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WORKING WITH MATHEMATICALLY GIFTED STUDENTS IN
PRIMARY EDUCATION - PART TWO
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Abstract. Most commonly, the differentiation of mathematics instruction is
realized by working with mathematically gifted students. Traditionally this is
as a part of mathematical scctions, by preparing the students for mathematical
competitions. However, we consider that it is going to be much more efficient
if it is implemented continuously and following a specially prepared program
for these students. For this purpose in this paper, we present the integral
teaching program for working with gifted students in Grade VII (Grade VI) in
the nine-year long (eight-year long) primary education. This teaching program
is an upgrade of the corresponding teaching programs for the given grades,
developed by the same authors. Alongside, almost the complete teaching
program is supplemented by a system of tasks for particular topics (solved and
unsolved), given in [10] —[19].

1. INTRODUCTION

Most often, studying creativity, giftedness and talent comes down to defining
them and creating instruments for recognizing and identifying talented and
gifted children. In this paper, we are not going to analyze these questions,
because they are already analyzed in the existing literature, such as in [1], [2],
and [20]. Additionally, the gifted students and their education, i.e. the methods
and forms of work with the gifted students are another important aspect in the
work with these students. The existing literature also analyzes these questions,
and integral programs for work with gifted students in mathematics, aged 7 -11,
are presented in [3] -[5].

Systems of tasks from different arcas arc also present in the previously
mentioned works and they can serve for work with the mathematically gifted
students aged 7 to 11. These systems of tasks are compiled in the frames of the
European MATHEU project, in which they are overambitiously called didactic
pillars. We can say that the use of particular systems of tasks when working
with the mathematically gifted students is used by several authors many years
prior to the realization of the MATHEU project. For example, such a system of
tasks is presented in [6], which is smaller in volume and it is intended for
acquisition of the scientific methods by the mathematically gifted students.

2010 Mathematics Subject Classification. Primary: 97-XX
Key words and phrases. mathematically gifted students, primary education
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In the following analysis, we are going to present an integral teaching
program for work with mathematically gifted students aged 12-13, and for the
topic Theory of numbers, we are going to present a system of tasks, which we
believe will serve when working with the mathematically gifted students.

2. PROGRAM FOR WORKING WITH MATHEMATICALLY
GIFTED STUDENTS AGED 12-13

Integral teaching programs when working with mathematically gifted
students in the initial education, i.e. ages 7 -11 are presented in [3] — [S]. This
part will also cover it in terms of work with students aged 12-13, i.e. with
students from seventh (sixth) grade in the nine-year(eight) long primary
education. In the preparation of this program, as well as in the preparation of the
previous programs, we implemented experiences from the work with
mathematically gifted students from several countries, the ones coming from the
Russian Federation, Bulgaria, Romania, Serbia, Croatia, Bosnia and
Herzegovina and Macedonia being the most prominent.

The goals of the teaching program for students aged 12-13 are the following:

- The students understand the term fraction, do the operations with
fractions and use them when solving tasks,

- The students represent values in terms of percentages and use percent
operations,

- The students understand the need for the introduction of negative
numbers and generating the set of integers, as well as to acquire the term
absolute value and learn the arithmetic operations in the set of integers,

- The students understand the construction of the set of rational numbers
and to learn the arithmetic operations and their properties in the set of
rational numbers,

- The students solve equations with one variable and use them when
solving a word problem tasks,

- The students understand the term mapping, and use axial and central
symmetry to map figures,

- The students distinct axial and central symmetric figures as well as to
determine the axis of symmetry and center of symmetry of figures

- The students understand the characteristics of the triangle and quadrangle,
their properties and classification,

- The students calculate the perimeter of triangles and quadrangles,

- The students understand the relation of congruent triangles and use the
attribute of congruence in simple tasks,

- The students understand the need for proving a theorem and are able to
prove some theorems,

- The students are able to solve logical tasks,
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- The students learn the basic combinatory principles and combinatory

configurations in an informal way,

- The students are able to solve tasks with coloring, covering and cutting

figures into simpler figures, and creating a new figure from the cut pieces,

- The students use the method of invariants (in an informal way),

- Develop the qualities of thinking, such as: elasticity, pattern-making,

depth, rationalization, and critical thinking,

- The students learn in an informal way the scientific methods: observation,

comparison, experiment, analysis, synthesis, and the axiomatic method

- The students learn in an informal way the types of conclusion-making:

induction, deduction, and analogy, while presenting suitable examples
from which the students will learn that analogy based conclusion is not
always correct.
The following content needs to be learned to achieve the previously mentioned
goals:

Topic 1. Integers and rational numbers: direction, positive and negative
numbers, additive inverses, set of integers, absolute value and comparing
integers, fractions, types of fractions, extending and reducing fractions, creating
common denominators for the fractions and comparing fractions, arithmetic
operations with fractions (additions, subtraction, multiplication and division),
complex fractions, order of the arithmetic operations and calculating the value
of a numerical expression, percentages: concept for percent and percent value,
transforming a decimal number into percent, as well as a percent in the form of
a fraction and a decimal number, the set of rational numbers, absolute value of a
rational number and comparing rational numbers, arithmetic operations with
rational numbers (addition, subtraction, multiplication and division) and their
properties, calculating the value of a numerical expression with rational
numbers, solving linear equations containing rational numbers, exponentiation
with a natural number as an exponent, operations with exponents.

Topic II. Theory of numbers: general and specific indicators for
divisiveness (divisiveness with 7, 8, and 11), numeric systems, greatest common
divisor, Euclid’s algorithm and lowest common multiplier, prime and composite
numbers, Eratosthenes sieve, infinity of the set of prime numbers, basic
arithmetic theory, elementary Diophantine equations.

Topic II1. Word problem tasks: tasks with numbers and numecrals, tasks
with measure numbers, tasks with percentages, and tasks involving moncy.

Topic IV. Geometry: mapping, definition and basic properties, axial
symmetry, definition and basic properties, mapping figures by axial symmetry,
axisymmetric figures, line segment bisection, angle bisection and its properties,
perpendicular lines, distance from point to plane, central symmetrical figures,
triangle: clements of a triangle and types of a triangle, altitude of a triangle and
orthocenter of a triangle, median of a triangle and a triangle centre, bisection of
a side of a triangle and a center of a excircle of a triangle, bisection of an angle
of a triangle and a center of an incircle of a triangle, circumscribed circles of a



204 R. Malcheski, A. Malcheski, K. Anevska, M. Glavche

triangle, tangent of a circle, congruent figures, congruent triangles, indicators
for congruent triangles: the indicator side-angle-side (SAS), the indicator angle-
side-angle (ASA) and the indicator side-side-side(SSS), properties of an
isosceles triangle, parallel lines, parallel postulate, transversal of parallel lines,
angles of a transversal, angles with parallel sides and angles with normal sides,
sum of interior angles of a triangles and sum of exterior angles of a triangle,
median of a triangle, relation between sides and angles of a triangle, basic
constructive tasks, construction of a tangent of a circle and construction of a
triangle with given clements, clements of a quadrangular, sum of angles in a
quadrangular, quadrangular types, parallelogram, parallelogram properties,
rhombus and square, trapezoid, elements of a trapezoid and its properties,
isosceles trapezoid and kite, construction of a quadrangular with given elements,
perimeter of a quadrangular: paralleclogram, trapezoid and kite, concept of arca,
area of a triangle and a quadrangular, concept for volume, volume of a square
and a cuboid.

Topic V. Sets, logic and combinatorics: sets, number of elements of a set,
operations with a set, Venn diagram, determining a set in given conditions,
logical tasks, games and strategics, Dirichlet’s principle (intuitive use), counting
and recounting by using the principles of sum, difference and product (intuitive
use), coloring, covering and cutting, elementary games and strategies.

3. AN EXAMPLE OF A SYSTEM OF TASKS FOR WORKING WITH
MATHEMATICALLY GIFTED STUDENTS AGED 12-13

Similarly, as the programs presented in [3], [4] and [5], for the realization of
the suggested program for working with mathematically gifted students aged
12-13, we must prepare adequate teaching aids, i.e. textbooks that will be
mandatorily supplemented by adequate collections of tasks. Further on, we are
going to give an example of a system of tasks for this age group on the topic of
the Theory of numbers.

Task 1. What is the sum of all five-digit numbers created with the digits
1,2,3,4 and 5, each digit occurring exactly once?

Task 2. Between the digits of any two-digit number written with the same
digits insert two zeroes. The new number is exactly 91 times greater than the
initial number. Prove!

Task 3. Two numbers act like 19 : 8. If the sum of these numbers is divided
by their difference, we get a quotient of 2 and a remainder of 20. What are these
numbers?

Task 4. Let a,b,c,d be different digits and each of them be a prime number.

Write all ablOcd divisible by 264.
Task 5. On 3 cards, Marko wrote 6 different numbers,
one on cach side of the cards. The sum of the two

g9 78 60
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numbers written on each of the cards is equal. Marko set the cards in such a way
that only three numbers can be seen, as on the image on the right. We know that
the hidden numbers are prime numbers. Find the hidden numbers.

Task 6. Determine a two-digit number such that the sum of the number and
the number written with the same digits in a reverse order is a square of a
natural number.

Task 7. Let T be a three-digit number. A new three-digit number is formed
by switching the position of the last two digits. Their sum is a four-digit number
which begins with 195. Determine all such three-digit numbers.

Task 8. The first row of a table with three columns contains the numbers
a,b and c. The second row below contains the numbers @y =a—b, by =b—c
and ¢; =c—a. Analogously, the third row contains a, =a; —by, b, =b —¢; and
¢y =c¢) —ay, etc. Find the greatest possible number in the order in which the
number 2013 can occur in an adequate choice of the starting numbers.

Task 9. Determine the four-digit number % for which the following is
satisfied:

xyzt +4- yzt +2-zt =2018.

Task 10. Instead of a and b use such digits so that the number 4alb is
divisible by 12.

Task 11. When dividing the number n+125 with the number 19 there is a
remainder of 7. Calculate the remainder when dividing the number n by 19.

Task 12. Find the numbers x,y so that the number m is divisible by 15.

Task 13. Determine the digits ¢ and b so that the number a783b is
divisible by 56.
Task 14. Let S(n) be sum of the digits of the natural number n. Is there

exist a natural number for which the following applies?
a) S(k)+S(k?)=2008,

b) S(k)+S(k*)=2009.

Task 15. The product of two natural numbers is 384, and their lowest
common multiplier is 48. Determine the numbers.

Task 16. Find the greatest four-digit number for which when divided by 3, 4,
5, 6, and 7, the remainder is 2.

Task 17. Determine all three-digits natural numbers for which when divided
by 7 the remainder is 2, when divided by 9 the remainder is 4, and when divided
by 12 the remainder is 7.

Task 18. The number 333 express as a product of two numbers so that each
of the multipliers is smaller than 10.

Task 19. The difference between a two-digit number and the number written
with the same digits but in reverse order is 45. The sum of these numbers is an
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exact square of a natural number. List all two-digit numbers that have these
properties.

Task 20. Determine the integers a,b and the prime number p so that
|ab| p=4022.

Task 21. The product of two three-digit numbers is written with only several
threes. What are the numbers?

Task 22. If p is a prime number, prove that

a) p3 +1987 is a composite number,

b) p1987 +1987 is a composite number.

Task 23. Calculate all natural numbers 7 so that the numbers 3n—4, 4n—5
and 5n—3 are prime numbers.
Task 24. Calculate all prime numbers p for which the following

: ; 3 5.2
inequations are true: ;¢ < - <7

Task 25. Calculate all prime numbers p so that
665 5 . 997

1993 " p 1994~

Task 26. Calculate all prime numbers p,q and r so that

2p+3qg+4r=2022.

Task 27. A natural number 7z, when divided by 3, has a remainder ¢ , when
divided by 6, it has a remainder b, and when divided by 9, it has a remainder ¢
. We know that a+b+c=15. Calculate the remainder, when the number #» is
divided by 18.

Task 28. What are the natural numbers a and b for which the following
applies

NZD(a,b) =8 and NZS(a,b) =168.

Task 29. Are there exist natural numbers x and y so that

NZD(x,y)+NZD(x+1L,y+D)=x—y?

Task 30. The houses from the left side of the street are numerated with odd
numbers, and the houses on the right side of the street are numerated with even
numbers. The sum of all house numbers on one side is 1309, and on the other is
2162. How many houses are there on this street?

