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YcioBus 3aaa4

MsI GyzeM pemraTsh CIeQYOIIYIO 3a1ady:
Mooicem au npoussedenue HECKONKUL NOCAEI08AMEALHOIT HAMYPAALHOIT YUCEA BBIMD HEKOMOPOT CMENEHBLIO HAMYPAADLHOZ0 YUCAL

VIHBIMHU CJIOBaAMH, CTABUTCS BOIPOC Pa3PEIIMMOCTHU B IEJIBIX HOJIOKUTENbHBIX YHC/IAX yPaBHEHHs
m
zz+D)(z+2)...(s+k-1)=y (1)

IIPU BCEBO3MOXKHBIX k > 2 um > 2.
Pemrenne 3asaun jy1st j11000ro 4acTHOTO CiIydasi OyJeT 3aCUUTHIBATHCs, KaK IPOJBHXKEHHE. PeKOMeH/yeM Ha4aTb CO CJIELYIOIINX
CJIydaes.

1 Hexomopovie wacmuovie cayvau

1.1. k=2, m=2.

1.2. k = 2, m — npousBoOJIbLHOE.
1.3. k=3, m=2.

1.4. k = 3, m — upousBOJIbHOE.
1.5. k=4, m=2.

1.6. Kk =m.

1.7. k=8, m=4.

1.8. k=8, m=2.

1.9. k = 4, m — npousBoOJILHOE.
1.10. k=5, m=2.

2 Bau3kxue sonpocui

2.1. JTokazkure, 9TO OpU M = 2 U YeTHOM k ypaBHEHHEe He MOXKeT UMeTh GECKOHEYHO MHOTO perneHuit (z,y).

2.2. U3 naTu mocsie10BaTeIbHBIX HATYPAJIBHBIX YUCEJI BRIOMPAIOT YeThIPe U MEePEeMHOXKAIOT. MOXKeT Jin pe3ysIbTaT
0Ka3aThCsl TOYHBIM KBaJIPATOM?

2.3. Jloxazkure, uto ypasrerne z(z + d)(z + 2d) = y? mmeer GeckoHeIHO MHOTO permennit (2,7, d) B HATYPaTbHBIX
YUCTIAX.

2.4. Hokaxwure, uro upu dukcupoanuom k # 2, 4 muorowren Buga x(x + 1)(z +2)...(x + k — 1) + ¢, rme ¢ —
PAIMOHABHOE IHUCJI0, HE SBISETCA KBAJAPATOM MHOTOYJIEHA.
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3  Yoobrwe wucaa

Hazosem uncisio k ydo6Hwvim, ecau cpenu JiOObIX Kk IOC/IEIOBATE/BHBIX HATYPAJBHBIX YHCEJ HAWJAETCs XOTs Obl OJHO, B3aWMHO
IPOCTOE C OCTAJILHBIMHU.

IIpu ccpuike Ha Halre OCHOBHOe ypasHeHme (1) GymeM HasweiBaTh ero ypasHeHmeM (k,m), €ClM pedb UAET O NPOM3BOJIBHBIX k 1 m,
NN yKa3blBaTh KOHKpeTHble 3Havenus k u m. Hanpuwmep, B camoii nepsoii 3a1ade obcyKaanocs ypasaenue (2, 2).

3.1. Jokazxure, uro ajis yuobubix k upu m > k ypasaenue (k,m) He MOXKeT UMETh HECKOHEYHO MHOT'O DEINEHUil.

3.2. JlokaxkuTe, 4TO Jyisl KaXKJOro yaobHOro umcia k cymectByer takoe [aucio mo(k), aro npu m > mo(k)
ypasHenue (k,m) He MMeeT pelleHui.

k.

3.3. Jokazxkure, uTo Jyist yao0HbIX k ypasHenue (k,m) He uMeeT permeHui npu m > 2
m 2=k + 2logy k.

3.4. Jokaxure, 910 1y ynobubix k ypasaenue (k,m) He uMeeT penIeHUil 1pu
3.5. lokazxkure, uro ypasuenue (5,7) He UMeET PEIICHUI.

3.6. /lokazkure, 94TO BCe HATypaJbHBIE YKCJIA, HE TIPeBOCXosinue 16, yIo0HbI.
3.7. Hokazxkure, uyro 17 — Hey100HOE YHCIIO.

3.8. JlokazkuTre, 9TO BCe HATYPAJbHbBIE YHCIA, OOJbIHE 17, HEYTO00HbIE.

4 Obwue ceoticmea peuweHull YpasHEHUS,

TIpu pemenun 3a71a4 BBl MOXKETE MOJIB30BATHCS JIBYMsl CJIEAYIONIMME TEOPEMAMU.
Teopema Uebrimésa (nocrynar Beprpana). Ilpu n > 5 Mexkay n u 2n UMeeTCsi He MEHBIIE IBYX HMPOCTBIX THCEJL.
Teopema Cmibsectpa. Ilpn n > k npomssenenne (n + 1)(n+ 2)...(n + k) mesmrcs Ha XoTs GBI OZHO IPOCTOE IHUCIIO P > k.

st usyyenus cBoficTs pentenuit ypasaenus (k,m) 3ammineM MHOXKUTEIN U3 JIEBOI 9aCTU B BUJIE
T +1i=a;z", 0<i<k—-1,

e 9ucjia a; He OejIidTCd HU Ha KaKYIO TOYHYIO M-I0 CTEIIeHb, T. €. BCEe IPOCThIC MHOXKHNTEJIN BXOAAT B PAa3JIOZKEHUE YHCeJI a; B CTEIIEeHN
MeHbIIe M.

4.1. Jokaxkure, 94To JJIsl KaxKJI0T0 peienusi ypasHerust (k, m) BEpHO HepaBeHCTBO T > k.
4.2. JTokaxkure, 4To JJIsl KayKJI0T0 peienusi ypasaeruns (k, m) BepHO HepaBeHCTBO & > k™.
4.3. Jloxkaxknure, Bce IPOCThIE MHOYKUTEJN IUCEJ G; MeHbIe k.

4.4. Pemure ypasuenue (7, 2).

4.5. Pemure ypasuenue (6, 2).

4.6. Jokaxkure, 4ro ecau & — perenne ypasaenust (k, m), ToO paBeHCTBO

(LL‘+21)($+Zm,1):(m+]1)(l‘+]m,1), rae ngléézm,lgkfl, 0<]1

N
N
.
3
L
N
-
\
—

BO3MOKHO JIMIITh B CIyvae, KOTIa HabOPhI MHAEKCOB B JIEBOHM M MPaBOil YaCTIX COBIIAIAIOT.
4.7. JlokaxxuTe, BCe YUCTIA A; PA3JIMUIHBL.

4.8. Ilycts m = 3. JlokazkuTe, Bce MOMapHbIe MPOU3BeaeHnd a;a;, 0 <1 < j < k — 1, pa3amaHeL.

a;a; . .
4.9. Ilycrs m = 3. Joxaxkure, uro uacraoe Buga —>, rae 0 <i < j <k—1,0 <r < s <k — 1, ne Moxker GbITh
rQs
KyOOM DAlMOHAJILHOIO Yncsia (He paBHoOro 1).

4.10. [Iycte m = 3, k = 75. JlokaxkuTe, 9TO HEe MEHeEe JBA/IIATH UUCEJI G; COJEPXKAT B CBOEM PA3JI0KEHUU TOJHKO
IIPOCThIe MHOXKUTEJIN, He rIpeBocxoidariue 10.

4.11. JTokaxkunre, uto ypasHerue (75,3) He UMeeT pelleHusl.

4.12. O603nauuMm gepes (k) KOJIMIECTBO IPOCTHIX YuCe], He IpeBocxoadmux k. JJokaxKure, 9T0 HOYTH BCE YUCIIA
@; HEBEJIUKH B CJIEJIYIOIIEM CMbICTIe: MOXKHO BbIOpaTh k — (k) 1uces a; Tak, 9TO UX IPOU3BEJEHIE Oy/IeT JIeIuTeseM
qucsa k!. (Bl MoxKeTe OrpaHnInThCs Caydasmu m = 2, 3.)

4.13. ITycre m = 2, By (k) = apay . .. ap—1. Joxaxure, aro B, (k) > (%)kk’! [IPH JIOCTATOYHO OOIbIINX k.
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Pemtenus 3amau

Nsy4gaemoe ypaBHeHue BooOIIe He uMeeT perienuii. [losroMy mpu pa3bope OTIEIbHBIX IIyHKTOB Mbl HE IIPUBOIUM
9TOT HOBTOPSIOIINANCS OTBET “‘pelrennii HeT', a Cpa3y MPUCTYIAeM K JI0KA3aTeIbCTBY.

1 Hexomopwsie wacmuvie cayuwau

1.1. Cuiesryer u3 yTBep:KI€HUsI CJIEJYIOIIEro ITyHKTA.

1.2. Yucna ¢ u = + 1 B3aUMHO TPOCTBI, W IIOITOMY 00a TOKHBI OBITH TOYHBIME 1M-MU CTEIIEHSIMU, 9TO, KaK
HETPY/IHO IIOHATH, HEBO3MOXKHO.

1.3. Cuiestyer u3 yTBep:K/I€HUsI CJIEJYIOIIEro ITyHKTA.

1.4. 3amernm, uro yncia  + 1 u z(z + 2) = (z + 1)2 — 1 B3aumuO npoctsl. CjieoBaTe/ibHO, KaXKJI0e U3 HUX —
Tounast m-s1 crenenb. Ilycrs z + 1 = u™, Torma z(x + 2) = (u?)™ — 1 = v™. loc/enHee HEBO3MOXKHO, TaK Kak
Pa3HOCTH MEXK/TIy M-MU CTEIeHIMH HATYPAJbLHBIX JHCeJ Beerga Oosbime 1.

1.5. Bocnosnnzyemest ToxectsoM z(z + 1)(z + 2)(x 4+ 3) + 1 = (2% + 3z + 1)

1.6. Bamerum, uro ¢ < y < = + k — 1. Torma jieBast 4acTh ypaBHEHHs] COIEPXKHUT MHOXKUTEJb ¥y + 1, KOTODPBIii
B3aMMHO IIPOCT C IIPaBO# 4aCThIO.

1.7. I'pynmnupyst COMHOXKATEN HA MApbl, PABHOOTCTOSIIIIAE OT KPAEB, TOJIydaeM, ITO
z(x+D(x+2)...(x+7) = (2% 4+ Tx) (2 + Tz + 6)(2* + Tz + 10) (2 + Tz + 12).
IMonaras a = x2 + 72, IPUXOJAUM K yPABHEHHIO
ala+6)(a+10)(a +12) = y*. (2)
PackpsiBas ckoOku, HETPY/IHO BHIETH, 94TO 1ipu @ > 10
(a+6)* < a(a+6)(a+10)(a+12) < (a+7)*

(BpOYeM, IpaBoe HEPABEHCTBO BUIHO U 6€3 PACKDBITHs CKOOOK — 3TO HEPABEHCTBO O CPEJIHUX ).

1.8. IIpeoGpasyem Ipou3Be/IeHIe BOChMH TI0C/Ie/I0BATeIbHBIX uuces K Buy (2). 3amerun, uro a = x2 +7x — uuc/io
JeTHOE, MOJIOXKUM @ = 2b, y = 2y; U COKpPaTUM ypaBHEHUE Ha 2, [TOJIy UM

b(b+3)(b+5)(b+6) =1y?.
Hermocpencreenmo ydoexaemcst, ITO
(0> +Tb+6)> < b(b+3)(b+5)(b+6) < (B> +Tb+ 7).

B stom peficTBuTEIbHO HECTIOKHO yOEIUTHCS, MIOCKOJILKY TTOCTIE COKpAIeHn 068 HEPABEHCTBA, CTAHOBSITCH KBa/I-
pPATHYHBIMHA.

1.9. Dra 3aza9a upegyarajach B xKypHasie Kpanr B 3agaunuke Ksanra (3anaua M367).
Oamo uz uuces (z + 1), (z + 2) B3auMHO IPOCTO € OCTAJIBHBIMU TpeMs. Pazbepem aTu jiBa cirydast.
B nepBoMm ciayaae x + 1 = u™,

(x4 2)(x +3) = (W™ — )™ + 1) (u™ +2) =™ + 20" —u™ -2 =y,
Kax merpynHo nmpoBeputh, 1ipu u = 2, m = 3
w <y <ud+1,

CJIEZIOBATEIILHO, TIEJIOYNCICHBIX PEIIeHNN HET.
Bo Bropowm caygae x + 2 = u™,

z(r+1)(z+3) = (W™ —=2)(u™ — D™ +1) =u®" — 20" —u™ +2 =y
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I/I 3eChb IIeJIOYUCJICHBIX peH_IeHI/II/I HeT 11pu ’U, 2 m 3 HOCKOJIbe
3
u—1<y < ul.

SAGCB IIpaBoO€ HEPABEHCTBO COBCEM IIPOCTOE, a /IJId JJOKa3aTe/IbCTBa JIEBOI'O HEpaBEHCTBa 3aME€TUM, 9TO

(u3)m o (U3 o 1)m _ u3m73 + u3m76(u3 o 1) + u3m79(u6 o 2u3 + 1) N (u3 o 1)m71 >

2 3u3m73 _ 3u3m76 > 2U}3m73 + um > 2u3m73 4 um —9.

1.10. 3ameruMm, 4T0 HAUOOBIIHN OOITUI JIeTUTENH JIIOOBIX ABYX U3 uucesd r, & + 1, ..., x + 4 He npeBocxoaut 4.
ITosTomMy Bce KpymHBIE TPOCTBIE MHOXKUTEJN IUCIIA Y JOJZKHBI BXOJUTD B PA3JIOYKEHHUE YNUCET X, . . . , T+ 4 B I€THBIX
crerrensx. ClleJIoBATeILHO, KA/l MHOYKITENb B JIGBOII UacTH ypaBHeHus umMeeT Buj n2, 2n2, 3n? wmm 6n2. Tax
KaK B JIEBOU YACTU YpaBHEHUS H MHOXKUTEJEH, KAKUE-TO JIBa MHOXKUTEJISI UMEIOT OJIMH U TOT Ke BuJ. Ho pa3HocTn
MEXK/Iy COCETHUMU KBAJIPATAMHU, YABOCHHBIMIA KBA/IPATAME U T. /I. OOBIIHO OOJIbINE 4, TO3TOMY yPABHEHUE HE MMEET
PpeleHuii.

2 Bau3xkue 80npocvi

2.1. Cauenyrommee paccykaenue B3a1o u3 [4]. Muorowien B npasoii yacru ypasuenus (1) 0603Ha4uM J1j1si KDATKOCTH
uyepe3 f(x). HJouycrum, uro upu m = 2, k = 2n ypasuenue (1) umeer GeCKOHEYHO MHOrO pernenuii (z;,y;), Tie
z; — +oou f(x;) = y?. Bamerum, uro f(x) He ABIACTCS KBAPATOM MHOTOUJICHA, IOCKOJIBKY BCE €0 KOPHU HMEIOT
kparnocth 1. IlogGepem Tora Takoit muorowien a(z) crenenn n, aro deg(f — a?) < n — 1. Ilycts 7 = f — a?,
a(x;) = z;. Torma z; ~ & npu i — +00 (YuTaTesb, He 3HAKOMBIIl ¢ TEOPHEIl IIPEJIEJIOB, MOXKET YUTATh 3Ty (dpasy
Tax: z; > 0.9927 npu Goubmux ). Kpome Toro, npu 6osmbmux i y2 —z2 = r(z;) # 0 u npu arom |r(z;)| < const-z L.
Ho ¢ apyroit croponst, |r(x;)| = |y? — 22| = (yi +2i)|yi — 2i| = 2; ~ 2, 9TO TPOTHBOPETUT TOMBLKO UTO TIOJTY9eHHOH
OLIEHKE.

2.2. OTBeT: ma, MOXeT. 2-3 -4 -6 = 122,

2.3. lycrs 2 = kd. Torna k(k + 1)(k + 2)d® = y?. Tosnoxum teneps d = k(k + 1)(k + 2).

Bor /lpyroe pertenue ¢ ucnonab3oanueM udaropossix Tpoek. Ilycrs Z = x + d. Torja ypaBHeHne 3amumercs
B Buzie 22(2% — d?) = y%. B xagecTBe pemenns monoiiayT d = 2ab(a? — b?), T = (a? + b?)2.

A MOXKHO IPOCTO BOCIIOJIL30BATHCS OJHOPOJHOCTBIO: 3aMeTuM, Hanpumep, 91o (1, 35, 24) — pemenne. Kpome
toro, ecym (z,y,d) — pemmenne, To ipu KaxkoM k Tpoiika (k2x, k3y, k2d) — Toxe pemrenue.
2.4. Ms1 npuBoguM paccyxaerne u3 [4]. O6ozuaunm st kparkoctu Py () = z(r+1)(z+2)... (v +k—1)+¢
[Ipeanosnoxum, uro Py .(x) = a(z)?, k = 2n. Toraa

Poc(x+1) = Poe(x) =k(z+1)(x+2)...(x +k—1) = a(z + 1)* — a(z)?.
CrenoBaresbHO,
(a(z+1) - :c)(a:chl )+a(@) =kz+1)(z+2)...(z+k—1).

IMockosbky rpadguk MHOrOWIEHa y = a(x + 1) nomyuaercs u3 rpaduka y = a(x) capurom Ha 1 BII€BO, KaxKjo0e U3
n — 1 pemennst ypasaenus a(zx + ) a(x) JIEKUT MEXKJIy Napoil KopHell MHorowrena a(z) + a(x 4+ 1) (koropsiit
BCEro umeeT n KopHeii). 3Hauur,

a(z+1)—a(z) =n(z+2)(x+4)...(z+2n—2),

alz+1)+alx)=2x+1)(z+3)...(x+2n—-1).

CkJta/ibIBast 9TH BBIPAXKEHHUS, TTOJLYIaeM
20z +1)=2(z+ 1)(z+3)...(z+2n—-1) +n(z+2)(z+4)...(x + 2n — 2).
A BBIYMTAs W NOJCTABYUB B pe3ysbTaT T + 1 BMecTo T, —
20z +1)=2(x+2)(x+4)...(x+2n) —n(zr+3)(x+5)...(x+2n —1).

JBa nosyueHHbIX BbIpaykeHus Jyist 2a(x + 1) HecoBMecTHBI ipu 1 > 2. B 9T0M MOXKHO y0euThCsl, HANPUMED, TaK.
TloncraBuMm B 3T paBeHcTBa © = 0 U BBIYTEM OJIHO U3 JAPYTOro. Mbl MOJyInM PaBEHCTBO

(n+2)(1-3---(2n—1)) =3n(2-4---(2n - 2)),

B KOTOPOM IIPH N > 2 IpaBasd 4acTh JIEJIUTCA Ha OOJIBIIYIO CTENEeHb JIBOWKHU, YeM JIeBasl.
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3  Yoobrwe wucaa

3.1. IlycTs yncno x + ¢ B3aUMHO IIPOCTO C OCTAJIbHBIMU MHOXKUTEISAMH JeBoil yactu. Torma  + ¢ = u'™ u
(W —k+1D)Ww"—-k+2)... 0" <z(z+1)...(z+k-1) <" +1)... "+ k—-1).
IIposepum, uTo 1ipu OOMBIUX U

W —1)™ < (™ —k+ 1) (@™ —k+2)...u™ <u™(@™+1)... (W™ +k—1) < (uF +1)™. (3)

Ecm 3T0 TaK, T0 1pu GOMIBIINX ¢ BBIIOIHEHO HepasencTso uf —1 < y < u¥ 41, a mockosbKy oueBnno, ¥ro0 3 = uF

HE sIBJIFIeTCs PEIIeHUEM HallleT'O YPaBHEHUA,TO OTCIO/[a CJIeyeT, YTO IIpu 6OJII)H_II/IX U ypaBHEHHNE HE UMeeT peH.IeHHfI.
Takum 06pa3oM, KOJIMIECTBO PeIleHil ypaBHEHUsT KOHEYTHO.
st IpoBepKH IMPaBOro HEPABEHCTBA, (3) 3aMeTuM, 4TO
(uk + 1)m > ukm + mukm—k.

C sipyroii CTOPOHBI,

k(k—1
u™(u™ 1) (W™ k1) < u™ 4 ( 5 )ukm*m
Suauut, upu m > k u 60JBINIUX U Mbl IMEeM HEPABEHCTBO
m(, m m mk k(k — 1) Em—m £ km km—k k m
v+ (W FE 1) <u +Tu < u"™" + mu < (u+1)™. 4)
st neBoro HepasercTBa (3) aHAJIOTUYHO [OJLYYaeM
k(k—1
(W™ —k+ D)™ —k+2)...u™— (¥ —1)" = murmF %ukm*er... .

Sﬂecb npaBad 9aCTb ABJIACTCA MHOI'OYJIEHOM II0 U, OIIYIII€HHBbIE C/JlaraeMble UMEIOT MEHBIITYIO CTCIIeHb I10 U, a CTap-

muit wren — muF™™F — nonoxkurenen. 3HaunT, pu GOJIBIIMX U STOT MHOTOWIEH MOJOXKHUTETICH, U MBI HMeeM

HY>KHO€ HEpPaBEHCTBO.
3.2. Caenyer u3 pe3y/braTa CJeAyoIeil 3a1a4u.

3.3. JocraTo4no uposepurhb, 4ro npu m > 2k Boinoaneno nepasencrso (3). IIpaBoe nepasencrso (3) oueBHIHO,
[OCKOJIBKY y2Ke TIpu m > k + 1 BepHO cpejiHee HepaBeHCTBO (4), IOMEUYEHHOe 3Be37109KOI.
Hokazxxem seBoe Hepaserctso (3). Tak kax

(W™ —k+1D)W™ —k+2)...u™> W™ —k+1)*,
TO JICTATOYHO 1IpU M > 2k JI0Ka3aTh HEPABEHCTBO
(W™ —k+1)F > (b —1)™. (5)
Mpe1 fokaxkeM HepapeHCTBO (5) mHyKnueit o m. Basa, m = 2k
(u?F —k+1)F > (Wb —1)%F.

HsBiiedeM KOpeHb k-if CTeIleHu n pacKpoeM CKOOKH, MOoJIydnM odeBmanoe Hepasenctso 2u”f > k. Ilepexon. docra-
TOYHO [IPOBEPUTH HEPABEHCTBO
(W™ —k+ D@k —1) < (umt —k+ 1)k,

ml gy 1)\"
k u +
-1l<|— .
“ (um—k—i—l)

1o HEepaBE€HCTBO O4Y€BU/IHO, IIOCKOJIBKY ,[Lp06b7 HAIIMCAaHHAs B CKOOKAX B HpaBOfI JaCTUu, He MEeHbIIIe U.

3amnmiem ero B BUE

3.4. Ilycres yncjio z = x + ¢ B3aMMHO IIPOCTO C OCTAJbHBIMM MHOXKHUTE/IsIMU [IPABOIl 4acTU ypaBHeHus. Toria
z=zxz+i=u"u

(W —k+D)r<(z—k+1)...z-1z<z@+1) ... (c+k-1)<z2(z+1)...2+k-1) < (™ 4+ k—1)*.
Hokaxem, ato npu m > k + 21og, k u w > 2 BBINOJIHEHBI HEPABEHCTBA
(™ +k—-1F < (Wh4+1)™ (6)
(u™ —k+1)F > (Wb —1)™ (7)
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oka3aresbcTBO HepaBeHcTBa (6). 3amnumem YacTHOe NPABON U JIEBOH dacTeil M BOCIOJIB3YyeMCsl HepaBeH-
crBoM Beprysan

(ukF +1)™ ukm :( 1)’”(1 k—1 )k>1+m k(k—1) mk(k — 1)

: 14+ — _
ukm (um+k—1)k +uk u™+k—1

ub o oum k-1 uF(um+k—1)

Ham HY>KHO NpPOBEPUTD, YTO TIOC/IE/HEE BbIpazenue Gosbine 1. Jljig 3TOro JOCTATOMHO YCTAHOBUTH, YTO CyMMa
TPeX TOC/IeIHAX CJAraeMbIX T0JIOXKHUTEbHA, T. €.

m k(k—1) mk(k —1)

uk T oum k-1 wk(um+k—1)"

JoMHOXKMM Ha 3HaAMeHaTesn u 1epereceM m(k — 1) B IpaByo 4acTh:
mu™ > k(k — Du® + (k —1)%m.

Tax kax m > k + 2logy k > k + 2log, k, To u™ > k?u’. 3amennm Torya Beipaskenne u™ B mesoit wactu Ha k2uF,
a MHOXKHTe M k — 1 B IpaBoil yacTu — Ha k, OT 9TUX 3aMeH HEPABEHCTBO YCUJIUTCSI:

mk*u® > E*uf 4+ k*m .
Mps1 npumnin K BepHOMY HEpaBeHCTBY ab > a + b.

Wm—k+1)* (WM —kf1D)F g Em
(ukfl)m - ukm (ukfl)m

Hoxka3zaresnbcrBo HepaBerncrsa (7). Paccmorpum uwacraoe U JIOKayKeM, 9TO

oo Gosbite 1. B camoM fefe, B culy HepaBeHCTBa BepHysu
kE—1\k/ ub \m m k(k—1)
1-=) (=) > 0 )(1- )
( um uk —1 + uk —1 um

k(k—1 2
Kpowme Toro, 1 — % >1- fm. 3HAYUT, JOCTATOYHO JOKA3ATH, YTO

2 2 2 m _ 1.2,k 2 2
m )(1_k_>:1+ m k mk _1+mu ku® + k mk

1<(1
+u’“71
P

uk —1  um um(uk —1) um™(uk —1)

um

m

Ho Benp u k2uF, smaunr,

mu™ — k2u + k% — mk? > mk*u® — B2uF + k2 - mk? = B2 (m - 1) (W — 1) > 0,
910 U TPEDOBAJIOCE.

3.5. Hepasencrso 7 > 5 + 2log, 5 HEBEpHO, TaK YTO Mbl He MOXKEM COCJIATHCSI Ha PE3YJIbTAT IIPEJIbIIyIel 3a1atm.

IIpaBna, B pellleHun IpeabLAyINeil 3aJa4r MbI II0JIb30BAJINCH JIAIIb HepaBeHCTBOM m > k + 2 log,, k, Tak 4TO Taxkas

CCBIJIKA, BCE YKe BO3MOXKHA, €CJIU JIONOJIHUTD ee 1epebopoM MaJibix 3HadeHuit . Ho Mbl JIa/iuM 1psiMoe pellieHue.
Kak u B npeapiaymux 3a1adax, J0CTATOYHO JOKA3ATh JBa HEPABEHCTBA

u (0 + 1) (U +2)(u” +3)(u” +4) < (¥ +1)7, (8)
u(u” — 1) (u” = 2)(u” = 3)(u" —4) > (u® —1)". 9)
s nokazaresibcTBa HepaBeHCTBa (8) packpoeM CKOOKU
u® + 10u® + 350 + 50u' + 2407 <
<u®® 4+ 70?0+ 21u® + 350 + 350" + 2100 + T’ + 1.

Herpyauo Busiers, uTO 1Ipu 4 > 2 KaXkKJ0€ CJIaracMoe BepXHeil CTPOKU MEHBIIEe PACIIOI0KEHHOTO TI0JI HUM CJlarae-
MOT'O HM2KHEH CTPOKU.
Jis nokazaresbeTBa HepaBeHCTBa (9) TOXKE PACKPOEM CKOOKH

w3® — 1062 + 350w — 50u™ + 240" > u®® — 730 + 214 — 3510 + 35u’® — 21u'0 + T’ — 1.
C06epeM B Ka}K,HOfI HJacCcTH CJlaraeMble O/IHOI'O 3HaKa.

6u’ + w30 + 350t + 35u?0 + 240" + 21u0 + 1 >
> 10u?® + 210 + 35u™® + 50u' + 7u®



IIpousBemenust mocaenoBaTebHBIX HATYPAIbHBIX dnces. Bepcus 0.9 7

Herpyauo Busiers, wTO 1Ipu 4 > 2 KaXKJI0€ CJlaraeMoe HIKHEH CTPOKM MEHbBIIE PACIIOJIOKEHHOTO HA/JT HUM CJlarae-
MOI'O BEpXHEH CTPOKH.

3.6. YrBepKeHue 3T0i 1 JABYX CJIELYIOIMUX 3a/a9 Mbl HOYepIHyu B [1].

3.7. B kauecrBe npumepa Habopa u3 17 ducesi, KaxJj0e U3 KOTOPhIX UMeET OOIIUIl JIeJINTE b ¢ KAXKJIbIM U3 OCTaJIb-
HBIX TOJIXO/IUT HAOOP, B KOTOPOM HamMeHbIree 1ucjio paBuo 2184 + 30 030n.

3.8.

4  Obwue ceoticmea peweHull YpasHEHUS

4.1. [Ipu x < k Bce HaTypaJIbHBIE YUCIA, JIeXKAIre MeX Ty T+k u %(x—i—k;), BXOJAT KaK COMHOXKUTEJIN B JIEBYIO YaCTh
Hamrero ypasuenus. CorsacHo mocry/ary Beprpana, cpeau 9TUX Yuces BCTPEeYaeTcs IPOCTOe YUCTIO P, U OUEBUIHO,
9TO P BXOIUT B IMPOU3BEIEHNE B JIEBOW YacTU B mepBoit cremenn. [losromy nipm & < k jieBast 9acTh HE MOXKET OBITH
HUKAKOU TOYHOH CTEeNeHbIO.

4.2. Tlo Teopeme CuibBecTpa HEKOTOPBI MHOXKHUTEJIb T + 1 U3 JIEBOIl YaCTU ypaBHEHUsI UMeeT IIPOCTON JIeJInTe b
p > k. ITocko/ibKy B JIEBOI YaCTH JIUIIb T+ 7 MOXKET JIeJINTHCS Ha P, TO 9TOOBI BCE MPOU3BEIEHNE OKA3aJI0Ch TOYHOM
CTENeHbIo, HeoOX0MMO, YTOObL & + § Jeamioch xorsd 66l Ha p™. Torma x + i > p™ > (k + 1)™. Ecau upu srom
x<kP,ro kP +i>x+i>(k+ 1)P. Orkyna ¢ > pk, 970 HEBEPHO.

4.3. Eciin 661 9ucao a; uMesio Obl IpocToii jeurenb p > k, To cpean uncea x, £+ 1, ..., + k — 1 Toabko = + @
Jesimiock 661 Ha p. Ho Torma p BXoauT B pasjioyKeHHWe T + § Ha IPOCThle MHOXKHTEIU B CTEIeHW, KPATHOHN M,
U, TIOCKOJIBKY X + & = a;2]"

7. MHOXKHUTEJIb p) BXOJIUT TOJIbKO B DPAa3JIOXKEHHE z; U HE BXOAUT B DPa3JIOKEHUE G;.
IIporuBopedne.

4.4. BaMeTnM, YTO €CIU Mbl HaliJeM Cpeau 4Yuces a; He MeHee b Uucell, B Pa3JIOXKEHNE KOTOPBIX BXOIAT TOJIBKO
IIPOCThIE MHOXKUTEN 2 U 3, TO, paccyzKjas JiaJblile Kak B 3a7ade 1.10, Mbl cpa3y MnoJiydyuM, 4TO ypaBHEHUE He
umeet perennii. Ho Takue 5 4mces coBceM HETPYIHO HAWTHU: BCErO UUCES y HAC 7, OHU MOTYT COJEPKATH TOJHKO
[IpoCThIe JleauTe/in 2, 3, b U IpHU 5TOM KOJUYECTBO YUCEN G, JeJISIuXcs Ha 5, — He boJjiee 1Byx!

4.5. Kak n B mpeapIayIneit 3aatde, monpodyeM HAWTH Cpen ducesl a; He MeHee H Ihces, B Pa3iioXKeHne KOTOPBIX
BXOJIAT TOJIBKO MPOCThIe MHOXKHTEN 2 u 3. Jucia a; MOTYyT COJEPXKATb TOJIBKO MHOXKWUTEIH 2, 3, H — IpuieMm
KaXKJIblil MHOYKUATEJIb MOXKET TPUCYTCTBOBATH Jinib B cTenienn 0 mim 1. [Ipoussenenne qucen a; JOKHO OBITH TOU-
HbIM KBaIpaToM. Cpejii UCXOIHBIX MTOCJIEI0BATEIbHBIX HATYPAJIbHBIX YUCEes He DoJiee JIBYX JeJISTCI Ha 5, TOITOMY
cpeJin Yuces a; Toxke He DoJiee JIBYX UuceI, Jgeadnmxcs Ha 5. HaMm m1octaToqHo paccMOTpeTh TOJIBKO CIytail, Kora
9TUX duces POBHO 2. OUeBUIHO, 3TO BO3ZMOXKHO, JIUIIb €CJIH Gy U A5 JEJIATCSI HA 5.

CrenaeM Ha BCAKMIA Crydaii oueBugHoe 3amedanne. Cpelu Tpex MoC/IeI0BaTeIbHBIX HATY PAIbHBIX YHCE]l POBHO
oxuHo nenurtcs Ha 3. Ho ecoim 3Ta Tpoiika BXOJUT B UE€THOU CTEIIEHU, TO CPEJIM COOTBETCTBYIOININX YUCET a; HE OyIeT
HU OJTHOTO, JIEJIAIIErocs Ha 3.

Pacemorpum 4 uncna x + 1, x + 2, x 4+ 3, x + 4. Kak MbI 3HaeM u3 337349 1.5, UX [IPOU3BEIEHNE HE MOYKET
ObITH TOYHBIM KBajpaToM. CiemoBare/bHO, CyMMapHas CTeIleHb BXOXKIEHUs B YUCJA a1, A2, 43, G4 MHOMKUTEJEH 2
WM CyMMapHasl CTEIIeHb BXOXKJICHUs B 9THU K€ YUCJIa (; MHOXKATeNeH 3 J0/KHA ObITh HeYeTHA. DTO MOXKET OBIThH
JIIIb B JBYX (HEB3aUMOMCKJIIOUAIONINX) CIIyYasX:

1) cpemm uucen a1, as, as, a4 POBHO OJHO JEIUTCA HA 2;

2) cpeau 4uCeN a1, Gz, 43, G4 POBHO OJHO JIEJUTCS Ha 3.

3ameTnMm erre, 9TO KOJMYECTBO UUCEJ d;, JelAmuxcs Ha 2 (1, aHAJOrMYHO, Ha 3), He npesocxoxut 2. Torna,
KaK HETPYIHO BHUJETH, B KAXKJOM M3 CJIy9aeB cpemu ducesa T + 1, x + 2, x + 3, & + 4 obsi3aTesbHO HAWIYTCH Ba
qucaa BUJA t2, WIN JBa YUCJIa BUJA 2t2, JIBa YUCJIa BUAA 3t2, 9ero He MOXKET OBITh.

4.6. 910 yrBepKAeHne — YacThb JemMbl 1 u3 [3]. Cokparum pauble MEHOXKUTe M. Tak kKak HO(n +i,n + j) < k
U 1pu 3ToM n > k™' moJrydaeTcs, 9TO HU OJIHA M3 CKODOK B JIEBOI 9acTH HE JICJINT IIPOU3BEJICHUSI B IIPABON YaCTH,
[I09TOMY PABEHCTBO HEBO3MOXKHO.

4.7. llyctb a; = aj, te 0 < j < i < k+1. Tak kak n +1i = ;2] > n+j = a;2}", 10 2; 2> z; + 1. CiesroBaresbHO,

§%j

k>a;z" —a;z = a;((z;+1)™ —2") > ajmzjm_l > a§-m71)/mz?_1 = (ajz?)(m_l)/m = (z+7)m=D/m > gt/m

9TO MPOTUBOPEUUT YTBEPKJICHUIO 3a7a9u 4.2.
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4.8. Tloxoxke Ha 4.7. Ciemyer u3 yTBep:KjieHus cjeaymomeil 3amaun. JloctaroyHo B ee pereHny BCIOY M0JIaraTh
u=uv=1.

4.9. 910 nemma 1 u3 [3]. Jomycrum, aro
_ 3
iy Qiy = Ajy aj2t :

IIposepum, uro Torma t = 1 u HAOOPHI MHIEKCOB B JIEBOH U IIPABOil 9acTsX coBHaaaroT. He ymastsiss obmHoCTH, MO2XKHO
cauTarh, 910 ( + i1)(z +i2) > (xr + j1)(z + j2) (PABEHCTBO ITHX BBIPAYKEHUIT HEBO3MOXKHO B CHJLY yTBEDPIKJICHIS
sazaun 4.6).

[ycrs t = u/v (necokparumas samucs). Toraa a;, a;, /u® = aj, aj, /v3 u B Ty TOTO, YTO U U V B3AUMHO HPOCTHI,
obe 1acTH paBeHCTBa IPeJICTABIAIOT coboil meoe uncio. O6osnaunm A = a;,a;, /u® = aj,a;, /v,

Io ompeieTeHnIo THCeT a; UMeeM T + i = a, 2}, u Toria

(x +i1)(x +i2) = a4, a4, -

ec»| ﬁw §w| mw

(z +J1)(x +j2) = a5, a5, -
e § = U2, Ziy, T = V2j, 2j,. Toraa As® > Ar® u, suauut, s > r + 1. Takum o6pazom,
(z+i1)(z+i2) — (x+ 1) (x+j2) = A((r +1)° —r®) > 34r°.
Bamerum, uro Ard = (z + j1)(z + j2) > 22, u Torua MOCIE/HEE HEPABEHCTBO MOYKET GBITH MEPENCaHo TakK:

2\ 2/3
(24 i2) (@ + i) — (& + 1) (@ + ja) > 34 - <%) > 3a%/3
C Jpyroii CTOPOHBI,

(x+i1)(z +id2) — (x4 j1) (@ + j2) < (z+ k) — 2% < 3kz.

Moty ueHHEIE OIEHKH IPOTHBOPEYAT APYT APYTY, TaK KaK U3 3anaqu 4.2 Mbl 3HAEM, 9TO T > k>, U CJIeJ0BATEIILHO,
3kx < 3x/3.

4.10. Ham Hy»>KHO HaliTH JBaJIATh YUCES (;, KOTOPbIE COJIEPYKAT TOJBKO IIPOCThie MHOXKUTEH 2, 3, 5, 7.

Mpe1 3HAEM, 9TO YKCIAa G; MOTYT JEJIMThCS TOJBKO Ha IIPOCThIe MHOXKUTEJIU, He IIPeBoCXodinue 75, T.e. Ha 2, 3,
5, 7,11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73. IlockobKy YuCIa Q; ABIAIOTCS IEIATEIAMA 75
[OCJIEJIOBATENIbHBIX HATYPAJIBHBIX YUCEJI, TO JJisl KazKJ0ro MPOCTOro Yucia u3 auanasona [41; 73| (B arom orpeske
9 mpoCTHIX 4uCes1) JIUIIb He Gojiee JBYX M3 YHCE @; JEJSITCs Ha 9TO IIPOCTOE YUCJIO; & JJId KAXKIOrO IPOCTOrO
qucsia u3 auanasona [29; 37] (3 mpocTeix Yncia) Jaumme He 6oJiee TPeX U3 UUCeIl G; JEJSITCs HA 9TO IPOCTOe IHCIIO.
IlaJiee, He DoJiee YeThIPEX U3 YUCE G; JieJisiTCst Ha 23; He OoJiee uyeThbipex — Ha 19; He GoJiee nsitu — Ha 17; He GoJtee
mectn — Ha 13 u He Oostee cemu — Ha 11. Utoro mbr mHacuuTamm e Gostee

18+9+8+5+6+7=253

qucesi. 3HAYUT, OCTAJIOCH He MeHee 22 4mcesl. DTU YUCTIa MOTYT UMETh TOJHKO MHOXKUTETH 2, 3, 5, 7.

4.11. PaccMoTpuM TOJIBKO T€ YHUCTA @;, KOTOPbIE COJEPKAT TOJBKO MPOCThIe MHOXKHUTEU 2, 3, 5, 7. Ilo yTrBep-
JKJIEHUIO TIPEJbIIYINEeil 3a/1a4m, TaKuX dncesl He MeHbine 20, HO HaM, BIIPOYEM, JOCTATOYHO OYIeT JeCsTh U3 HUX.
ITonb3ysich STUMH IECATHIO IMCJIAMH, MBI MOXKeM cocTaBUTh 90 = 10 - 9 pa3IM<HBIX TaCTHBIX BHIA d;/a;.

C mpyroii CTOpPOHBI, IO YTBEPXKAEHHIO 3amadu 4.9 JacTHOe OByX IpOU3BeIEHUil BUAa a;a; (U, B TOM HHCIE,
JacTHOE BUAA (;/a;) HE MOXKeT ObITb KyOoM paruoHaabHoro ducaa. Ho Torga, ¢ TOYHOCTBIO O OTJINYUS Ha MHO-
JKUTEIb-KyO cyliecTByeT He Gostee 3* = 81 KjaccoB 3HAYEHHMiT JJIS UACTHBIX BBHIODAHHBIX HAMHU JIECATH UHCEJI
(kaxkplit MHOXKUTEb 2, 3, 5, 7 MOYXKET BXOJUTh B Takoe 4acTHOe B crenern 0+ 3s, 14 3s, 24 3s). Takum 06pazom,
B KaKOI-TO KJIACC MOTA/IYT ABa JYaCTHBIX, T. €. OYIeT BBHIIOJHEHO COOTHOIIECHUE

Q; n

= 2.3,
Qj Ay

3alpelnieHHoe yTBepKIeHneM 3a1a4u 4.9.
4.12. D710 U3dIIHOE PACCYKICHAE Mbl IEJIUKOM B3slJIU U3 CTAThu [3].
11 KarK 71010 IPOCTOro 9nciia py < k— 1 BeIOEpeM TO 9uCIIO a4, [1Jist KOTOPOTO T +% JEJIUTCS Ha Py B MAKCAMAJIb-

HOIi crenenu. Torja JIjist BCEX OCTAJILHBIX j YMCJIO T + j JIEJIUTCA HA Ty K€ CTENeHb YUCJIa P, Ha KOTOPYIO JETUTCS
qucsio (¢ + i) — (x + j) = j — i. Takum o6pa3om, eciu a;,, Gy, - .., d;; — 3T0 ciucoK Bcex HEBBIOpaHHBIX 1mces
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(rorma 3mech d > k — w(k)), n p§ — MakcuMmasbHAs CTENeHb Do, HA KOTOPYIO JIEJIUTCS IPOU3BEICHUE j, Gy - - - Ui, s
. . —1)!
To p® menut Takke npomssenenue (k — i)!(i — 1)!, a 3maqanr, u (K — 1)! (mockonbky % — [eJI0e 9hCIIO0).

Taxum o6pasom, npousBejieHre BCeX HEBbIOpAaHHBIX uuces geaut (k — 1)!.

4.13. Do paccyzxKaeHne JpJenia Mbl UTUPYeM 110 [2].

TTockoIbKY UncIIa a; PA3IudHbl 1 CBOGOIHBI OT KBaparos, B, (k) > B’(k), rae B’(k) — npoussejenne nepBbIx
k wmcest, ceobombIx oT KBajipaTos. JloctaTouno nokazath, uro B'(k) > (4/3)Fk! npu k > 24.

Hoxkazxkem 310 o maaykmun. baza, k = 24. [IpoBepsieTcst HEMOCPEICTBEHHO:

26-29-30-31-33-34-35.37 4 2
4-8-9-12-16-18-20-24 3)

WMuaykuponnsiii mepexoi. Ilpu r > 9 KojmyuecTBo CBOOOJIHBIX OT KBaJIPATOB YKCE]I, HE IIPEBOCXOSINNUX T, HE IIpe-

BOCXOJIAT 7" — [ﬁ] -1< %r. Suauut, tpu n > 7 n-e ¢cBOOOIHOE OT KBAPATOB YUCJIO DOJIBIIE, YeM %n.
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Products of consecutive Integers

Vadim Bugaenko, Konstantin Kokhas, Yaroslav Abramov, Maria Ilyukhina

Problems

8 amrycra 2008 1.

We shall consider the following problem:

Could a product of some consecutive integers be a power of an integer?

In other words we ask whether the equation

zz+D(z+2)...a+k—1)=y™ (1)

has a solution in positive integers (for each k > 2 and m > 2).
A solution of the problem for any partial case will be accepted as a progression. We recommend to consider the following cases

first.

1.1.
1.2.
1.3.
1.4.
1.5.
1.6.
1.7.
1.8.
1.9.

Some partial cases

k=2 m=2.

k = 2, m is arbitrary.
k=3, m=2.

k = 3, m is arbitrary.
k=4, m=2.
k=m.

k=8, m=4.

k=8 m=2.

k =4, m is arbitrary.

1.10. k=5, m =2.

2 Variations of the question

2.1. Prove that for m = 2 and even k the equation does not have infinitely many solutions (z, y).

2.2. We take 5 consecutive integers, choose 4 of them and multiply. Is it possible the result to be an exact square?

2.3. Prove that the equation z(z + d)(z + 2d) = y? has infinitely many solutions (x,y, d) in nonnegative integers.

2.4. Prove that for every k # 2, 4 a polynom of a form z(x + 1)(z +2)...(z + k — 1) 4+ ¢, where ¢ is a rational
number, is not a square of a polynom.
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3 Convenient numbers

We call a number k convenient if among each k consecutive positive integers there is at least one which is relatively prime to the
others.

We shall refer to our main equation (1) by the notation (k,m). For example, in the very first problem we spoke about the equation
(2, 2).

3.1. Prove that the equation (k,m) could not have infinitely many solutions for convinient k& and m > k.

3.2. Prove that for each convinient & there is a number mq(k), such that for m > mg(k) the equation (k,m) has
no solutions.

k.

3.3. Prove that the equation (k, m) has no solutions for convinient k and m > 2
> k+2log, k.

3.4. Prove that the equation (k,m) has no solutions for convinient k& and m
3.5. Prove that the equation (5,7) has no solutions.

3.6. Prove that all positive integers less than or equal to 16 are convenient.
3.7. Prove that 17 is not convenient.

3.8. Prove that all positive integers greater than 17 are not convenient.

4 Common properties of solutions

You may apply the following two theorems in your solutions.
Tchebyshev theorem (Bertrand postulate). There are at least two primes between integers n and 2n if n > 5.
Sylvester theorem. There is a prime p > k that divides (n + 1)(n +2)...(n+ k) if n > k.

Let us write the factors from left hand side of the equation (k,m) in form
T +1i=a;z", 0<i<k—-1,

where integers a; are free of m-th powers, i.e. the power of each prime factor of a; is less than m.

4.1. Prove that « > k for any solution of the equation (k, m).

4.2. Prove that > k™ for any solution of the equation (k,m).

4.3. Prove that all prime factors of integers a; are less than k.

4.4. Solve the equation (7, 2).

4.5. Solve the equation (6, 2).

4.6. Let x be a solution of the equation (k, m). Prove that the equality

(x+i1) ... (x+im-1) = (x+751) ... (+m-1), where 0<i; < Cim1<k—1,0<5 < <fmo1 <k—1

is possible only if the sets of indices coincide.
4.7. Prove that all the integers a; are different.

4.8. Let m = 3. Prove that all the pairwise products azaj, 0<i< k — 1, are different.

J
where 0

//\ //\

4.9. Let m = 3. Prove that the fractions of the form @4 1<j<k—-1,0<r<s<k—1,arenot
equal to the cube of rational number (excluding 1).

4.10. Let m = 3, k = 75. Prove that at least 20 integers a; have no prime factors greater than 10.

4.11. Prove that the equation (75,3) has no solutions.

4.12. Denote by (k) the number of primes which are less or equal to k. Prove that almost all integers a; are
“small” in the following sense: we can choose k — 7(k) of them, such that the product of chosen numbers divides
k!. (You may consider the cases m = 2, 3 only.)

4.13. Let m = 2, B, (k) = apay ... ap—1. Prove that B, (k) > (%)kk! for an arbitrary large k.
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Solutions

The equation under consideration has no solutions at all. So the answer “There are no solutions” will not be
repeated in each solution.

1  Some partial cases

1.1. Follows from the next problem.
1.2. Numbers z and x + 1 are relatively prime, thus both must be perfect m-th power. However this is impossible.
1.3. Follows from the next problem.

1.4. Let us denote that numbers z+ 1 and z(x +2) = (v + 1)2 — 1 are relatively prime. So each of them is a perfect
m-th power. Let x + 1 = u™, then z(x+2) = (u?)™ — 1 = v™. This is impossible because two perfect m-th powers
differ by more than 1.

1.5. Let us apply an identity z(z + 1)(z + 2)(x + 3) + 1 = (2% + 3z + 1),

1.6. Note that x < y < x+k—1. Then the left hand side of the equation contains a factor y+ 1, which is relatively
prime with the right hand side.

1.7. Let us multiply factors pairwise (first with last, second with last but one etc.). We get
z(x+D(x+2)...(x+7) = (2% 4+ Tx) (2 + Tz + 6)(2* + 7o + 10)(2* + Tz + 12).
Let a = 22 + Tz, we obtain the equation
ala+6)(a+10)(a +12) = y*. (2)
Direct calculation ensures us that if a > 10
(a+6)* <ala+6)(a+10)(a+12) < (a+T7)*
(right inequality also follows from Cauchy inequality).

1.8. Let us transform the product of eight consecutive integers to the form (2). Note that a = x? + 7z is even
number, set a = 2b, y = 2y; and cancel both sides of the equation by 2. We obtain

b(b+3)(b+5)(b+6)=1y:.
Direct calculations ensure us that
(B> +T7b+6)> <b(b+3)(b+5)(b+6) < (b>+T7b+T7)>.
It is easy to check because these inequalities are quadratic.

1.9.

1.10. Remark that greatest common divisor of each pair of these numbers is not more than 4. Thus all large prime
factors of y must be contained in the decomposition of x, ..., x + 4 in even powers. Hence each factor in the left
hand side of the equation must be of one of the forms n2, 2n2, 3n? or 6n2. Since left hand side of the equation
contains five factors, some two of them have the same form. But the difference between two numbers of the same
form could not be small, hence the equation has no solution.

2 Part 2

2.1. This solution is from [4]. Denote by f(z) the polynomial in the right hand side of equation (1).

Assume that for m = 2, k = 2n equation (1) has infinitely many solutions (z;,y;), where z; — +oo and
f(z;) = y?. Remark that f(x) is not a square of a polynomial, because all its roots have multiplicities 1. Find
a polynomial a(z) of degree n such that deg(f —a?) < n— 1. Let r = f — a?, a(z;) = 2. Then z; ~ 27 for
i — +o0o (the reader not familiar with the notion of limit could read this sentence as: z; > 0.99z} for large i).
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Moreover y? — 27 = r(x;) # 0 for large i and at the same time |r(z;)| < const - 27" "'. But on the other hand

2 =
Ir(z:)] = |y? — 22| = (yi + 2:)|yi — 2i| = 2i ~ x, which contradicts to the estimation just obtained.

2.2. Answer: Yes, it is possible. 2-3 -4 -6 = 122.

2.3. First solution. Let « = kd. Then k(k + 1)(k + 2)d® = y2. Put d = k(k + 1)(k + 2).

Second solution. It uses Pythagorean triples. Let £ = = + d. Then the equation will be written in a form
72(7% — d?) = y?. We could take d = 2ab(a® — b?), & = (a? + b?)? as a solution.

Third solution. Note that if (x,y,d) — a solution then for each k the triple (k%x, K3y, k?d) is also a solution.
So to solve the problem it is enough to find one partial solution, for example (1, 35, 24).

2.4. The proof is taken from [4]. Let us denote Py .(z) = z(z + 1)(z + 2)...(z + k — 1) 4+ ¢. Suppose that
Py.c(x) = a(z)?, k = 2n. Then

Poc(x+1) = Poe(x) =k(z+1)(x+2)...(x +k—1) = a(z + 1)* — a(z)?.

Hence
(a(z+1) —a(@)) (a(z+ 1)+ a(z)) =klz+1)(z+2)...(x+ k—1).

Since the graph of the polynomial y = a(z+ 1) could be obtained by translation to the left by 1 from the graph
y = a(x), each of n — 1 solutions of the equation a(x 4+ 1) = a(x) lies between a pair of roots of the polynomial
a(x) + a(xz + 1) (which have n roots). Hence

a(z+1)—a(z) =n(z+2)(x+4)...(z+2n—2),
alz+1)+alx)=2x+1)(z+3)...(x+2n—-1).

Adding these expressions we get
20z +1)=2(x+ 1)(z+3)...(z+2n—1) +n(z+2)(z+4)...(x +2n—2).
And substituting the same changing = by = 4+ 1 we obtain
20z +1)=2(x+2)(x+4)...(x+2n) —n(z+3)(x+5)...(z+2n —1).

Two obtained expressions contradict to each other. To be ensure this put £ = 0 to both and subtract one from
another. We get
(n+2)(1-3---(2n—1)) =3n(2-4---(2n —2)),

Here the right hand contains two as a factor with more power than left hand side.

3 Convenient numbers

3.1. Let an integer x + ¢ be relatevely prime with all other factors from the left hand side. Then x + ¢ = v™ and
W' —k+1D)Ww"—-k+2)... 0" <z(z+1)...(z+k-1) <@ +1)... "+ k-1).

Let us check that if w is large
(W —1)" < (W™ —k+ D™ —k+2). ™ <u™wm 1) (wm k- 1) < (uF )™ (3)

If this is true then for large u the inequality u* — 1 < y < u* + 1 fulfils. Obviously that y = u* is not a solution of
the equation, hence the inequality has no solutions if u is large. Thus the equation has only finitely many solutions.
For checking left inequality (3) note than

(uk +1)" > uFm 4 kR

On the other hand

k(k—1
u™(u™ 1) (W™ k1) < u™ %ukm*m
Hence if m > k and u is large we have inequality
k(k—1 *
a4 1) (™ R - 1) <u™F gukm_m <uP™ R < (WP )™ 4)

2
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Similarly for left inequality (3) we obtain

k(k—1)

km—m
5 +

(W™ —k+ D)™ —k+2)...u™— (uf = 1)™ = mufmk -

Here the right hand side is a polynomial of u, missed summands have less degree of u, and leading term mu*™—*
is positive. Hence this polynomial is positive if u is large. So the inequality we need is obtained.
3.2. Follows from the next point.

3.3. It is enough to prove that if m > 2k the inequality (3) holds. Right inequality (3) is obvious because even if
m > k + 1 the medium inequality (4) mark by asterisk is true.
Let us prove the left one (3). Since

(W™ —k+D)W™ —k+2)...u™> W™ —k+1)~,

then it is enought to prove
(™ —k+1)F > (@ —1)m. (5)

for m > 2k.
We would prove the inequality (5) by induction by m. Base, m = 2k

(W — k+1)F > (uF — 1),

Taking the root of degree k-th and expanding we get the obvious inequality 2u® > k. Step of induction. It is
enought to check
(u™ —k+ D@k —1) < (umt —k+ 1)k,

Let us write this inequality in the form
X w4+ 1\"
—-I<|—] .
“ ( um —k+1 >

This inequality is obvious because the fraction in parenthesis in the right hand side is not less than u
This inequality is obvious since the fraction in parenthesis in the right hand side is not less than wu.

3.4. Let an integer z = x +1 be relatively prime with all other factors of the right hand side of the equations. Then
z=x+14i=u" and

(W —k+1D)r<(z—k+1)...z-1z<z@+1) ... (c+k-1)<z2(z+1)...2+k-1) < (™ + k—1)*.
Let us prove that for m > k + 2log, k and v > 2 we have inequalities
(™ +k—-1F <@+ 1™ (6)
(W™ — k4 )F > (b —1)" (7)

Proof of inequality (6). Let us apply Bernoully inequality for the quotient of right and left hand sides

(wk+1)m ukm B 1+im k-1 k>1 m k(k—1) mk(k — 1)
ukm (um +k—1)k uk um+k—-1) 7

wb o oum+k—1 uF(um+k—1)

We want prove that the last expression is greater than 1. It is sufficient to establish that the sum of the three last
expressions is positive, i. e.
m k(k—1) mk(k — 1)

> .
uwb T um k-1 ukum+k—1)

Multiply by the denominators
mu™ > k(k — Du® + (k —1)*m.

Since m > k + 2logy k > k + 2log,, k, then u™ > k?u*. Replacement of the expression u™ at the left hand side by
k2uF, and factors k — 1 at the right hand side by k makes the inequality stronger:

mku* > k2u® + k*m.

We obtained to the correct inequality ab > a + b.
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(W —k+D)* (@M —ktD)F gy km
(uF—1)m™  — wkm WrF—1D)m

Proof of inequality (7). Consider the quotient
then 1. Indeed due to Bernoully inequality we have

and prove that it is greater

() =) () (-5,

Besides 1 — 2621 ~ 1 — £ Hence it is sufficient to prove that

um um

1-—— —— =1
um uwb—1  um wm(ub—1) * um(uk — 1)

k2 m k2 mk? mu™ — kE2uk + k2 — mk?
1<(1+uk_1)( ):1+

But u™ > k%u”, therefore,

mu™ — k2u + k% — mk? > mk*u® — B2uF + k2 - mk? = E2(m — 1) (W — 1) > 0,

QED.

3.5. Like in previous problems it is sufficient to prove two inequalities
u (Wl + (" +2)(u’ +3)(w” +4) < (u’ + 1), (8)
u'(u = 1) (u” —2)(u" = 3)(u" —4) > (u® - 1)7. 9)

To prove (8) expand parenthesis

w?® 4+ 1062 + 3502 4+ 50u™ + 2447 <
<u®® + 7% + 210 + 3500 + 3561 + 2100 + T + 1.

We see that if u > 2 then each summand of upper row less than corresponding one of the lower row.
To prove (9) expand parenthesis

u® — 100 + 350! — 50u + 24u” > w*® — T30 + 210 — 350 + 35u'® — 2100 + T’ — 1.
Collect together summands of the same sign.

660 + w30 + 3502t + 35020 + 2407 4+ 2100 + 1 >
> 10u?® + 210 + 35u™® + 50u' + 7u®

We see that if u > 2 then each summand of lower row less than corresponding one of the upper row.
3.6. This problem and next two ones are taken from [1].
3.7. As an example one can take a set of 17 integers starting from 2184.

3.8.

4 Obwue ceoticmea peweHull YpasHEHUS

4.1. If z < k all integers between x + k£ and %(:c + k) are factors of the left hand side of the equation. According
to Bertrand postulate one of them is a prime number p. Obviously that the left hand side is not divisible by p2.
Therefore it could not be an m-th power.

4.2. According to Sylvester theorem there is a factor x + ¢ that is divisible by a prime p > k. Since other factors at
the left hand side are not divisible by p the product could be an m-th power only if x + ¢ is divisible by p™. Then
x+1i=2p™ > (k+1)™ If at the same time & < kP, then kP +¢ > x + ¢ > (k + 1)P. Hence i > pk, which is wrong.

4.3. If a number a; has a prime divisor p > k, then other integers among z, x4+ 1, ..., £ + k — 1 are not divisible
by p. Then x + i is divisible by p?™. Since x +i = a;2!™, then p is relatively prime with a;. We got a contradiction.

4.4. Note, if we find at least 5 integers a; which are divisible by primes 2 and 3 only, then we deduce that the
equation has no solutions similarly to the problem 1.10. Such 5 integers really exist, because we have 7 integers a;
with divisors 2, 3 and 5 only, and at most two of them are divisible by 5.



Products of consecutive Integers. 7

4.5. Similarly to the previous problem we would find 5 integers divisible by 2 and 3 only. The integers a; have
prime factors 2, 3, and 5 only (each factor in the power 0 or 1). The product of all a; is a perfect square. At most 2
of initial consecutive numbers are divisible by 5, hence at most 2 of a; are divisible by 5. It is sufficient to consider
a case when we have exactly 2 integers a; which are divisible by 5. This case is possible only if ay and a5 are
divisible by 5.

Consider 4 integers ¢+ 1, x4+ 2, x + 3, x + 4. We know from the problem 1.5 that their product is not a perfect
square. Hence the total power of divisor 2 or the total power of divisor 3 in the product ajasasays is odd. It is
possible only in two cases:

1) There is only one integer among a1, as, as, aq divisible by 2;

2) There is only one integer among ay, as, a3, a4 divisible by 3;

Besides that we have at most 2 integers a; divisible by 2; the same is true for 3. Then it is easy to see that in
each case we have among integers « + 1,  + 2, © 4+ 3, « + 4 two integers either of the form ¢? or of the form 2t2,
or of the form 3t2. But this is impossible.

4.6. This statement is a part of lemma 1 of [3]. Cancel equal factors. Since GCD(n+i,n+ j) < k and n > k™, we
see that any factor at the left hand side does not divide the product at the right hand side.

4.7. Let a; = aj, where 0 < j <i<k+1.Sincen+i=a;2" >n+j=a then z; > z; 4+ 1. Therefore

m
§%i

k>a;z" —a;z" =a;((z+1)" —2") > a]-mz;nfl > a§m71)/mz;”71 = (ajz;-”)(m_l)/m = (x+j)mD/m 5 gt/m

that contradicts to the statement of the problem 4.2.
4.8. It follows from the next solution. One can put v = v = 1.

4.9. This statement is lemma 1 from [3]. Assume that
_ 3
Aiy Qi = Qg aj2t .

Let us check that ¢ = 1 and sets of indices coincide. WLOG (z + i1)(x 4 i2) > (x + j1)(x + j2) (the equality is
impossible due to problem 4.6).
Let t = u/v (GCD(u,v) = 1). Then a;,a;, /u® = aj,aj,/v3 and both sides are integers. Let A = a;,a;, /u® =

ajla]é/vB'
By the definition of a; we have z + i = a;z3, then
$3
(@ +i)(z +1i2) = ainai - 5,
3
(x+j1)(z + j2) = aj,a5, - w3’

where s = uz;, zi,, ¥ = vzj,2j,. Then As® > Ar3, so s > r+ 1. Thus
(z+i1)(z+1i2) — (z+ 1) (x +j2) = A((r +1)° — %) > 34r°.
Note that Ar® = (2 + j1)(x + j2) > 22, then the last inequality could be rewritten as

2\ 2/3
(z +i1)(x +i2) — (v + j1)(z + j2) > 3A - (%) > 3243
On the other hand

(x4 i1)(x +i2) — (x + 51)(x + j2) < (z +k)* — 2® < 3kx.

Obtained estimations contradict to each other, because due to problem 4.2 we know that 2 > k2, and therefore
3kx < 3z*/3.

4.10. We need to find 20 integers a;, which are divisible by primes 2, 3, 5, 7 only.
We know that integers a; are divisible by the primes are not greater than 75 only, i.e. 2, 3, 5, 7, 11, 13, 17, 19,
23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73. The integers a; are divisors of 75 consecutive integers therefore:
1) for every prime p € [41; 73] (there are 9 prime numbers in this interval) at most 2 of a; are divisible by p;
2) for every prime p € [29;37] (there are 3 prime numbers in this interval) at most 3 of a; are divisible by p;
3) at most 4 of a; are divisible by 23; at most 4 of a; are divisible by 19;
4) at most 5 of a; are divisible by 17;
5) at most 6 of a; are divisible by 13;
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6) at most 7 of a; are divisible by 11;
So we have at most
18+94+84+5+6+7=53

integers. Hence at least 75 — 23 = 22 integers have prime divisors 2, 3, 5, 7 only.

4.11. Consider integers a; which have prime divisors 2, 3, 5, 7 only. By the previous problem we know that at least
20 integers have that property, but for our purposes it is sufficient to take 10 of them. If we have 10 numbers a;,
we can construct 90 = 10 - 9 different formal quotients of the form a;/a;.

On the other hand, due to the statement of problem 4.9 the quotient of two products of the form a;a; (including
quotients of the form a;/a;) does not equal to qube of rational number. Therefore there exist at most 3* = 81
classes for the values of quotients a;/a; for our 10 numbers (each prime 2, 3, 5, 7 divides this quotient in power
0+ 3s, 1+ 3s, 2+ 3s). Hence two quotients belong to the same class and we have a relation

a; Ay

= 2.3,
Qj Ay

which is restricted by the statement of problem 4.9.

4.12. This beautiful solution we take from [3].

For each prime py < k — 1 choose a; for which = + 7 is divisible by pg to the highest power. Then for j # i the
the power of py dividing x + j is the same as the power of py dividing (z +¢) — (x +j) = j —4. Thus, if a;,, a4y, - - -,
a;, is a list of nambers that was NOT chosen (then d > k — w(k)) and p is a maximal power of py that divides
the product a;,ai, . .. a;,, then p* divides also the product (k —¢)!( — 1)!, and hence p® divides (k — 1)! (because
% is integer). So the the product of integers that was not chosen divides (k — 1)!.

4.13. This proof of Erdss we cite by [2].

Since the integers a; are square free and pairwise different, B, (k) > B’(k), where B’(k) is a product of first k
square free numbers. It is sufficient to prove that B’(k) > (4/3)*k! when k > 24.

Induction by k. Base, k = 24.

26-29-30-31-33-34-35.37 4 2
4-8-9-12-16-18-20-24 3)

Step of induction. For 7 > 9 the number of square free integers that does not exceed r is at most r— [ﬂ -1< %7’.
Therefore for n-th square free integer for n > 7 is at most %n.
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Kybuk Pybuka u mpobjema XurmaHa

O0ObekToM Halero n3ydenns oyaeT kyoux Pyouxa u moxozkue Ha HErO roJioBO-
JoMKku. [Ipexkie, ueM NMpUCTyNuThL K U3yUeHNIO0 HEIIOCPE/ICTBEHHO KyOuka Pyouka,
MBI PENINM HECKOJBKO MOIOTOBUTEIbHBIX 3a/1a4.

HO,Z[I‘OTOBI/ITG.TIBHI)IG 3a1a91.

¢ P1. B pan crogar 12 KyOuKoB, MPpOHYMEPOBAHHBIX 10 HOPSIAKY 9UCIaMi OT 1
10 12. (Ha camom jieBom — 1, ma camom mpaBom — 12). Ilpn kaxkjgom yiape
BOJIIIIEOHOI0 DapabaHa KaK1e-To JBa COCeTHUX KyOuKa MeHsioTcst Mmectamu. [Toce
333 ynapoB KaxKJblil KyOMK HauMHAET IPbIFaTh OT CYACTb, €CJIU BHJIUT CIIPaBa
oT cebsi HeUETHOE YKC/I0 KYOMKOB ¢ MEHBIINM HOMepoM. MoryT i 3alpbiraTh OT
cYacThbst pOoBHO 6 KyOUKOB?

¢ P2. B pan croar 42 kybuka, NpOHYMEPOBAHHBIX B IOPSJIKE BO3PACTAHUSI.
3a OJIMH XOJ| MOXKHO IIepPecTaBUTh MecTaMu JioOble jBa. MoxKeT Jin POBHO de-
pe3 2008 x0/10B 0Ka3aTbCsd TaK, YTO MEpPBbIE JIBa KyOMKa IOMEHSIIUCH MEeCTaMu, a
OCTaJIbHbIE OKA3aJINCh HA TEeX KEe MecTax !

¢ P3. Ilo kpyry crosar 20 pasHONBETHBIX KYOMKOB. 3a OJINH XO/1 MOYKHO TOHATH
JIIOOBIE TPU W TOCTaBUTDL IEPBbLINi Ha MECTO BTOPOr'0, BTOPOIl Ha MECTO TPEThEro,
TPeTuii — Ha MeCTO IepBoro. Moryo Jim Tak MOJyIUThCA, UTO TO0CJe KaKOTO-TO
X0/Ia Bce KyOMKM OKa3aJIMCh CJBUHYTHI IO IUKJIY Ha OJUH MO CPABHEHUIO C Iep-
BOHAYAJILHBIM MTOJIOYKEHIEM !

¢ P4. 'panu xyOumka packpallleHbl B pa3jndHble 1BeTa. 3 HeCKOIbKNX TaKnx
KyOUKOB BBLIOXKEH TPAMOYTOJIBHUK M X 1. MOYKHO BBIOpaTh J11000i1 Psiji KyOMKOB
(o BepTHKAJM WM TOPU30HTAJI) U TOBEPHYTH BCE KYOUKU OJHOBPEMEHHO OT-
HOCHUTEIHHO TOPU30HTAIN (Min BepTHKan). /lokaxkure, 9T0 Bee KYOUKN MOYKHO
MOBEPHYTH BBEPX OJINHAKOBHIMU I'PDAHAMMU.

A. Kyouk Pyb6uka.

s onpenenénnocT KyooMm OyjeM Ha3bIBaTh BeCh OOJIBINON Kyb, a KyOmKa-
MU — MaJleHbKHe KyOUKM, 13 KOTOPbIX OH cocTouT. JI100yio rpaib Kyba, COCTOSI-
yto 13 9 KyOUKOB, MOXKHO ITOBEPHYTH 110 YaCOBOIl UJIM IPOTUB YacOBOM CTPEJIKN.



MoOKHO IIPOBECTH HECKOJIbKO TaKHUX ITOBOPOTOB IOJPsijl, 9TO OYJIeT Ha3bIBATHCH
KOMOUHAUUA NOBOPOMOE WIIA IIPOCTO KOMOUHAUUA.

['pann kyba Oyaem obo3HauaTh 3ariaaBHbIMU OykBamu, Hanpumep, A, B, C.
[ToBopoT 110 YaCcOBOil CTPEJIKM COOTBETCTBYIOIIEH IpaHn OyjieM 0003HAYATH TOM
e oyksoii, HarpuMep A. IToBopot npoTus uacosoii crpesnkn A~ Kombunanmo
IIOBOPOTOB OY/IeM 3aIlChIBATh KaK IIOCIeI0BATE/ILHOCTh OYKB: HAIIPUMED, 3aINCh
ABA~'C o3nauaer, 4To cHaYaja II0BOPAYMBAIOT I'DaHb A 110 4acoBoIf CTpeEJIKe,
1I0TOM IpaHb B 110 4acoBoii cTpejike, IOTOM I'DaHb A IPOTHB 4acOBOI CTPEJIKH,
rmoroMm rpaib C' 110 9acoBoOIi cTpeike.

Jst noBoporos (min KomOuHarumit) X u Y Ha30BEM UX KOMMYMAMOPOM KOM-

ounamuio XY X Y1

Kybuku ObIBaloT TPEX BUIOB: IIEHTPaJIbHbIE — B C€pe/IMHAX I'paHell, yIJIoBble —
B yIjlax Ky0a, U cpejHue — B cepejinHax peédep KybOa. fcHO, 9TO IeHTpasbHbIe
KyOUKM He MEHSIOT CBOEI'O II0JIOYKEHISI OTHOCUTEJILHO JIPYT JIpyTa, YIJIOBbIEe BCErIa
OCTaIOTCs YTJIOBBIMU, & CPEJHUE — CPEJIHUMU.

[IpescraBum, 9TO CcpejiHue W YrJIOBble KYOUKNM HU C YeM He CKPeIJIeHbI, TO
eCTh UX MOXKHO CBOOOJIHO BBITACKUBATHL U IlepecTaByidTh. [Ipu sToMm cpegnue Ky-
OUKM MEHSIOTCS MECTaMI CO CPEHUMU, & YTJIOBbIE — C YIJIOBBIMU TaK, UYTO I'PAHU
MaJIeHbKIX KYOUKOB, CMOTPSIIUE HApPY:Ky JI0 IEPECTAHOBKH, OCTAIOTCS HAPYIK-
wpiMi 1 1ocsie Heé. (lleHTpasibhbie ke KyOMKH HEUKOT/A [EePeCTaB/IasTbh He Oy-
neM.) Jloboe mosioxKeHne, JOCTUTaeMOe TaKOH IepecTaHOBKOM, HA30BEM COCMO-
Anuem. BynaeM ToBOpUTH, UTO KyOWK, BCe I'PaHM KOTOPOI'O OJTHOIBETHDLI, HaXO-
JIUTCS B NPABUADHOM COCMOAHUY. DYJIeM TOBOPUTDH, YTO MaJIeHbKHUil KyOWK Ha-
XOJUTCS B NPASUNDHOM TMOAOHCEHUU, €CTU T[BETa €ro I'paHeil Takume Ke, KaK U
pU TPABUJIBHOM COCTOSTHUE BCero Kyba. Ecam m3 oHOro coctosinus MOYKHO C
IIOMOIIbI0 HEKOTOPOI KOMOMHAIINN TIOJIYUYUTh JIPYroe, TO 9TU COCTOSTHUSA HA30-
BEM c6A3aHHbMU. Pazpewénnoe cocmoarue — COCTOSTHIE, CBI3AHHOE C TTPaBUIIb-
HBIM.

¢ Al. Hexoropast KomOMHAIMSI TIOBOPOTOB BbIBEJIA KyD M3 HAYAJIBHOI'O COCTOSI-
Hus. /lokaxkure, 9TO e€c/in MOBTOPUTH €€ ellle HECKOJIbKO pa3, MOYKHO OIATh I10-
JIYIUTh HAYaJIbHOE COCTOSTHUE.

¢ A2. CymecrByer Jin Takasl yHUBEPCAJIbHAs KOMOWHAISI TOBOPOTOB, IIPIMe-
Hsisl KOTOPYIO pa3HOe KOJIMUECTBO Pa3, MOXKHO cOOMPATh KyOUK U3 JII0OOro paspe-
IIIEHHOT'O T10JI0ZKEeHI !



¢ A3. IlpuaymaiitTe KOMOMHAIINIO TOBOPOTOB, MO3BOJIAIONLY IO IIUKJINIECKH TT€pPe-
CTaBUTHL KyOuku 1, 2, 3 1 OoCTaBJSIONYIO OCTaJbHbIE CpeJIHNe KyOUKN Ha CBOWX
mectax (puc. 1).

Pucynox 1.

¢ A4. Tlokaxxure, uro kombunamus A 'C 1B 1A~ BAC menser mectaMu Ky-
oukn 1 m 2 1 ocTaBiisieT ocTalbHbIE CpejiHie KyOUKN Ha CBOMX MecTax (puc. 2).

~ ~ - ~ ~ -
Pucynox 2. Pucynok 3.

¢ A5. Haiiyinre KoMGHHAINIO, TTO3BOJISIONIY IO O[HOBPEMEHHO TOBEPHYTH B CBOMX
rHE3/aX KyOuKEM 1 1 2 1 OCTABJIAIONIYIO0 OCTAJbHBIE CPejiHIe KYOUKN HA TeX Ke
MecTax 1 B TeX Ke MOJIOKeHusx (puc. 3)7

¢ AG6. Jlokaxkure, 9TO He CYIIECTBYeT KOMOWHAINN, ITO3BOJISIONIEH TTOBEPHYTDH
KyOuK 1 B CBOEM I'He3Jie M OCTaBJISIIOIIEN OCTaIbHbIE CpeHNe KyOUKI Ha TEX Ke
MeCTaxX U B TeX Ke MoJoKeHusx (puc. 3).



¢ A7. [domycrum, coctosinne Kyba — paspemrénnoe. OmuinnTe, KaK pacCTaBUTh
BCe cpejiHne Ha cBou MecTa. IIycTh cocTosinne KyOa He 00s13aTeIbHO Pa3pelieHHoe.
Paccmorpure cocTosiHust CpeiHIX KyOHMKOB I HITAIINATE BCe CBSI3aHHbIe BO3MOYKHbBIE
I0JIOYKEHUSI.

¢ AS8. Haiijiure HeTpUBHAIBHYIO KOMOMHAIINIO TOBOPOTOB, TaKy0, 9TO OyIydn
IIOBTOPEHHON TPHUXKJIbI, OHA HE BBI3bIBAET HUKAKIX M3MEHEHHI.

¢ A9. [IpuaymaiiTe KOMOMHAIINIO TTOBOPOTOB, TO3BOJISIONLYIO IINKJINIECKHU TIePe-
craBuTh Kyouku 1, 2, 3 (puc. 4), He MEHSIIOILYIO MOJI0YKEHIE OCTATBHDBIX YTJIOBBIX
KyOMKOB ¥ OCTAaBJISIONIYIO BCE CpeJiHue KyOMKH Ha TeX YK€ MecTax M B TeX Ke
MOJIOZKEHUSAX.

¢ A10. Jlonycrum, cocrosiare Kyba — paspemiénnoe. Onummre, Kak pacCTaBUTh
BCe YTJIOBble KyOMKN Ha CBOM MeCTa, He MEHSd ITOJIOKEHUI CpegHrmX KyOWKOB.
[Tyctb cocTosnue Kyba He 0bs3aTe/IbHO paspeliennoe. PaccmorpuTe mosioxKeHnnst
YIJIOBBIX KYOMKOB ¥ OIUIINNTE BO3MOXKHBIE CBSI3aHHbBIC COCTOSIHUSI.
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Pucynox 4. Pucynok 5.

¢ All. JlokaxkuTe, 9TO HE CYIIECTBYET KOMOMHAIIMHI [TOBOPOTOB, TO3BOJISIIOIIIX
HIOBEPHYTH TOJIBKO OJINH YIJIOBOI KyOMK M OCTABJISIONINX BCE OCTaJIbHbIE KyOUKN
B T€X K€ TOJIOYKEHUSIX.

¢ Al12. llpuaymaiiTte KOMOMHAIMIO IIOBOPOTOB, ITO3BOJISIIOILYIO OJIHOBPEMEHHO
noBepHyTh KyOuku 1, 2, 3 (puc. 5) na 120 rpajycoB Mo 9acoBoii cTpesike U He
MEHSIIOIIYIO MOJIOYKEHIE OCTAJIBHBIX KyOUKOB.

¢ A13. Omummure, Kak cobparh Kyouk PyOuka, ecim m3BeCTHO, YTO COCTOSHIE
pas3pelnieHHoe.



¢ Al4. Kak 1o nojoKeHuio yIrjIoBbIX KyOUKOB OIIPEIe/INTh, MOYKHO JIH COOpPaTh
KyOouk PyOuka, ecjim OHM CTOAT Ha CBOMX MeCTaX, a CpEeJIHIME HAXOIATCI B Ipa-
BIJIBLHBIX IIOJIOYKEHHSX !

¢ A15. Haiijinre MakcuMabHOE KOJIMYECTBO MOMAPHO HECBSI3AHHBIX COCTOSTHUI
KyOuKa.

¢ A16. IlocuuraiiTe gmc/io paspeniéHHbIX cOCTosiHUIT KyOnka PyoOuka.

Hukn B.

B zajiagax 3Toro nmk/ja Mbl pa30epéM HECKOJBKO TOXO0XKIX JIOBOJIOMOK. By-
JIEM CUUTATH JIBe KOMOUHAIINI (TTOBOPOTOB) PASAUMHLMU, CCJTH, TPUMEHSIST UX K
OJITHOMY COCTOSHUIO, MbI IIOJIy4aeM Pa3Hble PE3YJIbTAaThI.

4 B1. Ha maxmarHoil jlocKe paccTaBuIi BCce HATypaJbHble ducjia oT 1 10 64.
Paspemniaercs BoIOpaTh JI000i KBapaTuK 2 X 2 W MEePecTaBUTh YHUCIa B HEM I10
JacoBoil cTpesike. JlokaykuTe, 4TO UCHOJIB3Ys 3Ty OINEPAINIO, MOYKHO JTIOOUTHCS
J11000i1 paccTaHOBKHU.

¢ B2. Paccmorpum kyouk 2x2x 2. Onumnre Bce paspenieHHble cocTosansd. CKOIb-

KO UX CYIIeCTByeT?!

Pucynok 6.

¢ B3. Paccmorpum urpy «Benrepckue kosbras (puc. 6). D10 1miockas rojoBo-
JIOMKa, COCTOsIIIas U3 JABYX WK 00JIee CBsI3aHHbBIX OBAJIOB, HA KarKJIOM 13 KOTOPbIX
OTMEYEHO HECKOJIbKO IIPOHYMEPOBAHHBIX KPY2KKOB. HeKoTOpble 13 9THX KPY2KKOB
MOTI'YT IIPUHAJJIEXKATh DoJiee YeM OJJHOMY OBaJIy. X0/l COCTOUT B JIBUXKEHUU OJIHOI'O
13 0BAJIOB Ha OJIHO UJIN HECKOJILKO JleJIeHHI, BMECTE CO BCeMU ero KpyKkamu. Pac-
CTOSIHUST MEXKJYy KPY2KKaMU-JIeJIeHISIMI OJIMHAKOBBIE. Kpy:KoK, Jerxkaiuii OoJee



i

Y€eM Ha OJHOM OBaJle, MOXKET JIBHUI'aTbCdA BMECTE C JIIOOBIM U3 HUX. ZLHH IIPOCTO-

ThI, PACCMOTPHUM TOJIOBOJIOMKY C JIByMs OBaJIaMU, KaXKJIbIil 13 KOTOPBIX COJIEPyKUT
6 KpPy>KKOB.

Kpyx)ku 1 u 3 MoryT nepemeriarhcsi ¢ J1o0biM 13 oBaioB. ObpaTuTe BHIMAHIE,
9TO KasKJIblil X0/l OTBevYaeT cBoeil mepecTaHoBKe Ha MHOXKecTBe dncest {1, 2, ...,
10}.

Omnummre Bce BO3MOXKHDIE JOITYCTHUMBIE COCTOAHMA.

¢ B4. Paccmorpum urpy «dksarops (puc. 7). TomoBosoMka coctout u3 cdepsl,
OTIOsICAHHOM 3 JIeHTaMu, Kaxk las U3 KOTOPbIX pa3jiesieHa Ha 12 yacTeil, MMeronmnx
dopmy yactu cdepsbl. JI100Oble JiBe JIEHTHI IePeceKaroTcs IO/ IPSIMbIM yIVIOM H
UMEIOT JIBa OOIIMX KYCKa, Ha30BeM ux ysJjaMmu. Bcero ectb 6 y3j0B. Paszpernieno
CJIBUTATDH JTIOOYIO JIEHTY TaK, 9TOOBI ee J4acTh Mepexojuin Jpyr B japyra. Obiee
YUCJI0 mepeMernatommuxces dacreit 3 X 12 — 6 = 30.

Omnurure Bce BO3MOYKHBIE JIOIYCTUMbIE COCTOSIHUSI.

Pucynok 7.
¢ Bb5. Paccmorpum kybuk 4x4x4. Onummre Bce BO3MOXKHBIE JIOIYCTUMbBIE CO-
CTOSTHUS.

¢ B6. Paccmorpum urpy «15». B kBajspare 4x4 pacrosioxkenbl 15 1mpoHyMe-
poBaHHBbIX ILIUTOK. OJIHO 10JIe OcTaéTCst CBOOOHBIM. 3a OJMH XOJI pa3periaeTcs
BLIOpATH COCEHIOID TI0 CTOPOHE CO CBOOOHBIM IMOJIEM IIJIUTKY U MEPEMECTUTH e¢
Ha CBOOOJIHOE MECTO.

Onurure Bce BO3MOXKHbBIE JIOIYCTUMbIE COCTOSIHUST UTPHI.

¢ B7. KakoBo MmakcuMajibHOE KOJIMUECTBO HECBSI3aHHBIX COCTOAHNN y KyOa 4 x4 x 47
¢ BS8. Haiijure cucremy mHBapUaHTOB JijIsT KyOa 4 X4 X 4.

¢ B9. Haiiyiure cucremy mHBApUAHTOB JIsT KyOa X nXn.



¢ C1. Paccmorpum npaBmibHbIi TeTpasip. Ero MoKHO MOBEPHYTH TaK, 4TO OH
nepeiieT B cebsi, HO MPHU 9TOM KaKHe-TO BEpPIINHbI 1 pedpa MOI'YT TMOMEHSATHCS
MecTamu. CKOJIBKO Pa3/JIMIHBIX JBUKEHUIT CyIIecTByeT?

¢ C2. Tor xe Bonpoc jyist Kyba. Kak BeiyT cebst Oosibiine guaroHain Kyoa mnpn
JIBUZKEHUAX !

[IycTh y HAC ecTh IPaBUIbHBI MHOMOI'DAHHUK. AHAJOIMYIHO IIOBOPOTAM B KY-
ouke Pybuka m Jpyrux rojoBOJIOMKAX, Mbl MOXKEM IIPOBECTH KOMOMHAIIMIO JIBYX
JIBUzKeHMIT. flcHO, 9TO 9Ta KOMOMHAIIMS caMa, 110 cebe sABJISIeTCsI JIBUYKEHUEM, IIepe-
BOJISIIIIIM MHOI'OT'PAHHUK B cebsi. Byjgem cunTaTh TaKyio KOMOMHAIMIO JIBYX JIBU-
JKeHnit npoussederuem.

Byjiem HazbIBaTh eQuHu4HbLM TAKOE JBUZKEHUE IIPH KOTOPOM MHOT'OI'PDAHHUK
BOOOIIE HE CJABUTAETCS, U BCE BEPIIMHBI OCTAIOTCS Ha CBOMX MecTaX. Fcym Kakoe-
HUOY/Ib JIBUZKEHUE «YMHOXKHUTDY Ha, €JIUHIIHOE JIBIZKEHNE, TO HIYEero He N3MeHUT-
csl.

¢ C3. Ilycrb ectb n s1memenToB. PaccmoTpuM Bee mpeoOpasoBaHUsI, IEPECTaB-
JISIIOIIE 9TH N 9JIEMEHTOB B JIpyrom mopsijike. Hanpumep, ecim n = 3, TO TakKux
1epecTaHoBOK 6:

1) momensiTy Mectamu 1 u 2, 3 OCTABUTH HA MECTE;

2) moMeHATH MecTaMu 2 1 3, 1 ocTaBUTH Ha MeCTE;

3) nomensTh Mectamu 1 1 3, 2 OCTABUTH Ha MECTE;

4) nocraButh 1 Ha MecTo 2, 2 Ha MecTo 3, 3 Ha MecTo 1 (UK JUHBL 3);

5) nocraButh 1 Ha MecTo 3, 3 Ha MecTo 2, 2 Ha MecTo 1 (BTOpOil UK JIHHLL 3);

6) OCTaBUTH BCE JIEMEHTBI HA MECTe.

AHaJIOrnvIHO MOXKHO BBIIHCATH BCE IEPECTAHOBKU B cjydae Jioboro n. IIpo-
U3BEJICHUEM JIBYX II€PECTaHOBOK HA30BEM IIE€PECTAHOBKY, IMOJIYUYEHHYIO ITPUMEHE-
HUEM cHadvaJja IepBoil, moToMm Bropoii. Kakas nepecranoBka OyneT eJMHHIHON !
[IpoBepbre, UTO JIsl KasK10ro apmzkenns A maitnércs nsmkenne A~! takoe, uTo
AA™l = A7'A = E, rne E — epnnnunoe jpimkenne. [IpoBepbTe BLITOJHEHNE

saxkona (AB)C = A(BC).

¢ C4. Paccmorpum MHOXKECTBO A — Bce JBIKeHHSI KyOa, IIePEBOJISIIIe ero B
cebsi, 1 MHOXKECTBO B — Bce BO3MOKHBIE IIEPeCTAaHOBKU YeThIPEX 3J1eMeHTOB. I1po-
BEJINTE COOTBETCTBUE MEYKJIy dTUMH MHOYKECTBaMH Tak, 4TOObI IIPOM3BEJIeHIEe B
OJIHOM MHOXKECTBE COOTBETCTBOBAJIO IIPOU3BEICHUIO B JPYIOM.



Onpenenenne. MuoxkectBo (G, Jijisi KOTOPOI'O BBIIOJIHEHBI CJIEIYIONINE Tpe-
OOBaHNLI:

1) myst JiI0OBIX JIBYX 9JIEMEHTOB OINPEJIEJIEHO [POU3BEICHNE, MOINHSIIONEeecs

accormarnsromy 3axkony (AB)C = A(BC) (A, B,C € G);

2) mpucyTcTByeT eauHuYHbIN ssemerr F € G: AE = FA = A g soboro

A€ G,

3) s Kazjoro siaementa A € G ectb obparmbii emy A7l € G AATL =
ATA=F;

HaA3bIBACTCA 2PYNnnoi.

['pymma nepecranoBok u3 3ajgaun C3 0b603HATAETCS S),.

¢ C5. [okaxkure, 9TO CJIEIYIONIIE MHOXKECTBA C OIEPAIUSIMU SIBJISTIOTCST TPYII-
aMu:

1) MHOYKECTBO MEJIBIX THCEJT TI0 CJOXKEHUIO;

2) MHOYKECTBO MOJIOZKUTEJIbHBIX PAIIMOHABHBIX YUCET TI0 YMHOKEHUIO;

3) MHOYKECTBO TIOCIEI0BATETLHOCTEl TOBOPOTOB KybnKa Pybuka oTHOCHTETHEHO
KOMITO3UIIUN.

¢ C6. dpystrorest i TPYIIIAME CJIEJIYIONIIE MHOYKECTBA:

1) MHOXKECTBO paIUOHAJBHBIX YUCEJI 110 YMHOKEHUIO;

2) MHOKECTBO CJIOB B KOHETHOM aJipaBuTe (BKJIOUAS IIYCTOE CJIOBO) OTHOCH-
TEeJIbHO MPUINCHIBAHUS (KOHKATEHAINI) OJIHOTO CJIOBa K JPYTOMY;

3) MHOXKeCTBO CJIoB u3 O6ykB {a, b, c} (BK/tOYas mycToe cjioBo), P yCJIOBUH,
YTO MOYKHO 3aMeHATh Jitoboe u3 cjioB X abcY , XbcaY , XcabY na XY st a100b1x
cjioB X u'Y (10 ectb BeIUEpKuBaTH abe, bea, cab m3 Jio0ObIX CJIOB), & TAKKe J1eJIaTh
0OpaTHYIO oreparuio (J00aBIsITh COOTBETCBYIOIIIE CJIOBA);

4) MHOZKECTBO JIBOIHBIX TPAHCIO3MUIHNIT 9eThIPEX ssiemenTos (12)(34), (13)(24),
(14)(23) u ToxkIecTBeHHOE TPeobpazoBanue’?

[Ipumenanue: 3ammcen (123)(4567) o3nadaer, 9T0 B KarK/10fi CKOOKE 9JIEMEHTBI
MeHdoTed 110 TKJIay: 1 =2 -3 —=1u4d—-5—-6—-7— 4.

Omnpenenenue. Ilycrs G — rpynmna, H — nogmuoxkecrso G. Eciu H cojep-
JKUT eJIMHUITY (Tak MbI OyJIeM HA3bIBATH JIMHIIHBII 971eMeHT) rpy bl (G, a TaKKe
BCe MPOM3BejieHnst 3ieMeHTOB 13 H n ux obparuble, To H HasbiBaeTcsi nodepyn-
not.

¢ C7. Ilycrs H — noarpynmna B G. Jlokaxkure, uro H — rpymia.

¢ C8. Haiijre Bce noarpyibl Ss.



¢ C9. Teopema Jlarpanxxka. [lokaknure, 970 KOJIUIECTBO 9JIEMEHTOB B JII00OIT
I'PyIIIIe JIeJUTCs Ha YUCJI0 9JIEMEHTOB B JIH000M €€ MOoArpyIIie.

¢ C10. Haitjgure noarpyiiy us %' 9JIEMEHTOB B S, rjae n > 2.

['pymnna n3 npegpiayiieit 3agadn obosHadaercs A,,.

¢ C11. [okakure, 94To 11000 d/1eMeHT A, SIBJISIETCS ITPOU3BEIEHUEM MPOTHDLT
UYUKAOE — TIEPECTAHOBOK, MPEJICTAB/ISIONINX COOOM MUKJI JIJTMHBL 3).

Omnpeneseane. Diaement aba b~ HasbIBaETCH KOMMYMAMOPOM SICMEHTOB

anb.

Omnpenenenue. Kommymarnmom rpyuibl (G HAa3bIBAETCs MOJArPYIIIa U3 BCe-
BO3MOYKHBIX [IPOM3BEICHIIT KOMMYTATOPOB.

¢ C12. Haiigure xommyTanTsl rpymn Ss, Az, Ag, S,, A,.

Bribepem B HekoTopoii rpytie G ajeMenT a. Kak1oMy 9/1eMeHTY T'PYIIIBI § 110-
CTaBUM B COOTBETCTBHE 3JIEMEHT @ L ga. DTOT 3JIeMEHT HA3BIBACTCS CONPIZKCHHBIM
K ¢ OTHOCUTEJIbHO @, UJIN TTPOCTO COTIPSZKEHHDBIM.

¢ C13. Ilycrs H — noarpynna G. Jloxazkure, uto ¢~ ' Ha — MHOMKECTBO 3J1eMeH-
TOB, CONpsAKeHHBIX K H — Toxke noarpynma. [Toxrpymmer H u o~ Ha naspiBaiorcs
CONPAHCEHHDIMU.

Omnpenenenue. [logrpyiina, Koropasi Mpu BCEX CONPSXKEHUSIX EPEXOUT B
ceOst, HA3BIBACTCS HOPMANALHOT.

¢ Cl14. [dokarkure, 9T0 KOMMYTAHT T'PYIIILI, €UHIIHBII 9JIEMEHT 1 BCs IPYIIIA,
SABJIIOTCS HOPMaJbHBIMU TOATPYIIIIaMHU.

B Jt000it rpyiiie Bcerjia ecTb JIBe Mpusud.AbHble HOpMaJbHbIE MOAIPYIIIbI —
eJIMHUYHBIN 3JIeMEHT U BCsl rpyiia 1eankoM. OcrajibHble HOpMaJibHbIE TOAIPYII-
IIbI, €CJIN OHU €CTb, HA3BIBAIOTCS HEMPUBUAALHLLMU. ['PYIIIbI, B KOTOPBIX HET
HETPUBUAJIbHBIX HOPMAaJIbHBIX ITOJIIPYII, HA3bIBAIOTCS NPOCIbLMU.

¢ C15. Ilpu kakux n S, sgBIseTCS TPOCTOM TPyIIIO?
¢ C16. [okaxure, uro A, — mpocrtas npu n > b.

¢ C17. Kakum u3 rpyni S, nwin A, cOOTBETCTBYIOT I'PYIIIIbI JBUKEHUI Kyba 1
TeTpasIpa.



¢ C18. [okarkure, 9T0 IpyIia ABUXKEHUI MKOCAdIPa COOTBETCTBYET As.

¢ C19. Ilpugymaiite rpymiy u3 8 3J€MEHTOB TaKyio, YTO B Heil HaiiyTcs J1Ba
seMenTa a u b, Jijist KoTopbix ab # ba.



Huka D. I'pynnbi.

Onpenenenne. I'pynnbl G u H Ha3bBarOTCs 130MOPQHBIMU, €CJIM MEXK/1y HIMUI
MOXKHO IPOBECTH B3aMMHO OJIHO3HAYHOE COOTBETCTBHE (U30MOpHusm) ¢, Takoe,
YTO €JMHNIA [IEPEXOJUT B €JIMHUILy U IIPOU3BEJIEHNE JIBYX SJIEMEHTOB B OJHOI
I'PYIIIIE [IePEeXO/IUT B IIPOU3BEJICHNE COOTBETCTBYIOIINX JIBYX 9JIEMEHTOB B JPYIoii

rpynme: ©(gi1g2) = ¢(g91) X ©(g2)-

¢ D1. [Joxaxkure, 4TO CJIC/LYIONIME HAPhl TPYIII U30MOPQHLL:

1) rpymma jgerkennit Kyba u Sy;

2) TpyIIa JefcTBUTEIbHBIX YUCEJI 110 CJIOKEHUIO U IPYIIa Mapasile/ibHbIX T1e-
peHocoB BoJib ocu OX;

3) TpyIa HeJbIX 9Hces M0 CIOMKEeHHIo 1 IpyTa qnces sua 28 (ns nepx k)
110 YMHOZKEHUIO;

4) rpynna JBUzKeHuil gonekasjpa (nkocasapa) u As.

I130MopdHbIe TPYIIILI, 3TO, B HEKOTOPOM CMBIC/Ie, OJJMHAKOBLIC IPYIIIbL.

IIycts G — rpymma, M — muoxKectBo. I'oBopsit, uro G deticmeyem na M,
ecn Kaxxjomy m € M u g € G coorBercTByer sjeMent m’ = g(m), upu sTom
(g192)m = g1(gom) mst 06oro m € M.

ITpumepnr.
1. Ppyumna Beex ABuzKeHuil JeficTByeT Ha TPeXMEPHOM HPOCTPAHCTBE.
2. I'pynmer S, u A, geiicrBytor Ha muoxkecrse {1,...,n}.

3. I'pymma jeifctByer cama Ha cebe Ae6bMU YMHONCEHUAMU: KAZKJIBII 9IeMEeHT
h € G onpegensier orobpazkenne ¢y (g) = hg.

4. I'pynna G neiictByeT cama Ha cebe conpsizKeHusiMu: Kaxjomy h € G coot-
BeTCTBYeT oTobpazKkenue @,(g) = h™tgh.

¢ D2. Ilposepbre, 9TO 3TO JAEHCTBUTEILHO JI€HCTBUSI.

¢ D3. Ilycrs n — xosmuectBo v1eMenToB B rpymnie G (obosnadenue n = |G|).
Hokazkure, 910 B .S, MOXKHO HalTH HMOJArPYIILYy, KoTopas nzomopdna G.

¢ D4. T'pynna G packpaliieHa B HECKOJIBKO IIBETOB TaK, 4TO IBET IIPOU3BE/ICHUsT
3aBHCHT TOJILKO OT I[BETOB COMHOXKHTeseil. Ennnuna xkpacnad. lokaxkure, 910
MHOXKECTBO KPAaCHBIX 3JIEMEHTOB 00pa3yeT HOPMaJIbHYIO MOAIPYIIILY.

[Iycts H nonrpyitia B G. Jlegot packpackoti HazblBaeTCsl pacKpacKa, 3JIEMEHTOB
(G B HECKOJILKO IIBETOB, TaKasl, 4TO
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1) mst siioboro g € G u h € H ajieMenThl g n hg pacKpallieHbl B OJUH IIBET;

2) ecJii g1 U go PACKPAIIEHBI B OJIMH IBET, TO g1 = hgo yist HeKoToporo h € H.

AHaJIOrTIHO OIpe/Ie/IsieTCsI IpaBas pacKkpacka.

¢ D5.

a) Jlokakure, 9To JieBasi pacKpacka COBIIAJIAET C IPABOI TOTJIA U TOJBKO TOTJIA,
korja H — nHopmaJibHa.

b) Hokaxkure, uto ecsim H — HOpMAaJIbHA, TO [[BET MPOU3BEJCHUST OJIHOZHATHO
OIIpeJiesIsIeTCsI IIBeTaMU COMHOYKUTEJ e, a 1BeT 00paTHOIO 3JIeMEHTa, OJHO3HAYHO
ompeJie/IsIeTCs IBETOM JIEMEHTA.

[Tycts H — noarpymma B G. s jioboro g € G MOXKHO paccMOTPETh MHOKE-
cTBO gH — COBOKYITHOCTD 3jieMeHTOB gh; Jiist pa3jindibix h; € H. 9To MHOXKECTBO
HA3BIBACTCS AEBLM KAACCOM CMedncnocmu no nodepynne H (obparture BHUMAaHME,
9TO ITO TO JKE CAMOe, UTO OJIHOIBETHBIE 9JIEMEHTHI [P JIeBOi packpacke). Kax-
JIbI 3s1eMeHT (G JIEZKUT B KAKOM-TO CMEXKHOM KJIacce, IPUIeM, TOJbKO B OJIHOM.
JIBa 3j1eMenTa JieKaT B OJTHOM W TOM Ke KJIaCCe, eC/IM OHU 00a MPEeJICTAB/ISIOTCS B
Bujie gh; 1 pa3audaHbIX 7eMeHToB h; € H. KaxKplii 9/leMeHT gy = gie cojep-
Kures B Kiacce gy H (Tak kak € € H). DJIeMeHT go TONaIaeT B 9TOT Ke KJIace,
ecJIn CYIIECTBYET TaKoil h, 4To goh = g1, WM, 4TO TOXKE caMoe, ¢igsy L= h.

[TponsBegennem JIByX CMeXKHBIX KJIAcCOB g1 H 1 go H nazHavdmm cMezKHbII K1acce
g192H. Konedano, Mbl MOyKeM BBIOpATH JPYTHUX MPeJICTABUTEEH 9TUX JIBYX CME¥K-
HBIX KJIACCOB, Hampumep, ¢; € g1H u gy € goH. Bmecto g u go. Torga mpousse-
nenneM Oyner Kiacce gig5H.

¢ D6. [Jokaxkure, 9TO NpOU3BejeHIe He 3aBUCUT OT BLIOOpA IIPejCTaBUTEIel,
TO ectb g1goH = g1g5H.

AHaJIOrMuHO MOXKHO HA3HAYUTH OOPATHBIN 9JIEMEHT Ha MHOXKECTBE CMEXKHBIX
KJIacCoB: 06paTHBIM K Kiaaccy gH Gyner kinace g L H.

MHOXKECTBO CMEKHBIX KJIACCOB (MM MHOZKECTBO IBETOB n3 331a4u D5) MozKHO
paccMaTpuBaTh KakK IPYIIly. DTa I'DyIIa Ha3blBaeTcs (akmopepynnot 1o HOp-
MaJIbHOM 1tojrpymie. Be sjieMenTaMu ABJIAI0TCA CMeKHbIE KJIACCHL.

¢ D7. Haiiaure dpakroprpynnst G o H:

1)G=S,uH=A,;

2) G = Ayu H — rpyiima JBOHBIX TPAHCIO3UIHI 9eThIPEX ssieMeHToB (12)(34),
(13)(24), (14)(23) mwrroc TOXKJAECTBEHHOE TPEOOPAZOBAHIE;

3) G — rpyria JeficTBUTeIbHBIX YHUCET O CIOKeHUo 1 H — MOoArpyIa mesbix
qHCell.



a) Jlokaxkure, 9To rpyIna KOMOWHAIIT TTOBOPOTOB KyOUKa 2X2X2 ecTh (ak-
TOPIPYyIIIA IPYIIIbI KOMOUHAILNMI TOBOPOTOB KyOuka Pybuka 3x3x 3.

b) Jlokaxkute, 4To rpyia KoMbuHanuii ToBOpoToB KyOuka Pybnka 3x3x3, a
Takyke Kyonka 4x4x4 ectb dpakTOprpyliina I'PYIIIbl [IOBOPOTOB KyOuKa HXx5Hx 5.

Omnpenenenne. Opouroit ssementa m € M HazbiBaeTcst MHOXKeCTBO {gym} 1ist
BCEeX pas/invHbx g; € G.

¢ D9. Onumure opouUThl 9JIEMEHTOB IIPH CJIEIYIONIIX JIeiCTBUSIX:

1) yrioBoit KyOUK Ipu JIefiCTBII TPYIIIBI KOMOUHAIMI TOBOPOTOB KyOuKa Py-
ouKa;

2) IpOU3BOJIbHAST TOUKA MJIOCKOCTH TIPH JEfiCTBUI TPYIIIBI TAPAJLIC/IbHBIX T1e-
peHocoB B1oJib ocu OX;

3) MUKJI U3 TPEX JIEMEHTOB MPH JEHCTBIN TPYIIIBI IEPECTAHOBOK Ha cebe Co-
MPSKEHUSIMU.

