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Solutions

Problem 1. Find all the pairs (m,n) of integers which satisfy the equation
m® —n® = 16mn.

Solution. If one of m, n is 0, the other has to be 0 too, and (m, n) = (0,0) is one solution. If mn # 0,
let d = ged(m, n) and we write m = da, n = db. a,b € Z with (a,b) = 1. Then, the given equation is
transformed into

d*a® — d*® = 16ab (1)

So, by the above equation, we conclude that a | d*b® and thus a | d®. Similarly b | d®. Since (a,b) = 1,
we get that ab | d*, so we can write d* = abr with r € Z. Then, equation (1) becomes
abra® — abrb® = 16ab =
r(a® — b°%) = 16.
Therefore, the difference a® —b® must divide 16. Therefore, the difference a® — b must divide 16. This

means that
a® —b° = +1.+2, +4, +8 +16.

The smaller values of |a® — b°| are 1 or 2. Indeed, if |[a® —b°| = 1 then a = +1 and b= 0 or @ = 0 and
b= +1, a contradiction. If |a® —5°| =2, thena=1and b= —1 ora= —1 and b= 1. Then r = —8,
and d* = —8 or d = —2. Therefore, (m,n) = (—2,2). If |a® — b°| > 2 then, without loss of generality,
let @ > b and a > 2. Putting a = x + 1 with z > 1, we have
o —°| = |(z +1)° — b
> |(z41)° — 25
= |52 +102% + 1022 4+ 52 +1| > 31

which is impossible. Thus, the only solutions are (m,n) = (0,0) or (-2, 2).



Problem 2. Let n three-digit numbers satisfy the following properties:

1) No number contains the digit 0.

(
(2) The sum of the digits of each number is 9.
(3) The units digits of any two numbers are different.

)
)
)
(4) The tens digits of any two numbers are different.

(5) The hundreds digits of any two numbers are different.

Find the largest possible value of n.

Solution. Let S denote the set of three-digit numbers that have digit sum equal to 9 and no digit
equal to 0. We will first find the cardinality of S. We start from the number 111 and each element
of S can be obtained from 111 by a string of 6 A’s (which means that we add 1 to the current digit)
and 2 G’s (which means go to the next digit). Then for example 324 can be obtained from 111 by the
string AAGAGAAA. There are in total -
o = 28

such words, so S contains 28 numbers. Now, from the conditions (3), (4), (5), if abc is in T" then each
of the other numbers of the form %3¢ cannot be in 7', neither xbx can be, nor @**. Since there are
a + b — 2 numbers of the first category, a + ¢ — 2 from the second and b+ ¢ — 2 from the third one. In
these three categories there are

(a+b—2)+(b+e—2)+(c+ta—-2)=2(a+b+ec)—6=2-9—6=12

distinct numbers that cannot be in 7" if abc is in T'. So, if 7" has n numbers, then 12n are the forbidden
ones that are in S, but each number from S can be a forbidden number no more than three times,
once for each of its digits, so

12 28
nt - <28 e n< T
9
and since n is an integer, we get n < 5. A possible example for n = 5 is
T = {144,252, 315,423, 531}.

O
Comment by PSC. It is classical to compute the cardinality of S and this can be done in many
ways. In general, the number of solutions of the equation

r1+tx2et-dxp=mn
in positive integers, where the order of x; matters, is well known that equals to (’Z’:{) In our case,
we want to count the number of positive solutions to @ + b+ ¢ = 9. By the above, this equals to
(g:}) = 28. Using the general result above, we can also find that there are a + b — 2 numbers of the
form xxc.