Task 31. Calculate all integers # for which

n+4 :
1S an integer.
= S ege

3
Task 32. Calculate all pairs of integers (a,b) for which the following
applieSaz%.

Task 33. Solve the equation in the set of integers.
10xy +16x+ 5y =2006.

Task 34. Solve the equation in the set of natural numbers
1 1 1
=1

ab ' bc ' ca” "
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Task 35. Determine all natural numbers a,b,c,d,e so that 2<a<b<

c<d<e and
Litelilylog
Task 36. Calculate the three-digit number that is divisible by 9, whose digit
for tens is for 4 smaller than the digit of the ones, and the product of its digits is
equal to 0.

Task 37. Let n be a natural number greater than 1. Prove that the value of
10"+8
36

Task 38. Determine the smallest natural number which when multiplied by 2
becomes the square of a natural number, and when multiplied by 3 becomes the
cub of another natural number.

Task 39. Write the number 31322, in base 10 system.
Task 40. Write the number 5419, in base 10 system.

Task 41. Find a natural number b so that in a b base system, the number
792 is divisible by 297.

Task 42. Write the tables for addition and subtraction of nonnegative
integers smaller than the base of the base 8 numeral system.

the fraction

is an integer.

4. CONCLUSIONS

In the previous analysis, we discussed only the work with gifted
students in math in seventh (sixth) grade in the nine-year long (eight-year
long) education. We need to emphasize that the work with the gifted
students in math should be part of the differentiation of the instruction,
and:

- The work with the gifted students, especially the students gifted in
math, should not only be a declarative effort of the responsible
institutions, which according to the practice thus far consider that
for its realization it is sufficient to give accreditations for orga-
nizing competitions and say that it should be done by the teacher in
the programs,

- A special teaching program should be developed for each age
group, such as the program that is contained in this paper, and it
needs to be carried out in the course of the whole school year, not
right before the math competitions, which is the case in the current
practice.

- Adequate didactic materials will be prepared for the realization of
the program for work with gifted students, supported by the respon-
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sible institutions, which as far as we know is not the case in any
country of our immediate surroundings.
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INVESTIGATING SOME ASPECTS OF PRE-SERVICE PRIMARY
SCHOOL TEACHERS’ MATHEMATICS ANXIETY
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Abstract. One of the challenges that mathematics teacher educators face is the
fact that teachers’ own schooling experiences shape their beliefs about teaching
and how they interact with pupils. Research suggest that pre-service primary
school teachers experience higher level of mathematics anxiety than other
university students. On the other hand many studies point out that higher levels
of mathematics anxiety in teachers might affect their instructional practices, the
willingness to embrace innovations and are related to mathematics anxiety and
lower achievement of their pupils. This paper aims to investigate if there are
any indications of mathematics anxiety in first and second year teacher students
enrolled in the study year of 2019/2020 in two teacher education programs at
the Faculty of Education in Jagodina, University of Kragujevac, Serbia. The
sample consisted of 95 teacher students and a quantitative research method was
applied. Results have implications for possible improvements of teacher
education programs, and can be used as support to encourage further
investigations on mathematics anxiety of future primary school and preschool
teachers and ways of reducing it.

1. INTRODUCTION

In spite of its role, importance and broad application in the development of
world and modern society, mathematics is still considered as a difficult school
subject. Research point out that many students encounter learning difficulties
and have poor performance in mathematics [1]. As Peker indicates, there are
various factors that might affect students learning abilities such as instruction,
teacher beliefs, lack of self-confidence, mathematics anxiety, etc [14]. It is
therefore important to equip future teachers of mathematics with adequate
teaching competences and skills which will enable them to respond to the fast
changing needs of learners in mathematics classrooms. One of the challenges
that mathematics teacher educators face is the fact that teachers’ own schooling
experiences shape their beliefs about teaching and how they interact with pupils.
As a result of their classroom experiences, the majority of pre-service primary
teachers come to teacher education courses with deeply rooted anxieties and
attitudes about mathematics [6]. One of the ongoing concerns for pre-service
teacher education programs is the mathematics anxiety [12].

Key words and phrases. Mathematics anxiety, pre-service primary school teachers,
teaching mathematics, teacher education programs.
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Richardson and Suinn define mathematics anxiety as the “feelings of tension
and anxiety that interfere with the manipulation of numbers and the solving of
mathematical problems in a wide variety of ordinary life and academic
situations” ([17], p. 551). Trujillo & Hadfield defines it as a state of discomfort
which occurs as a response to situations that involve mathematical tasks and
that are perceived as a threat [21]. Mathematics anxiety has important
implications for teacher students’ learning and might inhibit performance in
mathematics courses and affect future opportunities for engagement in
mathematics [16]. Research indicate that pre-service primary school teachers
experience higher level of mathematics anxiety than other university students
([41, [18], [21]). The mathematics anxiety of pre-service primary teachers might
be attributed to their prior mathematics experiences at school level ([3], [22])
and lack of mathematical knowledge ([8], [10]). A significant body of litcraturc
exists suggesting that higher levels of mathematics anxicty in tecachers might
affect their instructional practices, less-skilled teaching, the willingness to
embrace innovations and are related to mathematics anxiety and lower
achievement of their pupils ([5], [7], [11], [12], [19], [20], [21], [23], [24]).
Mathematics anxiety affects teachers’ behaviour since it impacts their
confidence in abilities to do and understand mathematics [8]. Teachers with
higher level of mathematics anxiety tend to use more traditional methods, direct
instruction and less student-centered approaches ([3], [7]), and they spent less
time in mathematics lesson preparation, and do not effectively use instructional
time [5]. Ramirez et al. point out that mathematically anxious teachers tend to
“harm student mathematics learning by responding angrily when students
request help with mathematics” and spend less time to respond to students’
question when compared to less anxious teachers [15]. The same authors also
emphasize that these teachers primarily promote algorithmic thinking and
problems with a single solution/problem solving method. Olson and Stoehr
indicate that “teachers who fell uncomfortable with mathematics may model
their anxiety to students” ([12], pp. 73). Consequently, it leads to the
transmission of anxiety and continuity of the mathematics anxiety phenomenon.
Mathematics anxiety may inhibit pre-service teachers from learning
mathematical contents and developing instructional skills. Pre-service teachers
with high level of mathematics anxiety are more likely to express negative
attitudes towards mathematics and necessary mathematics university courses,
and to have lower performance in mathematics tcaching methodology courses
([3], [16]). In order to be able to make sense of students’ mathematical thinking,
pre-service teachers must develop strong mathematics content knowledge and
rich conceptual understanding of mathematical pedagogy ([12], [25]). There is
onc morc issuc that must not be neglected. Researchers determined that female
pre-service teachers demonstrated higher levels of mathematics anxicty than
male [26]. Some of this differences might be related with the impact that female
teachers’ mathematics beliefs have on their female students’ perceptions of their
mathematical abilities [27]. These and the fact that majority of pre-service
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primary teachers at teacher education faculties in Serbia are female, indicate that
it is of extreme importance to pay attention to these aspect of educating future
primary teachers. Since pre-service primary teachers represent the first face of
mathematics to young children, it is of extreme importance to educate the future
generations of teachers to be as effective as it is possible in teaching
mathematics ([9], [13]).

Given that numerous studies show that teachers' mathematics anxiety has
significant influence not just on their teaching practice, but on students’
mathematics learning, achievement, attitudes and anxiety, we have decided to
examine the pre-service primary teachers’ level of mathematics anxiety at
Faculty of Education in Jagodina, University of Kragujevac. The value of this
study can be recognized in the fact that this is the first time that a research on
pre-service primary teachers’ mathematics anxiety had been conducted in
Serbia. Pavlin-Bernardi¢, Vlahovi¢-Steti¢c and Misurac Zorica examined
mathematics anxiety in pre-service primary teachers and pre-service
mathematics teachers in Croatia [13]. The authors determined that although
none of the groups of pre-service teachers indicated extremely high levels of
mathematics anxiety, future primary teachers expressed higher level of
mathematics anxiety than future mathematics teachers.

2. RESEARCH METHODOLOGY

This study aims to investigate if there were any indications of mathematics
anxiety in first and second year teacher students enrolled in the study year of
2019/2020 in teacher education program at the Faculty of Education in
Jagodina, University of Kragujevac, Serbia. The aim was realized through the
following research questions:

1) to examine the mathematics anxiety level of pre-service primary and
preschool teachers in general;

2) To examine the level of certain aspects of mathematics anxiety (oral and
written examination, some situations in mathematics classes, use of
mathematics in everyday life) of pre-service primary and preschool teachers;

3) to investigate if there are statistically significant differences in level of
mathematics anxiety between pre-service primary and pre-service preschool
teachers;

4) to dctermine if there arc statistically significant diffcrences in level of
mathematics anxiety in regard to the year of study and average high school
mathematics grades.

The study was conducted at the Faculty of Education in Jagodina, University
of Kragujevac, Serbia. Since survey instruments were administered and
numerical data collected, a quantitative method was used in analyzing the data.
Data were collected through questionnaires. The participants were pre-service
teachers (PST) enrolled in Preschool and Primary Teachers Education Programs
(Year 1 and Year 2). All students were enrolled in Mathematics courses at Year
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1/Year 2. Participants had not yet attended methodology of teaching
Mathematics courses since these courses are taught at Year 3 and Year 4.

Sample. The research sample involved 95 teacher students. The study was
conducted at the end of the summer semester of academic year 2019/2020. All
PST participated in the study on voluntary basis. The sample distribution in
regard to the year of study is presented in Table 1, in regard to the teacher
education program in Table 2 and in regard to the average mathematics grade in
high school in Table 3.

Table 1. Sample distribution in regard to the year of study
Year 1 Year 2
64 31

Table 2. Sample distribution in regard to the teacher education program
Preschool Education Program | Primary Teachers Education Program

44 51
Table 3. Sample distribution in regard to the average mathematics grade in high school
Average mathematics grade | Year 1 | Year2
2 10 1
3 27 7
4 12 10
5 15 13

Instrument. The used instrument was a questionnaire that consisted of two
parts. In the first part, background information about PST was collected
(mathematics grades, teacher education program and a year of study). The
second part of the instrument contained Mathematics Anxiety Scale (MA)
developed by Arambagi¢, Vlahovié-Steti¢ and Severinac [2]. The MA scale
consisted of 20 items. Each of the items was rated on a Likert scale (1 = not
upset at all, 2 = slightly upset, 3 = very upset, 4 = extremely upset). The
participants were asked to respond how upset they were in some situation that
was related to mathematics or required them to use mathematics. In order to
investigate the mathematics anxiety of PST, we used the MA scale for the
reason that it was developed and used in a country (Croatia) with historically
common educational background as that to Serbia. Therefore, no translation was
needed, and we obtained authors’ permission to use the scale in our research.
The Cronbach’s alpha reliability coefficient indicated acceptable reliability
(0=0.948). We present some examples of research items in Table 4.

Table 4. Examples of some items of Mathematics Anxiety scale [2]
Example of items
When the next class is mathematics.
When | am having important mathematics test.
When I am having an oral examination in mathematics.
When we learn new mathematics contents.
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The items were determined so that four subscales could be structured. The
subscales examine the mathematics anxiety level of pre-service primary and
preschool teachers in: oral examination (AS1); written examination (AS2),
some situations in mathematics classes (AS3); use of mathematics in everyday
life (AS4).

The statistical analyses were conducted using SPSS for Windows, version
20.0. For the purpose of statistical analysis, p values lower than 0.05 were
considered statistically significant. The normality of data was evaluated with the
use of the Shapiro-Wilk test of normality. For the quantitative analyses of data
methods of descriptive statistics were used (frequency, percentage, mean,
standard deviation, mean ranks), Welch ANOVA with Games-Howel post hoc
for parametric variables and Kruskal-Wallis H test with Dunn post hoc for non-
parametric variables. The effect size was estimated by using Cohen’s d. The
independent variables in the data analysis was the year of study.

3. RESULTS AND DISCUSSION

In general, pre-service and preschool teachers express small degree of
anxiety towards mathematics (M = 2.31, SD = 0.71). Results showed that there
were no statistically significant differences in level of anxiety towards
mathematics in regard to the education program or year of study, for any item or
group of items. According to that, the first part of discussion will be based on a
global observation of all students’ mathematics anxiety level.

