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XopoIio u3BecTHa IpodJieMa peaan3yeMOoCTH IpadoB B IJIOCKOCTH: MOXKHO JIU T'pad pacioIoKuTh
HA IJIOCKOCTU TakK, YTOOBI ero pebpa He IepeceKasiuch U He CAMOIEPECeKaJnCh! DTOT MUK 3a/1a4 I10-
CBAIINEH peajin3yeMOCTH JIBYMEDHBIX aHAJOroB rpadoB (HasblBaeMbIX rurieprpadamu) B TPEXMEPHOM
U YeThIPpEXMEPHOM IIPOCTPAHCTBaX. BaxKueifme pe3yabraTbl — MPOCTHIE JI0KA3ATETLCTBA HEPEAT3ye-
MOCTH B Y€TBIPEXMEPHOM MTPOCTPAHCTBE MOJTHOrO runeprpada ¢ 7 BeprmmHamMu U (perneHue mpobieMbl
Menrepa) JekapToBa npoussejienus Ks x Ks. 2 Cwm. zagaun 1.19.a,mn; jpyrue nanbosee MHTepec-
uole 3a7aun — 1.11, 1.12 u 1.13. IIpm sTom KpacuBble HETpUBUAIbHBIE PE3YJILTATHI O PEATUIYEMOCTH
runeprpadoB chopMyIMpOBaHbl Ha s3bIKe cucTeM TodeK. [losTomy momngaTue runeprpada He MOHAJIO-
ourcst. PaboraTh ¢ 9eThIpeXMepHbIM IIPOCTPAHCTBOM IPHUIETCS TOJBKO B KOHIIE, KOT/Ia 9TO y2Ke Oy1er He
crpariHo (HalpuMep, MOTOMY YTO Ha TPEXMEPHBIX MprMepax Oyaer oTpaboTaHO yMeHHe CBOJIUTH Ieo-
MeTPUYECKUE 33141 K 33/1a9aM MEHbIIeH pa3MepHOCTH; TIOJpobHee CM. HAYaJIO IyHKTa ‘PeaiIm3yeMOCThb
B YeTBHIPEXMEDHOM IIPOCTPAHCTBE’).

OO6iIue corJianieHmns

Ecnu ycioBue 3ama4n siByisieTcst yTBep:KIeHUEM, TO 3a/a9a COCTOUT B TOM, ITOOBI 9TO YTBEPKIEHIE
JI0Ka3aTh.

[koapHUK (MM KOMaH/Ia [IIKOJBLHIKOB, PAOOTAIOIINX BMECTe HaJl| 33J1a4eil) oJIydaer ,,3Be3/09Ky
3a KaxKJ0€ 3alliCaHHOe PelleHne, OIeHEHHOE B + WA +.. Boabwas noHAMMaA NPenodasamento Kapmut-
Ka OUEHUBAEMCA KUK 3aNUCGHHOE Nocmpoerue npumeps B 3a7ade 1.6, a Takke B TexX MyHKTax 3aa4 1.13
u 1.19, e oreer ‘na’. 2Kopu OyJjieT Tak:Ke HArpaxKJIaTh JIONMOJTHUTE/ILHBIMA ,, 3BE3/I09KaMU" 38 Kpacu-
BbI€ PEIeHNUs], PEIeHNUs CJIOKHBIX 33/1a9 U 3a (HEKOTOpbIe) peltenust, 3anucanubie B TEX-e. ,, 3Be3mouek
y KIopr OeCKOHEYHO MHOTO. MOXKHO ¢IaBaTh 3aJa4i YCTHO, TePss ,,3BE3M0UKY" 3a KarK/IyIO IOIBITKY.

MpbI npuramaeM BeeX IMIKOJbHUKOB, PEHMIAIONINX STOT UK 3389, KOHCYAbMUPOBAMHCA TI0 TIOBOLY
BOBHUKAIOIIIX BOIIPOCOB M M€l PermeHus.

Bagaqan 1.2.abc, 1.4.ab u 1.7 OyayT pazoOpaHbl Ha MPEJACTABIEHNN, CIABATH UX MOYKHO TOJBKO J10.

[MIKOIBHUKY, YCIEITHO PEHIAIoIne 3a0a9l, CMOTYT MOJYIUTh JONnoAHUMEAbHbIE 3a0a4U.

PeasmmzyemocTh B ILJIOCKOCTH

Ha6op(=mosMHOKeCTBO) TOUeK Ha MJIOCKOCTH HA3BIBAETCS HAGOPOM 00ULe20 NOAONHCEHUA, €CITH HI-
KaKne 3 M3 HUX He JiexKaT Ha OIHOM IPAMOIL.

[lox n moukamu na naockocmu (6 npocmpancmee) MOAPA3YMEBAECTCS M -IACMEHTHOE TOOMHOMHCE-
cmeo naockocmu (npocmpancmea). T.e., cauraercst, 9T0 3T N TOYEK PASTHIHBIL.

CutetytormuM yTBEpPKIEHIEM MOXKHO TI0JIb30BaThCsI B JajbHeleM 0e3 T0Ka3aTe/bCTBa.

1.1. Teopema o wemnocmu. Kciu 6 Bepiinn IByX TPEyroJIbHUKOB Ha IJIOCKOCTH HAXOSTCSA B OOIEM
IIOJIO?KCHUH, TO KOHTYDPBI 3TUX TPEYIOJbHUKOB IIEPECEKAIOTCA B Y€THOM UYHCJIE TOYEK.

oce JIKTT 0OHOBJIsIEMAST Bepcust OymeT IO/ JIEPKUBATHCST B KadecTBe qacTH KHUTH
www.mccme.ru/circles/oim/algor.pdf. Baarogapum A. CocuHCKOro 3a mepeBoj dacTell Tekcra Ha aHrmiickmii, IT.
Koxkesuukosa 3a nmoJsiesnbie obcyxaenus V. Bornanosa 3a m3roroBjieHHEe HEKOTOPBIX PUCYHKOB.

2Bce 3Tu 06BHEKTHI ompeenaens! ajtee. OGLIMHO 3TH Pe3yIbTATE JOKA3BIBAIOTCS C HCHOIL30BAHNEM CIOMKHON TeXHUKH
[Pr06]. Bupouem, monoaozuseckas HEPEAIU3yeMOCTb — B OTJIUYUE OT AUHelHol, 0 KOTOPOil pedb BBIIIE, U KYCOUYHO-
AUHETHOT, IJTsT KOTOPOH J0KA3aTeIbCTBA AaHAJIOTUYHBI — JIEHCTBUTEHHO MoKasbiBaTcst caoxkaee [Sk03], [Sk08, §5].



HO,ZLMHO)KGCTBO IIJIOCKOCTH (I/IHI/I HpOCTpaHCTBa) Ha3bIBACTCA 6bNYKAbIM, €CJIM OHO COAEPZKUT BMECTE
C JIIOOBIMU ABYMA TOIKaMU COG,ILI/IHHIOHLI/Iﬁ X OTPE30K. BbL’I"Ly%'./LOﬁ 000.404K0T MHOXKECTBA X HA3BIBACTCI
HanMCEHbIIEe (HO BKJ’HO‘{GHI/HO) BBIITYKJIOE MHO2KECTBO, COoAepzKalllee X.

1.2. (a) CymecrBytor Takue 4 TOYKH HA IJIOCKOCTH, YTO JJIsl JIIOOOrO UX pa3OUeHHs Ha JiBe Taphbl
OTPE30K, COCIMHAIONINI TOUYKH B IIEPBOil ITape, He IepeceKaeT OTPE30K, COSTUHSIIONINN TOIKI BO BTOPOit
nape.

(b) JIto6bie 4 TOYKM Ha IJIOCKOCTH MOYKHO pas3OUTh Ha JiBe TPYIIbI Tak, 9TO BBIMYKJas 000JI0UKA
TOYEK MEPBOil TPYIIIBI TIePeCceKaeT BBITYKIYI0 000JI0YKY TOYEK BTOPOIl IPYIIIIHL.

(c) U3 mr06bIx 5 TOUYEK HA IJIOCKOCTH MOYKHO BBIODATH JIBE TAKHE HEIEPECEKAIOIecs: maphl TOUEK,
YTO OTPE30K, COETUHSIONINN TOUKH B IIEPBOil mape, mepecekaeT 0TPE30K, COSINHAONINI TOIYKI BO BTOPOit
nape.

(d) Hanbl gBe Tpoiiku TOYEK Ha IJIOCKOCTH. TOrma CyIecTBYIOT JBa MEPECEKAIONIINXCs OTPe3Ka, He
UMeIoIe OOINX BEPINNH, KayK/IbIil 13 KOTOPBIX COEINHSET TOUKN M3 PA3HBIX TPOEK.

CeMelicTBO OTPE3KOB (Ha IJIOCKOCTU UJIM B IIPOCTPAHCTBE) HABBIBAECTCS GAO0HCEHHbIM, ECITH

® OTPE3KH, He MMEIONe OOIINX BepIInH, He IIePeCceKaroTCs, 1

® OTPE3KH, UMEIOIIUe OOIIYIO BEePIINHY, IepeceKaloTcsl TOJLKO B 3TOIl BepIInHe.

Bosmozkno, nepes perernem myHKTOB (¢) u (d) Bam 3axodercs pemuTsb ux ocaabIeHHbIE BEPCHUU:

(¢") Just mo6bIxX 5 TOUEK Ha IJIOCKOCTH CEeMEHCTBO BCEX OTPE3KOB, UX COEIMHAIONINX, HE SABJIACTCS
BJIO?KCHHBIM.

(d") Just mobbIX JBYX TPOEK TOUEK Ha IJIOCKOCTH CEMEHCTBO BCEX OTPE3KOB, COEJIUMHAIONIMX TOUKH
I3 PAasHBIX TPOCK, He SBJACTCA BIOMKEHHBIM. °

Ks K33

Puc. 1: Hemtanapubie rpadbr

1.3. Haiiure KostmaecTBo Beex Heynopsinodenubix nap {{i, 7}, {k, [} } nenepecexarormuxcst 1Byxa1e-
MEHTHBIX [TOJIMHOZKECTB HATUIIEMEHTHOIO MHOKECTBA.

1.4. Ilycre Ha miockoctu gan Habop f := {1,2,3,4,5} naru Touex obiero mosoxKenus. st 100bIx
YeTbIPEX PAa3JIUYIHBbIX TOYEK %, j, k,| n3 HUX oTpe3Ku ¢j u kl b0 He mepeceKaroTcs, JIMOO MEePEceKaroT-
cst B ozHOl Touke. Omnpegesinm v(f) KaK 9€THOCTH KOJIMYIECTBA TOUEK IEPECeUeHUsi OTPE3KOB ij u kil
JUIsl BeexX HeymopsiodeHHbIX nap {{i, 7}, {k,(}} Hemepecekarommxcst JBYyX3JIEMEHTHBIX TOJIMHOXKECTB

{t.5} kb 1y C F:

o(f) =Y {lig N k| {{i g} (kD)) C J; i iy {k, 1} =0} mod 2.

(a) st mabopa fu maTh TOYeK Ha IJIOCKOCTH, M300paykeHHOroO Ha puc. 1 ciesa, v(fy) = 1.

(b) v(f) me 3aBucur ot f.

1.5. (a,b) Chopmyaupyiite u goKaxkuTe aHaaor 3agad 1.4.a,b J17st MecTr ToueK 06IIero moJI0KeHUsT
Ha TJIOCKOCTH, Pa3bUTHIX Ha JIBE TPOUKH.

(c,d) Copmymupyiite n gokazkure anajor 3aaad 1.2.c,d mis Touek Ha chepe.

3Koneuno, 3Tu yTBepzKienus — epcuu Heranapaoctu rpados Ky u K3 3. Ho mokasbiBatoTcest onm npoime: J0CTaToqHO
3amaan 1.1 BMecTO HEeTpUBHAJIbLHBIX Bepcuil TeopeMmbl 2zKopaana. Ecim B Bamewm permennn Takme BepCHU UCIOJIB3YIOTCS,
He 3a0y/IbTe UX JI0KA3ATh.



1.6. Moxno s napucosath 6e3 camonepecedennii rpadst K5 u K3 (puc. 1)
(a) ma cepe?  (b) ma 6oKOBOIT TOBEpXHOCTH TMIHHAPa (puc. 2)7
(c) ma Tope (puc. 2)?  (d) ma gucre Mebuyca (puc. 2)?

Puc. 2: Top, muct Mebuyca n muiunHp

Topom Ha3bIBAETCA MOBEPXHOCTDH OyO/IMKa, puc. 2 cieBa. Vi, sKBUBaJIEHTHO, (DUTypa, MOy IeHHA
u3 (JBYMEpHOro) KBaJipaTa CKJIEHKON ero map MpOTHBOIIOJIOKHBIX CTOPOH ‘C OJMHAKOBBIMU HAIIPABJICHI-
gamu’, T.e. 6e3 moBopota. Jlucmom Mebuyca HazbiBaeTcsa purypa, moaydeHHas U3 JJIMHHONW ITPAMOYTOIb-
HOI TTOJIOCKU CKJIEHKOM ee JIBYX IPOTHBOIOJIOKHBIX CTOPOH ‘C MMPOTHUBOIOJIOXKHBIM HAIIPABIEHUEM , T.e.
¢ moBoporoM Ha 180°, puc. 2. Dru (u apyrue) GUIYPHI TPEAIIOTATAIOTCI NPO3PAYHHLMU, T.e. TOIKa (I
[IOJIMHOZKECTBO), ‘JiesKallas Ha OJJHON CTOPOHE MOBEPXHOCTH , ‘JIEKUT M Ha JPYToil cTopoHe’. DTo aHa-
JIOTUYIHO TOMY, 9TO IPHU U3YUYEHHH T'€OMETPUU MbI TOBOPUM, HAIIPUMED, O TPEYTOJbHUKE Ha ILIOCKOCTH,
a He O TPEYroJbHUKe Ha BepxXHeil (WM HUXKHEl) CTOPOHE MJIOCKOCTH.

PeanunsyemocTs B IIPOCTPAHCTBE

1.7. CymecrBytor 100 TOUeK B MPOCTPAHCTBE TAKHUX, UTO CEMEHCTBO BCEX OTPE3KOB, UX COEIUHSIO-
IUX, SABJIAETCS BJIOYKECHHBIM.

Habop Touek B IpoCTpaHCTBE HAXOIUTCA 6 00ULEM NOAOHCEHUU, €CTU HUKAKHEe 4 TOYKU U3 ITOTO
Habopa He JieXKaT B OJIHO IJIOCKOCTH.

As

Ay

Puc. 3: Touku ob111€1r0 1M0JIOXKEHUS

1.8. (a) (Puc. 3.) PacemoTpuM B rOpU30HTAJIBHON IIJIOCKOCTH TIPABUJILHBIN IecTryroibHUK. Habop
Touek Ay, As, Az, Ay, As, Ag, PACIIONIOKEHHBIX B TOYHOCTH HaJT BEpPITUHAMK Ha Bbicotax 1, 2, 3,4, 5, 6
COOTBETCTBEHHO, HAXOIUTCS B ODIIEM IIOJIOXKEHWH.

(b) To ke misa nabopa Touek (t,t2 %) B nekaproBoit cucteme Koopjaunart, rjie t € [0, 1].

1.9. (a) CymiecTByioT 4 TOYKM B IPOCTPAHCTBE, KOTOPbIe HEJIb3sl Pa3OUTh HA JiBE IPYIIILI TaK, 4TO
BBITTyKJIasi 000JIOYKa TOYEK TEPBO I'PYIIIBI TEPECEKAET BBIMYKJIYIO 000J0UKY TOYEK BTOPOI TPYIIIIHI.

(b) JIrobble 5 TOYeK B MPOCTPAHCTBE MOXKHO Pa3bUTh Ha JIBE TPYIIIBI TAK, YTO BBIILYKJas 000JI0IKA
TOYEK IEPBOI I'PYIIILI IEePECEKAET BBIIYKIYIO 000JI0UKY TOUYEK BTOPOIl IPYIIIHI.

1.10. B mpocTpaHcTBE OTMEUEHO HECKOJBKO TOYEK 001ero mojoxkenns n Todka O. 3BectHo, 910
JUIst JIIOOBIX TpeX oTMedeHHBIX Touek A, B, C Haiimerca ormedenHas Todka [ Takas, 9ro O JIEXKHUT
crporo BuyTpu Terpasapa ABCD. Jlokaxure, 9T0 OTMEYEHO POBHO 4 TOUKH.



1.11. (a) U3 arobbix 6 TOUek B mpocTpaHcTBe MOXKHO BbIOpaTh 5 Todek O, A, B, A’, B’ Tak, 4ro
nsyMmepuble Tpeyroabauku OAB n O A’B’ uMeror HekoTopyio ob1ryio Touky, Kpome O.
(b) Hutst 5 TOYeK aHAIOIMYIHOE YTBEPKICHIE HEBEPHO.

CeMelicTBO JIBYMEPHBIX TPEYTOJIHHUKOB B TPOCTPAHCTBE HAZBIBAETCS BA0MCEHHBIM, ECITH

® TPEYrOJIbHUKH, He UMEIOIINe OOIIUX BEPIIUH, He IIePEeCeKaroTCsI, 1

® TPEyTrOJIbHUKH, UMEIOIIe POBHO OHY OOIILYIO BEPIINHY, IEePECEKAIOTCsI TOJIbKO B 9TOI BEpIIUHE, 1

® TPEYTOJBLHUKN, UMEIOIINe OOy CTOPOHY, ITEPECEKAIOTCsT TOJIBKO 0 9TOI CTOPOHE.

DT ycmoBus GhOpMaTU3yIOT ‘OTCYTCTBUE caMollepecedennii B KoncTpykiun'. [Ipu mokasarenbcrse
BJIOYKEHHOCTH CeMeHCTBa BBITOJHEHNE 9THX YCJIOBHI HY?KHO aKKyPATHO IPOBEPHUTH TOJIBKO B IIEPBBIi
pa3 U B TeX CJIyUasiX, KOrJla KIOPH HOIPOCUT 9TO CIAEIATh (€C/IH BBIIOJHEHUE OYeBUTHO U3 KOHCTPYKIINH,
TO KIOpH He OYJIET MIPOCUTDH €r0 MPOBEPSITH ).

Puc. 4: 5 Touek B mpocTpaHCTBE: BEPIIUHBI U IIEHTP TETpa’dIpa

Hanpumep, na pucynke 4 n3006pazkeHbl TaKue 5 TOYEK B MIPOCTPAHCTBE, YTO CeMEHCTBO Beex 0Opa3o-
BaHHBIX UMH TPEYTOJBHUKOB SIBJISIETCS BJIOXKEHHBIM. 3ajada 1.11.a mokas3eBaer, 9T0 6 TOUEK ¢ TaKUM
CBOMCTBOM HE CYUIIECTBYeT.

1.12. (a) CymectByer 6 Touek Ay, Ay, ..., A5 B IPOCTPAHCTBE, JJIsi KOTOPBIX CEMEHCTBO TPEYTOJIb-
mKoB AgA; Ak, 1 < j <k <5, k # 2, aBnderca BIOXKCHHBIM.

(b) Ecau B mpocTpaHcTBe UMEIOTCSA 5 TOUEK U ceMeiicTBO S Beex 06pa30BAHHBIX UMU TPEYTOJIbHUKOB
SIBJISIETCSl BJIOXKEHHBIM, TO JJIs JIIOOOH TOYKHU IIPOCTPAHCTBA OIUH U3 D OTPE3KOB, COEJIMHAIONINX ITY
TOYKY C JAHHBIMU, IIEPECEKAeT OJIUH U3 TPEYroJILHUKOB, OOpa30BaHHBLIX JAHHBIMUA TOYKAMIU.

JlokazaThb CyIeCTBOBaHME MOXKHO, sIBHO YKa3aB Hy2KHbIe Toukd. [Ipu obocHoBanum obsa3aTeIbHOrO
HAJIMYHS TIePeceueHuil MOKHO MOJIb30BAThCA 0€3 JI0Ka3aTe/IbCTBA BCEMU BEPHBIMHU Y€TKO CHOPMYJIUPO-
BaHHBIMU (DAKTAMU THIIA ‘TIOBEPXHOCTD BBIITYKJIOI'O MHOTOTpAaHHUKA PAa3dUBAET IPOCTPAHCTBO HA KYCKU ',
CIIPABEJTMBOCTD KOTOPBIX IOJATBEP/IAIO YKIODH.

Ajy Apg

B; By,

A, Ay Ay Ay

Puc. 5: K 3ay1agam o muiuHIpe U O JIEKAPTOBOM ITPOM3BEICHUN



1.13. (n) Konyc. lnsa kakux n cymectBytor n + 1 Touek O, Ay, ..., A, B IPOCTPAHCTBE TAKUX, YTO
ceMeiicTBO BCeX TPeyTrOJIbLHUKOB

saBJIsieTcst BJIoKeHHbIM? OT/esbHO TpuHIMAaioTcs myHKTH (4), (5).
(Imn) lorcotin. dunsa kakux [, m,n cymectByior | +m +n touex Ay, ..., A;, By,..., By, C1...,C,
B IIPOCTPAHCTBE TAKHUX, UTO CEMEHCTBO BCEX TPEYTOIBHUKOB

SBJICTCA BJIOKEHHBIM! OTAEIbHO IPUHAMAIOTC MYHKTH (222), (223), (233).
(2n) Huaundp. dng kakux n cymectByor 2n todek Aq, ..., A,, By,..., B, B IPOCTPAHCTBE TaKuX,
9YTO CEMENiCTBO BCEX TPEyroJIbHUKOB

AijAk nu AkBkBj, 1 Sj <k< n,

SIBJIsAETCS BJIOZKeHHBIM? OTIeIbHO IPUHIMAIOTCS IIyHKTEL (24), (25).
(mn) Hexapmoso npoussederue. st kKakux m,n cymecrtsyer mn Todek A;,, j € {1,2,...,m},
p € {1,2,...,n}, B IpOCTPAHCTBE, YTO CEMEHCTBO BCEX TPEYTOJHLHUKOB

AjpAjgArp 1 ArpArpAjg, 1<7<k<m, 1<p<qg<n,

sABJIsieTCs BJIOKeHHbIM? OT/Ie/IbHO HpuHUMAioTCA MyHKTH (33), (34), (35), (44).

v

Puc. 6: Tak Beiisiaar (m, n)-peainsanum

Hazosem (m, n)-peasusayueti 6 R® Broskennoe ceMeficTBO JBYMEPHBIX TPEYTOJBHUKOB U3 3a/1a4H1
1.13.mn. (OGmenpuHsTEHIl TepMUH — auneldnoe eaoocenue komnaekca K, X K,.) fcno, aro (1,n)-
peasmzars 1mycra, (2, 2)-peajnsarys sBJsieTCst IPIMOYTOIBHUKOM, EPErHYTHIM 110 Juaronasu, (2,3)-
peasim3alyst BBINIAINT KakK IMHAD U (3, 3)-peasusanus BBINISIAT KAK TOP, CM. puc. 6.

PeasmnzyemocTh B YeTbIpeXMEPHOM HPOCTPAHCTBE

Kax pabomamsv ¢ wemwvipexmeproim npocmparcmseom? MOKHO ompeaeTnTh

e psiMyio R KaK MHOXKECTBO BCEX BEIECTBEHHBIX THCET,

e 110cKocTh R? KaK MHOXKECTBO BCEX yHOPAIOYEHHBIX Hap (,Y) BeleCTBEHHBIX YHCell,

e TpexMepHOe MPOCTPaHCcTBO R? KaK MHOXKECTBO BeeX YIIOPSAI0UeHHbIX TPoeK (I, %, 2) BelleCTBeHHBIX
qHcelI,

e YeThIpexMepHoe IpocTpaHcTBo RY Kak MHOXKECTBO Beex yHOpPsiIOUeHHBIX YeTBepoK (%, 2, 1) Be-
[IIECTBEHHBIX YHCEL.

JHanee Moo ‘ananmurndeckn’ B R? onpenemuts npamblie, B R? — npambie u miockoern, a B RY —
[PsIMbIE, TJIOCKOCTHU U (TPEeXMEpPHBIE) TUIEPILIOCKOCTH. MOXKHO BBIBOJUTD U3 YKA3aHHOTO AHATUTHIECKO-
ro ompe/iesieHnst (M/Ii Ha3bIBAeM aKCHOMAMM) TOJIBKO TPOCTEHIIe CBOHCTBA NeOMETPUIECKIX 00HEKTOB.
Bosee coxkuble MOXKHO BBIBOJAUTH U3 MPOCTEHININX ‘CUHTeTHYECKH (T.e. KAK B IITKOJHHOW IeOMeTpHH,

5



He WCIOJIb3YsT aHAJIUTHIECKOrO onpeieents ). [Ipi 9ToM IUIOCKYIO0 3a/ady 4YacTo yJI00HO CBOIUTH K
JImHeHON (T.e. K 3aJlade Ha MpsIMOii), a TPOCTPAHCTBEHHYIO — K IUIOCKOi. TOUHO Tak Ke BayKHeImii
METOJI PEIEeHUs CAeTYIONUX YeThIPEXMEPHBIX 33/a4 — CBeJleHne K MPOoCTpancTBeHHbIM. [Ipu perennn
3a1a9 06 R M0KHO TO/IB30BaThLCA 663 JOKA3aTeILCTBA BCEMH BEPHLIMHI UeTKO COPMYIHPOBAHHLIME
dakTaMm 0 MHOXKECTBaX PeEIeHWil CHCTeM JIMHEWHBIX YpaBHEHUI WM O 3aMeHaX CHCTeM KOODIMHAT,
CIIPaBEJI/INBOCTL KOTOPBIX IIOATBEPAUIO 2KIOPU.

Onpe/eienne BIOXKEHHOTO ceMeficTBa JBYMEpPHBIX TpeyroibHukos B R? amamormuno TpexamepHoMmy
caygaro. Hyxkmo mamb 3amernTsh R? ma R,

Puc. 7: 101 Touka B R?. YeTbipexmepHoe IPOCTPaHCTBO H306pazKeHo B BUJIE TPEXMEPHOTo, a (Tpexmep-
nag) runepiiockocts B RY — B Bujie aBymepnoit miockoctu B R3.

[IpuBenem mpuMep paccyKIeHUsS € YeThIPEXMEPHBIM MTPOCTPAHCTBOM. JloKazKeM, UTO CyIIeCTBYIOT
101 Touxa O, Ai, ..., Aijgo € R* raxag, aro cemeiicrso Beex Tpeyrompunkos OA; A, 1< j <k <100,
SIBJIIETCsT BJIOXKEHHBIM. JloKazaTesibcTBO anasiorndno perennto 3agaan 1.13.4 (puc. 7). Bosbmem 100
touek O, Ay, ..., Ao B (TpexmepHoit) runepriockoctu B R? Takux, 4To cemeiicTBO BCex COCIMHSIONINX
UX OTPE3KOB fABJIeTCs BIOKeHHBIM (cM. 3ajady 1.7). Bosemem B R? Touky O, He Jjexamiyto B 9Toit
runeptiockoctu. Torma Touku O, Ay, ..., Ajgg — UCKOMBIE.

1.14. (a) s mobbIX JBYX TOYEK, He JexKamux Ha mockoctn © =y = 0 B RY, cymectsyer coenu-
HSIIOITAsT UX JIOMaHasd, He ITepeceKaromias 3TOH MIOCKOCTH.

(b) dna moboit runepriockoctn B R mafigyrest npe e jiexkarmue Ha Heil TOUKH Takue, 9TO Jobast
JIOMaHasl, COe/IMHSIIONIAS ST JIBE TOUKH, [TEPECEKAET TUIEPILIOCKOCTb.

1.15. (a) CymectByioT 5 Touek B R*, KoTOpHIe He/b3s pasbuUTh Ha JiBe IPYIbI TaK, YTO BBITYKJIasd
000JI09YKa TOYEK TePBOil IPYIIIIBI IEPECEKAET BBIMYKJIYIO 000JOUYKY TOYEK BTOPOI TPYIIIHI.

(b) JTroGuIe 6 Toyek B R? MoxKHO pasbuTh Ha JiBe IPYIIILI TAK, YTO BHILyKJ/as 060J0UKa TOUEK TIepBOil
IPYIIIBI TIEPECEKaeT BBIIYKIYIO 000JI0UKY TOYEK BTOPOI I'PYIIIHL.

B 3amagax 1.16 u 1.17 mocTaTovHO IPUBECTU BEPHBIE OTBETHI.

1.16. Yro nonydaercs B repecedeHun mpexmeproti chepol
S® = {(z,y,z,t) ER* | 2® 49 + 22+ 12 = 1}

CO CJICIyIONUMEI MHOXKECTBAMU:
(a) mpsimoit z = y = z = 0, mpoxo/gieil Yepe3 MeHTp chepsr;
(b) wrockocThio = y = 0, HPOXOASIIIEl Yepe3 NeHTp chephl;
(¢) runepmockocThio & = 0, TIpoxXosIeil Yepe3 MeHTp chepsbr;
(d) nepecevyenurem MoOJIOKUTEILHON MIECTHANATKY U O0bEUHEHHsI JIBYMEDHBIX KOOPJAXHATHBIX T1JI0C-
KOCTeil, T.e.

{(z,y,2,t) ER* |2 >0, y >0, 2>0, t >0 u 1Ba U3 YeTHIPEX TUCET T, Y, 2, HyJICBBIC }.

Ha6op Touek B R* naxonurcs 6 obuiem noaoscenun, eciam HIKAKIe 5 ToUeK U3 5TOro Habopa He JICZKAT
B ojHoil runepiiockoctu. Hanpumep, Toukn (¢, 2,43, #1), t € [0, 1], HaxoaaTcsa B 06IIEeM HOJIOKEHUH.



1.17. Jann Toukn 1,2,3,4,5,6,7,8 obmiero nonoxkernns B R, [To KaKOMy MHOXKECTBY II€peCeKatoTCs

(a) mpsimas 12 u runepiiockocts 56787 (b) mpsamas 12 u maockocts 5677
(¢) wrockocTh 123 u runeprutockocTsb 56787 (d) runepmiockoctn 1234 u 56787
(e) maockoctn 123 u 5677

(3amernm, ITO HAIIE OIPE/EICHNE OOIINEro MOJIOKEHIs OTIINIACTCA OT TOTO, UTO ODIIEIPHHATO JIJIst
TaKUX 3a/1a4.)

1.18. (a) Cymecrnytor Takue 6 Touek B R*, uro cemeiicTBo Beex 06pa3oBaHHbIX UME TPEYTOJLHIKOR
SIBJISIETCST BJIOYKEHHBIM.

(b) CymectByior Takue 7 Touek B R, uTo cemeiicTBO Becex 0Opa3OBaHHBIX UMH TPEYTOJLHUKOB,
KPOMeE OJTHOT'O, SIBJIIETCS BJIOYKEHHBIM.

[lepBBIit MyHKT CiIeyIONeil 3a/1a9n MOKa3bIBAET, YTO JJI 7 TOUEK YTBEPIKIEHNE, aHAJOTHIHOEe 3a-
made 1.18.a, HeBepHO.

1.19. OcHoBHble 3amaun. (a) 13 mobbx 7 Touek B R? MoKHO BRIGpATD JIBE TaKHe HElepeceKaro-
myecst TPOMKM TOYeK, ITO 00pa30BaHHBIC STUMU TPOMKAMHU IBYMEPHBIE TPEYTOJILHUKHU IIEPECEKAIOTC.

(b) Janbl Tpu Tpoiiku Touek B R*. Torja cymecTBYIOT JBa MEPeCceKarolUXcs TPeyroJabHUKa, He
UMeIoIIe OOIIMX BEPIINH, BEPIIMHLI KazKIOTO U3 KOTOPBLIX 00pa30BaHbl TOUKAMU PA3HBIX TPOCK.

(mn) JIna kakux m,n cymectsyer (m,n)-peanusanus B R?

(Onpenenenue anagorudano (m,n)-peammsanuu B R3, Toibko Toukn 6epyres B RY.)

Oraenbno npunuMaloTcsa myHKTel (35), (3n), (44), (45), (4n), (55).

JlokazaTh 00sI13aTeIbHOCTD HAJIUYIHS IIepecedeHnii B 9TOH 3ajade MOKeT OBITh TPYIHO Oe3 3a1ad-
IOJICKA30K, KOTOPBIE OY/IyT JIaHBI TOC/Ie TTPOMEXKYTOYHOTO (DUHUIIIA.

1.20. Cymiectyior 100 TOoUeK B IATUMEPHOM IIPOCTPAHCTBE TAKUX, YTO CEMEHCTBO BCEX 00Pa30BaH-
HBIX UMU TPEYTOJbLHUKOB SBJISETCS BJIOKEHHBIM.

2 VYka3aHudg u pelieans«d, Bbl/laBaeMbl€ Ha IIPpEeACTaBJICHUN

1.2. (a) TpeyroabHUK U TOYKA BHYTPHU HErO.

(b) Pacemorpum werBepky Touek A, B, C, D Ha NJIOCKOCTH.

Eciu kakue-To 3 u3 HUX JIeXKAT Ha OJIHOW IPSIMOIi, TO HEKOTOpasl U3 HUX, CKaykeM B, JIeXKUT Ha, OT-
pe3Ke MeXKy JByMs ApyruMu, Hanpumep, Mexk ity A u C. O6oznatnM depes [X Y] orpe3ok ¢ BeprimHaMn
X,Y. Torma [AC] N [BD] # 0.

SHaunT, HUKaKue 3 TOYKU He JIeXKAT Ha OJHOM mpsiMoii. Keym onpa u3 9THX TOYEK JIKUT BHYTPH
TPEYTOJILHUKA, 00Pa30BaHHOIO OCTAJILHBIME, TO 3aJ/a49a perreHa. Vnade Kaxas w3 9TUX TOYEK JICXKUT
CHAPY:KU TPEYTrOJIbHUKA, 00pa30BAHHOIO OCTaJbHBIMU. [ToCKO/BKY TOuKa [ cHapy:Ku TpeyroJbHUKA
ABC', 10 oHa 00 BHYTPH OJIHOTO U3 yTJIOB, BEPTUKAJIBHBIX yTaM Tpeyrojibauka ABC, b0 BHYTpH
OJTHOTO U3 yTJI0B Tpeyrosbauka ABC.