Problem 3. Let k£ > 1 be a positive integer and n > 2018 be an odd positive integer. The nonzero

rational numbers 21, 22, ..., 2, are not all equal and satisfy
k k k k
1t —=2+—=23+—=--=Tp_1+— =2, + .
X2 T3 T4 Tn T
Find:

a) the product xy2s ... 2, as a function of k and n
b) the least value of k, such that there exist n, x1, a2, ..., 2, satisfying the given conditions.

a) If x; = x441 for some i (assuming x,41 = 1), then by the given identity all 2; will be equal, a
contradiction. Thus 21 # x5 and

T2 — 23
X1 — g = k .
o3
Analogously
Tox3 (vors) (xaxyg) (axs) (xaxyg) ... (x122)

Since x; # xo we get

D T ::t\/k_n: :tknT_l\/E

If one among these two values, positive or negative, is obtained, then the other one will be also
obtained by changing the sign of all x; since n is odd.
b) From the above result, as n is odd, we conclude that k is a perfect square, so k > 4. For k = 4
let n = 2019 and z3; =4, ®3;-1 =1, 2352 = =2 for j =1,2,...,673. So the required least value is
k=4

O
Comment by PSC. There are many ways to construct the example when £ = 4 and n = 2019. Since
3] 2019, the idea is to find three numbers x;, 29, 3 satisfying the given equations, not all equal, and
repeat them as values for the rest of the x;’s. So, we want to find 2, 22, 23 such that

4 4 4
1+ —=x2+—=x3+—"
4 i) xrs €T
As above, x1xors = £8. Suppose without loss of generality that zjax0203 = —8. Then, solving the
above system we see that if 2y # 2, then
4
T2 = — and 23 =2— —,
xTr — 2 T

leading to infinitely many solutions. The example in the official solution is obtained by choosing
T = —2.



Problem 4. Let ABC be an acute triangle, A’, B’ and C’ be the reflections of the vertices A, B and
C' with respect to BC, C'A, and AB, respectively, and let the circumcircles of triangles ABB’ and
ACC" meet again at A;. Points By and ' are defined similarly. Prove that the lines AA,, BB, and
CC4 have a common point.

Solution. Let Oy, O3 and O be the circumcenters of triangles ABB', ACC" and ABC respectively. As
AB is the perpendicular bisector of the line segment C'C’, Oy is the intersection of the perpendicular
bisector of AC' with AB. Similarly, O, is the intersection of the perpendicular bisector of AB with
AC. Tt follows that O is the orthocenter of triangle AO;O,. This means that AO is perpendicular
to O103. On the other hand, the segment AA; is the common chord of the two circles, thus it is
perpendicular to O103. As a result, AA; passes through O. Similarly, BB; and C'Cy pass through
O, so the three lines are concurrent at O. O

Comment by PSC. We present here a different approach.
We first prove that Ay, B and C’ are collinear. Indeed, since ZBAB' = ZCAC' = 2/BAC, then from
the circles (ABB'), (ACC") we get

ZBAB'  180° — ZBAB
2 N 2

LAAB = =90° — ZBAC = LAA,C'.

It follows that
LALAC = LA;C'C = ZBC'C = 90° — LABC (1)

On the other hand, if O is the circumcenter of ABC', then
ZOAC =90° — LABC. (2)

From (1) and (2) we conclude that A;, A and O are collinear. Similarly, BB; and C'C; pass through
O, so the three lines are concurrent in O.



JYHUOPCKA BAJIKAHCKA MATEMATHYKA
OJIMMITNJAIA 2018 TOAUHA

1. Onpenenu ru cuTe MApOBH O 1iesid OpoeBu (M, N) KOH ja 3a7j0BOJTyBaaT paBeHKAaTa

m5 —n5 =16mn.

Pemenue. Axo ened om M wiu N e 0, Toram u apyruot mopa aa e 0 u (m,n)=(0,0) ¢
enno pemenne. Ako mn=0, vHeka d =NZD(m,n) u m=da, n=db, a,beZ Taka mro
NZD(a,b) =1. Toram naneHara paBeHKa ¢ €KBHBaJICHTHA Ha paBeHKATa

d%a® —d%° =16ab ().

