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3A HEKOU CBOJCTBA HA OPTOLEHTAPOT HA
TPUATOJHUK

Bo oBaa paGora Ke pasriefgamMe HEKOW KapaKTEpPUCTUIHM CBOjCTBA Ha
OPTOLIGHTApPOT HAa TPHUAroJIHWUK. BO TOHaTaMOIIHUTE pasriefyBama 3a
eneMeHTuTe Ha AABC Ke rm KOpUCTHUME O3HAKHUTE:!

- a,b,c 3acrpanure cnporuBam Ha TemumaTa A, B, C, coogseTHO,

- a, f,y 3a BHaTpeuIHuTe arim npu temumata A, B, C, coonBeTHO,

- H 3aopTroueHTapoT Ha TPUArOJHUKOT, U
- O 3ameHTapoOT Ha ONMIIAHATA KPYKHHUIA OKOIJIy TPHATOIHUKOT
Teopema 1. 3a AABC TouHHM ce paBeHCTBaTa:

a) £BHC =180° —«, ZCHA=180° -« u ZAHB=180° -y, ako
TPUArOJIHUKOT € OCTPOAroJieH,

b) ZBHC=a, LCHA=$ u ZAHB =180° —y, ako y >90°.

Joka3. Hexa AHNBC=D,BHNCA=E BHNCA=E u CHNAB=F.
Toram, AD,BE u CF ce Bucunure Ha TpuaroaHukor ABC. Axko Toj €
OCTpoaroJseH, UPTeX 1, Torair numame

ZBHC =180° — ZBHF =180° —(90° — ZFBH )
=180° —(90° — ZABE ) =180° —«
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AHaInorso ce fokaxyna jeka
ZCHA=180° - u LAHB =180° —y.
Axko3a AABC Baxu, /ACB =y >90°, nprex 2, Toraii uMame
#/BHC =90° — /FBH =90° — Z/ABE = «,
/CHA=90° - /FAH =90° - /BAD = u
ZAHB = /CHA+ /BHC =a+ 3=180° —y .



HOKa)KaHI/ITe PaBEHCTBA BO MPETXOJHATA T€OpEMaA €JHO3HAYHO I'O OIIpe-
JeinyBaaT OPTOLEHTApOT Ha TpUArOJHUK, IITO MOXKE Aa CE€ BUAU O] CJI€IHaTa
TeopeEma.

Teopema 2. 3a AABC Toukata Q e HEroB OpTOICHTap, aKO € UCIOJHET
YCTIOBOT:
a) 3a ocrpoarosmeH AABC, Q e BHaTpeIIHa TOYKa W BaKaT JBE Of pa-

BeHcTtBata /BQC =180° —a, ZCQA=180° -3, ZAQB =180° —y.

b) 3a tamoaromen AABC co ZACB=y >90°, C e BHaTpellHa TOYKaA 3a

AABQ wu ce wucnmomHeT nBe off paBeHcTBata /BQC=a, ZCQA=/,

ZAQB =180° —y .

Hoxka3. Cekoe ol paBeHCTBaTa NOKaXyBa, AeKa Toukata Q Jexu Ha reo-
METPUCKOTO MECTO Ha TOUKH, Off KOM COOIBETHATA CTPaHA Ha TPUATOJTHHUKOT CE
riefa moy gajeH aroji. Kako mro e no3Hato, 0Ba reOMETPUCKO MECTO €€ COCTOU
Ofl 7Ba KpPYXXHM Jlalli Ha KPYKHUIW, CAMETPUYHM BO OJHOC Ha MpaBara,
oInpefesieHa Off COOIBETHATa CTpaHa.

