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Problem 1
Let a, b and ¢ be positive real numbers such that a+b+c =1. Prove that

When does equality hold?

Solution
Replacing 1—a,1-b,1-c with b+c,c+a,a+b respectively on the right hand side,

the given inequality becomes

b+c+c+a+a+b+622\/§ \/b+c+\/c+a+\/a+b
a b c a b c

and equivalently

(b+c o2 [P+C b+c ] (c+a 07 |CF2 c+a ] (a+b 02 |2tD a+b ]>0

which can be written as

b+c /—2 c+a /—2 a+b ,—2
{\/T_ ZJ +(\/T_ 2] {\/T_ 2] 20,
which is true.

The equality holds if and only if
b+c c+a a+b

a b ¢

which together with the given condition a+b+c=1gives a=b=c= %



Problem 2
Let the circles k; and k, intersect at two distinct points A and B, and let t be a

common tangent of k, and k,, that touches k, and k, at A and N, respectively. If
tL AM and MN =2AM , evaluate Z/NMB.

Solution 1
Let P be the symmetric of A with respect to M (Figure 1). Then AM =MP and
t L AP, hence the triangle APN is isosceles with AP as its base, so Z/NAP = ZNPA.
We have /BAP =/BAM = /BMN and ZBAN = /BNM .
Thus we have

180° — ZNBM = ZBNM + ZBMN = ZBAN + /BAP = /NAP = ZNPA
so the quadrangle MBNP is cyclic (since the points B and P lie on different sides of
MN ). Hence ZAPB=/MPB=/MNB and the triangles APB and MNB are
congruent (MN =2AM = AM + MP = AP). From that we get AB= MB, i.e. the
triangle AMB is isosceles, and since t is tangent to k, and perpendicular to AM, the

centre of k; is on AM, hence AMB is a right-angled triangle. From the last two
statements we infer ZAMB = 45°, and so Z/NMB =90° — ZAMB =45°,

J.')
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Figure 1

Solution 2

Let C be the common point of MN, AB (Figure 2). Then CN?=CB-CA and
CM?*=CB-CA.So CM =CN. ButMN =2AM , so CM =CN = AM , thus the right
triangle ACM is isosceles, hence ZNMB = ZCMB = ZBCM = 45°,

t N C M

Figure 2



Problem 3

On a board there are n nails each two connected by a string. Each string is colored in
one of n given distinct colors. For each three distinct colors, there exist three nails
connected with strings in these three colors. Can n be

a) 67 b) 7?

Solution. (a) The answer is no.
Suppose it is possible. Consider some color, say blue. Each blue string is the side of 4

5 :
triangles formed with vertices on the given points. As there exist [2] = % =10 pairs

of colors other than blue, and for any such pair of colors together with the blue color
there exists a triangle with strings in these colors, we conclude that there exist at least
3 blue strings (otherwise the number of triangles with a blue string as a side would be
at most 2-4 =8, a contradiction). The same is true for any color, so altogether there

6 :
exist at least 6-3 =18 strings, while we have just {2} = % =15 of them.

(b) The answer is yes

Put the nails at the vertices of a regular 7-gon and color each one of its sides in a
different color. Now color each diagonal in the color of the unique side parallel to it.
It can be checked directly that each triple of colors appears in some triangle (because
of symmetry, it is enough to check only the triples containing the first color).

5

Remark. The argument in (a) can be applied to any even n. The argument in (b) can
be applied to any odd n = 2k + 1 as follows: first number the nails as 0,1,2...,2k

and similarly number the colors as0,1,2...,2k . Then connect nail x with nail y by a

string of color x+y(modn). For each triple of colors (p,q,r) there are vertices

X, Y, Z connected by these three colors. Indeed, we need to solve (mod n) the system
() (x+y=p.x+z=0,y+2=r)

Adding all three, we get 2(x+y+2z)=p+q+r and multiplying by k+1 we get

x+y+z=(k+1)(p+q+r). We can now find x,y,z from the identities (*).



Problem 4
Find all positive integers x, y,z and t such that

23 +5' =T".

Solution
Reducing modulo 3 we get 5° =1, therefore ziseven, z=2c,ceN.

Next we prove that t is even:
Obviously, t>2. Let us suppose that t is odd, say t=2d +1,d e N. The equation

becomes 23" +25°=7-49°. If x>2, reducing modulo 4 we get 1=3, a
contradiction. And if x=1, we have 2:3' +25° =7-49" and reducing modulo 24 we
obtain
23 +1=7=24|2(3"-3), ie. 4|3"-1

which means that y—1 is even. Then y=2b+1beN. We obtain 6:9° +25° = 7497 |
and reducing modulo 5 we get (-1)° = 2-(-1)?, which is false for all b,d e N. Hence
tiseven, t=2d,d e N, as claimed.