¢ D10. Jloxkaxkure, 9T0 JI0OBIE JIBE OPOUTHI OO HE IIEPECeKalOTCsl, JINOO COB-
11a1AJ0T.

[TycTs 3ajtano npeiictBue ¢ rpynmsl G Ha muoxkectse M. HekoTopbie sjieMeHTHI
I'PYTIBLI HE CJBUTAIOT JIEMEHTOB MHOXKECTBA:

Omnpenenenue. CrabuyimsaTopoM sjiemerTa m € M Ha3bIBaeTCsI MHOZKECTBO dJIe-
MeHTOB ¢ € G Takux, aro g(m) = m.

Omnpenenenue. A set of elements ¢ € G is called a stabilizer of en element
m € M if g(m) =m.

¢ D11. Jloxkaxkure, uro crabmamsarop Stabm ects nmoarpymnmna. Jokaxkure, 9To

O] - | Stabm| = |G]|.

Onpenenenne. leiicrBue Ha3bIBAETCS XOPOWUM, €CJIA CTAOUIN3ATOP JIFOOOTO
9JIEMEHTa, COCTOUT U3 OJIHOMN eMHUIIbI.

Omnpenenenue. An act is called good if stabilizer of any element is unity only.

PaccmoTpum JiBa jieiictBus rpynnsl G Ha muoxkectBax My u M. ITyctb MHo-
JKECTBa B3aMMHO OJJHO3HAYHO COOTBETCTBYIOT JAPYT JIPYLY: KazKJI0My djieMenTy M
COOTBETCTBYET CBOiT ajiemenT My, u Haobopot: V(M) = Ms. Torga stu j1Ba jeii-
CTBUSI © U 1) HA3BIBAIOTCSI OJMHAKOBO YCTPOEHHBIME WJIH CONPANCEHHbLMU, €CIIH
rpyla JeficTByeT Ha STHX MHOXKECTBAX OJMHAKOBBIM 00pa3oM: 3/1eMeHTbI gy, (M)
u gy (M) coorBercTBYIOT JIpYT JApYyry 1pn orobpazkernu V.



B kaudectBe MHOX)ecTB My 1 My MOXKET BBICTYHATH OJHO M TOXKE MHOXKECTBO

M.

¢ D12. a) Ilycrs manbr jBa xoporux jefictus G @1 u o9 Ha MHOKecTBe M.
O0s3aTe/IbHO JIT OHU COIPSIZKEHbI !

b) Ilycte gambl jBa xopormx jeiictsust G @1 1 @9 HAa MHOKecTBe M 1 KO-
JIMYECTBO OPOUT B 9TUX JEHCTBUAX OJMHAKOBO (/OO0 CUYETHO B 000UX CJIyUasX).
JlokaxKuTe, YTO OHU CONPSAYKEHBDI.

[Tycts G — rpynna, g — ee sjnementT. Bmecre ¢ KaxkIbIM 3J71eMEHTOM h MOXKHO
pacecMOTpeTh sy1eMenT g~ Lhg. Ilpu sToM, nmponsseaennio hihy COOTBETCTBYET 3JIe-
MeHT ¢ 'hi1gg theg = g 'hiheg. To ectb, h — ¢ 'hg — B3aMMHO OJHO3HAYHOE
COOTBETCTBIE, KOTOPOE IIPON3BEJIeHNE [IEPEBOIUT B IpousBejeHne. Takum obpa-
30M, TIOJIyYaeTCs M30MOPGU3M I'PYIIILI Ha ceOsd.

¢ D13. Ilycrs G — rpynna, Hy u Hy — usomopdubie noarpymmsl, ¢ @ Hy —
Hy — mzomopdusm. Beerjia jin ¢ MOXKHO TPOJIOJIKUTEL JI0 M30MOppU3Ma Beei
IPYIIIbl Ha cebst?



¢ D14. Ilycrs G — rpynna, Hy u Hy — nsomopdubie moarpymmnsl GG Takue, 9To
KOJTITIECTBA 9JIEMEHTOB B CMEXKHBIX Kiaccax 1mo Hy u no Hy omuHakoBbl (b0
cubTHbl B 0601X ciyuasx). JIokazkuTe, 4TO TOrjA CylecTByeT Taxad rpyuma G
aro G — eé nourpymna B Gt € G' u B 9roil rpyune st Joboro h € H
BBITIOJTHEHO:

tht ™' = ¢(h) € H,.

¢ D15. To xe, no ecim B Hi-kimaccax n Ho-Kitaccax He 00sI3aTe/IbHO PABHOE
KOJITIECTBO 3JIEMEHTOB.

Onpegnenenue. ['pynna G nopoorcdera anemenmamu x; (Mol Oyjem mucars G =
(x;)), ecm moboit sseMent n3 G SABISETCS POU3BEICHIEM KAKIUX-TO 9JIEMEHTOB
3 {z;}.

Omnpenenenne. ['pynna HasbiBaeTcs n-nopostcdénnot, ecau {x;} cocront u3z n
3JIEMEHTOB.

Omnpenenenue. ['pyiina HA3BIBACTCS €60000H0 N-NOPOAHCIEHHOT, €CJIN OHA N30-
-1 —1 -1
MopdHa rpyire cjioB B ajndaBute {g1, g1 92,99 -+ Ins Gy I

¢ D16. Ilycrs rpymma G copep:KuT mapbl B30MOPMHBIX HoArpyiir ¢; : H; — H Z/
npu i = 1...n. Jlokazknre, 9T0 TOrMa CyIIECTBYeT Takas rpymma G, ato G — eé
MOJIMPYIIa ¥ B 9TOM TPYyIIe BHITOJIHEHO:

1) tihit;' = pi(hy);

2) (t;) nopoxKjieHa umu cBOOOIHO.

¢ D17. Jlokaxkure, uro ecyu rpymma (G ¢BOOOIHO IOPOXKIEHA 3JIEMEHTaMU t;
i € N, to cymecrsyer uzomopdusm mexiy G u H = (to, t3,...).

¢ D18. Jloxkaxkure, uro jrobas cueTHas IPyIIa MOKET ObITH IIPEJCTABICHA B
KadecTBe MOJArPYIIIbl 3-TIOPOXKJIEHHON T'PYIIIIHI.

IHukn E. I'pynmnbl n coopka Kyomka PybmKa BBICIIIUX IOPSAJIKOB

Mpsr roBopuM, 4To KyO noumu cobpan, ecim Bce KyOUKH CTOST Ha CBOUX Me-
cTax, HO BO3MOKEH HEINOpPsJIoK ¢ opueHTanueir. Creyoiine HeCKOJIbKO MTyHKTOB
OTHOCSITCsl K TIOUTH cOOpKe KyOuKa.

¢ E1. a) /lanbr gBa 3anemistionuxcs MUKJa JTHHBL 4 ¢ JIHOIT 00111ell BEepIUHOIL.
JlokaxKuTe, YTO OHU MOPOKJIAIOT BCIO I'PYIILY S7.

b) Jlanbl jBa 3alleMIAIONIMXC KA JJIHHBL 4 ¢ Mapoil 00X COCETHIX Bep-
mH. JokaxkuTe, 970 OHU HOPOXKJIAIOT BCIO IpyIiry Sg.



o

E2. a) Ilokaxxwure, uro rpymnmna Ajs mopoxkpaercs 11-4IeHHBIMEI THKJIAMI.
) 12
|
b) Ilycts © € Sg. JlokaskuTe, 4TO TOI/A T €CTb eJIUMHUYHAsS [ePECTAHOBKA.
8 )
o |

[Iycts s — 11-wiennwiii mukia. Jlokazkure, 9To Torna § = to /I HEKOTOPOTO
11-unennoro nukJia t.

¢) [okaxkure, 9T0 ec/i epecTaBuTh B Kybe 3X3 X3 cpejiHue U yriaoBble KyOu-
KU IIepecTaHOBKaMU OJINHAKOBOI Y€THOCTH, TO KYOUK IIOUTH COOMPAETCs.

d) Hdokaxkure, aTo Jjiobast pacCTaHOBKa B KyOuke 4 x4 x4 noaru cobupaercs.

Omnpenenenue. 'oopsar, aro rpyina G gBisercs npamot cymmot rpyun G u
(9, ecin oHa coctouT u3 nap (gi, gs), Takux 4to g1 € Gy, g2 € Go. llpu srom
IPOU3BE/ICHIE TTap TOIINHSIETCsT 3aKOHY (g1, g2) X (h1, ha) = (g1h1, gohs). [psimas
cyMMa obosnauaercs kak G = G1 @ Go.

¢ E3. Ilycts 1 ecthb mpocTast KOHEUHAs IPYIIIIA ¢ 00Pa3yIONIMHI Ay, . . ., ag, G9
eCTb IIpoCTasi KOHeUYHas IPyIia ¢ obpasytomumi by, ..., b, G = G1 ® Go, H ectb
nojarpynia B G opoKjieHHast sjementamu z; = (a;, b;),i = 1,.. ., k. lokaxure,

qyro inbo H = G, mubo jist HeKoToporo m3oMopdusma ¢ : G1 — (G BBIOJIHSIETCS
paBercTBO b; = (a;). dokaxure, 910 rpyIiina KOMOMHAIUI TOBOPOTOB KyOUKA
3x3x3 copepxut Ag @D Ao B KauecTBe MOJATPYIIIIHL.

¢ E4. Jloxkaxkure, 9To J1100asi pacCTaHOBKA B KyOuUKe 21X 2n X 2n oYt codupa-
eTCsl.

¢ E5. Jokaxure, aTo Ky0 2X ... X2 nmo4rn cobupaercs B 0001 pasMepHOCTH.
¢ E6. Jloxkaxure, ato Ky6 (2n)™ mourn cobupaercst B 000N pa3MEpPHOCTH.

3 toro cdakra, 9T0 Ky0d 2X2X2X2 10YTH COOMPAETCsI, CJIe/IyeT M0JIe3HOE Ha-
osmosienue. [lycmov moocro pazsepnymo k yeaosur kyburos. Tozda mooscHo pas-
GEPHYMYL M00ble dpyeue k yes08vT KYOUKO8 AHAN02UYHBIM 00PA30M. DTO TTOMO-
raeT MCCJIeI0BATH CUTYAIUIO ¢ TTOJIHOM cOOPKOil KyOuKa.

¢ E7. Jloxkaxure, 9T0 B 4eTBIPEXMEPHOM IIPOCTPAHCTBE KyO 2X2X2X2 mMmeer
3 KJacca CBsI3aHHBIX COCTOsIHMIE. Ykadarue: Menoavaytime mo, wmo ghaxmop-
epynna Ay mo epynne map mparcnosuuuit (npumep 2 ua dadavu D7) amo
2PYNNA U3 MPET INEMEHMOS.

¢ EB8. Jlokakure, 9T0 B IPOCTPAHCTBE PA3MEPHOCTH D 1 BBIIIE ¥ KyOa 2X2X ... X2
BCE COCTOSTHUSI pa3peléHHbie (HHBAPUAHTOB HeT).

¢ E9. Haitjure uncio Kj1accoB CBSI3aHHBIX COCTOSTHUI y KyDa 3X3X ... X3 Jist
IIPOCTPAHCTB Pa3MepHOCTH 4 U BBIIIE.

¢ E10. Haitjure 9ncsio KJaaccoB CBA3AHHBIX COCTOSTHUI y Kyba mXnmX ... Xn
JIJIsl TIPOCTPAHCTB pa3MepHOCTH 4 U BBIIIIE.



Kybuk Pybuka ¢ BbICIIeil TOUKN 3pEHMSI.

9 asrycra 2008 T.

Mpubr momectuin KBaAaHTOBCKYIO CTAThIO U KHUTY, MTOCBsdAIeHnyio Kyouky B
pasIaTovYHbIe MaTepuasbl. B craThe CoJep:KUTCs pPelleHre 11.a), & B KHUre —
cepun a, 6) 1 HEOOXOJAUMYIO TEOPETHKO IPYIIIOBYI0 TEXHUKY.

MpbI He uCKJIIOYaeM, UTO YacThb IIYHKTOB IEpeijieT B 3a04YHbIl KOHKYPC,
[IO3TOMY 3JIeCh MBI TIOCTapaeMcs IPEXKJie BCEro TMOKa3aTh JIOTUKY UCCJIEJI0-
BaHMA, KAKUM 00pa30M OOIIMIT ITOIXO0/T TI03BOJIAET pa300paThCcsd B CHUTYaIluH,
KaK MaTeMaTUK, He uMes Jieja ¢ KyOMKOM MOXKEeT CO3/1aTh OOIIYI0 TEOPUIO.

JlormycTum, Mbl HUYEro He 3HaeM PO KyOMK M HAM HAJI0 Pa300paThCd B
obmeit curyanuu. Y10 3HAUUT 00IIAsd CUTyalnd! JTO

— KyOuUK n X n X n

— MHOTOMEPHBII KYO.

— IIPOYMEe INOJIOBOJIOMKH.

Heneno cpagy nbitaTbest pazobparbes B obieit cutyaruu. Hyxuo

— criepBa pa300paTh KJIacCUiecKuil KyOuk
Kyounk 4 X 4 X 4
KyOmK 5 X 5 X 5

— KyOUK n X n X n

Paccmorpun k-MepHBIi Ky6 n X - - - X n. On pasout na n* xybuxos. Pas-
pemaercs B3ATh OJUH cJioit u3 n*~! Kybuka, npecrasisiomuii coboit (k—1)-
MEPHBIil KyO U IMOBEPHYTDH €ro KaK €JNHOe IeJI0€ BHYTPHU CJIOs TaK YTOObI OH
copmectmiics. (Tak, B cirydae 0OBITHOIO TpeXMepPHOTO Kyba JeficTBre 3aKJIio-
Yaercsi B II0BOPOTE CJIOS. )

Kazktag rpanb Takoro kyba packpaiiiera B cBoil npet. Borpoc 3ak/oda-
ercsd B BO3MOXKHOCTH cOOpku. Eciaum n = 2, To Takoil Kyd HazbiBaeTcs dam-
cxum. KiroueBoe 3navyenne mmeer

— MHOTOMEPHBII JIAMCKHI KYO.

[TockoJibKy rpyIma JIBUKEHUN N-MEpHOro KyOWKa, MepeBOJdInx (Huk-
CUPOBaHHYIO BEPIINHY B cebsi ecTb A,, TpyIa caMOCOBMEIIEHN YTIOBOTO
Kybuka ectb A,. [Tostomy mamckuit Kyo Beger cebsi mo-pasHOMy B pasMep-
HocTsxX 3, 4,(Korja 9ra rpylna paspemuma) U B pasMepHocTu b (Korja oHa



POCTa ¥ HEKOMMYTATHBHA). BhICIe pasMepHOCTH JTOJIKHBI cebst BECTH Kak
[SITUMEPbeE.

— obImuit corydaii.

C 4ero HaYaTh UPU U3YUEHUN KJIACCHIECKOrO KyOMKa?!

C 04eBUHBIX, HO MOJIE3HBIX HAOJIIOIEHUI.

1) IenTpasbHble n yryioBble KyOUKH HE CMEITHBAIOTCS.

2) MoxKHO BpeMeHHO 3a0bITh 00 OPUEHTAIINE — OT OPUEHTAIINIT HE 3aBUCAT
[IepecTaHOBKU KyOUKOB.

3) LenrpasibHble KyOUKH HEOBIKHBI.

4) VHTepecHO B3aMMOJIEHCTBUE COCETHUX TDAHEN.

Orciosia — mporpaMma UCCJIeIOBAHMIA.

1. U3yunthb noumu cbopky Kyouka.

(MbI roBopum, 9T0 Ky6 nowmu cobpan, eciu Bee KyOUKU CTOAT HA CBOUX
MeCTax, HO BO3MOKEH HElopsiJIoK ¢ OpHeHTaIueii. )

2. I3yuyuTh OpueHTaIUN.

106wl ocyiiecTBuTh (1) HyKHO

a) M3yuntsb mourn cOOpPKY yIyIoB.

6) NzyunTs mouru c6opky pebep.

B) V3yunTh B3anmoieiicTBue a) u 6), JIydIiie BCero — HAyIUThCsI PaCIIEl-
JATh a) 1 0).

Ho mpexkie Bcero Hajio pacCMOTPETH KJIIOYEBYIO CUTYAIHIO — 63AUMO-
deticmeue nosopomos 06yYxr cocednux epameti. ITO COCTABILAET COJEpPKAHUE
3a1a41

E1 a) [lanbl jBa 3aleuIsiiouxcst UKIa JUIMHBL 4 ¢ OJiHON obIeil Bep-
muHoM. JlokakuTe, 9TO OHU MOPOKIAIOT BCIO TPYIITY Sy.

b) laHbl jiBa 3alemIAONINXCa UK JUITHBL 4 ¢ mapoii obIuX CoceTHIX
BepiuH. /lokaxkure, 9T0 OHU MOPOXKIAIOT BCIO TPYHITY Sg.

Ternepb MHTYUTHBHO $ICHO, KAK MOXKHO TIOUTH COOpaTh JaMCKUil Kyb Io-
gt cobupaercd B Ji000#1 pa3zmMepHOCTH. fICHO Tak:Ke, YTO YTO MHOYKECTBA
peOEepHBIX U YIJIOBBIX KYOMKOB KyOuka 3 X 3 X 3 moutu cobupaercd, mpaB/ia
IO-OT/IeTLHOCTH. BoJjiee TOro, BUHO, KAK YCTAHOBUTH UTO MHOXKECTBO pebep-
HBIX KYOMKOB KazKJIOT'O COPTa KyOMKa n X m X M MOYTU COOMPAETCs, IMpaBJia
— IO OTJIEJIbHOCTU. ZICHO TakyKe, YTO aHAJOTUIHOE YTBEPXKJIEHUE JIJIs MHOTO-
MEPHOr0 KyOUKa JIOKA3bIBAETCH.

Tenepp HAM HAJO MOHATDH, KaK IMOYTH COOMPATH KyOMKH Pa3HBIX COPTOB
pMecre. OTcroia — Takue 3a/1a4m.

E3 a) Ilokaxkure, aro rpynmna Ay mopoxkjgaercs 11-4IeHHBIMI [UKIAM.



6) Ilycrp s — 11-unennsrii muksa. Torma s = s'8" e mexoToporo 11-

wrennoro mukia s'. Ilyers € Sg. Torma o ecTh euHIIHAS TIepeCTAHOBKA.

B) Ecsin nepecraButh pebepHble n yryioBble KyOUKHN TIEPECTAHOBKAMU OJU-
HAKOBOI Y€THOCTHU, TO TaKas [MEPECTAHOBKA MOYTU COOUPAETCs.

r) Jlokaxkure, aro yobast paccraHoBKa B Kyouke 4 X 4 X 4 mourn cobu-
paercd.

[IpuBesenHOE pellieHne Bce »Ke UCIIOJIb3yeT CIenuduKy dncesa 8 u 12 — a
UMEHHO TO, YTO MeXKJIy HUMH eCTh IpocToe uucjio. OcHoBHOe HabJIIO/IEHNE
HaJ10 0DOOOIIUTD.

Orcro/la BOBHUKAET CJIe/IyIONas 3a/a4da

Iycmy G ecms npocmas KonewHas 2pynna ¢ 00pasyouuMy a, . . . , ag,
G5 ecmb npocmas xKoneunasn 2pynna ¢ oopadyrowumi by, ..., b, G = G1BGo,
H ecmw nodepynna 6 G nopoorcdennasn snemenmamu z; = (a;, b;), i =1,... k.

Hoxazamv, wmo aubo H = G, aubo das mwexomopoz2o usomoppuama o :
G1 — G2 svnoansemcesa pasencmso b; = ¢(a;).

Xouercs yMeTh PacCHIeIIATh HECKOJIBKO 00bEKTOB OJTHOBPpEMEHHO. Toria
MBI TIPUXOJINM K CJIE/IYIOIIEMY YTBEPZKIEHUIO:

Hycmov G ecmdv npocmas KoHewHas 2pynna ¢ 00pa3yIOWUMU a1, - . . , A,
Gy ecmv npocmas konewnas epynna c¢ obpadyrouumu by, ..., by, G ecmo
NPOCMas KOHEYHaA 2pYnna ¢ 00pasyrowumu ¢, . ..,cx, G = G1 ® Gy ® G3,
H ecmv nodepynna 6 G nopoowcdennasn sremenmamu z; = (a;, b, ¢;),i =
1,...., k.

Tozda aubo H = G, aubo das mexomopozo uszomoppuazma o : G — Gy
soinoansemes pasencmeo b; = p(a;) u npu smom H = Hyo @ G3, 20e Hip =
{(z,¢(x))} ecmv nodepynna ¢ Gy ® G, aubo anaroeuwno H = Hayz @ Gy
aubo ananoeuwno H = Hzp & Gy, Aubo 0as HEKOMOPHT UOMOPPHUIMOE © :
G1 — Go u Y : Gy — G3 swnoansomen pasencmea b; = p(a;) ¢; = ¥(a;).

MozkHO chopMyTHpPOBaTh AHAJOTUIHOE YTBEPXKICHNE JIJI TPSIMBIX CyMM
OT IIPOU3BOJILHOTO YHCJIA 3JIEMEHTOB.

Teneps MokHO paszobpaTbes ¢ modTu coopkoii. [Ipu sroMm Jrydire HaYaTh
C M3yYeHus MOJIHON CHCTeMbl HHBAPUAHTOB JIJIs TOYTU-COOPKM Kyba 5 X 5 X 5,
nepeiitn K Ky0y n X n X n, a 3aTeM U3y9IUTh MHOTOMEpHeE.

Tereps 3aiimemcst opueHTalmei. Bece pebepHble MHBapHAHTHI HAM W3-
BecTHBI. OJIHAKO W3 PEIIeHWs] HE COBCEM $ICHO, KaK X MOXKHO IPHUIyMaTh.
[TosToMy 1mOJI€3HO TOJIYINTh 00IIee 0ObsICHEHNE, [TO3BOJIAIONIEE TIOHAThH U 00~
nyto curyaruio (IycTb Jlayke HeolpaBJaHHO JIJIMHHOE €CJIM MMETh B BHUJLY
TOJILKO KyOuk Pybuka).

Xysuran Bacs moxker B3aTh pebepHbIil KyOuK (CTOsIIIUT HA HEKOTOPOM
MecTe) U, MepeBepHYB ero, MOCTaBUTh Ha HCXOJHOEe MecTo. VI3 maHHOi pac-
CTaHOBKN BacHHBIME JIeHCTBUAME MOYKHO IIOJYIUTh 212 cTenenyn pasimanbix
pacCcTaHoOBOK. €; 03HadaeT Bacuno jeiicrBue ¢ i-m pebpom. Torma pesyabrar
Bacunoii jestrenpHOCTH onpeiensercs MHOkecTBoM [ C {1,...,12} Takum,



9TO MPOU3OILIO IepeKJodeHne Ha pedpax ¢ Homepamu ¢ € [. MHorma pe-
3ysibTaT BacuHBIX JeficTBUIT MOXKHO ODO3HAYUTH B BUje [ = Zie ; €. Jlerxo
BUJIETH, YTO PE3YJIbTaThl CKJIa/IbIBAIOTCS 110 MOJYJIIO 2. /lelicTBue Ha3bIBaeTCs
YECMMHbLM, €CJIN €r0 MOYKHO OCYIIECTBUTH TOJILKO Bpallas KyOuK.

B citestytomume yTBepKIeHUST U PACCYKJIEHUsT COBEPIIIEHHO CTaHIAPTHBI €
TOYKU 3PEHUsI JTUHEIHON aJreOpbl U TeOPUN WHBAPUAHTOB.

Hycmov u, v — wecmmoie deticmeus, mozda u—+v mooice wecmmoe deticmeue.
Eeau) ;o e; — wecmmnoe deticmeue, o € Sia, M0 Y | €q(i) MAKICE ACAACTNCA
yecmmvlM 0eticmeuem.

IIpocmparcmeom Ha3BIBAETCA T'PYIIIa, MOPOXKJIEHHAS MHOXKECTBOM JIeii-
cTBUit. MHOXKECTBO YeCTHBIX JIEHCTBUI HA3BIBACTCS YECTHDLM NPOCMPAHCINEOM.
[Iycte L — mpocrpancrso. Hazosem L uneapuarmmvim, eciam Jijisd JTFOOOTO
0€S,my ;e €L Bemmauna ), €y(;) cHOBa nomaaeT B L. Mpr yeramo-
BUJIN, UTO IMPOCTPAHCTBO YECTHBIX JIEHCTBUI €CTh MHBAPUAHTHOE IIPOCTPAH-

el

CTBO.
[Iycts L ectb muBapuaHnTHOE TTpocTpaHcTBO. Torjma nmeer MecTo ojHa U3
CJAEIYIOINX BO3MOXKHOCTEM.

1) L=0
2) L coBmaJiaeT co BCEM IPOCTPAHCTBOM.

3) L mOpOXKIEHO 3IeMEHTAMH €; + €;.
4) L=10,>"i=1"%,.

DTO yTBep:KJIeHNE MIPOSCHIET PUPOLy PedepHOro HHBapUaHTa B KyOHKe
Pybuka, n mokaspiBaer, Kak K HIM MOXKHO IpuiiTi. Bropast BO3MOKHOCTD 115
YeCTHOTO MPOCTPAHCTBA MCK/II0YIAETCs POBEPKON CIIPABEJINBOCTU WHBAPU-
aHTa, a IepBasg W deTBepTasi — yKa3aHUeM CII0coba OCYIECTBUTH PA3BOPOT.
Hecoxkuo copmympoBaTh U J0Ka3aTh aHAJIOr YTBEpXKIAeHnsa F8 s Bpa-
IIEHNs YIVIOBBIX KyOMKOB. KpoMme Toro, Hecja0KHO IOKa3aTh, 9TO pebepHbIe
U YIJIOBBIE JEACTBUS Pa3/Ie/IsiioTCs, JJayke eCIi YINThIBATh OPUEHTAIMIO.

DTuX ujeil J0CTaTOTHO ITOOBI HANTH MTOJTHYIO CHCTeMY WHBAPUAHTOB JIJTsT
KyOMKa n X m X n a Tak:Ke MOJHYI CHCTeMY WHBAPUAHTOB JIJIs JT0JIEKadIpa
1 nKocasjipa Pybuka mponsBoJIbHOIO pasmepa.

Yro0BI MPOBECTH MCCIEJOBAHNE B MHOIOMEPhE, HAJI0 PACCMOTPETH KJIIO-
qeBoif cayqaitl gamckoro kyba. (Ladies Cube).

[Ipexx e Bcero, HEOOXOMMO U3YUNUTH IPYIIIEI BpameHuit. OTcioma — BCIo-
MoraTe/IbHbIE YTBEPKICHUS.

a) ITycmv K — xy6 6 n-meprom npocmpancmee, G — epynna, nopostcoer-
HaA e2o nosopomamu. Tozda G ~ S,,.



b) ITycmv K — xy6 6 n-meprom npocmpancmee, B — ezo eepwuna, H —
2pYNnna, nopoAHcIeHHas €20 NOBOPOMaMU, nepesodsuumu sepwuny B 6 cebs.
Tozda H ~ A,,.

Usyunm uersipexmepHblii gamckuii Kyo. 3Becrno, uro Ay/Ky = As.
Breibepem s1Be mapsl pebep, BBIXOJSIINX U3 BepIIUHBL B (9T0 MOXKHO CJIe/IATh
3 pasubiMu criocobamu). Ha stux cmocobax meiictByer rpymma Ay /Ky = As.

Takum 0bOpa3zoM HAXOIUTCS HETPUBHUAJIBHBIN WHBAPUAHT JJIS I€THIPEX-
MEPHOTO JIaMCKOro Kyba. HeouiaHHbIM 00pa30M OH OKa3bIBACTCS 110 MO/TY-
o 3!

YroObI OJYYIUTH TOT HHBAPUAHT JIOCTATOYHO ITOKPACUTH MAPbI JIBYMEP-
HBIX 'DaHell, BBIXOIANINX M3 BEPIINH KyOUKa ILIOCKOCTH KOTOPBIX TepeceKa-
forcst o Touke (XOY, ZOT), u paccyK/JIaTh Tak Ke KakK U JJisi TPEXMEPHOIO
Kyba.

Mozkno nokazarhb (910 Gy/er cjieoBaTh U3 JAJbHEAINX PACCMOTPEHMIA )
YTO JIPYIUX UHBAPUAHTOB HET.

Kaxk pasBopor wact (HEKOTODPBIX, HO He Beex!!) yrIoBbIX KyOHKOB JaM-
CKOT'O M > 3 MepPHOT0 Ky0a, IIPU KOTOPOM KazK/Iblii KyOUK Oy/IeT 0CTaBaThCs
Ha CBOEM MecTe?!

DTO O0YEHBb MTPOCTO — HAJIO JIEHCTBOBATH TaK, 9TOOBI KYOUKH, Y KOTOPBIX
[epBble TPU KOOPJMHATHI COBIAJIAIOT, BPAIAJNCh KAK €JINHOE IEeI0e. DTO
paccyxkjieane paboraer st J000i pa3sMepHOCTH.

Nzyunm BO3MOXKHBIE PA3BOPOTHI KYyOUKA.

Hycmo G — npocmas HeKOMMYMaMUeHaa Koweunas epynna. R = G @
G & ---& G. Hazosem nodepynny H epynnoe G ydobrot, ecau ee npoekyus
noxpwisaem xaxcdoe caazaemoe. Hazosem epynny ssemenmapnoti, ecau ona
umeem eud (h,p1(h),...,oi(h)), h € G, p; — usomoppusmo. G na ceba.

Tozda ydobnas epynna ecmv NPAMAA CYMMA IAEMEHMADHHLT.

N3 31010 yTBEPK IEHUST BBIBOINTCS, ITO Y MSITUMEPHOT'O JJAMCKOTO KyOnKa
HeT WHBAPUAHTOB, T.€. KOJMYECTBO ero JIOIMYCTUMBIX COCTOgHumit pasno 2°! -
6032.

AHaAIOTUIHO 0O6CTOUT JIEJI0 B TIPOCTPAHCTBE OOJIbINEH pa3sMEPHOCTH.

Y100bI U3yINTH CUTYAIMIO B YETHIPEXMEPHOM ITPOCTPAHCTBE, HAJ0 U3Y-
YUTh TOBeJIeHne Tpymin Sg u Ay.

IHyemvs G =953. R=G®GE®---dG. Hazosem nodepynny H epynnve G
ydobnoti, ecau ee npoekyua noxpueaem kaxcdoe ciazaemoe. Hazosem epyn-
ny asemenmapnot, ecau ona umeem eud (h,1(h),...,¢i(h)), h € G, p; —
usomoppuamor G Ha cebs.

Tozda ydobras epynna ecmsv NPAMAA CYMMG INEMEHMAPHOIT, AUOO OHA
codeporcum Az ® A3 P --- D As.

Hyecmy G =A;. R=GOGEd---®G. Hazosem nodepynny H epynnot G
ydobnoti, ecau ee npoekyua noxpueaem kaxcdoe ciazaemoe. Hazosem epyn-
ny anemenmaphnot, ecau ona umeem eud (h,p1(h),...,¢(h)), h € G, ¢; —



usomoppuszmor G Ha cebs.

Tozda ydobras epynna ecmsv NPAMAA CYMMG INEMEHMAPHOIT, AUOO OHA
codepotcum K, K, B -+ - K.

st 3aBepInenust uccjieIoBanns B KyOe ITPOU3BOJILHOTIO pasMepa U IIpo-
U3BOJILHOI PA3MEPHOCTU HAJI0 BLIOPATH TAKYIO CHCTEMY KOODJIMHAT, YTOOBI
KOOD/IMHATHI TIeHTPpa Kyba ObLIM HYJIsIMUA, & KOOPJWHATHI IEHTPOB KyOUKOB
110 MOJLYJTIO He TipeBocxomin n. Kaxkpiii copt onpejensgercd nabopom My
KOODJIMHAT, 110 MOJLYJIIO PaBHBIX k st BeexX k. ['pyrirna pazBopoToB /i KazK-
soro copra ¢yt @, Sin,| ecou [Mo| # 0 u @ Aj,| ecom [ M| = 0.

[IpuBeieHHBIX BBIIIE COOOPaYKEHUIT JOCTATOYHO JIJIsi HAXOXKJIEHUs II0JI-
HO¥ cucTeMbl mHBapuanToB. C rpymmamu S; CBA3aHBI TOJBKO WHBAPUAHTHI
o Mojysto 2, ¢ rpymmavMun Az u Ay — TOJBKO MHBAPUAHTHI IO MOJIYJIIO 3, C
rpynmamMu A, npu n > 5 — BooOIIe HUKaKNe NHBAPUAHTHI HE CBSI3aHBI.

Cutestytorias 3a/1ada 3aBepIraeT UCC/IeI0OBAHE.

F1

a) IlycTh KOOpAMHATHI IEHTpa YeThIPEXMEPHOro Kyba 3 X « -+ X 3 CcyTh
(0,0,0,0), a koop/uHATEI 1IeHTPOB Ky6ukos — 0, £1. TTokaxkure, aro nHBapu-
AHTBI PA3BOPOTA, CBsI3aHHbIE ¢ KybuKamu ¢ KoopauHatamu reatpos (0, £1, +1, £1), (+1,0,+1, +
CBSI3aHDBI TOJIBKO C Y€THOCTBIO.

6) Ilycrb KOOpAMHATHI TIeHTPa IATUMEPHOro Kyba 4 - - - x4 cyTs (0,0, 0,0, 0),
a KOOPJMHATHI MeHTpoB KyoukoB — 0, £1, £2. [lokaxkure, 4T0 MHBaAPUAHTHI
pPa3BOpOTA, CBSI3aHHBIE ¢ KYOMKAMHU C KOODIUHATHI IEHTPOB KOTOPBIX CYTh:
(0,£1,4+1,£1,+1), (£1,0,£1, £1, £1), (£1,£1,0,+1, £1), (£1,£1,£1,0,+1),
(£1,41,41,£1,0) cBA3aHBI TOJTBKO C MOIYJIEM 3.

F2 Kaxkwue HecMmernmuBaembie TUITBI KYOUKOB €CTh B k-MepHOM Kybe paszmepa
n?

F3 IlpuBeaure pasuble mpuMepbl HHBAPUAHTOB JIjId k-MEPHOT'O KyOa pas-
Mepa n.

F4* TlocrpoiiTe moJIHYIO CHCTEMY UHBAPUAHTOB JJIA k-MepHOro Kyba pas-
Mepa 1.



Rubic’s cube and Higman problem

In this project we shall explore Rubic’s cube and similar puzzles. Before this
we should solve some preliminary problems.

Preliminary problems.

¢ P1. There are 12 labeled cubes in a row. The left cube is labeled with 1 and
the right one with 12. If the crazy drummer beats his magic drumhead then two
neighboring cubes transpose. After 333 beats every cube goes crazy if there are
odd number of cubes with less number to the right of him. Can the number of
the crazy cubes be equal to 67

¢ P2. There are 42 cubes in the row labeled in the increased order. One can
transpose every two neighboring cubes. Is it possible to transpose the first two
cubes and leave the remaining cubes at their places by 2008 moves?

¢ P3. There are 20 color cubes in the circle. One can choose every three cubes
and put the first one on the second one’s place, second one to the third one’s place
and the third one to the first one’s place. Is it possible to obtain the situation that
all the cubes would be cyclically shifted in comparison with the initial position?

¢ P4. The facets of a cube are painted into different colors. Some of these cubes
are used to form a rectangle m x n. One can choose a row or a column and rotate
all the cubes with regard to the common axis. Prove that it is possible to obtain
the situation that all the cubes be rotated to the up with the same color.

A. Rubic’s cube.

Let us call the whole large cube by cube and small cubes by bricks. Every
9-bricks facet of the cube can be rotated clockwise or counter-clockwise. One
can do several such rotates in series. This sequence of rotates is simply called
combination.

Denote the facets of the cube by A, B, C'. We shall say that clockwise rotation of
the facet is denoted by the same letter, for example, A. We also denote the counter-
clockwise rotation by A~'. Further, we shall denote the sequence of rotations by
the sequence of the letters. For example, ABA~'C means “clockwise rotation of
the A facet then clockwise rotation of the B facet then counter-clockwise rotation
of the A facet then clockwise rotation of the C' facet”.



The sequence XY X 1Y 1 is called the commutator of the rotations X and Y.

There are three types of bricks inside the cube: central bricks are located in
the centers of facets, corner bricks form the corners of the cube and middle ones
are located in the centers of the cube’s edges. In is clear that the central bricks
doesn’t move (with regard to each other). Also corner bricks will stay corner and
middle ones will stay middle.

Suppose that middle and corner bricks don’t fasten with anything. Hence we
can easily take they out, transpose and put they in. Let us transpose middle
bricks with other middle ones. Similarly we do with the corner ones. (We shall
not transpose the central bricks.) Moreover, we check that the external facets
of the bricks stay external after any transformation. Any position after such
transformations is called a state. A state of the cube is called right if every facet
of this cube is one-color. We shall say that a brick has the right position if it has
the same colors of the facets as for right state of the whole cube. States are called
connected if there exists a sequence of rotations such that the first state converts
to the second one. A state is said to be admissible if it is connected with the
right state.

¢ Al. Suppose that we apply a sequence of rotations to the initial cube. Prove
that it is possible to apply this combination several times again and return to the
initial state.

¢ A2. [sthere exists a sequence of rotations that would arrange the cube starting
from any state (by applying it several times)?

¢ A3. Find a combination of rotations that would cause to cyclically shift the
bricks 1, 2, 3 and leave the remaining middle-bricks at their places (fig. 1).

Figure 1.



A4. Show that the combination A~'C~'B~'A"1BAC cause to transpose the
and 2 bricks and leave the remaining middle-bricks at their places (fig. 2).

¢
1

~ ~ - ~ ~ -
Figure 2. Figure 3.

4 A5. Find a combination that would cause to rotate the bricks 1 and 2 within
their sockets and leave the remaining middle-bricks at their places and states

(fig. 3)7

¢ AG6. Prove that there is no combination that would cause to rotate the brick 1
within its socket and leave the remaining middle-bricks at their places and states

(fig. 3).

¢ A7. Suppose that the state of the cube is admissible. Show how to place all
the middle bricks to the right states. Suppose that the state is not necessarily
admissible. Consider the states of the middle bricks and describe all possible
connected states.

¢ AS8. Find a non-trivial combination of rotations that would cause no effect to
the cube while applying it exactly three times.

¢ A9. Find a combination of rotations that would cause to cyclically shift the
bricks 1, 2, 3 (fig. 4), and leave the remaining corner-bricks at their places and
middle-bricks at their places and states.

¢ A10. Consider an admissible state of the cube. Find a combination that would
arrange all the corner bricks to their places and leave the middle-bricks at their
places and states. Suppose that the state is not necessarily admissible. Consider
the states of the corner bricks and describe all possible connected states.
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¢ A1l1l. Prove that there is no combination that would rotate exactly one corner
brick and leave the remaining bricks at their places and states.

¢ A12. Find a combination that would cause to rotate clockwise the bricks 1,
2, 3 (fig. 5) by 120 degrees , and leave the remaining bricks at their places and
states.

¢ A13. Suppose that the state of the cube is admissible. How to arrange the
cube?

¢ Al14. Suppose that the all corner bricks are in the right places and middle ones
are in the right states. Consider the states of the corner bricks. How to define if
it possible to arrange the cube?

4 A15. How many pairwise unconnected states of the cube would be?

¢ A16. Calculate the number of admissible states of the cube.

Section B.

In this section we shall consider some similar puzzles. Let us apply two combinations
(of rotations) at the same state. We shall say that these two combinations are
different if they make different results.

¢ B1. The chessboard is labeled with all integer numbers from 1 to 64. One can
choose a square 2 x 2 and rotate clockwise the numbers inside it. Prove that it is
possible to achieve any possible numbers arrangement.

¢ B2. Consider the 2x2x2 cube. Describe all the admissible states of this cube.
How many such states are there?



Figure 6.

¢ B3. Consider the game “Hungarian rings” (fig. 6). There is a planar puzzle
consisting of two or more interwoven ovals each of which has several labeled pieces,
some of which may belong to more than one oval. A puzzle move consists of
shifting an oval by one or more “increments”, and hence all the pieces on it, along
the oval’s grooved track. The pieces are equally spaced apart (in spite of the typed
depiction below) and whose pieces which lie on more than one oval can be moved
along either oval. For simplicity, consider the puzzle consisting of only two ovals,
each having 6 pieces.

The pieces 1 and 3 can be moved along either oval. Note that each move
corresponds to an unique permutation of the numbers in {1, 2, ..., 10}.

Describe all the admissible states.

¢ B4. Consider the game ‘Equator’ (fig. 7). This puzzle is in the shape of the
sphere but has 3 circular bands encircling a sphere, each having 12 square-shaped
pieces and each band intersecting each other at a 90 degree angle. Each pair of
circles intersects at two points, or “nodes” and at each such node there is a puzzle
piece shared by the two circular bands. There are 6 nodes total. One can rotate
any band such that their pieces would transfer to each other. The total number
of movable pieces is therefore 3 x 12 — 6 = 30.
Describe all the admissible states.

¢ B5. Consider the 4x4x4 cube. Describe all the admissible states.

¢ B6. Consider the game “15”. There are 15 numerated tiles placed in the 4x4
square. One square is empty. One can choose a neighboring (by side) tile of the
empty square and move it on the empty place.

Describe all the admissible states of the game.

¢ B7. How many pairwise unconnected states of the cube 4x4x4 would be?

¢ B8. Find the invariants system for 4x4x4 cube.
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¢ B9. Find the invariants system for nxnxn cube.



Section C.

¢ C1. Consider a regular tetrahedra. We can rotate it such that it maps to itself
and some edges and vertexes may transpose. Find the number of the different
rotations.

¢ C2. Similar task for cube. Describe behavior of the main diagonals of cube.

Consider a regular polyhedra. Similarly to Rubic’s cube rotations we can apply
a sequence of two motions. It is easy to see that this composition is a motion itself.
This composition is called a product.

The motion of polyhedra is called an identity if it preserves all its vertexes.
Composition of every motion F' with identical motion I does not change F', i.e.
F = IF = F1I. Identical motion of a polyhedra is an identity of all space.

¢ C3. Let M be an n-element set. Consider the permutations of M elements.
For example, if M consists of 3 elements, then there are 6 such permutations:

1) exchange 1 and 2, 3 does not move;

2) exchange 2 and 3, 1 does not move;

3) exchange 1 u 3, 2 does not move;

4) sent 1 into 2, 2 into 3, 3 into 1 (cycle of length 3);

5)1— 3,3 —2,2— 1 (cycle of length 3);

6) don’t move anything.

Similarly for each n all permutations can be listed. Suppose that we apply
some permutation then apply another one. This combination of two permutations
is called a product of them. Which permutation is identical? Prove that for any
motion A there exists a motion A~! such that AA™' = A~'A = E, there E is
the identical motion. Check the associative law: (AB)C = A(BC).

¢ C4. Let A be aset of all motions of a cube. Find a correspondence between A
and the set B of permutations of 4 elements such that product in A corresponds
to the product in B.

Definition. A group is a set G with operation of multiplication such that the
following properties are satisfied:

1) (AB)C = A(BC) (associative law) ;

2) there is an unit element E such that AE = EA = A for any A,

3) for any element A there exists an inverse A1 such that AA™1 = A71A = E.
Permutation group from problem C3 is denoted by .S,,.



¢ C5. Prove that the following sets with operations are groups:

1) the set of integers with respect to addition;

2) the set of all positive rational numbers with respect to multiplication;
3) Rubic’s cube transformation with respect to composition.

¢ C6. Which of the following objects are groups?

1) the rational numbers with respect to multiplication;

2) set of all words in the Latin alphabet (including empty word) with respect
to concatenation (concatenation of u and v is uwv).

3) set of all words in the alphabet {a, b, ¢} (including empty word), if for any
words X, Y we can replace any of the words XabcY, XbcaY, XcabY with the
word XY (in other words, we can remove abe, bca, cab from any word) and do
inverse operation (add these words);

4) Three double transpositions (12)(34), (13)(24), (14)(23) and identity?

Note: (123)(4567) means that the elements are cyclically shifted in every
bracket: 1 -2 -3 —-1land4 —-5—6—7 — 4.

Definition. Let G be a group, H be a subset of G. Suppose that H contains
unit element of G, (we just call it unit) and also all products of any two elements
in H together with their inverses, then H is called a subgroup.

¢ C7. Let H be a subgroup of GG. Prove that H is a group.
¢ C8. Find all subgroups of Sj.

¢ C9. Lagrange theorem. Prove that the number of subgroup elements divides
the number of group elements.

¢ C10. Find a %!—elements subgroup of S, for n > 2.
We shall denote the group in the previous problem by A,,.

¢ C11. Prove that any element of A, is a product of cycles of length 3 (they
may intersect with each other).

Definition. aba 167! is called a commutator of a and b.

Definition. Commutant of GG is the set of all products of commutators.
¢ C12. Find the commutants of S3, As, A4, S,, A,.

Let us fix a € G. For any g € G consider corresponding element a~!ga. This
element is called a conjugate g respect to a, or just conjugate.



¢ C13. Let H be asubgroup of G. Suppose that a~! Ha is the set of all conjugates
of the H elements with respect to a. Prove that a !Ha is a subgroup as well.
Subgroups H and a~!Ha are called conjugated.

Definition. A subgroup is called normal if it is equal to all its conjugates.

4 C14. Prove that commutant, unit element £ and whole group G are normal
subgroups of G.

The whole group GG and unit element E are the trivial normal subgroups of G.
All other subgroups are called non-trivial. If G has the trivial normal subgroups
only, then G is simple group.

¢ C15. Find all n such that group .S, is simple.
¢ C16. Prove that group A, is simple for n > 5.

¢ C17. Find all n such that S,, or A,, are equal to the groups of motions of cube
or tetrahedra.

¢ C18. Prove that the group of icosahedra motions are equal to As.

¢ C19. Find a 8-element group such that there exist two elements a, b and
ab # ba.






Section D. Groups

Definition. Groups G' and H are called isomorphic if there exists a one-to-
one mapping (isomorphism) ¢ such that unit element maps to unit element and
composition of any two elements in G maps to composition of the corresponding

two elements in H: ¢(g192) = ¢(g1) X ©(g2)-

¢ D1. Prove that the following groups are isomorphic:

1) group of cube’s motions and Sy;

2) group of real numbers with respect to addition and group of horizontal
motions;

3) group of integer numbers with respect to addition and group of 2¥ for integer
k with respect to composition.

4) group of dodecahedra’s (icosahedra’s) motions and As;

[somorphic groups are really equivalent groups.

Suppose that G is a group, and M is a set. We shall say that G acts on M,
if for any m € M and g € G there exists an corresponding element m’ = g(m)

such that (g1g2)m = g1(gam).

Examples.

1. The group of all motions acts on 3-dimensional space.

2. The groups S,, u A, act on the set {1,...,n}.

3. A group acts on itself by left multiplications: every h € G defines a mapping
en(g) = hg.

4. A group acts on itself by conjugates: every h € G defines a mapping ¢p,(g) =
h~'gh.
¢ D2. Prove that these are really the acts.

¢ D3. Suppose that n is the number of elements in the group G' (we shall denote
it by n = |G]). Prove that there exists a subgroup in .S, such that it is isomorphic
to G.

¢ D4. A group G is colored into several colors such that the color of the product
depends on colors of the factors only. The unity is red. Prove that the set of red
elements is a normal subgroup.

Suppose that H is a subgroup in GG. The coloring of G is called left if:



1) for any ¢ € G and h € H the elements g and hg are colored in the same
color;

2) if g1 and g9 are colored in the same color then g; = hgs for some h € H.

¢ Ds5.

a) Prove that the left coloring coincides to the right one if and only if H is a
normal group.

b) Prove that if H is a normal group then the color of the product depends on
colors of the factors only and the color of the inverse element depends on color of
the original one.

Suppose that H is a subgroup in GG. For any g € G consider the set of all gh;
for h; € H. This set is called left H-class with respect to H and denoted by gH
(note that this is essentially just the same as one-colored elements). Every element
G belongs to one left H-class only. Two elements belong to the same class if they
can be presented in the form gh; for some h; € H. Every g; = gie belongs to
g1H (because of e € H). The element go belongs to the same class if there exists
h such that goh = ¢, (or gi1g;* = h).

The product of two classes g1 H and g2 H is the class g1goH. We can choose
other representatives of these two classes, namely, g; € g1H and g5 € goH. Then
the product would be ¢gjgbH.

¢ D6. Prove that a product is well-defined (because of g1goH = g1g5H).

Similarly we can define an inverse element on the left H-classes set: the class
g 'H is inverse for gH.

The set of left H-classes (or the set of colors from D5) can be considered as
a group. This group is called a factorgroup with respect to the normal subgroup
H .The left H-classes are the elements of this group.

¢ D7. Find factorgroups of GG with respect to the H:

1) G=S, and H = Ay;

2) G = Ay and H is a group of three double transpositions (12)(34), (13)(24),
(14)(23) and identity?

3) G is a group of real numbers with respect to addition and H is the subgroup
of integers.

¢ D8.
a) Prove that the group of rotations combinations of the cube 2x2x2 is the
factorgroup of the 3x3x3-cube group.



b) Prove that the groups of rotations combinations of the cubes 3x3x3 and
4x4x4 is the factorgroups of the 5x5x5-cube group.

Definition. An orbit of an element m € M is the set {g;m} for some ¢, € G.

¢ D9. Describe the orbits of elements for the following acts:
1) the group of rotations combinations acts on the corner brick;
2) the horizontal translation group acts on the point of the plane;
3) group S, of permutations acts by conjugates on itself. The element is 3-cycle.

4 D10. Prove that any two orbits are disjoint or coincide.

Definition. Crabuyimzaropom siementa m € M Ha3bIBACTCST MHOXKECTBO 9JIEMEH-
toB g € G Takux, 1to g(m) = m.

Suppose that G acts on set M. Some elements of the group don’t shift the
elements of the set:

Definition. A set of elements g € G is called a stabilizer of en element m € M
if g(m) = m.

¢ D11. Prove that stabilizer Stabm is a subgroup. Prove that |O,,|-| Stabm| =
|G

Definition. /leiicTBue HazbIBaeTCst TOPOULUM, €CIN CTAOUIN3ATOP JIEOOOIO 3Jie-
MEHTa COCTOUT U3 OJHOMN €MHNIIBL.

Definition. An act is called good if stabilizer of any element is unity only.

Consider two actions of G on the sets My u M. Suppose that these sets one-to-
one correspond to each other: every element M, corresponds to the unique element
Ms and vice-versa: W(M;) = M,. Then these two actions are called conjugated if
the group acts on these sets by the similar way: element g,(M;) corresponds to

gu(Ma).
Note that we can choose My = My = M.

¢ D12.

a) Suppose that @1 and @y are two good actions on M. Is it always true that
they are conjugated?

b) The same question if the numbers of orbits are equal.

Suppose that G is a group and g € G. Consider an element g 'hg for each g.
It is easy to sece that the element ¢~ 'higg thog = g 'hiheg correspond to the
product hihse. Hence, h — g~ 'hg is one-to-one mapping such that a product maps
to a product. Thus, we have obtain an isomorphism of G to itself.



¢ D13. Suppose that G is a group, H; and Hs are isomorphic subgroups with

isomorphism ¢ : H; — Hs. Is it always possible to continue ¢ to the isomorphism
of G to itself.



¢ D14. Suppose that G is a group and H; and Hs are isomorphic subgroups of
G. Let the numbers of elements in the Hj-classes and Hy be equal (or both are
countable). Prove that there exists a group G such that G is a subgroup of G,
t € G’ and the following condition holds for any h € H;:

tht ™' = ¢(h) € Hs.

¢ D15. Suppose that the numbers of elements in the H;-classes and Hs not be
equal. Prove the same fact.

Definition. If every element of group GG can be presented by the product of some
elements of {z;} then G is called generated by elements x;. We denote this by
G = (x;).

Definition. A group is called n-generated if there are n elements in {z;}.

Definition. A group is called n-free-generated, if it is isomorphic to the group of
words in the alphabet {g1, 97", 92,95+ Gns G0 -

4 D16. Suppose that G contains the following pairs of isomorphic subgroups:
w; - Hy — HZI for i = 1...n. Prove that there exists a group G, such that G is a
subgroup of G' and the following condition hold in G':

1) tihit; ' = pi(hy);

2) the group generated by (t;) is free.

¢ D17. Suppose that group G is free-generated by the elements ¢; ¢« € N. Prove
that there is a isomorphism between G and H = (t9,t3,...).

¢ D18. Prove that any countable group can be presented by the subgroup of a
3-generated group.

Section E. Groups and arrangement of a high-dimensional cubes

We shall say that a cube is almost solved if all the bricks returned to their places
but maybe some of them aren’t rotated well. We use some following problems to
almost solve a cube.

¢ E1. a) Suppose that two 4-cycle contain one common vertex. Prove that they
generate a group S7.

b) Suppose that two 4-cycle contain two common consecutive vertexes. Prove
that they generate a group Sg.



¢ E2. a) Prove that the group Ajy is generated by 11-cycles.

b) Let € Sg. Prove that 2 is the unity. Suppose that s is a 11-cycle. Prove
that there exists a 11-cycle t such that s = ¢%'.

¢) Suppose that middle bricks and corner brick in the 3x3x3 cube are transposed
with permutations of equal parity. Prove that it is possible to almost solve the
cube.

d) Prove that it is possible to almost solve the cube 4x4x4 starting from any
state.

Definition. We shall say that a group G is a sum of groups G and G5 if it is
consists of pairs (g1, g2) such that g1 € G1, g2 € Go. Besides, the following rule
describes the multiplication in G: (g1, g2) X (h1, ha) = (g1h1, gohs). We denote a
sum by G = G @ Ga.

¢ E3. Suppose that GGy is simple finite group with generators aq, ..., a; and Gs
is simple finite group with generators by, ..., br. Let G = G1 @ G4. Suppose that
H is a G-subgroup generated by the elements z; = (a;,b;),7 = 1,..., k. Prove
that H = G or there is an isomorphism ¢ : G; — G4 such that b; = ¢(a;). Prove
that the group of rotations combinations of the 3x3x3 cube contains a subgroup
Ag @ Ajs.

¢ E4. Prove that any state in the cube 2nx2nx2n can be almost solved.
¢ E5. Prove that 2x2x ... x2 cube can be almost solved for any dimension.
¢ E6. Prove that 2nx2nx ... x2n cube can be almost solved for any dimension.

Using the fact that a 2x2x2x2 cube can be almost solved we can do the useful
note. Suppose that we can rotate k corner bricks. Then we can similarly rotate
any other k corner bricks. This note helps us to describe a full cube solvability.

¢ ET7. Provethat 2x2x2x2 cube has 3 classes of connected states in 4-dimensional
space. Note: Use the fact that factorgroup of A, with respect to the group of
double transpositions (example 2 in D7) is a 3-element group.

¢ ES8. Prove that all states of the 2x2x ... x2 cube are admissible in the di-
mension 5 or higher.

¢ E9. Find the number of classes of connected states for 3x3x ... x3 cube in
the dimension 4 or higher.

¢ E10. Find the number of classes of connected states for nxnx ... xn cube in
the dimension 4 or higher.
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Benrepckuii
WAPHUPHBIK KYOMK

B Beunrepckoit Hapoanoit Pecnybauke
PBCHPGE‘TP}JHEHH JAHATHaA MaTeMmaTH-
yecKasi roJoBOJIOMKA, Cco3laHHaA B
1975 r. BEHrepCcKHM AapXHTEKTOPOM,
npoteccopom Ipué Pybukom. Ee Buew-
HUI BHJ NMOKA3aH HA UeTBepTOH cTpa-
HHILEe OOJOMKH: 3TO NJAaCTMACCOBLIH
KyO, pasOMTHIH HA 27 KOHTPYIHTHBIX
KyGukoe. Buvrpenuuii KyOMK yaajed,
a 26 HAapYHKHBIX KYGHKOB € NOMOWLLIO
CNeLHaNbHbIX BRICTYNOB CUENJCHLl Tak,
yto awfaf nauTEa W3 9 KyGHKOB,
NPpHJAErawiinX K OLHOH rpaHn KyoGa,
MOMeT OblTh NOBEpHYTa B JW00YID CTO-
pony wa 90° (Havane asyx tawxmx
NOBOPOTOB H306paeHo Ha pucyike 1.)
[Mocae nosopora na 90° sca cucTema
coXpaHsieT npexHion csoboly Bpalle-
HUH: cHOBA  JI00YI0 NJHTKY B J100VIO
CTOPOHY MO HO [IUHEFH}-‘TI: B €2 Naoc-
KocTH Ha 907,

06 yerpoiicTse wapHUPHOTO CKper-
JeHHA 3THX KYOHKOB MOMHO HAIH-
caTh OTAEABHYIO CTaThio — ceHlvac xe
Mbl  GyLem obcyxiaTh Apyro#
BOMNpOC.

[TepBoHauaNbHO KaX1as H3 rpaHei
Goabluoro kKyla Obl1a okpaiesa B CBOH
UBeT (KpacHblii, opaneBblil, KeaTbIH,
3eqleHblit, CHHHA, Geawi). Ilocae paaa
cayuadHo  BeOpaHHbIX BpalleHHH
OKpacka rpaHed KyHa CTaHOBHTCA necT-
pol: Ha rpaHd NMPHCYTCTBYIOT KJIETKH
pasibiX UReToB. [GaoBosoMKa cOCTOMT
B TOM, 4TOOBI, NOJYUHE B PYKH TaKOH
necTpuld Ky0, A0OHTHCA € NOMOLULBID
BPAlLEHHI NpasuabHol PACCTAHOBKH
KyOHKOB, TO €CTh TAaKOH PAacCTaHOBKH,

2 Kpawt MNe 12

NMPpH KOTOPOH Kamaas rpadb Kyda CcHo-
Ba OyieT OLHOrO UBeTAa.

3anaya 3Ta coBcem He npocta. He
BOOPYXKeHHOMY TeopHe# ueoBeKy, Aa-
HKe cnccobHoMy, pelKko yaaeTcs cpasy
cobpate Gojee oluol rpanu. Yueno
PACCTAHOBOK KYOHKOB, KOTOPBIE MOMKHO
NOAYYHTE  (MOACYHTAHO, 4yTO HX
N =43 252 003 274 489 856 000), ne-
JaeT €e HefocTYNHoH aas nepebopa
Aaxe Ha IBM. 3amertum, Bnpouew,
yto He awban PACCTAHOBKA MOMET
ObITh NOJIYYeHA BPALLEHHAMH TLHTOK
Kyba: ecau paspewnTs pasfopky KyGa
Ha COCTapaAKULHe ero 26 KyGHKOB, To
MOMHO COCTABHTh 12-N=
=529 024 039 393 878 272 000 pa3Hsix
pacctanorok (cm. 3anauy 8 ua /loGas-
JEHHHA) .

B ractrosiieil 3aMeTke Mbl npeina-
raem 4YyTaTesio NpaBHaa (OHM He HB-
JAAKTCH CAMBIMH 3KOHOMHBIMH 110 YHCTY
Bpallennii), No3soasioulie oT JoGok
H3 N BO3MOMHBIX PACCTAHOBOK KyGH-
KOB BEDHYTLCH K HX NPaBHALHOH pac-
CTAHOBKE.

Onucanne spaliedui

HToObl H3J0KHTE Npeanaraembie npa-
BHJA, YCJAOBHMCA CHavaja o TePMHHO-
JIOTHH.

byaem HaswBaTh HEHTDAABHBIMU
KYOHKH, CTOAILLHE B LEHTpax rpaHen
kyba. Kamablii uentpanbHuii KyGHk
Beeria (npu JobuX BpalleHHsaX) ocTa-
eTCH UeHTPANALHBIM H CMOTPHT HapyiKy
OIHOH KJIEeTKH OnpeaefieHHOro UBeTa.

[lockoabky Hac MHTEPECYIOT HE H3-
MeHEHHS MoJoMeHHs Beero KyGa B npo-
CTPAHCTBE, 4 JHIbL H3IMEHEHHA B3aHM-
HOrO PacnoJioKeHHA ero 4acTed, ™Mbl
Oyaem cuHTaTb €ro NoJOMKeHHe B Mnpo-
cTpaHeTBe MHKCHPOBAHHBIM. ITO 03HA-

if \}

4
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ATBT'AR

Haer, 4TO NOA0MKEeHHe BCeX IeHTpadb-
HBEIX KYOHKOB B NPOCTPAHCTBE OCTaeT-
CH HEH3IMEHHBIM. JTO 03HAMAET TAKME,
HTO W3 AeBATH NJockocTell Kyba Mbl
OyaeM NOBOPAYHBAThL TOABKO [UECTh.

Ecaw Ha pHCyHKe HeKoTOpas IleH-
TpaibHan Kierka ormeveda Ovkeod A,
TO NOBOPOT (HE «Cpe/lHed®) IJHTKH,
cofep:awed 3Ty Kaetky, Ha 907 no
HacoBol cTpeake Me Oyiesm obo3Ha-
4aTh vepes A, a NOBOPOT 3TOH e NJHT-
KH Ha 90° MpOTHR 4acoBOH CTPEJKH
Gvaem oboanauats uepes A~ Ouesua-
Ho, A 4774 '=4 u A=A rae
At=d Aun A =41 A

KyOGuKH, colepiallHe CpeaHinio
uacTk pe6pa Goaslioro kyba, Oyacwm
Ha3bIBaTL cpediumu. CpeaHui KyOHK
BCErAa OCTAeTcsl CPefiHHM H CMOTPHT
HAPYKY [BYMA KIETKaAMH OlpeieacH-
noro userta. Ilas kaxmaol napsl uBeToB
(Kpome Tex nap 1BETOB, KOTOPHIMH Mep-
BOHAYAMLHO ObLIH PACKPAIUEHB! TTPOTH-
BONOJOMKHEE rpand  KyHa) HmeeTcs
EAHHCTBEHHBLIH CpeaHHi KyOHK C KJeT-
KaMH 3THX LLBETOB.

Yeaoanmu HazopeM KyOHKH, 3aHM-
MalLKHe B cocTaBe KyOa yriossle me-
cra. Kanuimil yraosolt kyOMK Beeria
OCTACTCA VIIOBHIM H CMOTPHT HapPY#KY
TPEMA KAECTKAMH, OKPAILUEHHLIMH B pa3-
Hble BeTa. CoueTanue 3THX Tpex lLse-
TOB ¥ KamMI0ro H3 yrA0BbX KyOHKOB
CBOE.

OcHOBHLIE 3Tanbl

JamaHuMBLIH, Ha NepBHIA B3NIAL, NYTh:
MOCTENCHHO }'EEJ’[HHHBHH NATHO OdHO-
UBETHBIX KJIETOK, MOJVUHTE OIHOIBET-
HYl) TPaHb, a MOTOM B3ATLCA 3a Apy-
ryi0 — BHAHMO, MPHBOAHT JHIWEL K He-
npeodoanMeiM TpyanoeTam. He cnpa-
BHBUIHCL C T(]u1{]'B(II..-'IU.'-1IKE}ﬁ, e Hepelko
MOPTAT —— OT 3JOCTH HJIH H3 JOGONKIT-
CTBA K yCTPOHCTBY wapuupa. Mul Ha-
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DeeMCH, YTO NPeLIaraeMbli HHKe Crno-
cof pemedHHa coenaeT FEL’]DBHJH]MI{}’
ROCTYNHOM, HO H od TpeGyeT onpene-
ACHHBIX VCHIHH NPH peajH3aluH.

[lpeanaraemuie geicteua pasolbem
Ha uyeTbipe Oonbluiux stana, Mo yvke
AOFOBOPHIHCL, 4TO B XOAE pPelicHAdA
FOGTEVES OO M EH IEEHTPEJ’[I:HI;IE KFﬁHKH HE
MEHAKOT CBOEro MOJOMKEHHA B Npo-
crpatcTre. YTo KacaeTca cpeaHHX Ky-
HHKOB, TO KaMABIH H3 HHX J0JMEH B
npolecce pelleHHa  3aHATL  BOOJHE
OnpefgJeHHos MeCcTo! OKA3ATRCH HA
pebpe Meddy ABYMA «CBOHMH» I'DAHA-
MH Ky0a, TO eCTh TeMH TPaHAMH, YbH
UEHTPANEBHLIE KJACTKH TAKOIO e lLLBeTa,
Kak ABg KJeTHH JdaHHOMD CpeiHero K¥-
fuka. Kpome Toro, on aodmed OblTb
NpaBHABHO TOBEPHYT: €ro  UBeTHLIE
KAETHH  AOJHHBL NPHAeraTh K LeH-
TpadbHbLIM KJETKaM TOro e UBeTa.
CogeplueHHo anatorudyuo ob6cToHT ae-
A0 © YIAOBRI MU KYOMKaAMHI v KamOAoTo
H3 HHX eCTb CBOE MecTo (Ha CThike
TpeX rpaHel ¢ LLEHTPaJbHBIMH KI€TKa-
MH €ro LBeTOB) M eJHHCTBEHHBLIH npa-
BHALHBIE pa3zsopoT. B cooTBeTCTBHH C
ITHM [OPAAOK HALIKX AedcTRuil Gyier
CACAYIOMHM:

Itan |: nocTasuTh Ha HYMCHBIE Me-
cra ace cpeduue Kybuxu.

3tan 2: npasuAbHO ROBEPHYTH HA
CEOUXY MECTAx ace EPEE}HHE K_i;ﬁﬂf(li.

Iran 3: nocTasuThE HA HYMHBLE ME-
cra ece yeaosoie KyOuKu.

Itan 4: npasuAbHO NOBEPHYTH BCE
yeaosele Kybuxu.

Kaxouid w3 stanos met Oyaem Bol-
NOJHATL TOALKO NOCAe TOro, Kak npe-
.El_I:nEJ]}l'lli,HH 3Tan NVIHOCTRE) 3aKOHYEH.
Ilpu stom ouepesnol sTan OyaeMm Bhi-
NOAHATL Tak, 4Tobbl Nocae ero 3asep-
UIEHHA OKA3a/JHCh He HApylleHHBIMH
AOCTHMEHHA TPeAIIeCTBYIOLIHY 3Ta-
noB.
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l[locae Benoaxenns BToporo stana
Ha KamaoH n3 rpaneil kyO6a ofipasyer-
CAl KPECT H3 MATH KJIETOK OJHOI0 lBeTa.
[Mocnae BwnoaHeHHs deTBepToro sTana
3ajaqa OKaMeTCA PeleHHOH — Kax-
1aA rpaHk Kyba CTaHeT O0AHOUBETHOH.

HepoaMoMHBIE MONOKEHHA

JlocTaTouHocTs nNpeanaraeMblx  HHMKe
«KOMOHHaUHA» Q08 BRINONHEHHA Nepe-
YHCJAEHHBIX 3TANOB ONHPACTCA HA TPH
CBOHCTBA PACCMATPHBAEMOIO LIAPHHP-
Horo kyGa. B pamkax 3Toll cTaTbH Mbl
OyIeM CUMTATE 3TH CBOHCTBA IKCICPH-
MeHTadbHbIMKH  akTamu. Mx momno,
OJHAKO, JOKA3ATh, PELLIHE 3a1a4H, NpH-
aymaunbie B, [ly6posckum  (cm. [pu-
JOMEHHE),

Ecan KyOHKH BuiBeleHsl W3 Npa-
BHJALHOIO NVIOMKEHHS TOJBKO J00Y-
CTHMBIMH BpauleHHamMH (a He pasbop-
KOH M HOBOH cOOpPKOH BCEro yeTpoHcTRa
HJIH NepPeKkpackail rpaHeil), To He MoXeT
BOZHHKHYTL NOJAOMKEHHE, NPH KOTOPOM:

l. ace cpednue kybuku croar Ha
CBOUX MECTUX W TOABKO OOUH U3 -HUX
ROBEPHYT HEAPABUABHO;

Il. ace cpednue kKybukuw u CTOAT,
U NOBEPHYTH ARABHABHO, 4 BCE Y2an-
gole Kybuxu, Kpome deyx, cToar (& Aw-
fiblX NOADKEHUAX) HA CBOUX MeCTax;

L. sce cpednue xybuku u cToAar,
i ACBEPHYTH NPABHABRO, {1 6CE YEAo-
gole KyOuku CTOAT HA CBOUX MeCTax
U TOABKOD GOUH M3 HUX NOBEPHYT He-
NPQBUABHAG.

lMpensapure/bibit KOMUHHALHHA

Yrolbl NpHBLIKHYTE K TOWY, Kak 3a-
MHCHBAKTCH [IOBOPOTHE, Mhbl CHAMATd
PaccMOTPHM HECKOWIEKO BdAHBIX AJH
AadbHEeHIWero CTAHAAPTHRIX  KOMOH-
HALLHA.

'2#

Iepras komOunauus A-'BA (8 oT-
JHUHe OT IWKOARHOTO y4ebdHHKa, 3TO
Oyner o3Havarh, 4TO cHawaja cosep-
waercAa nosopor A~' 3zarem B, 3a-
Tem  A) HA3BLIBABTCH  CONPANEHUEM
anemenTa B ¢ nomolibio saementa A.
Ha pucyike 2 noka3zaHo, Kak 3Ta KOM-
OvHauns noasoanaa cobpate Oeaywo
IrpaHb UeJHKOM, NOCTABHB Deavio KIeT-
Ky | Ha mecto meatoi 2.

Bropas komGuwauwas A'B'AB
Ha3bIBAETCA KOMMYTATOPOM 3JEMEHTOB
A, B. llposepbte, uTO B NOJOMEHHI
Kyba, u3obpameHHOM Ha pHCYHke 2,
Cepble KAeTKH OCTalTed Ha MecTte,
a cpeanne kyGukn 1, 2, 3 yurauwecku

RePecTasgAsiorcd, TO €CTh NepPexoanT
no cxeme |—+3-+2 -1 [lpocaeante
elLe, KaK NepecTasIfaiT cpeaHHe KyOu-
KH KOMGHHALMH ABA'B~,
AR IA 13. Azﬁzﬂzﬂz‘ 4423-’123"'1
AR IJ,]_!B‘ AB‘!A”[HJ, A 'RBIABY -
I{('.IMM}"TE,TDP]-:I _ap'_n,rrux HOBDPDTGB “"H:'l'
KHX?).

Jran 1: cpennue KyGHKH — HA MeCTO

HKomGuuauma H3 CeMy NOBOPOTOR
Ky=A"'C"'8B "A'BAC
BIAHMHO (ICPECTABARET MECTAMH CpeaHne Kyhu-
ki 1, 2 (pHe. 3) W COXpAHMART MECTONOADME:
HHE OCTANLHBY CPeIHHX KyOHKDE [nposepere!™).
Koutmaauma A, PAKTHUCCKH FO3IBOJIAET
MEHATH MecTami Jodble 1Ba cpeinus kyGuka.
Ecan onm He npuAeradn K oanoi rpabid kyba
HAH He ORI Ha HeR COCeaRHMH, TO BCerls
MOMHD BCIOMOTTENLHBIMHE NOBOPOTAMH [2A00M-
HHB 3TH NMOBOPOTHE 00 WRETY LEHTRE NMOBOPAE'H-
GARMOH MAHTKH)] NPHBECTH senaemble ®KyOmemn
& noacsende [, 2 (puc. 3), nepecTaBHTh ux
woMOuKaunen K, a 3atem, B oDpaTHOR ouepen-
HOCTH M OGPaTHEN HANPABIEHHAX NORTOPHTE
CALAAHHEE BCNOMOrATEABHEC (0RODOTEL.

) Ecan v RAC HeT #HIEMNAAPA HIPYIIKW, COBE-
TYEM HIPHCOBATE PasBepTry kyha (ucpHHaamw Ha
AOpoes JHCTe f:l_'r-'olﬂFHI He MDABIYATEH HaphdHAd oM
HONACTHREOM, CACAHTE 33 NepeiBdmoHHeM KICToR Ha
PAIRCPTEHE.
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D'-IE‘BHJI.H-EL nonapHse NepecTanoBrEN  Cpex-
HHX K}'ﬂHKﬂB MOIBOARAKT OCYILECTARNTE 3TaN I
NOCTABHTE HA CBOH MECTdE BCOE CpednHe I{}'ﬁll-!l.-i!d.

Jran 2: nosepHeM cpenHHe KyOuKa

KOMﬁHHal[Hﬂ H3I ABEHANUATH [IDB-DPGITUH
K.=(AB 'A '"By(BC 'B 'Cy(cA ' 'A)

CAHOBPEMEHHD NOBODEUHBRET B CBOMX FHE3NEX
KyGHEH 1, 2 (poc. 4 ) W HE MEHAET HH MecTo-
NOAOHERHA, HH NOHOPOTOR OCTAABHLIX CPEAHKX
KyOukoB (nposepere!).

FoMmOnaauna Ky NO3BONAET [IOBCPHYTH Ha
CBOHX MECTaXx Jwbble ABa Cpeldsux  KyOHka.
JefcTBRTEABHD, eCAH O HE IPHASTEIN K 0aHOd
rpaMd kyGa HAW He OBOH M3 Hel COCRHHMH,
TO BCETIA MOMHD BCMOMOTETENLHEMH MOBOPO-
TAMH (33NOMHHE 3TH NOBOPOTHE NO WBETY UCHTPA
NOBOPAYHBIEMOH NAHTKH) NPHBCCTH Meaaembie
asa KyOHKE B nodosedde |, 2 {pHe. 40, noBep-
HYTe HX KoMOHHAuKeR Ko, a 3aTew, 8 obpaTHoil
GHEPENHOCTH H B 06pPaTHMX HANPABIEHHAX NOBTO-
PHThL BCIOMOTATEABHBE TOBOROTH.

llonapHeie COBMECTHRIC NOBOPOTH CPEAHHX
KyOUKOB MOIBONROT ocyliecTente 3tan 2, no-
cRoABRY (BBRAY cBoRcTsa 1) He momer cay-
UHTLCH, YTOOL TpefoBat NOBOPOTA TOJBKD AHH
CPEAHHA Ky 0Nk,

Jran 3: yraoewe HyOHHE — HA3 MECTO
KomGunanks Hi IBCHAALATH NOBOPOTOR
Ki=tABA 'B 'y?

BEVULECTRARET QUIHOBPEMEHHO NOPECTAHOBKH Ky-
Gukos 1, 2 v kyfinkos 3, 4 (prc. 5), coxpanaer
Boe AOCTHAEHHA sTanoe |, 2 0 wWe HaMenser
MECTONOIOHENHA YRAOBE X KYOHKUB, OTAHYHLX OT
1. 2, 3. 4 (nposeprre!)

KoMOMHAILKA W3 NBAAUATH YETHPEN MOBO-
POTOR

Ki=(ACA 'C "y (B 'A 'BAy

OCYUECTEAAET NEPeCTAHOBRKY Kyfukos 1, 2. 3
{pec. 6) no cxeme | —=2—1-3|  coxpanscr
BCC AOCTHACHHA 3Tanos |, 3 W He HIMEHReT
MECTONOAGAEHHA YRAOBLIX KYGHHOB, OTJIHYHLIX
or |, 2, 3,

MoscHumM, Kak,- NOALIYACE KOMOGHHALMAMH
Ki w Ky, ocyutecTaAATe 37an A,

HonycTHM, 4T0 NocAe 3aBCplIEHH: Tana 2
HACTE VIAOBLX HyOHKOB HE CTOWT WA CBOHX
smecTax. Benay covicrea 11 rakux kyGukos Gyaer
He senee, uesm TpH. Buwbepes oinn w3 wux o
OTMETHM ero Homepon 1. KyOGHK, 3aHdaManliei
TO MECTD, KyAa AoJMeH BCTaTe kyfGuk |, oTwme-
THM HOMepoM 2,

Ecaw kyGuk 2 cam apamen nepedTH Ha MeCTo
kyOuka |, To nosepor 3 oTmetuy apboR, oTany-
HBH OT NEPBWX JABYE H CTORUIHK HE Ha CHOSM
MmecTe YraoBod KyOuk, a nomepod 4 — wybwuk,
CTORLIMA TaM, Kyda aoamed nepedTd KyGuk 3.
JateM, © DOMOULE BCTOMOPATENBHBIX [OBO[G-
TOB (3aN0MHEAA WX) nocTasuM KyOuew 1, 2 w
3, 4 B noaosenne nap 1, 2, 8 5 4, waobpamer-
HEIX Ha PHCYHEe 5. O NOMOILLEK KOMGHHALHH

—y g—
Ky ocymectaum nepeetanosry 1.—2, 3274, nocae
qero B obpatioR odepeddocT # ofpaTibix Ha-
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NPaBACHHAN NOBTOPHM BCIHOMOTATCALHBE NOBG-
potel. B wtore, kpoMe pasee cTOSBUIMY Ha CBOMX
MECTaX YEIOBLX ®yOWKOB, 3aBCIoMO NonayT
Ha cBoW secTa KyOuwww |, 2, 3.

Ecan me wybuk 2 He aoamen Owa nepedi-
TH Ha MecTo Wyluka |, TO OTMETHM HOmCpom 3
KyvOHK, CTOHILHA Tam, Kyla QO0JMEH DepelT
wyink 2. Ecaw wyfuk 3 we domsen nepeidti
Ha MmecTo WyOuka 1, 70 OTMETHM HOMepoMm 4
KyGHK, KOTOPBIA CTOHT TAM, KY1a J00#eH nepef-
TH kyOuk 3. [locae sToro, Kak § B, TO CCTh
€ NOMOLLBEY BCOOMOraTEAbHbIK NOBOPOTOE H KOM-
Gunausn Ki, ocyuecTBAREM NEPeCcTAHOBRY 1272,
304, KOTOPAR CTABHT WA CBOM MECTa Ky(sKM
| w i ’

Octaeten cayvad, Korja TpelyeTcn nepe-
cranoika KyOGHkor | —-2—=3 —=1_ B stom cayuae,
© NOMOWBI BCIOMOTATEALHEY NOBOPOTOR {3ano-
MHHAA HX) cTaBHm KyOumew 1, 2, 3 B Kakom-To
nopaake wa mecra |, 2, 3 {(pue. 6. Oana w3
amyx koMmOuHaumid Ky Ky ', wovopae ocyue
CTRAMIOT MEPECTAHORBKH MecoT |—=d—ei—
= d—e2 =], OyaeT oCVINCCTRARTE NEPECTAHOR-
KY KybGuwop |—-2—=d—] ([naxoammpxcs
ceduac Ha mectax | 20 31, Brnoanus Wsenso
3Ty KoMBHHauKnK. |lovae sToro B obpaTHol ode-
PeAHoCTH H OGpATHBIY HANPABNCHHAX NOBTOPHM
BCOOMOraTelbHne nosopotu. B wrore kyfuks
I, 2, 3 cTauyT na secto.

MNopropas ykaszadusid NpoLece, M BLINOA-
HHM 3Tan 3 MOCTEEHM HAa CEQH MEcTa Boe
yraoene KyGHEH.

I7an 4: nosepreM yraosue wyGwuw

Ham norpedyioTed CACAYIDULHE ABE KOMOWHALMA;
Ks=[(4 'CAC "€ 'BCB "y(B 'ABA )|,
K =11AB 'a "¢ B '8y BA B ‘A=

KoMmBuHawum Ko npBOpadHBACT O4HOBREMUH-
0o KaAALA W3 kyGueos |, 2, 3 (puc. 71 BORpY)
OCH, HAVILER OT ero UeHTpa K wentpy  kyGa,
na  120° no uwacomod cTpeake.  KomOGudaluw
K ' nosopaunsaet Te Me KYOHKH NPOTHE Yaco-
Boit  crpeaxs.  MecTonofowende W nosopot
A0GOrD M3 OCTANLHEY KYGHKOR NPH 3TOM  He
MEHAKITCR,

3uanue kombBuuauni Ks n K ' nossosrer
COBMECTHO MOBEPHYTE B MEJAEMOM HANPaBIEHHK
{HO B oOHy ¥ TY e CTopoMy)] A Gne Tpw
yraoBax KyOuka. [locTaTouHo colpate WX ¢ no-
MOLULBK) BCMOMOTATENRHBIX MOBOPOTOR B OAHY
rPpaHs, COBMECTHO NOBEPHYTE € NOMOWSLH KOMEOH-
waunn Ky wan Ky ' (B 3aBHCHMOCTH OT Hy#-
HOPD HANPABAEHHA NOBOPOTE), 3 2aTEM BEPHYTH
Hi CROHM MECTa NoBOPOTAMH, 0BPaTHBIMH BCNO-
MOrATENLHEIM,

MMoRcunm Teneps, KaK, NOALIVACK KOMOHMA-
unamn Ks w Kz ', ocyweersuts stan 4.

Ecau nochae 3aseplieHds 31ana 3 HMeTes
HEMPaBHABHO NOBEPHYTHIE YLAOBWE KYOHKH, To,
gEHAY cBofdcTra Il Takex KyOHKOR He Mewee
ABYX.

Monyerum, uto wx Godbwe asyx. Bosesewm
Afnie TpH W3 Huk. NoTA O 0B3 W3 STHX
Tpex kyGukos TpelyiOT NOBOPOTA B OOHY H Ty e
cropouy. [Moseprye B 3Ty CTOPOHY BCe TPH KyGu-
Ka, Mbl YMEHLIIHM SHCAO HCBCPHO NOBEPHYTHIX
kyGukon. Tak Mbl NpHICM K NONOKEHHED, KOTLA
HEREPHD MOBEPHYTEY KyOHKOB anfo wet, Ao
OBHG nBa,

RUBIKSru



El.'!.llH HEBEPHD I'IﬂDEpH}'THx H}'GHHDB TN BRED
nea, oHW He MoryT ofa TpefoRaTe NOBOPOTA
B OIHY H Ty #e cTopody. Muadse M Gu coB-
MECTHO MOBEPHYJH HX H elle OJHH H}"ﬁHH —_
NOABHAOCE OB NOJADHKERHE © OJHHM HEBEPHO
NOBEPHYTEHM  KyDHKOM, w470 HEBOAMOMHO B
cuay 1L

HMrak, apa nepepro noBepHYTHX KyGuKa Tpe-
GyioT NoBopoTa B pa3uee cropous. [losepHem
B HYHHYID CTOPOHY OIHM HX 3THX KYOHKOB H
ABd ](‘:l'ﬁPFKE. paHes CTORRILMX NPABHABHO. A 3a-
TeM — B APYIYE CTOPOHY — 3TH ABa HOBBIX
KyOHKa W BTOPONH W3 paHee NOBEPHYTHX HeNpa-
BuabHo, B pesyabTate Boe KyOWkM 3aiiMyT npa-
BHABHOE :Iq,k"lﬂ'}HEHIIE.'

lpunoxenne®)

OGoanaukM  uepes S; NpaeuABHOS COCTOSHUE
Kyha. JawymepyeM unctamu i=1, 2, ., & ero
BEPIUHHE [yrA0BBE KyOHEH] W uHCASMH i=1
2, ... 12 ero pefipa {cpensne wyGuxn). Ha peG-
pax Bulepes (H 3ANOMHHM) A0V ODHEHTA-
UHE} [H HapHCyesM COOTBETCTBYIULHE CTPeIKH
Ha cpeddux KyOHKaX) Tak, 4yTobbl napaniensHbie
petpa OblJd COHANPABRACHE.

MpeanoiomkiM, 4T0 B HEKOTOPOM JOKOMHOM
coctoanuu*®) S kyGa j-# cpeinni kyGuk nonaa
Ha pebpo [0 CpARHHM OpHeHTauwMk pebpa 7
(HOTOPYID Mbl 3ANOMHHAH) CO CTPENKOA, HapH-
coBamnai  wa  j-M  KyGuke. OfGoamadus  depes
n(8) Beawunny, pasnyin 0, ecad  ykazanwele
OPHEHTAINK COBNAJAKT, # pasiyw | 8 npoTHA-
oM caydaae. Ecan cysmma

A (S} '|"-"12{3} otz S)

HeTHa, Mbl Nonaraes a(S) =0, uhave n(S) =1,
MOMHD CKa3aTh, 4T0 A{S) — 3T0 €4ETHOCTE
CVMMAaPHOrD NOBOPOTE CpedHnX kyOukosr. [Joxa-
HHTE, UTO

1. Beauwnwa n A8ARETCA  UNSAPUANTOM,
TO ECTH OOUNAKOBD NPHE BOCY JIKONMELE COCTOR
wuax  kyba: w(S) =n(S)=0. (Yrkasaune
JloctaTouno NOEa3aTe, 4o A{S) He meHAeTCR
npH J0boM NOBOPOTE O 4 H OH NAHTKH].

2. B saxoumom cocroaun kybo we mower
OmTe RosepuyT podne odus  cpeduud  Kybux
iceoicTeo 1, . 19). (¥YKkaszanue B Takom
coctoanin n{S) = ).

BenosmusM, 9To NOJOMEHHE LEeHTPpaab -
HE X KieToxk Kylia B NpocTPaMcTBe He Me-
HRETCH MPH NOBOPOTEX, JLAR ONPeleeHHOCTH
NPeAMoHRHsM, H4TO HHAHHE WCHTPaAbHBR Hy-
GHME — 30ACHHEHA, BEPXHHA — CHHWA; 3TH ABa
upeta GygeM cuntTate amdessssbismy.  Boae-
sesM (- yraosod kyOHK Hawero KyBa, HaxonA-
WETOCA B cOCTOAHMH S, PoBHo oOHa KJeTKa
Yyraoporo kyGHKa Begeneda (novesmy?). Ecou sta
KACTHE FOPHAOHTRALHA, NOAOKHM (N0 Onpege-
aenmio) N(5) =0 ecan 31a KACTKE CTaAHOBMT-
CA TOPHIONTAABHOR NpH noBopoTe KyGHKa Ha
120° (no wacoBoR CTPeAKe) BOKPYT AHAIrOHAAH
Goasworo kyOa. nonoxuM N (S)=1; ecan we
FOPHAGHTAABHOCTE  DOAYYASTCA NOBOPOTOM  Ha

=lAprop Mpiacsedns — B. [Lyfposekui.

**} To ecTh B COCTORMMH, NOAYYEHHOM W3 Mpa-
BHBHOMO MOBOPOTAMH MIHTOK (6€3 nepekpatiuba-
HHA KAETOK WAH pasfopen wyfuxa).

kvant.mccme.ru

240°, To Ni{5)=—1. Ecam cymma
NilS)+ N (5 + 4+ Nl 5)

npy Aefeddd Ha 3 paetr B ocratee O, 1, 2, wmw
nonaraeM seawunuy N (S) paewoi 0,1,—1 coor
BeTCTBEHHO. MOMHO CKE3aTBL, “TO  BEAHYHHA
N — 3T0 «HANPABAEHHE CYMMAPHOTD MORGPOTI
yraoRux kyOukoss. [lokamuate, uto

3. Beauwurna N RAARETCR UHBAPLHAHTOM,
T ecTh OduHaKosa P GCex JQKOHHWE COCTOR:
nuax kyba: N(8)=N(5)=0

4. B 3axonnom COCTORKUL 1§ KOG HE MOXET
GpiTe NOSEPHYT HEAPABUABKG [OERO 00K Heao-
aod kybux (ceoficteo 1L, c 19).

[Mpeanoaosnm Teneps, 4To B COCTORAHHH 5
cpeinde KyOukH ¢ momepasu 1, 2, . 12 3auu-
MAKIT MECTA ¢ HOMEPAMH fi, fa. ..., f12 COOTHET-
CTBEHHO, 8 yraoBee KyGukd 1, 2, .. B — wmecra
iy, dpe ooy fs. HaBopw S} =i, f. ... fa)] H
J{S) = 1fi. jzo w1z} — 3TO NpOCTO HOMEpE
Ky HKOB, 3anucauuue B IPYroM  NOpAIKE;
MATEMATHKH TakHe Habopm Ha3blBaOT nepecTa-
mogkamuy. [TepecTanoBRy HAZKBAKT YoTHOd, eCaH
B HEH MHMEETCA  YeTHOE wvoeno  fecnoprdyod,
T eCTh YeTHOE YHCAO nap IJ.H¢P, CTOALWHY HE
E NOPAAKE BOAPACTAHHA, H HENETHOS B NPOTHB-
HOM cayuae. Hanpuwmep, MepecTanoBKa
(12453687) HeweTHAa, TAK KAK OH3 COOEPMHMT
3 fecnopmaka: {4, 3}, (5, 3), (8, 7). Oboaua-
yHM 4epes e(S) uncao, pashoe 0, ecan [{5)
B S {S) HMERT QIHHAKOBYKY YETHOCThL, H PaBHOE
I B npotuBroM cayuze. MoOMHO CHA3ATE, 4TO
£ — 3TO «4ETHOCTL PACCTAHOBKR BeeX KylOukone.
Hokamute, uTo

5. Beauuuna & ARANETCR  UMAAPUIRTOM,
nputas e{S) =& (5y) =0 dan aoboze taxonnoen
cocTORKMA S, (¥ Hazauwwe [lokampTte, wTo
npH AwGoM NOBOPOTE NAHTEH MEHAETCA YETHOCTL
¥ W weTHooTe ).

. Poann deq peaossy Ky0usa He MO2RT
ROMEHATHCR secTaMi (cooficreo 11, ¢ 19).

T*. Cocrosvue 5 wyfa zakoHxe Tooda o
Toaskn Toeda, Koeda

A(S)=N(S)=¢(S) =0

8% Bee cocToanun (8 TOM HucAe noAyses-
wute pasboprod u cBoprod kyfa pazbusawTid
wa [2 waaccos, npu stoM dea coctoanus 5, 5
nepeandATeR dpye 8 dpyad AOSOPOTOME AAUT
Toeda w Toaeko Tooda, koeda ni(S) =n(5"),
N(S) = N5, r{S]—a:S}
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Tpu mapadoJibl
®.Hunos, A.3acaaBckuii

Mpbr OyieM paccMaTpUBATL CJIEIYIONIYIO KOH(MUIYPAIMIO: TPEYTOJbHUK W TPU 1apaboJIb,
KazKJ1as U3 KOTOPBIX IIPOXOJUT Yepe3 JBe ero BEPIINHBI U KACAaeTCd B STUX BePIIUHAX COOTBET-
cTByIonux cropod. OCHOBHas 3aJiada — U3YUeHUe CBOWCTB 3TON KOH(MUIYPAIIIH.

1 HeO6XO,HI/IMbIe TeoperTnieCKkue CBeaecHnAa

Onpenenenne 1. [lapabosoti Ha3bIBAETCA T€OMETPUUECKOE MECTO TOYEK, PABHOYIAJEHHBIX OT
JIAHHOW TOYKU U JIAHHON HPSAMON. DTH TOUYKA U MPAMAas HA3BIAIOTCS COOTBETCTBEHHO (HOKYCOM
u dupexmpucoti mapabdboJIbl.

Onpenenenne 2. [Iycrs pan tpeyronsauk ABC u npousBosibHast Touka P. [Ipsmbre, cim-
merpuanble npaMbiMm AP, BP, C'P oTHOCHTE/IFHO OMCCEKTPUC COOTBETCTBYIONINX YIJIOB, IIe-
DPECceKaroTcd B OJHOW TOYKE, KOTOpas HA3bIBAETCHA U3020HaAbHO conpsasicennols P. Touka L,
M30IOHAJILHO CONPsizKEHHAas IeHTPy Tsxkectn M, HasbiBaeTcs mowkot Jlemyara.

Onpenenenne 3. TpeyrojabHuK, 0OPA30BAHHBIN MTPOEKIIUSIMU TOYKU P Ha CTOPOHBI Tpe-
yronbauka ABC, HaspiBaercss nedasvrvim mpeyzosorukom P oraocurensao ABC. Okpyxk-
HOCTB, OIHMCAHHAsI OKOJIO MEeJAJBHOIO TPEYTOJbHUKA, HA3BIBAETCS NedasbHOT OKPYHCHOCTNBIO
P.

Onpenenenne 4. /[a TpeyrojibHIKa HA3bIBAIOTCHA NEPCNEKMUEHLMU, €CJIN TTPAMbBIE, COeTU-
HSIOIIUE UX COOTBETCTBYIOININE BEPIINHBI, IIEPECEKAIOTCS B OJHON TOUYKe, KOTOpas Ha3bIBAETCs
UEHMPOM NEPCNEKTNUBHL.

Teopema /le3zapra. /I[Ba TpeyrojbHIKa HEPCIIEKTUBHBI TOT/IA U TOJIBKO TOTI/IA, KOTIa TOUKN
[epeceveHnsi ©X COOTBETCTBYIOIIUX CTOPOH JIEXKAT Ha, OJTHON MPsiMOil. DTa mpsMasi Ha3bIBAETCs
0CHI0 MEPCNEKMUBHL.

Onpenenenne 5. J[Ba TpeyrosbHUKaA HA3BIBAIOTCS OPMOAOUNHBILMU, €CJTH TT€PIEHTUKYJIs-
PBI, OIYIIEHHBIE U3 BEPIIUH OJIHOTO HA COOTBETCTBYIOIIHE CTOPOHBI JPYTOTO, IMEPECEKAOTCI B
OJTHO#I TOUKE, KOTOPasi HA3bIBACTCA UEeHMPOM 0pmooeuyHocmu. CBORCTBO OPTOJIOITIHOCTH 1B~
JISIETCS CAMMETPHUIHBIM, TaK UTO OPTOJIOTHYIHBIE TPEYTOJbHUKH UMEIOT JIBa, B ODIIEM CJIydae
PA3JIMYHBIX, IIEHTPA OPTOJIOTMIHOCTH.

B mobom Tpeyrosbuuke Touku M, O u opronentp H jexKar Ha OJIHOI MPSMOI, KOTOPast
Ha3bIBaeTCH NpaAmol Jisepa. CepeIMHBI CTOPOH U OCHOBAHUS BBICOT JIEXKAT Ha OJIHON OKPYK-
HOCTH, KOTOPast HA3BbIBAETCS OKPYHCHOCTDLIO IUnepa.

Onpenenenne 6. Touku ()1, (Js, Takue uro LOWAB = ZQ1BC = ZQCA u LQ3BA =
ZQ:CB = ZQ2AC, naspiBatorcst mouwkamu bBpoxapa rpeyronmbauka ABC. Yron ¢ = L(Q1AB =
/()2 BA naspiBaercsa yeaom Bpoxapa.

s m060ro HEpaBHOCTOPOHHETO TPEYTrOJIbHUKA CYIIECTBYIOT JBE TOYKHU, Ie/aJbHble Tpe-
YTOJBHUKNA KOTOPBIX MPAaBUJIbHBIE. DTU TOYKU WHBEPCHBI JPYT JPYTy OTHOCUTEIHHO OIMCAH-
HO¥ OKPY?KHOCTH TPEYroJIbHUKA. 18, KOTOpast JIEKUT BHYTPHU OKPYKHOCTH, HA3BIBAETC NEPEol
moukot Anoasonus, a apyrasi — emopoti moukoti Anoasonus. TOUKE, H30rOHATBEHO CONPSIAKEH-
Hble TOYKaM ATOJIJIOHUsT HA3BIBAIOTCA Nepeoti U 6mopoti mowkamu Toppuvensiu.



10.

BBoanbie 3aga4n

. Jokaxkure onmuyeckoe c80licmaeo mapadoJIbl: IIpsiMasi, Kacarolasacs 1mapabdboJibl ¢ POKycoM

F B Touke X, obpasyer paBHbIe yIJIbI ¢ IpAMOil F'X U OCbI0 cUMMeTpHUH 1apadoJIbl.

. Jlokaxkure, 9TO TOYKa, CUMMeTpUUIHas (HOKyCy 1mapabosibl OTHOCUTEIHHO KacaTebHON K

Hell, JIEKUT Ha JUPEKTpUce napadoJibl, IPUYEeM COBIAJIAET C MPOEKINeil Ha JIUPEKTPHUCY
TOYKHU KaCaHUd.

[IycTs kKacaTenbable K apabosie B Toukax X u Y mnepecekaiorca B Touke P. Jlokaxkure,
410 P — TeHTp OKPY’KHOCTH, OMUCAHHON 0KOJI0 Tpeyroibhuka FX'Y' rne F' — dokyc
napabosibl, a X', Y’ — npoekiun X u Y Ha JUPEKTPUCY.

JlokaxkuTte, 9TO B 0003HAUEHUSX IIPEIBIIYINEH 3aa4un MenaHa Tpeyrojbanka PXY mna-
paJiiesibHa OCH 11apadOJIbI.

. JlokazkuTe, 9T0 B 0003HAUEHUAX 33,191 3 OCh 11apaboJibl U psamasi PF obpasyroT paBHbIe

yIUIBI ¢ OuccekTpucoit yriia P.

I[OK&)KI/ITG, 49TO IeJaJibHble OKPY2KHOCTH M30TI'OHAJIbHO COIIPA2KECHHBIX TOYEK COBIIaJIalOT.

[Iycts man tpeyroabank ABC. O6o3HaunM mapadbory, Ipoxoasinyo depe3 A u B u Kaca-
oIy foCst B 9TuX Toukax npsaMbix AC' u BC, uepes 1., a ee pokyc — qepes F,.. Anajsoruvaso
onpesenuMm mapabossl 11, [T, u ux doxycwer F,, F;.

Hokaxure, aro I1,, II, umetor, momumo C'; poBHO oy 0611y10 TOUKy C'.

Oupenenum Touku A’ B’ ananoruuno touke C’. Jlokaxkure, aro Tpeyronbunku ABC u
A’'B'C’ nepcrieKTHBHBI.

Hokaxwure, uro tpeyroibuuku ABC u F, F, F, 1epCIeKTHBHBIL.

JlokazkuTe, 9TO TPEYTOJbHIUK, 0OPA30BAHHBII JIUPEKTPUCAME TapadOJI, IEPCIIEKTUBEH TPe-
yroipauky ABC.
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3 OcHoBHBIE 3312491

Joxkaxwure, aro F.C' — 6uccekrpuca yria AF.B.

Joxkaxure, aro Ttouku A, B, F. u neatp O onucanuoit okojio ABC' 0OKPyKHOCTH JieXKaT
Ha OJAHOIl OKPYKHOCTHU.

Jokazxkure, uro mapabosia 11, Kacaercs cpeaneil juHuM, napaJuieabHoil AB.
Joxkaxkure, aro Touku F,, Fy, F., O, L jexat Ha OJHOI OKPYKHOCTH.

Jlokaxkure, 9To qupekTpuca mapabdosnl 11, mpoxoauT dyepe3 TOUKy nepecedeHns MeIMaHbl,
poBeJIeHHON 13 BepmnHbl C'; ¢ OKPYXKHOCTBIO Jiliepa.

Jlokaxxute, aro neHTpsl Tsizkectn ABC' u TpeyroJibHIKa, 00Pa30BAHHOTO JIMPEKTPUCAMUI
mapaboJI, COBIIAIAOT.

Jokaxure, aro ABC u TpeyrojbHUK, 00pa30BaHHBIN JUPEKTPUCAME TapabOsI, OPTOJIO-
TMYHBI 1 UX HOEHTPBLI OPTOJIOTUIHOCTU COBIIQar0T.

Jlokaxxure, aro mpsimast Jitiepa Tpeyrosbauka ABC mpoxoant depe3 Touky JlemyaHna
TPEyTroJIbHIKA, 00Pa30BaHHOTO JINPEKTPUCAMHU.

Jlokaxkute, 4To npsiMast Jitsiepa TPeyroabHUKA, 00PA30BAHHOIO JUPEKTPUCAMHE, TPOXOUT
Jepe3 TOUKy L.

[Iycrs npsimbie AF,, BFy, C'F,. niepecekaioT IPOTUBOIOJIOKHBIE CTOPOHBI TPEYTOJIbHUKA
ABC B toukax P,, Py, P.. [lokaxkure, aTo TpeyrojbHuK P, P, P. mepcreKTuBeH TPeyroib-
HUKY, 00pa30BaHHOMY JIUPEKTPUCAME TTapadO.I.

Hokaxkure, uto mnonapueie 1nenTpbl nepcrnektussl ABC, P, P,P. u TpeyrojbHuKa, 0Opa-
30BaHHOI'O JIMPEKTPUCAMU, JIezKaT Ha OJHOU IIPAMON.

JlokazkuTte, 9TO TPEYroJIbHUK, 00PA30BAHHbIN JUPEKTPUCAMHE [TEPCIIEKTUBEH OPTOTPEYTOJIb-

uuky ABC.

Hokaxkure, ato yriibl Bpokapa tpeyrosbauka ABC u TpeyroibHIKaA, 06pa30BAHHOTO JIU-
pPeKTpHUcaMu, PaBHbI.
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4 ZLOHOJIHI/ITGJIBHBIG 3ala9m1

[Iycte T' — mobas Touka Toppuaesin tpeyrosbauka ABC, Ty — cOOTBETCTBYIOMAST TOU-
ka Toppuuesim TpeyrojbHIKa, 00Pa30BAHHOTO JupeKTpucamu. Jlokaxkure, 9To IpsMbIe,
coeyimagrone 1' n T,; ¢ COOTBETCTBYIONIMMU BEPIIMHAME TPEYTOJbHUKOB, TapaJsljle/IbHBbI.

Jokaxure, aro npsamasi 1T, n npsiMasi, COeUHSIIONAsT COOTBETCTBYIONINE TOUKN ATIOJ-
JIOHUsI, IPOXOJIUT 4depe3 TeHTp Tsizkectu ABC.

Beraucanrs %, rae S’ — mwiaomaib KpUBOJIKMHEHHOroO "mapabo/imyueckoro’ rpeyrobHuKa,

A'B'C’', a S — nomans ABC.

Jokaxure, aro Ny Ny nenuT momosiaM OTpe30K, COeTUuHSIONM meHTpbl Tsxkectn ABC' n
P,P,P,., tie N u Ny — 1eHTPbI EPCIEKTUBBI TPEYTroJbHIKA, 00PA30BAHHOIO JIUPEKTPU-
camu, u Tpeyroibaukos ABC u P, P, P. cOOTBETCTBEHHO.

Ilycrs F), F), F! — TOYKH, N30rOHAJIBHO COLPsKEHHble ToukaM F,, Fy,, F., H — opto-
neHTp, M — Touka nepecevuerus MeuaH. Jlokaxkure, 9To

a) F!, F|, F! nexar na OKpy’KHOCTH, IOCTPOEHHO{T Ha orpe3ke H M Kak Ha Juamerpe.
b) Toukn F, u F paBHOYIAJEHBI OT MEHTPa OKPYKHOCTH Ditepa Tpeyroipanka ABC.
Hazosém npoexyuet rouku C' Ha mapabosy II. Touxky nmapaboibl, 6immkaiinyio kK C'. O60-
snavduM depes C* mpoekiuio Toukn C' na mapabdosy Il.