Cayuat 1. Touka D BHYTPH OJHOTO U3 YIJIOB, BEPTUKAJIBHLIX yriiaM Tpeyroibanka ABC. Bes orpa-
HuIeHust obnHocTH, DD BHyTpH yriia, Beprukaabaoro yriay ZACB. Torma touka C' suytpu ABD), mpo-
TUBOpEYNe.

Cayuati 2. Touka D BuyTpu onnoro u3 yrios rpeyroyibauk ABC, ckaxxem ZBAC'. Tlocko/ibKy TOUKa
D Bue tpeyroibauka ABC u BuyTpu yriia BAC, To Touku D u A jiexkar 1o pa3Hbie CTOPOHBI OT MPSIMOi
BC'. Crenosarensno, orpeskn [AD] u [BC| nepecekatorcs.

(c) Ilepsoe pewenue BoTekaer u3 3agaun 1.4.

(c) Jpyeoe pewenue. Ipeanonoxum, HATPOTUB, YTO CyiiecTBYIOT Takue 5 Touek O ABC' D na 1utoc-
KOCTH, 9TO HYXKHYIO TIapy BbIOpaTh Heb3st. Torma A € OB u B ¢ OA. S3uaunt, A He JIeXKUT Ha JIyde
OB. Tlosromy MOxkHO cunTarh, 9410 Touku A, B,C, D wujgyT B TOM HOpSJIKE, B KOTOPOM OHU BUJIHBI
u3 O. Torma tpeyrosbauku OAC n OBD mnepecekaiorcst B equHCcTBeHHON Touke (. VX mepecedenne



‘TpaHCcBepcabHO’. 3HAYIMT, 10 Teopeme o "erHocTu (T.e. anajgormaHo 3amgade 1.1) AC' N BD # (). TIpo-
TUBOpEYHeE.
(d) AHasorUYHO TIEPBOMY DEIIEHHIO MyHKTa (C), cM. 3a1ady 1.5.

1.4. (b) HocraTouno mokasarh, 9To Jist JIIOOBIX TOUYEK 001I1ero mooxkenus 1,2, 3,4, s, s’ 1 MHOKeCTB
A:={1,2,3,4}, [f:=AU{s} u [f'=AU{s'} semommeno wv(f)=uv(f").

Hokazkem sro. [lis xkaxoro i € A obosnaunm depes A; rpeyroabauk ¢ Bepumaamu u3 A — {i}. Torna
YTBEP:K/ICHUE 3aJa49i CJIeLyeT U3

v(f) —o(f) = (Isin A = |s'iNA) =) |ss' N A =0 mod 2.

i€A 1€A

Bropoe paBeHcTBO crefyer u3 TOro, 4To uncio |ss'i N A;| gerHo mo Teopeme o wernoctu. [locsentee
PaBEHCTBO CJIEJIyeT W3 TOrO, UTO Jyisl I KaxKJIoi Heymopsaodennoil napel {i,j} C A cymecrsyer
POBHO [1Ba TPEYroJbHUKa C BeplimHamMu u3 A, KOTOpbIe coJeprKaT OTPEe30K ij. SHAUMT, I KazKIoi
HeynopsiodeHHoi mapst {i, j} C A umcio |ss' N ij| Bxogur B cymMMy JUIst ABYX TpeyroibHuKoB A;, A;.

1.5. @opmyaruposka. IlycTb Ha IIOCKOCTH JaHO MIECTH TOUEK OOIIEro MOJIOXKEHUsI, pa3OUThIX Ha JIBE
tpoiiku f1 = {1,2,3} u fo = {4,5,6}. s mobbIx 1BYX TOUEK 7, j € fi 1 AByX ToueK ', j' € fo oTpe3kn
it' m jj' 6o He mepecekaroTcst, MO0 MepecekaroTest B ool Touke. Onpemenum v( fi, fo) KaK 9€THOCTH
KOJIMYECTBa TOYEK IepecedeHns: OTpe3KoB i1’ u jj’, ij' m ji' nas Bcex JBYX3JEMEHTHBIX MTOJIMHOKECTB

{7'7.7} - flv {ilv.j/} - f2

v(f1, fo) = Z{m' Ngj'l + g ngid| = {i,5} € (J;l), {i',i'} € (J;z)} mod 2.

(a) s mabopa fi, fa, usobpazkennoro Ha puc. 1 cupasa, v(fi, fo) = 1.
() v(fs, f») ne sasucur or fi, fo.

(c,d) Cpepuneckoti npamoti Ha3bIBaeTCst epecedenne cepbl U MIOCKOCTH, IPOXOJISIIEH depes3 IeHTD
cdephr.

0,1) (1,1)

B

a

(0,0) (1,0)

Puc. 8: Ckneiikn mpssMOyTOJIBHOM TOJIOCKH, Jaforue guct Mebuyca u Top

1.6. MoxkHo pucoBaTrh He TOJILKO Ha Tope u Jjincte Mebuyca ¢ puc. 2, HO U Ha UX ILJIOCKOI pa3BepTKe,
puc. 8.

1.7. PacromoxkuMm 3 TOYKM B IIPOCTpPaAHCTBE, He JiexKalllue Ha OAHOI mpsiMoii. Torga oHum B obImem
mosiokernn. Ilycts ecth n > 3 Todek obmero mosoxkenus. Tormga cyIecTByer JIMIb KOHETHOE THUC/IO
IJTOCKOCTEM, MMPOXOJISIIIX 9epe3 TPOMKHM ITUX TOUEK. SHAYUT, CYIIEeCTBYeT TOUYKA, HE MPUHAIIeKAIAsT
HU OJHOW M3 9THX IIocKocTeil. /lo6aBuB 5Ty TOUKY K HalemMy HabOpy W3 1 TOYEK, MOJydIuM Habop u3
n + 1 Toukn, HUKaKue 4 u3 KOTOPBIX He JieXKaT B OJHOI IIOCKOCTH. TakuM 00pa3oM, Mbl JOKA3aJ/IM, ITO
JUTsT JTIOOOTO M. CYIECTBYIOT 1 TOYEK ODOIIEro MOJIOXKEHUST B IPOCTPAHCTBE.

Pacemorpum 100 Touek ob1rero mosozkeHus B mpocrpancrse. Hazosem A MHOXKECTBO BCEX OTPE3KOB
¢ KOHIIAMH B 9THX TOYKaX. Kcym Ba orpeska n3 A ¢ momapHO pas3/jimIHbIMIA KOHITAME TIePeCceKaroTcs, TO 4



UX KOHIIA JIEZKAT B OJIHOM IJIOCKOCTH, ITpOoTUBOpeyre. Ecin j1Ba oTpe3ka ¢ 0OIIUM KOHIIOM ITePeCeKaIOTCs
6oJiee YeM B OJIHOI TOUKe, TO MX KOHIIBI JIesKaT Ha OJHOM HPsSIMOii, TPOTUBOpEUNE.

1.8. Ucronb3yiiTe KOOPIMHATHI.

1.13. (n),(Imn), (44) Ucnoaszyiite 3amaay 1.11.

3  Pemmenuns, BolJjaBaeMble Ha IPOMEXKYTOYHOM (pUHHIIIE

Eciin Teker 110 3a/1a1e HaunHAETCS CO CJIOB ‘OTBET’ WM ‘yKa3aHue |, TO JeTaiu (B YaCTHOCTH, JOKA3ATe b-
crBa cHOPMYTMPOBAHHBIX YTBEPKJICHUI WM 3aBepIeHne PeleHrit) OCTalOTCsI JIJIs CAMOCTOSITETHHOM
pabotel. COOTBETCTBYIOMAS 3a/1a9a IPUHUMAETCS U MOC/Ie TTPOMEKYTOIHOrO (DIHHUIIIA.

1.3. Omsem-yxasarue: 5 - (g) /2 = 15.

1.6. (a), (b). Hennzs.

(a) Ecsin 661 rpad K5 6611 HapucoBan Ha cdepe 6e3 camMorepecevdennii, To BBIKUHYB 13 c¢hepbl TOUKY,
He JIeXKalryio Ha K5, Mbl TIOJIYYHIN ObI IJIOCKOCTD, cojepzKaiiyio K. [IporuBopeune.

(b) I'pad K5 He mutanapes, a MUJIHHIDP MOXKHO CIIPOEKTUPOBATH 0€3 caMonepecedeHnii Ha TIOCKOCTb.

(c), (d). Mozxkno. Kpacussie peasmsarun rpada K5 na tope u rpada K3 3 na aucre Mebuyca n300-
pazkeHbl Ha puc. 9.

N_—

Puc. 9: Peanuzanus rpados Kyparosckoro

Nmerores Takxke apyrue pemennsi. Hanpumep, Moxxio napucoBaTh rpad KypaToBckoro Ha Iiocko-
CTH ¢ 00HUM CaMOIIEpecedeHneM ...

1.9. (a) JIio6ble geThIpe TOUKH, He JICJKAIINE B OHON IUIOCKOCTH, Y/IOBJIETBOPAIOT YCIOBHIO.
(b) Cm. reopemy Pasiona B konre §3.

1.10. Vkasanue. Obo3uaumm depes Ap, A, ..., A, ormeuennasie Touku. ObGo3HaUUM depes [; Jyd
¢ HadajoM B Touke (O, cojep:Kaluit TOUKY cuMMmeTpudHyio A; orHOocuTenbHo Toukn (. Jlokaxkwure
CTIeJTyIONIee YTBEPIK IeHNE.

Ymeeporcdenue. Pacemorpum Tpeyromsauk A;AjAy. Touka O nexxur BHyTpn Terpasapa X A;A; Ay
TOrJIa U TOJILKO TOrJA, KOrua ToYKa X JIEXKUT BHYTPU TPEXIPAHHOIO yrja ¢ BepirHoil O 1 CTOPOHAMM
i, lg.

PaccmoTpum TeTpasip ¢ BepimmHaM#u B OTMEYEHHBIX TOYKaX, BHyTpu KoToporo jexut (0. bes orpa-
HIUIEHUsT OOITHOCTU OyjieM CUnTaTh, 910 9T0 Terpa’dnp Ay AsAsA,. OObenuHeHne Bcex TpeXTPaHHBIX
YIJIOB CO CTOPOHaMH [y, ...,l4 — TpexMepHOe MPOCTPAHCTBO. BHYTpHM KaKJI0ro M3 9TUX YIJIOB JTOJKHA
ObITH OTMEYEeHHAas TOYKa 0 Y TBEPXKAeHnio. JIyd [5 JIeKUT BHYTPH POBHO OJHOIO U3 TeX TPEXIPaHHbLIX
VIJIOB U ‘pas3buBaeT’ ero Ha TPU TPEXIPAHHBIX YIJIa, BHYTPH KasKI0TO U3 KOTOPBIX JIOJXKHA ObLITH OTMe-
JeHHasi To4YKa. JIyd lg JIeKUT BHYTPH POBHO OJHOIO U3 TeX IIECTH TPEXIPAHHBLIX YIVIOB W ‘pasduBaer’
€r0 Ha TPU TPEXTPaHHBIX yTJIa, BHYTPHU KarKJ0r0 U3 KOTOPBIX JIOJKHA OBITh OTMedeHHas Touka. lrax,
JIst n > 4 Takoii mporecc 6eCKOHeYeH.



1.11. (a) Pacemorpum maserbKyto cdepy BOKpyr Jsiioboit Toukn O u3 gaHHbIX. [lepecedenne 51oii
cepnl ¢ obbeaunenneM Tpeyroabuukos OAB s Beex map A, B mannbix Touek — rpad Ks. IIporn-
BOpeYHe.

Hpyroe pererne ciemyer u3 reopembl Konpes-I'opiona-3akca (3aga4a 4.5). Bupodem, npuBesen-
HOE HIKe JI0Ka3aTebcTBO TeopeMbl KonBes-I'opaona-3akca ¢paKTUIecKn TMOBTOPSIET BBINIEOTMCAHHYTO

PEyKIINIO K HeltaHnapHocTu rpada K.
(b) Cwm. puc. 4.

1.13. Omsemwi: (n) n < 4;

(Imn) He Gostee oxHOTO M3 wHCes [, m,n Gosbliie 2;

(2n) nyrst JEOOBIX N

(mn) 6o oHO W3 YUCeT M, n MeHbie 3, JUOO OJHO PABHO 3, & JIPYroe MeHbIIe 5.

(35) Pewenue. Ipeanmonozkum, cymectsyer (3,5)-peanusanus B R3.

T'peyzorvrus © X pgr — 3TO TPEYTOIBHUK A; , A; 4y Air.

Koavuyo ij X pgr — s1o (2,3)-peannsaiiysi, ‘0TBeUAIONAsT MHIECKCAM i, ] U P, q, T .

Top ijk X pgr — s10 (3,3)-peaynzanus ‘oTBevUaONasd UHIEKCAM i, j, k u p, q, 1 .

[To Teopeme 2Kopmana Top 123 x 123 pazbuBaer mpocTpancTBo Ha jiBe dactu. O0beaunenue 14 X
123 U 24 x 123 koJiel; — KOJIBIIO. DTO KOJIbIO 1epecekaeT Top 123 X 123 o Tpeyrosbuukam 1 X 123 u
2 x 123. Kosbiio 34 x 123 nepecekaer Kosbio 14 x 123 U 24 x 123 no Tpeyrosbauky 4 x 123. Kosbio
34 x 123 mepecekaer Top 123 X 123 mo Tpeyroabuuky 3 X 123. O6o3naunm (4,3 )-peannsaimio ‘oTBeva-
oryto unjgexkcam 1,2, 3,4 u 1,2, 3, uepes Ky x K. Ilo Bepcuu teopembr zZKopaana K, x K3 pazdbuBaer
npocrpancTso Ha 4 wactu. B namnoit (5,3)-peanusanuu sepumia As ; coeuHeHa

e ¢ BepmuHoOil A; 1 orpe3roM AsqA; 1 s kazkgoro 1 < ¢ < 4;

e ¢ BepmmHOit A; ;j momanoit As 1 A5 ;A; ; naa xkaxgoro 1 <i<4,2 <5< 3.

[Tockouibky uHjIEKC b He ‘yaacTByeT B Ky X K3, KayKJIblif 13 9THX OTPE3KOB U KazK 1as U3 3TUX JIOMaH-
HBIX ITepecekaeT /{4 X K3 TOJBKO O KOHIIEBBIM TOYKaM. PaccMOTpuM CBA3HYIO KOMIIOHEHTY JTOTIOTTHEHWS
R? — K, X K3, conepzxartyio Touky As ;. Ha rpanurie 910if KOMIOHEHTBI JIEZKAT TOUKA A; ; U1 KazKI0r0
1<i<4mul<j<3, DOCKOJIbKY 3Ta TOUKa coefiuHeHa ¢ As; OTPE3KOM HJIN JIOMAHOH, BHYTPEHHOCTD
KOTOpoOil He mepecekaeT Ky X K3. 3HaunT, rpaHuIia 9TOIl KOMIIOHEHTHI COAEP:KHUT 12 Touek A;;, n1a
1<i<4wul<j <3, u3 15 nanubx. C Apyroif CTOPOHBI, 9Ta IPaHuUiia — Top, T. . (3,3)-peaynsariysi.
SHaunT, 3TA TPAHUIA COJIEPKUAT TOIHKO 9 Todek m3 15 manubix. [IpoTtnBopedmne.

1.15. (a) Ilarb Touek, He JekKalIue B OJJHOM TPEXMEPHOM MPOCTPAHCTBE.
(b) Cm. reopemy Pasona B konre §3.

1.18. (a) BosbmeM 5 BepIMH 9eTBIPEXMEPHOTO CUMILIEKCA ¥ TOYKY BHYTPU HETO.

(b) Mycrs ABC'D — npasuibhblii Terpasap B R a £ — ero nentp. BeiGepem Touky X BHYTpHU
terpasnpa ABCE Tax, arobn Toukn A, B, C, D, E, X naxoaummch B obmeM nosoxkennn B R?. TlocTpom
nepreHuKyaap | K runepiiockoctn ABCD B Touke X. Hakoner, Boibepem Touku X, Xo Ha mpsMoii
[ mo pasueie cropoubl ot X. [okaxkem, uro nabop V = {A,B,C,D,FE, X}, Xy} u3 cemu Touexk —
UCKOMBIii, T.€., 9TO CeMeCTBO (‘g)\AXngD TPEYTrOJLHIKOB BJIOXKEHHOE.

[Iycrs «, 3,y — pasmuansie Touku u3 {A, B,C, D, E'}. Torna umeem Tpu KJacca TpeyroJbHUKOB:

o ANX 1 Xoa nia o #£ D

o AX,af nai € {1,2};

o Nafy.

JIerko mpoBepuTh, YTO CEMEHCTBO TPEYTOJIBHUKOB U3 KayKJI0r0 KJIACCA SIBJISIETCS BJIOXKEHHDBIM.

Tpeyronbauk u3 Kiacca 1 nmepecekaeT TPEyroJbHUK U3 Kjacca 2 1o obiei Bepimae X; nim obeit
cropore X;a.

TpeyronbHuk u3 Kjacca 2 mnepecekaeT TPeyroJbHUK U3 Kjacca 3 1Mo obIeil BepirHe o Uian ooIeit
cropoune af3.
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Haxkomnerr, paccmorpum niepecederne TpeyroabHUKOB n3 Kiracca 1 n kimacca 3. Tpeyrompaumk A X Xoo
nepecekaer rurnepiiockoctb ABC' D no orpesky X a. [Tockonbky X sexkut suytpu ABCE, T0 oTpe3ku
XA, XB, XC n XFE nepecekaiorT TPeyroJibHUKI U3 KJIACCA 3 TOJBKO 10 BEPIIUHAM.

Nrak, cemeiicTBO (‘g) \AX;X5D TpeyroabHUKOB SBJSETCS BIOKEHHBIM.

1.19. (a) Ananoruuno 3agadam 1.2.c u 1.4. Cienyer u3 3aa4an 4.3.

(b) Ananornuno 3amadam 1.2.d u 1.5. Cienyer u3 3agaqu 4.4.

(mn) Omsem: min{m,n} < 4.

(4n) Vraszanue. Tokaxem, ato cymecrsyer (4, n)-peammsanus B R*. Bospmem Toukn 41,1 < j < n,
obmero nosoxkenua B RY. BozbMeM yHopsiodenHoe MHOKeCTBO K U3 UeTBIpex TOUYeK Ha IVIOCKOCTH B
R*, gerBeprasg U3 KOTOPBIX JICXKUT BHYTPH JBYMEPHOTO TPEYTOJLHUKA, 0OPA30BAHHOIO OCTAJIBLHBIMIL.
Hanpuwmep, K := ((0,0,0,0),(2,0,0,0),(1,2,0,0),(1,1,0,0)). Bosbmem o6pasbr 970ro MHOXKECTBA IPU
nepenocax Ha BeKTOpbI A1, 1 < j < n. T.e. obosmasmm (A;1, A;2, Ajs, Aja) := K + Aj;. Torma

o g Kazkgoro 1 < j < mn Touka A;4 JEXKUT BHYTPH JABYMEPHOTO TpeyroabHuKa A; A 94, 3;

e Ji1st TIOOBIX 4, j MHOXKecTBO K + A; 1 coBMmernaercst ¢ MHOKecTBOM K + A; | mapauie/IbHbIM Iepe-
HOCOM Ha BeKTop A;1 — A;1;

® 1151 JIIOOBIX 4, J, k Bce 12 Touek u3 (K +A; 1) U(K+A; 1) U(K 4 Ay 1) He 1€2KaT B OTHOM TPEXMEPHOM
IIPOCTPAHCTBE, IOCKOJIBKY TOUKI A1, 1 < j < n Haxomsgrcs B OOIIEM IIOJIOKEHUL.

Brisesure u3 sroro, aro Toukn A;; obpasyior (4,n)-peamusammio B R*.

(55) Vrasanue. Cm. 3amaum 4.14 u 4.15.

1.20. Anagornano 3amade 1.7. Habop Touek B R® HaxoauTcs B o6uwjem noaodicenuy, ecian HAKAKHIe
IIECTHh U3 9TUX TOYEK He JIesKaT B OJHON 4eThIPEXMEPHON T'UIIePILIOCKOCTH.

st maOXKecTBa V' €ro BBIMYK/IYIO 060/104Ky OyaeM obosuadarb conv(V).

Teopema Panona. Jlhobwie n + 2 mouku ¢ R"™ mooicno pazbumo na dea mnoorcecmea { Xy, ... Xi}
U { X1, -, Xngo} mak, wmo conv{Xy,..., Xp}[conv{Xgs1,..., Xpni2} #0.

Hoxazamensvemeo. OTOXKIECTBUM TOUKHU € UX pajmyc-BekTopamu. CHadasa JJOKazKeM, YTO Hal 1y TCs
Takue Cq,...,Cphro € R, He Bce U3 KOTOPBIX PABHBI HYJIIO, 9TO

X1+ X+t epeXn2=0 u ¢+ -+ =0.

B camom gene, paccmorpum Habop BeKTOpoB Xi — X190, Xo — Xpuo, ..., Xy — Xipo. Ilockobky
910 1 + 1 BekTOp B R™, TO /I 3TUX BEKTOPOB HalijeTcs HeTpUBUAJIbHAs JIMHEHHAas 3aBUCUMOCTH C
KO3 PUITUEHTAME Cy, . . . Cpyq. LOTTA HAOOD €1, ... Cpy1, —CL — +++ — Cpy1 — TPEOYEMBIIL.

Teneps nepenymMepyeM TOYKHU TakK, 9TOOBI CHavaJa LU MOJOKUATEIbHBIC 3HadYenus ¢;. [lepenecem
cjaraeMble ¢ OTPHUIATEILHBIMUA KoddduimentamMmu B npaByio dacTb. [lomyunm: ¢y Xy + -+ + . X =
—cp Xp—+ + —CpaoXpio. JJOMHOXKIM 9TO paBEHCTBO Ha TaKOil KO3 duiineHT, 4Todb cyMMa KodhdurieH-
TOB CIIpaBa u cJjieBa crajia pasaa 1. [Tocse sroro pasencTBo Oyer yrBepxKaarh, aro conv{ Xy, ..., Xi}N
conv{Xpi1,. .., Xnio} #0. O

4 HoBble 3ajiaun, BblgaBaeMble Ha ITPOMEXKYTOYHOM (DUHUIIIE

Tpynnbre 3a/1a4u 0 HepeaIu3yeMOCTH MOXKHO periaTh AByMs criocobamu. [lepBriit criocob — obobienune
JOKa3aTeIbCTBa HeranapHocTn rpada K (T.e. perenus 3aa4qu 1.2.¢) Mpu HOMOIIY IPENsITCTBUsT Ban
Kawmmena (3amada 1.4). On peanusoBaH B EPBOM MyHKTe 3TOro maparpada U B JOMOJHeHHH. BTopoii
criocob — 0600IIIeHne IPYTOro J0Ka3aTeIbcTBa Heranapaoctu rpada K (T.e. pemenns 3amadn 1.2.¢).
OH ocHOBaH Ha PEAYKINH K MEHbIIIEH PasMepHOCTH U Peain30BaH BO BTOPOM M TPEThEM IIYHKTaX 9TOr0
naparpada.

Bamaan 1.19.a,b BbiTekatoT u3 Hukecseayomux 3aaa4a 4.3 u 4.4. Hecymecrsosanue (5, 5)-peanuszanuu
B R* BoiTekaer us cdepuueckoil Bepcuu TeopeMbl 3akca (3amada 4.9.b) u cneayromux sanaq 4.14, 4.15
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(nnm w3 3384 jonoHenns ). YToObl OIONTH K 9TOMY PACyKJIEHHIO, CHAYAA MOKETe MO-JIPYTOMY pe-
muTh 33029y 1.13.53, npu nmomormu 3aa41 4.10 u 4.11, a Takke 3agaqy 1.19.a npu nomoru cheprdaeckoit
Bepcun Teopembl Konsesi-l'opona-3akca (3am1ada 4.9.a) u 3amaa 4.12, 4.13.

MbI HasbiBaeM mpeyzoavhukom (B R3 mm B R*) ero kouryp (T.e. 3aMKHYTYIO JIOMaHy1o0), a deymep-
HOLM MPEY20ALHUKOM BBITYKIIYI0 060JOYKY €ro BepIinH. AHAJIOIMIHO, Mbl Ha3blBaeM mempasdpom (B
R3 uu B R*) ob6bemunenye ero IByMepHBIX TPaHeil, a mpermMepHvm mempas0pom BBITIYKIYIO 000I0UKY
€ro BEPIIHH.

Bynem nazbiBath (m, n)-peammsanueii (B R® umm B RY) takzke obbeunenne BI0KEHHOTO ceMeiicTBa
TPEYTOJILHUKOB U3 OIpeJIeIeHust (1M, N)-Pean3allii.

O6061menus npensarcreusd Ban Kamnena

1. (a) g 1o0bIX ceMu TOYEK 00IIIero MOJIOYKEHUST B TPEXMEPHOM ITPOCTPAHCTBE
4.1 0 1,2,3,4,5,6,7 06
TPeyroJbHUK 123 1 IByMepHbIi TeTpasap 4567 nepeceKaioTcss B KOHEYHOM YeTHOM HHCJIe TOYeK. *
JIsT JTIOOBIX BOCBMU TOYEK 00IIIero MoJIOXKEeHUs B YEThIPEXMEPHOM ITPOCTPAHCTBE
b 0 1,2,3,4,5,6,7,8 00
JByMepHBbIe TeTpadpbl 1234 m 5678 mepecekaroTcss B KOHETHOM YE€THOM UHCJIE TOYEK.

4.2. Haiizmre KomaecTBo Beex Heynopsinodenusix map {{, j, k}, {l, m, n}} nenepecexarormuxcs Tpex-
9JIEMEHTHBIX TOJIMHOXKECTB CEMHUIJIEMEHTHOIO MHOYKECTBA.

4.3. Ilycrs B yerbipexmepHoM mpoctpancTse gan Habop f = {1,2,3,4,5,6,7} cemu Touek obIero
roJiozkeHus. st JIIOOBIX 11ecTH pas/IndHbIX TOYEK 1, ], k, [, m,n U3 HUX JIByMEPHbIC TPEYrOJLHUKH 7]k
u lmn qubo He mepecekalTcsi, OO TepecekaroTcs B ojHoil Touke. Ompenemum v(f) Kak 9eTHOCTH
KOJIMYECTBA TOYEK IepeceveHrsl JIBYMEPHBIX TPEYTOJBHUKOB ijk U Imn Jid BceX HEYIOPSI0YCHHBIX
nap {{i,7, k},{l,m,n}} Henepecekaronxcss TpexsneMeHTHbIX mogaMuokecTs {i, 7, k}, {l,m,n} C f:

v(f) = Z{mk Nimn| : {{i,j,k}, {{,m,n}} C g , i, g, k0 {l,m,n} =0} mod 2.

(a) lns mabopa fy cemu Touek B R*, npumymannoro Bamu npu pemenun sagauu 1.18.b, v(fy) = 1.
(b) v(f) me 3aBucur or f.

4.4. (a,b) CdhopmymupyiiTe u goKaKuTe aHajor 3a1a4d 4.3.a,b JI71s AeBATH TOYEK OBOIIEro MOJI0KEHUST
B UETBIPEXMEPHOM IIPOCTPAHCTBE, PA30UTHIX Ha TPU TPOUKH.

DJIeMeHTbI PaMCEEeBCKON Teopum 3arlell/IeHni

B sTOM IyHKTE MBI HAMETHUM JO0KA3aTeILCTBO ‘JIMHEHHBIX ciydaes TeopeM Konpes—Iopaona—3akca
u 3akca (3a7aun 4.5 u 4.8). OHu moHATOOATCS JIJIS JIOKA3ATETHLCTBA HEBO3MOXKHOCTH B I€THIPEXMEPHBIX
OCHOBHBIX IIpUMEpax M MHTEpecHbI caMmu 10 cebe. Takme yTBEepXKIEHMS U METOIbI UX J0Ka3aTe/bCTBa
COCTABJISIIOT pamceesckyto meoputo 3ayenaenut. Cm. mogapobuee [PS05].

Tpeyrompauku A u A’ B IpocTpaHCTBe, MECTh BEPIIMH KOTOPBIX HAXOAATCS B OOIIEM ITOJIOXKEHUH,
HA3BLIBAIOTCS 3AUENAEHHbLMU, €CTH A TepeceKaeT JIBYMEPHBIA TpeyroJbHuK A’ B €IMHCTBEHHON TOYKE.
Hanpumep, Tpeyronbnukn Ay AsAs u Ay AyAg u3 3agaun 1.8.a 3amemiensl.

4.5. Teopema Koneea—Iopdona—3axca orn aunetinoxr eaoocenutd. s mobbx 6 Todek o0IIero mo-
JIOZKEHUsI B IIPOCTPAHCTBE HAiilyTCs JIBa 3allellJIEeHHBIX TPEYTOJIbHUKA C BEPIIMHAMU B 3THX TOYKAX.

Cnenyrommas 3aa4da 4.6 He UCIOMB3YIOTCS M JOKas3aTeabcTBa TeopeMm Konpes-I'opmona-3akca u
Bakca. Ho oHa mosicHsieT TIOHSATHE 3alleIIEHHOCTH.

4.6. (a) Eciin ojun u3 rpeyroibaukoB A, A’) 11ecThb BEPIMH KOTOPBIX HAXOJSTCS B 0OIIEM MOJIOZKe-
HUW, He TIePECeKAeT MJI0CKOCTD JAPYTroro TpeyroabHuKa, To A u A’ He 3arierieHsl.

41Ipu pemrenuu SToit 331241 HEJIb34 HOIB30BATLCS O€3 TOKA3ATEILCTBA TeopeMoii 2KopIaHa o TOM, 9TO MHOTOTIPAHHEK
pasfuBaeT NPOCTPAHCTBO Ha Kycku (nbo cama 3Ta 3aJava UCIOJIb3YeTC sl IPU JOKA3aTeIbCTBe TeopeMbl 2KopaHa).
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(b) IlycTh Ha HpsMOil OTMEYEHO 2 KPACHBIX U 2 CHHUX TOYKH, IPUYIEM TOYKH MOMAPHO PA3JINIHBL
Byjiem roBopuTb, 9TO 9TH MapPbl 3aUENACHbL, €CJIU OHU TIEPEMEKAIOTCs, T.e. PACIIOJIOXKEHbI Ha IPAMOI B
nopsijike (KpacHasi, CUHsisl, KpaCHasi, CUHsIsl) Win (CUHssI, KpACHas, CUHsIsI, KDACHAs), CMOTPsI C KaKOi
CTOPOHBI UJITH.

Tpeyroapauku A u A’ 3aneriensbr < npsMas | epecedeHns X IJIOCKOCTE TepeceKaeT KazKIblil
U3 HUX 10 [Iape TOYeK U ITU Mapbl 3aleI/IeHbl Ha MPAMOI /.

(c) BalerIeHHOCTh TPEYTOIBLHUKOB He U3MEHSITCS, €CJIN MX BEPIIUHBL JIBUXKYTCSI B IIPOCTPAHCTBE,
0CTaBasICh B ODIIEM IOJIOKEHWN.

(d) Tpeyrompauku A u A’ 3anemiensl < tpeyroibauku A’ u A 3arerneHs.

(e) Hns kakux mosoxkenwit Toukn A; u3 3amaun 1.8.a HA BePTUKAJIBHON MPSIMOil TPEyroJbHUKH
A1 A3As n Ay Ay Ag 3anieriennr?

I1/10CKOCTD HAXOIUTCA 6 00UeM NOA0HCEHUU OTHOCUTEILHO Habopa Touek B R3, eciu oproronasbubie
IPOEKINU TOUYEK HabOpa Ha IJIOCKOCTH HAXOJATCA B OOINEM TIOJIOKEHHH.

4.7. (a) Jlana mpoekiusi mapbl TPEyTOJBHUKOB HA IJIOCKOCTH OOIIEro MOJIOXKEHUs (OTHOCUTETHHO
IIECTU BEPIIMH TPEYTOJbLHUKOB), IPUYEM B MECTaX IepeceveHus BYX JIMHU MOKA3aHO, KAaKash U3 HUX
[POXOJUT BbIllie (Kak Ha puc. 3 cjieBa). TpeyroJbHIUKN 3allelIeHbl TOra U TOJBKO TOTJIA, KOT/a KOJIH-
4eCTBO TOYEK IepecedeHnd UX IMPOEKINi, B KOTOPBIX IIEPBBIl IPOXOAUT HaJ, BTOPBIM, HEYETHO.

(b) Ilycts B mpocTpaHcTBe JaHbl 6 TOUEK 0OIIero moJioxKenus. HazoBeM pasbuenuem HeyTIopsI0IeH-
HYIO ITapy TPEYrOJIbHUKOB C BEPIIMHAMU B 3TUX TOUYKAX, HE UMEIONTUX 00X BepiinH. Torma KoJIuaecTBo
3allCIIEHHBIX PA30UeHMIT HEUeTHO.

BamkHyTBIE YeThIpex3BerHble jiomanbie ABCD u A'B'C'D’ B npocrpancTBe, BOCEMb BEPINUH KO-
TOPBIX HAXOJSTCS B OOIIEM IMOJIOYKEHUH, HASBIBAIOTCA 3GUENAEHHDbLMU, €CIT YUCIO TOYEK MepecedeHmst
snomanoit ABCD ¢ obbenunenuem BHyTpennocteii Tpeyroibaukos A'B'C' u A’ D'C’ nederno.

4.8. Teopema 3axca dan aunetinmr eroncenudi. Ilycrs B mpocTpancTBe Janbl 4 KpacHble U 4 cunue
TOYKH, IPUYEM HUKAKWE JBA OTPE3Ka C PA3HOIBETHBIMU KOHIIAMU HE UMEIOT OOIIUX BHYTPEHHUX TOYCK.
Torna HaiiayTcs /1Be 3alelyIeHHble 3aMKHYThIe YeThIPEX3BEHHBIE JJOMaHbIe C BEPITUHAME B 9TUX TOYKAX,
KazKJI0€ 3BEHO KOTOPBIX COEJUHAET TOYKH Pa3HbBIX IIBETOB.

