+1)=1 crnenyBa NZD(2x+1, 2X2) =1. Cnopexn toa 2X+1=1, ogHOCHO
X =0 mro mpoTUBpPEeYN Ha YCIOBOT Ha 3aja4ara.

0) X+1=y. Ipuroa 2(X+1)|2x(X+1) u 2x|2X(X+1) u oBa Baxkk 3a 3a CEKOj
xeN.

Koneuno, (X,y) e{(n,n+1),(n+Ln)|neN}.

19. Onpenenu rv cuTe NPUPOTHU OPOEBU X M Y Taka, aa Y | x2+1u x° | y3 +1.
Pemenne. Ako X=Yy, toram X=Y=1. Ako y=1, toramm x=1. Axo y=2,
toram X =1 wim X =3. 3nHauwm, (1,1), (1,2) u (3,2) ce perienuja Ha 3a1a4aTa.

2 3
Heka (X,Y) e pemenue TakBo, mTo XY u Y >2. Toram 6poeBute XT” u y—;l
X

ce MPUPOJAHU U HUBHHUOT MPOU3BOL >— MCTO Taka € npupojeH 6poj. [Tonaramy,
X

on
2 T x2+y3+1
X"+l Y Ly y2 n 2y

y X X°y

2+y3’+1
x2y

clemyBa JeKa X e mpupojieH 6poj. Cropen Toa,

x2+y3+12x2y = xz(y—1)£y3+1 =

3
= X2 Sy_+1
y-1

na 3atoa X< Y+1 mkako X # Yy mobuBame X <Y.Co Toa ro JI0Ka)kaBMe TBPJICHETO:

= y? +y+l+y%s y2+y+1+l<(y+1)>?

Axo (X,Y) e pewenue makeo, wmo X#Yy u Y >2, moeaw X<Y. *)

bunejku VY | x2 +1 nobusame X2 +1= YY1, Y € N. Jacno, Xx>1. Ako y; > X, mo-

2

ouBame Yy; = (X+1)X=X"+x> x? +1, IWITO He e MOXHO. 3aToa y; <X. On paBeH-

ctBOTO X +1= Yy, ciemyBa 1eka Y | X2 +1. [lonaramy, Baxu
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(x*+1)° 1= (%413 +y3
3

Y1 YE

2
X"+l u y3 +l:
Y1

y:

(x2 +1)3+y13

3

, T.e. X° |(X2 +1)3 + yf, OJl MTO CIeayBa JcKa
Y1

IIa 3artoa X2 € JICIIMTCJI Ha

X2 | y13 +1. Cnopen toa, Y | x2+1, x | yf’ +1 u y; <X. Toram ox (*) cnenysa nexa

y; < 2. OcranyBa J1a ' pasriieiame JBaTa ciiydaja.
1) Heka y; =1. Toram y= x° +1, ma satoa X° = y-1lu (y-1)| (y3 +1). Ho,

y3 +1= y3 -1+2= (y—l)(y2 +y+1)+2, wro 3naun (y—1)|2, ox kage mrTo cieaysa
y =3. Co HemocpenHa MpOBEpKa ce yBepyBaMe Jieka BO OBOj Cliy4aj 3ajadara Hema
pelieHue.

2) Hexa y; =2. Toram 2y = x2 +1, ma 3atoa X° = 2y-1u (2y-1)| (y3 +1) , mTo

smaun (2y—1)|By>+8). Ho, 8y>+8=8y>-1+9=y-1)(4y?+2y+1)+9, wro
sHaun (2y—1)|9. Ox y>2 canenyBa 2y—1>3, on kame naorame Yy =5. Co Hemno-
CpellHa IpOBEpKa ce yBEpyBaMe JieKa BO OBOj ciy4aj X =3.

Koreuro, (X, Y) e{(L1), 1 2), (32), (35)}.

20. Heka Xq,Xp,...,%Xp ... ¥ Y1, Y2,..., Yp... C€ HU3U IIPUPOJHHU OPOEBU OINPEEIEHH CO
X =1 Xy =1 Xpy1 =Xp +2%X1 (N=2)
Y1=LY¥2=7%1=2Yy+3ypq (n22)
}IOKa)KI/I JC€Ka OCBCH 1, OBHC HU3H HCMAAT APYIrd 3aCJHUYKHU YICHOBHU.
Pemenne. Heka X =80, +1,,0<n <7, y, =8t +s, 0=, <7. Co nomour Ha

MaTeMaTH4Ka MHIYKIHMja JIECHO Ce JOKa)XyBa JeKa HU3UTE OCTaToluTe [ U S, ce
11,3,535.35,... u 1,7,1,717,17,..., coonserHo. OTTyka ciemyBa IeKa X, =Yy €

MOXHO caMo Kora N=M=1, 0JHOCHO JicKa €IWHCTBEH 3aCIHIUUYKH CJICMEHT Ha pa3riie-
JTyBaHUTE HU3H € 1.

21. Omnpenieny ' cuTe NPUPOAHU OPOEBH N KOU CE JIEIMBH CO CEKOJ IPUPOJIEH MPH-
poJieH Opoj moMaJsl WK €JHAKOB Ha Jn.

Pemenne. Hexa py, Pp,..., Pk ce€ cuTe nNpocTu OPOEBU KOU CE IOMAIH WU €IHAKBU

Ha 4/N,a M € HajMaIMOT 3aeTHUYKU COAPKATENI Ha CUTE TPUPOJIHA OPOEBH KO HE TO

Ha/IMUHYyBaaT Jn . JacHo, mpocTUTE MHOXKHUTEIN HA M MOXarT Ja Ounat camo OpoeBuTe

Py P2,y P - Criopex Toa, M e ox oGuk M= pil p|22...p||(k , i >Li1=12,..,k. Toram

pili <in< pi|i+1S pi2|i, 3a i=12,..,k, a orryka (xﬁ)k <m?. Oxn Jpyra crpasa,

2

I .
pi' <N mn pil' |n, omHocHO M| N, ma 3Haun M <n . Toramr ox («ﬁ)k<m um<n,

creyBa (\/ﬁ)k <n? , ma 3atoa K <4. 3Haum, Py =7> \/ﬁ, onHOCHO N<49 u co
HEeTocpeHa MpoBepka jgoouBame aeka N=1,2,3,4,6,8,12,24 .
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22. JTokaxu, aeka ako @,0 u ¢ ce nemu 6poeBu TakBH MITO GPOjOT
a(a—b)+b(b—c)+c(c-a)
2
€ TOYEH KBaJpat Ha 1en 0poj, Toram a=b=c.
a(a—b)+b(b—c)+c(c-a) d2

Pemenne. Heka

, kKane d eZ . Axo 3ememe X=a-b,

2
y=b-cu z=c—a, toram
X+y+z=0, x>+y?+z%=4d?. 1)
bunejku kBagpar Ha uen Opoj mpu nenemwe co 4 nasa ocrarok 0 wm 1, ox (1) cieqysa
JeKka X,y u z ce napuu Opoesu. Heka X; = %, Y1 =% Uz = % Toram

X +Yy1+21 =0, x12+y12+212 =d2,
¥ KaKo U HPETXOAHO 3aKiIydyBaMme JieKa Xi,Yq,Z; u d ce mapHu Opoesu. IIpomomxy-

BajKM ja IOCTAaIKaTa 3akiaydyBaMe Aeka X,y U Z ce Jienar co 2K 3a CEKO] MPUPOJEH
6poj k. ITocmemnnoto e MOXHO ako u camo ako X=Y=2=0, T.e. ako ¥ camMo aKko
a=b=c.

23. Hexa NZD(a,b) =1. Jloxaxu neka NZD(a+b,a? +5%) =1 wm 2.
Pemenne. Heka NZD(a+b,a2 +b2) =d.Ond |a+b nd |(a+b)2 —2ab crenysa

neka d |2ab. Axo d |a nm d |b,Toram on d |a+b cinexyBa neka d |a nd |b, IITO

He € MOXHO Ouiejkn a u b ce 3aemuo npoctu 6poesu. Ocranysa d |2 T.e. d =1 wm
d=2.

24. Ompenenu TM CHTE TPOjKH OJ mpupoanu OpoeBu (@,b,c) Ttaka mro Gpojor

3¢ JICITUB CO OpOCBHTE azb, b%c u c2a.

a®+b°+c

Pemenue. Hexa d =NZD(a,b). Jacho, d3| a’b , na ox YCIOBOT Ha 3ajayara
clieqlyBa Jieka d3 | as+b3+c3. bunejku q3 | a® udd | b3 clieqyBa JieKa d3 |C3 T.C.
d|c. OTryka HajrOJIEMHOT 3aeTHUYKH [EJIUTEeN Ha JBa oj OpoeBure a,b um C e
HAjroJeMHUOT 3acaHUYKK jaenuten Ha a,b u c. Heka (I’,S,t):(%,%,ﬁ). Toram
tpojkara (r,S,t) ru 3amoBOoNyBa yCJIOBUTE Ha 3amadata, u I,S U ! ce mo mapoBu
3aeMHO mpocTu OpoeBu. JacHo, r? | rP+s3 43, §2 | P+s3+t3 ut? | rP+sd+t3, u
Oounejku r,s u t ce mo mapoBu 3a€MHO MMPOCTHU CIIETyBa JCKa r?s?t? | P +sd 3.

Ke nokaxeme nexa (r,s,t)=(L11) u nepmyrauuure Ha Tpojkata (L 2,3) ce cute

peurennja 3a (r,s,t).

be3 rybeme Ha ommTocTa 3emMame Jeka I >S>t. Baxku 3r3 > r3 + 83 +t3 > rzszt2
2,2
OJ1 KaJie clielyBa Jeka I = % . JacHo, r2 | $3 4¢3 01 KaJie clie/lyBa
4.4
253 >3 13> 2 >S5 (1).
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Axo t>2 Toram S< i—? < % <2<t, mro He e MOxHO Ounejku S=>t. OcranyBa
t=1

Ako S=1toram Tpeba Aa OUEe MCIOIHETO r2 | r3 +2, Koe Baxku camo 3a I =1.
3uaun (r,s,t)=(111).

Ako S>2 Toram r>S Ounmejku r u S ce 3aeMHO mipocTu OpoeBH. JloOnBame

2
2r3 >34 1 1=r3 43 43 >rs%t? = rzsz, Te r> 57

2

4
On (1) umame SB1=s34+t3>r2> ST onHocHo S <4. Co npoBepka 100MBaMe Jieka

(3,2,1) e Tpojka Koja ru 3a70BOJyBa YCIOBUTE Ha 3aja4ara. 3HAYH

(d,d,d),(3d,2d,d),(3d,d, 2d),(2d,3d,d), (2d,d,3d), (d, 2d,3d) u (d,3d,2d)

Ce CUTE TPOjKH MPHUPOJIHU OPOEBU KO IO HCIOJTHYBAaT YCIOBOT Ha 3a/1a4ara.

n
25. Heka T, = 22 41 , 32 CEKOj HEHEeraTUBEH 11e1 Opoj N . Jlokaxxu jaeka ako M =N

Toraml T, u T, ce 3aeMHO IIPOCTH OPOEBH.

Pemenne. limame:

2" 2"t2 2 2
T, -2=2" -1=2 “1=(Ta D" -1=Tp 1 - 2T 1 =T 1T 1 —2).

Cropen Toa 3a cekoj IpuUpoAeH Opoj N Baku
Th—2=Th1(Mh1-2) =ThaTh 2(Th2 =2 =... =Ty 4Tn2--To(To —2) =T 4Ty 2--To
3naun Ty =TT, 2. Tg+2 u Ty, =Ty _4T_2..Tg +2. be3 rybeme Ha onmmTocTa Heka
m>n. Toram T, | T qTn2-.Tgp T.. T, | Ty, —2 Axo NZD(T,,,T,,)=d Toram Baxu
d|T,|Ty—2 ubunejku d|T,, crenysa neka d |2 . Ha kpaj mobuBame d =1, Gunejku
d e memapen 0poj.

3Hauu OpoeButre T, u T, ce 3a6MHO IPOCTH.

26. Hexa N e npupozen 6poj. Co dy,d,,...,d, na ru o3naunme genurenure Ha N

M HeKa a; e OpojoT Ha Aenutenute Ha 6pojot dj, 1=12,...,n. Jlokaxwu, nexa
(a1+a2+...+an)2=af+a§+...+aﬁ. (1)
Pemenne. Hexka N = p e mpoct 6poj. Toram nemurenu Ha Opojot P ce OpoeBute 1

M P, ma3atoa & =1 u a =2 u Baxu (a1+a2)2=32 =13+23=a13+a§. Hexka

N = p™. Toram pemurenn Ha 6pojor N ce Gpoesure 1, p, p2,..., p™, ma Taka
q =Lay =2,a3=3,...,85,4 =M+1 u Baxu

(al +ay +...+am+1)2 = (1+2+._.+(m +1))2 — [(m+1)2(m+2)]2

:13+23+...+m3+(m+1)3 :af+a§+...+a%+1,

T.€. TOYHO € paBeHCTBOTO (1).
Hexka cera TBpaemero Baxu 3a nekoj N u mexka A= Np™, NZD(p,N)=1. Heka
dy,...,d, ce cure memurenn Ha Opojor N u ay,..,a, ce OpoeBHTC Ha HUBHHUTE

nenutenu. Torair cuTe IeauTend Ha Opojor A ce
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d;,d,...,dy, 0y p,dyp,....dn p,....dy ", do p™, o d P
a 6p0€BI/IT€ Ha HUBHUTC ACIUTCIIN CE
&,89,...,an,28,2ay,...,28,,...,(M+Da,(M+Day,...,(M+1Da,.
Cera, O MHAYKTUBHATA NIPCTIIOCTAaBKa CJICAYyBa ACKa

(ﬁ a; +2§ aj +...(m +1)§ a;)° = (ﬁ a;)? (1+2+...+ (m+1))?
i=1 i=1 i=1 i=1

n
2
- (E a )2[&2(””)]2
n
_ [&2(”‘*2)]2 S a
i=1

= (13 +28 4+ (m +1)3)Zn: ai3

i=1
= ia? + ﬁ(zai)3 T i((m +1)a;)3,
i=1 i=1 i=1

T.e. TBpACHeTo Baxku 3a 6pojor A= Np™, NZD(p,N)=1. Koneuno, 6uiejku cexoj

NpUpoJieH Opoj UMa KaHOHUYHO pa3ioxyBame N = plta’l...p,%m , O]l IPUHIIMIIOT HA MaTe-

MaTHUKa HHAYKLH]a ClieyBa TBPJCHETO Ha 3a/1a4ara.

27. Heka @ u b ce nenu 6poeBu takBu mto 2ab | (a2 +b? —a) . Jlokaxwu, geka a ¢
TOYEH KBaJIpaT Ha MPUPOJEH Opoj.
Pemenne. Heka a2 +b°—a= 2abqg. Cmopen Toa, b2 + 2abq ~a?-a=0. Ja ja

2

pasrienaMe KBaJpaTHAaTa pPaBEHKA X2+2aqx—a —a=0. OBaa paBeHKa WMa €IHO

pemrenue b . Cropen Toa, Taa MMa pelIeHHE BO MHOXKECTBOTO IEJIM OPOEBH, Ta 3aT0Aa
HEj3MHATa TUCKPUMHUHAHTA € TOYeH KBaJIparT. 3Ha4H,
D= 4a2q2 —4(a2 —-a)= 4(a2q2 —a’+ a)= 4A? :
kane A e men O6poj. OTTyka ciemyBa
a(a(g’ -+ =A%, (D)

ITonaramy, d = NZD(a, a(q2 —1)+1) =1, ma 3aroa ox paBeHcTBoTO (1) cieayBa jeka

a=uu a(q2 -D+1= v , IITO ¥ Tpebarie Ja ce JoKaxe.

28.Hexka A u B ce n-uudpenu OpoeBH, N -HENApeH, KOUIITO MIPH AENEHETO co K
nasaar uct ocratok I = 0. [la ce Hajue Oapem enen 6poj K , o He 3aBucu o1 N, Taka
wTo 6pojor C , mo0ueH co gonuinyBarme Ha udpure ox A u B, na e nenms co K.

Pemenne. Hexka A=ka+r, B=kb+r, 0<r <K ; roram umame:

C=10"A+B=10"(ka+r)+(kb+r)=k(@0"a+b)+ 10" +1r.

6pojor C e memus co k axo u camo ako Gpojor 10" +1 e memus co K. Bumejku
n=2m+1, umame
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10" +1=10°™1 4+ 1= 10+1)(10°™ —10™ 1 +...+1) =11D,

IITO 3HAYM JIeKa eJieH Opoj K 1o ro 3a10BoiryBa yeIoBOT Ha 3aj1a4data € opojor 11.

29. TIpecmeraj NZD(a,b,c) ako a,b u ¢ ce mpupomuu OpoeBH 3a KOU BaXu
ab+bc+ca=2012 u nputoa NZD(a,b,c) #1.

Pemenne. Hexka NZD(a,b,c) =d #1. Iloctojat npupoauu OpoeBu & ,by u ¢; 3a
kou a=gd,b=bd u c=cd. Ox ycnoBor Ha 3amauara ab-+bc+ca=2012 no-

GuBame sexa Baxu 2012 =d? (aqby +byc; +34C)) = 22.503. Buzejku 503 e mpoct 6poj

crnemyBa jeka d =2.