Jokaxure, aro npsimas C'C* neprenuky/sipaa mapabdoJie 1.

Hokaxure, uro LZAC*C = Z/BC*C.

Oboznaunm depe3 C7 u Cy TOUKHU IepecedeHns] KacaTeJIbHOMN, IIPOBEIEHHON K rapaboJie
II. B Touke C*, ¢ CA u C'B. O6o3naunm 4gepe3 C** TOUKY mepecedeHus MeIHaHbl TPe-
yroabanka ABC', nposeaénnoit u3 epmmabl C' ¢ C1Cy. lokaxure, aro C1C* = C** (.

Onpegenum Touku A* u B* anajgoruano C*.

(I'unoresa) Ilpsavbie AA*, BB* u CC* nepecekaloTcs B OJIHON TOUKe.
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Tpu mapadoJibl

5 TloxoxKuii croxker

PacemorpuM MHOXKECTBO NMPSMBIX, JISISIIAX mepuMeTp Tpeyrobanka ABC momoam.

,Z[OK&)KI/ITG, Y9TO 9TU IIPAMbBIE orubaror Tpu Hapa6OJIbI, KaxK/lad U3 KOTOPbIX KaCaeTCd JIBYX
HIPAMBIX, CO/JIECPZKaIllUX CTOPOHBI TPEYTIOJIbHUKaA ABC, B T€X 2K€ TO4YKaX, 9TO U COOTBET-
CTBYIOIIas BHEBIIMCaHHadA OKPY2KHOCTD.

O6oznaunm gepes Il 4 mapabosty, koropas kacaercs npsaMbix AB nu AC. Anajorudso orpe-
nennm Ilg u Ilo.

JlokazkuTe, 9TO IEHTP OMUCAHHON OKpYyKHOCTH TpeyrosbHuka ABC sBisercsa meHTpoM
oproJsiorugHoCcTH Tpeyrojabunka ABC u TpeyrojibHHKa, 00pa30BAHHOIO IUPEKTPHCAMUI
mapabost Il 4, Ilg u Ile.

Jlokaxkure, 9T0 OpTOIEHTDP TpeyrosbHuKa ABC' jexkuT Ha MpsiMoil Ditjiepa TpeyrobHU-
Ka, 00pPa30BaHHOIO JIMPEKTPUCcAaMU TapabdoJI.

JlokaxkuTe, 9TO MEHTP BIUCAHHON OKpPYKHOCTH TpeyroyibHuka ABC u 1HEeHTp OlmCcaH-
HO OKPY?KHOCTHU TPEyTroJIbHUKA, 00PA30BAHHOTO JIUPEKTPUCAMEI TAapabOJI, CAMMETPUIHBI
OTHOCHTEJIFHO TIEHTPa OKPYKHOCTHU Ditiepa Tpeyroybauka ABC.

[Iycts T' — mobas Touka Toppuaesin tpeyrosbauka ABC, Ty — cOOTBETCTBYOMAST TOU-
ka Toppuuesim TpeyrojbHIKa, 00Pa30BAHHOTO JupeKkTpucamu. Jlokaxkure, 9To IpsiMbIe,
coeimagrone 1' n T,; ¢ COOTBETCTBYIONIMMHU BEPIIMHAMY TPEYTOJbHUKOB, TapaJsljle/IbHBbI.

6 Iloxoxxkmuii croxker Ne2

Paccmorpum Toukn A, u A, va croponax AB u AC takwne, uro CA = CA. u BA = BA,.
Pacemorpum napa6osty [T, kacatortytocs cropon AC' n AB B Toukax A, u A.. Anajorudno
oupesenm napabosst 11 n IT.

Hokazwure, aro dokycer mapados 11, I1; u I/, copmanator ¢ Toukamu F., F) u F..

okazkure, 9T0 TpeyroJabHUK, ob6pasoBaHHblil upekTpucamu napabos 11, I} u IT., mep-
criekTuBeH Tpeyroabanky ABC.

Jlokazkure, 4T0 TpeyroJpbHUK, 0OpasoBaHHBIN jupekTpucamu mapabos II), I} u I, op-
TOJIOrIdeH TpeyrojabHuky ABC, mpudéM uX MEeHTPhl OPTOJOIHIHOCTH COBITAIAOT.

Jokazkutre, 4T0 TpeyrojapbHUK, oOpasoBanHbLil gupekTpucamu napabdost 1), I u IT7, nep-
CIIEKTUBEH OPTOTPEYTroJIbHUKY Tpeyrobauka ABC.

O6oznaunm yepes O u M’ neHTp OnMCaHHON OKPY?KHOCTH U IEHTP TSAKECTH TPEyTOJIbHU-
Ka, obpaszoBanHoro aupekrpucamu. Jlokaxkure, aro upsimbie O'M u M'O nepecekatorcst
B Touke Jlemyana Tpeyrosbanka ABC.



Tpu mapadoJibl
Pentenus
®.Hunos, A.3acaaBckuii

BBoanbie 3aga4n

. O6o3HaunM mpoekiuio Touku X Ha jupekTpucy mapabossl gepes X'. Torma FF X = X X',
VTBep:KJieHrne 3a/la9l PABHOCUJILHO TOMY, UTO IpsAMasd [, cojepzKalias OUCCEKTPUCY yI-
na X'XF, asisiercss kacaresibHOi K napaboste. Ilpeanonoxkum nporusnoe. Torma [ e
SIBJIIETCH KaCATEJILHON U IepecekaeT mapadoJy B HEKOTOPOi Touke Y, ormaHoil oT X.
Bamernm, uro Tpeyroiapaukn FXY u X'XY pasubl. Suaunt, F'Y = Y X', O6oznaunm
gepe3 Y/ npoekimio Touku Y Ha jgupekrpucy mnapabossl. Torma YY' = FY =Y X', 3na-
qut, YY' = Y X’'. Ho 3roro 66ITh He MOKeT, IOCKOJIbKY oTpeskn Y'Y’ u Y X' apistorcs
IUIIOTEHY30i U KaTeTOM IIPSIMOYTOJILHOIO Tpeyrojbhnka Y XY

. ObosnaunM 4depes | KacaTeabHyI0, Yepe3 X — TOUKY KacaHusi, depe3 F' — dokyc, uepes
X' — npoekrro X Ha jupekTpucy. [lo ompenenennto napabonast FX = X X', U3 3agaun
1 cnenyer, uro [ comepxkut 6uccekTpucy paBHobeapennoro rpeyroyubinka FX X', Tlosro-
My [ SBJISIETCH CEPEIMHHBIM HEePIeHIUKYIApoM K orpe3ky F X' 3uauur, rouku X' u F
CUMMETPUYIHBI OTHOCUTE/IBHO [.

. Ilo 3amage 2 npsavbre PX u PY aBigioTcs cepe/IMHHBIMY MEPITEH/INKYIIPaMU K OTPe3KaM
FX'u FY'. Tlosromy ux To4Ka 1epecedenus P siBsieTcss EHTPOM OIUCAHHO OKPYKHO-
ctu Tpeyroibauka FX'Y”.

. Pacemorpum cpejnroro smmauto Tpanenun X X'Y'Y. Ona neprnesjuky/asipHa JUPEKTPUCE
1 ITO3TOMY TapaJulesibHa ocH napabdbossl. Kpome Toro, oHa aBseTCa MeIHaHON TPeyTob-
nuka PXY' | MOCKOJIBKY OHa IpoXo T depe3 cepejimny M orpeska XY u depe3 Touky P
(o zazade 3). [losromy mennmana PM napasiesbHa ocu napaboJIbL.

. PacemorpuMm nipsgmyto [, mapaJuiesibHyIO0 OCU TapadoJIbl M ITPOXOJILILyIo Yepe3 P. YTBep-
JKJIEHWE 3aJ1a91 PaBHOCUJILHO TOMY YTO yTrOJI ¢ MexKjy npaMbiMu [ u PX pasen yriry
FPY. O6osnaunm depes X" u YY" npoeknun toukn F ua npsmeie PX u PY. Ilo 3a-
nade 2 roukn X" u Y apnstorest cepeaunamu orpeskoB F X' u FY'. Tlosromy npsimbie
X'Y" u X"Y" napasnenbusl. 3naunt, upsimbie | 1 XY neprnenpukynsgpubr. [Tosromy
Zp=90°—2LZPX"Y" =90° — ZPFY" = ZFPY, 910 1 TpeboBaJIOCh.

. Oboznaunm vepes P u () n3oronajbHo compsizkenuble Touku. O6o3uaunm depe3 P, u Q).,
P, n Q,, P, u @ Touku, cummerpuunbie P u () ornocurenbuo cropoun AB, BC' u AC.
dcno, yro BP. = BP = BP, u uro /P.BP, = 2/B. 3amernm, uro ZQBC = /PBA =
ZABP,. Tlostomy /P.BQ = /B = 1/2/P.BP, = /P,BQ. Tlostomy QP. = QPF,.
Ananornano QFP, = QP, u PQ. = PQ, = PQ,. IlougaTHO, YTO OKPY!KHOCTb W MEHTPOM
B cepejiuHe oTpe3ka P(Q) u pagmycom, paBHbIM 1/2Q) P, TpOXOIUT Yepe3 MPOEKIHI0 TOYKN
P na cropony AB. AHAJIOTHYHO W TPOXOJIUT U Y€pe3 OCTAJbHbIE BEPIIUHBI [eTATbHBIX
TPEYroJabHIUKOB ToueK P u ().

. Hockobky mapabosist 11, u [T, Brimcanst B yriisl A u B, TO X TOYKE [I€peceIeHnst TO0IKHbI
MPUHAIEKATH TepecedeHnio yriioB A u B. 3HAYUT, TOUKN TepecedeHus napabost jJexKar



10.

BHYTpHU wju Ha rpanuiie Tpeyroibanka ABC. [lousarao, uro C— He eMHCTBEHHAS TOU-
Ka IepecevdeHns: mapabos: mHade mapabosibl Kacaanch Obl B Touke (' 1M KacaTelbHbIE K
napabosiam B Touke C' COBIa A/, HO ITO HE TaK. JHAYUNT, CyIECTBYET BTOpas TOUKA TIe-
pecedenus mapabon C’. Zfcno, 4ro TOUYEK nepecedenusi, OTIUIHBIX 0T C' 1 JIEXKAIUX Ha
rpanute tpeyrosibauka ABC, Her. [losTomy Bce Touku nepecedenusi, orandabie or C,
nexkat BuyTpu Tpeyrosbauka ABC. Ilpeanonoxum, aro y II, u I, ectb Tperbs TouKa
nepecedenust C”. Jlerko ybenThcst B TOM, YTO JIFOOBIE YeThIPpe TOYKHU HapabOJIbI SIBJISTIOT-
Csl BEPIIUHAMHU BBIIIYKJIOTO YeThIPEXyrosibHIKa. [lockoabky Touku A, C', C' u C" nexar
Ha II,, To ACC'C”"— BbinmyKIIblii 4eThIPEXYTOABHUK. 110 aHAJOrMIHBIM COOOPAYKEHUAM
BCC'C"— BoinyKiiblii, 9ero ObITh, 04eBUIHO, He MoxKeT. [Tlosromy I1, u I, umeror poBHO
IBE OOIINe TOYKH.

WzBecTHO, 1TO 06pa3 mapaboJIbl IIpu TPOU3BOJIHLHOM ahMUHHOM TPEOOPAZOBAHUNT STBJISIET-
cst mapabouioit. Pacemorpum addunaoe mpeobpazoBaHue, KOTOPOE MEPEBOIUT TPEYTOJIb-
nuk ABC' B npaBwibHbiil. [IoHATHO, 9TO B IPaBUILHOM TPEYTOJBHUKE PACCMATPUBAEMbIE
napaboJibl TiepecekatoTcst Ha ero Meaunanax. [losromy npsimbie AA", BB u C'C’ sBisitorcest
MeanaHamu Tpeyrogbanka ABC 1 mepecekalTcss B OQHONM TOUKE.

Ob6osnaunm 4depe3 M Touky mepecedenns meamaH Tpeyroiabanka ABC. U3 3amad 4 n
5 ciemyer, aro npsmbie AM u AF, ciMMeTPpUYHBI OTHOCHTEILHO OMCCeKTpuchl yria A.
[Tostomy npsimbie AF,, BF, u C'F, nepecekatorcs B Touke Jlemyana [ TpeyroJibHUKa
ABC.

Ob6osnaunm uepe3 d, mupexTpucy mapabossl 11,. Obos3HaumMm TOUKY mepecedeHus d, u
BC uepes A’. Obosnauum npoekiuu todek B u C Ha d, depes By u C;. Zdcuo, uro
BB, = BF, u CCy = CF,. Iz nogobus rpeyroabuukos A'BB; u A’CCY nosydaem, 9ro

AL _ BB _ Bl Y3 3anau 1 u b caenyer, uro ZF,BA = /F,AC u /F,CA = /F,AB.

A'C T CCi T CF.-
_ sin(£F,AB)-AF,
[To Teopeme cunycoB it TpeyrosbHuKa F, BA momydaem, aro BF, = —Sm(ZABF))

sin(LF,AC)-AF, BF, _ sin?(LF,AB)
sin(ZACF,) CF, — Sin?(ZF,AC) Obosnarmy tepes dy u
d. mupekrpuchl apabos I, u I1.. O6o3naunm yepes B’ Touky nepeceuenus dp ¢ AC, a

gyepe3 C’ - Touky nepeceuennus d. ¢ AB. Torna

Ananornuno CF, = . [Hosromy

AB-B'C-C'A  BF,-CF,-AF, sin*(ZF,AB) -sin*(ZF,BC) - sin*(ZF.CB) |
AC-B'A-C'B  CF,-AF,- BF, sin*(/F,AC) -sin®>(/FyBA) -sin’>(/F.CA)

[Tocentee paBeHCTBO B 9TOI HEIOYKE CJIe/yeT U3 TPUTOHOMETPUIECKOH TeopeMbl eBHI,
samucannoit qist uesuan AF,, BF, u C'F,. CinegoBarenbHo, 1o Teopeme MeHeaas TOIKI
A', B" u C' nexar na oxHoil npsimoii. ITosromy ns reopembr [desapra cieyer mepcrek-
THUBHOCTH PACCMaTPUBAEMbBIX B 3a/laU€ TPEYTOJbHUKOB.
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Tpu mapadoJibl
Pemmenus

®.Huos, A.3aciaBcKuii

3 OcHoBHBIE 3aJIa49N

Ob6osnaunm cepenuny orpeska AB depes Cy. Torma ZCoCB = /ZF.CA. U3 3amaq 1, 4
u 5 cnenyer, uro LCoCB = LF.BC n LCyCA = ZF.AC. llostomy ZAF,.C' = 180° —
/FAC — /F.CA=180°—- ZC =180° — ZF.CB — /F.BC = /BF_.C.

W3 pemenns 3amaqn 11 ciaenyer, uro ZAF.C' = /BF,.C = 180°— ZC'. Ilostomy ZAF,.B =
360° — 2(180° — £(C') = 2£4C = ZAOB. 3uauur, toukun A, B, F. u O jiexkar Ha OHOI
OKPY>KHOCTH W.

Ob6osnaanm gepe3 Ag u By cepennnnr ctoporn BC' u AC. U3 3aga4um 5 J1erKO BBIBOIUTCS
CJIeJIYIONIAs MOJIE3HA JIEMMA.

Jlemma. Onucarnnan oxpYAHCHOCTID MPEY20AbHUKA, ONUCAHHO20 0KOAO HEKOMOPOol napabo-
AbL npoxodum wepes doxyc amoti napadonv.

[TosToMy JOCTATOYHO JOKA3aTh, YTO ONKUCAHHAS OKPY?KHOCTDH Tpeyroiabanka AgByC mpo-
xoaut yepes F,. O6oznauum gepes C’ rouky nepecedenust C'F, ¢ OUCaAaHHON OKPYKHOCTHIO
rpeyroabanka ABC. U3 3amaa 1 u 5 cnenyer, uro L/ F.BC = /F.CAu /F.AC = Z/F.CB.
[Tosromy /C'"BA = /F.CA = /F.BC u /BAC' = /F.C'B. 3Ha4uT, TpEyroJbHUKN
F.CB u C'AB nonobusl u gii = g—g,. ITo zamaue 11 LBF,.C' = ZAF.C'. Kpome Toro,
/C'BF, = ZABC = ZAC'F,. Tlostomy tpeyronbuuku F.BC' u F.C'A nonobubl. 3na-
JUT, %,?4, = gg, = giﬁ Cuenosarensuo, F,.C = F.C'. Ilpu romorerun ¢ HEHTPOM B TOUKE
C u xko3ddunmenToMm % touku B n A nepexonar B Ag u By, u C’ nepexogur B F,.. OTKyna
U CJIe/lyeT YTBEPZKCHNE.

[To 3aaue 11 Ttouku A, B, F. u O jexar Ha 0JiHON OKPYKHOCTH w. Paccmorpum Touky O’
nepeceuenus upsamoit C'F, ¢ okpyzkHocTbio w. 1o 3amade 10 LAF,O' = ZBF.O'. Ilostomy
O’ — cepenuna nyru AB okpyzkHocTH w, T.€. orpe3ok OO’ gpisgerca quaMeTpoM w. 3Ha-
gur, /LF.O = ZOF.0" = 90°. Anajornuno ZLF,0 = ZLF,0 = 90°. CaenoBare/bHo,
toukn F,, I, u F,. jexxat Ha OKpyKHOCTHU ¢ jguamerpom O L.

Ob6oznauanm wepe3 Ay u By cepeaunnt ctopon BC u AC. Pacemorpum Touky F), cum-
MeTpudHyio Touke F,. oraHocurenbuo AgBy. Ilo 3amade 13 AgBy kacaercs mapabobl I1,.
[Tosromy 1o 3ajmade 2 rouka F' jexkur na gupexrpuce Il.. 13 pemenns 3amaun 13 cie-
qyer, 9To deTnipéxyroasunk CAgF.By Buucanustii. [lostomy LAgF. By = LAoF.By =
180° — ZC'. Bnaunt, Touka F) jgekuT Ha OKpyRHOCTH Ditstepa Tpeyrosbinka ABC. O60-
sHauynM depe3 M’ cepenuny orpeska AgBy. 13 pemenus 3agaqun 13 cieyer, 9To npsamast
Ay By nemmr yrosn C'M'F, nonotam. 3uaqut, Touka F) gexut na megunane C'M'. Tlosromy
TOYKa IepecedeHust MeJUaHbl U OKPYXKHOCTH Diljiepa JIEXKUT Ha JUPEKTPUce 1mapabdbosIbl
II..

I[Iycts A", B"”, C" — Touku nepeceuenud dp v d., d, u d,., d, u d. O6o3naunm depe3 A’
) ’ b cy Wa cy Wa b )
B’ u C’" Touku nepecedenust Meauan tpeyrosbauka ABC ¢ ero oKpyxKHOCTBIO Diliepa.
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[To zagade 15 s1m Toukm Jjexkar Ha croponax A”B’C”. Obosnaunm depes Cy cepeunHy
AB. Ilycrs G — nentp Tszkectu Tpeyroabuuka A” B”C”. 3amerum, aro
sin(ZGC"B")  sin(£B")  sin(ZCoMA)  MB  MA"  sin(ZMC"B")
sin(ZGC"A") — sin(ZA”)  sin(ZCoMB)  MA  MB' sin(ZMC"A”)

3Jtech 1IepBoOe M TpeThe paBeHCcTBa cieaytor u3 Toro, yro C”"G u M(C7 — MeauaHbl Tpe-
yroasuukos A" B"C" u AM B. Tlostomy ZGC"B" = ZMC"B". 3uauut, Touka G JexKuT
na C”" M. Ananornuno G snexut na A" M u B”. Cnenosarensno, Touku G'u M coBIaiazor.

N3 sagaan 4 cioeayer, aro npsimas AM neprenaukynsipaa d,. Anagoruasao BM neprien-
nukyssapraa d, u C'M nepnengukyngapaa d.. [Tostomy paccmarpuBaembie TPEyTrOJIbHUKN
OpPTOJIOTUYHBI ¥ ToUKa M siBjisieTcs 1eHTpoM ux oproJjorndnoctu. Obosnaunm depes A’
B’ u C'" Touku nepecevyenus gupekrpuc d, u d., d, u d., d, u dy. To, 9T0 MeaUaHbI Tpe-
yroibauKa A BC' nepreHmKy/IsspHbl COOTBETCTBYIONUM cTopoHaM Tpeyroibuuka A’ B'CY,
MOKHO 3aINCATh TaK:

e _— —
(1) (C'A"+ A'B'")- (AB + AC) = 0.

— — -
(2) A’B"- (2CA+ AB) = 0.

— —_— =
(3) C"A"- (2AB+ CA) = 0.

—_— —  —— —
CruagpiBast (1) u (3) u BeranTas u3 pesysbrara (2), moaydaem, aro CA-A'B' = C'A’- AB.
—_— — T S

13 sroro u pasencrsa (1) moyuaaem, uro (C'A'— A’'B’)- (AB — AC') = 0, uro paBHOCHIIb-
HO ToMmy, uro npsamble A'G u BC' nepnenjukynsgpubl, tiae G — nenrp tsxkecru A'B'C.
ITo zagage 16 Touku G u M cosnagaior. 3uauut, npambie A’M u BC' nepuesukyJisp-

HbI. AHAJIOTMYHO TIepreHuKyaapHbl upsiMble B'M u AC, C'M n AB. T1osromy IeHTPBI
oprosiormarocTu Tpeyroabankos ABC u A’B'C’ cosnagator ¢ Toukoit M.

[TockosbKy jupekTpuca d, nepreHInKy/aspaa meaunane AAg, To u3 3agaun 15 ciefyer,
910 OHa IpoxoauT 4depes Touky A” mepecedenusi BoicoTbl AA’ ¢ OKpy:KHOCTBIO Diijie-
pa. Anasiornano Touku nepecedenuss B” u C” oxkpyzkHocTH Ditiepa ¢ Beicoramu BB’ u
CC" nexar Ha dp 1 d.. 3aMeTHM, YTO OKPYKHOCTH Jityiepa Tpeyroyibanka ABC siBisieTcs
eIaIbHON OKPY?KHOCTBIO TOYKH [V OTHOCHTE/IBHO TPEYTOJIbHUKA, 00Pa30BAHHOTO JINPEK-
tpucamu. [lo 3a7ade 16 Touka M sBjseTcss TOUKOM 1epecedennsi MeInaH TPEYroJIbHUKA,
obpaszosanHoro jupekrpucamu. [losromy npsvoie A”L', B”L' w C" L' napasiensubr cooT-
BeTCTBYONUM MeauaHaM Tpeyrojibanka ABC, rine L'— touka Jlemyana TpeyrosbHUKA,
obpazoBaHHOro JupekTpucamu. Kak mssectHo, Tpeyroiabuuku A”B"C" uw ABC romore-
THHHBL ¢ IeHTpoM romorernn H n kosddunumentom 3. Crenosarensho, L' aBinsercs cepe-
JHO orpeska H M, nockosibKy L' siBjisieTcst TOYKOM IlepecevdeHnst MeIiaH TPeyrobHIKa
A"B"C"”. OrKyna u cienyer yrBepKieHue.

O6o3naunMm vepe3 T TpeyroJbHUK, OOpa30BaHHBIN JupekTpucamu. Paccmorpum mapa-
6oaer I, 1T, u I, kacaromuecs cropon Tpeyrosbauka 1 B ero Beprmunax. O6G03HATIM
gyepe3 T" TpeyrobHuK, 00pa30BaHHBIN JUPEKTPUCAMHU STUX HapaboJI. 3aMeTuM, YTO COOT-
BETCTBYIOIIUE CTOPOHBI TPeyroabHUKOB 1" u ABC' nepuenuKyIsspHbl COOTBETCTBYIOIIM
MmearanHaM Tpeyroibauka 1. I[Tosromy onu mapasutenbhbl. [lostomy Tpeyrosbauku 1’ u
ABC roMOTeTHYHBI, IPUIEM UX IEHTP TOMOTETHN COBIaaeT ¢ M, MOCKOJIBKY TI0 3a/atie
16 nenTpsr Tsizkectn T u ABC' conayiaor. O6oznaunm Touky Jlemyana rpeyroybauka 1"
gyepe3 L'. VI3 romorernunoctu 17" u ABC' cnenyer, aro touku M, L u L' nexar Ha oHOM

4



20.

21.

22.

23.

npsimoit, rie L — Touka Jlemyana tpeyroibauka ABC. [o 3amade 18 rouka L' je:kuT Ha
npsMoit Dittepa Tpeyrosibauka T'. 3HAUWUT, psiMast, Tpoxo/isinas depe3 Touku L, M wu L/
COBIIQJIAET ¢ MPpsiMOil Ditstepa Tpeyrobanka 1. OTKyaa U cieyeT yTBep:K/IeHne 3a1a4n.

O6oznaunm 1yepes C' Touky nepecedenus upsambix AB u P, Py,. 3ameTum, 9T0 4eTBEpKa

!
touek C', P., A u B sBjsiercst rapMOHUYECKOIi, T.e. g,g = ﬁ%. N3 3amaum 11 ciemyer,
(&
9T0 ]‘g% = ﬁ%. O6oznaanm gyepe3s C” touky nepeceuenns d. u AB. VI3 pemenus 3aa4n
c [
" ! "
10 Cuexnyer, [aro % = AE Tlosromy $4 = AL — A SBpaupr, toukn C' u C”

F.B" C'B F.B cr
coBnaaior. M3 pemenns 3agaun 10 cioemyer, uro rouku A”, B” u C” nexar Ha oxHoii

upsmoii. [Tosromy n Trouku A, B’ u C' nexar Ha ojaHoii npsMoii u u3 TeopeMmbl lezapra,
caeyer mepcrneKTuBHOCTh Tpeyronbankos ABC u P, Py P..

U3 perennst 3aaaqu 20 cjie/ryer, 9To IpsiMble repcrekTuBbl Tpeyroibaukos ABC, P, P, P,
U TPEYroJbHUKa, 00PA30BAHHOTO JIMPEKTPHUCcAMU, COBIa ai0T. OCTa0Ch JIUIb BOCIIO/Ib-
30BaTbCd CACAYIONIEH JIEMMOM.

Jlemma. Llenwmpvr nepcnexmuenvt MPex 63aUMMHO NEPCNEKMUBHBIT MPEY20ALHUKOS, OCU
NePCNEeKMUBH, KOMOPHLT COBNAJAI0M, AEHCAM HG 00HOT NPAMOT.

Joxazamesvcmeo semmul. PaccMoTpuM TpoeKTHBHOE ITpeobpa3oBaHue, KOTOPOE IePeBO-
JIUT OOIIYIO0 OChb IEPCIIEKTUBBI TPEYTOJbHUKOB B OECKOHEYTHO yIa/eéHHYIO IpsiMyio. [lpn
TaKOM I1pe0Opa30BAHIN PAacCMaTPUBAEMbIe TPEYTOJIBHUKN ITEPENIyT B TOMOTETUIHbBIE TPe-
yroabaukn. [To Teopeme o TpEX 1eHTpax roMOTETUN IEHTPbI IIEPCIEKTUBBI STHX TPEYTOJIb-
HUKOB JIesKaT Ha OJHOI mpsamoit. OTKyda u caeayer JemMMa.

O6o3naunm 4gepes Ay, By u C) cepenunbl cTopoH Tpeyroybauka ABC, a depe3 Ay, B
u Cy — OCHOBaHMs COOTBeTCTBYIOMUX BbICOT. Ilycrs C" — Touka mepeceveHus: Mejua-
ubl C'C u okpyzkHOCTH Dittepa. [lo 3agade 15 C" npunajyrexkur d.. Obo3HaumM depes
C" touky nepecedennst d. u A'B’, a uepes C”— rouxy nepeceuenuss CC, u Ay By. 3a-
meTuM, uro BoCh = AC, = BC, = AyCy. Tlostomy £ByC"'Cy = LA,C"' C, IOCKOJIBKY
AsC" BoC— Brmcannbrit. 1o 3ayaqe 5 d, nepnenuxyssipaa C”'C”. Tlosromy C"'C" sBs-
erca 6uccekrpucoii Buenaero yria C”. 3naqnr, g:gz = g:gz Anasornano g:iﬁ = g:%

ﬁ:gi = ﬁ::gi, rae A’ u B'— rmouku nepecedenust d, u BoCo, dy u AyCy, a A” u B"—
TOYKH rnepecedernsi Meguad AA; u BB ¢ OKpy»KHOCTbIO Diijiepa. 3aMeTuM, 910

C/AQ . B/CQ . A/BQ o O//A2 . B//CQ . A”Bg . 1
C'By-B'Ay- ACy  C"Bs-B'"Ay- A'Cy

[TosTromy 1o Teopeme Menenas Touku A’ B', C' jiexkar Ha OHO IPSIMON ¥ 110 TeOpeMe
Jlezapra TpeyrojabHUK, 00pa30BaHHBIN JUPEKTPUCAMU, U OPTOTPEYTOJBHUK ITePCIEKTUB-
HBI.

Kak msBecTHO, U3 MeuaH TPEYroJbHUKA MOYKHO COCTABUTH TPEYroJIbHUK. PaccMorpum
TPEyTOJIbHUK, COCTABJIEHHBII n3 MeauaH Tpeyroibanka ABC. U3 3amaan 5 cieayer, 910
YIJIBI TPEYTOJbHUKA, 0OPa30BaAaHHOTO JUPEKTPUCAME, PABHBI yTJIaM TPEYTOJbHUKA, 00pa-
30BaHHOTO MejuaHamu. [losTomy moctarovHo j10Ka3aTh, ITO PaBHBI yIvibl Bpokapa Tpe-
yrosbauKa ABC' u TpeyrosibHIKA, COCTaBICHHOTO U3 ero MejuaH. Bocrmosb3yeMes ciery-
omuMu pOpPMYJIAME, CIIPABEJJIUBBIMU JIJIsI ITPOU3BOJILHOTO TPEYTOJIHLHUKA!

(1) ctgp = ctga + ctg f + ctg~y.



_ a?4b>+c?
(2) ctg o+ ctg f + ctgy = <.
_3
(3) S = $5m.
(4) a® + % + & = 2(m2 + mi + m?).

r7ie «, 3 1y — yIJIbl TPEeyTroJIbHUKA, a ¢ — ero yroi Bpokapa; S u .S, — momam JaHHoro
TpeyroJibHUKa 1 TpeyroJbHUKa, COCTaBJIEHHOTI'O U3 €Io MeJIuaH; a, b n ¢ — IJINHBI CTOPOHBI
TPEYTrOJIbHUKA; Mg, My U M, — JJIAHBI €10 MEINaH.

[Ipumensist 31 dhopmysisl K Tpeyroiabuuky ABC, moaydaeM, 9To

A+ b0+ mi+mp+m?

15 15 Cteom

ctgp =ctga+ctgf+ctgy =

rie ¢,, — yroji bpokapa TpeyrojbHHUKa, COCTABJIEHHOIO U3 MeJINaH. SHATHUT, ¢ = ¢,,, ITO
1 TpebOBAJIOCH.



Three parabolas
F.Nilov, A.Zaslavsky

We will examine the properties of the next configuration: a triangle and three parabolas, each passing
through two vertices and touching in these vertices the respective sidelines.

1 Necessary definitions and theorems

Definition 1. A parabola is the locus of points with equal distances from a fixed point F' and a fixed line [.
F'is the focus and [ is the directrixz of the parabola.

Definiton 2. Given triangle ABC and point P. Then the reflections of lines AP, BP, C'P in respective
bisectors concur in point P’. This point is called isogonally conjugate to P. Point L, isogonally conjugate to
the centroid M, is called the Lemoine point.

Definition 3. The projections of point P to the sidelines of ABC' form the triangle called the pedal
triangle of P wrt ABC'. The circumcircle of the pedal triangle is called the pedal circle of P.

Definition 4. The triangles ABC and A’B’C’ are called perspective if the lines AA’, BB’ and CC’
concur. The common point of these lines is called the perspective center.

The Desargues theorem. Two triangles are perspective iff the common points of their respective
sidelines are collinear. The line passing through these points is called the perspective axis.

Definition 5. Triangles ABC and A’B’C’ are called orthological if the perpendiculars from A to B'C’,
from B to A’C’ and from C to A’B’ concur. The common point of these perpendiculars is called the orthology
center. This property is reciprocal, so the orthological triangles have two orthology centers, distinct in general.

The centroid M, the circumcenter O and the orthocenter H of an arbitrary triangle lie on the line called
the FEuler line. The midpoints of the sides and the feet of the altitudes lie on the circle called the Euler circle.

Definition 6. For an arbitrary triangle ABC, there exist two points (1, @2, such that /Q1AB =
ZQ1BC = /ZQ1CA and LQ2BA = ZQ2CB = ZQ2AC. These points are called the Brocard points of ABC.
The angle ¢ = LQ1AB = £ZQ2BA is called the Brocard angle.

For any non-regular triangle there exist two points with regular pedal triangle. These points are inverse
wrt the circumcircle of the triangle. The point lying inside the circumcircle is called the first Apollonius point,
another point is called the second Apollonius point. Two points isogonally conjugate to the Apollonius points
are called the first and the second Torricelli points.

2 Introductory problems

1. Prove the optic property of the parabola: the tangent to a parabola in a point X forms equal angles
with the line F X and the axis of parabola.

2. Prove that the reflection of the focus in the tangent to the parabola in point X coincides with the
projection of X to the directrix.

3. Let P be the common point of tangents to parabola in points X and Y. Prove that P is the circumcenter
of triangle FX'Y’, where X', Y’ are the projections of X and Y to the directrix.

4. Prove that in notation of the previous problem, the median of PXY is parallel to the axis of parabola.

5. Prove that in notation of problem 3, the bisector of angle P forms equal angles with the line PF and
the axis of the parabola.

6. Prove that two isogonally conjugate points have common pedal circle.

Given triangle ABC'. Denote by II. the parabola touching the lines AC u BC' in points A and B.
Furthermore denote by F. the focus of II.. The parabolas II,, II; and their focuses F,, Fp are defined
similarly.

7. Prove that II, and II, have only one common point C’; different from C.
8. Define points A’, B’ similarly to C’. Prove that triangles ABC and A’B’'C’ are perspective.
9. Prove that the triangles ABC and F, FyF, are perspective.

10. Prove that the triangle formed by the directrices of I, I, 11, is perspective to ABC.
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3 Basic problems

Prove that F.C' is the bisector of angle AF.B.

Prove that A, B, F,. and the circumcenter O of ABC are cocyclic.

Prove that the medial line parallel to AB touches II..

Prove that F,, Fy, F., O, L are cocyclic.

Prove that the directrix of II., the median from C and the Euler circle concur.

Prove that the centroids of ABC and of the triangle formed by three directrices coincide.

Prove that ABC and the directrix triangle are orthological and their orthology centers coincide.

Prove that the Euler line of ABC passes through the Lemoine point of the triangle formed by three
directrices.

Prove that the Euler line of the directrix triangle passes through L.

Let AF,, BFy, CF, intersect the respective sidelines of ABC in the points P,, P,, P.. Prove that
triangle P, P, P, is perspective to the directrix triangle.

Prove that the pairwise perspective centers of ABC, P, P, P. and of the directrix triangle are collinear.
The respective line passes through the midpoint of the segment between the centroids of ABC and
P,PyP..

Prove that the directrix triangle is perspective to the orthotriangle of ABC.

Prove that the Brocard angles of ABC and the directrix triangle are equal.

4 Additional problems

Let T be some Torricelli point of ABC and Ty the respective Torricelli point of the directrix triangle.
Prove that the lines T A, T B, TC are parallel to the lines joining Ty with respective vertices of the
directrix triangle.

Prove that TTy and the line joining the respective Apollonius points pass through the centroid of ABC.
Find %, where S’ is the area of the curvilinear "parabolic"triangle A’B’C’, and S is the area of ABC.

Let N1, N be the perspective centers of the directrix triangle and the triangles ABC', P, P, P, respectively.
Prove that the line N1 Ny bisects the segment between the centroids of ABC and P, P, P..

Let F), I}, F/ be isogonally conjugate to F,, Iy, F,; H is the orthocenter, M the centroid of ABC.
Prove that

a) F,, Fy, F lie on the circle with diameter HM.

b) The distances from Fy and F, to the center of the Euler circle of ABC' are equal.

The point of parabola II., nearest to point C', will be called the projection of point C' to the parabola
and will be denoted by C*.

Prove that line C'C* is perpendicular to parabola II..

Prove that LZAC*C = /BC*C.

Denote by €7 and Cy the common points of the tangent to the parabola at point C* with C A and C'B
respectively. Denote by C** the common point of C1Cs and the median of triangle ABC drawn from
vertex C. Prove that C1C* = C**(s.

Define points A* and B* similarly to C*. r liner

(Conjecture.) Lines AA*, BB* and CC* concur.
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Three parabolas

5 Related problems

Consider the set of lines bissecting the perimeter of triangle ABC.

Prove that these lines envelop three parabolas, each touching two sidelines of ABC' in the same points
that the respective excircle.

Note by II4 the parabola touching AB and AC. Define Il and Il similarly.

Prove that the circumcircle of ABC' is the orthology center of ABC and the triangle formed by the
directrix of II4, IIg and Il¢.

Prove that the orthocenter of ABC lies on the Euler line of triangle formed by the directrix.

Prove that the incenter of ABC' and the circumcenter of directrix triangle are symmetric wrt the center
of Euler circle of ABC.

Let T be some Torricelli point of triangle ABC, T,; be the respective point of directrix triangle. Prove
that the lines, joining T and Ty with respective vertex are parallel.

6 Related problems-2

Consider points A. and Ay on rays AB and AC such that CA = C A, and BA = BAy. Let parabola
IT}, touche AC' and AB in points Aj and A.. Parabolas ITj and II, are defined similarly.

Prove that the focus of II/,, IIj and II/, coincide with F},, I} and F.
Prove that the triangle formed by directrix of II},, IIj and II., is perspective to ABC.

Prove that the directrix triangle of II/,, ITj and II, is ortologic to ABC and their othology centers
coincide.

Prove that the directrix triangle of II],, ITj and II], is perspective to the orthotriangle of ABC.

Let O’ and M’ be the circumcenter and the centroid of directrix triangle. Prove that the common point
of lines O'M and M'O coincide with the Lemoine point of ABC.



Three parabolas
Solutions
F.Nilov, A.Zaslavsky

Introductory problems

. Let X’ be the projection of X to the directrix. Then FX = X X’. Suppose that the
bisectrix [ of the angle X’ X F' isn’t the tangent to parabola. Then [ intersect the parabola
in some point Y, distinct from X. Note that the triangles F XY and X’ XY are equal and
so FY =Y X'. Let Y’/ be the projection of Y to the directrix. Then YY' = FY =Y X"
But it is impossible because YY’ and Y X’ are the hypothenuse and the cathetus of
rectangle triangle Y X'Y".

. Let [ touche the parabola in the point X. Then FFX = X X'. By problem 1 [ is the bisectrix
of isosceles triangle FFX X'. So [ is the medial perpendicular to the segment F' X’ and the
points X’ and F' are symmetric wrt /.

. By problem 2 the lines PX and PY are medial perpendiculars of segments F' X' u FY".
So their common point P is the circumcenter of FX'Y’.

. Consider the medial line of the trapezoid X X'Y'Y. It is perpendicular to the directrix
and so parallel to the axis of the parabola. Also it is the median of PXY', because it pass
through the midpoint of segment XY and (by problem 3) through P.

. Consider the line [ passing through P and parallel to the axis of the parabola. We must
prove that the angle ¢ between [ and PX is equal to the angle F'/PY . Let X” and Y be
the projections of F' to the lines PX and PY . By problem 2 X” and Y are the midpoints
of FX" and FY'. So the lines X'Y’ and X"Y"” are parallel. This yields that [ and X"Y"”
are perpendicular. Now we have Z¢ = 90° — /ZPX"Y" =90° — Z/PFY" = Z/FPY, q.ed.

. Let P and @ be isogonal conjugated. Note as P. and ., P, and @Q,, P, and @, the
reflections of P and () in AB, BC and AC. It is evident that BP. = BP = BP,
and /P.BP, = 2/B. Note that Z/QBC = /PBA = ZABP,.. So /P.BQ = /B =
1/2/P.BP, = ZP,BQ, and QP. = QP,. Similarly QP, = QP, u PQ. = PQ, = PQy.
Using the homothety with center P and coefficient 1/2 we receive that the circle w with
center in the midpoint of PQ and the radius QP,./2 is the pedal circle of P. Similarly w
is the pedal circle of Q.

. As II, and II, are inscribed in the angles A and B their common points lie inside or on
the sidelines of the triangle ABC'. C' isn’t the unique common point of parabolas because
their tangents in C' doesn’t coincide. So there exists the common point C” distonct from
C. It is clear that the sidelines of ABC' doesn’t contain the common points distinct from
C'. Suppose that I, and II, have inside the triangle the common point C” distinct from
C'. As A, C, C" u C” lie on I, they are the vertex of convex quadrilateral. Similarly B,
C, C', and C" are the vertex of convex quadrilateral. But it is impossible. So I, and II,
have exactly two common points

. It is known that an arbitrary affine map transforms any parabola to the parabola. Consider
the map transforming the triangle ABC' to regular triangle. It is evident that in regular

1



10.

triangle the common points of parabolas lie on the medians. So AA’, BB’ and CC’ are
the medians of ABC' and concur in its centroid M.

By problems 4 and 5 the lines AM and AF, are symmetric wrt the bisectrix of angle A.
So AF,, BF, and C'F, concur in the Lemoine point L of ABC.

Let the directrix d, of I, intersect BC' in the point A’. Note the projections of B and
C to d, as By and C. It is clear that BBy = BF, and CC; = CF,. As the triangles
A'BB; and A/CC are similar ‘2:—5 = g(Bﬁ = g% By problems 1 and 5 Z/F,BA = ZF,AC
and /F,CA = /F,AB. Usung the sinus theorem for the triangle F, BA we receive that

_ sin(£LF4AB)-AFq Qs - _ sin(£F,AC)-AF, BF, __ sin?(£LF,AB)
BFy = =5 /asr Similarly CF, = sin(ZACF,) ° So &F = sin? (ZF,AC)

Let dy, and d. be the directrix of II, and II.. Note as B’, C' the common points of d; and
AC, d. and AB. Then

A'B-B'C-C'"A  BF,-CF,-AF, sin?(Z/F,AB) - sin?(£F,BC) - sin*(LF.CB) B
AC-B'A-C'B  CF,-AF,- BF,  sin*(/F,AC) -sin®>(/FyBA) -sin’>(/F.CA)

The last equality follows from the Ceva theorem for the cevians AF,, BF;, and C'F.. By
Menelaus theorem A’, B’ and C' are collinear. So by Desargues theorem the triangles are
perspective.
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3 Basic problems

Note the midpoint of AB as Cy. We have Z/CoyCB = ZF.C'A. By problems 1, 4 and
5/ MCB = /F.BC u ZMCA = /F.AC. So ZAF.C' = 180° — LF.,AC — /F.CA =
180° — ZC = 180° — LF.CB — /F.BC = /BF.C.

By problem 11 ZAF.C' = ZBF.C = 180° — ZC. So LAF.B = 360° — 2(180° — £(C) =
2/C = ZAOB. This follows that A, B, F,. and O lie on the circle w.

Let Ag u By be the midpoints of BC' and AC. The problem 5 yields next

Lemma. The focus of the parabola inscribed in the triangle lies on the circumcircle of this
triangle

Prove that the circumcircle of AyByC' pass through F,.. Note as C’ the second common
point of C'F, with the cirumcircle of ABC. By problems 1 and 5 Z/F.BC = ZF.C'A and
/F.AC = /F.CB. So /O'BA = /F.CA=/F.BC u /BAC' = /F.CB. From this the
triangles F.C'B and C'AB are similar and gfg = gg,. By problem 11 /BF.C' = ZAF.C".
Also Z/C'BF, = ZABC = ZAC'F,. So the triangles F.BC" and F.C'A are similar and
%,?4/ = gg, = gfil It follows that F.C' = F.C’. The homothety with center C' and
coefficient % transforms B, A and C' to Ay, By and F,, q.e.d.

By problem 11 the points A, B, F,. and O lie on the circle w. Let O" be the second common
point of C'F, and w. By problem 10 ZAF.O' = ZBF,0O'. So O’ is is the midpoint of an arc
AB of w and the segment OO’ is the diameter of w. From this ZLF.O = ZOF,0" = 90°.
Similarly ZLF,0 = ZLF,0 = 90°. So F,, F; lie F, lie on the circle with diameter OL.

Let Ay and By be the midpoints of BC' and AC. Consider the point F symmetric to F,
wrt AgBy. By problem 13 A; B; touches II.. So by problem 2 F” lies on the directrix of II..
By problem 13 the quadrilateral C'A, F. By is cyclic. So ZAF!By = LA F.By = 180°—ZC
and F! lies on the Euler circle of ABC'. Note as M’ the midpoint of AqBy. By problem
13 Ay B is the bisectrix of angle CM F.. So F! lies on C'M’. Thus the common point of
the median and Euler circle lies on the directrix of II..

Let A”, B”, C" be the vertex of directrix triangle. Note as A’, B’ and C’ the common
points of medians of ABC' and its Euler circle. By problem 15 these points lie on the
sidelines of A”B”C". Note as Cy the midpoint of AB. Let GG be the centroid of A" B"C".
Note that

sin(ZGC"B")  sin(£B")  sin(ZCoMA)  MB  MA"  sin(ZMC"B")

sin(ZGC"A") ~ sin(ZA") ~ sin(ZCoMB)  MA MB'  sin(ZMC"A")’

The first and the third equalities are correct because C”G and M\ are the medians of
A"B"C" and AMB. So ZGC"B" = ZMC"B" and G lies on C"M. Similarly G lies on
A"M and B”M. this follows that G and M coincide.
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By problem 4 AM is perpendicular to d,. Similarly BM is perpendicular to d, and C'M is
perpendicular to d.. So M is the orthology center of considering triangles. Let A’, B u C’
be the common points of respective directrix. As the medians of ABC' are perpendicular
to the sidelines of A’B’'C” we have :

(1) (C"A' + A'B) - (AB + AC) = 0.

— — -
(2) AB"- (2CA+ AB) =0.

— —_— —
(3) C'A"- (2AB + CA) = 0.

—_— ——

Summing (1) and (3) and substracting from the result (2), we receive that CA - A’B’ =
— — — — —
C'A" - AB. From this and (1) (C"A" — A'B’) - (AB — AC') = 0. This follows that BC
is perpendicular to the median A'G of A’B'C’. By problem 16 the points G and M

coincide. So A’M and BC' are perpendicular. Similarly B’M and AC, C'M and AB are
perpendicular. So M is the common orthology center of ABC' and A’B'C".

Note that two orthological triangles with coinciding orthology centers are perspective. So
we receive another solution of problem 10.

As d, is perpendicular to the median AA,, then by problem 15 d, pass through the
common point A” of an altitude AA" and the Euler circle. Similarly the common points
of Euler circle B”, C" of Euler circle and the altitudes BB’, CC" lie on d; and d.. Note
that Euler circle of ABC' is the pedal circle of M wrt the directrix triangle. By problem
16 M is the centroid of directrix triangle. So the medians of ABC' are parallel to the lines
A"L', B"L' and C"L' , where L' is the Lemoine point of the directrix triangle. It is known
that the triangles A”B"”C"” and ABC' are homothetic with center H and coefficient 1/2.
So, as L' is the centroid of A”B”C"” it is the midpoint of HM and lies on the Euler line
of ABC.

Let T" be the directrix triangle. Consider the parabolas I/ , ITj u II/, touching the sidelines
of T in its vertex. Note as T” the triangle formed by the directrix of these parabolas. The
respective sidelines of 7" and ABC' are perpendicular to the medians of T'. So 7" and ABC
are homothetic and M is the homothety center because by problem 16 the centroids of
T’ and ABC coinside. Note the Lemoine point of 7" as L’. By th homothety of 7" and
ABC the points M, L and L’ are collinear. By problem 18 L’ Lies on the Euler line of T'.
So the line passing through L, M and L’ coincide with the Euler line of T

Let C" be the common point of AB and P,P,. The points C’, P., A B are harmonic
c'A AP, AP AFe

because &5 = 55 By problem 11 £ = £5. Let C” be the common point of d. and

AB. By problem 10 g::g = %. So g:g = Iflc% = g:;g and the points C’" and C” coincide.
By problem 10 A”, B” and C” are collinear. So A’, B’ and C’ are also collinear and by

the Desargues theorem the triangles ABC and P, P,P,. are perspective.

By problem 20 the perspective axis of ABC, P,P,P, and the directrix triangle coincide.
Now use next

Lemma. If the perspective axis of three mutually perspective triangles coincide then their
pair perspective centers are collinear.

Proof. Consider the projective map transforming the commo perspective axis to the
infinite line. It transforms given triangles to the homothetic triangles. Their homothtety
centers are collinear.
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Let Ay, By u C be the midpoints of the sides of ABC and A,, B, u C5 be the feet of
its altitudes. Note as C"” the common point of CCy and the Euler circle. By problem 15
C" lies on d.. Let C’" be the common point of d. and A’B’, and C” be the common point
of COl and AQBQ. Note that BgCl = ACl = BOl = AQCl. So 4320’”01 = 41420’”01,
because the quadrilateral A,C" BoCY is cyclic. By problem 5 d. is perpendicular to C"'C”.

"o s : : " C'Ay _ C'"As s B'Cy _ B'C,
So C"(C" is the external bisectrix of angle C", and o5 = B Similarly % = A

/ " .
and f‘/g; = ﬁTg;, where A’, B' are the common points of d, and ByCs, d, and A>Cy; A”,

B" are the common points of AA;, BB; and the Euler circle. Note that

C/AQ . B/CQ . A/BQ o O//A2 . B//CQ . A”Bg . 1
C'By-B'Ay- ACy  C"Bs-B'Ay- A'Cy

So by Menelaus theorem A’, B’, C" are collinear and by Desargues theorem the directrix
triangle and the orthotriangle are perspective .

Consider the triangle formed by the medians of ABC. By problem 5 its angles are equal
to the angles of directrix triangle. Prove that the Brocard angles of ABC' and the triangles
formed by its medians are equal. Next formulaes are correct for any triangle:

(1) ctgp = ctga + ctg f + ctg .

(2) ctga+ ctg B+ ctgy = %.
(3) S =35,

(4) a® +b* + ¢ = 3(m2 + mj + m?).

there o, 3 and v are the angles of triangle, ¢ is its Brocard angle; S and 5,,, are the areas
of the triangle and the triangle formed by its medians; a, b and ¢ are the lengths of the
sides; m,, my and m, are the lengths of the medians.

Using these formulaes to ABC' we receive

A+ b0+ mi+mp+m?
48 n A8,

ctgp =ctga+ctgf+ctgy = = ctg o,

where ¢,, is the Brocard angle of the triangle formed by the medians. So, ¢ = ¢,,, q.e.d.






B3pemmpBanus co cjioMaHHLIMUI BecaMu

K.A. Kuom, I''P. Hesnnokos, 11.11. Borjanos

1 IlocranoBka IIpoOJIEMBI
BazoBbie noasiTus

Kak 00bIMHO, y HAC NMEETC MHOMKECTBO M3 HECKOJIBKHUX OJUHAKOBBIX Ha BHJI MOHET, OJ[HA U3 KO-
TOPBIX (pasIbIInBasg — OHA HEMHOTO Jerde, 9eM HACTOAIAsT; TPeOyeTcs OIpe/IeNTh, Kakasd IMEHHO.
IIpu 9TOM B pasHBIX 3a/1a9aX MBI MOYKEM IIOJIH30BATHCS PA3HBIME TECTUPYIOIIMHI YCTPOHCTBAMIL.

Jlemexmop — 9T0 yCTPOHCTBO, KOTOPOE 3a OJHO JeiicTBHE (mecmuposarue) Ipo aoboe BEIOpaH-
HOE IOJMHOKECTBO MOHET COOOIIAET, COMEPIKUTCS B HeM (pasIbIIuBas MM HEeT. TakuM oOpasoM,
JIETEKTOD IIPH JIOOOM Pa3OUEHHH [TOJTHOTO MHOYKECTBA Ha 2 MOJMHOKECTBA OIPEJIE/ISET, B KAKOM U3
IOJIMHOYKECTB OKa3a/Iach (QasbIINBas MOHETA).

Puoiwasicrvie 6eco, (Mm MIpOCTO BECHI) — ITO yCTPOHCTBO, MO3BOJIAIONIEE CPABHUBATL MEXKIY CO-
Goit Beca JABYX IMOAMHOXKECTB. Takmm 00pasoM, JUIst JBYX IIOJMHOYKECTB U3 PABHOIO KOJINIECTBA
MOHET BECHI CDABHUBAIOT KOJIMIeCTBa (hasIbIIMBBIX B HEX. [JosTOMy B Halleil 3a/iade BEChl TOBOPAT
HaM, B KAKOM U3 TPeX HOJMHOMXKECTB PasOueHnss HaXo[uTcst (aIblnBas MOHEeTa (DU 9TOM JIBa U3
[OJIMHOKECTB JIOJIZKHBI HMETh [IOPOBHY 3JIEMEHTOB).

I'nmaBHasi M3IOMMHKA JAHHOI 3aJad4u: MbI pa3periaeM HEKOTOPBIM YCTPOHCTBAM COOOIIATD
HeBepHyIo nHdopMarmio. [Ipu sToM yerpoitcTBa He yIrogo0 110 TCs JIZKeIaM, KOTOPBIE «BCer/ia BpyTs.
OHE IPOCTO CJIOMAHBI — TO €CTh MH(MOPMAIUS OT TAKOIO YCTPONHCTBA MOYKET OBITH KAK MCTUHHOI,
TaK 1 JOoXKHOi. ['py6o roBopst, BMECTO IPaBUILHOIO PabOTAIOIIEro yCTPOoicTBa y HAC paboTaeT re-
HEpaTop CJIydailHbix oTBeTOB. ITOro, y HAC €CTh HECKOIBKO YCTPONCTB, U MBI 3HAEM JIHIIb, CKOJIBKO
U3 HUX CJIOMaHbI, HO He 3HaeM, Kakue. (IIpm 9TOM 3a OxHy OIEpAINIo TECTHPOBAHUE IIPOBOIUTCI
TOJIBKO Ha OJTHOM M3 ycTpoiicTs!)

Beesiem obosmauenus. Ilycrs [I,  (2) obosHaTaeT MUHNMAIBHOE WHCIIO TECTHPOBAHMIL JIeTeK-
TOPaMH, HEOOXOIMMOe JJIsi FTAPAHTUPOBAHHOIO HAXOXKJIEHHsT OJHON (DaJIbIIHBOII MOHETBI CPEIU 2
IIPH IIOMOIIHU T JIETEKTOPOB, U3 KOTOPBIX Y CJIOMAHBI (3TY TECTUPYIOILYIO CHCTEMY MbI Gy1eM 0603Ha-
Jarh depe3 z/[y|). Anasornuno, B, (%) Oyzer o6o3HauaTh TO JKe /I BECOB (& COOTBETCTBYIOIIAS
cucreMa 0003HAYACTCS TB(Y)).

Ha nmpoTsikeHHE IepBBIX pa3/ieoB MbI OyJeM IIPHBOAUTE IS KaykKION 3a1adu jiBe hopMyIn-
POBKH: € UCIIOJIb30BAHNEM BBEJICHHBIX OOO3HAYEHU, U (ISt TeX, KOMY 9TOT $3BIK €Ille HEIPHBLITIEH)
6e3 MX UCIOJIb30BAHNUSI.

2 Bpogsble 331a49n: KOHKPETHBIE CJIydan
Y10 TOYHO MOXKHO?

2.1. Tpems Becamu, U3 KOTOPBIX OJHU CJIOMAaHbBI, MOXKHO U3 3 MOHET HaiTH (paJbIIUBYIO 32 3
s3semmuBanus (Ha ymobrom s3eike: Bs1(3) < 3).

2.2. a) Tpemst nerekTopaMu, 13 KOTOPBIX OJIMH CJIOMAH, MOYKHO U3 8 MOHET HaiiTu (hasib-
muByto 3a 6 recruposanuii. (Ha ynobnom ssbike: s ,(8) < 6. )
b) Tpems Becamu, n3 KOTOPBIX OJHU CJIOMAHBI, MOXKHO U3 9 MOHET HAUTHU (asIbITUBYIO 34

4 p3BemmuBanus. (Ha ymobuom s3pike: B3 1(9) < 4).

2.3. a) Tpemst jerekTopamMu, U3 KOTOPBIX OJIWH CJIOMaH, MOXKHO U3 32 MOHET HaiiTh
dampmusyio 3a 9 Tecrupopanmit. (Ha ymobrom aseike: [ (32) <9.)



b) Tpemsa BecaMu, N3 KOTOPBIX OJHK CJIOMAHBI, MOXKHO 13 81 MoHETHI HaiiTn daabIIUBYIO
3a 7 B3semmBanuii. (Ha ymobmom s3eike: B 1(81) < 7).

Y10 TOuHO HENb3AT

2.4. U3 aByx MOHET Hesib3s HaiiTu GasbIIUBYIO 3a 2 TECTUPOBaHUS /B3BeIUBaHUs (JTIOOBIM
9HICIOM JTOOBIX YCTPOHCTB, cpeJil KOTOPhIX ecTh ciomannbie). (Ha ymobmom aseike: I, 1(2) > 3,
B.1(2) > 3).

2.5. a) JII0OBIM YHCIIOM JIETEKTOPOB, CPEJM KOTOPBIX €CTh CJIOMAHHBIH, Helb3s HaiiTu
danpmmsyio Monery u3 2% moner 3a k recruposannii. (Ha ynoGrom sssike: [, 1(2%) > k).

b) JITOOBIM YHUCJIOM BECOB, CpeJii KOTOPBIX €CTh CJIOMAaHHbIe, HEJIb3d HANTH (DaJIBITUBYIO
monery u3 3¥ momer 3a k 3gemmusanuit. (Ha yjao6uom sswike: B, 1 (3F) > k)

2.6. a) JII0OBIM YHCIIOM JIETEKTOPOB, CPEH KOTOPBIX €CTh CJIOMaHHBIE, HEJIb3sl HANTU
danbmmsyo Monery u3 2% mowner 3a k + 1 tecruposanne. (Ha ynoGrom ssbike: [, 1(2%) > k+1).

b) JTI0OBIM YHCJIOM BECOB, CPEJIM KOTOPBIX €CTh CJIOMAaHHbBIE, HeJb3sd HaiiTu (aabIuByio
monery u3 3¥ momer 3a k + 1 B3pemusanue. (Ha ynobnom sizbike: B, 1(3%) > k + 1.)

c) JII0OBIM YHCIIOM BECOB, CPEJI KOTOPLIX €CTh JBOE CJIOMAHHBIX, HeJb3s Hafitu (asib-

muByo MoHery u3 n > 3% momer 3a 11 BssemmBanmii. (Ha ymobnom ssbike: B, o(n) > 11, ecym
n > 3%)

3 TI'pyOwie, HO cepuiilible pe3yJIbTATHI
CepuiiHble OIIEHKH CBEPXY

B sroMm pasjene k — HaTypasabHOE YUCIIO.

3.1. a) s kaxoro k maiiaure mMmaEMasibHOe Takoe K, uro Mg, (n) < oo mpm jo-
6om n (To ecTh, HafiUTe MUHUMAJILHOE YUCIO JIETEKTOPOB, IPU KOTOPOM BOODIIE 803MOCHO HANTH
dbasbImMBy0 MOHETY ).

b) s xaxxoro k maianre munnMaibHoe Takoe K, ato By x(n) < oo npu srobom n.

3.2. a) Hokaxutre, aro [z (2F) < 2k + 1.
b) Jokaxure, uto Bz 1(3%) < 2k + 1.

Kak BugHO M3 npeaplaymeit 3a/1a9n, TPU HAJIUYIAN OHOTO CJIOMAHHOT'O YCTPOUCTBA U3 1 MOHET
danpmmBas mmerca npuMepHO 3a 2log,n TecTHpOBaHUIl JeTeKTOpaMM, W IPHUMepHO 3a 2logsn
B3BemuBanuii Becamu. Ho 3ra olnenka oveHb HeTO4YHA. 3aJa49d ITOrO pa3jesa Oy/LyT MOCBSIIEHA
YMEHBIITeHUIO KOHCTaHThI TIPH Jiorapudme, To ecTh uncia ¢ B onenkax suia J, (n) S clogyn n
B, 1(n) < cloggn.

3.3. a) Jokazkure, uto By (3%) < 3k + 1.

b)  Hoxaxure, uto [z, (22%) < 3k + 2.

[Ipeapiaymias 3a/1a9a MOKa3bIBALT, 9TO KOIMDDUITMEHT ¢ MOYKHO YK€ CAeIaTh CTPOTrO MEHBITNM 2.
Cremyrormas 1mejib — JI0Ka3aTh, YTO OH Ha caMoM jesie paeH 1. CHavuasa mpeiaraeTcs 3To ¢IeIarh
J171s1 6GJIBIIIEro YUC/Ia YCTPONCTB.

O6osnauenne o(k) osnauaer dbyHKIU©O, pacTyiyio MmesueHHee, yeMm k, to ects f(k) = o(k), ecom f(k)/k — 0
(k — 00). Hampumep, log, k = o(k) u vk = o(k).

3.4. a) Jlokaxkute, 9TO IPU OECKOHEYHOM HHCJIE JETEKTOPOB, U3 KOTOPBIX OJIMH CJIOMAaH,
MOYKHO BBIABUTH OJIHY asbimmbyio Morery u3 28 3a k + o(k) Bspemmbanuii. Unbivu ciosamu,
I[oo,l(Qk) =k + o(k).

b) JlokaxknuTe, 94TO PN OECKOHEYHOM YHCJIE BECOB, U3 KOTOPBIX OJHU CJIOMAaHBI, MOXKHO
BBIABUTD Oty (asbimusyto Monery u3 3% 3a k + o(k) s3sermupanuit. Unbivu ciosamu, By, 1(3%) =
k+ o(k).

3.5. a) Hokazure, 410 Cymecrsyer x takoe, 9ro JI,,(2%) = k + o(k).

b) JlokaxkuTe, UTO CylecTByeT x Takoe, uto B, 1(3%) =k + o(k).



3.6. a)  Iokaxure, uto [z, (2K* D) < (k4 1)% upu k > 5.
b) Joxazkure, uto By 1 (3**+D) < (k4 1)% upu k > 2.

CepuiiHble OIIEHKN CHU3Y

3.7.  a)  Hokaxure, uro [, (n) < [, (2F) npu n < 2F,
b)  Jokaxure, uto B, (n) < B, 1(3%) nmpu n < 3.
3.8. a)  JHoxaxwure, uto I, (n) < I, ,(N) mpun < N.
b) Hokaxnre, aro B, 1(n) < B, 1(N) mpun < N.
d

d+1

3.9. a) Hokazkure, uro ecmu [, 1(n) = d, To > n. (Dra onenka He 3aBucuT or x!)

d

b B, =d, 70 —
) okazxwure, aro ecan B, 1(n) 0 ST

> n.

4 TouyHble pe3yJabTaThbl

DTOT pasjies MOCBAIIEH CBEJIEHUIO BEPXHUX ONEHOK ¢ HUXKHUMH. 1109TOMY OH HAYHETCsl OUAThH C
pa3bopa «MaJIeHbKUX YACTHBIX CJIYIaeB».

4.1. a) Hokaxure, uro 1, (24) = 7.

b) Hoxkaxure, uto By1(3°) = 9.

4.2. a) Cpenu Kakoro HauOOJIBIIErO YHCIa MOHET MOYKHO BBISBUTE (basbmuByto Ha 41[1]
3a 15 recrupoBannii? (nate rosopsi, Haiiure Hanbosbinee n takoe, 4ro 1, 4 (n) < 15.)
b) Cpen KaKoro HauOOJIBIIErO YHCJIa MOHET MOXKHO BBISBUTH (asbimByio Ha 48[1] 3a 13
recrupoBannii? (Muade ropops, Haiijure HanbosbIinee n Takoe, uro By(n) < 13.)
c) A 3a 40 recrupoBanuii?
4.3. Ilpusemure npumep takoro n, uro Byi(n) < Bsi(n).
4.4. a) Hokazure, aro [, (2%) = k +1ogy k 4 ¢y, /i€ HOC/IEN0BATENBHOCTD Cyp OIPa-
HITIEHA.
b) Jokazkure, 9TO B4,1(3k) = k + logs k 4 Cyp, TJIe IOCTIEI0BATEIBHOCTD Cpj, OIPAHUYCHA.
c) Haiinre BO3MOXKHO JIydiliee OrpaHIYIeHe CBepXy Ha 9Ty MOCJIEI0BATEIbHOCTb.
4.5. a) Hoxazkure, uro [1,,(n) = [, 1(n) ana moboro n u x> 4.
b) Hoxkazxure, uro B, 1(n) = By1(n) maa moboro n u x> 4.

Ecmu (npu dbukcupoBanHOM ) J71s HEKOTOporo t BhmonHa0Tca pasenctsa [, (n) = I, (n)
(Bts(n) = B, s(n)) npu Bcex & > t, TO TaKOe YHCIIO YCTPOHCTB MbI Oy 1M HA3BIBATD U0EAAbHVIM (15
JIAHHOTO YHCJIa CJOMAHHBIX YCTPOHCTB §). VIHBIME cjioBaMM, YBEJMYMBATH KOJHYECTBO YCTPOHCTB
6ecembicienno. Ilpeapraymas 3a1atda MoKa3bBaeT, 9T0 4 yeTpoiicTBa — HJICATBHOE THCJIO JIS OJf-
HOTO CJIOMAHHOTO.

4.6. a) Bepma s omierka Toro e BUJQ, UTO U B 3a1ade 4.4, 1 sz, (n)?

b) Tor ke Bonpoc 1po By 1(n).



BapenuBanus co cjioMaHHLIMU BecaMu. Perrennst

K. Knom, I'. Hennokos, 1. bormanos

2 BsBoasble 3a/1a4un: KOHKPETHBIE CJIyYan
Y910 TOYHO MOXKHO?

Msr Oyzem it KpaTKOCTH HA3bIBATh (asabmusyo Morery OM.

3ameTuM, 9TO eCJId €CTh BCETO OJINH CJIOMAHHBIN TecTep, U MOKa3aHus JBYX TECTEPOB HA KAKOM-TO HAOOPE COBITAJIH,
TO 9TU MOKA3aHUS UCTUHHBI.

2.1. Yceaosue. Tpemsa secamu, u3 KOMOPLIL 00HU CAOMAHDL, MONCHO U3 3 MOHEM HAUMU Garvwueyro 3a 3
sasewusanua (Ha ydobrnom asvike: Bs1(3) < 3).

Pernenne. B3secum mepsblie JiBe MOHETHI HA BCeX Tpex Becax. Kak MUHMMYM JiBa pe3ysibTara COBIAIYT — 3TO U
OyZeT IPaBUIBHBIN Pe3yJsibTaT 3TOro B3BemmBanus. 1o nemy, ogeBumno, onpenesserca M.

2.2. a) Yceaosue. Tpemsa demexmopamu, U3 KOMOPHIT 00UH CAOMAH, MOAHCHO U3 8 MOHem HATUMU Pasb-
wueyro 3a 6 mecmuposanut. (Ha ydobnom asvixe: /3 1(8) < 6.)

Pemtenue. Paznmenum Bce MoneTs! Ha 4 rpymnmnsl 1Mo e MoHeThl. [IpoBepuM mepBbIM JeTeKTOpPOM Ipymmbl 1 u 2,
a BropbiM — rpymibl 1 u 3. Be3 orpanuyenus 06IIHOCTH MOXKHO CUATATD, 9TO 008 OTBETA HOJIOKUTEIbHBI (oueMy?).
Torma TperbuM JIeTEKTOPOM MPOBEPUM TpyIibl 2 u 3. Bo3MOXKHBI J1Ba, cirydas.

1. Iycre orBer orpunaresen; Torga M B rpymnme 1 (nHaue xors 661 gBa gerekTopa cospasn!). IIposepus oxry
MOHETY M3 9TO¥ I'PYIIIbI HA BCEX TPEX JeTeKTopax, Mbl Haiizem OM.

2. Ilycrp oTBEeT HA TPEThEe UCHBITAHKUE [OJOXKUTENeH. TorjJa y2Ke TOUYHO OJMH U3 JIeTEKTOPOB coBpaJ (1 eciu Obl
y HAC UMEJICI B HAJIMYUU YETBEPTHINA, TO OH TOYHO Obl 6bL1 pabounm — HO u 6e3 Hero Bce nosydaercs!). [Iposepum
rpynnbl 1 u 2 — rernepb Ha BTOpoM jerekTope. FEcim orser nosioxkuresied, To @M TOYHO B 3TUX I'PyIIax, Tak Kak
9TO yTBEPXKJAIOT J[Ba JETEKTOPa; 3HAYUT, IIEPBBIil JeTEKTOP Ha MEPBOM UCIBITAHUNA NOBOPUJI IIPABILY, & BPAJ TOIJA
smb0o BTOPOIL, b0 Tperuil. Eciu xKe oTBeT oTpHnaTeseH, TO 00 HepPBbIi, JJU00 BTOPOI JI€TEKTOD JIXKET, & 3HAYNT,
Tperuit — pabounii, nosromy @M B rpynme 2 win 3.

Uroro, mocste 4 TecTupoBaHUsS MBI OIpEe/II PAdOUMil JEeTEKTOP W JBe T'PYIIILI, B KOTOPBIX Haxomurcs PM.
Tora ee Jjierko HAWTH 38 2 OCTABIIUXCST UCIIBITAHS.

b) YcaoBue. Tpems secamu, u3 KOMOPHIL 0OHU CAOMAHDBL, MOACHO U3 9 MoHem HaGMU Pasvuwusyro 36 4
sasewusanus. (Ha ydobnom asvixe: Bs1(9) < 4).

Pewmenne. [lng ynobcrsa 3anymepyeM MoHeThl ducjaamu or 0 10 8 u 3amumieM uX B TPOUYHON 3anucyu (TaKuM
0bpa3zoM, KaxK0il MoHeTe conocrasiena napa mudp or 0 go 2). Ilepsoe B3BeruBaHue JejaaeM HEPBLIMU BECAMU B
COOTBETCTBUU C TePBOi 1mdpoii HoMepa: Ha JIEBYIO Yallly KJaJeM MOHETHI, y HOMepa KOTODPBIX IepBasd mudpa 0, xHa
[paByO — y KOTOPhIX oHa 1. Bropoe B3BeluBaHue jejiaeM aHAJIOIMYHO BTOPBIMU BECAMU B COOTBETCTBUU CO BTOPOIA
nudpoit HoMepa. Be3 orpannyeHust OOITHOCTU MOYXKEM CYUTATH, YTO 0068 pa3a BeChl TOBOPUJIH, YTO (pajIbIIuBast MOHETA
Ha JjieBoit uame. Toryua 4 MoHerbl 6e3 Hyseil B HOMepe TOYHO He (aJbIiuBble (MHAYE COBPAJIM U IIEPBBIE, U BTOPbIE
BECHI).

Teneps pazobbem MOHETHI HA TPU I'PYIIBL CaeAylomumM obpazom: B omay momectum 00, B apyryio 01 u 02, B
Tperbio — 10 u 20; JOMOTHUM BCe IPYIIBI JI0 TPeX MOHET TOYHO He (DaJIbIIUBBIMUA U B3BECUM TPETHUMU BECAMHU.

Eciau Bechl ckazamm, 9o dasnbmmsas B rpymne ¢ 00, To 310 u ectb 00 (MHAUE 1BOE BECOB COBPAJIN), U Y€TBEPTOE
B3BEIIMBaHUe He ToHa100mI0ch. Eciu B3BemuBanue ckasajo, 9yro gajbimubas B rpyiie ¢ 01 u 02, To Tperbu Bechl
IpoOTUBOpEeYaT BTOPHIM. 1l09TOMY XOTsT OBI OHM M3 HUX COBPAJIM, a 3HAYUT, IePBble TOYHO mcrnpasubl. Ho Torma y
dasbmmBoil repBas rudpa geiicteureabno 0; TakuM 00pa3oM, OCTAINCH Jinlllb Tpu Kanaumata #a M u ogam TogHO
UCIIPpaBHBIE BECHI, KOTOPbIMU MbI HaxoauM @M 3a 1 xoj1. AHAJIOrMYHO TOCTYIIaeM, €CJIU TPEThe B3BEIINBAHUE CKA3aJI0,
qaro dagpiuBas B rpymie ¢ 10 u 20.

2.3. a) VYciosue. Tpema demexkmopamu, u3 KOMOPLLL 00UH CAOMAH, MONCHO U3 32 monem Halmu
Parvwueyro sa 9 mecmuposanut. (Ha ydobrom asviwe: 3 1(32) < 9.)

Pemrenne. Pa3zobbeMm Bce MOHETHI HA 4 I'PYIIBI 110 8 MOHET B KaXKJ0# M IPUMEHUM TOT YK€ AJTOPUTM, 9TO U B
zazade 2.2a). Torya B cirygae 1 Mbl 332 3 TeCcTUPOBaHUsI HAllIeM IPYIILY U3 8 MOHET, KOTOPAasl COAEPKUT (DasbIINBYIO;
NPUMEHsIST Ty YKe 3aJ1a9y, MBI ¢JlesaeM Tpebyemoe. Bo BTopoMm ke ciryuae Mbl 33 4 TeCTHPOBaHUST HAHIEeM J[Be TPYIIIIbI,
OJIHA U3 KOTOPBIX COAEPKAT (DasIbIIMBYIO, & TakxKe HaiijieM oauH pabounii gerekTop. C MOMONIBIO Hero Mbl erre 3a 4
ucnbltanns HafizeM @M — B 9TOM citydae MBI J1ayke OOOIIINCH 8 TECTHPOBAHUSIMH.

b) VYceaoBue. Tpemsa secamu, us KOMOPHT 00HU CAOMAHDL, MONHCHO U3 81 monemovr Halmu Pasvwusyio 3a
7 szsewusanuti. (Ha ydobrom aswixe: Bz 1(81) < 7).

Pemrenue. Anasnornusno 2.2b), 3aHymMepyeM MOHETHI 110¢je0BarebHoCTsIMI 13 4 1udbp 0, 1 nim 2, u nposesem
[epBOe B3BEIMBAHKE TI0 IEepBOii 1 pe Ha IEPBLIX BECax, a BTOpPOe 110 BTOPOil 1udpe — Ha BTOPHIX. bes orpanndenns
OOIITHOCTH MOYXKEM CYHATATh, YTO 00a pa3a BeChl TOBOPHUJIH, 9TO (aJbInuBasg MOHeTa nMeeT nmudpy 0 B COOTBETCTBY-
ormeM paspsze. OTciofia ondTh XKe CJIeyeT, YTO MOHETBI, y KOTODBIX IepBas W Bropas nudpa TOYHO HE HYIH —
HACTOSIIIHE.



Tenepsr pazodbeM MOHETHI HA TPU TPYIIIBI CJIEIYIONMM 00PAa30M: B OJHY ITOMECTUM 9 MOHET, y KOTOPBIX IEPBbLIE
nse udpsr — 00, B apyryo — 18 moner ¢ mepsbivMu JByMs mudpavu 01 wm 02, a B Tpersio — ¢ mudpamvu 10 u 20;
JIOIIOJIHMM BCe T'PYIIIbL J0 27 MOHET TOYHO He (pasIbIIUBBIMU U B3BECUM TPETHUMU BECAMU.

Ecisin Bechr ckazasm, uro dganbmubas B rpyiie ¢ 00, To 9T0 1eifiCTBUTEIBHO TaK, U Y HAC OCTAJI0Ch 9 MOHET, Cpeu
KOTODBIX €CTh (baJsibIiuBasi, U 4 B3BEIIUBAHUS. DTO CBOAUT 33124y K 2.2b).

Econ B3BemuBanme cka3aso, 4ro dagbimbas B rpytie ¢ 01 1 02, To TpeTbu BeChl TPOTUBOPEYAT BTOPHIM. SHAUUT,
XOTs OBI OJTHU U3 HUX COBPAJIN, IIOTOMY IepBble TOYHO nctpasubl. Ho Torma y @M nepsas mudpa aeiicteurensno 0.
Teneps MbI uMeeM 27 MOHET, Cpe KOTOPBIX €CTh (QajbIINBasi, X OJHA TOYHO HUCIPABHBIE BECHI; C MOMOIIBIO HUX
MBI Haxo/uM (asbIuByo 3a 3 X018 (a ceapMoil JarXke He MOHAIOOUIICS ). AHAJIOIMIHO MBI IOCTYNIAEM, €CJIH TPEThe
B3BEIIMBaHUE CKa3aJ10, YTo (aJibiiuBast B rpyrire ¢ 10 u 20.

YT0o TOYHO HEJIb357

2.4. VYcaosue. I3 deyxr monem neav3s natimu Gaisviwusylo 3a 2 mecmuposanui,/636eUUSGHUA (AI100bM HUC-
A0M 06wz yempotiems, cpedu komopuixr ecmo caomannvie). (Ha ydobrom aswe: A, 1(2) > 3, By 1(2) > 3).

Permtenne. Ecim oba TecTHpoBaHUS MBI JeIaeM OJHUM YCTPOHCTBOM, TO OHO MOXKET OKa3aThCsS CJIOMAHHDLIM, W
MBI He HOJIy9uM HUKaKoil nHbopManuy. Eciam MBI HCIIOIB30BAIN PA3HbIE YCTPONHCTBA, TO B CJIydae IPOTUBOPEIAIIAX
OTBETOB MBI HEé MOXKEM OIIPEJEJIUTD (DaJbIIUBYIO.

2.5. a) Yceaosue. J106vim wucaom demekmopos, cpedu Komopur ecms CAOMAHHI, Heab3a Hatimu danb-
wueyto monemy us 2% monem sa k mecmuposanudi. (Ha ydobrom asvre: [, 1 (2F) > k).

Pemuenne. Ilpemnonokum, 910 3TO BO3MOXKHO.

[IycTh HEKOTOpBIE TECTHPOBAHMS YK€ CJIEJIaHbl. PacCMOTPUM BCEe MOHETBHI, KOTOPBIE Cefdac MOTYT OKa3aTbCsl
danbIuBbIME. 3aMETHM, 9TO IPU HEKOTOPOM HCXOJIE CJIEIyTOIIEro B3BEITUBAHUS UX KOJIMYECTBO YMEHBIMUTCS HE 6O-
Jiee, ueM BaBoe (ubo Kaxkplil KaHAUAAT Ha (DAJIbIIMBOCTD XOTsI ObI [P OJHOM M3 MCXOJOB CJIEJIYIONIErO B3BEIIUBAHMS
[POJIOJIZKUT OCTABATHCS TAKUM KAHIUIATOM ).

Ha niepBoM X0/Iy KOJIMYECTBO KAHIUJATOB B (haJbIIUBbe HE YMEHbIIAJIOCHh (MO0 MEPBBIil JeTEKTOP MOI' COBPATH).
ITosToMy 3a k MmAros IIpu HEKOTOPOM HAGOPE HCXOJI0B OHO yMEHBIIIOCH He Gosiee, uem B 271 pas, To ects ocTasoch
6osibmire 1. Takum o6pa3om, mpu 3TOM HAOOPE MCXOJOB MBI SBHO HE CMOIVIA OJHO3HAYHO ONPENE/NTDH (DaIbIIUBYIO
MOHETY.

b) YcaoBue. JIobvim wuciom 6ecos, cpedu KOmopvlr eCmb CAOMAHHDLE, HEAB3A HATMU BAILWUBYIO MOHEMY
uz 3% monem za k essewusanuti. (Ha ydobnom asvxe: By 1(3F) > k.)
Pemenne. AHaJIOrMYHO, TOTBKO KOJIUYIECTBO KAH/IMIATOB JEJINTCH HA 3, a He Ha 2.

2.6. a) VYceaoBue. J06bim wucaom demekmopos, cpedu Komopuly ecim CAOMAHHbLE, HeAb3A HaUmu darv-
wueyro monemy uz 2% monem za k + 1 mecmuposanue. (Ha ydobrom asvixe: ,ZZ%I(Zk) >k+1).

Pemenne. Byjem rosopurh, 9TO TECTHPOBAHHE 0MKA3GA0 JAHHON MOHETE, €CJIM OHO [I0KA3aJI0, YTO MOHETa
HAXOJWUTCSI B IPYTOii rpymile, Hexken dasbumsasi. VIHBIMI CI0BaMH, €CIi TECTHPOBAHNE OTKA3AJI0 MOHETEe, TO HJIH
MOHeTa He (QaJIbIINBAs, UIH JETEKTOD CIOMAH.

AHayIOrudHO JOKA3aHHOMY B IpeIbLAyIneil 3anatde, ecau Obl 3a k + 1 TecTupoBaHMe MOXKHO OBLIO OIIPEIENTH
dasbmBy0, TO HOCJIE BTOPOrO TECTHPOBAHUS MOHET, KOTOPBIE MOI'YT OKa3aThCs (baJIbIIMBLIMHU, JOJKHO OBITH He
Gostee 281, Ho yrrobast MoHeTa, KOTOPOI He 0TKA3AJI0 XOTsI GBI OJJHO TECTHPOBAHME U3 IMEPBBIX JIBYX, MOKET OKA3ATHCS
danpumBoit (ecsu Apyroe TeCTUPOBAHUE JEIAIOCH HA CJIOMAHHOM JIETEKTODE).

IlepBoe TecTHpOBaHUE IPH OHOM U3 HCXOJOB OTKA3bIBAaeT He Gojlee, YeM i BCeX MOHET; TAKMM 0Gpa3oM, B 3TOM
Cllydae [epBOe TECTUPOBAHIE HE OMKA3bi6Gem XOTs ObI IIOJIOBUHE BCEX MOHET. BTopoe ke IIpu HEKOTOPOM HCXOJe He
OTKasKeT ellle KaKoi-HUOY/[b MOHETE. 3HAYUT, CTPOro OOJIbIIE HOJOBHHBI MOHET MOTYT OKa3aTbCs (DajIbIINBBIME —
LIPOTHBOPEYHE.

b) Ycnosue. J106vim 4UCAOM 6€C08, CPEDU KOMOPHIT ECTND CAOMAHHBIE, HEAIA HATUMU PANILUUSYN MOHEMY
uz 38 monem sa k + 1 essewusanue. (Ha ydobrom asvixe: By 1(3%) >k + 1.

Pemtenne. AHajOru<HO: OJIyHaeM, UTO [IEPBOE B3BEIINBAHIE He OTKAYKET XOTsI OBl TPETH BCEX MOHET, a BTOPOe
He OTKasKeT elre Kakoi-Huby b MoHere. [loaroMy mocsie epBBIX JBYX B3BeNIMBAaHUIT KaHANIATOB OyeT GoJIbIe, YeM
TPEeTh BCEX MOHET.

c) YceaoBue. J106bim wucaom 6ecos, cpedu Komopuir ecmb SBOE CAOMAHHYIT, HeAb3A HATUMU HuIbUUBYI0
monemy us n > 35 monem za 11 essewusanuti. (Ha ydobrom asvike: By o(n) > 11, ecau n > 36.)
Permtenne. Pemenne 3T0ro myHKTa HaXOINTCA B KOHIIE pasiena 3.

3 TI'pyOwie, HO cepuiiHble pe3yJbTAaThI

Cepuiinble OIEHKHA CBEPXY

3.1. VYcaosue. a) s xaorcdozo k natidume munumanvroe maxoe K, wmo [y . (n) < oo npu arobom n
(mo ecmv, HatGoume MUHUMAALHOE HUCAO 0eMERMOPOS, NPU KOTMOPOM 6006ULe BOSMOXKHO HAUMU Haivwusyo mo-
Hemy,).

b) Tom otce sonpoc das ecos.

Pertenne. Pemrenne ne 3aBUCAT OT THIIA TECTEPOB.

OtrBer. K =2k + 1.



ITycre uneno tecrepor < 2k, a danbmmBasg MoHeTa — A. 3acTaBuUM BCe CJIOMAHHBIE TECTEPHI JEHCTBOBATH TAK,
kaK Oynaro danbmuBasg monera — B. Torga HMKOrZa He yJacTCd BBISACHUTH, TO JIU BCE CJOMAHHbIE CJIOMAaHBI (U
danpmmsast — A), To sm Bce HaobopoT (n danbmmBas — B).

Ecuu ke Tectepo 2k+1, TO MOXKHO KazK 1yt MOHeTy (MM KarK/[yI0 [apy JJIsl BECOB) IIPOBEPUTDH HA BCEX TECTEPAX;
k + 1 u3 pesyabTaTOB COBIAYT — 3TO M OyJyT UCTHHHBIC PE3yJIbTATHI.

3.2. a) Yenosue. Jokaoicume, wmo Mg (25) < 2k + 1.

Pemerane. MNunykuums no k. Ilpu k = 1 nposepum 1epBy0 MOHETY BCEMHU TpeMs JIETEKTOPAMH; J[Ba COBIIABIINX
OTBeTa OyIyT MCTHHHBIMI.

Iycrs mpu k = ¢ yrBepkaenne nokasano. Pacemorpum 207! Moser m nposepnm nepsble 2 3 HEX Ha HEpPBBIX
IByX Tecrepax. Eciam pesysbTaTsl COBIAJAIOT, TO OHH MCTUHHBI, U Mbl COKPATH/IM IHCIO MOHET 10 2'; mpumensis
IIPEJIIIOJIOXKEHNE MHIYKIINH, TI0JIydaeM TpebyeMoe.

Ecsu e pesy/braTsl Pas/IH<HbL, TO OAUH U3 IEPBBIX JBYX JETEKTOPOB CJIOMAH; TOLJa TPeThUM (3aBeJOMO pabo-
YMM) JEeTEKTOPOM MbI 3a ¢+ 1 ucnbitanue Hajinem ®M; B 9TOM ciryuae Mbl HCIONIB30BaMM He Gostee t+3 < 2(t+1) +1
HCIIbITAHWA.

b) VYenosue. Jlokascume, wmo Bz 1(3F) < 2k + 1.
Permtenne. CoBepIIeHHO aHATOIHIHO.
3.3. a) VYenosue. Joxascume, wmo Bz 1(3%F) < 3k + 1.

Pemenne. Ousarb uapykius; 6a3a upu k = 1 — s1o 3amaua 2.2b). Ilepexon abCOIOTHO aHAJIOTMYEH DeIle-
HUo 2.3b).

b) VYenosue. Jokaocume, wmo [y 1 (22%) < 3k + 2.

Pemienne. AHaJOrm4HO, MHIYKIW; [IEPEX0]l aHajorudeH pemenuio 2.3a). Basa JoKa3blBaeTcss U3 TeX Ke CO-
obpakeHnuit; UMeHHO, MbI Jub0 3a 3 ucnbiTanus wHaxomum OM, smbo 3a 4 gerekuu HAXOIUM APy MOHET, CPEIn
KOTOPBIX eCTh asbImBasi, n pabounii merekrop. Torma 3a ocrasineecs: ucubitanne Mbl Haiizem OM.

34. a) VYceoBue. Jlokasicume, wmo npu 6eCKOHEUWHOM HUCAE 0EMEKMOPOS, U3 KOMOPUT 00UH CAOMAH,
MOJICHO 6bLAGUND 00Ky Parvuwusyio monemy us 2% sa k—+o(k) essewusanuti. Unvmu crosamu, J ., 1(2F) = k+o(k).

Pemenne. 3anymepyem Bce MOHeTHI k-3Ha9HbIMU JBondHbIMA YrcsiaMu (or 0...0 no 1...1). Ilepsoivu k B3Be-
[IMBAHUSIME IPUMEHNM [epBble k JIETEKTOPOB: KaXK bl — K CBOEMY JIBOMTIHOMY Das3psiiy. Be3 orpannyuenus: o6IHO-
CTH, IIyCTh KaXK/plil U3 HUX OTBETUJ, YTO y (DAJbIIMBON MOHETHI B COOTBETCTBYMOIIEM paspsiae crout 0. 3HauuT, B
soboMm caydae exunnuni; B Homepe PM ne Gosbie OHOIA.

IMpumenum (k + 1)-it merexrop K mouere 0. .. 0. Eciu on rosoput, 4ro ona daJbinusasi, TO TaK OHO U €CThb (MHAYE
JiBa jieTeKkTopa cosrain!). lnade Ml IOHIMaEM, 9TO KAKOH-TO I€TEKTOP U3 HEPBBIX k+ 1 cosras, n mpu 9TOM 0CTAJICH
k + 1 xaamunar Ha dansmuBocTb. 13 srux kaHamaaTos MoxHo Halitn ®M (k + 2)-m (paboumm!) gerekropom 3a
< logy(k+ 1) + 1 ucnbrranuit. roro mbl cripaBuimch He Goutee, geM 3a k+ 1 +1ogy (k + 1) + 1 = k + o(k) ucubrranmii.

b) VYciosue. Jlokaorcume, wmo npu 6eCKOHEWHOM YWUCAE 6ECOS, U3 KOMOPLIT 00HU CAOMAHbL, MOINCHO 6bl-
asums odny darvwueyro monemy us 3* sa k + o(k) essewueanuti. Hnvimu caosamu, Bao 1(28) =k + o(k).
Pemrenne. AGCOIIOTHO aHATIOTHIHO.

3.5. Vcaosue. a) Hokascume, wmo cyuecmeyem T maxoe, 4mo ﬂ%l(Qk) =k+ o(k).
b) Joxascume, wmo cywecmeyem x maxoe, wmo By 1(3%) =k + o(k).

Pemenne. Cnemyer u3 caemyromeil 3a1a4m.

3.6. b) Venosue. Jokasicume, wmo By 1 (3FF+1) < (k4 1)2 npu k > 2.

Pemrenue. Pemum 3ajauy napykiuei o k, 6aza ais k = 1 gokasana B 2.2.b.

Kaxk u panbIe, HyMmepyeM MOHETBI B TPOUIHOI cucteme cuucyienus. [lepsbie k B3BemuBanmii jgesiaeM mo nepBuiM k
pas3psijiaM Ha [epBbIX Becax, BTOpble k B3BEITUBAHUN — 110 CJIeIYIONM k pa3psiiaM Ha BTOPBIX Becax. bes orpanunde-
HUsI OOIIHOCTU MOXKHO CYUTATh, YTO BCE B3BEIIUBAHUS IOKA3bIBAJIN, YTO y (PAJIbIIUBOI MOHETHI B COOTBETCTBYIOIIEM
paspsie crout 0. Tenepb, eciu y Homepa @M ecTb He HOJIb KakK B NEPBBIX k pa3psjax, Tak U BO BTOPBIX, TO U
[epBble, U BTOPBIE BECHI COBPAJIN. SHAUNUT, BCE TAKWe MOHETHI TOUYHO HAcTOsIue (6y1eM UX HA3BIBATH IMAAOHAMU).

s (2k + 1)-ro B3BemuBaHus Pa3ieiuM BCe HEITAJIOHBI TaK: B OJHY IPYIILy IIOMECTHM MOHETBI, Y KOTODBIX B
epBBIX 2k paspsiiax TOJBKO HYJIH, BO BTOPYIO — MOHETBI, y KOTOPBIX HYJIX B TIEPBBIX k pa3psijiax, HO €CTh He HYJIU B
paspgazax ¢ (k+1)-ro mo 2k-ii, a B TpeThIO — MOHETBI, Y KOTOPBIX €CTh He HYJIU B IIEPBBIX Kk Pa3psiax, HO B Pa3paIax
¢ (k + 1)-ro mo 2k-it Bce udpbl — Hyau. fcHO, YTO BO BTOPOi M TpeThel IpyIax MOHET IIOPOBHY; B3BECHM UX
TperbuMu Becamu. Eci B3BeIMBaHNEe YKAa3aJ0 HA IIEPBYIO I'PYIILY, TO BCE PE3YJIbTAThl B3BEIINBAHUIT BEPHBI (MHAE
XOTs OBl JIBOE BECOB JIABAJM HEBEPHBIl PE3y/IbTaT); 3HAYMT, HAM OCTajoch 3a k? B3pemmBanmit ysuath k(k — 1)
Pa3psAI0B, YTO BO3MOXKHO II0 [IPeJIIoJIOKeHno uHykimu. Eciau (2k + 1)-e B3BemuBanue yka3aJjo Ha BTOPYIO IPYIIILY
(17151 TpeThell AHAJIOIUYHO), TO IOKA3aHUS TPETHUX BECOB IIPOTUBOPEYAT IIOKA3AHUSIM BTODBIX, 3HAYUT, [IEPBbIE BECHI
TOYHO MCIpaBHBL. TOrya MbI y’Ke BBICHHJIN IIePBEIE k PA3pAIOB, U 33 OCTABIINECS k2 B3BENIMBAHUN HMCIPABHBIMI
BeCaMU BBISICHIM OCTABIIIHECS.

a) VYcaosue. Jokaxrcume, 4mo ﬂ3,1(2k(k+1)) < (k+1)2 npuk > 5.

Pemrenne. AHaJIOrHIHO IyHKTY b) MOXKHO IOMyIHTb 1yTh Gostee cirabyio onenky g 1 (2FkE—1/2-1) <
< k(k+1)/2 — 1. IToxoxe, uro Gojiee cuIbHAs, K COXKAJIEHUIO, CjleiyeT juiinb u3 4.4.

Cepuiinbie OITEHKU CHU3Y

3.7. a) Yenosue. Jokascume, wmo [, 1 (n) <, 1(2F) npun < 2.
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Permtenne. Cwm. permenne 3.8a).

b) VYenosue. Joxascume, wmo By 1(n) < By 1(3%) npun < 3k,
Pemenne. ZKmopu He U3BECTHO IPOCTOrO JOKA3ATEILCTBA STOrO (PaKTa.
3.8. a) Ycnosue. Joxastcume, wmo A, 1(n) < A, 1(N) npun < N.

Pemtenue. Ilycrs ecTh KakoW-TO ajropuTM, IO3BOJISAIONIAN OMPEIEINTh QaJbIUBYI0 Monery u3 N mryk. Pac-
CMOTPUM 73 MOHET U J00aBuM K HUM N — 1 (PUKTUBHBIX. [[pUMEHUM K HUM TOT Ke ajJIlOPUTM; IIPU ITOM, €CJI HaM
HaJI0 Oy/IeT KJIacTh B JIETEKTOD (DUKTUBHBIE MOHETDI, HE OY/eM KJIACTh BMECTO HUX HUUETO. SICHO, UTO P 3TOM MBI
HalieM (HaJbITUBYI0 MOHETY 3a TO K€ YUCJIO UCITBITAHUIA.

b) VYceaosue. Jokaotcume, wmo By 1(n) < By 1(N) npun < N.

Pemtenune. 2Kiopu He M3BECTHO MPOCTOTO IOKA3ATEIHCTBA ITOTO (PAKTA.

3.9. MpuI npuBeseM JBa pertenus 3Toi 3aga4au. Oba perenus ToOAATCs st 000X IIYHKTOB ¢ HE3HAUUTEIHHBIMA
U3MEHEHUAMH; Mbl HAIIUIIIEM OJIHO U3 HUX /IS IIEPBOT'O IIYHKTA, & JIPyroe — Jijis BTOPOTrO.
d

a) Yenosue. Jlokasicume, wmo ecau /I, 1(n) = d, mo = n. (9ma ouenra ne 3asucum om x!)

d+1

Pemtenne. Paccvorpum anroputwMm, nosossionuit Hafitu @M 3a d xomoB. IlycTh Mbl KAaKUM-TO 00pa3oM €ro
[IPOBEJIN; 3AIIMIIEM PEe3y/IbTaThl UCIBITAHUN B CTPOYKY. ¥ HAC HOJIy4YWjach crpoka u3 d 3uakos «l» u «H» (o3na-
YAIONMX «Ja» U «HeT» ). [Ipu 9TOM [0 CTPOYKEe Mbl yMeeM BOCCTAHOBUTH, KAKME MMEHHO B3BEINUBAHMS MbI JICJIAJIH
(u6o 110 1IEPBBIM ¢ PE3yJbTaTaM aJI’OPUTM OIIpPEJeJisieT, YTO 33 B3BelluBaHue jenaercd Ha (i 4+ 1)-m mare), a 3Hauur,
KaKJI0 TaKo# CTpoUKe OJHO3HAYHO cooTBeTcTByeT M.

Tenepb BLICHUM, CKOJILKO TaKUX CTPOYEK COOTBETCTBYeT ojHoMy BapuanTy ®M. Ux xorsa 6wl d + 1; neiicTsu-
TEJIbHO, €CTh KAK MUHUMYM Takue cTpouku: 0) B KOTODOI BCe OTBETHI NpaBW/bHbIE; 1) B KOTOPOIl POBHO TIEPBbIii
OTBeT HEBepeH; 2) B KOTOPOH TOJLKO BTOPOIl OTBET HEBEPEH; . .. ; k) B KOTOpOil poBHO k-ii oTBer HeBepeH. fcHO, UTO
crpoka () OTIM9aercs OT BCeX OCTAJIbHBIX; CTPOKH 2Ke 1) U j) (upu 4 < j) OTJIMYAIOTCs XOTs Obl B i-M pa3psiie.

Taxum 06pa3oM, CTPOK He MeHbIe, ueM n(d + 1); ¢ Apyroil CTOPOHBI, BCeX BO3MOYKHBIX CTPOK He Gosrbe, wem 27,
Taxum obpasom, n(d + 1) < 24, uro u Tpebosasocs.

3ameuanwne. V3351010 J0Ka3aTENBCTBA BUIHO, KAK JIOJIZKEH OBITh YCTPOEH aJITOPUTM, €CJIU MbI XOTHM €0 CIe/IaTh
6iu3KNM K 910# onerke. Ona Gyer TouHOl, ecin a) (mo4uTH) Bee cTpoukn Oy 1y T BodMoxkub! 1 b) (1) ecom kakoii-To
TECTEP COBPET, TO MBI CMOXKEM 3TO PACIO3HATH JI0 BTOPOTO €T0 UCIIOJIb30BaHUA. JIefCTBUTEIBHO, €C/TM MBI 3TOTO He
CIIETIAEM, TO KOJUIECTBO CTPOK, COOTBETCTBYIOMMX OHOH DM, yBegI/I‘{I/ITCH.

2d+1
Pemtenue. Bgenem obosnadenns. [Ipn kaxkmoM B3BEITUBAHUN MBI JI€JIUM MOHETBHI HA TPU T'PYIIILI, U O9€PETHbBIE

BECHI OTKA3BIBAIOT MOHETAM JBYX I'pymnm. IIyCTh y2Ke CIejaHbl HEKOTOPBIE B3BEIIMBAHUSA. 1OT/Ia MOHETBI, KOTOPbIE
BCEr/Jla OKa3bIBAINCH B «(hasbIIUBON» TPyIe NMPU B3BENIMBAHWM HAa i-X BECAX, HA30BEM (PAAGWUSHMU C MOYKU
3DEHUA ITUX BECOB.

Toria rocJie HECKOJIBKUX IIAI0B AJrOPUTMAa BCe MOHETHI JIeJISATCsI Ha cieyomnue rpymmsl. 1) Morerst, dbanbmnsbie
C TOUKM 3PEHUs] BCEX BECOB; TAKNe MOHETHI MbI Oy/IeM Ha3bIBATh nododpesaemvimu. 2) MoneTsl, basbIuBbe ¢ TOUKH
3PEHHs BCEX BECOB, KPOME i-X; TAKHEe MOHETBI MbI Oy/IeM HA3BIBATH OMKA3HUKAMU 1-20 Mund. SICHO, 9TO 3TH MOHETHI
MOI'YT OKa3aThCs (QAJBIIUBBIMUI, TOJLKO €CJIH i-€ BEChI cJIoMaHbl. 3) MoneTsl, KOTOpbIe X0Ts Obl JBOE BECOB IIOMEINAJIN
B TPYIIly HACTOSINNX; TOTJA OHU W SBJISAIOTCS HACTOAIIMMU, U UX MBI OyJIeM HA3BIBATH 9MAAOHAMU.

IMycTsb y HAC UMEETC AJITOPUTM, O3BOJIAIONINI HaliTn (DaIbIIUBYIO U3 1 MOHET 3a d maros. Mbl MOXKEM CYUTATD,
YTO OH BCerJia 3aKaHIMBAeT CBOK PaboTy POBHO Uepe3 d Maros (eCJi 3T0 HPOUCXOJUT PAHbIIe, IIPOCTO CEJNAEM eIre
HECKOJIBKO IIPOU3BOJIbHBIX B3BENIUBAHUIA).

Bgeesem moHsATHE 3HAMUMOCTIU MOHETHI B HEKOTOPBIH MOMEHT aJrOpuTMa. EC/m 0CTaIoch eme m maros JI0 KOHIA
ajaropurMa (TO ecTh cuesano d — m mwaroB), To 6yJeM IOBOPUTH, YTO 3HAYUMOCTH JIOOON 11003PEBAEMOli MOHETHI
paBHa 2m + 1, a 3HAUNMOCTBH JIFOGOrO OTKAa3HUKA — 1 (3HAUMMOCTH ITAJOHA PABHA HYJI). SHAYAMOCTHIO CUTYAIUH
HA30BEM CyMMAPHYIO 3HAYUMOCTH BCEX MOHET.

3ameTuM, YTO eCIIM B CUTYAIUHI CO 3HAYMMOCTBIO I JIEJIAETCs HEKOTOPOE B3BeIBaHue (CKazkeM, Ha IIEPBbIX Becax),
TO CyMMa 3HAYUMOCTEH TPEX CUTYalluil, B KOTOPBIE MBI IPHJIEM TIPU TPEX BO3ZMOXKHBIX PE3YJIbTATAX B3BEITUBAHUS, HE
MeHbIne Z. JIJIs 3TOr0 JOCTATOYHO JOKA3aTh, 9TO CyMMa BO3MOXKHBIX 3HAYUMOCTEN KAKI0H MOHETHI TIOCJIE B3BEIIN-
BaHUS He MEHbINE, YeM ee UCXOHAs 3HAYNMOCTD. 110103peBaeMast co 3HAYMMOCTBIO 21m + 1 IpU eIMHCTBEHHOM HCXOJ1e
OCTaHETCs T0JI03peBaeMoit (co 3HaIMMOCThIO 2(m — 1) + 1), a Ipu ABYX JAPYIUX MCXOJAaX CTAHOBUTCS OTKA3HUKOM CO
3HaUUMOCThIO 1. OTKA3HUK HE IEPBOro THIA IIPU OJHOM HCXOJE OCTAETCA OTKAZHUKOM, IPU JBYX JIPYIHX CTAHOBUTCS
s1asionoM. Jljis OTKA3HUKOB Ke 1I€PBOro TUna (M TOJBKO iyl HuX!) cyMMa 3HaYUMOCTell 110C/e B3BelIuBaHus Oyaer
GoJibllie UX HbIHeNHel 3HaunMocTy (1 mpesparmaercs B 3).