4.9. (a,b) Chopmynupyiite u gokazkure anajgoru 3a1a4 4.5 u 4.8 ¢ 3aMeHOI IPOCTpaHCTBa HA TPEX-
Mepryio cdepy S°. (Baremiennocts onpejesserca anajgorudno ciaydaio R3. Tpeyronmsrnku A u A’ B
TpeXMepHOii cdepe, Cpejin MEeCTH BEPITNH KOTOPHIX HUKAKKE YeThIpe He JiesKaT Ha JBYyMepHOii moacdepe
TpeXMepHOii cdepbl, HA3bIBAIOTCS 3GUENAEHHLMU, €CIIA TPEYTOILHUK A mepecekaer 0601 JIBYMepHbIi
cepudeckuii TpeyroJbHUK, HATAHYTLIA Ha A’, B eIMHCTBEHHON TodYKe. 3aMETHM, UYTO UMEETCH JBa
TAKUX HATSHYTHIX TPEyTOJIbHUKA. )

IIpumenenust pamMmceeBCKOii Teopuu 3arierJieHuin

4.10. ITycts B R? ganbl 3amMkHyTast jgoMaHas JauHbl 3 u (3, 3)-peanusanus N, nepecekalonuecs
POBHO B OJ[HOU TOUKe x, sBJsromelics ux obieit Bepmunoit. Torga jobas j1octaTouHo Masas cdepa
S? ¢ HeHTPOM B T IlepeceKaeT JOMAHYIo 110 Iape ToueK, HaXOAAIMNXC B OJHOM KOMIIOHEHTe CBI3HOCTH
nononmenus S? — N. (ITo npoMe:KyTouHOro hpuHUIIA TaKUMI (GaKTaMi Pa3pelagoch Hoab30BaThcsa 6e3
JoKazaTeabcTBa. Ho MBI mpetaraeM 1oka3arh 3TOT (HaKT 371eCh, YTOOBI MOJAONUTH K JOKA3aTETHLCTBY
anasornanoro gaxra aaa R%.)

4.11. Ipennonoxum, uto B R nmeerca (5, 3)-peauzarus.

(a) Ilepeceuenue moboit qocTaTouno Masoii cdepsl ¢ menTpoM B Ay 1 n namnoit (5, 3)-peanmsarm —
rpad K, o, ‘IMHENtHO  BJIOXKEHHEBIN B cdepy.

(b) Ilycrhb pambl JII0ObIE HECAMOIIEPECEKAIOIIUIICs UK/ B 9TOM Ipade 1 napa BepimH 31oro rpada,
He JiexKanmx Ha ke, Torga B ganuoit (5, 3)-peajusanuu CyImecTBYIOT 3aMKHyTasl JJOMaHas JJIUHbL 3
u (3, 3)-peasnnsaliysi, mepeceKaroluecs IpyT ¢ JIPYTOM POBHO 110 TOUYKeE, a co cepoit — 1o JTaHHbIM Hape
BEPIIUH U IUKJIY, COOTBETCTBEHHO.
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4.12. Ilycts B R* namnl gBa TeTpasapa, IepeceKaloniecss POBHO B OHON TOUKE &, ABJISIOMeHCsS UX
obmeit Beprmnoii. Torna mobas qocTaTouHo Magasg cdepa S° ¢ EHTPOM B T IepeceKaeT TeTPasIphl 10
nape chepudecKuxX TPeyroJbHIKOB, He 3allelllIeHHbIX B chepe S°.

4.13. Ilpeamonoxum, aro B R* mmeerca 7 touek 0,1,2,3,4,5,6, cpesim KOTOPBIX HeJIb3d BLEIOPATH JIBE
TaKue HelepeceKarolecss TPORKN TOYeK, 9TO 00pa30BaHHbIE ITUMHU TPOMKAMU JIBYMEPHBIE TPEYTOJIb-
HUKH [I€PECEKAIOTCS.

(a) Ilepecedenue mocTaTOYHO MaJsioi TpexMepHOii cdepbl ¢ meHTpoM B 0 1 0ObeIMHEHHsT BCEX TPe-
yromsankos 0ij, 1 < i < j < 7 — monmsiii rpad K, Baoxennwiii B S°.

(b) dyst mo6oro paséuenus {1,2,3,4,5,6} = {1, j, k}U{p, ¢, r} rerpasapsr 0ijk u Opgr nepecekarorcst
POBHO B OJIHO# TOYKe.

4.14. Cdopmyupyiire u JoKazkuTe aHajor sajgaun 4.12 g asyx (3, 3)-peanmszanuii B R

4.15. Tpeanonoxum, uro B R umeerca (5, 5)-peanuzanus.

(a) ITepeceuenne 110601t JOCTATOIHO MasIOi TpexMepHOit cdepsl ¢ rieaTpoM B A 1 u (5, 5)-peanuszannm
— rpad K4, ‘TUHEHHO’ BIIOJKEHHBIN B TPEXMEPHYIO cdepy.

(b) st T06BIX IBYX HEMEPECEKAIOIIIXCS HECAMOTIEPECEKAIOIIIXCSI TIUKJIOB B 9TOM Ipade CyIecTBy-
10T siBe (3, 3)-peanuzanuu B (5, 5)-peasnsanun, mepeceKaromuecs: Ipyr ¢ IPYroM POBHO 110 TOYKE, a CO
cdepoit — 1Mo JAHHBIM ITUKJIAM.

5 Pemnienus, BpijaBaeMble Ha OKOHYATEJIbHOM (bUHUIIIE

1.1. Cp. [BE82, §5|. Eciiu KOHTYPBI TPEYTOJIbHUKOB He MEPECeKAIOTCsl, TO 3a/ada jloka3ana. Kem mepe-
cedeHrne KOHTYPOB JIBYX TPEYTrOJbHIKOB HEIIyCTO, ¥ BEPIIUHBI STUX TPEYTOJbHIKOB HAXOIATCS B 00IIEM
MIOJIO?KEHUH, TO IlepecedeHneM KOHTYpa IIePBOrO TPEYTOIbHUKA C BBIMYKJION 0DOJIOYKOIl BEPITUH BTO-
pOro TPEYTOIbHUKA SBJSIETCH OO0beINHEHNEM KOHEYHOI'O YHCJ/Ia HEe3aMKHYTBIX JIOMAHBIX, KayKjas U3
KOTOPBIX SBJISIETCS MMOJIMHOYKECTBOM KOHTYPA IEPBOr0 TPEYTrOJbHUKA. SHAYUT, KOHIEBbIE TOYKU KaK-
JION M3 3TUX JIOMAHBIX ABJISIOTCA TOYKAMU IepecevdeHnsl KOHTYPOB HaIIUX TPEyTroJbHUKOB. [lockosbKy
Yy KazKJ/I0#1 He3aMKHYTOIl JIOMaHOI €CTh POBHO /JIB€ KOHIIEBBIE TOUYKHU, TO KOHTYPhI HAIIIUX TPEYTrOJIbHUKOB
IepeceKalTcsd B Y€THOM YHCTIe TOYEK.

1.13. (mn) Jas m = n = 4. Tokaxem, uro (4,4)-peamusanun B R He cymecTByer. AHAJIOrH4HO
pemtennio 3ana4n 1.11.a. [Tepeceuenne (4,4)-peanusanuu ¢ gocTarodHo Masoil cdepoit ¢ nearpom Aj
ectb rpad K33, muHeiiHO BiIOYKEeHHEBIN B 9Ty cdepy. IIpoTuBopeune.

Jpyeoe pewenue m =5 un = 3. JTokazxeM, aro (5, 3)-peanuszaiuu B R? He cymecrsyer. AHajornano
JI0Ka3aTeIbCTBY HellanapHocTh rpadga Ky (T.e. gpyromy pemenuto sagaqu 1.2.c). [Tycrs B R? umeerca
(5, 3)-peamuzanus. Pacemorpum moctatodno maiayio chepy S? ¢ nenrpom B Touke Aj ;. Ilepeceuenne
cdepnr S? u (5, 3)-pearmzaruu — rpad Ky .

ITpu smo6om Biiozkennn rpada Ko B cdepy HEeKOTOPBIC /1Be BepmnHbl X, Y 13 4-BepIIMHHON 10/
HAXOJISITCS 110 Pa3Hble CTOPOHBI OT IUKJIA Y, 00PAa30BAHHOTO UeTHIPbMSI OCTaBIINMUCS BepiinHamu. bes
OrpaHUYeHNs OOIHOCTU CINTAaeM, ITO OTPE3KH, COOTBETCTBYIOIINE BepinHaM X, Y COeIUHSIIOT BEPIIU-
Hy A ¢ BepmuaaMu Ay u Az ;. O6o3HauuM yepes vxy Jdomanyio Ay 1Ay Asq 1 gepes v Top 145 x 123.

Tak kak Ha cdepe S? Toukn { X, Y} = vxy NS? HaxonsTcs M0 pasHble CTOPOHbBI OT MUKIa Y = yMN.S?,
TO mepecedenue B Touke A; ; TpancBepcasbho. IIporuBopedne ¢ Teopemoii o wernocrn (3amada 4.10).

4.1. Anajornuno 3agaqe 1.1.
4.2. Omesem-ykazanue: 7 - (g) /2 =T10.

4.3. (a) Cm. pemenne 3amaun 1.18.a. JIBymepubiii Tpeyrosbauk X;XoD TepecekaeT TpexMepHbIit
rerpasap ABCD mno orpesky [DX]. Tlockonbky Touka X jeskur BHyTpH Terpadipa ABCE, a Touka
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D — BHe, 1o orpesok [DX] mepecekaer nosepxHocTh Terpasdipa ABCE poBHO B ojiHON TouKe. 3Ha-
4YUT, ABYMEPHBIA TpeyroabHuk X; XoD mepecekaercs TOALKO ¢ OJHUM M3 JABYMEPHBIX TPEyTrOJILHUKOB,
HATSIHYTBIX Ha OCTaJbHble BepiuHbl, T.e. v(f) = 1.

(b) TocraTouno jloKazaTh, 4To jyist 8 Touek 1,2, 3,4,5,6, v, v’ obuiero nostoxenus B R* u muoxects

A:={1,2,3,4,5,6} f:=AU{v}, f:=AU{v} semommeno v(f)=uov(f").

Ob6osnaanm depes T;; terpasmap ¢ Bepumuamu u3 A — {i,j}.

v(f)=o(f)= D (ijnTyl—iinTy))= Y |ovinTy[ =0 mod 2.
{igye(2) {i3e(3)

Bropoe pasencrso ciiesryer u3 3aadu 4.1.b. [ocaeanee paBeHCTBO BBIMOIHAETCs, TaK KaK JJIsd JTIOOBIX
a,b,c € A—{i} maiigyrca posuo asa terpasapa Tig, Tij, j, k € A—{i,a,b, c}, comepkamux 1By MepHbIit
TpeyroibuuK abc. Takum 06pazom, Kaxkioe 9ucyio |vv'i N abe| BXOAUT B 9Ty CyMMY JIBasKIbl.

4.4. Qopmysuposxa. IlycTh B 4eTBHIpEXMEPHOM IIPOCTPAHCTBE JaHBl 9 TOYEK OOIIErO IIOJIOXKCHUS,
pasbureix Ha Tpu Tpoitku fi = {1,2,3}, fo := {4,5,6}, f3 := {7,8,9}, Takue uro jyisi JTHOOBIX JBYX
pasmumaHbIx Touek 4,4 € {1,2,3}, nByx pasmuuHbiX TOYeK j,j € {4,5,6} u ABYX pasIMIHBIX TOYEK
k. k' € {7,8,9} nBymepubie Tpeyroibuuku ijk u ¢’ j'k’ mubo He mepecekarorcs, Jmbo IepeceKaroTCs B
onnoit rouke. Onpenerum v(f1, fo, f3) KAK 9€THOCTH KOJIMYIECTBA TOUEK MEPECEUEHUs IBYMEPHBIX TPE-
yroabuukos ijk u @' 'k’ ans Beex ynopsgodenunix nap (i,4') € f2, (7,5) € fa, (k, k') € f2:

v(f1, fo, f3) i= (% Z {ligknd'§y'K| = (i,7) € f& (j,5) € f3 (k, k) € fg}) mod 2.

(a) ITpumep. Broxum rpad Kiz ¢ gomsvm {1,2,5}, {3,4,6} B R® Tak, urobnr muks 1234 Gbun
KBaJIpATOM U HUKAKHe 4YeThIpe TOYKU, KpoMme 1,2,3,4, He JlexKaju B OJHOIl ILIOCKOCTU. PacioioxKnm
Toukn 7 u 8 B R* 1o pasuble cTOpOHBEI OT TPeXMEpHOi TI'MIEPILIOCKOCTH, B KOTOPYIO BJIOxKeH Ipad
K3 3. Pacnomoxum BuyTpu mupamuabl 71234 touky 9. Torma mua f; = {1,2,5}, fo := {3,4,6} u
f5:={7,8,9} Bemomnueno v(f1, fo, f3) = 1.

(b) Ananornuno 3agadam 4.3.b u 1.5.

4.5. Cnenyer u3 3amaqn 4.7.b.

4.6. (a) locrarouno gokazaTh, 4ro ecau TpeyrojabHukn A u A’ sanemiensr, To A’ mepecekaer
IJIOCKOCTL Tpeyroibauka A n A mepecekaer miockocTh Tpeyroabuuka A’ Ilepsoe ouesuano. ITosro-
My BHYTPEHHOCTH TPEYroJbHHKa A IIepecekaer IJI0CKOCTh Tpeyrosbauka A’ Snaunt, n A nepecekaer
IJIOCKOCTD Tpeyrojbuuka A’

(b) ITycrs Tpeyrompauk A 3sarersen ¢ tpeyroiabankoM A’. Tak Kak TpeyroabHUK A mepecekaer
I10CKOCTH Tpeyrosbanka A’ To mo (a) AN # (). VI3 coobpazkennit obiero moiozkenus cieyer, 9o ANl
HEe MOKET COCTOATH M3 OAHOH Touknm. JloKazkeM Temeph 3aleIuieHHOCTh nap. Ilyers Muoxkecrso A NI =
{A,B} u A'nl ={A", B'}. Bce Toukn nepecedenusi TpeyroJbHuKa A 1 BHYTPEHHOCTH TPEYTOJbHUKA
A’ nexxar na orpeske A'B’. 3uauut, posHO ojiHa u3 Toyek A u B upunajexur orpesky A’'B’. [Tosromy
napel A, B u A’, B’ 3anemiens! na |.

O6patHo, nycrs nmapsl A, B u A’, B’ 3anemrens! Ha [. Torma coryiacHo ckazaHHOMY BbIlie A mepece-
KaeT BHYTPEHHOCTH TpeyroibHuka A’ B e IMHCTBEHHON TouKe, TO ecTh A 3anerien ¢ A’.

(¢) Bocnosbayemcest iyakToMm (b). PaBHOCHIIbHOE YyCIOBHE 3allEIVIEHHOCTH COXPAHSAETCS MPH TAKOM
[epEeMEINeHNI BEePIINH, IPH KOTOPOM ILIOCKOCTH Tpeyroabnukos A n A’ He napasiensusl. Ecam ke B
HEKOTOPBIN MOMEHT TLIOCKOCTH TpeyroabHukoB A u A’ mapasuiesibibl, To u3 (&) Caeayer, 9To B 9TOT
MOMEHT, a TaKKe HeloCPeJCTBEHHO JI0 U 1I0CjIe Hero, TpeyroJbHukn A u A’ He 3aneIieHbl.

(d) Kaxkmoe u3 aByX ycJIOBHUiT PABHOCHIBHO OJHOMY U TOMY ¥Ke YCJIOBHIO 1m0 myHKTY (D).
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(e) O6o3HauNM Uepes t BHICOTY TOYKH A HaJ TOPHU3OHTAILHOl MJIOCKOCTBIO. TpeyrobHIKN 3arier-
JeHsl s t € (—oo; 2) U (3,55 4,5) U (6; +00) u He 3anemiens! s t € (2; 3,5)U (4, 5; 6). D1o cremyer
U3 3aIeIJICHHOCTH TPEeyroJbHUKOB A A3As u Ay Ay Ag u3 3aaun 1.8.a u ciemyrorieil jieMMbl (KoTopas,
B CBOIO 0Yepe/ib, BeiTekaeT u3 (b)).

Jlemma o aBukenuu. [lycmo sepwuna A mpeyzosvruka A dsuscemces pasHomepHo no ompesxy
6 mpocmparcmee, a ocmasvHue dse sepwunol u mpeyeosvrur A’ nenodsustcrv,. Obo3navum wepes Ly
noaoscenue mpeyzosvruka 6 momenm epemenu t, 2de 0 < t < 2. Ilpednoaoorcum, wmo 6 eepuiun
mpeyeorvhukos Ay u A’ naxodsmes 6 obuem nososceruu npu ecex t, kpome t = 1.

e Feau Ay NA" =0, mo napw (Ag, A') u (Ag, A) sauensenv, usu nem odnospementio.

e Fcau Ay u A’ nepecexaromes 6 eduncmeernnoti mouke, ne cosnadarou,eti nu ¢ 00HOT U3 UL GEPULUH,
mo posro odna uz nap (Do, A') u (Ag, A') asasemea sauensernnod.

4.7. (b) PaceMoTpuM mpoekImio Ha MPOU3BOJIBLHYIO MIJIOCKOCTD 0611ero mnosoxkenus. O6o3HaInM 0J1-
Hy 13 ToUeK 1depe3 A. Jlokaxkure, 9T0 I€THOCTb KOJUIECTBA 3allell/IEHHBIX pa3dneHnit paBHa 9eTHOCTH
KOJIMYECTBA TI€PeCceveHnil IPOEKINii HEYIOPSIOYEHHbBIX ap HeCOCeHUX (T.e. He UMEIONTIX OOIIUX Bep-
IINH) OTPE3KOB, He cojepKamux Bepruibl A. [{s 9T0oro npeobpasyiite cymMmy 10 pasOHEHHIM KOJIH-
qecTB nepecederuii u3 4.7.b B cyMMy 110 yHOPsIIOYEHHBIM ITapaM HellepeceKarouxcst pedep, IPOeKITInn
KOTOPBIX IIEPECEKAIOTCsT U IMIPOEKIINs IIEPBOr0 U3 KOTOPBIX IIPOXOINUT BBIIIE MPOEKINK BTOporo. Tak Kak
K¢ — A= K, To o cepuaeckomy anasiory 3aigadn 1.4 (3agada 1.5.¢) mocseitsisi 94eTHOCTh paBHA 1.

4.8. AnasorndHo JIoKa3aTesabcTBy Teopembl Konses—Topnona—3akca (3amada 4.5), HaAMEICHHOMY B
sagade 4.7. PaccMorpuTe Ipoeknmio Ha MaJIeHBKHil juinicons, BOKpyr pebpa e rpada Ky4. Bmecro
K¢ — A = K5 nctionayiite Ky 4 —e = Ks 3.

4.7 u 4.8. Cm. mogpobuocru B |Zi].

4.9. Cepuneckum ompeskom Ha3bIBaeTCs NepecedeHre TPpeXMepHOil cdepbl U JIBYMEPHOTO yIjia C
BEPIIMHON B IeHTPe cephl.

Cdepuuecknit anasor reopembl Konses-T'opona-3akca ecth cieyioniee yTBepKIeHue.

s a0z 6 movex 0bwe20 NOAOHCEHUA HA MPeTMepHOl chepe Hatdymces Jee 3aUenseHHble 3a-
MEHYMbBLE CHEPUYECKUE NOMAHDIE OAUHDL 3 € BEPUUHAMYU 8 IMUT MOYKAL.

BamkHyTBIE uYeTbIpex3BeHHble Jiomanble ABCD u A'B'C'D’ na tpexmepHoil cdepe Ha3bIBAIOTCS
BAUENAEHHBLMU, €CJIT TUCIO TOYEK Irepecederus cdepudeckoii jomanoit ABC' D ¢ obbeauHeHreM IBy-
MepHbIX cepudeckux Tpeyrosibankos A'B'C' u A'D'C’ neverno.

Cdepuuecknuii anaaor TeopeMbl 3aKca eCTh CJIe/IyIOINee YTBEPK ICHHe.

ITycmov ma mpexmeproli cepe danvi 4 KpacHvie U 4 CuHue MouKu, npuyem Hukakue 06a clhepue-
CKUL 0MPe3Ka ¢ pasHouGemtvLMU KOHUAMU HE umerom obuux enympennur mouek. Tozda natidymesn
dee 3auenienmbie 3aMKNYMbE YeMLPETICEHHBE AOMAHDIE Ha cepe S ¢ 6epuunamy 6 SMUT MowKar,
Kaotcdoe 36eHO KOMOPBIT COCOUHAEM MOYKY PASHHIT UBEMOE.

JlokazarenbeTBa TUX TEOPEM AHAJOTUYHBI JJOKA3aTeJIbCTBAM UX AHAJIOTOB JIIsi TPEXMEPHOTO IIPO-
CTpaHCTBA.

4.10, 4.12. Cw. [Zu].

4.11. (a) Hnsa xaxzoit rpanu (5, 3)-peammusanun N, He COIEPXKAIIEro BepHIuHbl A ;, CyliecTByer
map ¢ LHEeHTPOM B Bepruune A j, He mepeceKalomuil 9Toif rpan (IOTOMY 9YTO CYIIECTBYET TOUKa ITOf
I'PaHy, B KOTOPOil (OYHKIUA ‘paccTOgHUe 10 TOUKH A;,’ IpHHIMaeT MUHHMYM Ha 3TOI I'DaHU, H TOT
MUHUMYM He paBeH Hy0). [Tockoibky rpaneit B N KOHEYHOe YHCIIO, TO CYIIECTBYET Iap C MEHTPOM B
Bepmute A, 1, He IepeceKkaromuit HU O/Hy r'panb u3 NN, He cogepzkaityio A ;. Paccmorpum rpanndnyio
cdepy sroro mapa. OHa IepecekaeTcss TOJIBKO ¢ TeMH OTPe3KaMi U TpeyroJabHuKaMu B N, KOTOpbIe
conepxkar Bepruay A; ;. 910 orpesku Ay A;,, A11Ap1 n Tpeyronpaukn Ay 1A, 1Ay 11 Beex 2 <
a < 5 u Bcex 2 < b < 3. Ux nepeceuenne co chepoii cOCTOUT U3 4 TOUEK, COOTBETCTBYIONIUX pedpam
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A1144 4, IBYX TOUKH, COOTBETCTBYIOMUX pedpam Aj 1A 1, 1 AyT OOIBIINX KPYTOB, COeIUHSIONIIE TOIKA
IePBOil IPYIIILI C TOYKAMH BTOPOI I'DYIIIBEL. DTO U ecTh rpad Ky o, JIMHEHHO BJIOXKEHHbI B cdepy.
(b) Cwm. Bropoit ab3ar penenns 3amadu 1.13.

4.13. (a) Ilepeceuenue Tpeyroibuuka 0ij ¢ S? — myra Gobiioil okpyzKHocTH S3) coeauusIOmas
Toukn nepecedenus npambix 0 u 07 ¢ S3 (cp. ¢ 3agaqeit 1.16.b). Suaunt, nepecedenus TpeyroJbHIKOB
0ij, 1 <i < j <6, cS? obpasyior rpad K. On Bioxken B S3, T.x. Touku 0, 1,. .., 6 naxoagarcs B obIIeM
[IOJIOZKEHUN.

(b) Ilo ycioBUIO TPEYTOJBLHUKY € PA3TMIHBIMU BEPIIHHAMUI HE EPECEKAOTCsA. A MOCKOIBKY TOUKH B
OO0IIEM TIOJIO?KEHHUH, TO TPEYTOJHLHUKN ¢ OOIEell BEPITUHOM MJIM CTOPOHON IePECeKaIOTCs TOIBKO IO ITOi
BEPIIIHE U CTOPOHE COOTBETCTBEHHO.

4.14. Qopmyauposka. Ilycrs B R* nanwr ase (3,3)-peanusamun, nepecekaroniuecst pOBHO B OJHOI
TouKe, ABJIstoNelica nx obmeii ‘(1,1)-seprmunoit’. Torna mobast joctaTouno Manas cdepa S ¢ nenTpom B
9TOi TOUKe repecekaeT 31u (3,3)-peasnsanuu 1o nape chepuiecKinx MHOIOYTOJIbHUKOB, He 3alleILICHHBIX
110 Moo 11Ba B cepe S? .

4.15. (a) Anasormuno 3agade 4.11.a.

(b) O6a nukia umeror jnay 4. He ymenbIas oOIIHOCTH, BEPIIXHBI TIEPBOTO IIUKJIA COOTBETCTBYIOT
ToukaM A; 9, Agq, A1z u Asq, a Bepmunbl Broporo — ToukaM Aj 4, Agq, A5 u As ;. Torna nepserit
MCKOMBIIT TOp ecTh 123 X 123, a BTOpoit — 145 x 145.
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6 JlomosHuTEJIbHBbIE 3324l

3B€3,ILO‘{KELMI/I OTMEYECHDI 3a/la491, PeIleHne KOTOPbIX aBTOPpaM HEU3BECTHO.

6.1. JTna mobbx Touku O u (4, 3)-peamuzaiuu B R oun U3 0TpesKos OAy 41, OAyq, OAsq, OAy,
nepecekaeT (4, 3)-peasnsarmio.

6.2. JIng mobbrx mrectn Touek 0,1,2,3,4,5 € R3 ecam ceMelicTBO TPeyTOIbHIKOB

(a) 07k, 1 < j < k <5, k # 2, sBisercsi BIIOKEHHbIM, TO Tpeyrobauku 012 u 345 3amerieHsr.

(b) 0jk, 1 < j < k <5, (5,k) € {(1,2),(1,3)}, siBasgieTcst BJIOKEHHBIM, TO 3alleILICHbI JIHOO Tpe-
yrojpauku 012 u 345, mubo tpeyrosbauku 013 u 245.

(c) Ojk, 1 < j <k <5, (j,k) & {(1,2),(1,3),(1,4)}, aBsiercs BIOXKEHHBIM, TO 3alCIICHDLI JHOO
tpeyroabauku 012 u 345, mbo tpeyroabauku 013 u 245, ymbo tpeyroabauku 014 u 235.

6.3. Cymecreyer 1 B R* Bioskennoe cemeficTBo Becex TpeyrobHuKoB (5,5)-peanmsanum, Kpome
OHOro?

6.4. * JInsa KaKux ceMeilcTB TPeX3JeMEeHTHBIX TI0JIMHOXKECTB 6-3/1eMenTHOro MHoXKecTBa B R? cyte-
CTBYET BJIOZKEHHOE CeMelCTBO TPeyroJIbHUKOB, OTBEYAIOIIINX ITOMY ITOIMHOXKECTBY !

6.5. JIioOyto s cKIefiky cTOPOH (IJIOCKOTO JIByMEPHOI'O) MHOTOYTOJIbHUKA MOXKHO OCYIIECTBUTH
(a) B R3? (b)* B R*?
[IpuBeieM BIe0 ATBTEPHATUBHOTO JTOKA3ATEIbCTBA HEPEATH3YEMOCTH

6.6. * Ilycrs f — mabop u3 15 Touek A; ;,1 <i < 3,1 < j < 5 0bm1ero mosiozkeHns B R*. a1 smo6oro
a € {3,4,5} paccmorpum MHOKecTBO M, BCEX YHODPSIOYEHHBIX Iap, MEPBBIM 3JIEMEHTOM KOTODPBIX
SIBJII€TCSI T'PpaHb (T.e. JBYMEPHBINA TPeyroJbHUK) Topa 123 X 12a, a BTOpbIM — HECMEXKHBIH eif 0Tpe3ok
tpeyroibauka 1 x ({1,3,4,5} — {a}). O6o3naunm

= > > |IXnY| mod2

ac{3,4,5} (X,Y)EM,

(a) v(f) me 3aBucur or f.
(b) v(f) = 1 ana nekoroporo nabopa f u3 15 Touek obmiero mnosoxenus B R3.

6.7. * Ilycrs f — mabop uz 25 touek A;;,1 < 4,5 < 5 obmero nonoxkenus B R, Jlst mo6bix
a€{3,4,5} ube {3,4,5} paccmorpum MHOKecTBO M, BCeX YHOPSIOUEHHBIX IIAD, HEPBBIM 3JIEMEHTOM
KOTOPBIX SIBJISIETCS TPaHb (T.e. JBYMEPHBIA TpeyrojbHuK) Topa 12a X 12b, a BTopbIM — HeCcMeyKHasi el

rpaub Topa ({1,3,4,5} —{a}) x ({1,3,4,5} — {b}). O6o3naunum

o(f) = Z Z IXNY| mod 2.

a,b€{374,5} (va)eMa,b

(a) v(f) me 3aBucur or f.
b) v(f) = 1 ana mekoroporo Habopa f u3 25 Touek obmiero nojoxkenus B R,

YKazaHus
6.1. Anasiormuno 3ajaqde 1.13.35.
6.2. Cuenyer u3 Teopembr Konseg-T'opmona-3akca (3amaqa 4.5).

6.3. He cymectByer. MoxkHO nake yJaJnuTh HEKOTOpBble 48 TpPEYyroIbLHUKOB, BCe PaBHO He OyJeT
cymecrBoBaTh. Cwm. perrenne 3aa4qn 1.19.55. Pacemorpure o0bennenne TpeyroabHUKOB, KOTOPHIE B
HEM HCIOJIb3YIOTCS.
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REALIZABILITY OF HYPERGRAPHS: EXAMPLES AND ALGORITHMS !

A. Zimin, A. Rukhovich, A. Skopenkov and M. Skopenkov
Presented by: A. Zimin, J. Zung, A. Rukhovich, A. Skopenkov and G. Chelnokov

1 Problems up to the semi-final

What are these problems about?

The following problem is well known: can a given graph be embedded in the plane, i.e., can the
graph be drawn on the plane so that its edges have no pairwise intersections and no self intersections
except at end points? The present cycle of problems is about the embedding of the two-dimensional
analogs of graphs (called hypergraphs) in three-dimensional space and even in four-dimensional space.
Here some beautiful and nontrivial results on the embedding of hypergraphs will be stated in in the
language of certain systems of points, so that we will not need the notion of hypergraph. We will work
in four-dimensional space only at the end, when this will not seem scary, because by then we will have
learned how to reduce geometric problems to problems of lesser dimension (for more details, see the
beginning of the section ”Embedding into four-dimensional space”).

The most important results are simple proofs of the non-realizability in four-dimensional space of the
complete hypergraph on seven vertices and (solution of the Menger Problem) of the product K5 x K.
2 See Problems 1.19.a,mn; another most interesting problems are 1.11, 1.12 and 1.13.

Participants who succeed in solving the problems can obtain additional problems about piecewise
linear realizability and algorithmic questions of realizability.

General conventions

Whenever the formulation of the problem is an assertion, the problem is to prove the assertion.

A student (or a team of students working together on a problem) obtains a ‘bonus point’ for each
written solution of any problem, for which he/she/it received a + or a +.. A large size picture that jury
member can understand counts as a written solution for those items of Problems 1.13 and 1.19 where
the answer is ‘yes’. The Jury will also award more bonus points for beautiful solutions, for solutions of
difficult problems and for (some) solutions typeset in T'eX. The Jury has an unlimited number of bonus
points. The student (or the team) can try to present solutions orally (without handing in a written
text), but it loses one bonus point at each such attempt.

We ask all participants working on our problems to feel free to discuss with us any questions that
may arise or ideas of solutions.

The solutions of Problems 1.2.abc, 1.4.ab and 1.7 will be given at the presentation, you may submit
these problems only before the presentation.

Realizability in the plane

A collection (=subset) of points in the plane is in general position, if no 3 points of the collection
belong to one line.

By n points on the plane (in space) we mean an n-element subset of the plane (space). So these n
points are considered to be different.

The following assertion can be used further without proof.

!After the Summer Conference a Russian up-to-date version will be available as a part of the book
www.meccme.ru/circles/oim/algor.pdf. We are grateful to A. Sossinsky for English translation of parts of the text, to
P. Kozhevnikov for useful discussions and to I. Bogdanov for preparing some figures.

2Usually the proof of these classical examples involves complicated techniques [Pr06]. Actually the proofs of the
topological unrealizability is indeed harder compared to the linear unrealizability mentioned above, and the piecewise-
linear unrealizability, for which the proofs are analogous. [Sk03], [Sk08, §5].



1.1. Parity Theorem. If the 6 vertices of two triangles in the plane are in general position, then the
contours of the triangles intersect in an even number of points.

A subset of the plane or space is called conver, if for any two points from this subset the segment
joining these two points is in this subset. The conver hull of set X is the minimal convex set that
contains X.

1.2. (a) There exist 4 points in the plane such that for any of their decompositions into two pairs ,
the segment joining the points of the first pair does not intersect the segment joining the points of the
second pair.

(b) Any 4 points in the plane can be decomposed into two groups such that the convex hull of the
points of the first group intersects the convex hull of the points of the second group.

(c) From any 5 points in the plane, one can choose two disjoint pairs of points such that the segment
joining the points of the first pair intersects the segment joining the points of the second pair.

(d) Two triples of points are given in the plane. Then there exist two intersecting segments without
common vertices such that each segment joins the points from distinct triples.

A set of segments (in the plane or in space) is called embedded, if the following conditions hold:

e segments without common vertices are disjoint; and

e segments with a common vertex intersect only at this vertex.

Perhaps you would like to solve the following weaker versions before solving points (¢) and (d)
themselves:

(¢’) For any 5 points in the plane, the set of all the segments joining them is not embedded.

(d’) For any two triples of points in the plane, the set of all the segments joining the points from
distinct triples is not embedded. 3

Ks K33

Figure 1: Nonplanar graphs

1.3. Count the number of unordered pairs {{i, j }, {k, [} } of disjoint two-element subsets {7, j }, {k,l} C
{1,2,3,4,5}.

1.4. Let a collection f := {1,2,3,4,5} of five points in general position in the plane be given. For
any four distinct points ¢, j, k, I of the collection, the segments ij and kl either are disjoint or have a
unique common point. Define v(f) to be the parity of the number of intersection points of the segments
ij and kl for all unordered pairs {{i, j}, {k,1}} of disjoint two-element subsets {i,j}, {k,l} C f:

o(f) =Y {lig Nkl : (a5 (k1) C (J;) {i,7} N {k, 1} =0} mod 2.

(a) For the collection fj of five points in the plane shown in Figure 1 to the left we have v(fy) = 1.

(b) v(f) does not depend on f.

1.5. (a,b) State and prove the analogues of Problems 1.4.a,b for six points (in general position in
the plane) decomposed into two triples.