30. Heka m u n ce npupogHu OpoeBU TakBU LITO 2001m? +m = 2002n° +n . Ho-
KakH, IekKa M—N e TO4eH KBaJpar.
Pemenne. Heka m u n ce npupogHu OpoeBH 3a KOM € TOYHO PaBEHCTBOTO

2001m? +m =2002n° +n. JacHo, M>n , U TIOCTOM TIpHUpOJIeH Opoj K TakoB 1mITO
m=n+Kk . Cnopen Toa,

2001(n +k)? +n+k =2002n% +n
2001n? +4002nk + 2001k ? + k = 2002n?
n? —4002nk —2001k? —k =0
HOCHGHHOTO paB€HCTBa € UCIIOJIHETO aKO U CaMO aKO
D = (4002K)? + 4(2001k? + k) = 4[(2001% + 2001)k® + k] = 4[(20012 + 2001)k + 1]k
e To4eH KBajapaT. bunejku 4 = 22 NZD((20012 +2001)k +1, k) =NZD(L, k) =1, D e

TOYEH KBaJpaT aKo M Camo akKo (20012 +2001)k +1 u k ce tounu kBagparu. Criopen

Toa K e ImoJIH KBajapaT, OJHOCHO M—N € TOYeH KBaJpaT, ITo U Tpeballe 1a ce JoKaxe.

31. Heka me Ny u ne N\{l}. Ako NZD(m+1,n) =1, Toram 6pojot

n
[T(m+i)=(m+2)(m+3)...(m+n)
i=2
e gemuB co N!. Jlokaxwu!
Pemenne. 3a cexoj mpupojaeH 6poj k, mpous3BomoT Ha K mociemoBaTesnHu IETH
-1
ﬁ(m+i) ri_[ (m+i)
i1 i=2
TR T
uen 6poj M. Ox npernocraBkata NZD(m+1,n) =1 u nmpeTcraByBameTO

opoeBu e nemmB co k!. Otryka mobuBame Jeka € 7., 3a CEKoj

n
n . IT (m+i)
i1:[1(m+|) (M+1)i=2

(n-1)!
n! n!

m

H(m+i)
i=2
(n-D1

ciaenyBa n | a Toa € CKBUBAJICHTHO CO TBPJACHKHCTO HA 3aJiavyaTta.
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32. Heka X e peasieH Opoj TaKOB IITO x2—x u x* =X ce uenu Opoesu. Jlokaxwu,

Jeka X e 1en 0poj.

2 4

Pemenue. Heka A=X"—X u B=X" —X. [IpBo na 3abenexume neka A=0 camo
3a X=0 wm X=1, a Toa ce nenu OpoeBu. 3aroa Moxkeme aa 3eMeme jeka A= 0. ITo-

HaTaMmy, A% = x* —2x3 4 X2 , I1a 3aT0a

B— A? :2x3—x2—x:2x3—2x2+x2—x:2x3—2x2+A:2x(x2—x)+A:2xA+A,

Te. B—A%Z—A=2xA. 3Hauw, X=2—i—A7+l, ma 3atoa X e pauuoHaineH O0poj. Heka

2
x=2, NZD(p,4)=1. Toram A=p—2—§=p(p—;q’. Axo q>1, on NZD(p,q)=1
q q

ciemyBa aeka Opojor A He Moke J1a ouje 1en Opoj. 3Haum, =1, mTo 3Haum geka X e
uen 0poj.

33. Heka a,b ce npuponnu 6poeBu TakBH mITO

NZS(ab) _
NZb(ap) ~ 2P 1)

Hokaxu neka NZS(a,b) =[NZD(a, b)]2 .
Pemenne. Heka & u b ce npupoanun OpoeBH KOM TO KCIOJIyBaaT YCJIOBOT Ha
3amavara, U Heka NZD(a,b) =d . ITocrojar equHCTBEHM MPUPOJHU POEBH X U Y Tak-

Bu mto NZD(X,y)=1 u a=dx,b=dy . Ho toram
NZS(a,b) = NZS(dx, dy) =d - NZS(x, y) =dxy .
Cera paseHctBoTO (1) ro o61Ba 00IUKOT % =dx—dy, re.
Xy = dx—dy. 2
Hexa NZD(d,y) =k . ITocrojar eaMHCTBEHU MPUPOAHU OpoeBr U W V TaKBH IITO
NZD(u,v)=1 u d=ku, y=kv. bunejku NZD(X,y)=1 u Vv|y, mobuBame ieka
NZD(x,v) =1 u NZD(x,k) =1. Ho, cera (2) ro no6uBa o6mukotr Xkv =kux —kukv , T.e.
00JIUKOT
V(X +ku) =ux
On NZD(v,u) = NZD(v,X) =1 u V|ux , noouBame V=1 ogHOCHO
X+ Ku = ux
ux—x—ku+k =k
X(u-1)-k(u-1)=k
(x=k)(u-1) =k.
[Tonaramy, ounejku NZD(X,k) =1, nobmBame X—k=1 m u-1=k, te. Xx=k+1,
u=k+1, y=k, d=k(k+1), omHocHo

a=kk+1% b=k>k+1) u

NZS(a,b) = k?(k +1)? =[k(k +1)]* = d? =[NZD(a,b)]?,
ITO Tpedarie J1a ce TIOKaxe.
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34. a) Ompenenu ru cuTe MPUPOIHU OpPOEBU N, 3a KOU MOCTOjaT MPUPOTHU OpOEBH
X ¥ Y TaKBH IITO

NZS(x,y) =n!; NZD(x,y) = 2009
0) Oxpenu ro 6pojoT Ha mapoBH (X, Y) 3a KOU BaXKu
NZS(x,y) =411, NZD(X,y)=2009; x<vy
Pemenue. a) Og NZD(X,y) =2009 crenysa neka Xx=2009a u y=2009b, kane

mrto a u b ce mpupoaHu 6poeBu Taka mrto NZD(a,b) =1.

On NZS(x,y)=n! cirenyBa 2009ab =n!, ogHOCHO 72 .41ab =n!. Ox 1OCIEHOBO
cienyBa N>41. YcioBoT e u J0BoJIeH Ouiejku ako N>41, 3a x=2009 u y=n!
Bakn NZS(X,y)=n! u NZD(X, y) =2009.

0) Heka 3a OpoeBute X m y Baxkum NZS(X,y)=41'; NZD(x,y)=2009; x<y.

Toram x=2009a; y=2009b; NZD(a,b)=1; a<b u 2009ab=41!, T.c. ab= % .

Cekoj mpoCT enuTen Ha ‘;—2! U € JIeTUTeN Ha &, He e AenuTen Ha b u oOpaTHO. bpojoT

40!

= uma TouHo 12 mpoctu nenmrenu 2, 3, 5,7, 11, 13,17, 19, 23, 29, 31 u 37 u cexkoj ox

212

HUB € JISJIUTEe) WM Ha a win Ha b . bpojoT Ha BakBuTe mapoBu (a,b) e , MefyToa

caMo TIOJIOBHHATA I'0 33JI0BOJIyBaaT ycJiIoBOT a < b . 3Hauwm, mocrojat TOuHO 21 = 2048
napoBu (X,Y) IITO ro 3aJ0BOJYBaat AaJJCHUOT YCJIOB.

35. Ompenenu T CUTE TPUPOJHU OpOeBH N, 33 KOM TOCTOM TpUpoJeH O0poj K
TaKOB IIITO

a) kK uma HajManKy N pa3IuYHU IPOCTU ACTUTEIH;

0) mocTojaT N pas3aMYHU MO3UTUBHU Aenautenu Ha K, X =1, Xy, X3,..., X, 4Hj 30up €
eHaKoB Ha K .

Pemenue. Ako n e pemnieHue Ha 3aj1a4ara, ke mokaxxkeme jeka u N+1 e pernienue Ha
3ajavara.

Heka mpernocraBume Jeka N e pelieHue Ha 3ajadara. 3Ha4d MOCTOM MPHUPOJEH
Opoj k koj mMa HajMaJKy N pa3IMIHH MPOCTH JCITUTEIU U TOCTOjaT N pa3IndHU
nenutend Ha K, X =1,Xy,X3,..., X, TAKBU LITO

1+ X + X3 +...+ X, =K.
3a npupoaHuoT 6poj N+1 ke ro pasrnename npupoauuot 6poj k(k +1) . bunejku k
uma N pasnmumunu npoctu aenutenn u NZD(K,k +1) =1, noobuBame nexa K(k +1) uma

HajManky N+1 mpoct gemuren. Toa ce n-te nenmrenu Ha K w enen gemuten Ha K +1
aKo Toj € cioxeH Opoj mwu K +1 ako e mpoct 6poj.
On npyra cTpaHa ke TU pasrieaame OpoeBuTe

Y1 =1y =(K+DXp,y3 = (K+1)Xg,.... Y = (K+1)X, Ynig =K,
3a Kou ¢ jacHo Jieka ce menutend Ha K(K +1) kou He ce eqHakBU Merly cebe, U YIITe BaKu
Vi+ Yo+ Y3+t Yo+ Yna =1+ (K+DX + (K+D)X3 +...+ (K+1)x, +K
=(K+DA+ Xy + X3 +...+ X,y) = k(k +1).
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He e temko na ce mpoBepu aexka N =6 e HajManHOT TakoB Opoj. JloBOIHO € 1a ce 3eme
k =1806-1807 . Herosu nenutenu ce P =2, Py =3, P3 =7, Pg =43, p5 =13, pg =139,

a 36I/Ip0T Ha HCTOBHUTC ICIIUTCIIN

1 14.13-1807, 21-43-1807, 6-43-1807, 42-1807,1806
e eqHaxoB Ha 1806-1807 .

36. Hexka & =1, ap =1 u a, .1 =a,,1+a,, 328 NeN. Jlokaxku JIeKa 3a CEKOU
n,k e N 6poesure ka,,, +a, u Ka,,3+3ap,q cC 3aeMHO IPOCTH.
Pemenne. BosenyBame o3naka b, =ka,,, +a,, neN. Ox nepununujara Ha a, u
b, nmame
by +0n_y = (ka2 +2g) + (kag,1 +254)
=k(any2 +an)+ay +an
=Kan, 3+ a1 =bpya
On nociieIHOTO paBEHCTBO UMAME
brya —bn =0y 4. 1)
Axo d =NzZD(by,q,b,), Toram ox mociaexHoro paBeHcTBO mobmBame d|b,.q H
d|b,, ma cnopen toa ox (1) umame d|b, ;. Ox d|b, u d|b,; nobuame nexa
d| (b, —b,_1) =b,_, . IloBTOpYBajku ja oBaa mocTamka KOHEUEH Opoj maT, goOHBame
neka d by, 1=12,..,n.

On apyra ctpaHa umame
b2 =ka.4 +ay =3k+1u b_]_ =ka3 + =2k+1.

bunejkn d |by, d|b mobusame
0<d <NZD(by, b)) = NZD(3k +1,2k +1) = NZD(3k +1—2k —1,2k +1)
= NZD(k, 2k +1) = NZD(k, 2k +1—2k) = NZD(k,1) =1.

Cnopen toa, d =1 u b, u by, ce 3aemHO npocTy, mWTO N Tpedale Aa ce JOKaXKe.

37. Jlokaxwu, neka 3a CeKoj MpUPOJeH Opoj N HajMAIHMOT 3aCAHUYKH COAPIKATEN Ha
opoesute 1,2,...,2n—-1,2n e exHakoB CO HAjMaIHOT 3a¢JIHUYKU COApXKATE] Ha Opoe-

BUTE N+1,N+2,...,2N.

Pemenne. JacHo, TBpaemeTo € TouHO 332 N =1, ounejku NZS(L,2)=2. Ako n=2,
toram NZS(L,2,3,4) =12 = NZS(3,4) .

BosenyBame o3naku NZS(L,2,...,2n)=s, u NZS(h+1ln+2,...,2n) =t,. bunejku
n+1...2n|s, u t, =NZS(n+1Ln+2,...,2n), nobuBame neka t, | S, .

Co momoIr Ha MaTeMaTHYKa MHIYKIHja Ke MOKakeMe JIeKka Sy, |1, 3a cexoj mpupo-

neH 6poj ne N.
On npBHOT JieNT Ha 3ajauaTa Cie/yBa Jieka TBP/ICHETO € TOYHo 3a N=1 u N=2, T.c.
S|t m Sy |ty . Heka npernocraBuMe Jieka TBPACHETO € TOYHO 32 IPUPOAHHOT Opoj N,

T.e. S, |ty. AkO m e compxaten Ha Opoesure (N+1)+1, (N+1)+2,..., 2(n+1),
toram 2(N+1)|m ox kane nobuBame nexa (N+1)|m. Conopen toa n+1L,n+2,...,2n ce
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menuTeny Ha M, T.e. t, | m. Cnopen MHIYKTUBHATA IPETIOCTaBKA MMaMe Jeka Sy, |1,
ma 3atoa 1,2,3,...,n|m. 3naun, 1,2,3,...,n,n+1L,n+2,.....2n,2n+1,2n+ 2| m. bunejku
m e coapkaren Ha N+1,N+2,...,2(N+1) , tobuBame jaeka
12,3,..,nn+Ln+2,...,2n,2n+12n+2 |t .
3Haun, Sy,q |t4q, T.€. € TouHO U 32 N+1. Ox NPUHIUIOT HA MaTeMaTHYKa HHIYKIHja
caemysa S, |t, 3a cexoj mpupoxen 6poj n .
Koneuno, Ounejku sy, |t, u t,|S, nodusame s, =t,, T.c.
NZS(L2,...,n,n+1,...,2n) = NZS(n+1,n+2,....,2n) .

38. Axo p e mpoct O6poj Toramr \ﬁ € UpalroHaJieH 0poj.
Pemenne. Heka mpernocraBuMe neka \/? e pammoHanen Opoj. Toram mocrtojat

3aeMHO IPOCTH OpoeBH a | b Taka mTo \ﬁ = %. OTtTyka Baxu a’ = pb2 , T1a criopen

Toa P | a’ u kaxo p e mpoct 0poj, nobuBame neka p|a . Cropexn Toa, MOCTOH MPHPO-

neH Opoj € TakoB mTo a=Ccp. Umame c? p2 = pb2 ,T.e. C p= b? . Ha ucT HauMH Kako

U TpeTXxo/HO 3akinydyBame neka P |b. Cnopen toa, p|NZD(a,b)=1 miro e npoTus-

peunoct. O noOueHaTa MPOTUBPEUHOCT CIIeAyBa eKa \ﬁ € UpalroHayieH 0poj.

39. IMocrojaT GeckoneueH Opoj Ha mpocTr OpoeBu o 0oauk 4K + 3. lokaxu!
Pemenne. Heka mpermoctaByBame CIPOTHUBHO, T.€. IMOCTOjaT KOHEUEH MHOTY, T.C.
nocrojatr N mpoctu 6poesu ox odnuk 4K+3: pq, Pa,..., P - Bpojor p=4pp,...p, -1

e "HermapeH 0poj ox o6muk 4k +3. Cure mpocTH NenuTeNd Ha P ce OpOoeBH OJ 00K

4k +1 u 4k+3. AKO cHTe HEroBH NPOCTH AenuTenu ce oj obauk 4K +1 Toram u
O6pojoT P € UCTUOT OOJHK, IITO € MPOTUBPEYHOCT. 3HAYH MOCTOU HajMAJIKY €I€H MPOCT

menuten Ha P ox obnuk 4Kk +3, 1.e. mocton i€{L2,...,n} taka mto P;j| p. Cnopen
T0a, Pj|4ppPy...Pp=pP+1. 3Haun, p;|p+1-p=1, mro e mporuBpeunoct. Ox
J00ueHaTa MPOTUBPEYHOCT CIIEAyBa eka P MMa MpocCT aenurten o ooauk 4K +1 koj e
pasnuueH ox OpoeBuTe Py, Py,..., Py , WTO € npotuBpeyHocT. KoneuHo, ox nobuenarta

NPOTUBPEYHOCT CJIeAyBa JieKa MOCTOjaT 0ECKOHEYHO MHOTY MPOCTH OpOCBU 01 OOJIHK
4k +1.

40. Hajnu tu cute npupogau OpoeBu a u b 3a xowm at +4p* e npoct 0poj.
Pemenne. limame:

at +4b* = (a%)? + (2b%)? = (a2 + 2b%)? — (2ab)?
= (a’ +2ab+2b%)(a’ — 2ab + 2b?).
Axo a=>2 unu b > 2, Toram

a +2b% >3ab>2ab+1 u a2 +2ab+2b% > a2 —2ab+2b2,

Te. at+4b* moxe Ja Ce MPETCTaBU KakO IMPOW3BOJ Ha JBa Pa3IUYHH MPUPOIHU
OpOEBH TIOTOJIEMHU OJ1 €/ICH, IIITO 3HAYHU JICKa € CIIOKEH OpOj.
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Ako a=b=1, roram a*+4b* =5, KOj € €JIMHCTBEH MPOCT OpOj 01 BAKOB OOJIUK.