Urak, eciu 3HAYMMOCTH CUTYalK ObLIA PABHA X, TO IPU OJHOM U3 UCXOJOB OHA CTAHET HE MEHbINe, 4eM X /3.
TIpeaooKuM, 9T0 IpU KazKJ0M B3BEIIMBAHUN U IIOJIy9a€TCA TAKOW nCxo/l. B Havae aJropurMa 3Ha9UMOCTD ObLTa
pasHa (2d + 1)n (Bce MOHETBI MOJO3PUTEBHBI), & B KOHIIE OHA JIOJDKHA CTaTh paBHO# 1 (Tak Kak mocie d maros
3HAYMMOCTD JTI060# MoHeTsl pasHa 1). 3raunT, (2d + 1)n < 39, aro u TpeGoBasoCch JOKA3aTh.

Sameuanmne. DTO JOKA3ATENIBCTBO TOXKE TOBOPUT HEMAJIO O TOM, KaK JIOJKEH BBITJISIETH ONTHMAJILHBINA AJro-
putM. VIMEHHO, 3HATUMOCTD JIOJIZKHA KarK/Iblii Pa3 yMEHBINATHCS BTPOE.

BaymaeMcst, a 9TO MOXKET HAM HOMENIATh KaXKJbli pa3 yMEHbIIATh 3HAYUMOCTh POBHO B 3 pasa’? Bo-muepsbix,
€CJIM Mbl B3BENINBAEM BECAMM TOTO THUIIA, KOTOPOIO €CTh OTKA3HUKHU, TO BEC 3THX OTKA3HUKOB HE JEJUTCA HA TPH.
3HAYUT, MBI JOJKHBI IOCTPOUTD MIPOIECC TaK, YTOObI 3TOH CUTYAIMM HE BOZHUKAJIO. BO-BTODBIX, /Il KaXKJ0I0 KOH-

b) VYcnosue. Joxasrcume, wmo ecav By 1(n) = d, mo >n.



KPETHOI'O B3BEIIMBAHUA 3HAYAMOCTHU CHUTYAIUil, K KOTOPBIM BEIyT TPU PA3JIMIHBIX BO3MOYKHBIX HCXO/A, JOJZKHDI
OBITH TPUMEPHO PABHBL.

2.6. ¢) YcaoBue. J06bim 4uciom 8eCo8, cpedu KOMOPHL eCmb TBOE CAOMAHHOIT, HEAb3SA HAUMU Pasb-
wueyio monemy uz n > 3% monem sa 11 ezeewusanuit. (Ha ydobnom aswike: By 2(n) > 11, ecaun > 3%.)

Pemenue. Paccmorpum npomsBosbHbIit asroputM, mo3Bossomunit naiitu M u3 n moner 3a 11 xomos. Ilycrs
MBI KAKMM-TO 00pPa30M ero MpOoBeJId; 3alUIeM Pe3y/IbTaThl HCIBITAHUI B CTPOUKY. Y HAC IOJIyYMIach cTpoka u3 11
3HAKOB «<», «<=» U «>». Kak u B pemernn 3.9a), Kax10#f Takoi CTPOUIKe OJHO3HAUHO cooTBeTCcTBYeT OM.

Teneps BbISICHIM, CKOJIBKO TAKUX CTPOYEK COOTBETCTBYeT ogaoMy Bapuanty @M. Ux xors 661 14-2-1144-55 = 243;
JIefiCTBUTENLHO, €CTh KAK MUHUMYM Takue cTpodku: 0) B KOTOPOii BCe OTBETHI IPABUJIbHBIE; 1) B KOTOPBIX POBHO OJUH
OoTBeT HeBepeH (TAKUX CTPOYEK 22: MOXKHO BBIOPATH MECTO, B KOTOPOM CTOUT HeBepHbIi orBer, 11 crocobamu, u B
KaxKJIOM U3 HUX MOYKET CTOATH OJMH M3 JIBYX BO3MOXKHBIX HEBEDHBIX OTBETOB); 2) B KOTODPBIX POBHO JIBA OTBETA
HeBepHbI (Takux 4 - 55, nbo ecTh 55 nap MecT U 4 BapuaHTa Nap HEBEPHBIX OTBETOB). HeTpyJHO MOHSATH, UTO BCe
OIMCAHHBIE CTPOYKU Pa3INIHBI.

TaxkmM 06pa3oM, CTPOK He MeHbINe, ueM 243n; ¢ IpyTroif CTOPOHBI, BeeX BO3MOXKHBEIX CTPOK He Gombmre, wem 311,
Takum obpazom, n - 243 < 3!, orkyna n < 3°.

4 TouHble pe3yJabTaThI

4.1. Vcaosue. a) Joxasicume, wmo JI, 1(2%) = 7.
b) Joxasicume, wmo By1(3%) = 9.
Pemnenne. Cwum. pemenne 4.4. X0oTst 9T0 MOXKHO CJIeJaTh U 6€3 IPUMEHEHHsT CTOJIb ODIIUX ITPUEMOB.

4.2. VYciosue. a) Cpedu KaKo20 HAUBOABULEZO HUCAG MOHEN MOIHCHO BULASUMSL dasvwueyto na 40[1] 3a
15 meemuposanuii? (Mnave 2060pa, natidume nauborvwee n maxoe, wmo /A, 1(n) < 15.)

b) Cpedu Ka%020 HAUBOADULLZ0 HUCAL MOHEM, MOHCHO 8biABUMD Pasvwueyto Ha 46[1] 3a 13 mecmuposarudi?
(Hnave 2060ps, natidume nauboavwee n maxoe, wmo By 1(n) < 13.)

c) A 3a 40 mecmuposaruti?

Pemenue. OTtsersnl. a) 2!1; b) 319; ¢) 336,
Bepxuue onenkyu cieayior u3 3agaun 3.9. J[oKasaTeqbCTBO TOTO, UTO 3TH ONEHKH JIOCTUIAIOTCS, BLITEKAET W3
pemenus 4.4. Tem He MeHee, DU KeJIAHAU STU AJTOPUTMBI MOXKHO HAWTU DYUHBLIMU METOAMH.

4.3. VYcaosue. IIpusedume npumep makozo n, wmo By 1(n) < Bs1(n).
Permnrenne. Pemenne aToit 3amaun HaxoauTcest nocye 4.4.

4.4. a) Ycaosue. [oxaocume, wmo ﬂ471(3k) = k+logy k+cor, 20e nocaedosamesbHocmb Cop, 02PAHUNENRG.

Pemreane. Mbl J10KaxKeM, 4TO ﬂ471(2k) = k + t aya mammennimero ¢ takoro, uro 2 > k +t 4+ 1 (torma
t = logy(k 4 t) + O(1), orkyma t = logy k+O(1), u4ro u rpebosasocs). 13 pemennst 3.9 Mur yzxe smaen, uto [, 1 (27) >
> k + t. Ocrajoch IpUBECTH AJITOPUTM, IO3BOJISIONII HaiiTn baabimuByio 3a k + ¢ B3BEIIMBAHMIA.

3ech 1 Jlasiee BO BCEX 3a/1a9aX C JIETEKTOPAME 3HAYUMOCTIHI0 TIOJ03PEBAEMON MOHETBI 6Y/1eM HA3BIBATH BEJTUIUHY
i+ 1, rie ¢ — 9KMCII0 XOMOB JI0 KOHIA IIporecca (10 yMOIYAHUIO), WK 2Ke JI0 CLIENUAIHLHO OlOBOPEHHOIO MOMEHTA HTOI'0
mporiecca. 3HAYUMOCTh OTKA3HUKA BCEria paBHA 1, 9TajloHa — HYJI0. 3HAYUMOCTH CUTYAIUH €CTh CyMMa 3HAUMMO-
creil MOHeT. 3aMeTUM, UTO CyMMa 3HAYMMOCTEH BO3MOXKHBIX CHUTYAIUil HOCJIEe TECTUPOBAHUS HE MEHBINE MUCXOITHOM
3HAYMMOCTHU; 3HAYUT, IIPU OJHOM M3 MCXOJIOB UCIBITAHUS OHA YMEHBIIAeTCs He Hojiee, ueM BJBOE.

I[Ipn 3TOM 3HAYEMOCTH WCxoaHOMN curyamun pasHa (k + t + 1)2F < 28, Bnaunr, nna noctmxenns k + t maros
MbI JIOJZKHBI JI0OUTHCS TOO, 9TO 3HAYMMOCTD BCErJa yMEHbINAeTcs BABoe (mm mouru Basoe). Takum o6pa3oM, Mbl
OyZeM CTPOUTH AJrOPUTM TaK, YTOOBI B KaXKJIbIi MOMEHT CYIIECTBOBAJIN OTKA3HUKU HE O0JIee, YeM TPEX PA3JIMIHBIX
THIIOB; DX 3TOM 3HAYUMOCTH CHUTYAIMH 3a M MIAroB J0 KOHIA He Oyzer mpeBocxouThb 2. fcHo, ¥To B HaYaIbHBIHA
MOMEHT 3TO TaK.

CuavaJia onwmiieM Imar ajropurma B obmmx deprax. [lycTs 10 KOHI@ ocTasoch m maroB. Mbl JieJ M MOHETHI
Ha IPYIITHI Tak, 9ToObI (i) BO3ZMOXKHbIE 3HAYMMOCTH CUTyaIuii MOCjIe TeCTHpOoBaHus He Tpesocxommma 2™~ u (ii) B
KaKJI0# rpyTine Obuin Obl OTKA3HUKY He 60Jiee, YeM JIBYX THUIOB. 3aTeM MPOBOJMM HCIBITAHAE TE€M JIETEKTOPOM, JIJIs
KOTOPOI'0 HET OTKA3HUKOB ero Tuma. [lycTh OH yKazaj Ha HEKOTOPYIO IDYIILy, KaK Ha COJIEPXKAILYIO0 (DAJbIINBYIO.
Torga OTKa3HUKAMHE IIOC/IE STOIO X0 OYyT TOJBKO CTapble OTKA3HUKHU U3 ITON IPYIIBI (CPEIU KOTOPBIX He 6OJIbINe
JIBYX DA3HBIX THIOB) U OTKA3HUKU TEKYIIEro JeTeKTopa (KOTOPbIe BCE OJHOTO THUIIA) — TO €CTh MbI 110 WHJLYKIUK
COXpaHWIN TPedyeMoe INCJIO TUIIOB OTKA3HUKOB.

Teneps pazbepemcst B merassax. Bo-mepBbix, 3aMeTnM, 9TO IIPU TAKOM PACIPEIEICHINA CyMMa 3HAYMMOCTEH BO3-
MOXKHBIX CHUTYAITUI [TOC/Ie B3BEITUBAHUS OYyIeT paBHA NCXOIHOM 3HAYNMOCTH. [103TOMY, €Ciin MBI CMOTJIN PACIIPEIEIUTD
I0/I03PEBAEMBIX TaK, YTOOBI 3TH 3HAYMMOCTH He MPeBOcXoMuam 2™~ 1, T0 3aBeJJ0MO MOYKHO KaK-TO PACIPE/IeNTh OT-
Ka3HUKOB TaK, YTOOBI 9TO IIPOJIOJIXKAJIO BBIIOJHIATHCS.

OzHaKo, HAM HAJI0 PACHPEEIaTh OTKA3HUKOB ¢ BblosHeHneM yciaosus (ii). Takyio BozmozkHOCTH ObGeciiednBaeT
CJIe/TyIoIIast

Jlemma o nByx aBTOGycax. JlaHbl HECKOJIKO IIKOJHHUKOB U3 TPEX KJacCOB (IYCTh UX KOJIMYECTBA DABHbBI
a1 € az < az) u JgBa aBTobyca (MX BMECTMMOCTH DaBHBI by < bo; pu 91OM a1 + a2 + ag < by + b2). IIkoubHUKOB
HAJIO PACCa/IUTh 110 aBTOOyCaM Tak, YTOOBI B KaXKJIOM aBTOOyce ObLIM MIKOJILHUKHU He Oojiee, UeM M3 JIBYX KJIACCOB.
Toraa 910 MOXKHO ClI€JIATH €CJIM U TOJBKO €CJu by 2> aj.



Loxazameavcmeo. Ilycts by > a;; mokaxkeMm, KaK MOXKHO Pa3MECTUTH IIKOJIBHUAKOB. Kcim cymMMapHasi BMECTUMOCTD
aBTOOYCOB OOJIBIIE, YeM KOJUIECTBO MKOJBHUKOB, TO MOYKHO YMEHBIIUTH OJIHO U3 YUCET by Wiu by HA €IUHUILY TaK,
YTOOBI yCJIOBHUE TIPOOJIKAJO BBINOJHATHCHA (ecym by > by, TO yMeHbIIUM by, MHAYE MOXKHO yMEHBIIUTH b ). VToro,
MOKHO CUMTATh, 9TO a1 + ag + az = by + ba

BricTpoum Bcex IIKOJIBHUKOB B psijl: CHadaJia BCe U3 IIEPBOIO KJIACCa, 3aT€M — W3 TPEThero, U B KOHIE — U3
BTOpOTO. 3aTeM pacCaJiuM MEpBbIX b) U3 HUX B MEPBBIA aBTOOYC, 3aTeM cieayomux by Bo Bropoit. Torma Bee mep-
BOKJIACCHUKH OKaXKyTCs B IIEPBOM aBTobyce (HEIOCPEICTBEHHO U3 YCJOBHUS), & BCE BTOPOKJACCHUKH OKAXKYTCHA BO
BrOpOoM aBTobyce (B IPOTUBHOM ciydae by < az, by > a1 + az > ag > bg, 4T0 HEBEPHO).

O6parHo, ecau by < ay, To Takxke by < as u by < az. To ecTh HUKAKOI KJIACC HE MOXKET IEJIMKOM HAXOIUTLCS B
mepBoM aBTobyce, a 3HAYWUT IIPEJICTABATE/IM BCEX TPEX KJIACCOB IONAJLyT BO BTOPOI aBTOOYC. O

Takum 06pa3oM, €CaM MbI 3HAEM, CKOJBKO OTKA3HUKOB MBI JIOJIZKHBI TTOJIOXKATDH B KasKYI0 TPYIILY, TO MO JIEMME
MbI CMOKEM OIIPEJIEJIUTD, IPaB/a JIM, 9TO OTKA3HUKYU PACIPEIESIATCs TaK, Kak Tpebyer yciaosue (ii).

Bepnemcs k ocrpoenuto anropursma. Ha nmepBbix k TeCTHPOBaHUSX MBI JIEJINM U TI0I03PEBAeMbIX, 1 OTKA3HUKOB Ha
JIBe PaBHBIE YACTH; TOIVIA, OUEBH/IHO, IPH JIIOOOM UCXOJIe 3HAIMMOCTD YMEHbBIIUTCS POBHO BJIBOE, TT09TOMY ycjoBue (i)
BBIIIOJIHSAETCs. [IpU 9TOM yCJI0BUE JIEMMbI, O4€BUHO, BBIIOJIHAETCS (OTKA3HUKOB KAKOTO-TO THUIA He GOJIbIIE TI0JI0BY-
Hbl!), IO9TOMY 3/IECh MBI IIAI BBIIOJIHUTH cMoruid. [locse k-0ro Takoro xo/@a ocTaHeTcs POBHO OJIHA I10I03DeBaeMast
M HECKOJILKO OTKA3HUKOB TPEX THUIIOB.

Pas6epemcs 1opobHee, UTO IPOUCXOAMT Ha CJEIYIONUX XojJaX. Kcim K KaKOMy-TO XOJy IOJI03PeBaeMbIX He
OCTAJIOCH, TO BCEX OTKA3HUKOB MbI MOXKEM DA3JIE/INTh HA JBE IPYIIILI HOPOBHY (WJIU MOYTHU IOPOBHY, €CJIM UX YHCJIO
HEYeTHO) C BBIIOJHEeHNneM ycioBust (i) — no rem ke npuanHaM. IIpu 9T0M, TaK Kak 3HAYMMOCTH He IIPeBOCXoauia 2™
JI0 3TOTO TIMara, TO YUCJI0 MOHET B I'PyMIax He mpeBocxogut 2™~ 1 a smaunt, yeaosue (i) Takske BBITIOJTHEHO.

OcTrasnock pa3obpaTh cirydaii, KOraa MoJo3peBaeMast 0OCTaaachk. [10J102KuM ee B IEPBYIO TPYIINY; TOTJIA B 3Ty TPYIILY
MOZKHO IIOJIOZKHTE €Ille MaKcuMyM 2™ ! —m 0TKa3HUKOB, 8 0CTaJILHBIX — B Apyryio. Temeps, eciu semma o6 aBTobycax
HEIPUMEHNMa, TO OTKA3HHUKOB KAsKJIOTO U3 TpeX THHOB Gosbire, dem 271 — m + 1. Ho Torma obimas 3HAYMMOCTS
Moner ceituac pasHa (m + 1) +3(2" 1 —m 4+ 1) = 2™ + (2~ — 2m + 4); HeTpyIHO BUJETDH, YTO BTOPas CKOOKa
BCETJIA MTOJIOZKUTENIHHA, TIO3TOMY 3Ta CUTYaInsi HEBO3MOXKHA.

b) VYcaoBue. Jlokaosrcume, wmo B471(3k) =k + logs k + cer, 20e n0caedo8amesbHOCMb Cel; 02DAHUUENRQ.

Pemenne. Amanormano, Mel jokaxem, uato By 1(3F) = k + ¢ g manvensiero ¢ takoro, uro 3t > 2(k +t) + 1
(torma t = logg k + O(1)). Onenka By 1(3¥) > k +t onars caexyer us sagaun 3.9. AJropur™ Mbl GyJIeM CTPOHUTD,
PYKOBOJICTBYSICh TAKUMHU K€ COOOParKEHUAMU (31eCh 3HAYMMOCTD MOJ03PUTEILHON MOHETHI 38 1711 IATOB JI0 KOHIIA
pasHa 2m+1). B aToM cityuae yciaoBus pazbueHust Ha TPH IPYIIIBL OYLyT BBINJIAIETh TaK: (1) BO3MOXKHBIE 3HAIUMOCTH
cuTyaruit Toc/e TeCTUPOBaHus He mpesocxoaaT 3™ 1 (ii) B KasKI0it TpyIIe ecTh OTKAZHUKH He 6oJee, H9eM JIBYX
tunos; u (iii) B AByX rpymmnax (BO3MOXKHO, [OC/Ee I0OAB/IEHNsT ITAJIOHOB) IIOPOBHY MOHET (MMEHHO 9TH JBE I'DYIIIIbI
MBI U [OJIOKUM Ha YAIIKK BECOB).

BroimosiauMocTs yesosus (il) rapaHTUPyeT aHAJIOTHIHAs

Jlemma o Tpex aBroGycax. /IaHbl HECKOJIBKO IMKOJLHUKOB M3 TPEX KJACCOB (IIyCTh UX KOJUYECTBA DPABHBI
a1 € az < a3) u Tpu aBrobyca (ux BMecTuMocTU paBHBI by < bo < bs; npu srom a1 + as + ag < by + by + b3).
IITkompHUKOB HAIO paccajuTb IO aBTOOycaM TaK, YTOOBI B KaXKIOM aBTODyce OBLIN IIKOJbHUKH He Oojee, 4eM u3
JIBYX KjaccoB. Torma 3To MOXKHO cejaTh TOTa U TOJBKO TOrja, Koraa by + bs > aj.

Zoxazameavcmeo. TlokazkeM, Kak paccaguTh MKOJbHUKOB IIpU ycaoBun by + by > a1. Ousars xke, eciu aj + as +ag <
< by + bs + b3, TO MOYXKHO YMEHBIIUTDH OTHO U3 b; ¢ CODJIIOMEHUEM ITOTO YCJIOBHSI.

BoicTponM Bcex MKOILHUKOB B PsIA: CHadaja BCe M3 MEPBOTO KJAcca, 3aTeM — U3 TPEThEro, W B KOHIE — W3
BTOPOr0. 3aTeM paccajiiM IEePBbIX by M3 HUX B MEPBbIi aBTOOYC, 3aTeM CJIEIYIOMUX by BO BTOPOM, U OCTABIIUXCS B
Tperuit. B nepseiit aBToOyC monagaer He GOJIbIE TPETH, TO €CTh BTOPOKJIACCHUKN B HErO He IomnajayT. B Tperwuii He
IO, Iy T IIEPBOKJIACHUKY U3 YCJIOBUs JieMMbl. HakoHelr, ecjin BO BTOPOi aBTOOYC IOMAJM JeTU U3 BCEX TPeX KJIACCOB,
TO B HET'O IOIIAJIU XOTs ObI a3 + 2 JejIoBeKa, a B TpeTuil — He 60sbie as — 1 < az. TO HEBOZMOXKHO, TaK Kak by < bs.

O6parHo, ecim by + bs < a1, TO TakxkKe by + by < as u by + by < a3. Takum 06pa30M, HUKAKON KJIACC HE MOXKET
[IEJIMKOM HAXOJIUTHhCS B IIEPBBIX JBYX aBTOOYyCaX, a 3HAYUT, [PEJCTABUTE/IM BCEX TPEX KJIACCOB IONAJyT B TPETUH
aBTOOYyC. O

3ameuanmne. Ha camowm meste, memma 0 AByX aBTOOyCAaX — YACTHBIN CJIydail 9TOM, KOT/Ia B OJHOM aBTOOyCE HET
MECT.

Bepuemcst k anropurmy. Ha niepBbix &k B3BEIIUBAHUAX MBI JIGJIUM U IIOJ03PEBAEMBIX, 1 OTKA3HIUKOB HA TPU PABHbBIE
9aCTH; TOTJA BCE TPU YCJIOBUsI BbINOJHEHbI. [lociie k-0oro Takoro xojia OCTaHETCs POBHO OJIHA IIO/I03peBaeMast W
HECKOJIbKO OTKAQ3HUKOB TPEX THIIOB. 3aMETHM, UTO MOCJIE ABYX MEePBLIX B3BEIINBAHMI y HAC yIKe TOJTyImnIocs 4 - 372
9TAJIOHA. DTO HO3BOJIUT HAM IaPAHTUPOBATH BBINOJHEHNE ycjioBus (iii).

Ha cnenyromux xomax, eciim K KAKOMY-TO XOY II0/I03PEBAEMBIX HE OCTAJIOCh, TO BCEX OTKA3HUKOB MBI MOYKEM
pa3/eJuTh HA TPU IPYIIIBI IOYTH OPOBHY C BBIIOJHEHHEeM ycsobus (ii); Ipu 9TOM B ABYX IPyIIax OyeT MOPOBHY
mouet. Ilycthb, HAKOHEI, TO03peBaeMas octasachk. [loiokuM ee B TEPBYIO T'PYIITY; 3TO MOXKHO CJE/IaTh, TaK KaK
€e 3HAUMMOCTE IIOCJIe TOrO B3BEIIHBaHU:A OyaeT pasHa 2m — 1 < 3™~ !, MoKHO CYMTaTh, UTO BO BTOPYIO M Tpe-
TBHIO TPYIIIBI MBI JOJI?KHBI TIOJIOKATH IIOPOBHY OTKA3HUKOB. 10T/1a CyMMa JIByX MUHUMAJBHBIX BMECTAMOCTEN TPy
6oJIbIIle TPETH CyMMAaPHONH BMECTUMOCTH, II09TOMY JieMMa IpuMeHnMa. [Ipu arom yciosue (iil) TakKe BBIIOJIHSIETCS.
Tlocmenuuit ciryaait pazodpa.

) Haiimure BO3MOXKHO JIytIiiee OrpaHUYeHUEe CBEPXY HA ITY MOC/IEI0BATEIHHOCTD.
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4.3.  VYcaosue. IIpusedume npumep maxoeo n, wmo By1(n) < Bs1(n).

Pemenue. Hampumep, romurest n = 319, Uz pemenms sagaum 4.2b) cemyer, wro By 1(n) = 13. lanee mb1 Gyaem
[OJIb30BAThLCsI TEPMUHOJIOTHE, BBEIeHHON B 3.9b).

HokazkeM, uro Bsq(n) > 13. IIpeJnonoKuM IPOTUBHOE; 9TO MOXKET CJIyIUThCs, TOJIBKO €CJH 3HAMUMOCTb HA
KayKJIOM IIIaT'y YMEHBINAEeTCsl POBHO BTpoe (Ipu J060M MCXOfe B3BemuBaHWsi!). A 9T0, B CBOIO OUepeb, 3HAUWT,
9TO B JIIOOOW MOMEHT CYIIECTBYIOT OTKA3HUKN He 0OoJiee, 9eM JBYX THUIIOB — a WMEHHO HE TOrO THUIA, HA KOTOPOM
[IPOU3BOINTCS OYEPETHOE B3BEITUBAHUE.

PaccmoTprM, Kak 9T0 MOXKET IPOUCXOAUTh. ByjieM 06003HaAYATH CUTYAIMIO TPOKOi yuces (a, b, ¢), rue a — Kou-
YeCTBO IT0JI03PEBAEMBIX, & b U ¢ — KOJIMYECTBA OTKA3HUKOB IIPUCY TCTBYIOIIMX JIBYX THUIIOB. 1OT/1a UCXOIHAS CUTYAIIUST
ecrs (31°,0,0), nocse nepsoro sasenmmuBamusa — (39,2 - 3%, 0). IlycTs BO BTOPOM B3BEIIMBAHME KOJTYECTBA M0/103De-
BaeMBbIX B IPYIIAX PABHBI @, b, C.

I[TycTh 9TO B3BeMMBaHKE MOKA3aJI0 Ha MepBYyIo TPYITy, TOTIa Mbl IPHILIH K cuTyarmmn (a,3° — a,t), e aucio t
BBIYHCTACTCA U3 cyMMapHoit sHaunmocti: 23a + (3% — a) +t = 3!, orxyna t = 8 - 39 — 22a. 3amerum, uTo t > 0, TO
ecTb a < %39. AmnaJjiornyno b, ¢ < %39, IIO3TOMY @ = 39 — (b+c) > %39.

ITocmoTpuM Ha TpeThe B3BelnBaHue. KCan Bce a MOM03PEBAEMBIX JIEXKAT B OJHON I'PyIIEe, TO 3HAYUMOCTH ITOH
rpyunsl 6yjger He Menbiie 21 - %39 > 319 ur0 HeBO3MOXKHO. BHAUNT, 1O/IO3PEBaEMBbIe MONALYT XOTs ObI B JIBE
rpynnbl. Torga, 9ToOb! OCIe KaXkKI0r0 BO3MOXKHOTO MCXOJa OCTABAJIICH OTKA3HUKH JIUIIb JIBYX TUIOB, HEOOXOIIMO,
9TOOBI B KaXKJIO# TpyIIe JiesKajau Obl OTKAZHUKHA TOJBKO OJIHOTO THUIA. JHAYUT, B KAKON-TO IpyIe OyIyT JieKaTh
BCE OTKA3HUKHU OJIHOTO THUIA — IIYCTh WX KOJUYIECTBO PaBHO S. Kcim Ha Hell JiexKaT ere T MoJ03pEeBAEMbIX, TO ee
3HAYMMOCTD HOC/e B3BemmBaHus pasHa 30 = 21z + (a — ) + s = s + a + 20x; TakuM 06pasoM, 310 — s — g moyKHO
nemurhes Ha 20. IIpu stom s = 32 — a mbo s = t = 8- 3% — 22a. B nepsom ciryuae mosygaen, uro 319 —s —aq = 2- 39
He seinTcs Ha 20, 9TO HEBO3MOXKHO. 3HAYUHT, BBIIOJIHEH BTOPOH ciywaii, a Torma 30 — s —a = 21la — 5 - 3°. Tax
KaK 3T0 4HCJIo jgeiaurcs Ha 20, TO a JOKHO AeJMThC Ha 5. AHAJOTMYHO, b U ¢ TaKxKe JOJIKHBI JIeJINTHCS Ha H; 3TO
HPOTUBOPEUUT TOMY, uTO @ + b+ ¢ = 3%, koTopoe Ha 5 He jesurcs.

4.5. a) Ycnosue. Joxascume, wmo /A, 1(n) =/, 1(n) das amobozo n u x > 4.

Pemenue. IlycTs Mbl O/KHBI HaiiTu (GaibIIHBYI0 I3 7 MOHET. 3aMeTHM, 4TO ecjiu t Takoso, 4ro 2! <
< n(t + 1), To HaiiTn danbImMByoO 3a ¢ UCIBITAHUI HE YHACTCS U3 COOOparKeHWil 3HAYMMOCTH. AHAJOTHYIHO, €CJIH
271 < [n/2] -t + (n — [n/2]) (Bepxusas nenas yacTb [x] ecTh HAMMEHBIIEE HEJIO€ YUCIIO, HE MEHbIIee T'), TO HeBO3-
MOZKHO HaiiTu daipinusyo. B camoM zene, Kak 6bI Mbl He Pa3/IeJIId MOHETHI JJIsl IePBOr0 TECTa, B OJHY U3 I'PYIII
nomaIyT XoTst 661 [n/2] MOHeT; TOTr[a, ecim MepBBI TeCT CKaxKeT, 9TO (QaJbIUBast B 3TOW I'DYIIe, ONpEeIeTeHue
OyJeT HEBO3MOXKHO II0 COOOPasKeHHAM 3HAYUMOCTH. I[IOHATHO, 94TO BTOPOE HEPABEHCTBO CHJIbHEE IEPBOTO, TO €CTh
JIOCTATOYHO NIPOBEPATH €ro.

Urax, ec/im Mbl TIPUBEJIEM aJTOPHTM, KOTODbIi Jj1st oboro taxkoro t, aro 2871 > [n/2] -t + (n — [n/2]) umer
daspmuByI0 32 ¢ X00B IPH MOMOMIH 4 IETEKTOPOB, TO MbI JoKazasu, uto J1, ;(n) = I ;(n). Cuenaem sto.

[TocTpOMM aJIrOPUTM, OTBEYAIONIHiT JIBYM ycaoBusiM: (i) 32 i MAroB /10 KOHNA 3HAMUMOCTb CHTYaIun He Gosrbiie 2%
(i) mpucyTCTBYIOT OTKA3HUKY He GoJiee ueM Tpex THHoB. Ha mepBoM Imiare pas3jesiuM MOHETHI OYTH MOHOJIAM (T.e.
Ha rpynnel w3 [n/2] u n — [n/2]) moner. Ilo Tpe/IONOKEHNIO, 3HAYUMOCTD CUTYAIUK Toc/Ie B3semuBannsa < 2071,
JlasbIne KaskAplii pas JIeIuM I0J03PEBAeMbIX OYTH IIOIIOJIAM, 8 OTKA3HUKOB PACIPEIE/ISTeM HCXOId U3 COO0PaskKe M
3HAYMMOCTH, TIOCJIE 9€Tr0 BHIOMpaeM, KAaKUX NMEHHO OTKA3HUKOB KyJa MOMENIaTh — II0 JIEMMe O JBYX aBTOOYCax.

PaccMoTpuM i-it mar 10 Konna. Ecim 3HaYMMOCTh CHTYaIlluu MeHbIme 2¢, To 106aBUM GurkmueHbis OTKA3HIKOB
Tax, 9ToObI HOBas 3HAYMMOCTH ObLTa pasHa 2. HeTpyaHO HMOHSTH, YTO €CM OTKA3HUKOB (CUMTas BUPTYaJTbHBIX!)
He MeHbIe, YeM 3(i — 2) — 1, TO MBI, BO-IIEPBBIX, MOXKEM JOOUTHCSI TOrO, 4TOOBI 3HAUAMOCTH BO3MOXKHBIX HOCJIE
B3BEIMBAHUS CUTYallUil OTJIMYAIACH He 6oJibire, yeM Ha 1. Torma B 060uX cilydasx 3HAYUMOCTH 32 ¢ — 1 Imar 0 KOHIa
6ymyT He 6ompmme 207! w60 mx cymma me Goabire 2¢, uTo m TpeGoBaoch. Boee TOro, B 9TOM CIydae KOJMIecTBa
OTKA3HUKOB B JIBYX I'PYIIAaxX OyIyT OTJIHYAThCA He DoJiee, 9eM BIBOE, TOITOMY B JAHHOM CJIydae JIeMMa 00 aBTobycax
Takxke npuMeHnMa (IIposepbTe 310!).

Ocrasock moKa3aTh, 9TO KOJMIECTBO OTKA3HUKOB 34 4 I1aroB JI0 KOHIA He MeHbIe, yeM 3(i — 2) — 1, To ecTh Cym-
MapHasi 3HAYIMOCTD MOJI03PEBAEMbIX He MpeBocxomuT 2¢ — 3(i — 2) + 1. DTo MOIKHO ¢/IeTaTh aKKYPATHBIM HOICIETOM;
MBI He OyJIeM IPOBOJMUTD €ro 3/1€Ch.

b) Vceaosue. Jokaoicume, wmo By 1(n) = By 1(n) das awbozo n u x > 4.

Pemenne. AHaJI0OrnyHO; Hy»KHO BJIOOABOK JOONTHCS, 9TOOBI B JIBYX U3 IOJIyYaIOIINXCS Ha OYEPEeJHOM IHare
Pyl OYAET HOPOBHY 3JIEMEHTOB. DTO MOXKHO CIEJIATH JO0ABICHUEM 3TAJIOHOB.

Sameuyanue. Temu ke MeTomaMu (XOTsl U € GOJIBIINM YHCIOM TEXHUIECKHUX MOAPOGHOCTENR) MOKHO MOKA3aTh,
YTO MIEAJBLHOE YHCJIO TECTEPOB CYMECTBYET IS JI0OOr0 YUC/Ia CJIOMAHHBIX TECTEPOB.

4.6. a) Ycnosue. Bepha au ouenxa mozo sice 6uda, wmo u 6 sadave 4.4, oas Mz 1(n)?

Pewmenne. ITycrs Mbl xoTuM (IIpU 10CTATOYHO GOJIBIIOM 1) U3 1 MOHET HAlTH (DAIBbIIUBYIO TPEMsI JI€TEKTOPAMH,
U3 KOTOPBIX OJMH CJIOMAH.

Paccmorpum Munnmasbroe d, Takoe uro 24 +d + 1 > n(2d + 1). JToxkaxem, 4ro HaM XBaTuT d XOJIOB JUIs TOTO,
9TOOBI OCTAJIOCH HE DOJIee JBYX MOHET, KOTOPbIE MOT'YT OKa3aThCsl (pajIbIIUBBIMK; 3TO U Oy/I€T MOMEHT, OTHOCUTEIHHO
KOTOPOI'O MbI OIIPeJIeJISIEM 3HAYMMOCTb. TOr/ia UCXO[Hasl 3HAUNMOCTh paBHa n(2d + 1).

O6osmraxmM x; = 2° + i + 1. ITocTpomM Tpomece Tak, ITOOHI 3a | B3BEMINBAHMTI 1O KOHIIA 3HAYHMOCTH He IIPEBOC-
XOWJIa T;, & OTKA3HUKHU Bcerja ObLan He 6oJiee, 9eM JIBYX PA3HBIX THIIOB. 3aMETHM, UYTO €CJU MbI 9TOTO JIOOUINUCH,
TO TOCJe d-Tro XO/a 3HAYUMOCTH HE MPEBOCXOUT 2, 3HAYMT, He HOjiee YeM JiBe MOHETHI sIBJISIIOTCS 0I03PEBAEMbBIMEI
I OTKA3HUKAMU.



ITocrpoum mpornecc no UHIYKIMK. o 1epBoro B3senuBanus 00a yCJ0BUs BHIIOIHEHLL. 11yCTh 0CTaI0Ch IIOCTPOUTD
1 HMOCJIeIHUX B3BENIMBAaHM, HOKarkKeM, KaK cejaTh odepeHoe. 37ech BMECTO JIeMMbI 06 aBTo0ycax UCIIOJIb3yeTcs
crrenytonast (oueBuHas)

JlemMma o paspesanuu. IlycTb B psiji BLICTPOEHBI HECKOJIBKO IPEJIMETOB, CTOUMOCTD KasKJI0TO He IIPEBOCXOIUT
2, a 0bIasg UX CTOMMOCTh pasHa S. Torja psj MOXKHO Pa3bUTh Ha ¢ YacTeil Tak, 9TOOLI CTOUMOCTDb KayKJIoH 4acTH
S+ (t—1)x

HE IIPEBOCXOIHUJIa m

[Tycrh, 6e3 orpannyeHust OOIIHOCTH, IPUCYTCTBYIOT OTKA3HUKHU [IEPBOIO W BTOPOrO TUlla. PaccraBUM MOHETHI B
psi: CHaYaJia OTKA3HUKOB IIEPBOTO THUIIA, 3aTeM I0/I03PEBAEMBIX, M B KOHIIE OTKa3HUKOB BTOpOro Tura. O6o3HaunM
KOJIMIECTBO MO03peBaeMbIX depes3 a. Ilocanraem oTka3zHnkos ¢ koaddumnuentom 1, a mogo3pesaembix — ¢ — 1. Torma
cyMMa KO3(PDUIUEHTOB HE MPEBOCXOIUT T — 2a; 3HAYUUT, 110 JIEMME O Pa3PE3aHU ITOT P MOXKHO PAa3pPe3aTh HA JIBE
T, —2a+1—1

2
JETEKTOPOM MOHETHI JII000# 3 JacTeil pa3pe3anns, TO 3HAYUMOCTD IIOJIy YeHHON JacTu OyIeT paBHA CyMMe ee KOdd-
dbunpenToB, yBeIndeHHO HA KOJUYECTBO 0A03PeBaeMbIX (U60 M003PEBAEMBIX B 9TON YACTH Mbl JOJXKHBl CIUTATD
¢ ko3 durmenTom ¢ BMecTo ¢ — 1, a B 1pyroit — ¢ koaddunuenrom 1 smecro 0). Takum 06pazoM, npu JIOG0M HCXO/E
Tz, +1—1

2
000MX THIIOB, TO TY/a K€ IOMAJN BCE IO03PEBAEMbIE; MOITOMY IIPU JIIOOOM MCXOJIE€ TTPOBEPKH OCTAJNCH OTKA3HUKU
ue OOJIbIle, 9€M JBYX THUIIOB.

WNrak, yepe3 d B3BemuBaHUil y HaC OCTaJIOCh He OoJiee jByX Kauaumaros Ha ®M. Ocrajoch 3aMeTUTh, 9TO U3

YacTU TakK, YTOOBI CyMMa KO3 PUIMEHTOB B KaXKJI0il dacTu 6bL1a < . Tertepn, ecim mpoTecTUPOBATH

3HAYUMOCTHb HE IIPEBBLICUT = Ti—-1- HpI/I 9TOM, 9YTO €CJIn B KaKYIO-TO JaCTb paS6I/I€HI/IH II0IIaJIN OTKAa3HUKHU

JIBYX MOHET OfiHy (aJbIIMBYI0 MOXKHO HaWTH 3a OrpaHMYeHHOe YuCIO0 XOJ0B (Hanpumep, 3a 3). Takum oGpasom,
JokazaHo, uro d + 3 recruposanuii xBaTutr. Ocrasock 3amerntsb, uto d = logy(n(2d + 1) — d — 1), orkyna d =
= log, n + log, logys n + O(1), Kak 1 TPeGOBAIOCH.

b) VYcaosue. Tom owce sonpoc npo Bz 1(n).

Pemenue. Ananornano, Ml cobmpaeMcs (Ipu JOCTATOYHO GOIBIIAX 7)) U3 7 MOHET OCTABUTH TOJIBKO 3 KAH/IH-
JaToB B (basbmbbie 3a d B3BemuBanuit. Mbl yTBEpKIaeM, 9TO JOCTATOYHO BBIOpATH d TaKUM, 9TO

(2d+ 1) +2-3% > n(2d + 1).

Torna (no 3amade 2.1) Mot Haiizem @M 3a d + 3 B3BemuBanust; upu 3toM d = logs n + logs logs n + O(1).

OndThb ke, MOMEHTOM, OTHOCHTEIHLHO KOTOPOI'O0 OTCUYATHIBAETCS 3HAYMMOCTD, MBI HA3BIBAEM MOMEHT MOCJe d-ro
B3BENIMBAHUS; TOTJA UCXOHAs 3HAYMMOCTh paBHa 1(2d + 1).

O6osznaunm y; = (2i+1)+2- 3%: MbI Oy/eM CTPOUM IIPOIECC TaK, YTOOBI 32 ¢ B3BEIIUBAHUIA JI0 KOHIIA 3HAYNMOCTH
HE IIPEBOCXOJINJIA Y;, & OTKA3HUKHU BCerja ObLIM He 6oJjiee, YeM JBYX Pa3HbIX THUIIOB; TOIJA II0CJE d-I'0 B3BEIIMBAHUS
3HAYUMOCTD HE IIPEBOCXOJUT 3, 9TO U TPeOOBAJIOCH.

[Tar aaropurmMa CTPOUTCs OUATH Ke aHajaormvHo. lIpucBomm BceMm momo3peBaeMbiM KOddbumuent D = 2¢ — 2,
a orkazHuKaM Kodddunment 1; Torma cymma Bcex KOIMD@UIMEHTOB HE TPEBOCXOIUT ¥Y; — 3G, T/Ie @ — KOJIUIECTBO
10/103peBaeMbIX. Pa3/ioxKuM Bce MOHETHI B Psil: CHA4Yaja OTKA3HUKOB IIEPBOIO THUIIA, 3aTE€M II0J03DEBAEMbBIX, U B

KOHIIE€ OTKAa3HUKOB BTOPOI'O THUIIA. TOI‘ILa 10 JIEMMeE O Ppa3pe3aHni, U3 MO?KHO pa3pe3aTh Ha TPpU JaCTU TaK, 9YTO CyMMa

yi —3a+ 2D

K03bPUIMEHTOB B KAXK/IOH JacTu He OOJIbIne . DTO 3HAYMT, YTO 3HAUYUMOCTH JIEOOOU CHUTYyaIUH MOCJIe

y; — 3a+ 2D
3

S,HGCB MO2KE€T BO3HUKHYTDH €Ille O/[Ha HpO6.HeMaZ KOJIn9eCTBa MOHET B TPEX IIOJIYYEeHHBIX I'DYIIIIaX MOI'yT pa3Jjin-

B3BelINBaHUA C TAKUMU TpeMsdA JaCTAMU He IIPEeBOCXOIUT a=1Yi—1, 9TO 1 Tp€6OBaJIOCb.

4gaTbcd. [lokaxkeM, 9TO HaM XBaTHUT ITAJIOHOB JJIsl TOrO, YTOOBI CIE/IATh JIBE I'PYIIIBI PABHBIMH; TOIA MBI MOXKEM
COOPY/IUTH TpebyemMoe B3BeNMBaHue. JIerko BUJETh, YTO Ha MEPBBIX JABYX Iarax TaKWX MPOOJIEM He BO3HUKAET: B
IIEPBOM B3BENIMBAHHUU JIB€ U3 TPeX I'PYIIl UMEIOT PaBHOE KOJUYECTBO MOHET, a BO BTOPOM B3BEIIMBaHUU JIETKO pac-
[PEJIeJIUTh OTKA3HUKOB U [I0[03PEBAEMbBIX [10 TPEM I'PYIIIAM TaK, 9TO B JIByX U3 HUX MOHET OyJer IopoBHY (HEMHOTO
U3MEHUB aJIrOPUTM pa3buenus, HO He yxymmuB oreHky!). ITocse sTux B3BemmUBaHUl OIBATCST XOTsI ObI %n — 2 ara-
sioroB. Torja Mbl pacKa/bIBaJIM 110 TPEM IpyIiaM He 0oJiee, UeM gn + 2 MOHeT, U 3HAYHUT, PA3HOCTb KOJIUYIECTB
MOHET B JIBYX U3 9THUX I'PYII OyJIeT He OOJIbIIIe, YeM 2—5771 +1< %n —2 npu n > 12. Torga srajgonos xsaTut. Pemenne
OKOHYEHO.



Weighings using broken balances

K. Knop, G. Chelnokov, I. Bogdanov

1 Introduction
Basic notions

As in the usual weighing problems, we have a set of coins indistinguishable by sight, though one of
them is false. The weight of a false coin is a bit smaller than the weight of a genuine one, ans we
want to find this false coin. In different problems we will use the different types of testers.

A detector is a tester, which at one turn (or testing) tells whether a given subset of coins contains
a false one or not. Thus, for any subdivision of the total set into two subsets, a detector shows
which one of them contains a false coin.

A bi-scaled balance (or simply balance) is a tester comparing the weights of two subsets. Thus,
for two subsets with equal numbers of coins, the balance compares the numbers of false coins in
these subsets. In our problem, the balance shows which of three subsets in a subdivision contains
a false coin (two of three subsets should have the same cardinality).

The zest of this problem set is that some testers can report a wrong information. Actually,
such a tester does not behave as a “liar”: it does not necessarily tell the wrong messages each time.
It is simply broken, so its responses may appear wrong and correct from time to time; they have no
relation to the reality, and we can consider this balance as a generator of random answers. So, we
have several testers, and we know only the number of broken testers among them; but we do not
know, which ones are broken. (Note that at each testing, only one tester is used!)

Let us introduce the notation. We denote by D, ,(z) the minimal number of testings by detectors
which are necessary to find one false coin from n using = detectors with y broken ones among them.
(We should be able to specify the false coin for each possible sequence of detector responses.)
Analogously, by B, ,(z) we denote the same number for the testing system consisting of z balances
with y broken ones among them. The systems of x detectors (balances) with y broken ones will be
referred to as xd[y] (zb[y]).

Throughout the first sections, we will write down two formulations of the problem: one in an
usual language, and another in our notation. This is to get all the readers acquainted with the
notation.

2 Introductory problems: some particular cases
What are we able to achieve?

2.1.  Using three balances with one broken among them, we can find a false coin of 3 ones in
3 weighings. (Using the notation: B3 ;(3) < 3.)

2.2, a) Using three detectors with one broken among them, we can find a false coin of
8 ones in 6 detections. (Using the notation: D3;(8) <6.)
b) Using three balances with one broken among them, we can find a false coin of 9 ones in
4 weighings. (Using the notation: Bs;(9) < 4.)
2.3. a) Using three detectors with one broken among them, we can find a false coin of
32 ones in 9 detections. (Using the notation: D3;(32) <9.)
b) Using three balances with one broken among them, we can find a false coin of 81 ones

in 7 weighings. (Using the notation: B;;(81) < 7.)



What are we unable?

2.4. If we have two coins with one of them being false, it is not possible to find the false
one in 2 testings using any number of testers with at least one broken among them. (Using the
notation: D, ;(2) > 3, B, 1(2) > 3.)

2.5. a) It is not possible to find a false coin from 2* ones in k detections by any number
of detectors with one broken among them. (Using the notation: D, ;(2%) > k).
b) It is not possible to find a false coin from 3* ones in k weighings by any number of
balances with one broken among them. (Using the notation: B, ;(3%) > k).
2.6. a) It is not possible to find a false coin from 2* ones in k 4+ 1 detections by any
number of detectors with one broken among them. (Using the notation: D, ;(2%) >k + 1).
b) It is not possible to find a false coin from 3* ones in k + 1 weighings by any number of
balances with one broken among them. (Using the notation: B, ;(3¥) > k + 1).
c) It is not possible to find a false coin from n > 3% ones in 11 weighings by any number of

balances with two broken ones among them. (Using the notation: B, s(n) > 11, if n > 3°).

3 Rough but serial results
Upper bounds

In this section, k is always a positive integer.

3.1. a) For each £ find the minimal value of K such that Dg (n) < oo for every n (in
other words, find the least number of detectors with k£ broken among them such that it is possible
to find the false coin using them).

b) For each k find the minimal value of K such that Bg x(n) < oo for every n.

3.2. a) Prove that D3;(2%) < 2k + 1.
b)  Prove that Bz, (3%) < 2k + 1.

It follows from the previous problem that, using some balances with one broken, one can find a
false coin from n in approximately 2log, n detections, or in approximately 2logsn weighings. But
this estimate is not sharp. The aim of this section is to find the correct constant in the estimates
of the form D, 1(n) S clogyn and B, 1(n) < clogsn.

3.3. a) Prove that B3 (3%*) < 3k + 1.

b)  Prove that D3 (2%%) < 3k + 2.

The previous problem shows that ¢ can be made less than 2. Our next aim is to prove that
c = 1. It is easier to make this using more than 3 testers.

We write f(k) = o(k) for the function growing slower than k, that is, f(k)/k — 0 (k — oo). For instance,
log, k = o(k) and vk = o(k)

3.4. a) Prove that having an infinite number of detectors with one broken, one can find
a false coin from 2% in k + o(k) weighings; that is, D 1(2%) = k + o(k).
b) Prove that having an infinite number of balances with one broken, one can find a false

coin from 3* in k + o(k) weighings; that is, B 1(2%) = k + o(k).
3.5. a) Prove that there exists x such that D, ;(2¥) = k + o(k).
b) Prove that there exists = such that B, 1(3F) = k + o(k).

3.6. a) Prove that D (28+D) < (k + 1)2 for every k > 5.
b) Prove that By (3**+1) < (k 4 1) for every k > 2.

Lower bounds

3.7. a) Prove that D, 1(n) < D,.(2%) if n < 2F.
b)  Prove that B, (n) < B,,(3%) if n < 3*.
3.8. a) Prove that D, ;(n) <D, 1(N) if n < N.
b) Prove that B, 1(n) < B, 1(N) 1fn<N



2d
3.9. a) Suppose that D, ;(n) = d; prove that T

> n. (This bound does not depend

on z!)
d

hat B =d; h >
b) Suppose that B, 1(n) = d; prove that 12 n

4 Sharp results

The aim of this section is to bring upper and lower bounds together. So it begins with some
particular cases again.

4.1. a) Prove that Dy;(2%) = 7.

b) Prove that By 1(3%) = 9.

4.2. a) Find the maximal number of coins n such that Dy;(n) < 15.
b) Find the maximal number of coins n such that By;(n) < 13.
c) Find the maximal number of coins n such that By;(n) < 40.
4.3. Find some value of n such that B, ;(n) < Bs1(n).
4.4. a) Prove that Dy;(3%) = k + log, k + cax, where the sequence cq, is bounded.

b) Prove that By 1(3%) = k + logg k + cypi, where the sequence ¢y is bounded.
c) Try to find a better upper bound for these sequences.

4.5. a) Prove that D, ;(n) = Dy;(n) for every n and = > 4.
b) Prove that B, 1(n) = By(n) for every n and = > 4.

Fix some value of s. If there exists ¢ such that D, 4(n) = D, s(n) (Bs(n) = B, s(n)) for all z > ¢,
then we say that ¢ is an ideal number of testers (for he given number s of broken ones). In other
words, it is senseless to increase the number of testers. The previous problem states that 4 testers
is an ideal number for 1 broken tester.

4.6. a) Find whether the estimate of the same form as in problem 4.4 is valid for D3 ; (n).

b) The same question for Bs(n).



Weighings using broken balances. Solutions

K. Knop, G. Chelnokov, I. Bogdanov

2 Introductory problems: some particular cases
What are we able to achieve?

For convenience, we will denote a false coin as FC.

Note that in the situation with only one broken tester, if the readings of two testers on identical questions coincide,
then this reading is true since one of the testers is operable.

2.1. Statement. Using three balances with one broken among them, we can find a false coin of 8 ones in 3
weighings. (Using the notation: Bs1(3) < 3.)

Solution. Compare two coins consecutively on all three balances. At least two results will coincide — these
ones will be correct. From this result, one can easily find a FC.

2.2. a) Statement. Using three detectors with one broken among them, we can find a false coin of 8
ones in 6 detections. (Using the notation: Ds1(8) < 6.)

Solution. Split the coins into 4 groups with 2 coins in each. Apply the first detector to groups 1 and 2, and the
second one to groups 1 and 3. Without loss of generality, we may assume that both answers are affirmative (why?).
Then apply the third detector to groups 2 and 3. Two cases may occur.

1. If the answer is negative, then FC is in group 1 (otherwise two balances made wrong statements). Then we
check one coin from this group by all three detectors; these results show which coin from group 1 is false.

2. Suppose that the third answer is affirmative. Then one of detectors lied (note that if we had the fourth
detector, then it would be operable, and the remaining would be easy; nevertheless, we can also proceed without it!).

Check groups 1 and 2 — now by the second detector. If the result is affirmative (so it coincides with the result of
the first detector), then it is true, and FC is in group 1 or 2. Moreover, the first balance told the truth on first use,
hence either second or third balance lied. Otherwise, if the result of the third detection is negative, then either first
or second balance is broken; hence the third one is operable, and FC is in group 2 or 3.

So, in each case we get one operable balance and 4 candidates to be FC. It is now easy to find FC in 2 detections.

b) Statement. Using three balances with one broken among them, we can find a false coin of 9 ones in 4
weighings. (Using the notation: Bs1(9) < 4.)

Solution. For the convenience, we enumerate the coins by numbers from 0 to 8, and write these numbers in a
ternary notation (so, each coin corresponds to an ordered pair of digits from 0 to 2). In the first weighing, we apply
the first balance to the groups constructed by the leftmost digit: the left hand contains the coins with 0 at this digit,
and the right hand contains those with 1. Analogously, the second weighing (on the second balance) compares the
coins with O in the last digit with those with 1. Without loss of generality, we may assume that both weighings
told that a false coin has 0 in a corresponding digit. Then 4 coins having no zeroes in a ternary notation are surely
genuine.

Now we split all the coins into three parts in a following way: put coin 00 into one group, coins 01 and 02 into the
second one, and 10 and 20 into the third. Complete each group by genuine coins so that each group would contain
3 coins. Compare two of these groups by the third balance.

This weighing claims that FC is in one of these groups. If this is a group with 00, then this is true (otherwise two
balances lie), and we do not need the fourth weighing. If this is a group with 01 and 02, then this claim contradicts
the readings of the second balance. Hence, the first balance is operable, so the false coin has 0 as its first digit, and
there are three candidates for FC. Thus, we can easily find FC in one weighing. If the false coin in a group with 10
and 20, we proceed analogously.

2.3. a) Statement. Using three detectors with one broken among them, we can find a false coin of 32
ones in 9 detections. (Using the notation: Ds1(32) <9.)

Solution. Split all the coins into 4 groups with 8 coins in each, and apply the same algorithm as in 2.2a). In
case 1, after 3 detections we get 8 candidates for FC; applying problem 2.2a) again, we make the desired. In case
2, in 4 detections we find two groups with FC in one of them, and we find one operable detector. So in 4 other
detections we find FC; in this case we do not need a 9th detection.

b) Statement. Using three balances with one broken among them, we can find a false coin of 81 ones in 7
weighings. (Using the notation: Bs1(81) < 7.)

Solution. Analogously to problem 2.2b), we identify the coins with the sequences of 4 digits, each being from 0
to 2. Again, we take the first weighing on first balance according to the first digit of a coin, and the second weighing
on the second balance by the second digit. Again, without loss of generality we may assume that zero digits are
suspicious by opinions of the balances, and then the coins with nonzero first two digits are genuine.

Now we again split coins into three groups: first one containing 9 coins beginning with 00, the second containing
18 coins beginning with 01 and 02, and the third one containing the coins beginning with 10 or 20. we can distribute
the genuine coins so that each group would contain 27 coins; then we compare two groups on the third balance.

1



If the result claims that FM is in the group beginning with 00, then this claim is true, and we are left to work
out 9 coins in 4 weighings; this is possible by problem 2.2b).

Otherwise, suppose that the result claims that the false coin begins either with 01 or with 02 (the case with 10
and 20 is analogous). Then the readings of the third balance contradict those of the second balance; hence the first
one is surely operable, and (by the first weighing) the false coin should begin with 0. Thus we get 27 coins and one
operable balance; then we are able to find FC in 3 weighings (in this case we do not need the 7th weighing).

What are we unable?

2.4. Statement. If we have two coins with one of them being false, it is not possible to find the false one
in 2 testings using any number of testers with at least one broken among them. (Using the notation: Dy 1(2) > 3,
B;1(2) > 3.)

Solution. If both weighings are made on one tester, then it can appear to be broken, and we get no information
at all. Otherwise, we cannot find FC if the readings of two balances contradict each other.

2.5. a) Statement. It is not possible to find a false coin from 2F ones in k detections by any number of
detectors with one broken among them. (Using the notation: Dy 1(2%) > k).

Solution. Suppose this is possible.

Suppose that some tests are already taken. Consider all the coins which can appear to be false. For each of them,
there exists a result of the next test which allows this coin to remain false. Hence the number of such coins divides
by not more than 2 for some result of the next test.

Note that this number did not change on the first test, since this test might use the broken tester. Hence after d
steps (with an appropriate choice of test results) we get not less than 2% /2¢ possible FCs. Hence, if we find FC, then
2k /24 <1 <= d >k, QED.

b) Statement. It is not possible to find a false coin from 3% ones in k weighings by any number of balances
with one broken among them. (Using the notation: B, 1(3%) > k).
Solution. Analogously, but the number of candidates divides by 3 instead of 2.

2.6. a) Statement. It is not possible to find a false coin from 2% ones in k+1 detections by any number
of detectors with one broken among them. (Using the notation: Dy 1(2F) > k+1).

Solution. We say that a testing refuses to a coin, if it claimed that this coin is not in a group with a false one.
In other words, if a testing refused to a coin, then either the coin is genuine or the tester is broken.

By the same reasons as in a previous problem, if one can find FC in k + 1 testing, then after the second testing
we get not more than 2¥~! candidates to be false. On the other hand, each coin, to which at least one of first two
testings did not refuse, is such a candidate (if another testing was made on a broken detector). Let us estimate the
number of such coins.

The first testing (for one of the results) refuses to not more than 1 of coins; hence it does not refuse to a half at
least. The second testing — for one of the results — does not refuse to some coin such that the first one refused to
it. Then, the number of candidates is more than a half on a total number of coins; hence the desired is not possible.

b) Statement. It is not possible to find a false coin from 3* ones in k + 1 weighings by any number of
balances with one broken among them. (Using the notation: By 1(3F) > k+1).

Solution. Analogously: we get that the first weighing does not refuse to at least a third of the total number
of coins, and the second one does not refuse to at least one more coin. Hence, after these weighings the number of
candidates is greater than a third of the total number of coins.

c) Statement. It is not possible to find a false coin from n > 3% ones in 11 weighings by any number of
balances with two broken ones among them. (Using the notation: By a(n) > 11, if n > 35).
Solution. The solution of this problem is in the end of Section 3.

3 Rough but serial results
Upper bounds

3.1. Statement. a) For each k find the minimal value of K such that D (n) < oo for every n (in
other words, find the least number of detectors with k broken among them such that it is possible to find the false
coin using them).

b) For each k find the minimal value of K such that By p(n) < oo for every n.

Solution.

The solution does not depend on the type of testers.

Answer. K =2k + 1.

Suppose the number of testers is < 2k, and the coin A is false. Let all broken testers work so as the false coin is
B. In this case we cannot determine whether all broken testers are broken (and the false coin is A) or we have the
opposite case (and the false coin is B). If the number of testers is 2k + 1 then each coin (or, in the case of balances,
each pair of coins) can be tested by all testers; k + 1 results will coincide, and this will be the valid result.

3.2. a) Statement. Prove that Ds1(2F) < 2k + 1.
Solution. We use induction on k. For k£ = 1 we test the first coin by all three detectors; two coincident answers
are valid.



Suppose the assertion is proved for k = t. Consider 2!*! coins and test first 2¢ of them by first two detectors.
If the results coincide then they are valid, so we reduce the number of coins to 2¢; by the induction hypothesis, we
obtain our assertion.

In the case of distinct results, one of two first detectors is broken; then the third (apparently operable) detector
can find FC in ¢ + 1 detections; in this case we have used not more than ¢t + 3 < 2(t + 1) + 1 detections.

b) Statement. Prove that B3 1(3%) < 2k + 1.

Solution. Quite similarly.

3.3. a) Statement. Prove that B3 1(3%%) < 3k + 1.

Solution. Again by induction; the base case k = 1 is Problem 2.2b). The induction step is quite similar to the
solution of 2.3b).

b) Statement. Prove that Ds1(22%) < 3k + 2.

Solution. Similarly, by induction; the induction step is similar to the solution of 2.3a). The base case is proved
by a similar argument; namely, we either find FC in 3 detections, or in 4 detections we find a pair of coins including
the false one, and an operable detector. Then the remaining testing enables to find FC.

3.4. a) Statement. Prove that having an infinite number of detectors with one broken, one can find a
false coin from 2% in k + o(k) weighings; that is, Do 1(2¥) =k + o(k).

Solution. Enumerate all coins by k-digit binary numbers (from 0...0to 1...1). In the first k testings we apply
first k detectors, each to the corresponding position. Without loss of generality, we may assume that each detector
responses that the false coin has 0 in the corresponding position. Hence the number corresponding to FC contains
not more than one 1.

Apply (k + 1)th detector to the coin 0...0. If the response is that it is false then this is valid (otherwise two
detectors lie!). In the opposite case, some detector among first k + 1 ones has lied, and we have k + 1 coins possibly
false. Among them, we can find FC by (k + 2)th (operable!) detector in < logy(k + 1) + 1 testings. In all, we have
used not more than k + 1+ logy(k+ 1) + 1 =k + o(k) testings.

b) Statement. Prove that having an infinite number of balances with one broken, one can find a false coin
from 3F in k + o(k) weighings; that is, B 1(2¥) =k + o(k).
Solution. Quite similarly.
3.5. a) Statement. Prove that there exists x such that Dy 1(2%) =k + o(k).
b) Prove that there exists © such that B, 1(3%) =k + o(k).
Solution. Follows from the next problem.

3.6. b) Statement. Prove that 3371(3’“(1”1)) < (k+1)2 for every k > 2.

Solution. We will use induction on k. The base case k = 1 was proved in 2.2.b.

As above, enumerate coins in the ternary notation. In the first & weighing, we examine first k position by the
first balance, and in the next k weighings we examine the next k positions by the second balance. Without loss of
generality, we may assume that according to all weighings, the false coin has 0 in the corresponding positions. Now
if FC has not 0 both in the first and in the second group of positions, then both balances have lied. Hence all such
coins are genuine (we call them standards).

For the (2k+ 1)th weighing, we split all non-standards as follows. The first group includes coins having only zeros
in the first 2k positions; the second group includes coins having only zeros in the first k£ positions but not only zeros
in the next k positions; and the third group consists of coins which have not only zeros in the first k£ positions but
only zeros in the next k positions. Clearly the second and the third group include equal number of coins; apply the
third balance to them. If the weighing indicates the first group then the results of all weighings are valid (otherwise
at least two balances lied); hence it remains to determine k(k — 1) positions in k% weighings which is possible by the
induction hypothesis. If k*th weighing indicates the second group (similarly for the third group) then the indicating
of the second and of the third balance contradict each other. Hence the first balance is definitely operable. Then we
already know the first k positions, and in the remaining k2 testing, we can determine the remaining positions by the
operable balance.

a) Statement. Prove that Ds1(2F¢F+D) < (k4 1)2 for every k > 5.

Solution. An estimate analogous to part b) would be weaker, namely, Dz ; (2¥F=1/2=1) < E(k +1)/2 — 1.

Unfortunately, it seems that this problem does not have a solution much easier than 4.4.

Lower bounds

3.7. a) Statement. Prove that D, 1(n) < Dy 1(2%) if n < 2F.

Solution. See the solution of 3.8a).

b) Statement. Prove that B, 1(n) < B,1(3%) if n < 3*.

Solution. The authors know no simple proof of this fact.

3.8. a) Statement. Prove that Dy1(n) < Dy1(N) if n < N.

Solution. Suppose we have an algorithm which finds the false coin among N coins. Consider n coins and add
N —n dummy ones to them. Apply the same algorithm to them; and if we have to put a dummy coin to the detector,
we put nothing. Clearly we will find FC by the same number of testings.

b) Statement. Prove that B, 1(n) < By1(N) if n < N.

Solution. The authors know no simple proof of this fact.



3.9. We will present two solutions of the problem. Both are valid for both parts of the problem with minor

changes; we will present one of them for the first part, and another one for the second part.
d

2
a) Statement. Suppose that D, 1(n) = d; prove that ir1 > n. (This bound does not depend on x!)

Solution. Consider an algorithm which finds FC in d moves. Suppose we have executed such an algorithm;
write down the results of detections in a line. We obtain a sequence of d symbols “Y” and “N” (meaning “yes” and
“no”). This sequence enables us to reconstruct the detections performed (since the first ¢ results determine uniquely
the detection performed at the (i + 1)-th step), hence each of these sequences uniquely determines an FC.

Now let us find out, how many such sequences correspond to an arbitrary FC. Their number is not less than
d + 1; in fact, at any rate we have the following sequences: 0) with all answers valid; 1) with just the first answer
wrong; 2) with just the second answer wrong; .. .; k) with just the kth answer wrong. Obviously sequence 0) differs
from all the others; and sequences i) and j) (for ¢ < j) differ at least in the ith position.

Thus the number of sequences is not less than n(d+ 1); on the other hand, the possible number of sequences does
not exceed 2¢. Hence n(d+1) < 24 as required.

Remark. This proof shows how should we arrange the algorithm if we wish to approach the above estimate. The
latter will be precise if a) (almost) all sequences are possible and b) (!!!) if any tester made a wrong statement then
we can recognize this before its next use. Actually, if this is not done then the number of sequences corresponding

to the same FC increases. J

3
b) Statement. Suppose that B 1(n) = d; prove that CY ] >n.

Solution. We use the following notation. For each weighing, we split the coins in three groups, and the next
balance refuses to coins of two groups. Suppose some weighings have been already performed. If some coin was
always in the “false” group when using ith balance, then we shall call it false relative to this balance.

After several steps of the algorithm, all coins may be split into the following groups. 1) Coins which are false
relative to all balances; we will call these coins suspected. 2) Coins which are false relative to all balances except the
ith one; we will call them refusers of the ith type. Clearly these coins can occur to be false only in the case when the
i1th balance is broken. 3) Coins tested as genuine by at least two balances; then they are in fact genuine, and we will
call them standard.

Suppose we have an algorithm which allows to find the false coin among n coins in d steps. We may assume that
it finishes its work always in just d steps (if before then we carry out several arbitrary weighings).

We will introduce the notion of the significance of a coin at some moment of performing the algorithm. If we
have m steps since that till the end of the algorithm (that is, d — m steps are over), we will say that the significance
of any suspected coin equals 2m + 1, and the significance of any refuser is 1 (the significance of a standard equals 0).
The significance of a situation equals the sum of significances of all coins.

Note that if in a situation of significance z we perform a weighing (for instance, by the first balance) then the
sum of significances of three possible situations in which the weighing can result is not less than x. It suffices to
prove that the sum of possible significances of each coin after weighing is not less than the initial significance. A
suspected coin of significance 2m + 1 remains suspected for a single result (with significance 2(m — 1) 4+ 1)), and two
other results make it a refuser of significance 1. A “not-first-type” refuser remains a refuser for one result, and for
two others it becomes a standard. And for refusers of the first type (and only for them!) the sum of significanes
after weighing exceeds their initial significance (1 turns to 3).

Thus, if the initial significance of the situation was x then some of the results makes it not less 2:/3. Suppose that
we have such a result in each weighing. The initial significance was equal to (2d + 1)n (all coins were suspected),
and in the end it must be 1 (because after d steps the significance of any coin equals 1). Hence (2d + 1)n < 3¢ as
required.

Remark. This proof also is rather informative as regards the form of the optimal algorithm. Namely, each step
must make the significance three times smaller.

Now let us realize what can be an obstacle to make the significance three times smaller at each step? First, if we
use a balance of a type containing a refuser then the significance of these refusers does not decrease thrice. Hence
we have to arrange the process so that this situation does not occur. Second, for each weighing the significances of
situations arising for three possible results have to be roughly equal.

2.6. c¢) Statement. It is not possible to find a false coin from n > 35 ones in 11 weighings by any number
of balances with two broken ones among them. (Using the notation: By a(n) > 11, if n > 35).

Solution. Consider an arbitrary algorithm which enables to find FC among n coins in 11 steps. Suppose we
have carried it out; write down the results of detections in a line. We obtain a sequence of 11 symbols “<”, “=" and
“>” By the same reasons as in 3.9a), each of these sequences uniquely determines an FC.

Now we shall find the number of sequences corresponding to the same FC. This number is not less than 1+ 2 -
11 +4 - 55 = 243; indeed, we have at least the sequences of the following types: 0) all answers are valid; 1) just one
answer is wrong (the number of such sequences is 22: there are 11 ways to choose the position for the wrong answer,
and each of them may contain one of two possible wrong answers); 2) just 2 answers are wrong (the number of such
sequences is 4 -55, since there are 55 pairs of positions and 4 pairs of wrong answers). Clearly all the above sequences
are distinct.

Thus the number of sequences is not less than 243n; on the other hand, the number of all possible sequences does
not exceed 3. Hence n - 243 < 31, and so n < 36.



4 Sharp results

4.1. Statement. a) Prove that Dy 1(2%) =1.
b) Prove that By1(3%) = 9.
Solution. See the solution 4.4. Nevertheless, these problems can be solved without use of such general methods.

4.2. Statement. a) Find the mazimal number of coins n such that Dy1(n) < 15.
b) Find the mazimal number of coins n such that By1(n) < 13.
c) Find the mazimal number of coins n such that By (n) < 40.

Solution. Answers. a) 2'!; b) 310; ¢) 3.
The upper bounds follow from 3.9. Their attainability follows from the solution of 4.4. Nevertheless it is possible
to obtain the corresponding algorithms by direct methods.

4.3. Statement. Find some value of n such that Bs1(n) < Bsi(n).
Solution. The solution of this problem is put after 4.4.

4.4. a) Statement. Prove that Dy1(3%) =k + logy k + cax, where the sequence cqy, is bounded.

Solution. We will prove that Dy 1(2¥) = k+1 for the least ¢ such that 2! > k+¢+1 (then t = logy(k+t)+O(1),
hence ¢t = log, k + O(1) as required). From the solution of 3.9 we already know that D471(2k) > k +t. It remains to
present an algorithm which enables to find the false coin in k + t weighings.

Hereinafter, in all problems on testers the significance of a suspected coin means ¢ + 1 where 4 is the number of
steps until the end of the process (by default) or until a specified moment of the process. The significance of any
refuser is 1, and that of a standard is 0. The significance of a situation is the sum of significances of coins. Note that
the sum of significances of possible situations after testing is not less than the initial significance; hence, for some
result of the detection is decreases not more than twice.

Note that the significance of the initial situation is (k + ¢ + 1)2¥ < 2¥+*. Hence to obtain k + ¢ steps we have to
obtain diminishing twice (or near that) at each step. Thus we will construct an algorithm such that at any moment
there exist refusers of not more than three distinct types, and the significance of the situation at m steps before the
end of the process does not exceed 2. Obviously this hold at the initial moment.

First we describe a step of the algorithm roughly. Suppose there are m steps until the end of the process. We
split the coins into groups so that (i) possible significances of situations after testing do not exceed 2™~1, and (ii)
each group includes refusers of not more than 2 types. After that we apply such tester that there are no refusers of
its type. Suppose it indicates some group as including the false coin. Then the refusers after this step are just the
former refusers from this group (of not more than two types) and the refusers of the tester in question (all of a single
type), hence we have retained the required number of types of refusers.

Now we go in some detail. First we observe that, for the above distribution, the sum of significances of possible
situations after weighing equals the initial significance. Hence if we are able to distribute the suspected coins so that
these significances do not exceed 2™~ ! then at any rate we can distribute the refusers so that this retains.

However we have to retain condition (ii) as well. This is provided by

Lemma on two buses. Given several students of three classes (let their quantities in the classes be a; < a2 < a3)
and two buses (of capacities by < by where ay + as + a3z < by + by). We have to distribute the students between the
buses so that each bus contains students of not more than two classes. Then this is possible iff by > a;.

Proof. Suppose by > a1; we will present the required distribution. If the total capacity of the buses exceeds the
number of students then we may decrease some of the numbers by or by by 1 so that the condition retains (if by > by
then we decrease bo, otherwise we decrease b1). Thus we may assume a1 + as + ag = by + ba.

Put all the students in a line: first, all the students from the first class, then from the third, and after that from
the second one. Then place first by of them in the first bus, the next by ones in the second bus. Then all students
from the first class will be in the first bus (by the condition), and the students from the second class will be in the
second bus (otherwise by < ag and by > a; + ag > ag > be, which is wrong).

Conversely, if b1 < a; then by < as and b; < az. Thus no class can be put entirely into the first bus, hence the
second bus will contain students from all three classes. O

Thus, if we know the number of refusers we have to place in each group then the lemma enables to determine the
validity of condition (ii) in the distribution of refusers.

Now we proceed the construction of the algorithm. At the first k£ detections, we bisect both suspected coins and
refusers; then obviously any result the significance decreases just twice, hence condition (i) holds. The condition of
the lemma holds as well (since there is a type such that not more than a half of all refusers belongs to this type!),
so we have managed in performing the step. After kth step of this kind we have only one suspected coins and some
refusers of three types.

Now we consider subsequent steps in more detail. If at some moment there are no suspected coins then, on
the same reasons, all the refusers can be split in two equal groups (or almost equal if their number is odd) so that
condition (ii) holds. And since the significance did not exceed 2™ before this step, the number of coins in the groups
does not exceed 2™1, so condition (i) holds as well.

It remains to consider the case when some suspected coin remains. Place it in the first group; then we may add
to this group not more than 2™~ — m refusers, and the rest of them will be in the other group. If the bus lemma
does not apply then the number of refusers of each type exceeds 2™~ ! —m 4 1. But the total significance of coins is



now (m+1)+3(2m 1 —m+1) =2™+ (2m~1 — 2m +4); it is not difficult to see that the expression in the brackets
is always positive, so this situation is impossible.

b) Statement. Prove that By 1(3%) =k + logg k + cpr, where the sequence cyy is bounded.

Solution.  Similarly we will prove that By1(3¥) = k + ¢ for the least ¢ such that 3' > 2(k +t) + 1 (then
t =logs k 4+ O(1)). The estimate By 1(3%) > k + ¢ follows again from 3.9. We will construct the algorithm using the
same argument (here the significance of a suspected coin in m steps before the end of the process equals 2m + 1). In
this case, the conditions on distribution into three groups are as follows: (i) possible significances of situations after
weighing do not exceed 3™~1; (ii) each group includes refusers of not more than two types; (iii) some two groups
(possibly after adding standards) contain equal number of coins (these will be two groups put on the scales).

Condition (ii) is guaranteed by the similar

Lemma on three buses. Given several students from three classes (let their numbers be a1 < ag < as) and
three buses (of capacities by < ba < by where a; +as +as < by + by +b3). We have to distribute the students between
the buses so that each bus contains students of not more than two classes. Then this is possible iff by + by > a;.

Proof. First we will present the distribution for the case by + bs > a1. Again if a1 + as + a3 < by + by + b3 then we
may decrease some of b; so that the above condition holds.

Put all the students in a line: first all the students of the first class, then from the third, and after that from
the second one. Then place first b; of them into the first bus, the next b; ones into the second bus, and all the
remaining ones into the third bus. The first bus contains not more than one third of all the students, hence there are
no students of the second class in it. The third bus does not contain students of the first class, by condition. And if
the second bus contains students from all three classes, then it contains not less than ag + 2 students, and the third
bus contains not more than as — 1 < a3 students. This is impossible since by < b3.

Conversely, if by + b2 < a1 then also by + b2 < a2 and b1 + by < a3. Thus no class can be put entirely into the
first two buses. Hence the third bus contains students from all three classes. O

Remark. In fact, lemma on two buses is a special case of the above lemma when one bus contains no places.

Now we proceed with the algorithm. At the first k weighings we split both suspected coins and refusers into three
equal parts; then all three conditions are satisfied. After the kth step of this kind we have a single suspected coin
and some refusers of three types. Observe that after two first we already have 4 - 3*~2 standards. This easily follows
that condition (iii) is valid.

At subsequent steps, if to some moment no suspected coins remain, we can split all refusers into three almost equal
groups so that condition (ii) is fulfilled; furthermore two groups include equal numbers of coins. Finally, suppose a
suspected coin did remain. Then we put it into the first group; it is possible since its significance after this weighing
is equal to 2m — 1 < 3™~ 1. We may assume that we have to put equal number of refusers into the second and the
third groups. Then the sum of two minimal capacities of groups is greater than one third of the total capacity, so
the lemma applies. Condition (iii) holds as well. So the last case is done.

) Try to find a better upper bound for these sequences.

4.3. Statement. Find some value of n such that By 1(n) < Bs1(n).

Solution. For example, n = 3!° fits. The solution of 4.2b implies B4 1(n) = 13. In the sequel, we use
terminology introduced in 3.9b).

Now we will prove that Bz 1(n) > 13. Suppose the contrary; this is possible only if the significance decreases
exactly thrice at each step (for any result of weighing!). This in turn means that at any moment there exist refusers
of not more than two types, namely not of the type involved in the weighing in question.

Let us examine how this occurs. Denote a situation by a triple of numbers (a,b,c¢) where a is the number of
suspected coins, and b and ¢ are the numbers of refusers of two existing types. Then the initial situation is (31°,0,0),
and after the first weighing we have (3%,2- 3% 0). In the second weighing, let the numbers of suspected coins in the
groups be a, b, c.

Suppose the weighing indicates the first group. Then we have the situation (a,3° — a,t) where the number ¢ is
determined by the total significance: 23a+ (3% —a)+t = 3'! and so t = 8-3% —22a. Note that ¢ > 0, hence a < 1;4139.
Similarly b, ¢ < 1;41397 hence a = 3% — (b+¢) > 1—?’139.

Consider the third weighing. If all a suspected coins are in the same group then its significance is not less than
21- %39 > 310 which is impossible. Hence the suspected coins belong to at least two groups. To have refusers of not
more than two types for each possible result, it is necessary to have refusers of a single type in each group. Thus one
of the groups will contains all refusers of some type; let their number be s. If this group contains x suspected coins
besides that then its significance after weighing equals 3!° = 212 + (a — x) + s = s + a + 20z; thus 319 — s — qa is
divisible by 20. Furthermore, we have either s =3% —a or s =¢ = 8-3% — 22a. In the first case 319 —s —a =2-3% is
not divisible by 20 which is impossible. Hence we have the second case, and then 3'© — s —a = 21a — 5-3°. Since 20
divides this number, 5 divides a. Similarly, 5 divides b and c¢; this contradicts a + b+ ¢ = 3° since the last number is
not divisible by 5.

4.5. a) Statement. Prove that Dy 1(n) = Dy 1(n) for every n and x > 4.

Solution. Suppose we must find the false coin among n coins. Note that if ¢ satisfies the injequality 2! < n(t+1)
then we cannot find the false coin in ¢ testing using any number of detectors on the reasons of significance. Similarly,
if 2071 < [n/2] -t + (n — [n/2]), then we also cannot find FC in ¢ detections. Indeed, for any division for the first
testing, some group contains not less than [n/2] coins; and if the first testing indicates FC in this group then we



cannot determine it on significance reasons. Clearly the second inequality is stronger than the first one, so it suffices
to check only it.

Thus if we present an algorithm such that for any ¢ with 271 < [n/2] -t + (n — [n/2]) it allows to find FC in ¢
steps by 4 detectors then we have proved that Dy 1(n) = Do 1(n).

We will construct such algorithm which satisfies two conditions: (i) in ¢ steps before the end of the process,
the significance of the situation does not exceed 2¢; (ii) at each step, present are the refusers of not more than 3
types. At the first step we split coins into two almost equal groups (that is, groups of [n/2] and n — [n/2] coins).
By assumption, the significance of the situation after weighing is < 2¢7'. At further steps we split suspected coins
almost in half each time, and then we split refusers according to significance reasons, and the specific distribution of
refusers is based on the lemma on buses.

Consider the ith step in more details. If the significance of the situation is less than 2¢ then we add dummy
refusers so that the new significance equals 2¢. It is not difficult to see that if the number of refusers (including
dummy ones!) is not less than 3(i —2) — 1 then we clearly can provide that the significances of the situations possible
after weighing differ not more than in 1. Then the significances in i — 1 steps before the end of the process will not
exceed 2'7! in both cases because their sum does not exceed 2° as required. Moreover in this case the numbers of
refusers in two groups differ not more than twice, so the bus lemma applies here as well (check it yourself!).

It remains to show that the number of refusers in ¢ steps before the end of the process is not less than 3(: —2) — 1,
that is, the total significance of suspected coins does not exceed 2° — 3(i — 2) + 1. It can be shown by some accurate
calculation which we do not present here.

b) Statement. Prove that By 1(n) = Ba1(n) for every n and x > 4.

Solution. Similarly; in addition, we have to provide that two of groups obtained at any step contain equal
number of elements. It is possible to do by adding standards.

Remark. The same methods (although with more technical details) enable us to show that the ideal number of
testers does exist for any number of broken testers.

4.6. a) Statement. Find whether the estimate of the same form as in problem 4.4 is valid for Ds1(n).

Solution. Suppose we wish to find the false coin among 2" coins using 3 testers one of which is broken.

Consider the minimal d such that 2¢ +d + 1 > 2¥(2d + 1). We will prove that d steps are sufficient to retain
not more than two coins which can occur to be false (this will be the moment relative to which we determine the
significance).

Put z; = 2° 4+ i 4+ 1. We construct a process such that for i weighings before the end the significance does not
exceed x;, and refusers always belong to not more than two distinct types. Note that if have provided this then the
significance after the last step does not exceed 2, hence not more than 2 coins will be suspected or refusers at the
end.

We construct the process by induction. Before the first weighing, both conditions are satisfied. Suppose we have
to carry out i last weighings. We will define the first of them. Instead of the bus lemma, we use the following
(obvious)

Lemma on dissection. Suppose we have some objects arranged in a line such that each of them costs not more
than z, and the total price of them is S. Then the line can be cut into ¢ parts so that each part costs not more

than w

Without loss of generality, we may assume that there are refusers of the first and the second types. Put coins in
a line: first the refusers of the first type, then the suspected coins, and then the refusers of the second type. Denote
the number of suspected coins by a. Sum the refusers with coefficient 1, and the suspected coins with coefficient 7 — 1.

Then the sum of the coefficients does not exceed x; — 2a; hence by lemma on dissection this line can be dissected
. . . . i —2a+1i—1 .

into two parts such that the sum of coefficients in each part is < ———— . If now we test coins of any part of
the dissection, the significance of the part obtained equals the sum of its coefficients plus the number of suspected

coins (since the suspected coins in this part are summed with coefficient ¢ instead of ¢ — 1, and in the other part
with coefficient 1 instead of 0). Thus for any result the significance does not exceed zitizl = x;_1. Moreover if
some part of the dissection includes refusers of both types then it includes all suspected coins; hence for each result
of testing refusers of not more than two types can remain.

Thus after d weighings we have not more than two possible FC. It remains to observe that a single false coin
among two coins can be determined in a bounded number of steps (for instance, in 3 steps). Hence we have proved
that d + 3 testings are sufficient. Furthermore d = log,(2¥(2d + 1) — d — 1) hence d = log, k + log, logy k + O(1) as
required.

b) Statement. Tom oice sonpoc npo Bs1(n).

Solution. Similarly, we intend (for n sufficiently great) to keep only 3 possibly false coins among n coins in d

weighings. We assert that it suffices to take d such that

(2d +1)+2-3% > n(2d + 1).

Then (by problem ) we will find FC in d + 3 weighings; moreover d = logy n + logs logs n + O(1).
Again, the moment for determining the significance is the moment after the dth weighing; then the initial
significance equals n(2d + 1).



Denote y; = (2i + 1) + 2 - 3%; we arrange the process so that in i weighings before the end of the process the
significance does not exceed y; and the number of types of refusers does not exceed 2; then the significance after the
dth weighing does not exceed 3 as required.

The step of the algorithm again is constructed similarly. Attach the factor D = 2i — 2 to all suspected coins, and
the factor 1 to all refusers; then the total sum of factors does not exceed y; — 3a where a is the number of suspected
coins. Put all coins in a line: first the refusers of the first type, then the suspected coins, and at last the refusers of

the second type. Then the lemma on dissection implies that they can be split into three parts so that the sum of

, —3a+ 2D
factors in each part does not exceed u This means that the significance of any situation after weighing

; —3a+ 2D
with these three parts does not exceed Yyi—oat 2 +a = y;—1 as required.

The last obstacle which might appear is that the numbers of coins in three groups obtained may differ. We will
show that the number of standards is sufficient to equalize two groups: then we can arrange the required weighing.
As is easily seen, this trouble does not exist at the first two steps: in the first weighing, two groups contain equal
number of coins, and in the second weighing we can easily redistribute refusers and suspected coins in three groups so
that two groups will contain equal number of coins (by a slight modification of the algorithm for dissection but with
no weakening of the estimate). After these weighings, we have not less than %n — 2 standards. We have distributed
not more than %n + 2 coins in 3 groups, hence the difference of numbers of coins in two of these groups does not

exceed 2—5771 +1< %n — 2 for n > 12. Thus the number of standards is sufficient. The solution is complete.






VCTOMYMBOCTD IIEPECEUEHUIN ITYTEN HA IIJIOCKOCTIN

II. deprau, . Heraii, A. CkonntenkoB, M. CKOIIeHKOB

OCHOBHBIMU pe3y/IbTATAMU SIBJISIIOTCS KPUTEPUN YCTONIUBOCTU CAMOIIEPECedeHnit myTeit u
uKJIoB Ha 1ockoctu (3azaun D2d u D3d; mokazarenncrBo HamedeHo B 3ajadax D2abe u
D3abc; onpeneniennst cm. masee). Kpurepun jgatorest B repmunax jud epeHnupoBans rpados
u mmyTeit.

Ecmm ycnoBue 3aja4un saBisgercd pOPMYIUPOBKOM YTBEPKJIEHUSA, TO TOJIPa3yMEBAETCs, UTO
3TO YyTBEpXK/ICHUE U HaJI0 NOKa3aTh.

Yacru A, B, C npeyiaraiorest 10 MpoMe:KyTOIHOTO (PUHUIIA, OCTATbHBIE — IOCJIE.

0. T'opox N Ha IJIOCKOCTU COCTOUT U3 HECKOJIbKUX ILIOIIa e (prmB), COEIMHEHHBIX HEIle-
PeceKarIIMUCs JoporaMn (HpHMOJH/IHeﬁHbIMI/I OTpeSKaMI/I). N3BecTHO, 9TO CyIEeCTBYeT Mapill-
PYT, HPOXOAAIINNA 110 KarxKJOU JI0pore pPOBHO OJUH pa3 (aTOT MapIIPyT MOXKET IIPOXOAUTH 110
IJIOMIA/IAM HECKOJIbKO pa3). Jlokaykure, 9TO CyMIECTBYET HECAMONEPECEKaOULUTCA MAPIIPYT,
OPOXOAAIINNA O KaXKJI0M JOpore poBHO OJIMH pas.

A. YcroituynBocTh nepecevyeHuii mapbl MyTei.

IIpo6aeMa ycToiiuMBOCTH IepecedeHmii mapbl ImyTei’. /[Ba OXOTHHKA OXOTATCA B JeCy.
Kaxkipiit n3 Hux BeJieT Ha KOPOTKOM MTOBOJIKE cobaky. CobaKy CIymaTcs OXOTHUKOB U JIBUKY T-
CdA TaK, KaK T€ UM I'OBOPAT. ECJ'H/I O/IHa U3 HUX IIepecevdeT CJIe/Ibl ILPYFOﬁ, TO OHa CTAHET JIadTh 1
CIIyTHET JU4Yb. K&K 110 JaHHBIM IIYTAM OXOTHHMKOB OIIpEJIC/INTL, CMOT'YT JIM OHI H36G}K&Tb CpbIBa
OXOTBI (eC/IM CMOTYT, TO NepeceveHue Iy Tell OXOTHUKOB Ha3bIBAeTCst Heycmotiuuevim )?

Byﬂel\/l CUUTaThb, 9YTO IIYTU OXOTHUKOB U CO6aK COCTaBJIECHbI U3 KOHEYHOTI'O YMCJIa IIPAMOJIN-
HEHBIX OTPE3KOB (T.e. Kycouno-aunetnnt). J1yis Takux myTeil OXOTHUKOB U3BECTEH MeOAeHHbI,
"nepeboproill” aIrOpuTM paclio3HaBaHus ycToiiunBocTh mepecedenuii. Haxoxaenue 6vicmpozo
AJITOPUTMa — HepeIleHHas 1podIeMa.

e(I)| \f(I1)
C F
] 1(02)
¢(12)
B FE
A D
a b

Puc. 1: Tpancsepcasibioe nepecevente myTeit u mapa myreit B Oykse " H”

Besjie B jrasbHeiieM Mbl [IpeJiiiojiaraeM, 9T0 OXOTHUKH JIBUYKYTC 110 HEKOTOPOI cucTeme
JOPOZKEK Ha TIOCKOCTH. V] OXOTHHUKA, 1 COOAKY, MBI CIMTAEM TOYKAMHU (TP 3TOM MbI Pa3PEIIaeM

TIpo6.reMa yCTORIMBOCTH CAMOIIEpeCceueH il Iy Teil HHTePeCcHa He TOJIBKO C TOUKU 3PEHHs TeOpHHU IpacoB, HO
U ¢ TOYKH 3PEHUS TOIOJIOIMH: OHA SIBJISIETCS YACTHBIM CJIydaeM MpobJIeMbl peasm3anun oTooparkenuit rpados B
wiockocru [Si69, RS98, Ak00, Sk03|. Hacrosimuii riuks 3amaa ocHoBaH Ha cratbax [Mi97, Sk03] u nepecekaercst
¢ [RS00, §2, S, ruaBa 7] Toabko no 3amauam 0, Bl u D4.

2Muorue 3a1a4n HACTOSIIETO MUKJIA MOJKHO HAYATH PEINATh SKCIEPUMEHTAIBHO.

3@opmasbHoe OIpeje/ieHne TPUBEIEHO Ha, CTP. 5



OXOTHHKY U cODAKe HAXOJUTHCS B OJH MOMEHT BPEMEHU B OJIHOIN U TOM K€ TOUKe ILIOCKOCTH).
JIJTMHBL IOBOJIKOB CYMTAIOTCS PaBHBIMEA 1 M (TO €CTh PACCTOSHHE MEXKJy OXOTHHKOM H €ro
cobaKoil B KaxK/Iplii MOMEHT BPEMEHH He MPEBOCXOIUT 1 M).

A-1. J/IBa OXOTHHMKA JBHXKYTCs IO JIOPOKKe B hopme orpe3ka jymmHbl 1 KM. [Ipu sTom
OHHU MOT'YT MEHATDH HaIIPaBJIEHUE CBOETO JBUKeHud. /JoKaxKuTe, 4TO HE3aBUCUMO OT JIBUYKCHUS
OXOTHUKOB CODAKM CMOT'YT JIBUTATbCS TAaK, YTOOBI HE MEPECeKaTh CJIeJIbI JIPYT JIpyTa.

IIpumep. /IBa oxorHuKa mpornLIu (PABHOMEPHO HE MEHssl HAIPABJICHUS) MO TPSIMOJINHEH-
HBIM JIOPOZKKAM, TIEPECEKAIONIUMCS O] IPAMBIM YIJIOM B TOYKE, OTCTOSAIIEH OT KaxKJI0ro n3 ux
koHIOB Ha 1 KM (puc. l.a, Ha KoropoMm ¢(I1) u p(ly) — myTn oxorHukos, a fi(11) u fo(ly) —
BO3MOKHBIE IyTH cobak). Torga oiHa cobaka mmepecekasa CJrejbl IPyTroii.

A-2. Cucrema JiecHBIX J0pozkek nmeer dbopmy 6ykser "H” (eMm. puc. 1.b), nmpudem inna
kazk 1010 3 orpe3skoB AB, BC, BE, DE, EF pasra 1 kM. OIuH U3 OXOTHUKOB TIPOIIIEJT TI0 Ty TH
ABEF, a sropoit — no nytu CBED. Torna onfa u3 cobak mepecekasa CJebl IPYroii.

Jlist mokazaTebCTBa TOr0, UTO HEKOTOPHIE IIyTH cobaK O0sSI3aHbI ITepeceKaThbCsi, MOXKeT OKa-
3aThC MOJIE3HOM CrIeyrorast TeopeMa. Fit paspernaercs mob30BaTbCst 0€3 T0Ka3aTeIbCTBA.

Hux.rom HA3BIBAETCS MyTh, HAYAJO U KOHEI KOTOPOT'O COBIAJIAIOT, U IIPU STOM 3a0bITO, TJIe
HaYaJ10. MBI TOBOPHM, 9TO JIBa Iy TH (UJIH IUKJIA) NEPECEKAIOMCA MPAHCEEPCAADHO, €CIN BOTA3H
KaxKJI0i TOYKHM ITepecevdeHnsi OHU BBITVISIAT MOJ00HO JIBYM IIyTAM Ha puc. l.a.

Teopema o werHocTH. /J[6a (KYCOUHO-AUHETHDIT) UYUKAG HA NAOCKOCTU, NEPECEKANOULUTCH
MPAHCEEPCANLHO, NEPECEKAIOMCA 8 YEMHOM YUCAE MOYEK.

SaMeTI/IM, 9TO TOYKH CaAMONEpECceHeHUA (TO €CTb TOYKHU, COOTBETCTBYIOIIIHE IIECPECEYCHUIO
CcODaKOl CBOUX COOCTBEHHBIX CJIG,ILOB) He CHUTalOTCA 3a TOYKHU NEPECEYEHUA.

A-3. Cucrema JrecHbIX JOpOKeK uMeeT (opmy OyKBbI 'Y, cOCTABIEHHONW M3 TpeX Ips-
MOJIMHEHBIX OTPE3KOB JUIMHbBI 1 KM, obpasyromux B ux obmieit Touke yribl 27/3 (puc. 4.Y).
[TpumymaiiTe Takue myTH JBYX OXOTHUKOB, YTOOBI CPbIBA OXOTHI HEBOZMOXKHO OBLIO N30€3KATh.

B. ¥YcroituuBocTh camoriepecedeHmnii myTH U MUKJIA.

ITpo6saema ycroiitunBocTu camorniepecedenuii myTu. OXOTHUK TyJsieT I10 JieCy, BeJlsl Ha
KOPOTKOM TIOBOJIKe cobaky. Cobaka ciIyIaercs OXOTHUKA U JIBUXKETCS TaK, KAK TOT eif TOBOPHT.
Ecin ona niepeceder cBom ciiefibl, TO 3a/1aeT U CIYTHET Jndb. Kak 10 JaHHOMY IIyTH OXOTHUKA
OIPEJIE/IUTh, CMOXKET JIM OH M30ezKaTh CPbIBA OXOTHI (€CJIM CMOYKET, TO CAMOIIEPECETEHUsI Iy TH
HazBIBAIOTCS Heycmotinuevimu)t 57

OcuHoBHoIt peE3yJIibTaT JaHHOI'O ITUKJIa 3a/Ja9 — 6bL6mprfL AJITOPUTM PaCIlIO3HaBaHWA yCTOIL/'I—
YHUBOCTH C&MOHGpecequHﬁ.

B-1. (a) OXoTHUK I'yJIgeT 10 JIECHOM JOPOXKKe, nMerolei hopMy IpaMOJMHERAHOTO OTPE3Ka
anel 1 kM. TIpu 3TOM OH MOXKET MeHSITh HallpaBJeHue CBOEro JBUzKeHus. Jlokarkure, 91O
HE3aBHCHMO OT JIBUKEHUSA OXOTHHKA cOOaKa MOYKET JIBUTAThCA TakK, 9TOObI He IepeceKaTh CBOi
cie.

(b) To ke jyist JOPoKKHU B hopMe OKPYKHOCTH (pajimyca 1 Kum).

B-2. (a) Hecamonepecekaomuiicst myTh UMEET HEyCTOHIMBbIE caMonepecevdenns (Halma Tep-
MUHOJIOTUS HE JIOJIZKHA CMYIIATh IUTATEIs).

(b) Eciin camonepecedenus 1y TH HEYCTORYUBLI, TO TO 7Ke BEPHO JIjIs JIIOOOT0 ero Moy Tu®.

4@opmasbHOE ONpejiesieHne TPUBEIEHO Ha CTP. 5

STIpobyiema yCTONYMBOCTH caMoTIepecedennii myTeil MoXoyKa Ha KJIaCCHYeCKyIo pobeMy MIAHAPHOCTH T'pa-
dbos (1.e. peasmsyemoctu rpadoB B IIIOCKOCTH 6e3 caMollepecevdeHnii) n JjazxKe CBOAUTCS K PACIIO3HABAHUIO 1A~
HapHocTu rpadoB (0HAKO YUCI0 rpadoB, NIAHAPHOCTD KOTOPBIX HAJI0 BBISICHUTD, JJisi OJHOTO JAHHOIO IyTH,
Besiuko). IIpoGiema peasusyemoctu rpados pemmaercs, Hanpumep, kpurepuem Kyparosckoro. s npobiembl
AIIIPOKCUMHUPYEMOCTH BJIOXKEHUAME aHAJIOMMYHOro Kpurepus He cymecrsyer [Sk03], cm. 3amagay DS.
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(c¢) Ecim mepecevenns HEKOTOPOIi Tapbl MOAIY Tl JAHHOTO MyTH YCTOWIUBBI, TO CAMOIIEpe-
CEYEHUd ITOrO IIYTU yCTONYNBHI.

(d) CymectByer myTh, He COJEprKAIMil TPAHCBEPCAJIBHBIX HepecedeHuit (puc. 1.a), u Bce
PABHO MMEIONNNA YCTONYUBBIE CAMOIIEPECCUCHUS.

O,ZLHI/IM 13 OCHOBHBLIX Pe3YyJIbTaTOB JaHHOI'O HUKJIa 3a/a9 ABJIACTCA CJICAYIOIIasd TeopeMa.

Teopema o mape noxmyTeit. [lymv na naockocmu umeem Ycmotuusvle CamMonepeceterus,
ECAU U MOADKO eCAU HEKOMOPAA NAPa €20 NodnYymet umeem Yycmotuuesvie NepeceveHu.

B-3. Ilyctb cucrema J1opoxkek obpasyeT HEKOTOPBIi rpad Ha IIOCKOCTH, pedpa KOTOPOTo
saByAoTest orpeskamu JymHbl 1 kM. (IIpuaem paccrostaue oT J11000ii BEPITUHBL J0 JIIOOOTO ped-
pa, ee He cozepzKairero, 6osbine 10 m). [Ipeamosmokim, 910 OXOTHHUK MPOIIIE IO 9TOi cucreMe
JIOPOYKEK, TIPON/IS 0 KazKJIOW W3 HUX POBHO 1 pa3 m MeHsdd HalpaBJIeHUe JBUKEHNS TOJIBKO B
MecTax coeJuHeHus JopokeK. Jlokaxkure, 9To MyTh OXOTHUKA UMEET YCTOWYMBbLIE CaMOIIepece-
YeHNs, €CJIM U TOJIBKO €C/IN OH COJEPXKUT TPaHCBePCaJIbHOE caMollepeceveHne.

B-4. CymecTByer ajropuT™M MPOBEPKNA YCTONINBOCTU CAMOIIEPECETEeHN /ISl JTJAHHOTO Iy TH
Ha IJIOCKOCTH.

B-5. (a) OxorHuK (paBHOMEDHO He MeHsisl HAIIPABJIEHHsI) JIBUIAJICS IO JIECHOI JOPOXKKE B
dopme okpyzkHOCTH auameTrpoM 1 KM, cesas jBa obopora. OH Besl Ha NOBOJIKE JIMHOM 1 M
cobaKy, KOTopasi B KOHIIe JBUKEHHs BEPHYJIACh B HCXOJIHYIO TOYKY. Jlokakure, 4To cobaka
00s13aTesIbHO TIepecekasia CBOii cjiet (B HEKOTOPBI MOMEHT BPEMEHH, OTJIMYHBII OT KOHEYHOIO,
puc. 2).

(b) Bepno i (a) 6e3 mpeoIoKeHusi 0 TOM, 9TO cobaka B KOHIE JBUKECHHsI BEPHYJIACh B
UCXOTHYIO TOUKY?

(c) Jokazkure aHasor (a) s caydas, KOrja OXOTHHUK CIeJaa mpu 000poTa.

(d) Js xakoro wmcsra 060poToB B (a) cobaka 0bs3aTe/IbHO IepeceKaia CBOi coen?

(e) Ilpenmosoxknum, 4ro JOpokKa mMeeT GopMmy orpeska jumHOi 1 kM. Jlokaxure, 4To
HE3aBUCUMO OT JIBHKEHHs OXOTHHKA COOaKa MOXKET JIBUI'aThCsl TaK, YTOOBI He IIEPECEKATH CBOU
cJIesibl U B KOHIIE JIBHZKEHUS BEPHYTHCS B UCXOJHYIO TOUKY.

Puc. 2: IlyTs cobakn

C. IlpousBoaubie rpadoB U IyTeii.

IIpoussoonoti G' rpada G nasbiBaerca rpad, BEpHIMHLI KOTOPOTO HAXOAATCS BO B3aMMHO
OJTHOBHAYHOM coOTBeTcTBUU ¢ pebpamu rpada G. Bepmunet €' u f', coorBercrByMonume pedbpam
e u f, coeuHennl pebpoM B rpade G’ ecin pebpa e u f umeror 061yt Bepuiuny (puc. 3).

C-1. Hapucyiite npoussotbie (cM. puc. 4)

(a) ayru ¢ n pebpamu; (b) oKpyKHOCTH € N pebpamu;

(c) 3Be3apl ¢ n aydamu (n-omxa); (d) 6ykser " H”.

C-2. I'pad HaszbIBaeTCS NAGHAPHBIM, €CJIT €I0 MOYKHO HAPUCOBATH HA IJIOCKOCTH 6€3 caMo-
nepecevennii. [IpousBojHas manapHoro rpada He 00s3aTe/IbHO ILIAHAPHA.

Ilymem B rpade G HA30BEM JIIOOYIO TOCJIEI0BATEILHOCTD €r0 BEPIIUH Uy, U1, . . . , Uy, TAKYIO
YTO v; U V;11 COeJIMHEHBI pebpoM B (.
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Puc. 3: IlpousBojnas mytu B rpade
I St Y (3-on) P
Puc. 4: Tllpomuddepentupyiite mac!
[TyTe (1uK1) vg, . . ., U, HA3BIBACTCH IUAEPOGHLM, €CIIA OH TIPOXOJUT MO KazKJIOMY pedpy poB-
HO OJINH Pa3, T.e. eCIH cpeau pebep vgvy, ..., U,_1V, BCTpedarTca Bce pebpa rpada G poBHO
10 OJTHOMY pa3y.
[Iycts myTh ¢ B rpade G 3a1aeTcs M0C/IeI0BATETLHOCTBIO Uy, U1, - . . , U, BepIIH. Pacemor-
PHM TIOC/Ie10BATEIbHOCTD (Ugvy)', ... ,(v,_1v,)" Bepmua tpoussojHoil rpada G. B sroit moce-

JIOBATEILHOCTH MOTYT CTOSTH IOJPSAJ OJMHAKOBBbIE BepiInHBI. JIjIs KaKjaoro Takoro Habopa
OJIMHAKOBBIX BEPINUH (CTOAIINX MOJAPS]] B MIOCJIEI0BATEIbHOCTH BEPIIHH TPOU3BOIHON) 3aMe-
HUM 5TOT HabOp Ha ojHy BepiuHy. [Tosyuennslit myTh ¢’ B rpade G’ Ha3bIBaeTCs npouseodnot
myTu . [IpousBoHast napv, nymet — 9T0 Hapa IMyTei, onpeieseMas aHAJOTHIHBIM 00Pa30M.