The highest level of anxiety occurs in oral examination and in giving
answers on mathematics classes (M = 2.94, SD = 0.98). The similar level of
anxiety occurs whether an oral examination is announced (M = 2.95, SD = 0.99)
or not (M = 2.93, SD = 1.12). This result is in favour with students’ lower exam
achievements, not just on those related to mathematics, where knowledge is
tested by an oral examination.

Although students showed a slightly lower degree of anxiety according to
written tests (M = 2.79, SD = 0.80), it is still very high and may be one of the
reasons for lower student achievement. The lowest anxiety in students is when
they know that they have to start learning for a written test (M = 2.40, SD =
0.95). As the term of written examinations approaches, it increases, so the day
before the written examination it becomes high (M = 2.69, SD = 1.01), and it
becomes even higher during the written examination itself (M = 2.86, SD =
1.01). However, although we expected that the anxiety would be lower after the
control exercise, it is actually the highest in the period while waiting for the
results of the written test (M = 2.99, SD = 0.98). It was noticed that the degree
of anxiety in students with unannounced written tests (M = 2.99, SD = 1.11) is
cqual to the degree of anxicty they have while waiting for the results of these
tests.

Unlike written and oral tests, a small degree of anxiety in students occurs in
math classes (M = 2.12, SD = 0.80). Similar to written tests, the lowest level of



216 A. Mihajlovié, N. Vulovié¢, M. Miliki¢

anxiety occurs just before the start of math class (M = 1.83, SD = 1.06) and
remains at a similar level in class during the process of working on a math
problem on the board, either by another student (M = 1.87, SD = 0.95 ) either by
teachers (M = 1.92, SD = 0.96). However, anxiety becomes greater with the
knowledge that the processing of new material begins in class (M = 2.23, SD =
1.05) and remains unchanged even while the teacher interprets the material (M
=2.24, SD = 1.06). The anxiety that students feel is no less even in the moments
when they encounter mathematical formulas in class (M = 2.34, SD = 0.99) or
when solving mathematical problems that arc not the direct application of
learned patterns (M = 2.43, SD = 0.97), when is the anxiety on the verge of
becoming very great.

We registered that the lowest level of mathematics anxiety is in students’ use
of mathematics in everyday life (M = 1.91, SD = 0.70). It is interesting that
level of mathematics anxiety increases when student solving harder
mathematical problems. Mathematical anxiety is almost absent while students
are solving simple mathematical problems (M = 1.57, SD = 0.83), but it
becomes almost high when they face with complex problems (M = 2.46, SD =
1.02). Students’ attitude toward mathematical literature is also interesting. In
first touch with mathematical literature, students have a slight anxiety (M =
1.61, SD = 0.89) and it increases during literature review (M =2.09, SD = 1.10).
The good thing is that it crashes again during long-term using of literature (M =
1.85, SD = 0.98).

As we have already said, the observed global characteristics are the same for
all of students, no matter to the education program or a year of studying.
However, a level of a students’ high school knowledge was a key parameter to
investigate mathematics anxiety. Level of high school knowledge was measured
as a average high school mathematics grade. Although we wanted to take
mathematics grade at the end of a fourth year of high school as a key parameter
it was not possible because there were students who only had mathematics in
first two years of high school.

Namely, it was determined that in the first year of study there is a
statistically significant difference in the degree of anxiety in the three subscales
(Table 5), where it is characteristic that the degree of anxiety is inversely
proportional to the grade in mathematics in high school (Table 6). This result is
in accordance with some foreign research that we had the opportunity to get
acquainted with.

Table 5. Statistical significance of the degree of anxiety for each of the subscales in
relation to the average grade from high school

F P
AS1 8.845 .000
AS2 3.335 .025
AS3 1.702 176
AS4 2.925 041
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Table 6. Degrees of anxiety on each of the subscales in relation to the average grade
from high school

Average highschool
mathematics grades

ASI (M) | AS2 (M) | AS3 (M) | AS4 (M)

2 3.65 3.16 2.46 2.30
3 3.35 3.01 232 2.12
4 2.46 2.65 2.10 1.96
5 2.20 2.32 1.79 1.53

In each group, we note that there is a higher level of anxiety in students with
average grade two in mathematics in highschool, while the level of anxiety in
students who had average grade five is reduced by an average of 31.76%. Also,
it can be noticed that students with a lower grade in mathematics from
highschool have a higher level of mathematics anxiety during oral examination,
while those with a higher grade are more anxious during written exams. In all
groups, the lowest level of anxiety and the smallest difference in groups occur
when it comes to solving classic textual tasks in which two quantities are
known, and based on them third quantity should be determined by applying one
of the four arithmetic operations. The highest level of anxiety and the greatest
difference occur in frontal oral examination in mathematics class. In 80% of
cases students with a average grade two from highschool stated they have the
highest, fourth, level of anxiety on this item while the remaining 20% defined
for the third level of anxiety (they were very upset).

It is interesting to look at the answers of Year 2 students of the Primary
Teachers Education Program. Due to the sample size, we cannot talk about the
statistically significance of the results but based on the mean values of the
answers we can notice that the level of anxiety of students with lower
highschool grades is a little bit lower than that Year 1 students (Table 7). The
level of anxicty in oral examination is still the highest among Year 2 students,
but in relation to Year 1 students, the anxiety that occurs when waiting for the
results of a written exam is more evident.

Table 7. Level of anxiety according to each of the subscales regard to the average
highschool grade of the Year 2 students

Average highschool
mathematics grades ASI(M) | AS2(M) | AS3 (M) | AS4 (M)

3 3.14 297 2.31 2.26
4 2.85 2.86 2.09 1.75
5 2.85 2.63 1.88 1.57

At this point, we surely cannot draw any long-term conclusions in terms of
whether and how a level of students’ anxiety changes over a long period at the
Faculty because long-term observation and scaling is required.
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4. CONCLUSION

Pre-service primary and preschool teachers in general expressed small
degree of anxiety towards mathematics. The impression is that if we want
students to successfully master mathematical content and thus successfully work
on their future vocation, we would have to pay attention to the different
spectrum of factors that can enable us to do so.

For example, a higher level of anxiety during oral exams of students with
lower mathematics grades indicates that students in addition to giving an
incorrect answer, fear of public appearance creates additional discomfort. Thus,
we should work on strengthening the self-confidence of this group of students
for public presentations. Especially, if we have in mind their future vocation and
the demands they will face with. In contrast, students with higher mathematics
grades have shown that oral cxamination makes them less anxious and closer to
them than giving answers on paper. The common denominator for all students is
the uncertainty they express while waiting for the results of written exam, which
indicates uncertainty in the results of their work.

Furthermore, keeping in mind that the level of anxiety is influenced by
previous experiences of students, it is necessary to pay more attention to
overcoming the resulting conditions when they come to the faculty. It is also
necessary to prevent possible side effects of their faculty education, especially
considering the fact that, in their future occupation, they will directly teach
mathematics or develop children's initial mathematical concepts. Also, they will
indirectly use the mathematics contents in almost a third of the contents that
children will be learning.

It is of extreme importance that teacher education programs give pre-service
primary teachers adequate training on mathematics content knowledge and
pedagogical knowledge. Furthermore, teacher educators must be aware of the
fact that teachers’ negative attitudes and beliefs towards mathematics, and high
levels of mathematics anxiety might affect their teaching behaviour, teaching
process, choice of teaching methods and strategies, readiness to embrace
innovation, but also pupils’ mathematics achievement, attitudes, beliefs and
mathematics anxiety. The studies show that “the teachers who are not specialist
mathematics teachers at the start of their training follow the ‘heritage’ path”
([9], pp. 19), i.c. they teach as they have been taught. This means that teacher
cducation programs must provide opportunities for future teachers to experience
mathematics in the way they should teach. Since mathematics anxiety of future
primary teachers might be attributed to their previous mathematics experiences
and lack of mathematical knowledge, teacher education faculties should
consider increasing a number of classes in gencral Mathematics and tcaching
methodology courses. Another solution might be in introducing some clective
mathematics appreciation courses. We believe that the results of this research
can be used as support to encourage some further investigations of the
mathematics anxiety in pre-service primary teachers, but also investigating
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mathematics anxiety of students of different faculties, and finding ways of
decreasing anxiety towards mathematics.
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PROMOTING REFLECTION DURING MENTAL MATH
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Valentina Gogovska

Abstract. Textual tasks, magic squares, mathematical riddles, puzzles and
rebuses can be used as a tool for motivating and encouraging students' interest
in mathematics. The aim of this paper is to suggest several such tasks that
increase students' interest in mathematics and mathematical challenges, deepen
their knowledge and encourage the process of acquiring long-lasting and
structural knowledge among students.

Simultaneously, by pointing and discussing solutions we can increase students'
mathematical thinking, promoting math reflection and encourage them to think
about formulating new tasks that will have similar or different solutions.

1. INTRODUCTION

Physical activity is essential for the healthy and proper development of our
body, in that direction the statement "healthy body healthy mind" is generally
accepted. However, what do we know about the food for our mind? What do we
need to do to train the mind and encourage logical thinking? What is
mathematical thinking? How do we help the process of its formation?

Mathematical tasks and solving them are the "healthy food" for the mind. In
this presentation, we will pay special attention to mathematical puzzles, logical
tasks and games, textual tasks, tasks with strategies, symmetries, and tasks with
tricks, i.e., different tasks that develop thinking and maintain our mind in
perfect condition. It is important to note that the process of development and
formation of mathematical concepts, development of thinking abilities, rational
approach to problem solving, implementation of different ways of solving
problems are development processes that can be assisted and guided. With
appropriate, interesting tasks, we will try to "stimulate the process of thinking"
and to manage the procedures necessary for solving the assigned tasks. In order
to achieve maximum knowledge of every gifted and non-gifted student it is
necessary to intensively form some kind of an ability during the sensitive period
(period of highest receptiveness and development). The thinking process in a
person begins when an intellectual or practical task emerges. Therefore, the
qualities of thinking develop precisely while solving such tasks, and in school,
they are posed to students not in a chaotic manner, but in a determined system
of teaching tasks.

Teaching tasks develop students' thinking when well motivated, well
understood, appropriate to the achieved level of intellectually, related to life
problems. As stated above, thinking is a process of complex information processing
the end-result is "concepts-words" and "thinking-sentences." The teaching
process involves empirical and theoretical thinking because it is a complete
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cognitive process through which students acquire the social and historical
experience of humanity. Understanding that students adopt this experience in a
short, generalised, structured and systemised form during the process of
learning, is a problem for the corresponding part of empirical and theoretical
thinking of learning through which this basic task of schools can be achieved.

All of this is in the function of improving the understanding and application
of mathematical knowledge and skills, creating lasting knowledge and
encouraging curiosity and love of mathematics. Given examples of tasks will
encourage students not only to think, but also to want new mathematical
challenges and new tasks.

The thesis of the interaction of the different types of thinking in the process
of solving the teaching tasks does not contradict, but supports the character of
the school activity as a complex scientific activity. Solving each teaching task
requires not only simple processing of sensory material, confirming the facts
(empirical opinion), but also getting to the essence of the situation of the
relationships between them through specific complex mental activities for
theoretical thinking, such as: creating situations in order to discover the
common relationships in the studied system; modelling these relationships into
graphic signs and forms in order to be studied in the same form, building a
series of tasks of a general manner of solving; controlling and evaluating the
manners to solve the teaching task.

Thinking is a process of complex information processing, the end-result is
"concepts-words" and "thinking-sentences." Understanding is of great importance
when trying to solve a teaching task. It is an active, multifaceted cognitive
activity aimed at stating and discovering abstract connections between the new
in the task and the imminent from the various subsystems of knowledge. As a
result of this process, a new configuration of subsystems is born, which
recognises (aha-moment), the adoption of the new from the given task.

Development of thinking and in particular the development of mental
qualities — width, depth, independence, logic, mobility, concreteness, criticism,
speed, creativity, target orientation, generalisation, insight, etc., . , is one of the
most important and consistent goals and objectives of the teaching.

School mathematics, due to its specificity, possesses great opportunities for
scholar’s intellectual development which can be fully accomplished through
prior organisation of the educational process. From this point of view, the
conclusion of Vygotsky - Leontev’s school of psychology according to which
the child’s development occurs in a process of adopting historically created
mathematical knowledge, skills and habits is extremely important.

