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KOHI'PYEHIIX BO MHOXECTBOTO HA LHEJIMTE BPOEBHU 11

3. IPUMEHA HA KOHI'PYEHIHIUUMTE

Bo oBaa Touka co momoin Ha KOHTpYCHIIUUTE Ke Hajz(eMe HEKOJIKY rnoceoHuTe npu3Ha-
o1 3a JCJIMBOCT. 3a taa e nmpBo Ke pasriegamMme €ICH Mpumep.

2012 2012 2012
Hpumep 9. Hexka P=p{" “+p5 “+..+piyi1> Kage pj,Pr,..., Poo13 C€ IPBHUTE

2011 npoctu 6poesu. lokaxkere nexa 10| P.
Pemenne. Bo nusata npoctu 6poesu 2, 3, 5, 7, 11, 13, ...camo 6pojor p; =2 e mapeH,

a octaHature ce Henapuu Opoesu. [loHaTamy,

p12012 = 22012 = (24)503 = 6503 = 6(m0d10) u p32012 = 52012 = 5(mod10).
OcranaTrTte IPOCTH OPOEBH 3aBpITyBaat Ha eaHa ox rudpute 1, 3, 7 wim 9 u kako

1* = I(mod10) , 3* =81=1(mod10), 7* =2401 = I(mod10) u 9* = 6561 = I(mod10),
nobmBaMe JIeKa 3a CeKoj mpocT Opoj p # 2,5 Baxu
22012 = (5512 21512 Z 1mod 10) .

Cropen Toa,

P=pi" + p3® 4+ p30iT =6+5+2009-1=0(mod10)), T.e. 10|P. m

Teopema 6. Hexa f(x):akxk Jrczk,lxk_1 +..+ax+ay, Kage WTO dy,d,...,d5_1,
ay , a; #0 ce uenu 6poeBu. Ako a =b (mod m), Torau
S (a)= f(b) (mod m).
Joxa3s. Ox nocneauia 1 6) cuenysa o' =b' (modm) 3a t=0,1,...,k. Cera ox mo-
cienuna 1 a) cieACTBEHO 100MBaMe
atat = a,bt (mod m) 3a t=0,1,...,k

bk—l

akak +ak,1ak_1 +..taqa+ay = akbk +a,_ +...+aib+ ay (mod m)

omHocHO f(a)= f(b) (mod m).m

Ke mokaxeme xako npeTxogHaTa T€OpEMa MOKE Ja CE€ MCKOPHUCTHU 3a IIOGI/IBaH:e Ha
HEKOHM MOCeOHU IIpU3HaIM 3a JCJIUBOCT.

Mocnennua 2. Cexoj nmpupoeH Opoj € KOHTPYEHTEH CO 30UPOT HAa CBOUTE IUGPH O
Moayn 9.
Joka3. Heka n e npupozeH Opoj 4uj IeKaeH 3ammc ¢
n=a, 10" +a, 10"+ 4+ 410+4,,
Kajie WTo dg,dy,...,q;_1,q; €10,1,2,...,9}. CraBame
J(x)= akxk + ak_lxl“l +otax+ag.
Toram, ounejku 10 =1 (mod 9) ox Teopemara 6 cienysa
f10)= f(1)(mod9), re. n=a; +a;_+...+a;+ay (mod 9) . m



Mocaenuua 3. AKo MPUPOJHUOT OPOj 1 UMa AeKaCH 3aIHc
n= akIOk +ak_110k71 +..+aq10+aq
TOTall
n=(Da, +(~D) gy +..+ay—as+ay —a; +ag (mod 11).
Joxa3. Heka n e npupojeH Opoj uuj AeKaaeH 3aIuc e
n= akIOk +ak_110k71 +..+q10+ag,
Kaje WTo dg,d,....d;_1,q; €10,1,2,...,9}. CraBame
f(x)= akxk + ak,lxk_l +..tax+ag.
Toram, 6unejku 10 =—1(mod 11), ox Teopema 6 crieqysa
S10)= f(=1) (mod 11),
T.C.