Ilpumep. Ilycts A — rpad ¢ BepmumHaMU a1, a9, a3, A4, A5 U PEOPAMU G102, U2d3, U2y,
asay, agas (puc. 3). Obosnaunm uepes by = (ajaz)’, by = (agas)’, by = (agay)’, by = (azaq)’,
bs = (a4as)’ Beprmubl mpousBoHoil rpada A. Ilyctb ¢ — nyTh ajasasasazasasayas B rpade A.
Torya npoussojHas ¢’ — 910 1y Th bbsbabsbsbs. (Ha puc. 3 uzobpakensl He camMu myTu @ u ¢,
a HEKOTOpBIe OJIN3KUE K HUM IIyTH Ha IJIOCKOCTH).

C-3. (a) Haitjure nepsbie u BTOpble IPOU3BOJIHbIE IyTell U nap myreii ¢ puc. 1, puc. 3 (a
TaKzKe IyTeil 1 map IyTeii, TocTpoeHHbIX Bamu B pemenunsx 3agad A3 u B2d).

(b) Ywucsto BepIvH B IPOU3BOHON Iy TH C 7 BEPIIUHAMU HE MPEBOCXOAUT 1 — 1.

(¢) Bymem roBopuTh, WTO IyTh WMEET MOYKY 6036PaMa, €CJIU MO0 HEKOTOPOMY pebpy OH
[IPOXOJIUT JiBa pasa noips. [lyTh ¢ 6e3 ToueK BO3BpaTa ABJIAETCS SIEPOBBIM TOIIA U TOJBKO
TOTJIa, KOTJIa MyTh ¢ He UMeeT CaMOIlepecedeHuil.



DopmajibHbIE OITpe/IeJIEHUS .

[TpuBenem sKBUBaJICHTHYIO (DOPMYJIMPOBKY HAIMX 33/a9 Ha puMepe 3a1adn B5. (sKBuBa-
JIEHTHOCTB Jtoka3ana B [Mi97]). Paccmorpum jiBe moigHKY (T.€. JiBa Kpyra), COeJMHEHHbIX JIBYMsI
TponmHKamMu (T.e. moJockaMu) a u b, kak Ha puc. 5 u puc. 2. Cobaka Gerasa 10 MOJSTHKAM W
TPOIMHKAM U BEPHYJIACH B UCXOIHYIO TOUKY. KaxK iblit pas3, korja cobaka nepederaJia ¢ MOJIsTHKI
HA TPONUHKY, OHA 3alUChIBaJa 0b03HavYeHne 3Toit Tponuuku. B 3amade BS yrBepxkaercs, 1ro
ecJIi TIOJIydnIach 3amuch abab, To cobaka 0Os3aTEIBHO TIepeceKasa CBoil ciiell (B HEKOTOPBIIl
MOMEHT BPEMEHHU, OTJIMIHBIA OT KOHEYHOr0). AHAJIOMMIHO MOKHO 1epeOpPMYIHPOBATD JIPyTHe
3a/1a4M.

Puc. 5: /Ipe nosigakn

[Ipuseem bopmaibHOE OIIpeie/ieHne YyCTORINBOCTH TiepecevdeHuii u camorepecedennii. O60-
snaunm vepes I = [0, 1] orpesok, yepes S* oKpyzKHOCTD (T. €. OTPE30K €O CKJICCHHBIMHU KOHI[AMH)
u gepes R? maockocTb. Kycouno-aumnetinom nymem Ha IJIOCKOCTH Ha3bIBAETCA OTOOPasKeHUe
¢ : I — R? m1s KOTOPOro CyIecTBYIOT Takme Toukn 0 = vy < v; < -+ < v, = 1, 910 @
JIMHEIHO Ha KasKJIOM U3 OTPEe3KOB [v;v;11]. [[uk.a onpesengercs anaaoruano ¢ samenoit [ na S
Bysiem paccmarpuBaTh TOJBKO KyCOUHO-JIMHEHBIE TYTH U HA3BIBATH UX MIPOCTO nymamu. 11yTh
¢ . J — R? naswBaerca noonymem ytu ¢ : I — R?, ecin J —oTpesok, cojepxxKanuiics B I u
Y=l

IIytb ¢ : I — R? umeem neycmotinusvie camonepeceuenus (M Jonyckaem ycmpanenue
CAMONEPECEUEHUT, MAADIM ULEBEAEHUEM, W ANNPOKCUMUPYEMCH BAOHCEHUAMU), €CITH CYIIe-
CTBYET CKOJIb YTOJHO OJIM3KHUIT K HEMY Hecamonepecekaouyutica myTh (T.e. ecin JJis JIE0O0TO
e > 0 cymecTByeT Takoil mecamonepecexarouyutica myts f @ I — R?, 9r0 paccrognme MexKLy
toukamu f(x) n ¢(x) Menblne € s a060i TOUKH & € ). AHAJIOTUYIHO OLPEIEIseTcs yCTOoM-
YUBOCTDL caMollepecedenuii yuxaa ¢ : ST — R2,

[Tapa myTeit 1, o : I — R? umeem neycmotinusvie nepecevenus (umm donycraem yempane-
Hue nepecetenuti MasblM UWEBEACHUEM), €CITH CYIIECTBYET Hapa CKOJIb YTOJHO OJM3KUX K HUM
HenepecekatuuTes myTeit (T.e. ecau jiis Jo6oro € > () CymecTBYIOT TaKue Henepecekaouyuecs
nyru fi, fo 1 I — R?, uro paccrognue mexy Toukamu f;(x) m @;(x) Menbiie & jist J0060it
Toukn x € [ mi=1,2).

Hanpumep, mpanceepcasvroe nepecenenue (puc. 1.a) aByx myreil ycToidamso.

CkaxkeM, 3atada Blab Ha 3TOM si3bIKe OPMY/IUpPYETCsT TaK:

Eciu o6pazom ¢(I) mytu ¢ : I — R? apjigercss 0Tpe30K MM OKPYZKHOCTh, TO €ro CaMolie-
pecevdenusi HEYCTONIUBHI.



YKkazaHusa u penieHnsda K HEKOTOPbIM BBOAHBIM 3a/JavaM

0. IIpoBeném cHadasa KaKOH-HUOY/b SMWJIEPOB IyTh. BygeM cuntaTh, 9TO Ha IUIOMAJIAX MYTh MPs-
MostnteeH. CaMonepeceveHust CIyIaioTcs TOMBKO Ha MIIOMAIIX. PaceMoTpuM Kakoe-HUOYIH caMorepe-
cegerre. OHO COCTOUT U3 YETHIPEX BEPIIUH HA OKPY2KHOCTU U JIBYX JMArOHAJICH 0Opa30BaHHOIO UMU
BBIIYKJIOTO YeTLIPEXYTOoJbHUKA. 3Menum Hatr 1myTh. [ 9TOT0 B HaIlleM YeTHIPEXYTOJHLHUKE BMECTO
napbl JUAroHajeil MpoBeJEM Hapy IPOTHBOIIOJIOXKHBIX CTOPOH. DTO MOXKHO CJIEJIATh TaK, YTOOBI MbI
CHOBA IIOJIyYUJIN 3iyIepoB 1y Th (a He MyTh M IUKJI, He CBsI3aHHBbIE MeXK Ly coboii). Byuem zeiictBoBaTh
TaK, MOKa y HAIIEro IyTH €CTh caMollepecedeHus. Takux ormeparnii MOKET IMPOU30NTH TOJIHLKO KOHEY-
HOE YUCJI0, TIOTOMY YTO JIJIUHA IIyTH YMEHbINAeTCsd, a Ha (DUKCHUPOBAHHOM MHOXKECTBE BEPIIUH IIPU
IPSIMOJIMHERHBIX PEOPaxX BOZMOXKHO TOJILKO KOHEYHOE MHOXKECTBO BO3MOXKHBIX JIJIMH IPadoOB.

A-1. Ilpoeesem mpsimyto depe3 Hamry jgopory. OHa pasjesisieT IIOCKOCTb Ha JIBe TOJIYIIJIOCKOCTH.
[IycTb mepBbIit OXOTHUK TPUKAXKET CBOeil cobake JBUTATbCS B OJHON M3 JAHHBIX IOJIYILIOCKOCTEH, a
BTOPOIl OXOTHUK IMPUKAXKET CBOeil cobake JBUTATHCS B APYTroil MOJYIIOCKOCTH. Torma cjeapl cobak He
IIePECEKyTCs.

A-2. I[lpenmonoxuM, 9T0 cOOAKHM MOI'YT JBUIaThCS Tak, YTOOLI HE IepeceKaThb CJEAbl APYTr APYTa.
ITycrs A'F’ u C'E’ — nyTtu cobak. 3aMkuHeM 3Tu IyTH, n06asue K HuM jomanbie F' XA nu E'X(C’,
[MOKa3aHHbIe Ha pUCYHKe. Tak Kak pacCTOsTHIE MKy OXOTHUKOM M CODAKON MHOI'O MEHBIIe MOIapPHBIX
paccroanmit Mmexkay Toukamu A, C, E, F, o nomanas F'X A’ ne nepecekaer nyts C'E’, a nomanas
E'XC'" ne nepecekaer nytb A'F’. 3naunr, nsa mukiaa A'F'X A" u C'E' X C' nepecekaiorcst TpaHCBep-
CAJILHO B €JIMHCTBEHHON TOuKe X. A II0 TeopeMe O YETHOCTH YUCI0 UX TOUYEK IIePEeCeUeHMs JOJIXKHO
ObITh yeTHO. [loTydeHHOE POTUBOpEUNE JTOKA3BIBAET, UTO IyTH CODAK ODSI3ATENIHHO MTEPECEKAIOTCS.

ITpumepsr k 3agadam A3 u B2d npusesensr Ha puc. 6, riae Jiist HAIVISIIHOCTH HAPUCOBAH HE CaM
nyTh, a GJU3KHUIA K HeMY 1yTh obmiero nojoxenus. Cm., Bupodem, |[Mi97, Sk03|.

YKkasanue: MoxKHO cBecTH K HemylanapHocTn rpados Kyparosckoro K5 n K3 3. Ilynkrupnas juans
Ha puc. 6.d TOMOXKeT ¢JiesIaTh TO.

()
f(I)
(1) >

o(I)
c) d)

Puc. 6: IlyTu ¢ ycroitumBbiMEI caMoliepecedeHnsIMU

B-1. (a) Hampasum ocs Ox B0s1b TOPOXKKH, a 0cbh Oy — neprieH Ky/IspHo K Heii. [Tpemonroxum,
9TO KOOP/IMHATA OXOTHHKA (BbIpazkKeHHasi B MeTpax) 3ajiaercs GyHkuueil x(t), a BpeMsi OXOTHI ¢ u3Me-
usiercs B npejenax or 0 qo T'. ITycrb oxoTHuK npukazkeT cobake nurarhbest 110 rpaduky dyaknun x(t),
cxkaroMy K ocut Oz, TO €CTh IOJIOXKUM KOOD/JMHATHI cOOaKM B MOMeHT BpeMmenu ¢ pasubivu (z(t);t/T).
Jlerko BujeTh, YTO TOrMA cobaka He OyJleT IepecekaTh CBOM CJIEJIbI, & B KAXKJbIi MOMEHT BPEMEHU
Oy/leT HaXOJUThCs He Jajiblie 1 M OT OXOTHHKA.

(b) Byuem jeiicrBoBaTh aHAJIOIMYIHO IIYHKTY (&): IyCTh cobaka JIBUXKETCsl Tak, YTOObI B KaxKJblii
MOMEHT BPEMEHHU { OHA HAXOAWJIACh Ha Jiyde, HANPABICHHOM U3 IEHTPA OKPYXKHOCTH B TOYKY, IJIE



HAXOJIUTCsI OXOTHHK, 8 €€ PACCTOsIHIEe OT OXOTHHKA paBHsiaoch t/T M (T — obiee Bpemst oxorsl). Toryia
cobaka He OyIeT mepeceKkaTh CBOU CJIE/IbI, & B KAXKJIbIII MOMEHT BPEMEHU Oy/IeT HaXOAUTHLCHA HE JTAJIbIIe
1 M oT OXOTHHKA.

B-2. (a) Ilycrh cobaka mjer 3a OXOTHUKOM ’cjiej B cjieil’, TO eCTh B KaxK/blii MOMEHT BPEMEHU
cobaka U OXOTHHK HAXOJSITCS B OJHOI 1 TOM Ke TOYKe (9TO He 3alpenieHo ycaoBreM ). IIocKoIbKy myTh
OXOTHHUKA HE CAMOIIEPECEKAeTCs, TO U IIyTh CODAKM HE OYIET CaMOIePEeCeKaThCs.

(b) ITockosbKy camorniepecedeHust MyTH HEYCTONYUBBI, TO cOOAKa MOXKET JIBUTAThCs, He TepeceKast
cBou ciiesibl. PaccMoTpuM BuzKeHne cOOAKU TOJILKO B OTPE30K BPEMEHH, COOTBETCTBYIONIMI BhIOpaH-
Homy nojnyTu. OH TakKe He CaMOIIePEeCeKaeTCsd. SHAYUT, BLIOPAHHBIH MOy Th TAKXKE UMEET HEeyCTOM-
YUBBIE CAMOIIEPECeTCHUSI.

(c) peamonoxkum, 9To camornepecedenust Iy T HeycroitunBbl. Torya cobaka MOXKET JIBUTATHCS, HE
repecekasi CBOU CJie/ibl. PAacCMOTPUM JIBM2KEHHME CODAKM TOJIBKO B T€ JIBA OTPE3KA BPEMEHU, KOTOPBIE
COOTBETCTBYIOT BBIODAHHBIM TMOIIYTAM. DTU JBa IYTH HE [EPECKAIOTCS. JHAYUT, CAMOIEPECEUCHUS
COOTBETCTBYIONIEH IIaphbl IIOIIYyTel HEYyCTONYNBHI.

B-3. fAcno, 4T0 ecsi myTh OXOTHUKA COJEPKUT TPaHCBEPCATHLHOE CAMOIIepeceveHne, TO er0 caMoIle-
pecevenust ycroiauBbl. JlokakeM, UTO ec/ii B pACCMATPUBAEMOM CJIydae IIyTh HE COJIEPKUT TPAHCBEP-
CAJTbHBIX CaMOIlepecevdeHnil, TO ero caMoIepecedeHns: HeycToiumBbl. Haprucyem BOKPYT KaxK0i TOYKH
COeIMHEHNUs TIOPOXKeK KpyT paguycoMm 1 M. [IycTh Bce Bpemsi, KOT/1a OXOTHUKU HAXOJAATCS BHE 3TUX KPY-
roB, coDaKa JIBUKETCs CJIEN B CJeJ 38 OXOTHHKOM. Kak TOJIbKO OXOTHUK HAYMHAET JBUTATLCS BHYTPH
HEKOTOPOI'o KpyTa, cobaka cpe3aeT MapIIpyT, JBUTASICH IO XOPJIE BMECTO Iapbl PaJIMyCOB, KaK IT0Ka3a-
O Ha pucynke. [locTpoenusit myTh cobaku He camoriepecekaercs. JleficTBUTEIbHO, TaK KaK 110 KaXK IO
JIOPOYKKE OXOTHUK MPOXOIUT POBHO 1 pa3, To BHE KPYroB cobaka He MEePeceKaeT CBOU cJiejibl. Ecium ke
cobaka rmepecekaeT CBOHU CJIEJbl BHYTPH HEKOTOPOT'O KPYTa, TO HEKOTOPhIE JIBE M3 MOCTPOCHHBIX HAMMU
XOPJT TIEPECEKAIOTCsI. A 9TO BOBMOXKHO TOJBKO B TOM CJIy9ae, €CJIA MyTh OXOTHUKA MMEET B 9TOM MeCTe
TpaHCcBepcaJIbHOe caMollepecedcHue.

Puc. 7: Cobaka cpeszaer myTh.

B-4. Cvorpu dhopmysnposky 3asa4du D7 (1ipocroit, Ho Me/ieHHbIi ajaropuTM) uim reopembl Musiia
D2d (6osiee coxkHBIi, HO OBICTPBIN AJITOPUTM).

B-5. (a) Vkasanue. ITpeamnosnoxkum, 9ro cobaka MOXKET JIBUrAThCsl Tak, YTOObI He llepeceKaTbh CBOU
crenpl. Ilycrs A — HekoTopas Touka oKpykHOCTH. Pacemorpum siya O A, HApaBJIeHHBIH U3 TEHTpa
OKPY>KHOCTH B TOUKy A. flcHO, uT0 nuki cobaku mnepecekas jiyad OA Kak MUHUMYM JIBayKJIbI: XOTs ObI
pas, moka OXOTHUK JIeJIaJI EPBBIi 060pOT, 1 XOTsI 6bI pa3d — Korja BTOpoit. OTMeTHM Ha 9TOM JIyde BCe
ero TOYKM IIepecedennsl ¢ myTeM cobaku. SIcHO, uTo HaiiayTcs jase “cocepnue’ oTMedenHble Touku A’ u
A" (To ecTh TakMe OTMEYEHHBIE TOUKH, HA OTPE3KE MEXK/Iy KOTOPLIMU HET JIPYTUX OTMEYEHHBIX TOYEK ),
OJTHA U3 KOTOPBIX OTHOCUTCSI K MOMEHTY, KOIJIa OXOTHHK JIeJIaJl IEPBBI 060POT 10 OKPYKHOCTH, & BTO-
pasg — K MOMEHTY, KOI'Jla OXOTHHUK JeJIal yz2Ke BTOpoil 000poT. "PaszopseM” 1muk/ cobakn B Toukax A’ u
A" u nobasum K HuM napy myTeit p’ u p”, pacnonoxkennnix "B6msn” orpeska A’ A” n nepecexaronuxcst
TpaHCBEPCATBLHO B TOUKe X, KaK MOKA3aHO Ha PUCYHKE. B mTore Mbl U3 IUK/Ia CODAKY TOIYIUM Tapy
[IKJIOB, KOTOPBIE TEPECEKAIOTCsI TPAHCBEPCATBLHO B €IMHCTBEHHON Touke X. A 10 Teopeme O YeTHO-
CTU KOJIMIECTBO TOYEK I[IEPECeUeHNsl Y JIBYX IUKJIOB JIOJIKHO ObITH YeTHO. [lorydeHHOE TIpoTHBOpEUne
JTOKA3BIBAET, UTO cobaKa 00s3aHa MTePeceKaTh CBOU CJIEIBI.
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Puc. 8: IlpeBpamenne nukia B napy 1mukJjoB.

(b) OTser: B aTOM CiIydae cobaka MOXKeT JBUTATHCS TaK, YTOObI HE [IepeceKaThb CBOU CJIEIbI.
(c) JdokazareabcTBO JIOCTOBHO TOBTOPSIET HAIlE PACCYZKJICHUE U3 IyHKTa (a).

(d) Orset: jy1st sir060TO YncIa 060poTOB (B JIIO6OM HAIIPABJIEHNH ), HE MEHbIIEro JIByX. J{okasaresb-
CTBO JIOCJIOBHO MOBTOPsIET HAIIIE PACCYKJIEHNEe U3 IyHKTa (a).

(e) Bes orpannvennst OGIHOCTH MOYKHO CYUTATH, YTO OXOTHUK IOOBIBAJ BO BCEX TOUKAX JIOPOXKKIH,
BKJIIOYasl ero KOHIbI (MHaYe MbI IIPOCTO YMEHBIIUM OTPE30K-J0POXKKY, 4TOObI JOOUTHCST 3TOIO yCJIOBUSL. )
Torma MOYKHO CUNTATD, YTO UK/ OXOTHUKA HAMMHACTCS U 3aKAHIUBACTCS B OJIHOM U3 KOHIIOB OTPE3KA.
[Tycrb cobaka jiBuzKeTCsI 110 IPadUKYy IIyTH OXOTHHUKA, C;KATOMY B HAIIPABJIEHUH JIOPOZKKHU (AHAJIOTUIHO
pemmennio 3agaun Bla). Ham ocraercst 3aMKHYTH 11yTh c0OaKH, JOGABUB K HEMY JIOMAHYIO, PACIIOJIO-
JKEHHYIO BOJIM3M KOHIIA OTPE3Ka, KaK MOKA3aHO Ha pUCyHKe. I1oydeHnblii UK/ He caMOIepeceKaeTcsl.

- ) - )

Puc. 9: Bambikaem myTh cobakm.

C-1. (a) dyra ¢ n — 1 pebpom; (b) okpyzkHOCTB ¢ N pebpamu; (¢) MOJIHBIN rpad ¢ n BepIIMHAME;
(d) rpad, cocraBieHHbI U3 JABYX TPEYyTOJbLHUKOB POBHO C OJIHOI OOIEil BEPITHHOI.

C-2. I[Ipumep: 3Be3/1a ¢ 5 JaydaMu — ILUTAHAPHBIN rpad, MPOM3BOIHAsT KOTOPOIO — HEILJIAHAPHBII

rpad (mosHbIi rpad Ha 5 BepIIMHAX).

C-3. (a) Cwm., nanpumep, puc. 10.
SD (p/ (‘0//

G G/ G//
Puc. 10: Bropas npoussognas myTn

(b) ITycTb MCXOAHBINA MyTh COCTOMT W3 N BEPIIMH U1,V2,...,Un. TOIJA B IIOC/IEIOBATEILHOCTH
(v1v2), (vovs3)’, ..., (Vp—1v,)" poBHO (N — 1) Bepmmu. YTOGHI MOCTPOUTH MPOUZBOIHBINA IIyTh, MbI U3
JIAHHOI 110CJIe/I0BATEJILHOCTH ellle, BO3MOXKHO, BBIOPAChIBAEM HECKOJIbKO BEDINHMH. B mrore Mbl moJy-
YHUM IyTh, COJepXKaIuii He 6ostee n — 1 BepHIUHEL



(c) Hdokaxkem, uTo Mpou3BojHAs diiepoBa MyTH He camornepecekaercs. IlycTb ¢ — 3il1epos myTh
VO, V1, -« Un_1, Up = Vg. Tak Kak 3MIEPOB IIyTh MPOXOANT 0 KazKJI0My pedpy posHO 1 pas, To B mocie-
JoBarebHOCTH pebep (v1v2), (V2v3), ..., (Vp—1Up) HET TOBTOPSIONMXCSA. 3HAYNUT, B IOCJIEOBATEIBHO
CTU BEPIINH NPOU3BOAHON nanHoro myTtu (v1ve), (vavs),. .., (Un—1v,) HET MOBTOPSAIONMXCS. 3HAYMT,
nyTh ¢’ — HecaMOIepeCeKAIONINHCs .

JloKazkeM, 9TO €CJIM HeKOTOPDIi IIyTh He MMEET TOYEK BO3BpaTa M €ro MPOM3BOIHAS HE CaMOIepece-
KaeTcsl, TO UCXOAHBII 1yTh — 3itaepos. IlycTh ¢ — maHHBIL Iy Th Ug, U1, ..., Uh_1, U, = Vg. 1aK KaK OH
He UMeeT TOYeK BO3BpaTa, TO B IOCJeoBaTe bHOCTH pebep (v1vz), (vav3), ..., (Vp—1vy,) HET ABYX CTOSI-
MIMX TIOJIPST OJIMHAKOBBIX pebep. SHAUNT, TT0C/IeI0BATEILHOCTh BEPIINH TPOU3BOIHON JAHHOTO Iy TH —
510 B TouHOCTH (V1V2), (V2u3)’, ..., (Up—1v,) . Tak KAk NPOU3BOJHASI HE CAMOIIEPECEKALTCS, TO B ITON
HIOCJIe/I0BATEJILHOCTH HeT IIOBTOPSIOIIUXCS BEPIINH. SHAYUT, B II0CJIEJ0BATEILHOCTH pebep MCXOJHOro
IyTH HEeT HOBTOPSAIOMUXCs. 10 €CThb, 0 ONpeIeIeHUIO, NCXOIHBI IyTh — 3iIepoB.



D. OcuoBuble 3aga4un

D-1. Camornepecetuenus myrteit Ha puc. 6 yCTONIUBHIL.

Il kycouno-yuneitnoro mytu ¢ : I — R? o6pas ¢(I) MoxkHO paccMaTpuBaTh Kak rpad ¢
BeprmHaMu ©(v1), .. ., o(v,). o mobomy KycodHO-JIMHEHOMY MyTH (¢ OJHO3HAYHO CTPOUTCS

nyTh B rpade (). O6parHo, mycth rpad (G HApHCOBaH Ha IUIOCKOCTH 63 caMolepecevdeHuii
TaK, 9TO BCE ero pebpa sIBJIAIOTCH NPAMOJIMHERHbIMU oTpe3kaMu. Kaxkmomy mytu B rpade G,

[OC/IEJIOBATE/ILHO TIPOXOJISIIIEMY BEPIIUHBL U1, Vg, . . ., Up, COIOCTaBUM 1yTh ¢ : [0;1] — G Ha
IJIOCKOCTH, TIOJIarast @(%) = v; g Beex ¢ = 0,...,n U JUHEHHO TPOJOIKAA (© HA OTPE3KU

[£; 2] TTyTs ¢ @ [0;1] — R?, mosyaronuiicss TakuM 06pasoM 13 HEKOTOporo 1yTi B rpade G,

Ha3bIBACTCA CUMNAUUUANOHDIM.

D-2. (a) Eciim yTh ¢ He COMEPKUT TPaHCBEPCATBHBIX camoriepecedenuii, To rpad ¢ (1)
[JIAHADEH.

Badukcupyem “ecrectBennbiit” crioco6 Biaoxkenust rpada ¢’ (1) B mwiockocTh (Onpe/iesienue
npugymaiite camu). Torna ¢ : I — /(1) Oymer HEKOTOPBIM IIyTeM Ha IJIOCKOCTHL.

(b) Ecim camorniepecedenust myTu ¢ HEYCTOWIUBBI, TO U CaMOIEpecevYeHus Iy TH ¢’ HEyCTOM-
YUBBI.

B kauectse CJIEJICTBUA IIOJIyIUTE JOKA3aTC/IbCTBO YTBEP2KJ/ICHUA 3a/1a91 A2.

(¢) Ecin myTh ¢ He COJEPKUT TPAHCBEPCAJILHBIX CAMOIIEPECEYeHHil U caMoIepecedeHust
myTH ' HEYCTOWYMBBI, TO U CAMOIIEPECEeIe sl IIYTH (0 HEYCTONINBHI.

(d) (Teopema Munua) Camoriepecedenusi CUMILTUIUAILHOIO yTH ¢ : [ — G, conepare-
ro N TOYEK, YCTONUMBBI TOIJIa M TOJBKO TOIJA, KOria g HekoToporo k = 0,...,n ero k-s
npomssognas p*) comeprkuT TpaHCBEpCAIBHOE CAMOIIEpPECEueHIe.

(e) Jokazkure Teopemy O mape IOJryTeil.

D-3. (a) IIpu kakux m camoliepecedenust IUKJa "HAMOTKHU crerierun m” (puc. 2 jjist m = 2)
YCTOWYIUBBI !

(b) st moGoro mukita ¢ Hafizercsa k taxoe, uto p*) apaserca mamoTKoil.

(c) Yreepxaenus 3agad D2abce ocrarorcest B cuite Jist IUKTIA .

(d) Camonepeceuennst CUMILIMIIMAIBLHOTO TMKIa 0 : ST — G, cojepzkaliero n To4Yex, ycToii-
YUBBI TOIJIA M TOJIBKO TOIVIA, KOIJA JId HekoToporo k = 0,...,n ero k-s mnpoussomuas o)
OO0 COJIEPYKUT TPAHCBEPCAILHOE CaMOINepecedenne, Jmubo ABIAETCA CTAHIAPTHON HAMOTKOI
crerienn m # 0, £1.

D-4.* Kak 110 mukiy ¢ B rpade onpeieanTs m taxkoe, 9to p(>) ecTh m-KpaTHasds HAMOTKA?
D-5.*% ChopmynupyiiTe n 1oKazKuTe KPUTEPUii TOro, 9TO JaHHbIi HabOp myTeii B rpade Ha
IJIOCKOCTH allIPOKCUMUPYEM HAOOPOM

(a) HemepeceKarIMXCsT U HECAMOIIEPECEKAIOIIUXCST [Ty Teil;
(b)* Hemepecekarormuxcst (HO, BO3MOYKHO, CAMOTIEPECEKAIOIIIXCs) MyTeil.

D-6. Kak no mytu nocrpouts ero “unrerpas ! Vcnomab3yiiTe 9T0 JIJisi MOCTPOEHUsS] HOBBIX
[IPUMEPOB IyTel C YCTOWIUBBIMU CAMOIIEPECEICHUSMU.

D-7. (a) Jna cummmaiuasbroro nyt ¢ : I — G C R? zamenum Kaxjioe pebpo rpada G
Ha k OJIM3KUX KPATHBIX pebep, ecyIu My Th (¢ IMPOXOJUT 110 3ToMy pedpy k pa3. Obo3nadum depe3
G C R? nonyuennsiii rpad, a depes 7 : G — G HPOEKIHIO, [HEPEBOIAILLYIO KazK bl HAGOD
KpaTHBIX pebep ¢ KoHmamu a u b B pebpo ab. Camornepecedenns: myTn ¢ HEYCTONYIUBBI TOT/IA
U TOJIbKO TOTJIa, KOTJIa CyIIecTByeT IyTh ¢ : [ — G Ges TpaHCBEPCAJIbHBIX CaMOIIepECeIeHU,
TaKoil 9T0 T 0 Y = .

(b)* IIpuaymaiite GBICTPBIH AJTOPUTM PACIO3HABAHUS, UMEET JIU JAHHBIN MyTh B rpade Ha
IJIOCKOCTH TPAHCBEPCAJILHBIE CAMOIIEPECeUeHNs .

D-8. CymiectByer Geckonednoe KomHaecTso myTeit ¢ : I — R? ¢ ycTofamBRIMI caMoIepe-
cedeHnsiMu, 00pazaMu KOTOPBIX
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(a) aBisitoTcs (comepzKalye JIpyr JIpyra) JepeBbs,

(b) sBasterca "oykBa Y (cm. puc. 4.Y),

(¢) (A. Xansasun) sBistercst "6ykBa P” (cm. puc. 4.P), myTn He MMEOT TOYEK BO3BpaTa,
U HU OJIMH U3 KOTOPDIX HE ABJIAETCS MOIIYTEM JIPYTOro.

D-9.* Munopom rpada naszeiBaerca rpad, MOIYIEHHBIA U3 HETO HECKOJLKAMHI OIePAIMAMI
BBIKWJIbIBaHUs (BHYTPEHHOCTH) pebpa mim crsruBanust pebpa. Teopema Kyparockoro mmeer
CJIEJTYIONTYIO0 PABHOCWILHYIO (DOPMYJIMPOBKY: I'pad IJIaHApeH TOTJia U TOJBKO TOIJa, KOrja Y
HEro HeT MUHOPOB, M30MOPGHBIX K5 1 K33.

[TpuymaiiTe moHsgTHE MUHOPA IIYTH U BBIICHUTE, CYNIECTBYET Ji OECKOHETHOE KOJIMIECTBO
(kycouno-ymneitnbix) myreit ¢ : [0,1] — R? ¢ yeroiiauBbiMu camMolepeceveHusMU, HA OJIUH U3
KOTOPBIX HE SBJISIETCS MUHOPOM Jpyroro. Pemmre Ty ke 3ajady /it Kjacca myTeil, obpasamn
KOTODBIX SIBJISIETCsI TPHOJ UJIN SIBJISIFOTCS (BJIOXKEHHBIE JIDYT B JIPYTa) JIEPEBbSL.
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YkazaHus U pelrieHus K HEKOTOPbIM OCHOBHBIM 3a/javaM.
D-1. Caenyer uz D2b.

D-2. (a) Hapucyem rpad ¢'(I) Ha mrockoctu cieayronumM obpasom. [lomectum BepriiHbL
rpada ¢’ (1) B cepelHBI COOTBETCTBYIONMX pébep ncxouaoro rpada G.

Péopa rpada ¢'(I) Oymem pucoBaTh, MOJIB3YACh CJIEAYIONIM ajropurMoM. st Kaxkjioit
BepiHbL v rpada G cieraem criepyiomiee. Haprucyem Ha MJIOCKOCTH MaJIeHBKYIO OKPY?KHOCTH
¢ TIeHTPOM B 3T0i1 Touke v. Kaxkgoe pedbpo rpada (G, BBIXO/sIIee U3 BEPIIUHBI U, IEPECEKALT
9Ty OKPY>KHOCTH B HEKOTOPOII TOUKe. Byaem 06X0IuTh OKPY’KHOCTH IO YaCOBOM cTpesike. 3a-
HyMepyeM pébpa rpada (G, BBIXOJIIE U3 BEPIIUHBI U B TOM IMOPSIJKE, B KOTOPOM 3TH TOYKN
nepecevdeHus PaclooyKeHbl Ha OKPYKHOCTH: Uy, Vg, . .., Up. BOJIM3M TOUKM TIepecedeHns pedpa
U; ¢ OKPYZKHOCTBIO OTMETHM Ha OKPY?KHOCTH 1 — 1 TOUKY V;1, Vj2, - -, Vii—1, Viit1s -- -5 Vin B
YKa3aHHOM HODP#JIKe npomue “acosot cmpearu. st kazkioro pedpa vjv; rpada ¢’ (1) caenaem
caegytoree. Hapucyem ero B Bujie TpEX3BEHHON JIOMAHOM, COEJIMHATONICH CEPEJINHBI PEOEp v; U
vj U IPOXOZAIIEil depe3 TOUKN v; ; U v;,;. Caemaem s1o 1ytst Beex pédep rpada ¢’ ().

[Tokazkem, 9TO IpU STOM HAPUCOBAHHLIN rpad He OyjieT uMeTh camonepecedenuii. [Ipemmno-
JIOKUM, 9TO OH UMeeT camoriepecederne. OUeBUIHO, 9TO OHO JIEYKUT BHYTPH OHON M3 MOCTPO-
eHHBIX OKPYZKHOCTeft. SHAUUT, JIJis HEKOTOPbIX pébep vjv} u vyv) rpada ¢'(I) orpesku v; jv;,; u
Uk, 1V TIePeceKaroTca. A 9T0 BO3MOXKHO, TOJBKO €CJIM UCXOJHBIN IIyTh NMeeT TPaHCBEpCAJIbHOE
caMoIiepecevderne.

To orce camoe pewsenue MOKHO 3aINCATh HA s3BIKE MOJAHOK M TPOIHHOK (cM. crp. 5). Ha
puc. 11 nokazaHno, Kak 1o cucreme N TOJSHOK W TPOIUHOK it Tpada G MoCTpOUTh CHCTEMY
N’ noststnok u TpormHOK jy1st rpada ¢ (I). Ha arom pucyske a u b 0603Ha9aeT APy CMEKHBIX
pedep rpacda G, Ny u Ny — TpPomMHKH BOKPYT pebep a u b, Nynp — HOJIAHKa BOKPYT MX
obmieil BepmuHEl. B KavecTse MOISHOK BOKPYT BepmmH ¢’ 1 b’ BosbMeM TpomuHKE N(q) 1 Ny,
a B KadecTBe TPOIHMHKU, COOTBETCTBYIOIIEil pebpy a'b’ — y3kyto O0pokKy V., , IPOXOIAIILYIO
BHYTPHU TOJSTHKEH Nyqp. ECU HCXOMHBIH Iy Th HE MMeeT TPAHCBEPCAIBHBIX CAMOIIEPECEUEHMI, TO
9TU JIOPOKKK MOYKHO BBIODATH HEIEPECEKATOTTUMUCS.

N

\pZ0 i

Na)
N

Puc. 11: Tlosistnku ¥ TPONMHKY JIJIS IIPOU3BOIHOTO rpada

(b) Vkazanue. YaobHee uCoab30BaTh IKBUBAJIEHTHYIO (DOPMYJIMPOBKY PaCCMaTPUBAEMOIL
poOJIEMBI, IPUBEACHHYIO Ha ¢Tp. 5. PaccMOTpuM cucTeMy TPOIMHOK M JIOPOKEK, COOTBETCTBY-
iongyio rpady G. IlpoBesém BHYTpU HeE HeCaMOIIEPECEKAIONMNACH MyTh COOAKM, COOTBETCTBY-
fomuit mytn . Hamra meias — HoCTpouTh B CHCTEME TPOIMHOK U JIOPOKEK, COOTBETCTBYIOMIEH
rpady ¢'(I), HecamoriepecekaoImuiics myTh coOaKN, COOTBETCTBY IO myTH .

Byzsem cauTaTh, 9TO TPAHUIBI MIOJISTHOK — 9TO B TOYHOCTH OKPY?KHOCTH, IIOCTPOEHHBIE HAMMK
B perterun nyHkTa (a). Hapucyem BHYTpH KarKJI0ii TIOJISTHKE y3KHE JIOPOKKU BOKPYT OTPE3KOB
V; jVj,i; TAKUX uTO pebpo vv; npunajyexur rpady ¢'(I). [locrpoennas cucrema TPONUHOK U

JdOPOKEK ABJIACTCHA CHACTEMOMN IIOJIHOK 1 TPOIIMHOK JIJIfA HpOI/ISBOL[HOfI HNCXOOHOI'O IIyTH.
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[TocmoTpuM Ha MCXOHBIN MyTh COOAKM, KaK Ha IIyTh B 9TOI HOBOH CHCTEME TPOIUHOK U
JIopozKeK. B jieficTBuTeIbHOCTH, 9TO MOYTH TOT IIyTh, KOTOPLIi HaM Hy»keH. Ham octaércs mpo-
necbopMHUpOBATH €ro Tak, YTOOBI OH HE BBIXOJUJ 3a IHpejesibl jiopoxkek. [Ipu sTom B TOuKax
BosBpara (cm. 3agady C3c), a TakyKe B HAYAJIBHON U KOHEUHOI TOYKAX, MyTh HYZKHO JOTIOJIHU-
TeJIbHO MPOIehOPMUPOBATH TAK, YTOOBI OH HE 3aXOJINI Ha COOTBETCTBYIOINLYIO MOJISHKY.

[Toxpobuoe perterne cm. B cratbe [Sko03, Lemma 2.2.A].

(c) JlanHOe yTBEpXKJEHHUE JIOKA3bIBACTCS aHAJOIMIHBIM MeTosoM. [lojgpobHoe jokazaTesib-
crBo mpuse/ieHo B crarbe [Sko03, Lemma 2.1].

(d) Teopema MuHia ciegyer U3 HpeabIyIIAX JIBYX IyHKTOB TaKUM 0ODPA30M: BO-TIEPBBIX,
ecJIi caMoIllepecedeHus My TH HEYCTOWIUBDI, TO BCE €r0 ITPOU3BO/HBIE TAKKE UMEIOT HEYCTONIN-
BbIe camoriepecedenus (o nyHkry (b)). Bo-Bropbix, HeKOTOpas IMPOU3BOJHASI IIYTU €CTh IIYTh
U3 eJIMHCTBEHHOrO pebpa, Tak KakK KOJUIecTBO pédbep npu uddepeHmpoBaHun CTPOTO YObI-
Baetr. Torma, eciim ObI Bce TTPOU3BOJIHBIE HE MMEIN TPAHCBEPCAIbHBIX II€PECeUeHnil, TO OTCIOA
OBl CJ1e/10BAJIO GBI, 9TO W CAMOIIEPECEeUEHNsT NCXOMHOTO Iy TH HEYCTOWIMBHI [0 MyHKTY (C).

(e) Vrasanue. Ilyctsb camornepecedenus myTu yeroiausbl. Torja ecTh HEKOTOpasi IIPOU3BOI-
Hasi, y KOTOPOH eCTh TpaHCBepcaJbHOE caMoliepecedenne. TpaHcBepcaabHOe TepecevueHune 00-
Pa30BaHO JIBYMs ITyTSME, KaXK/IbIil 13 KOTOPBIX COCTOUT n3 JIBYX pebep. Bo3bmém jBa momyTn
UCXOJIHOTO IIyTH, KOTOPBIE IepexoidT npu auddepeHimpoBannn B 311 JBa 1myTu. [lepecedenne
[OCTPOEHHBIX HOJIIYTel UCXOIHOTO IIyTH YCTOWYIUBO.

Sameuanue. IlocTpoeHHbIe TAKIM 00PA30M MOy TH MOTYT UMETH O0IINre yIacTKA. ABTOpaM
3a/1a91 HEM3BECTHO, OCTAeTCsl JIM CIIPABEJJIMBON TeopeMa O Hape MOJIIyTel Jijist MOy el 6e3
OOIIUX yIaCTKOB.

D-3. (a) Orser: qyst Bcex m, kpome {—1,0,1}. Vrasanue. 1y1s oCTaIbHBIX JOKA3ATETLCTBO
MOYKHO TIOCTPOHUTH TaK 2Ke, KaK U JIJIs JIByX 000POTOB, IIOCUNTAB BCE, UTO ITOCIE TIEPBOTO 000pOTa,
OZTHUM OOJIBIIFIM KYCKOM, OCHOBBIBAasICb Ha HEIJIAHADHOCTH /(33! M3 IEHTpa KPyTa BBILyCTUM
3 siyda nioyr, yriamu 120°. B KaxK0M Jiyde cOeIMHUM OTPE3KOM Jiyda KaKyIOo-TO TOYKY OJIHOTO
BUTKA U KAKYIO-TO JIpyroro. Kcm nsnadajibHbIN IyTh HE CAMOTIEPECEKAJICs, TO Mbl HAPUCOBAJIN
Ha 110cKocTn K33 6e3 camorepecedeHuit.

(b) Vkasanue. Obparum BHUMaHME Ha CJICAYIONIMI THII IIyTeil — MaPhI MOJITyTeH MCXOIHOTO
IIyTH, [JIE€ MBI IIPOXOJ/IMM 110 HUM JIBaXKIbI, TO €CTh JITOO 0TOOparKeHUs MOy Tel ULYT 110 OTHOMY
1 TOMY >Ke Habopy pébep B OJHOM M TOM Ke IOPAJIKe OO0 B IPOTUBOIOJIOKHOM. Cpean TaKmx
IyTeil HAC MHTEPECYIOT MAKCUMAJIbHBIE, TO €CTh Te, YTO HeJIb3s IIPOJIO/IKUTE PeOPOM B KAKYIO-
TO CTOPOHY TaK, YTOOBI 3TO PedPO MPOI0JIKAIO0 00a oAy TH. /151 3aBepiieHns JoKa3aTeIbCTBa
JIOCTATOYHO 3aMETUTh J[Ba (DAKTa: ITO €CJIM TAaKUX HET, TO eCTh JII000I TaKOil Iy Th XOTh B KaKyIO-
TO CTOPOHY, HO MOYKHO IIPOJIOJI?KATH, TO 3TO OOMOTKa, 1 UTO IpU JudDepeHInpOBaHuN JIJIMHBI
TaKUX IyTell yMEHBIIAITCA, TaK UTO 3a Ynucjo JuddepeHImpoBaHuil, paBHOEe MaKCUMaJIbHOM
JIJTUHE TaKOTO MyTH, OHU BCE NCUYE3HYT.

[Toxpobmoe perenne cm. B crarhe [Sko03, Lemma 2.3].

(c,d) Amasormuno myukram (c) u (d) npempiaymeit 3amaqdu. [logpobHoe 10Ka3aTEIBCTBO
npuBesiero B crarbe [Sko03, Lemma 2.2.A u Lemma 2.1|

Nnrepecuo 0606mmTs kpurepun D2d u D3d na kycouno smneiinbie otrobpaskenns ¢ : K — G C R2,
rne K — mpousBosbublili rpad. B sToM ciydae He m3BeCTHO OBICTPOrO aJrOPUTMa PACIO3HABAHUS
YCTOHYMBOCTH camMoliepecedeHnii (JacTHbI ciaydail pasobpan B anrimiickoit Bepcuu crarbu [Sko03,
Theorem 1.5]).

Yemotivueocmo camonepecevenuti orobpaxkerns ¢ : K — G C R? onpejessercs aHaJIormaHO
yeroifamBocTr camornepecedennii mytu. OKa3biBaeTcsl, JJIsi TAKUX OTOOPAYKEHUH TOXKE MOXKHO OTpe]ie-
JINTH MIPOU3BOJHYIO, IIpudeM yTBep2KaeHus 3aad D2b u D3b ocratorca B cuite.

Ounpenesienne mpon3BoAHOM. (cM. puc. 10, a Takke dactb puc. 12) [Tycrs gano cumniuyuans-
Hoe orobpaxkenue @ : K — (G, To ecTb Takoe 0TOOparkKeHne, ITo Kaxk0e pedbpo rpada K orobparkaercst
B TIPSIMOJIMHEIHBIN 0Tpe3oK Ha myockoctu. Chadasa mocrpounm rpad K, KoTopblil Gyser obmacTbio
onpejienenus npoussognoit ¢’ Ilox @-xomnonenmoti rpada K Mbl mojpasyMeBaeM JIIOOYIO CBSA3HYIO
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La, oTobparkaeMyto 1a a, jj1s HeKoToporo pebpa a C G. MuoxkecTBo Bep-

KOMIIOHEHTY (v MHOYKECTBa (0
muH rpada K; HaxouTCst B 1-1 COOTBETCTBUU ¢ MHOXKECTBOM BCEX (0-KOMITOHEHT. JIJIsT (p-KOMITOHEHTBI
« C K obosnaunm wepes o € K, coorserctsyiontyio sepuruny. [Ipe sepmunnt o u 3 coesumennt
pebpom B rpade K, ecim u Tonbko eciu N 3 # 0. [Ipouseodnas ¢ : K, — G’ — 910 cumimmnuaib-
Hoe oroGpaz<enue, onpesesennoe na seprmmiax rpacda K/, bopmynoit ¢'a’ = (pa)'. B mambueiimem
zamennm ¢’ Ha ciopbextusHoe orpannuenue ¢’ @ K, — ¢ KJ,.

K K, K,

/
v ,/@ cﬁXA 4

N

G o
Puc. 12: TlocTpoenne npon3BoHOI B j1Ba IIara
OKaBbIBaeTCH, 9TO AJId IIPOU3BOJIBHOI'O Fpa(ba K ocraercs BEPDHBLIM, 9TO €CJIN €CJIN OTO6pa}KeHI/Ie

¢ : K — G C R? uMeeT HeycTOMMBBIE CAMOIIEPECEUECHHUSI, TO U €r'0 IIPOU3BO/IHAS HMeeT HEeYCTONINBbIE
camornepecevueHus. Pucyaku 12 u 13 MOSCHSIOT OCHOBHYIO HJICIO JIOKA3aTEIbCTBA ITOrO haKTa.

K K,

Puc. 13: Annpokcumariust mpou3BOIHOM

OxkasbiBaercs, 9rto u y 3agad D2c¢, D3¢ Toxke ecTh aHAJIOIM B CJydae IPou3BojbHOTO rpada K.
A unmenno, ecnu npomsBoaHas ¢ MMeeT HeyCTONYMBBLIE CaMOIEPECEUEHHsI, TO U NOAYNPOUIE00HAA §
(ompejiesierne KOTOPOIi sicHO U3 puc. 12) TakyKe nMeeT HeyCToiiuuBble camoliepecedenus. Ve Joka-
3aTeJILCTBA ITOTO YTBEPKIEHUS MOsICHsIeT puc. 14.

D-5. (a) B sroit curyanun teopema Munna (cm. 3amaay D2d) ocraercs crpaBeinBoii;
JIOKA3aTe/IbCTBO AHAJIOTUIHO.

(b) IMokazkem, aro B 9T0it curyanuu Teopema MuHra nepecraer 66iTh BepHOit [Sko03, [Tpu-
mep 3.3]. Pacemorpum napy myteit, mzobpaxkenubix Ha puc. 15. 3gecs K, L = [ — rpadwl ¢
BepmmHaMu ki, ..., ks u ly,...,l;, 1 G — rpad ¢ BepmuHAME A1, . .., dg U PEOPAMU a1as, G103,
a1Gy4, A10s5, G203, 204 U A2ag. CUMILIMIIUATBHBIE IYTH @, 3ajai0Tcd dopmynamu pk; = ag,
(pk’g = a9, (pk’g = as, (,0]{34 = aq, (,0]{35 = Qo U @Z)ll = as, wlg = aq, @Z)lg = a9, wl4 = 4, wlg) = aq,
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Puc. 14: Annpokcumariust oIy ipon3BoIHOM

Ylg = ag, Yl; = ag. Jlerko mpoBepuTh, UTO NEpecevdeHre JAHHOM Maphl MyTeil yCTOWINBO, a MX
MIPOU3BO/IHBIX — HEYCTOWYHMBO, IIPU 3TOM Y HUX HET TPAHCBEPCAJBHBIX HEPECEYCHHUII.
Haxoxkienne y106HOr0 KpuTepusi MpeJICTaB/IgeT cOO0I OTKPBITYIO ITPOOJIEMY.

Puc. 15: [lapa myTeii ¢ ycTOIYUBBIM TIepecedeHrneM
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Stability of intersections of paths in the plane
P. Dergach, 1. Netay, A. Skopenkov, M. Skopenkov

He wants it rare, but something’s there
that holds him back from the attack
Accept and Deaffy, Dogs on Leads.

The main results are criteria for stability of intersections of paths and cycles in the plane
(problems D-2.d, D-3.d; the proof is outlined in the problems D-2.abc and D-3.abc; all the
definitions are given below). The criteria are formulated in terms of derivation of graphs and
cycles.!

In the following problems, let us agree that for any assertion formulated as a problem, a
proof of this assertion is required.

The parts A, B, C are set before a half-way finish, the rest are set after it.

0. The city N in the plane is formed by several squares (of side 1) joined by disjoint roads
(straight line segments). Suppose that there is a path passing through each road exactly once
(this path can go through certain squares several times). Prove that there is a path without
self-intersections passing through each road exactly once.

A. Stability of intersections of a pair of paths.?

Problem on the stability of intersections of a pair of paths. Two hunters hunt in
a forest. Each leads a dog on a short lead. The dogs obey the hunters and move as they are
commanded. If one dog intersects the path of another, it barks and scares off a game. Having
fixed paths of the hunters, how to determine whether these hunters could maintain successful
hunting (in this case the intersection of paths of the hunters is called unstable®)?

We shall assume that all the paths of hunters and dogs are formed by finite unions of
rectilinear arcs (i.e. are piecewise-linear). For such paths of hunters there is a slow full search
algorithm for recognition of the stability of intersections. Finding a fast algorithm is an unsolved
problem.

In the following problems we assume that the hunters move along a certain system of roads
in a plane. We assume that both the hunter and the dog are points (not necessarily distinct).
The lengths of leads are 1 m.

A-1. Two hunters move along the road that has the form of a segment of 1 km length. The
hunters may change the direction of movement. Prove that independently of hunters’” movement
one dog could move without intersections with the path of another dog.

Example. Two hunters moved (with constant speed and permanent direction) along recti-
linear roads of length 2 km; the roads intersect at their middle points and form right angles at
the intersection point (fig. 1.a, where ¢(I;) and ¢(l3) are paths of hunters, and f; and f, are
possible paths of dogs). Then one dog did intersect the path of the other.

A-2. A system of roads has the form of letter "H” (see fig. 1.b); the lengths of AB, BC,
BE, DE, EF are 1 km. The first hunter moved along the path ABEF and the second along
CBED. Then one dog did intersect the path of the other.

IProblem of the stability of intersections of paths interesting not only with the point of view of graph theory
but also with the point of view of topology. It is a particular case of problem on realization of mapping graphs
in the plane. This sequence of problems is based on the articles [Mi97, Sk03] and overlaps with [RS00, §2, S,
chapter 7] only in problems 0, B1 and D4.

2Tt is possible to solve many problems of this sequence by experiment. To carry out the experiments that
involve dogs ask adults for permission.

3The formal definition is given in page 5.
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Figure 1: The transversal intersection and a path in letter ” H”

For proving that certain paths of dogs must intersect the following theorem could be useful.
You are allowed to use it without proof.

A cycle is a path whose starting point and endpoint are the same; it is not specified which
point is the starting point (see Figure).

Note that self-intersection points (i.e. points corresponding to the dog’s intersection of its
own path) are not counted as intersection points.

Two piecewise-linear paths (or cycles) intersect transversally, if near each intersection point
these paths look like two paths (/) and ¢(I2) in Fig. 1.

Even Number Theorem. Two (piecewise linear) cycles in the plane that intersect transver

sally have an even number of intersection points.

A-3. A system of roads has the form of letter ”Y”. This letter is formed by three straight-
line segments making angles 27/3 at the common point (fig. 4.Y). Give an example of two
hunters’ paths such that the hunters could not maintain successful hunting.

B. Stability of self-intersections of path and of cycle.

Problem of the stability of self-intersections of path. One hunter walks in a forest
and leads a dog on a short lead. The dog obeys the hunter and moves as it is commanded. If
the dog intersects its path, it barks and scares off a game. How to determine, for the fixed path
of the hunter, whether he could maintain successful hunting? (If he can, the self-intersection
of the path of hunter is called unstable.)*

The main result of the presented problems is a fast algorithm recognizing the stability of

self-intersections °.

B-1. (a) A hunter moves along the road that has the form of a segment of length 1km.
The hunter may change the direction of movement. Prove that independently of the hunter’s
movement the dog can move without intersecting its trace.

(b) The same for the road that has the form of the circle of radius 1km.

4The formal definition is given in page 5.

5Problem on the stability of self-intersections of paths is similar to the classical problem on planarity of
graphs (i.e. realization of graphs in the plane without self-intersections) and even is reduced to recognition of
the planarity of graphs (however the number of graphs required for one path is large). Problem of the realization
of graphs is solved, for example, by the Kuratowski criterion. For the problem on approximation by embeddings
such a criterion does not exist [Sk03], see problem D8.



B-2. (a) Each path without self-intersections has unstable self-intersections (this should
not confuse the reader).

(b) If self-intersections of a path are unstable, then the same is true for all subpaths of this
path 6.

(c) If intersections of a certain pair of subpaths of a path are stable, then self-intersections
of this path are stable.

(d) There exists a path that does not contain transversal intersections but does have stable
self-intersections.

One of the main results of this sequence of problems is the following theorem (try to prove
it, but not too hard!)

Theorem on subpaths. A path in the plane has stable self-intersections if and only if
there are two subpaths of this path that have stable intersections.

B-3. Assume that a system of roads form certain graph in the plane, so that the edges
are straight line segments of length at least 1 km and the distance from every vertex to every
edge that does not contain this vertex is more than 10 m. Suppose that the hunter walked
along this system of roads, passing along every road only once and changing the direction of
his movement only at vertices. Prove that the path of the hunter has stable self-intersections
if and only if the path contains transversal self-intersections.

B-4. There exists an algorithm recognizing stability of self-intersections for given path in
the plane.

B-5. (a) The hunter moved along a circular path of diameter 1 km (with constant speed
and permanent direction along the circle) and winded twice along the circle. He lead a dog on
a lead of length 1 m. The dog returned to the starting point at the end of the movement. Prove
that the dog necessarily intersect its own path (in a certain moment of time different from the
final movent, fig. 2).

(b) Is the analogue (a) correct if we do not suppose that the dog returned to the starting
point at the final moment?

(c) Prove the analogue of (a) for the case when the hunter winded three times along the
circle.

(d) For which number of windings in the analogue of (a) the dog necessarily intersected its
own path?

(e) Suppose that the road is the segment of length 1 km. Prove that independently of the
hunter’s movement the dog can move without self-intersections and so that at the final moment
of movement it will return to the starting point.

Figure 2: A path of the dog

C. Derivative of graphs and paths.

6The formal definition of a subpath is given in page 5



The derivative G’ of a graph G is a graph whose vertices are in one-to-one correspondence
with the edges of the graph G. Vertices ¢’ and f’ that correspond to edges e and f are connected
by an edge in the graph G, if the edges e and f have a common vertex (fig. 3).

G D(G)
Figure 3: The derivative of a path in a graph

C-1. Draw the derivatives graphs of (fig. 4):
(a) an arc with n edges; (b) a circle with n edges;
(c) a star with n rays; (d) letter " H”.

O

Y (3-star) P

Figure 4: Differentiate us!

C-2. A graph is called planarif it can be drawn in the plane without self-intersections. The
derivative of a planar graph is not necessarily planar.

A pathin a graph G is a sequence of vertices vy, v1, . . . , v, such that v; and v;; are connected
by an edge in the graph G.

A path (a cycle) vy, ...,v, is called an Euler path (cycle) if it passes through each
edge of the graph G only once, i.e. if each edge of the graph G is present among the edges
VoUp, V102, . . ., Up_1U, Only once.

Suppose that a path ¢ in a graph G is defined by a sequence vy, vy,...,v, of vertices.
Consider the sequence (vov1)', ..., (vn,—1v,)" of vertices of the derivative graph. In this sequence
there could be the same consecutive vertices. Substitute each set of the same consecutive
vertices by one vertex. In this way we obtain a path ¢’ that is called the derivative of the path
. The derivative of a pair of paths is a pair of paths defined analogously.

Example. Let A be the ’letter A’ graph, i.e. the graph with vertices a1, as, as, a4, as and
edges ajas, asas, asay, asay, asas (fig. 3). Denote by by = (ayaz2)’, by = (azas)’, by = (agay)’,
by = (asay)’, bs = (asas)’ the vertices of the derivative of A. Let ¢ be a path ajasasasazasasagas
in the graph A. Then the derivative ¢’ is the path b;b3bybsb3bs.

C-3. (a) Find the first and the second derivatives of the paths and the pairs of paths from
fig. 3 and fig. 1 (and also of your paths constructed in problems A3 and B2d).
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(b) Given a path with n vertices, the number of vertices in the derivative path does not
exceed n — 1.

(c) We say that a path ¢ has a return point, if v;v;11 = v;4110;49 for some integer i. A path
(cycle) ¢ is an Euler path if and only if it does not have return points and ¢’ does not have
self-intersections.

Formal definitions.

Let us give an equivalent formulation of problem B-5 (the equivalence is proved in [Mi97]).
Consider two clearings (i.e. two disks) in the plane connected by two paths (i.e. strips) a and
b, as it is shown on Fig. 2. The dog moved on the clearings and paths, and at last returned into
the starting point. Each time when the dog moved from the clearing to the path, it wrote down
the letter corresponding to this path. It is stated in the problem B-5 that if we get the word
abab then the dog necessarily intersected its own path (at a certain moment of time different
from the final moment).

The other problems can be reformulated in a similar way.

Figure 5: Two clearings

We shall give the formal definition of stability of intersections and self-intersections. Denote
a segment by I = [0, 1], a circle (i.e. a segment with the ends glued) by S! and the plane by
R2. A piecewise-linear path in the plane is a mapping ¢ : I — R? for which there exist points
0=wvy <v; <...<wv,=1such that ¢ is linear on each of the segments [v;, v;41]. A cycle is
defined analogously substituting I by S!. We shall consider only piecewise-linear paths and we
shall call them simply paths. A subpath of a path ¢ : I — R? is a path ¢ : J — R? such that
v =|;, where J C I.

A path ¢ : I — R? has unstable self-intersections (or allows the removal of self-intersections
by a small perturbation, or is approximable by embeddings), if there exists a path without self-
intersections, arbitrarily close to our path (i.e. if for each &€ > 0 there exists a path ¢ : I — R?
without self-intersections such that the distance between the points f(z) and () is less than
e for each point x € I). The stability of self-intersections of the cycle ¢ : S' — R? is defined
analogously.

A pair of paths ¢,y : I — R? has unstable intersections (or allows the removal of self-
intersections by a small perturbation), if there exist a non-intersecting pair of paths arbitrarily
close to our paths (i.e. if for each € > 0 there exist non-intersecting paths fi, fo : I — R? such
that distance between the points f;(x) and ¢;(x) is less than e for each point # € I and for
each 1 =1, 2.

For instance, the transversal intersection (Fig. 1) of two paths is stable.

For example, the problem B-lab can be reformulated in this language as follows:

If the image ¢(I) of a path ¢ : I — R? is a segment or a circle then the self-intersections
are unstable.



Hints and solutions of some problems from parts A, B, C.

A-1. Draw a straight line along our road. It splits the plane into two half-planes. The first
hunter orders his dog to move in one of the given half-planes, and the second hunter orders his
dog to move in another half-plane. Then the dogs’ paths do not intersect.

A-2. Assume that the dogs may move so as not to intersect each other’s paths. Let A'F’
and C'FE’ be the paths of the dogs. We close these paths by adding to them broken lines F’ X A’
and E'X(C" shown in the figure 6. The maximal distance between the hunter and the dog is
much less than the distances between each two of the points A, C, E, F', hence the broken line
F'"X A’ does not intersect the path C'E’, and the broken line E' X C’ does not intersect the path
A'F'. Thus the two cycles A’F'X A" and C'E' X" transversally intersect in the unique point
X. And according to the Even number Theorem the number of their intersection points has to
be even. The obtained contradiction proves that the dogs’ paths do intersect.

Examples to the problems A3 and B2d are presented in Fig. 6, where (for clarity) is shown
not the initial path itself, but a general position path close to the initial path is drawn. However,
see [Mi97, Sk03].

Hint: it is possible to reduce this problem to non-planarity of the Kuratowski graphs Kj
and K3 3. The dotted line on the Fig. 6 will help to do this.

> f(I)
f(I)
o(I) ~

C:’J ﬂ

o(I)
¢) d)

Figure 6: Paths with stable self-intersections

B-1. (a) Direct the axis 0z along the road, and take an axis Oy perpendicular to the road.
Assume that the hunter’s coordinate (expressed in meters) is given by the function z(¢), and
the hunting time changes in the range from 0 to 7. The hunter orders the dog to move along
the graph of the function z(¢), compressed towards the axis Oz, i.e. let the dog’s coordinates
at the moment t be (z(t),t/T). It is easy to see that in this case the dog will not intersect its
own path, and in every moment of time it will be closer than 1 m from the hunter.

(b) We will act analogously to the item (a): the dog moves so that in each moment of time
it is on the ray that is directed from the center of the circle to the point where the hunter is
situated, and its distance from the hunter is ¢/7" m (where T is the total hunting time). Then
the dog will not intersect its own traces, and in every moment of time it will be closer than 1
m from the hunter.



B-2. (a) Suppose that the dog follows in the tracks of the hunter, i.e. in each moment of
time the dog and the hunter are in the same point (it is not prohibited by the conditions). The
hunter’s path will not self-intersect, and thus the dog’s path also will not self-intersect.

(b) The self-intersections of the path are unstable, and so the dog can move without in-
tersecting its own path. We shall consider the dog’s movement only in the segment of time
that corresponds to the chosen subpath. It also does not self-intersect. That’s why the chosen
subpath has unstable self-intersections too.

(c) Suppose that self-intersections of the path are unstable. Then the dog may move without
intersecting its path. Concern the dog’s movement only in two segments of time that correspond
to the chosen subpaths. These two paths do not intersect. Thus self-intersections of the
corresponding pair of subpaths are unstable.

B-3. It is clear that if the hunter’s path contains transversal self-intersection then the
hunter’s self-intersections are stable. Prove that if the path does not contain transversal self-
intersections in the considered case then the hunter’s self-intersections are unstable. We shall
draw a circle with the radius 1 m around every point of connection of roads. Let the dog
follows the tracks of the hunter all the time when the hunter is outside of these circles. At
the moment when the hunter begins to move inside a certain circle, the dog takes a short cut,
moving along the chord instead of a pair of radii, as it is shown on the figure. The built path
does not self-intersect. Indeed, the hunter passes along each road only once, so the dog does
not intersect its own path outside the circles. If the dog intersects its path inside a circle then
some two of chords drawn by us intersect. And it is possible only if the hunter’s path has a
transversal self-intersection in this point.

Figure 7: The dog takes a short cut

B-4. See the formulation of the problem D7 (simple but slow algorithm) and Minc theorem
D2d (more complex but fast algorithm).

B-5. (a) Assume that the dog may move without intersecting its own traces. Let A be a
certain point of the circle. Consider the ray OA that is directed from the center of the circle
to the point A. It is obvious that the dog’s cycle has intersected the ray OA at least twice: at
least once when the hunter made the first cycle and at least once when he made the second
cycle. We mark on this ray all its intersection points with the dog’s path. It is obvious that
there exist two ”adjacent” marked points A" and A” (i.e. such points that there are no marked
points on the segment between these two ones), one of them is related to the moment when
the hunter made his first turn along the circle, and the other - to the moment when the hunter
made the second turn. Let us "tear” the dog’s cycle in the points A" and A” and add a pair of
paths p’ and p” situated "near” the segment A’ A” which intersect transversally in the point X,
as it is shown on the figure. As a result, we will obtain from the dog’s cycle a pair of cycles that
intersect transversally in the unique point X. But, according to the Even number Theorem,
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the quantity of the intersection points of two cycles must be even. The obtained contradiction
proves that the dog must intersect its own path.

Figure 8: Transformation of the cycle

(b) Answer: in this case the dog may move without intersecting its own path.

(¢) The proof repeats word-for-word our reasoning from the item (a).

(d) Answer: for every number of turns (in any direction) not less than two. The proof
repeats word-for-word our reasoning from the item (a).

(e) We may consider (without lack of generality) that the hunter was in all of the points of
the road, including its ends (otherwise we shall just diminish the segment of the road to obtain
this condition). In this case it is possible to suppose that the hunter’s cycle begins and finishes
at one of the ends of the segment. Let the dog move along the graph of the hunter’s movement,
compressed towards the road (analogously to the solution of the problem Bla). Then we have
only to close the dog’s path, adding a broken line situated near the end of the segment, as it is
shown on the figure. The constructed cycle does not self-intersect.

- ) - )

Figure 9: We close the dog’s path

C-1. (a) Arch with n — 1 edges; (b) circle with n edges; (c¢) full graph with n vertices;
(d) graph made from the two triangles with a unique common vertex.
C-2. Example: a star with 5 rays - a planar graph which derivative is a non-planar graph

(a full graph with 5 vertices).
C-3. (a) E. g., see fig. 10.

(b) Let the initial path consist of n vertices v, vs,...,v,. Then there are exactly n —
1 vertices in the sequence (v1v9), (vovs)’, ..., (v,—1v,). To construct an arbitrary path we
(maybe) exclude some vertices from the given path. As a result we get the path containing not
more than n — 1 vertices.

(c) Let ¥ be the Euler path vy, vy, ..., v,_1,v, = vy. Since the Euler path comes along every
edge only once, there are not two same edges in the sequence (vv7), (vov3), . .., (Vp—1v,). Thus
in the sequence of the vertices of the derivative of the given path (vivs)’, (vovs)’, ..., (Va_1vy)’
there are not two same vertices. So the path ¢’ does not self-intersect.



R NV, AN
! B

Figure 10: The second derivative of a path

D. Main problems
D-1. Self-intersections of the paths in Figure 6 are stable.

For a piecewise linear path ¢ : I — R? the image ¢(I) can be considered as a graph
with vertices ¢(v1),...,9(v,). From every piecewise linear path ¢ a path in the graph ¢([)
can be constructed in a unique way. Vice versa, suppose that the graph G be drawn in the
plane without self-intersections so that all its edges are straight line segments. For every path
V1, ..., v, in the graph G we shall build a path ¢ : [0, 1] — G in the plane, setting ¢(%) = v; for
every i = 0,...,n and extending ¢ linearly on the segments £, %], The path ¢ : [0,1] — R?
that is constructed in this way from a certain path in the graph G, is called simplicial.

D-2. (a) If a path ¢ does not contain transversal self-intersections then the graph /(1) is
planar.

Fix the "natural” embedding of the graph ¢'(I) into the plane (invent the definition your-
self). Then ¢': I — ¢/(I) is a certain path in the plane.

(b) If self-intersections of a path ¢ are unstable then self-intersections of the path ¢’ are
also unstable.

As a corollary, obtain the proof of the statement from problem A2.

(c) If a path ¢ does not contain transversal self-intersections and self-intersections of the
path ¢ are unstable then self-intersections of the path ¢ are also unstable.

(d) The Minc Theorem. Self-intersections of a simplicial path ¢ : I — G containing n points
are stable if and only if for a certain k = 0, ..., n its k-th derivative ¢*) contains a transversal
self-intersections.

(e) Prove the Theorem on two subpaths.

D-3. (a) For which m self-intersections of the cycle winding of degree m (Figure 2 for
m = 2) are stable?

(b) For every cycle ¢ there is k such that ¢©*) is a winding.

(c) The statements of the problems D2abc remain true for a cycle .

(d) Theorem. The self-intersections of a simplicial cycle ¢ : S' — G that contains n
points are stable if and only if for certain k = 0,...,n its k-th derivative ¢*) either contains a
transversal self-intersection or is a standard winding of degree m # 0, +1.

D-4.* Consider a cycle ¢. How to determine m such that ¢(*) is a winding of degree m?

D-5.*% Consider a set of paths in a given graph in the plane. Formulate and prove a criterion
of approximating this set by a set of

(a) non-intersecting and non-self-intersecting paths;

(b)* non-intersecting (but possibly self-intersecting) paths.



D-6. How to construct an ”integral” of a given path? Use this to invent new examples of
paths with stable self-intersections.

D-7. (a) For a simplicial path ¢ : I — G C R? substitute every edge of the graph G by
k close edges if the path ¢ passes along this edge k£ times. Denote the constructed graph by
G C R2. Denote by m : G — G the projection mapping to an edge ab the union of multiple
edges corresponding to the edge ab of G. Self-intersections of the path ¢ are stable if and only
if there exists a path ¢ : I — G without transversal self-intersections such that 7 o ¢ = ®.

(b)* Invent a fast algorithm for recognition whether a given path in the graph in the plane
has transversal self-intersections.

D-8. There exists an infinite set of paths ¢ : I — R? with stable self-intersections such
that their images:

(a) are trees (containing each other);

(b) are "letter Y” (see the Figure 4.Y);

(c) are (A. Chalyavin) "letter P” (see the Figure 4.P), the paths do not have return points
and no one of them is a subpath of any other.

D-9.* The minor of a graph is a graph that is obtained from the initial graph by several
operations of throwing away (the interior of) an edge or gluing ends of an edge. The Kuratovski
Theorem has the following equivalent formulation: a graph is planar if and only if it does not
have minors isomorphic to K5 and Kj 3.

Invent a notion of a minor of a path and find out whether there exists an infinite set of
(piecewise linear) paths ¢ : [0, 1] — R? with stable self-intersections so that no path of these is
a minor of any other graph from this set. Solve the same problem for the set of paths whose
images are triods or whose images are trees embedded into each other.
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Hints and solutions of some main problems.
D-1. Follows by D2b.

D-2. (a) Draw the graph ¢/(I) in the plane as follows. Put the vertices of the graph ¢'(I)
in the middle points of corresponding edges of the initial graph G. Edges of the graph ¢'(I)
are drawn as follows.

For each vertex v of the graph G make the following construction. Draw a small circle in the
plane centered at this point v. Every edge of the graph G issuing out of the vertex v intersects
this circle at a certain point. Go clockwise along the circle. Enumerate the edges of the graph
G issuing out of v in their order along the circle: vy, vs, ..., v,. Near the intersection point of
the edge v; and the circle take n — 1 points v; 1,vi2, ..., Vii—1, Viit1, - - -, Vipn i the circle in this
order counterclockwise.

For each edge vjv’; of the graph ¢'(I) make the following construction. Draw the edge as a
broken line of three segments, so that the edge connects the middle point of the edge v; with
the middle point of the edge v; and passes through the points v; ; and v;;.

We shall show that the drawn graph ¢'(I) does not have self-intersections. In the opposite
case the self-intersection point is inside one of the constructed circles. Thus for certain edges
vv; and vy in the graph ¢'(I) the segments v; jv;; and vy v, intersect. But this is possible
only if the initial path has a transversal self-intersection.

The same solution can be obtained by construction of the system of discs and strips for the
graph ¢'(I) (cf. page 5). Figure 11 may help to realize this idea.

N

2 i

Figure 11: Discs and strips for the derivative graph

(b) A detailed solution can be found in the article [Sko03, Lemma 2.2A].

(c) The given statement is proved using an analogous method. A detailed proof is given in
the article [Sko03, Lemma 2.1].

(d) The Minc theorem is deduced from the previous two items in the following way: first, if
self-intersections of the path are unstable then by (b) all the derivatives of the path also have
unstable self-intersections. Second, certain derivative of the path is a path which consists of a
unique edge, because the quantity of edges strictly decreases when we differentiate the path.
So if each derivative does not have transversal self-intersections then by (c) self-intersections of
the initial path are also unstable.

(e) Hint. Suppose that self-intersections of the path are stable. Then there exists certain
derivative having a transversal self-intersection. The transversal self-intersection is formed of
2 paths containing 2 edges each. Take two subpaths of the initial path whose derivatives are
these paths. Then their self-intersection is stable.

D-3. (a) Answer: Each m except {—1,0,1}. A detailed solution is given in the article
[Sko03, Lemma 2.3].
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(c, d) Analogously to the items (c) and (d) of the previous problem. A detailed proof is
given in the article [Sko03, Lemma 2.2.A and Lemma 2.1]

It is interesting to generalize these results to the case of maps ¢ : K — G C R?, where the
graph K is arbitrary. This case is treated in [Sko03].

D-5. (a) A theorem analogous to the Minc theorem D2d is true. The proof is analogous.

(b) The analogue of the Minc theorem is not true in this situation. A counterexample is
shown in Fig. 12. Finding a fast algorithm for checking the stability of the intersection of two
paths is an open problem.

Figure 12: A pair of paths with stable intersection
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OB AIIITIPOKCMMUWUPYEMOCTHN BJIO2KEHNAMHN IINKJIOB HA IIJIOCKOCTHU

Muxann CKOIIEHKOB

AHHOTAIIMA. MBI mONTy<YaeM KPUTEPHil AlPOKCHMUPYEMOCTH BJIOYKEHHSIME KYCOYHO JIMHEHHBIX oTobparkenwmii S1 —
R2, aHanormyHelii JoKazaHHOMY MUHIEM I/ KyCOYHO JIMHEHHBIX oTobpakenmii 1 — R2.

Teopema. ITycms @ : S — R?2 — xycouno aumnetinoe omobpasicerue, KOMOPOE ACAAELMCA CUMNAUBUAIDHLM 0N
nexomopoti mpuaneysayuu St ¢ k eepwuramu. Omobpasicenue @ annpoKCUMUPYEMCA SAONCEHUAMU, €CAU U MOALKO
ecau daa waosrcdozo i = 0, ...,k ezo0 i-a npouseodnan () (onpedenerran Muryem) 1e codeparcum mparceepCcasbHbLT
camonepecevernull, u e asasemes cmandapmuots namomxol cmenenu & {—1,0,1}.

Mpbr BEIBOIMM W3 pe3yiabrata MuHma mosHOTYy npensTcTBua Bam Kammena k anmpoKCHMHUDPYEeMOCTH BJIOKEHUSIMU
KYCOYHO-TMHEHHBIX oTobpaskenuit | — R2.

1. BBEJIEHUE

Kycouno ymneitnoe orobpaskenue ¢ : K — R? rpada K B IIIOCKOCTb annpokcuMupyemcs 6A0HCEHUAMU, eCITd s
Kazkj0ro € > 0 cymecrsyer orobpazkenne f : K — R? 6e3 camonepecedenuii, e-6/m3koe K . B 6oIbIeit 9acTu cTarbi
MBI PACCMATPHBaEM CIydail, KOTAa (o ABJASeTCd ITyTeM N IHKIOM, To ecTh, K = | mm K = S*.

IMpumep 1.1. [12] Crangapraas d-mamorka S' — S1 C R? anmpokcuMumpyeTcs BIOXKEHHAMHI B IJIOCKOCTD, €CITH T
Tosbko ecan d € {—1,0,1}.

Mo>KHO J0Ka3aTh TaKKe, UTO CHMILIMIHAJIbHOEe oTobpazkenue S — S anmpoxcumupyercs: BIOKEHHAMH, €CIIH 1
ToJibKO ecyiu ero crenenb d € {—1,0,1} (em. Teopemy [[3)). Tparnceepcanvrvim camonepeceseruem KyCOIHO JUHEHHOIO
orobpaskernns ¢ : K — R? masniBaeTcs mapa HellepeceKaIoIuxcs AyT 4, j C K, TaKuX 9T0 i U (] TIepeceKaioTcs Ha
IJIOCKOCTH TPAHCBEPCATBHO.

ITpumep 1.2. DiijepoB myTh WK IUKJ B I'pade Ha IJIOCKOCTH AIlPOKCUMUPYETCS BJIOYKEHUSIME, €CJIA U TOJIBKO
€CJIM OH He MMeeT TPAHCBEPCAJIbHBIX caMoliepecedeHnii (cie1oBaresibHO, y 06010 siineposa rpada Ha MIIOCKOCTH €CTh
9IUIEPOB IUKJI, AIIPOKCUMUPYEMbII BIIOXKEHUAMHE).

[MonsiTHE AMTPOKCHMEUPYEMOCTH BJIOYKEHUAMH TMOSBUJIOCH B MCCIEJIOBAHUSAX BJIOKUMOCTH KOMIAKTOB B RZ (cMm.
[12] [15], akryanbuble 0630ps MOkHO Haiitu B crarbax [7, §9], [2 §4], [8, §1], mbr BepHeMcs K 3TOMY BOIpOCY erre
pa3 B kourie {Il). CyiecTByer aaropuTM IpOBEPKH TOTO, SIBJISIETCSI JIM JIAHHOE CHUMILIUIIAIBLHOE OTOOPasKEeHNE allllPOK-
cumupyeMbiM BioxkeHusiMu (cM. [13]). Bosee yo6HbIi fJ1s1 IpUMeHEHUsT KPUTEPUii AllIPOKCUMUPYEMOCTH BIOYKEHUSIMH
CHUMIUIMIUAJILHOIO IIyTH Ha II0cKocTu Obu1 gokazan B crarbe [6] (Teopema [[31 nuke, ob6obuiatomas [Tpumep [L2).
aBHBINA PE3YJIBTAT 3TOH CTATHU — AHAJIOTMIHBINA KPUTEPHUIA JJIs AIIIPOKCUMUPYEMOCTH BJIO’KEHUSIMHU ITUKJTA HA TIJIOCKO-
ctu (Teopema [[3lS ke, Taxxke o6o6manomas [puvep [[L2). DTr KpuTepun yTBEEPKIAIOT, ITO, B HEKOTOPOM CMBICJIE,
TPaHCBEPCAJBHOE CAMOIEPEceUeHne — eIUHCTBEHHOE MPENATCTBAE K AlllIPOKCUMUPYEMOCTH BJIOXKEHUAME. ZICHO, 4TO
GyKBaJIbHO 9TO He BepHO [12], 1 HET HUKAKOrO KPUTEpUsl JIJIs pACCMATPUBAEMOli TPOBJIEMBI, AHAJIOTMIHOTO KPUTEPUIO
Kyparosckoro.

Mpbr dopmynupyem nam xpurepuii (Teopemy [[3)) B Trepmunax npouseodnots nuyrtu [5l, 0] (“onepayus d”). Hamum
ompeniesierne 31oro mousTus (em. mmmocrparmio [I)). Crauasna onpenesam npoussodnyro G’ rpada G (310 — cHHOHNM
s pebeproezo epaga u deoticmeennozo 2paga). Muoxecrso seprmn rpada G maxogures B 1-1 coOTBETCTBUM ¢ MHO-
»kecTBOM pebep rpada G. s pebpa a C G obosnaunMm vepes a’ € G’ cooTBercTByIONLYI0 BepmuHy. Bepmunbl a’ u
b B rpade G’ coemuneHbl peOpPOM, €CJIM U TOJLKO ecu pedpa a u b aBasioTcsa cMe:KHLIME B Ipade G. OTMmeTuM, 4To
npoussognbie G' u H' romeomopdubix, HO He m30MOopdhHBIX rpados G 1 H He 0643aTeIbHO TOMEOMOP(HBI.

Teneps mycth ¢ — myTh B rpade (G, 3aJaHHBII TTOCIEI0BATEILHOCTHIO CBOMX BEPIIUH I1, . . ., Tk € G, T/ BEPIINHBI
T; W T;11 coemmuensl pebpom. Torma (zy1x2)’, ..., (zr—17k) ABIseTCS MOCTEmOBaTeBHOCTHIO BepmuH rpada G'. B
9TOH MOC/IEI0BATEILHOCTH 3aMEHUM KasK bl OTPEe30K BUA

(fEiIEz‘H)Ia (ﬂfi+1ﬂ?i+2)/; S (%—2%’71)/, (fﬂj—lﬂfj)/;

1991 Mathematics Subject Classification. 57Q35 (Primary); 54C25, 57M20 (Secondary).

Key words and phrases. AnnpokcuMupyeMoCTh BJIOXKeHUsIMU, npenarcreue Ban Kammnena, pebepusiii rpad, npoussonnas rpada, mpo-
W3BOAHAS CHMILIMIIMAIBLHOTO OTOOpasKeHUsI, omeparius d, TPAHCBEPCAJIbHOE CaMOIEPECeUIeHNe, CTaHAapTHAs d-HaMOTKa, CHMILIAIIHAILHOE
oTobpazkeHnue, yToJneHue rpada.

Asrop wactuuno nogaepxkan rpanrom MHTAC 06-1000014-6277, rpantamu Poccuiickoro @onna Pynnamentanbubix VccaemoBanuit
05-01-00993-a, 06-01-72551-HITHIJI-a, 07-01-00648-a, I'pantom I[Ipesumenta Poccuiickoit ®emgeparnuu st rOCyIapCTBEHHON ITOJIEPXKKHA
BeIyIUX HayIHBIX KO Poccuiickoit Peneparun, npoekt HIII-4578.2006.1, nporpammoit Munucrepcrsa Obpaszosanus u Hayku "Passurue
Hay9IHOTO IOTeHInaa BbIcmied mkosbl’, mpoexkT PHII 2.1.1.7988, ®ormoM moamepKKu MOJIOAbIX yaeHbIX "Kounkypc Mébuyca”.

1



2 Muxaunn CKOIEHKOB

G G’ G"
Puc. 1. Ilpoussomubie rpacoB u myrei

rae (z:2i41) = (Tip1Zi42) = -+ = (zj_12;)’, eIUHCTBEHHO BepIINHOMN (TO €CTH 3aMEHNM HECKOJIBKO HIYIIUX OIS
OJIMHAKOBBIX BEPILNUH Ha OJHY Bepiuiuhy). [lojydeHnas 10C/Ie0BATEIbHOCTD BEPIIMH oupejessaeT yTh B rpade G'.
DTOT 1MyTh ¢ HA3BIBAIOT NPOU3EOOHOT] Iy TH (.

JTro6oii 5-071 (TO ecTh KOHyC HaJ[ 5 TOYKAME) SIBJSETCS ILUIAHAPHBIM TpadOM, Ubsl IPOU3BOJIHASL SIBJIsIETCsI IPad oM
Kyparoskoro, To ecTb HemanapaeM rpadom. Ho ecim G C R?, u myTh ¢ He HMeeT TPaHCBEPCAIbHBIX CaMoIepecede-
Hmit, To 06pas oTobpazKkenns ¢ ABIgETCA TUTaHAPHBIM noArpadom G, C G (MBI IPUBOMM TOCTPOEHIE €CTECTBEHHOr0
Bioxkenna Gy, — R? 5 §2 cm. Onpeestenne Tpon3Bo IHOT yToMmenns). 3amerum rpad G’ Ha obpas G, n orobpazKe-
uue ¢ — Ha orpanmdenue ¢ : [ — Gfp. Omnpenemnm k-10 mponssoauyio ¢ F) wraykrusno. st Mukma ¢ ompeeseHme
npouseodnoti ¢’ aHAJIOrMIHO, U 9TO OYJET CHOBA HEKOTOPBIA UKJI B Ipade Ha IIOCKOCTH (KOTOPBIN MOYKET BBIPOIUTHCS
B TOYKY).

I[IpuBenem npuMep, KOTOPBI OyIeT HCIoIb30BaThCA B JasbHeiimem: ¢ = ¢ JJId cTanjapTHoi d-namMoTku ¢ : St —
St cd#0. deno, uro ¢/ — BIOXKeHMe 111 JIFOOOTO IIEPOBOro IMyTH WM IHKJa . Takum obpaszon, IIpumep —
JefICTBUTEJILHO YaCTHBIN clydail Ceayomeil TeOpeMbl.

Teopema 1.3. 1) [6] ITycmv ¢ : I — R? — xycouno aumnetinoe omobpasicenue, AGAAOUCECA CUMNAUUUAALHYIM ONA
Hexomopot mpuaneysayuy, ompesdka I ¢ k sepwunamu. Omobpasicerue ¢ annpokcuMupyemes BAOHCEHUAMU, €CAU U
MoavKo ecau Ons Kaocdozo i =0, ...,k ezo i-a npouseodnas o\ e codeporcumn mpaHceepCasvHbT camonepeceteru.

S) yemv ¢ : ST — R? — xycouno aumnetinoe omobpascenue, AGAAOULECA CUMNAUUUANLHYM OAf HEROTOPOT
mpuanayasuuy okpystcrocmu St ¢ k sepuunamu. Omobpasicenue o annpokCUMUPYEMCa SAONHCEHUAMU, €CAU U MOALKO
ecau 0as Kaocdozo i = 0, ...,k ezo i-a npouseodnas ¢V ne codeporcum mpaMceepcarvyHbT camonepecerenul, u npu
IMOM HE AAAEMCA caHndapmmol namomrol cmenenu d & {—1,0,1}.

Mer gokazsiBaeM 06e Teopembl [L3LI u[[L3lS B §21 Hamre nokazarenscrso pesyabraral[lL3l] sBasercsa 6osee MpocThIM,
4yeM npusejieHHOE B [0].
B §8] mbr npumensiem Teopemy [L3] iu1st mosryaennst Cyie Iy omero KpuTepus.

CaencrBue 1.4. Kycouno aunetinoe omobpasicenue ¢ : I — R2 annpokcumupyemcs 6A0MHCEHUAMU, ECAU U MOALKO
ECAU BBINONHEHO N1000€ U3 CACOYIOUUL IKGUBAAEHTNHBIL YCA0SUL:
D) (ceoticmeso e3pesanmnozo npoussederus) Cywecmsyem omobpasiceriue

{(z,y) eI xT:x#y}— S,

makoe wmo ezo oepanuvenue wa muoocecmeo {(x,y) € I x I : px # py} 2omomonno omobpasicernuto, 3a0aHHOMY

.~ — _PT—PY .
(ﬁopMy,/LOU 90(1'; y) T lpz—epyll’

V) npenamcemeue san Kamnena (onpedeaenroe ¢ §3) v(p) = 0.

Xorsa Kpurepnit [LAV u tpyaaee chopmynmmposaTs, HO ero jerde npumensTs, dem [L3 u [L4D. B Crencreun [L4]
oTpe3ok I HeMb3s 3aMEeHUTDh Ha OKpY»KHOCTh S': cranmapTHas 3-HaMoTKa aB/sgercs Konrprupumepou [8]. [Ipenstersus,
nono6usie [LAD u [V, cymecrsyor n B 6113K0# T€OpHA ANIIPOKCUMUPYEMOCTH CUHTYIISIPHBIMU 3aleIlIeHusIME (TO

€CTh, OTOOPAYKEHUIIMU C HEIEPECEKAIOIUMUCH 00pa3aMy CBSI3HBIX KOMIOHEHT), HO Kpurepuu, aHajorudnbie [LAI u
[LADV na nux ue sepust ([Ipumep HIXKeE).

Tunoresa. Kycouno-aunetino nymo ¢ : I — R? annpokcumupyemca 8A004CEHUAMU, ECAU U MOABKO eCAt OAf 10607
napv dye I, Iy C I, maxoti wmo I, N I = 0, napa oeparuvenut ¢ : I — R% u ¢ : I, — R? annpoxcumupyemes
CUHRYAADHOLMU 3AUENNEHUAMU.

Nnrepecro 0606mmTs kpurepnn [L3) u [[4] Ha Kycouno jmmeiinble oTobpaskennsi ¢ : K — G C R?, tie K —
[IPON3BOJIBHBIA Ipad (cM. gacTHbI cayvail B [14]).



OB AIINIPOKCUMUWPYEMOCTU BJIO2KEHUAMHN IIUKJIOB HA ITJIOCKOCTU 3

Tunoresza. ITycmv ¢ : K — G C R? — xycouno aunetinoe omobpasicerue, A6AAMOULECA CUMNAUUUAADHILM OTVHOCU-
meavHo Hexomopoli mpuareyaavuy epada K c k sepuunamu. Tozda omobpasicenue p annpokcumMupyemes 6A0HCeHU-
amu, ecar u moavko ecar v(p) = 0 u daa xascdozo i = 0,...,k eeo i-a npouszsodnas ¢V (onpedesennan ¢ §2) ne
codeporcum cmandapmunx wamomor cmenenu d € {—1,0,1}.

Ecim namHas THIOTe3a BepHA, TO Kycouno-aunelinoe omobpasicenue ¢ @ K — R? depesa K annpoxcumupyemcs
BAOAHCENUAMU, €CAU U Moavko ecau v(p) = 0 [2, Problem 4.5].

3apepmmM I HECKOILKAMI 3aMEYaHUSMI II0 IIOBOLY HCTOPUH BOZHUKHOBEHHS IOHATHUS AIIIPOKCAMUAPYEMOCTH BJIO-
eHustmu. JlaauM onpeeeHne pa3iioxKeHus 1-MepHOTrO KOMIIAKTa B 006pammvili npedes U IOKAXKeM, KaK IIOHSTHE
AIIIPOKCUMUPYEMOCTH BJIOYKEHUSIMU TOSBJISIETCS IIPU UCCJIEOBAHUM IUIAHAPHOCTU 3Toro KommakTa. (Mbl e Gymzem
UCHOJIb30BATH 9TO OIIpeJeJieHre B Hammel crarbe.) B KadecrBe npumepa moctpouM 2-aduueckud, cosenoud Ban JJan-
yuea. Bospmem nosmoropue Ty C R3. Ilyers T, C Ty — mosHOTOpHE, OOXOJSIIEE JIBAXKIbI BJIOJIb OCU IIOJHOTOPHUS
T,. Ananormyno, BosbMeM mojHoTopue T3 C To, 00XodIIee ABaXK LI BI0Jb ocu nojgHoTopus 1o. IIpomoinkas nasee
TOI0OHBIM 00pPA30M, MBI MOJIydaeM OeCKOHEUHYIO IMOCIeI0BaTeJbHOCTh mosnoTopuit 17 O 1o D T3 D ... Ilepece-
JeHue Bcex HmostHoTopuil T; sBisercs 1-MepHBIM KOMIAKTOM U HasbiBaeTcsa 2-aduueckum cosenoudom Ban Jlanyuea.
Obpamtvim mpedesom OECKOHETHON IIOC/IEI0BATEIBHOCTA I'PA(OB U CUMILIMIMAJIBHBIX OTOODarKeHU MeXKJy HUME

P1 ¥2 L3
K Ky K3 ... MBI Ha3bIBAEM KOMITAKT

C:{(Zl,l‘g,...)elg : :L'iGKZ'I/IQDiIL'iJrl::L'i}.

MosKHO BUJIETh W3 HAIIEro MOCTPOEHHs, 4To Jyis coieHomaa Bam lanmura see K; =2 S' u Bee (; cyTh 2-HAMOTKW.
MozkHO 10Ka3aTh, 9YTO JIIO00H 1-MepHBI KOMIAKT MO2KET ObITh IIPEJICTABJIEH B BUie OOPATHOTO Ipeesa. Takoe mpes-
CTaBJIeHNe IOKA3BIBAET, UTO JT000i 1-MepHDIH KOMIAKT MOXKeT OLITh BiIoKeH B R3. OHO TaKsKe IPeIoCTaBIIAET IPOCTOe
JOCTATOYHOE YCJIOBHE IUIAHAPHOCTU JAHHOTO KOMIIAKTA: JJIS KarXKJOTO IOJIOKATEIHHOTO MEJIOTO YUCIA § JIOJIKHO Cy-
mecTBOBATh BioKenne f; : K; — R2, takoe 4o oTOGpaskenue f; o p; alIPOKCUMUPYETCA BIOYKEHUAMUI U fi 1 sABIATCS
2~ L6msKIM K f; 0 (p;.

2. JIOKABATEJIbCTBO KPUTEPUS AINIIPOKCUMUPYEMOCTH BJIOXKEHUSMU
Teopema [L3] cienyer u3 [pumepa [ Jlemwm 2] (nna K = 1, 8') u23] xoTopble nHTEpecHsb! U caMu 1o cebe.

Jemma 2.1. (dasn K 21 [6]) IIpednonosicum, wmo cumnauyuarvnoe omobpasicenue ¢ : K — G C R? epaga K = St
usu K = I ne umeem mpanceepcansvnox camonepecevenuti. Tozda ecau @' annpokcuMupyemcs 6A04CeRuAMY, Mo U
© ANNPOKCUMUDYEMCA BAOHCEHUAMU.

Jemma 2.2. A) [6] Ecau cumnavyuanvroe omobpasicenue ¢ : K — G C R? annpokcumupyemca 64004CeHUAMU, MO
u omobpasicernue @' anNPOKCUMUDYEMCA GAOHCEHUAMU.

V) Ecau cumnauguanvroe omobpasicenue o : K — G C R? annpoxcumupyemea mod 2-6a0sicenusamu, mo omob-
pasicernue @' annpoxcumupyemcs mod 2-6402HCEHUAMU.

Buech mod 2-6.n00icenue — 310 orobpaskenue obmero nosoxkenus f : K — R2, Takoe uTo j/1s KaxK0il nape! a, b
Herepecekaronuxcst pebep rpada K muoxecrso faN fb cocrout u3 vernoro yncia rouek. Oupeenenne mpon3BoHON
JIJISE CUMILIUIUAJIBHOTO OTOOParKeHUsI IPOU3BOJILHOTO rpada K NpUBOINUTCS HUXKE.

Jlemma 2.3. ITyecmo ¢ : S' — G — xycouno aunetinoe omobpasicenue, KOMopoe ASAAECMCA CUMNAUUUGAOHDIM OAA
Hexomopot mpuanzysuuy okpyscrocmu S*oc k sepuunamu. Tozda aubo obaacme onpedeaenus omobpasicernus @)
nyema, aubo o*) asizemes cmandapmmoti namomxot cmenernu d # 0.

D70 umca0 d MOYKHO PAacCMATPUBATH Kak 0000IIeHne cmeneny, s JII060T0 CUMILIAINATBHOTO oTobpaskerns ST —
G. Takum 06pa30M, MHTEPECHO HOJIYYUTD PelleHre cieiytomeil 3a1aun (OHO MOXKeT TakxKe ciesarh npumenenue Kpu-
tepues [ 6ostee yaoOHBIM): Halmu npocmoti arzopumm OAA viMucienus cmenenu namomsu ) dus dannozo
Kycouno aunetinozo omobpascernus o : St — G.

Hastee Mbl ucosb3yeM ciejyroliee 06001IeHre OlPeIeeHns IPOU3BOIHOM (11s myTH), nanHoro B 11

Onpepnenenune 2.4 (IIpoussonas cuMmmmnuaabHoro oroopaxenus ). [6] (cm. munocrpanuio [Il a Takske gacthb ni-
mrocrparym 4] mizke) Ilyers nano cummmmumanbroe orobpaxenue ¢ @ K — G. Cravarta nocrponm rpad K, KoTopsrit
GyzeT 061acThIO onpeneaenust mpoussoaHoi ¢ . Ilom p-xomnonenmoti rpada K Mbl TogpasyMeBaeM JIOOYIO CBA3HYIO
KOMIIOHEHTY (v MHOYKeCTBa (o~ la, oTobparkaeMyio Ha a, Jjasa Hekoroporo pebpa a C (. Muoxkectso Bepimh rpada
K, maxopures B 1-1 COOTBETCTBUM € MHOKECTBOM BCeX ¢-KoMmoHeHT. s p-kommonentsr ov C K o6osHaunm yepes
o e K ;9 cooTBeTcTByIoNLyIo Bepiuny. JBe Bepmunbl o u §' coenunens pedpom B rpadge K ;, €CJIn U TOJBKO €CJu
anf # 0. llpouscodnas ¢' : K|, — G' — 910 cuMmmuaibuoe 0ToOpakenue, onpejie/leHHoe Ha BepiuHax rpacda
K, dopmynoit ¢'a’ = (pa)’. B nampreiintem samennm ¢’ Ha cropbexTusHOe orpanmyenue ¢’ K, — ¢'K(,. (B opnu-
rurabHOM onpesesenun craten [6] rpad G’ obosmavaerca kax D(G), npoussonnas ¢’ kax d[p], u rpad K[, xax
D(p, K).)



4 Muxaunn CKOIEHKOB

2 i

N

N

Puc. 2. Tlpoussounast yrosienust rpada

Zoxaszameavecmeo Jlemmoi[2Z3. Bymem rosoputh, 9T0 cCMMIIMIAAIBHOE OTOOpaskenue ¢ : K — G ABISETCS CUALHO
HEBBLLPOIICIeHHYIM, eCI IJId Kaxkaoro pebpa a C K obpas pa sBisierca pebpom G (a He BepINUHON) U JJId KaXKIOI
napsbl a,b C K cMekHBIX pebep Mbl nMeeM @a # ¢b. Obosnaunm vepes | K| uncso sepmus B rpade K. dcHo, a0 econ
K =2 St 1o |K{l2| < |K|, nupuuem |K;o| = | K|, TOJIBKO ecin @ sIBJISIETCs] CUJIBHO HEBBIPOXKJIEHHBIM. 1lo3TOoMYy JIemMMy
JIOCTATOYHO JIOKA3aTh TOJBKO B IIOCJIEIHEM CIydae (II0TOMY YTO ciiydau, Korga K ;9 = [ wmu rpacd K ;9 SIBJISIETCST TOIKOI,
TpUBHAJIbHBL). B cilyyae CUIbHO HEBBIPOXKJIEHHOIO OTOOPaKEHUs JIEMMa, OYEBH/HA, HO MbI IIPUBOMM JJOKA3ATEIbCTBO
JJISL TIOJTHOTHI.

JlokarkeM, 9TO €CJIM CHJIBHO HEBBIPOXKJIEHHOE CIOPbEKTHBHOE CHMILIUIMAJIbHOE oTobpakenue ¢ : K — G rpada
K = S! me smisercs cranjapTHON HAMOTKOMN CTeleHu, OTJIMYIHOM oT Hys, To |G| > |G|. Bamerum, 4To /st CHILHO
HEBBIPOKIEHHOTO oTobpazxkenus ¢ : S' — G rpad G He cOmepKUT BHCAIINX BEPIINH. ECIN CcTemeHb KasKIoil Bep-
muael Tpada G paBHA IBYM, TO (0 ABJISETCA CIIBHO HEBHIPOXKIEHHLIM CHMILIAIMAILHBIM oTobpaskenmem S — St
CJIEJIOBATENIBHO, (0 SIBJISIETCS CTAHIAPTHON HAMOTKOM, BOIIPEKU HAIIEMY IPEJIITOJIOXKEHUI0. 3HaYuT, rpad G coIep:KuT
BEPINUHY CTElleHn 10 KpaitHeir Mmepe 3. Torma, 1o joKa3aHHOMY Bbille, Yncjio pedbep rpada GG 60Jible Yuc/ia BEepIInH,
careioaresibHoO, |G'| > |G|. TlockonbKy Jisi CUMILIMIUAIBLHOTO Ha oTobpaykerust ¢ : K — G mbl nmeem 1 < |G| < |K|,
10 |G|, |G],...,|G®| < k (mamommmm, 4aTo 1O Ompeesennio oToGpazkenue ¢ CIOpbeKTHBHO). TakmM 06pasoM, ecTh
() — crammaprHas HAMOTKA
nemysesoit crereny, 6o |GF)| = 0, To ecth obmacts onpeesenus orobpaenus ¢ *) mycra. O

TOJIBKO JIBE BO3BMOXKHOCTH: JIF00O0# oziHa (& 3HAYUT, U k- TOXKE) U3 UPOU3BOIHBIX @, . . ., @

Teneps npusesem obemannoe B Il mocTpoenne BJIOKeHUS Gfp — R2. Ham 6yner yno6Hee pacCMaTPUBATD YMoAULe-
Hus rpadoB, a He BJIOKeHUs IPadOB B INIOCKOCTb. B 9TOM CMBIC/IE 00EMAHHOEe TIOCTPOEHIE SKBUBAJIEHTHO TOCTPOESHUIO
npouseodnoti ymoswenus (cM. oupezenenue yrosmenusa N’ vke). dasee Mbl pezosaraem, 9ro GUKCUPOBAHO YMo-
wenue N rpada G Ha MIOCKOCTH (TO €CTh, pery/sapHas oKpecTHOCTh rpada G C R?). Mbl Takyke Mpe/IToaraeM, 9To
Takxke (PUKCUPOBAHO pa3jiozKeHne Ha pydknu (o6o3Hauaemoe uepes S)

N = U N, U U Ny,

€ MHOXKeCcTBO Bepinu rpada G a€ MHOXKecTBO pebep rpada G

coorgercrrytonee rpady G, rjae N, 06o3HavaioT 2-MepHble JUCKU, a N(q) — MPUCOeJIMHEHHbIe K HUM JIeHTOuKH. Obo-
snaunm depes N, orpanmdenue N U N(q) U N, yrommenns N na pebpo a = ry. PaxTudecku, Mbl He HCIOIb3YeM
IaHAPHOCTH [N B MOCJIEIYIONINX paccyzkaeHnsx. MoKHO cauTaTh, 9T0 yroJieHne N sSBIIseTCs BCEro JIUIIb OPUEH-
TUpYeMbIM (OPHEHTHPYEMOCTh HeoOxoauMa Jitst yreepKaenusi pumepa [L)). Jaaum onpenenerne nponssogHoin N’
yroamenusas N. Dro yroumenue N’ 3aBUCHT OT CHUMILIMIUAILHOrO oTobpaskenuss ¢ : K — G C N n onpejeseHo
KOPPEKTHO, TOJIbKO €CJIH (9 He COJIEPKUT TPAHCBEPCAJIbHBIX camoriepecedennii. Kpome Toro, B ciiydae IpOU3BOJILHOIO
rpada K Mbl J0JRKHBL TAKXKE [IPE/IIOJIOKHUTD, YTO He CyIIecTBYeT napbl ayr i, j C K (#e 06sa3aTesIbHO HellepeceKaro-
mpxcs!), TaKuX 9TO nepecedenue @i N @) TPAHCBEPCAIBHO.