Mathematical tasks, the moment they enter the classroom, are intertwined
with the educational aims, intentions and interactions between the teachers and
the students. Therefore, tasks should not be considered as problems written in
math text books or in the teachers’ preparation, but should be considered as a
classroom activity as well. Defined as activities, mathematical tasks in the
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educational process become connected and included in both training and
teaching.

2. WHY DO WE NEED MENTAL MATH AND MENTAL MATH REFLECTION?

During mental math students
e Encourage mathematical thinking
e Stimulate curious children who want to explore
e Provide a mathematical record of problem situations and formation of
mathematical models
e Foster love for mathematics and problem situations
e Encourage interest in challenges and assessments
e Stimulate creative thinking and students’ motivation in they're learning

e Acquire long-lasting, structural knowledge among students

1. Continue the number sequence and determine the seventh term:

a)1,2,34,....

b) 11,12,13,14, ...

¢) 1,1,2,2,3,3,4,4,5,5,

d) 2,4,6,8,10...

e) 1,3,5,7,9...

2. Continue the number sequences with one of the offered possible answers
and explain your choice:

a) 1,4, 10,22, 46,...

Possible answers: 64, 86, 94, 122

1111
b) 5727g7§
i .1 111
Possible answers: T 13R
3. Solve the rebus if same letters denote same digits:
1IAP
+ [JAP
KPAJI

How many solutions are possible? Explain!
4. Solve the rebus if same letters denote same digits:
A

BB
+ A

cce
5. There are two glasses with the same amount of white and red wine. We
pour one-tenth of the red into the white wine, and then one-tenth of the resulting
mixture back into the red wine.
Is there more white wine into the red wine or vice versa? Explain!
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6. Three containers with no markings have volumes of 8, 5 and 3 1 and the
largest container is full. How do you measure an amount of 4 litres using the
given containers?

3. EXAMPLES OF TASKS AS AN INTRODUCTION TO TASKS REDUCED TO
IMPLEMENTATION OF LINEAR EQUATION

1. Which number is 4 times greater than 16?

2. 5 balls cost 85 denars. How much does one ball cost?

3. Nela has 564 denars. She has 236 denars more than her mother. She wants
to buy a bag that costs 1000 denars. How much more money does she need?

4. 246 letters and 85 more postcards than letters were received in the post
office. 110 fewer packages than letters were received. How many total items
(letters, postcards and packages) were received in the post office?

5. Calculate the sum of the number 5 and its predecessor.

6. Find the difference between the number 9 and the predecessor of 3.

7. The sum of two numbers is 94. The larger number is 5 less than twice the
smaller number. Find the two numbers.

8. Jana is 7 years older than her brother. In 5 years, the sum f their ages is 63.
How old is each of them?

9. Petar had 6500 denars in banknotes of 50, 100 and 500 denars. He had an
equal number of banknotes of every kind. How many banknotes of each kind
did he has?

10. In a supermarket, the prices of food products decreased by 40%. If the
price of a product is 180 denars, determine its price before the discount.

11. To build a fence around a rectangular garden requires 130 meters of wire.
The length of the garden is 5 m larger than the width. Determine the dimensions
of the garden.

12. A cyclist traveled 18 km during which time a pedestrian traveled 10 km
If the cyclist was traveling at a speed of 9.6 km/h greater than the speed at
which the pedestrian traveled, at what speed did each of them travel?

13. Two farmers can plow a field in 6 days. The first farmer can plow the
field alone in 10 days. How many days will the second farmer need to plow the
field alone?

14. The number 48 should be divided into two parts so that onc part is three
times larger than the other.

15. The numerator of a fraction is 2 less than the denominator. If the
numerator decreases by 1 and the denominator increases by 1, the fraction Y% is
obtained. Find the initial fraction.

16. The sum of threc numbers is 54. Find the numbers if the first number is 4
larger than the doubled value of the second number and the third number is
twice the first number.

17. In a mathematics test, the student must solve 20 tasks. The student
receives 4 points for each task that is correct, and for each unsolved or
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incorrectly solved task he loses 3 points. On that test, the student won a total of
38 points. How many tasks did the student solve correctly?

18. A worker can complete a job in 12 days. After working on that job for 3
days, another worker started to help who could complete the whole job in 15
days. How many days will they need to complete the job?

19. A man went on a journey by walking 30 km a day. 6 days later, another
man followed the same route and after 9 days reached the first traveler. At what
speed was the second traveler moving?

20. Sally is having a party. The first time the doorbell rings, 1 guest enters.
The second time the doorbell rings, 3 guests enter. The third time the doorbell
rings, 5 guests enter. Keep going in the same way. On the next ring a group
enters that has 2 more persons than the group that entered on the previous ring.

A. How many guests will enter on the 5 th ring? Explain or show how you

found your answer

B. How many guests will enter on the 10th ring? Explain or show how you

found your answer.

C. 19 guests entered on one of the rings. What ring was it?

New goals for students who solve logical tasks

(1) They learn to value mathematics

(2) They become confident in their ability to do mathematics

(3) They become mathematical problem solvers

(4) They learn to communicate mathematically

(5) They learn to reason mathematically

4. STAGES IN SOLVING LOGICAL TASKS

Stage 1: Understand the task (read the entire task or parts of it, drawing,
sketch, symbolic representation of the task). This is the invisible stage and
teachers usually skip it.

Stage 2: Build an idea and devise a plan to solve the task (this stage is
connected with understanding the task).

Stage 3: Practical implementation of the devised plan (mathematical opera-
tions and solving the equation).

Stage 4: Examine the obtained solution (creative and interesting questions
related to the task are asked additionally) such as: Is the obtained result correct?
Why?

It is desirable to include as many students as possible in the classes, first
using individual method of solving tasks and then making discussion. Namely,
the previously stated and similar examples provide students with the opportu-
nity to obtain not only wide-ranging operational knowledge and skills, but crea-
ting long-lasting structural knowledge. Increased level of this type of knowledge
is, above all, conditioned by the fast-growing need for comprehensive and pro-
found knowledge necessary to keep the active pace with the dynamic civi-
lisation of the twenty first century.
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CONCLUSIONS

Mathematical tasks and solving the same are an effective tool for developing
mathematical activity and creativity among students. Reflection is associated
with the "aha" moment, and it is necessary for creating long-lasting, structural
knowledge among students. In this paper, appropriate tasks were selected which
will further stimulate and motivate math reflection. I hope that this paper in
which textual tasks, magic squares, mathematical riddles, puzzles and rebuses
are used as a tool for motivating and encouraging students' interest in mathe-
matics will motivate many teachers and contribute to maintaining mathematical
talent among students and increasing love and interest in mathematics.
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BEKTOPUTE BO OCHOBHOTO OBPA30BAHUME, NPEJ U TOCJIE
BOBEAYBAILETO HA KEMBPHUII IIPOTPAMATA

UDC: 373.3.091.214:512.64
Amna JTumoscka, Tomu JIUMOBCKH

Ancrpakr. Bo oBaa craruja ¢ HanpaBeHa criopeaba Ha crapara Iporpama Io
MaremaTrka u KemOpun nmporpamara oj acrekT Ha BekTopu. CTaBeH € aKkieHT
na notpebara o1 M3ydyBarse Ha BEKTOPHUTE BO OCHOBHOTO obOpaszoBarmne. MoTu-
BalMjara 3a oBaa CTaTHja, OJHOCHO KOPUCTCHETO Ha “BEKTOPCKHOT” MPUCTAT €
Ppa3BUBAKHC HA ITCOMETPUCKA I/IHTyI/II_lI/Ij'd 3a KOHLUCHNTHUTC KAaKO IIpaBd, paMHUHA U
MPOCTOP; IOJIECHA HHTEPIIPETAIMja HA NPOOIEMH OJf TEOMETPHja U HABPEMEHO
COBJaJlyBarb¢ Ha TEXHHKA KOja € KOPHCHA OJf YHCTO MAaTEeMAaTHYKH LeNH (KO-
pHUCHA BO JPYrd MAaTeMaTH4KU 00JAaCTH), HO U BO UHTEPAUCLUIUIMHAPHU 00-
JIaCTH Kako (U3MKa, XeMuja, KOMIjyTepcku Haykd u apyru. [lorpebara ox
M3ydyBamkeTO HA BEKTOPH BO OBaa CTaTHja € 3a0KPYIKEHA CO CICMEHTAPHH IIPH-
MepH Off TeOMeTpHja U Gu3nKa.

1. BOBE]]

Kaksa e macTaBara mo MateMaTuka aeHec? Jlaam Kako HACTABHUIIN MOKEME
na Oumeme 3aJ0BOJHU O] MPOrPaMUTe W HUBHATa peanusanuja? Hacrtaparta mo
MareMaTHka € (OKyCHpaHa Ha peanu3Hpame Ha HACTaBHATA MpOrpaMa, Taka
HITO I'JlaBHA LCJI Ha MHOFy HaCTaBHHULM € Ja I'" HaTepaaT yLleHl/l]_Ll/lTe aa ro Hay-
YaT MPOMUIIAHUOT MaTepHjall, BO paMKH Ha MokHOCTUTE. CO BAKBUOT HAYMH Ha
yY€HEe HAj3allOCTaBEHH C€ HAjCIIOCOOHUTE YYeHUIU. buaejku He ce JOBOJHO
ONTOBapeHU, THE YYaT CO JICCHOTHja M CO JICCHOTHja T'O COBJIaJyBaaT MaTe-
pyjasior. Kako pesyarar Ha NpPeTXOJHO Ka)KaHOTO, THE JOOMBAaT MOrpPEIICH
BIICUATOK 3a TE)KMHATA HA MaTepujaTa, a U HE PETKO rybaT WHTEpeC 3a UcTaTa.
[Ipenu3BUKOT BO MOCCTYBakhC HA HACTaBa M CIIC/CHC HA MCTATa CC CBC/yBa Ha
MEMOpHUpAkE Ha MPEIBUACHUTE IO MporpaMa “MeToau” M 3aJa4d KOM KaKo
TaKBU U MOTEKHYBAAT OJ KOHLENTOT BEKTOPHU, METyTOa ce aaNTHPAHU 3a eIHa
rpyna Ha YYSHHIH Koja € camo JeJl O] Ieiara rpyma Ha ydeHuiu. Hacras-
HHUKOT € OCTaBEH Jia ja OpraHu3upa HactaBaTa o KemOpuil koja My € 3aKOHCKa
JIOJDKHOCT, HO M II0 HEroBa eji0a M 3aBUCHO OJI HETOBUTE MOXKHOCTH W
eHTy3Hja3aM Jia TO MOTHKHYBa HMBHHOT pa3Boj. OBle Jonupame eiaeH JieN oJ
npoOieMuTe BO HalIETO 00pa3oBaHue.

AKo HampaBHMe elHa criopenda Ha y4eOHUIUTE 10 MaTeMaTHKa 3a OCHOB-
HO oOpaszoBanue, Mo KemMOpuil u crapara mporpama, MOxXeMe Jia 3a0enexnmMe
JeKa BO HEKOW TEMH THe IeTIOCHO ce pasnukyBaar. OBJie KOHKPETHO ke ja
pasrienyBamMe reoMeTpujata OuICjKU O Hallle MUCIICHE TyKa UMa HajroJIeMH
MIPOIMYCTH.

2010 Mathematics Subject Classification. 97-00
Key words and phrases. Bekrop, Kemopuny, O6pazoBanue
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3a moveToKk Ke HalpaBUMe MaJjla INCKyCHja 3a YYeOHUIMTE 110 Iporpamara
Ha KemOpnn. Hej3nna rinaBHa kapakTepHCTHKA € CIHpalTHaTa HaCTaBHA IIPOrpa-
Ma, OJJHOCHO YUYCHHUILIMTE M3y4yBaaT OJpe/icHa TeMa, HO IIO0/I0LHA Ce HaBpaKaar
Ha ucrara T€éMa U MOBTOPHO ja N3y4yyBaaT HAa MOBHCOKO HMBO U BO NMOWHAKOB
KOHTeKCT. VejaTa 3a moCTanmHO BOBEAyBamhe Ha MOMMMTE M [IOBTOPYBAHbE Ha
HCTUTE TEMH BO BTOPO IIOIYTOAHE, € COCEMa PA3IMYHO OJ] NPETXOJHATA IPO-
rpama 1o Koja ce BOJEIIE HACcTaBaTa [0 MaTeMaTHKa U JaBa MOXHOCT Ha yue-
HUIIMTE KOW HE ja COBJajalie WM JICIyMHO ja COBIIaJIaJiec MaTepujaTa, Toa ia ro
koperupaatr. Oz 61o 10 910 ojyACICHUE BO 1100a1a CC N3y4yBaaT HCTUTC TCMH.