41. a) Jlokaxwu aeka 3a N> 2 1MOCTOM mpocT Opoj P 3a koj Baxu N< p<nl.
0) Ako n>1, mokaxku Jieka CeKOj MPOCT JenuTen Ha OpojoT NH+1 e HemapeH Opoj

HOToJIeM 011 N .
Pemenue. a) ['o pasriienyBame 6pojor N'—-1 u Heka P e HEroB MPoOCT AeTUTEN. AKO

n-1 e mpoct 6poj, Toram P=nl-1. Ako nl-1 e crnoxen Opoj, Toram cexoj HETOB
nenuren e norosieM oa N.. HaBuctuna ako 2<d <n, toram d|n!, mro 3Hauu jaeka
d|n—(n+1) =1, wro He e MoXxHO. 3Hauu, kora N-1 e cioxen O6poj uzdbupame mpoct
nenuten P Ha N'-1 u3a oBoj Opoj Baxku N< p <nl.

0) bunmejku n>1 cnenysa aeka n! e mapen Opoj, ma orryka NH1 e Hemapen Opoj.
3Haun cute npoctu genurenu Ha NH1 ce memapum. Heka p|nH+1, p e mpoct 6poj.
Ako 2<p<n toramr p|n!.Ox p|n+1 u p|n! cnenysa neka p|NZD(n!l,n+1)=1,

ITO HE € MOXKHO.

42. Ompeneny TH cUTE pocTH OpoeBH P W ( | cUTe HmpupoxHu OpoeBn K >1 3a
KOU OpOeBUTE pkq +1lu qu +1 ce TO4YHM KBajJpaTH.

Pemenne. Heka pkq +1=x% u qu +1= y2 , kane X,y e N. Ako enen ox Opoe-
BUTE [ WIM (| € eJHAKOB Ha 2, Ha MpuUMep P =2, a ( € HemapeH, Torall PaBEeHCTBOTO

2qk +1= y2 JIOBEyBa JIO MPOTUBPEYHOCT MO Moayl 4. Ako P=(0=2, Toram o

2K+ = (x=1(x+1) cnenyma neka X—1 m X+1 ce creneHu Ha OPOjOT 2, MITO € MOKHO

camo 32 X =3 ¥ cooiBeTHO K =2 .
Heka p u q ce nemapuu npoctu 6poeBu. Toram X u Yy ce napHu OpoeBH U

NZD(x-1,x+1) = NZD(y-1,y+1) =1,
ma oJ paBeHCTBATa pkq =(X=D(x+1) u qu =(y-1(y+1) cnemyBa neka ce MOXKHHU
YeTUPH CITydau.
1) pk =x-1,g=x+1 qk =y-1, p=y+1, ma 3aroa Q- pk = p—qk =2, T..
pk +p= qk +q. Cnopen toa, p=(, ox kaxe nobuBame P =2, mMTO € HPO-
TUBPEYHOCT.
2) pk =X+1,q=Xx-1, qk =y+1 p=y-1, mTo Ha MOTIOJIHO UCT HAYUH KaKO BO
1) noBenyBa 10 IPOTUBPEUHOCT.
3) pk =X-1q=X+1, qk =y+1 p=y-1, ox kazxe ciexyBa (- pk :qk -p=2,
OOHOCHO P+(= pk +qk , IITO HE € MOXHO.

4) pk =x+1g=x-1 qk =y-1 p=y+1, mTo Ha MOTMOJIHO UCT HAYUH KAaKO BO
3) noBemyBa 0 MPOTUBPEYHOCT.

43. Onpeaeny ru CUTE MAPOBH MPUPOAHU OpoeBu (M, N), M > N TaKBH IITO
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NZS(m2 +mn,mn—n2)+ NZS(m—n,mn) = 22005 (@)
Pemenne. JleBara cTpana Ha e fenmuBa co M,N U M—n, ma 3aToa M= 28 n= 2b u
m—n = 2°. Ouurneano 2b (Za_b -1)= 2¢, ma 3aroa a—b=1. Co 3ameHa BO (1) mobu-
BaMe
22005 _ NZS(ZZa n 22a—1, 22a—1 . 22a—2) n NZS(Za . 2a—17 22a—1)
_ 22a—1 13. 22a—1 _ 22a+1.

Crnopen Toa, a=1002, m= 21002, n = 21001,

44, Onpeneny Td CUTE MPOCTH OpoeBHU P, (, I, S TAKBU IITO HUBHUOT 30UpP € MPOCT
Opoj u 6poesute p2 +qr u p2 + (S ce KBaJpaTH Ha IPUPOTHU OpOEBU.
Pemenue. buznejku p+q+r+S e mnpoct Opoj, 3akiydyBaMe JAeKa €IEH O]

opoesurte P, q, I', S ¢ mapen. Heka =2 .Toram p2 +2r=a’u p2 +25 =b? , T1a 3aToa
2r=(@-p)a+p) u2s=(b-p)b+p).
Ho, 6poeBute a, b, p ce nenapuwu, na 3atoa (a— p)(a+p) u (b—p)(b+ p) ce nenuBu
co 4, mTo He € ciyyaj co 2I u 2S, OUAEjKH I U S ce MPOCTH OPOEBH MOTOJEMH OJ1 2.
Hexa r=2. Toram p2 +2q= a’ , T.e. 20=(a—p)(@+p), mro He € MOKHO
ounejku 6pojot (a— p)(@a+ p) e nemus co 4, a 6pojor 20 He e aeauB co 4, Ouaejku J e
HETapeH MpocT Opoj. AHAJIOTHO Jo0MBaMe Jeka S # 2 .
3uaun, p=2.Cera qr = a’—4u gs =b? — 4, na satoa
gr=@-2)(a+2) u gs=(h-2)(b+2).
Axo a—2=1, toram a=3, ma3aroa a+2=>5 u3amavyara HeMa penicHHUE. AHAJIOTHO
eun3sa b—2=1. buaejku a # b, umame Ba ciayyau:

1) g=a-2,r=a+2,q=b+2,s=b—-s. Cera mmame a=Q+2,b=0—-2, mna
3aroa Opoeure S=0—4,(,r =q+4 ce npoctu. bunejku eneH oa HUB € JI/IUB
co 3, 3akiydyyBame Jeka TOj Mopa jda ¢ enHakoB Ha 3. Croopen Toa,
g=7,s=3,r=11.

2) Axo q=a+2,r=a-2,q=b—-2,s=b+2, toram pa3mMuciiyBajki Ha OTIOJHO
ucTa HauYMH goouBame (=7,r =3,s=11.

3nauu, pemennja ce (p,q,r,s) €{(2,7,3,11),(2,7,11,3)}.

45. Heka X,Y,Z ce ariu Ha J1aJicH TPUATOJHUK U3PA3CHH BO CTETICHHU.

a) Jlokaxu mexa ako ?,%,% Ce pamuroHaIHU OpoeBH, Toram X,Y,Z ce€ UCTO Taka

parroHaiIHu OpoeBu.

N <

0) Jlokaxku Jieka ako TOYHO €JIeH 0J1 OpOeBUTE € palMoHaJsieH, Toram X, Y, Z

Z
EHl EHl X

X
y
ce MpaloHaJIHU OpOEBH.

Pemenue. 3a0enexyBame 1eKa BakH
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180 _ x*+y+2 9, ¥,z (1)
X X X x'
a) bunejku % € paroHajeH Opoj Toram u 6pojoT % = % e paronanes 6poj. Cera
y

€ panrMOHAaJICH. HOCJIGIIHOTO 3HA4YM OCKa X € palnHOHaJICH

on (1) cmenyBa neka %

0poj. Ha uct HauuH ce JokaxkyBa IeKa M Y U Z ce PallMOHAIHHU OpOEeBU.

0) bes ryOeme Ha OMIITOCTAa MPETIIOCTaByBaMe JieKa % € paruoHaieH 6poj u %,%
ce MpalMOHAJIHU OpoeBU. 3HAUH, % € panuoHaneH 0poj, a % u 2 ce upanmonanHu

18

OpoeBu. 3HaUH 70 e 30up o1 JBa pallMOHAIHY U €JIeH HpalloHaleH Opoj, Ma cropen

Toa € mpamuoHaieH O0poj. OTTyka X e upanuoHajieH Opoj. bunejku % € palOHAJICH

Opoj cnemyBa fieka Y e uparmonaneH 0poj. Cera Heka MPETIIOCTaBUME JIeKa Z € pallu-

onajen 6poj. Toram X+Yy=180—2z e paumonaneH Opoj. 3Hauwu, XLyy ¢ KOJUYHUK Ha

palroHalIeH U HpalroHaleH Opoj, IITO 3HAYM JeKa TOj € upanuoHaieH o6poj. On nqpyra
X+Yy X .

CTpaHa — = :1+V e pauuoHaneH O6poj, Kako 30up O] JBa paliOHAIHU OpOeBH, IITO €

npoTuBpevyHocT. O nodueHara mpoTUBPEYHOCT ciielyBa JIeka Z € HpalroHayieH 0poj.

46. Hexa kK m m ce nmpupoaau OpOeBH TaKBH IITO %(«/k +4dm =k ) e uen 6poj.
Jlokaxu siexa Jk e paruoHaieH 0poj.

Pemenne. Heka %Mk+4ﬁ—ﬁ)20674. Hmame x/k+4ﬁ:2c+ﬁ. I'o

KBaapupaMe IOCICIHOTO PaBCHCTBO H I[06I/IBaMe \/m :Cz +C\/E, 0o Kajae ciicayBa

JeKa m=c*+c%k +2c3Vk . KoHe4yHo, O] TOCIEAHOTO PaBEHCTBO ClieyBa JieKa

4 2
m-c"—c°k _
V=" s

47. Jlokaxku neka OpojoT J2+33 e vparmoHasieH 0poj.
Pemenue. Heka ro npernocraBuMe CIpOTHBHOTO, T.€. V2+33 e parmoHaeH 0poj.
[Tocrojar uenu 6poeBu p u q, kane ( # 0, u npuToa Baxku 2+3B :ap . Umame

3 2 2 3 2
3:(5_\5)3 _b _3p ﬁ+3p(f) ~(2)? =P__3P_\/7+Z_P_2\E

q3 q2 q3 2

3 2
_bp 6p / 3p
== + ? —4/2 (—2 + 2),
q q
IUT KaJie Jo0uBame

= 3
=2 % _ pv6pg’-3q’
L 3pg+29°

215



P. Mamuecku, A. Mamuecku, /. Benunos, C. Mamuecku, C. KocraaunHoBa

T.C. \/E € pauuoHaieH 0poj, mWTo € npoTuBpeuHocT. KoHneuHno, ox nobueHara mpoTuB-

PEYHOCT Clie/lyBa JIeKa V2+33 ¢ uparroHaieH 0poj.

48. Heka S(n) e 30upot Ha mudpure Ha 6pojot n . [To AenuManHaTa 3anupka r'u 3a-

nuiryBame enieH mo apyr opoesute S(1), S(2),.... JJokaxu geka 6pojoT mrTo ce qo0uBa e
MpaIMOHAJICH.
Pemenue. bpojor 0,S(1)S(2)... e upanuonaieH, ako e HernepuoauueH. [la npetmoc-

TaBUME Jieka OpOjOT € MepHOAMYCH U HeKa HajMaJIHoT Nepruoa uMa aoipkuaa d . JacHo,
NEPHOJ0T Mopa J1a coApku 1udpu paznuunu ox 0, OUICjKH BO CIIPOTHBHO OpOjoT OM
oun ox o6muk 0,S(1)S(2)...S(k) mTo He € MOKHO, OuIejku Toa OM 3HAUENO JeKa 30H-

poT Ha 1dpuTe Ha cuTe OpoeBH moroyieMu o7 K Tpeda aa ¢ exnakoB Ha 0. Mimeno, ce-
Koraii ocTou 0poj morojieM oa K uuj 30up Ha nudpu e paznuyeH ox 0, Ha mpuMep, Ta-

KOB € OpojoT 10 Koj e morojieM of K, a 30upot Ha mudpu My ¢ 1. Meryroa, mocrou
JIOBOJTHO TOJIEM NPHPOJeH Opoj 4mj mTo 30up Ha mmdpu 3aBpuryBa Ha 2d Hynd, Ha

npumep Opojort 11...11 3anuman co 102 eAuHUIM € Opoj uuj 30up Ha uudpu e 1029
[TocnenHoTO 3HAYM JEKa MEPUOJIOT CO AOKMHA d Mopa Ja ce COApPXKH BO OpOjoOT

S(lO2d ), IITO OM 3HAYEI0 JeKa eproa0oT 0 € 3amuilaH caMo CO HYJIH, IITO € MPOTHUB-

peunoct. Koneuno o mobueHara npoTuBpeyHOCT cieaysa jaeka o6pojor 0,S(1)S(2)... e

Herepuouye, T.€. € upalroHaieH 0poj.

5.2. KOHI'PYEHIIUHU

1. Cexoj npoct 6poj morosiem oa 3 uma octatok 1 wiu 5 npu geneme co 6. Jlokaxu!
Pemenue. Hexka p >3 e mpoct 6poj.

Axo p=0(mod6) toram p =6k e gemus co 6.

Axo p=2(mod6) toram p=6Kk+2=2(3k+1) e agenus co 2.
Axo p=3(mod6) toram p=6k+3=3(2k+1) e menus co 3
Axko p=4(mod6) Toram p=6k+4=2(3k+2) e nemus co 2.

OcranyBa Jieka cekoj mpocT Opoj morosieM o 3 aBa ocTaTok 1 winm 5 mpu neneme
co 6.

2. Ako x=a(modn), nokaxu aeka X =a(mod2n) wim X =a+n(mod2n).
Pemenne. Ox x=a(modn) ciexyBa geka N|X—a, T.e. mocTou 1en 6poj K Takos

mTo X—a =kn.MoxHH ce Ba ciiy4aja:
1) Axko k=2s, toram X—a=2ns T.e. 2n|x—a, na 3uaun X =a(mod2n).

2) Axko k=2s+1, toramm Xx—a=2ns+n, t.e. 2n|x—(a+n), mro 3Ha4YM JeKa
X =a-+n(mod2n).

3. Axo P =5 e mpocT Opoj, TOKaXKH JAeKa p2 + 2 e cnoxeH 0poj. Jokaxu!
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Pemenne. Criopen mnperxoaHara 3agada Baxu P=+1(mod6), ma 3aroa Baxu
p2 =1(mod6) . Orryka p2 +2=3(mod6), T.e.
p? +2=6k+3=3(2k +1),

IITO 3HAYH JIeKa p2 +2 e nenuB co 3, T.€. € CIOXKEH Opoj.

4. Axo nenute 6poesu X, 1=12,...,9 He ce nenuBu co 3, TOKAKH AeKa

x12 +x§+...+x§ =0(mod3) .

Pemenne. bunejku X;,1=12,...,9 He ce nenuBu co 3 qodbuBame nexa

X; =1(mod3) mwm X; = 2(mod3) .

Cnopen Toa Xi2 =1(mod 3) , ma 3aroa
2 2

X{ +X5 +...+x§ =9=0(mod3).
5.Hexa n u 8n° +1 ce npoctu OpoeBu. Jlokaxu aexa 8n’ -1 e mpoct 6poj.
Pemenme. Ako N=2, toram 8n°+1=33 He e npoct O6poj. Ako N=3, Toram
8n% +1=73¢ pocT Opoj U mpuToa 8n% —1="71 ucro Taxa e pocT Opoj.

[Tonatamy, ako N >3 e mpoct O6poj, Toram N = +1(mod6) , na 3atoa n? =1(mod6) ,
T.e. 8n°+1=9 =3(mod6) . Cera on 3amava 1 cienyBa jaeka 8n% +1 e cioxen opoj.

3Hauyn, N =3 € eQUHCTBEHUOT MPOCT Opoj 3a KOj U OpojoT 8n’ +1 e IIPOCT U TOTAIl U

OpojoT 8n? —1, mTo u Tpebare 1a ce JoKaxe.

6. lanu mocton mpupoaeH Opoj N TaKOB IUTO YETUPULIM(PPEHUOT 3aBPILETOK Ha
opojot 1+2+...+n e 2005?
Pemenne. J[oBosHO € 1a ce ucnura penuinocta Bo N Ha KOHrpyeHuujata

") — 2005(mod 10000) . (1)

Axo nocrou pemenne Ny Ha (1) u Ny >20000, Toram Ny =ng — ZOOOO[%] ¢ pelie-

uue Ha (1) Bo muoxectBoto {l,2,...,20000}. Criopes toa (1) uma pemrenne Bo N ako u

caMo aKko MMa perieHne Bo MHOkecTBOTO {1, 2,...,20000} . Toa 3HauM feka paBeHKaTa ce

n(n+1 n(n+1
CBE/yBa Ha pellIMBOCTa Ha 0apeM eHa O/ paBEHKUTE % =2005 un % =12005.
[locnenHuBe 1Be paBeHKM HEMaaT 11eJ00POjHU pELIeHM]a, IITO 3HAYM JieKa He MOCTOU

N e N mTo ro ucmnoiHyBa ycJIOBOT Ha 3a/1a4ara.

2

7. Jlanmu moctou mpupozeH 6poj M TakoB mTo 7 ¢ geanten Ha 2 —47?
Pemenne. Oy 2° =8=1(mod7) u cBojcTBaTa Ha KOHIPYCHIMHMTE CJIeayBa JeKa
23K+ _ 2(mod 7), 23k+2 - 4(mod7) wu 23k =1(mod7), 3a cexoj k € Nj. Cnopen Toa,

2
2™ —4 ¢ nemuB co 7 aKo M camo ako m? =3k+2. Mertyroa, 3a cekoj pUpoaeH Opoj
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m paxu M2 =0(mod3) wimn m? =1(mod3), mTo 3HaYM JeKa HE MOCTOU MPHPOJCH

2
6poj M Takos mto 2" —4 e menus co 7.