Ounpenenenne 2.5 (IIpoussBomnas yrosmuenus rpada). (cm. mwunocrpamuio [2) Iycrs ¢ : K — G C N — cum-
WINIUAJIBHOE O0TOOpaXKeHue, TaKoe 4To Jyist Jioboil mapel ayr i, C K nepecedenue @i N ¢j (BO3MOXKHO IIyCTOE) HE
TpaHCBepcaabHO. BozbMeM o mucky N., juig kaxkoit Beprmmusl ¢ € G’ u o senrouke N, (’a,b,) JUTsT KarKJI0ro pebpa
a'b’ C G'. Torna N’ Bmecte ¢ ero pasnoxkenueM pyukn S’ ompenenserca dbopmymoit N = (J N/, U UN(’a,b,). 31ech
MBI TTOJIaraeM N(’a/b,)/ = N(q) g xaxoro pebpa a C G. s kaxioit napet a,b C G cMexxHBbIX pebep, i KOTOPBIX
(") Ha'd) # 0, mbl coeuusiem pa gucka N/, u NJ, y3Koil JIeHTOUKOf N('a,b,) B Ngnp- ITockoJIbKy mepecedenue jayr
aUb u cUd He TpaHcBepcaJbHO HU JJIs KAKOW mapbl CMeKHBIX pedep ¢,d C K, TO MBI MOYXKeM BBIODATH JIEHTOYKHU
N ('a,b,) TaK, 9TOOBI OHN HE IIePECEKAJINCH It Pa3JIuIHbIX pedep a'b’.

D10 ompejeseHne MOXKHO PacCMATPHBaTh KaK IOCTpoeHne Biaoxkenus N’ — N, a TakKe BJIOXKEHUS Gfp — R2Z
Bamernm, uTo pazbuenne na pyuku S’ u Tomojormdeckuii Tun yronamenns N’ ne 3apucaT or Buibopa jgentouex N, b
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fe K f(K/e)

N N F b

a b

Puc. 3. IlepecTpoiiku BBIpOXKJIEHHBIX 0TOOparKeHUIA

B HAIllEM olpejiesieHun. AjibrepHaTuBHOe ompeesenue npoussoguoit D(N) yrommnenus N u3 crarbu [6] we 3aBucur
Tak¥Ke OT BHIOOpa OTOOpakeHust . Yrtommenne N’ B Hamieil cTaTbe sIBJISIETCSl TOMyTOJMeHueM yTosmenust D(N)
(ompesiesieHne KOTOPOro NpUBOIUTCS B cTaThe [0]), coorBercrByomum noarpady Gfp c G

SIcHO, UTO JIsl UCCJIEOBAHMS AIIPOKCHMUPYEMOCTU BJIOYKEHUSAMI CUMILIMIHAJILHBIX oTobpaskenuiit K — G C R?
JIOCTATOYHO PacCMOTPUBAThL TOJILKO npubimkenus f : K — N. Tenepb Mbl cobupaeMcsl CBECTH 3a/ady allllPOKCHMU-
PYEMOCTH BJIOXKEHUSIME JIAHHOTO OTOOPAYKEHHWS K 3a/1a9€ CYIIECTBOBAHMS BJIOXKEHWsI, OJM3KOTO K HEMY B HEKOTOPOM
cmbicite (S-6mu3Koro).

Ounpenesnenune 2.6 (S-anupokcumanus). [6] Oro6pazkenue f : K — N nassiBaercs S-annpokcumanuet, 0rodpakeHust
©, uan, orobpazkenne f S-64u3K0 K , €CJIU BBIOJHSIOTCS CJISLyIONUe YCIOBUSI:
(i) fo C N, mms kaxkoit BepuHsl win pebpa « rpada K
ii) 2N f71N(yp) cBA3HO JuId Kaskioro pebpa = rpada K ¢ HEBBIPOXKICHHBIM 06Pa30M Q.
(pz) peop p p P 12

Coruacao Yreepxkaenuio 2.9 crarbu [6], orobpazkenue ¢ : K — G annpoKCUMUPYeTCsl BJIOXKEHUIME, €CJIH U TOJbKO
ecau cymecTByer Bioxkenue f : K — N, S-6sm3koe K .

Kycouno nuneitnoe orobpazkenne ¢ : K — N Ha3bIBAETCA 6biPOAHCIEHHDIM, €CITH (PC SABJISIETCS TOYKON JIJIsT HEKOTO-
poro pebpa ¢ C K. JlokaxkeM CJie[yiolee HeCJI0KHOe Y TBep:KaeHue o crarusannu pebpa 2.7, KoTopoe B HEKOTOPOM
CMBICJIE TI03BOJISIET CYUTATh, 4To B Jlemmax 2.1l u 0TOOparKeHUE ¢ SIBJISIETCs] HEBBIPOXK JIEHHBIM.

VYreepxkaenue 2.7 (O crsarusanuu pebpa). Hycmo ¢ : K — G — cumniuyuasvbroe omooparcenue, makoe 4mo oc
ABAREMCHA Mowkol das nexomopozo pebpa ¢ C K. Hyemv K/c — epad, noaywernnod us epaga K cmazusanuem pebpa
¢, u nyemo p/c: K/c — G — coomeemcmeyrowee omobpasicerue. Tozda

D) K/, =KL, G, =G, u(p/c) =¢.

A) dna K =2 St uau K = I omobpasicerue ©/c annpokcumMupyemcs 610#CEHUAMU, ECAU U TNOADKO ECAU P aNNpPOK-
CUMUPYEMCA BAOHCEHUAMU.

K) das npoussoavrozo epaga K, ecau ¢ annpokcumupyemcs 8A0AHCEHUAMU, TO ©/C annpoKCUMUPYEmces A0MHce-
HUAMU.

V) Ecau ¢ annpoxcumupyemcs mod 2-sa0ocenuamu, mo o/c annpokcumupyemcs mod 2-84004CEHUAMU.

Joxasamenvcmeo Ymeeporcdenus 274 D) ogesummo.

A) IMokaxkem npsimyto umiuikanuio. Ilycrs f 1 K/c — N — Baoxenne, S-6imskoe K ¢/c. Ilycts a C K — pebpo,
cMexxHoe ¢ ¢ (ecam ¢ — cBsA3Hasi KoMnoHeHTa rpada K, To Tpebyemoe yTBepKeHNe 09eBUIHO). JloGaBUM HOBYIO
BepmHy K pebpy a rpada K/c (namocrparmsa Bla). Tak xax K = S wm K =2 I, o nomy4ennbiit rpad uzomopden
K u Bnoxenue f: K — N — uckomoe. O6parHas UMILUIMKAIUS — YaCTHBIA ciydail yrBepxaenus K).

K) Iycrs f : K — N — Baoxkenne, S-61mskoe K . CliesiaeM mepecTpoiiky, MOKa3aHHY Ha wiutocTpanun  Blb.
[osyunm Broxenne f : K/c — N, S-6muskoe K ¢/c.

V) Iycrs f — mod 2-sioxenue, S-6iuskoe K . CruemaeMm 1epecTpoiiky, MOKa3aHHYIO Ha ujuiocTparud [Blb.
[osnyuum S-6:msKoe K @/c orobpazkenue f : K/c — N. Jocrarouno moxaszarh, uro |fa N fb| = 0 (mod 2) s
KaxKJI0ll napbl Helepecekaronmxcs pedep a,b C (K/c¢). HeiicrBurensbo, a u b saBisiiorcs pebpamu Takzke u B rpade
K, upuuem 110 KpaiiHeil Mepe OJIHO U3 HUX HE CMEXKHO ¢ ¢ (oToMy 4To a u b gBisorcs Henepecekaomumucs B K/c).
Ecm uu a, 51 b He cMexHo ¢ ¢, To |fa N fb| = |fa N fb] = 0 (mod 2). Ecim, manpumep, b C K cMexkHO C ¢ 1 a He
eMesKHO ¢ ¢, To |fa N fbl = [fan fbl + |fan fc| = 0 (mod 2), uro joKasbIBaeT yTBEpI K IeHNe. O

BhIpozKIeHHbBIe OTOOparKeHNs MOABJIAIOTCA B HameM jgokasarenberse Jlemm 2 u B2 marke ecim mexommaoe oTo6-
paxenue ¢ : K — G spisgercs HeBbIpOeHHbIM. Mbl cobupaemcst noctponts rpad K/, i napy (BbIPOXK/ICHHbIX)

— —/
o ¥ % ¥ o
CAMILTUIIAAJBHBIX OTOOpaXKeHuit G —— K; —— (' , KOTOpbIe MOTYT OBLITh IOJIyYeHbl U3 OTOOparkKeHmit © u ¢,
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Puc. 4. TlonynpousBoaHbie CUMILIAIIAAILHOTO OTOOPAYKEHUST

COOTBETCTBEHHO, ONepanueil u3 Y TBEpKIeHUs 0 cTarmBanun pebpa [2.7] (Tpr HEKOTOPBIX JOTOMHATETHHBIX TPEIITOJI0-
JKEHUSIX OTHOCUTEJILHO (0, JIeTAJIN TIpeJICTaBIIeHbl HIKe). Bmecre ¢ mocrpoenneM Bioxkenust N — N (cM. onpejesnenne
yroustmerust N’ Bblie), 510 HeMeuieHHO Bieuer yreepxkiaerne Jlemmer 21 (em. mumocrpanmu  [@ B [6).

Onpepnesienne 2.8 (IlosynponspoHasi CUMILUIMIMAIBLHOTO oToOpazkerns). (cM. mmocrparuio M) Tpenmonoxum,
9TO 0TOOParKeHHe ¢ SIBJIsIeTCsS] HEBBIPOXKIeHHbIM, 1 K He umeer BepinuH crenern 0. BosbMeM HecBsi3HOE 00'beIMHEHTE
Bcex @-kommoneHT rpada K (cM. Onpenesenne npoussogsoit ¢ Bbie). Coeauaum pebpoM JiroOble JiBe BEPIIMHBI,
IPUHAJIEXKAINE PA3JTUIHBIM ()-KOMIIOHEHTAM ¥ OTBEYAIOIIE OJHOM 1 Toi ke Bepiuie rpada K. Obo3zHaIMM TI0JTY-
YEHHYIO NOoAYNpou3eoduyto rpada K depes f(fp. Takum obpazom, p-xkommonenta « C K aBjseTcs Takke moarpadom
rpada K ;, obozHagaeMbIM Uepes @' . B manbHeiimem Mbl 0TOXKIeCTBAsIEM TOUKH TpadoB a n &'. OnpememM cuMIm-
npasbHble 0TOOpazKenns @ u ¢ (noaynpouseoduvie oTobpazkenns @) Kak odesmanbie mpoeknun K, — G u K, — G/,
COOTBETCTBEHHO, 3a/JaHHble Ha BepmuHax (opMmynamu @r = ¢r u @'z = (pa), rae sepmuna x € K ¢ TPHHAJTEXKUT
(p-KOMITOHEHTE &' .

Hoxazameavcmeo Jlemmoi[21]. Cornacuo YTeepzKieHuio o crarusanuu pebpa 271D, orobpaskenue ¢ MOXKeT CUUTaTh

HEBBIPOKAEHHBIM. MBI Takke MOXKeM CunmTaTh, 9To rpad K mHe nmmeer Bepmun crenenn 0. Jlerko BumeTs, 9To © u o’
MOTYT OBITH MOJIYYEHBI U3 ¢ U HEKOTOPOTO Cy’KeHUsI ', COOTBETCTBEHHO, ONepaIueil u3 Y TBEPKIECHUS O CTATHBAHUN
pebpa 2.7 Eciu r00bie 1Be (0-KOMIIOHEHTHI MMEIOT He GoJiee 0HOM 0bImeit TO9KH, TO (o' MOXKET ObITh HOJy9eH TAKIM
ob6paszom HerocpeacTerHo u3 @. Ho s K =2 S mociesee ycioBue BBIIOIHEHO BCEIVIA, KPOME CIyUast, KOra rpad
K cocrout u3 pOBHO JBYX (p-KOMITOHEHT. O4eBUIHO, 0TOOparKeHre (¢ AIPOKCUMUPYETCsl BJIOYKEHUSIMA B YKA3aHHOM
caydae. Takum 06pazoM, JTOCTATOYHO JOKA3ATH CJELYIONIEe YTBEPKICHUE:

(*) ecomn @' amIpOKCUMUPYETCs BJIOXKEHUAME, TO @ AIIPOKCUMHUPYETCsI BJIOXKEHUSIMHU.

Hoxazkem yrBepzkaenue (*) mist nupoussosbaoro rpada K. Eciau ¢’ anupokcuMupyercst BIOKEHUIME, TO HARIETCs
BiIOKeHne K ;9 — N’, S'-6muskoe k @'. Onpenenum Bioxkenne f : K ; — N KakK KOMIIO3UIIUIO ITOI0 BJIOXKEHUSI
u Bioxkenuss N’ — N, nocrpoentoro B onpegesennu yrosmenus N’ (em. mwunocrpanuio Bl rge 310 mocrpoenue
[IPUMEHSIETCST K OTO6pa}KeHI/IIO ¢ c mwumoctpamun M) SIcHo, uTo cymecTByer HoBoe pasioxkenue Ha pyuku N = | J N, U
UN (ab) yTOJITIEHUs N, 0603HaTaeMOe S, rakoe uto f Gyjer S-anmpokcumanueit orobpakenus @ (cM. mutrocTparmio 6]
cpasuu ¢ [0], Yreepxuenue 4.9) Torma f : K ;o — N (rme N o6o3uadaer yrosienue N ¢ HOBBIM PA3JI0YKEHUEM PyUIKN
S) — Bnoxkenue, S-6/m3K0e K 0TOOpazKeHMIO (B. JlemMa, jJoKa3aHa. Il

Ta e camas niest ucronbsyercs B jlokasatenscrse Jlemm 221 A V. Pacemarpusaercst orobpakenne f 1 K, — N
obmiero nosiozkenns, S-61u3Koe K ¢ u crpontes noaynpouzeoonas f': K, — N', S-6rmskas k ¢’ (eM. mmoctparmio 7).
IToTom nposepsiercs, 9To ecau f — BJOXKeHHUE, TO [/ — Takxke BJIOKeHHE (CM. MiLmocTparmio [§).

Onpepnenenune 2.9 (Iloaynpoussognas S-anmnpokcnmanun). (cM. wutoctpanuio [1 T71e IpuBeieHHOE HUZKe [OCTPO-
€HHe TIOCTPOEHUE TIPHMEHSIETCsSI K OTODOparkKeHWo , n3obparkenHoMmy Ha wunoctparuu M) ITyers K — rpad Ges
Bepmuna crenern (. [Iycts ¢ : K — G C N — HeBBIPOXK/IEHHOE CUMILIANUAILHOE 0TOOpaXkeHne 6e3 TPAHCBEPCAIBHBIX
camortepecedennit. [lycrs f: K — N — S- annpOKCHMauHs{ orobpaxenus . Torna noaynpouseodras 0TobpazkeHust
f ectn S’-ammpokcumarust f7 K ! — N’ orobpaxkenusi ¢, u crpoutcs ciaeayiomum obpasom. st Kaxkoro pedbpa
a C G BeIOEpeM romMeoMopdu3M h : Ny, — N/ Takum o6pazom, 910 115 K&)K,ZLOI‘O mo6oro pebpa b, CMe2KHOTO € a, MBI
umeeM hy (Ng N N@py) C N/ b)) . Onpenermnm f' Ha Kazk10it @-KOMIIOHEHTE & C K ! bopmymnoit f' |41 = hyaf |o Temepn
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Puc. 5. ITocrpoenne S-amnmpokcuMaiun

K/
Na f v Nb
I 1
Voo /
Na N(ab) Nb

Puc. 6. Ilocrpoenne pa3buenns Ha pydIKu

N/
K 'K,

Puc. 7. Toayupoussomnast S-alrpoKCuMaIuu

ompenenum f' Ha KazkI0M pebpe Ty C f(fp, COEIMHSIONIEM JIBe pa3jImdHble (p-KoMioHenTel X' u Y'. BosbMem pe6-
po a C X', coneprkamiee sepimmny x. Otoxkaectsum X' ¢ X (cm. Ompesesienue oIy IPON3BOIHOM CHMILTHITAAIBHOTO
orobpazenus @'). Torga a Gymer 0TOXKIECTBIEHO ¢ HEKOTOPBIM pebpoM rpada K, a £ — ¢ HeKOTOpOii BepinuHoii rpada
K. O6oznaunm uepes T ayry a N ' N,. Oupegenum ayry § anasoruuso. Paspexkem peGpo Ty B TPH OTpe3Ka II1,
z1y1 1 y1y. Hyers f’ romeomopdHo oTobpazkaer oTpe3ok zx1 Ha hyx fI, OTpe3ok Y1y — Ha hyy fZ, a OTPe3oK X1y
— H& IPAMOJIMHENAHBIA OTPE30K B JIUCKE N('@ X py) COCMHIONMIT TOUKH flz1 u f'y1. TakuMm 06pa3oM, 0TOGParKeHIe

7 f(fp — N’ mocTpoeno.

BameTnnm, 9TO ecm f — BIIOXKEHHE, TO €CTh 60JIee POCTOE ATPTEPHATHBHOE OCTPOCHHE OTOOpAsKeHNs [, B HEKO-
TOPOM CMBICJIE OOPATHOE K MOCTPOCHHIO n3 JoKazareabcTsa Jlemmbl 211 Ho 3To agbrepHaTHBHOE MOCTPOEHUE HEIIPH-
MEHHMMO K JloKazaTesbeTBy Jlemmbl 221V, 103TOMy MBI He TIOJIb3yeMcsl UM B JaHHOl cTtarbe. Mbl cobupaemMcs JJoKa3aTh
Jlemmy 2221A)V rosibko B cirydae, Korma npoussognas N/ omnpejiesieHa KOPPEKTHO, TO eCTh K He COJEPXKUT map Jyr
i,J, ISl KOTOPBIX Tepecedenne @i N ¢j TPaHCBEPCAJBHO. DTOr0 JOCTATOYHO JJIs JOKA3aTeJbCTBA TeopeMbl B
obiieM ciydae J0Ka3aTesbCTBO AHAJOIMYIHO, HO HeoOxoaumMo Bciogy BMecto N’ mosbzoBarbes npoussoguoit D(N),
ompeiesieHHoit B crarbe [6].

Hoxaszameavcmeo Jlemmoi[2Z24. A. Cornacuo Yreepxkaenuo 271K MOXHO cunTaTh, 9TO (0 HEBBIPOXKJEHO. BosbMeMm
HekoTopoe Bioxkenne [ : K — N, S-6mskoe K . Torma J0cTaTouHo NoKa3aTh, 9To orobpazkenue f' (cm. Oupenenenue
MOJTyTTPOU3BOTHON S-aNMPOKCHMATIAY [ ) SBJISIETCS BIOKEHUEM.
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Puc. 8. Tloxcuer KommwaecTBa TOYEK IePECEICHUS

Pacemorpum mapy pasmmanbix pebep zy, 2t rpacda K[, O603maIM MHOKECTBO f'(zy) N f'(2t) gepes i. TocraTodmo
nokazarh, uto i = f'(xy N zt). O6osnauum o’ = @'z, V' = @'y, ¢ = @'z u d = @'t. Bes orpanuuenus obmuOCTH
BO3MOXKHBI CJICYIONIUE 3 CIIydast.

1) a', V', ¢ u d’ nonapno pasmmunnl. Tax kax f' asnserca S’-anmpoxcnmarnmeii,to f'zy C N, u f'zt C N/, .,
caenoBaTesbHO 4 = ().

2)(d=dut #d)um (! =V = =d). Torna ¢ C N/, cnenosarenbno, i = hq(fZ N fZ) (cM. onpenenenue hg
u T B OnpejiesieHrn TOJTy IPOU3BOIHOMN S-alpOKCUMATIN f_’ , Jlyra Z OIpeJesIsieTCs aHAJIOrM4IHO ). Eciuu y # t, 10 T
U Z He mepecekaiorcs, Tak uto fZN fZ =0 ui= (. Ecim xe y =t, 10 i = ho(fy) = f'(zy N 2t).

3)a =, =d nad #V. Bsrom ciaydae kak xy, Tak U 2t, COEIUHSIOT BEPITUHBI U3 PA3JIMIHBIX (O-KOMITOHEHT.
JTokazkeM, 9To oy U 2t He nepecekatorcst. Hampumep, mycrs y = t. Tor/ia Bce Bepmmssl 2, ¥, 2 u t rpada K, {, OTBEYAIOT
oJIHOIT u Toit ke BepruHe rpada K. ObosHaunm ee yepe3 w. O6o3Hadum yepe3 X u Z Te p-KOMIOHEHTHI MHOXKECTBA
o la = g7 le, na xoropeix x € X' um z € Z'. Takum obpaszoM, y @-Kommoment X u Z ecTh obIas TOYKA w,
cneposarensno X = Z. 3naunrt, x,z € X' = Z' orevaioT o1HOIl U TOMH Ke BepIIUHE W, CIeI0BATEIbHO, T = 2. MbI
HoJIydaeM, uTo y = L U & = 2z, TOTJa 1o HocTpoeHnio rpada K, ¢ MBI TOJIy9aeM Ty = 2t, 9TO MPOTHBOPETHT BHIGODPY
oTux pebep. 3HauuT, LY U 2t HE NEPECEKAIOTCS.

[Mokaskem, uro B caydae (3) |i| =0 (mod 2). B nambreiintenm Gyaem omyckatsb f' B 0603HAYEHHSX BCeX 06PA30B IPH
orobpazkerun f. BaMeTHM, 9TO TOMEOMOP(hUIM haohy L orobpaxaer Y1y U t1t HA T U Z, COOTBETCTBEHHO (MJLIIOCTPAIIUS
[B). M3 sroro caexyer, uro |i| = [INJ|, tne I = ZUxy; u J = zZ U zt;. VI3 31010 Tak)Ke ciiefyer, 9To JBe Iapbl TOYeK
OI u 0J me 3anemienst Ha OKpyKHOCTH O(hgNagnp U N’a,b,)). Tax xax I,.J C hqaNarp U Ny, 10 |i| = [INJ| =0
(mod 2). Takum o6pazom, ocraercst nokaszars, ato [I N J| < 1, Torma I NJ = ). Tlocnennee yTBepKIEHAE CIEIYET U3
pPaBEHCTBA

TNz=ho(fzNf2)=10 xr1N2zy =ho(fynft)y =0 u |z1y1 N 21ty <1,

HOTOMY YTO T1Y1 U 21t1 — IpAMOJHHEiinbIe OTPEe3KH B JucKe Ny Jlemma JokazaHa. (I

Joxasameavemso Jlemmu [Z2. V. Cornacao YTeepxKpeHuio o crarupanuu pebpa 271V HaM J0CTaTOYHO J0Ka3aTh, YTO
ecmn f @ K ; — N saBasercas mod 2-BiozkeHneM, S-GIU3KAM K @, TO €ro MOJIyIPOU3BOMHAS [/ TAKIKE SBIIACTCH
mod 2-BJIO2KEHUEM.

BosbMeM napy Henepecekaroraxcst pebep xy, 2t rpacda K, (> ¥ PACCMOTPHM Te€ K& TPH CJIydas, UTO U B JOKA3aTeIbCTBe
Jlemmbt 221 A. Cy4waii 1) tpusnasen. B ciyqae 2) Mt umeem f(xy)N f(zt) C Ng, crnenoBarensHo, |i| = |hqo (fZNfZ)| =
|ha(f(zy) N f(28)] = |f(zy) N f(zt)] =0 (mod 2). B nokasarenscrse Jlemmbt 22] A Mbr yzxe mokazanm, 9T0 B CIydae
3) BoinosHeHO paBeHcTBO |i| = 0 (mod 2). Takum o6paszom, Jlemma [Z2V nokazana. O

3. IIPEIATCTBUE BAH KAMIIEHA

Ipenarcreue Ban Kammena 66110 npumymano Ban KaMmeHoM IIpH ncCiieIOBAHIN BIOKHMOCTH MOJIHSAPOB B R27
121 3 14] [7,[8]. Tamum onpenenenue nupensrerBus Ban KaMiieHa K allpoOKCUMUPYEMOCTH BIIOYKEHUSIME CUMILIUIUAAIBHBIX
nyreit. Hamre nocrpoenune 6ostee Haruis o, geM nocrpoenne npernarcrsus Ban Kawmmnena k Biaoxkumoctu. Ilycrs ¢ :
I — R? — cuMmmmuanbHbii myTh (Ha mumocTpanun [ npuBeeHHas HIZKE KOHCTPYKIIMS IPUMEHSeTCs K IIyTH,
nokazanaomy Ha wurocrpamnuu [I)). O6o3nauum depes 1, . . ., BepuumHbl rpada I B HOpsaiKe UX PACIOIOXKEHUs Ha
nyre I, u obo3nadum pebpo x; 2,41 depe3 i. Illycrs [* = |J @ X j — 63pesannwii keadpam rpada I. Packpacum B

i<j—1
KpacHBIil BeT pebpa T; X j, j X T;, ¥ KJETKHU i X j Bpe3aHHoro Kpajapata I*, Takue aro oz; N@j = 0, ¢i N pj = .
O603HaunM uepe3 I*? KpacHOe MHOMKECTBO. BosbMeM orobpaskenue obmero mnojoxkenus f : I — R?, mocrarodso
6im3koe K . B kaxmyio kierky ¢ X j "rabmuns’’ I* mocrasum uucno vp(i X j) = |fi N fj] (mod 2). Paspexem
I'* Bnonws kpacubix pebep. Ilycrs C1,Cy, ..., C,, — BCe KOMIIOHEHTHI CBSI3HOCTHU IOJIYI€HHON (DUTYDPBHI, JJIsi KOTOPBIX
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Puc. 9. Ilpensarcreue Ban Kammnena

/ —/.
)
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b
Puc. 10. ”/Isuxxenue Paiinemaiicrepa’
0C, N OI* C I**. O6osuaxuum vy (Cy) = > vs(i x j). IIpenamemeue Ban Kamnena (¢ Zo-xosddunpenramu) s
ixXjCCl
AIIIPOKCUMUPYEMOCTH BJIOKeHUsIME — 910 BeKTOp V(@) = (vy(C1), v (C2), ..., v5(Cp)).

HecsioxkH0 11poBepuTh, 4T0 v(@) He 3aBucuT OT BBIGOpa OorTobparkenusi [ [§], Takum obpasom, v(p) = 0 sBisieTcst
HEOOXOIUMBIM YCJIOBUEM Jisl AlllPOKCUMUPYEMOCTH BJiOKeHusiMu. Jlerko nposeputrb, uro v(p) # 0 1y KycodHO
numeitnoro mytu ¢ : I — R?, comeprkalmero TpancsepcasbHoe camonepecedenue. Takum obpazom, Cuencrsue 1.4.V

crenyer us L3 221V u 311

VYreepxkaenue 3.1. IIpenamcmeue v(p) = 0, ecau u Moavko ecau cywecmeyem S-6auskoe K 0mobpasrceruto o
mod 2-sa001cenue 0buLe20 NoAOAHCEHUA.

Joxazamenvcmeo Ymeeporcdenus [T Obparnas umiummkanus o9eBugHa. JI0OKa3aTeIbCTBO IPAMOl MMILIMKAIIUY CJIe-
nyer ugesim cratbu [4]. Mbl cobupaeMcst HCIIOIb30BATH KOTOMOJIOTHYECKY 10 GOPMYyIMpOBKY npenstcreust Ban Kavmnena
(merasm MoxkHO HajiTu B ab3ale nepes Y TBEPKICHUEM nmxe). Iycrs f: K — N — jnobag S-anmnpokcuMaus
oTobpazkenust ¢ obmero nosoxkenust. 'JIsmkenne Paiinemaiicrepa’, mokaszanHoe Ha mmoctpamun  [[0la, go6aBiser K
KOIUKJTY vy Korpanuiy 0[z X y] smementaproii konerm u3 rpymmsl B2(K). Tax kak v(p) = 0, TO ¢ HOMOIIHIO HECKOJIb-
KHIX TaKHUX 'TIaros’ MbI MOXeM MOJIy4uTh oToOpazkenme f : K — N, naa xoroporo vy = 0. Torma orobpazkenme f
Heo0X0oauMo sBistercst  mod 2-BIOXKeHHeM, MOToMy IT0 vy = 0 o3HatdaeT, 110 |faN fb| = 0 (mod 2) musa moboit mapsl
Herepecekaromuxcs pebep a, b rpada K. O

Tenepb MbI cobupaemcst 1oKazaTh, 9ro yeaosus [LAV u[[AD skeusanenrus! (Yreepxaenne B2). Yreepxknenue B2
osnagaeT Tosbko, uro [LAD = [[L4V, no sro mocrarouno mis jgokazarenbcrsa Crencrsus [L4l Mbl gokaszbiBaeM
VrBepxkaenne B OoJtee 001eit hOPMYIMPOBKE, MIOITOMY HAM IIOTPEOYETCS €Ille HECKOJIBKO OIIPE IEICHHI.

IIycts K — npomssosbusii rpad. Iyers ¢ : K — G C R? — cuMmmmumaibHoe orobpazkenne. Obosnaunm 1yepes o
1 7 J00bIe pebpa rpada K. Bapesarnnom keadpamom rpacda K Mbl HasblBaeM MHOKeCTBO K = U{oxt:onT= (Z)}
[ycers K* = K /Zs — bakTOp IOCTPOEHHOIO TIOJIH3/IPa OTHOCHTENIBHO aHTHIIO/ATBHOIO Zio- -JleACTBIS. Iycrs K¢ C K
— IOIMHOKECTBO, onpeensenoe dopmyinoit K¢ = {0 x 7: o Nt =0 }. Hycrs K*¢ = K¥/Zy. Jlns orobparkenis
obmmero nonozxkenus f : K — R?, 6imskoro k oTobpazkenuio o, onpeeaum Kouens vy € CH(K*, K*%;Zy) dopwmyoit
vi(o x 1) = fo N fr (mod 2). Knace v(p) = [vf] € HY(K*, K*¥;Zs) 3Toit Kollenu He 3aBUCUT OT OTOOpazkeHust f u
Ha3bIBaeTCsl npenamcmeuem Barn Kamnena K allipOKCUMAPYEMOCTH BJIOYKEHUSIME 0TODpaykeHust . Mbl rOBOPUM, 9TO
orobpaxkenue ¢ : K — G C R? ynosieTBopsieT c60ticmey 63pe3aniozo keadpama, ecii oTobpaskenue @ : K¢ — St
zagannoe opmysoit @(x,y) %, IIPOJIOJIKAETCS 10 SKBUBAPHAHTHOIO oTobpaxenns K — S, Ouesnsio,
JIaHHOE OIIpejie/IeHne CBOMCTBa B3pe3aHHOro Kpajpara sksubajgenTHo [LAD B cayuae K = 1.

Vreepxkaenne 3.2. Ecau kycouno aunetinoe omobpasicernue o : K — R? ydosaemeopaem ceoticmey 63pe3arntozo
xeadpama, mo npensmemeue Ban Kamnena v(p) = 0.
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Puc. 11. Ilapa orobpaxkenuii, He alIIPOKCUMUPYEMasl CUHTYJISIPHBIMU 3AIICTIICHUSIMU

Jloxazamenvemeo Ymeepoicdenus 2. BosbmeM oTobpazkenue obmero nomoxkenns f : K — R2, 6im3Koe X o, u ompe-
eI 9KBHBapuanTHOE oTobpazkerne f : K¢ Usk! K — S dopmymoii f(z,y) = ‘}ci—:%‘ ITo obmieMy IIOJIOKEHUIO
IIOJTyIaeM, ITO f OTIpeIeJIEHO KOPPEKTHO. Tak Kak orobparkenme f OJIM3KO K OTOOPAaKEHUIO (p, TO f | z» TOMOTOI-
HO ¢. OUEBUIHO, €/ @ HPOIOIIKAETCS 10 SKBUBAPUAHTHOIO orobpaskenuss K — S, o f | e TPOIOIKAETCS JI0
SKBHBAPHAHTHOIO oTOGpazkenns K — S

Paccmorpum kitetky o X 7 C K — K%, tue 0,7 C K siBasorcst 1-MepHbIME KieTKamu. Ecim oTobparkerue f
[IPOJIOJI?KAETCS HA KIIETKY 0 X T, TO deg f ‘a(axﬂ = 0. MoxkHO 1oKa3aTh, YTO

deg f |ooxr) = fo N fr=vp(o x ) (mod 2).

[TosTomy ecsm oTOOpazKeHue f MPOIOJIKAETCs JI0 SKBUBAPHAHTHOrO oTobpaxkenus K — St to vy = 0.
- | -

Teneps mycth g : K¥ Usk K — S! — skpupapmanTHOe OTOOpaykeHme, TaKoe UTO ¢r = fx JJIS KaxKAOTO T €
s 07 . . .
K?Usk” K. Oupenemm xorens v, € C?(K*, K*?; Zs) dopmymnoit vy(c) = deg g |os Juis KazK10it 2-MepHOIl KJIETKH 0.
Ilycrs 0 € K — K¥ — knerka pazmepaoctu 1. BozbMeM HecazHOe 00beiuHenue o Lo’ AByX Konuil o U IpUKJIeuM o K
o' no rpanune do = Oo’. Ilycrs d, — oTOOparKkeHne noryueHHoi 1-mepHoit cepnl B S, 3a1aHH0€ PopMyIoil dex = fx
JUIst Beex T € 0 1 dex = g 1u1st Beex x € o’ . Oupenenum konens vy, € CH(K*, K*¥;Zs) dopmyioit vy (o) = degd,.
Torna, oueBunHO, V4 — vy = dvfg.

JTy YeHHAST MyJIa, O3HAYAET, YTO KOIOMOJIOTMYECKHUHA KJI HE 3aBUCUT OT BbI KBUBaPUAHTHOI'O 0TO0-
TTonygennas o a O3HAYAET, YTO KOTOMOJIOTHIEC acc |vg] He 3aBUCHUT O 6opa 3 ApPUAHTHOTO OTOO
- s

paxenns g : K¥ Usk' K — S u cosnasnaer ¢ npensrcrsuem Ban Kammena v(p). 9To 10Ka3bIBaeT Hallle yTBEPIKIe-
Hue. O

ITpumep 3.3. (cpasuu c [16,[1]) Cymiectyer mapa Kycouno jmHeitHbx myTeit ¢ : I — R?, 1) : I — R? (em. mumocrpa-
o [IT], rie m3o6parkena napa myTeit f, g, GAM3KAX K JIAHHBIM), He alllIPOKCAMUPYEMBIX CHHTYJISIPHBIME 3aIETITIeHUSIMH
(To ecTb, OTOOPAXKEHUSIMU C HEIIEPECEKAIOIIMMUCS 00PA3aMu), YAOBJIETBOPSIONIMX CJIE/ILYONIUM YCIOBHUIM:

V) IIpensmemeue Ban Kamnena v(p,1) = 0.

D) Orobpaxenne @ : { (z,y) € I x I|px # ¢y} — S, samannoe bopmysoit @ (z,y) TOMOTONIYECKH

_ _pr—vy
lez—yyll’
POJIoIIKaeTCs 10 oTobpazkenust I x I — ST
I) Mapa ¢’, ¢’ annpoKCUMUPYETCs CUHTY/IIPHBIMU 3AICTLICHISIMH.

Zoxaszameavecmeo IlpumepalT 3 Tlycrs K, L = I — rpadwl ¢ Bepmuaamu ki, ..., ks uly,...,l7, m nycts G — tpad c
BEpIIUHAMUA a1, ..., U PEOPAME G1a3, G103, 4104, 4105, A203, G204 ¥ A206. 1 pedyeMble CUMILIAIAAILHBIE 0TOOpasKe-
Hust @, 1) 3anamrcs dopmynamu gk = a1, pke = ag, ks = as, ks = a1, pks = az u Yli = as, Yla = a1, Plz = ag,
’lﬂl4 = a4, ’lﬂl5 =ai, ’lﬂlﬁ = az, ¢l7 = ag-

Paccmorpum napy S-annpokcumanyii f u g orobparkeHuii ¢ 1 1), COOTBETCTBEHHO, IOKA3aHHY0 Ha uitocTparn [[1]
Jlerko Bugers, uro |fi N gj| = 0 (mod 2) miua smo6oii naper pebep ¢ C K,j C L. D10 BiIedeT BBIIOJIHEHHE 0OOUX
coiicrB B3V uB3lD (uro nokasbiBaercs aHAJIOrMYHO J0Ka3aTesberBy cieacrsus [ cm. Takzke Yrepxaenue B.1]).
JlokazaTenbeTBo cpoiicTsa [3.3l] — mpsMoe BbrYucIeHue.

JlokazkeMm, 9To mapa p, Y He allPOKCUMUPYETCS CUHTYISAPHBIME 3aleIIEHUsIME. [IPeIIooKuM IPOTUBOIIOI0KHOE
yreepxkjenne. [lycrs K3, K35 C K u Lyg,Ly7 C L — nyru mexay Toukamu ki u k3, ks u ks, I3 u ly, 4 u l7,
COOTBETCTBEHHO. BO3bMEM MaJIyi0 OKpecTHOCTh rpada @K UYL Ha IJIOCKOCTH U BhIOEPEM ee pa3JioyKeHHe Pydku S.
O6ozuaunm depe3 Ay, As u A nucku pasyioykeHusi HA PYIKHU S, COOTBETCTBYIOIINE BEPIIHHAM a1, g W PEOPY ajas,
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coorBercrBenno. [1o anasnory Ipennoxenus Munna (cm. ab3an nocse Oupezenenus S-annpokcumanuu B §2)) Haiiayres
S-annpokcumanuu f, g 0TOGparKeHuii ¢ 1 1), COOTBETCTBEHHO, ¢ HelepeceKaomuMucs oopasamu. Tax kak fK13NgL = (),
10 napbl Touek gL14NI(A1UA) u gLy NO(A1UA) ne 3anenienst na okpyxuocru 9(A; UA). Ananoruuno, gL14N0As n
gL47NO Ay He 3anenienbl Ha OKpyKHOCTH O Ag. 3naunt, gL14NI(A1 UAUA) n gLyrNI(A1 UA3UA) He 3a1enieHbl Ha
okpyxHocTH 0(A1 U Az U A). Torna g He MOXKeT ObITh S-anpokcuMaryeii orobpazkernst ¢. IlosryueHHOe IpOTHBOpEYNe
[TOKA3bIBAET, UYTO (Y U 1) HE AllPOKCUMUPYIOTCSI CUHTYJISIPDHBIMU 3alleILJICHISIMU. O

Baarogapuoctu. Aprop Giarogapen A. CKOIEHKOBY 3a MOCTOSTHHOE BHUMAHUE K JIAHHON pabore.
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CIS-TPADDBI

Hanomuum ocHoBuble onpesenenus. 1lycrs gan rpad G.

Iodzpagom rpadba G Ha BepmIMHAX V1, V2, . ..,Us (TH€ U1,V2,...,V, — 9acTh BepimuH rpada G) HasbiBaeTcs rpad,
BEPITUHAMEI KOTOPOTO SIBJISTIOTCS BEPIIUHBI U1, U2, - . . ; Up, U MEXKJIy HUMH IIPOBEJIEHBI BCE PEOpa, KOTOPhIE ObLIH TPO-
Bezensl B rpade G.

Honoanenuem epagha G HaspiBaeTcst Tpad, BEPIIMHAMEA KOTOPOIO SIBJISTIOTCS BepIMHbI Tpada G, HO JBe BEPIIHHBI
COEIMHSAIOTCS peOPOM B TOM U TOJIBKO B TOM CJIydae, €CJIM OHU He ObLIM coeuHeHbl pebpoM B rpade G.

Kauxoti B rpade G HasbiBaeTcst JI060€ MHOYKECTBO MOTIAPHO COSAUHEHHBIX BepuH. COOTBETCTBEHHO HE3a6UCUMbBLM
MHOICECTNEOM HABBIBACTCS JIIO00E MHOXKECTBO IIOIIAPHO HE COCIUHEHHBIX BepinH. Kimka (HE3aBHCHMOE MHOXKECTBO)
HA3BIBAETCH MAKCUMAALHOU (MAKCUMANDHBIM), €CTIA OHA He COJEPIKUTCA HU B KakKOi GoJiblieil Kinke (HE3aBUCUMOM
MHOXKECTBE).

TitaBaBIM omnpesenernneM 3Toi cepun 3a1a4 saBisiercs onpegeneraue C'1S-rpada.

C1IS-zpagom HazpIBaeTcs rpad, B KOTOPOM Jitobasi MakCuMaJibHast Kianka C' Iepecekaercsi ¢ JIF0ObIM MAKCUMAJTbHBIM
HE3aBUCUMBIM MHOXKeCTBOM S. Hanpumep, mukir jumast gersipe ssisiercsas C1S-rpadom, a Il-rpad, n3o06parkEéHubiii Ha
pucynke 9, me aBasercsa CIS-rpadom.

Puec. 1

A muoro s CIS-rpados? 3agauu Ha onpejiesieHUe.

1. Ilokaxxure, aro HecBs3Hoe obbeauuenue a1Byx C'IS-rpados G u Go ssasiercs C'IS-rpadom.
Ipumeuanue. Yrobbl 01y 9uTh HECBA3HOE 00bequHeHne rpadoB G u G, HyKHO 00bEIMHATD UX (CIUTasi BCE BEPIIUHDI
pasaMYHbIME!) U He TIPOBOJUTH GOJIbIe HUKAKUX pebep.

2. Haiinure Bce CIS-rpadbl, B KOTOPBIX HET TPEX IOMAPHO COEANHEHHBIX BepiuH. [[poBepbTe, 9TO BEPIITMHBI KAXKI0TO
73 HUX MOXKHO IOKPACUTH B JBA I[BETA TaK, YTOOBI JIIOObIE J[B€ COCEIHNE BEPINUHBI ObLIN PA3HBIX I[BETOB.

3. Ilycte uz CIS-rpada ymanunan BepIuHy, U3 KOTOPOH BHIXOAUIO oaHO pebpo. Ilokaxkwure, 9T0 moJyumiics CHOBA
CIS-rpad.
4. a) Haszosém BepumHy zopowed, ecan Jobble 1Ba eé coceia COeJMHEHBI (TO €CTh OHA BMECTe C COCeJsAMU 00pasyer

kuKy). Jokaxkure, 4To eciau B rpade Jobas MakCUMAaJIbHAsL KJIUKA COIEPKUT XOPOIILyIo Bepinuny, 1o 310 C'IS-rpad.
b) Iokaxkure, 4ro O6paTHOE HEBEPHO.

5. PaccmoTpum rpady, MHOXKECTBO BEPIIIUH KOTOPOI'O SIBJISIETCS 00'be IMHEHNEM TIEPECEKAIONINXCsT KJIIMKY U HE3aBUCUMOI'O
muOkKecTBa. [lokakure, aro ou siBisiercss C'1.S-rpadom.

Hodcmanosxoti rpada Gy B rpad G4 OyleM HA3BIBATE CJIEYIONLYIO OIEPAIINIO: HEKOTOPasi (PMKCUPOBAHHAST BEPIIIMHA
A rpacda G2 3amensiercs Ha rpad G1, mex ity Bepmunamu rpada G u rpada Go MPOBOJAATCS B TOYHOCTH Te Ke pebpa,
KOTOpbIe ObLIN Mex 1y A u ocrajibHbiMEU BepiuHamu Go.

G

G

Puc. 2

6. IIycts B pesysnbrare moacranosku rpada G B rpad Ge momyuamics C1S-rpad. [lokaxure, aro u Gp, nu Gy ObuIn
CIS-rpadamvu.

7. Ioxaxxure, 4o Jiroboit rpad siBisiercs nojarpadgom mekoroporo CIS-rpada.

8. Paccmorpum niBa muO)ectBa rpados G1, G, Gs, ... u Hy, Hy, Hs, ..., npuuém rpadoB B MHOXKECTBAX [TOPOBHY, HO
UX YHCJIO MOXKET OBbITh KaK KOHEYHOE, TaK U OecKoHeuHoe. Ternepb paccMOTPUM MHOXKECTBO BCeX IPpadoB, JJIsi KOTOPBIX
BBIIIOJIHEHO YCJIOBHE: eCJid cpejiu 1mojarpados JanHoro rpada ecrs rpad G;, To 3toT G; jronoJiHsiercs 10 noiarpada H;,
1O ecTb 3T0T (G; COMEP)KUTCA B HEKOTOpOM moarpade H; mammoro rpada.

a) Ilon6epure rpader G; u H; Tak, 4To6bl 1101y YuI0ch MHOXKeCTBO Beex CIS-rpados.

b) Moxuo i BeIGpaTh KoHedHOE Yo rpados G; u H,; Tak, 9ro6bl MOy ImI0ch MHOKeCTBO Beex C'IS-rpados?
9*. Ilyctpb B rpadpe cyuiecTByeT pOBHO OJHA IIapa M3 HEIIEPECeKAIOIMXCs MaKCUMa/IbHON Kiauku C' 1 MaKCHMAaJIbHOIO
HE3aBUCHMOI'0 MHOXKECTBA S.

a) Hokaxure, uro B G, kpome Bepriut u3 C' U S, He MOXKeT ObITh POBHO OJIHON BEPIIHMHbIL.

b) To ke jyisi IBYX BEPIIHH.

¢) IMoupobyiiTe moka3aTh, 4TO TOrIA MHOXKECTBO BepiuH roro rpada cosuagaer ¢ C'U S.

1
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Pacuyécku u rpeberiku.

Karacc rpados nassiBaercst 3aMKHYTHIM OTHOCUTEIBHO MMOACTAHOBKH, ecy n3 rpadoB (G u G5 9TOro Kitacca ¢ IoMo-
IIBIO [TOJICTAHOBKHU IOJTy9aeTcs cHOBa rpad sroro kiacca. Kitace rpadoB Ha3bIBAETCA TOYHO 3aMKHY THIM OTHOCUTEIHLHO
[TOJICTAHOBKU, €CJIH JIOMOJIHUTEIbHO IIOTPEO0BATH, YTOOBI IPpadbl TOTO KJIACCA MOIJIH IIOJIYYaThCsl TIOJCTAHOBKOI TOJIb-
KO 13 rpadoB 3TOro Kiacca.

Karacc rpadoB Ha3bBaeTcs 3aMKHY THIM OTHOCHTEIBHO JIOTIOJHEHNUS], €CJIN JOTIOJIHEHNE Ipada n3 9TOro KJIacca TaKkKe
[IPUHAIJIEXKUT ITOMY KJIACCY.

Kaacc rpadoB HasbiBaeTcs HaCIEACTBEHHBIM, €CJIM U3 TOrO, YTO HEKOTODBIA rpad HTPUHAJIEKUT ITOMY KJIACCY,
cJIeJIyeT, 9To U J000H ero noirpad mpuHa JIe’KUT STOMY KJIaccy.

OueBnHo, uTo Kjaacc C'1S-rpadoB 3aMKHYT OTHOCUTEIBLHO JIONOJIHEHUsI. B 3aj1aye 6 Mbl TakKe [MOKa3aJid, YTO OH
3aMKHYT OTHOCHUTEJIbHO ojicraHoBKU. Bynem ucciienosars C'1S-rpadb! gadibiie.

10. a) lokaxkutre, 9T0 eciau B rpade CyHIeCTBYeT Iapa HelepeceKaoIXCs MAKCUMAJIbHON KIIMKH U MaKCUMAJIbHOIO
HE3aBUCHIMOTO MHOXKECTBa, TO 9TOT rpad COAepKUT B KadecTse moarpada II-rpad.
b) Iokaxkure, 4ro O6paTHOE HEBEPHO.

Onpepnenenue. k-pacuéckoii (k > 2) HaspiBaercs rpad Ha 2k BepiIMHaX, B KOTOPOM IIepBble &k BEPIIMH MOMAPHO
COEJIMHEHBI, JIpyrue k BEepIUH IONapHO He COEJIMHEHBI, U eIIE IIPOBEJCHO k PEDED, COeIMHSIIONINE (-0 BEPINUHY IepBOi
rpynIIbl u3 k BEPIIWH C -0l BEPIIUHOI BTOPOii Irpymib! fjis Kaxkaoro ¢ = 1,2, ..., k. Jlasee, k-rpebermkomM HA3bIBAETCSI
rpad, HOJIyYeHHBII TPpUOABICHIEM OHON BEPINUHBI K k-pacuécke, IpUYeM HOBas BEPINUHA COEIMHEHA TOJIHKO CO BCEMHU
k BepiumHaMu w3 1epBoii rpymibl (¢ BepmuHaMu, obpasyomumu Kiuky). CooTBeTCTBEHHO, k-aHTUPACIECKON u k-
BEHMKOM HA3BbIBAIOTCS JOMOJHEHUS K k-pacdecke u k-rpeberKy.

—————o
———e o
————e
—e
3-pacuecka 3-rpebernoxk 3-aHTUpacIeCKa 3-BEHHK

11. a)B CIS-rpade moboit [I-ioarpad comepxurcs B A-noarpade (cM. pucyHoK 3).
b)B CIS-rpade aus aroboit k-pacaéeku (sBistronneiicst moarpadom) cyIecTByeT cojepxkanmii eé k-rpebemnox (sis-
Jgomutics moarpadoM uexoHoro rpada).

Puc. 3 . A-rpad

12. IlpuBenure mpumep rpada, B KOTOpPOM Jiiobasi k-pacuécka comepxkutcsa B k-rpeberike, mobast k-anTupacaécka
coziepKuTCs B k-BeHuke (1is Beex k), a Takxke B 9T0M rpade eCTb napa HelepeceKalomuXcsi MAKCUMAJIbHON KIIMKK 1
HE3aBUCHMOI'0 MHOXKECTBA.

ITyreBognas 3Be3ma. Ilompobyiite 10Ka3aTh CIEIYIONIYIO BAXKHYIO TEOPEMY.
Teopema. [lycTs cpean moarpados ganHOro rpada HeT 3-PacIécKu u €€ TOTOJHEHNs], U BCE 2-PACIECKH JIOMIOTHEHBI
J10 2-rpebemkoB. Torma sror rpad siBisiercst C'1.S-rpadom.

Onpenenenue. d-rpadom HA3BIBAETCs MOJIHBINA Tpad, KaxkI0e pedbpo KOTOPOro MOKPAIIEHO B OAUH u3 d IBETOB.
O6o3uauum 3a F; pébpa i-ro usera. ['pad na Bepmunax d-rpada ¢ pébpamu E; 6yiem HasbiBaTh rpomamuieckot (uim
[[BETHO#) Komnowenmot i-ro 1Bera.

Onpenenenne CIS-d-rpadpa. Ilycts jisi KazKI0ro mBeTa BHIOPAHO MAKCHUMAJIBHOE MHOXKECTBO BEPIIUH, CPeId
KOTOPBIX JII0ObIE J[BE COEMHEHBI PeOPOM HE 9TOrO 1BeTa (MaKCUMAJIbHOE 03HAUAET, YTO IpU A00aBieHun 060l 1pyroii
BEPIIMHBI [OABJIsIeTCs pebpo ganHoro npera). [lycrs 1yist jiio6oit Takoil BEIGOPKU BCe 9TU HE3aBUCUMbBIE MHOXKECTBA
nMeroT 0bmryio BepmmHy. Toraa stor d-rpad uassBaercs CIS-d-rpadom.

Paccmorpum urpy Ha d desioBek ¢ mosiHOM mHpOpMarmeii. MOXKHO IpeicTaB/IaTh ee cebe KaK KOHEYHOE JIEPEBO,
BEPIINHAMEI KOTOPOTO SBJSIOTCS MO3UIMK B urpe. ECTh KOpHeBas BepimHa (Hadano urpel). 13 HeE BBIXOAST pEGpa
ojiHOTO 1BeTa (IBET UIPOKa, KOTOPBIH HaYMHAET Urpy). TeM caMbIM UIPOK BBIOMPAET CJIEIYIONLYIO HO3UIUI0 B UIDe.
U3 11060ii HOBOiI BEpIIMHBI BBIXOAAT PEOPA TAKXKe ONHOIO IBeTa (HO JIPYroro), IPUYeM [jisi PA3HBIX BEPIIUH ITOT
IIBET MOKeT ObITh Pa3HbIM. TeM caMbIM HEPBBII UTPOK TaK2Ke BLIOMPAET, KTO Oy/eT XoauTh ciaenyiomum. latee ana-
JloruvHO. Tak Kak JepeBo KOHEYHOEe, TO WI'Pa KOTJa-HUOY/b 3aKOHYUTCs, TO €CTh HACTYIUT OJUH U3 MCXOJOB UIDHI.
U3 Bepmmabl rpada, COOTBETCTBYOMIEN 3TOi mo3uiu, 60jbie pebep He BbIXoIuT. MOXKHO mocrpouthb d-rpad Ha
BePINHAX-UCXOJ/[aX, IIOKPACUB PeOPO MeXKy JIBYyMsl MCXOJaMU B IIBET UCXOMIANIUX pedep Jjis BEepIIUHBI HA IIyTH, UX
coenunsromeM, bimkaiimeit k kopuio. OxaszbiBaercs, uro nosyunrces CIS-d-rpad (Moxkere Ha Jocyre 06 yMaTh).

Y CIS-d-rpada mobas nsernas komuonenra sisisierca C1S-rpadom (3a1aua), HO UCTUHHOCTH OOGPATHOTO YTBEP-
JKJIeHnsi Hen3BecTHA. ey MOmoHUTEIbHO TPeanoioKuTh, 910 B C'1S-d-rpade HeT Pa3HOIBETHBIX TPEYTOJIHHUKOB,
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TO 9T0 06pATHOE yTBEPXK/IEHUE OKa3biBaeTcsd BepHbIM (3a1a4da). Onucanue rakux C1S-d-rpadoB cBOIUTCS K OIUCAHUIO
CIS-rpadoB (LIpueMIeMOro ONUCaHUs HET HU Y TeX, HU y APYTUX).

IToka memssectHO, cymecrByer ju CIS-d-rpad, B KOTOPOM €CTh PA3HOIBETHBIN TPEYroJIbHUK, HO €CJIM BEPIIUH He
Gourbilie 12, TO HET PA3HOIBETHOIO TPEYTOJbHUKA (IIPOBEPEHO HA KOMIIBLIOTEDE).
CsoiictBo rpados lannan.

Hazosém A-rpadom rpad Ha Tpéx BeplnHaX, B KOTOPOM TpU pebpa IOKPAIIEHbl B Pa3HbIe 11BeTa (PA3HOIBETHDIH
TPEYIOJIbHUK).

/.
/7 -

/

4

Puc. 4 . A-rpad

Onpenenenne. d-rpad, cpeau noarpados koroporo Her A-rpada, HasbiBaercs d-rpadom Lasian.

Ilepeonpenennm Il-rpad Kak d-rpad Ha YeTBIpEX BEpIIMHAX, B KOTOPOM PEOpa mepBoro 1sera obpasywr Oyksy 11,
TO eCTh XpPOMATUYECKasl KOMIIOHEHTa IIePBOro IBera siBjisiercs: 1I-rpacdom; ocrajibHbie pEOpa IOKpAIIeHbl BO BTOPOii
1BeT, U pébep OCTAJIbHBIX IIBETOB HET. Bymem ero mucarts mpocro Il-rpad.

Puc. 5 . IIgernoit II-rpad

Ilesn 3700t YacT — HOC/IEIHSIST 3a/a4a, KOTOpas UCIOJIb3yeT 3aMedaTebHOe CBOiicTBO d-rpados [ajuran — jpexom-
nosutuio [amnan. dekommosunust [asian onucana B 3a1a4de 16.

13. Ilycrb nan d-rpad G, obsiaaromumii CJIeIyOIUMM CBOUCTBOM: €CJIM B HEM BBIYEPKHYTH PEOpa JIFoOOr0 BHIOPAHHOI'O
1BeTa, TO OH ocTaHeTcst CBA3HbIM. [lycth G — 910 He [I-rpad u vHe A-rpad. Jokaxkure, 970 U3 HETO MOYKHO BBHIOPOCUTH
OJIHY BEPIIHUHY TaK, 9TO OH COXPAHUT ITO CBOICTBO.

14. Ilycrs B d-rpade (d > 3) xpomaTnueckas KOMIIOHEHTa KazKJIOro IiBera cBs3Ha. [lokaxkure, uro A-rpad sBisiercs
noarpacom 3roro rpada.

15. IIpoBepbre, siBisiercs Jjim Kjaace d-rpados ajian 3aMKHYTBIM OTHOCHTEJIBHO IOJICTAHOBKHU, TOYHO 3aMKHYTHIM
OTHOCHUTEJILHO IIOJICTAHOBKY U SIBJISIETCSI JIX OH HACJIEICTBEHHBIM.

16. Hokaxkure, uro d-rpad [auran sBisercs pe3ysibTaToM HOJICTAHOBKE N d-rpadOB B HEKOTOPBIH 2-Tpad BMeCTO N
€ro BepIIuH.

17. Ilycts F' — xjacc rpadoB, TOUYHO 3aMKHYTBHINT OTHOCHUTEIHHO TMOJCTAHOBKH W 3aMKHYTBI OTHOCUTEIHHO JIOTOJ-
Henusi. Paccmorpum Takoit d-rpad [ajiam, 9To Bce, KpoMe OJIHOI, €ro XpoMaTUYeCKue KOMIIOHEHTHI TPUHAJIEIKAT
kiaccy F (mycrb KpoMe KOMIIOHEHTHI TiBeta d). IIpennosoum eie, 4To ecTh XoTsl Obl 0HO pebpo mpera d. Torma
MOCJIeTHsASA XpOMAaTUIecKas KOMIIOHEHTa TaKKe TIPUHAJJIEXKUT Kaaccy F'.

ITocse mpomMmexxkyTodHoro pUHHUIIIA.

CIS-d-rpads Tannan.
18. IIposepsre, apaserca mu kiaacc C'IS-d-rpadoB 3aMKHYTHIM OTHOCHUTEIBHO TMOCTAHOBKH, TOYHO 3aMKHY THIM OTHO-
CHTEJIbHO TOJICTAHOBKH U SBJISETCH JIM OH HACJIEICTBEHHBIM.
19. Eciu cpenm noarpados gausoro d-rpada Her A-rpacdos u [I-rpados, To on siBisiercs C'1.S-d-rpadom.

20. TTokaxkure, uro d-rpad, conocraBieHHbI urpe ¢ nosHoi nadopmanueil (cM. BBejieHne), He cogepkuT A-rpada u
II-rpada, u uro j1060ii Takoii rpad COmoCTaBjsIeTCs HEKOTOPOIl Urpe.

21. Ilpusenure npumep d-rpada [amnan, y koToporo ectb pédbpa xoTst ObI TPEX 1mBETOB, HO He sBJstiomerocs CIS-d-
rpadomM.
22. [Tpuseanre npumep CIS-d-rpada, y KoToporo ectb pédpa xoTs ObI TPEX I[BETOB.

23. d-rpad Tlamnan ssasercs C1S-d-rpadom, ecin U TOJBKO €CJIH BCE €ro XPOMATHYECKNE KOMIIOHEHTHI SIBJISIIOTCSI

CIS-rpadamvu.

24. Ecim Bee, kpome (MoxKeT ObITH) 0/1HO#, XpomaTudeckue KoMioueHTsl d-rpada Fajutan ssiaiorces CTS-rpadamu,
10 310T d-Tpad asiserca C'1S-d-rpadom.

25. IIpeamosoxxum, aro Bce CIS-3-rpadnr sBasorca 3-rpadamvu lamman. Torma Bce C1S-d-rpadsr sBisiiores d-
rpacdamu [amran.

26. 'unoresa. JIwboit CIS-d-rpad sasasercs d-rpadom lasran.

,Z[OKaBaTe.T[])CTBO HyTeBO,E[HOﬁ 3Be3/bI.

Onpenenenne. O603naunM depe3 G1g rpad, n300pakKeHHBII HA PUCYHKE:
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O6o3naunm uepe3 2G1 rpad Ha JBAJIATH BEPIIUHAX V0, V1, - - - , Vg, V), U], . . . , Uy, COCTABJIEHHBIH 13 AByX Konuii G1g
(nepssiit rpad G19 HA BepIIMHAX Vg, V1,. .., Vg, JAPYTOHl — HA OCTAJBHBIX), B KOTOPOM JJIsl JIIOOBIX PA3IMYHBIX § U j
BEPIAHLI ¥; U U} COC/IUHEHBI, eCIH M TOJILKO €CJTH BEPIMHLI v; 1 v; He coeuiensl. JIroboe pebpo mMezxTy BepmmHamMu
v; B V) MOXKeT OBITh KaK IpoBeJieHo, Tak u HeT. ITox 2G1g Oynem moapasymeBaTs j1060it u3 arux 1024-éx rpados.

I'pad, nzobpakénnplit Ha ceyoeM pucyHke, HasbiBaercs rpadom [lerepcena. O6oznauum ero P. Bo3bmém e
€ro KOILHMU C BEPIIMHAMU U1, U2, . .., U10 U V1,V2,...,V10 coorBeTcTBeHHO. COeMHUM BEpIIUHBL U; U V; PeOPOM, ecim
BEPIINHBI U; U U; HE COeUHEHbI peOpoM 11 ¢ 7 j. IIpu amoM BepHIMHBI U; U V; MOKEM COEIUHUTL PEOPOM, a MOXKEM —
HeT. B pesynbrare moayunm 20 = 1024 rpados. 3amucs “rpad 2P moapasyMesaer Jiro60il U3 HUX.

I'pad Ilerepcena

Teopema. Ilycrs cpesu noarpados JanHOro rpada HeT 3-paciécKu U eé JOMOJIHEHUST, U BCe 2-PacIECKU JIOTIOTHEHbI
1o 2-rpebemkoB. Torma sror rpad ssasercs C'1S-rpadom.
B ocraBmmxcst 3aa9ax JTOKA3bIBAEM ITY TEOPEMY.

27. B mouckax Gig. Ilycts B rpade G ectb x0T ObI OfHA Hapa HEIEPECEKAIONNXCS MakcuMaabHoi Kiauku C u
HE3aBUCHMOTO MHOYXKeCTBa S, cpemu noarpadoB ganHoro rpada HeT 3-pacdécKu u e€ JONOJIHEHUs, U BCe 2-PACIECKHU
JIOTIOJTHEHBI JI0 2-TPebeIKoB.

a) Jlokaxkure, 9TO €CTh BEpIIUHbI, He Jiexkamue Hu B C, uu B S.

b) Iokaxwure, uro rpad G conepxur Gig.

28. Haiigu BTOpOIi!

Ilycrs B rpade G Bece 2-pacuécku comep:karca B 2-rpebemkax, oH cojepKuT (1o Ha BEepIIUHAX Ug, V2, ..., Uy U HE
COJIEPKUT 3-PACYECKY U €€ JIOTIOJTHEHHE.
a) Haitymre B rpacde G jecarsb Bepmmm v, vy, . . ., Vg TAKHe, ITO JIs JTIOOBIX PA3IMTHBIX § U j BEPIIMHBI U; U V]

COeJIMHEHBI PeOPOM, €CJTH ¥ TOJBKO €CJIN BEPITUHEL V; U Vj HEe COeAUHEHEI.
b) Haitnure B rpade G noarpad 2G1g.

A rae pacuécku? 3amernm, 9ro B JI060M rpade 2G1g HeT 3-pacdEécKu u eé JOMOJHEHNS, HO 32TO €CTh 2-PacyEécK,
He BJIOYKEHHBIE B 2-TPEOEITKN, €CJIU TPE/IIOIOKATH, U9TO, HATIPAMED, BEPIIUHBL Uy U Uy COETUHEHBL.

Hanee mpeanosaraem, 9To B rpade G Bce 2-pacdyécKu cojepKaTcs B 2-rpebekax, ol coaepKut 2(G1g U He COIEepPKUAT
3-pacyécky u e€ JOIOJIHEHHE.
29. a) ITokaxure, uro Bepumubl noirpada 2G1p vz U vy He COEIAMHEHDI.

b) Ilokaxkure, uro Bepumubl 2G19 MOXKHO IIEPEHYMEPOBaTh TaK, 4TO HoJrydurcs 2P.

c) Jdokaxure Teopemy.

PEMIEHU S

JList KpaTkocTu OyJIeM MHOTIA HA3BIBATH HE3ABUCUMOE MHOXKECTBO AHTUKJINKON, MHOXKECTBO BepinuH rpada X Oyiaem
o6ozuagars uepes V(X).
Perrenune 3amaun 1. Bosbmem B HecBsi3HOM 00beiuHeHnn rpadoB G u Gy MakcUMaJbHOE HE3AaBUCHMOE MHOXKECTBO
S u makcumasbHyo Kiauky C. OgueBujHO, 9T0 S Tiepecekaercs ¢ KaxkapiM u3 rpadoB Gy u Go, a C comepKurcs B
omxHOM U3 HuUX, ckaxkeM, B G1. Torma S N G1 m C N G mepecekaroTcst KAK MAKCHMAJILHOE HE3aBUCHMOE MHOYKECTBO U
MakcuMaJibHas Kimka B (G1, a 3Ha4dnT, nepecekaiorcs S u C.
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Pemmenue 3agaunu 2. Eciim B C1S-rpade ner Tpeyroasuukos, To B HeM HeT [I-oarpados: nnade 1Be cpeaHne BEPIIH-
HbI 9T0r0 nozrpada 06pasyioT MakCUMaIbHYI0 KUKy (0boznauum ee C'), a 1Be KpaliHue BEPIIMHBI 00Pa3yI0T HE3ABU-
CHMOe MHOXKECTBO, KOTOpOe He Tiepecekaercsi ¢ C' U COIep:KUTCsI B KAKOM-TO MaKCHUMAaJIbHOM HE3aBUCUMOM MHOXKECTBE,
Tak2Ke He nepecekaroriemcst ¢ C.

Paccemorpum j1r06y10 KOMIIOHEHTY CBsiI3HOCTH Harnero rpada. Eciu B Heill ecThb jBe BEpIIUHBI HA PACCTOSIHUU He
MeHbIIIe 3, TO eCTh U J[B€ BEPIIUHBI HA PACCTOSTHUU POBHO 3. Kpargyalimuil myTh, MX COEIUHSIONIIIT, COCTOUT U3 YEeThI-
pex BepinuH, u mojrpad Ha ITUX BepiuHax sgBjsgercs lI-rpadom, 9T0 HEBO3ZMOKHO. 3HAYUT B KarXKJIOH KOMIOHEHTE
CBSI3HOCTH JIFOOBIE JIBe BEPIIUHBI COEIMHEHbI IIyTEM, B KOTOPOM He boJiee JIByX pebep.

IIpeamonokum, 9To B rpade ecTb UKJI HEYETHOM JJIMHBI, BO3bMEM TOIJIa HAUMEHBbINNN U3 HUX. B HeM OyieT XoTst
Obl 5 BEpINUH, U HAPbl €r0 HECOCEJHUX BEPIIMH He OyjayT COeIuHEeHbI peOpamu (MHAYE UK/ JEJUTCS HA B MEHb-
NIMX, OJUH U3 KOTOPbIX HeuerHblii). Ho Torma smobble yerbipe mOApsi)l Wiylnue BEPIIUHBI IuKia obpasyior II-rpad,
9TO HEBO3MOYKHO. 3HAYUT, HEUETHBIX IUKJIOB HeT. HecsioKHO JoKa3aTh, 9TO TaKo# rpad sBJISIETCS JIBYIOJIBHBIM: €TI0
BEPINUHBI MOYXKHO PA3JIEJINTh HA JBE YACTUA TAK, IYTO y JIOO0OT0 pedpa KOHIIBI OYIET JeKaATh B PA3HBIX JACTIX.

Urak, KaxKaasg KOMIOHEHTA CBS3HOCTH SBJSIETCS ABYIOAbHBIM rpadom. OH J0/KeH 6bITh HOJHBIM (JH00bIE JBe
BEPIIUHBI U3 PA3HBIX JOJIeH COeIMHEHBI): BeJb JUIMHA KPATUYAMIIero Iy T MeXK1y JIByMsl HECOE[MHEHHBIMA BEPITMHAMI
13 Pa3HBIX J10J1ei He MeHbIre 3. Takum 00pa3oM, HAI U3HAYATIBHDIN rpad ObLT HECBA3HBIM O0bEIMHEHINEM HECKOJIBKUX
[TOJTHBIX JIBYZ0JIBHBIX rpados. Ilokpacuts Beprmuabl Takoro rpada B 1Ba 1BeTa TpedyeMbIM 00pPa30M OYEHB JIETKO: B
KazKJI01 KOMIIOHEHTE CBA3HOCTU KPACUM OJHY JIOJIO B IIEPBBIN IIBET, & APYTyI0 — BO BTOPOIL.

JLJ1s1 3aBepIlieHust peIlieHrst OCTAJI0Ch IPOBEPUTD, Y4TO JIFOOOI TaKoi rpad yI0BJIeTBOPSIET YCJIOBUIO 3a[a9n. 3aMETHM,
910 pas nosHblil rpad seasercs CIS-rpadom, To U MOJHBIA ABYH0JBHBI Tpad (Kak JONOJHEHHE K HECBA3HOMY
o0beIMHEHNIO IBYX TOJHBIX rpados) Toxe. Ho Torma u oboe HecBsi3HOE 00beIMHEHNE TIOJIHBIX JIBYI0JIbHBIX IpadoB
sapasercsa C'1S-rpadom.

B sTom mecTe ymecTHO crenaTh cieayiomiee odeBuanoe 3amedanne: rpad spiasercsa CIS-rpadom TOrma m TOIBKO

TOIJIa, KOIJIa JIFoOble KJINKY ¥ AHTUKJIUKY B HEM MOXKHO JIOIIOJIHUTB JI0 IIEPECEKAIONINXCsT KJIMKH U aHTUKJIUKH.
Pemenne 3amaun 3. 'pad, nomyuarommuiics n3 rpada G ypaneHneM BepmMHBL v (M BBIXOISAIUX U3 Hee pebep),
obosnaunm depe3 G — v. Ilycrs G 6b11 C1S-rpadom, a G — v Her, NpuYeM BepInHa v ObLIa COeluHeHa B rpade
G ¢ emmucrBennoit Bepmmuoil u. Torma B G — v ecTh HelepeceKarommecss MakcuMasbable Kimka C' 1 anTuKInKa S.
JlonotHAM UX COOTBETCTBEHHO JI0 MakcnMasabHOi kiamkun C’ m makcnmanabhoil antukianku S’ B rpade G. Zdcno, uro
C' w S’ 6ymyT mepecekarbest TONMBKO no BepmmHe v. Ho Torma B C' He MOXKeT OBITH HUKAKUX BEPITHH KPOMe U (Tak
KaK U3 U BBIXOJAUT pebpo Jmmb B BepumHy u). C JApyroil CTOPOHBI, €cjM MaKCHMAJbHasA KJIUKA COCTOUT U3 OJIHOM
BEPIIUHBI, TO 9Ta BEPIIMHA U30JUPOBaHa (TO €CTh HE COeJMHEHA C JPYIMMH BEPIIMHAMU) U 3HAYUT COJEPKUTCS B
Joboit MakcnMabaoit anTukiuke. [losromy C' un S mepecekarorcs no Bepinuue u. [IporuBopedne.
Peruenne 3agaun 4. a) [Ipemonoxum nporusnoe, rorga B rpade G ecTb HEIlEPECEKAIOINECs MAKCUMAJIbHBIE KJIUKA
C' u ne3aBucuMOe MHOXKeCTBO S, a B C' ecTb xopolias Bepiiuta v. Eciu cymecrsyer sepriuta u € V(S), coeaunenast ¢
v, TO Bee BepmuHbl C' CMEXKHBI € 4 (T.K. ¥ XOPOIIasi), YTO IPOTUBOPEUAT MakcuMaabHOoCcTH C. 3HAUUT ¥ He COeJMHEeHa,
HU C OJHOIN BEPIIMHOI S, HO 3TO IPOTUBOPEYNT MAKCUMAJIbHOCTH .S.

b) IIpumMepoM CIIyKHT IUKJI JIJIAHBL 4.

Pemenune 3agauu 5. [lycrs rpad ssisiercs obbemuunenneM mnepecekaonuxcs Kinkn C' ¥ HE3aBUCHMOTO MHOXKECTBA
S. dcuo, uro C' u S nepecekaroTCs POBHO IO OHOIN BepriuHe (Ha3oBeM ee u). PaccMoTpuM J100yi0 MaKCUMAJIbHYIO
kanky C'. Eciim oHa cOmep:KUT BeplMHy U3 S, TO POBHO OJHY, U 9Ta BEPIIMHA ABJFETCs XOpomIeil (II0CKOIbKY BCe ee
cocenu sexkat B kiuke C). Econ ke Bce Bepimunbl C' srexxat B C, HO He B .S, TO B cuity MakcumasbHocTn C’ 1osrydaem
C’" = C, u snaunt B C’' Bce-Takm ecTh BepHIMHA 13 S, a UMEHHO u — IpoTuBopeune. Vtak, B J060il KIMKe HaIero
rpada ecTb XopoInast BepInHa — 3Ha4nuT oH sBjserca C'1S-rpadom mo 3amate 4.

Pemenune 3anaum 6. Ilycts G — rpad, nmonydennsiit nogcranoBkoit G B Go. Paszbepem nBa ciryuast.

IIycrs G me 6bu1 C1S-rpadom, Tora B HEM HALYTCs HEIIEPECEKAIOIINECs MaKCUMAaJIbHble Kanka C' 1 aHTHKIINKA
S. Pacemorpum B G u1106y10 MaKCHUMAaJIBHYIO KJIHKY, cojepxKaiiyio C, u obyio MaKCUMAIbHYIO aHTHKJINKY, COJepIKa-
myto S. Onn nepecekatorcst (tak Kak G siBasiercss C1S-rpadom), HO UX 00IIasi BEPIINHA JOJXKHA OBITh COEJIMHEHA C
pepmrHamu 3 C' U He COeJIMHEHA ¢ BEPIIMHAMU U3 S, YTO IMPOTUBOPEYUT OIIPEJIEJIEHUIO TIOJCTAHOBKH.

IIycrs G2 me 6611 C'1S-rpadom, Torga B HEM HARIyTCS HellepeceKarolmecs MakcnMasbaas Kianka C' 1 He3aBucuMoe
MHOXKECTBO S. 3aMeTrM, 9TO BEpIIMHA, KOTOPYIO MbI 3aMeHsieM Ha Trpad (G, He MOXKeT Jjexarh cpady u B C, u B
S. Tosromy nocie noacranosku oaud u3 rpados C u S (Hanpumep C), He u3MeHUTCs (M OCTAHETCS MAKCHMAJIBHOMN
KJIMKOM ), & pyToit (S) b0 ToXKe He U3MEHUTCs (M OCTAHETCSI MAKCUMAJIBHON aHTUKJIIMKON ), 1100 B HEM OJ(HA BEPIIIHA
sameHnTCs Ha (G1 (TOr/ja ocTadbHbIE BEPIIUHBL S BMECTE ¢ JII000H MAKCUMAJIbHOM aHTUKIMKON (1 J1a/ly T MAKCUMAJIbHY IO
aHTUKIUKY S’). B yi060M ciiyuae HAXOIMM HellepeceKaroluecs KUKy U aHTUKJIMKY B G — IpoTuBopedne.

3uaunt u G1, u G 6611 CIS-rpacdavu, 910 1 TpeOGOBAIOCH JT0KA3ATh.

Pemenune 3agaum 7. Paccmorpum npouwsBosibHbIM rpad G U s KaXKI0# €ro MaKCHMAJIbHON KJIUKU JIOPUCYEeM K
rpady BEPIIMHY M COEJUHUM €€ CO BCeMU BEpIIMHAMM TON KJIUKU U TOJIBKO ¢ HUMHU (IIPOLELYDY CJIeyeT MpOoJeaTh
omH pa3). B nosyuenroM rpade (110 HOCTPOEHNIO) KaxK [ast MaKCUMAaJIbHAas KIINKa COJEPIKUAT POBHO OJIHY JI00ABJIEHHY IO
BEPIIMHY, KOTOPasi, 04eBUIHO, Xopoinas. Takum obpazom (1o 3anade 4) nosydennstii rpad ssisierca CIS-rpadom, a
WCXO/HBIN SBJISIETCS €ro noarpadom

Pemnenne zagaun 8.

a) PaccMoTpuM Bce BO3MOXKHBIE IPadBbI, ABJISIONUECT 00bEIMHEHIEM HEIIEPECEKAIOIUXC MAKCUMAJIBHBIX KJIUKA 1
HE3aBUCUMOI'0 MHOYXKeCTBa. Bee Takue rpadbl 101y Yar0TCs CIIEIYIOIIM CIIocoboM: pucyeM KinKy C, pucyeMm He3aBUCH-
MOe MHOKECTBO S, ocJIe 4ero Kax iyt sepumay C' coepuHsieM X0Tst GbI ¢ OJJHOI BepunHOii S (HO He co BceMu cpasy).
SanymMepyem 9TH rpadbl HATYPAJbHBIMA YUCIaMU (HAIPUMED, TaK: CHAYaja HymMepyeM (B IIPOU3BOJILHOM HODsiJIKe)
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Takue Tpadbl U3 TPEX BEPIIUH, MOTOM — U3 YEeThIPEX, U TaK Jajiee; Ha KaXKJIOM Iare 4ucjo HyMepyeMbIX rpadoB
Gyaer koneunbiM). ['pad ¢ momepom i obozuauum depe3 G;. Torna H; crpoum tak: pobasisieM K G; OJHY BEPIIUHY
U COeJIMHSIEM ee CO BCEMU BepIIMHAMU MaKCHMaJbHOH Kimku G; (1 Tosbko ¢ Humn). IIpu srom Hukakoit C; He Gymer
CIS-rpadom, 3aro Kaxaeiit H; oymer CIS-rpadom.

fcno, uro sroboit CI1S-rpad G, cogepxkammii G;, cojgepkut u H; — JIOCTATOYHO JOMOJHUTH KJIUKY U aHTUKJIMKY B
G 10 MAKCUMAJIBHBIX B (G, M MBI TIOJIy9MM BEPIIUHY, COEIMHEHHYIO C KJIUKON 3 (G; U HE COEIMHEHHYIO C aHTUKJIUKOMN
3 G, (to ects nomyunm H;).

1 nao6opor, eciim ecthb rpad G, He sapisionmiics C'1.S-rpagoM, TO B HEM €CTh MAKCUMAJIbHBIE KJIUKa U aHTUKJINKA,
KOTOpbIe He Tiepecekarorcs. Iloarpad Ha ux BepmuHax Oymger ogauM u3 (G; U OYEBUIHO He OYIeT JIONOJHATHCsS 10 H;.

b) TIpeanooKuM, 9To CyIEecTBYeT TAKO KOHEUHbIH HAOOD, OYJIeM CYUTATH, 9TO MAKCUMAJILHOE KOJIMIECTBO BEPIITUH

B rpadax G;, H; pasuo n. PaccmorpuM torma n-pacdecky u n-rpebemok. Hecitoxxno mpoBepuTs, 910 ecyin B rpederrke
moboit G; mononusiercst o H;, To u B pacdecke Toxke. Onuako rpebemok sipstercs CIS-rpadom, a pacdecka — Her.
IIporuBopedne.
Pemenne 3agaun 9. a) Ilycrs kiuka C' M He3aBUCHMOE MHOXKECTBO S B 00beMHEHNN JIAI0T Bech rpad G, Kpome
BepimuHbl v. Ilycth C’ — 3T0 MHOXKECTBO CMEXKHBLIX ¢ v BepimuH S, a S’ — 3T0 MHOXKECTBO HECMEXKHBIX C U BEepIINH S.
Torpa kmmka C’ Uv H0/KHA JOTOJTHATHCS 10 MAKCUMAJIBHON KJIMKH, IEPECEKAIONIENHCs ¢ S, CJIeIOBATENBHO, CYIECTBYET
BepmmHa s € S, cmexkHas co Bcemn BepmmHamu C’ u ¢ BepmmHONR v. AHanmormuHo, cymecrByeT BepmmHa ¢ € C’, He
CMeXKHasl €O BceMu BepumHamu S’ u He cMexkHas ¢ BepumHoit v. He ymasss oburaoctu, pebpo (s, ¢) npoBeieHo, Torja
Hafiem B C BepiuHy ¢/, He CMeXKHYIO ¢ § (OHA 0 IOCTPOEHUIO He OyJIeT coeiHeHa ¢ v). Tenepb 0CTAIOCh OCMOTPETh
Ha MaKCHUMAaJIBHYIO KJIUKY, COCTOSIIYI0 M3 BCEX CMEXKHBIX C § BEPIIMHAMM U Ha JII0OOE MAKCHMAJIbHOE HE3aBUCUMOE
MHOKECTBO, cojiepzKaliee ¢ 1 v, yOeJUThCsI B TOM, 94TO OHU HE MOIYT II€PECEKATHCsI HU 10 BepuInHe v (HOTOMY, YTO
OHA He coeluHeHa ¢ Jexameil B kiuke ¢ ), au BayTpu C' (noromy, 4ro ¢ He cMexKHA € §), HM BHYTpH S (IOTOMY, 4TO
S CMEXKHA C V).

b),c) Cm. crarbio cisl.pdf.

Pemenne 3amauu 10. a) (Pewerue npedaosicero komandot Bacuaus Moxuna, Bukmopa Omenvsanenko u Bukmopa
Cadrosa.) Hazosem sty napy muoxkecTB C' 1 S U pacCMOTDPHUM IOJIHBI OPHEHTUPOBAHHBIH JBY/I0/bHBII Tpad ¢ MHO-
xkecrBoM Bepuma V(C) U V(S) u pebpamu, NpoBejeHHBIMA [0 HPABUILY: €CJId B MCXOAHOM rpade Bepumabl ¢ € C
n s € S ObUIM CMEXKHBI, TO B HOBOM Tpade pebpo Oymer uiTh OT ¢ K S, B IPOTUBHOM CjIydae OoT S K c¢. Tak, kak S
ObLIa MAKCHMAJIBHOM aHTUKJINKOM, JII00asi BEPITNHA OCTAJbHOIO rpada ObLIa CMeXKHA XOTd ObI ¢ OHO BepIINHOH S,
B YACTHOCTH 3TO O3HAYAET, UTO B HOBOM rpade u3 yiro6oi Bepumabl C' BBIXOAUT (B OPUEHTHPOBAHHOM CMBICJE!) XOTsI
ObI 0JIHO pebpPo. AHaAJIOTMYHO, U3 JII0O0I BEPIIMHBI S TAK YKe BBIXOJUT XOTsi ObI OJIHO pebpo.

Takum 06pa3oM, B HaIlleM OPUEHTHPOBAHHOM I'pade MCXOJAIIssl CTeleHb KayKJ0i BEPIIMHBI He MeHbIe 1, cyeio-
BaTeJbHO, B HEM €CTb IUKJ (IOJ IMKJIOM B OPHMEHTHMPOBAHHOM Ipade MOHUMAeM OPUEHTUPOBAHHBIA 1uki). Torma
PACCMOTPHUM IUKJI HauMeHblned muunbl AqAs ... As, (1ymmHa dernas tak, Kak rpad Obur aBygosen), ecau 2n > 4,
TO B 3aBUCHMOCTHU OT opueHTaruu pedopa A1 A4 B rpade moxkHO HaiTn aubo muka A1 As AzAy, mbo Ay A4As . .. Agy,
MeHbIIN MUHUMaJIbHOrO. 3HauuT, 2n = 4. Torma HeCJI0KHO IPOBEPUTH, YTO B UCXOHOM rpade Ha BeprmHbl A1, As,
As, Ay napynupoadics II-rpad.

b) Hanpumep, A-rpad, on xke 2-rpebernok.

Pernenne 3amaun 11. a) SIBisiercs 9aCTHBIM CIIy9aeM HUZKECJIEAYIONIEro [IyHKTa

b) paccmorpuM JH00YI0 MaKCHUMAJIBHYIO KJIUKY, COAEPIKAILYIO MEPBYIO TPYIILY BEPIIUH pacuecKu (OHH 06pasyioT
KJIMKY) ¥ JIIOOYI0 MAKCUMAJILHYIO AHTUKJIUKY, COAEPKAILYIO BTOPYIO IPYIILy BEPIIMH PAcdecKu (OHU 00pasyloT aHTH-
KJMKY). B ux nepecedennn Gyjer xorsa Obl 0J[Ha BEPIIMHA, KOTOPas PU J00ABICHUN K PACUECKE JACT BEHUK.
Pemnenne zagaunm 12.

OcHoBHoOe cBoiicTBo rpados lasiaun.
Pemmrenne 3amaum 13. Ilycrs B yciioBuum jan d-rpad G, a v — HEKOTOpasl €ro BEpIIWHA. 3aMeTUM, YTO HajaeTCst
He 6oJIee OJIHOTO I[BETa TAKOI'O, 4TO ylajieHne u3 (G BepIIUHBI U BJIEYET HECBSI3HOCTb Ha PEOpax He ITOrO IBEeTa: eCJiu
[py yJaJIeHuu 1epBoro 1Bera (G CTaHeT HECBS3HBIM, TO BCe pedpa MexKJIy KOMIIOHEHTaMU CBSI3HOCTU JIOJIKHBI OBITH
00s13aTEJILHO TIEPBOTO I[BETA, & IOJHBIN JABYMOJIBHBIN rpad CBsI3€H, W TOT/A MPHU YIAAJIEHAU JIIOOOTO JPYroro IBETA
ocrasrmiics rpad Oymer cBasubiM. [Ipeamonoxkum, 9To ist 000 BEPIIMHBI HAWIETCH IBET TAKOM, 4To rpad 6e3
9TOIl BEPIIUHBI Ha PEOPaX He ITOrO0 IBETA HeCBsA3eH. TaKUX I[BETOB He MOXKET ObITh OOJIbIIE OJHOTO, II09TOMY IIOKPACUM
BEPIIUHY B 3TOT IIBET.

3amMerum, 9TO B JIFOOOM CBSI3HOM I'pade ecTb XOTsl Obl JIBE BEPIIUHBI, YIAJEHUE KOTOPBIX He M3MEHSeT CBSI3HOCTH.
st aToro paccmorpum ocToB rpada (0CTOBHOE IepeBo), a B HEM MOYKHO yJAJIUTh BUCSYUE BEPIIMHBL. B HaleM ciydae
ncxomublit rpad 6e3 pedep KaKoro-To GUKCHPOBAHHOTO IIBETa CBA3EH, IIOITOMY ISt 9TOrO IIBeTa 003aTeIbHO HARTY TCS
XOTs OBl JIB€ BEPIIUHBI, YIAJIEHNE KOTOPBIX HE HAPYIIAET CBI3HOCTU rpada, TO eCTh HOKPAIIEHHBIE HE B 9TOT IIBET.
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IIycrs ects Bepmmua v mepBoro nsera. [lycts vy, v, ..., vy U W1, Wa, . .., Wy, — KAKOE-TO pa30neHNE OCTATBHDBIX BEP-
nmH rpada Ha JIBa MHOXKECTBA, MEXK/Iy KOTOPBIMHU IIOTEPETCS CB3b [IPU BLIKUJIBIBAHUY [IEPBOIO 1IBETA, (€CJIU BEPIIUHY
u y2Ke BBIKMHYJIM). Bee pebpa Mexkiy 9THME JBYyMs IDYIIIAMU [IEPBOTO IBETAa. JTU J(BA MHOXKECTBa OyjieM Ha3bIBATH
KyCKaMU; KyCOK, B KOTOPOM XOTs ObI J[Beé BEPIIUHBI, OyIeM Ha3bIBaTh 60/bIuM. Ecim 0b6a Kycka MaJleHbKHe, TO JIMO0
JIaHHBIA d-rpad — 9T0 pa3HOIBETHbII TPEYTOJbLHUK, JIMOO OH HE YJIOBJIETBOPSIET CBOUCTBY B ycjioBuu. 1lycTh ecTh XOTst
ObI o/tuH HOJIBITION KyCOK. BepiuH He mepBoro npera Kak MUHAMYM JIBE, 8 MAJIEHbKUH KYCOK MOXKET COJIEPIKATH MAKCH-
MYM OJIHY BEDIIIHY HE MMEPBOTO I[BETA, MOITOMY XOTsI ObI OJIUH OOJILINION KYCOK COJIEPXKUT BEPINUHY He HIEPBOro IBeTa.
He ymagsist 061HOCTH, TIPEIIIOIOKHAM, 9TO TO BTOPOIl KYyCOK, TO €CTh M 2> 2 W BepIIUHA Wi BTOPOTO IBeTa. Ternepnb
[IpoJieJiaeM Ty Ke IPOIeLy Py JJjisl BTOPOTro IiBeTa. Bepiinubl rpada pa3buBalTCs HA JBa KyCKa, MeXK 1y KOTOPBIMU BCe
pé6pa Broporo npera. Tak kKak pé6pa (ws,v1), (W2, v2),. .., (W2, vy), (v1,ws), (V1,ws), ..., (v1, W) HEpBOTO 1BETA, TO
BEPIIUHBL Wa, U1, V2, -+« Up, W3, . . ., Wy, B OIHOM KYCKE OTHOCHTEJIHHO wWi. 3HAYWT, BEPIIUHA U B JIPYTOM KyCKe, U U3
BEPIIUHBI % BO BCE BEPIIUHBI, KPOME W1, BBIXOAAT PEOGPA BTOPOTO I[BETA.

Pacemorpum Bropyio Bepmmay w) mBeta k # 1. Ilponenaem ajia Hee TO ke caMoe, 9TO U JIJIS W1, TO €CTh Pa3obbeM
oCTaJIbHbIE BEPIIUHBI Ha JiBa KycKa. [locMoTpuM erne, B KAKO#l KyCOK OTHOCUTEJILHO 1 OHA IomaJia. Kcju B 60JIbINoii, TO
AHAJIOTUYIHO BEPIINHA U COEIUHEHA CO BCEMU BEPIIMHAMU, KpOoMe W], pébpamu nsera k, HO B rpade eCTh eIle BEPIIUHbI,
KpoMe u, w1, w) (T.K. B rpade xora 661 4 Bepuinnbl). Tak Kak B HUX U3 U BeAyT pedpa OJHOBPEMEHHO 1BeTa 2 u k, TO
k = 2. llomy4aaercst, 9TO U3 BEPUINHBI U BBIXOJIAT PEOpa TOJIHLKO BTOPOTO IBETa. 3HAYNT, JAHHBIH d-rpad HECBSI3€H Ha
pébpax He Broporo usera. [losxygaeMm, 9o w) = v1, n = 1 U BepIIUHBI Wy, W3, . . . , Wy, IEPBOIO [[BETA.

Vianum we. Bepmiuubl rpada pasdbusnck Ha JiBe I'PYIINbI BEPIIUH, MEXK/y KOTOPhIMU pEOpa mepporo msera. Tak

Kak pébpa (u,vy), (u,wa), (u,ws), ..., (4, wy) BrOPOro 1BeTa, TO BEPIIUHBL U, U1, W3, . . . , Wy, B OJHON TpymIe. SHAINT,
wy B apyroi. [lojgydaem, 4To BepiivHA w COEIUHEHA C BEPIIUHAME U, V1, W3, Wy, - - - , Wy, PEOPAMU IIEPBOIO I[BETA.
Ecsiu m > 2, 70 aHAJIOrMYHO [OJIyYaeM, 4To pebpo (w1, ws) MEPBOro IBETa, TO €CTh U3 BEPIIMHBI W1 BBIXOIAT PEGPa
TOJIKO [epBoro Ipera — uporusopeune. Torma m = 2. Eciu pebpo (wi,ws) BTOpOro mpera, To JaHHBIA d-rpad
apisercs [I-rpadom. Eciu pebpo (w1, ws) nepsoro npera, 1o ganubiii d-rpad Ha pédpax He IEPBOrO IBETA HECBI3EH —
[IPOTUBOpEYHE.
Pemmrenne 3amaum 14. VHaykius 10 KoJiMdecTBY BeplinH. Baza, cKaXeM, Jjist . = 3: OYE€BUJHO, OJUH U3 I[BETOB
necss3er. [lepexon. Ilycrs n > 3 u Bce uBera cBa3Hbl. BoibpocuM oy u3 BepiinH (HA30BEM €€ @); €CJIU CBA3HOCTD HE
HAPYIIUIACH, TO IO [IPEIIOJIOKEHUIO UHYKIIMA TPEYIOJIbHUK HAIIEJICst. 3HAYUT, KAKOH-TO (CKaxKkeM, 1) 1BeT 1moTepsii
cBsasuocTh. Ilycrs Cf, ...,y — KOMIOHEHTBHI CBI3HOCTH IEPBOTO I[BETA B IMOJIYIY€HHOM Tpade; 3aMeTuM, 9TO ¢ ObLIa
coe/iMHEHA ¢ JIF000# 13 HUX pebpOM IEepBOro I[BETa.

Pacemorpum C; u € n pebpo, coeuHSIIONIEe JBe UX BEPIIMHBI ¢; U C;; OHO, 6.0.0., umeeT nser 2. Torma, ecian
sepunna ¢ (13 C;) csa3ana ¢ ¢; pebpoM 3 1Bera, TO 00pa30BAJICA PASHOLBETHBIA TPEYrOAbHIK; 3HAYUT, pebpo ¢, — ¢;
TaKzKe BTOpOro nseTa. [Ipofomkas Tak gamee, moaydaeM, ITO JJid M00bIx AByX KoMmnoHeHT C; u C; Bee pebpa MexK Iy
HUMU OJIHOTIBETHBI.

Bepnemcst k ucxomuomy rpady. U3 cBsizHOCTH CllefiyeT, 9YTO @ coeuHeHa pebpamu IBETOB 2 XOTh ¢ KeM-To. IlycTh
oHa coejuHeHa pebpom 2 ¢ Bepmuuoil ¢, € C,.. Eciim uz C, xorb B Kakywo-1o Cs BemyT pebpa 3 1pera, TO HaiijieMm
BepimHy ¢s € Cy Takyro, 94T0 a — ¢, 1pera 1 (Takasi, HAIOMHUM, HAHIETCS U3 CBA3HOCTHU); TOTJIA A, Cp, Cs OOPA3YIOT
HUCKOMBIi TPEYTOJIbHUK.

Wrak, uz C, BO Bce Jpyrue KOMIIOHEHTBI BEIyT pedpa TOJBKO 2 1nBera. AHAJIOIMIHO, paccMoTpeB KoMmoueHTy Ct,
B KOTOPYIO U3 @ BejeT pebpo 3 mBera, Mbl mojtydnM, 910 u3 C; B JIpyrue KOMIIOHEHTHI BEJyT TOJBKO pebpa 3 msera.
DT0 HEBO3MOXKHO HU B ciiyuae 1 = t (TaK KaK eCTh ellle KaK1e-TO KOMIIOHEHTBI, M HEIIOHSITHO, pe0pa KaKoro IBeTa Ty/a
iyt u3 Cy), HU B citydae r # ¢ (TOra HeNmoHsTHO, Kakoro nsera pebpa mexiay C, u Ct).

Permtenue 3amauu 15. AHAJOrHYIHO peneHunio 3a1a49u 6 MoJIydaeM, 9TO JTaHHBI KJIacC 3aMKHYT OTHOCHTEIBHO MO/
CTAHOBKHU. 3aMETHUM, UTO Jiisi JI000H BepIuHbl d-rpada MOXKHO paccMOTperTh HabOp 3 d MAKCUMAJBHBIX MHOXKECTB,
KaykJI0€ U3 KOTOPBIX CBODOJHO OT peGep KAKOro-TO CBOero nsera. M3 9TOro BBIBOJUTCS, YTO JAHHBIN KJIACC TOYHO
3aMKHYT. IIpu d = 2, 04eBUIHO, ITOT KJIACC HE HACJIE/ICTBEHHBII.

Pemrenne 3agaun 16. YrBepxkaenue. [lycrs B d-rpade lajian ects xoTst 661 0/1HO pebPO d-TO I[BETa M XPOMATH-
Jeckasi KOMIIOHEHTa, d-T'0 IBeTa HeCcBsi3Ha. 1oraa Bce pEOpa MeXKIy JBYMs JIFOOBIME (DUKCUPOBAHHBIMU KOMIIOHEHTAMEI
CBSIZHOCTH 9TOM XPOMATHIECKON KOMIIOHEHTHI TOKPAIIEHBI B OJINH M TOT YK€ IIBeT.

Cwm. perrenne 3aa4u 14.

Pemenne 3anaun. Bynem jnokasesarh ciiyckom no k (k < d) cienyronee yreepxaenue. Ilycrs gan d-rpad Tamtan.
Torma oH siBjisiercst pe3yabraToM mojcTaHoBku d-rpados G, Ga, ..., G, BMecto n Bepmun k-rpada G, upuyem y G
KaK MUHUMYM J[B€ BEPIIUHBI.

OuesujHo, st k = d yTBepxkaenune Bepro. [lycTsb st Kakoro-to k yTBep:KJeHne BEPHO, JTOKaxKeM ero iy k — 1.
Bozbmewm d-rpad lasman n moctponM st HETO IO IPETIOJIOKEHIIO CITyCcKa passioxkenne mis k. [lo mpomwuroit 3amadge,
sror k-rpacd u Bce rpador G, Gy, ..., G, aasiores d-rpadamu lamran. Ilo 3amade 2 xpomarndeckasi KOMIOHEHTA
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mekoroporo nseta k-rpada G mecsazua. Ilycrs 1o k-brit user u Cq, Cy, ..., Cy, — KOMIIOHEHTHI CBA3HOCTHU 3TON XPO-
MaTudyeckoit kommouenTsl. O6o3naunm F; noarpad rpada G ua sepmunax C;. Torma mo jemme rpad G saBisercs
pe3yJIbTaToOM HOJCTaHOBKU TpadoB Fi, Fy, ..., F,, BMecTo m BepmmH Hekoroporo (k — 1)-rpada H. Ocramocs mos-
crasurb rpadsl Gi,Gs,. .., G, BMecto Bepuun rpados Iy, Fy, ..., Fy, (eciun C; cocTouT u3 i1-0i, i2-OH, ..., i,-Oi
BepiuH, 10 B F; Hy»kHO nozjcrasaars rpabet Gy, Gy, ..., G, cormacHo Homepam BepiinH). ITycTs Mbl oy dmm rpa-
&bwt Hy, Ho, ..., H,,. Torna ucxonusiit d-rpad lamran sasiasercsa pesynbprarom noacranoBku d-rpados Hy, He, ..., Hy,
BMmecro Bepiut (k — 1)-rpada H. Ilpu k = 2 nosyuaem Tpefyemoe yTBepKIeHUE.

Pemmenue zagaum 17.

Jlemma. Ilpednonooicum, wmo y darHozo 6 ycaosuu zpaga lasrau ecmov pébpa uysema d u d > 3. Tozda epag wa n
sepwunaxr 6es pébep npunadaescum kaaccy F.

Loxazameavcmeo. Eciin B kitacce F' ectb X0Tst ObI OJIMH HECBSI3HBIN rpad, TO rpad U3 JAByX BepinuH 6e3 pebpa Takxke
[PUHAJJIEXKUT Kiaccy F', moTomy 4To Takoil rpad sBjsieTcs pe3ysibTaToM IOJCTAHOBKH JIBYX I'padoB B rpad U3 ABYX
BepinuH 0e3 pebpa, Cpelin KOTOPBIX IEPBBIil rpad — 3TO mepBasi KOMIIOHEHTa CBsI3HOCTH, 8 BTOPOil — BCE OCTaJIbHOE.
ITocste sroro rpad u3 aByx BepiiuH 0e3 pedpa MOXKHO HOJCTABATH B ¢€0si HECKOJIBKO Pa3 U MOJIYIUTH MCKOMBIIA.
Jokarkem MHAyKIWEN 1O YUCIy BepIuH JaHHOro B ycaoBum d-rpada lammam G, aro xiraccy F' npuHAIIeKAT
HEKOTOpBIi HecBst3HBIN rpad. [To mporioii 3a1a4e G MOXKHO [OJIy9UTh, [I0/ICTaBUB HEKOTOpbIe d-rpadbt G1, Ga, . .., Gy,
BMECTO 7, BEPIIUH HEKOTOPOoro 2-rpacda H ¢ > 2 BepmmHaMU. DTO UHIYIUPYET MMOJCTAHOBKU HA BCEX XPOMATUIECKUX
KOMIIOHEHTaX UCXOHOTO rpada. JIubo B oguom u3 G;, sinbo B H ectb pébpa 1Bera d. Kiacc F' TOYHO 3aMKHYT, II09TOMY
YCJIOBHsl YTBEDKJIEHUs BEPHbI Jyis Hadigenunoro G, (mubo mna H). Ilpumenum K HeMy IPEANOJIOXKEHUE HHIYKIIUH,
mostyaum Tpebyemoe. Ocrasioch nposeputh 6a3y. BosbMmém rpad Ha Ha AByX BepinuHax ¢ pebpom nsera d. Kommonenta
TIepBOTO I[BETA HECBA3HA. O

Bynewm pemars ncxo/mnyio 3a1aqy WHIYKIHEH 110 9UCJIy BEPIIHH.

Baza: rpad ¢ ommoit BepIrmHOil BCerja MPUHAJIEXKUT KIACCY I'PadOB, TOIHO 3aMKHYTOMY OTHOCHUTEIHBHO IMOJICTAa~
HOBKU.