Bo crapara mporpaMa cekoja FoAHHa Ce BOBCIYBAIIC TeMa U Taa ce H3y4dy-
Ballle 10 Kpaj, 0e3 MOBTOPYBamkC U HaBpaKame Ha MPETXOJIHUTE ToauHu. 30er-
HYBambeTO Ha HEKOJKYKPaTHOTO IIOBTOPYBame OTBapa IIOBEKE BPEMCHCKH
MPOCTOP 32 BOBC/YBaC Ha PasHU PYOPHUKHM KakKo JOMOJHUTCIHM M JI0Ja/THH
TCMH KOM CC COOJBCTHM 3a Pa3IW4HM TOATPYMH BO TojeMaTa rpyma of
yueHnIr. KOHKpeTHO, MOcToea BPEMEHCKH YCIOBH H MOXHOCTH J1a ce padoTaT
TEMU KOU CE OJHECYBaaT Ha IIOCTa0HTe, HO M TEMH KOH c¢ OIHECYBaaT Ha
MOCHJIHUTE YICHHUIIH.

2. TUIABEH JEJ

Haxo e nHoBaTHBHa KeMOpull mporpamaTa MMa HEKOU MpPOITYCTH, KOM IO
Halle MHCIIele HAajMHOTY MM IIpaBaT INTE€Ta Ha TaJlCHTHPAHUTE YUYESHWIIN,
HajMHOTY HaTHpeBapyBadnTe. Temara BEKTOPHU KOja BOOTIIITO HE C€ M3ydyBa IO
nporpamara Ha KemOpuy, e eaeH oA HajroleMuTe HEJOCTaTOUM BO HOBaTa
nporpama. On apyra crpana, Bo crapute ydeOHmwm (cnmka 1,2 u 3) Bo 8mo
OJICTICHUE MO JAEBETTONETKA WIM CTapo 7MO OJJeNEeHHE IO OCMOJIETKA,
IEeJIOCHO Ce H3ydyBa TeMaTa BEKTOpH (TIOMM BEKTOp, ONepaliu cO BEKTODH,
TpaHCIIAIMja ¥ CBOjCTBA).

COIOPKHHA

. BEKTOPH
1. McTo HAacoeHH H CIIPOTHBHO HACOYEHH NMOJIYNPABH. . ... ... .. - ; 5
2. BekTop . . . § 38 ETE s BS s 6
3. ETHaKBOCT Ha BeKTOPH e SEg aa Sa@a 8

1

1

1

1

1. 4. Codupame Ha BeKTOpH 10
1. 5. Oa3emame Ha BeKTOpH. . . . . .. g 65 o s LD 13
1. 6. 3anaum 3a BexOame. . . . .. v e . o SR - s 14
2. TPAHCJIAITHJA. ITPHMEHA

2. 1. Tpancaanmja. . . .. B £ AAD BR-PIDIDGE HEE bl 23D B PR SRS B 15
2.2. CBojcTBa HA TPAHCJIALHHATE 16
2
2
3

IIpuvena Ha TpaHcIanuja 18

P b b e e e b b b e e e

1
4. 3apaun 3a Bekdame : , F s % 5220
3AJTAYH 3A CAMOITPOBEPKA . o . . 20

Cruka 1
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TEMA 1.> BEKTOPU. TPAHCNIALIMJA

L1. Tlpasen u Hacoka

Crnuka 2

TEMAI
BEKTOPH. TPAHCIAITHJA

1.2 HacodeRa:0TCeMEA. BEKTOPD: . . ..o vism i s ot 51000 08 sinira stssnie 268
I.3. EXHAKBOCTHABEKTOPH . . ... .cvvvnnecncnresocnass

1.4. Cobupame Ha BekTopH. CBOjCTBA

LS., On3eMarse/ BaBERTOP M o 5+ 5 5 55 ot 3rasssss 5515, sri. Higwsy 575.638 ................
1.6. MHOM)eHe Ha BEKTOP €O OPO0J. CBOJCTBA . . . . .o \vet et eee e e e e e
1.7. CxanapHi 11 BEKTOPCKI BEITIIHIL . . . . ...ttt t ettt e e e e e e e e e e e

1.8. Tpancrnarmja

1.9. CBojcTBa Ha TpaHCIaIIIjaTa . .
1.10. TIpiuMeHa Ha TpaHCTIalIjaTa
3ana4n 3a IOBTOpYBame I yTBpAyBame — I . . ..

3ajaun 3a caMokoHTpoma—I . . ... ... . L

W

Mipa ja moMecTIUIa YallaTa OJ €HO Ha JPYTO
MecToHaMacara (pr. 27). 3Haun, Mipaja npHiaBIDKIUIa
CBOjaTa vallla O eIHa BO APyra TOYKa, OQHOCHO H3-
BpIIILTa TpaHcammja. [IpIABIDKYBAkETO Ha JalaTa e
OINIIIAHO CO BEKTOPOT a,atoae BCYITHOCT BeKTOPOT
KOj € ompelelleH co JBeTe TOYKI: NoYeToK P mrro
0IIroBapa Ha NoYeTHATa 0710/k0a Ha Jarmara Ha Mupa, /
n kpaj K mto oarosapa Ha nomox6ata BO Koja 4amiara
ce Haora o MpILIBIIKYBamkeTo. BakBo nomectyBame,
OHOCHO TPIIBIDKYBAEETO HA JajeH 00jeKT ce BIKa

TpaHCTIamja.

Hexa a e Xamen BekTop. IIpecimkyBamero f :IT—II koe Ha
cexoja Touka M ox pamunHata IT mprapyskysa Touka M, Taka mro

MM, = @, OTHOCHO Mf(M) —a ce BKa TpaHCJIAlHja.

Ciuka 3

1. 2. 1. Tpancianuja

w"y& °
TpiMepH 3a TpaHCTAINA BO CEKOjIHEBHHOT JKIBOT HMa
MmHory. TokMy oI NpaKTHYHNTe MOTpeGH, TpaHCTamfjaTa
€ z[e(‘bmmpaﬁa 1 BO MaTeMaTlKaTa, 3a ITOHaTaMmy Jaa Hajne
TpIIMeHa BO MHOTY JPYTH HayKn (HajgecTo BO (m3mKaTa I

Hej3IHNTe TpaHki). TpaHcmamijata Ke ja JepuHmpaMe Ha
CIIeTHHOT HaulH:

Cinka 4
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Ilo3naBameTo Ha BCKTOPUTC U HUBHOTO KOPHUCTCHC BO PCIIABAKLETO Ha
T€OMETPUCKHU HpO6J’I€MI/I O PpasHu MATCMATHYKW HATOPEBapu KdAKO H
Kopenamujata co APYrd MpeJMETH € OJ] roJIeMO 3Ha4YCHEe 3a YUCHHUIIMTE O/
OCHOBHOTO 0OOpasoBanue. Mako Temara BEKTOpH CE M3ydyBa BO IIPBa roJMHA
cpenHO 00pa30BaHHe, cMeTaMe JIeKa € IOJ00po Taa fa ce H3ydyBa yIITe BO SMO
ojyeNieHne, Kako IITO Oeme BO crapata mporpama. Koj ydeOHMK na ro
onbepeme mo crapara mporpama, Jlumoscku, Kpcrescka, PucroBcka (cnuka 1),
Credanoscku, Llenakoscku (cnuka 2) win Tpendercku, TpendeBcku (cnuka 3),
KOHLICTITOT ¢ UCT. Bo cute yuyeOHMIM TeMaTa 3alo4YHyBa CO BOBC/YBambC Ha
neUHHUIMja 32 HACOYCHA OTCEYKAa WJIM BEKTOP M C€ pasriiejyBaaT HETOBHUTE
OCHOBHM KapaKTepHCTHKU JOJDKUHA, IpaBell U Hacoka. IToToa ce BoBemyBaaT
HOMMHTE KOJHMHEApHH BEKTOPU, HCTOHACOUYCHU BEKTOPH, CIIPOTUBHO HACOYCHHU,
CIIPOTHMBHH BEKTOPH U IIOUMOT 3a HYJITH BeKTOp. CUTE OBHE MOMMHU CE KOPHCTAT
BO TporpaMara 1o (H3MKa 3a OCHOBHO oOpasoBanme. Ilotoa ¢ mancHa
nedUHHUIMja 32 €THAKBOCT Ha BEKTOPU M KAKO CE MPEHECYBa BEKTOP Ha JiajicHa
Touka (100MBame Ha CIHAKOB BEKTOP CO 3aJaCH TAKOB LITO HEroBaTa MOYCTHA
ToYKa Ja Owie JApyra mpou3BoJIHA TOuka). JlehmHUpaHU ce omepanuuTte coOu-
pame U oI3eMame BEKTOPH, KaKO W MHOXCEHE Ha BEKTOp co ckamap. [loroa
IeQUHUpaHH Ce CKalapHH M BEKTOPCKH BEIMYHHH, yJ9eOHUK TpeHdeBCKH,
TpenueBckH (ciiMka 5) KO ce 0] TojieMa BasKHOCT 3a KOpeJlaluja Ha MPpeaMeToT
MaTeMaTuka co npeameToT ¢usuka. bp3uHa, 3a0p3yBame, Cuiia, JIBHKCHE U
C/IIMYHO, CUTE THUC CC BCKTOPCKU BCIIMYMHU KOU CE€ U3yUyBaaT IO NPEAMETOT
(u3uKa BO OCHOBHOTO 00pa30BaHHe, a C€ BEKTOPCKH BEIIMINHI.

1.7. CKAJTAPHH 1 BEKTOPCKH BEJIMUYNHA

Bo nmpeTxonHIITe TEKIMI Ce 3al03HaBMe CO BEKTOPHTE, OIepallIIITe CO HIIB I HIBHIITE
CBOjcTBAa. BumoBMe Jeka cBOjcTBaTa Ha ONEpAIMNTE CO BEKTOPH Ce AHANOTHH KaKo OHIe
3a GpoeBiTe. Bo mpakTnkara HajuecTo ce cpekaBaMe CO JBA BIIa BeMIMIHI: CKAJAPHH I
BeKTOPCKH.

CkaJIapHH BeJIHTHHH ce OHIIe, KO ce HaIlo/THO ONpeielIeHH €O 3a/1aBarbe Ha elleH 6poj,
OIHOCHO CO HIIBHATa rolleMHHa. TaKBII ce, Ha IpIMep: TeMIlepaTypaTa Ha BO3AYXOT (MepeHa
BO ITem31ycoBH CTeNeHIn), MacaTa Ha eIHO Telo (MepeHa BO IPaMOBII), JODKIIHATa Ha HeKoja
OTCEYKa (MC})CHa BO MSTPII). IITOITHHATAa Ha IBOP (Mepex—[a BO 1112), BOIYMEHOT Ha HEKOE T€I0
(MCPCH BO l]_lj) HUTH. 3866I[C)l\'yBaMC JIeKa CHTE IIPETXOIHO HaBECHH BEIIIHI C€ €IHO3HaIHO
OTIpe/IeTIeHH cO COOIBETHATA eIHIIIA MepKa Il MePHIOT 6poj.

BeKTOpCKH Be/IHIHHH, I1aK, Cé OHHE BeITYIIHM 3a Yle 3aJaBambe € I0TPeGHO He caMo
HUBHATa roJleMIHa, TyKy Hl HIBHATa Hacoka. Tile ce cpeTHyBaaT MHOTY 4ecTo BO (pU3HKaTa I BO
TexHukara. TakBu ce, Ha npimep: Gp3iHara, 3a0p3yBameTo, CiIaTa i1 Apyri. EBe 1Ba npuMepa:

IIpumep 1. Exen Bo3 ce aBinku co 6p3iHa o 100 km Ha 4ac, a eleH MaTHIK BO BO30T
ce IBIDKII co Gp3iHa ox 5 km Ha yac. KomkaBa e Gp3iHaTa Ha IATHUKOT BO OAHOC Ha 3emjata?