Cnopep, Toa, ofi paBeHcTBOTO LAQB =180° —y cuenysa, neka Q jexu
Ha KpyXeH JaK oOff KpyXHHIa, Koja MuHyBa HM3 A u B, um nexum Bo
noJlypaMHMHaTa omnpejeneHa co npasata AB Bo koja e u Toukatra C. Op
paBercTBoTo /BQC =180°-ar (mmm /BQC =« ) cnenyBa, neka Q Jexu u Ha
KPYXHHUOT JlaK Off KpyXHMIaTa, Koja MuHyBa HU3 B um C, um nexu Bo
moJiypaMHMHATa ompefesicHa co mpaBata BC Bo Koja jexu (WK He JIEXKH) U
ToukaTta A. 3Haum, Q e 3aefHUYKA TOYKA HA OBWE /[Ba KPY>KHH JIalld, 32 KOU
BTOpara 3aefHuuka Touka ¢ B . Ho, cnopep Teopema 1 3a oprouestapor H Ha
AABC ce WUCNONHETH MCTUTE PaBEHCTBA, IITO 3HAauu jeka U H e 3aegHMuka
TOUYKa Ha OBWE KPYKHU Janu. BbuyiejKu Kpy>KHUTE JTald ce pa3IndHu, THS UMaaT
HajMHOTY JIBE 3e[JHIUKM TOUKH, Off Kou effHaTa ¢ B . 3raum, Q ce coBmara co H .

Bo naiiamowinuitie paszzaedysarba HOCEOHO MeCIlO UMAaill CcAeOHUIle
ueitiupu mepoerba.

Teopema 3. 3a MpoU3BONEH TPUATONHUK TOUKUTE, CAMETPUYHH HA OPTOLCH-
TapoOT BO OTHOC Ha CPEIMHUTE Ha HETOBUTE CTpaHU, JIE2)KAT Ha KPY>KHHUIaTa ONUAIIIaHa
OKOJTy TPHATrOJIHUKOT.

Hoxka3. Heka 3a AABC co M, N, P ru o3HauyBaMe CpelUHUTE Ha CTPAaHUTE

BC, CA, AB coopgetHo, a co Hq, H,, H3 rm o3HaumMe TOUKWTE CAMETPUIHH Ha
opronentapor H Bo ogroc Ha M, N, P coopgseTHo. Toramn of cumeTpuIHOCTa Ha

H u H, crenysa



Z/BH,C=/BHC.
Ako AABC e ocrpoaroses,
Toram of Teopema 1 a) cruegyBa

/BHC =180° —«, mprexx 3. Cmopep

toa, /BH;C=180°-«a, ma 3aroa

/BH;C + ZCAB =180°, off mmrTo ciefryBa

fieKa OKoJy detHpuaromHukor ABH;C

MOXKE Ja ce OmNMIlIe KpyXHHua, T.e. Hj

JeXW Ha KpyXHunata Kk onwuirana

okony AABC. AHaJOrHo ce fgoKaxyBa
meka m toukure H, m Hg nexar Ha

KpyXHHnaTa K.

Ako /ACB=y>90°,toramm omx Teopemata 1 b) crmenyBa peka
/BHC =a=2/BH,C, uprex 4, u orceukara BC ce riepa nopg ucr aron o TOUKUTE
A u H;. Cnopen Toa, Toukure A, B,C u H; nexar Ha egHa KpyxHuna, T.e. H;

nexuHa K .

Hocnepgmma 1. Toukwmre H;,H,,H; ce cumerpmuam nHa A,B,C

COOJIBETHO, BO OffHOC Ha IeHTapoT O Ha KpyxkHHUIaTa K omnuinana okony AABC.

HMoka3. HaBuctuHa, npu o3Ha-
KUTE Ha 1nprexure 3 u 4 moduBame jieka
pujaroHanute BC m HH, Ha uyeTupu-

aromaukor BHCH, ce mpemnosoByBaar,

Ia 3Ha4u TOj € mapaieyorpam. OTTyka
ciegyBa pmeka BH;||[CH wu kako

CHLAB poGuBame geka <ABH; =90°.

Cnopen Toa, AH; e pmjamerap Ha

KpyXHunata k, T.e. Toukute A u H;

ce CUMETPUYHH BO OIHOC Ha HEj3MHUOT
HeHTap.

IIpumep 1. Jla ce KoHCTpyHmpa
AABC, ako ce faieHu OpTOLEHTapoT

H, wmentapor O Ha onmmasHara
KpyXHuLa u cpeguHata M Ha crpanara BC .