(c,d) State and prove the analogues of Problems 1.2.c,d for points in the sphere.

30f course these assertions are versions of the nonplanarity of K5 and K3 3. But they are easier to prove: it is sufficient
to use Problem 1.1 instead of nontrivial versions of the Jordan theorem. If your solution uses such versions, then please
do not forget to prove them.



1.6. Is it possible to draw without self-intersections graphs Kj and K33 (fig. 1)
(a) on the sphere?  (b) on the lateral surface of the cylinder (Fig. 2)?
(c) on the torus (Fig. 2)?  (d) on the Mobius strip (Fig. 2)?

Figure 2: Torus, Mo6bius strip and a cylinder

The torus is the surface of a doughnut (Fig. 2, left). Or, equivalently, the figure obtained by gluing
the opposite sides of the square in 'the same directions’, i.e. without a twist. The Mobius strip is the
figure obtained by gluing the short opposite sides of a long rectangular strip in ’opposite directions’,
i.e., after a 180° twist (Fig. 2, middle).

Realizability in space
The main problems of this subsection are 1.11, 1.12 and 1.13.

1.7. There exist 100 points in space (i.e. in R?) such that the set of all the segments joining the
points is embedded.

A set of points in space is in general position, if no 4 points of the set belong to one plane.

As Ag

> A
Ay

As Ay

A5 A6

/

Ay

Figure 3: A set of points in general position

1.8. The following sets of points are in general position:

(a) (See Figure 3.) Consider a regular hexagon in a horizontal plane. The set of points Ay, As, As,
Ay, As, Ag exactly above the vertices of the hexagon at the heights 1, 2, 3, 4, 5, 6, respectively.

(b) The points with Cartesian coordinates (t; t*;t3), where t € (0, 1).

1.9. (a) There exist 4 points in space which cannot be decomposed into two groups such that the
convex hull of the points of the first group intersects the convex hull of the points of the second group.

(b) Any 5 points in space can be decomposed into two groups such that the convex hull of the points
of the first group intersects the convex hull of the points of the second group.

1.10. Several points in general position and a point O are marked in space. It is known that for any
three marked points A, B, C there is a marked point D such that the point O belongs to the interior of
the tetrahedron ABCD. Prove that exactly 4 points are marked.

1.11. (a) From any 6 points in space one can choose 5 points O, A, B, A, B’ such that the two-
dimensional triangles OAB and OA’B’ have a common point other than O.
(b) For 5 points an analogous assertion is not true.



A set of two-dimensional triangles in space is embedded, if the following conditions hold:

e triangles without common vertices are disjoint;

e triangles with exactly one common vertex intersect only at this vertex; and

e triangles with a common side intersect only along this side.

These conditions formalize the ‘non-existence of self-intersections in the construction’. Accurate
checking of these conditions in the proofs is required only the first time or when the jury asks to do it
(this will not be the case when these conditions are clear from the construction).

Figure 4: Five points in space: the vertices and the center of a tetrahedron

For instance, in Figure 4 one can see 5 points in space such that the set of all triangles with the
vertices at these points is embedded. Problem 1.11.a shows that no 6 points with this property exist.

1.12. (a) There exist 6 points Ag, Ay, ..., A5 € R3 such that the set of all triangles AgA;A4;,1 < j <
k <5,k # 2 is embedded.

(b) Suppose that we have 5 points in R3. If the set of all triangles with vertices at these points is
embedded, then for each point of R? one of the 5 segments connecting this point and one of given ones
intersects at least one triangle with vertices at given points.

You may prove the existence by an explicit construction of required points. While proving that the
intersection is unavoidable, you can use without proof facts like ‘the surface of a convex polyhedron
splits R? into 2 parts’ if these facts are confirmed by Jury.

B, By, Ajq Akg

Aj Ak Ajp' Akp’
Figure 5: To the problem on a cylinder and on a Cartesian product

1.13. (n) Cone. For which n does there exist n + 1 points O, Ay, ..., A, € R3 such that the set of
all the triangles

OA A, 1<j<k<n,

is embedded? (Items (4), (5) of the problem are accepted separately.)
(Imn) Join. For which [, m, n does there exist [+m+n points Ay, ..., A;, By,..., By, Cy...,C, € R?
such that the set of all the triangles



is embedded? (Items (222), (223), (233) are accepted separately.)
(2n) Cylinder. For which n does there exist 2n points Ay, ..., A,, By, ..., B, € R3 such that the set
of all the triangles
AijAk and AkBkBj, 1<75< k< n,

is embedded? (Items (24), (25) are accepted separately.)
(mn) Cartesian product. For which m,n does there exist mn points A4;, € R? j € {1,2,...,m},
p € {1,2,...,n}, such that the set of all the triangles

AjpA;Arp and  Ap Ar,Aj,, 1<j<k<m, 1<p<qg<n,

is embedded? (Items (33), (34), (35), (44) are accepted separately.)

\d L

Figure 6: So (m,n)-realizations look like

We will call the embedded set of two-dimensional triangles from Problem 1.13.mn an (m,n)-
realization in R3. (A more common term is a linear embedding of the complexr K,, x K,.) An (m,n)-
realization is an annulus if m = 3 and n = 2, or a torus if m =n = 3.

Realizability in four-dimensional space

How to work with four-dimensional space? One can define

e the line as the set of all real numbers;

e the plane as the set of all ordered pairs (z,y) of real numbers = and y;

e three-dimensional space as the set of all ordered triples (z,y, z) of real numbers;

e four-dimensional space as the set of all ordered quadruples (x,y, z,t) of real numbers.

Then one can ‘analytically’ define lines in a plane, lines and planes in three-dimensional space, lines,
planes and (three-dimensional) hyperplanes in three-dimensional space. However, only the simplest
properties of planar and spatial geometric objects are deduced from the analytic definition (or just
accepted as axioms). More complicated properties can be deduced ‘synthetically’ from the simplest
ones (i.e., as in school geometry, without using the analytic definition). Often it is convenient to reduce
a planar problem to a linear one (i.e., to a problem in a line), and a spatial problem to a planar one.
Similarly, the most important approach to the following four-dimensional problems is a reduction to
spatial ones. While solving problems about R*, you can use without proof all rigorously formulated
facts about solutions of systems of linear equations, if these facts are confirmed by Jury.

The definition of an embedded set of two-dimensional triangles in four-dimensional space is analogous
to the three-dimensional case. One should only replace ‘space’ by ‘four-dimensional space’.

An example of an argument with four-dimensional space.

Let us prove that there exist 101 points O, Ay, ..., Ajg in four-dimensional space such that the set
of all the triangles OA;A;, 1 < j <k <100, is embedded. This proof is analogous to the solution
of Problem 1.13.4 (see Figure 7). Take 100 points O, Ay, ..., Ajg in a three-dimensional hyperplane in
four-dimensional space such that the set of all the segments joining them is embedded (see Problem 1.7).
Take a point O in four-dimensional space not belonging to the three-dimensional hyperplane. Then the
points O, Ay, ..., Ajg are the required ones.



Figure 7: 101 points in four-dimensional space; four-dimensional space is shown as three-dimensional
space and a (three-dimensional) hyperplane in four-dimensional space is shown as a two-dimensional
plane in three-dimensional space

1.14. (a) For each two points, which are not in the plane z = y = 0 in R*, there exists a broken line
which connects these points and does not intersect this plane.

(b) For each hyperplane in R?, there exist two points not in this hyperplane such that each broken
line connecting them intersects this hyperplane.

1.15. (a) There exist 5 points in R* which cannot be decomposed into two groups such that the
convex hull of the first group intersects the convex hull of the second group.

(b) Any 6 points in R* can be decomposed into two groups such that the convex hull of the first
group intersects the convex hull of the second group.

In Problems 1.16 and 1.17 it is sufficient to write the correct answers.

1.16. What is the intersection of the 3-dimensional sphere
S® = {(z,y,2,t) ER* | 2 + 9 + 22 +t2 =1}

with the following sets:

(a) the line x = y = z = 0, containing the center of the sphere;

(b) the plane x = y = 0, containing the center of the sphere;

(c) the (3-dimensional) hyperplane = = 0, containing the center of the sphere;

(d) the intersection of the positive sixteenth of R* and the union of the 2-dimensional coordinate
planes, i.e.

{(z,y,2,t) ER* | 2 >0, y >0, >0, t >0 and two of four numbers z,y, z,t are zeros}.

A set of points in R* is in general position if no 5 points from the set are in one hyperplane. For
example, points (¢, 2 t3,t%),t € (0,1) are in general position.

1.17. Eight points 1,2,3,4,5,6,7,8 in general position in R* are given. What is the intersection of:

(a) the line 12 and the hyperplane 56787 (b) the line 12 and the plane 5677

(c) the plane 123 and the hyperplane 56787 (d) the hyperplanes 1234 and 56787

(e) the planes 123 and 5677

(Note that our definition of a general position is different from what is usually accepted in such
problems.)

1.18. (a) There exist 6 points in R* such that the set of all triangles with vertices at these points is
embedded.

(b) There exist 7 points in R* such that the set of all triangles, except one, with vertices at these
points is embedded.

The first item of the following problem shows that an analogous assertion for 7 points is not true.



1.19. Main examples. (a) From any 7 points in R* one can choose two disjoint triples such that
the triangles formed by the triples intersect each other.

(b) Three triples of points in R* are given. Then there exist two intersecting triangles without
common vertices such that the vertices of each triangle belong to distinct triples.

(mn) For which m,n does there exist an (m,n)-realization in R*?

(The definition is analogous to (m, n)-realization in R3, only one should take points from R*.)

(Items (35), (3n), (44), (45), (4n), (55) are accepted separately.)

It may be rather difficult to prove that the intersection is unavoidable without the hints (in the form
of new problems) which will be given after the semi-final.

1.20. There are 100 points in five-dimensional space such that the set of all the triangles with
vertices at these points is embedded.

2 Solutions and hints suggested at the presentation

1.2. (a) A triangle and a point inside it.

(b) Consider points A, B, C, D in the plane.

If some three of these points are on one straight line, then one point, say B, is in the segment with
vertices at the two other points, say A,C. Denote by [XY] the segment with vertices at points X,Y.
Then [AC| N [BD] # 0.

Suppose that no three of these points are on one straight line. If one of the four points is inside the
triangle with vertices at the other three points, then the problem is solved. Suppose that each point
of these four is outside the triangle with vertices at the other three points. Then point D is outside
triangle ABC'. So D is either inside one of the angles symmetric to the angles of ABC with respect to
the corresponding vertex of ABC' or inside one of the angles of triangle ABC'.

Case 1. D is inside one of the angles symmetric to the angles of ABC with respect to the corre-
sponding vertex of ABC'. Suppose that D is inside the angle symmetric to ZAC B with respect to point
C. Then point C' is inside triangle ABD, a contradiction.

Case 2. D is inside one of the angles of triangle ABC, say ZBAC, by the previous arguments and
because no three of these four points are on one line. Point D is outside triangle ABC and inside
ZBAC, so points A and D are in different half-planes bounded by line BC. Then [AD] and [BC]
intersect.

(c) First solution. It follows from 1.4.

(c) Second solution. Assume the converse, i.e., there exist 5 points OABCD in the plane such that
it is impossible to choose such a pair. Then A ¢ OB and B ¢ OA. So A is not in the half-line OB.
So we can think that points A, B,C, D are in the order A, B,C, D if we look at them from point O.
Then triangles OAC and OBD intersect in one point (O). This intersection is ‘transversal’. So, by the
Parity Theorem, (i.e. as in Problem 1.1) AC' N BD # (). Contradiction.

(d) Analogous to the first solution of (c), see Problem 1.5.

1.4. (b) It suffices to prove that for any points 1,2,3,4,s,s’ € R? in general position and sets
A:=1{1,2,3,4}, [f:=AU{s} and [ =AU{s} wehave v(f)=nuv(f").

Let us prove this fact. For each i € A denote by A; the triangle with vertices from A — {i}. Then the
problem follows from

v(f) —o(f) = (Isin A = |s'iNAy) =) |ss' N Al =0 mod 2.
icA icA
The second equality holds because |ss’i N A;| is even for each i € A by the Parity Theorem. The
last equality holds because for each non-ordered pair {i,j} C A there exist exactly two triangles with
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vertices from A containing the segment ¢j. So for each non-ordered pair {7, j} C A the number |ss’Nij|
appears in the sum twice for two triangles A;, A;.

1.5. Statement. Assume that there are six points in general position in the plane. Split them into
two triples f; = {1,2,3} and f, = {4,5,6}. For each two points ¢,j € f; and two points ', j’ € fo, the
segments i7’ and jj" either do not intersect or have only one intersection point. Define v(f, f2) as the
parity of the number of intersection points of segments i’ and 55, ij" and ji’ for each 2-element subsets

{17]} C fl> {i/>j/} C f2
v(fi1, fo) = Z{m' Ngj'l + g ngid| = {i,5} € (J;l), {i',i'} € (J;z)} mod 2.

(a) For the sets f1, fo in Figure 1, right, v(f, f2) = 1.

(b) v(f1, f2) does not depend on f, fo.

(c,d) A spherical line is the intersection of the sphere with a plane containing the center of the
sphere.

a
>

0,00 (1,0)

Figure 8: Gluings of a rectangular strip that yield the torus and the Mdobius strip

1.6. You can draw a graph not only on the torus or on the Mdébius band from fig. 2, but also on a
square ‘respecting’ gluings, Fig. 8.

1.7. Choose three points in 3-space that do not belong to one straight line. Suppose that we have
chosen n > 3 points in general position. Then there is a finite number of planes containing triples of
these n points. Then we can choose a point that is neither of these planes. Add this point to our set
of n points. The obtained set of n + 1 points has no four points in one plane, because the new point is
not in one plane with any three of these n points. So for each n there exist n points in 3-space that are
in general position.

Consider 100 points in 3-space that are in general position. Denote by A the set of all segments
joining pairs of these points. If some two segments from A with different endpoints intersect, then four
endpoints of these two segments are in one plane. If some two segments from A with common endpoint
intersect not only at their common endpoint, then the three endpoints of these two segments are on
one line.

1.8. Use coordinates.
1.13. (n),(Imn), (44) Use Problem 1.11.

3 Solutions presented at the semi-final

If the text on a problem starts with a word hint of answer, then the details (for example, proving
propositions stated or completing solutions) remain for your individual work. You can hand in solutions
of such problems even after the semi-final.

1.3. Answer-solution: 5 - (3)/2 = 15.

1.6. (a), (b). Impossible.



(a) Let there be a graph K5 drawn on the sphere without self-intersections. Remove one point, that
does not belong to K5, from the sphere. We obtain a plane and a graph K5 on it. A contradiction.

(b) The graph K3 is non-planar, and a cylinder can be projected onto a plane without self-
intersections.

(c), (d). Yes, it is possible. The beautiful realizations of a graph K5 on the torus and a graph K33
on the Mobius strip are shown in Fig. 9.

X
\/

Figure 9: Realization of Kuratowski graphs

N—_—

Also there are other solutions. For example, draw one of Kuratowski graphs on the plane with
exactly one intersection and ...

1.9. (a) Any four points that are not in one plane satisfy the statement.
(b) See Radon Theorem at the end of Section 3.

1.10. Hint. Denote by A;, A, ...A,, the marked points. Denote by [; the half-line with endpoint O
that contains point symmetric to A; with respect to point O. Prove the following fact.

Proposition. Consider triangle A;A;Ay. Point O is inside the tetrahedron X A;A;A; if and only if
point X is inside the trihedral angle with vertex O whose sides are half-lines [;, [;, [;..

Consider a tetrahedron whose vertices are marked points containing point O. Without loss of
generality we may assume that this is the tetrahedron A;A;A3A,;. The union of all trihedral angles
with sides [y, ..., [ is the 3-space. Each of these angles must contain a marked point by the Proposition.
The half-line [5 is inside exactly one of those trihedral angles. This half-line ‘splits’ that trihedral angle
into 3 angles each of whom must contain a marked point. The half-line [ is inside exactly one of those
6 angles. This half-line ‘splits’ that angle into 3 angles each of whom must contain a marked point. So
for n > 4 this process is infinite.

1.11. (a) Consider a small sphere with center at any point O of the given ones. The intersection
of this sphere with the union of triangles OAB for all pairs A, B of given points is a graph K5. A
contradiction.

Another solution follows from the Conway-Gordon-Sachs Theorem (Problem 4.5). Note that the
following proof of the Conway-Gordon-Sachs Theorem in fact repeats the reduction to the non-planarity
of the graph Kj as above.

(b) See Fig. 4.

1.13. Answers: (n) n <4; (lmn) at most one of numbers [, m,n is greater than 2;

(2n) for each n;  (mn) either m < 3, or n < 3, or m =n =3, or {m,n} = {3,4}.

(35) Solution. Suppose to the contrary that there exists a (3, 5)-realization in R3.

A triangle © X pqr is the triangle A; ,A; ;A; .

An annulus ij x pqr is the (2, 3)-realization ‘corresponding to subscripts 4, j and p, g, r’.

A torus ijk x pqr is the (3, 3)-realization ‘corresponding to subscripts i, j, k and p,q, 7.

By the Jordan Theorem the torus 123 x 123 splits the 3-space into two parts. The union 14 x 123 U
24 x 123 of the annuli 14 x 123 and 24 x 123 is an annulus. This annulus intersects the torus 123 x 123



along the triangles 1 x 123 and 2 x 123. The annulus 34 x 123 intersects the annulus 14 x 123U24 x 123
along the triangle 4 x 123. The annulus 34 x 123 intersects the torus 123 x 123 along the triangle
3 x 123. Denote by K, x K3 the (4, 3)-realization ‘corresponding to the subscripts 1,2, 3,4 and 1,2, 3".
By a version of the Jordan Theorem K, x K3 splits the 3-space into 4 parts. In the (5, 3)-realization
the vertex Ajs; is joined

e to the vertex A;; by the segment A5,A4,;, for each 1 < < 4;

e the vertex A, ; by the broken line A5 ;A5 ;A4;;, foreach 1 <¢<4,2 <5 <3.

Since subscript 5 does not ‘participate’ in K4 x K3, each of these segments and broken lines intersects
K4 x K3 only at the endpoints. Consider the connected component of R® — K, x K3 that contains the
point As;. The boundary of this component contains the point A; ; for each 1 <i <4 and 1 <j <3,
because this point is joined to As; by a segment or a broken line whose interior is disjoint with K4 x Kj.
Thus this boundary contains 12 points A;; for 1 < i < 4 and 1 < j < 3. On the other hand, this
boundary is a torus, i.e. a (3,3)-realization. Hence this boundary has only 9 points of the given 15
points. A contradiction.

1.15.(a) Five points that are not in one 3-space.
(b) See Radon Theorem at the end of Section 3.

1.18.(a) Take 5 vertices of 4-dimensional simplex and a point inside it.

(b) Let ABC'D be a regular tetrahedron in R* and let E be centre of this tetrahedron. Choose a point
X on the interior of ABCE so that points A, B, C, D, E, X are in general position in R3. Erect a line
[ which is perpendicular to the hyperplane ABC'D and intersects ABC'D at X. Finally, choose points
X1, X5 on [ which are on opposite sides of X. Let us prove that the set V = {A, B,C, D, E, Xy, X»} of
seven points is as required, i.e. the set (g)\AXngD of triangles is embedded.

Let a, 3,7 be distinct points from {A, B,C, D, E'}. Now there are three classes of triangles:

o AN X1 Xsa for a # D;

o AX;ap fori e {1,2};

o Nafy.

It is easy to check that the set of triangles from each class are embedded.

A triangle from class 1 intersects a triangle from class 2 either in a common vertex X; or in a
common edge X;a.

A triangle from class 2 intersects a triangle from class 3 either in a common vertex « or a common
edge af. Finally, let’s consider the intersection of class 1 triangles and class 3 triangles.

Consider the intersection of triangles from class 1 and class 3. A triangle AX;Xsa intersects
hyperplane ABC'D in the line segment X«. Since X lies in ABCFE, we have that XA, XB, XC, and
X E intersect class 3 triangles in at most a common vertex.

Therefore the set (‘g)\AXlX2D of triangles is embedded.

1.19. (a) Analogous to Problems 1.2.c and 1.4. Follows from Problem 4.3.

(b) Analogous to Problems 1.2.d and 1.5. Follows from Problem 4.4.

(mn) Answer: min{m,n} < 4.

(4n) Hint. Let us prove that there exist a (4,n)-realization in R*. Take points 4;;, 1 < j < n
in general position in R* Take an ordered set K of four points in the plane in R* such that the
fourth of them is inside two-dimensional triangle, formed by other three points. For example, K :=
((0,0,0,0),(2,0,0,0),(1,2,0,0),(1,1,0,0)). Take the images of this set under translations by vectors
A;1,1<j<n. Le denote (Aj1,A;2,A;3,A;4) := K+ Aj;. Then:

e for each 1 < j < n point A;, is inside two-dimensional triangle A;;A;2A, s;

e for each 7, j sets K + A;; and K + A, are congrous by translation by vector A;1 — A; 1;

e for each i, j, k all 12 points from the set (K +A; 1) U(K + A;1)U(K + A1) are not in one 3-space
because points A;1, 1 < j <n are in general position.

Deduce from these facts that these points form the required (4, n)-realization in R*.
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(55) Hint. See Problems 4.14 and 4.15.

1.20. Analogous to Problem 1.7. A set of points in R is in general position if no six of these point
are in one four-dimensional hyperplane.

Denote convex hull of set V' by conv(V).

Radon theorem. Given n+2 points in R", one can split into two sets { X1, ... Xy} and { X1, ..., Xpnio},
such that conv{ Xy, ..., Xp} [ conv{Xyi1,..., Xpio} # 0.

Proof. We identify points and vectors in R™. Lets prove that there exist cq,...c,12 € R, some of
which are nonzero, such that

Cle + CQXQ + -+ Cn+2Xn+2 =0 and c1+ - *Cpt+o = 0.

Indeed, consider vectors X; — X, 10, Xo — Xji19,..., Xyy1 — Xyio. Since this is a set of n + 1 vectors
in R, there exists a non-trival linear dependence ¢ (X7 — X,i0) + -+ - + ¢pp1(Xps1 — Xpt2) = 0. Thus
the set ¢y, ..., Cpr1, —C1 — - -+ — Cnpy1 1S as required.

Rearrange our points so that all positive ¢; will be in the beginning. Bring the summands with
negative ¢; to the right side: 1 X1 + -+ -+ Xp = —c1 X — - - - — 2 Xpo. Multiply this equation by a
positive constant such that the sums of coefficients on the left side and on the right side equal 1. The
obtained equation implies that conv{Xy,..., Xi} and conv{Xyi1,..., X,12} have a common point.

4 Problems suggested after the semi-final

Hard Problems about non-realizability could be solved by two different ways. The first way is to
generalize a proof of non-planarity of graph Kj (i.e. the first solution of Problem 1.2.c) using the Van
Kampen obstruction (Problem 1.4). This way is realized in the first subsections of this section. The
second way is to generalize another proof of non-planarity of graph Kj (i.e. the second solution of
Problem 1.2.c). It is based on the reduction to the lower dimension. This way is realized in the second
and the third subsections of this section.

Problems 1.19.a,b are implied by the following Problems 4.3, 4.4. The nonexistence of the (5,5)-
realization in R* follows from a spherical version of the Sachs Theorem (Problem 4.9.b) and the following
Problems 4.14, 4.15. To get closer to this idea, first you could solve the Problem 1.13.53 in other way
using Problems 4.10, 4.11 and also 1.19.a using a spherical version of the Conway-Gordon-Sachs Theorem
(Problem 4.9.a) and Problems 4.12, 4.13.

We call a triangle (in R? or in R?) its contour (i.e. a clozed broken line), and a two-dimensional
triangle a convex hull of its vertices. Analogously we call a tetrahedron (in R? or in R*) the union of its
two-dimensional faces, and a three-dimensional tetrahedron a convex hull of its vertices.

Let us call a (m, n)-realization (in R?® or in R*) also the union of triangles of a (m, n)-realization.

Generalizations of the Van Kampen obstruction

4.1. (a) For each points 1,2,3,4,5,6,7 in general position in R? triangle 123 and two-dimensional
tetrahedron 4567 intersect by finite set of points. *

(b) For each points 1,2,3,4,5,6,7,8 in general position in R* two-dimensional tetrahedrons 1234 and
5678 intersect by finite set of points.

4.2. Find the number of all non-ordered pairs {{i, j, k}, {l, m,n}} of disjoint three-element subsets
of a seven-element set.

4In your solutions of this problem you must not use without proof the Jordan Theorem, that a polyhedron splits R?
into two parts (because the Jordan Theorem is proved using this Problem).
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4.3. Let a set f := {1,2,3,4,5,6,7} of seven general position points in R* be given. For any six
different points ¢, j, k, [, m,n two-dimensional triangles 7jk and Imn do not intersect or intersect at
a unique point. Denote v(f) as the parity of the number of intersection points of two-dimensional
triangles ijk and Imn for all non-ordered pairs {{i,j, k},{l,m,n}} of disjoint three-element subsets

{i,j, k}, {l,m,n} C f:
o L . _
o(f) = Z{mk Nimn| : {{i,5,k},{l,m,n}} C (3), {i,5,k}n{l,m,n} =0} mod 2.

(a) For set fy of seven points from the solution of Problem 1.18.b, v(fy) = 1.
(b) v(f) does not depend on f.

4.4. (a,b) State and proof the analogs of Problems 4.3.a,b for three triples of points in four-
dimensional space such that all nine points are in general position.

Elements of Ramsey linking theory

In this section, we will sketch the proof of the linear cases of the Conway—Gordon—Sachs and Sachs
theorems (Problems 4.5 and 4.8). They will be needed in the impossibility proof in the main four-
dimensional examples and, at the same time, are interesting in themselves. Such statements, as well as
their methods of proof constitute Ramsey linking theory. For more details, see [PS05].

Triangles A and A’ in space whose six vertices are in general position are said to be linked if A
intersects the interior of triangle A’ in exactly one point. For example, triangles Ay AzAs and Ay A4Ag
from Problem 1.8.a are linked.

4.5. Conway—Gordon—Sachs Theorem for linear embeddings. For any 6 points in general position in
space, there are two linked triangles with vertices at these points.

The next problem 4.6 is not necessary for the proof of the Conway—-Gordon—Sachs Theorem, but it
clarifies the notion of linking.

4.6. (a) If one of the triangles A, A’ whose six vertices are in general position, does not intersect
the plane of the other triangle, then A and A’ are not linked.

(b) Suppose that two red points and two blue points are marked on a straight line, the 4 points
being pairwise distinct. We say that the four points are linked if they alternate: red-bue-red-blue or
vice-versa.

Triangles A and A’ are linked < the common line [ of the planes of the triangles intersects each of
them in two points and these pairs of points are linked.

(c) If the vertices of two triangles in space are continuously moved so that they remain in general
position, then the triangles remain linked or unlinked.

(d) Triangles A and A’ are linked if and only if A" and A are linked.

(e) For what positions of the point A; on the vertical line are the triangles A; A3As and As Ay Ag
from Problem 1.8.a are linked?

A plane is in general position w.r.t. a set of points in R? if orthogonal projections of these points
onto the plane are in general position.

4.7. (a) Assume that we have the projection of two triangles on a general position plane, and on
the projection it is shown which of the sides passes above the other at the intersection points of the
projections (as in Fig. 3, left). Then the triangles are linked if and only if the number of intersection
points of the projection at which the first triangle passes above the second triangle, is odd.

(b) Suppose 6 points in general position are given. We say that a non-ordered pair of triangles with
vertices at these points with no common vertices is a splitting of the 6 points. Then the number of
linked splittings is odd.

Two closed quadrangular broken lines ABC'D and A’B’'C’D’ in space whose 8 vertices are in general
position in space are called linked if the number of transversal intersection points of the broken line
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ABCD with the union of the interiors of the triangles A’B'C’ and A’D'C" is odd.

4.8. The Sachs Theorem for linear embeddings. Suppose we are given 4 red points and 4 blue points
in space such that any two line segments with endpoints of different colors have no common interior
points. Then there are two linked closed quadrangular broken lines with vertices at these points each
edge of which has endpoints of different colors.

4.9. (a,b) State and prove analogs of problems 4.5 and 4.8 replacing space by S3. (Linking is defined
similarly to the case of R3. Triangles A and A’ such that no four of their six vertices are in one two-
dimensional sphere with center in the center of S3, are called linked if A intersects a 2-dimensional
spherical triangle spent by A’ in exactly one point. Note that there are exactly two such 2-dimensional
spherical triangles.)

Applications of Ramsey link theory

4.10. Suppose that a closed broken line of length 3 and a (3, 3)-realization N in R? have a unique
common point z, which is their common vertex. Then any sufficiently small sphere S? with the center x
intersects the broken line at a pair of points belonging to one connected component of the complement
S? — N. (Before the half-final the facts like this could be used without proof. But here we suggest you
to prove it to prepare for proving analogous fact for R*.)

4.11. Assume that there exists a (5, 3)-realization in R3.

(a) The intersection of any sufficiently small sphere with the center A;; and the (5, 3)-realization is
the graph K, ‘linearly” embedded into the sphere.

(b) Suppose that in this graph we have a cycle without self-intersections and a pair of vertices not
belonging to the cycle. Then in the given (5, 3)-realization there exist a closed broken line of length
3 and a (3, 3)-realization intersecting each other in a unique point and intersecting the sphere at the
given cycle and the given pair of vertices, respectively.

4.12. Assume that two (two-dimensional) tetrahedra in R? have a unique intersection point x,
which is their common vertex. Then each sufficiently small three-dimensional sphere S? with the center
7 intersects the tetrahedra by a pair of spherical triangles that are not linked in S3.

4.13. Assume that there are 7 points 0,1,2,3,4,5,6 in R*, among which one cannot choose two
disjoint triples such that the two-dimensional triangles formed by these triples intersect each other.

(a) The intersection of a sufficiently small three-dimensional sphere with the center 0 with the union
of all the triangles 0ij, 1 <1i < j < 7, is a complete graph Kg embedded into S®.

(b) For any decomposition {1,2,3,4,5,6} = {4, 7, k}U{p, ¢, r} the tetrahedra 0ijk and Opgr intersect
at a unique point.

4.14. State and prove an analogue of Problems 4.12 for two (3, 3)-realizations in R*.

4.15. Assume that there is a (5,5)-realization in R?.

(a) The intersection of each sufficiently small three-dimensional sphere with the center A;; and the
(5, 5)-realization is the graph K, 4 linearly embedded into the three-dimensional sphere.

(b) For each two disjoint non-self-intersecting cycles in this graph there exist two (3, 3)-realizations
in the (5,5)-realization, which intersect each other at a unique point and intersect the sphere at the
given cycles.

5 Solutions presented after the final

1.1. Cf.[BE82, §5]. Let A, B,C,D,E,F be 6 general position points on a plane. Note that the
intersection of the triangle ABC' and two-dimensional triangle DEF is the union of finite number of
broken lines, each of whom is a subset of ABC. The endpoints of these broken lines form the set
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ABC N DEF. A closed broken line has zero endpoints, an unclosed one has 2, thus the number
|ABC' N DEF)| is even.

1.13. (mn) For m = n = 4. Prove that (4,4)-realization in R® does not exist. Analogous to
the solution of Problem 1.11.a. The intersection of a small sphere with center at A;; with the (4,4)-
realization is the graph K 3 linearly embedded to this sphere. A contradiction.

Form = 3,n = 5. Prove that (3,5)-realization in R? does not exist. Another solution. Analogous to
the proof of non-planarity of graph K5 (i.e. the second solution of Problem 1.2.c). Suppose that there
exists a (5, 3)-realization in R*. Consider a small sphere S? with center at A; ;. The intersection of S?
and (5, 3)-realization is a linear embedding of the graph Ky »

In every embedding the of graph K, , on the sphere there exist two vertices X,Y of a part with 4
vertices that are in different pcomponents bounded by cycle ¥ formed by other four vertices. Without
loss of generality assume that the segments, corresponding to vertices X, Y connect the vertex A;; with
vertices Asq and As;. Denote by vxy a broken line A;;A451A43; and by 7 a torus 145 x 123. Then
Yxy US?={X,Y} and yUS? =

Because on the sphere S? vertices X,Y are in different regions bounded by cycle ¥, the intersection
of v and vxy at the point A, ; is transversal. A contradiction with the Parity Theorem (Problem 4.10).

1.17. (a), (e) A point or the empty set.

(b) The empty set.

(c) A line or the empty set.

(d) A plane or the empty set.

4.1. Similar to 1.1.

4.2. Answer-hint: 7- (3)/2 = 70.

4.3. (a) See the solution of Problem 1.18.b. The intersection of two-dimensional triangle X; XD
and three-dimensional tetrahedron ABCD is a segment [DX]. Since X is inside three-dimensional
tetrahedron ABC'D and D is outside it, we have that [DX] intersects JABCE at a unique point. So
the two-dimensional triangle X; X5 D intersects only one of the two-dimensional triangles with vertices
in other points, i.e. v(f) = 1.

(b) It suffices to prove that for general position points 1,2,3,4,5,6,v,v" in R* and sets

A:=1{1,2,3,4,5,6}, f:= AU{v}, [ :== AU{v'} we have ov(f)=ov(f").

Denote by T;; the 2-dimensional tetrahedron with vertices from A — {3, j}.

v(f)—o(f)= D (uijnTy|=ijnTy)= > winTy; =0 mod 2
{.3}e(3) {i}e(3)
The second equality follows from the problem 4.1.(b). The last equality holds because for any

a,b,c € A— {i}, there exist exactly two tetrahedrons T;, Tix, j, k € (A — {i,a,b, c}), that contain this
triangle. So each summand |vv'i N abe| enters this sum twice. Then v(f) = v(f’).

4.4. Statement. Consider 9 points 1,2,...9 in R? satisfying the following condition: for each
i,i' € f1={1,2,3} i #£i',each j,j' € fo = {4 5 ,6} j # j and each k, k' € f3 ={7,8,9} k # k' we have
that the two-dimensional triangles ijk and i'j'k’ intersect in at most one point. Remark: this condition
is weaker than the condition that points 1,...9 are in general position. Define

v(f1, fa. f3) : < Y Aligknd§®| = (4,7) € f7.(.5) € f3. (k. k)€f3}> mod 2.