Bunejki Gp3iHaTa € BeKTOpCKa BeINYIIHA, HEOIXOIHO e Ja 3HaeMe JaIl IaTHIKOT BO
BO30T Ce JBILKH BO IICTaTa HACOKA KAKO 1 BO3OT, ILTH, ITaK, BO CIPOTHBHA HACOKA. AKO Ce JIBILKII
BO IICTa HacoKa Kako 1 B030T (UpT. 38a), Toram GapaHaTa Op3HHA Ha NMAaTHHKOT Ke 6mae 100
knvh +5 kn/h=105 knv/h Bo Hacoka Ha IBIKEEETO Ha BO30T. AKO, T1aK, IATHHKOT ce JIBIDKII BO
HACcOKa CIIPOTHBHA OJ1 IBIDKEHETO Ha B030T (LPT. 386), Toram Gapanata Gp3uHa ke 6uae 100
km/h—-5 knvh=95 km/h Bo Hacoka Ha JBIDKEEETO Ha BO3OT.

Cnuka 5
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1. 2. 3. Ilpamena Ha TpaHcIauMjaTa

1. JToxax1 1eka 30HpOT Ha BHATPEIIHUTE arll BO - ﬂ
&) TPHArOIHHKOT H3HecyBa 180°.
KopueTi ro upt. 34 11 BOOI ja BpcKaTa IpH TPaHC- b a

JTaInja Ha arolor o 3a Bektop AC =) M TpaHCIaImjara Ha

aronot f 3a Bektop BC = a. 3omto a, +B, +7v, =180°? A

2. 3amummi ro BEKTOPOT 3a Koj Ke Cce IOMecTH
X ToIueTo 3a OumIjapa KOPHCTE]KH ja BpCKaTa Ha
i BEKTOpPHTE CIIOpPe]l TOYKHTE O3Ha4YeHH Ha HpT. 35.

3. JlageHu ce mpaBHTe p, ¢ H BEKTOPOT a
(upt. 36). Konerpymnpaj Toukn M 11 M, Ha nipasite p

1 ¢, COOIBETHO, Taka o M= 7, (M).

Ciuka 6

1.10. IPUMEHA HA TPAHCJIAITHJATA

Tpancnamjara Haora IIIpoKa IMPHMeHa IPH JIOKakKyBameTo Ha HEeKOH TBpewma Il
PeIIaBameTo Ha HeKOH KOHCTPYKTHBHI 3a1aqIL.

Teapma 1. Axo KpanHTe Ha e/IeH aroJji ce HCTOHACO'1eHH COOABeTHO CO
KpanHTe Ha IpyT aroJi, Toram THe Ba arjia ce e1BaKBH.

IpernocraBka: O4||04, u OB||O,B, (upr. 50).

Tepaemwe: L40B= /40 B,.

Jlokas. [la ja pasryieaMe TpaHCIIaLlIjaTa 3a BEKTOP
00, TIpH Koja ToukaTa O ce MpecIKyBa Ha Toukata O,.
ITpn Taa TpaHcIamja nomynpasata O4 Ke ce Ipecika
Ha HCTOHAcoYeHaTa notynpasa O 4, a nomynpasara OB
- Ha IICTOHaco4eHara nonynpasa O B . (upt. 50). Cropex

Toa, aroot 4OB mpu TpaHcTamjata 3a Bektop 00 ke
ce npecyika Ha aronot 4,0,B,, a Toa 3Haull 1exka ZAOB
=/A0B,.

Crnuxa 7

Ha xpajor om Temara ce HW3ydyBa TpaHCIIalWja, yd4eOHHK J[MMOBCKH,
Kpcrecka, PucroBcka (cnmka 4) ¥ HEj3MHHTE CBOjCTBAa, Kako M IPUMEHA Ha
TpaHcnanuja. JleknyjaTa ¢BOjcTBa Ha TPaHC/IalHMja 3all0YHYyBa CO CBOjCTBOTO
“Ilpu cekoja TpaHclalyja mpasa ce MPUCIMKYBA BO IpaBa rnapajieiHa co Hea”
“IIpu cexoja TpaHCIanuja GuUrypa ce MpeciuKyBa Bo (Gurypa ckiajaHa co Hea”,
CBOjCTBA KOM MMaaT IITHPOKa IIPUMeHa BO MaTeMaTrnkara. Co OBHE JBE CBOjCTBA
MHOT'Y MOJIECHO C€ COBJIaIyBaaT KOHCTPYKLHUHTE, Ce TOKaXyBa CKJIATHOCT Ha
¢urypu, uTH. MHOTY OJf TEOMETPUCKHTE MPOOIIEMH U TTO3HATH PE3yITATH MOXKE
MHOTY TIOMHTYHTHBHO WM TOCTHOCTaBHO Ja CC M3ydyBaaT M JOKaKyBaaT CO
oMol Ha BekTopu. KOHKpeTHO, MHOTY WHTEpECHH M BaKHH TBPACH:A BO
TeoMeTpHjaTa M KOHCTPYKTHBHH 3aIadyM Cce CBeAyBaaT Ha TpaHchauuja. Bo
yuebHukot JlumosckH, Kpcrecka, PucroBcka (ciuka 6) Bo JeKuKjaTa NpUMeHa
HAa TpPaHCJIANMja € IOKaXaHO €JHO MHOTY Ba)XKHO CBOjCTBO “‘JIoKaku aeka
30MpOT HAa BHATpEITHWTE arnn Bo Tpuaroiuuk ¢ 1807 Bo yuebHukoT Tpen-
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4eBCKHU, TpeHuEBCKHU (CHKa 7) € AOKa)xkaHa Teopemara “AKo KpaluTe Ha eIeH
aroy ce UCTO HACOYEHH COOMIBETHO CO KpalWTe Ha APYr aroj, TOraul THE IBa
arnu ce exHaken”. [1o ycBOjyBame Ha MaTepujaioT 0j] OBaa TeMa YUYCHHULUTE Ce
CHOCOOHM J1a TO COBJIaaaT MaTePHjasoT OJ] IPeAMETOT (Gu3nka 0e3 1a yyar Ha
[aMer, MOJECHO Aa I'M pa3depaT KOHLENTUTe Ha CIAMYHOCT M CKIAJHOCT Ha
TPHATrOJHHULIU CO KOU K€ CE CPETHAT BO IIOTOPHUTE OJEGNIEHH]ja, IOJECHO MOXKAT
Ja JOKa)XyBaaT CBOjCTBA U TEOPEMH, JIECHO MOXAT [a ja COBJAJaaT Temara
rEOMETPUCKH TPAHCBOPMALIMM M KOHCTPYKLMHUTE Ha (UrypuTe, Kako W jaa ja
pa3BMjaT HUBHATA MAaTCMATH4Ka MHTYHMLM]ja OPU PCLIABAC HA MATCMATHUYKK
npo6emu. I1ITo ce oHECYBa HA TANICHTHPAHUTE YUCHUIN U HUBHOTO YYSCTBOTO
Ha HATIpeBapu OJf HAjHHCKO 10 HajBHCOKO HHBO, TOA € HE3aMUCIHBO M
HEBO3MOXKHO 0e3 J1a ja coBlazaaT oBaa TeMa. YUEHHIMTE KOU He ydelle BEeKTOpU
BO PEryJlapHOTO OCHOBHO OOpa3oBaHWE, MOpaaT MOMOJHHTEIHO Ja TpPOLIAT
BpEME 3a Jia TH COBJIAJIaaT, CCKAaKO aKo IUIAHMPaar Ja UMaaTr HCKaKBH pes3yli-
TaTu.

On nmpyra cTpaHa, ako TH pasriiefamMe COOPKUHHUTEC Ha YICOHHIUTE IO
MaTeMaTHnka on 6To 10 910 ommenenueno Kembpuu mporpamara (cimuka 8-11),
ke 3a0enexrMe JIeka ceKoja roJrHa ce paboTaT TeOMETPUCKH TpaHC(HOPMAIIUH,
OJHOCHO OCHa CI/IMeTpI/Ija, Tpchnam/Ija, pOTaqua, 3roJIEMyBamk€¢ U CIIMYHOCT,
HO BO HUCIHO OAACJIICHUEC HE CC U3YyUyBaaT BEKTOPHUTE, 6apeM HC CKCINIMLIUTHO.
Hcto Taka MoxkeMe ja 3abeiexuMe Jieka BO SMO OJJICIICHHE Ce H3ydyBaatr
KOHCTPYKIIMH 03 NPEeTXOTHO BOBEICH IOUM BEKTOp M 0e3 M3ydyBame Ha
TpaHCIIaljaTa BEKTOPCKH.
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ITo mporpamara Ha KeMOpuil ce u3ydyBa moMecTyBame Ha 2-1e GOpMH BO
HACOKHTE: Tope, N0y, JIEBO U JECHO IO OTHAmper 3afaleHa Mpeika, Kako U
HuBHa porarmja 3a 90°, 180°, 270° Bo HacoKa HA CTPENKHTE HA YACOBHHKOT M
obpatHo. Ce pabotar recoMeTpcWkn TpaHcopMmamuy, HO Oe3 BekTopu. Bo
y4eOHHMKOT 32 7MO OJUICNICHHE, BO JIEKIMjaTa KOMOUHMpPam-e reOMeTPHCKHU
TpaHcdopManuM ce HarmoMeHyBa cBOjcTBOTO “Ilpm reomerpucku TpaHC-
(opmarn moOMeHaTa CiOVKa € CEeKoraml CKJIagHa CO OPHTHHAIOT  Koe ce
JOKakyBa CO TOMOII Ha BeKTopH (cimka 12). Bo nmeknmjata TpaHeaanuja Ha
cnuKaTta Koja € AaieHa Kako MpUMeEp 3a TpaHCnaluja KOprcTaT 03HAaKK 32 BEK-
Top (cimka 13). Bo ncTnoT y4eOHMK TM MMa M JIEKIUATE HPTathe NapajiejHu
NMpaBHU U HpPTame NMPABOArOJHHK M KBAJpaT, KOU ce BCYNIHOCT IIpUMEHa Ha
TpaHCIaImja.

8.9 Kombuuuparme reomMmeTpuoku TpaHchopmaginm

leomerpucka Tpancdopsaluia e npecankysame co kon of exna dopua (opurunan) qobusase
apyra dopua (cnuxa).

leomerpucksnTe TPAHCHOPMATHI IPUMEHETH H2 SIHA GOPMA j4 MEHYBAAT HEJAMRAT2
MecTonoaom b,

Jlocera WayMIEME TPH FEOMETPHCEN TPAHCHOPMAIMI: OCHA CHMETPIjA, poTaiiia u

TPARC AL},

MpK oBle re0MeTPHCKH TRARCHOPMALIH, ROGHEHITA CIMKS € CEXOTAI CRARANA CO OPHTHHANOT,
Cruka 12
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8.8 Tpancnauwja

Tperara reomerpucka rpancdopsanmja e Tpancianmja TPaHCIaLma ¢ NOMeCTYRABE HL
2]1-dopsata 08 €110 MECTO NA APYTO Ge3 0CHA CHMETPIA WK poTaui)a. OpUrHHANOT i
CAMKATA ce COROTam <o Mt obmne o nera ronemuna. e co cxnaamm 2/1-dopyin.

Ene mexonxy mpsmeps 3a Tpancaanmia,

L ANNa @ parHar

Cruka 13

Bo yuebHHKOT 3a 8MO ojjieneHue Bo Jekiujara ckiaaanu 2/[-popmu, Ha
cuKaTta Koja € JaeHa KaKko IpHMep 3a CKIaJHHA (UTYpH TOBTOPHO C€ KOPUCTH
O3HaKaTa 3a BEKTOp, KaJe IITO TOYHO Ce Iefa JAeKa IIpU TpaHClaluja Ha
najeHa (urypa 3a JajgeH BEKTOp ce J00mBa CKiaagHa (Gurypa Ha JajaeHara.
Hekonky Jekiuy TMOHATaMy cC H3ydyBa KOHCTPYKIMja HAa TPUATOJHHK,
MaTepuja BO Koja ce KOPUCTH TpaHcJalujara co BEKTop, HO He U 1o KemOpuu
nporpaMata. Bo Iekmnujata TPHAroJHUK W YETHPUATOJHHMK CE CIIOMHYBa
CBOjCTBOTO 32 30Hp Ha arjuTe BO TPHUATOTHHUKOT, KO€ BHIIOBME JeKa Ce JOKa-
JKyBa CO MOMOIII Ha BCKTOPH. BO MCTHOT y4eOHMK BO JICKIIMjaTa T€OMETPHCKH
TpancdopMaIuH ¢ PelieH NpuMep Ha TpaHcnanmja. [Ipu pemapamero nako He
€ o0jacHeTo co MPUMEHA Ha BEKTOPY Ha CIHMKATa MOBTOPHO CE KOPHCTH O3HAKa
3a BEKTOP.