8. Ompenenu ro HajManuot mpupogeH 6poj M 3a koj Opojor 2012 Moxke na ce
3anuine Kako 30up Ha KyooBu Ha M 1enu 6poeBwu.

Pemenne. Heka 6pojot 2012 e 3anuman kako 30up Ha kKyooBu Ha M 1ienm Opoerwu.
JlecHo ce mpoBepyBa JieKa 3a MPOU3BOJICH 1Tl OpOj X BakH

x> =0,1 wm —1(mod9) .
On npyra ctpana 2012 =9(mod9) , ma 3atoa M > 4. [Tonaramy, eTHO MOXHO TIPETCTA-
ByBame Ha 2012 kako 30up Ha yeTUpH KyOOBH €
2012 = (—4)° +5° + (-25)° + 26°

na3aroa M =4.

9. Banyo Ha Tabnara ru 3anumian OpoeBute 1 u 2, a moTOA MPOIOKUT J1a 3aIUIIYBa
OpoeBU Taka IIITO CEKOj HOB OpOj € eIHAKOB Ha 30MPOT Ha KBAJPATUTE HA MOCIETHUTE
JBa 3anuInaHu O6poja. Jlokaxku, 1eka MpoJonKyBajky ja oBaa nocTtanka BaHuo Hukorai
HeMa Ja 3anuiie Opoj Koj € JeJIuB co 3 UM KOj € JIeIMB cOo 7.

Pemenne. Ban4yo nmocnenoBaresiHo T 3anuIlyBa WICHOBHTE HA Hu3ata {a, } 3ana-

JIEHa CO
y=LlLa =2 a =a|f_1+a|f_2, 3a k>3.
IIpBuTe HEKONKY YJIEHOBU Ha HM3aTa ce & =1, ay =2, a3 =5, a4 =29, .... 3abenexyna-

Me Jeka ap = ag = 2(mod3) . Heka npernocraBume jexka ay, = a1 =2(mod3), 3a He-

koj k>2. Toram ay,, = a& + a,%ﬂ =22 +2% =2(mod3), ma o NPUHLKMIOT Ha MaTe-
MaTH4Ka HHIYKIHja cleayBa Jeka a, =2(mod3), 3a cexoj N> 2, T.e. HUTY eICH WICH

Ha HHU3aTa HEC € €ACJIMB CO 3.
Ila ' pasrjiieaaMe oCTaTouuTe IMMpHr ACJICHE CO 7. Umame

a, =1(mod7) as =5° +1% =5(mod7)
a =2(mod7) a5 =17 +5% =5(mod7)
ag =12 + 2% =5(mod 7) a, =5% +5° =1(mod 7)
a, =22 +5% =1(mod7) ag =52 +12 =5(mod 7)

Cera, co MaTeMaTH4Ka UHAYKIH]ja JIECHO CE JOKAXyBa JIeKa
ag, =5(mod7)
agy 41 =1(mod7)
agy42 =5(mod7)

3a cexoj K >1, mTo 3Ha4YM JeKa HUTY €JCH WICH Ha HU3aTa He € JCJIHB CO 7.

2n+1

I ]
10. Onpenenu v cute MPUPOIHU OPOEBH N 32 KOU e nemurenHa 7" -3,

Pemenne. Heka n'=2m , kKajle M e HemapeH 0poj, a K ¢ HeHeraTHBeH 1en 0poj.
Toramm
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7n! _3n! _ (7m)2k _(Sm)Zk _ (7m _Sm)(7m +3m)(72m +32m)m(72k’lm +32"’1m) .
bunejku
Mg =72m 2m 72 m 22 m o nd4) 7™ —3M = 4(mod8)
3aKllydyBame JieKa ok+2 | (7n! _3n!) , HO ok+3 | (7n! _3n!) . Batoa, n+1<k+2, T.e.
k>n-1.
On npyra cTpana, ako At <nc< 2t+1, t e Ng, Toram

1
K=[Z1+ [T+ + 8] D Dbt B =n@-L) <n-1.

CropenToa, k=n—-1u n=2", teNg.

11. Jlamena e nusa {X,} Taxsa mro X €{5,7} u X1 €5, 7}, 3a n=12,....
Onpenenu ru MOXKHHUTE BPEAHOCTH Ha MOCIESIHUTE ABE MUPPH HA Xoqg -

Pemenne. Mvame 75 = 7,49,43,1(mod100) 3a k=12,3,0mod4), coonseTHo u
5€ = 25(mod100) 3a k > 2.

3a X, N =2009 MoHHU ce cleHUBE CIy4au

1) Ako %, =751 =7°""  toram 52 =1(mod4) u 3atoa X, = 7(mod100).

2) Axo X, =7"1= 77 , TOTall 772 2 (-1)*-2 =—1=3(mod4) u 3aroa

Xn = 43(mod100) .
3) Axo X, =51, toram X, =25(mod100).

12. Heka x e mpupojen 0poj u p e mpoct Opoj Taka o NZD(X, p) =1. Jokaxu
lieka, ako M ® N ce IpupoxHu 6poeBu Takeu mto X =1(mod p) n x" =1(mod p) ,
toram  xNP(MM =1 (mod p).

Pemenne. Heka NZD(m,n) =d . Toa 3Ha4n neka mocrtojat nemu OpoeBu Mg U Ny
TakBH ITo d = MMy +Nng.

Axo mg,ng >0, Toram

NZD(m,n) _ ,mmy+nny _ ,, MMy n\Ng _ _
X =X =(x")"0-(x")?=11=1(mod p) .
[Tonaramy, 6e3 orpaHU4YyBambe Ha OIILITOCTA MOXKEME J1a 3eMeMe jeka My >0 u ny <0.
Toram (x")™ =1(mod p) u (x™)™ =1(mod p) ma 3atoa
XNZD(m,n) = XNZD(m,n) . (Xn)—no = XNZD(m,n)—nnO = (Xm)mo El(mOd p) )

13. Jlokaku JicKa 3a CEKOH IieJii OpoeBH X,M ¥ N TakBu mto M,N>0 Baxu

NZD(x™ -1, x" —1) = xNZPMn) _q
Pemenue. TOBOJTHO € J1a JOKa)KeMe JeKa
NZD(x™ -1, x" —1) | xNZPMN) _1| g | xNZP(M™M) _11) NZD(x™ -1, X" 1) .
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Heka d=NzD(x™-1x"-1). Toram x™=1(modd) u x"=1(modd). Jla
ozHaunMe K = NZD(m,n). Toa 3Haun neka nocrojar neiau 6poeBu My U Ny TAaKBH IITO
k =mmg +nng . Ciopen Toa,

xNED(MN) _g — xMMo+Mo 1 — (xM)Mo . (xM)o _1=1-1=0(modd),
IITO 3HAYH JIeKa
NZD(x™ —1,x" —1) =d || xNZP(MN) 1|,

Heka | xNZB(m.n) —1]=d. JacHo, xNZD(m.n) =1(modd), na orryxa no6usame

Xm 1= (XNZD(m,n))NZD(m,n) 1= O(mOd d) , Xn 1= (XNZD(m,n))NZD(m,n) 1= O(modd)
Bunejku d | x™ -1 u d | x" -1 cnenysa nexa

| xNZDM) 1| g | NZD(x™ -1, x" —1) .

14. Hexka N e HemapeH npupozeH 6poj moroiem o 1. Jlokaxu, neka 6pojor 3" +1
HE € nenuB co N.

Pemenne. Heka npernocraBuMe jieka MOCTOM HEmapeH MpHpojieH Opoj N morosem
on 1 taxos mro n|3" +1. Heka p e HajmManuoT mpocT aenuten Ha Gpojor N . Toram

32”

p|3" +1, Te. 3" =—1(mod p), na 3aroa =1(mod p) . Ox manara Teopema Ha depma

crieyBa 3Pt =1(mod p) Cera, ounejku NZD(3, p) =1 ox mocieHUTE 1BE KOHTPYSHIIUH
3aKJIyqyBame JIeKa

3NZDEN.PD) —1(mod p) . (1)
bunejku N e Hemapen mobuBame nexka P—1 e mapen O6poj, a cropes MpeTnocTaBKaTa

OpojoT P € HajMaIMOT MPOCT JAenuTen Ha OpojoT N, ma 3atoa NZD(n, p—1) =1. Toa

3Haun, qeka  NZD(2n, p—1) =2. Cera ox (1) crienysa jaeka 32 =1(mod p), T.e. p|8,
IITO HE € MOXHO, Oujejku P e HemapeH npupojeH O6poj. Koneuno, ox noOuenata
MIPOTHUBPEYHOCT CJIETyBa TBPACHETO HA 3a/a4aTa.

15. Cekoj mpocTt aenuren P >3 Ha Opoj o1 00JHK G +1,Xx>1 e ox obmuk 4k +1.
Joxaxmu!

Pemenue. Heka p| x2+1, p>3e npoct 6poj. Cropex Toa, X% = —1(mod p), T.e.

x* =1(mod p), mwTo 3HaUM x K =1(mod p). On p| x2 +1 clielyBa jJeka P He € Je-
auten Ha X, 1.e. NZD(p,X) =1.

4k

Opn manata Teopema Ha Pepma mmame xPL =1(mod p). buxejku X =1(mod p)

cnenyBa neka p—1=4k, ox kame nobuBame p =4k +1.

16. Heka p u (Q ce pa3iHyYHM HEMapHU NPOCTH OpoeBW TakBu mro P—1|q-1.

Axo NZD(a, pq) =1 noxaxwu aexka pq | adt-1.
Pemenune. On Manara reopema Ha PepMa umame
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aP =1(mod p) u a%* =1(mod q) .
bunejku p—-1|q-1 mocrou mpupomen Opoj k TtakoB mro —1=k(p—-1). Nmame
ad™ = a(PDk _ 9k =1(modq) , T.e. OAHOCHO p|a0'_1 —1. Ho, p u ( ce 3aemMHO
MIPOCTH T1a o1 | adl-1u ql ad?t-1 cienysa pd | adt-1.

4x +1

17. Heka X,y € N . Jlokaxu, nexa 5 & N
y +

4x +1

y 242
y2+2=4k(k+1)+3=4-21+3, | e Ny.

[Tonatamy, nmpousBoa Ha aBa Opoja on BumOoT 4U+1 e Opoj o MCTHOT BHUJ, Ta 3aToa

Pemenune. Axo e N, toramr y e "enapen 6poj, T.e. Y =2k +1. Criopen Toa,

HOCTOM MpocT Opoj P ox BumoT 4n+3,neNy koj € genuren Ha y2+2. Ho,

4x +1
y+

e N, na 3akiydyBame Jieka P € JenuTes Ha 4% +1. TlocnenHoTO He € MOYHO,

OuzIejKu Toraml Ke BaXu 4x% = —1(mod p), T.c.
p-1 p-1

(@x*) 7 =(-1) 7 =(-D*"* =—1(mod p),
LITO € MPOTUBPEYHOCT, OUAEjKH criopea Majiara Teopema Ha Depma numame

(4x2)p?_l =(2x)P L =1(mod p) .

18. Hexa a,beN,a>b u a+b e nmapen Opoj. Jlokaxu, nexka KOpEHUTE HA PaBCH-
Karta
X2 —(@% —a+1)(x—b% —1)— (b% +1)% =
ce MPUPOIHU OPOEBH, HO HUTY €JIeH O] HUB HE € TOYEH KBaJparT.

2_p?_a. JacHo, Tue ce

Pemenne. KopeHnte Ha paBeHKaTa ce X = b’+1 n Xo =a
nNpUpoJHM OpoeBM M X He € TOuYeH Ksajpar. Jla mpeTmocTaBUMe JieKa IOCTOjaT
npupoHu OpoeBn a>b, 3a kou a+b e mapen 6poj U X, € TOYEH KBajpart., Ha IPUMeEp

aT+b un= aT—b ce MPUPOIHU OPOEBU U BAKH

(4m—1)(4n—1) = 4(4mn—m—n) +1=4(a® —b® —a) +1= (2c) +1°.

C2 . Toramr m=

Cnopen toa, 6pojoT (2C)2 +1 wma mpoct genuten on Bupor 4k —1. On mamara

Teopema Ha depma criemayBa Jeka Toj menurten Tpeba aa e genuren Ha 2C u 1, mTo €
MIPOTUBPEYHOCT.

19. lokaxxu sieka ako N e MpUpoJIeH Opoj MOrojieM O €/1eH, Torall N He € AETUTeN
Ha 6pojor 2" —1.
Pemenne. Heka Nn|2" —1 u meka P e HajMamMoT TmpoCT jgenuten Ha N . Bumejku

2" —1 e memapen 6poj, Baxu P=>3. Cnopex toa, p|2" -1, te. 2" =1(mod p).
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bunejku NZD(2, p) =1 on manara teopema Ha depma ciemysa 2P-1 =1(mod p) .
Crnopen Toa, 2NZD(p-Ln) =1(mod p). Ho, p|n, ma 3atoa NZD(p-1,n)=1. 3Hauu

2=1(mod p) wTo e npotuBpedHocT. KoHeuHO, 01 J0OMeHaTa MPOTUBPEIHOCT CIeTyBa

leka N He e genmren Ha 6pojor 2" —1.

20. Pemw ja KOHrpyeHTHATa paBeHKa X2 —2x” +x3 +1= O(modb5) .

Pemenue. Ox mManara teopema Ha depma ciieayBa X° = x(mod5), ma orryka cie-
JyBa:
X2 = (x5)2 X =x%.x% = x4(mod5) ux =x°-x°=x-x%= x3(mod5).
JlobuBame
X2 ox” 3 +1=x* =3 +1= 0(modb)
Cera co npoBepka 3a X =0,1,2,3,4(mod5) Bo paBenkata x*—x3 +1= 0(mod5) mobwu-
Bame Jeka X = 3(mod3).

21. Jlokaxku, JeKa 3a CEKOj MpupoAeH Opoj K mocTojaT OECKOHEYHO MHOTY
OpUPOIHH OpOeBH N TaKBU IITO OpOEBUTE

2" +3" -1, 2" +3"-2,..,, 2" +3" —k
CE CIIOKECHH.
Pemenue. Hexa k e magen npuponen Opoj u aa u3depeme mpupoieH Opoj M TakoB

mro 2™ +3™ —k >1. Ox cexoj o Gpoesute
2™ +3M-1,2M+3M-2,..,2M+3M —k
M30MpaMe 0 e/IeH MPOCT ASIUTEN Py, Py,..., Py , cOOABETHO. Heka
= m-+t(py~D)(pp ~D-..(Py ~D)
kage t e mpousBoieH mpupojeH Opoj. 3a cekoj 1,1<i<Kk ke mokaxeme eka
2" =2M™(mod p;). 3a p; =2 KOHIpyeHIMjaTa € OUHMTIENHA, a 32 Pj # 2 O] Maara
Teopema Ha Depma cieaysa

oMt — oMot (p=1)(P2-D--(Pc—D — oM 1 _ oM (mod p;)

Anayorso ce nokaxysa aeka 3t =3"(mod p;) , ma 3atoa
2% 3% —i=2"4+3™ _i(mod p;),

npu mto Baxku 2t +3% —i>2" +3™ _j. Crnopen toa, 2" +3" —i e cmoxen 6poj.
Criopes1 Toa, 32 N =1, 6poeBuTe

2" +3" 12" +3"-2,..,, 2" +3" —k
ce cinoxenu. Ho, t e mpousBonen Opoj, ma 3aToa mocrojar 0ECKOHEYHO MHOTY TaKBU
OpoeBu.

22. JIokaxxu TO WU HETHPAj IO TBPACHETO: 3a CEKOj MpHUpoJieH Opoj N> 2 ocraro-

2" n .
KOT IpH JelieeTo Ha 2° co 2 —1 e crenen Ha Opojort 4.
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Pemenue. Co I 1a ro 03HauWMe OCTATOKOT OJ jeiermero Ha 2" co n. Toram

2" =nk +r 3a Hekoj mpuposen 6poj k m 0<r <n. Cropesn Toa,
22" — ™K+ _ o (mod 2" —1)

n
u 2" <2" —1, wrro 3Haum mexa 2" e OCTATOKOT O ACICHETO HA 22 c0 2" 1. Axo r

e mapen 6poj, Toram 2" e crernen Ha 6pojoT 4.
3a Ja ro ONOBpPrHEME TBPAECHETO Tpeda Aa HajaeMe N 3a KOj COOABETHUOT I €

HemapeH. JacHo, ako N e mapen, Toram r =2" —kn ucTo Taka e mapen 6poj. Ako N e
HETapeH IpocT Opoj, Toram o Manara Teopemara Ha Depma ciaenysa 2" = 2(modn),
T.e. r=2" =2(modn) . Buzxejku r <n mobusame r=2.