Now the equation can be written as

2" +25" =49 & 2.3 = (7 -5°)(7° +5°).

As gcd(?d -5 7¢ +5°) =2 and 7% +5° > 2, there exist exactly three possibilities:

7d_5d:2X71 7d_5d :23)' 7d_5d :2
(1) d d ’ (2) d d x—1 ’ (3) d d x-1
7° +5° =23 7" +5 =2 7°+5° =27

Case (1)
We have 7 =22 +3" and reducing modulo 3, we get 2** =1(mod3), hence x -2
is even, i.e. x=2a+2,acN, where a>0, since a=0 would mean 3’ +1=7¢,
which is impossible (even = odd).
We obtain
mod 4
7% -5 =2.4* = 7" =1(mod4) = d =2e,eeN.
Then we have
mod8
49° 5% =2.4* = 5° =1(mod8) =>c=2f,f eN.

mod 3

We obtain 49°—25" =2.4* = 0=2(mod3), false. In conclusion, in this case there
are no solutions to the equation.

Case (2)

From 2*'=7'+5°>12 we obtain x>5. Then 7%+5°=0(mod4), i.e.
3" +1=0(mod4), hence d is odd. As 7% =5°+23">11, we get d>2, hence
d=2e+leeN.

As in the previous case, from 7¢ =2*?+3” reducing modulo 3 we obtain x =2a + 2
with a >2 (because x>5). We get 7° =4 +3" i.e. 7-49° =4*+3’, hence, reducing
modulo 8 we obtain 7 = 3" which is false, because 3’ is congruent either to 1 (if y is

even) or to 3 (if y is odd). In conclusion, in this case there are no solutions to the
equation.



Case (3)
From 7 =5° + 2 it follows that the last digit of 7° is 7, hence d =4k +Lk e N.

If ¢>2, from 7" =5°+2 reducing modulo 25 we obtain 7 = 2(mod25) which is
false. For c =1 we get d =1 and the solution x=3,y=1,z=t=2.



AP

16-TA JYHUOPCKA BAJIKAHCKA MATEMATHUYKA

OJIUMITHJIATIA b

OLYMPIAD

1. Heka a,b u C ce mo3utuBHM peasinu OpoeBu TakBu mTo a+b+C=1. Jlokaxu neka

%+%+%+%+§+%+622\/§(\/1‘Ta+\/% +\/1_TC) 1)

Kora Baxwu 3Hak 3a paBeHCTBO?
Pemenue. Bo HepaBenctBoro (1) 3a 1—a,1-b,1-c 3amenyBame b+c, c+a,a+b u ro

,Z[O6I/IBaM€ CKBHUBAJICHTHOTO HEPABCHCTBO

atc  b+c_ a+tb_ g5 b+c . [c+a | [ath
+a+c+6_2\5(\ja+\jb+\/0),

b
KOC€ € CKBUBAJICHTHO CO HCPABCHCTBOTO

(%—2@/%&)4%0—2\5 /bf*afc+2)+(aT+b—2ﬁ/aT+b+2)zo,

T.C. CO HCPABCHCTBOTO
(52 —V2)2 4 (fore D)2+ ([22 {2)2 20,

JaCHO, 3HAaK 3a paBCHCTBO BAXXHU aKO U CaMO aKO

KO€ € TOYHO.

c+a _b+c _a+thb _ o
b a c !

M aKO TO MCKOPUCTHME yCJIOBOT a+b+C=1 noOuBame Jieka 3HAK 32 PAaBEHCTBO BaXH aKO U

1

caMo aKo a:b:C:g.




2. Heka xpyxuunute k; m K, ce cedar Bo aBe pasmuynu Touku A u B u Heka t e
3aeIHUYKA TaHIeHTa Ha K; 1 Ky, koja Ky u Ky ru momupa Bo Toukute M u N, coonBeTHo.
Axo t L AM u MN =2AM , Hajou ro XNMB.

Pewmenne. IIpB Haunn. Heka Toukara P e cumerpuuna Ha Toukata A Bo oxHOoc Ha M .

Toramt AM =MP u t L AP. 3atoa AAPN ¢ pamHokpak u AP e HeroBa ocHoBa. Criopen
toa, XNAP = XNPA. Ilonaramy,
XBAP = XBAM = XBMN u £BAN = XBNM .
Opn nocera U3HECEHOTO ClieAyBa
180° — XNBM = 4BNM + £BMN = £BAN + <BAP = xNAP = ANPA,

ITO 3Hauu Jieka yetupuaromrHukoT MBNP e tetuBen (Toukute B u P nexar Ha pa3nuuHu
crpaau ox MN ). 3aroa XAPB=<XMPB=xMNB u tpuaronuuuure APB u MNB ce
ckiaagau (MN =2AM = AM +MP = ﬁ). Cnopen Toa, AB =MB, T.e. Tpuaroaaukor AMB