3.3 Cenagmmn 2[1-dopmun

Bo VI n VII oppenenue yuesse 3a Tpi reometplickn Tpanchopsamins wa 2J1-dopaure. Tue ce
TPANCHAIH]A, DCHA CHMETPH]A 1 POTAIMjA.

Towerrata 2]1-dopsa npen TpancdopManiijata ja RapexyRaMe OpHIHEANL
Kpajuara 2]1-dpopma pobrena no tpancopmaninfara ja Rapekypame canka
Ha upresor e npuxaxkana Tpancnanyja 3a 3 KBagpariuna Hagecuo

2 KBAJpATNED HATOpPE.

Kaj oprrunanor, crpanute wio ro o6pasysaar IPABROT Aron uaaar
ROMAHHN O 3 KBAAPATYHEG W ] KBAPATHHILG, COONBETHO,

Kaj cnmkara, coOABETHITE CTPAHN MMAXT, HOTO TAKA, BOAKHHI
3 KBafpATYMGA B 2 KRAAPATINILA,

Kaj opurHanoT u kKaj CANKaTa IOAHHOT AR AI0N e npak.

XunoTenysata Ha OPHIMHAAOT ¢ STHAKES CO XHMNOTEHYIATL Ha CIMKATa.

Jabereaysave LEKa CHTE COOIRETHIN CTPaNI i CODABCTHR ArTH KA JBATA TPHANOIHIKA C¢ SNk
ety cebe,

3a paxsure 2]1-opun Benmme Ieka ce CRALIRM.

Ciuka 14
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3.12 TeomeTpuckn TpaHchopmaLinm

Bo VI u VIl ogaenenne yuense 33 1pu sia tpancdpopsianiun, ouocHo IPecinkysaiba

ocma cuveTpuia
oA E L

FPECTHKYBAIE BO OIHOC
Ha MPana Ha CHMETPH]a

D0" s pec oA
LA A TR B
CTPEnENTE HA

TACORIMNT

OPHIHHANOT € POTHPAH 32
A3Jien Aron, Bo JANeHE HAC0Ka,
OROIY EHTAP Ha poTaigiga (A).

[owernara 21-dopua ja HapexynaMe opuranas
Kpajiara 2]1-dopsa ja napexynase cumks.

Bo cexoja o orre TP TPARCHOPMILMN CIMKATA € CRAANNE HA opuikRanor. Toa sHasn aexka
CANKATA WM HCTA Tanesiia 1 GOpMa co opuriHanoT.

Cnuxka 15

Tpancrammja

LU LR

OPUIHHATOT € IOMECTEH
Gea potaignja n fez ocha
CHMETPIfA

Bo yueOHUKOT 32 9TO oJIeneHue BO JIEKIMjaTa OMUIyBam-e TpaHchop-
MaluH KOHEYHO Ce CIIOMHYBa IMOMMOT BekTop (cimka 16): ,,Tpancrmamuja 3a
BEKTOP (X,y) 3Haul [IOMECTYyBambe 3a X eJUHULN HaJeCHO MU HaleBO (10 X-
ocKara) M 3a y eIMHHIM Harope WiM Haxody (no y-ockara)”. Tyka ro
JcrHMpa TOMMOT TpaHCIIalyja MPeKy MOUMOT BEKTOP, HAKO MPETXOHO HC €
JneuHEpaH NOUMOT BEKTOP.

Tpancnauwja

Tpeba fa e nazen AeTane ONUE 3a HOMECTYBAILETO.
Toa wecto ce NPeTCTABYRA Kako pacmjamse HajlecHo (nan Hanero) u pacmjanue Harope (wnm ua:lun'y),
3a HACOKHTE MOKEME 1a KOPHCTHME It 3AMMIC CO BEKTOP, Kako Ha npumep: (x, y)

Tpaucnanmja 3a sextop (X, y) 3HAYH NOMECTYBAILE 3 X CANHIN HANECHO HAK HANEBO M 34 Y

CAMHUILM Harope WK Hajomny,
AKO BPEIHOCTA HA X ¢ NOINTHBHA, TOTAI NOMECTYBAETO ¢ HAZICCHO,

Axo BPEIHOCTA Ha X € HeraTHBHA, TOTall MOMECTYBaEeTO ¢ HaleBo.
Axo BPEMHOCTA HA ) € NOSHTHBHA, TOTAIN MOMECTYBAMETO € Harope.

Axko BPQAIIOCTH Hi )" € HETATHBHA, TOram ﬂﬂMCCTYBﬂMTﬂ € Ilﬂ.ﬂﬂﬂ?,

Ha npumep, noMecrypaibe 3a BekTop (-4, ~5) 3Ha4m OMECTYBalbe 32 4 e/IMHIILI HANEBO ¥ 34

5 eMHNLM HazONY.

Cnuka 16

O /OCEralmHOTO HM3JIaramke MOXKEMe Ja 3aKiydrMe JiekKa BO HOBaTa
HporpamMa HOMMOT BEKTOP, BOOIIIITO HE € Je)UHUpaH, HUTH Ce CIIOMHYBA JeKa
TpaHCIIaLKjaTa € BCYLIHOCT IIOMECTyBambe 3a AajieH Bekrop. Co n3derHyBameTo
Ha BEKTOPCKUOT HPHCTAll, HA HEKO] HAYMH C€ OTPAaHUYYyBaaT MOXKHOCTHTE U
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pa3MuciyBameTo Ha ydeHunuTe. Ce M30erHyBa KOPHUCTEHE Ha IOMM KOj BO
UIHAHA CEKaKo Ke Mopa Ja ro cperHat. IlouM koj uM e moTpedeH 3a ycoBp-
myBamkbe Ha MaTeMaTUYKUTE CITOCOOHOCTH | CoBJIalyBalb€ Ha TEMUTE I10
NpeaMETOT (Pr3nKa.

Ha mprewsan, cmime Ti MPeTCTARYRAME CO HACOMEHE OTCe N
s KOpMCTHNS BKTOP M3 QAN 3 TW NOKZWaWe
KOpsicTeseTo BeK Top Ha CHia £ CORJIRETEH HAHH 32 NPARELIOT, HACOKATA I MO/ EABAHATA M3 CANATA

TPCTCTABYBamE HA CHITC GICIAH AABA MEOpMALIT 34
TIPABELRYT B HACOKATA WA CTUTATA, KAKD H 33 Hej IHHATA TONEMPH.

LipTame Ha BEKTOPOT Ha CHNaTa

0 BERTOPOT ML CHAITA (¢ HPHKAKYEY IPaBelor, HACoKNT
W rogemimiaTa na comara o NIAATYBANLETO HA MENTOPOT O
ofjacnyee o TN JelCTIVI G CHUE ) BPS Ko TEE0 Tan
CHIT2 T8 CTRY R

Aekojkata nejcrryRa Ha
KOMMUKATa

Ha commara e gamen upioavp 1o Ko) 1eB0jKa TYPRR K04HY

Ka Lo CANITYTAULET O A BeXTOROT Ha CHTATA C8 MONIW yRa
KOE Tenn JLefCTRyRa oo ca (TYPRa) 0 I K0e Tedo Tas a1m
TEJCTRYBAL

N Ce IOUITYRAZT KOTA e TR HeM 10/ CTIY 1T, o
HOCHO BEREMHO Te|CTRYRAT,

Mlarmeror some 1o IPHEteue wenenen ke Bermwe fexa
MATRETOT If KTHHELOT CH 326 HOTE|CTR Y Bk, MarnetoT

POy BUTEHE )THHENT, (FLILCHD KITRHE DT & ITPHITAeY e 0
MITHETOT.

(D3HAKITE Ha PEKTOPOT Ha CHAG 1o NOKIRYES

Ha comcara e mpHcamana ciaaTa oo KojE WarHeToT NelcTiyia JaEMHOTO LEICTEG Ha EETeTen

HA kmmenor.

Ciuka 17

TIpoRaiam Besoms ¥ CHEH [ O3HESH TH
LA BERTOPH,

1 Heemn Tpu STpeisy Of Kaprod
amu xapruja, Heka Sugat goam
awoy 20 e YmoTpesn oK 28 08 oH
TPWSLKEI BERTORNTE A CHTUTE Kaj
HEROIL SaSNHOMICT .

2 Hale weCio wai Dpesyerin Ha Ko
Tejersves ol CHpein 10 npasset
M HAGORAT HA AeplTRO HA Gulala

3 Salemi COCRECTHA Q00T bR SIeH O
PeRIOpHTe. (K TEI0 ERCTEYIE (0 Ui
M ER KOS TEO TAN G S CTEvER L

4 Thocrams ji swas anenm ja
CTPEIRETA TAKA I RE FH 0ZH3YED
HAEORK AT, IPARLNOT N2 ASfCTD o
AT TH AT TN Ha CHTATL

5 Tloptops ja mocTankata ¥ co

TPYTHTE CTPETRIL

cnvka 18

Kem0pun mporpamaTa He € ycorjlaceHa IO NpeIMETHTe MaTeMaThKa U
¢usmnxa. Bo ¢usmukara mo Kem6puu nporpamara, Kako U Mo crapara Iporpama
Ce M3y4YyBaaT BEKTOPCKH BEIMYMHM U CE OUCKYRA JIEKAa YUCHUIUTE 3HAAT IITO €
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MOMMOT BEKTOp. YIITe BO IIpBaTa TeMa ce H3ydyBa CHJIaTa KaKO BEKTOPCKa
BeninurHa (cimka 17). Ha ydeHumuTe UM e 3amajieHa akTUBHOCT (ciuka 18) xoja
Tpeba Ja ja W3BpIIAT CO MOMOII HAa BEKTOPH, & THE BOOIIITO Ce HeMaar
cpetHaro co T0j nouM. O HUB CE OYEKyBa CAMHTE JAOMOJHHUTEIHO Jd COBIAIAAT
Iesa TeMa, 3a Ja MOXKaT /1A ja IpartaT IporpaMara o (pu3uka.

4. 3AKJIYUOK

3akiy4okoT wTO Tpeba ja ro M3BjICUEME MO OBaa HampascHa cropeada
Mery cTapaTa U HOBaTa Iporpama ¢ aeka uako KemOpuil nmporpaMaTa nuMa CBOU
OPETHOCTH Taa MMa ToJeM HEIOCTaTOK BO obiacta reoMerpuja. OUHIIICIHO €
neka KemOpuy mporpamara He IPHIOHECYBa 32 HEKAKOB IOTOJIEM HHTENCK-
TyaJICH pa3BOj, aKo ce 3Hae JieKa TojeM Jel O COAPXKHHHUTE jaerara Td
YCBOjyBaaT MEXaHUUKHU U (pakTorpa)CKH, BKIYIyBajKH r0 MOMHECHETO, HAMECTO
Ja TH pa3BHBaaT MUCIOBHHTE TporiecH. KOHKpeTHO Temara BEKTOpH HMa
rojJieMa BaXHOCT BO pPa3BHBAambETO Ha MATEMATHYKHTE CIOCOOHOCTH M pas-
MHCITYBambeTO Ha CEKOj YUSHHK. 3aT0a CMETaMe JIeka HACTABHUIITE HE MOXKE Ja
ce IpyKaT caMo J0 IMPONHIIAHWOT MaTepyjal, TyKy MOpa Ja H3HaoraaT HauuH 1
BpeMe 3a J1a BOBeIaT 1 IPYTH TIOMMH KOW He ce TIPeJBHU/ICHN BO porpamara, ce
CO LIeJ Jia 1o100py MOMEHTAITHUOT 00pa3oBeH MpoLiec.