Opx ropHaTta paBeHKa 3aKjIydyBame Jacka a | d3p° , 01 Kaje a| d3. Crmumno ce MOKaXyBa JIeKa

bl d3. bunejku NZD(a,b) =1, nobuBame ab| d3 , TTa MOYKeMe J1a 3aluIIeMe d=abr 3a
r € Z . Toram, ox paBenkara (1) noOuBame
abra® —abrb® =16ab
r(a5 —b5) =16.
Cnopen T0a, pa3jinkarta a’—b° MOpa Jia € JeauTen Ha 16, ITo 3Ha4u jJeKa
a®—b° = +1,42,+4,48,+16.
Axo |a5—b5 =1, toram a=11 mw b=0 wm a=0 wm b==£1, mro npercraByBa

KOHTpaJuKInja. AKo | a>—b° =2, Toramr a=1 u b=-1 wm a=-1 u b=1. Toram

5_ 15

r=-8,u d®=-8 wm d=-2. Cnopen toa, (m,n)=(-2,2). Axo |a |> 2, Toram 6e3

ryOCHke Ha OIIITOCTa MOXEMe Jia 3emMeMe Jeka a>b m a>2. CraBame a=Xx+1 3a
X>1 u nobuBame
1a° —0° [ (x+1)° —b° 2] (x+1)° — x° |5 5x* +10x° +10x? +5x +1[> 31,

mTo He € MoxkHO. Criopen Toa, enuHcTBeHUTE pemenuja ce (m,n) =(0,0) wmm (-2,2).



2. Heka n tpunudpenute 6poeBu ru 3a10BOTyBaaT CICAHUTE CBOjCTBA!

(1) Huty enen 6poj ja coapxu mudpara 0.

(2) 36upoT Ha mudpuTe Ha cexoj O6poj e 9.

(3) Hudpure Ha equHUIIMTE HA OMIIO KOM JBa Opoja ce pa3IMuHHU.

(4) Iudpure Ha AECETKUTE HA OMIIO KO JBa Opoja ce pa3IMIHH.

(5) Uudpure Ha cToTKHUTE HAa OUII0 KOM J1Ba Opoja ce pa3IuydHu.

Omnpenenu ja HajroJeMara MOKHA BPEIHOCT 32 N.

Pemenne. Heka S ro o3HaduyBa MHOKECTBOTO OJ1 TpUIM(PpPEHUTE OPOCBH KOM MMaaT 30up
Ha udpure 9 u HUTY eqHa o HUB He ¢ 0. HajmpBo ke ro onpenennme OpojoT Ha €IEMEHTUTE
Ha MHOXXecTBOTO S. Cekoj eneMeHT Ha S Moxe na ce qoboue ox 111 co Huza ox 6 Oyksu A
(urTo 3Ha4M Jeka joxaBame 1 Ha coojBerHata nmudpa) u 2 OykBu G (1ITO 3HAYM OJUME Ha
Hapennata uudpa). Ha mpumep Opojor 324 moxke na ce mobwe om 111 co Hu3ara

AAGAGAAA. TlocrojaT BKYITHO % =28 TakBu 300pOBH, OJTHOCHO S coapku 28 OpOEBHU.

On ycnosute (3), (4), (5), ako abc e Bo GapaHOTO MHOXECTBO T, Torai ceKoj 01 OpoeBHUTE
on obiuk **C, *b* m a** He mMoxe ma Oume Bo T. buaejkm mma a+b—2 Opoja on
MPBHOT TUI, &+C—2 0J BTOPHOT U D+C—2 0 TPETHOT, BKYITHO OJ1 CHTE TPH THIIA HMa

(@+b-2)+(b+c-2)+(c+a-2)=2(a+b+c)—-6=2-9-6=12

pasnu4Hu Opoja KOU HE MOKe Ja ce BO T ako abc eBoT. Crnopen Toa, ako T uma n 6poesw,
toram 12n 6poeBu o S He ce no3BosieHU. Ho, cexoj Opoj on S Moxke na Ouje 3abpaHeT He

MoBeKe O] TPU MaTH, MO €IHAII 3a CeKoja HeroBa nudpa, o kajae cieaysa N +12n o 28, T.e.