Cnopen Toa, Tpeba na Gapame KOHTpampuMep Kora N € HemapeH CIoXeH O0poj. 3a
N =25 JecHO ce mpecMeTyBa JieKa

225 =210.25 = (-1)2.2° =2° =7(mod 25) ,

225
IIITO 3HAYH JEKa 2’ e ocraTok IpH JeJeHheTo Ha 2°  ¢o 2% 1,

23. Heka p e mpoct 6poj U &,8p,...,8pp_1 CE PAsIUYHU NPUPOLHH OPOCBH O

UHTEPBAIOT [1, p2] yyj 30up e nenmuB co P . Jlokaxu, AeKka mocTojat mpupoIHu OpoeBH
b, b,,....0 p—1 TAKBH LITO HUTY €/ICH O/l HUB HE € JIEIMB CO P M 3a KO
1) Bo 3ammcoT Ha ceKoj 0] HUB BO OPOEH CHCTEM CO OCHOBA P Ce cpekaBaaT caMo
mudpute O u 1,
2) 36upor aby +ab, +...+a, p_1b2 p—1 € AEIHB CO P

Pemenue. TBpaemeTo Ke To JOKakeMe 3a MPOU3BOJIEH MpUpoeH Opoj N. 3a Taa
1eJT IPBO Ke ja ToKa)keMe ClieHaBa JeMa.
Jlema. AKO Xq,Xp,...,Xp_q €€ IPUPOLHH OPOCBH KO HE CE JC/IMBH CO P, TOram 3a

2012

cekoj r, 1<r < p—2 moxeMme 3a uzbepeMe HEKOJIKY OJ] HUB YHj 30Mp MPH JelICHE CO
P maBa ocTaTok I .

Hoxas. Jla craBume Sy =0 u ma nmpermocraBuMe Jeka cMe Hamure K, 0<k < p-2
36MpoBH Sg, Sq,...., S BO CEKOj OJ KOM Y4YECTBYBAaaT caMO OPOEBH O X, Xo,..., X H
KOU TIPH Jeielhe CO P JaBaaT pa3iIuuHu ocTaToiy. ['0 momaBame OpojoT X 1 U Aa Iu
pasraename 30MpOBHTE  Sq + X1, 51 + Xk 41, +-e) Ok + Xk41 KOU IPH JIETEHE CO P aaBa-

aT pa3IMYHU OCTATOIM. AKO MPETIIOCTaBHME JieKa THE OCTATOIM Ce MepMyTaldja Ha
S0+ 51, Sk 1 cobepeme nouneHo ke gooueme (K +1)X,,4 =0(mod p), mro He e MOX-
Ho. Criopen Toa, 100MBMe OapeM e/leH HOB OCTaTOK M Taka 0 MHIYKI[Hja Ke | J00ue-
Me CHTE MOYKHH HeHYITH ocTaTtoru. Co Toa jiemara ¢ JoKakaHa. |

Cera TBpIEHETO ClieAyBa IO MHAYKIHMjAa. buaejku 30UpoT Ha JajieHUTE OPOCBU €
JIeNUB cO P, UMaMe 0a3za Ha MHAYKIHMjaTa.

Heka npernoctaume jieka moctojat opoesu by,by,...,by 1 xom ru 3anoponysaar

YCJIOBOT M TakBH WTo 310y +aphy +...+ @ 90 1 = p"A kane n>1wu p He e nemn-
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ten Ha A . bunejku Bo uHTepBaNOT [1, p2] uMa TOYHO [P OpOEBH KOM C€ JICIIUBH CO ),
nobuBame Jeka Mel'y OpoeBuTe 8,4y, ...,y p-1 HMa O0apem p—1 xou He ce IENHMBH CO
p . be3 orpanudyBame Ha OIMIITOCTa MOXKEME J1a IPETIOCTABUME JIeKa TOa ce OpoeBUTE
8,89, 8pq.

CornacHo nemara, 6e3 OrpaHM4yBamk€ Ha OIILITOCTa MOXKEME Jla 3eMeMe JieKa 3a
OpoeBuTe ady,ay,...,8 € TOYHO JeKa 30UpOT & +ay +...+3 + A e nemu co p. Cera,

aKO CTaBUME bI = + pn, i=12..k u bi =h,i=k+Lk+2,..,2p-1, Toram HoBUTE

GpoeBH o 3a710BOJTyBaaT yCIOBOT M 340y +aphy +...+ a5 4Py 1 € nenms co p™t

24. Onipenieny TH CUTE NMApPOBU Ha MPHUPOIHU OpoeBr (M, N) TaKBH MITO
NZD((n+1)™ —n,(n+)™3 —n) >1.
Pemenune. Heka N u M ce npupoaHu OpPOEBH TaKBH IITO
NZD((n+D)™ —n,(n+)™3 —n)=d >1.
Cnopen Toa,
dj(n+)™ —n,
d|(n+)™3 —n.
On NZD(n,n+1) =1, cnenysa aeka d | n+1. Ymre noseke NZD(d,n+1)=1. HaBu-

1)

cTuHa, ako P>1 erakomro p|d u p|n+1, roram p|(N+)™ u p|(n+)" -n ,
0] Kajie toOuBamMe JaeKa
p|(n+D)™ —n—(n+D)™ =—n.
Cnopen Toa
1< p<NZD(—n,n+1) = NZD(n,n+1) =1.
On (1) mobuBame neka
d|(n+)™2 —n—+D)™ +n=n+D™2 —(n+D™ = (n+D)"[(n+1)>-1]. (2)

Bunejiku NZD(d, (n+1)™) =1 ox (2) nobusame d | (n+1)° -1, ogrocko

(n+1)° =1 (mod d). ©)
On nedunnmjata Ha d umame

(n+1)™ =n (mod d) . (4)

Ke pasrieame Tpy ClIydan.
Heka m =3k . Toram

n=n+)" =(n+D)* =[(n+1)°] =1 =1 (mod d).
n+1=2(modd),
28 =(n+1)3%=1(mod d) .
bunejku 7=0 (mod d) umame d =7.
Hexa m=3k+1.0gx (3) u (4) nobuBame
n=(n+)™ =(n+)*+D) =[n+D°*(n+) =1(n+1) = (n+1) (mod d).
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Ho, Toram 1=0(mod d), mro 3uaun d |1. Toa e Bo KOHTpaMKILIKja CO MPETHOCTaBKATa

3a d.
Hexa m =3k + 2. IToBropHo ox (3) u (4) umame

n=n+)™ =(n+)*(n+)? =[(n+1)°T* (n+1)? =1(n+1)? = (n+1)? (mod d)
T.C.
n=n? +2n+1(modd),
n?+n=-1(modd). (5)
On npyra ctpana og n=(n +1)2 (mod d) u nobuBame
n(n+1) = (n+1)° =1 (mod d). (6)
Toram ox (5) u (6) umame 2=0 (mod d), ogrocrHo d =2. Ho, Toa HE € MOXKHO, OH-
nejku d |n wim d | n+1 u 6u nobuse kouTpamukimja co (1).

He e temko aa ce mposepu neka 3a N=71+1 u m=3k ce nodouBa d >1. Koneuno,
peuenuja Ha 3agadata ce (m,n) = (3k,71+1) .

k
k+1 | ap

25. Axo 3a Hekoj uen O6poj k>0 Baxku P +1, kane a e HemapeH Opoj

k
k+2 |ap

noroyieM o1 1, P € HemapeH npoct 6poj, Toramr P +1. Jloxaxwu!

k+1

k
Pemenue. /la npermocraBuMe aeka 3a Hekoj k>0 Baxu p<™|aP +1. Crasame

k
a® =b u no6usame nexa karl |[b+1, 1.e. b=-1(mod pk+l) .

bunejku p e HemapeH O6poj Baku
k+1
aP  +1=bP +1=(b+D(OPL-bP 2 +. . .—b+1),
u kako b =-1(mod pk+1)

b2P =1(mod p) n b?PL=—1(mod p),3a p=12,...

Baku b=-1(mod p), nae

OtTyka
bPL_pP2 4. —b+l=1+1+.+1= p=0(mod p).

k+1

Cnopen toa, p|(b PL_pP24 b +1) uxako p° | (b+1) nobuBame

k+1
pK2 [@P  +1).

26. (Teopema na JlyuBwmi). 3a cekoj poct Opoj P >5 u cekoj mpupoaeH Opoj m

pasenctoto (P—1D)+1=p™ He e MoxHO. JJokaxHu!

i
2

-1
(p-1*=2E=(p-1)|(p-D!.
Hexa 3a mpoctuot 6poj P >S5 u 3a HEKOj MPUPOJICH OPOj M Baku

(p-DH+1=p™. 1)

Pemenue. 3a mpoct 6poj P >S5 umame 2 < <p-1,mae
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Toram (p —1)2 | p™ -1, on xane Haorame neka
(p-D)|p™t+p™2+.. .+ p+l. @)

Ho, p-1| pk -1, mae

pX =1(mod p-1),3a k=0,12,...,
IITO 3HAYH

p" 1+ p™2 4+ p+l=m(mod p-1).

Cera ox (2) mobusame p—1|m, mro 3Haun M= p—1. Koneuno,

p" > P> (p-)P = (p-Dhl,

T.e. p" > (p-1)41 urro nporuspeun Ha (1).

27. Jlokaxu, JeKa MocTojaT 0ECKOHEYHO MHOTY MPOCTH OpOeBU (| TaKBHU IITO 3a He-
KOj mpupoieH 0poj n<( Baxku (| (n—-1)H1.

Pemenne. Crniopen teopemara Ha JlyuBum, ako P e mpoct Opoj morosieM of 5, 3a
HUTY eneH Opoj M He e MoxHO paBerctBoto (Pp—1)H+1=p™. Bpojor (p-1)H1 e
HemapeH M € ToroyieM oj 1, ma 3HayM MMa MpOCT HemapeH aenuren (= p. On pe-
nanmjata | (p—-1)H1 cnenysa nexka > p—1 u 3aroa > p. Cera cmerajku jeka P

MOXe Ja OuJe MPOHM3BOIHO TOJIeM MPOCT Opoj, MOXKEMe Ja 3aKiIyduMe JeKa HMpPOCTU
OpoeBu ( 3a kou mpu Hekoj (> P Baxku (| (p—-1H1 mocrojar OeCKOHEYHO MHOTY.

28. Onpenenu ru cute 6poesn oz o6muk 2", N € N, TakBM ITO MOCITE OTCTPaHyBa-

HETO Ha TpBaTa udpa Bo JeKaJHHOT 3anuc Ha 6pojor 2" 01HOBO ce J0OMBa CTENeH Ha
opojoT 2.

Pemenune. O ycinoBOT Ha 3ajadara clieyBa 2" =10km+2a, kane n,k,aelN u
me{l,2,...,9}. 3emame m:2pq u nobusame 2" :2p+k5kq+2a, pe{0,1,2,3} u
q<{L,3,5,7,9}, npu mro cute komMbuHanmK 3a P u (. Ox 22(2"2 -1) = 2p+k5kq

2" _1, mrto e MOXHO aKo u ca-

ciemyBa a=p+k u 22 —1:5kq . Criopen toa, 5|
Mo ako N—a=4t . Op
2% _1= 2 —)[H T+ @M 2 4.+ 2% 4]

crenysa 15]2% —1, re. 15 5kq. Cnopen toa, =3, j=13. Heka q=9. Jlobusa-
me 2 -1-9.5% 32 k=1 umame 2% =46, mro He € MOXHO. Ako K >1, Toram
9.5 =25 (mod100), a 24 —1=15(mod100), mro moBTOpHO HE € MOKHO. OCTaHyBa
Ja ro pasrieaaMe ciuy4dajor =3. JloOuBame 2% _1=3.5% 3a k=1 umame 2 =16,
T.c. 4t =4 . 3naun, N—4=a,na3aroa n=a+4,a=k+1 u pe{0,1}.3a p=0 uma-
Me a=1,n=5u 2"=32,a3a p=1 gobusame a=2,n=6 n 2° =64=6-10+2°.

Kako u Bo cityuajor kora (=9, npermocraBkata k >1 noBemyBa 10 IPOTUBPEYHOCT.
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3HauM, eJMHCTBEHN MOKHU pelleHuja ce N=5 u Nn=06, T.e. 6apanure 6GpoeBu ce
2°=32u 2°=64.

29. (Jlema na Tye) Heka m>1 u X ce uenu 6poeBu, NZD(m,Xx) =1. Jlokaxu aeka

T0CTOjaT MpUPOIHK OpoeBr a u b, Taksu mro a,b <[\/m] u exen ox 6GpoesuTe ax+b
win ax—b e genus co m.

Pemenne. ['u pasrienyBame OpoeBute ox o0iauk U(a,B) =ax+p, O0<o,B < [Vm].

Husnuot 6poj e (\ﬁ +1)2 > M, na oj NpUHIMUNOT Ha J[upuxiie cienysa Aeka MOoCTojaT
aBa paziaununu napa (oq,p;) u (a,,Bp) Takeu mro U(oy,B;) =u(ay,Br)(modm), T.e.
(o —ap)X =By —B1)(modm) . Ho, NZD(m, X) =1, ma 3atoa o4 # o, u Py # B,. Heka
a=jog—o,| u b=p—P,|. HobuBame nexa ax ==tb(modm). Crnopen Toa m|ax+b
wi mjax—b.

5.3. AHOPAHTOBU PABEHKH

1. Bo MHOECTBOTO IPUPOJAHHE OPOEBH PEIIH ja paBEHKATa
X4+ yHzl=ul.

Pemenue. Heka uerBopkara (X,Y,Z,U) e pelleHde Ha JajeHaTa paBeHka. Heka
v=max{X,Yy,z} toram 1<v<u um w!<u(u-D!'=ul=x4+yH+z!<3v!. 3xaum u<3.
3a uU=3 ja noobuBame paBeHkata 3!= X4+ yH z! yuemro pemenne e X=y=2=2. 3a
U =2, paBeHkara Hema peuieHue ouaejku XH yH42z1>3>2 =21 Cauuno, paBenkara

HeMa peleHre kora U=1. 3Hauu, eTMHCTBEHO pelieHne e X=y=2=2, u=3.

2. Onpenenyl T cUTe NPUPOIHU OPOEBH N, TAKBU ILITO OPOjOT

14+24-34...+n!
Jla € TIOJTH KBaIpar.

Pemenne. Ox toa mro 5!=120 3akmyuyyBame nexa nudpara Ha exuHUIUATE HA Nl e
HyJa 3a cexoj N>5. Cnopen toa, 6pojor 14+243H-...+n! uma mudpa Ha enuanmm 3,
3a N>5, (uudpara Ha exuaunure Ha 1H2H-34+41=33 ¢ 3). Ako enen Opoj uma
mudpa Ha €AMHMIM 3, TOraml TOj OpOoj HE € KBaJapaT Ha HHUTY €lIeH Opoj, Ouaejku
KBaJIpaTOT Ha OWJIO KOj Opoj nma 1udpa Ha equHUY Wid 1, wia 4, wiu 5, wim 6, win 9,
wi 0. 3Haum, 3a HUTY efieH npupojaeH 6poj N =5 Opojor 1H42H-34...+n! He e monH
kBagpat. OcTaHyBa Ja ce€ HCIUTAa JaldW 3a HEKo] mpupoaeH Opoj N<4 Opojor
14+ 24+ 34...+n! e monn kBaapart. [Ipuroa:

-san=1, 142434 .+nl=1=1

-zan=2, 142434.+n!=14+21=3,

~3an=3, 14234 +nl=142131=9=3

-san=4, 1424+34..+n!'=1+243+41=33

3Hauu, €UHCTBEHU MPUPOAHH OpoeBH N 3a ko Opojor 1H2H3H-..+n! e moan
KBaJIpaT Ha HEKOj mpupojieH Opoj ce 1 u 3.
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3. Bo MHOk€eCTBOTO NPUPOAHU OPOEBH PEILU IO CUCTEMOT PABEHKU
ab+c =13
{a+bc:2&
Pemenne. Axo ru cobepeme paBeHKHUTE, MOCIE CPEAYBAKBETO JOOUBaAMeE:
(a+c)(b+1) =36
Axo max, oJ1 BTopara ja oJl3eMeMe IpBaTa paBeHKa, I0Cie CPEeyBamkETO T00MBaMe:
(c—a)(b-1) =10
Crnopen Ttoa, (b+1)|36 u (b—-1)|10. Ho, 36=2-18=3-12=4-9=6-6 u 10=
1.10=2-5. Co HemocpeHa IpoBEpKa ce JOOHMBA JeKa TUHCTBEHH MOKHHU BPEIHO-
cruzabcee2,3ull.3a b=2, ce qobuBa cuctemMor
2a+c=13
{a+20=23
gue penienre ¢ a=1,c=11.3a b =3, ce nobuBa cucreMoT
3a+c=13
{a+3c:23
gue pemeHre € a=2,c=7.3a b=11, ce no6uBa cucTeMOT
1la+c=13
{a +11c =23

yye pemeHue € a=1,c=2.

4. Bo MHOXECTBOTO MPUPOJIHU OPOEBU T'eIlId IO CUCTEMOT PAaBEHKH
X yl=721
{x +y=2z
Pemienne. Ako o BTOpaTa paBeHKa 3aMEHUME BO IpBaTa PaBeHKAa HA CHCTEMOT
Z=X+Y, noousame X4 y!=(x+y)!.

Axo mocienHara paBeHka ja nogenaume co X!yl ja moOuBame paBeHkata

xHy!l  (x+y)! 1 .1 (x+y)!