(a) Ezample. Consider the graph K33 and call the vertices of one of its parts 1,2,5, of the other
part 3,4,6. Embed this graph in R? in such a way that 1,2, 3, 4 are vertices of a square and no other 4
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points are in one plane. Let 7 and 8 be in different half-spaces cut out by a hyperplane containing the
embedding of the K33, in R?. Finally, take a point, say 9, inside the pyramid 12347.

Check that v({1,2,3},{4,5,6},{7,8,9}) = 1.

(b) Analogously to the Problems 4.3.b and 1.5.

4.5. Follows from Problem 4.7.b.

4.6. (a) It is sufficient to prove that if triangles A and A’ are linked, then triangle A’ intersects
plane containing A and triangle A intersects plane containing 4.

The first fact is obvious. Then the interior of A intersects plane containing A’. So A intersects
plane containing A’.

(b) Let triangle A be linked with triangle A’. By (a) we have that A intersects plane containing A’
so ANl # (. By general position, the intersection AN/ is exactly two points. Now let us prove that the
pairs of points are proved. Denote by A, B the intersection points A N[ and by A’, B’ the intersection
points A’ N {. The intersection of A and two-dimensional triangle A’ is a subset of segment A’B’. So
exactly one of points A and B is in the segment A’B’. So pairs A, B and A’, B" are linked in [.

Let us prove the converse. Let the pairs A, B and A’, B’ be linked in [. Then according to the
previous assertion, A intersects the two-dimensional triangle A’ by exactly one point, i.e. A is linked
with A,

(c) Let us use (b). While moving points so that they remain in general position and the planes
containing triangles are not parallel, the four points in the line [ move continuously, so they are either
always linked or always unlinked. If there is a moment when the planes containing the triangles are
parallel, then by (a) at this moment and during some time before and after this moment the triangles
are unlinked.

(d) Each of these two conditions is equal to the condition from (b).

(e) Denote by t height of point A; above the horizontal plane. The triangles are linked if ¢ €
(—o0; 2) U (3,5; 4,5) U (6; +00) and are unlinked if ¢ € (2; 3,5) U (4,5; 6). This follows from Problem
1.8.a and the following lemma (which is implied by (b)).

The motion Lemma. Let the vertex A of the triangle A be moving with constant velocity along a
segment in R3, and let other two vertices and triangle A’ be fized. Denote by [\, the position of triangle
at the moment t, for 0 <t < 2. Suppose that 6 vertices of triangles A, and A’ are in general position
for each t, exceptt = 1.

o If AyNA" =0 then pairs (Ao, A') and (Ay, A') are either both linked or both unlinked.

o If Ay and A’ intersect in exactly one point, that is not a vertex of these triangles, then exactly one
pair of (Ao, A") and (Ag, A') is linked.

4.7 and 4.8. See [Zi].

4.9. Denote by a spherical segment an intersection of a 3-dimentional sphere and 2-dimentional
angle with vertex at the center of the sphere in R*.

A spherical analogue of the Conway-Gordon-Sachs Theorem is the following statement.

For each 6 points in general position in the three-dimensional sphere there exist two linked closed
trinangle broken line with vertices at these points.

Two closed 4-segment broken lines ABC'D and A’B’C’'D’ in the three-dimensional sphere are called
linked if the number of intersections of a broken line ABC'D with the union of two-dimensional spherical
triangles A’B’C" and A’D'C’ is odd.

A spherical analog of the Sachs Theorem is the following statement.

Suppose we are given 4 red points and 4 blue points in S* such that any two spherical segments
with endpoints of different colors have mo common interior points. Then there are two linked closed
quadrangular broken lines with vertices at these points each edge of which has endpoints of different
colors.

The proofs of these Theorems are absolutely similar to their analogs.
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4.10, 4.12. See [Zu].

4.11. (a) For each triangle of (5, 3)-realization N, not containing vertex A, ;, there exists a ball
with center at A;; that does not intersect this triangle (because there exist a point of this triangle for
which the function ‘distance to A, ;’ reaches its minimum and this minimum is not equal to zero). Since
the number of triangles of NV is finite, there exists a ball with center at A, ; that does not intersect any
triangle of IV, that does not contain A; ;. Consider the bounding sphere of this ball. It intersects only
those segments and triangles of N, which contain vertex A; ;. They are segments A; 1A ,, 411451 and
triangles A;1A4,1A4p1 for each 2 < a <5 and each 2 < b < 3. The intersection of these segments and
triangles with a sphere is

e four points corresponding to segments Ay ;A 4,

e two points corresponding to segments Ay 14,1,

e eight spherical segments connecting points of the first set to points if the second set.

This is a graph K, 5, linearly embedded to a sphere.

(b) See the second paragraph of the solution of Problem 1.13.

4.13. (a) By ¢ denote OiNS3. By the Problem 1.16.b the intersection of a two-dimensional triangle
Oij and sphere S? is a spherical segment i’j’. Thus the intersection of S* with the union of triangles
0ij,1 <i<j <6 is a graph K. It is an embedding since 0, 1,...,6 are in general position.

(b) By the statement, the triangles with different vertices do not intersect. Since points are in general
position, we have that the triangles with one or two common vertices intersect in the corresponding
vertex or side.

4.14. Statement. Given two (3,3)-realizations R* such that their intersection is exactly one point,
their common ‘(1,1)-vertex’. Then each sufficiently small sphere S® with center at this vertex intersects
these (3,3)-realizations in a pair of spherical polygons that are unlinked mod 2 in S®.

4.15. (a) Analogous to Problem 4.11.a.

(b) The length of both cycles is 4. Without loss of generality vertices of the first cycle correspong to
points A; o, Ao, Ay 3, Asq, and the vertices of the second — to points Ay 4, A1, A15 and As;. Then
the first of the required two (3, 3)-realizations is a torus 123 x 123. And the second of the required two
(3, 3)-realizations is a torus 145 x 145.
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6 Additional material: intuitively visual embedding problems

This section is independent of the other ones.
The requirements concerning mathematical rigor in this section are less strict as in the other ones.

Figure 10: Gluing of a handle

A sphere with g handles is the surface obtained by making 2¢ circular holes in the sphere and gluing
g copies of the lateral surface of the cylinder along their boundary circles to the boundaries of the holes
(Fig. 10 and 2,right for g = 3).

Consider n rectangles XY By Ay, k = 1,2,...,n in the three-dimensional space such that any two
of them intersect exactly at the segment XY . An n-page book is the union of such rectangles as it is
shown in Fig. 11 for n = 3, left.

Figure 11: A 3-page book
6.1. Any graph can be drawn without self intersections
) in 3-space;
)

(a
(b) on a sphere with a certain number of handles depending on the graph;
(c) on a book with a certain number of pages depending on the graph;
(
(L

d) on the book with three pages. (Fig. 11).
= Q0O
? l,,.mmnm QO

Figure 12: An annulus

v _4
N

v

An annulus is the surface obtained by gluing the short opposite sides of a long rectangular strip in
"the same direction”, i.e., without twisting (Fig. 12).

6.2. (a) Can one cut the Mobius strip so as to obtain a cylinder?
(b) Can one cut a cylinder and a M&bius strip out of the Mdbius strip?
(c) Can one cut the Mobius strip so as to obtain a cylinder and a Mobius strip?

The Klein bottle is the figure obtained by gluing one pair of opposite sides of the square ”in the
same direction” and the other pair ”in opposite directions”, (Fig. 13).
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Figure 13: Klein bottle: gluing of a rectangular strip (!) and image in R?

6.3. (a) Cut the Klein bottle (Fig. 13)into two Md&bius strips;
(b) Cut the Klein bottle so as to obtain one Mobius strip.

6.4. From the 3-page book (Fig. 11) cut out
(a) a Mébius strip;
(b) a torus with a hole.

6.5. For any 6 points 0,1,2,3,4,5 € R3, if the set of triangles

(a) 0jk, 1 < j <k <5, k#2, is embedded, then the triangles 012 and 345 are linked;

(b) 0jk, 1 < j <k <5, (5,k) & {(1,2),(1,3)}, is embedded, then either the triangles 012 and 345,
or the triangles 013 and 245, are linked;

() Ojk, 1 <j <k <5, (j,k) € {(1,2),(1,3),(1,4)}, is embedded, then either the triangles 012 and
345, or the triangles 013 and 245, or the triangles 014 and 235 are linked.

Solution of Problem 6.1. (a) Draw this graph (possibly, with self-intersection) on the plane such
that the edges are not self-intersecting. If there are points (except vertices) that belong to more than
two edges, then move some edges so that only points of intersection of two edges remain. For each two
intersecting edges lets raise one on them up, so that the intersection dissapear.

Or see solution of Problem 1.7.

(b) Use the idea from the solution of (a).

(d) We may assume that all the intersection points are ‘good’ and are in one line. Let us glue the
third page along this line. Then for each intersection point let us raise one of the edges up into the
third page like a ‘bridge’. So we can delete all intersection points.

18



A non-general-position intersection parity
theorem

Jonathan Zung (jonathanzung@gmail.com)

August 11, 2013

1 Introduction

Two piecewise-linear closed surfaces in R* generically intersect in an even
number of points. When the two surfaces are not in general position but
share a common vertex z, we will show that this theorem may be corrected
by adding the linking number between the restrictions of the two surfaces to a
small sphere around z. The main technique is to decompose our surfaces into
tetrahedra, whose pairwise intersections may be studied in R?. Analogous
results hold in the case of a closed surface and a closed curve in R3.

For a triangle 7 = ABC, we define AT to be the 2-dimensional triangle
with these vertices. For a closed broken line 7 = AyA;... A, in general
pOSitiOIl in Rg, define AT = AAoAlAQ + AAOAQAg +...+ AAoAn_lAn, where
+ denotes the symmetric difference of sets. We make the same definition for
spherical polygons.

For two closed broken lines 7; and 73 in general position in R? or S3, we
define their linking number by link(7;,7:) = |AT1 N T2] mod 2. A priori,
the linking number may depend on the order of vertices we chose in order to
construct A7;.

(Main result) Parity theorem for 2 closed surfaces in R*. Let T;
and Ty be the two piecewise-linear, closed surfaces in R* sharing a vertex
x. Assume that their vertices are in general position. Further, let Ti and
T2 be the intersections of T1 and Ty with a small sphere around x. Then

|Te N T2 + lmk(ﬁ,’ﬁ) is even.



2 Proofs

Fix a point x in R*. Let S be a small 3-sphere around z. For any object T,
let T" denote the intersection of 7" with S.

Lemma 1 (easy case). Any two tetrahedra Ty and Ty in general position in
R* intersect in an even number of points.

Proof. The hyperplanes containing 7} and T; respectively intersect in a 2-
dimensional plane 7. Let T} and 7% intersect 7 in the convex polygons P
and P, respectively. By our hypothesis of general position, the vertices of
P, and P, are in general position in the plane. Therefore, P, N interior(P,)
in a union of broken paths or a cycle. The intersections between P, and P,
are precisely the endpoints of broken paths in this set, of which there are an
even number as desired. O

Lemma 2 (harder case). Consider two tetrahedra Ty and Ty in R* sharing
a common verter x. Assume that the seven vertices are in general position.
Let a small 3-sphere S around x intersect Ty and Ty in two spherical triangles

T, and Ty. Then lmkz(ﬁ, fg) + |7y NTy \ z| is even.

Proof. As in lemma 1, let P; and P, be the intersections of T} and 75 with
their common 2-dimensional plane 7. Again, Py Ninterior(P;) is a union of
broken paths or a cycle. The intersections between P, and P, are precisely
the endpoints of broken paths in this set, with the possible exception of x.
Let S intersect 7 in the circle s. In other words, s is the common circle of
T, and T5. Observe that 77 and T5, are linked if and only if they intersect s
in an alternating pattern. This is true if and only if z is an endpoint of a
broken path in P, Ninterior(P;), which yields our theorem. ]

Proof of the main result.

Proof. We may assume that 7; and 7, have only triangular faces. Let T! =
{T1,13,...,T) } be a triangulation of a (possibly singular) Seifert surface
with boundary 7;. By this we mean a set of tetrahedra in R* such that
each face of 77 appears once among the faces of tetrahedra in 7, and every
other triangle appears 0 or 2 times in among these faces. One way to do
this is to choose an arbitrary point v in general position and let T consist
of tetrahedra with base a face of 7; and last vertex v. Similarly, give T3 a
triangulation 7% = {T¢,T5,..., T2 }.



Now we claim that

_ 1 2
TN T \2| =) |TNT)\ = mod 2
4,J
This is because intersections counted on the right side which lie on a face
not in 77 or 75 are counted an even number of times due to the triangula-

tion condition. Conversely, intersections between two faces of 7; and 7, are
counted on the right side precisely once.

Now observe that, triangulations 7" and 7?2 descend to triangulations 7

and T2 of T and T respectively. Again by the triangulation condition, we
have

link(Ti, T) = |ATiNT| = Y |AT} N T2 =Y link(T},17) mod 2

2% 2
Combining our two equations, we get
T 0T\ el +link(T, T) = - (1T N T2\ ol + link(T), T3)) - mod 2

i’j

0 mod 2

The last congruence holds by the two lemmas. Therefore, the left side
vanishes, as desired. O

These results generalize in a straightforward manner to the case where
our surfaces share several common vertices but no common edges. Here, we
should simply sum the linking numbers at each common vertex.

We can also generalize to the case of the intersection between a k-dimensional
and an [-dimensional closed surfaces intersecting in R¥*!. Take as an example
the case of a 2-dimensional surface 7; and a closed curve 75 intersecting in
R3. The definition of the linking number remains |AT1 N T3] mod 2, where
7’2 is now simply 2 points. 77 and 75 still share a common plane 7, and the
proofs of the parity theorems may proceed as above.



A short proof of the Conway-Gordon-Sachs and Sachs Theorems
Arseny Zimin

Abstract

In this paper we present a short and apparently new proof of the Conway-Gordon-Sachs
Theorem about the complete graph at 6 vertices embedded to R? and the the Sachs Theorem
about the the complete biparted graph at 8 vertices. We reduce this theorems to certain
property of the complete graph at 5 vertices and the complete biparted graph at 6 vertices
maped to a sphere or a plane.

Two triangles in the 3-dimensional space whose six vertices are in general position are linked
if the outline of the first triangle intersects the interior of the second triangle exactly at one point.
Points in 3-dimensional space are in general position if no four of them are in one plane.

Rectilinear Conway-Gordon-Sachs Theorem. Assume that siz points in the 3-dimensional
space are in general position. Then there exist two linked triangles with vertices at these points.

Define a 2-dimensional complex as a set of triangles, segments and points in R? that satisfies
the following conditions:

e sides of any triangle from the complex are in the complex

e endpoints of any segment from the complex are in the complex

Two closed broken lines a and b without self-intersections in the 3-dimensional space are linked
if there exist a 2-dimensional complex, denote it by A, embedded to R3, with a boundary a such
that the number of intersection points of A with b is odd and vertices of the broken line b and the
complex A — a are in general position.

Denote by K, the complete graph at n vertices. Denote by K, , the complete biparted graph
at 2n vertices.

Conway-Gordon-Sachs Theorem. Assume that the graph Kg is piecewise-linear embedded in
the 3-dimensional space. Then in this graph exist two linked 3-length cycles.

Remark. The statement of the theorem is meaningful because any 3-lenth cycle in this graph
is a closed broken line.

Sachs Theorem. Assume that the graph K44 is piecewise-linear embedded in the 3-dimensional
space. Then there exist two linked 4-length cycles in this grpah.

Proof of the rectilinear Conway-Gordon-Sachs Theorem.

Let a, b be segments in the 3-dimensional space, S? be a sphere whose center is denoted by O.
Let f:R?— {0} — S? be the central projection with the center O. A segment a is higher than
a segment b, if

o |f(a)N f(b)] =1, and

e O is closer to f~!(f(b)) Na than to f~(f(a)) Nb.

Remark. The set f~'(f(b)) is a 2-dimensional angle with the vertex O and sides joining O
with the endpoints of b.

Lemma 1. Assume that vertices of two triangles are in general position. Denote by A1 A3As the
first triangle. Denote by S* a sphere with the center A, and radius so small that all the vertices
of the triangles except A, are outside S*. If the number of the sides of the second triangle that are
lower than AsAs is odd then these two triangles are linked.



Remark. The condition that the vertices of the triangles except A; are outside the sphere
could be avoided at the price of some complications both in the statement and the proof.

Proof of Lemma 1.

Denote by Ay, As, Ag the vertices of the second triangle. Let f : R3—{A;} — S? be the central
projection with the center A;. By the assertion of the lemma there exists a side, say A4As, of
triangle A;A5Ag such that A;Ajz is higher than A;As. Then the point f~!(f(AA43)) N AyAs is
inside the 2-dimensional triangle A; Ay A3. Since f(AyAj3) is a ark of a circle on S? and f(A,A5Ag)
is a spherical triangle on S?, f(A,Aj3) intersects the projection of the outline of the triangle A, A5 Ag
at most at 2 points. So there is a unique side A4 A5 of the triangle A4 A5 Ag that is lower than A Aj.
Since the vertices of these two triangles are in general position the outlines of triangles A; A;As
and A4AsAg do not intersect. This implies that the outline of the triangle A4AsAg intersects the
interior of the triangle A;AsA; at a unique point f~'(f(A243)) N A4A5. So these two triangles
are linked. QED

Continuation of the proof. Suppose that points A;, As, A3, Ay, As, Ag are in general po-
sition in the 3-dimensional space. Consider the complete graph Kj; whose vertices are points
Ay, As, Ay, As, Ag and edges are segments joining pairs of these points. Consider a sphere S? with
center A;. Let this sphere be enough small to make points Ay, A3, Ay, A5, Ag be outside the sphere.
Consider the central projection f : R3 — A; — S? with the center A;. For ordered pair (e, ¢) of
e, e € K5 denote

, 1, if e is higher than €
eoe = :
0, otherwise

For any edge e € K5 define its linking number

S, = Z eoe

e'e(Ks—e)
Then
E S, = E eoe =
e€Ks (e,e’),e,e’ €K

= Z{|f(e) N f(e')|: {e, €'} is a non-ordered pair of nonadjacent edges of K5} =1 mod 2.

Hence the linking number of some edge, say A;Ajz, is odd. Then Lemma implies that triangles
A1A3 Az and Ay A5Ag are linked.

The first equality follows from definition of S.. The second equality holds because

e for any two edges e, ¢’ € K5 |f(e) N f(e)| < 1 because vertices of K5 are in general position

e if edges e, ¢’ € K5 are nonadjacent and f(e) N f(e') # () theneoe + € oe =1

o if edges e, ¢’ € K5 are adjacent or f(e) N f(e/) =0 then eoce’ + ¢ oe = 0.

The third equality follows from Lemma 2.

Lemma 2. For any general position linear map f : K5 — S? the number of self-intersections of

f(K5) is odd.

This Lemma is known, see e.g. [Sk, §1].QED

Proof of the Conway-Gordon-Sachs Theorem.

Consider a general position plane. Define what means that a segment a is higher than a
segment b analogous to the definition in the linear case but replacing a 'sphere’ with the 'general
position plane’ and the ’central projection’ to the orthogonal projection to this plane’.

Lemma 3. Consider two closed broken lines, denote them by A, B. Consider a general position
plane. Assume that the number of ordered pairs (a,b) of sides a,€ A, b € B such that a is higher
than b is odd. Then these two broken lines are linked.



This Lemma is known, see [?].
Consider a general position plane 7. Consider orthogonal projection f : R® — 7.
For any ordered pair of broken lines (A, B) in the 3-dimensional space denote

AoB 1, if the number ordered pairs (a,b) of sides a € A, b € B such that a is higher than b is odd
O = .
0, otherwise

Denote by a one of the vertices of graph Kg. Denote by Cj; the cycle of edges of the graph
Kg — {a} that does not contain the edge ij. Then the problem follows from

Z abco Cy. = Z (abo Cpe + aco Cy) + Z bco Ch. = Z bco Che =

bece Kg—{a} bece Kg—{a} beceKg—{a} beceKg—{a}

= Z{|f(e)ﬂf(e')| : {e, €'} is a non-ordered pair of nonadjacent edges of Kg—{a}} =1 mod 2,

Hence for some two cycles abe, Cy. of graph Kg the number abc o C). is equal to 1 and Lemma
2 implies that these cycles are linked. QED

Proof of the second equality.

Note that abo Cye = > aboe

e€Cpe
For each i € K¢ — {a} and for each edge e € (K — {a}) there exist exactly two 3-length

cycles in K¢ — {a} containing this edge. So for each edge ij € Kg — {a,b} the number ab o ij
appears twice in the sum  >°  (abo Cy. + ac o Cy.). Analogous for each edge ij € K¢ — {a,c}
bece Kg—{a}
the number ac o 15 appears twice in this sum. Then this sum is even. QED
The proof of the third equality is the same to the proof of the second equality in the linear
case.

The last equality follows from Lemma 4.

Lemma 4. For any general position piecewise-linear map f : K5 — m the number of self-
intersections of f(K5) is odd.

This lemma is the generalization of Lemma 2, see [Sk, §1].

Proof of the Sachs Theorem. Consider a general position plane 7. Consider the orthogonal
projection f : R* — 7. Denote by a, b two vertices of graph K4 from different parts. Denote by
C;; the cycle of edges of the graph K44 — {a, b} nonadjacent to edge ij € K44 — {a,b}. Denote
by zyzt a 4-length cycle of edges xy, yz, 2t,tx € Ky 4

Z CLbZ'jOCZ'j = Z aboC’ij+ Z (ajoC’ij—i—bioCZ-j) =

ijeK4,4—{a,b} ijeK44—{a,b} ij€Ka,4—{a,b}
= Z {If(e)n f(€)] : {e, €'} is a non-ordered pair of nonadjacent edges of Ky4 — {a,b}} =1 mod 2

The second equality holds because for each i € K, 4 —{a, b} and for each edge of K, 4—{a,b,i}
there exist four 4-length cycles containing this edge. So for each edge kl € K44 — {a,b,j} the
number aj o kl appears four times in the sum > (aj o Cyj + bi o Cy;). And analogous for

ijEKs4—{ab}
each edge kl € K, 4 — {a,b,i} the number bi o kl appears four times in this sum. Hence this sum
is even.

The proof of the second equality is the same to the proof of the second equality in the proof of
the rectilinear Conway-Gordon-Sachs Theorem.

The last equality follows from Lemma 5.



Lemma 5. For any general position piecewise-linear map f : Kss — m the number of self-
intersections of f(Ks3) is odd.

This lemma is known, see [?].

The author is grateful to Arqady Skopenkov for productive discussions. The author is also
grateful to Mikhail Skopenkov for reading this paper.
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REALIZABILITY OF HYPERGRAPHS AND RAMSEY LINK THEORY
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ABSTRACT. We present short simple proofs of Conway-Gordon-Sachs’ theorem on graphs
in 3-dimensional space, as well as van Kampen-Flores’ and Ummel’s theorems on nonrealiz-
ability of certain hypergraphs (or simplicial complexes) in 4-dimensional space. The proofs
use a reduction to lower dimensions which allows to exhibit relation between these results.

We present a simplified exposition accessible to non-specialists in the area and to students
who know basic geometry of 3-dimensional space and who are ready to learn straightforward
4-dimensional generalizations. We use elementary language (e.g. collections of points)
which allows to present the main ideas without technicalities (e.g. without using the formal
definition of a hypergraph).
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2 A. SKOPENKOV

‘It’s too difficult.’

‘Write simply.’

‘That’s hardest of all.’

1. Murdoch, The Message to the Planet.

1. INTRODUCTION

1.1. Impossible constructions and intrinsic linking. ‘Impossible constructions’ like the
impossible cube, the Penrose triangle, the blivet etc (see Figure [l and [Io]) are well-known,
mainly due to pictures by M.C. Escher, see also [Br26l, (CKS+| [GSS+|. The pictures do not
allow the global spatial interpretation because of collision between local spatial interpreta-
tions to each other. In geometry, topology and graph theory there are also famous basic
examples of ‘impossible constructions’ (of which local parts are ‘possible’).

) WA

F1GURE 1. The impossible cube, the Penrose triangle, the blivet, an impossi-
ble projection

In this paper we exhibit a striking relation of ‘impossible constructions’ in four-dimensional
space to ‘intrinsic linking’ results in three-dimensional space. Such a relation was found by
M. Skopenkov in [Sk03] and used there to obtain a short proof of the Menger 1929 conjecture
and its generalizations, see Remark [[LOland §I.4l Let us give a beautiful example of ‘intrinsic
linking’.

We abbreviate ‘three-dimensional space R3 to ‘3-space’. Analogous meaning has ‘4-space’.

By a triangle we mean ‘the interior’ of a triangle (more accurately, the convex hull] of
three points).

Take two triangles in 3-space no 4 of whose 6 vertices lie in the same plane. The triangles
are called linked, if the outline of the first triangle intersects the second triangle exactly
at one point. It is not obvious from the definition that the property of being linked is
symmetric. For a proof see e.g. [Sk, Symmetry Lemma 4.2].

E.g. the triangles A;A3As; and Ay A4Ag in Figure [ are linked. (The distance from the
point A; to the projection plane equals j, see Figure 2], left. So the projection in Figure 2]
right, is realizable, as opposed to Figure [I], right.)

Theorem 1.1 (Linear Conway—Gordon—Sachs Theorem; [Sa81l, [CG83]). If no 4 of 6 points
in 3-space lie in the same plane, then there are two linked triangles with vertices at these 6
points.

LA subset of the plane or of R% is called conver, if for any two points from this subset the segment joining
these two points is in this subset. The convex hull of a subset X of the plane or R? is the minimal convex
set that contains X.
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A5 Ae

Ay
Ay

>=\/\ //

F1GURE 2. Linked triangles

Moreover, the number of linked unordered pairs of triangles with vertices at these 6 points
s odd.

See idea of a short proof in Remark Formally, Theorem [I1] is reduced to Proposi-
tion [[.2 below in §2.21 See more results on linking in 3-space in §2.2/ and in [Sk| §4.1 ‘Linking
of triangles in three-dimensional space’].

1.2. Realizability of hypergraphs. Another example of an ‘impossible construction’ is
that one cannot construct 3 houses and 3 wells in the plane and join each house to each well
by a path so that paths intersect only at their starting points or endpointsE

) @ % h

FIGURE 3. Nonplanar graphs K5 and K33

Proposition 1.2 (see proof in §2.1)). From any 5 points in the plane one can choose two
disjoint pairs such that the segment joining the first pair intersects the segment joining the
second pair,

Moreover, if no 3 of 5 points in the plane lie in the same line, then the number of inter-
section points of interiors of segments joining the 5 points is odd.

In this paper we present a natural interesting generalization: beautiful and nontrivial ex-
amples of two-dimensional analogues of graphs non-realizable in three- and four-dimensional
space.

Remark 1.3 (why this expository paper might be interesting). We present a simplified
exposition accessible to non-specialists in the area, see also the second paragraph of §I.0
We state the examples in terms of certain systems of points, see Theorem [[.4] below. So we

’In graph-theoretic terms this means that the complete bipartite graph K3 3 is not planar, see Figure [3]
right.

3This is a ‘linear’ version of the nonplanarity of the complete graph K5 on 5 vertices, see Figure [3] left.

4The first sentence of Proposition indeed follows by the ‘moreover’ part. This is true because for
non-general-position points the first sentence is obvious: if points A, B,C' among given 5 points lie in the
same line, B between A and C, and D is any other given point, then segments AC' and BD intersect. This
is also true because we can make a small shift so that no 3 of 5 shifted points lie in the same line, and
no intersection points of segments with disjoint vertices are added. Analogous remarks can be made for
Theorems [Tl [[.4] below; such remarks are omitted.



4 A. SKOPENKOV

do not use the notions of a hypergraph and its realizability neither for the statements nor
for the proofs. (We do mention hypergraphs because the problem of their realizability helps
to understand the motivation of the results.) For understanding most of the paper it suffices
to know basic geometry of 3-dimensional space and to be ready to learn straightforward
4-dimensional generalizations. We believe that describing simple applications of topological
methods in elementary language makes these methods more accessible (although this is called
‘detopologization’ in [MTW12| §1]).

FIGURE 4. Left: Realization in R? of the complete 3-homogeneous hypergraph
on 5 vertices.

Right: Realization in R3 of the product of the complete graphs on 5 and on 2
vertices.

Such analogues are 3-homogeneous, or 2-dimensional hypergraphs defined as collections of
3-element subsets of a finite set/ For brevity, we omit ‘3-homogeneous, or ‘2-dimensional’.
For instance, a complete hypergraph on k vertices is the collection of all 3-element subsets
of a k-element set. Realizability of a hypergraph in d-dimensional Euclidean space R? is
defined similarly to the realizability of a graph in the plane (one ‘draws’ a triangle for every
three-element subset; see Figures [ and )1 Hypergraphs (and simplicial complexes) play
an important role in mathematics. One cannot imagine topology and combinatorics without
them. They are also used in computer science and bioinformatics, see, e.g.[PS11].

A ‘small shift’ (or ‘general position’) argument shows that every graph is realizable in R3.
A straightforward generalization shows that every hypergraph is realizable in R?.

It is easy to see that the complete hypergraph on 6 vertices is non-realizable in R?® (Propo-
sition Z4la). Already in the early history of topology (1920s) mathematicians tried to
construct hypergraphs non-realizable in R*. Egbert van Kampen and A. Flores in 1932-34

In topology such objects are called pure, or dimensionally homogeneous, 2-dimensional simplicial com-
plexes, but I hope the term hypergraph is more convenient to generic mathematician or computer scientist.
OHere is a rigorous definition. A hypergraph (V,F C (g)) is linear realizable in RY if there is a set of
non-degenerate triangles in R% whose vertices correspond to V, whose triangles correspond to F, and every
two triangles either are disjoint, or intersect only at a common vertex, or intersect only by a common side.
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Akq Aj‘]

Akp Ajp

FIGURE 5. Left: Realization in R? of the square of the complete graph on 2
vertices.

Middle: Realization in R?® of the product of the complete graphs on 2 and on
3 vertices.

Right: Realization in R? of the square of the complete graph on 3 vertices.

proved that the complete hypergraph on 7 vertices is not realizable in R* (Theorem [[.4)). Tt is
both an early application of combinatorial topology (nowadays called algebraic topology) and
one of the first results of topological combinatorics (also an area of ongoing active research).

Before stating Theorem [[.4l observe that ‘typical” intersection of two segments in the plane
is either empty set or a point. Analogously, ‘typical” intersection of two triangles in 4-space
is either empty set or a point. More intuition on 4-space can be developed by reading e.g.
[Skl, §4.7 ‘How to work with four-dimensional space?’], see also Remark [[L.H below.

Theorem 1.4 (Linear Van Kampen-Flores Theorem; [vK32| [F134]). From any 7 points in
4-space one can choose two disjoint triples such that the two triangles with vertices at the
triples intersect.

Moreover, if no 5 of 7 points in 4-space lie in the same 3-dimensional hyperplane, then
the number of intersection points of triangles with vertices at these points is odd.

See idea of a short proof in Remark [[LAl Formally, Theorem [L.4] is reduced to Theorem
CTin §23

An analogue of Theorem [T.4]

e is true for 5 points in the plane or 6 points in 3-space (Propositions and 2Z4Lb);

e is false for 4 points in the plane, 5 points in 3-space or 6 points in 4-space (in R™ take
the n + 1 vertices and an interior point of an n-simplex, see Figure @l left).

Remark 1.5 (lowering of dimension). A striking idea is that the nonrealizability of hyper-
graphs in R* can be reduced to 3-dimensional results due to John Conway, Cameron Gordon
and Horst Sachs (Theorems [T and 2.5]). Before reducing the 4-dimensional results to the
3-dimensional results (§2.3]), we reduce the 3-dimensional results to certain 2-dimensional
results (§2.2)), and the 2-dimensional results to certain 1-dimensional result (§2.I)). Thus
Proposition is reduced to Proposition 2.1l below, Theorem [I.1] to Proposition [I.2], and
Theorem [I.4] to Theorem [I.Tl This pattern is generalized by Theorem below. Because of
such ‘lowering of dimension’ the reader not familiar with 4-dimensional space need not be
scared. See also Historical Remark 2.8

The non-realizability results may be called ‘Ramsey intersection theory’, just as the
Conway—Gordon—Sachs theorem is departure point of Ramsey linking theory. See surveys

[RAD, [PS05).
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1.3. Linking and intersection in higher dimensions. The above relation between in-
trinsic linking in dimension 3 and non-realizability (i.e. intrinsic intersection) in dimension
4 generalizes to a relation between intrinsic linking and non-realizability in consecutive di-
mensions. That is, the above results on intrinsic linking and non-realizability turn out to be
particular cases of a result in arbitrary dimensions (Theorem [LL6]). For simplicity we mention
dimensions higher than 4 only in that theorem and state only the ‘quantitative’, ‘moreover’
parts, omitting the ‘existence’ parts.

Take two k-dimensional simplices in (2k — 1)-space of whose 2k + 2 vertices no 2k lie in the
same (2k — 2)-dimensional hyperplane. The two simplices are called linked, if the boundary
of the first simplex intersects the convex hull of the second simplex exactly at one point.

Theorem 1.6. Tuke any n + 3 points in R™ of which no n + 1 points lie in the same
(n — 1)-dimensional hyperplane.

For n even mark the intersection points of the interiors of convezr hulls of n/2-simplices
with vertices at these points. Then the number of marked points is odd.

If n is odd, then the number of linked unordered pairs of (n + 1)/2-simplices with vertices
at these points is odd.

This is Proposition for n = 2, is the Linear Conway—Gordon—Sachs Theorem [l for
n = 3, is the linear version of a result by Lovas-Schrijver-Taniyama for odd n > 3 [LS98|
Corollary 1.1], [Ta00], and is the linear version of the van Kampen-Flores Theorem for n
even [vK32, [F134].

Theorem is proved by induction on n. The base is n = 1 and is trivial. The inductive
step is proved in §2] for n = 2, 3, 4; the proof for the general case is analogous.

There is also an ‘intersection property’ of odd-dimensional space (Proposition 24lb is an
analogue of Theorems [[L2] [[4] [L6). It is weaker than the corresponding ‘linking property’
(Theorems [[T], [[0]). For ‘unlinking properties’ see Remark [2.0.