3

ng%. bunejku n e uen Opoj, mobuBame N<5. 3a N=5 MoxkeMmMe aa ro 3emMeme

MHOECTBOTO
T ={144,252,315, 423,531} .

3abesemka. bpojoT Ha eeMEHTHTE HA MHOXKECTBOTO S MOKE Jla ce€ TIpecMeTa Ha TIOBEeKe

Ha4yuHU. 3a OpOJOT Ha pellleHujaTa Ha paBeHKaTa
X+ Xo .o+ X =N

BO MHO>KECTBOTO Ha NPUPOIHU OpOEBU, KaJie PEOCIENO0T Ha Xj € BaXKEH, € MO3HATO JIeKa €
€IHaKOB Ha (Ej) Bo nammor ciydaj cakame aa ro u3bpoume OpojoT Ha pelieHHja Ha
paBeHkata a+b+C=9 Bo MHOXecTBOTO mpupoaHu OpoeBu. Cropea ropHara JUCKYCHja,

(8,:%) =28. KopucTejku ro omnmruoT pe3yiTaT Of MOrope, MOKEeMe MCTO Taka Ja MOKaKkeMe

Jeka nocrojar a+b—2 Opoja o1 00K **C.



3. Hexa k>1 ¢ mpuponen 6poj u n>2018 e HemapeH npupojgeH Opoj. Hemynrute
paLMoOHAIHN OpOEBU X, X9,...,Xp CE€ TAaKBU INTO HE CE€ CUTE €AHAKBU Mery cebe U Tu

3aJ10BOJIyBaaT paBeHCTBaTa

K k

K _ Kk
X1+X2 —X2+X3

k
Xg+ 2 = =Xy =X, + K
3 n-1+5 XnJrX1

Ompenenu:
a) ro MPOU3BOAOT X Xp...Xp, Kako ¢pyHKnMjaox K u n,
0) ja Hajmanara BpemHOCT Ha K 3a Koja mocrojaT N, Xq,Xo,..., X, KOH I'l MCIOJHYyBaar

JaJJICHUTE yCIIOBH.
Pemenne. a) Ako X; =Xj 1 3a HEKOj | (IO MpPETIOCTaBKa AEKa X1 =X ), TOTAIl O

JaJCHUTEC paBCHCTBaA CJIE€AYyBa JCKa CUTC Xi CC €AHAKBH, LITO IPETCTaByBa KOHTpa,Z[PIKIlHja.

Xo —X
Criopen Toa, X # Xo U Xq —Xo =K =2 8 . AHaJIOTHO J0OHBaMe
p 17X WX —Xp =K
X2 —X3 2 37X n X —Xp
X1 —Xo =k =k =..=KkK .
1772 XoX3 (X2X3)(X3X4) (X2X3)(X3X4)--- (X1 X2)

bunejku X # Xo nobuBame X Xp...X, = i\llk:n = J_rknT_l\/f . AKO ellHa o7l OBHE JIB€ BPEIHOCTH,
MO3UTHBHA WJIM HETaTHBHA, € JJOCTUTHATA, TOTall Jpyrara ke OuJe UCTO Taka JOCTUTHATA CO
IPOMEHA Ha 3HAIUTE HAa CUTE Xj Ouiejku N e HemapeH Opoj.
0) Ox mpeTXOaHUOT pe3yJiTaT, Ouaejku N e HemapeH Opoj, 3aKiaydyBame jaeka K e mosH
kBajpar, og kage K>4.3a k=4 neka n=2019 u
X3j = 4, X3j-1 =], X3j_2 = -2 3a j=12,..,673.