¢ pamHokpak. Ho, t e Tanrenra Ha K, ma 3aroa e HopmanHa Ha AM , mTo 3Ha4M Jeka

neHrapor Ha k; nexu Ha AM, T.e. TpuaronHukor AMB e npaBoaronen. Cropex Toa,

AZAMB = 450 , OJI LLITO CJIeJTyBa JAeKa

ANMB =90° — xAMB =45° ,
‘{)

ky

Brop nauun. Heka C e npecexor Ha MN u AB (Buau uptex). Toram sz =CB-CA n
CM* =CB-CA, na 3aroa CN=CM. Ho, MN =2AM, na saroa CN=CM =AM , wro
3HauM Jeka TpuaroasHukor ACM e pamHokpak. 3aToa

ANMB = XCMB = xBCM =450,
t N C M




3. Ha tabna mMa N majku cekoja moBp3aHa nmomMery cede co koner. Cekoj KoHell € 000eH
CO emHa O N JaleHH pa3iuyHu OOW. 3a CEKOM TPH Pa3JIMYHU OOH, MOCTOjaT TPHU IIAjKU
MOBp3aHU Mery ce0e CO KOHIIM BO OBHE TPU pa3nuuHu Oou. Moxe a1 N 1a 6une

a) 67 0) 7?7

Pemenue. a) Oarosopor e He.

Jla mpetnoctaBuMe Jeka Toa € MOxkHO. [la 3ememe enana 0oja, ma pedeMe miaBa. Cekoj
IUTaB KOHEIl € CTpaHa Ha 4 TPUAroJHWIK (OPMHPAHHU BO TEMHIbA 3a JlaJiecHa TOuka. bunejku

54 _
2

co IaBara 00ja MOCTOM TPHATOIHHUK CO KOHIIM BO OBHE OOHM, MOXKEME Ja 3aKiIydnMe JeKa
MOCTOjaT HajMajJKy TPU TUIABU KOHIHM (BO CIIPOTHBHO OpOjOT HA TPHATOJHHUIIMA CO IJIABU

oCTOjaT (g) = 10 mapoBu Ha 60H, BO KOM HEMaMe TUTaBa, U 3a CEKOj map Ha OOM 3aeqHO

KOHIIM KaKO €JHa CTpaHa ke Oune HajmManky 2-4=8, mro e mpotuBpedHoct). Mcroro e
TOYHO 3a cekoja Apyra 0oja, ma cute 3aenHO umaar 6-3=18 KkoHIHM, HO HHE MMame caMo

(g) = % =15 xoHIwm.

0) OxroBopoT € 1a.

Jla Ty pacriopeauMe IIAjKUTE Taka Ja CeKoja O] HUB € TeME Ha CEAYMAaroJIHMK M Ja ja
obouMe cekoja HeroBa cTpaHa co pasnuuHa Ooja. Cera na ja oboume cekoja cekoja
JFjaroHalia Ha OBOj CeyMarojHUK co 00ja Koja € ucTa co Heroparta CTpaHa Koja € mapaieiiHa
Ha JqujaroHanara. Moxke TUPEKTHO Jia ce TIPOBEPH JIeKa TPOjKa oJ] OOU ce TojaByBa Kaj CEKoj
TPUATOJIHUK (3apaay CHMETpHjaTa, JOBOJIHO € JIa Ce IPOBEPH CaMO TPOjKaTa Koja ja COAPKHU
npBara 60ja).

3a0esemka. ApryMeHTOT BO a) MOXeE Jla ce NPUMEHM Ha CeKoj mapeH Opoj n.
AprymMeHToT Bo 0) MOXe Jia ce IPUMEHH 3a CeKoj HenapeH 0poj N =2k +1 kako mTo cieau:
npBo o3Hayere W majkute co 0,1,2,...,2k u ucro taka o3nayere ru 6oute co 0,1,2,...,2K .

[Toroa moBp3eTe ja majkara X co miajkara Y co KoHel co 0oja X+ y(modn). 3a cekoja
Tpojka ox Gom (P,q,r) mocrojaT TemMuma X,Y,Z KOH Ce IOBP3aHH CO OBHE TpU OOH.

HaBucruna, Hue mopame aa ro pemume (Modn) crereMoT




X+y=p,X+z=Q,y+z=r *)

Ako TH cobepeMe cuTe TpH ke jgooueme 2(X+Y+2Z)=p+Q+r U JOKOJIKY TH

noMHOkuMe co K+1 ke nooueme X+Y+z=(kK+1)(p+q+r). Cera moxeme Jaru Hajaeme
X,Y,Z ox (*).