1.4. Cartesian product and the Menger conjecture. The (Cartesian) product F' x F’
of two figures I, F’ in R3 is the set of points (z,y,z, 2,9/, 2") € R® such that (z,y,2) €
F and (2/,y,7') € F’. A combinatorial version of this notion is product of two graphs
(not necessarily planar). This product can be considered (although not canonically) as a
hypergraph; see Figure Bl left. In Figure B middle and right, splitting of quadrilaterals into
triangles is not shown.

Karl Menger conjectured in 1929 that the square of a nonplanar graph is not realizable in
R* [Me29]. This was proved only in 1978 by Brian Ummel [Um78] (Theorem B3). A simpler
proof was obtained in 2003 by Mikhail Skopenkov [Sk03]. There is a short formula for the
minimal number d such that given product of several graphs is realizable in R? [SkOBJE
The argument of [Sk03] is based on discovery and use of the relation between linking and
non-realizability phenomena in dimensions 3 and 4 (illustrated in §3.2] and §3.4]).

1.5. Linear, piecewise-linear (PL) and topological versions. We present elementary
statements and simple proofs of the linear versions of the above classical results. PL and
topological realizations (=embeddings) of hypergraphs are defined and discussed e.g. in
[Sk18l §3.2], [SK, §5]. Our proofs are easily generalized to the PL versions [Sk03| [Zi13]. The
‘quantitative’ PL versions of Proposition and Theorems [[LT] [C4] [Sk18| Theorem 3.1.2]

"This formula (generalizing the Menger conjecture) was announced in a 1992 preprint of Marek Galecki.
However, after an extensive search Robert J. Daverman kindly informed the authors of a corresponding result
for manifolds [ARSOI] that there is no longer any copy of Galecki’s dissertation (presumably containing a
proof) available at the University of Tennessee.
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(analogous to their ‘moreover’ parts) imply the PL versions for almost-embeddings (see the
PL case of [Sk18, Theorem 1.4.1 and 3.1.6]). The latter imply the topological versions (see
explanation in [Sk18| the paragraph after Theorem 1.4.1]).

Proof of the Menger conjecture (see §I.4]) in [Um78] works for the topological version but
is complicated (one computes an obstruction via spectral sequences). Proof in [Sk03] is much
simpler but for the topological version uses the Bryant approximation theorem which is not
easy. A simpler proof could possibly be obtained by proving ‘quantitative’ PL version of the
Menger conjecture (i.e. improvements of Proposition B and Theorems 3.2, B3] analogous
to the ‘moreover’ parts of Proposition [[.2] and Theorems [[.T], [[.4] see Problem [3.9]).

1.6. Comparison with other expositions. The (linear, PL and topological) van Kampen-
Flores theorem has an alternative simple proof using the van Kampen number, see e.g. [SK18|
§1.4], [Skl, §1.4, §5]. That proof and the proof sketched in this paper, are presumably the
simplest known proofs (‘proofs from the Book’). Proofs of the Menger conjecture (see §L.4))
using an analogue of the van Kampen number or the Borsuk-Ulam theorem are not known.

Usually the van Kampen-Flores theorem is proved using the Borsuk-Ulam theorem [Pr07,
§10.3], [Ma03|, §5]. As opposed to this paper (and to the alternative simple proof using
the van Kampen number), this requires some knowledge of algebraic topology. And this
knowledge does not make things simpler: no known proof of the Borsuk-Ulam theorem (see
[Ma03] and the references therein) is easier than direct proof of the van Kampen-Flores
theorem (presented here or in [Sk18|, §1.4], [Skl §1.4, §5]). E.g. the Borsuk-Ulam theorem
is usually proved using the degree analogously to the direct proof of the van Kampen-Flores
theorem using the van Kampen number.

Short algebraic proofs of the linear versions of the van Kampen-Flores and the Conway—
Gordon-Sachs in the spirit of the ‘standard’ proof of the Radon theorem are given in [BM15].
However, those proofs do not generalize to PL (or topological) versions.

1.7. Further generalizations. The results discussed in this survey are in the basis of
ongoing research.

An important area is study of realizability of (higher-dimensional) hypergraphs, including
applications of algebraic topology to algorithmic problems. For recent surveys see [SkO8], §4,
§5], [MTWI11l §1], [Sk18l §3.2]. For a recent application of the relation between intrinsic
linking and non-realizability in computer science see [Palbl [Sk180].

Realizations (=embeddings) are maps without self-intersections. For topological combi-
natorics and discrete geometry it is interesting to study of maps whose self-intersections are
‘not too complicated’. This is similar to study of smooth maps where one needs to study
maps whose singularities are ‘not too complicated’, i.e. to develop singularity theory. An
important particular case is studying maps without triple intersections and, more generally,
maps without r-tuple intersections, see e.g. survey [Sk18, §3.3]. For relation of this subject
to the topological Tverberg conjecture see survey [Sk16] and references therein.

For analogous problem on embedding dynamical systems see [LT14] and references therein.

2. PROOFS AND FURTHER RESULTS

By k points in R? (in this paper mostly d < 4) we mean a k-element subset of R?; so these
k points are assumed to be pairwise distinct.

2.1. Intersection in the plane. Proposition is easily proved by analyzing the convex
hull of the points. In order to illustrate the ‘lowering of dimension’ argument in the simplest
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situation, let us present another proof of Proposition based on reduction to the following
obvious 1-dimensional result.

Take 4 points on a line, 2 red and 2 blue. The red and the blue pairs of points are
called linked if they alternate: red-blue-red-blue or blue-red-blue-red. The following result
is obvious:

Proposition 2.1. Every 4 points in a line can be colored in 2 red and 2 blue so that the red
pair is linked with the blue pair.

Moreover, the number of linked unordered pairs of pairs with vertices at these 4 points is
odd.

Proof of the first sentence in Proposition[I.2. We may assume that O is the unique point
among given ones whose first coordinate a is maximal. Consider a line = b, where b is
slightly smaller than a. Denote by A, B, C, D the remaining points.

C Ry

Bl BQ
D A( Re

19) A
FIGURE 6. Left: to the proof of Proposition L2l Right: to Proposition 2.3b.

If for some two points X,Y € {A, B,C, D} the point X belongs to the segment OY, then
we are done. Otherwise we can assume that the points A, B, C, D are seen from O in this
order, see Figure Then by the following Lemma the outlines of the triangles OAC
and OBD have an intersection point different from O. Hence some two sides of the triangles
have disjoint vertices and intersect. 0

Lemma 2.2 (See figure[d], left). Assume that two triangles A, A’ in the plane have a common
vertex O, and no 3 of their vertices lie in the same line. Then the outlines OA, A’ of the
triangles intersect at an even number of points if and only if the intersection OANA’ contains
only one segment with vertex O.

This lemma is trivial. It is explicitly stated in order to illustrate higher-dimensional
generalizations (Lemmas 2.6 and B.g]).

The ‘moreover’ part of Proposition[I.2lfollows by a simple additional counting analogous to
the proof of the Linear Conway-Gordon-Sachs Theorem [Tl in §2.2] and using the ‘moreover’
part of Proposition 2.1l

The following propositions are proved analogously to Proposition [L.2l They are used for
some 3-dimensional results (Proposition B.1] and Theorems B.2], [2.5)) in §2.2] and §3.2]

Proposition 2.3. (a) (See figureld, right, and Theorem[2.7.) Two triples of points are given
in the plane. Then there exist two intersecting segments without common vertices and such
that each segment joins the points from distinct triples.

(b) (See figure [6, right) Suppose that there are 4 red and 2 blue points By, By in the
plane. Suppose further that any two segments joining points of different colors either are
disjoint or intersect at their common vertex. Then there are 2 red points Ry, Ry such that
the quadrilateral RiByRyBs does not have self-intersections and the remaining 2 red points
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lie on different sides of the quadrilateral. (I.e. a general position polygonal line joining the
remaining 2 red points intersects the outline of the quadrilateral at an odd number of points.)

See more results in [Sk18| §1.1].

2.2. Linking and intersection in three-dimensional space. First we illustrate the ‘low-
ering of the dimension’ idea (see Remark [L.5]) of proof of the Linear Conway—Gordon—Sachs
Theorem [T by proving its weaker versions.

Proposition 2.4. (a) From any 6 points in 3-space one can choose 5 points O, A, B,C, D
such that the triangles OAB and OCD have a common point other than O.

(b) From any 6 points in 3-space one can choose disjoint pair and triple such that the
segment joining points of the pair intersects the triangle spanned by the triple.

Ay

FiGURE 7. To the proofs of Proposition 2.4la and Theorem [[.I. A plane in
R3 intersects the segments OAy, ..., OAs by points A, ..., AL.

Proof of (a). Without loss of generality we may assume that there is a unique ‘highest’ point
O among the given ones. Consider a ‘horizontal’ plane slightly below the point O. Consider
the intersection of this plane with the union of triangles OAB for all pairs A, B of given
points. Now the assertion follows by Proposition .2 0

Part (b) follows from (a). Part (b) is an improvement of (a) and is a spatial analogue of
Proposition [[.2 (without the ‘moreover’ part).
Figure Ml left, shows that the analogue of (a) for 5 points is false.

Proof of Theorem[I. 1. We may assume that O is the unique point among given ones whose
first coordinate a is maximal. Consider a plane x = b, where b is slightly smaller than a.
Denote by A}, ..., AL the intersection points of this plane and segments joining O to other
given points. See Figure [7l

In 3-space a segment p is below a segment q (looking from point O), if there exists a
half-line OX with the endpoint O that intersects the segment p at a point P := p N OX,
the segment ¢ at a point Q := ¢ N OX, P # @, so that ) is in the segment OP. So in
the plane x = b we can draw a figure analogous to Figure [2, right. Since no 4 of the given
points O, Ay, ..., As lie in the same plane, the number of those sides of the triangle A3 A4 A5
that are higher than A; Ay equals to the number of intersection points of the outline of the
triangle A3A4As with the triangle OA;A5. Also, a segment cannot intersect a triangle by
more than 2 points. All this implies that the triangles O A1 Ay and AsA4As are linked if and
only if A1As is below an odd number of sides of the triangle AsA4As.

For the existence of linked triangles it suffices to prove that if no 3 of 5 points in the
plane lie in the same line and the intersection points (different from vertices) of segments
joining these points are marked so as to show that one segment ‘passes below the other’, then
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there is a segment that is below exactly one side of its ‘complementary’ triangle. This can be
proved by considering all possible cases. Instead of giving details, let us present a counting
argument that gives the ‘moreover’ part.

The following numbers have the same parity:

e the number of linked unordered pairs of triangles formed by given points;

e the number of segments A;A; that are below an odd number of sides of their ‘comple-
mentary’ triangles Ay A;A,,, {i,j,k,l,m} ={1,2,3,4,5};

e the number of ordered pairs (A;A;, AxA;) of segments of which the first is below the
second;

e the number of intersection points of segments whose vertices are Af, ..., AL.

By Proposition the latter number is odd. U

The following version of Theorem [l is analogously reduced to Proposition 2Z3\b [Zi13]
and is used for some 4-dimensional result (Theorem B.3)) in §3.41

Take two space quadrilaterals (i.e. closed quadrangular polygonal lines) ABCD and
A'B'C'D’ in 3-space no 4 whose 8 vertices lie in the same plane. The quadrilaterals are
called linked modulo 2 if the number of intersection points of the polygonal line ABC'D with
the union of the triangles A’B’'C’" and A’D'C" is odd. (As opposed to triangles, there are
space quadrilaterals linked but not linked modulo 2 [WI].) Proposition B.7 illustrates this
notion of linking.

Theorem 2.5 (Linear Sachs Theorem; [Sa81]). Suppose that there are 8 general position
points in 3-space, 4 red and 4 blue. Then there are two linked space quadrilaterals with
vertices at these points consisting of segments joining points of different colors.

2.3. Linking and intersection in four-dimensional space. This and the following two
subsections are independent of each other (except that §3.4] uses the statement of Lemma
B.8)), so they can be read in any order.

Proof of the first sentence in the Linear Van Kampen-Flores Theorem [1.]] We may assume
that no 5 of the given 7 points O, Ay, ..., Ag lie in the same 3-dimensional hyperplane (see
the sentence after Proposition [[2]). We may also assume that O is the unique point among
them whose first coordinate a is maximal. Consider a 3-dimensional hyperplane x = b, where
b is slightly smaller than a.

@)

/ A3 / As ;L;\\.A(i

FIGURE 8. To the proof of Theorem[[4l A hyperplane in R* (shown as a plane
in R?) intersects the segments O Ay, ..., OAg at 6 points A}, ..., Ay which are
vertices of two linked triangles.

Take the 6 intersection points A7, ..., Aj of the hyperplane with the segments OA;, ..., O Ag;
see Figure Clearly, no 4 of the obtained 6 points lie in the same plane. Hence by the
Linear Conway—Gordon—Sachs Theorem [[LT] there are two linked triangles with vertices at
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these points. Without loss of generality, the vertices of the first triangle belong to the seg-
ments joining O to Ay, A3, Ay, and the vertices of the second triangle belong to the segments
joining O to Ay, As, Ag. The above triangles are the intersections with the hyperplane of the
tetrahedra OAyA3 A, and O A A5 Ag.

Since the triangles are linked, the outline of A, A5A) intersects the triangle A} AjAf at
exactly one point. Hence either triangles A; A3A, and A; A5 Ag intersect (then we are done)
or the surface of O A; A3 A, intersects the convex hull of OA; A5 Ag at exactly one segment. In
the second case by the following Lemma [2.6]the surfaces of the tetrahedra have an intersection
point distinct from O. Since no 5 of the given 7 points lie in the same 3-dimensional
hyperplane, any two triangles spanned by the 7 points and having one common vertex
intersect only at the vertex. Hence some two faces of the tetrahedra O A; A3 A4 and OA; A5 Ag
have disjoint vertices and intersect. U

Lemma 2.6. Assume that two tetrahedra A, A’ in /-space have a common vertex O, and no
5 of their 7 vertices lie in the same 3-dimensional hyperplane. Then the surfaces OA, OA" of
the tetrahedra intersect at an even number of points if and only if the intersection OA N A’
contains only one segment with vertex O.

This lemma (and Lemma B.8 below) is not as obvious as its low-dimensional analogues
(Lemma and analogous result for a triangle and a tetrahedron in 3-space) because the
surface of a tetrahedron in 4-space does not split 4-space. Lemma is reduced to Lemma
by proving that the intersection plane of 3-dimensional hyperplanes spanned by the
tetrahedra intersects each tetrahedron by a triangle.

The condition on 0ANA’ of Lemma[Z.0lis equivalent to the following: a small 3-dimensional
sphere containing O in its interior intersects A and A’ by two triangles which are linked in
the sphere. Cf. Lemma [3.8

The ‘moreover’ part of Theorem [[4] follows by a simple additional counting (analogous to
the proof of Theorem [Tl in §2.2)) using the ‘moreover’ part of Theorem [L.1]

The following result can perhaps be deduced analogously to Theorem [I.4] from some 3-
dimensional linking result and some 4-dimensional parity lemma.

Theorem 2.7 (cf. Proposition 2Z3la; [FI34]). Three triples of points in 4-space are given.
Then there exist two intersecting triangles without common vertices such that the vertices of
each triangle belong to distinct triples.

Remark 2.8 (historical). Of course general ‘lowering of dimension’ or ‘the link construc-
tion’ ideas are simple and well-known. Proofs of the Radon theorem on convex hullf based
on this idea are given in [Pe72] [Ko|. For a recent application in computer science see [DE94
proof of 2.3.i]. Also well-known is relation between linking and intersection in consecutive
dimensions (e.g. the linking number of two disjoint closed polygonal lines in 3-dimensional
sphere 0D* equals to the intersection number of two general position 2-dimensional disks in
4-dimensional ball D* spanning the two polygonal lines). An elaboration of this idea to a re-
lation between intrinsic linking and non-realizability in consecutive dimensions is non-trivial
(cf. the difference between Proposition Z4la and Theorem [[T]). Proofs that discover and
use that relation seem to have not been published

e before [RST, [RST’], Alexander Shapovalov’s 2003 solution of an olympic problem,
[RSS+, [Zi13] for reduction of intrinsic linking to non-realizability in lower dimension (the
Conway—Gordon—Sachs theorem),

8See e.g. [Sk16, §1] for the statement of the Radon theorem. See [Sk16| §4] for relations between the
Radon, the van Kampen-Flores and the Conway—Gordon—Sachs theorems.
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e before [Sk03, Example 2, Lemmas 2 and 1’|, [RSS+] for reduction of non-realizability
to intrinsic linking in lower dimension (the van Kampen-Flores theorem and the Menger
conjecture, see below).

Remark 2.9 (unlinking properties). (2) There are 5 general position points in the plane
such that every segment joining 2 of these points intersects the outline of the triangle formed
by the remaining points at an even number of points.

This means that every pair of points is unlinked with the triangle formed by the remaining
points. We do not spell out analogous interpretations of properties (3), (4-2) and (4-3) below.

(2') For every 5 general position points in the plane the number of those segments joining
2 of these points that intersect the outline of the triangle formed by the remaining points
exactly at one point, is even.

Proofs of (2,2") are easy and are left to the reader.

In 3-space instead of unlinking properties (2,2") there are a linking property (Theorem
[L.1) and the following unlinking properties.

(3) There are 6 general position points in 3-space such that every segment joining 2 of
these points intersects the surface of the tetrahedron formed by the remaining points at an
even number of points.

(3") For every 6 general position points in 3-space the number of those segments joining 2
of these points that intersect the surface of the tetrahedron formed by the remaining points
exactly at one point, is even.

For (3) we can take points on a helix, see Figure 2 For (3’) we can use the symmetry of
linking [SK, Symmetry Lemma 4.2] to prove that this number is twice the number from the
‘moreover’ part of Theorem [Tl

The odd-dimensional analogue of the ‘moreover’ part of Proposition fails by (3’). So
under transition from dimension 2 to dimension 3 the property of the existence of intersection
is preserved, while the parity of the number of intersections change.

It would be interesting to prove the following conjectures and their higher-dimensional
analogues. (I am grateful to M. Tancer for sending me proof of the PL version of (4-3).)

(4-3) There are 7 general position points in 4-space such that every triangle formed by 3
of these points intersects the surface of the tetrahedron formed by the remaining points at an
even number of points.

(4°-3) For every 7 general position points in 4-space the number of those triangles spanned
by 3 of these points that intersect exactly at one point the surface of the tetrahedron formed
by the remaining points, is even.

(4-2) There are 7 general position points in 4-space such that every segment joining 2 of
these points intersects the surface of the 4-simplex formed by the remaining points at an even
number of points.

(4’-2) For every 7 general position points in 4-space the number of those segment joining
2 of these points that intersect exactly at one point the surface of the 4-simplex formed by
the remaining points, is even.

3. REALIZABILITY OF PRODUCTS AND THE MENGER CONJECTURE

3.1. Realizability of products. For motivations see 1.4l Suppose that we have mn points
A;p, where j € [m] :={1,2,...,m} and p € [n], in 3- or 4-space. For two-element subsets
{j,k} € [m], 7 <k, and {p,q} C [n], p < ¢, denote by jk x pq the collection, or the union,
of two triangles A;,Ax, A, and Aj,Ap, A, having a common side (see Figure [ left). This
union could be, but need not be, a plane quadrilateral. An (m,n)-product is a collection
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of 2mn triangles from
Jk xpq, where 1<j<k<m, 1<p<q<n.

The union of triangles of (m,n)-product is a polyhedral and possibly self-intersecting

e square, if m =n =2 (Fig. [ left);

e lateral surface of a cylinder, if m = 3 and n = 2 (Fig. [ middle);

e torus, if m =n = 3 (Fig. [l right).

A typical example is the Cartesian product of m points in the plane and n points in the
line (or in the plane).

Proposition 3.1. Any (4,4)-product in 3-space has two triangles which have disjoint vertices
but intersect.

Proposition 311 is reduced to Proposition 2.3la in §3.21
In terms of hypergraphs or complexes Proposition 3.1 implies that K4 x K is not linearl
realizable in 3-space. We do not spell out analogous corollaries of the following two theorems]é

Theorem 3.2 (Product; [Sk03]). Any (5, 3)-product in 3-space has two triangles which have
disjoint vertices but intersect.

The Product Theorem [3:2]is reduced to Proposition 2Z3lb in §3.21

Theorem 3.3 (Square; [Um78| ISk03]). Any (5,5)-product in 4-space has two triangles which
have disjoint vertices but intersect.

The Square Theorem is reduced to the Linear Sachs Theorem in §3.41

Example 3.4. The analogues of Theorems[3.2 and[3.3 are false for

(a) (2,n)-products in 3-space for everyn (forn < 4 this is obvious; forn =5 see Figure[],
right: the vertices of the parallelograms are the required 10 points; for n > 6 the construction
is analogous, see §3.2; cf. [RSS’, Theorem 1.5]);

(b) (3,n)-products in 3-space for every n < 4 (for n < 3 this is obvious, see Figure [J,
right; for n =4 the construction is analogous, see §3.3);

(¢) (4,n)-products in 4-space for every n (see §3.4]).

3.2. Realizability of products in three-dimensional space.

Proof of Example[3.4.a. Let (0,0,0),V, Ay, ... Ay, be points in R*® of which no 4 lie in the
same plane. For every p € [n] denote Ay, :=V + Ay,. If V is close enough to (0,0,0), then
the points A;,, j € {1,2}, p € [n], are as required: there are no two triangles with vertices
at these points which have disjoint vertices but intersect.

Indeed, 12 X pq is a parallelogram for every p # ¢. Since no 4 of the points (0,0,0), V,
Aqy, ... Ay, lie in the same plane, for any distinct p, g, 7, s the segments A;,A;, and Ay, Ay,
are disjoint. Since V is close enough to (0,0,0), the same holds for 1 replaced by 2. Then
any two (convex hulls of) parallelograms 12 x pg and 12 x rs that have no common side are
disjoint. Therefore the points A, are as required. O

Proof of Example[3b. Let f: R® — R3 be the rotation through 2F w.r.t. z-axis. Let
(A117 A12> A13a Al4) = ((L 07 1)a (_1a 07 1)a (07 Oa 2)7 (Oa 07 3))

9Proof of Proposition B] shows that even K31 x K31 is not linearly realizable in 3-space. Analogous
improvements of the following two theorems are false.
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Let Ay, = f(A1,) and As, = f(f(Ayp)) for every p € [4]. Cf. Figure [, right. Then the
points A;,, j € [3], p € [4], are as required: there are no two triangles with vertices at these
points which have disjoint vertices but intersect.

Indeed, jk x pq is a parallelogram for every j # k, p # ¢q. Since every two segments joining
points Aj, either are disjoint or intersect at a common vertex, any two of such parallelograms
that have no common side are disjoint. Therefore the points A;, are as required. O

Proof of Proposition[31. (The proof is analogous to Proposition 2.4l) Take a small tetrahe-
dron containing Ap; in its interior. For every j = 2,3,4 color in red the intersection point
of the surface S of the tetrahedron with the segment A;1A;1, see Figure [d left. For every
k = 2,3,4 color in blue the intersection point of S with the segment A3 Ay. (The intersec-
tion of S with the union of the triangles of the (4, 4)-product is the image of a piecewise linear
map of the graph K33 to S.) Then by an analogue of Proposition 23la (cf. [Sk18, Remark
1.5.1.d]) there are 2 < j < k <4 and 2 < p < ¢ < 4 such that the triangles A;; A;,A;; and
A1 A14Ak have a common point other than A;y. Hence without loss of generality the seg-
ment A;,Aj; intersects the triangle Ay A Ak;. So the triangles Aj,A1,A4;1 and Ay A Ak
have disjoint vertices but intersect. [ O

o

./A12 /AQI A51

F1GURE 9. To the proofs of Proposition Bl (left) and the Product Theo-
rem [3.2] (right)

Given 9 points A, j,k € {u,v,w}, in 3- or 4-space denote by T, the body of the
corresponding (3, 3)-product, i.e. the union of products jk X pq (defined at the beginning
of §3.I)) taken for every 2-element subsets {j,k},{p,q} C {u,v,w}. See Figure [ right.
(As opposed to the figure, T, can have self-intersections.) We abbreviate ‘the body of a
(3, 3)-product’ to ‘a (3, 3)-product’.

Proof of the Product Theorem|[3.2. Take a small tetrahedron containing Aq; in its interior.
For every 7 = 2,3,4,5 color in red the intersection point of the surface S of the tetrahedron
with the segment A1 A;1, see Figure[d, right. For every k = 2, 3 color in blue the intersection
point of S with the segment A;; Ay,. (The intersection of S with the union of the triangles
of the (5, 3)-product is the image of a piecewise linear map of the graph K, to S.)

Denote the blue points by By, By. The intersection of a triangle A;; A1 Ay, with S'is called
an arc. Analogously to the last sentences from the proof of Proposition B.] either some two
triangles of the (5, 3)-product have disjoint vertices and intersect, or any two arcs joining
points of different colors can only intersect at their common vertex. In the second case

1014 is here that we use a specific triangulation of Ky x Ky4. Thus the point Aj; is not interchangeable
with other A;,. So we have to consider a tetrahedron instead of a (hyper)plane as in Theorems [I.T], [[.4 and
Analogous remark applies for the proof of the Product Theorem below.
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by an analogue of Proposition 2.3lb there are 2 red points R;, Ry such that the polygonal
line R1B;RsB, formed by arcs does not have self-intersections and the remaining two red
points Rj3, R4 lie in S on different sides of the polygonal line. Without loss of generality,
Ry, By, Ry, B> belong to the segments joining Ai; to Asy, Aqa, Aszr, Ajz, respectively, and
R3, R4 belong to the segments joining Aq; to A4y, Asp, respectively. Then the points R3 and
R4 are intersection points of S and the outline of the triangle A;; A4; As;. The intersection
of SN A1 A4 Asy is a polygonal line joining R3 and R4. The polygonal line Ry By Ry B is the
intersection of S and the (3, 3)-subproduct Ts3. Since R3, R4 lie in S on different sides of
the polygonal line, (S N A11A41A51) N (S N T123) 7& @ Thus A11A41A51 N T123 7& @ Hence one
of the two triangles A1 A4 As, AysA41 As; and some triangle from 77,3 have disjoint vertices
but intersect. O

3.3. Parity Lemmas. For the proof of the Square Theorem we need Lemma whose
simpler analogues were already used above (see Lemmas [2.2] and an argument on a
triangle and a (3, 3)-product in 3-space from the proof of the Product Theorem B.2]).

Proof of Lemma[3.§ allows to exhibit a basic idea of homology theory (i.e. Poincaré Lemma
on the homology of Euclidean space) in an elementary language accessible to non-specialists.
See a similar alternative proof in [Zu] and more on parity lemmas in [Sk18| §1.3], [Skl §4].

In order to illustrate the idea in the simplest situation, we start with a planar version of
a 3-dimensional ‘general position’ parity lemma (Lemma [B.0]) required for Lemma 3.8l

Some points in the plane are in general position, if no three of them lie in the same
line and no three segments joining them have a common interior point.

Lemma 3.5 (Parity; [Sk18, Parity Lemma 1.3.7]). Any two closed polygonal lines in the
plane whose vertices are in general position intersect at an even number of points.

We need a generalization of the following evident fact: if no 4 of the vertices of a polygonal
line and of a tetrahedron in 3-space lie in the same plane, then the polygonal line and the
surface of the tetrahedron intersect at an even number of points.

Some points in 3-space are in general position, if no 4 of them lie in the same plane,
and for every pair, triple and triple of the points the common points of their convex hulls is
the same as the convex hull of the set of their common points. (In particular, if the pair,
triple and triple are pairwise disjoint, then their convex hulls do not have a common point.)
E.g. in general position are

e the set of 6 points in Figure2l (Consider a regular hexagon in a horizontal plane. Point
A; lies exactly above the vertices of the hexagon at the height j =1,2,...6.)

e the set of points with Cartesian coordinates (t;t%; %), where ¢t € (0,1) (‘moment curve’).

A 2-cycle is a collection of (different) triangles such that every segment is the side of an
even number (possibly, zero) of triangles from the collection. The vertices of a 2-cycle are
the vertices of its triangles. The body of a 2-cycle is the union of its triangles.

An example of a 2-cycle is the surface of a tetrahedron (possibly, degenerate). Also, the
(3,3)-product T, defined in §3.2is the body of a 2-cycle.

Lemma 3.6 (Parity). If the vertices of a polygonal line and a 2-cycle in 3-space are in
general position, then the polygonal line intersects the body of the 2-cycle at an even number
of points.

Sketch of the proof. The lemma follows by its particular case when the closed polygonal line
is a triangle (analogously to [Sk18| §1.3, proof of the Parity Lemma 1.3.7]). This particular
case is reduced to (the case when one polygonal line is a triangle of) the Parity Lemma
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by proving that the intersection of the 2-cycle and the plane containing the triangle is the
union of closed polygonal lines. O

Proposition 3.7. Let ABCD and A'B'C'D’ be two closed quadrangular polygonal lines in
3-space no 4 of whose 8 vertices lie in the same plane.

(a) The polygonal lines are linked if and only if an odd number among the following pairs
of triangles are linked pairs:

(ABC,A'B'C"), (ABC,A'D'C"), (ADC,A'B'C"), (ADC,A'D'C").

(b) Assume that Ay, ..., Ay are triangles in 3-space such that Aq, ..., Ay, ABC, ADC is
a 2-cycle and the union of their vertices is in general position. (Such a collection of triangles
is called a coboundary of ABCD.) Assume that Ay, ..., A}, is an analogous collection of
triangles for A'B'C'D’. The polygonal lines are linked if and only if an odd number among
the kk' pairs (A;, A%) of triangles are linked pairs.

Proof. Part (a) is a particular case of (b) for k = k' = 2, Ay, = ABC, Ay = ADC,
Ay =ABC', A, =ADC".

Denote by 0A the outline of a triangle or a quadrilateral A. For a finite set S denote
by |S| the number of elements in S. By = denote congruence modulo 2. Part (b) follows

because
K ko k!
[ABCDN(AB'C'UAD'C)| =) [ABCDNA)[ = Y [(94) NAL.
=1 j=1, j'=1
Here the first congruence follows by the Parity Lemma O

Lemma 3.8. Assume that two (3, 3)-products Tio3 and T45 in 4-space intersect at a unique
point A1y, which is their common vertex, no 5 of their vertices lie in the same 3-dimensional
hyperplane, and the triangles of (3, 3)-products having disjoint vertices are disjoint. Consider
the intersection of the union of triangle of Tia3 containing Ay; and the union of (the convex
hulls of ) tetrahedra Aj31A14A4Ars and Aj3A14AyAsi. Then this intersection contains an
even number of segments with vertex Aqq.

Proof. The conclusion of the lemma is equivalent to the following: a small 3-dimensional
sphere containing O in its interior intersects 1123 and 7145 by two quadrangular polygonal
lines which are linked in the sphere.

Denote by Ay, ..., Ag (A, ..., Ay) those triangles of 7' (of 7”) that do not contain O. Let
OX = conv{{O} U X} be the cone over X with the center O. Then (I'NT") — {0} =0
consists of an even number of points. Hence there is an even number of pairs (4, ') € [9]?
such that the surfaces of tetrahedra OA; and OA’, intersect at an odd number of points. By
(a spherical analogue of) Lemma the latter number has the same parity as the number
of pairs (j,5') € [9]* such that the triangles 7 NOA; and 7N OA), are linked. So the lemma
follows by (a spherical analogue of) Proposition B.7.b. O

3.4. Realizability of products in four-dimensional space.

Sketch of the proof of a weaker version of Example[3.4).c: (3,5)-product in 4-space. Take a 3-
dimensional hyperplane in R* (shown in Figure [I0, left, as a plane in 3-space). In this hy-
perplane take 10 vertices Aj,, where j € [5], p € {1,2}, shown in Figure @ right. Take a
vector v not parallel to the hyperplane. Set A;3 := Aj; +v. (In Figure [I0] left, we see the
lateral surface of the prismoid Ay; AgpAs3As51 As2As3.) Then the points Aj,, 7 € [5], p € [3],
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are as required: there are no two triangles with vertices at these points which have disjoint
vertices but intersect. ]

FIGURE 10. Left: to realization in R* of the product of the complete graphs
on 5 and on 3 vertices.

Right: to realization in R* of the product of the complete graphs on 5 and on
4 vertices.

Sketch of the proof of Example[3.4) c. See Figure [10, right. Talge points \Ajp € R* c RY,
Jj € {1,2}, p € [n] from the proof of Example B4la. Then Ay,A,, = As,As, for every p # q.
Take vectors vz, vy, € R* not parallel to the hyperplane R?* C R*. Denote A;, := Aj, + vj,
j € {3,4}. We can take vz, vy so that Ayy is an interior point of the triangle Ay A12A;3.
Then the points Aj,, j € [4], p € [n], are as required: there are no two triangles with vertices
at these points which have disjoint vertices but intersect. O

FIGURE 11. To the proof of the Square Theorem B3]

Proof of the Square Theorem[3.3. We may assume that no 5 of the given 25 points A;, lie
in the same 3-dimensional hyperplane (see the sentence after Proposition [[2)). We may
also assume that Ap; is the unique point among them whose first coordinate a is maximal.
Consider a 3-dimensional hyperplane x = b, where b is slightly smaller than a.

For every j = 2,3,4,5 color in red the intersection point of the hyperplane with the
segment Aj1A;;; see Figure [Tl For every p = 2,3,4,5 color in blue the intersection point
of the hyperplane with the segment A;;A,;. Clearly, no 5 of the 8 colored points in the
hyperplane lie in the same plane. Hence by the Linear Sachs Theorem there are two
linked closed quadrangular polygonal lines whose vertices are the colored points and whose
edges have endpoints of different colors. Without loss of generality, the vertices of the first
polygonal line belong to the segments joining A;; to Aqo, As1, A1z, A31, and the vertices of
the second polygonal line belong to the segments joining Ay to Ay4, Ag1, A1s, As1. Then the
polygonal lines are the intersections with the hyperplane of the (3, 3)-products T3 and Tiys.
By Lemma [3.8 7723 and T45 have an intersection point distinct from A;;. Hence analogously
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to the last two sentences in the proof of Theorem [[.4], some two triangles of Tj93 and Ti4s
have disjoint vertices but intersect. U

Problem 3.9. Find a subset
M C {{(X,Y),(X’,Y’)} XY, X' Y e (@), XNnX' =0 orYﬂY’:Q)}

such that for any 25 general position points Ay, j,p € [5], in 4-space there is an odd number
of pairs {(X,Y), (X", Y")} € M for which the intersection (X x Y) N (X' x Y') consists of
an odd number of points.