n=(Dap + () gy +..+ay—as+ay—a; +ag (mod11). m

Mocnennua 4. Axo mpupoHUOT OpPOj 7 WUMa IeKaleH 3aInc
n=ag 10" +a, 10"+ 4+ 410+4,,
TOTAIl N € JETUB CO 7 aKO U CaMO aKo 30UpoT
{(ag +3a; +2ay) +(ag +3a7 +2ag) +...} — {(az +3a4 + 2as5) +(ag +3a9 +2a;1) +...}
€ JeIuB Co 7.
Joxa3. Heka n e npupojieH Opoj 4uj ICKaJCH 3aIuc €
n=a; 105 +. . +ag10® +a510° +a410* + 4310* +4,10% + 410+, ,
Kaje WMTo day,d,a;,d3,d4,05,06,07,....4;5_1,a; €{0,1,2,...,9} . bunejku
10° =1 (mod 7), 10' =3 (mod 7), 10> =2 (mod 7),
10° =6 =(-1) (mod 7), 10* =4 =(=3) (mod 7),
10° =5 =(=2) (mod 7) , 10° =1 (mod 7) urH.
CclelyBa IeKa
10% =1 (mod 7), 10%*! =3 (mod 7), 109+ =2 (mod 7),
10%+3 = (= 1) (mod 7), 10%** = (=3) (mod 7), 10%**> = (-2) (mod 7).
Crnopen Toa,
_ k 6 5 4 3 2
n=a;10" +..+ag10° +a510” +a410" +a310” + a,10° + ;10 + q
= ay +10a; +ay10% + a310° +a410* + a510° + ag10% + 2,107 + ..
=qp+ 3611 + 2(12 +(—1)a3 + (—3)04 + (—2)(15 +ag +3a7 +2ag +... (mOd 7)

ITO U TpebaIre 1a ce ToKaxe. m

MMpumep 10. Joxaxu aeka ako OpojoT n e aenus co 99, Toramr 30MpOT Ha HETOBUTE
dpu He e momain ox 18.

Pemenue. Hexa 99 |n . Toram 9|7, na 3aToa n 30upot Ha nudpure 4 Ha n € JAenuB

co 9. bunejku n e npuponeH 6poj, 4> 0, nma eaMHCTBEH OPOj KOj € ACIHB CO 9 U € moMal o
18e€9. Axo 4=9, Toram ox

n=a, 10" +a, 10"+ +410+4,



cnenysa A =a; +a;_y+...+a; +ay. On apyra ctpana, ounejku 11| n cnenysa
D gy + (D) gy +..—ay +ag}
u Ounejku
9< (- +(-D"ay  +.—ay+ay <9
nobuBame nexa
D ap + (D" ay  +.—ay+ay =0,
T.C.

apt+dap +..=a;+az+.. .

Cnopen toa 9 = 2(ay +ay +...) , IITO € IPOTUBPEYHOCT. W

4. KJIACH HA KOHI'PYEHIIUU

Kaxko mTo Beke kakaBme, 3a 1€l Opoj a ¥ MpHUpOJEH Opoj m TOCTojaT e OpOeBH
g u r, 0<r<m TakBH IITO
a=qm+r.
Ox moCneHOTO PaBEeHCTBO CieayBa Jeka a =gm+r =r (mod m), MITO 3HAYU JIeKa CEKOj e
Opoj e KOHrpyeHTEeH Mo Moayd m co Obapem exneH ox Opoesute 0,1,..., m—1. Cnennara Teo-

peMa MmoKaxkyBa Jieka CeKoj 1es1 Opoj € KOHTPYEeHTEH 10 MOAYJ 7 TOYHO CO €JeH o]l OpoeBuTe
0,1,....,m—1.

Teopema 7. Cekoj 1ien Opoj € KOHTPYSHTEH MO MOAYJ M CO €ICH M CaMO €JIeH O]
opoesute 0,1,2,....m—1.