4, Hajau ru cute npupoaHu OpoeBu X, Y,Z u t TakBU IITO
2%3Y 457 =71, (1)
Pemenune. O naneHata paBeHKa pas3rieayBajku Mo MOIyN 3 qoOuBame 52 =1 (mod3),
IITO 3Hauu Jieka Z = 2C, C € N. [lonatamy, jacHo e aeka t>2. Ako t=2d +1, d € N, Toram
paBenkata (1) ro qo6uBa 00JIMKOT
2%3Y 4 25¢ =7.499
Ako X2>2, toram pasrieayBajku 1o moxayi 4 goomBame 1=3(mod4), mTo € mpoTuBpeu-
HOCT. Ako X =1, nobuBame
2.3Y +25¢ =7.49¢
U pa3rieayBajku 1o Moy 24 nobusame

2-3Y +1=7(mod 24)
O]l IIITO clieyBa Jieka 24| 6(3y_1 -1, 1e. 4| (3y—1 —1), mrTo 3Haum jeka y—1 e mapeH Opoj.
Toram y=2b+1 beN u nobuame nexa

6-9° +25° =7.499
AKO BO TOCJECIHOTO PABEHCTBO pasriieyBaMe MO MOAY1 5 poOuBame (—1)b = 2(—1)d
(mod5), mto He e MoxHO 3a Ko Omito b,d € N. Ox mocera u3HeceHOTO clieayBa Jaeka t e
napes 0poj, .e. t=2d,d e N.

Cnopen Toa, paBenkara (1) Moxeme 1a ja 3anmumiemMe BO OOJTUKOT
2X3Y 4 25° = 499,
OJTHOCHO
(79 -5%)(79 +5°) =2%3Y.

Ho, H3I[(7d —50,70I +55=2mu 79 +5% > 2 mownm ce CJICTHUBE TPU CITy4Yau:

{70' 5¢ = 2x1 @
79 456 =2.3Y

{70' ~5¢=2.3Y -
79 456 = XL

{70' 50 =2 @
79 456 = 2 13¥

On cucremor (2) nobuBame
79 =22 4 3Y
M aKo pasriemame 1mo Moy 3, moOuBame %2 =1(mod3), ox mrTo cieayBa geka X—2 ¢

napeH 0poj, T.e. X=2a+2, a€Ng, kage a>0, Ounejku 3a a =0 o nperxoaHaTa paBeHKa

ciemnyBa 79 =1+3Y , IITO HE € MOKHO (HemapeH Opoj enHakoB Ha mapeH O0poj). Cnopen Toa,




79 5°-2.42 y axo pasriename mo moxayn 4 pobuBame 7d =1(mod4), ma 3aroa
d =2e,e e N. Toa 3Hauu gexa

49° —5° =2.4%,
ma ako pasriexame o Moxyal 8 mobusame 5°=1(mod8), ox mrTo cieayBa jeka
c=2f, f eN. Cnopen Toa, 49° —25f =2-4% u axo pasrienaMe mo Moays 3 moOuBame

0=2(mod3), mro e mporuBpedHocT. KOHEYHO, OJ J0ocera H3HECCHOTO CjeayBa JeKa

CHCTEMOT (2) HeMa pelIeH’ja BO MHOXKECTBOTO MTPUPOTHH OPOCBH.
Ja ro pasriename cucteMot (3). On 2x1_79,56>12 ciaenyBa X >5. Toram
79 +5° =0(mod 4), T.e. 3¢ +1=0(mod 4),
na 3aroa d e HemapeH Opoj. Ho, 79 =5¢1+2.3Y >11, na saroa d >2 u 3aroa d =2e+1,

eeN. Kako u BO MPETXOAHHWOT CIIy4a] O 79 =2%2 43y pasriienyBajku 1Mo MOAYJI €
nobuBame X=2a+2 U Kako X=>5 nobmBame a=>2. Cnopen Toa, 7 =4313Y te.

7-49% =42 +3Y u ako pazriegame mo monayn 8 nobuBame 7 =3Y (mod8), ounejku 3 e
KOHTPYEHCTEH co | mo Moy 8 ako Y € mapeH, OAHOCHO ¢o 3 ako Y e HenapeH. Koneuno, of
Jl0ceTa M3HECEHOTO CIielyBa JIeKa CUCTEMOT (2) HeMa pelIeHHja BO MHOXKECTBOTO MPUPOTHH
OpoeBH.

On cuctemor (4) cienyBa 79 =5° 42 , IITO 3Ha4M JieKa udpara Ha eTUHUIUTE Ha OPOjoT

7d, mro ¢ MokHO camo ako Od=4k+1,keN. Ako C>2, Toram pasrieayBajku To

7%+ _5¢ 12 1o Moy 25 noouame 7 =2(mod25), mto He € MOKHO. 3a C =1 mobuBame

d =1 u pemienue Ha 3amavata e X=3,y=1z=t=2.