— = -4 == —

xlyl xly! x! oyl xtyl
(x+y)!

bpojoT ox necHaTta cTpaHa Ha paBeHKaTa cekorai npupojieH 6poj. Crnopen Toa

x!yl

Tpeba na ru onpepenuMe OpoeBUTe X M Y 3a KOU %+% € MpupoJeH Opoj u Toj Opoj

|
Tpeba na Oue eIHAKOB % Axo X,y >3, Toramt %4‘% S%

neka 0< X,y <2. HemocpenHo ce mpoBepyBa jeka 3pa3or %+% e men Opoj camo 3a

<1, on mro cnemyBa

X=y=0, X=y=1 u3a X=y=2. Ox onpeneieHUTe BPSIHOCTH 32 X H Y €IHH-
cTBeHO X =Y =1 e perieHue Ha MOCIEAHATA PABCHKA.
3Hauu, perieHne Ha cucremor e X =y =1, z=2.

. X _
5. Bo MHOXECTBOTO IIPHPOIHU OPOCBH PEIIH ja PABCHKATA —— = ;5
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Pemenne. be3 orpannyyBame Ha ONIITOCTa MOKEME Jla 3eMeMe Jieka Y > X. AKo

X =Y, Toraim x°x!=z1, na saroa z>X. Ilocnennara paBeHKa HeMa pelIeHHja 3a

Z>X+2, Oujuejku JieBata cTpaHa € IOMajia OJl JieCHaTa, a BO ClIy4auTe Z=X W
Z = X+1 necHo ce nobuBa pemennero X=y=z=1.

Hexa y > X, mTo 3Haum Yy > 2. AKO paBeHKarta ja moMHOKUMe co Y! noOuBame

YOS 4 y(y— 1) (x+1). (1)

z!
Axo Yy >z, Toram neBara cTpana Ha (1) e menuBa co Y, ma 3atoa Y|1, mrto e mpo-

tuBpedHocT. Cnopen toa, Y<Z.

Cnyuaj 1. 3a y=17 wumame X2+y2 =1+y(y-1)...(x+1). Ako Yy=>X+3, Torai
y>4 u

(y=3)2+y? >x® +y? > 1+ y(y-D(y-2),

ma 3aroa y3—5y2+8y—8£0, T.C. y2(y—5)+8(y—1)£0. JlecHo ce rienma jeka
MIOCJICZIHOTO He Baxkk 3a Y >5, a Y=4 He nmaBa pemienue. 3Haun, X+1<y<x+2.

Taka ru moOuBamMe paBEHKUTE 2x% +x—1=0 u 2(X2 +2X+2) =1+ (x+1D(x+2) , xou
OYHIJICHO HEMAAT PEIIeHH]a BO MHOXECTBOTO MTPUPOIHU OPOECBH.

X2+y2
z(z-1)...(y+2)
TOraml TOPHUTE OIEHKH CE€ YINTE MOCHJIHM, IITO 3HA4YM JieKa [OBTOPHO HMame
X+1<y<X+2.Ako Y=X+2>3, nobuBame Z >4 u 3Ha4u

Cnyuaj 2. 3a y < Z umame =1+y(y—-1...(x+1) . JacHo, ako Yy > X+3,

x2+(x+2)2 x2+y2 _
7 > DD =1+ (X+D)(x+2).

OrtTyka 2x% +4X+4 > 4X% +12x+12 , To He € MoKHO. OcTaHyBa Ja To pasriienaame
x2+(x+1)2
z(z-1)...(x+2)
MocJieIHaTa paBE€HKa MMa JiBa MHOXKMTENH, TOrall Taa € MoMajla WM €JIHAaKBa Ha

2x% +2x+1
X2 +5X+6

y=4wu z=5.

ciydajot Y = X+1, npu mro = X+ 2. AKO BO UMEHHTEJIOT Ha JPOIKaTa Ha

<2.3Haun, Z=X+2 U 2X2+2X+1:(X+2)2,01[ kane Haorame X =3. Cera

KoneuHo, penienynja Ha modetHara pasenka ce (X,Y,z) =(111), (3,4,5) u (4,3,5) .

6. Bo MHOeCTBOTO 11 OPOCBH J1a Ce PElIn paBeHKaTa
2 2
X“(y-1)+y“(x-1)=1. (¢D)]
Pemenne. Axo BoBeneme cMenn X =U+1 u Y =V+1 nobuBame
(u +1)2v+ (v+1)2u =1.
Co cpenyBame Ha MocjeaHaTa paBeHKa 100MBaMe

u2v+2uv+v+v2u+2uv+u =1

uv(u+v)+4uv+u+v=1
uwUu+v+4)+U+v+4)=5
(U+v+u)(uv+1) =5. 2
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bunejku U,V ce nenu 6poeBu, a 5 € mpocT Opoj, MOKHH CE CIETHUBE CITydan
{u+v+4=5 {u+v+4=—5 {u+v+4=—l {u+v+4=1

uv+1=1, uv+1=-1, uv+1=-5, uv+1=5.
Cnopen toa,
u+v=1 u+v=-9 u+v=-5 u+v=-3
{uv =0 {uv =-2 {uv =6 {uv =4
Cropen Toa, U U V ce 1eIoOpOjHU pellieHrja Ha HeKoja O] KBaJpaTHUTE PaBEHKH:
t2-t=0, t24+9t-2=0, t?+5t—-6=0, t2+3t+4=0.

Bropara u yeTBpTaTra paBeHKa HeMaar 1EeIOOPOjHH pPEUICHH]a, T0JIeKa MpBaTa UMa pe-
menuja t; =0,t, =1, a Tperara t3 =-6,t, =1.

KoneuHo, 32 U ¥ V MOCTOjaT YeTHpHU MOJPEICHH Mapa KOU ce peuieHuja Ha (2) u
toa (0,1), (1,0), (-6,1) u (1,-6), a 3a (X,y) pelieHHja ce MOAPEACHHUTE MMAPOBH
@ 2),(-5,2),(2,2),(2,-5) .

7. Bo MHOeCTBOTO 11e7T OPOEBH PEIIN ja paBeHKaTa
X2 + y2 =622
Pemenne. [IpBo na 3abenexume nexa (X,Y,z)=(0,0,0) e perrenue Ha paBeHKaTa.
Heka (a,b,c) e emHo pemieHue Ha paBeHKATa PA3MYHO OJf TPUBHJAITHOTO M HEKa
NZD(a,b,c) =1. Axo NZD(a,b,c) =k >1, Toram

a®+b? =6c%,(2)° +(2)? =6(8)° n ay =2eZ, b =LeZ ug=Ltez
u (ay,by,c;) e pemenne Ha paBenkara u NZD(a,by,c;) =1. bunejkn 3| 6c? Mopa |
3| a® +b?. Ako 3 He e JenuTeN Ha @ U 3 He e AeauTel Ha b Toram a= +1(mod3) u
b=+1(mod3) ma a’ =1(mod3) u b?> =1(mod3) u ce nobusa eka a2 +b? = 2(mod 3)

Ima ce 06MBa JeKa 3 He € jenuTen Ha 6C° IITO e HOPOTHBPEYHOCT, Ma Mopa 3 1a e
nenutes Ha @ wim Ha b . Axo 3|a, toram 3|b (wcro ce noOuBa ako ce MpeTNOCTaBH

neka 3|b). 3naun 9|a2 u 9|b2 ma Mopa u 9|6C2 OJTHOCHO 3|C2, nau 3|C, o Kajie
nobuBaMe JeKa eeH 3aeIHUYKK JeInTeI Ha a, b u € € 3, ma NZD(a,b,C) #1. 3na-

4M, ¢IMHCTBEHO PEIICHUE Ha paBeHKarta € TpuBujanHoTo (X,Y,Z) =(0,0,0).

8. Bo MHOeCTBOTO 11e7T OpOeBH pelin ja paBeHKaTa
2% +1= Xy(xy +2y—2x—4).
Pemenne. BoBemyBame cmenn X=U-1,y=V+1 wu nobuBame neka maneHara

paBeHKAa € SKBHBAJICHTHA Ha paBEHKAaTa 2% +1= (u2 —1)(V2 —1). JlecHo ce mokaxyBa
neka U,V u z ce mapuu OpoeBu. I[lonaramy, ako |U[>1, Toram u? -1 nma pocT
nenuren P TtakoB mro P =3(mod4). 3aroa 2% +1= O(mod p) mTo HE € MOXKHO,

ouaejku ako P e mpoct 6poj takoB mrTo P=3(Mod4) u p e geauTen Ha a? +b?,
Toram [P e genuren u Ha X u Ha Y. Cnopen toa, U=0. AHaiorHo ce noOMBa JieKa
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v=0. 3Haun, z=0 ¥ eIUHCTBEHO peCIICHUE Ha JaJieHaTa paBeHkKa ¢ X=-1, y=1,
z=0.

9. Bo MHOeCTBOTO 11e7T OpOEBHU PelIn ja paBeHKATa
x2+y2+z2 =2Xyz .
Pemenmne. [la 3abenexume neka (X,Y,z)=(0,0,0) e perienue Ha paBeHKaTa. JacHo,
aKo elIeH oJf OpoeBHTE X,y W Z € eIHAKOB HA HyJa, TOTAlll ¥ OCTAHATHUTE J[Ba CE€

e/IHaKBM Ha Hyja. Heka mpeTrnocrtaBuMe JieKa HUTY €JIeH o]l o] OpoeBUTe X,y U Z He

€ elIHaKOB Ha Hyja. Toram X = 2K %, Yy=2"yy u z=2"z ,xane X, y; u Z ce He-
napHu OpoeBH. 3apaju CUMETPUYHOCTA HAa PaBeHKara 0e3 ryOeme Ha OIMIITOCTa MOKe-
Me ja mpernocraBume eka k <n<m. Toram

22k X]? + 22“ y12 + 22m Z]? — 2k+n+m+l lelz]-’

X12 + (zn—k y1)2 + (2m—k 21)2 — 2n+m—k+l X]_y]_Z]_-
Axo k <n Ttoram jieBara CTpaHa ¢ HENapHa, a JECHATa MapHa, IITO HE € MOXKHO, Ia
3aroa k =n. Cnopen Toa,
X+ Y7 +(2"  7)? =2y .
Axo k =m roramr ieBara CTpaHa Ha paBCHKATa € HEIAPHA, a JecHaTa CTpaHa ¢ IapHa,
IITO HE € MOXHO, 1ma 3aroa K <m. Cera ox X =+1(mod4) n y; =+1(mod4) crexysa

X12 + y12 =2(mod4), T.e. 4 He e AenMUTEN HA X12 + y12 , HO 4| (2m—k Zl)2 u 4| 2m+1xly121
MTO € mpoTUBpeyHOCcT. KoHeuHo, o1 Jo0HeHaTa MPOTUBPEYHOCT CIIeAyBa JeKa €IuH-
CTBEHO pernienue ¢ TpuBujaioto (X,Y,z) =(0,0,0) .

10. Bo MHOkeCTBOTO IeNTH OPOEBH PELIN ja paBEeHKATa
X3 = (x—y)(Bxy +1).
Pemenue. //pg nauun. CtaBame X =Yy-+2Z W IOCJIE CMEHa BO JaJieHaTa paBeHKa ja

nobrBaMe paBeHKaTa
2(2* 1) = (-y)°. (1)

Axo z>1, roram —Yy >0. buznejku OpoeButre z u 22 —1 ce 3aemuo MIPOCTH, CIIeAyBa

3 3_p3

neka z=a° u 72 1= b3, kage @,beN. Orryka no6usame (a2) =1, mTo He €

MOkHO (mokaxwu!). Ako Z<-1, craame t=-Z u (1) ro mpuMa BHIOT t(t2 -1 = y3,

Ia Cropej MPEeTXOTHO M3HECEHOTO MOBTOPHO Hemame pereHue. Cropen toa, Z =0,

z=+1, y=0, na 3aroa pemrenuja Ha qaaeHara paserka ce (X,Y) =(0,0), (1,0), (-10).
Bmop nauun. Hexa X #0, X # Y . bunejku 6poesute X u 3Xy +1 ce 3aeMHO mpocTu

nobuBame, IeKa X € JAeauTea Ha X—VY, T.e. X ¢ geaurtena Ha Y . CtaBame X =Ky , kaze

k € Z . 3ameHyBamMe BO JaJecHaTa paBEeHKa W J00MBaMe (l—k)(3ky2 +1):X2. Axo

k>1 wmm k<O, mecHara cTpana Ha IIOCJ€IHATA PABEHKA € HEraTHBHA, INTO HE €
moxHo. 3a K =0,1 ru nodbusame pemenujara (X, y) = (0,0), (1,0), (-1,0) .
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11. Ompenenu ro HajMAIHOT MPUPOJEH OpPOj N 3a KOj paBeHKaTa %+l =—0 pe-

Yy 47°41
Ma pelieHue X, Y,Z BO MHOXKECTBOTO IPHUPOIHU 6poeBH.

Pemenue. 3a n=1,2,3 pemennja Ha paBeHkaTa ce X=Y =10,z=1 Xx=y=52z=1
u X=10, y=2, z=1, cooaserHo.

Ke nokaxeme Jeka 3a N =4 paBeHKaTa Hema peulenue. JlajeHaTa paBeHKa € eKBH-
BaJICHTHA CO paBeHKaTa (X+ y)(4z2 +1) =4xy. Heka x=2%x,y= 2P Yy, kage a,b>0

U X, Y; ce HemapHH OpoeBu. Ako a > b, Toram

a-b 2 a
P +y)@z°+D) =4-2%Y,,
IITO HE € MOXHO, OMJICJKU JieBaTa CTpaHa Ha IOCJIeHATA PaBEHKa € HerapeH Opoj.
AHajorso, ciay4ajot b > a He e moxkeH. Criopen Toa,
2 a
(% +y)@z°+D) =4-2%y, .
Torai 4 € ACJIUTCII HA Xl + yl’ IITO 3HAYHU ACKaA Xl Hu yl CC HCIIapHHU 6pOCBI/I KOU Aa-

BaaT pasJIMYHU OCTaTolM Ipu Jenewme co 4. Heka X =4X, +1 u y; =4y, —1. Ho,

TOraml Y, MMa IOpocT genuten P o BupoT 4k —1, koj e nenauten Ha 47° +1, mTo He €

MOXHO.

12. lTajnenu ce aBa 3a€MHO MPOCTH MPUPOJHU Opoja M u N . Jlokaxwu, JeKa paBeH-

kata X U"+y™" =z™W" numa Geckoneuno MHOTY pelreHHja BO MHOXKECTBOTO HpH-
ponHu OpoeBu.
Pemenne. busejku m u n ce 3aeMHO npocTu 6poesw, mocrojat o6poeBn 1<Kk <n u
1<1<m rakBu mro Km—nl =1. Toram 3a cexoj i € N OGpoeBute
X = y:2m1u :szmi’ Z:Zni+k,W=2mi_l

ce pellleHuja Ha Ja/leHaTa paBeHKa.

13. Jlokaxxu Jeka 3a CEeKOj HeHeraTHMBEH Iiejd Opoj N, paBeHKHUTE X2 + y2 =N u

X2 + y2 = 2N uMaat ucT Opoj eT00POjHU pelIeHH]a.
Pemenne. Hexka nelNy n meka K(n) e OpojoT Ha 1enoOpojHH pelieHWja Ha

2

paBeHKaTa X2 + y2 =n, a L(n) e 6pojoT Ha 1en0OPOjHH pelIcHHja Ha X~ + y2 =2n.

Heka (Xg,Yp) € LenoOpojHO pelieHue Ha G +y2 =n. Toram (Xg—VYo,Xo+VYo) ©

1eJ00POJHO pElIeHne Ha X2+y2 =2n. Ilputoa, ako (X, Y;)# (Xp,Y,), Toram u

2

(X = Y1, %1 Y1) # (Xo — Y2, X5 +Y5) . 3HauM Ha ceKoe peleHne Ha X~ + y2 =N cooBeT-

CTByBa IICJIOOPOJHO pEIICHHE Ha x2+y2=2n, W Ha pa3IMYHU peEIIeHWja Ha

X2 + y2 =N COOABETCTBYBAaT pA3IMYHHU pEIICHUja Ha X2 + y2 =2n. Cnoopen Toa,

X0—Yo

K(n) < L(n). Cera, ako (Xg,Yp) € peuieHue Ha X2 + y2 =2n, roram OpoesuTe ——

Xo+Yo 2
2

- +
ce nenu (3omro?) u (%,%) ¢ pemieHre Ha X° + y2 =n. [lputoa Ha
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2

pa3IMyHU pemieHuja Ha X +y2 =2N COOJBETCBYBaaT pa33NMUYHU pelIeHHja Ha

x2 +y? =n.3naun, L(n)<K(n), nasaroa K(n)=L(n).

14. Jloxaxxu feka 3a cexoj mpupojeH 0poj K paBeHkara a’+b% =cX uma pelieHue

BO MHOKECTBOTO MPHUPOJIHU OPOEBH.

PR T A 3+ (D¢ ok
Pemenne. Ako ke N, rtoram 5k =(¥-2 2 ~5[ 2 ])2+(2 2 .5[ 2 ])2’

re. 5L = (5K 1)2 2.5k 12 52k _ (3.5k1)2 | (4.5k)2.
Jlokaku Nieka najieHaTta paBeHKa MMa OeCKOHEUHO pemnieHuja Bo N 3a MpoW3BOIHO
n30pan kK e N .