Pemenne. Hajnpso ja onpepenyBaMe ToukaTa H; Kako cMMeTpUYHA Ha

H , Bo ogHOC Ha kpyxHunata k(O,OH,) e onuinaHaTa KpyskHuIa okoiay AABC
.Bo roukata M moBiekyBame mpaBa p HopMmanHa Ha OM u Bo mpecek co k ru

onpenenyBame Temumata B um C. Temero A ro HaofamMe Kako ToOuKa
cuMeTpuyHa Ha H; Bo ogHoc Ha nieHTapoT O Ha k.

Hocaemuma 2. Pacrojanmjata op opToueHTapoT H 1o Temumara
A,B,C na AABC ce piBanaTu moroyjeMu off pactojanmjata op neHrtapor O Ha

Kpy>kHHuIaTa onumana okoiny AABC no crpanute BC, CA, AB coopseTHO.
Hloka3. Cnopep nocnenuuara 1 Toukara O e cpepuna Ha AH; (uprexu 3

n 4) n kako OMLBC pno6uBame feka OM e cpenna nunauja Bo AAHH ;. Criopen

TOa W = %m . AHaJIOTHO ce JOKaXyBa JI€Ka CW = %ﬁ n @ = %C_H .

Teopema 4. 3a AABC Toukata Q e HEroB OpTOLEHTap , aKO JIBE Off
TOUKWTE cMMeTpuyHu Ha Q Bo omHOC Ha cpepguHuTe Ha crpanute BC,CA, AB
JIeKaT Ha Kpy>KHUIlaTa onuiiaHa okoily AABC u e UCIOJNHET yCIIOBOT:

a) ako AABC e ocrpoarosen, Toramr Q e HeroBa BHATpeIIHA TOUKA,

b) ako ZABC >90°, roram C e BHarpemHa To4yka 3a AABQ .

Moka3. Heka 3a AABC co
M, N, P ru o3HauyBamMe CpelMHUTE Ha

crpanutre BC,CA, AB coonBeTHO, a co
Q;,Q,,Q3 M oO3HaUUME TOUYKHTE
cuMeTpmuHn Ha Q BO OfHOC HAa
M,N,P COOJIBETHO. Toram
ZBQC = £BQ,C.

Ako AABC e ocrpoarosieH u

Q e HeroBa BHaTpeIllHa TOYKA, TOTAII

Toukute A m Q; ce BO pa3IMYHU

HNoJlypaMHMHH BO OfiHOC Ha BC, mprex Lpiu. 5
5. bupejkn Q; nexu Ha onuuIaHATa

KpyxHuna okoiny AABC pobuBame

ZBQ;C+~«CAB=180° Tte. «BQ,C=180°-«
wto 3iaun /BQC =180° — ¢ . AHAIIOTHO ce JOKaxKyBa jieKa

/CQA=180°-p u /AQB =180° —y .



Cera TBpAEHETO ClieyBa Ofi TeopeMa
2 a).

Ako ZACB>90° u C e
BHaTpemHa Todka 3a AABC, Toram
Toukute A u Qp ce BO ucra noJy-

pamamHA BO ofgHOC Ha BC , mprex 6.
Bunejku Q nexu Ha Kpy>KHUIATA

onmirana okoiry AABC no6uBame
ZBQ,C =4BAC =«

ma 3atoa /BQC =a. Amnajorso ce Qzé Q)

MOKaxKyBa JeKa
Z/CQA=p u ZAQB =180°-y .

Cera TBpAECHETO ClEAyBa O Teopema _ Q;
2 b) Lpiu. 6

Teopeme 5. 3a TpPOU3BOJIEH TPHUATONHUK, TOYKUTE CUMETPUYHU Ha
OPTOILEHTAPOT BO OJHOC Ha MpaBUTE ONpENeJICHW Of CTpaHUTE JIeKaT Ha
ONuIIIaHaTa KPY>XKHUIA OKOJY TPUATOJIHUKOT .

Hdoxka3. Heka Bo AABC Bucunute AD, BE,CF ce ceuaTt Bo Toukata H
n H',H", H"" ce cumeTpnunmnTe Toukn Ha H Bo opHOC Ha mpaBuTe BC, CA, AB
coonBeTHo. Toram ~/BH'C = Z/BHC .