Joxka3. Hexa a e men 6poj. JacHo, a =7 (mod m) 3a Hekoj r, 0<r<m. Jla nper-
nocraBume neka a =r (mod m), a=s (modm), 3a 0<r,s <m. Toram, s=r (modm), T.c.
m|(s—r) ubunejku —m <s—r <m , nobuBame nexka s—r =0, 1.e. s =r, WTO U Tpebame aa

CC IOKaXe. m

3a cexoj r €{0,1,2,....m—1} co C,, () na ro o3HauuMe MHOXKECTBOTO OJ] CUTE LEIH

OpOEBH KOM C€ KOHTPYEHTHH CO # TI0 MOAYJ M , T.C.
C,(r)y={alaeZ,a=r(mod m)}.
Opx mpeTxo/iHaTa TeOpeMa HEIMOCPEAHO CIIeIyBa TOYHOCTA Ha CICTHOBO TBP/ICH:E.
Mocaemnua 5. a) Ako m>0, 0<r,s<m—1 u r # s, Toram
C,(r)NC,(5)=D.
6) C,(0)uC,(Hu.uC,(m-1)=Z.m

Jedununuja 2. Muoxectsoro C,, () Io HapeKyBaMe Kidca HA KOHEpYeHyuu IO

MOy 1 .
3a MHOXKECTBOTO {d(),q,...,4,, |} ke BEIUME [€Ka € KOMNIemen CUucmem Ha 0Cmamo-

yu o Mmoxyn m axo a, € C, (r) 3a r=0,1,...m—1.

TeopeMa 8. Cekoe MHOXECTBO o m II0CJICOAOBATCIIHU LEIN 6p06BI/I € KOMIIJICTCH
CHUCTEM Ha OCTATOLHU 11O MOAYJ m .



Joka3. Heka {a,a+1,a+2,...,a+m—1} e MHOXECTBO OJ m TIOCICIOBATEIIHU MU
6poesu. O Teopema & cnenyBa exa a = r(mod m) 3a Hekoj r €{0,1,...,m—1} ,t.e. aeC,,(r).
Toram, 3a cekoj ¢t € {0,1,2,...,m —1} Baxu

a+t=r+t(modm),
of kaze mTo ciaeayBa Jeka 3a te{0,l,.m-r-1} Baxu a+teC,(r+t), a 3a
te{m-r,..,m—1} Baxu a+teC, (r+t—m), Ounejku Bo 0Boj CiIy4yaj UMaMe
a+t=r+t=r+t—m(mod m),
a ¥ BO JBaTa ciy4aja Baxu r+t € {0,1,2,...,m —1} . Cropen Toa,
acC,(r), a+leC,(r+l),..,a+m-r-1€C, (m-1),
a+m-reC,(0), a+tm-r+1e€C,1), .., a+m-1€C,, (r-1),

IITO 3HA4M Jeka {a,a+1,a+2,...,a+m—1} ¢ KOMIUIETEH CHCTEM Ha OCTATOIH TI0 MOIYJ 71 . W

HajquTo KOPUCTCHU KOMIIJIETHA CUCTEMH HA OCTATOLU IO MOAYJI m C€:
{0,L,...m-1} u {1,2,...,m},
a Kora m ¢ HECApeH 6p0j, CC KOPUCTU U KOMIIJICTHUOT UCTEM Ha OCTATOLM 110 MOAYJT m
m—1 m—1 m—1
el el 10,1, 2

MMpumep 11. JTokaxxu 1eka 3a cekoj MpUpoIeH Opoj 7, 6pojoT n> +5n e nemms co 6.
Pemenne. Kommieren cucrem Ha octarouu no moayi 6 e 0, 1, 2, 3, 4 u 5. Cnopexn
TOAQ, IOBOJIHO € Aa MCIIMTaMe Jajlu n+5n e nemuB co 63a n=0,1,2, 3,4,5. Ilpu MHOXEHE
co MoAay’a 6 umame
0°=0, P=1, 22=2, 3=3 4-4 5-5

Cropen Toa, W 45Sn=n+51=6n=0 (mod 6) . m

5. MAJIA TEOPEMA HA ®EPMA

Ha kpajor on HammTe pasriieyBama Ke ce 3aJpKMME Ha TaKaHapeyeHara Maja
Teopema Ha Depma, Koja MMa IMIMPOKa PUMEHa BO TeopHjaTa Ha OpoeBH. 3a Taa mel IMpBo Ke ja
JIOKa)KEMe Clie/IHaBa Teopema.

Teopema 9. Ako p e mpoct O6poj u p [ a, Toram d6poesute a,2a,3a,...,(p—1)a nma-
aT pa3INyHU OCTATOLH TIPH JCNICHE CO P .