This problem is a particular case of the following generalized Menger problem: Complexes
K, L have non-trivial van Kampen obstructions to embeddability in R™ and in R™, respec-
tively (see definition e.g. in [Fo04], [Sk18|, §1.5] [Skl §5]). Does the cartesian product K x L
of K and L have non-trivial van Kampen obstruction to embeddability in R™T" ¢
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AHGpI/IO,ZLI/IquKI/IG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

DTOT MPOEKT MOCBSIIEH UHTEPECHON 00JaCTH MATEMATHKHU, CBA3aHHON ¢ 3aMoreHusaMu. OObIYHO 3a/IaH HEKO-
TOPBIA KOHEYHbIH HA0Op IMTOK (Uryp HA ILUIOCKOCTH), U MbI IBITAEMCH 3aMOCTHTH IJIOCKOCTh, [IPUKJIA/IbIBAs
TIIJINTKN J:prI‘ K /Ipyl"y TaK, LITO6I)I Memgy HUMHM HE OCTABAJIOCH HyCTbIX MECT. TI/IHOBOﬁ Saﬂa‘leﬁ ABJIAETCA BbIACHE-
HUE BOIMIPOCA, BO3MOXKHO JIW 3aMOIIEHUE C MOMOIIBIO TAHHOIO HADOPa M KaKhe CBOWCTBA MOTYT OBITH WJIH HE OBITH ¥
9TOro 3amoIrenus. i HEeKOTOPHIX HAOOPOB, HAIIPUMEP, BO3MOXKHO JIAIIH HEMEPUOINIECKOE 3aMOIIEHHE IJIOCKOCTH.

Bawm npennararorcsa 3amadn pa3buTbie HA HECKOIBKO ITUKIIOB.

Cpenu 3a1a4 BCTPEYAlOTCd KakK IPOCTbIE, TAK M CJIOXKHBIE, B TOM YHCJI€ €CTb OTKPBLITHIE BOIIPOCHI, PELIEHUS
KOTOPBIX HUKTO TIOKa He Halle/l. Byner 310poBo, eciin Ha, KOH(MEPEHIIUN OYIeT MOIYyYeHO TPOIBUIKEHUE TI0 KAKOMY-
HUOY/IH TAKOMY BOTIPOCY.

A  PasmepHocTh OaNH

Paccmorpum ogHOpaszmMepHbie MO3auKu. [laumkamu TYT SBASIOTCS OYKBBI B KOHETHOM ajihaBUTE, & KPLESHLMU YCAO-
BUAMU TBJISIOTCS 3AMPETHI JIJIT HEKOTOPHIX OYKB CTOATH ApYT 3a Apyrom. O600Imas 3T0 MOHITHE, MOKHO CKa3aTh,
YTO 33/[AETCsI KOHEYHOE YHCJIO 3AIPEIIEHHBIX CJIOB — KOHEYHBIX 0CJIe/I0BaTeIbHOCTEN OYKB. Paspewennbimu sBIIs-
I0TCS CTIOBA, HE COMIEPIKAIIIE 3AMPEIEHHBIX MOICIOB. AHATIONOM 3aMOUWEHUA ABISETCSA CYNIECTBOBAHNE OHECKOHETHO-
ro B 0obe cropounbl ciioBa. Hac 6ymer uaTEpEcOBATH BOIPOC, KAK KOHEYHBIM YUCJIOM 3alPETOB 3a/[aBATh PA3IHIHbIE
CTPYKTYDPHI caoB. Hanpuvep, 3anpersr aa w bb 3a1a10T GECKOHETHOE TIEPHOANHECKOE CI0BO ¢ nepuogom (ab). fcwo,
9TO JAPYTUX PA3PENIEHHBIX DECKOHEHBIX CJIOB C JAHHBIMU 3aIIPETaMU HE MOXKET ObITh.

A.1 Tlycrs 3a1aH0 MHOKECTBO S GeCKOHEIHBIX CI0B B asndasute {a,b}: 3TO CI0BaA COMEPIKAITUE OHY, IBE UIH TPU
OYKBBI b TIOIPSIIT, & OCTATHHBIE OYKBBI ¢ (TIPU 3TOM cepuii OYKB b MOXKeT OBITH CKOJIHLKO YTOaHO). BepHo nn uTo
CyIIEeCTBYeT KOHEYHBIH HAOOp 3AMPEIEHHBIX CJIOB, 33JAI0IINX MHOXKECTBO S7

A.2 TlocumTaiiTe MUHIMAIBHOE HEOOXOMMMOE YUCIIO 3ATPETOB, 9TOOBI 38JIATh CJAEIYIONTAE MEPUOIMICCKAE TTOCITe-
JIOBATEJIbHOCTH, YKa3aHbl ux nepuogabl: (ab), (aab), (aabaabab), (aabaababaabaababaabab).

A.3 PaccMoTpmM MHOXKECTB OeCKOHEUYHBIX CJI0B B ajidasure {a,b}. O6o3naunm depe3 a” cioBo, re OyKBa a HAIW-
cana n pa3 noapsa. CymecTByer iU KOHEYHBIN HAOOD 3aIPeIIeHbIX CI0B, TAKOW YTO PA3PEIIeHHBIMA CJIOBAMU
SIBJISIFOTCS BCE CJIOBA HE CozepzKaliye KyCcKoB ba™b i pa3jiMuHbIX 70 ¥ TOJHLKO OHH?

A.4 Tlycrn Temepb pa3perreHo pacKpalinBaTh OYKBbI B KOHETHOE UHCJIO IIBETOB, TO €CTh, HAIPUMEDP, a1b MOKer
ObITH 3alPEIIEHHBIM CJIOBOM, a Gob yxke mer. MOXKHO Jiu Tenephb 3aaTh KOHEIHOE YUCIIO0 3AIPEIEHHbIX CJI0B
TaK, 9TOOBI PA3PEIIEHHBIMU ObLIA BCE CJIOBA HE CofepsKalme Kycko ba™b (rme B kKadecTse OykB a u b MoryT
BCTPEUYATHCS JIIO0bIE UX OTTEHKH) W TOJBKO OHH?

A.5 Tlycrs MHOXKECTBO S COCTOMT m3 OECKOHEYHBIX CJIOB, COAEPIKAIIMX MOAPS CEPUH JIUIIh U3 YETHOTO KOJIUIE-
crBa OykB a. MOXKHO i 3aJaTh S KOHEIHBIM YUHUCJIOM 3ampeToB? VI3MEHUTCS JIM OTBET, €CJIN Pa3PEeIIaeTcs
pacKpaimBaTh OyKBbI B KOHEYHOE YKCJIO I[BETOB?

A.6 Te xe BOIpOCHI, €CTH CEPUE COCTOAT M3 HEUETHOTO YUCIA OYKB a.

A.7 Tlycts ug = a, u1 = ab, Upt2 = UpUpy1. IlocuuTaiiTe HEOOXOIMMOE MUHUMAIBHOE YHCIO 3AIPETOB, YTOOBI
3a/1aTh OECKOHEYHYIO IIEPUOINYECKYTO [10C/IEI0BATEIbHOCTD C IEPUOIOM Uy,
B Mo3anknu Ha ILJIOCKOCTH

2D ca060 310 GeCKOHEYHAs] KBAAPATHAS PEINeTKa HA IJIOCKOCTH, I/e B KAaXK/I0# KJIeTKe MOYKeT ObITh HAMMCAHA OIHA
u3 6ykB a u b. Ilammepn 3TO Takas »Ke peIneTKka 3alo/JTHeHHAsd OYKBAaMHU, HO KOHETIHASI.

B.1 Haiinure KOHEUHBIH HAOOD 3aIPEIIEHHBIX TATTEPHOB, TAKON 9TO €IMHCTBEHHBIM PAa3PENIeHHBIM OECKOHEIHBIM
3aMOIIEHNEM SIBJISIETCS [MAXMATHOE, T/I€ POJIb OEJIbIX W YEePHBIX KJIETOK UIPAT OYKBBI a u b.



B.2 Paccmorpum MHOXKECTBO S OECKOHEUHBIX 2D-CI0B, TAKUX YTO JIF00AsT CBSI3HAS TIO CTOPOHE KOMITOHEHTa, COCTOSI-
mas u3 Oyks b, (BOKPYT KOTOPOIi PaCIOIOXKeHbl TOJBKO OYKBbI ¢) COCTOMT U3 Y4ETHOrO yncja OyKB. MOKHO i
BBIOPATh KOHEYHOE MHOYKECTBO 3aIMPENIEHHBIX TATTEPHOB, YTOOBI Pa3peIleHHbIMU OeCKOHedHbIMu 2 D-citoBaMu
6bLTH TOJIBKO cioBa u3 S? Kaxoit Oyner oTBer, eciiu pa3pernaeTcs pACKpPaIlMBaTh OYKBbI B KOHEYHOE YHUCJIO
IBETOB”

B.3 Kakoit Oyzer orBer B ciiydae HEYETHBIX KOMITOHEHT?

B.4 Jlokaxkure, 9TO €ClI¥M C MOMOIIBI0 MJIMTOK MOXKHO 3aMOCTHTH 00JIACTH BKJIFOYAIOIIYI0 KPYT MTPOM3BOJIBHOIO
pa3Mepa, TO MOKHO 3aMOCTUTH U TIJIOCKOCTb.

Bynem HasbBarh naumramu KOHEYHBIE MHOTOYTOJBLHUKH, C TIOMOIIBIO KOTOPBIX OYI€M 3aMOIIATH MJIOCKOCTb.
Kaxxaprit Tun nuTKE MOXKHO PACKpAIIMBATDL B KOHEIHOE UHC/IO 1BeTOB. TakuM obpas3om, beckonednbie 2D-ciioBa
9TO 3aMOINEHNsT KBAAPATHBIMY IJINTKAMHU IBYX TUMOB a ¥ b. JIOKAJbHBIE MPABWUIA MPUMBIKAHWS TIJIUTOK B 9TOM
CMBICJIE COOTBETCTBYIOT 33/IAHUIO 3AIPEIIEHHBIX TATTEPHOB.

B.5 PaccMmorpuMm miecTHyTONMbHBIE ITATKH, CTOPOHBI KOTOPBIX JHUOO IMPSIMbIE, JUOO COAEP:KAT BBIMYKJIOCTD HIN
BOIHYTOCTH OJMHAKOBO# (POPMBI, HECKOJIBKO IIPUMEPOB YKAa3aHbI Ha pUCYHKe 1. BoigcHure, mjs pasnamaHbIX
BapHaHTOB IIJIMTOK, MO2KHO JIM IIOJIY4YHUTb 3aMOLIECHHE 6eCKOHe‘-IHOI71 IIJIOCKOCTH, HCIIOJIb3YydAd TOJIbKO IIJIMTKH
3aJJaHHOr0 TUIMa,?

Puc. 1: [IpaBusibHbIe MIECTHYTOJIHHUKY C HACEYKAMHU HA CTOPOHAX.

C Ilepmomu4HOCTh U KBa3WIEPUOINIHOCTD

Bepremcsi B ongsomepHyo curyanuio. CocpesporounMcsi Ha BOIPOCE NEPUOJUIHOCTH, U PACCMOTPUM HOBOE CBONCTBO,
KBA3UNEPUOOUNHOCTG.

C.1 JlokakuTe, 4TO €CJIU ITOCJIEI0BATEIHHOCTD MEPHOINYTHA, TO €€ MOXKHO 33/IaTh C MOMOIIbIO KOHEYHOI'O YHCJIA
3amperos.

C.2 Ilyctb MOXKHO pacKpalinBarTh OYKBbI B KOHEIHOE 9HCJIO IBETOB. IlycTh 3a/1aH KOHEIHBIN HAOOP 3aIPEIEeHHbIX
CJIOB, W M3BECTHO, YTO €CTh Pa3pelieHHble OECKOHEYHbIe CJI0BA. JLOKaKUTE, 9TO €CTh MEPUONIEcKoe BEeCKOo-
HEYHOE pa3penieHHoe CJI0BO.

Taxum 0O6pa3oM, MEPUOINIHOCTH HETb3d M30eKaTh B 0HOpa3MepHoil cutyaruu. Ho Kak gameko Mbl MOXKeM 3aifiTu?

C.3 IlycTb MbI MOXKeM 33/1aTh He Dosiee 1 3amperoB. IlycTh p — HamMeHbIINi TePUoI pa3peIeHHoro caosa. Kakoro
HanbOJIBIITErO 3HAYEHWUST P Mbl MOXKEM JT0OUTHCs T

C.4 Ilycth Temepb MbI MOXKEM 33]aBATh CKOJIHKO YTOMHO 3aIPETOB, HO KOJUYECTBO OYKB B KAaXKIOM W3 HUX HE
OoJiee n. AHAJIOrMYHBIA BOIIPOC, KAKOIO HAMOOJIBIIEro 3HAYEHUS P MbI MOXKEM J00UTHCs?

CitoBO Ha3bIBAETCA K6a3UNEPUOIUNHBLM, €CTTU s JI000r0 marrepHa P, BeTpedaionerocs B HEM, CyIIECTBYeT
9HCJIO T, TAaKOe 9TO P comepkurcs B 1I000M KPyTe paamyca 7.

C.5 JlokaxkuTe, 9TO KarxKI0€ MePUOIUIECKOE CIOBO SIBJISETCS KBA3UIIEPUOINTHBIM.
C.6 Haitiaure HEmepuoOgUIECKOE CJIOBO, ABJIIONICECS KBA3UIEPUOINIHBIM, a TAK:Ke HEKBA3ZHIIEPHUOINIECKOE CIIOBO.

Tenepsb paccMOTpuUM JBYMEPHYIO cuTyaruio. [IOHSITHS NEPUOAMYHOCTYA ¥ KBAZUIEPUOJAUIHOCTH MOXKET OBbIThH JIEIKO
060011enbl (caenaiire 31o). Kak Mbl yBUIMM 11032K€, IEPUOAUIHOCTH TelePb MOXKHO U36exKarb. A BOT KBa3UIIEPUO-
JANYHOCTHU HEJIb34:

C.7 JlokakuTe, 9TO €CJIU C MOMOIIbI0 HAOOpA MOXKHO 3aMOCTHUTH IJIOCKOCTh, TO 3TO MOYKHO C/I€JIATh C ITOMOIIBIO
KBA3UNEPUOIUIECKOTO 3AMOIICHS.



D 3amomenus Pobuncona

IlepBoiit HAOOP, ¢ TIOMOIIBI0 KOTOPOTO MOXKHO COCTABJISITH TOJIBKO HEMEPUOANYECKUE 3AMOINEHNs ObLI OTKPBHIT B
1964 romy Pobeprom Beprepom u comep:xan 20426 mantok. Bosee mpocroit Habop noka3an Ha pucynke 2. O ObLT
orkpbIT B 1971 Padasnem Poburconom. Boinykiiocru u BbieMKy (KOTOPbIE MOT'YT UMETh WJIU HE UMETh CUMMETDHIO)
BBIHY?K/IAI0T BAPUAHT 3aMOIIEHNUs, [IPU STOM JIMHUK HA IJINTKAX O0Pa3yI0T MHTEPECHBIA PUCYHOK.

D.1 [dokaxkure, 9TO MIUTKAME, H300PAYKEHHBIMY HA, PUCYHKE 2 MOYKHO 3aMOCTHUTD IMJIOCKOCTD.

Puc. 2: Illects kBagpaTos ¢ naceukamu. Obparure BHUMAHUE HA Pa3Hyio (GOPMY HACEUEK.

D.2 lokaxkwure, 9T0 10060 TAKOE 3aMOINEHNE HEMEPUOINIHO.

D.3 HaszoseMm podumenem KBaapar, 0Opa30BAHHBINA OTPE3KaMU Ha IJIUTKAX, €CJIM OH IIePEeCeKaeT MEHBIINI KBa par.
Podocrosras KBaapaTa MOXKET ObITh 3aKOJMPOBAHA OECKOHEYHBIM CJIOBOM B YeTHIpEX OYKBEHHOM ajidaBuTe,
rae Kaxkaag OyKBa yroJl, IepeceKaeMblil pOIUTeIbLCKAM KBaApaToM. B Kakmx ciydadx JBa KBaApaTa UMeEIOT
ob1ero npeaka’?

D.4 Hokaxkure, 9TO CyNIIECTBYET HECUETHOE KOJIMIECTBO 3aMOIIEHU, /1aKe C YIeTOM H30METPHUH.

E MHepapxmueckmue 3aMOIIeHNS

E.1 Tlokaxwure, Kak 3aMOCTUTH MJIOCKOCTH C MTOMOIIBIO TIUTOK, n300parkeHHbIX HA pucyHke 3. IIBera Todek mosrx-
HBI COBITAIATh B MECTE COMPUKOCHOBEHUS MJINTOK. JTOT HAOOp mpuayman B 1974 romy.

E.2 Anajorngssiii BONpPOC, MOKAYKUTE, KAK 3aMOCTUTD MJIOCKOCTH € TIOMOIIBIO TIJTUTOK, H300PasKeHHbIX Ha PUCYHKE
4. 9ot HabOp mpuayMaH B Hadage 90-bIX.

.

Puc. 3: Tpeyrosbauknu ¢ pa3ninaabiMu Hacedkamu. Bepxuane yribst coorBerctBerHo 108° u 36°.

E.3 MoxHO jiu 337aTh 3aMOIIEHUs B IBYX MPEABIIYIIIX 33/Ia9aX KOHEIHBIM HAOOPOM JIOKAJIHHBIX MATTEPHOB, €CJIN
HEJIb3sl UCIIOJIb30BATh I[BETOBLIE METKM, HACEYKHU HA CTOPOHAX M TOMY IOm00HOe?

IIycts MBI coOCTaBUIM M3 TJIMTOK HECKOJIBKO MAKPOILIMTOK. KCanm Kakast MaKpOIINTKA, MPEJICTABAIET CO0OM
durypy nmomobuyio coorBeTcTByIONei mauTke (¢ o0mmM J1jig Beex KodddummenTom momodusi) TO MbI MOXKEM IIPO-
JIO/IKUTH pa30ueHne M COCTaBUTh MAKPOILIMTKH BTOPOTO YPOBHS MO TOMY ke mpuHIuimy. [Ipomgomkas B TOM xe



Puc. 4: Notched L-shaped tiles.

JIyXe, Mbl MOKEM II0JIYYUTh 3aMollenne miockocru. Coco0, ¢ HOMOLILI0 KOTOPOIrO MaKPOILIUTKHY COCTABJIAIOTCA U3
TJINTOK, OyIeM HA3bIBATH MOJCMaH06KoU. Takoil crocod moCTpOoeH st 3aMOINEHNH HAZBIBAETCS UEPAPTUHECKUM.

Puc. 5: [Ipumep momcTaHOBKH.

E.4 JlokaxuTe, ITO MEpapXUuecKue 3aMOIIEHNST HEMEPUOTUIHHI.

E.5 Kaxmas n3 m300pakKeHHBIX HA PUCYHKE 6 MOJACTAHOBOK 33/1a€T MHOYKECTBO 3amornennii. st kaxxmporo n3
9THUX CJIy9YaEB BBISCHUTE, MOYKHO JIW OMPEIEINTh COOTBETCTBYIONIEE MHOKECTBO C TIOMOIIBI0 KOHEYHOrO HAOOPa,
3aIpeIeHHbIX MATTEPHOB — CBA3HBIX COUYETAHNH HEMEPEKPHIBAIOIIUXCS TIJINTOK 7

Baxkupiit pe3ysbrar B MaTeMaTUKe 3aMOIEHUH, moryd9eHHbril B 1998 romy, 3aKk/109aercs B TOM, YTO AJId 3 aH-
HOI TOACTAHOBKM MJINTOK, UX MOXXHO PacKpacuTh B KOHEYHOE YHCJIO [BETOB TaK, YTO MEPaAPXUIECKOe
3aMOIIleHrEe MOXKeT OBbITH OIIPEeIeJIEHO C MOMOIILI0 KOHEYHOro YHcJia 3alpelieHHbIX ITaTTepHoB. B aToM
cJIydae TOBOPAT, UTO ITHTKH MOTYT OBITh TeKOPHPOBAHBI.

E.6 Moxere 1 BbI JEKOPUPOBATH MJINTKHU JJIsI TOJICTAHOBOK U3 MPEIbIAYINEH 338491 TaK, 9TOOBI COOTBETCTBYIOIINE
3aMOIIECHHS 3aJABAJINCH KOHEIHBIM YHCJIOM 3aIPEINeHHbIX MaTTePHOB?

Puc. 6: Tloncranosku (KpaiiHss copaBa: ILIMTKUA MOMOTETUYHBI HO HE MU30METPUYHBI).



AHGpMOﬂquCKHG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

F Camocbopka

F.1 IlammepHrom HA3BIBaETCs CBsS3HAS 00JIACTH O€3 JBIP, MOKPHITAS HECKOJbKUMU IJINTKAMU, BBIIOKEHHBIMU IO
npaBmwiaM. IlaTTepH HA3BIBAGTCS MeEPMEbLM, €CITH OH HE MOSBISIETCS HE B KAKOM 3aMOIIEHUH TI0CKOCTH. Haii-
JIATE MEPTBBIH MATTepH Jiist Habopa IJIMTOK Ha PUCYHKaX. 2—4.

F.2 Jokaxkure, 9T0 B JI0O00M HAOOPE ITUTOK, KOTOPBI MOMKET 3aMOCTHUTH ILJIOCKOCTH TOJBKO HEITEePHOINIECKH,
CyIIECTBYET MEPTBBIH HATTEPH.

Ilycrs onpeseneHa HeKOTOpast TIOOATbHAS KOHCTAHTA MeMNepamypa i 3aJIal 6ec sk KaXKJIOTrO TIUTOYHOTO pebpa.
Cxema camocbopru 1is HADOPa MEKOPUPOBAHHBIX MHOTOYTOJBHBIX IJIHTOK 3TO MPOIECC MPOBOAMMBIN 110 CIey-
omuM mpasuaaMm. Ha mepBoM mrare mporecca BBIKJIAAbIBaeTCA Jobasa mintka. Ha N 4 1 mare mporecca K yxKe
BBLIOXKEHHOMY KYCKY TIO MTPABUJIAM MPUKJIAIBIBAETCS IINTKA, TPUYEM CYMMa, BECOB HA ee pedpax, KOTOPhIE COBMAJIN
¢ pebpaMu yrKe yCTaHOBJIEHHBIX paHee IJINTOK, MOJI’KHA ObITh HE MeHee ueM Temmeparypa. lIpormecc ocraHaBInBa-
eTcs, KOrJa K yKe MOCTPOEHHOMY KYCKY HeJIb3s JOOABUTH HU ONHON IJINTKH.

F.3 IlycTb moxm BecOM MOHMMAETCH KOJIWUYECTBO MATEH, a TeMmneparypa paBHa 2. Kakwe marTepHbI MOTYT OBITH
MMOCTPOEHBI € MOMOIIBIO CXeMbI CAaMOCOOPKH, UCIOIB3YEMOI ¢ IINTKAME Ha pUCYHKE 7 7
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Puc. 7: Cxema camM0ocOOpKHY JjIs TEMIIEPATYPHI 2, ¢ BECAMHU Ha Pedpax PABHBIMU UUCJY ISITEH.

OO61uuit pe3ysibraT yTBEPKIALT, 9TO eCIIH 33/JaHa TOJACTAHOBKA HA HADOPE IJIMTOK, TO MOXKHO BbIOPATH TEMIIEPATY DY,
Beca, M CyIIECTBYET CXeMa CaMOCOOPKH [IJIst 3TOr0 HabOpa, Takas uTO BCE 3aMOIIEHNs] MOTYT ObITH MOCTPOEHBI 3TO
nepapxXuvyecKue 3aMOINEeHN, 33/JaHHbIe 3TON MMOICTAHOBKOM.

F.4 Moskere i BbI HANTH CX€MbI CAMOCOODPKHY JIJIST TTOACTAHOBOK W3 IMUKJI0B D u K7

G 3Bamommenusa pombaMnu

G.1 [oxaxuTe, 9TO MOKHO 3aMOCTUThH TJIOCKOCTH C MOMOIIBI0 KBAIpaTa u poMba n300paskKeHHBIX Ha PUCYHKE 8.

G.2 B nponomkenue mpegabIayIne#t 3a1aun, TPUIyMaiTe 3aMOITIeHNe, UCMOIB3YIoNIee KaK MOKHO MEHbITIee KOJIH-
YeCTBO KBaJIPaTOB.

G.3 BepHo /H, 9TO BCe 3aMOINEHHUS W3 MEPBOM 33041 ITOTO IUKJIA, ABIAIOTCS KBA3UIEPUOINTHBIMHA.

G.4 Pemmre 3amaun G1-G3 mst Habopa TINTOK, COCTOAIIEro n3 pombos Ha Puc. 9



Puc. 8: Cepnriit kBagpar n 6esbiii pom6 (ocTporiii yron 45°).

Puc. 9: Cepbie pombbt (ocTpsiit yroa 72°) u Gesbiit pom6 (ocrpsiii yroa 36°).



AHGpI/IO,ZLI/IquKI/IG SaMOIICHN

Nnba NUsanos-Iloronaes, Anekceii Kanesb-Besos, san Murpodanos, Toma ®epruk

JlonmoaHureabHbIe MOACKA3KU Jd HOCTPOEHUS AEKOPAaIuili mepapxXxmyecKuxX 3aMoIie-
HUIA.

PaccmoTpum 1oapo0HEee MOACTAHOBKY C pa3bHeHueM TPANelUy Ha YeThIpe TpaIeuu MeHbinero pasmepa (Pu-
cyHOK 1). MOXKHO 3aMETUTH, YTO YeThIpe ILIUTKUA 00pa3yloT MakKpOILIUTKY, YEThIPEe MAKPOILIUTKU 00Pa3yloT MaK-
POILIMTKY CJIEAYIONIEro yPOBHA W TakK JaJjiee. Mbl XOTUM BBECTH HEKOTOPBIE JIOKAJbHBIE MPABUJIA, YTOOBI U3 TLIH-
TOK MOXKHO OBIJIO COCTaBJIATH TOJHKO HEMEPUOINIeCKHe MO3auKu. Iy 3TOro Hy?>KHO OPOKOHTPOJIUPOBATH, YTOOLI
IUINTKY IPUCTABJISIIACH APYT K APYrY TOJIBKO B COOTBECTBUU C IIPABUJIAME HOJACTAHOBKU. MbI OyzeM ucrosibp30BaTh
HEMHOTO JIPYTO# CIOCo0 3a/IaHus JIOKAJIbHBIX TTPABUIL.

Y-

Puc. 1:

Beenem HeKOTODBIN s3bIK, KOTOPBIH KOAUPYET PA3InYHbIe BUIbI BEPIIUH U pedep y HauX miuToK. IIpasusbrot
MOBaWKO#t OyIeM HA3BIBATH 3aMOIIEHHE TLIIOCKOCTH TIOJIY9€HHOE C TIOMOIIHIO YKA3aHHOMN TTOJICTAHOBKA C TPAITEIWSIMHU.
IIpasusvroimu OyaeM HA3BIBATH TE MATTEPHBI, KOTOPhIE TPUCYTCTBYIOT B MPABUILHON MO3aUKe.

C omHOiT CTOPOHBI, MBI ONpE/IE/IsieM PAa3METKY Halleil MoJCTaHOBOYHOM CUCTEMbI, a C JAPYroil JoKa3biBaeM (WH-
JYKIMEdi 110 PAHIy) 4TO pasMeTKa JeIaeT BO3MOXKHBIMU TOJIBKO MPABUJILHBIE MO3AUKH.

E.7 Ilokaxkure, 910 M00Ad BEPHIMHA HA TMPABAILHOM NATTEPHE OTHOCHTCA K OJHOMY W3 TPEX THIIOB, M300pa-
enHpIx HA pucynke 2. (Tpamemun, oKpyzKaomue BePIMHBI MOIYT GbITh MAKPOIUIMTKAMHE JIOOOTO Pa3Mepa).
Takzke HOKazKuTe, 910 J11000e PEOPO MAKPOILIUTKY HA TAKOM IIATTEPHE OTHOCUTCA K OJHOMY W3 IIATH THIIOB,
MOKa3aHHBIX Ha pucyHKe 3. [TokaxknTe, 9TO KaxKJast CTOPOHA MAKPOIUINTKY SIBJISETCS GONBITNM OCHOBAHUEM
B JIBYX KaKHUX-TO (MaKpO)IINTKAX.

N A

Puc. 2:

Puc. 3:



E.8

E9
E.10

E.11

E.12

Kak xommpoBars pedpa miamntok? PeOpo KaxKmoi manTKu OyIeT WMeTh TOT K€ THUIM, KaK y MaKCHMaJIbHOTO
pebpa, 9acThbi0 KOTOPOro OHO sBjsieTcs. TakuM o0pa30M, y MINTKHA YeThIPEe BEPIIUHBI U YeThIpe Pedpa, TUIIOB
KOTOPBIX KOHEYHOE KOJIN4YecTBO. Vmess 3anperoB mojiyvaeT HOBOE 3By4YaHUEe — MOXKHO PAaCCMATPUBATH TMYyTH HA
MO3anKe, KOJUPOBAHHBIE ITOCTIEI0BATEILHOCTSIME THUIIOB pedep W BEPINNH, ¥ KOHCTPYHPOBATDH 3aIPEThl TAKUX
nmyTei

[IpuBeuTe npumep mocaemoBarenbHocTeil Buga XY Z, roe X, Z — tunsl pebep, Y TUIT BEPIINHBI, KOTOPHIE HE
MOr'YT KOJMPOBATb HUKAKON IyTh, JIe2KAIIUA Ha NPABUJILHON MO3auKe.

Hara miesib cocTouT B TOM, 9T00BI ONEPUPY S 3AIPETAMU Iy Teil, 00eCIednTh, YTO0bI €IMHCTBEHHBIM BO3MOXKHBIM
3amorenreM ObLia ObI mpaBuIbHasg Mo3anka. Ho s aToro MeTos 3amperoB myTeit Tpedyercs 10padoTaTh.

Beenem gomonaurensHil Tun BepinuH D, o OyayT 0603HAYATH BEPITUHBI HA OOJIBIIIOM OCHOBAHWUH, YIABCTBYIO-
e B pa3bueHuu IMTKK HA cieayioeM yposae pasouenus (puc. 4). [Ipu panpueiimmx pazbuenusx Ha 3TOM
GOJIBIIIOM OCHOBaHUH Oy/1yT 06PA30BBIBATHCS y2Ke Bepiuubl Tuia C.

DC C,D

Puc. 4:

Taxzke BBeJeM JONOJHHATENbHLIE HBeTa epinnH C. s KazKa0il TaKo# BepIIMHBI MOXKHO HAUWTH ILTUTKY, Ha
GOJBIIOM OCHOBAHHH KOTOPOH OHA JIEXKHT. ByIeM CYATATh, YTO BEPIIMHBI, PACIOJIOMKEHHBIE MEXKIY KPaeM
OCHOBAHHUSA M BEPIIMHON Tumna [ mMeeT IBeT ONMH, a BEPIIMHBI, PACIOJJOXKEHHBIE MEXKIy OBYMS BEPIIMHAMHE
tuna D (MOXeT ObITH JaJIEKO OT HUX) UMEIOT IBET JBA.

Takxke Ham mOTPeOYIOTCH TOMOTHUTEIbHBIE 1BETa pebep. JIoboe pebpo mbo sBiasgercs pedpoM camMoil Mel-
KOl TLIUTKH, JTUOO JIEXKUT HA KAKOM-TO OOJIBITOM OCHOBAHHK HEKOTOPO# MakpomauTtku. [IBerom pebpa Oymem
canrarh ynopsinouernyto napy "6occos" (X,Y), rne X n Y — tvnel BepmmH (¢ nBeTaMm) B KOHIAX 3TOTO GOJIb-
II0r0 OCHOBaHUSA (MJIM B KOHIIAX CAMOro pebpa, ecyiu 3T0 pedpo camoii Meskoi miutku). [TockoabKy Mbl Oymem
TOBOPUTH O MYyTHAX, peOPO MMEeT HAIPABJIEHWE MPOXOXKICHUS W yIOMUHAsS PeOpO, Mbl MOYKEM CKa3aTh KAKOM
"6occ"ocTasicsa mo3aay, a Kakoi — 60cc Brepeu.

Ha KapTHHKE C 9€TbIPbM#A BBIIIOTHEHBIMHU IMOACTAHOBKaAMH YKa?KHUTE THUIIbI BEPIINH U pe6ep C UX IIBE€TaMH.

Kaxkue tunbr pebep BBIXOAAT U3 BEPIIAH KAXKIOTO THIA !

Takum 0Opa3oM, MBI MOYKEM MTPOHYMEPOBATH BXOAAIINE PEOPa, I KaXKIOrO TUTA, y3/a. 10 ecTh, MOXKHO CJie-
JATH OTKY/Ja IyTh BOIIEJ B BEPITUHY W Ky/a BhIIea. BymeM 3ampemars JOCTATOYHO KOPOTKUE IMTYTH, KOTOPBIE
He BCTPeYaroTcd Ha MPABUIBHBIX IMATTEPHAX, PACCMATPUBAs KAXKIBIM MyTh KAK KOHEYHYIO MOCTIEI0BATEIb-
HOCTH 9epeIyOMUXCsS BEPIINH 1 pedep, C 3alOMUHAHUEM [0 KAKOMY peOpy MbI BXOIWM B KaXKIyIO BEPIIUHY U
IO KAKOU BBIXOIMM.

Kakne mytu Ham0 OOBLABUTH 3alPENIEHHBIMHU, YTOOBI IIyTh MO pedpaM, COCTABJAIONIUM OOJIBIIOE OCHOBAHUE
HEKOTOPO# TINTKHU, O0S3aTEbHO COMEpYKaj POBHO nape Bepimuubl C u ocTajbHbe [, He CUMTasT KPANHUX
BepiiuH?