ITar. ITyctb BCcTpeuaroTcst pédbpa He Gosiee JiByX 1BeTOB. [0 yC/IOBUIO BCe IBETHBIE KOMIIOHEHTBI, KpoMe d-if, 1Ipu-
Hajexkar kjaaccy F. Mer 3naem, uro B G ecrb X0oTsi Obl 07HO pebpo mpera d. B cuay toro, uro kjacc rpagos F
3aMKHYT OTHOCUTEJHHO JONOJHEHUsI, HOCJe/IHsAsd (=BTOpas HeTPUBUAJIbHAS) [[BETHA KOMIOHEHTA TAKXKEe [IPUHAIJIe-
xut kiaccy F. Ilycrs Berpedarorcst pédbpa Kak MUHHMYM TPEX IBeTOB. Toria mo mporuioit 3asgade JaHHBIN d-Tpad

Tanmman G MoxkHO MOTYy9IUTDH, MOACTABUB HEKOTOPBIe d-rpadsr G, Ga,. .., G, BMeCTOo n BepiinH HEKOTOpPOro 2-rpada
H ¢ > 2 epmmaamu. XpomaTudeckast KOMIIOHEHTA 4-T0 1[BeTa rpada G — 3T0 pe3yJibTar MMOJCTAHOBKU XPOMATUIECKIX
KOMIIOHEHT i-10 1pera d-rpados Gy, ..., G, BMeCTO BepHIMH -0 xpomaTudeckoil komnonentsl d-rpada H (2-rpad

MOKHO paccMaTpuBaTh Kak d-rpad, y KOTOPOro ectb pébpa TOJLKO ABYX nBeToB). ITo yciaoBuio Bce, KpoMe OJHOIA,
xpomarmdeckne Komnonentsl d-rpada G npuHauiexkar kiaaccy F. Tak kak kigacc F' TOYHO 3aMKHYT OTHOCHUTEIHLHO
[IO/ICTAHOBKH, BCE XPOMAaTHIeCKNEe KOMIIOHEHTHI, KpOMe KOMIIOHeHTHI 1BeTa d, d-rpados H, Gy, Go, . . ., G, npunasie-
xKaT Kjiaccy F. Y KaxkJ0ro u3 3rux rpadoB MeHbIle BepiiuH. [[03ToMy 110 MpeIo/IoyKeHN0 HHIYKIMKA U 110 JieMMe 17
XpoMaTHIecKas: KOMIIOHEHTa IBeTa d KaXXJ0ro u3 3TuX rpadoB TakxKke npuHaexur kiaaccy F. Tak kak kiace F
3aMKHYT OTHOCHUTEJIbHO ITOJICTAHOBKU, TO d-si IIBETHAsI KOMIIOHEHTa d-rpada G TakxKe IMPUHAIJIEXKUT Kjaaccy F.

CIS-d-rpadsl Tannan.

Pemtenne 3amaum 18. AHAJIOrMYHO peleHuIo 3aaa4u 6.

Pemnenue zamaum 19. Crnenyer us 3amaq 10 u 23.

Pemuenne 3amaum 20. Eciin x,y — Bucauue Bepumnbl, OyjeMm obosnadars Pz, y) Giukalliyio K KOPHIO BEPIIHHY
HA COEJIMHSIONIEM UX MyTH (OHA ellle HA3BIBAETCs UX HAMMEHBIINM OBIIUM IpeKoM). HecoxKHO IpoBepuTh, UTo /IJist
JIFOOBIX UCXOJIOB (TO €CTh BUCSYUX BEPIINH) X, Y, 2z cpeau BepnH P(z,y), P(y,z), P(z,2) XoTst GBI iBe COBIAIATOT.
Taxum 06paszom, xotTst 661 JBa u3 pedep (z,y), (v, 2), (z,x) umeror oauH 1BeT. AHATIOrHYHO (IIPOBEpsieTCs: HEGOJIBIITIM
11epe6opoM) MOXKHO [IPOBEPUTH, YTO HEJIb3sl BBIJAEIUTD B JI€PEBE YeThIPE BEPIIUHBI U IOKPACUTH UX HAMMEHBIINX O0LIMX
[IPEJIKOB TAK, 9TOOBI HA BBIJICJIEHHBIX YeThIpeX BeprmuHax obpaszosasics Il-rpad. B obpaTHyIo cTOpOHY moka3aTesb-
CTBO MHIYKIMEH IO KOJIMYecTBY BepinH. Baza odeBmmna. [lepexom: kak Mbl 3naem u3 3agadu 13, CymeCTByeT IBET
(mycrb nepssiit), npu ynajenun pebep KOTOporo rpad mepecraer GbITH CBsI3HBIM (HO BCe KOMIOHEHTBI, Pa3yMeeTcsl,
ocratorcst cBoboabIMEI 0T A, IT). Tora j1st KazK10# KOMIIOHEHTHI CBSI3HOCTU MOXKHO TIOCTPOUTB 110 JIepeBy (IO MPEJIo-
JIOXKEHUIO UHJLYKIMHU ), HECBAZHO UX OO'bEJMHUTH U JOOABUTDH BEPIIUHY, COCAMHEHHYIO CO BCEMU KOPHSIMU 9THUX JICPEBHEB
UCXOAAIUMY pedpamu 1mepBoro msera. Hecsio2KHO 3aMeTUTh, 9TO MOJLYIATCs IMEHHO TO, YTO HY2KHO.

Pemnenne zagaun 21.

Pemnenne zagaun 22.
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Puc. 9

Pemmenune 3agauu 23. /loka3aTeabCTBO IOBTOPSET JIOKA3ATEILCTBO 3aMa9u 17 nporioit vactu. [Ipuesém HAOPOCOK.
s 2-rpados yTBepxKaeHne oueBUIHO. A eciu ecTh pébpa > 3-€x 1BETOB, TO HAI d-rpad MOXKHO TOJYUUTH MMOJICTA~
HOBKOI1 d-rpadoB B HEKOTOPBIH 2-Tpad, y KOTOPBIX MEHbIe BepiiuH. [yt HuX yTBEpKIEHNE BBIIOJHEHO 110 IIPE/IITo-
JIOXKEHUIO WHIYKIMHA. A JJIsT MCXOJHOI'O TOTJA BBIIIOJIHEHO B CUJIy TOro, uro Kijacc CIS-rpadoB 09eBUIHO 3aMKHYT
OTHOCHUTEJILHO JIONOJIHEHUsI U TOYHO 3aMKHYT OTHOCHTEJIBLHO IOACTAaHOBKHU, a Kijacc C1S-d-rpadoB TOYHO 3aMKHYT
OTHOCHUTEJIBHO IO/ICTAHOBKH.

Pemenue 3amaunm 24. Ir1o caencreue 3aa49 23, 17, 6.

Permnenne zagaun 25.

JlemMma. Ecau ¢ CIS-d-epage obsedunumsb dea ysema, mo on ocmanemces C1S-d-epagom.

Loxazameavcmeo. PaccMoTpuM MakcuMaibHOE MHOXKeCTBO A BepiiuH JaHHOTO d-rpada 6e3 pébep mepBoro u BToporo
usera. [lycrs B u C' — MakcuMaJibHbIE MHOYKECTBA, BEPIIUH COOTBETCTBEHHO 0Oe3 pEdep mepBoro nsera u 6€3 BTOPO-
ro I[BEeTa, CONEepXKaIue MHOYXKeCTBO Bepinua A. 3amerum, 4To mepecedenne MHOXKeCTB B u C' — 310 MHOXKeCTBO A,
MHaYe MHOXKeCTBO A MOKHO ObL10 ObI paciupurh. Ilycts Az, Ay, ..., Ay — MakcUMaJIbHbIe MHOXKECTBa BEPIIUH CO-
OTBETCTBEHHO 6e3 pébep 3-ro, 4-ro, ..., d-ro BeToB. Tak Kak gaHHbI rpad asiasercs C1S-d-rpadom, TO MHOXKECTBA,
B,C, A3, Ay, ..., A 1lepecekaroTCs 110 OJHON BEPIIWHE, a, 3HAYUT, U MHOXKecTBa A, Az, Ay, ..., Ay 1IepecekaroTcs 110
onuoit Beprmue. [TosTomy npu ckireiike mepBoro u BToporo 1seros rpad ocraércs CIS-d-rpadom. O

Hoxaxxem, aro B Hamem C1S-d-rpade HET Pa3HOIBETHBIX TPEYTOJBHUKOB CO CTOPOHAMH IEPBOTO, BTOPOIO U Tpe-

Thero 1sera. Bee pébpa 4-ro, 5-ro, ..., d-ro mBeToB nepekpacuM B Tperuii mser. [lo jemme nosyunm CIS-3-rpad. Ilo
ycioBuio B nioyduernnoM CS-3-rpade HET pasHOIBETHBIX TPEyTroJbHUKOB. [109TOMY M B IIepBOHAYAJIBHOM HE OBLIO CO
CTOPOHAMU MIEPBOTO, BTOPOT'O M TPETHETO I[BETOB.
Permnenne 3amaum 27. a) PaccMorpuM IpOU3BOJIbHYIO [APY HENEPECEKAIOMIUXCs MaKCUMaJbHOi Kiuku C 1 He3a-
BUCUMOrO MHOXKecTBa S. Iljisi Ipou3BOJIbHON BepiiuHbl v 0603HauuM 3a N (v) MHOMKECTBO cocejiell BEPIIUHBL U B S.
PaceMoTpuM TpH BEpIIUHBL KIAUKH U, v, w. Cpemu muoxkectB N (u) N N(v), N(v) N N(w) n N(w) N N(u) onHo comep-
JKUTCA B 00beJIMHEHUN JIBYX JIPYTUX, MHAYe, BLIOpPAB B KarKJIOM II0 BepINUHE, He IIPUHAJJICXKAILYI0 OCTAJbLHBIM JIBYM
MHOKECTBAM BEPIINH, TI0JIyYaeM JIOMOJHEHNE K 3-pacuécKe Ha BHIOPAHHBIX TPEX BEPINUHAX U BEPITUHAX U, U U W. e,
Hanpumep, N(u) N N(v) cogepkurcst B 00beuHennn aByx Apyrux, 1o N(u) N N(v) = N(u) N N(v) N N(w).

Teneps BoiOepeM Takue u U v B Kiuke, 910 N (1) NN (v) MUHUMAJIBHO, TO €CTh HE MOXKET CTPOrO COIEPKATDH lIepece-
YeHue Kakux-jmbo JABYX JPYyTUX MHOXKeCTB cocegieii B S Bepriun kiauku. Jokaxkem, uro N(u) u N(v) He epecekarTcs.
JleiicTBUTEIBHO, M1JIs1 JIIOOON JIPYTON BEPINIUHBI W M3 CKA3AHHOTO BBIIIE 110 ONPEJIEJIEHUIO U U U CJIEYET, U4TO Tepecede-
uue MaoxkectB N (u) u N(v) coBuanaer ¢ nepecedennem Muoxects N (u),N(v) u N(w), TO eCcTh BCe BEPIINHBI KIUKA
coe/lHeHbI ¢ BepimHaMu u3 nepecedenust N(u) u N (v). B cuny makenmanbHOCTH Kanky mosydaeM, 1o N(u) u N (v)
HE MEePECEeKAIOTCS.

Sadukcupyem S. B rpade G BbibepeM Takue COeJMHEHHBIE BEPIIUHBI U U ¥, 9TO OHU HE UMEIOT ODIIUX CcOoceneit
B S, u o0beaunenne MHOKecTB N (u) u N(v) MUHAMAJIBHO, TO €CTh HE COAEPKUTCS B JIOOOM JIPYroM O0beMHEHNN
nenepecekatomuxcst N (u') u N(v'), rae Bepune: v’ u v/ coeJuHEHSL.

JlemMma. Jlas arobvx sepwun x u y u3 S, makuxr wmo x — coced u, Yy — coced v, u 048 110000 8ePUUHDBL & MaKOU,
YIMo 8ePUUHDL T, U, V, Y, obpasyrom A-epad, eepuunv. a u u umerom obuezo coceda 68 S U 8EPUUHDL G U U UMENM
obwezo coceda 6 S.

Loxazameavcmeo. Obosnaunm 3a C' Jir00yH0 MaKCHUMAaJbHYIO KJIMKY, KOTOpas COAep:KUT BepimHbl v u v. OHa He
nepecekaeT .S, MOTOMY 4TO % U v He MMelT obmux coceneil 8 S. Ilycrs Bepmmua x w3 N(u), Bepmmsaa y u3 N (v),
u x,u,v,y,a — A-rpad. Muoxkecrso Bepuma N(a) copepxurcst B oobeaunernu N(u) u N(v), notomy 9T0 nHAYE
u,v,a,x,y,b — 3-pacuécka, rue Bepumua b u3z N(a), Ho e u3 N(u) u #e uz N(v). Ipyrumu ciioBaMu, MHOKECTBO
BepuH N (a) comepzkurca B obbeaunenun muoxkects N (u) u N(v).

Iycrb a He umeer obmux cocezedi ¢ v. Torna obbennenne MaoxkecTB N (a) u N (v) cTPOTO CONEP:KUTCS B 00beMHE-
Hun MEOKecTB N (u) 1 N(v), Tak Kak sepmmHa x He u3 N(a). [IpoTusopeune ¢ MUHUMAJIBHOCTHIO 00beuHernst N (u)
u N(v). 3Hauut, BepIIMHA @ UMeeT OBIUX COCe/lel U C BEPIIMHOM U, U ¢ BEPIIUHOH V. O

Haiee 6ynem nucars U(a) u V(a) — MHOXKeECTBO OOIMX cOCe/IEil BEPIIMHBI ¢ C HANJIEHHBIMU BEPIIMHAMHI U U U
coorBercTBeHHO. MHOXKecTBa C' 1 S TakKe MPEAIoIaraoTcs GUKCHPOBAHHBIMI.
Ha30BéM BepHIMHY ¢ MUHUMAJBHOM, €Cian

1) BepmMHA @ COETMHEHA C BEPITUHAME U W U

2) pis 1060l Apyroit BepmuHbL b, coenuHéHHon ¢ BepumHamu u u v, N(a) e moxer crporo cogepxarb N (b)

3) N(a) ne conepxur uu N (u), uu N (v).
Bameyanne. s MUHUMAJILHON BepiuHbl 06beuHenne MHOKecTB U(a) n V(a) pasao N(a) (mist 9TOrO0 He Hy»KHO
BTOPOE YCJIOBHE).

Jlemma 2. CymecTByIOT JiB€ TaKne MAHUMAJBHBIE BEPIIUHBI ¢ U ¢, 9TO BEPIIUHBI X, U, U, Y, a 1 ', u, v,y’, a’ obpa-
3y1oT A-rpadbl 1 B S ecTh JBe BePIIHMHBI W 1 w’, TaKWe 9TO W COSITUHEHa C @, HO He COeIUHEeHa ¢ a’, a w’ HaoOOpOT.



10 CIS-TPADDLI

Hoxka3zaresberBo. Bosbmém sepiiuny x u3 N(u), a Bepmuny y u3 N(v). Bepumnbt x, u, v,y obpasyior II-rpad,
MO3TOMY MO YCJIOBHMIO €CTh BEPINUHA ¢ TaKas, 4To X,U,v,y,a — A-rpad. Bepmuny a MOXKHO CUMTATh MHUHUMAJILHOIA,
noToMmy 4To ecyu a’ coenuHeHa ¢ BepmuHamMu u U v u N(a’) comepxkurcs B N(a), TO BepUIMHBI T, U, V,Yy,a’ TOXKe
obpasyior A-rpad. Bosemém sepmuny 2’ u3 U(a) n sepmuny y' u3 V(a). Ilo yenosuio ecth (MUHUMAJIBHAS) BEPIIIHA
a' Takasi, 910 BepmuHbl T, u,v,y’, a’ obpasytor A-rpad. B N(a) ectb Bepmumna (z'), Koropoii Her B N(a'). Ho N(a’)
HEe MOXKeT cTporo cogepxkarcd B N(a) B cuily MUHUMAJILHOCTH BepiiuHbl a. [losromy B N(a’) Takxke ectb Bepiuiuna,
koTopoii et B N(a).

VYreepxkaenue 1. IIycTh gaHbl JBe MUHUMAJIbHBIE BEPIIUHLL ¢ U b, coepuuéHuble pe6poM. Toraa BITOJIHEHO OIHO U3
yCJIOBUIL:

1) U(a) conepxur U(b) u V(b) conepxkur V(a), nam U(b) conepxur U(a) u V(a) conepxur V(b)

2) Muoxecrsa U(a) n U(b) ne nepecekaiorcst u B o6beanuennu naoT N (u), u muoxecrsa V(a) u V(b) He mepece-

Kamorcd U B 00beaunenun gaor N (v)
Hoxka3zaresberBo. [Iycrs muoxecrsa U(a) u U(b) nepecekaiorcs U BepIUHA & UPUHAJIEIKUT HepecedeHuio. Ipes-
[OJIOKUM, YTO CyIIEeCTBYIOT BepiuHbl y u y* u3 V(a) u V(b) coorsercrBenno Takue, uro y He u3 V(b), n 3y’ e us V(a)
(TO B TOYHOCTH OTPHIAHUE TOTO, YTO OJHO U3 MHOKecTB V (a) u V(b) comepxut apyroe). Torma ecTh NOIOJHEHNE K
3-pacuécke Ha BepmmHaxX a,b,v, 2’ x,y. IIporuBopeune. 3uaqur, oxuo uz muoxkecrs V(a) u V(b) comepxur mpyroe,
U KaK CJIEJICTBHE X IepecedeHne He IyCcTO coriacHo jeMMme 1. A 3naunt onHo n3 muoxectB U(a) u U(b) comepxur
Japyroe. B cuily MUHMMAJIBLHOCTH BEPIIUH @ U b, TOJIy9aeM HepBBIi CIydaii.

ITycrs muoxecrsa U(a) u U(b) me nepecekarorcs. Torna B culy Bblile ckaszaHHOro Muoxkectsa V(a) u V(b) me
nepecekatorcs. A, sHaunt, MHOkecTBa N (a) nu N(b) He nepecekatorcs. B cuity BbIGOpa BEpIIMH 4 U v, 0ObeJIUHEHNE
muOo)kecTB N(a) u N(b) coBnagaer ¢ obbenunennem Muoxkects N(u) u N(v), uro 1aér BTOpoit ciydaii.
YrBepxkaerue 2. [lycTb nanbl qBe MUHUMAJIbHBIE BEPIIUHBL ¢ U b, He coenuuénubie pedpoM. Torma BBIIOTHEHO XOTS
OBI OJIHO U3 YCJIOBUIL:

1) U(a) conepxur U(b) u V (b) conepxkur V(a)

2) U(b) comepxut U(a) u V(a) conepxur V (b)

3) U(a) =U(b) umm V(a) =V (b)

Hoxka3zaresberBo. Ilycrs MoxkHO BbiGpaTh Bepunabl « u y B U(b) u V(b) coorBercTBeHHO Tak, YTO T U Y HE JieKaT
B N(a). Torma umeem jonosHenue K 3-pacuécke Ha BEPIIMHAX U, U, b, Y, ', a. HeBO3MOXKHOCTDL TAKOrO BBIGOPA 03HAYAET
BBITIOJIHEHUE XOTS ObI OJHOTO U3 TPEX YCJIOBHIA.

1) BymeM mckaTh BepITUHBI MUHUMAJBHBIE @ U b, JJIT KOTOPBIX BBIMOJIHEHO TPETEE YCJIOBUE YTBEPIKACHUS 2, HO
N(a) # N(b).

CHadasa BO3bMEM BepIIUHBL @ U b m3 jemMbl 2. OTmernM, uro jjist HuX BbimoiHeHo N(a) # N(b). Ecin onn
He HCKOMBIE, paccMOTpuM ciydail 2 B yTeepxzeHnn 1. BoseméMm z u3 U(a) u y uz V(b). U no ycioeuio Haiijném
(MUHUMAJIBHYIO) BEPIIMHY €, TAKYIO 9TO X, U, v, Yy, ¢ — A-rpad. Ormernm, aro N(c) # N(a) u N(c) # N(b). 1 ecan
N(a) u N(c) e nepecekatorcsi, To N(¢) = N(b) — uporusopeune.

3HAUUT, MOYKHO CUUTATD, YTO BBILIOJIHEHO IIepBoe ycjoBue yreepKaenus 2 u N(a) # N (b). JIubo BepuIMHbI HCKOMBIE,
Ji60 MOXKHO BBIODATH BEPIIUHBL & U Y Takue, 9o = u3 U(a), no ue u3 U (D), a Bepmuna y u3 V (b), vo e uz V(a). Ilo
YCJIOBUIO €CTh (MUHUMAJIbHAsI) BEPIIUHA ¢, TaKas 4To &, u, v, Yy, ¢ — A-rpad. Eciu U(a) = U(c) nmm V(a) = V(c) nm
U(b) = U(c) nmm V(b) = V(c), To Mbl Hanmm Tpedyemble Bepimabl, Tak Kak N(a) # N(c) u N(b) # N(c). Ilycrs Her.
Ecsin V (¢) ne nepecekaercst ¢ V (b), To mHO)kecTBa BepinH V(a) u V() TakkKe He II€peceKaroTCs 1 UX 00beINHEHNEe He
pasuo N (v), tak kax V (b) crporo comepzxkur V (a). Umeem nporusopeune. 3HauuT, Jjisl Hapbl BEPIIUH ¢ U b BO3MOXKEH
ToJIbKO citydaii 1 yreepxkuenus 1. Tak kak Bepmmna y upunajiexxur V(b), Ho e upunamiekur V(c), To BO3MOXKeH
TOJILKO Cirydaii 1 yrBepxkaenus 2. AHaJIOrIYHO J1ist IAPhl BEPIIMH ¢ U €. 3aMEHHUM I1apy BEPIIUH @ U b Ha Hapy BepIIuH
a u c. 3aMeTHM, 9TO Mbl BEPHYJIHUCh K NpexKHeMy ciaydaio 1 yreepxKiaenust 2, HO U(b) yMeHbIINIOCh. 3HAYNT, T10CTIE
HECKOJIbKUX TAKUX 3aMEH IIOJLyIUM UCKOMYIO Iapy.

2) 3aMeTHM, UTO y TOJYIeHHOH Maphl BBITIOJHSIETCS JIITH CIy9ail 3 yTBEp:KJIEHUS 2, TO €CTh OHU HE COeTWHEHBI.
Iycre U(a) = U(b). Bosbmém Bepiuunsl y u ', Takue uro Bepmuna y u3 V(a), no ue uz V(b), a sepruuna y' uz V(b),
Ho He u3 V(a). Bospmém Bepmuny = u3 U(a) = U(b). ITo ycnoBuio ects (MEHUMAIbHAS, [0 3AMEYAHIIO) BEPIINHA C,
Takag 9TO BEPIIUHBL X, U, VU, Y, ¢ 06pa3ytor A-rpad. Bepimunbl ¢ 1 a cOeMHEHbI, HHAYE UMEEM JIOTIOJHEHNE K 3-PacIécKe
HA BEPUIUHAX U, V, G, Y, T, C.

JlJ1st maphl BEPIIMH @ W ¢ HE BBITOJHsIETCS caydail 1 yrepxKiaenus 1, motomy uro Beprmmaa x u3 U(a), HO He u3
U(c), sepruna y uz V(a), vo ne u3 V(c). 3uaqur, BoluosHseTcs ciaydaii 2 yreepxienus 1. V1 obbeaunenue Henepe-
cekatoruxces U(a) u U(e) naér N(u). Ananorunuano ¢ V(a) u V(c). Ho U(a) = U(b) u U(b) u U(c) ne nepecekaiorcs,
[O3TOMY BO3MOXKHBI TOJIBKO CIydaii 2 yrBepxkaenus 1 u ciayqait 3 yreepxkaenus 2. Ho B ciyuae 2 yrBepxxienus 1 mo-
ayaaeM V(a) = V(b) — nporusopetune. B npyrom ciyuae nosywaenm, uro V(b) = V(c) u V(b) u V(a) ue nepecexkarorcs.
ABTromMaTndecku nojryvdaeM, 9To b u ¢ He COeJIUHEHDI.

AmnayiorndHo mostydaeM BepInuHy d, KOTopasi coeuHeHa ¢ b, He coeunena ¢ a, U(d) = U(c) u V(d) = V(a). Jas
BEPIIHH ¢ U d MOYKET BBIIOJIHATBCS TOJLKO CJIydail 3 YTBEP:KICHNS 2, TI03TOMY BEPIIMHBI ¢ U d HE COeTUHEHBI. Bo3bMéM
npousBosibHyt0 Beprnny «’ u3 U(d) = U(c). Bepmmnsl z, u, v, a,y,d, 2, ¢,y’, b obpasyor Gig.

Pernenne 3agaun 28. [Tycrs dukcupoBana Bepmmna v. 3auch uy, U, U3, Wi, Wa, W3 : a+ b- ¢+, nae a,b u ¢ — nesble
YHUC/Ia 03HAYAET, YTO €CJIU BEPIIMHA U COCJUHEHA C BEPUIMHAMU VU, U U, U HE COEJMHEHA C BEPIIMHON Up, TO TOLJA
BEPIIMHBL U7, Uz, U3, W1, W, W3 00pasyior 3-pacuécky (mm 3-anrupacuécky). [IpuuéM BepinuHbL U1, Ug, g 00PA3YIOT
KJIMKY, BEPIIMHBL W1, W2, W3 00pasyioT HE3ABUCHMOE MHOXKECTBO BepunH. B cirydae 3-pacdéCKu BEpHIMHBL U; U Wj
COEJIMHEHBI, €CIN M TOJBKO ecyu ¢ = j. B ciaydae 3-aHTHpacU€CKW BEPUIUHBI U; ¥ W; HE COEJANHEHBI, €CH U TOJBKO
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eciu ¢ = j. Ecim up — 910 v, TO BMecTO uy Oyaem nmcaTth x. B apyrux ciaydasix a+ Oymer o3HaYaTh, YTO BEPIIUHBL U
7 U, COEINHEHBI, 1 a- — HAOOOPOT.

a) 3amerum, uro B Gy ecthb Il-nmogrpader, ve monosnenuse 10 A-noarpados. s kaxgoro rakoro I-rpada mbt
OyeM J106aBJISITh BEPIIIUHY, KOTOPAasi ero JA0IoJHseT 10 A-rpada. 3aTem U3 Toro, 4To HeT 3-pacuécoK U 3-aHTUPACIECOK,
MOXKHO OyJIeT BBISICHUTH KaKue pEOpa MeXK[y HOBO BepIuHON u BepmuHamu (G1g, KPOME OJHOM, IIPOBEJIEHBI, a KaKue
HET.

v%) Il-oprpad 3 4 5 6 me comepxurca B A-noarpade rpada G1o, 3HAYNT, 110 YCIOBUIO €CTh BEPILIUHA U, JIJIs KOTOPOii
3- 4+ 5+ 6-.

45 v 36 8: 8+ [losToMy BepIIMHBI ¥ U Vg HE COEJIUHEHBI, TO €CTH &-.

Ilycrs BepiimHBL v U V1 COEIUHEHBI, TO €CTh 1.

51v 04 6: 14 0+ 3uaunr, 0-.

91v 86 4: 14+ 9+ 3uauwnr, 9-.

23480 v: 2- 0- Buauwur, 2+

12980 v: 14 2+ 9- 0- IIporusopeune. Utak, 1-.

1593v8:09-

159v06: 9+ 0-

29v048:24 9+ 0+

Orkyna ciexayer, aro 9+ 0+ 2-. To ectb BeprmHa v BeJET cebsi MPOTUBOTIOJIOKHO BepiinHe vr. Bee pébpa, Kpome
OJIHOT'O, OIIPEJIEJIEHBI.

vg)II-toxrpad 7 8 9 5 He copepxkurcs B A-noarpade rpada G1g, 3HAUNT 110 YCIOBUIO €CTh BEPIIMHA U, JJIsl KOTOPOH
7- 8+ 9+ 5-.

289 v57:2-. To ectp 2+.

IIycts 1+.

12v805: 1+ 0+ Torma 0-

89 v 70 4:0-4+ Torma 4-

19v8&835: 1+ 3+ Torma 3-

12340 v: 1+ 3- 4- 0- [IporuBopeune. 3uaqur, 1-.

15974 v:4-

89v704: 4+ 0-

190v35: 0+ 3-

TTocnenoaressro nosrydaem 4+ 0+ 3+. 3HauuT, BepiinHa v BEJAET cedsl IPOTUBOIIOJIOXKHO BEPIIUHE Vg.

Pebpo (vg,v%) Iycrs mer, Torqa 34 6 17" 8

v CaenaB nepenyMepaIuio

0,1,2,3,4,5,6,7,8,9) — (0,1,2,9,8,7,6,5,4, 3),

MOXKHO CUHTATh, 9YTO MbI Hamum 5’ u 6', coequnénnnie pebpom. Il-noarpad 7 5 6’ 9 me comepxurca B A-noarpade
rpada G1o U vg U vh, 3HAYNT 10 YCJIOBUIO €CTh BEPIIHHA v, JJist KOTOpOii 7- 5'+ 6'+ 9-.

56879 v: 8. Orkyna 8+.

IIycTs 2+.

28v5 49: 2+ 4+ Torna 4-

356v74:4- 3- Torna 3+

23v074: 2+ 4- 3+ 0+ Torua 0-

6’8 v075:0-5+ Torna 5-

25906 v: 24 5- 0- [IporuBopeune. 3uaqur, 2-.

236" v97: 3+ 3mauur, 3-

356v74: 3 4- Buagur, 4+

5 0v794: 4+ 0+ 3nagur, 0-

5 8 v39v:3- 6+ 3uaqur, 6-

Bepmuna v BeéT cebsi IPOTUBOIIOJIOZKHO BEPINUAHE U .

I'pad G momyckaeT HECKOIBKO IT€PEHYMePAaIuii:

0,1,2,3,4,5,6,7,8,9) — (4,2,1,5,6,7,8,9,0,3) — (4,2,1,3,0,9,8,7,6,5,4).

Tax Mmoo Bepruabt 0, 4, 6, 8 MOYKHO IIepeBecTH ApyT B APyra, BEPIIUHBL 3, 5, 7, 9 MOXKHO 1epeBecTH JAPYT B ApyTa U
BepmmHB! 1 1 2 TakKe. BepmuHy u3 Kask10# rpyInsl Mbl HAIIIA, & 3HAYUT, MEPEHYMEPOBAB, MOJYIaeM BCE OCTAJIbHBIE
BEPINUHBI.

b) B cieayromux myHKTax MOryT ObITH omyiieHsl ciaosa: "Ilycrs Her, Torma".

Pe6po (v5,v5) 47 9206

Pe6po (vg,v,)) 0'6"' 8974

Pe6po (vg,v5)) 138 6" 57

Pebpo (vg,v5)) 46°9 407

Pe6po (vi,v5)) 346 7 5 9 no nynkram d), g) u j)
Tem cambIM, MBI HAIIIA Bee pébpa Mexk iy Bepmmnamu 3',4,...,9',0/.

Pe6po (2/,4') 104’528

Pebpo (2/,6') 346" 752

Pebpo (2/,3') 3’5684 2

Vcnonb3ys maiienable Tpu pebpa w mepenyMepanuio mosytaem pebpo (1,2): 6 707 2/ 3 1/
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Nrak, Bce pébpa HaliIeHBI.

a) Ilycrs Bepruunbl vy u v5 coequuensl pebpom. Pacemorpum Il-rpad 4 2 2’ 0. Ou ne asiserca noiarpadom A-
noarpada 2G1g, TOTOMY 9TO HeT BEPIIUHBI OJHOBPEMEHHO COEMHEHHON ¢ BepIIMHAMU Uz U vh. Torma mo ycioBuio B
rpacde G cymecTByeT BepiuHa v, JJis KOTOpoii 4- 2+ 2'+ 0-.

1) Cuauana mokaxkem, uro 1-. TIpeanosiokumM IPOTUBHOE W JIOKAXKEM, 9TO BEPIIUHA U BEJET cebs Tak Ke, Kak
BepIuHa 7.

Nrak, 1+ 2+ 4- 0-.

12340 v: 3-. Ilostomy 3+.

23v806: 6+ 8-

13v648:6-8+

Otrkyna aubo 6- 8-, mubo 6+ 8+.

IIycrs 6-. Torma 8-.

12546 v: 5- 6- Torna 5+

12980 v: 8 9- Torma 9+

59 v 68 3:6-8 5+ 9+ IlporuBopeune. 3uauut, 6+ u 8+.

25v 6 84: 5+ Orkyma 5-.

19 v 835: 9+ Orxyma 9-.

Wrak, Bepmmna v Beaér cebs B 19 Tak Ke, Kak BepimHa, 7. Paccmorpum HOBBIH (1, KOTOPBIH MOy YeH U3 CTAPOTO
3aMeHOI BEPIIUHBI U7 HA V.

Beprnaa 5 coepunena ¢ 3 u 0 u He coequHeHa ¢ 4 u 9, CJI€J0BATEIBHO COTIACHO HAXOXKJEHUIO BEPIIMHBI U5 B
[yHKTE @) IPOIIOH 33,141, BepIiHa 5’ He coe/nHeHa ¢ BEePIIUHON v (BBINOHSONMEH poJib BepinuHb! 7). Bepmuna 4
coequHeHa ¢ 9 u 0 U He coeMHEHA € 3 U 5, CJIEIOBATEILHO COIVIACHO HAXOXKJICHUIO BEPIINHBI U B IIyHKTE @) IIPOILION
3ajia4n, BepirHa 4’ He coe/iMHEHA ¢ BEPIIUHOl v (BhINOJIHSONIEH posib Bepmuib 7). V1 HakoHern, Bepuuna 2 coepunena
¢ BepmmHamu 4’ u 5’ (KoTopble BemyT cebsi IPOTUBOIONOXKHO BepmnHaM 4 u 5 B HoBoM (G1g) M He COeJlMHeHa ¢ 3 u
9, CJIeIOBATENILHO COMVIACHO HAXOXKJIEHWIO BEPINUHBI ¥ B IyHKTe @) HPOILIOH 3aja4u, BepiinHa 2’ He COelMHEeHa C
BEPIIUHON v (BBIIOJIHSIIOMEHR POJIb BePIIMHBL 7). YTO NPOTUBOPEUUT HPEIIOIOKEHHIO.

2) 3uagwnr, 1-.

IIycTs 6-+.

15604 v: 6+ 5 Torma 5+

29v406: 6+ 9+ Torma 9-

25v684: 5+ 6+ 8+ Torma 8-

25936 v: 3+ 5+ 6+ 9- Torma 3-

1593 v 8&: 3-8 9- 5+ IIporusopeune. 3uaqur, 6-.

259v60:5 9-

159v06: 5+ 9+

Suaqut, 1160 5+ 9-, ymbo 5- 9+

137v60: 3+ 7+

237v06:3-7-

Suaunt, gubo 3+ 7-, mubo 3- 7+.

13794 v:3 7+ 9-

15974 v:5-7-9+

Suauut, 160 3+ 5+ 7- 9-, ymbo 3- 5- 7+ 9+.

3) Iycrp 3- 5- 7+ 9+. Toruma Bepumua v Begér cebs B rpade G Takxke, Kak Bepiuna 8. Paccmorpum Hosblit G,
KOTOPBII ITOJIyY€H U3 CTApPOr'0 3aMEHON BEpIINHEBI Uf HA V.

Bepmaa 5’ coemmmena ¢ 3 m 0 m He coesmHeHa ¢ 4 W 9, CIEAOBATETHHO COTIACHO HAXOXKJIEHUIO BEPIINHBI U5 B
[yHKTE @) IPOIIOH 33141, BepIIiHa 5’ He coeuHeHa ¢ BEePIUHON v (BBINOMHSONMEH poJb BepinuHb! 8). Bepmuna 4’
coequHena ¢ 9 u 0 u He coesHEHA ¢ 3 U 5, CJIEIOBATEILHO COMVIACHO HAXOXKJIEHUIO BEPIINHBI U B IIyHKTE @) IIPOIIION
38184, BepIInHa 4’ He coeMHEHA ¢ BEPIINHOMN v (BBIIOJIHSIONIEN POsib BepinuHb! 8). VI HakoHer, BepuHa 2’ coelMHEHA
¢ Bepummnamu 4’ u 5’ (koropble BeayT cebs MIPOTUBOIIOJIOXKHO BepumHaMm 4 u 5 B HoBoM (G19) U He coelMHeHa ¢ 3 U
9, CJIeI0BATEIHHO COIVIACHO HAXOXKJEHUIO BEDINUHBI ¥ B IIyHKTe @) UPOLUIONH 3aJa4d, BepuinHa 2’ He COoeJMHEHa C
BEPIIUHON v (BBIIOJIHSIIOMEH POJIb BepIIHMHBL 8). YTO NPOTUBOPEUUT PEIIOIOKEHHIO.

4) Iycrs 3+ 5+ 7- 9- 8-. Torna Bepmmua v BegeT cebs B rpade Gio Takxke, Kak Bepmuna 4. PaccMoTpuM HOBbII
G110, KOTOPBII TIOJIyYEH U3 CTAPOIO 3aMEHON BEPIIUHBI Uy HA V.

Bepmuna 9’ coennnena ¢ 7 u 6 u He coefuHeHA ¢ 8 U 5, CJI€J0BATEIBHO COIVIACHO HAXOXKJICHUIO BEPIIMHBI U5 B
[IYHKTE @) IPOILIOH 3a/a4u, BepinHa 9 He COeMHEHa ¢ BEPIIMHON v (BBIIOJIHAIONEH poib Bepiuabl 4). Bepmmna 8
coemuHeHa ¢ 5 1 6 1 He coeamHEHA ¢ 7 W 9, CJIEIOBATEIEHO COTJIACHO HAXOXKJICHUIO BEPIINHBI U B IIyHKTE @) TIPOILIONH
38184, BepIIuHa 4’ He coeMHEHA ¢ BEPIINHOMN v (BBIIOJIHSIONIEN POsib BepinuHb! 4). VI HakoHerr, BepuinHa 2’ coelMHEHA
¢ BepmmHamu 9’ u 8’ (KoTopble BegyT cebsi MIPOTUBOIOJNOXKHO BepimmHaM 9 u 8 B HOBoM (1g) M He COeJlMHeHa ¢ 7 U
5, CJIeJI0BATEIHHO COIVIACHO HAXOXKJEHUIO BEDINUHBI ¥ B IIyHKTe @) UPOLUIONH 3aJa4d, BepuIMHa 2’ He COoeiMHEHa C
BepIIMHOA v (BBIIOJHSIOMEH Posib BepruHbl 4). UT0 IPOTHBOPEUUT PEIIOIOKEHUIO.

5) ITycrs 3+ 5+ 7- 9- 8+

1597ve6:6-

v6' 85076+

Yro 3aBepIiaeT JI0Ka3aTeIbCTBO.
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b) Eciu Bepuunet 1 u 2 nomensaTs Mecramu ¢ Bepiumaamu 1’ u 2') 1o oba G1o npesparsrcs B P. Ocrasoch 3aMeTuTb,
YTO BEPIIUHBI £ U X’ BEJAYT ceOst MPOTUBOIOJIOXKHO B KAXKJIOM U3 AByX P.

¢) Tak kax B 2P BepIIMHbI TIONAPHO HE PA3JIMIUMBI, TO €CTh JIIs JIOBIX JIBYX CYIIECTBYET epeHyMepalusl, nepe-
BOJIAINAST OJIHY BO BTOPYIO, TO B IIyHKTe a) Mbl (baKTHUECKH J0Ka3asu, 9To ecian rpad G ¢ yKasaHHBIMU CBOHCTBAME
conepxutr 2P = 2G1 (nyHKT b)),T0 BCe HEONpeIea8HHbIe PEGPa HE IPOBEJIEHBI.

3amerum, 4To gonojHerne K 2P — 310 cHoBa 2P, HO, MOXKeT ObITh, Jpyroil. B kaxjgom P moMeHseM MecTamu
BHEITHWI MSITUYTOJLHAK U BHYTPEHHIOI 3Be3/ly, 3aTeM MOMEHSIEM MeCTaMU BHEITHUE 3BE37bI AByX P. 3aMerum, 4ro
BCe pEOpa, KpOMe HEOIIPeJIe/IEHHBIX, 3aMEeHEeHbI Ha ITPOTUBOIIOJIOKHBIE.

Paccmorpum monosinenune K rpady G. B Hém croBa Bce II-noarpadst comepxkarcs B A-noarpadax, moromy uro I1-
rpacd u A-rpad camojonosiHuTeibHbIe. OH CHOBA HE COIEPXKUT 3-pacdécKy u eé jornojHenne. Vl Ternepb OH COIEPKUT
2P, Ho Bce HeoupezeaéHHble PEGpa y Hero nuposejieHbl. [IporuBopedne ¢ MyHKTOM a).



CIS-GRAPHS

Recall some basic definitions. Let G be a graph.

Consider some subset V' = {v1,...,v,} of vertices of G. A subgraph of G on the set V is a graph G’
having V' as the set of vertices, and two vertices of G’ are connected if and only if they are connected in G.

A complement of G is a graph with the same vertices as G has and with those and only those edges which
do not appear in G.

Consider some subset of vertices. If every two vertices from this subset are connected, then such subset
is called a clique; if there are no edges between these vertices, then this subset is called stable. A clique (a
stable set) is mazimal if it is not contained in a larger clique (stable set).

The main definition in this series of problems is a definition of a CIS-graph.

We call G a CIS-graph if C NS # & for every maximal clique C and every stable set S. E.g., a cycle of
length 4 is a C'IS-graph, while a II-graph (see Fig. 9) is not a C'IS-graph.

[ ]

Fig. 1
Is the set of C'I1S-graphs numerous? Problems needing only the definition.

1. Show that a disjoint union of two C'IS-graphs G; and Gs is again a C'I.S-graph.
Remark. A disjoint union of graphs GG; and Gs is a union with no coinciding vertices and no edges between

G1 and Gs.

2. Find all C'IS-graphs which do not contain a clique on 3 vertices. Prove that one can colour the vertices
of such graph in two colours so that each two connected vertices share different colours.

3. Suppose that one deletes from a C'1.S-graph a vertex incident to exactly one edge. Prove that the resulting
graph in also a C'I.S-graph.
4. a) Call a vertex good if any two its neighbours are connected (i.e., this vertex, together with all its
neighbors, forms a clique). Prove that if each maximal clique contains a good vertex, then the graph is a
CIS-graph.

b) Show that the converse does not hold.

5. Consider a graph whose set of vertices is a union of clique and a stable set, and these clique and stable
set have a common vertex. Show that this graph is a C'1.S-graph.

We mean by a substitution of a graph G into a graph G5 the following operation: a fixed vertex A of
graph G is replaced by a graph Gy, and vertices B € G1, C € G2 \ {A} are connected if and only if A was

/
< 1 [ ——

G

Fig. 2

6. Suppose that the result of substitution of G1 into G5 is a C'IS-graph. Show that both G and G are
CIS-graphs.

7. Show that each graph is contained as a subgraph in a CIS-graph.

8. Consider two sequences of graphs G1,Gs,Gs, ... and Hy, Ho, Hg,... such that either both sequences are
infinite, or both consist of equal number of elements. Consider the set of graphs G for which the following
condition holds: For each subgraph G’ C G isomorphic to G;, there exists a subgraph H' D G’ isomorphic to
H;.

a) Construct sequences (G;) and (H;) in such a way that the resulting set of graphs is exactly the set of
all C'IS-graphs.

b) For the same purpose, can these sequences of graphs be finite?

Hereinafter, we will say simply “a graph G contains H” instead of “a graph G contains a subgraph isomorphic
to H”.
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9*. Suppose that a graph G contains exactly one pair of non-intersecting maximal clique C' and maximal
stable set .S.

a) Prove that G cannot contain exactly one vertex not belonging to C' U S.

b) The same for two vertices.

c¢) Try to prove that the set of vertices of G coincides with C'U S.

Combs and settled combs.

A family of graphs is called closed under substitution if for any two graphs GG and G» from this family, the
result of arbitrary substituting of G; into G2 also belongs to this family. A family of graphs is called ezactly
closed under substitution if a graph from this family can be obtained by substitution only from graphs of this
family.

A family of graphs is called closed under complementation if for any graph from this family, its complement
also belongs to this family.

A family of graphs is called hereditary if for any graph from this family, all its subgraphs also belong to
this family.

It is obvious that the family of C'IS-graphs is closed under complementation. The result of problem 6 says
that it is closed under substitution. Let us find some other properties of C'IS-graphs.

10. a) Suppose that a graph contains a pair of non-intersecting maximal clique and maximal stable set. Prove
that this graph contains a II-graph as a subgraph.

b) Prove that converse does not hold.

Definition. We mean by a k-comb (k > 2) the following graph on 2k vertices. The first k& vertices form a
clique, the last k vertices form a stable set, and for each ¢ = 1,2, ...,k the ith vertex from the second set is
connected only with the ith vertex from the first set. We mean by a settled k-comb the graph obtained from
the k-comb by adding a vertex; the new vertex is connected with all the vertices of the clique, and only with
them. By a k-anticomb and a settled k-anticomb, respectively, we mean complements to the k-comb and the

settled k-comb.

3-comb settled 3-comb 3-anticomb settled 3-anticomb

11. a) In a C1S-graph, any II-subgraph is contained in an A-subgraph (see Fig. 3).
b) In a CIS-graph, any subgraph isomorphic to a k-comb is contained in a subgraph isomorphic to a
settled k-comb.

Fig. 3 . A-graph
12. Construct a graph in which for all k, each k-comb is contained in a settled k-comb, each k-anticomb is
contained in a settled k-anticomb, and there exists a pair of non-intersecting maximal clique and maximal
stable set.

Guiding light. Try to prove the following important theorem.
Theorem. Suppose that a graph does not contain 3-comb and 3-anticomb as subgraphs; moreover, suppose
that each 2-comb is contained in a settled 2-comb. Then this graph is a C'I.S-graph.

Definition. A complete graph with all its edges coloured in d colours will be referred to as a d-graph. In
a d-graph G, denote by E; the set of all edges sharing ith colour. A graph having the same set of vertices,
while its set of edges is F;, will be referred to as a chromatic (or colour) component of ith colour.

Definition of a C'1S-d-graph. Consider a d-graph. For each colour, choose an arbitrary maximal stable
set in ¢th chromatic component. If for every such choice all these stable sets will share a common vertex,
then G is called a CIS-d-graph.

Consider a game with complete information for d men. One can represent it as a finite tree with vertices
being the positions in this game. There is a root vertex (an initial position of the game); all edges outcoming
from this vertex are coloured in the 1st colour — this is the colour of the player making the first move; doing
this, the player chooses the next position in the game. For each obtained vertex, there are some edges of
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the next player’s colour (for different new vertices, these colour may differ; thus, the first player by his move
chooses the player making the next move). After that the game proceeds in the same way. Since the tree is
finite, the game will necessarily end after some moves. The terminal vertex (the result of the game) has no
outcoming edges. One can put into correspondence to this tree a d-graph in the following way: The vertices
are the terminal vertices of the tree. Consider two vertices and the (unique) path connecting them in a tree;
consider the vertex of this path which is closest to the root; suppose that its outcoming edges share ith
colour. Then connect our two vertices with an edge of ith colour.

One can show that the resulting d-graph is a C'IS-d-graph (you can try to think this over).

Consider a CIS-d-graph. Each its chromatic component is itself a C'IS-graph (problem), but it is not
known whether the converse holds. While adding the assumption that a C'I.S-d-graph does not contain a 3-
coloured triangle, this converse statement appears to be true (problem). A description of such CIS-d-graphs
can be reduced to a description of C'IS-graphs (though there is no admissible description to either).

Up to this moment, it is unknown whether there exists a CIS-d-graph with a distinct-colored triangle; it
can be checked (involving computer) that there is no such graph with < 12 vertices.

The properties of Gallai graphs.

By a A-graph we mean a graph on 3 vertices, with edges sharing 3 distinct colours (a 3-coloured triangle).

/.
/7 -
/
4
Fig. 4 . A-graph

Definition. A d-graph not containing A-graph as a subgraph is called a Gallai d-graph.

Let us redefine a Il-graph as a graph on 4 vertices, in which edges of one colour form a II, while all other
edges share the second colour.

Fig. 5 . Coloured II-graph

The aim of this section is formulated in the last problem; this problem involves a magnificent property of
d-graphs — a Gallai decomposition, which is described in problem 16.

13. Suppose a d-graph G satisfies the following property: if one deletes all the edges of one arbitrary colour,
then the graph remains connected. Assume in addition that G is neither a II-graph nor a A-graph. Prove
that one can delete a vertex from this graph so that the resulting graph also satisfies this property.

14. Suppose that each chromatic component of a d-graph (d > 3) is connected. Prove that this graph contains
a A-graph.

15. Check whether a class of Gallai d-graphs is closed under substitution, exactly closed under substitution,
and whether it is hereditary.

16. Prove that every Gallai d-graph can be obtained as a result of a substitution of n d-graphs into some
2-graph (instead of n its vertices).

17. Let F' be a class of graphs, which is exactly closed under substitution, and closed under complementation.
Consider a Gallai d-graph such that all its chromatic components except at most one (suppose of dth colour)
belong to the class F. Suppose that the given graph has at least one edge of dth colour. Then the dth
chromatic component also belongs to F'.

After semi-final.

Gallai C'IS5-d-graphs.
18. Check whether the class of C'IS-d-graphs is closed under substitution, exactly closed under substitution
and hereditary.
19. If a given d-graph does not contain A-graphs and Il-graphs as subgraphs, then it is a C'IS-d-graph.

20. Show that a d-graph corresponding to a game with complete information (see the first section) does not
contain a A-graph and a IlI-graph as subgraphs, and, conversely, every such graph corresponds to a game.

21. Give an example of Gallai d-graph, but not a CIS-d-graph, such that it has edges of at least 3 different
colours.

22. Give an example of C'IS-d-graph, which has edges of at least 3 different colours.
23. A Gallai d-graph is a CIS-d-graph if and only if all its chromatic components are C'IS-graphs.
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24. If all but one chromatic components of a Gallai d-graph are C'IS-graphs then this d-graph is a CI5-d-
graph.

25. Assume that all C'1S-3-graphs are Gallai 3-graphs. Prove that all C'IS-d-graphs are Gallai d-graphs.
26. Hypothesis. Each C'IS5-d-graph is a Gallai d-graph.

Per aspera ad astrum.
Definition. Let G1g be a graph drawn in the picture below:

G1o
Let 2G1¢ be a graph with twenty vertices vg, v1, ..., v9, v}, V], ..., v}, which is obtained from two copies of
G1o (the first graph Gy on vertices vg, v1,. .., Vg, the second on the remaining vertices). For i # j we draw

an edge from v; to v;- if and only if v; and v; are not connected with an edge. Edges between v; and v} may
exist or may not exist (independently for each 7). So, 2G19 means an arbitrary one of these 1024 graphs.

The graph in the figure below is the Petersen graph. We denote it by P. Take two its copies on the sets of
vertices ui,ug, ..., u1g and vy, va, ..., v10, respectively. For ¢ # j, we link u; and v; with an edge if u; and u;
are not linked with an edge. For any pair of vertices u; and v;, we may either link them or not. If we choose
one of these 219 = 1024 graphs, then the obtained graph is named “2P”.

The Petersen graph

Theorem. Suppose that a graph does not contain 3-comb and 3-anticomb as subgraphs; moreover, suppose
that each 2-comb is contained in a settled 2-comb. Then this graph is a C'I.S-graph.

The remaining problems are devoted to the proof of this theorem.
27. Looking for G1g. Suppose that G has at least one pair of non-intersecting maximal clique C' and maximal
stable set S, G does not contain 3-comb and 3-anticomb as subgraphs, and each 2-comb is contained in a
settled 2-comb.

a) Show that there exist vertices in G belonging neither to C' nor to S.

b) Show that G contains G1g as a subgraph.

28. Find the second!

Suppose that in G all 2-combs are contained in settled 2-combs, G contains G1g on vertices vy, v1, ..., Ug
and does not contain 3-combs and 3-anticombs as subgraphs.
a) Show that G' contains ten vertices v(, v}, ..., vy such that for every distinct i and j vertices v; and v}

are linked if and only if vertices v; and v; are not linked.

b) Find a subgraph 2Gg in G.

Where are the combs? Notice that a graph 2G19 does not contain a 3-comb and a 3-anticomb, but it
contains 2-combs, not included in settled 2-combs, if we suppose, for example, that ve and v4 are linked with
an edge.

In a problem below, all 2-combs in G are contained in settled 2-combs, it contains 2G19 and does not
contain a 3-comb and a 3-anticomb.

29. a) Show that the vertices vy u v} of the subgraph 2G1o are not linked.
b) Show that the vertices of 2G19 might be renumbered in such a way that we obtain 2P.
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c) Prove the Theorem.
CIS-graphs. Solutions of the problems

We sometimes use a term "anticlique"instead of the words "stable set"in these solutions. A set of all
vertices in a graph G is denoted by V(G).

Solution of Problem 1. Let G = G1 U G> be a disjoint union of G; and G, and let C' and S be a maximal
clique and a maximal stable set (respectively). It is obvious that S intersects with each of the two graphs G
and G5 and C is contained in one of them. Without loss of generality, let us assume that C is contained in
G1. Then SN Gy and C' N Gy intersect as every pair of a maximal stable set and a maximal clique in G;.

Solution of Problem 2. If there are no triangles in a CIS-graph, then there are also no Il-subgraphs.
Otherwise the two vertices "in the middle"of this subgraph (i.e. whose degrees are 2) form a maximal clique
(let us designate it by C). And the two vertices in this subgraph whose degrees are 1 form a stable set which
does not intersect with C' and is contained in a certain maximal stable set that also does not intersect with
C.

Consider every connected component in our graph. If there exist two vertices the distance between which
is more than two, then there are two vertices the distance between which equals three. The shortest path
connecting them consists of 4 vertices, and a subgraph on these vertices is the Il-subgraph, and this is
impossible. So every two vertices in every component of connectedness are connected by a path of length not
more than two.

Suppose there exist a cycle of odd length (we call such cycles "odd cycles"), then let us consider the
minimal among them. It contains at least 5 vertices, and the pairs of non-adjacent vertices are not connected
by edges (otherwise the cycle is divided into two smaller ones, one of them is odd). Thus every four consequent
vertices of this cycle form a II-graph, and this is impossible. So there are no odd cycles. It is not difficult to
prove that such graph is bipartite: its vertices may be divided into two parts so that the ends of every edge
lie in different parts.

Therefore, every connected component is a bipartite graph. It must be complete (every two vertices from
different parts are connected): the length of the minimal path between the two vertices from different parts
that are not connected by an edge is not less than 3. So our initial graph is a disjoint union of several complete
bipartite graphs. It is very easy to draw the vertices of such graph in two colors to satisfy required condition:
in every connected component we draw one part in the first color and the other part in the second color.

To finish the solution it is only necessary to check that every such graph satisfies the conditions of the
task. Note that since a complete graph is a CIS-graph then a complete bipartite graph (as a complement to
a disjoint union of two complete graphs) is also a CIS-graph. So every disjoint union of complete bipartite
graphs is a CIS-graph.

We shall note the following trivial fact: a graph is a CIS-graph if and only if any clique and anticlique can
be extended to intersecting maximal clique and anticlique.

Solution of Problem 3. Let us denote a graph which is obtained from a graph G by removing the vertex v
from G (and all the edges containing v) by G —wv. Suppose that G is a CIS-graph, G — v is not and the vertex v
is connected to a unique vertex w in the graph G. Then there exist a maximal clique C and a maximal stable
set S in G — v that do not intersect. Let us extend them to a maximal clique C’ and a maximal anticlique
S’ in the graph G respectively.

It is clear that C" and S’ intersect only by vertex v. But then C' cannot contain any vertices except u
(because there is only one edge containing v - the one between v and u). Also if a maximal clique consists of
a unique vertex then this vertex is isolated (i.e. is not connected to other vertices) and therefore is contained
in every maximal anticlique. So C' and S intersect by the vertex u. Contradiction.

Solution of Problem 4. a) Suppose that it is not true, then in a graph G there are a maximal clique C

and a maximal stable set S which do not intersect, and in C' there is a good vertex v. If there is a vertex

u € V(S) connected to v then all the vertices in C' are adjacent to v (since v is good), which contradicts the

maximality of C'. So v is not connected to any of the vertices in .S which contradicts the maximality of S.
b) The cycle of length 4 serves as an example.

Solution of Problem 5. Let the maximal clique be C and the maximal stable set be .S; they intersect at a
vertex u. Then suppose that a certain maximal clique C’ and a certain maximal stable set S’ do not intersect.
If C' = C and S’ does not intersect with C’ then S’ C S and therefore S’ = S. Thus C’ # C and (due to
analogous reasons) S’ # S. Assume that s € C"\ C, ¢ € §'\ S; we may suppose (without loss of generality)
that the edge between ¢ and s does not exist. But since S’ is maximal, there must exist a vertex ¢’ adjacent
to s in S". Note that ¢ cannot lie in S (there already lies ¢’ and S is an anticlique). Therefore ¢’ lies in C. So
the clique C' and the anticlique S” have vertices s and ¢ in their intersection, which is impossible (if it were
true, the edge (s, ¢) would exist and not exist simultaneously).

Solution of Problem 6. Denote the obtained graph by the letter G.
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Suppose that (1 is not a CIS-graph, then there exist a maximal clique C' and a maximal stable set S in G
that do not intersect. Then consider any maximal clique containing C' and any maximal anticlique containing
S. Their common vertex is connected to the vertices from C' and not connected to any of the vertex from S,
which contradicts the definition of substitution.

To prove that Gy must be a CIS-graph it is sufficient to note that during an operation which is inverse
to the operation of substitution cliques and anticliques transform into cliques and anticliques, and, what is
more, all cliques and anticliques in G2 can be obtained in such way.

Solution of Problem 7. Consider an arbitrary graph G and for every its maximal clique add a vertex to
the graph and connect it to all of the vertices in this clique and only to them (this procedure has to be
done once). In the constructed graph (according to the construction) every maximal clique contains only one
added vertex, and obviously it is good. Thus (according to the task 4) the constructed graph is a CIS-graph,
and the initial graph is its subgraph.

Solution of Problem 8. a) Consider a clique C' and an anticlique S of a graph G. Suppose that V(G) = CUS
and every vertex from C is adjacent to at least one vertex from S, and every vertex from S is not adjacent
to at least one vertex from C (i.e. C' and S are maximal in GG). Every graph G can be extended to a graph
H(G) by adding a vertex adjacent to all of the vertices from a clique C' and only to them. By enumerating
all possible arrays (G, C, S, H(G)), we get four sequences {G;}, {C;}, {Si}, {H:}.

Note that a graph is not a CIS-graph if and only if (according to the note after the solution of problem
2) there are such clique and anticlique in this graph that it cannot be extended in respect to this clique
and anticlique in the way described in the previous passage. In other words, a graph is not a CIS-graph if
and only if for a certain ¢ it contains a subgraph isomorphic to G; which cannot be extended to a subgraph
isomorphic to H;. Therefore, the sequences G;, H; satisfy the conditions of the problem.

b) Assume that there exist such two finite sequences {G;}, {H;} that satisfy the conditions of our problem.

Suppose that the maximal number of vertices in every graph G;, H; is equal to n. Consider the n-comb and
the settled n-comb. It is not difficult to check that if in the settled n-comb every subgraph isomorphic to G;
can be extended to a subgraph isomorphic to H; then the same holds true for the n-comb. But the settled
n-comb is a CIS-graph while the n-comb is not a CIS-graph. We have obtained the contradiction.
Solution of Problem 9. a) Let C' LU S Uwv be the set of vertices of G where C' is maximal clique and S is
maximal anticlique. Denote by C” a subset of vertices of C' which are adjacent to v and denote by S’ a subset
of vertices of S which are not adjacent to v. Then clique C’ U v must be extended to maximal clique which
intersects with S. Then there is a vertex s € S’ which is adjacent to all vertices from C’ and to vertex v.
Similarly there is a vertex ¢ € C’, which is not adjacent to all vertices from S’ and to vertex v. Without loss
of generality vertices s and ¢ are linked. So there is a vertex ¢ € C, which is not adjacent to s (so it follows
that ¢’ is not adjacent to v). Consider clique C” on vertex s and on all its neighbors in C' and any maximal
anticlique S” that contains vertices v and ¢’. Vertex v can not be added to clique C” because ¢ € C”. So this
clique is maximal. Any vertex of C” is adjacent to v or to ¢’. Then S” does not intersect C”.

b),c) Consult the article cisl.pdf.

Solution of Problem 10. a) (The solution was proposed by the following team: Vasiliy Mokin, Viktor
Omelyanenko and Viktor Sadkov.) We denote this pair of sets by C and S and consider a complete oriented
bipartite graph with a set of vertices C'U S and edges drawn according to the rule: if the vertices ¢ € C' and
s € S are adjacent then the edge in the new graph is directed from c¢ to s, otherwise it is directed from s to c.
Since S is a maximal anticlique then every vertex in the initial graph is adjacent to at least one vertex from
S. In particular, this means that in the new graph for every vertex in C there exists an edge that is directed
from this vertex. Analogously, for every vertex in S there exists an edge that is directed from this vertex.

Thus in our oriented graph for every vertex the number of edges directed from it is not less than 1,
therefore, there is a cycle in our graph (by a cycle in an oriented graph we mean the oriented cycle). Then
consider a cycle of minimal length Ay As ... Ay, (the length is even since the graph is bipartite). If 2n > 4
then depending on orientation of the edge A1 A4 it is possible to find a cycle smaller than minimal in our
graph: either A1 A3A3A4 or A1A4A5 ... Asy,. So 2n = 4. Then it is not difficult to check that the II-graph
was induced on the vertices Ay, Ao, A3, A4 in the initial graph.

b) For instance, the A-graph, in other words, the settled 2-comb.

Solution of Problem 11. a) It is a partial case of the next subproblem.

b) Consider an arbitrary maximal clique containing the first group of vertices in the comb (they form
a clique) and any maximal anticlique containing the second group of vertices in the comb (they form an
anticlique). Their intersection contains at least one vertex, which forms a settled comb by being added to
the comb.
Solution of Problem 12.
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The main property of Gallai graphs.

Solution of Problem 13. Denote the given d-graph by G, and let v be one of its vertices. Notice that
there exists at most one colour such that if we exclude v from G then the subgraph of not this colour is not
connected: If G becomes non-connected when we omit the edges of the 1st colour, then all the edges between
its connected components are of the 1st colour. But the full bipartite graph is connected, hence if we omit
some other colour then the remaining graph will be connected. Suppose that for any vertex v there exists a
colour such that G — v is not connected without this colour. We showed that for each vertex there exists at
most one such colour (if for a vertex there are no such colours, then we are done). Colour this vertex in this
colour.

Notice that in any connected graph there exist at least two vertices such that deleting of them does not
break connectedness. To show this, take the spanning tree of this graph. Its terminal vertices can be deleted.
In our case, the initial graph without any fixed colour is connected, this means that for this colour there exist
at least two vertices such that deleting of them does not break the connectedness of the graph, i.e. coloured
not in this colour.

Suppose uis a vertex of the 1st colour. Let vy, vo,...,v, and wy,ws,...,w,, be a splitting of all the other
vertices of the graph such that these components are not connected without the 1st colour (in G —u). All the
edges between these two groups are of the 1st colour. We will name these groups by parts; a part containing
at least two vertices will be named big. If both parts are small, then either the given d-graph is a 3-coloured
triangle or it does not satisfy the conditions of the problem. Suppose that there exists at least one big part.
We have at least two vertices not of the 1st colour, while a small part can contain at most one of these vertices.
This means that at least one big part contains a vertex not of the 1st colour. Without loss of generality,
suppose it is the second part, i.e. m > 2, and wiis of the 2nd colour. Perform the same procedure for the
2nd colour. The vertices of G split into two parts, such that all the edges between these parts are of the 2nd
colour. But the edges (wsq,v1), (w2, v2),. .., (wa,vy,), (v1,ws), (v1,wy), ..., (v, wy) are of the 1st colour, this
means that wey,vq,vo,...,v,,ws,...,w, are in one part with respect to wy. Hence, u is in the other part,
and all the edges from u to all the other vertices, excluding wy, are of the 2nd colour.

Consider the 2nd vertex w] of colour k # 1. Perform the same procedure as with wy: Split all the other
vertices into two parts and look in which part with respect to u it belongs. If it belongs to a big part, then,
similarly, u is connected with all vertices but w} with the edges of colour k. Notice that this graph contains
some other vertices besides u, wy, and w) (since G contains at least 4 vertices). They are connected with u
with the edges of colours 2 and k simultaneously, hence, k = 2. It follows that all the edges incident to u
are of the 2nd colour. Hence, the initial d-graph is not connected if we exclude the edges of the 2nd colour.
Contradiction. We obtain that w] = vy, n = 1, and the vertices way, w3, ..., w,, are all of the 1st colour.

u
- -
S \ " e
w29 w3
Fig. 7
Delete ws. The vertices of the graph split into two parts in such a way that all the edges between them are
of the 1st colour. Since all the edges (u,v1), (u, ws), (u,ws), ..., (u,wy) are of the 2nd colour, all the vertices
u, V1, Ws, ..., Wy are in one part. Hence, wy is in the other part. We obtain that w; is connected with the
vertices u,v1,ws, Wy, ..., W, with the edges of the 1st colour. If m > 2, we obtain in the same way that

the edge (wq,ws) is of the 1st colour, which means that all the edges incident to wy are of the 1st colour.
Contradiction. Then m = 2. If the edge (w1, ws) is of the 2nd colour, then the given d-graph is a Il-graph.
If the edge (wq,ws) is of the 1st colour, then the initial d-graph without the edges of the 1st colour is not
connected. This is also a contradiction.

Solution of Problem 14. Induction on the number of vertices in the graph. The base for n = 3 is obvious:
at least one chromatic component is not connected. Perform the step. Suppose that n > 3 and all chromatic



8 CIS-GRAPHS

components are connected. Exclude one vertex (let a); if all the chromatic components remain connected,
then we use the statement of induction and find the 3-coloured triangle. Otherwise one of the chromatic
components (suppose the 1st) became disconnect. Let C1i,...,Cy be the connected components of the 1st
colour in the obtained graph; notice that for each of these components there exists an edge from a to this
component of the 1st colour.

Consider two components C; and C; and an edge connecting two their vertices ¢; and c¢;; without loss of
generality, let it be of 2nd colour. Take another vertex ¢ from Cj. If it is connected with ¢; with an edge of
the 3rd colour, then we get a 3-coloured triangle. It means that the edge ¢, — ¢; is also of 2nd colour, and so
on. One gets that for any two components C; and Cj all the edges between them are of the same colour.

Now return to the initial graph. All its chromatic components are connected, this means that a has an
edge of colour 2. Let this edge join a with a vertex ¢, € C,. If there exists a component Cs such that the
edges between Cs and C, are of another colour (denote this colour 3), then find a vertex ¢; € Cs such that
the edge a — ¢4 is of colour 1 (this is possible because the 1st connected component of the initial graph is
connected); then a, ¢, cs form a 3-coloured triangle.

We showed that all the edges joining C,. with all the other components are of colour 2. Similarly, if we take
an edge of colour 3 incident to a and consider the component C; incident to the second end of this edge, then
we obtain that all the edges connecting C; with other components are of colour 3. But this is impossible:
if r = t, notice that we have more than one component, and it is not clear edges of which colour link this
component with C,. If, otherwise, r # ¢, then it is not clear edges of which colour join C, and C;.
Solution of Problem 15. As in the solution of problem 6, we show that this family is closed under
substitution. To show the exact closeness, notice that for any vertex from the d-graph we can find d sets each
of which will be independent of the edges of its colour and will be maximal with this property. When d = 2,
as we noticed above, this family is not hereditary.

Solution of Problem 16. An obvious Lemma.Suppose that a Gallai d-graph has an edge of dth colour
and its dth chromatic component is not connected. Then all the edges between any two fixed connected
components of this chromatic component are of the same colour.

Its proof is a part of proof of 14.

The solution of the problem. We prove, using descent on k (k < d) the following statement:

Suppose we have a Gallai d-graph. Then it is the result of substitution of d-graphs G, G, ..., G, instead
of n vertices of a k-graph G, and G has at least two vertices.

This statement is obviously true for £ = d. Suppose it is true for a given k, prove it for kK — 1. Take a Gallai
d-graph and construct for this graph and for k£ the decomposition described above. From the previous problem
it follows that the obtained k-graph G and all the substituted subgraphs G1,Ga, ..., G, are Gallai d-graphs.
From problem 14 it follows that one of the chromatic components of the k-graph G is not connected. Let it
be the kth component and C1,Cs,...,C,, be the connected components of this chromatic component. We
denote by F; the subgraph of G with the set of vertices equal to C;. Using the Lemma, we obtain that G
is the result of substitution of some graphs F, Fy, ..., F,, instead of m vertices of a (k — 1)-graph H. If we
finally substitute the graphs G1,Go, ..., G, instead of some vertices of graphs Fy, Fy, ..., Fy, (if C; consists
of vertices numbered i1, @2, ..., ip, then we should substitute G;, , Gi,, ..., G;, in F; according to the numbers
of vertices). Suppose that we obtained graphs Hy, Ho, ..., H,,. Then the initial Gallai d-graph is the result
of substitution of d-graphs Hy, Ha, ..., H,, instead of vertices of a (k — 1)-graph H. We prove the necessary
statement when k& = 2.

Solution of Problem 17.

Jlemma. Suppose that a given Gallai graph has edges of colour d and d > 3. Then a graph on n wvertices
without edges belongs to F'.

Loxaszameavemeso. If F' contains at least one non-connected graph, then the graph having two vertices and
no edges also belongs to F' since this graph is the result of substitution of two graphs in a graph having two
vertices and no edges, where we take the first component as the first graph and all the other components as
the second graph. After this, we can obtain the graph with n vertices and no edges by substituting the graph
above into itself.

It remains to show that the family F' contains at least one non-connected graph. We denote by G the
graph given in the formulation of the problem. Use induction on the number of vertices of G. As we proved
in problem 16, G can be obtained as the result of a substitution of some d-graphs G1,Gs,...,G), instead of
n vertices of a 2-graph H with at least 2 vertices. This generates substitutions on the chromatic components
of G. Either one of G;s or H has edges of dth colour. Since the family F' is exactly closed, all the conditions
above remain true for the G; (or H) found above. If we apply the step of induction, we obtain the required.
Now prove the base of the induction. If we take a graph with 2 vertices which has an edge of colour d, then
its 1st chromatic component is not connected. U

Now solve the problem using induction on the number of vertices of G.
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The base. A graph with one vertex always belongs to a family of graphs exactly closed under substitution.

The step. The first case is if G contains edges of at most two colours. By the conditions, all its chromatic
components but at most one belong to F. We have at least one edge of dth colour, this means that the dth
chromatic components is a complement to one of the previous chromatic components, hence, it also belongs
to F. Now consider the second case, when G has edges of at least 3 different colours. As we showed in the
previous problem, we can obtain G as the result of substitution of some d-graphs G1,Go, ..., G, instead of
n vertices of a 2-graph H which has at least 2 vertices. Notice that the chromatic component of G of the
ith colour is the result of substitution the chromatic components of the ith colour of d-graphs G1,...,G,
instead of vertices of the ith chromatic component of the d-graph H (any 2-graph is a d-graph which has
edges of only two colours). By the condition, all but one chromatic components of G belong to the family F'.
Since F' is exactly closed under substitution, all the chromatic components, excluding, maybe, of colour d, of
d-graphs H,G1,Go, ..., G, belong to F. Each of these graphs has less vertices than . Using the induction
statement and lemma 17, we obtain that the dth chromatic component of each of these graphs belongs to
F. Since F is closed under substitution, the dth coloured component of the d-graph G also belongs to the
family F'.
Solution of Problem 18. Similarly to the solution of Problem 6.
Solution of Problem 19. Follows from Problems 10 and 23.
Solution of Problem 20. If x and y are terminal vertices, denote by P(z,y) the nearest vertex to the root
on the path connecting these vertices (it is also denoted their least common parent). It is easy to check that
for any two results of the game (which correspond to the terminal vertices of the tree) z, y, z the set of
vertices P(z,vy), P(y, z), P(z,z) has at most two vertices. Hence, at least two of the edges (x,y), (y, 2), (z,)
are of the same colour. In the same way (it can be checked by considering several cases) it can be checked
that we cannot find four vertices and colour their parents in such a way that this subgraph on 4 vertices is a
II-graph. The converse statement. We use induction on the number of vertices. The base is obvious. The
step: we showed in Problem 13 that there exists a colour (suppose the 1st), such that deleting of all the edges
of the 1st colour makes the graph non-connected (it is clear that all its components remain free from A and
IT). Using the statement of the induction, we may construct a tree for each of the connected components.
Then we can take the disjoint union of these graphs and add one vertex connected with all the roots of these
trees with the edges of the 1st colour. It is clear that we obtained the required tree.
Solution of Problem 21.

Solution of Problem 22.

Fig. 9
Solution of Problem 23. Suppose we have a C'IS-d-graph. Due to lemma in solution of problem 25 we
have all chromatic components are C'1.S-graphs.

Let all chromatic components be C'I.S-graphs. Let us prove that our d-graph is a C'IS-d-graph. Proof is
similar to proof of problem 17. We will make a sketch. The statement is obvious for 2-graphs. If we have edges
of at least three colours then we can use problem'‘s 16 statement. So let our d-graph is a result of substition
of G1,Go,...,G, to H, where the numbers of vertices of these graphs are less then the number of vertices
of our d-graph. Due to sixth problem all chromatic components of these new graphs are C'I.S-graphs. So we
use induction and obtain that they are C'IS-d-graphs. Finally due to problem 18 we obtain that our d-graph
is a C'IS-d-graph.

Solution of Problem 24. Follows from Problems 23, 17, 6.
Solution of Problem 25.

Jlemma. If we merge two colours of a CI1S-d-graph, then it remains a C'I1S-d-graph.

Joxazamenvcmeo. Consider a maximal set A of the vertices of this d-graph free from edges of colours 1 and
2. Let B and C be the maximal sets of vertices, such that B D A, C D A, and B and C are free from edges
of colours 1 and 2, respectively. Notice that BN C = A, because in the other case A could be extended. Let
Az, Ay, ..., Ag be the maximal sets of vertices free from edges of colours 3,4,...,d respectively. Since the
given graph is a C'IS-d-graph, intersection of all the sets B, C, Ag, Ay, ..., Ay is one vertex, this means that
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the intersection of the sets A, Asz, A4, ..., Aq is also one vertex. Hence, when we merge the 1st and the 2nd
colour, the graph remains a C'I.5-d-graph. U

Show that our graph does not contain 3-coloured triangles with the edges of colours 1, 2, and 3. Merge
all the edges of the 4th, 5th, ..., and dth colour with the 3rd colour. According to the Lemma, we obtain
a C'1S5-3-graph. By the condition, the CIS-3-graph does not contain 3-coloured triangles. Hence the initial
graph also does not contain 3-coloured triangles.

Solution of Problem 27. The solution is rather hard, it’s better to consult the article 17_2006.pdf.
Solution of Problem 28. Consider a vertex v. Denote by uq, us, ug, wi,ws, ws : a+ b- ¢+, where a,b and
¢ are integers, the following statement: if vertex v is linked with vertices u, and u. and it is not linked with
vertex wup then vertices ui,ue, us, wi, we,ws form 3-comb or 3-anticomb. More precisely, vertices ui,us, us
form a clique, vertices wy, ws, w3 form an anticlique, if vertices w1, us, ug, w1, wo, w3 form 3-comb then vertices
v; and wj are linked if and only if ¢ = j, if they form 3-anticomb then vertices v; and w; are linked if and
only if ¢ # j. If u; = v, then denote u; by x. If other cases a+ means that vertices v and v, are linked, and
a- — vice versa.

a) Note that G contains II-subgraphs which are not contained in A-subgraphs. For every such IT-subgraph
we add a vertex which settles II-graph to A-graph. All but one edges (or non-edges) between added vertex
and verteces of G19 we will draw because of our graph must not contain 3-comb neither 3-anticomb.

v%) II-subgraph 3 4 5 6 can not be settled to A-subgraph of Gjg, therefore there exists a vertex v with
edges 3- 4+ 5+ 6-.

45 v 36 8: 8+ Then vertices v and vg are not linked, in other words 8-.

Let v and vy be linked, in other words 1-+.

51v046: 1+ 0+ Then 0-.

91v864: 1+ 9+ Then 9-.

23480v:2-0- Then 2+

12980 v: 1+ 2+ 9- 0- Contradiction. Therefore 1-.

1593v8&809-

159v06: 9+ 0-

29v048: 2+ 9+ 0+

This means that 94 0+ 2-. In other words, vertices v and v; are linked if and only if vertices vy and v; are
not linked for ¢ # 7.

vg)II-subgraph 7 8 9 5 can not be settled to A-subgraph of Gy, therefore there exists a vertex v with edges
7- 8+ 9+ 5-.

289 v 5 T7:2-. In other words 2-+.

Let 1+.

12v805: 1+ 0+ Then 0-

89 v 704:0-4+ Then 4-

19v 835: 1+ 3+ Then 3-

12340 v: 1+ 3- 4- 0- Contradiction. Therefore 1-.

15974v:4-

89 v 7044+ 0-

190v 35 04 3-

Consequently we obtain 44 0+ 3-. Hence vertices v and v; are linked if and only if vertices vg and v; are
not linked for ¢ # 6.

Edge (vg,v%) If not then 346’ 1 7' 8

v} If we renumber vertices of G

(0,1,2,3,4,5,6,7,8,9) — (0,1,2,9,8,7,6,5,4,3),

we obtain vertices 5 and 6/, which are linked. IT-subgraph 7 5" 6’ 9 is not contained on A-subgraph of
Gho U vg U o7, therefore we obtain a vertex v with 7- 5’4 6’4 9-.

56879 v: 8. Then 8+.

Let 2+.

28v5 49: 2+ 4+ Then 4-

356 v 74:4- 3- Then 3+

23v074: 2+ 4- 34+ 0+ Then 0-

6/ 8 v075:0-5+ Then 5-

25906 v: 2+ 5- 0- Contradiction. Therefore 2-.

236" v97: 3+ Then 3-

356v74: 3-4- Then 4+

5 0v794: 4+ 0+ Then 0-

5 8 v39v: 3 6+ Then 6-
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Vertex v is linked with vertex v; if and only if vertex vy is not linked with v;.
Other vertices. We can renumber vertices of graph Gyp in such way

0,1,2,3,4,5,6,7,8,9) — (4,2,1,5,6,7,8,9,0,3) — (4,2,1,3,0,9,8,7,6,5,4).

So if we obtain vertex 6’, we automatically obtain vertices 0/, 8, 4’. Also we already have obtained vertices
7" and 1/, so we obtain all vertices 0/,1/,...,9".

b) In following items the phrase "If not then"is missed.

Edge (v},v5) 47 9206

Edge (vj,v))) 00 6/ 897 4

Edge (vg,v5)) 138 6’57

Edge (vg,v5)) 469407

Edge (vi,v))) 346" 7 5" 9 because we already have edges (vg, v%), (v5,vg), (vg, vg)
So we find all edges between vertices 3',4",...,9",0/.

Edge (2/,4) 104528

Edge (2/,6') 346" 752

Edge (2/,3') 3’56842

Using obtained results and renumbering we obtain an edge (1/,2"): 6 70" 2’ 3 1/

This is all.

Solution of Problem 29. a) Let vy and v} be linked. Consider II-graph 4 2 2’ 0. It can not be settled by
a vertex of 2G1g. Then there exists a vertex v such that 4- 2+ 2+ 0-.

1) We will prove first that 1-. Assume contrary and we will prove that vertices v and v; are linked if and
only if vertices v; and v; are linked.

So. 1+ 2+ 4- 0-.

12340v: 3. Then 3+.

23v3806: 6+ 8-

13v648:6-8+

Then either 6- 8- or 6+ 8+.

Let 6-. Then 8-.

12546 v: 5 6- Then 5+

12980 v: 8 9- Then 9+

59v 68 3:6- 8 5+ 9+ Contradiction. Therefore 6+ I1 8-+,

25 v 6 84: 5+ Then 5-.

19v 835: 9+ Then 9-.

So vertices v and wv; are linked if and only if vertices vy and v; are linked. Consider a new G1g which is
obtained from the old G1g by replacing the vertex v7 to v.

Vertex 5’ is linked with vertices 3 and 0 and it is not linked with vertices 4 and 9. Therefore similarly to
finding ¢4 in item a) in last problem we obtain that vertex 5’ is not linked to vertex v (vertex v takes place
of vertex vy). Vertex 4’ is linked with vertices 9 and 0 and it is not linked with vertices 3 and 5. Therefore
similarly to finding vj in item a) in last problem we obtain that vertex 4’ is not linked to vertex v (vertex
v takes place of vertex v7). Vertex 2’ is linked with vertices 4’ and 5’ (vertices 4’ and 5’ are opposite to
vertices 4 and 5 in new Gqp) and it is not linked with vertices 3 and 9. Therefore similarly to finding v} in
item a) in last problem we obtain that vertex 2’ is not linked to vertex v (vertex v takes place of vertex vr).
Contradiction.

2) Therefore 1-.

Let 6+.

15604 v:6+ 5 Then 5+

29v406: 6+ 9+ Then 9-

25 v 6 84: 5+ 6+ 84 Then 8-

25936 v: 3+ b+ 6+ 9- Then 3-

1593 v 8 3-8 9- 5+ Contradiction. Then 6-.

259v60: 5 9-

159v06: 5+ 9+

Therefore either 5+ 9- or 5- 9+-.

137v60:34 7+

237v06: 3 7-

Therefore either 34 7- or 3- 7+.

13794 v:3 7+ 9-

15974 v:5 7-9+

Therefore either 3+ 5+ 7- 9- or 3- 5- 7+ 9+.
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3) Let 3- 5- 7+ 9+. So vertices v and v; are linked if and only if vertices vg and v; are linked. Consider a
new G1g which is obtained from the old G1g by replacing the vertex vg to v.

Vertex 5’ is linked with vertices 3 and 0 and it is not linked with vertices 4 and 9. Therefore similarly to
finding ¢% in item a) in last problem we obtain that vertex 5’ is not linked to vertex v (vertex v takes place
of vertex vg). Vertex 4’ is linked with vertices 9 and 0 and it is not linked with vertices 3 and 5. Therefore
similarly to finding vj in item a) in last problem we obtain that vertex 4’ is not linked to vertex v (vertex
v takes place of vertex vg). Vertex 2’ is linked with vertices 4’ and 5’ (vertices 4’ and 5’ are opposite to
vertices 4 and 5 in new Gqp) and it is not linked with vertices 3 and 9. Therefore similarly to finding v} in
item a) in last problem we obtain that vertex 2’ is not linked to vertex v (vertex v takes place of vertex vg).
Contradiction.

4) Let 3+ 5+ 7- 9- 8-. So vertices v and v; are linked if and only if vertices vy and v; are linked. Consider
a new G19 which is obtained from the old G1¢ by replacing the vertex v4 to v.

Vertex 9’ is linked with vertices 7 and 6 and it is not linked with vertices 8 and 5. Therefore similarly to
finding v in item a) in last problem we obtain that vertex 9’ is not linked to vertex v (vertex v takes place
of vertex vy). Vertex 8’ is linked with vertices 5 and 6 and it is not linked with vertices 7 and 9. Therefore
similarly to finding vj in item a) in last problem we obtain that vertex 4’ is not linked to vertex v (vertex
v takes place of vertex vg). Vertex 2’ is linked with vertices 9’ and 8 (vertices 9’ and 8 are opposite to
vertices 9 and 8 in new Gqp) and it is not linked with vertices 7 and 5. Therefore similarly to finding v} in
item a) in last problem we obtain that vertex 2’ is not linked to vertex v (vertex v takes place of vertex vy).
Contradiction.

5) Let 3+ 5+ 7- 9- 8+

1597v6:6-

ve6' 8507 6+

The end.

b) Switch pair of vertices 1 and 2 and pair of vertices 1’ and 2’ in 2G19. Then both Gy9 become P.

c¢) In item a) we proved that one of uncertain edge is non-edge. Due to big amount of good renumbering of
2P we obtain that all of uncertain edges are non-edges. It is easy to see that complement to 2P is 2P again.
Consider the complement to G. It is easy to see that it satisfies condition but all uncertain edges of 2P are
edges in the complement to G. Contradiction.
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Abstract. We say that a graph G has the CIS-property and call it a CIS-graph if
every maximal clique and every maximal stable set of G intersect.

By definition, G is a CIS-graph if and only if the complementary graph G is a CIS-
graph. Let us substitute a vertex v of a graph G’ by a graph G” and denote the
obtained graph by G. It is also easy to see that G is a CIS-graph if and only if both
G’ and G are CIS-graphs. In other words, CIS-graphs respect complementation
and substitution. Yet, this class is not hereditary, that is, an induced subgraph
of a CIS-graph may have no CIS-property. Perhaps, for this reason, the problems
of efficient characterization and recognition of CIS-graphs are difficult and remain
open. In this paper we only give some necessary and some sufficient conditions for
the CIS-property to hold.

There are obvious sufficient conditions. It is known that Ps-free graphs have the
CIS-property and it is easy to see that G is a CIS-graph whenever each maximal
clique of G has a simplicial vertex. However, these conditions are not necessary.
There are also obvious necessary conditions. Given an integer k > 2, a comb (or
k-comb) Sy is a graph with 2k vertices k of which, vy, ..., vk, form a clique C, while
others, v/, ..., v}, form a stable set S, and (v;, v}) is an edge for all i = 1,...,k, and
there are no other edges. The complementary graph S}, is called an anti-comb (or
k-anti-comb). Clearly, S and C' switch in the complementary graphs. Obviously, the
combs and anti-combs are not CIS-graphs, since C NS = (). Hence, if a CIS-graph
G contains an induced comb or anti-comb then it must be settled, that is, G must
contain a vertex v connected to all vertices of C' and to no vertex of S. However,
these conditions are only necessary.

The following sufficient conditions are more difficult to prove: G is a CIS-graph
whenever GG contains no induced 3-combs and 3-anti-combs, and every induced 2-
comb is settled in G. It is an open question whether G is a CIS-graph if G contains
no induced 4-combs and 4-anti-combs, and all induced 3-combs, 3-anti-combs, and
2-combs are settled in G.

We generalize the concept of CIS-graphs as follows. For an integer d > 2 we define
a d-graph G = (V; Ey,...,Ey) as a complete graph whose edges are colored by d
colors (that is, partitioned into d sets). We say that G is a CIS-d-graph (has the
CIS-d-property) if ﬂ?zl C; # 0 whenever for each i = 1,...,d the set C; is a maximal
color i-free subset of V, that is, (v,v") € E; for any v,v’ € C;. Clearly, in case d = 2
we return to the concept of CIS-graphs. (More accurately, CIS-2-graph is a pair of
two complementary CIS-graphs.) We conjecture that each CIS-d-graph is a Gallai
graph, that is, it contains no triangle colored by 3 distinct colors. We obtain results
supporting this conjecture and also show that if it holds then characterization and
recognition of CIS-d-graphs are easily reduced to characterization and recognition
of CIS-graphs.

We also prove the following statement. Let G = (V; Ey, ..., E;) be a Gallai d-graph
such that at least d — 1 of its d chromatic components are CIS-graphs, then G has
the CIS-d-property. In particular, the remaining chromatic component of G is a
CIS-graph too. Moreover, all 2¢ unions of d chromatic components of G are CIS-
graphs.

Key words: CIS-graphs, CIS-property, clique, clique-kernel intersection property,
graph, independent set, simplicial vertex, stable graph, stable set, substitution.
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1 Introduction.

1.1 CIS-graphs and simplicial vertices

Given a graph G, we say that it has the CIS-property, or equivalently that G is a CIS-graph,
if every maximal clique C' and every maximal stable set .S in G intersect. Obviously, they
may have at most one common vertex and hence |C' N S| = 1. It is convenient to represent
a CIS-graph G as a 2-dimensional box partition, that is, a matrix whose rows and columns
are labeled respectively by the maximal cliques and stable sets of G and whose entries are
the (unique) vertices of the corresponding intersections. For example, Figure 1 shows four
CIS-graphs and their intersection matrices. More examples are given in Figures 6, 7 and 10.

The CIS-property appears in the survey [6] (under the name clique-kernel intersection
property) but no related results are mentioned. Indeed, natural problems of efficient charac-
terization and recognition of the CIS-graphs look difficult and remain open. Perhaps, one of
the reasons is that the CIS-property is not hereditary. Indeed, if C' NS = {v} then C'\ {v}
and S\ {v} may become disjoint maximal clique and stable set after v is deleted.

On the positive side, by definition, the CIS-property is self-complementary, that is, G is
a CIS-graph if and only if the complementary graph G is a CIS-graph.

We start with a simple sufficient condition. Given a graph G = (V, E), a vertex v € V is
called simplicial if its neighborhood N|v] is a clique.

Clearly, if a maximal clique C' of G contains a simplicial vertex v then it is a private
vertex of C, that is, v cannot belong to any other maximal clique, except C. Vice versa,
every private vertex v of a maximal clique C' is simplicial, since in this case N[v] = C.

Moreover, in this case C NS # () for every maximal stable set S in G. Indeed, if
SN(C\{v}) =0 then v € S, since S is maximal. Thus, we obtain the following statement.

Proposition 1. Graph G is a CIS-graph whenever

(s)  every mazximal clique of G has a simplicial vertez. O

Let us remark that condition (s): is only sufficient but not necessary. For example, (s)
holds for the first graph in Figure 1 but not for the other three graphs. Let us also remark
that (s) does not hold for both graphs in Figure 2. Furthermore, (s) holds for the graphs
of Figures 6, 7, and 10 and (s) does not hold for the graphs of Figures 4, 5, and 9, because
they are not CIS-graphs.

By Proposition 1, given an arbitrary graph G, we can get a CIS-graph G* just adding a
simplicial (private) vertex ve to each maximal clique C' of G that does not have one.

Let us remark that we have to add such a vertex to C' even when C' NS # () for each
maximal stable set S in G, since otherwise C' may become disjoint from a new maximal
stable set of G*; consider, for example, G = Cg.

Obviously, the size of G* may be exponential in the size of G.

Corollary 1. Any graph G is an induced subgraph of a CIS-graph.
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Figure 1: Four CIS-graphs and their intersection matrices.
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Figure 2: Complements to the first two graphs in the previous Figure. (Obviously, for every graph
G the intersection matrix of G is the transposed of the intersection matrix of G.)

Proof. Indeed, for any graph G the CIS-graph G* contains G as an induced subgraph. [

Thus, CIS-graphs cannot be characterized in terms of forbidden induced subgraphs. This
is not surprising, since the CIS-property is not hereditary.

Remark 1. Interestingly, this mapping f : G — G° can be viewed as a “bridge” between
perfect graphs and cooperative games [2]. Given a graph G = (V, E), let C = Cq and S = Sg
be, respectively, the families of all maximal cliques and stable sets of G. Let us assign a
player (voter) ic to each mazimal clique C' € Cq and an outcome (candidate) ag to each
mazimal stable set S € Sg. Furthermore, to every vertexr v € V' let us assign a coalition of
players K, = {ic | v € C} C Cq and block of outcomes B, = {ag | v € S} C Sg. Then
let us introduce a family of coalitions Kg = {K, | v € V'} and define an effectivity function
Eq:2° x 25 — {0,1} by formula Eq(K,B) =1 iff K, C K and B, C B for somev € V. It
is proved in [2, 3, 4] that the following claims are equivalent:

(i) Graph G is perfect;

(ii) Effectivity function Eg is stable;

(i11) Family of coalitions K¢ is stable.

(iv) Family of coalitions Kgs is partitionable.

A family of sets is called partitionable if every its minimal balanced subfamily is a par-
tition. A family of coalitions or an effectivity function is called stable if the corresponding
core is not empty for any utility function. We refer to [2, 3, 4] for accurate definitions.

1.2 Almost CIS-graphs and split graphs

We will call a graph G = (V, E) an almost CIS-graph if every (maximal) clique C' and stable
set S in G intersect, except for a unique pair (Cp, Sp).

By definition, almost CIS-graphs are closed under complementation. However, unlike
CIS-graphs, they are not closed under substitution.

Notice that, by definition, the families of CIS- and almost CIS-graphs are disjoint.
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Let us recall that G = (V| E) is a split graph if V' = Cy U Sy, where Cy and Sy are
(maximal) clique and stable set, respectively. Foldes and Hammer [15] showed that split
graphs are exactly (Cy, Cy, C5)-free graphs.

It is not difficult to see that every split graph is either a CIS-graph or an almost CIS-
graph. More precisely, the following claim holds.

Proposition 2. Let G = (V, E) be a split graph in which Cy and Sy are maximal and
V =CyUSy. If CoynN Sy # 0 then G is a CIS-graph, otherwise, if CoyN Sy =0, then G is an
almost CIS-graph in which (Cy, Sp) is the only disjoint pair.

Proof. Obviously, for each maximal clique C' and stable set S in G we have: Co NS # ()
unless S = Sy and C' N Sy # 0 unless C' = Cy. Let us assume that both intersections are
non-empty (then, clearly, each of them consists of a single vertex) and denote Cy NS by vg
and C'N Sy by ve. If ve = vg then C' NS = {vg} = {vg}. Otherwise, if (vo,vs) € E then
CNS={vs};if (vo,vs) & FE then C NS = {vc}. In any case C NS # ().

Thus, if C NS = then C = Cy, S =Sy, and CyN Sy = 0. O

Conjecture 1. Fvery almost CIS-graph is a split graph.

By [15], it would be sufficient to show that almost CIS graphs are (Cy, Cy, C5)-free.

It would be also sufficient to prove that if (Cp, Sp) is the unique disjoint pair of an almost
CIS-graph G = (V, E) then V = Cy U Sy, that is, V' = V \ (Cy U Sy) = 0. However, we
can only show that the corresponding induced subgraph G[V'] cannot be a split graph. In
other words, G is not almost CIS-graph whenever V = Cy U Sy U C U S, where C' and Cj
are cliques, S and Sy are stable sets, Cy and Sy are maximal, and Cy NSy = (. However, we
cannot prove that V' = 0.

Obviously, given a split graph G with a unique disjoint pair Cy N Sy = 0, we can get a
split CIS-graph G by adding to G the new vertex vy which is connected to each vertex of

Cp and to no vertex of Sp. In other words, vg is a simplicial vertex of C'U {vo} in Gy and of
S U {’Uo} in GO.

1.3 P,-free CIS-graphs

We proceed with the following simple observation: every P,-free graph is a CIS-graph; see
e.g. [12, 13, 16, 18, 19, 21, 25, 37]. In fact, a stronger claim holds. We say that a set T C V
is a transversal of the hypergraphs H C 2V if T N H # () for all hyperedges H € H. The
family of minimal transversals of H is denoted by H? and is called the dual of H. Given
a graph G = (V, E) we assign to it two hypergraphs, C = Cg the collection of all maximal
cliques of G, and § = S the collections of all its maximal stable sets.

Proposition 3 ([18, 21, 25]). A graph G has no induced Py if and only if the hypergraphs C
and S of all maximal cliques and stable sets of G are dual hypergraphs. O

Furthermore, Pj-free graphs are closely related to read-once Boolean functions and 2-
person positional games, see for definitions, e.g., [17, 20, 21, 25].
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Remark 2. Read-once Boolean functions can be efficiently characterized, since their co-
occurrence graphs are Py-free, [12, 15, 18, 19, 21, 25]. Moreover, the normal forms of
positional 2-person games with perfect information can be characterized by Proposition 3
[19, 20, 21]. Such a normal form is exactly the intersection matriz of the maximal cliques
and stable sets of the corresponding graph, where the final positions (outcomes) of the game
are in one-to-one correspondence with the vertices of this graph. See an example in Figure 3,
where the monotone Boolean functions Fs = 13V 24 and Fo = (1V 3)(2V 4) corresponding
to the hypergraphs S = {(1,3),(2,4)} and C = {(1,2),(2,3),(3,4),(4,1)} are read-once.

0 Q
[
—~
/=

=
w o
S—
==
ul\.’) [\]
NSt

Figure 3: A Py-free graph and the corresponding positional and normal game forms

However, the absence of induced Pjs is only sufficient but not necessary for the CIS-
property to hold. Let a graph G contain an induced P, defined by (vy,v}), (va, v5), (v1, vg).
The clique {vy, v2} and stable set {v], v} are disjoint. Hence, they cannot be maximal in G
if it is a CIS-graph. In other words, G must contain a fifth vertex vy such that (v, v1), (vg, v2)
are edges, while (v, v}]), (v, v4) are not. In this case we will say that P, is settled by vy, cf.
[32]. Let us note that the graph induced by {vg, v1, ve, v], v5} is a CIS-graph, see Figure 6.

Thus, every induced P, in a CIS-graph must be settled. This condition is necessary, as
we argued above, yet, it is not sufficient, according to the following examples.

1.4 Combs and anti-combs

Given an integer k > 2, a comb (or k-comb) S is defined as a graph with 2k vertices
k of which form a clique C' = {vy,..., v}, while the remaining k form a stable set S =
{vi,...,v.}. In addition, Sy contains the perfect matching (v;,v}) fori =1,...,k, and there
are no more edges in Si. Let us note that graphs S, and P, are isomorphic. Furthermore,
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S3 contains 3 induced Sy and all 3 are settled. More generally, S, contains k induced Si_;
and they all are settled. Figure 4 shows Sy, for k = 2,3, and 4.

Figure 4: Combs Sy, for £k = 2,3 and 4

The complementary graph S}, is called an anti-comb (or k-anti-comb). Figure 5 shows S},
for k = 2,3, and 4.

Figure 5: Anti-combs Sy, for k = 2,3 and 4.

Clearly, the sets S and C are switched in S;, and Sj. It is also clear that combs and
anti-combs are not CIS-graphs, since they contain a maximal clique C' and stable set .S that
are disjoint. Hence, if a CIS-graph G contains an induced comb Sy (respectively, anti-comb
Sj) then it must be settled, that is, G must contain a vertex vy adjacent to each vertex of
C and to no vertex of S. Thus, the following condition is necessary for the CIS-property to
hold.

(COMB)  Every induced comb and anti-comb must be settled in G.

Figures 6 and 7 show settled combs and anti-combs. It is easy to verify that they are

complementary CIS-graphs. Hence, the corresponding intersection matrices are mutually

transposed.
The following obvious properties of combs and anti-combs are worth summarizing:

e The 2—g)mb Sy and 2-anti-comb S, are isomorphic, while the k-comb S) and k-anti-
comb Sy are not isomorphic for k£ > 2.
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| 012’ | 12/ | 172
02| 0 | 1| 2
| v o| 1|
22/ | 2 | 2 | 2

| 012’3 | 123’ | 123" | 1'2'3

Figure 6: Settled combs S, for k = 2,3 and 4.

0123 0 1 2 3

11’ 1 1 Iy Iy

22/ 2/ 2/ 2 2/

33/ 3 3’ 3 3

01'2'3'4" | 12'3'4" | 1'23'4" | 12'34' | 12’34

01234 0 1 2 3 4
11 1 1 1 Iy Iy
22/ 2/ 2/ 2 2/ 2/
33 3 3 3 3 3’
44’ 4 4 4 4 4

e The k-comb S) contains (:1) induced m-combs 5, that are all settled in Sy, yet, it

contains no induced m-anti-combs @for m > 2; respectively, the k-anti-comb Sk
contains (:Z) induced m-anti-combs S,, that are all settled in Sj, yet, it contains no

induced m-combs S,,, for m > 2.

e The settled k-comb and anti-comb are complementary CIS-graphs.

Obviously, COMB is a necessary condition for the CIS-property to hold. Yet, it is not
sufficient, as we will see in Section 1.5. Let us introduce the following stronger condition.

COMB(3,3)  There is no induced 3-comb or 3-anti-comb, and every induced 2-comb is

settled in G.

Our main result claims that this stronger condition already implies the CIS-property.

Theorem 1. A graph G is a CIS-graph whenever it satisfies COMB (3,3 ).
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Figure 7: Settled anti-combs Sy, for k = 2,3 and 4.

We give the proof in Section 2. It contains a complicated case analysis in which one
of the cases is especially interesting and results in a remarkable graph that is “almost”
a counterexample to Theorem 1. This graph 2P (see Figure 8) consists of two identical
copies of the Petersen graph induced by the vertices vy, ...,v9 and vy, ..., vy respectively.
Furthermore, (v}, v;) is an edge if and only if (v;, v;) is not, for all ¢ # j. Ten remaining pairs,
(vi,v}), i = 0,...,9, are uncertain, that is, configuration 2P represents in fact 2!° possible
graphs rather than one graph. The following properties of 2P are easy to see.

(a) 2P is isomorphic to its complement.

(b) 2P is regular of “degree 9.5”, that is, each vertex is incident to 9 edges and belongs to
one uncertain pair.

(c) For every two vertices u, v there is an automorphism « of 2P such that a(u) = v.
(d) None of the 2! graphs of 2P contains an induced 3-comb or 3-anti-comb.

(e) Every induced 2-comb in all 219 graphs of 2P involves a pair v;, v} for some i = 0,...,9.

In fact, 36 induced 2-combs appear, whenever we substitute a pair v;, v, by an edge (or
by a non-edge). It is easy to see that none of these 2-combs can be settled by a vertex of 2P,
and if it is settled by a new vertex then an unsettled 3-comb or 3-anti-comb always appears.
Thus, the case under consideration does not lead to a counterexample, and a complete case
analysis yields the proof of Theorem 1, see Section 2.

Four examples of CIS-graphs satisfying condition COMB(3, 3) are given in Figure 1.

It would be interesting to analyze the following relaxations of condition COMB(3, 3)
that are still stronger than COMB. Given integers i, 7 > 2, we say that a graph G satisfies
condition COMB (4, 7) if all induced combs and anti-combs in G are settled and, moreover, G
contains no induced S; and S;. By a natural convention we have COMB = COMB (00, ).

Clearly, condition COMB(2,2) implies the CIS-property, since it means that the graph
is Pj-free. In fact, we have COMB(2,2) = COMB(2,:) = COMB(i,2) for every i > 2,
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Figure 8: Graph 2P.

since the 2-comb S, = P, is self-complementary and every comb and anti-comb contains
an induced 2-comb. Furthermore, condition COMB(%, j) is monotone in the sense that it
implies COMB (7', j') for all i <7 and j < j', and symmetric, in the sense that COMB (i, 7)
implies the CIS-property if and only if COMB(j,7) does (due to the fact that G is a CIS-
graph if and only if its complement G is a CIS-graph).

According to Theorem 1, condition COMB(3, 3) implies the CIS-property. However, it
is not known whether COMB(4,4) or COMB(3, j) for some j > 4 imply the CIS-property
or not. Certainly, condition COMB(5, 4) does not, as the next section shows.

1.5 (n,k,{)-graphs and their complements

The following graph G = (V, E') was suggested by Ron Holzman in 1994. It has (51)) + (g)
= 5+ 10 = 15 vertices, where subsets S = {vy,...,v5} and C' = {v12,...,v45} induce a
stable set and clique, respectively; V' = C'US (hence, G is a split graph); furthermore, every
pair (v;, v;;), where 4, j =1,...,5 and i # j, is an edge, and there are no more edges. Let us

denote this graph by G(5,1,2), see Figure 9.

Figure 9: Graph G(5,1,2) was constructed by Ron Holzman in 1994.

It is easy to verify that G(5,1,2) contains no induced 5-combs and 4-anti-combs. In
section 3 we will show that all induced combs and anti-combs in G(5,1,2) are settled. For
example, the 4-comb induced by vertices (vig, v13, V14, V15, Vs, U3, Uy, U5) is settled by v; and
the 3-anti-comb induced by (vis,v13, Va3, V1, U2, v3) is settled by wvgs, etc. Thus, the graph



PAGE 12 RRR 17-2006

G(5,1,2) satisfies condition COMB(5,4), however, it is not a CIS-graph, since C' NS = {).
Let us notice that the settled extension of G(5,1,2) is a CIS-graph, see Figure 10.