Joxa3. Axo nocrojatr k,me{l,2,...,p—1} TakBu mMTO ka W ma WMaaT UCTH OCTa-
TOLU TPU AeJeHke co p, Toram (k—m)a = ka —ma = 0(mod p) , mTO HE € MOXKHO OHIEjKU p €
npoct 6poj, HO pf(k—-m) mu p|a.m

Teopemal(. (Mana Teopema Ha ®epma). Ako p e mpoct 6poj u H3/(a,p)=1,
toram a”~! =1 (mod p).

Hoxa3. Bpoesure a,2a,3a,...,(p—1)a He ce aenar co U UMaar pa3IMYHH OCTATOLH

OpH Jejekhe CO p, IUTO 3HAYM JeKa BO HEKOj pelocies OBUe octatouu ce bpoesute 1,2,...



p —1. 3Haun nMaMe KOHTPYEHIMH O BUAOT ka = m(mod p), k,m=1,2,..., p—1. O nocnemu-
na 1 a) cnenyBa a-2a-....(p—1)=1-2-...-(p—1) (mod p), ma xkako NZD(1-2-...-(p-1),p)=1
on Teopema 4 6 cuexyBa Jeka BO MOCIEAHATa KOHIPyEHIHja MOXXEME Ja CKpaTHMe CO

1-2-....(p—1) n nobusame a?' =1(mod p) . m

Mocaemnua 5. Axo p e npocT Opoj, Torair 3a CeKkoj e 0poj a Baxu

a’ =a(modp).m

Mpumep 12. Ao p U ¢ ce pa3IM4HU MPOCTH OPOEBH, TOTrALI

P +¢P™ =1(mod pg).
Hoxaxu!

Pemenune. Ox manara Teopema Ha @epma nmame ¢ | (pq_1 - u p| (qp_1 —1) . Coo-

-1 -1 -1_p-1 -1 -1 .
pen toa, pq|(p?T 1" 1), re. pql(p? g’ —p?T —¢P7 +1). Bunejku p u q ce
npoctd OpoeBH uMame pq | pq_lqp_l. Koneuno, on pocera HM3HECEHOTO cleayBa JeKa

-1 -1 -1 -1
pq|l(p?T +qP7 =), 1e. pT +¢P7 =1(mod pg). m

IIpumep 13. Ako x €N, Toram x> +1 uma HEIapHU IPOCTU ACIUTENUA CaMO Of
BUOT 4k +1.

Joxa3s. Heka p e HemapeH mpoct Opoj u p | x? +1. Toramw MOCJIE0BATEIHO UMaMe
x% +1=0 (mod p), x? =-1(mod p)
(%)

On nmpyra crpaHa, ox p | x> +1 cnenyBa H3/(x, p) = H3I[(x2, p)=1, na on Manara Teopema

p-1 p-1 p-1
2

2 =(=1) 7 (mod p), xP7'=(-1)7 (mod p)

Ha Depma goOuBame xP1=1 (mod p) . KoHe4yHo, 01 OCIIEHUTE JIBE KOHIPYCHIIUHU CJIETyBa
r-1 _ -
(-1) 2 =1(mod p), ox xaxe mobuBame neka OpoOjoT pTl MOpa Ja € mapeH, T.e. ple 2k,

OJHOCHO p =4k +1, mTo U Tpebdaire aa ce JoKaxe. m
Ha kpajoT o 0BOj e BH IpeajiaraMe CaMOCTOjHO JIa TH PEITUTe CIICIHNBE 3a1auH:

1. Jloxaxu HeKa 3a cekoj IpHpojeH 6poj 1, 6pojor 4" +15n—1 e nenus co 9.

2. Jlokaxu jeka 3a cekoj mpupogeH 6poj 1, 6pojor 2271132772 41 532" ¢ nenus
co 13.

3.  Hajau ru cute npuponnu GpoeBu 7 3a kou Gpojotr 7" +99 e kBaapar Ha npu-
poneH 6poj.
4. Axo p>5 emnpoct Opoj morosem of 5, JoKaxkeTe Jeka OpojoT Koj € 3aluIIaH COo

(p—1)— enuHuna e neauB CO p.
5. Ako p>3 e mpoct Opoj, JOKaxeTe aeKa 14242242 442771 ¢ cnoxen

opoj.
6. Jlokaxu Jexa MPOCTHOT Opoj p € JenureN Ha OECKOHEYHO MHOTY OpOeBH Off

Bugot 2" —n.