15. Bo MHOECTBOTO MPUPOTHU OPOCBU PEIIIH ja paBeHKaTa
(7Ta—b)? = 2(a—1)b?.
Pemenne. Ox ycnoBoT cienyBa neka 2(a—1) mopa ga Omae ToueH KBaapar Ha
npupoJieH Opoj, ma 3atoa a—1= 2k?, re. a=2k’>+1, 3a Hekoj nen 6poj k. Torarmr
Ta—b=+2kb, T.e. 7(2k2 +1) —b ==+2kb . bunejku ve mocraBuBme ycioB Kk >0, 6e3

OTpaHMYYyBamke Ha OIMIITOCTa MOXEME Jla 3eMeMe JeKa 7(2k2 +1)—b=2kb, o xane
nobuBame

b 7(2k?+1)
T 2k+1l

Ho, b e mexn 6poj, na 3aroa 2k +1| 7(2k2 +1) u Ouaejku

2.7(2k? +1) = 2-7(2k? +1) = 7+7 = 7(4k® —1) + 21 = 7(2k —1)(2k +1) + 21
3akimyuyBame jeka 2K +1| 7(2k2 +1) axo u camo ako 2k +1|21. IIpuroa, 3a cexoj Len
opoj k 3akoj 2k +1| 21, pemienne Ha 1ajeHaTa paBeHKa € MapoT

7(2k?+1)
2k+1

a=2k?+1 , b=
Cera jiecHO ce JoOuBa eKa
(k,a,b) €{(0,1,7),(1,3,7),(3,19,19), (10, 201,67),(-1,3,-21),
(-2,9,-21),(-4,33,-33),(-11, 243,-81)}.

16. Bo MHOkECTBOTO 11eJTM OpPOEBH PEIIH ja paBeHKAaTa
% + % + % =3.
Pemenue. JacHo, X,Y,Z#0. JlanecHara paBeHKa ja MHOKHAME CO XYZ W IOCIE Cpe-
TYBAFb-ETO MCTAaTa MOXKE J1a CE 3aITUIIE BO OOJIUKOT
(y2+22)x2—3xyz+y222 =0. @
[Tocnennata paBeHKa € KBaJpaTHA paBeHKA MO X CO MEJ0OpOjHU KOCPUIIMCHTH. 3a Ja

UCcTaTa MMa IeJI0OOPOJHH pellieHr]ja TIOTPEOHO € HEj3MHATa TUCKPUMHUHAHTA J1a € TOYCH
KBaJpar. 3HaYH,
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9y222 —4y222(y2 + 22) = y222(9—4(y2 + 22)) =A% AcZ.
Ottyka cienyBa aeka 9—4(y2 +22) =B?, BeZ. 3Hauwu, 4(y2 + 22) ~9-B? <9, ma

3aroa y2 +72<2. Ho, y,z#0, ma ox mocnennara paBeHKa cjeayBa y2 =72 =1, te.
y=+1 z=+1.

Axo Yy =12z==1, roram oz (1) cinenysa 2x2 —3x+1=0 , OII Kazie Haorame X =1.

Axo Y=17z=-1 wmako Yy=-1 z=1, toram ox (1) cnemysa 2x2 +3x+1=0 , OII

Kage gaorame X =-1.
3Hauu, peleHuja Ha J1aJieHaTa paBeHKa ce

(X’ Y, Z) E{(l,l,l), (_1111 _1)1 (_11 _11 1)1 (l, _11 _1)} :

17. Bo MHO€ECTBOTO IIeJIi OPOEBH PEIIIH ja paBCHKATa
a® +2ab+2b% =13.
Pemenue. PaBenkara ke ja 3amuiieMme Bo BUAOT (a+ b)2 +b% =13. bunejku a u b
ce uenu OpoeBu, gobuBame neka —3<a-+b<3. HaBuctuna, ako a+b=>4 wmm
a+b<-4, roram (a+ b)2 +b? >16+b% >16>13. 3Haum, Tpeba Ja TU pasrieaaMe
cenymre ciydan: a+b=43,a+b=42, a+b=+1u a+b=0.
Axo a+b=+1 wmm a+b=0, Toram paBeHkara ro A00MBa BHIOT b2 =12 wm

b? = 13. [ocnenHuTe qBE paBEHKH HEMAAT PEIICHUE BO MHOXKECTBOTO LIEITH OPOCBH.

Ke ru pasriename 4eTHpHUTE IPEOCTAHATH CITy4YaH.

a) a+b=-3. Toram b? =4, onqHocHo b=2 wm b=-2. 3a b=2 pemenne Ha
nouerHarta paBeHka ¢ a=-5b=2. 3a b=-2 pemenne Ha moveTHara paBeHKa €
a=-1lb=-2.

0) a+b=3. Toram b2 =4, onrocro b=2 wm b=-2. 3a b=2 pelieHye Ha

nouetHata paBeHka ¢ a=1b=2. 3a b=-2 pemenne Ha Mo4YeTHATa pPaBEHKA €

a=5b=-2.

B) a+b=-2. Toram b2 =9, ogaoco b=-3 wimu b=3. 3a b=-3 pemenne Ha
novyerHara paBeHka ¢ a=1, b=-3. 3a b=3, pemeHue Ha ToOYeTHAaTa paBEHKa €
a=-5, b=3.

r) a+b=2. Toram b? =9, ognocno b=-3 win b=3. 3a b=-3 pemenne Ha
novyerHara paBeHka ¢ a=5, b=-3. 3a b=3, pemenue Ha moyeTHara paBeHKa €
a=-1, b=3.

KoHeuHo pelieHrjaTa Ha paBEeHKaTa ce

(a,b) €{(-5.2).(-1.-2).(1.2),(5,-2), (1L, 3),(-5,3),(5-3).(-1.3)}.

18. Bo muoxectBoro N {0} pemm ja paBeHkara X2+ X = y4 + y3 + y2 +y.

Pemenne. Ounrnenso e nexa (0,0) e exHo penrenue Ha paBeHkata. [loyernara pa-

BEHKaA ja TpaHchopmupame Bo oOsmkoT X(X+1) = (y2 +l)(y2 +Yy).3a y=1 ja nobu-
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Bame paBeHkata X(X+1) =4 koja Hema pemienne Bo mHOkecTBoTo N U{0}. 32 y=2
ja nobuBame paBenkata X(X+1)=5-6 u mapor (5,2) Bo mMHOxectBoro NU{0} e

€JMHCTBEHO pelleHue Ha noyeTHara paseHka. Heka y > 3. Toram

2
D2 +Y) =y Py ey <yt B 2 Yo (2 DR+ L)

2
oD ) =y Y Yy >y ey e e = (P S P ).
Crnopen Toa,

2 2 2 2
(v* + 3= DO +53+3) <Xx+D < (y* +)(y* +53+D) (1)
u kako X,y € Nw{0} ox mocrneanute HepaBEeHCTBa cjelyBaaT HEPABEHCTBATa
2 2
yo+3-<x<y’+3. )

Cera, ako Yy =2k, toramr ox (2) cieayBa jeka 4k? + 2k —% < x < 4k? +2k , IITO HE €
MoxHO 3a HUTy eneH X € NU{0}. ITonatamy, ako Yy =2k +1, Toram ox (2) cieaysa

neka (2k +1)2 +k <x<(2k +1)2 +k+% , ITO HEe ¢ MOXKHO 3a HUTy eaeH X € N U{0}.

Cnopen Toa, 3a Y > 3 HoYeTHATa paBeHKA HEMa PEIICHHE .

3Hauu, eqMHCTBeHHU perienuja Ha paBenkara ce (0,0) u (5,2) .

19. Jagen e mpupoaeH 6poj N. Ompenenu T CUTE TOAPEICHU YETBOPKHU IETH

6poeBu (X, Xp, X3, X4) TAKBH IITO X2 + X5 + X5 + X3 = 4",

Pemenne. Hexka n=1. Toram paBeHkaTta ro 1o0uBa BUJIOT X12 + X% + X% + X‘% =4,

OJ1 KaJie cielyBa JeKa
(X1, %2, X3, %4) €{(£2,0,0,0), (0,£2,0,0), (0,0,42,0), (0,0,0,£2), (+1 +1,+1,+1)}.
Hexka npernocraBume jieka N> 2. Toram
X2+ X3 + X5 +x2 =4" =16-4""2 = 0(mod8). (1)

Ho, 3a cexoj npupojieH 6poj X Baxku x2=0,1 wm 4(mod8) , ma 3aroa 3a ga 30MpOT
Owuzie mapeH Mer'y OCTaTOIMTE MOYKE Jla KMa caMo TiapeH O0poj eauuunu. Ho, Torar
x12 + x% + x§ + xdzf =2,4,6 wm 10(mod8),

mto npotuBpeun Ha (1). Cropen Toa, HUTY €AeH 01 OpPOEBUTE X12, X%,X%, X42f HE € KOH-

TpyeHTeH co 1 mo Moayn 8, ma 3akinydyBame Aeka OpOeBUTE X, Xp, X3, X4 C€ MapHH, T.e.
X = 2k1, Xo = 2k2, X3 = 2k3, X4 = 2k4,

AKO 3aMeHUME BO MMOYETHATA PaBEHKa 00MBaMe U JoOMeHaTa paBeHKa ja MOJIEINME CO

4 ja nobuBame paBeHKaTa

k? +k5 +kZ +kZ =41,
3a Hekou nenu 6poeBu Kp, Ko, Kz, Kg. Ako N—1>2, Toram ox nperxoJHO H3HECCHOTO
ciemyBa neka opoesure Kq, Ko, k3, ks Mopa na ce mapuu. IIponomkyBajku ja mocramkara
3aKIydyBaMe aeKa

X =2"tmy, % =2" T my, xg = 2" mg, x4 = 2"y,
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3a HEKOM Lenu OpoeBn My,My,Mg,My. Co 3amMeHa BO NOYETHATa PAaBEHKa, I0CIIE

CKpaTyBameTO CO 41 ja nmoOuBaMe paBeHKaTa mlz+m§+m§+m£ =4, 3a koja

HpeTXOI[HO IIOKa>»aBM€ JA€Ka €IMHCTBCHHN pemeHHja (6]§]
(my, My, mg, my) €{(+2,0,0,0), (0,2,0,0), (0,0,+2,0), (0,0,0,+2), (+1, +1,+1, +1)}.

KOHC‘IHO, Ol JoCCra M3HCCCHOT ClICAyBa JC€Ka CIAMHCTBCHU pemeHHja Ha no4dycTHaTa
PaBCHKa CC

(X1, %2, X3, X4) €{(+2",0,0,0), (0,+2",0,0), (0,0,+2",0),(0,0,0,+2"),

(2" 420 4ot on-lyy

20. Bo MHOXecTBOTO 1Liesii OpOEBH PEIH ja paBEeHKaTa
a? +5b% —2¢? —2cd —3d? =0.
Pemenne. JacHo, eHO pemieHWe Ha JajeHaTa paBeHka ¢ a=b=c=d =0. Heka

NPETIOCTaBUME JIeKa Ja/icHaTa paBeHKa MMa JApYyro pemieHue. be3 orpanundyBame Ha
ommTocTa MOkeMe Ja nperrnoctaBuMe aeka NZD(a,b,c,d)=1. Jlanenara paBeHka e

CKBUBAJICHTHA HAa paBCHKaTa
2(a® +5b%) = (2¢ +d)? +5d?. (1)
Ke pasrienyBame KOHrpyeHuuu no moayn 5. Ilpurtoa na 3alenexume Jeka 3a CEKoj

pe”Z Baxu p2 =0,1 wm 4(mod5). Ox (1) cnenysa nexa
2a’ = (2c +d)?(mod5) .
Axo a’ = 1(mod5) , roram (2c+ d)2 = 2(mod5) , mTo € NPOTUBPEUHOCT.
Axo a° = 4(mod>5), Toramr (2C+ d)2 = 3(mod5), mTo € NMPOTHUBPEYHOCT.

3naun, a’ = O(mod5) wu Toram (2C+d)2 =0(mod5), ox kame ciemyBa Jeka
a=0(mod5) u 2c+d =0(mod5). BoBenyBame cMenn a=5X u 2c+d =5y, co mro
ja noOuBaMe paBeHKaTa
2(5x% +b?) =5y? +d?.
Ha moTmojsHo MCT HAaYMH Kako M MPETXOJHO 3akiydyBame jgeka D=0(mod5) wu
d =0(mod5), a moroa ox 2c+d =5y crneaysa gaeka ¢ =0(mod5). Cropen Toa, Baxku
5| NZD(a,b,c,d), mro e mportuBpeunoct. Koneuno, o nobueHata MPOTUBPEYHOCT

clle/TyBa JieKa eJMHCTBEHO peIlleHHe Ha MoYeTHATa paBeHka e a=b=c=d =0.

21. Bo MHOXECTBOTO 11eJIM OPOEBHU PEIIN ja paBEeHKATa
7a+14b =5a +5ab +5b” .
Pemenue. PaBeHkaTa MokeMe /1a ja 3amuineMe Kako KBaJpaTHa paBeHKa 1o b , mpu
IITO
5b? + (5a—14)b+5a% —7a=0.
Hej3unu pemiennja ce

by 14-5a+(5a-14)*-20(5a>~7a) _ 14-5a+[196_75a7
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2 196
< =2
a - 75 :

Ho, a e men 6poj, ma moxxuu Bpennoctu 3a a ce ae{-10,1}. Co

3a ;ga pemieHWjaTa ce pEaliHd, JIOBOJIHO € 196 —75a° >0, T.e. 3Hauw,

14 . 14
— 2% <g<2

543 53
3aMeHa BO IOYETHATa paBeHKa JoOuBame: ako a=-1, toram by =3 u b, ¢7Z; axo

a=0, roram by ¢7 u by =0;axo0 a=0, Toram by =2 u b, ¢ 7.
3naum, Oapanute pemenuja ce (a,b) e{(-1,-3),(0,0),(1,2)}.

22. Bo MHOXECTBOTO IIPUPOIHA OPOEBHU PEIIU ja paBEHKATa
X3 + y3 +1=3xy
Pemenue. J/[anenara paBeHka MociueI0BaTEIHO € CKBUBAJICHTHA HA PABCHKUTE
X3 + y3 +3x2y+3xy2 —3x2y—3xy2 +1-3xy =0,
(x+Yy)> =3xy(x+y+1)+1=0.
AKO BOBeZleM€ O3HAaKH X+Y=p U Xy =(, TOoram goOuBame p3 -3q(p+1)+1=0,

T.C.

(p+D(p?—p+1-39)=0. (1)
3a mpupogHu OpoeBu X U Yy Baxku P=X+Yy>0, masaroa p+1>1. Cnopen Toa,

pemenuja Ha (1) ce pemieHWjaTa Ha paBeHKAaTa p2 —p+1-3q=0. Toa 3Haum neka
pelIeHrja Ha TIOYeTHATa paBEeHKa Ce PElIeHHjaTa Ha CUCTEMOT

X+y=p
{xy=q =1(p?-p+D)’
Ke ja pasriename KBajpaTHaTa paBeHKa
22—p2+%(p2—p+1)=0. (2)
Axo 7,7, ce penieHHja Ha paBeHKarta (2), Toram z;+2Z, =P U ZjZ =%(p3 —-p+1).

3HauyM JOBOJIHO € J1a C€ HajJaT pelleHyjara Ha paBeHkara (2). Hej3unu pemenuja ce

2
ar =§i\/%—%(p2— p+D) =L [-L(p2-ap+a) =2+ [-L(p-2)?

OuurnenHo € jeka peleHHjaTa ke OMIAT pealHH ako IOJKOPEHOBAaTa BEIMYMHA €
e/lHaKBa Ha Hyna, T. €. ako P=2. Toram u z; =7, =1, na 3aToa eIMHCTBEHO PElLICHUE

Ha [MOYeTHATa paBeHHKa ¢ X =Y =1.

23. Bo MHOXECTBOTO 7. pellu ja paBeHKaTa
X3 +10x—1= y3 +6y2 .
Pemenne. JacHo, OpoeBure X u Yy Tpeba ga ce cO pas3idyHa mapHOCT. Torarn
X—Yy =K e HemapeH Opoj u JajicHaTa paBeHKa ¢ CKBUBAJICHTHA HAa PaBCHKATa
(3k —6)y? +(3k? +10)y + k3 +10k —1=0
KOja € KBaJpaTHa o Y . Hej3uHaTta muckpuMHUHAHTa

D = —3k* +24k3 —60k?2 + 252k + 76
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Tpeba ma e ToyeH kBanpar. buaejku D = —k? (3k2 — 24k +60) + 252k + 76, nobuBame
neka D <0 xora k <—1.0x apyra crpana D =3k3(8—k) +2(38—k?) + 2k (126 — 29K)

u 3atroa D <0 kora k>8. Ucro Taka D=—-71<0 3a k=7 . OcranyBaar ciy4aure
k =1,3,5. Toram coonserHo D =289 :172, d =697, D=961= 312 , OJI IITO CJIeIyBa-
ar pemennjara (X,Y) €{(6,5),(2,-3)}.

24. Jlokaxxu ieka paBeHKaTa
3x* +2013 = 25y? — 24x°

HEeMa I11eJI00POjJHU pelcHH]a.
Pemenne. /[ajieHaTa paBeHKa ¢ EKBUBAJICHTHA Ha PaBEHKATa

3x* +24x% —25y? +2013=0.

Cure cobupiu, OCBEeH 25y2 ce JIeNMBU CO 3, Ma 3aToa Mopa U 25y2 Jae JeNuB co 3,
mro 3Haun Y =3U. AKO 3aMCHMME BO IIOYETHATAa paBeHKa W MOJeIHMe co 3, ja
no0OvBaMe paBeHKaTa

x* +8x2 —75u° +671=0.
Jla ru pasrieqame OCTaTOIMTE Ha M3Pa30T Ha JieBaTa CTpaHa MpHu Jeneme co 3. Ako X e
JICIMB CO 3, TOoraml CUTe coOMpIH OCBeH 671 ce aenuBH cO 3, MITO € MPOTUBPEUYHOCT.