Cnopen Toa, 6apaHaTa HajMaiia BpeHOCT € K =4.

3adenemka. [Tocrojar moBeke HAaYMHM HAa KOM MOXE Jla CE KOHCTpyHpa IpUMEp Kora
k=4 nu n=2019. bunejkn 3|2019, unejata e na Hajaeme Tpu OPoeBU  Xi, Xo, X3, HE CUTE
elHaKBH Mely ceOe KOWM TH 3aJ0BOJIyBaaTr JaJCHUTE PABEHCTBA W Ja I'M MOBTOPHME KaKoO
BpeIHOCTH 3a ocTaHatute X . Cmopex Toa, cakame 1a HajaeMe Xj,Xo,X3 TaKBH IITO

X + xL =Xo + XL = X3+ XL . On mperxonHaTa AuUCKycHja X XpX3 ==+8. Heka mpernocraBume,
2 3 4

0e3 FY6GI-L6 Ha OonmTocCTa, I€Ka X1X2X3 =—8. Toram co peuiaBakbe HA TOPHUOT CUCTEM TIJICHA-

Me JieKa aKo Xq # 2, Toramr X -4 _ yx :2—i, IITO BOOU N0 OECKOHEYHO MHOT

pemennja. [IpuMepoT BO opUIMjaTHOTO pelieHre € JOOUeH 3a X = —2.



4. Hexka ABC e ocrpoarosen tpuaroianuk, A',B’ m C’' ce cuMmeTrpuyHHTE TOYKH Ha
temumata A,B mw C Bo omHoc Ha mpaBure BC,CA u AB , COOIBEeTHO M HEKa
KpYXXHUIUTE OnMIIaHu okoxny tpuaronauimre ABB' m ACC’ ce cewar u Bo Toukata A .
Toukure B; u C; ce ananorso nebunupanu. Jokaxu neka mpasute AA,BB; u CCy
MMaat eJHa 3aeTHUYKA TOYKa.

Pemenne. Hexa O;,0, u O ce ueHTpuTe Ha ONMIIAHUTE KPYKHHLIU OKOIY
ABB',ACC' u ABC, coonserHo. bunejku AB e cumerpana Ha orceukara CC', O, e
IpecekoT Ha cuMerpanara Ha orcedkata AC co AB . Cmmuno, O; e mpecekoT Ha

cumerpanara Ha orceukata AB co AC. CnenyBa neka O e opToLEHTap Ha TPUAroJHUKOT
AQ,O, . Cnopen toa, AO e nopmanna Ha O0,. On apyra crpana, AA; e 3aeaHHMYKA

TETHBa 3a JBETe KPYXKHMIM, 07 Kaje cieayBa jaeka ¢ HopmanHa Ha )0, . JloObuBame nexa
AA; munysa Hu3 O. CnuyHo ce nokaxysa jgeka BBy m CC; munysaat Huz O, ox kane

CJICAYyBa JICKa TPUTC IIpaBu MUHYBAAT HU3 TOYKATa 0.
BI

3aGenemka. Ke mameme u mpyr mpucran. Hajmpeo mokaxysame neka A,B u C' ce

koiuHeapHu. Hasuctuna, Ounejku £BAB'= XCAC'=24BAC , Toram ojx KpyKHULHTE

(ABB)),(ACC') notmpave «AAB=- AP _180-4BAB'_ g0’ (BAC = <AAC'
Cnenysa neka
£AAC = XAC'C = xBC'C =90° — XABC (2).
On npyra cTpana, ako O e neHTap Ha onuIIaHata KpyxHuia okory ABC , Toram
£OAC =90° — XABC (2).

Ox (1) m (2) saxmyuyBame neka A, A u O ce komuHeapHu. CIM4YHO ce MOKaXKyBa JeKa

BB; u CC; munyBaar Hu3z O, o kaje cienyBa Jieka TpUTE IpaBH MUHYBAaT HU3 TOYKAT
0.