Axo AABC e ocrpoarojieH, Toram oj Teopema 1 @) cliegyBa Jieka

/BHC =180°-«, nprex 7. Taka /BH'C+/CAB=180° u /BH'C =180°-«, of
IITO clefyBa fAeka okoxay derupuaromHukor ABH'C Moxke pma ce omnwuiie
kpyxHuna k. 3Haum, ToukaTta H' jexu Ha KpyxkHuUara Kk omuiIaHa OKOIy
AABC . AHanorHo ce 1okaxyBa, feka H'' m H'' mcro Taka mexar Ha Kk .

H'

Axo ZACB=y >90°, Torau of T€O- C

pema 1 b) (mprex 8) cinegyBa neka

/ZBHC =a=/BH'C.
Cropen Toa, orceukata BC ce rnema mop en-
Haksu arim o A m H'. 3maun, A,B,C, H'

JexaT Ha efiHa KpyxXHuija, T.e. H' jexu Ha
KpyxHunata K. AHaJOrHO ce JOKaxKyBa JieKa

H'" 1 H'"' ucro taka nexar Ha kK .
3a6enemka 1. Toukure H', H", H""'

ce cumeTpuyHu Ha H Bo ognoc Ha D, E,F,



COOIBETHO, M1 TOA C€ NPECECYHUTE TOYKU Ha BUCMHUTE Ha AABC co KpyzKHHUIIaTa
k onmirana OKOJIy HETO.

IMpumep 2. [1a ce koncTpyupa AABC, ako ce majieHu opToreHTapoT H ,
neHTapoT O Ha KpyxXHuUIaTa onumrana okony AABC u npaBata BC .

Pemenne. AKO ce MCKOPUCTU TeopeMa S5 Iociie HaofalkheTO Ha TOYKaTa
H' cumerpmuna Bo ofgHoc Ha mpasaTa BC, ja KoHcTpympame KpyKHHIATa
k(O,0OH"), koja e omummana okony AABC. Cera temmmatra Ha AABC ce

MpeCceYHnTe TOUKM Ha KpyXHutara k co mpaBata BC wu co mpaBata HH'.

Iocaemuua 3. Heka AD,BE,CF ce Bucuamte Ha AABC. Toram

mpeceyHaTa TOYKA Ha CAMETpauTe Ha BHaTpelnHuTe arnmd Ha ADEF e:
a) oprouenrapor H Ha AABC, ako AABC e ocTpoarosnes,

b) remero C Ha AABC, ako ZACB>90°.

Moka3. ITpu o3nakure Ha pTex 7, DE e cpengna nunuja Bo AHH'H'', ma
3aroa DE|H'H" un <£ADE=/AH'H". Awnamorno ZADF =/AH'H". Ho,
3apaju cuMmeTpujata umame jeka AH''= AH = AH'" u Bo kpykHmiarta K Baxku

AH'" = Aﬁ"', oy mTo ciepyBa nfeka LAH'H'"'= ZAH'H'"", T.e. ZADE = ZADF .
Cnopepn Toa, AD e cumerpana Ha ZFDE. Ananmorso ce gokaxyBa jieka BE e
cumetrpana Ha ZDEF u CF e cumerpana Ha <ZEFD, opg mro cnengysa
TBPACHETO.

Axko /ACB>90°, Toram cMmeTajku fieka C e opromentap Bo AABH ,
HpTexX 8, nobuBaMe fieKa cumeTpanuTe Ha arnute Ha ADEF ce AE,BD,HF u

THe ce ceyaT Bo Toukara C .

IMocnennua 4. Kpy>kauiure onu-
manu okony tpuaroiauimure BCH, CAH

u ABH wumMaaT egHAaKBU pagUyCcH CO Kpy-
>KHUIIaTa onmiaHa okoiny AABC .
Hoka3. Hasuctuna, ABCH wu

ABCH' ce cumeTpuyHu Bo ofgHoc Ha BC ,
ma 3aToa CAMETPUYHU CE W ONUIIaHHTE
KPY>KHUIIM OKOJIy HUB, IITO 3HAUM JieKa
THE UMaaT eIHaKBH PaJIUYCH.