AXO X He e JeJIMB CO 3, TOrall X2 TIpH JIeJielke co 3 AaBa OCcTaTok 1, rma 3aToa
x* +8x% =1+8-1=0(mod3),

0J1 KaJie ClielyBa JieKa
x* +8x% —75u% =0 (mod3) ,

a 671 He e genuB co 3, WITO € MPOTUBPEYHHOCT. KOHEYHO, O] MPETXOAHUTE pa3-
rIieyBama cliefyBa JeKa JajieHaTa paBeHKa HeMa [eJI00pOjHH peleHHja.

25. Bo exHa kommnanuja uma M>1 maxku u | >1 xenn, | <2004 . Cekoj mpatui Ha

cexoro (ocBeH Ha camMHOT cebe) mo enHa uyectuTka. Ce mOKaxkano Jieka OpojoT Ha
YCCTUTKUTC MNPATCHU OJ MAXUTC € CJHAKOB Ha 6pOjOT Ha YCCTUTKUTC NPATCHU O
JKCHUTC Ha XCHHU. OHpe)IeJ'II/I ' CUTC MOKHH BPpCAHOCTH Ha j .

Pemenue. On ycioBOT Ha 3ajavara cieayBa paBeHcrBoro m(m+ j—1) = j(j-1),

KOC € CKBHUBAJCHTHO HA PAaBEHCTBOTO m? = (J-D(j—m). Ako p e mpocT AeauTea Ha
J—m u j—1, T0j ¢ menwTen W HA M, Ta 3HAYM W HA |, OJ KaJc CleIyBa JieKa ¢
nenuten Ha 1, mro e nporuBpeunoct. Cnopex Toa, j—M u j—1 ce 3aeMHO mpocTH

OpoeBH U 3aToa j—m=u2, j—1=v2

uw=mmu UZ+UV:j:V2 +1, a ox ycoBor 1< J <2004 nmo6usame 0<Vv <44 . Cno-

3a Hekou mpupoanu OpoeBu U,V. Cera mmame

pell Toa, BO MHOXECTBOTO HEHETaTUBHU Lie/IM OpoeBu Tpeda J1a ja pelMe paBeHKaTa

u? +uv=v2+1. @
3a v=0 nobuBame U=1. Heka npernocraBume jaeka noapexeHuor map (Ug,Vg) €

pemenne Ha (1) m vg=1. Toram Uy =1 u xako UgVg =1 nobuBame Uy <V;. Ja
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craBuMe Vp =Vg —Ug, 0<Vv; <Vp. Umame

ug =Vg(Ug —Ug) +1=(Ug +V )\ +1=Ugvy +V2+1,
Ha craBume U = Uy —Vp. Toram

(W +v1)2 =(W +V)vy +v12 +1 < u12 + U Vp =v12 +1,
T.e. 100uBMe HOBO pemenue Ha (1). Ako vy =0, nobusame U; =1. Heka vy 21, mro
3HayM Uy >1. Toram craBajku Vo, =Vy —Uy <Vy U Uy =U; —V, aHaJOrHO JI00MBaMe HO-
BO pemieHue. Taka jo6uBaMe HU3a O]l HEHETaTUBHU LEIH OpPOeBH Vg >Vp >V, > ..., 0]l
Kazie ciueayBa Jieka 3a Heko] K Baxu Vi =0. Toram Uy =1 u ako nmo obpareH peso-

ciex ru ompexesume Ug_q,Vi_1,...,Ug, Vg ja nobuBame Husata Ha PuboHaun. 3Hauw,
pemennja Ha (1) ce (u,v)=(10), (L1), (2,3), (58), (13,21) u mpu ClIeAHOTO pEIICHUE

Baku V >44 . 3a pBOTO pelICHUE UMaMe | = V2 +1=02+1=1 u umame M=uv = 0,

IITO CIOpE] YCIOBOT HAa 3ajgadara He € MoKHO. OcTaHaTWTe peIleHHja T'M JaBaatr
pelieHujaTa

j=12+1=2, j32+1=10, j=82+1=65, j =212 +1=442.

26. Bo MHOXeCTBOTO MPUPOAHN OPOEBH PEIIH ja paBEHKaTa
5N+ 2MH3N —g" 14",
Pemenne. Jlanenara paBeHKa € €KBUBAJICHTHA HA PaBEHKATA
5" =321 _2.3".2M 4 22"
T.C. Ha pPaBEHKaTa
5n — (3“ _2”)2 .

JlecHata cTpaHa Ha IOCJIe/IHaTa paBeHKa € TOYeH KBajpart, [1a 3aToa MOpa Jia € U JieBaTa
IITO 3HAYM JieKa Mopa aa Baku N = 2K, € N . 3Hauwu,

5K =32 22K 1o 5K = (3K —2K) 3k +24).
[Tonartamy,
3k +2k _(3k _2k) — 2k+11
1a 3aToa He € MOYHO U JiBaTa Opoja 3K 2K g 3¢ 40K Ja ce JeJMBH co 5. 3aToa Mopa

3k kg u 3k 42K =5k , o1 kaje nmoomBame K =1. 3Hauyu, €IUHCTBEHO PEIICHHUE €
n=2k=2.

27. Bo MHOXECTBOTO Ha IIeJIUTE OPOCBH PEIIH ja paBeHKAaTa
2% 18 —3° = 283.
Pemenue. JlecHo ce nokaxysa geka a,C>0 . Bunejku 3° mama ocratok 1 wmm 3
npu 1enemne co 8, 3akaydyBame qeka 0<a<2. Ako a=0 wmm a=1, Toram cooaser-
HO ce no0uBa neka 2 e menuren Ha 3° wim 8 e menuren Ha 3¢ +1, mTO € MPOTUBpEY-

HocT. Heka a=2, 1.e. 802 -3¢ = 279. Cnyuaute € =0,1 HEe ce MOXKHH, Ta 3aToa C> 2.

Toram 3|b u axo craBume b=3d moOuBame 8d% -3 =31. Axo €>3, Toram
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3| d2 +1, mTo e mportuBpeyHocT. Crnopen toa, C=2 u d==12. Koneuno, a=2,
b=46 nuc=2.

28. Bo MHOXECTBOTO Le/TH OPOEBH pelH ja paBenkara 3-2" +1= n?.

Pemenne. Ako M <0, Toramr neBara cTpaHa Ha paBeHKaTa He € el Opoj, ma 3aroa
BO OBOj Cliydaj 3ajayata Hema pemenne. Ako M=0, toramr N =12 . Heka M>0. Ako
(m,n) e pemieHne Ha paBeHKarta, Toramr U (M,—N) e pellieHHe Ha paBeHKara, Ma 3aToa

JIOBOJIHO € JIa 'M OIpejeuMe pelnenujara 3a kou N> 0. Jlagenara paBeHKa € eKBUBa-

nenTHa Ha pasenkata (N—1)(n+1)=3-2™ . IMonaramy, Gpoesure N—1 u N+1 ce co

.y m
¥CTa MapHOCT, Ta 3aToa W jJABata Mopa aa ce mapHu. OcBeH Toa, Ounmejku 3-2° >0 wu
nBaTa Opoja Mopa J1a ce MO3UTUBHU. MOKHU ce J1Ba Clly4aja.

Llpé cryuaj. n—1:2k, n+1:3.2I xage k,1>1 u K+1=m. Umame
2=32' -2 =232 -2) me. 3.2 =241,

Axo | =1, Toram 3= 2k_1+1, na 3aroa K =2, ox kane cienysa m=3,n=5.

_ ok

-1
Axo |>1, toram nesara crpaHa Ha 3-2 +1 e genuBa co 6, mWTO HE €

2k—1

MOJKHO, Ounejku 6 f +1, 3a 6mIto Koj pupoaeH 6poj K .

Bmop cnyuaj. n-1=3-2 n+1=2" kane k,1 21 u k+1 =m. Vmame
2=2' 3.2k 221 _3.2¢) g 2 =30k g,

Axo k=1, Toram 2I_l:3+1,na saroa | =3, ox xane cnenysa m=4,n=7.

kLol g e JleauBa co 6, IITO HE €

Axo Kk >1, toram neara crpaHa Ha 3
MOXHO, ounejku 6 | ol —1, 3a Ouio koj npupoaeH 6poj | .

Komneuno, pemenuja Ha gaaeHara pasenka ce (m,n) = (0,£2), (3,45), (4,17) .

29. Bo MHOXeCTBOTO I1e/Ti OPOEBH PEIIH ja paBeHKATa x2=3Y+7.
Pemenue. bunejku x2,7>0 ,a x> =8u x> =10 (3a y =0,y =1) nemaar pemicHue
BO MHOXKECTBOTO IeNH 6poesn, noousame nexa Y € N\{l}. ITonaramy, 3¥ +7 e mapen

0poj, na 3aToa u x2 e nape, T.e. X e mapes. O Tyka cieayBa JeKa JecHaTa cTpaHa Ha
paBeHkata e jmenuBa co 4. Heka y e menape, oqHocHo Y = 2K +1. Toram

x2 =32+ 1 7-3.3% _3410=33 -1)(3“ +1) +10.

Ho, X° u 3(3k —1)(3k +1) ce nenuBu co 4, a 10 He ¢ 1enuB co 4, MITO € MPOTUBPEYHOCT.
3Haun, Yy Mopa jaa e napeH 0poj. Hexka y =2s,5>1.

2 2325

Cera, X +7, onrocHo (Xx—3%)(x+3%)=7,kane x—3° < x+3°. Toram Mox-

HU CE CaMO CJICTHUBE JIBA CITyYau:
X—3s :1 X—3s =—7
a) ,onkane X=4,5=1wu 0) , ogkame X=-4,s=1.
x+3° =7 x+35=-1
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Koneuno, Henocpeano ce npoBepysa aeka (4,2) u (—4,2) ce peuieHuja Ha I0-

YCTHATa paBCHKaA.

30. Onpesieny 'y cuTe 1eNoOPOjHN PEllleHn]a Ha paBeHKaTa 2% +1= y2 .
Pemenue. PaBenkara ja 3anunryBame BO OOJIHKOT

2 =y?—1=(y-D(y+D.
MosxHu ce ABa cilydau

22 =y+1 22 =y+1

" Y*% (asb)n OR Y7 (b>a).

Oj1 IpBHOT cucTeM cieayBa 2 =22 _ob —ob (Za_b —1). bunejku 2370 _1 ¢ nema-
peH 0poj, noduBame M =222 P _1-1, Cropen toa, b=1u a—b=1,1e. b=1mn
a =2 . KoneuHo, co 3aMeHa BO eJlHa OJ] PABECHKUTE HA CUCTEMOT UMame Y =3, ma 3aroa
X=3.

On BTOpHOT cucteMm, AobuBame, 2= 2P 03 =02 (Zb_a —1) . AnanorHo, Ounejku
021 ¢ HermapeH Opoj, nobuBame 22 =2 u 203 _1-1. On mocnenHure JBe pa-
BeHku joouBamMe a=1 u b=2. Koneuno, Y =-3 u 0oJ1 o4YeTHATa paBeHKA JOOMBaME
X=3.

3Hauu, pelieHrja Ha paBeHKaTa Ce MOJPEICHUTE MapOBH

(X! y) = (3’ 3) u (X! y) = (3’ _3) .

31. 3a kou menu 6poeBu @ U b cucremor

m2+n?=b

m"-1 _
m"+1
¥Ma perieHre (o MU N ) BO MHOKECTBOTO 7, OJf IIETTUTE OPOCBH.

Pemienne. On mpBata paBeHKa JoOMBame m" =i—:=l+12_—1, ITO 3HAYMU JeKa
2a

OpojoT = Tpeba ma Oume nen. bunejkn a m a—1 ce 3aemuo npoctu 3a a# 0, Opojor
12_—1 € et ako u camo ako a=-1,2,3.

3a a=-1 umame m" =0, ox kazxe wro goGuBame xeka M=0 U N € IPOHU3BOJICH
et 6poj pasaudeH o 0.

3a a=2 nobusame M" =-3,ma m=-3,n=1.

3a a=3, nobuBame M" =—2 ,ma m=-2, n=1.

On npyra ctpana 3a a =0 umame m" = 1, ox kazge mro noouBame N=0, M e 6uio
KOj 11es1 Opoj pasnuyeH o HyJa uimd M=1 u n npousBosieH 1en 0poj.
CrnencTBeHo, CUCTEMOT MMa pelleHne BO MHOXKECTBOTO O/ LieIUTe OpOeBH 3a:

a=—1b=n2,n¢0,b:m2,m¢0, a:O,b:1+n2; a=2b=10; a=3,b=5.

32. Bo MHOECTBOTO MIPHUPOJTHA OPOEBH PEIIH ja paBEHKATa
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2" +2Y +2% =2336.
Pemenune. Axo eana mojapeaeHa Tpojka MPUPOAHH OpOEBU € PElleHHE Ha paBeH-
Karta, TOorall U CeKoja Hej3uHa IMepMyTallfja € UCTO TaKa pelleHre Ha paBeHKaTa.
Heka X,Y,Z e pelleHMEe Ha paBeHKaTa NPUpOJIHHM OpoeBn. Ke mokakeme jeka

X # Y # Z # X, IOKaXKyBajKu JieKa aKo J1Ba OpoeBu o1 X,Y,Z ce eIHaKBH, Toram X,Y,Z
He ¢ pemerne. Heka X =Y. Toram e moxHo: 1)z=X; 2) z<X; 3) z=X+1 winu 4)
Z>X+1.
1) Axo z =X, toram 2% +2Y +2* =3.2% ¢ nemuB co 3, a 2336 He e nemmB co 3.
2) Ako Z=X+1, Toram 2336 e nems co 73, a 2% +2Y +22 =2X2 pee.
3) Heka z > x+1, 1.e. z=Xx+1+k 3a Hekoj npupoaecH 6poj k . Torarm
2% +2Y 427 = 2% (142K
He e eiHakoB Ha 2336 o MCTH MPUYHHU KaKo U BO 2).
Ha ucT HauMH ce mokaxcyBa Jieka X#Z U Y #Z.
Heka Xx<y<z,1e. y=X+p, Zz=y+S=X+p+s. Toram ox

2X 4+ 2Y 427 = 2X[1+2P(1+2%)] = 2°[1+ 231+ 2%)] = 2336,
cienyBa qeka X=5y=8 u z=11. 3nauu, peireHuja Ha paBEeHKATa C€ CHTE MEPMyTa-
uuu Ha Opoeswure 5, 8, 11. .

33. Jlokaxku aeka paBeHKaTa

1_1_1
1.1-1 peN
Xy p P

uMa eIMHCTBEHO pemienne Bo N ako u camo ako P e mpocT 6poj.

Pemenne. Ako mapor (X,Yy) e pellicHHE Ha paBEHKaTa, TOTAlll %> %, ma X<p.

3naum, 3a P =1 paBeHKaTa HeMa PEIICHHUE BO MHOKECTBOTO MPHUPOJIHU OPOCBH.
Heka p>1. Axo nocrou pemenurie Bo N, Toram X = p—K 3a Hekoj mpupojeH 6poj

—k
O<k<p oxmro crenysa geka ———+ =21 re y=_p(|‘|’( )

pk Py
enHo pemrenne: X=p-1, y=p(p-1).

.3a k=1 ce nobusa

Heka p e mpoct 6poj. Toram 3a cexoj 1<k < p, nzp(p,k) =1 u ~zp(p—k,k)=1.

Cnopen Toa PR e e npupojeH Opoj, Ma eIMHCTBEHO pelieHue e: X = p-—1,

k
y=p(p-1.
ObpatHO, ako P He e mpocT Opoj, T.e. P=mM-n, M=1#n, Toram pemeHue Ha

paBeHKaTa € M MapoT X = P—m, y; =n(p—m).

34. ]la ce pemu paBeHKaTa
1+x+x2+x3=2Y
BO MHO’KECTBOTO I1€JIH OPOEBH.
Pemenne. Jlanenata paBeHKa Jia ja 3anuiieMe BO OOJIMKOT

1+ X)(1+x%)=2Y.
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On oBne crienyBa nexka X+1= 2m. X2 41=2YM ,T.e. X= oM _1 y x2=2¥y™M -1.0x

IIpBaTa paBCHKa )106I/IBaMe X +1 u ako 3aMeHuMe BO BTOparTa }106I/IBaMe

2y—m + 2m+1 _ 22m =2
MOsKHHU Cce CIIeIHUBE JIBa CIyYau:
(i) Heka m =0, Toram equHCTBEHO perieHne ¢ X =Y =0

(i) Heka m> 0. Toram ce no6usa 2¥ M1 4+2M_22M1 —1 Bupejin 2™ u 22M1

ce mapHu OpoeBH, cliefyBa JeKa 2y=m-1 ¢ HernapeH Opoj, a Toa € MOYKHO ako U CaMo

ako 29" =1, Te. y=m+1. 3amenysajiu ro Toa, ce nodusa 2" =221 on kaze
mITo cienyBa geka m=1, y=2 u X=1.

3HauM, eAMHCTBEHO PELIECHUE BO OBOj ciiyyaje X=1u y=2.
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