01213141523

2425343545 | 112131415 | 212232425 | 313233435 | 414243445 | 515253545
012345 0 1 2 3 4 )
12345 12 12 12 3 4 )
13245 13 13 2 13 4 )
14235 14 14 2 3 14 5
15234 15 15 2 3 4 15
23145 23 1 23 23 4 5
24135 24 1 24 3 24 )
25134 25 1 25 3 4 25
34125 34 1 2 34 34 )
35124 35 1 2 35 4 35
45123 45 1 2 3 45 45

Figure 10: Settled G(5,1,2).

We generalize the above example as follows. Given integers n, k, ¢ such that n > k > 1
and n > ¢ > 1, consider a set S (respectively, C') consisting of (Z) (respectively, (’Z)) vertices
labeled by k-subsets (respectively, by f-subsets) of a ground n-set. Let us introduce the
graph G(n, k,?) on the vertex-set C'U S such that S is a stable set, C' is a clique, and a
vertex of S is adjacent to a vertex of C' if and only if the corresponding k-set is either a
subset or a superset of the corresponding ¢-set. Obviously, G(n,k,¥) is not a CIS-graph,
since C'N S = (). However, some of these graphs satisfy the condition COMB, for example,
G(5,1,2). Moreover, G(5, 1,2) satisfies the stronger condition COMB(5, 4).

By definition, G(n,1,1) = S, is an n-comb and G(n,n — 1,1) = S,, is an n-anti-comb.
Furthermore, it is easy to see that

(i) the graphs G(n,k,¢) and G(n,n — k,n — ¢) are isomorphic.

Hence, without loss of generality we can assume that & < ¢ and even that k < ¢, since
G(n, k, k) is just a comb S/ny. Then, from the simple fact that a set contains an element if
k

and only if the complementary set does not contain it, we derive

(ii ) the graphs G(n, k,1) and G(n,1,n — k) are complementary.
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Thus, the graphs G(n, k,n — 1) and G(n,n — k, 1) are isomorphic by (i) and complementary
to G(n,1,k) by (ii). Hence, without loss of generality we can assume that ¢ < n — 2.
Summarizing, we will assume in the sequel that

1<k<l(<n-2. (1.1)

In section 3 we will prove the following two claims analyzing the existence of unsettled
anti-combs and combs in G(n, k, ().

Theorem 2.

(i) Each induced anti-comb in G(n,k,{) is settled whenever

kE+1
n>T€.

(ii) An unsettled induced anti-comb ezists in G(n,k, ) whenever

k+€§n§%€.

Theorem 3.

(a) Each induced comb is settled in G(n,1,£), and it is settled in G(n,2,() whenever

n < 20—3.

(b) An unsettled induced comb exists in G(n, k,{) for k > 2 whenever

k T k r
> —_ _= —_ —_ 2—
n_k_lf - or n k—lg = 1Land 0 >r+k* —k,

where r = (mod k —1) and r € {2,3, ..., k}.

Let us denote by G the subfamily of graphs G(n, k, ¢) whose induced combs and anti-
combs are all settled and n, k, ¢ satisfy (1.1).

Corollary 2. For k=1 and k = 2 the membership in G is characterized as follows:
Gn,1,0) e G iff n>20
G(n,2,0) e G iff 20—3>n>(3/2)L.
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Proof. By (1.1) we have n > £+ 2 > { + k, whenever k < 2, and thus, by Theorem 2, all
induced anti-combs are settled in G(n, k,¢) for k < 2 if and only if n > *£1¢. This and (a)
of Theorem 3 then implies the claim for k£ = 1.

If £ =2 then G(n,2,/) has an unsettled comb, by (b) of Theorem 3, if n > 2¢ — 2 or if
n =2¢—3 and ¢ > 4, since r = 2 in this case. However, if n = 2¢ — 3 then ¢ > 5 by (1.1).
Hence, the second condition holds automatically, and therefore by (a) and (b) of Theorem
3, we can conclude that G(n,2,¢) has an unsettled comb if and only if n > 2¢ — 3. O

Thus, for k =1 we get {G(5,1,2),G(6,1,2),G(7,1,2),G(7,1,3),...} C G and for k =2
we get {G(14,2,9), G(16, 2, 10), G(17,2,11), G(18,2,11), G(19,2, 12), G(20,2,13),...} C G.

Remark 3. Notice that conditions (i) and (ii) of Theorem 2 provide an almost complete
characterization of the existence of unsettled anti-combs in G(n,k,l). However, it is not
clear if condition n > k + £ in part (ii) is necessary. Note that if k < 2, then this condition
holds automatically by (1.1). For instance, we do not know if G(8,3,6) has an unsettled anti-
comb. Computer experiments show that there are no unsettled m-anti-combs for m < 10. In
any case, G(8,3,6) has an unsettled 6-comb, by Theorem 3.

Let us also note that we know much less about combs. For instance, we could only treat
the case of k < 2 in (a) of Theorem 3, though we conjecture that a similar claims can hold for
all k. For example, G(10,3,8) is the smallest graph for which we do not know if it contains
an unsettled comb or anti-comb.

Based on the proofs of the above theorems and on several numerical examples we conjec-
ture that membership in G can be characterized by inequalities of the approximate form

k
—_ > > —0 — .
o HOk) = n = == O(k)

This is certainly the case for k < 2, by Corollary 2.

By definition, in a graph G = G(n, k,{) € G, as well as in its complement G, all induced
combs and anti-combs are settled, that is, both G and G satisfy the condition COMB. Let
us notice however that G is not an (n, k, £)-graph unless k = 1. (Recall that G(n, 1, /) and
G(n,n — ¢, 1) are complementary.)

It seems that every non-CIS-graph satisfying COMB contains either an induced G(n, k, £)
G or its complement. At least, we have no counterexample for this claim.

Let us add that, unlike the case of combs and anti-combs, one graph from G may contain
another as an unsettled induced subgraph. For example, G(6,1,2) contains an unsettled
induced G(5,1,2), while in G(7,1,2) all induced G(5,1,2) are settled. Yet, in G(7,1,2)
there is an unsettled induced G(6,1,2). Vice versa, in G(7,1,3) each induced G(6,1,2) is
settled but there are unsettled induced G(5, 1, 2). Further, in G(8, 1, 3), all induced G(5,1,2)
and G(7,1,2) are settled but there are unsettled induced G(6,1,2) and G(7,1,3). Due to
this “non-transitivity”, in order to enforce the CIS-property for a graph G, it seems easier
to assume that all induced subgraphs from G as well as their complements are settled in G.
Of course, it is even simpler to assume that G does not contain such subgraphs at all.
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Conjecture 2. If G contains no induced G(5,1,2) nor its complement G(5,3,1) and all
induced combs and anti-combs are settled in G then G is a CIS-graph.

We remark here that G(n, k,[) contains an induced G(n’, k’,1') whenever n’ < n, k' <k,
and I’ < [.

Remark 4. Let us note that CIS-graphs and perfect graphs look somewhat similar. Both
classes are closed with respect to complementation and substitution. Odd holes and anti-
holes are similar to combs and anti-combs. The following two tests look similar too: whether
G contains an induced odd hole or anti-hole and whether G contains an induced unsettled
comb or anti-comb. It seems that CIS-graphs, like perfect graphs, may allow a simple char-
acterization and a polynomial recognition algorithm (that may be very difficult to obtain,
though).

However, there are dissimilarities, too. The property of perfectness is hereditary, unlike
the CIS-property. Also, there are non-CIS-graphs in which all induced combs and anti-
combs are settled. (By Conjecture 2, every such graph contains an induced G(5,1,2) or its
complement G(5,3,1).)

Remark 5. CIS-graphs were recently mentioned (under the name of stable graphs) in [38],
where it is shown that recognition of stable graphs is a special case of a difficult problem
(strongly bipartite bihypergraph recognition problem) introduced in this paper. Based on this
observation, the authors conjecture that recognition of stable graphs is co-NP-complete. How-
ever, we conjecture that this problem is polynomaial.

The following relaxzation of the CIS-property was considered in [26] and [36].

Triangle condition: for every mazimal stable set S and every edge (u,v) such that
u,v € S there exists a vertex w € S such that vertices u,v,w induce a clique.

Obuviously, each CIS-graph has this property.

1.6 Gallai’s and CIS-d-graphs.

Let us generalize the concept of a CIS-graph as follows. For a given integer d > 2, a complete
graph whose edges are colored by d colors G = (V; Ey, ..., Ey) is called a d-graph. To a given
d-graph G let us assign a family of d hypergraphs C = C(G) = {C; | i = 1,...,d} on the
common vertex-set V', where the hyperedges of C; are all inclusion maximal subsets of V'
containing no edges of color i. We say that G is a CIS-d-graph (has the CIS-d-property) if
ﬂ?zl C; # 0 for all selections C; € C; for i = 1,...,d. Obviously, such an intersection can
contain at most one vertex. If d = 2 then we obtain the original concept of C'IS-graphs.
(More accurately, CIS-2-graph is a pair of two complementary CIS-graphs.) Similarly to
CIS-graphs, CIS-d-graphs also satisfy a natural requirement that can be considered as a
generalization of settling. Assume that X, is a clique in the subgraph G; = (V, U, E}) for
i =1,...,d, and that N, X; = (). Then, these cliques cannot all be maximal and, hence,
there must be a vertex x € V such that for every ¢ = 1, ...,d and y € X; we have (z,y) &€ E;.
We will say in this case that {X,..., Xy} are settled by z.
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Given a CIS-d-graph G, let us assign to it a d-dimensional table g = ¢(G), that is, a
mapping g : C; X - - - x Cg — V defined by the rule: ¢g(C, ..., Cy) = v whenever {v} = NL,C;.
Let us observe that this d-dimensional array is partitioned by the elements of V into n = |V/|
sub-arrays called bozes, since the following implication holds:
if g(Cy,...,C) = g(CY,...,CY) = v, then v belongs to all these 2d sets, and hence,
g(Cy, ..., Cy) = v for all 2¢ choices C; € {C!/,CI'},i=1,...,d.

Let us further introduce two special edge colored graphs. Let Il denote the 2-colored
graph whose both chromatic components form a Py, that is, V' = {vy,v9,v3,04}; By =
{(v1,v2), (v2,v3), (v3,v4) }, and Ey = {(ve, v4), (v4,v1), (v1,v3)}. Furthermore, let A denote
the 3-colored triangle, for which V' = {vy,v9,v3}, E1 = {(v1,v2)}, Ea = {(v2,v3)}, and
E3 = {(vs,v1)}. Figure 12 illustrates these graphs.

Figure 11: Colored IT and A.

Figure 12: Colored IT and A (in black and white for printing).

Proposition 4 ([19, 21]). Every II- and A-free d-graph is a CIS-d-graph. O
In fact, a stronger claim holds.

Proposition 5 ([19, 20, 21]). A d-graph G is I1- and A-free if and only if the corresponding
mapping g(G) defines the normal form of a positional d-person game with perfect information
whose final positions (outcomes of the game) are in one-to-one correspondence with the
vertices of G. O

For example, let us consider the II- and A-free 3-graph G given in Figure 13. For this
graph we have C; = {(1,3),(2,4)}, C; = {(1,2,4),(2,3,4)}, and C3 = {(1,2,3),(1,3,4)}.
The mapping ¢(G) and the corresponding positional game are shown in Figure 13.

Another example of a II- and A-free 3-graph is given in Figure 14. In this case C; =
{(1),(2,3,4)}, C2 = {(1,3),(1,2,4)}, and C3 = {(1,2,3),(1,3,4)}. The mapping ¢(G) and
the corresponding positional game are shown in Figure 14.

Of course, the condition that a d-graph G must be II- and A-free is only sufficient but not
necessary for the CIS-d-property to hold. On the other hand, the following condition is clearly
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e = {(13)(24)}

¢ = {(124)(234)}

¢ = {(123)(134)}
13 24
1 1 124 2 4
3 3 234 2 4
1 1 1 1
2 3 2 3
3 4 3 4

Figure 13: A II- and A-free 3-graph and the corresponding positional and normal game forms.

necessary. Given a d-graph G = (V; E, ..., Ey) and a partition P, U...U Py = {1,...,d} of
its colors, let us define a d-graph G' = (V; EY, ..., E}) by setting E! = Ujep E;, i = 1,...,9
and call G’ the d-projection of G.

Proposition 6. Let G be a CIS-d-graph whose set of colors {1,...,d} is partitioned into §
non-empty subsets (2 < 0 < d) then the corresponding §-graph G' is a CIS-0-graph.

In particular, in case 6 = 2 we must get two complementary CIS-graphs.

The following conjecture is open since 1978.
Conjecture 3. ([19]) Every CIS-d-graph is A-free.

By Proposition 6, it would suffice to prove this conjecture for d = 3. In this case, it was
verified up to n = 12 vertices by a computer code written by Steven Jaslar in 2003. We will
consider this conjecture in Section 4 and show that, similarly to combs and anti-combs, all
As in a CIS-d-graph must be settled, and it takes two vertices to settle a A (see Section
4.2). Although there are d-graphs in which all As are settled, yet, it seems impossible to
have settled simultaneously all combs and anti-combs in all 2-projections of these d-graphs,
a condition that is necessary by Proposition 6.

In the literature A-free d-graphs are called Gallai’s graphs, since they were introduced
by Gallai in [16]. We will call them Gallai’s d-graphs which is more accurate. They are well
studied [1, 8, 9, 10, 14, 24, 27, 28]. Conjecture 3 means that CIS-d-graphs form a subfamily
of Gallai’s d-graphs. Next, we will characterize Gallai’s CIS-d-graphs in terms of CIS-graphs.
Hence, to characterize CIS-d-graphs it would suffice to do it for d = 2 and prove Conjecture
3.
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G = {(1)(234)}

C: = {(13)(124)}

e = {(123)(130)}

outcomes 1 9234

Q e 9 e 1 1 13 3 3

1 1 124 2 4

T 1 T 1

2 3 2 3

®R)—B)—(c] 3 4 3 4

players

Figure 14: A TI- and A-free 3-graph and the corresponding positional and normal game forms.

First, let us note that both Gallai’s and CIS-d-graphs are closed under substitution. (For
Gallai’s d-graphs this is well known [8, 24].) Moreover, the inverse claims hold too.

Proposition 7. Let us substitute a d-graph G" for a vertex v of a d-graph G’ and denote the
obtained d-graph by G = G(G',v,G"). Then G is a Gallai (respectively, CIS-) d-graph if and
only if both G' and G" are Gallai’s (respectively, CIS-) d-graphs.

In case d = 2 this proposition implies the similar property for CIS-graphs.

Proposition 8. Let us substitute a graph G" for a vertex v of a graph G’ and denote the
obtained graph by G = G(G',v,G"). Then G is a CIS-graph if and only if both G' and G"
are CIS-graphs. O

Let us recall, however, that CIS-d-property is not hereditary, that is, an induced subgraph
of a CIS-d-graph may have no CIS-d-property. In particular, for d = 2, this means that an
induced subgraph of a CIS-graph may have no CIS-property.

Here and in the sequel we assume that the set of colors [d] = {1,...,d} is the same for
all considered d-graphs, while some chromatic components may be trivial (edge-empty). For
example, by a 2-graph we mean a d-graph with at most 2 non-trivial chromatic components.

It is known that each Gallai d-graph can be obtained from 2-graphs by substitutions.
More precisely, the following claim holds.

Proposition 9 (Cameron and Edmonds, [8]; Gyarfas and Simonyi, [24]). For each Gallai
d-graph G there exist a 2-graph Gy with n vertices and n Gallai d-graphs Gy, . .., G, such that
G is obtained by substituting Gy, ...G, for n vertices of Gg.

In [24], this claim is derived from the following Lemma.

Lemma 1 ([16], [8], and [24)). Every Gallai d-graph G = (V; Ey, ..., Ey) with d > 3 has a
colori € [d] that does not span V', or in other words, the graph G; = (V, E;) is not connected.
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Remark 6. [t is interesting to compare Lemma 1 with the following Lemma from [19, 21]. If
a d-graph G is I1- and A-free then there exists a unique colori € [d] such that the complement
of the i-th chromatic component, G;, is disconnected.

Gyarfas and Simonyi remark that Lemma 1 “is essentially a content of Lemma (3.2.3) in
[16]” and they derive Proposition 9 from it as follows. If d < 2 we are done. Otherwise, we
have a color i € [d] such that graph G; = (V, E;) is disconnected. It is not difficult to show
that for each two of its connected components all edges between them are of the same color
J (clearly, j # i), since otherwise a A appears.

Collapsing these components into vertices we get a smaller (d — 1)-graph which is still
A-free, by Proposition 7. By induction, Gy, ..., G, and G, can be constructed as required. [

Moreover, applying the above decomposition recursively, we can represent an arbitrary
Gallai d-graph G = (V; By, ..., E;) by a substitution-tree T'(G) whose leaves are associated
to 2-graphs. If d < 2 then G itself is a 2-graph and T'(G) is reduced to one vertex. If d > 3
then, by Lemma 1, there is a color ¢ € [d] such that the i-th component G; = (V, E;) does not
span V, or in other words, it is disconnected. Let W C V be a connected component of G;.
Furthermore, let G” = G[W] be the subgraph of G induced by W, while G’ be obtained from
G by contracting W to a single new vertex v. Then, as it was shown above, substituting G”
for v in G' we get G = G(G',v,G"); see Figure 15. If G’ (or G”) is a 2-graph then it becomes
a leaf of T'(G). Otherwise, if G’ (or G”) has more than 2 non-trivial chromatic components,
we decompose it further in the same way until only 2-graphs remain. They are the leaves of
the obtained decomposition tree 7'(G), as required.

Figure 15: Decomposing G by the tree T'(G); substituting G” for v in G’ to get G.

It is well-known that decomposing a given graph into connected components can be
executed in linear time. Hence, given G, its decomposition tree T'(G) can be constructed in
linear time, too.

Remark 7. As defined above, tree T(G) is not unique, since several chromatic components
of G may be disconnected and any connected component of any chromatic component can be
chosen as W for the decomposition. Let us note, however, that the corresponding vertex sets
are nested. More precisely, if EY, E;’ are connected components of colors i,j € [d] then the
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corresponding vertex-sets V2, V;-b C V are either disjoint, or one of them is a subset of the
other. Yet, the latter case cannot take place when i = j.

Let us also note that in general T(G) can be extended further, since some 2-graphs also
can be decomposed by substitution. Obuviously, the decomposition of a 2-graph G = (V'; By, Es)
is reduced to a decomposition of a graph, namely, of a chromatic component, G; = G(V, Ey)
or G2 = G(V, E2)

In general, decomposing graphs (as well as d-graphs, digraphs, Boolean functions, etc.)
by substitution is known as their modular decomposition. A module is a set X C V such
that no member of V\ X distinguishes members of X. A set family F is called decomposable
fXNY, XUY, X\Y,Y\X, and XAY = (X\Y)U(Y\X) are in F whenever X,Y € F
and X NY # 0. Moring [34] proved that the family of modules is decomposable and hence,
there is a unique canonical modular decomposition tree.

In general, modular decomposition is more complicated than decomposition of Gallai’s d-
graphs. There have been a number of O(n*), O(n?®), O(mn), O(n?),O(n+mlogn) algorithms.
Finally, O(m + n) algorithms were given by Cournier and Habib [11] and McConnell and
Spinrad [33]. Some linear time algorithms work for graphs, d-graphs, digraphs, and Boolean
functions. See [6, 7, 33, 34, 35] for a survey on modular decomposition.

We make use of the decomposition tree T'(G) to recognize whether G is a CIS-d-graph.
Obviously, by Propositions 7, we can extend Proposition 9 as follows.

Proposition 10. A Gallai d-graph G has the CIS-d-property if and only if all n+1 d-graphs
Gi,...,G, and Gy from Proposition 9 have this property. O

Thus, every Gallai’s C'I S-d-graph can be obtained from CIS5-2-graphs by recursive sub-
stitutions, and hence, a characterization or polynomial recognition algorithm of CIS-graphs
would provide one for the Gallai C'I.S-d-graphs too.

From Propositions 6, 9, and 10 we will derive the following two claims.

Proposition 11. A Gallai d-graph G is a CIS-d-graph if and only if all d of its chromatic
components are CIS-graphs.

The “only if” part follows from Proposition 6 and “if” part can be strengthened as follows.

Proposition 12. Given a Gallai d-graph G such that at least d — 1 of its d chromatic
components are CIS-graphs, then G is a CIS-d-graph.

In particular, the remaining chromatic component of G must be a CIS-graph.

In the next subsection we generalize the last claim by showing that it holds not only
for CIS-graphs but also for perfect graphs and, in fact, for every family of graphs satisfying
some simple requirements.

Yet, of course, it is essential that G is a Gallai d-graph. For example, let us consider a
3-graph G in Figure 16. Graphs GG; and G4 are isomorphic, each of them is a settled 2-comb
with one isolated vertex. Hence, they are CIS-graphs. Yet, (G5 is not, since the stable set
S =1{2,3,5,6} and clique C' = {1,4} are disjoint. However, G is not Gallai’s 3-graph, for
example, {5,6, 1} as well as {1,2,3} is a A.



RRR 17-2006 PAGE 21

Figure 16: A non-Gallai 3-graph in which G; and G are CIS-graphs, while G5 is not.

Figure 17: A non-Gallai 3-graph in which G; and G5 are CIS-graphs, while G5 is not (in black and
white for printing).

1.7 Extending Cameron-Edmonds-Lovasz’ Theorem

Cameron, Edmonds, and Lovész [9] proved the statement similar to Proposition 12 for perfect
graphs: given a Gallai d-graph, if at least d—1 of its chromatic components are perfect graphs,
then the remaining component is a perfect graph, too. Later, Cameron and Edmonds [§]
showed that, in fact, the statement holds for any family of graphs that is closed under: (i)
substitution, (ii) complementation, and (iii) taking induced subgraphs. For example, it holds
for Py-free graphs, or in other words, for the components of II- and A-free d-graphs [19].

However, CIS-graphs satisfy only (i) and (ii) but not (iii). Nevertheless, the statement
holds for them too; see Proposition 12.

In general, one can substitute the following property for (iii).

Let us say that a family of graphs (or d-graphs) F is exactly closed under substitution
G = G(G',v,G") whenever G € F if and only if both G’ and G” belong to F.

For example, CIS-graphs are exactly closed under substitution, by Propositions 8, and
both, Gallai’s and CIS-d-graphs, by Propositions 7.

Proposition 13. If F is closed under substitution and taking induced subgraphs then F is
exactly closed under substitution.

Proof. Indeed, if G = G(G',v, G") then both G’ and G” are induced subgraphs of G. O
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We say that the family of graphs F has the CES-property and call it a CES-family if F
is closed under complementation and exactly closed under substitution.

For example, the families of perfect graphs and CIS-graphs have the CES-property.

We strengthen Cameron-Edmonds’ theorem as follows.

Theorem 4. Let F be a CES-family of graphs and G = (V; Ey, ..., Ey) be a Gallai d-graph
such that at least d — 1 of its chromatic components, say, G; = (V, E;) fori=1,...,d — 1,
belong to F. Then

(a) the last component G4 = (V, Ey) is in F too, and moreover,

(b) all 2¢ projections of G belong to F, that is, for each subset I C [d] = {1,...,d} the
graph G; = (V,Uie  E;) is in F.

We will prove this Theorem in Section 4.1. By Proposition 13, part (a) implies Cameron-
Edmonds’ theorem. Since CIS-graphs form a CES-family, we obtain the following claim.

Corollary 3. Let G = (V; Ey, ..., Eq) be a Gallai d-graph such that at least d — 1 of its
chromatic components are CIS-graphs. Then the remaining chromatic component of G is a
CIS-graph too; hence, G is a CIS-d-graph and all its 2% projections are CIS-graphs. O

1.8 On families of graphs closed with respect to substitution

To get more examples of CES-families let us, first, consider hereditary classes. Each such
class is a family of graphs F defined by a family, finite or infinite, of forbidden subgraphs
F'. By definition, G € F if and only if G contains no induced subgraph isomorphic to a
G' e F.

Let us call a graph (or d-graph) G substitution-prime (or just, prime, for brevity) if it is
not decomposable by substitution, or more precisely, if G = G(G’,v,G") for no G'; G” and
v, except for two trivial cases: (G = G" and V(G") = {v}) or (G = G" and V(G') = {v}).

Suppose that G is decomposable, G = G(G’,v,G"”). Then, as we already mentioned, both
G’ and G" are induced subgraphs of G. Hence, if G’ or G” contains an induced subgraph G
then G also contains it. However, G may contain Gy even if G’ and G” do not. Yet, clearly,
in this case Gy is not substitution-prime. Thus, for both, graphs and d-graphs, we obtain
the following statement.

Proposition 14. Family F is exactly closed under substitution if all (d-)graphs in F' are
substitution-prime. O

The inverse holds too if we assume (by the way, without any loss of generality) that no
(d-)graph of F’ contains another one as an induced subgraph. Thus, F is a CES-family (and,
hence, it satisfies all conditions of Theorem 4) whenever F’ is closed under complementation
(G € F'if and only if G € F') and F’ contains only substitution-prime graphs.

For example, these two properties hold for the odd holes and anti-holes. In this case,
F is the family of Berge graphs. Thus, Theorem 4 and the Strong Perfect Graph Theorem
imply the Cameron-Edmonds-Lovész Theorem [9]. Of course, it can be proved simpler: first,
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show that perfect graphs are exactly closed under substitution, [30], and then apply Lovész’
perfect graph theorem, [29, 30], instead of the strong one.

Another example is provided by the family F of Pj-free graphs. In this case F' = {P;}
and all conditions of Theorem 4 hold, since P, is self-complementary and prime.

Remark 8. Moreover, in this case, it is easy to verify directly claims (a) and (b) of Theorem
4, see [19]. The following implication is instrumental: if a d-graph G = (V; Ey, ..., Eq) is
II- and A-free then every its 2-projection G' = (V; EY, EY) is I-free too.

A similar example is given by the family F of A-free graphs. In this case F' = {A},
where A is the settled P, (or in other words, settled 2-comb, or bull-graph). Like Py, it is
also self-complementary and substitution-prime.

However, if 7’ contains a decomposable graph, e.g., C4, then F may be not closed under
substitution. For example, let 7' = {C}, Cy} and consider the Gallai 3-graph in Figure 13.
Two of its chromatic components belong to F, while the third one, C4, does not.

As another example, let us consider F' = {Cy, Cy, C5}. By [15], F is the family of split
graphs. This family is self-comlementary, yet, it is not closed under substitution. Indeed,
substituting, for example, a non-edge for the middle vertex of P; we get Cy.

There are also non-hereditary families of graphs (respectively, d-graphs) closed under
substitution; for example, CIS-graphs (respectively, CIS-d-graphs). It is not difficult to give
more examples of such families and even to characterize them. Given a family F’, finite or
infinite, of (d-)graphs, let us denote by cl(F’) its closure with respect to substitution.

Proposition 15. A family F of (d-)graphs is exactly closed under substitution if and only
if F = cl(F'), where F' is a family, finite or infinite, of substitution-prime (d-)graphs.
Furthermore, F is closed under complementation whenever F' is.

Proof. The second claim makes sense only for graphs and it is obvious. The first one follows
from uniqueness of the canonical modular decomposition [34]. O

The obtained family F = cl(F’) is not hereditary if and only if there are substitution-
prime (d)-graphs G € F' and G’ ¢ F' such that G’ is an induced subgraph of G. For
example, let 7' = {A} contains only the bull-graph A then F = cl(F’) contains no 2-comb.

However, the characterization of the CES-families by Proposition 15 is not constructive.
For example, the substitution-prime perfect or CIS-graphs form infinite families that are
difficult to describe explicitly.

1.9 Almost CIS-d-graphs

A d-graph G = (V; Ey, ..., Ey) will be called an almost CIS-d-graph if ﬂle C; = () for exactly
one d-tuple C1, ..., Cy, where C; C V is an inclusion maximal vertex-set containing no edges
of color i, that is, for each i € [d] = {1,...,d}, we have (v,v") € E; for no v,v’ € C},

Notice that, by definition, the families of CIS- and almost CIS-d-graphs are disjoint.
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Figure 18: Almost CIS-3-graph A'.

Figure 19: Almost CIS-3-graph A’ (in black and white for printing).

For d = 2 we return to the definition of almost CIS-graphs. More precisely, an almost
CIS-2-graph is a pair of two complementary almost CIS-graphs.

By Proposition 2, any split graph is either a CIS- or almost CIS-graph. Moreover, we
conjecture that, except split graphs, there are no other almost CIS-graphs. The latter are in
a natural one-to-one correspondence with the split almost CIS-2-graphs. Let us recall that
we may have d > 2 for a 2-graph. In particular, for an arbitrary d > 2 and almost CIS graph
G = (V,E) let us define a d-graph G = (V; Ey,..., E,;) by setting E|, = E, E, = E, and
E; = () for each ¢ > 2. It is easy to see that G is an almost CIS-d-graph.

Let us note that already the 3-graph A is not almost CIS, since it has two distinct triplets
Cl = {’02,1)3}, 02 = {Ug,Ul}, Cg = {Ul,’UQ} and Ci = {Ug,’Ul}, Cé = {Ul,’UQ}, Cé = {’UQ,Ug}
such that C; NCyNC5 =0 and C] N CHN C% = 0; see Section 4.2 for more details.

However, it is not difficult to extend A to an almost CIS-3-graph. Indeed, let us add
to A a new vertex vy such that (vy,v4) € Eq, (v2,v4) € Es, (v3,v4) € E3, and denote the
obtained 3-graph by A’. In other words, A" = (V; Ey, Es, E3), where

v - {U17U27U37 U4}; El = {(U17U2>7 (U17U4>}7 E2 == {(U27 03)7 (1)27/U4>}7 E3 = {(U37 Ul)7 (037 04)}'
(1.2)
It is easy to see that in A’ vertices vy, vy, v3 induce A and that

Cr = {(v3,01), (v2,03,04) }, C2 = {(v1,v2), (v3,v1,v4) }, C3 = {(v2,v3), (1, V2, 04)}
Thus, A’ is an almost CIS-3-graph, since only one of its eight triplets has the empty inter-
section: {vz, vy} N {vy, vo} N {vy, v3} = 0.

Remark 9. We can say that vertex vy settles one of the above two triplets of A, namely,
(Cy, Cy, C3). However, if we introduce one more vertex vy to settle (C7, Ch, C%), too, then we
have to choose a color for (vy,vs). It is easy to verify that for each coloring of it a new A
appears that should be, in its turn, settled, etc.; see Section 4.2 for more details.
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Furthermore, it is not difficult to verify that A’ is a unique almost CIS-3-graph with four
vertices. Let us recall that there are also two CIS-3-graphs given in Figures 13 and 14.

Standardly, for any d > 3 we obtain an almost CIS-3-graph G = (V'; E1, ..., Eq) setting
Ei,Ey,E3, and V by (1.2) and E; = 0 for each i > 3.

Let us also remark that, unlike CIS-d-graphs, almost CIS-d-graphs (and, in particular,
almost CIS-graphs) are not closed under substitution. Nevertheless, we get an almost CIS-
3-graph substituting A" for a vertex of a 1-graph G. More precisely, G is a monochromatic
clique whose all edges are colored by one of the three colors of A’.

However, if all edges of G are colored by a new, fourth, color then the obtained 4-graph is
not almost CIS. Similarly, we won’t get an almost CIS-3- or 4-graph by substituting A’ for
more than one vertex of G, nor, vice-versa, by substituting G for a vertex of A.

Finally, let us mention that we are not aware of any other almost CIS-d-graphs.

2 Proof of Theorem 1

In this section we prove Theorem 1 which claims that graphs satisfying condition COMB(3, 3)
are CIS-graphs. First we describe the structure of our proof and a few main lemmas, then
we give the complete proofs which are technical, long, and partially computer assisted.

2.1 Plan of the proof of Theorem 1
Let us assume by contradiction that there is a graph G such that
(i) it contains no induced 3-combs and 3-anti-combs,
(ii) each induced 2-comb is settled in G, and
(iii) there exist a maximal clique C' and a maximal stable set S in G such that SNC = 0.

First, we will prove that G must contain an induced subgraph G1g, shown in Figure 20.

Figure 20: Graph Gg.
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Lemma 2. If G satisfies conditions (i), (ii), and (i), then G must contain an induced Gg.

Graph G1g contains no induced 3-combs and 3-anti-combs, yet it contains several unset-
tled induced 2-combs. To settle them we have to introduce 10 new vertices that, somewhat
surprisingly, induce a graph isomorphic to Gy itself (since otherwise an induced 3-comb
or 3-anti-comb would appear). Moreover, the obtained 20-vertex graph is the sum of two
Petersen graphs, that is, the graph 2P described in section 1.4, Figure 8.

Lemma 3. If G contains an induced Gyo and satisfies conditions (i) and (ii), then G must
contain an induced 27P.

Let us recall that 2P contains 10 uncertain pairs of vertices each of which can be either
an edge or non-edge. Hence in fact, 2P represent 2! = 1024 graphs. We will show that
all these 1024 graphs contain no induced 3-combs and 3-anti-combs and, moreover, each
induced 2-comb in 2P (that contains no uncertain pair) is settled. However, 36 induced
2-combs appear in 2P whenever we fix any uncertain pair either as an edge or as a non-edge.
It is easy to see that none of these 2-combs are settled in 2P. We will show that they cannot
be settled in G either, because if a vertex of G were settling one of them then an induced
3-comb or 3-anti-comb would exist in G. We can reformulate this result as follows.

Lemma 4. If G satisfies conditions (i) and (ii), then it cannot contain an induced 27P.

Obviously, the above 3 lemmas prove Theorem 1 by contradiction. We will prove Lemmas
2, 3, and 4 below in Sections 2.2,2.3, and 2.4, respectively.

The last two proofs are computer assisted. We use two procedures, one for generating
all induced 2-combs, 3-combs, and 3-anti-combs of a given graph G, and a second one for
testing if all induced 2-combs are settled in G, and outputting all non-settled ones.

2.2 Proof of Lemma 2

Let us consider a pair of disjoint maximal clique C' and maximal stable set S of GG, as in
condition (iii). Let Ng(v) be the set of neighbors of v in S. Notice that

() Ns(v) =0, (2.3)

because C' is maximal. Moreover,
Ns(v) £ 0  forall wveC, (2.4)

because S is maximal.
We assume that G satisfies conditions (i), (ii), and (iii). The following series of claims
will imply the lemma.

Claim 4.1. Given a mazimal clique C and a (not necessarily mazximal) stable set S in G
such that C N S =, there exists vertices u,v € C' such that Ng(u) N Ng(v) = 0.
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Proof. Assume by contradiction that for all pairs of vertices u,v € C, we have Ng(u) N
Ng(v) # 0. By this assumption, |C| > 3, otherwise C' would not be maximal.
So let I = {vy,vy,..., v} be a minimal subset of C' such that () .; Ng(v) = . Such a
minimal subset of C' exists according to (2.3). Furthermore, by our assumption |I| > 3.
Now, define u; € ﬂf# Ng(v;) for ¢ = 1,..., k. Note that u; # u;, due to the minimality
of I. Thus, any 3 vertices vy, vs,v3 € I with the corresponding uy,us, us form an Sz (see
Figure 21), contradicting condition (i). O

Note that for this claim we only need that G is Ss-free.

Figure 21: Illustration of the proof of Claim 4.1.

From Claim 4.1, it follows that there are some pairs of vertices u,v € C' such that
Ns(u) N Ng(v) = 0. Hence, there exist x € Ng(u) and y € (Ng(v)) such that z,u, v,y form
an Sy not settled by any vertex of S. The following claim states a useful property of any
vertex w € V(G) settling such an Ss.

Claim 4.2. We have Ng(w) C Ng(u) U Ng(v).
Proof. First notice that =,y € Ng(w) because w is a settling vertex. Then, assume by

contradiction that there is a vertex z € Ng(w)\ (Ng(u)UNg(v)). Then, vertices u, v, w, z,y, 2
form an S5 (see Figure 22), contradicting condition (i). O

For the remainder of the proof we fix a maximal clique (', a maximal stable set S, and
vertices u, v € C' such that

(iv) CNS =10, Ng(u) N Ng(v) =0, and Ng(u) U Ng(v) is minimal,

among all possible choices of such sets C, S and vertices u,v € C' satisfying the conditions
of (iv). Let us note that by (2.3) and (2.4), we have such a selection of C, S, u, and v for
which Ng(u) # 0, Ng(v) # 0, and hence u # v.

Claim 4.3. Let © € Ng(u), y € Ns(v), and w be a vertex of V(G) that settles Sy =
{z,u,v,y}. Then, Ng(w) N Ng(u) # 0 and Ng(w) N Ng(v) # 0.
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s (@

Figure 22: Illustration of the proof of Claim 4.2.

Proof. From Claim 4.2, we know that Ng(w) C Ng(u) U Ng(v). Assume by contradiction
that e.g., Ng(w) N Ng(u) = 0. This implies that Ng(w) C Ng(v) \ {y} (since w is settling
So).

Then, consider a maximal clique C" O {u, w}. Notice that C' NS = ) because Ng(w) N
Ns(u) = 0. But Ng(u) U Ng(w) € Ng(u) U Ng(v), since y € Ng(u) U Ng(w), contradicting
property (iv), that is, the minimality of Ng(u)U Ng(v). O

We define next a minimal collection of settling vertices W. Given a maximal clique C,
a maximal stable set S, and vertices u,v € C satisfying property (iv), let us consider all
possible 2-combs induced by {x,u,v,y} in G, where z € Ng(u) and y € Ng(v). Let us call
a settling verter a vertex w of G that settles such a 2-comb. If w is a settling vertex, then
we have by Claims 4.2 and 4.3 that X (w) = Ng(w) N Ng(u) and Y (w) = Ng(w) N Ng(v) are
subsets, uniquely defined by w, satisfying the following properties:

X(w)#0 Y(w)#0 and Ng(w)=X(w)UY(w). (2.5)

Note that we may have X (w) = X(w’) and Y (w) = Y (w’) for two distinct settling vertices.
Note further that if X (w) C X (w’) and Y (w) C Y (w’) hold for two vertices w and w’, then
the set of Sy subgraphs settled by w’ are also settled by w.

Let us consider now all pairs of subsets (X,Y’) such that X = X(w) and Y = Y (w) for
some settling vertex w. Let us call such a pair (X,Y) minimal, if for there is no settling
vertex w’ such that X (w') C X, Y(vw') CY and X (v )UY (w') € XUY, and let XY denote
the collection of all such minimal pairs. For each pair (X,Y") € XY let us choose one settling
vertex w = wxy for which X = X (w) and Y = Y (w), and denote by W = {wxy|(X,Y) €
XY} the collection of these vertices.

Claim 4.4. There are at least two distinct vertices in WW.

Proof. The statement follows from the definition of W and (2.5). Indeed, if wxy € W,
then by (2.5) there are vertices x € X and y € Y, and hence the 2-comb Sy induced by
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Figure 23

{z,u,v,y} is not settled by wyy. Let w be a vertex settling this 2-comb. By the minimality
of (X,Y) the pair (X(w),Y (w)) is not comparable to (X,Y), and hence we must have
a pair (X')Y’) € XY such that X’ C X and Y’ C Y. Consequently, wxy: € W and
wxy # Wxry'. C

In the sequel we consider pairs of vertices from YV and derive some containment relations
for the corresponding sets. First we consider pairs which are edges of G.

Claim 4.5. If (wxy,wxy') € E(G) and X N X' # 0, then Y CY' orY' CY.
Proof. Assume by contradiction that there is a vertex x € X N X', but Y € Y and Y’ ¢

Y, that is, there are vertices y; € Y \ Y’ and 4, € Y’ \'Y. Then, an S3 is formed by
Wxy, Wxryr, U, T, Y1, Y2 (see Figure 24), in contradiction to (i). O

Figure 24: Illustration of the proof of Claim 4.5.

We next show a stronger version of the above claim, by proving proper containments.
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Claim 4.6. If (wxy,wxy') € E(G) and X N X' # 0, then either Y CY' orY' C Y.

Proof. Assume by contradiction that XNX’ # () and Y = Y’. By this assumption YNY" # ().
Hence, we can apply Claim 4.5 (with the roles of X and Y exchanged), and conclude that
XCX or X' CX.

Say e.g., that X € X’. Then, X UY C X' UY’, and consequently we would not have
both wxy and wxy+ in W, by its definitions. O

Claim 4.7. If (wxy,wxy') € E(G), then exactly one of the following holds:
(a) XNX' =YNY' =0,
(b)) (XX andY' CY),
(c) (X'CX andY CY').

Proof. This follows from Claim 4.6 by applying it twice: once directly and once exchanging
the roles of X and Y. Since X, Y, X’ and Y’ are nonempty sets by (2.5), cases (a), (b) and
(c) are pairwise exclusive. O

Next we consider pairs of settling vertices that are not edges of G.

Claim 4.8. If (wyy,wxy') € E(G), then either X C X' or Y CY".

Proof. 1f not, then there are vertices z € X\ X’ and y € Y\Y’ such that {wxy, u, v, z,y, wxy}
form a 3-anti-comb S3 (see Figure 25), in contradiction to condition (i).

Note that we cannot have both containments in the claim, because of the minimality of
pairs in X'). O

Figure 25: Illustration of the 3-anti-comb S3 induced by {wxy,u, v, z,y, wxry’}.

Claim 4.9. If (wxy,wxy') & E(G), then exactly one of the following must hold:
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(a) X C X andY' C Y,
) X'CX andY CY',
(¢) X =X,
(d) Y =Y".

Proof. Since the roles of (X,Y) and (X', Y’) are symmetric, it follows directly by Claim 4.8
that one of (a), (b), (c), or (d) holds. To see that exactly one of them holds, it is enough to
note that (¢) and (d) together would contradict the minimality of the pairs (X,Y) € XY. O

We are going to show next that if (¢) or (d) holds in the previous claim for some vertices
Wwxy,Wxry: € W, then G contains an induced G0, as claimed in Lemma 2. For this end,
let us first observe that if e.g., (d) holds, then we cannot have X C X’ or X’ C X, by the
minimality and uniqueness of pairs in X). Consequently, we can choose vertices z € X\ X',
and 2’ € X'\ X. Let us also choose an arbitrary vertex y € Y =Y’ (which exists by (2.5)),
and consider first the 2-comb Sy induced by {z,u,v,y}. This 2-comb is settled by neither
wyxy nor wxry, and therefore there must be a vertex wap € W settling it, since all 2-combs,
containing (u,v) as their middle edge, are settled by some vertices in W.

Claim 4.10. IfY =Y’, then (wap, wxy) € E(G).
Proof. Since © ¢ A and y ¢ B we have

XZA and Y ¢B (2.6)

implied. Assume indirectly that (wap, wxy) € E(G), then the previous observation implies
that in Claim 4.9 applied to wxy and wap none of (a), (b), (c¢) or (d) could hold. This
contradiction proves the claim. O

Claim 4.11. If Y =Y', then AN X =BNY =0, AUX = Ng(u) and BUY = Ng(v).

Proof. Due to (2.6) only (a) of Claim 4.7 is possible, that is AN X = BNY = () is implied.
Therefore the neighborhoods of wsp and wxy within S are disjoint, and since they are
subsets of the neighborhoods of u and v, they cannot be proper subsets by property (iv),
implying the statement. O

Claim 4.12. IfY = Y/, then (U)AB”LUX/Y/) € E(G)

Proof. Since y € Y'\ B and z € X \ A (since wap is settling {x,u,v,y}), cases (b) and (c)
of Claim 4.7 cannot hold for the pair wap and wxrys. Thus, if (wap, wxy) € E(G) then
ANX = BNY' = would follow by Claim 4.7. Therefore, the neighborhoods of wsp and
wxrys in S are disjoint, and their union is a proper subset of Ng(u)U Ng(v), in contradiction
with property (iv). This contradiction proves the claim. O

Claim 4.13. If Y =Y', then A= X' = Ng(u) \ X and Y =Y’ = Ng(v) \ B.
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Proof. Claim 4.11 and Claim 4.9 applied to wap and wx/ys implies that only (c) of Claim
4.9 can hold. Thus, the statement implied by Claim 4.11 and (c) of Claim 4.9. O

Let us still assume Y = Y and consider next the 2-comb induced by {z’,u,v,y} (where
' € X"\ X). None of the vertices wxy, wx:y: and wap settle this 2-comb, hence, there is a
vertex wy g € YV that settles it. By exchanging the roles of wxy and wxsys in Claims 4.10
- 4.13, we can conclude that

(wA/B/,wa) € E(G), (wA/B/,wX/y/) € E(G), A/ = X/ and B = B/. (27)
Claim 4.14. If Y =Y’ or X = X', then G contains an induced Gg.

Proof. Note that the roles of conditions (c) and (d) in Claim 4.9 are perfectly symmetric,
thus we could arrive to the same conclusions from both assumptions. Starting with Y =Y’
we arrived to the equalities of Claim 4.13 and (2.7). Choosing one vertex from each of the
sets X, Y, A, and B, these four vertices together with u, v, wxy, wxry, wap, and wa pr
form an induced Gy by the above claims and definitions (see Figure 26). O

Figure 26: Illustration of the induced Gy that appears by adding the settling vertices
WXY,Wx'y", WAB, WA'B’-

For the rest of the proof, we assume that (a) or (b) of Claim 4.9 holds for every non-
edge (wxy,wxy) € E(G). We are going to derive a contradiction from this assumption,
completing the proof of Lemma 2.

First, we show that under the above assumption, case (a) of Claim 4.7 never holds.

Claim 4.15. If (wxy,wxry') € E(G), then either X N X' # 0 or Y NY" # 0.

Proof. Assume by contradiction that (a) of Claim 4.9 holds, that is that XNX' =Y NY’ = (.
Then, by the minimality of Ng(u) U Ng(v) as stated in property (iv), and by Claim 4.2, we
know that Ng(u) = X U X" and Ng(v) =Y UY".

Let us consider vertices x € X and y € Y’ such that the set {x,u,v,y} forms a 2-comb.
This 2-comb is settled neither by wxy nor by wxsys. Since every 2-comb with (u,v) as a
middle edge is settled by a vertex of W, this 2-comb is also settled by one, say by a vertex
wap € W. Let us now check the connections of this vertex to to wyy and wxryr. We
consider two cases:
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Case 1.

Case 2.

If (wap,wxy) ¢ E(G), then by Claim 4.9 we must have A C X and Y C B, because
x & A, and because we assumed that only cases (a) or (b) are possible in Claim 4.9.

If (wap,wxy') & E(G), then by similar reasoning based on by Claim 4.9 and the fact
that y € B we can conclude that X’ C A and B C Y’. This however leads to a
contradiction, since A C X and X N X’ = 0.

Hence, we must have (wap,wyxy+) € E(G) in this case. Then by Claim 4.7 either
X' NA=Y' NB=0or A, X" and B,Y’ are inversely nested. However, the latter is
not possible, since A C X and X N X’ = (). In this case the neighborhoods of wap
and wxy: are disjoint in S, and their union is a proper subset of Ng(u)U Ng(v) (since
x & A), in contradiction with property (iv).

If (wap,wxy) € E(G), then (b) of Claim 4.7 is not possible, since x € X \ A. If (a)
holds, that is if X N A = Y N B = (), then the neighborhoods of wsp and wxy are
disjoint in S, and their union is a proper subset of Ng(u) U Ng(v) (since y € Y'\ B),
contradicting to property (iv). Consequently, case (c) holds, that is A C X and Y C B,
and consequently we can proceed as in Case 1.

In both cases we arrived to a contradiction, completing the proof of the claim. O

Figure 27

The above claim implies that if (wxy,wxy) € E(G), then the sets X, X’ and Y, Y’
are inversely nested (cases (b) or (c¢) in Claim 4.7). Since we also assumed that only cases
(a) or (b) are possible in Claim 4.9, we can conclude that for all pairs of settling vertices
wxy,Wxry € YW we have

either X C X' andY' ' CcX o X' CcXandY CY' (2.8)

Now we are ready to complete the proof of the lemma.
Let us consider an arbitrary vertex wxy € W. Since wxy is settling a 2-comb with
(u,v) as its middle edge, we must have Y # Ng(v), and consequently we can choose a vertex



PAGE 34 RRR 17-2006

y € Ng(v) \'Y. Furthermore, we have X # () by (2.5), thus we can also choose a vertex
reX.

Then, the 2-comb S5 induced by {x,u, v, y} is not settled by wyy, and therefore there is
a vertex wxrny € W settling this 2-comb. Then, by (2.8) we must have X’ C X \ {z} and
Y C Y/ since z & X',

Then, X’ # () by (2.5), so we can choose a vertex 2’ € X’ C X. The 2-comb induced by
{2’ u,v,y} is not settled by either wxy or wxsy+, and therefore there is a vertex wxny» € W
settling this 2-comb.

Clearly, we can repeat the same arguments, and choose a vertex z” € X" C X' C X
etc., resulting in an infinite chain X 2 X’ D X” D - of strictly nested nonempty subsets,
contradicting the finiteness of G. This concludes the proof of the lemma. O

2.3 Proof of Lemma 3

In this section we present the proof of Lemma 3, claiming that if G' contains Gy as an
induced subgraph and satisfies conditions (i) and (ii) of Section 2.1, then it must have an
induced 2P configuration (see Figures 20 and 8).

The proof is a case analysis that was assisted by a computer program. We assume by
contradiction that there is a graph that has an induced G, has all 2-combs settled and
does not contain 3-combs and 3-anti-combs. The graph G itself contains neither 3-combs
nor 3-anti-combs, but it has several 2-combs that are not settled in it. For instance, such
2-combs are induced by {vy, v, vs,v4}, {ve,v7,v3,v4}, {v1,02,v3,v7}, etc. Therefore, some
other vertices of G must settle these 2-combs.

We show that in order to settle all 2-combs of Gy, the graph G must contain a disjoint
copy of Gy such that the 20 vertices of these two Gy subgraphs form an induced 2P
configuration. Since we do not know G, we try to extend Gy, and we show that this can be
done essentially in a unique way.

We use a computer program to find all unsettled 2-combs of Gy¢. For each, one by one, we
introduce a new vertex to settle it. After adding a settling vertex v' & V(Gyp), we consider
the pairs (v, v;) for all v; € V(Gyg). Some of these pairs are forced to be edges or non-edges,
since G contains no induced 3-combs and 3-anti-combs. Some other pairs, however, may
remain uncertain, that is those pairs may be either edges or non-edges of G. Surprisingly, all
but one of the pairs are forced. We can discover the forced edge assignments by excluding
all other possible assignments. This can be accomplished by exhibiting an induced 3-comb
or 3-anti-comb. This task is also assisted by a computer program.

Another property which simplifies our case analysis is the symmetry of G1g. In particular,
we reduce significantly the number of cases in our proof by means of the following three
automorphisms:
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As: (7,5,3,1)(8,6,4,2)(0,9)

They are given in the cycle notation, that is (iy, is, . .., 4,) means the cyclic mapping i; — is,
19 +— 13, ..., i, +— 17. Figure 28 shows the graphs after the application of these automor-
phisms.

Figure 28: Graphs A;(G1p), A2(G1o), and A3(Grp).

From now on we will choose some of the unsettled 2-combs to be settled, and try to fix
as many edges and non-edges as possible. Even though the order that we pick the 2-combs
may seem arbitrary, we follow an order that reduces the number of cases to be considered.

Let us choose first the 2-comb induced by {wvs, v, v7, vs}, and denote by v] the vertex that
settles it. The pairs (v}, v3) and (v}, v7) are forced to be edges, while (v}, v9) and (v}, vg) are
forced to be non-edges, by the definition of settling. There are six more pairs, connecting v}
with vy, vy, vy, U5, V6 and vy, that remain uncertain.

Let us note first that (v, vs) has to be a non-edge, since otherwise the vertices
{vs, v7, v, V2, vg, V5 } form a 3-comb. Unlike (v, v5), the pairs (v}, vo), (v1,v4), (v],v6), (v], V)
cannot be fixed if treated individually. But analyzing them together, we conclude that (v}, v4)
and (v, vg) are edges, while (v}, vy) and (v}, vg) are non-edges. Table 1 shows that in any
other case there is an induced 3-comb or 3-anti-comb.

Only one pair (v}, v;) remains uncertain, since no induced S3 nor S3 appears whether
this pair is an edge or not.

Table 2 shows the connections between v] and the vertices of Gj.

Next, we use automorphisms to simplify case analysis for the three 2-combs induced by
{vy, v3,v7, 06}, {vg, vs, 1,08}, and {ve, v1, V5, v4} Tespectively, and not settled by v].

Let us denote by v the vertex that settles {v4, v3, v7, v6}. By applying the automorphism
A;j to Gy, the 2-comb {wvs, vs, v7, vs} settled by v] becomes {vy, vs, v7,v6}. Consequently, vl
should have the same connections as v] has after applying A;. Table 3 shows the connections
between v} and Gjp.

Analogously, let us denote by v} the vertex that settles {vq, v1,v5,v4}. By applying As to
G1o, {v2,v3,v7,v8} becomes {vy, vy, vs,v4}. Therefore, v} should have the same connections
as v} after transformation Az. Table 4 shows the connections between v§ and Gjy.

Next, let us denote by v, the vertex that settles {vs, v1, vs, v6}. By applying Az then A,
to G1o, {ve, v3,v7, vs} becomes {vs, vy, vs,v6}. Thus, v} should have the same connections as
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(U/I7U4) (U/I7U6) (Ull,’l)o) (Ui,’l)g) S3 or S3

: {3, vo, vg, V], V6, Vs }
Ss 1 {va, s, v}, v3,v0, V9 }
Ss 1 {vg,vs, V], v3, 07,09}
Sy = {vg, v, V], 5,00, 9}
53 : {7)5,?]6,?]0,?]2,?]4,?]/1}
Szt {vs, vg, V7, v2, V6, vs}
Sy = {vy, v, V), v3, 07,09}
53 : {7)3,?]9,?]/1,?]2,?}6,?}8}
: {vs, vo, vy, vg, Vg, V] }
Sy = {vg,vs, V], v3, 00, v9}
53 : {7)4,?]5,?]9,?]6,?}8,?]/1}
Ss : {vz,v0, V], v2,v4,v8}
none

Ss : {vs,vg, V], Ve, vg, Vg }
53 : {7)7,?]0,?]/1,?]2,?}4,?}8}
Ss : {vs,vg, V], Ve, v6, Vg }

o
)
o
)
8}

e e e e el =l = e i es B o B en B a)

— R, PR OO0 O0ORRRERERFROOO
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Table 1: Case analysis for the pairs (v],vo), (v],v4), (V],v6), (V],v9).

"Ul Vg V3 Vg Vs Vg Uy Vg Vg 7
vi|* 0 1 1 0 1 1 0 0 0

Table 2: Connections between v} and G19. An entry 1 for v; means that there is an edge between
v} and v;, while 0 means that there is no edge between them. Finally, * means an uncertain pair.

v} after transformations As then A, (or the same connections as v} after Ay). Table 5 shows
the connections between v} and Gyy.

Let us next consider four 2-combs induced by {vs, v1, ve, v3}, {v1, Us, V4, v3}, {7, V3, V4, U5},
and {vy, va, v3,v7}. They are not settled by any of the vertices of Gy, nor by vy, v}, vi, v%.

Let v} denote the vertex settling {vs, vy, vs,v1 }. By definition of settling, the pairs (v5, v4)
and (v, vs) are edges, while (v, v1) and (vh,v3) are non-edges. The pair (v}, vg) must be
an edge, since otherwise {vy,vs, v}, v4,v5,v9} forms a 3-anti-comb. Table 6 shows the case
analysis for the pairs (vh, vg), (vh,v7), (vh,vs), and (vh,vg). The only possible configuration
is that (v}, vg), (vh,v7), (vh,vs) are edges, and (vh,vg) is not. The pair (vh,vy) remains
uncertain. Table 7 shows the connections between v} and the vertices of Gyj.

|vi vy w3 v vs vg v Us V9 Wy
b0 1 1 0 % 0 1 1 0 0

Table 3: Connections between v} and Go.
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Table 4: Connections between vj and Go.

|vi vy w3 v vs vg v Us V9 Wy
vv]1 1 0 1 1 0 % 0 0 0

Table 5: Connections between v7 and Gjo.

Let v} denote the vertex settling {vs,v1,ve,v3}. By applying A; to Gy, the subgraph
{v1, vs, v4,v3} becomes {vs, vy, ve,v3}. Therefore, vertex vj must have the same connections
as vy after transformation A;. Table 8 shows the connections between v and Gj.

Next, let v denote the vertex settling {v7, vs, vg,v5}. By applying transformations, first
Ay and then Aj, to Gy, the subgraph {vy, vs, v4, v3} becomes {v7, vs, vy, v5}. Thus, vf must
have the same connections as v}, after the transformation Az o A;. Table 9 shows the con-
nections between v and Gip.

Let us next denote by v} the vertex that settles {v;, vy, vs,v7}. By applying A3, to
G, the subgraph {v, vs, vy, v3} becomes {vq, v9, v3, v7}. Therefore, v§ should have the same
connections as v} after A;'. Table 10 shows the connections between v and Go.

At this point, all Sy subgraphs of Gy are settled by some of the vertices v}, v5, ...,
vg. Yet, nothing was said about the connections between those vertices. Nevertheless, all
3-combs and 3-anti-combs that appeared to indicate contradictions were independent from
those connections; in other words, each of those subgraphs contains only one vertex v} and
the remaining five vertices are in Gyp.

Interestingly, the connections between these eight vertices are uniquely implied. Table 11
shows the only possible assignments of edges and non-edges between the vertices v and v, for
1,5 =1,...,8,1 # j. Each entry of the table contains the assignment, and the corresponding
3-comb or 3-anti-comb that would appear if the entry was reversed.

Let us notice that the pairs (v;, v]) still remain uncertain. This means that all 2% possible
graphs have no induced 3-combs and 3-anti-combs. Yet, they contain some unsettled induced
2-combs.

Next, we introduce the automorphism A, of the current configuration, induced by the 18
vertices V(Gho) U {0}, ..., v}

Ay (1,3,5,7)(2,4,6,8)(0,9)(1, 3,5, 7)(2, 4, 6,8,

Let us further consider the unsettled 2-comb induced by {vq, v}, vi, v6}, and denote by
v the vertex that settles it. By definition, (vj,v]) and (v{, vi) are edges, while (v],v9) and
(v, vg) are non-edges. The pair (v}, vg) cannot be an edge, since otherwise {v}, v%, v(, va, g, Vo }
forms a 3-comb. Table 16 shows that (v(,vs4) and (vj,vs) must be edges, while (v(,vy),
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(vy,v6) (vh,vr) (vy,vs) (v, v0) Ss or S3

0 0 0 0 Ss : {v1,v5, vo, Vs, U3, V5 }
0 0 0 1 S3 = {ve, vs, v, v7, 0,9 }
0 0 1 0 53 : {7)4,?]5,?]5,?]3,?}6,?}8}
0 0 1 1 Ss : {vg,v5, V), V3, v6, Vg }
0 1 0 0 53 : {7)177]57@07@37@87@5}
0 1 0 1 Ss : {v1,v4,v7, 05,0, Vh}
0 1 1 0 Ss : {vg,v5, V), V3, v6, Vg }
0 1 1 1 53 : {7)4,?]5,?]5,?]3,?}6,?]8}
1 0 0 0 Ss : {v1,v5, vo, Vs, V3, V5 }
1 0 0 1 S3 : {v1,v4, v6, V0, Vg, Vh }
1 0 1 0 S {v1,v7, 05, v5,v6, 00}
1 0 1 1 S3 = {v1,v4, v6, V0, Vg, Vh }
1 1 0 0 53 : {7)1,?]5,?]0,?]3,?}8,?]5}
1 1 0 1 Ss : {v1,v4, V6, V0, Vg, Vb }
1 1 1 0 none

1 1 1 1 Ss 1 {v1,v4, v6, V0, Vg, Vh }

RRR 17-2006

Table 6: Case analysis for the pairs (vh,vg), (v5,v7), (v5,v8), (vh,v0).

|vi vy w3 v vs vg v Us V9 Wy

Uy

| 0

*

0

1

1

1

1

1 1 O

Table 7: Connections between v5 and Gjo.

(v5,v3), (vgy,vs) and (v}, v7), must be non-edges. Furthermore, the pairs (vy, vy), (vg, v3),
(v, vg) and (vg, v7) must be edges, since otherwise one of the following 3-combs would ap-
pear: {vy, v, V), v1, 07,0}, {v1, Vs, Vs, V2, v, V) }, {1, Us, Vg, Vs, Us, UL}, O {01, Us, vy, v3, U, U}
The pairs (v),v)) and (v),vg) cannot be edges, since otherwise the 3-combs induced by
{v1,v9, v}, v3,v5, v, } and {ve, v3, Vg, v1,v7, v} would appear. Finally, the pair (v}, vo) remains
uncertain. Table 12 shows the connections between v and Gyy.

Next, let us consider the 2-comb induced by {v}, v, vy, vs} and denote by vg the vertex
settling it. Notice that this 2-comb can be obtained from {v], v, v2, v6} by applying transfor-
mation Ay. Therefore vj must have the same connections as v, after applying A,. Table 13

shows the connections between vy and Gyy.
We summarize the connections between vertices v7, ..

|vi vy w3 v vs vg v Us V9 Wy

/
Uy

|1

1

0

*

0

1

1

1 0 1

Table 8: Connections between v and Go.

., U4, v in Table 14, and between
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"Ul Vg V3 Vg Vs Vg VUr Vg Vg Y

/1 1 1 1 0 = 0 1 1 0

Table 9: Connections between vg and Gjo.

"Ul Vg V3 Vg Vs Vg VUr Vg Vg 1

/0 1 1 1 1 1 0 =% 0 1

Table 10: Connections between v§ and Gio.
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Fdge S3 or S3 Edge S or S3
(vi,v5) =1 Sg:{va,v5,05,v8,00,v1} | (v,03) =0 Sz {ve, 0,5, v4,08,v0}
(vi,vy) =0 Ss:{ve, v}, v, v3,05,08} | (V),v5) =1 Ss:{ve,vs,v],v3,v7, 05}
(v}, v5) =0 Ss:{vg,v],vG,v2, 05,07} | (V),05) =0 Sz {vg,v],0%,v2,06,09}
(vi,vg) =1 Sy {vs,v6,v5,v2,09,v1} | (vh,v3) =1 Sz {vr,v8,5,v4,00,v5}
(v5,v3) =0 Syt {v1,v3,05,v7,00,v4} | (v, v5) =0 Sz {vs,vg,v5,v1,03,v6}
(v3,v5) =0 Syt {v1,va,07, 08,09, 05} | (v, 07) =0 Sz {va, v7,v5,v1,03,v6}
(vh,vf) =0 Sy :{v1,vs,vh,v5,v0,05} | (v5,0)) =1 Ss: {vg,vr,v),ve,v9,v5}
(vh,v5) =0 % : {us, vf, V5, v, 06,09} | (V5,v6) =0 Sz {vs,vh, v, v, 05, U7}
(v5,07) = 1S3t {va,va,05,v1, 05,07} | (v5,05) =0 Sz {ve, v3,v5, V1,04, 07}
(Vi v5) =1 Sg:{v1,v2,04,v6, 09,05} | (v, 05) =0 Sz {vs, v5,v),v1,09, v5}
(vj,v5) =0 Sg:{vg, vk, v, v3,v5,08} | (U, v5) =0 Ss:{v1,vs,v6,v2,v), 05}
(vh,v6) =1 Sg:{v1,vs, VG, v4,00,05} | (V5,05) =0 Sz : {ve,vl, v}, vg,v8,00}
(v5,v5) =0 Syt {va, 05,05, v1, 08,07} | (vg,07) =1 Sz {vs, va,v5, V8,00, v7}
(vg,v5) =0 Sy : {v1,v7,v5,v3,v9,05} | (V,v5) =1 Sz : {ve,v3,v§,v6,v9, V5 }
Table 11: Case analysis for the connections between ], ..., v§.
} VI Vp U3 Uy Vs Vg V7 Ug Vg U
vw|0 0 0 1 0 0 0 1 0 =
Table 12: Connections between v and Gjo.
|vi vy w3 v vs vg v Us V9 Wy
g ‘ o 1 0 O O 1 0 0 0 =«

Table 13: Connections between vj and Gio.
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/ /
., Vg, Vg.

Table 14: Connections between vertices v}, ..

Vg V3 V4 Vs Vg U7z Vg Vg Yo

(%1

/ /
., Vg, V.

/
., 9,V and vy, ..

Table 15: Connections between vertices v, . .

1o+, U4, v in Table 15.

., Vg, Vg and v

V1, ..
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Table 16: Case analysis for the pairs (v),v1), (v}, v3), (v}, v4), (v),vs5), (v),v7) and (v}, vs).

! / / / ! ! <
(vg,v1)  (vg,v3)  (vg,va)  (vg,vs)  (vg,v7)  (vg, vs) S3 or S3
. / /
0 0 0 0 0 0 S3 : {vg,v3, V5, v1, v4, 05}
. /
Ss : {v1,v8,v9,v2,v4, )}
. / /
S3 1 {va,v3, V5, v1, 04,00}
Sy : {v1,vs, vg, V2, Vg,V }
3 - 1,0U8,v9,U2,U4, Vg
Ss : {v1,v5, vg, V2, U7, V) }
3 - 1, V5,09, V2,VU7, Vg
. !
S3 1 {v1,v5,v9,v2,v7, 00 }
. / /
53 . {7}272}372}57”17”47”0}
. !
S3 : {v1,v8,v9,v2,v4, 0}
Ss : {vs, vy, v9, Vo, U8, V) }
. ] ] 9 9 » Y0
none
. /
Ss : {v3,v4,v9,v2, 08,00}
. !
S3 1 {vs, v7,v9,v2,v5, 00}
Sy : {v1,v5, vg, V2, V7,V }
3 - 1, V5,09, U2, U7, Vg
. !
S3 1 {v1,v5,v9,v2,v7, 05 }
Sy : {vs, vy, vg, V2, Vs, V) }
3 - 3, V4, U9, U2, U8, Uy
. /
53 . {U47U57U07U37U67U8}
Sz 0}
3 Vs, V7, V9, V1, Vs, Uy
Sy : {v1,vs, vg, V2, Vg, V] }
3 - 1,V8,V9,V2,V4, Vg
23 ;
53 . {U47U87U07U37U77U9}
Sz 0}
3 1 V1, 18,9, V2, V4,V
Sy : {v1,v5, vg, V2, V7,V }
3 - 1, V5,09, V2,VU7, Vg
. !
S3 1 {v1,v5,v9, v2,v7, 00 }
Sy /
3 {037077%,@2705,1)8}
. !
S3 : {v1,v8,v9,v2,v4, 0}
Sy : {vs, v7, v9, V1,6, V) }
3 - 3, V7, V9, U1, Vg, Uy
. /

53 . {U37U47U07U27U57U8}
Sy i {vy,v5, v9, V6, Vs, U }
3 - 4, U5, 19, U6, U8, Uy

. /
53 . {U37U47U07U27U57U8}
Sy : {v1, 5, vg, V2, V7,V }
3 - 1, V5,09, U2, U7, Vqy
. !
S3 1 {v1,v5,v9,v2,v7, 00}
. /
53 . {U37U77U07U27U57U8}
i ’
53 . {7}372}172}07”27”67”8}
. !
53 . {U17U57U97U37U67U0}
Sy : {v1,v5, vg, V3, V6, V) }
3 - 1,V5,19,V3, V6, Vg
. !
53 . {U17U57U97U37U67U0}
Sy : {v1,v5, vg, V3, V6,V }
3 - 1, V5,19, U3, U6, Vg
. / /
53 . {U37U77U17U27U87U0}
. / /
53 . {7}372}772}57”47”671)0}
. /
S3 1 {v1,v5, v, v2,v4, 07}

il S e R el el el el eoleNeolaNeoleoNeolBeoNeoBeolBoBeoNeoNeoNeoNeoNeoNoNoeNo N e No e oo o)
OO oo oo O R RHFEFMFEFRFEFRFRFRFRFRFRFRRRRERRERRPEREOODODODODODODODODODODODODOO OO
oo o oo oo R, HRFHFHF PR, OOOODODODOORHRRFRFEFEFEFEFEREARHREROOOOOORO
_ =, OO0 0O FHF PP OOOOFRFFEFPFODOODOHFFHEFFEFPFOODOORFRFRFERFEOOO
R oo R P OO P OO, FHRPROOHrR,RFRPFOOHFHRHFHPFOOH,HFPFOOHR,RPF,PROORFR,RF,FOORFRFHO
OO rHrOFrROHFHROHRORFROHORORFRROHOHOFROHORORROROROROHR
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(7}67?]1) (7}677]3) (7}67?]4) (0671)5) (U671)7) (U671)8) S3 OI‘S_g

1

= T = e e e e N T e e e e e e T e T S e G S e =Y

. /

0 0 1 1 1 S3 1 {v1,vs, v, v2, V4, U7}
. /
S3 : {v1,v5,v9,v3, V6, vy }
. !/
53 . {U17U57U97U37U67U0}
. /
53 . {U17U57U97U37U67U0}
Sy : {v1,v5, vg, V3, V6, V) }
3 - 1,V5,Y9,V3, V6, Vg
. /
S3 : {3, v4,v9, va, V8, vy }

Sy A
3 - {7}17?}87?}07027”47”7}
. /
S3 : {3, v4,v9, va, V8, vy }
Sy A
3 - {'U47'U57'U0,'U3,'U6,'U8}
. / /
53 . {U67U77U17U57U87U0}
. I
53 . {7}37?}17?}07”27”67”8}
. /
Sz {vs, v7,vp, V1,04, V6 }
Sy i
3 - {037?}77@07”17”47”6}
. /
53 . {U17U57U07U37U67U8}
. / /
53 . {U37U17U07U27U67U8}
Sy /
3 - {U17U57U0,U2,U4,U7}
. /

Sz : {1, v5, v, v, V4, v7}
Sy : {4, v5, v9, v6, Vs, U }
3 - 4, V5,19, U6, U8, Vg

. /

S3 1 {v1,v8, vy, v, V4, v7}
Sy : {4, v5, v9, V6, Vs, U, }
3 - 4, U5, 19, U6, U8, Uy

. /
53 . {U37U47U07U27U57U8}
Sy A
3 - {017?}57?}07”37”67”8}
. /
Sz : {1, v8, vy, v, V4, v7}
Sy A
3 - {017?}57?}07”37”67”8}
. / /
53 . {U37U17U07U27U67U8}

i e e e i i i el el i i e el e i e == R == R ev B an B an B o B e B e

[l e e i i i e B en Bl e Bl e B an Bl an B an B an B e ol el i e
_ = = 2, O 00000 MFHEFEFEF P OOOOFRFRFERFEOOOO
R R, OO PP OO, PR OOHRPFP,R OO, RFEFOORFRRFEOO
HORrRPOHRORORFROHORFROHFH,ROFHORORORO

Interestingly, the graph induced by v}, ..., vy, v{ is an isomorphic copy of G9. Moreover,
(v3,v}) for i # j is an edge if and only if (v;,v;) is not an edge, while the pairs (v;, v}),
1=20,1,...,9 are uncertain. Thus, this configuration is the sum of two copies of G1¢, that is,
the graph 2Gy (see Figure 29). Let us recall that to any graph G we can apply the same
operation and obtain the sum G + G = 2G.

Figure 29: The sum of two graphs Gig or 2G1g.
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Another remarkable property of the obtained configuration is as follows: if we exchange
vo with v and vg with v then the resulting graph becomes the sum of two Petersen graphs,
that is, 2P = 2G1p, as shown in Figure 30.

Figure 30: The graph 2P, isomorphic to 2G1¢ by exchanging vg, v), and vy, vj.

This completes the proof of Lemma 3. O

2.4 Proof of Lemma 4

We prove that if a graph G contains an induced 2P, then it must have either an unsettled
2-comb, or an induced 3-comb or 3-anti-comb.

Let us recall that 2P still has 10 uncertain edges. Hence, it gives us in fact 1024 possible
graphs, one of which is an induced subgraph of G. Since we do not know which one, we will
prove the statement by considering each such possible subgraphs.

Remarkably, none of these 1024 graphs contains an induced 3-comb or 3-anti-comb, as
verified by computer.

Furthermore, 2P itself contains no induced 2-combs either. (Since 2P contains uncertain
pairs, we call a subgraph of 2P an induced one only if it does not involve any uncertain
pair.) However, each of the 1024 graphs obtained from 2P contains many 2-combs each of
which involves exactly one pair of vertices v; and v} for some index i.

Now we will fix one of the uncertain pairs (once as an edge and once as a non-edge), while
keeping all others uncertain. Several (36) unsettled induced 2-combs appear that contain
the fixed uncertain pair. Each of these 2-combs must be settled in G by our assumption (i),
thus there exists a vertex x settling it. There are 16 pairs (x,y), where y is a vertex of 2P,
not belonging to the unsettled 2-comb. We check all 2'¢ possible edge/non-edge assignments
to these 16 pairs, and find by computer search that for each of them an induced 3-comb or
3-anti-comb exists.

More precisely, let us fix the uncertain pair (vo, vj) and consider two cases:

1. If (vo, v() is an edge then the 2-comb induced by the vertices {vy, vo, vj, v4} is unsettled
in 2P, because no vertex in 2P is connected to both vy and v} by the definition of the
sum of two graphs.
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Let = be a settling vertex. Then, by definition, (z,vy), (x,v}) must be edges of G,
and the pairs (x,v;) and (z,v4) must be non-edges. There are 16 other pairs of the
form (x,y), where y is a vertex of 2P. Hence, there are 2'6 possible assignments of
edges/non-edges between x and 2P. We check by computer all 26 possible assignments
and find that in each 2'® graphs there is an induced (without uncertain pairs) 3-comb
or 3-anti-comb.

2. If (vo,v() is not an edge of G then the 2-comb induced by the vertices {vg, v1, vs, v} } is
not settled in 2P. Since it must be settled in G by condition (i), there is a vertex « of
G that settles it. Similarly to the previous case, we again consider all 2!6 graphs, and
find by computer search that all of them contain an induced 3-comb or 3-anti-comb.

This concludes the proof of Lemma 4. O

3 Proof of Theorems 2 and 3

Proof of Theorem 2: Recall by (1.1) that we can reduce the case analysis by assuming
that 1 <k </l <n-—2.

We start by proving (i). Assume by contradiction that there exists an unsettled
Sn ={B1,..., B, Ay1,...,An}, |Bil =k, |A;] = €. Then, by assumption we must have

A, DB forall j#i and A; BB, (3.9)

Let us recall that S, is settled by a k-set K iff K C ﬂ;nzl A, and it is settled by an /-set L
it L 2B, fori=1,... m.

Let B = {By,...,Bn}, and let X C [n]| be the set that contains the elements that are
in more that one of the B;’s, i.e. X = {z € [n] | degg(z) > 1}. Notice that X C (7., A;
because by (3.9) we have that every vertex belonging to two or more of the sets from 55 must
belong to all sets A;, i = 1,...,m. Clearly |X| < k, otherwise S,,, would be settled by a k-set
in X.

In the following steps of the proof, we will derive some inequalities, to arrive to a con-
tradiction. First, we need some more definitions.

Let a,, p = 0,1,...q < |X| < k, be the number of sets B; € B for which |B; N X| = p,
and let H = {B;NX|i =1,...,m}. Let us observe first that 7(B) < 7(H) + ag, where
7 denotes the size of a minimum vertex cover. To see this inequality, let us first cover the
intersecting hyperedges of B optimally by 7(H) vertices, and then cover the rest by choosing
one vertex from each remaining set outside of X (i.e., by at most ay additional vertices).
Moreover, we have 7(B) > n — ¢, since otherwise there exists an (-set settling S,,. Thus, we
can conclude that

T(H)+ag>n—0+1 (3.10)
Assume w.lo.g. that [BiNX| < |BoNX| < ... <|B,NX]|. Since we know by (3.9)
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that U;n:_ll B; C A,,, we have:

m—1 q
U Bil =X+ (k—pa, — (k—q) < ¢ (3.11)
i=1 p=0
Let us now take away k times equation (3.10) from (3.11) and obtain
q
X[+ (k= p)a, — (k—q) — k(r(H) + ap) < €—k(n—(+1)
p=0
which can be simplified to

|.X| —I—i(k‘—p)apjtq—kn‘(?-l) < (k+1){—kn (3.12)

p=1

Notice that the right had side of (3.12) is negative by our initial assumption of kn >
(k + 1)¢. Thus, to arrive to a contradiction, it is enough to prove that

kr(H) < X[+ (k= p)a, +q. (3.13)

p=1
Let us observe next that » ' _, (k a,) = k|H|, and that > (p a,) = >y, [H|. Thus, we
can equivalently rewrite inequality (3.13) as:
KR = 7(H)) = D [H| - 1X] —q (3.14)
HeH

To show (3.14), let us construct a cover C' of H as follows. First we choose into C' a
2menH|

vertex of the highest degree in H. This vertex covers at least = hyperedges of H. We
cover the remaining edges by choosing one vertex from each. TLis simple procedure shows
that
H
T(H) < |C] < |H|- % + 1. (3.15)

From this simple inequality we can derive the following:

K(H = 7(H) = Yy [H] —k

k—|X
Spen [H| + 557 Cen [H] =k
ZHE'H |H| - |X|
where, the second inequality follows from [X| < )", ., |H|, which is true, since every vertex

of X has degree at least 2 in B. The above inequalities then prove (3.14), since ¢ > 0, which
then yields the desired contradiction, completing the proof of (i). O

AVA|
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We prove next (ii). We will show, by a construction that an unsettled S, exists in
G(n, k, ), whenever kn < (k+1)¢ and n > k + (.

For this let us set r = ¢ (mod k), 0 <r <k, m = MT_T, and let By,..., B,,, and R be
pairwise disjoint subsets of [n] = {1,2,...,n}, such that |R| =r and |B;| =k fori =1,...,m.
Notice that

|IRUByU---UBy,| =km+r="_{+Ek. (3.16)

Thus, it is possible to choose such pairwise disjoint subsets, since k+¢ < n by our assumption.
Let us further define

A, = RU (UBJ) for i=1,.....,m.
J#i

With these definitions, we have |A;] =r+k(m—1)=r+ {l —r)=~Lforali=1,..m.
Furthermore, A; O B; if and only if ¢ # j. Thus, the sets Ay, ..., A,,, and By, ..., B, are
vertices of G(m, k, £) forming an S,,,.

We show that this S,, is unsettled in G(n, k, ). For this, observe first that |-, 4;| =
|R| = r < k, and consequently, no k-set can settle S,,,.

Next, let us assume indirectly that there is an ¢-set L which settles S,,. Hence, L cannot
be connected in G(n,k,?) to any of the B;’s. In other words, L 2 B; fori = 1,....;m. It
follows that |L N B;| < k—1 for all i = 1, ..., m, implying

Ll <m(k=1)+r+(n—k—10). (3.17)

That is, we can take at most k& — 1 elements from each of the k-sets, and the remaining
r+n — k — ¢ elements of [n], as implied by (3.16). It is now enough to show that |L| < ¢,
because this contradicts the assumption that L is an f-set. To do this, let us rewrite (3.17)

as
C+k—r

- (k—1)+r—m—Fk—{,

IL|<m(k—-1)+r+n—Fk—10)=
which implies

EIL|+¢ < ((+k—r)k—1)+k(r—n—k—10)+¢
= K —l+K —k—krd+r+kr+kn—k —kl+/(
= kn—(k—r) < kn < (k+1)¢

where the last two inequalities follow by & > r and our assumption that kn < (k + 1)¢.
Thus, |L| < ¢ follows, completing the proof of (ii). O

This completes the proof of Theorem 2. O

Proof of Theorem 3:

We prove first (a). Even though this claim is only for & < 2, let us first disregard
this restriction. Assume by contradiction that there exists an unsettled S,, in G(m,k,{)
defined by the sets {By, ..., By, A1, ..., An}, where |B;| =k, |A;| = ¢, fori=1,...,m, and
Bj QAZ, lﬁZ:j Set B:{Bl,,Bm} andA:{Al,...,Am}.
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By definitions, an {-set L can settle S, only if [n]\ L is a vertex cover of the hypergraph
B. Furthermore, a k-set K can settle S,,, only if K C A; for all i = 1,...,m. Since S,, is
assumed to be unsettled in G(n, k, £), we must have the following properties.

(i) 7(B) > n — £+ 1, since otherwise the complement of a minimum vertex cover of B
would contain a settling (-set.

(ii) | ﬂ A;| < k, since otherwise the intersection of the sets of .4 would contain a settling
i=1
k-set.

Let us also observe that B; C A, if and only if 4 = j implies that A; = [n]\ 4; is a vertex
cover for B\ By, implying |A;| = n — ¢ > 7(B\ {B;}) > 7(B) — 1. This, together with (i),
implies that

n—{¢ = 1B)—1 = 7(B\{B;}) (3.18)

foralle=1,...,m.
Let us now consider the subset

Equations (3.18) imply that X C A; for all i = 1, ..., m. Thus, by property (ii) we must have
IX| < k-1 (3.19)

Another consequence of (3.18) is that the hypergraph B is 7-critical, i.e., the minimum
vertex cover size strictly decreases whenever we remove a hyperedge from B. This also
implies that B is a-critical, where «(B) is the size of the largest independent set of B, i.e.,
the largest set not containing a hyperedge of . This is because a(B) + 7(B) = n for all
hypergraphs B.

Let us now consider the case of k¥ = 1. In this case we have |B| = 7(B) and by (3.19)
X = (), implying that |B| = n, which together with the previous equality and (3.18) imply

n=|Bl=1B)=n—(+1

from which ¢ = 1 follows, contradicting (1.1).

Let us next consider the case of £ = 2. In this case B is an a-critical graph G on vertex-set
V =[n|\ X, with a(G) = a(B) —|X|=¢-1—-|X].

We apply a result attributed to Erdds and Gallai (see Exercise 8.20 in [31]; see also the
proof of Exercise 8.10 by Hajnal), stating that in an a-critical graph G with no isolated
vertices we have |V| > 2a(G). This implies for our case that n — | X| > 2(¢ — 1 — |X|), from
which

n>20—2—|X|
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follows. Since by (3.19) we have | X| < k — 1 = 1, the above inequality implies
n>20—-3

contradicting (a) of Theorem 3, according to which we have n < 2¢ — 3. O

Remark 10. We could extend the above line of arguments for k > 3, if the inequality
n > 2=a(B) were valid for a-critical k-uniform hypergraphs, in general. However, this is
not the case, as the following example shows: let n = 10, k = 3 and B = {{1, 2,3}, {3,4,5},
{5,6,7}, {7,8,9}, {9,10,1}}. In this case we have a(B) =7, and 10 % (3/2)7 = 21/2.

We prove finally (b). We will now provide a construction for an unsettled S,,. Let
L={2,3,...,k}, and choose r € L, such that r = ¢ (mod k — 1) (for instance, if k& = 2 then
we have r = 2).

Let us next partition [n] as

" = xulJa,

where | X| = r—1, p = &=, and where the sets Q1, . .., @, are almost equal, i.e., |Q;]| ~ —”—;‘H,

Then, we construct an unsettled S, = {Bi,..., Bm, 41,..., Ay} as follows. We define
m = Z§:1 (‘%"), and the sets B;, ¢ = 1, ..., m are thek-subsets of the @);-s, i.e.,

{By,..,B,} = O(i)

1=1

Finally, we set fort=1,...,m

A = XuBU | J Ry,
1<j<p
i#
where B; C Q;« and R;; C Q;, |R;;| =k — 1 for all j # 5*. In other words, each A; contains
X, the corresponding set B;, and k£ — 1 points from each set (); not containing B;.
It is easy to see that |A;| = £. Indeed,

Al = k+r—1+(p-1)(k—-1)
{—r
= l{:+r—1+(k_1—1>(k—1)
= r+l—r=/{

Let us observe first that by the above calculations no ¢-set can settle S,,. This is because
all (-sets must intersect at least one of the ();’s in k£ or more points, therefore any /-set
contains at least one of the B;’s.
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Furthermore, we can show that |Q);| > k, for j = 1,...,p. By our assumption we have
n(k —1) > lk —r — k + 1 from which we can derive the following chain of inequalities:

k k+r—1
> .
TSR TR
nk—1) > kl—k—-r+1

ntk—1)—kr+k+r—1 > kl—Fkr
m—r+1)(k—1) > kl—kr
C—r

_ > —

(n 7‘+11) > kk—l kp
TR
p

which implies that |Q;| > L"‘Tﬁlj > k.
Finally we have to prove that no k-set can settle S,,. For this, as we remarked earlier, it
is enough to show that | (-, 4;| < k, which will follow from

<ﬁ Ai) nNQR; =0 (3.20)

for j =1,...,p, since then (-, A;) C X is implied, and we have | X| =k — 1.

To see (3.20) let us consider the following cases:
Case 1. If |Q;| > k then for all v € Q);, there is an index i such that B; C Q;\ {v}, implying
by the definitions that v € A;. Hence, (3.20) follows.
Case 2. If |Q;| = k and m > k + 1, then we have ); = B;~ for exactly one index i* €
{1,...,m}. For all other indices i we have Q; N A; = R;; of size k— 1. Thus, since m > k+1,
we can choose for each v € (); an index i # ¢* such that v ¢ A;, implying (3.20).
Case 3. If m < k then we must have |Q;| = |Q2] = ... = |Q,| = k, m = p < k, since we
already know that |Q);| > k for all j = 1,...,p, and if |Q;| > k for at least one index j, then
m > k + 1 would be implied. Thus, we have

P
no= X1+ Y10l
=1

= r—1+_pk:
{—r
" k—1
r
s

= r—1+4+%k

and hence, by our assumption, we must have ¢ > r + k% — k + 1. However, p < k implies
that p = ﬁ:i < k from which ¢ < r + k% — k follows. I
This completes the proof of Theorem 3. O
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4 More about CIS-d-graphs

4.1 Proofs of Propositions 6,7, 11 and Theorem 4

Proof of Proposition 6. Obviously, every partition of colors can be realized by successive
identification of two colors. Hence, the following Lemma implies Proposition 6.

Given a (d+ 1)-graph G = (V; Ey, ..., Eq, E4.1), let us identify the last two colors d and
d + 1 and consider the d-graph G’ = (V; Ey, ..., Eq_1, Eq), where Eq = E4U Eqyq.

Lemma 5. If G is a CIS-(d + 1)-graph then G’ is a CIS-d-graph.

Proof. Suppose that G’ does not have the CIS-d-property, that is, there are d vertex-sets
Ci,...,Cq-1,Cq C V such that they have no vertex in common, where C; is a maximal
subset of V' avoiding color ¢ for i = 1,...,d — 1, and Cyq is a maximal subset of V' avoiding
both colors d and d+1. Clearly, there exist maximal vertex-sets Cy and Cy; avoiding colors
d and d+ 1 respectively and such that C;yNCyy1 = Cq. Then C4,...,Cy_1,Cy,Cyy1 CV are
maximal vertex-sets avoiding colors 1,...,d — 1,d,d + 1 respectively and with no vertex in
common. Hence, the (d + 1)-graph G’ does not have the CIS-(d + 1)-property, either. O

A little later we will need the following similar claim.

Lemma 6. If G is a Gallai (d + 1)-graph then G' is a Gallai d-graph.

Proof. 1t is obvious. If G’ contains a A then the same three vertices form a A in G too. O

Proof of Proposition 7. It follows by a routine case analysis from the definitions.

First, let us consider Gallai’s property. Suppose that G has a A. Clearly, it cannot
contain exactly one edge in G”, since then two remaining edges are of the same color. If this
A contains 2 edges in G” then the third one is there, too, and hence G” contains a A. If all
3 edges are in G’ then G’ contains a A. Conversly, If G’ or G” contains a A then, clearly, G
contains it too, since both G’ and G” are induced subgraphs of G.

Now let us consider the CIS-property. To simplify the notation we restrict ourselves by
the case d = 2, though exactly the same arguments work in general. It is easy to see that any
maximal cliques (respectively, stable sets) of G’ which do not contain v remain unchanged
in G, while a maximal clique C’ (respectively, a maximal stable set S’) of G’ which contains
v and for every maximal clique C” (respectively, every maximal stable set S”) of G” the
set C = C"UC”\ {v} (respectively, S = S"U S” \ {v} is a maximal clique (respectively,
a maximal stable set) of G and moreover, there are no other maximal cliques (respectively,
maximal stable sets) in G.

It is not difficult to verify that every maximal clique C'= C"UC"”\{v} and every maximal
stable set S = S"US”\ {v} in G intersect if and only if every maximal clique C” intersects
every a maximal stable set S” of G’ and every maximal clique C” intersects every a maximal
stable set S” of G”. Indeed, if C"NS" = {v'} # {v} then C N S = {v'} for any C” and 5”.
IfC'NS" ={v} then CNS=C"NS" and hence C NS # ( if and only if C”" N S" # (. If
C'NS # 0 then both ¢’ NS’ and C” N'S” must be non-empty. O
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Proof of Theorem 4.

Part (a). By Proposition 7, G is exactly closed under substitution. By Proposition 9,
G can be obtained from 2-graphs by substitutions. Such a decomposition of G is given by a
tree T'(G) whose leaves correspond to 2-graphs. It is easy to see that by construction each
chromatic component of G is decomposed by the same tree T'(G). Hence, all we have to prove
is that both chromatic components of every 2-graph belong to F. For colors 1,...,d—1 this
holds, since F is exactly closed under substitution, and for the color d it holds, too, since F
is also closed under complementation.

Part (b). It follows easily from from part (a). As in Lemma 5, given a (d + 1)-graph
G = (V;E,...,Ey, Eqiq), let us identify the last two colors d and d + 1 and consider the
d-graph G' = (V; Ey, ..., Eq_1, Eq), where Eq = E4U E4.q. We assume that G is A-free and
that G; = (V, E;) € F fori = 1,...,d — 1. Then, by Lemma 6, G’ is A-free, too, and it
follows from part (a) that Gq = (V, Eq) is also in F. Hence, the union of any two colors is
in 7. From this by induction we derive that the union of any set of colors is in F. O

Proof of Proposition 11. Given G, let us again consider the decomposition tree T(G),
fix an arbitrary its leaf v, and consider the corresponding 2-graph G,. Both its chromatic
components are CIS-graphs, by Proposition 8. Hence, G, is a CIS-d-graph. Thus, G is a
CIS-d-graph, too, by Proposition 7. O

4.2 Settling A

Let V = {v1,v9,v3} and assume that By = {(vi,v2)}, Ea = {(vo,v3)}, and E3 = {(v3,v1)}
form a A, see Figure 12. Obviously, A is not a CIS-3-graph. Indeed, let us consider C =
{vg,v3}, Cy = {vs,v1}, and C3 = {v1,v2}. There is no edge from E; in C; for i = 1,2,3 and
C1NCyNC3 = . Hence, if a CIS-3-graph G = (V; Ey, Ey, E3) contains a A then it must
contain a vertex vy such that the sets C] = {va, vs,v4}, C) = {vs,v1, 04}, and C§ = {vy, va, v4}
contain no edges from Ey, Es, and Ej3, respectively.

Similarly, let us consider the sets C; = {vs,v1}, Cy = {v1, 02}, and C5 = {vy,v3}. Again,
there is no edge from E; in C; for : = 1,2,3 and C;, N Cy N C5 = (). Hence, if a CIS-3-graph
G = (V; Ey, Esy, E5) contains a A then it must contain a vertex vs such that C] = {vs, vy, vs},
Ch = {v1,v9, 05}, and C} = {vq, v3,v5} contain no edges from F;, Es, and Ej, respectively.

It is easy to check that vy # vs and that we must have (vy,v1), (v1,v2), (ve,v5) € Ej,
(v4,v2), (V2,v3), (v3,05) € Fa, (v4,v3), (v3,01), (v1,v5) € E3, see Figure 12. This leaves only
one pair (v4,v5) whose color is not implied. Yet, let us note that for any coloring of (v4, vs)
a new A appears. For example, if (vy,v5) € E; then vertices (vs, vy, vs) form a A’

4.3 A stronger conjecture

We say that two vertices vy and vy settle A. Note however that v; and v, do not settle
A’. So we need more vertices to settle it. Nevertheless, there are d-graphs whose all As are
settled. First such example was given by Andrey Gol’berg in 1984, see Figure 34.
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Figure 32: Settling A (in black and white for printing).

We call this construction a 4-cycle. It has 4 As and they are all settled. Yet, if we
partition its three colors into two sets we will get 44 2-combs none of which is settled.
Hence, by Proposition 6, the 4-cycle is not a CIS-3-graph.

Moreover, in the next section we give examples of 3-graphs whose all As and 2-combs
are settled, however, their 2-projections have unsettled induced 3-combs or 3-anti-combs.

Conjecture 4. Let G be a non-Gallai 3-graph with chromatic components G1,Gs, G3, then

there is an unsettled A in G or G; has an unsettled induced comb or anti-comb for some
1=1,2,3.

Obviously, Proposition 6 and Conjecture 4 imply Conjecture 3.

Remark 11. [t is not difficult to show that for every fived k,d € Z, and ¢ > 0 there is
n = n(k,d,€) such that in a random d-graph G with a fized |V(G)| > k all As as well as
all induced m-combs and m-anti-combs for m < k in all projections of G are settled with
probability greater than 1 — €.

Yet, for m > k, unsettled induced m-combs and m-anti-combs exist with high probability.

4.4 Even cycles and flowers

In this section we describe some interesting 3-graphs in support of Conjecture 4. They have
all As settled, and sometimes even all 2-combs are settled in their 2-projections. However,
then unsettled 3-combs, or 3-anti-combs, or 4-combs appear.

Let us consider four As in Figure 33. They form a cycle.

This construction can be extended (uniquely) to a 3-graph, shown in Figure 35, in which
all four As are settled “counterclockwise” (i.e., As induced by the triplets {0, 1,2}, {2, 3,4},
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Figure 33: Initial 4-cycle structure.

{4,5,6}, and {6,7,0} are settled by the pairs {3,4}, {5,6}, {7,1}, and {1, 2}, respectively),
and no new A appears. However, 2-projections of this 3-graph contain 44 unsettled 2-combs
(induced by the quadruples {0,5,1,4}, {3,2,6,7}, {4,1,2,3}, {0,5,6, 7}, etc.) as shown in
Figure 35.
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Level 1: GBBGGBBG
Level 2: RGRBRGRB
Level 3: RBRGRBRG
Level 4: GBBRGBBR

4 settled As
44 Sy: 0 settled

Figure 34: 4-cycle with all As settled.
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Level 1: GBBGGBBG
Level 2: RGRBRGRB
Level 3: RBRGRBRG
Level 4: GBBRGBBR

4 settled As
44 S5: 0 settled

\

\

—_—————r e N e e

Figure 35: 4-cycle (in black and white for printing). This 3-graph was constructed by Andrey
Gol’berg in 1984.



PAGE 56 RRR 17-2006

©
=
©

@//

Figure 36: Initial 4-flower structure.
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Now, let us consider four As with one common vertex as shown in Figure 36. This
construction we call a 4-flower. It can be extended to a 3-graph, as shown in Figure 38, in
which all four As are settled “counterclockwise” (i.e., As induced by the triplets {0, 1,2},
{0,3,4}, {0,5,6}, and {0,7,8} are settled by the pairs {3,4}, {5,6}, {7,8}, and {1, 2},
respectively). Although four more As (induced by the triplets {0, 1,6}, {0,2,5}, {0,4, 7},
and {0,3,8)} appear in this extension), yet they are settled too. Moreover, 2-projections of
this 3-graph contain twenty induced 2-combs that are all settled. However, there exist also
eight induced 3-combs that are not settled.

Using a computer, we analyzed also some larger flowers (namely, 2j-flowers for j = 3,4, 5,
and 6) shown below. In all these examples all As are settled. However, in agreement with
Conjecture 4, for each of these 3-graphs always there is a 2-projection that contains an
unsettled comb or anti-comb.

We have to explain the notation used in the figures. The three colors are red R, blue B,
and green (G, and we denote them by solid, dashed, and dotted lines, respectively.

In a 2j-flower we denote the central vertex by 0 and other vertices are labeled by
1,2,...,25 — 1,2j. Due to the symmetry, we can describe this 3-graph in terms of a list
of colors L present in level i, where level ¢ contain all edges (a,b) such that a — b = +i
(mod n). Clearly, we only need to provide the color lists from level 1 to j, since level i gives
the same assignment as level 27 — 7. Finally Level 0 shows the coloring of the radial edges.
For example, the 4-flower on Figure 38 is colored as follows:

Level 0:
the edges (0, 1), (0,2),(0,3)(0,4), (0,5),(0,6), (0,7), (0,8) are colored by RGRGRGRG.

Level 1:
the edges (1,2),(2,3),(3,4), (4,5),(5,6),(6,7),(7,8),(8,1) are colored by BGBGBGBG;

Level 2:
the edges (1, 3), (2,4),(3,5), (4,6),(5,7),(6,8),(7,1),(8,2) are all colored by BBBBBBBB;

Level 3:
the edges (1,4),(2,5),(3,6),(4,7),(5,8),(6,1),(7,2),(8,3) are colored by RBRBRBRB:;

Level 4:
the edges (1,5),(2,6),(3,7), (4,8),((5,1),(6,2),(7,3),(8,4)) are colored by RGRG(RGRG).
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Level 0: RGRGRGRG
Level 1: BGBGBGBG
Level 2: BBBBBBBB
Level 3: RBRBRBRB
Level 4: RGRGRGRG

8 As: 8 settled
20 Sy: 20 settled
8 S3: 0 settled

Figure 37: 4-flower example.
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Level 0: RGRGRGRG
Level 1: BGBGBGBG
Level 2: BBBBBBBB
Level 3: RBRBRBRB
Level 4: RGRGRGRG

8 As: 8 settled
20 Sy: 20 settled
8 S3: 0 settled

Figure 38: 4-flower example (in black and white for printing).
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Level 0: RGRGRGRGRGRG
Level 1: BGBGBGBGBGBG
Level 2: BBBBBBBBBBBB
Level 3: RBRBRBRBRBRB
Level 4: RGRGRGRGRGRG
Level 5: BRBRBRBRBRBR
Level 6: BBBBBBBBBBBB

18 As: 18 settled
66 S9: 66 settled
38 S3: 20 settled
6 S4: 0 settled

Figure 39: 6-flower example.
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Level 0: RGRGRGRGRGRG
Level 1: BGBGBGBGBGBG
Level 2: BBBBBBBBBBBB
Level 3: RBRBRBRBRBRB
Level 4: RGRGRGRGRGRG
Level 5: BRBRBRBRBRBR
Level 6: BBBBBBBBBBBB

18 As: 18 settled
66 S9: 66 settled
38 S3: 20 settled
6 S4: 0 settled

Figure 40: 6-flower example (in black and white for printing). This 3-graph was constructed by
Bianca Viray in 2004.
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Level 0: RGRGRGRGRGRGRGRG
Level 1: BGBGBGBGBGBGBGBG
Level 2: BBBBBBBBBBBBBBBB

Level 3: RBRBRBRBRBRBRBRB
Level 4: RGRGRGRGRGRGRGRG
Level 5: BRBRBRBRBRBRBRBR
Level 6: BBBBBBBBBBBBBBBB

Level 7. GBGBGBGBGBGBGBGB
Level 88 RRRRRRRRRRRRRRRR

32 As: 32 settled
192 Sy: 192 settled
256 S3: 0 settled

\\
N

,//
IV

\]

o)
A
|

7

N

Figure 41: 8-flower example.
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Level 0: RGRGRGRGRGRGRGRG
Level 1: BGBGBGBGBGBGBGBG
Level 2: BBBBBBBBBBBBBBBB

Level 3: RBRBRBRBRBRBRBRB
Level 4: RGRGRGRGRGRGRGRG
Level 5: BRBRBRBRBRBRBRBR
Level 6: BBBBBBBBBBBBBBBB

Level 7. GBGBGBGBGBGBGBGB
Level 88 RRRRRRRRRRRRRRRR

32 As: 32 settled
192 Sy: 192 settled
256 S3: 0 settled

Figure 42: 8-flower example (in black and white for printing).
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Level 0: RGRGRGRGRGRGRGRGRGRG
Level 1: BGBGBGBGBGBGBGBGBGBG
Level 2: BBBBBBBBBBBBBBBBBBBB

Level 3: RBRBRBRBRBRBRBRBRBRB
Level 4 RGRGRGRGRGRGRGRGRGRG
Level 5: BRBRBRBRBRBRBRBRBRBR
Level 6: BEBBBBBBBBBBBBBBBBBB

Level 7: RBRBRBRBRBRBRBRBRBRB
Level 8: RGRGRGRGRGRGRGRGRGRG
Level 9: BRBRBRBRBRBRBRBRBRBR
Level 10. BBEBBBBBBBBBBBBBBBBB

50 As: 50 settled

290 Sy: 290 settled
220 S3: 120 settled
110 Sy4: 0 settled
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Figure 43: 10-flower example.
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Level 0: RGRGRGRGRGRGRGRGRGRG
Level 1: BGBGBGBGBGBGBGBGBGBG
Level 2: BBBBBBBBBBBBBBBBBBBB

Level 3: RBRBRBRBRBRBRBRBRBRB
Level 4: RGRGRGRGRGRGRGRGRGRG
Level 5: BRBRBRBRBRBRBRBRBRBR
Level 6: BEBBBBBBBBBBBBBBBBBB

Level 7: RBRBRBRBRBRBRBRBRBRB
Level 8: RGRGRGRGRGRGRGRGRGRG
Level 9: BRBRBRBRBRBRBRBRBRBR
Level 10. BBEBBBBBBBBBBBBBBBBB

50 As: 50 settled
290 Sy: 290 settled
220 S3: 120 settled
110 S4: O settled

Figure 44: 10-flower example (in black and white for printing).
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Level 0: RGRGRGRGRGRGRGRGRGRGRGRG
Level 1: BGBGBGBGBGBGBGBGBGBGBGBG
Level 22 BEBBBBBBBBBBBBBBBBBBBBBB
Level 3: RBRBRBRBRBRBRBRBRBRBRBRB
Level 4 RRRRRRRRRRRRRRRRRRRRRRRR
Level 5: BRBRBRBRBRBRBRBRBRBRBRBR
Level 6: BEBBBBBBBBBBBBBBBBBBBBBB
Level 7: RBRBRBRBRBRBRBRBRBRBRBRB
Level 8: RGRGRGRGRGRGRGRGRGRGRGRG
Level 9: BGBGBGBGBGBGBGBGBGBGBGBG
Level 10: BBBBBBBBBBBBBBBBBBBBBBBB
Level 11: RBRBRBRBRBRBRBRBRBRBRBRB
Level 122 RRRRRRRRRRRRRRRRRRRRRRRR

72 settled As

600 Ss: 600 settled
184 S3: 76 settled
24 S4: 0 settled
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Figure 45: 12-flower example.
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Figure 46: 12-flower example (in black and white for printing).
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