CyaupP HA UHTEPECH
ABTOpHTE H3jaBHja Jeka HeMa CYIUp Ha HHTECPECH.
BJATOJAPHOCT

ABTOpHUTE UCKPCHO MM ce 3abiaromapyBaaT Ha PEIEH3CHTHTE 3a BPEIHHTE
MPEIUIO3H CO KOH ce MOA00pH Mpe3eHTaNnjaTa Ha TPYAOT.
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NOVEL APPROACH TO STUDENTS FOR EFFECTIVENESS AND
EFFICIENCY IN MATH EDUCATION

UDC:37.011.3-051:51]:159.944.075
Beti Andonovic, Ana Zhabevska Zlatevski, Viktor Andonovic

Abstract. There are numerous proven effective methods for corresponding math
knowledge transfer as well as arguments to which methods correspond to
certain circumstances within math education. This work’s focus, however, is
not upon WHAT is used as methods, neither upon WHY those methods are
used, but rather upon HOW the teacher may effectively and efficiently use
whichever methods he or she finds appropriate. The novel approach is
suggested, which is expected to enable significant improvement in the outcome
of the math knowledge transfer, without any limitation to the set of methods
that are used by the teacher. The approach is individually created with regard
to the notion of Drivers and Working styles and Transactional Analysis as
recognized and widely used personality theory. The communication doors of
the students relevant to behaviour, feelings and thinking are discussed as well
as sentences patterns as indicators to dominant student Drivers and/or Working
styles.

The results and conclusions are summarized according to several students’
Working styles categorics.

1. INTRODUCTION TO THE CONCEPT OF DRIVERS AND WORKING STYLES

The theory of Drivers has been introduced about half a century ago by Taibi
Kahler [14], and has been developed into five characteristic styles since. Kahler
named the Drivers after Freud’s drive, or basic instinct for repetitive behaviour.
He defined them as programmed responses to the messages we carry in our
heads, that we have subconsciously adopted from important people in our past
(parents or other parental figures, including teachers) as in Fig.1, manifested as
a certain set of a person’s compulsive behaviours, particularly when the person
is under stress [11],[14]. In fact, Drivers are unconscious behavioural patterns,
which affect each segment of our lives, regardless to whether we are at home, at
school, at work, alone, or with anyone. They are subconscious attempts by us to
behave in ways that will gain us the recognition we need from others [3],[15]-
[17],[24]. Drivers represent a type of survival mechanisms or subconscious
mental strategies that we develop to counterbalance injunctions.
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This concept had later been developed and elaborated by many researchers:
Gellert, Silver, Tudor and others [19]. Drivers’ characteristics are very specific
and can be both positive and negative, their orientation can be from or toward
people [3]-[6],[22],[24]. They have specific behavioral indicators (words, voice,
posture, facial expressions and gestures). Drivers may be observed as preferred
styles of social interaction in contact, and as specific reactions to problems and
stress. An early review to the positive aspects of Drivers has been given by
Klein, however Hay is to one to elaborate and focus specifically on the positive
aspects and has given the name Working styles to such aspect of the Drivers
[12],[13]. Hay has created her well known Questionnaire to identify the concept
of person’s Working styles under professional conditions.
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Figure 1. Scheme for developing dominant Drivers (Working styles)

Identifying the Drivers (Working styles) that an individual is manifesting
enables the possibility for the individual to recognize and develop the potential
of the positive aspects of their behavior and to constructively react to the
negative ones. This work is focused on the Working styles only as the positive
aspects of Drivers, and the theory is used to offer a novel approach to math
students for improving and sustaining their work effectiveness and efficiency.

There are five identified Working styles with their characteristics, benefits
and drawbacks, and they are named after the characteristic behavior manifested
[31-[61.[131,[221,[241,[25]:

e Be Perfect
e Be Strong
e TryHard
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e Hurry Up
e Please Others

In a person’s real life, there is usually an influence of two Working styles
[22],[24]. Such a combination seems to be in accordance with the experience,
and people tend to a combination of two (sometimes and more rare three)
Working styles. Some research and publications show that each profession,
based on previous statistical evaluation, has a highly predictive presence of
specific dominant Working style (Driver) [19]. For example, for the
mathematicians, Be Perfect was identified as the primary dominant Driver,
which is “justified” by necessity of having strong logic, organizing skills and
ability to recognize and synthesize facts (Kahler, 2006), whereas Try Hard is
present as a secondary dominant Driver. In contrast to that, the Try Hard Driver
is not present at all as a dominant Driver in the profession Legal Advisor. It
could be explained by the clearly established principles within the profession in
the form of laws and regulations which does not require finding new and
innovative solutions. Within the professional selection of staff, the concept of
Working styles can be used as a tool for verifying the presence of the necessary
skills and abilities in accordance with the job qualification. Within the
professional selection of staff, the concept of Drivers can be used as a tool for
verifying the presence of the necessary skills and abilities in accordance with
the job qualification. Kahler in 2013 has developed and used PCM (in which the
basis is the drivers) in the selection of astronauts for NASA (National
Aeronautics and Space Administration) for more than 10 years. The concept of
Working styles is also applicable in the field of employee motivation [2]-[6].
Kahler summarizes the incentive strategies that can be used to direct people
towards optimal performance.

2. THEORY, METHODS AND DISCUSSIONS

The main characteristics of the Working styles will be discussed with regard
to their behavioural features [22],[24], their communication doors opening
order, and correspondingly summarized in tables. Positive values for each
Working Style are given in each description.

2.1. WORKING STYLE BE PERFECT (BP)

If one may answer positively to the following
questions: Do you pride yourself on your
accuracy? Does it worry you when you see
mistakes? Do you enjoy the challenge of
bringing order into the world?, then he/she may
find to be driven by the Be Perfect Working
Style. Specific characteristics are presented in
Table 1.
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Table 1. BP characteristics

< Words Tones Gestures Postures Facial
i Expressions
E “of course” clipped, counting on  erect, stern,
=y “obviously”  righteous fingers, rigid shame,
; “efficacious” cocked embarrassment
E “clearly” wrist,
A  “I think” scratching
= (tells more head
than asked) “

The Communication doors that this person communicates through, open by
the following order:
1. Thinking (T) communication door
2. Feelings (F) communication door
3. Behavior (B) communication door
This would help us to communicate easily to a BP person if the
communication doors order would be followed. Positive values of this WS may
be making a real hit and being precise, while permissions and advices in
everyday work to be given are to make a point, to define time limits for
completing the work or to define content and aims.

2.2. WORKING STYLE HURRY UP (HU)

If one may answer positively to the following 2 T &
questions: Do you enjoy having lots to do? Are ¥ Vi ‘
you usually in a hurry? Can you pull out all the ; N
stops when urgent work comes up?, then he/she
may find to be driven by the Hurry Up Working
Style. Specific characteristics are presented in
Table 2.

Table 2. HU characteristics

é Words Tones Gestures  Postures Eacnal .
Xpressions

o “let’s go” up & squirms, moves frowning,

c interrupts ~ down taps quickly cyes

; people- fingers Sh]meg’

= finishes rapid

% their

sentences
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There is no specific order in Communication doors. The main reason for this
is that HU may not be a dominant Driver, and the contact door is determined by
the dominant Driver.

Positive values of this WS may be being aware of time, while permissions
and advices in everyday work to be given are to take as much time as he/she
needs, to make a break and take a rest between two different works,or to plan
and define their priorities.

2.3. WORKING STYLE BE STRONG (BS)

If the person finds himself/herself familiar to

the following statements: You pride yourself on .1
your ability to cope. You may even welcome %
pressure because it gives you the chance to

show how well you can deal with it. You stay P

calm when there is a crisis, then he/she may find
to be driven by the Be Strong Working Style.
Specific characteristics are presented in Table 3.

Table 3. BS characteristics

§, Words Tones Gestures Postures Facial .
Expressions

“no hard, hands rigid, plastic,

= comment” monotone  rigid, one leg hard,

E‘z “Tdon’t arms over cold

= care” folded

g doesn’t

Z use here-

Q and-now
feelings

The Communication doors that this person communicates through, open by
the following order:
1. Behavior (B) communication door
2. Thinking (T) communication door
3. Feelings (F) communication door
With regard to successful communication, the BS person may be reached
mostly by questions/statements considering the behavior, and such person will
not be easily responsive when asked about feelings.
Positive values of this WS are reacting correspondingly in problematic
situations, while permissions and advices in everyday work to be given are to
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experience and verbalize their feelings, to listen to their feelings and to express
them in a corresponding way.

2.4. WORKING STYLE PLEASE OTHERS (PO)

If the person can give a positive answer to
the following questions: Is your priority to get
on well with people? Are you intuitive about
how people are feeling? Are you happiest
working in a team where everyone's views are
taken into account?, then he/she may find to be
driven by the Please Others Working Style.
Specific characteristics are presented in Table 4.

Table 4. PO characteristics

5 Words Tones Gestures Postures Facla'l
Expressions
“You high hands head raised
- know” whine outstretched, nodding cycbrows,
; “Could head looks away
g you” nodding
= “Can you” frequently
S “Kinda”
: “Um
; Hmm”
7 “Would
yOu”

The Communication doors that this person communicates through, open by
the following order:

1. Feelings (F) communication door
2. Behavior (B) communication door
3. Thinking (T) communication door

If we tend to successful communication, the BS person may be reached
mostly by questions/statements considering the feelings, and such person will
not be easily responsive when asked about their thinking.

Positive values of this WS are being highly emphatic to other people, while
permissions and advices in everyday work to be given are to take care of their
own feelings, to take some time to think and to think about what they want for a
mutual success.
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2.5. WORKING STYLE TRY HARD (TH)

If the person can give a positive answer to
the following questions: Are you motivated by
almost anything as long as it's new? Do you
enjoy most the early stages of each new project
or task? Is it a challenge to explore different
areas of work?, then he/she may find to be
driven by the Try Hard Working Style. Specific
characteristics are presented in Table 5.

Table 5. TH characteristics

é Words Tones Gestures Postures Ex;};:::;lil()ns
“It’s hard”  impatient clenched, sitting slight frown,
“I can’t” moving forward, perplexed
“I'll try” fists elbows on  look

= « 5

= I don’t legs

E know”

> (doesn’t

@ answer
questions-
repeats,
tangents)

The Communication doors that this person communicates through, open by
the following order:

1. Behavior (B) communication door
2. Feelings (F) communication door
3. Thinking (T) communication door

If we tend to successful communication, the TH person may be reached
mostly by questions/statements considering the behavior, and such person will
not be easily responsive when asked about their thinking.

Positive values of this WS are being active and doing their work, while
permissions and advices in everyday work to be given are to tell them when it is
enough, to make a break, to organize their time to get some rest, to set the work
within time intervals with high level of energy, to create an appropriate
(peaceful) working atmosphere, and that it is necessary to evaluate the time
needed.
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3. DRIVERS AND SCRIPT PATTERNS

Considering the fact that each individual is driven by mainly two Working
styles, the combination of the two implies some specific characteristics which
influence the way of living lives and thinking, feeling, and behaving in a
certain pattern that is named a life script pattern. Taibi Kahler describes 6 script
patterns (of which 5 that are most common will be subject of our interest) that
influence the individual thinking, feeling and behaving manner. This theory
perfectly applies for students who are part of math education. Considering the
time aspect, these script patterns are related to our perception of time and
manner in which we tend to focus to our past, to our present or our future [7].

According to d-r Kahler, the script processes connected to these patterns are:

AFTER - “T am afraid something bad will happen.*;

UNTIL — “I can’t have fun until...*;

ALWAYS — “Feeling of being cornered*, blames or waits for a rescue, or
manipulates others from a position of “being cornered*,

NEVER - Has difficulties of finishing life projections;

ALMOST — Almost completes the work, but not all of it.

Each of the Working styles may be found within the corresponding script
pattern that has specific characteristics [1],[2],[22]. Most of us follow one
script pattern in each aspect of life. However, there are people who follow one
script pattern in their private life, and some other in their professional or social
life. It is important to point out that the script pattern is being expressed or
manifested in the person’s lifestyle, as well as in their overall life plan. A lot
may be read in literature [7]-[10],[12],[13],[18],[20]-[24] and further the main
characteristics considering particularly the sentence patterns of the most
common life scripts will be summarized as presented in Table 6.

Table 6. Characteristic sentence pattern for different life scripts

Script patterns
(combination of WS) Characteristic sentence pattern

NEVER / / /
NN N

- Discontinued, seem like it will never end

(TH, rarely others)

ALWAYS - Nonconsistent sentences
(BS, HU, sometimes - A lot of qualifying words (maybe, we’ll see,
others) I’m not sure, sometimes ...)