3adenemka 2. O IpeTXORHUTE
pasriieflyBama CciefyBa jeka ako THpP
e[HAKBM KPYXXHHIM HMaaT 3aceHIIKA
TOYKa, TOTall Taa € OpPTOLEHTap Ha




TpHUaroJHuK CO TEMUbA BO OCTAHATUTE 3a€AHUYKA TOYKU Ha KPY>KHULIUTE.

Teopema 6. 3a AABC Toukata Q e HEroB OpTOIEHTap, aKO JABE Of

ToukuTe cuMeTpudHu Ha Q Bo opHoc Ha mpaBute BC,CA, AB nexar Ha

Kpy>KHHUIIaTa onuinafa okoiay AABC H € UCIIONTHET YCIAOBOT
a) ako AABC e ocrpoarosen, Torant Q e HeroBa BHaTpeIHAa TOUK, 1
b) ako ZACB>90°, Toram C e BHaTpelHa Touka 3a AABQ .

Jloka3. ITocranere aHaJIOrHO KaKo BO JOKA30T Ha TeopeMa 4.
IIpumep 3. Axo Bucunute AD, BE,CF Ha ocTpoaronHuoT TpHaroJIHUK

ABC ja ceuaT onmiaHaTa Kpy>KHuIa Bo Toukute Dy, E;, Fj, coonBeTHO, TOTramt

€ UCIIOJTHETO paBeHCTBOTO
AD; BE; CF
it i Skl
AD BE CF

MoxkaxkerTe!
Pemenne. bunejkn
D;=H,E;=H" F=H""u AD; = AD+DH'= AD + HD,

BE, —BE+EH '~ BE+HE, CF, =CF+FH™=CF +FH
PaBEHCTBOTO € €EKBUBAJICHTHO Ha PaBEHCTBOTO
—_—t—=+—=—=1.

AD BE CF

ITocnenHOTO paBeHCTBO € UCHONHETO OUfejKu

HD | HE +E: PagcH , Pacant , Pansn _ Pagcr +Pacan +Paas _ Pamec _,
Pangc Pasge Pasgc

—+t =

AD BE CF Pusc Pumec

3AJJAYU 3A CAMOCTOJHA PABOTA

3apaua 1. [1a ce koHcTpyupa AABC , ako ce gagenu toukure Hq, Ho, Hj

CHMETPHYHH Ha OpTOLeHTapoT H BO ofHOC Ha cpeiuHKTE Ha cTpaHuTe Ha AABC

3amaua 2. [la ce koHctpympa AABC, ako ce mo3HaTtu TemMeTo A,

cpepuHaTta M Ha cTpanata BC u opronenTtapor H .

32112‘[2 3. I[a C€ KOHCTpyHpa TpUAroJHHUK, aKO CE€ MO3HATH €JTHO TEME,

OPTOLEHTApPOT U HEHTAPOT Ha ONMMIIaHaTa KpPy>KHUIIA.



3amaua 4. [la ce mokaxe fieka, CHT€ TPHATOJHWIM BIUWIIAHW BO JafeH
OCTpPOAaroJicH TpUaroiiHuK, HajMaJs epuMeTap UMa TPUArOTHUKOT YAU TEMHHA Ce
TIOJTHO3KjaTa HAa BUCHHUTE HA JJaJlcHUOT TPUATOJTHHUK.

3amaua 5. Jla ce mokaxke feka, CAMETpUYHATa TOYKAa HAa IEHTApOT Ha
BIIUIIaHATa KPY>KHMUIIA BO TPUATOJIHNK BO OJHOC HA €HAa HEroBa CTpaHa WU BO
OTHOC Ha HEj3WHATa CpeAuHa, JIeXKW Ha ONUIIaHAaTa KPYXKHUIA OKOIY

TPUATOJIHUKOT, aKO W CaMO aKO, arojIoT HACIPOTHU Taa cTpaHa ¢ 60° .
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