IMonpoGyiiTe onucarh HAOGOP 3aMpPEIEHHBIX MyTel (MOC/IeI0BaTEeIbHOCTENH) rapaHTUPYIOINX, YTO U3 MJIUTOK
MOXKHO OyZIeT COCTAaBUTH 3aMOIIEHUE W ITO OyJAeT 00sI3aTeIbHO TTPABUIHHAST MO3AWKA.
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This project is devoted to an interesting area of mathematics called tilings. We consider some finite set of
tiles (figures on the plane) and try to cover the plane by placing our tiles next to each other such that there
are no empty spaces between the tiles. The main question is to understand how the local constraints (due to
the way tiles can fit next to each other) enforce global properties of tilings. In particular, an interesting global
property is non-periodicity, and a tile set which can form only non-periodic tilings is said to be aperiodic.

There are a lot of problems separated into several cycles. Some problems are simple, some other more
complicated, and some are even open questions: it would be great if someone make an advancement for these
problems.

A One dimension

Let us consider the one dimensional case. Tiles can be seen as letter over a finite alphabet, and tilings as
two-side infinite words. We call pattern of a word any of its finite subwords. Letter are allowed to stay
next to each other or not, and a common way to specify such constraints is to give a finite set of forbidden
patterns. For example, if aa and bb are forbidden, then the only infinite word that can be formed is periodic
with period (ab).

A.1 Let us consider the set S of infinite words in the alphabet {a,b} which contain runs of b’s of length at
most three. Does there exist a finite set of forbidden words determining the S7

A.2 Count the minimal number of forbidden words to determine the following infinite words (given by its
periods): (ab), (aab), (aabaabad), (aabaababaabaababaababd).

A.3 Consider the set of infinite words over the alphabet {a,b} where the patterns (subword) ba™b are
forbidden, for any n > 1. Can you find a finite set of forbidden patterns which defines the same set of
words?

A.4 What about the previous question if, in addition, you are now allowed to color letters (using finitely
many different colors), that is, for example, to make a difference between a blue a and a green a?

A.5 Let S be the set of infinite words whose finite runs of a’s are all of even length only. Is it possible to
determine the S with some finite number of forbidden words? And if we can color letters using finitely
many different colors?

A.6 Same questions if the length of finite runs of a’s is asked to be odd.

A.7 Let ug = a, u1 = ab, upya = Uplnp41. Count the minimal number of necessary forbidden words to
enforce infinite periodical words with period u,,.

B Two dimensions

A 2D infinite word over a given alphabet is obtained by writing a letter of the alphabet in each cell of the
2D grid, and a pattern is a restriction of such a word to a finite region.

B.1 Find a small set of forbidden patterns which defines 2D infinite words where the a’s and b’s alternate
as the black and white squares on a checkerboard.

B.2 Consider the set of 2D infinite words over the alphabet {a, b} such that any finite connected (by side)
component of a’s has even size. Can you find a finite set of forbidden patterns which defines this set?
And if colors are allowed?

B.3 Same question if the size of the connected component of a’s is asked to be odd.

B.4 Show that if a finite set of forbidden words allow to form patterns which cover arbitrarily large disk,
then one can form a 2D word without any such forbidden words.



Given finitely many polygons called tiles, a tiling is a covering of the plane by isometric copies of these tiles
that can intersect only on vertices or along whole edges. Tiles can in addition be colored using finitely many
different colors. 2D infinite words are thus tilings: tiles are square with a color corresponding to the letter a
or b. Convince yourself that colors and forbidden patterns are equivalent to notching of tiles or decorations
that must match where tiles intersect.

B.5 Consider the hexagonal tiles whose side can have a bump or a dent (see, for example, Fig. 1): for which
tiles can we form a tiling using only one of these tiles?

Figure 1: Some notched regular hexagons.

C Periodicity and Quasiperiodicity

Let us return to one dimensional situation. We shall here focus on the question of periodicity, and introduce
a much larger notion, quasiperiodicity.

C.1 Consider a periodic infinite word. Prove that it can be determined by a finite set of forbidden words.

C.2 Show that any finite set of forbidden words which allows at least one infinite word also allows a periodic
word (even if finitely many colors are allowed).

Hence, periodicity is unavoidable in dimension one. But how far can we go?

C.3 Assume that one can use only n forbidden words. Let p be the smallest period of periodical words.
How large p could be?

C.4 Now we can use any number of forbidden words, but each contains at most n letters. How large p could
be?

An infinite word is said to be quasiperiodic if, for any pattern w that appears somewhere in this word, there
is a number 7 such that w appears at distance at most r from any letter of the word.

C.5 Show that any periodic word is quasiperiodic.
C.6 Find a non-periodic but quasiperiodic word, and a non-quasiperiodic word.

Consider now the two-dimensional case. Periodicity and quasiperiodicity can be easily generalized (do it).
As we will later see, periodicity is however no more unavoidable! But quasiperiodicity does:

C.7 Show that any finite set of forbidden patterns which allows at least one tiling also allows a quasiperiodic
tiling.

D Robinson tilings

The first aperiodic tile set has been discovered in 1964 by Robert Berger and contains 20426 tiles. The much
simpler tile set on Fig. 2 have been discovered in 1971 by Rafael Robinson. Bumps or dents (which can
have a symmetry or not) enforce the way tiles can be assembled, while the segments drawn on tiles form an
interesting picture.

D.1 Show that the tiles on Fig. 2 can form a tiling of the plane.
D.2 Show that no tiling by the tiles on Fig. 2 is periodic.

D.3 When segments drawn on tiles form a square which intersects a smaller square, then the former is
called the parent of the latter. The lineage of a square is then be encoded by an infinite word over a
four-letter alphabet, with each letter coding the corner which is intersected by the parent square. At
which condition any two squares of a tiling have a common ancestor?

D.4 Show that there are uncountably many different tilings, even up to an isometry.



Figure 2: Six notched squares (note the two different type of bump/dent).

E Hierarchical tilings

We shall introduce hierarchical tilings, which provide the first general way to find aperiodic tile set, that is,
finite tile sets forming only non-periodic tilings.

E.1 Show that the tiles on Fig. 3, discovered in 1974, do tile the plane

E.2 Same question for the tiles on Fig. 4, discovered in the early 90’s.

o K

Figure 3: Notched isosceles triangles. Top angles are respectively 108° and 36°.
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Figure 4: Notched L-shaped tiles.

E.3 If we cannot use colorings or notches on edges, can we nevertheless characterize the tilings of two
previous questions characterized by finitely many of their patterns?

A substitution is a map which first inflates (by a common factor) the tiles of a given tile set and then
subdivide them in non-overlaping tiles of this tile set (Fig. 5 This is thus a map on the tilings by this tile
set. With a given substitution are then associated so-called hierarchical tilings: they are the tilings which
admit a uniquely defined infinite sequence of preimages by this substitution.
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Figure 5: Example of substitution.

E.4 Show that hierarchical tilings are non periodic.

E.5 Are the hierarchical tilings associated with the substitutions on Fig. 6 characterized by finitely many
patterns?

Figure 6: Substitutions (rightmost: tiles are homothetic but not isometric).

A general result discovered in 1998 states that, given a substitution over a set of tiles, these tiles can
be colored so that the hierarchical tilings associated with are characterized by finitely many
patterns (equivalently, tiles can be notched or decorated).

E.6 Can you find such decorations for the hierarchical tilings associated with the substitutions the previous
question?



Aperiodic Tilings

Thomas Fernique, Ilya Ivanov-Pogodaev, Alexei Kanel-Belov and Ivan Mitrofanov

F Self-assembly

F.1 A pattern is said to be dead if it appears in no tiling of the whole plane. Find a dead pattern by the tile sets
depicted on Fig. 2—4.

F.2 Show that any finite tile set which can form only non-periodic tilings can also form dead patterns.

A self-assembly scheme for a set of decorated polygonal tiles consists in giving a weight to each tile edge and a
global parameter called temperature. Then, to form a pattern or a tiling of the whole plane, one first put a tile, then
add other tiles one at a time so that, when a tile is added, the sum of the weigths of its edges whoses decorations
match is greater or equal to the temperature. Process stops when no tile could be further added.

F.3 Which patterns do form the self-assembly scheme depicted on Fig. 77

(4
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Figure 7: Self-assembly scheme at temperature 2, with the weight of an edge being the number of marks.

A general result states that, given a substitution over a tile set, there is a self-assembly scheme for this tile set such
that tilings that can be assembled are exactly the hierarchical tilings associated with the substitution.

F.4 Can you find a self-assembly scheme for substitutions of Sections D or E?

G Alternating rhombi

G.1 Show that one can tile the plane with the notched square and rhombus of Fig. 8.

Figure 8: A grey square and a white rhombus (acute angle 45°).

G.2 Which tiling can you form that use as few as possible grey tiles?
G.3 Is it true that any tiling of the plane by the tiles of Fig. 8 is quasiperiodic?
G.4 Same questions with the two rhombi depicted on Fig. 9.



Figure 9: Two grey rhombi (acute angle 72°) and one white (acute angle 36°).



Aperiodic Tilings
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Additional hints for the construction of hierarchial tiling decorations.

Let us consider the trapezoid substitution in more detail (Fig 1). We can see that four tiles form a macrotile,
four macrotiles form a higher level macrotile and so on. We want to assign some local rules to enforce that tiles
can only form hierarchical tilings associated with the trapezoid substitution We will use another method for local
rules setting.

Y.

Puc. 1:

Let us set up a language that encodes the different tile types into the vertices and edges. We say that a tiling of
the plane is correct if it hierarchical for the trapezoid substitution. We say that a pattern is correct if it appears in
correct tiling. We assign a code for our substitution system and from the other side we prove (by rank induction)
that our code enforce the correct patterns.

E.7 Show that every vertex on a correct pattern has one of the three types on Fig. 2. (Trapezoids around the
vertices can be macrotiles of any level.) Show that every macrotile edge on a correct pattern has one of the
five types on Fig. 3. Show that every macrotile edge is the base-edge of two (macro)tiles.

N A AN

Puc. 2:

Puc. 3:

How can one code tile edges? Every edge has the same type as the maximal macrotile edge that can contain it.
So, every tile has four vertices and four edges. The number of vertices (and edges) types is finite. The idea of
forbidden words could be used here again — we can consider paths on a tiling encoded by sequences of vertices
and edges types and construct lists of forbidden paths.

E.8 Find an example of sequence having the form XY Z, (there X, Z —are types of edges, Y is a type of vertex)
which could not code any path on a correct pattern.



E.9
E.10

E.11

E.12

Our goal is to use forbidden paths to ensure that the only possible tilings are correct ones. But we need to
work a bit.

Let us add a new type of vertex, D. This type codes vertices on a large base-edge that are part of the next
lower hierarchy level of the tiling (Fig. 4). The vertices on this base-edge which are part of further lower levels
of the hierarchy are of type C.

DC C,D

Puc. 4:

Also we assign new colors to C' vertices. For every such vertex, we can find the tile on which base it is located
We can say that the vertices located between an edge of the base and a D vertex are colored in a first color,
while vertices between D vertices (they could be located far from them) are colored in a second color.

We also need additional colors for edges. Every edge is a side of a smallest tile or is situated on a big base
of some macrotile. Let XY be types of vertices (with colors) in the ends of that big base (or the ends of the
smallest tile side, if our edge is the side of smallest tile). We assign an ordered pair of "bosses" (X,Y) as the
color of our edge. While we speak about paths, we have a direction on each edge, so we known which are the
previous and the next bosses.

Look at the picture with four levels of substitutions and mark types of all vertices and edges with their colors.

Which types of edges start at vertices of each type?

So, we can number incoming edges for any type of vertex. Thus, we can know where are the incoming path
from and where it goes. We will forbid paths which do not appear on a correct tiling by looking each path as
a finite sequence of traveled vertices and edges and by memorizing through which edge we enter and exit each
vertex.

Find the list of forbidden paths to obtain the following property: every path along the edges that form the big
base of some macrotile contains exactly two vertices of type D (except the ends of that path).

Try to construct a finite list of forbidden paths to obtain the following properties: we can construct a tiling
using our tiles, and every such tiling is correct.



A7. Cioso ¢ nepuogoM (a) MOXKHO 3aJIaTh 3alPETOM CJIOBA b, P 3TOM
MEHBIIE YeM OJIHUM 3aIIPeTOM OOOWTHCH, OUEBUHO, HE YIaCTCs.

Jljist Bcex KOHEYHBIX CJIOB U, COCTOANMX u3 OYKB a u b, onpenenum p(v) mo
caeytomemy npasmiy: ¢(a) = ab, p(b) = a, p(aias ... an) = (a1)e(az) ... o(ay).
Mupykimeit 0o k HECI0KHO JIOKA3aTh, YTO Ugt1 = P(U),), L€ U), — IUKINIeCKHil
CJIBUT CJIOBA Uj Ha OJIHY OYKBY.

Jlemma. Tycers nepuon (v) # (b) 3amaéres k 3anperamu u He 3amaérest k — 1
zanperoM. Torga nepuog (¢(v)) samaéres k 4+ 1 3anperamu u He 3aa8TCs k.

O 1. Hycrs nepuos (v) 33a8TCa MUHUMAJIBHOM CHCTEMOI 3aPEIIEHHBIX CJIOB
V1,02y...,Vk.

IMocrpoum cucremy 3amperoB st ¢(v). Bo-niepBbix, BkiounmM Tyaa bb. Bo-
BTOPBIX, KayKJI0€ CJIOBO BUJIA ¥; IIPEJICTABISETCA B BUJIE w;a win w;b. B mepsom
cJlydae BKJIIOUHM B CHCTeMY 3anpeToB ¢(w;)ab, a Bo BropoM ciydae — ¢(w;)aa.

CiroBa, He cozepxkaiue bb — 3T0 B TOYHOCTHU T€ CJIOBA, KOTOPHIE IIPEICTAB-
Jsorest B Bujie () st HEKOTOPOro HECKOHEYHOIO . 3aMETHM, UTO & MOXKHO
OIIPENIENTUTH OJTHO3ZHAMHO.

CioBa, He conepskammue bb u p(w;)ab — 9T0 B TOTHOCTH BCE CJIOBA, IPEJICTAB-
JISTIOTIMECs] B BUJIE ¢(X) TIPU YCJIOBUU, UTO & HE COJEPIKUT W;d.

CuoBa, me cogepxaimue bb u o(w;)aa — 370 B TOYHOCTHU BCE CJIOBA, KOTOPbIE
[IPEJICTABJISIOTC B BUEe ©() IPU yCIIOBUU, 9TO & HE COIEPKUT w;b.

BHauuT, CI0Ba, paspelaeMble HOBOW CHCTEMON 3aIPpeTOB — B TOYHOCTH Te,
KOTODbIe [IPEJCTABISIOTCS B BUJIE ¢(X), Tle & He COIEPXKUT CJIoBa 13 Habopa v;,
TO ecTb UMerT BUI (p(v)).

2. TTokazkem, aTo morpebyercst XoTst 661 k 3ampeTos. [lycTh ecTh HEKOTOpAsT
MHUHHMAaJIbHAs CHCTEMa 3alpeToB, 3aaaolias (¢(v)). B 910ii cucreme J0/1KHO
6bITh cstoBo Buma b”. Ecim n > 2; To cucrema He MUHMMAJIbHAS, TAK KaK 9TO
CJIOBO MOXKHO 3aMeHHUTh Ha bb (Tak Kak bb He BCTpedyaeTcss BO BCEM CJIOBE, U
3/1€Ch MBI HCIIOJIB3YEM, ITO 3alpeTa b Her).

Torpa ciosa, 3ampemniaemMbie CJIOBOM bb — B TOYHOCTH Te, KOTOPbIE IIPEJICTaB-
Jgores B Buge o(x).

Hukaxoii u3 ocTaBIUXCs 3aIIPETOB HE MOYKET OKAHIUBATHCA Ha ba, WHAYE y
HEro MOYKHO OTOPOCUTH IOCJIETHIO OYKBY.

Eciu kakoii-To U3 3aIpeToB HauuHaemcs Ha b, TO Tepes HUM MOYKHO Hallu-
caTh a — IOJYYUTCsI He MeHee CHJIbHAsi CUCTeMa 3aIPeTOB (Ha 9TOM Iare Mbl
OTKA3bIBAEMCS OT MUHUMAJILHOCTH ). TOraa KaxKIblit U3 HUX UPEJCTABIACTCS Ol
HUM 13 JIBYX BHJIOB: p(w)aa nan @(w)ab.

ITosropsiem paccyKjieHust: caoBa, He cogepzkamue bb u p(w)ab — 310 B TOU-
HOCTH BCe CJIOBA, IPEJCTABJISIONINECH B BUjie ¢(Z) IPU YCJIOBUH, YTO I HE CO-
JIEPKUT WG,

CiroBa, He conepxanme bb u p(w)aa — 310 B TOYHOCTH BCE CJIOBA, KOTOPBIE
[PEJICTABJIAIOTCS B BUe ¢() IPU YCJIOBUHU, YTO & HE COIEPKUT wb.

Jljist KaxKJI0ro U3 3alpeInaionux cJaoB (Kpome bb) cTpouTCs HEKOTOPOE CJIOBO
V3, 1 MI3BECTHO, YTO CJIOBA, N30ETAIOIINE 3AIPEIIAIONIUX — 3TO B TOYHOCTHU Te CJI0-
Ba, KOTOPBIE NIPEJICTABIISIIOTCS B BUIE ¢(x), TIe & He CONEP:KUT CJIOB U3 HAabopa
v;. C IpyTOii CTOPOHBI, 3TO TI0 YCJIOBUIO BCE T€ CJIOBA, KOTOPbIE MTPEJICTABIISIOTCS



B BUjie (), TJIe & TIEPUOAUYHO C MIEPHOJIOM U. 3HAYUT, HAOOp {v;} OJHO3HATHO
3a/1a8T CJIOBa C IIEPUOJIOM U, TO eCTh uX He MeHee k + 1, a Bcero He menee k + 1.
|

U3 sieMmbl 1 HAGJIIOJEHN S, YTO CI0BA (0(U) ) ¥ U4 ABIAIOTCS IUKIMIECKAMU
CJIBUTAMU JIPYT JIpyTa, cjieayer orseT k + 1.

C4. JTokazKkeM, 9TO JJTHHA IIEPHOIA He MOXKeT ObITh Gosee 28~ 1. Paccmorpum
B OECKOHEYHOM CJIOBE ...G_1A103 ... k=1 41 IIOJICJIOB JIIuHBI kK — 1, 1IepBbIe
OYKBBI KOTOPBIX uMeroT HOMepa 0, 1, 2, ..., 2k=1 Tlo npuHIuy Jdupuxie cpenn
HUX €CTb JIBa OJIMHAKOBBIX. IIyCTh 9T0 C/I0Ba, HAYMHAIONIUECS] C TIO3UIWIA § U j.
Torna cioBo (a;a;41 - . . a;—1) nMeeT mepuos He Gosbimit, wem 2" 1. Tak Kak Bee
€ro CJIOBA JIMHBI K SIBJISIFOTCS MTOJICJIOBAME HUCXOHOTO, TO OHO HE 3aIIPEIIeHO.

IokaxkeM, 4TO CyIIECTBYeT MEPUOIMYHOE CJIOBA C JJIMHOI IIepuoja POBHO
2k=1 Takoe, 4TO B €ro MmEpPHOJE BCTPEUAIOTCS BCE BO3MOMKHBIE IIOJICIOBA, [IIH-
vbl k — 1 mo ognomy pasy. Torma B KadecTBe 3alpeIIéHHBIX BO3BMEM BCe HE
BCTPEUAIOINIHECS] B TIEPUO/IE CJIOBA JJIUHBL k, U 9TU CJIOBA OYIYyT OIPEIEIISITh e~
pHO/JT CJIOBA, TAK KaK MBI KYyCKY JUIHHBL k — 1 Bcerjia MOXKHO OyzeT omnpeesinTh
CJIETYIONILYIO OYKBY.

Wrak, npumep. PaccMoTpuM opreHTUPOBaHHBIN I'pad Ha BepiuHe. Ero
BEPIIUHBI — 3TO CJIOBA JJIUHBI k — 2, OHU COEJIMHEHBI CTPEJIKOi, eC/iu IepeceKa-
foTcs 1o cyioBy jumHbl k — 3. [lpumep: k = 7, u3 Bepruabt abbab BexyT pédbpa B
bbaba u bbabb.

O1oTr rpad CHILHOCBSI3€H U HCXOJSIINE CTEIEHN BCEX BEPINUH OJMHAKOBBHI.
CiiesioBaTesIbHO, CYIIECTBYeT IUKINIeCKuil 06xos ero pébep (Ditmepos 06xox).
Paccmorpum 6€CKOHEUHBIH 1TyTh, MOBTOPSAOIINAN 3TOT 00X0/I. DTOMY IIyTH COOT-
BETCTBYET MCKOMOE CJIOBO C JUIMHOMN mepuoma 281,

A7. The word (a) can be defined by forbidden word b. It is obvious we can
not use empty set of forbidden words.

For a finite word v, if it consists of letters a and b, define ¢(v) according the
rule

2k—2

p(a) = ab;p(b) = a;p(araz . .. an) = plar)p(az) . .. p(an)

. We can prove (induction on k) that w1 = p(u},) if u), is the one-letter cyclic
shift of wuy.

Lemma. Suppose (v) # (b), this word can be defined by k forbidden words
and can not be defined by k — 1. Then the period (¢(v)) can be defined by k+1
f.w. and can not be defined by k.

O 1. Suppose vy, va, ..., vk is the minimal system of f.w. that defines (v).

Construct system od forbidden words for (¢(v)).

The first word will be bb. For each v; we take a forbiden word as follows:
if v; has form v; = w;a, we add ¢(w;)ab. In other case (i.e. v; = w;b) we take
p(w;)aa as a forbidden word.

The set of words y that do not include bb is exactly the set of words that can
be expressed as y = (z) for some infinite . Notice, that x is defined unique
by y.

Words without subwords bb and ¢(w;)ab are all words of form ¢(z) with
condition “z has not the factor w;a”.



Words without subwords bb and ¢(w;)aa are all words of form ¢(z) with
condition “z has not the factor w;b”.

So, the set of words that are not forbidden is exactly the set of words of
form ¢(x) for x that has not words v; as subwords. And such words have period
(p(v)).

2. Now we’ll prove we need k forbiden words. Let set {v;} be a set of forbiden
words that defines (¢(v)). This set forbids (b) so it includes a word b™ for some
n. Case n = 1 is not interesting. If there is forbiden word b™ for n > 2 then we
can change this ford by bb, and the system will forbid the same set of infinite
words.

The set of words y that do not include bb is exactly the set of words that
can be expressed as y = ¢(x) for some infinite .

Suppose the set contains a forbiden word u and u ends by ba. Then we delete
the last letter of v;, this this operation will not change the set of allowed infinite
words (because we also have bb).

If some v; has its first letter b, we change v; by av;.

After these operations we get the same number of words, and they forbid
the same set of infinite words. Each of v; has form ¢(w;)aa either ¢(w;)ab for
some w;.

As before: words without subwords bb and ¢(v;)aa are all words of form ()
with condition “z has not the factor w;b”.

Words without subwords bb and ¢(v;)ab are all words of form o(z) with
condition “z has not the factor w;a”.

Each of {v;} (besides bb) defines a word w;. Infinite words without {v;} are
exactly the words of form (), where x has not any w; as a factor. From the
other hand this is the set of periodic words with period (¢(v)). It means that
the set {w;} defines the period v and there are at least k of them, and there are
al least k + 1 words in {v;}. O

This lemma and the fact before the lemma imply that the answer is k + 1.

C4. At first we prove the period can not be larger then 2*~1. Conside in a
(not forbiden) infinite word ...a_jajas ... a set of 2°~! 41 subwords of length
k — 1, (these words start at positions 0, 1, 2, ..., 2°~1). Dirichlet principle: there
are two equal among them. Suppose these two words start at positions i and j.
Then the word (a;ai41 ...aj—1) is periodic with period equal or less then ugem
27~1. Since all its factors of length k are factors of ...a_jaias..., it is not
forbiden.

Now se prove there exists a periodic word with period of length 2¢~! that
contains all possible subwords of length k—1 (one occurence each). Then forbiden
words of lenght k are all words that are not in period. These words will define
the period, because every pattern with length at least £ — 1 is prolongable right
unige way.

How we construct such a word? Consider oriented graph on vertices
and 2F~1 edges. Vertices are words of length k — 2, two words are connected
with an arrow iff they overlap by a word of length k£ — 3. Example: k = 7, vertex
abbab has outdegree 2 and edges from it go to bbaba and bbabb.

2k72



This graph is strictly connected and all outdegrees and indegrees are equal
to two. It follows the existence of a cyclic path that goes each edge once (Eurler
circuit). We turn this path to a periodic one repeating is infinitly manu times.
Last letters of vertices on this path form a periodic word we want.
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AHHOTaUSA

Paccmarpusarorcs mocnenosarensuoctu W nepuona u vaz andasuroMm us [ 6yks. Tpebyercss omHO3HATHO

OIIPpE/IEJIUTDH I10CJIe10BATEJIbHOCTD W YKa3bIBag CJIOBa, HE ABJIAIOIIUECH €€ I10JCJI0BaMU. ,Z[.HH n € N obozHna-

9YuM 3a Un MHOZKECTBO CJIOB U JJIMHBI N, HE ABJIAIOINUXCA CTECIICHAMUA (T.e. HEe IIpeJCTaBUMbIX B BUJE U = ’Uk,

k> 1). Ilycrs T'(u®) — MHHUMAJILHOE YHCJIO 3alIPETOB, 3aJAIONINX II0CIeA0BaTeIbHOCTD 1. Ofo3HaunM

m, = max T (), 7, = min T(u™).
u€Uy u€Uy,

JloKasaHbl CJle/IyI0I1e TEOPEMBI:
Teopema 1. m, < n(l —1).

OTMeTnM, YTO OIeHKa TOUHA NPU GECKOHEeTHO MHOTHX N U peaju3yeTcsl, HallpuMep, JJis TIepuoa, Colep-
JKAINero Bee CI0Ba, HEKOTOPOil (bMKCHpOBaHHON auHE ¢ (T.e. n = [).

Teopema 2. 7, > log,n + 1.

Teopema 3. Cyuwecmsyem 603pacmarowas nocaed08aMeNLHOCTG N;, MAKAA, YO

1
o, <logymi, ede ¢ = —|—T\/5

1. BBeaenme

UccnenoBanne KOMOMHATOPHBIX CBOCTB NEPUOJMYIECKHUX HOC/IEOBATEILHOCTEIl UIPAET BaXKHYIO POJIb B IPOG-
nemax Gepucaiiosckoro tuna. CooTBETCTBYIONME BOLIPOCHL UCCIIEOBAINCH PSIOM aBTOPOB, cM. [1-3].

IIpu n3yueHNn MOHOMUAJLHBIX aireOp (aireGp, 3aJaHHBIX COOTHOIIEHUSIMY BUJIa: MOHOM paBeH () BarxKHYyTO
pouib urpaior anreéper A,, 3aganuble cooTHOmeHuAME v = 0, TIe v — He HoAciIoBo v, cM. [3]. DTo — mep-
BUYHAsI KOHEYHO onpejiesieHHas Pl-anrebpa, u Bce epBUYIHbIE KOHETHO OIPE/IEJICHHbIE MOHOMUAIbHbIE areGphl
UMEIOT Takoil B MOXKHO ITOKa3aTh, 4TO BCE ONPE/IEISIONIe COOTHOIIEeHNs aarebpsl A, nmetor Bug v = 0, rie
lv| < u| — 1.

IIpencrasisier uHTEpec GoJIee TOYHOE MCCIIENAOBAHUE CTPYKTYPbI COOTHOUICHHH, 3ajamomux A,. dromy n
[OCBSAIICHA HACTOAIIAS paboTa.

2. OcHoOBHBIE pPe3yJabTAaThI

Jlasee Bce paccMaTpuBaeMble CJIOBa €CTh HaJl (buKcupoBaHHbIM ajihbaBuToM A u3 | OyKB.

Huzke HEKOTOpBIE MHOXKECTBA CJIOB OY/yT HA3BIBATHCS CUCTEMAMU 3anpemos. OupenesnM MOHATHs, CBS-
3aHHBIE C CUCTEMOI 3aIIPeTOB.

ITycrs nama Hekoropasi cucreMma 3amperos V. = {v;}. Byzmem rosoputh, 910 w ydosaemeopaem cucmeme
3anpemos V| ecjid CJI0BO W HE COJEPYKUT HU OJHO U3 U; B KAYECTBE IOJICIOBA; CUCTMEMA 3anpemos onpedensem
beckoreuroe 6 06e CMopoHvL CA0B0 W, ECITU W €CTh €IMHCTBEHHOE OECKOHEYHOE CJIOBO, YAOBIETBOPSIOINIEE CUCTEME
3aIIPETOB V.

JIerko mokas3aThb, 9TO TOJIBKO [IEPUOINIECKIE CJI0BA MOTYT OBIThH OIIPE/IeIEHbI KOHEYTHOM CHCTEMON 3aIIPETOB,
em. [1].

[Tox, MUHUMAALHOT CUCTEMOIT 3aIIPETOB, OIPEIEISAINIEll CJIOBO W, HUXKe OyJeT MOHUMATbCS MUHAMAJIbHAST
10 KOJIMYECTBY CJIOB CHCTEMA.

PaccmoTpum c1oBo u, He comeprkaliiee HU OUH U3 3alIpPeToB B KadecTse moacioBa. Cmoso uX, rme X € A,
HAa3BIBAETCS NPOJOAICEHUEM 6NPABO CIIOBA U, €Cau uX TaKKe He COMECPXKUT HU OJUH M3 3aIPETOB B KAYECTBE
mojicsioBa. CJI0BO U HA3BIBAETCS 00HO3HAUHO NPOJOANCAEMBIM GNPAGO, €CITH U UMEET POBHO OJIHO ITPOJIOJIZKEHUE

MccnenoBanue BoimosneHo npu mopaep:xkke PODU, rpant Ne06-01-00648.
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BIIPABO, HEOOHOZHAUHO NPOJOAINHCAEMBIM, ECTTH UMEET DOJIbIIE OJHOTO MPOJOJIZKEHUSI, U HENPOOONIHCALMbLM, ECITU
HE UMEEeT HHU OJIHOIO IPOJIOJIKEHUsI. AHAJOTUIHBIM 00PAa30M OIPEIEISIIOTCS TPOJIOJIZKEHNST CJIOBA Ha JI000€
KOJIMYECTBO OYKB, a TakyKe OECKOHEYHbIE [TPOJI0JIzKeHust. [ [POJI0IKe ST BJIEBO OIIPEIEJISIIOTCS TOXKE aHAJIOTHIHO.

CJI0BO © Ha3BIBAECTCS HAYAAOM CJIOBA W, €CJIU CJIOBO W HPEJCTABUMO B BHJIE US, COOCTNGEHHLIM HAYAAOM,
€CJIM CJIOBO § HEIYCTO. AHAJOTUYIHO OIPEJIETSIETCS KOHEY U COOCTBENHDIT KOHE,

Hisn € N oboznadnm 3a U,, MHOKECTBO CJIOB U JJIAHBI 11, HE SABJISIIONIMXCA CTEICHIMHY (T.€. He IPeJICTABUMbIX
B Buge u = v, k > 1). OueBHAHO, 9TO 3TH U TOTHLKO 3TH CJIOBA ABJIAIOTCA MEPHOJAMHE MOC/IeI0BATETLHOCTEIT,
HAMMEHBIINH 11I€PUOJ] KOTOPBIX ecTh n. Oboznaunm depe3 T'(u®®) MUHMMAJIBHOE UUCJIO 3alPETOB, 3aJA0IIUX
MOCJIeI0OBATE/THHOCTD 4. ByneM obo3navyaTh

my, = max T (u™), 7, = min T(u™>).
uelUy, uclUy

PaccmoTrpum 6GeckoredHoe B 00€ CTOPOHBI CI0BO w. MHOKECTBO BCEX CJIOB V;, TAKUX, UTO V; HE €CTh O/ICIOBO
w, HO JI0O0e COOCTBEHHOE IIOJICJIOBO v; SIBJISIETCS IOJICTIOBOM W, OyJIeM HA3BIBATH KAHOMUMECKOU CUCMemot
3anpemos u oboznauarb C(w). Jlerko nokaszars, aro C'(u>) KoHevHa, cM. [1].

JIemma 1. Odna u3 MUHUMAADHBIT cucmeMm 3anpemos, dadaouus croeo u>, ecmv C(u™).

Hoxasameavcmeo. Ilycrs nana cucrema 3amnperoB V', 3ajafomast coBo 4°°. KaxK bl 3a1per sBJIseTcst HEB-
CTPEYAIOIMMCS TI0/ICJI0BOM. Ecim ecTh 3alpeThl, CojiepKaliue HeBCTPEUAIOIIIeCs 110/ICJI0BAa B KaIeCcTBe COOCT-
BEHHBIX IIOZCJIOB, TO 3aMEHWM KAaXKJIblii U3 TAKUX 3AIPETOB HA €r0 MUHUMAJIHHOE 110 BKJIIOUYEHUIO HEBCTPEUaA-
IOIIEECs MIOJICIOBO, U BEIKIMHEM U3 CHCTEMbI IIOBTOPSIOIINECS 3alPETHI, €CJIU OHU MOABUINCH. [loTydennast cucre-
Ma V) He ciabee ncxonnoii. Tereps fgoKakeM, UTO KaKJ0€ MUHUMAJbHOE HEBCTPEUAIOIIEECS IIO/ICJIOBO BXOJIUT
B cucremy Vi B KadecTBe 3ampera. 1lycTb CJI0BO v SIBJISETCS MUHUMAJBHBIM HEBCTPEUAIONUMC B u°°, HO He
BxoauT B Vi. BodaMoxkHEI 2 ciaydast.

1. ITycTs cymecTByeT OECKOHETHOE BIEBO CJIOBO S U OECKOHEYHOE BIIPABO CJIOBO , TAKUE, UTO CJIOBA SU U Ut HE
cozepkaT 3anperos u3 Vi. Torma paccmorpum 6eckonedHoe B 06€ CTOPOHBI CJIOBO svt. JItoboe ero momcioBo ectb
WJIN TIO/ICJIOBO OJTHOT'O U3 CJIOB SU U Ut, M TOTJIA HE MOXKET OBITH 3aIIPEeTOM Vi IO IPEIIOJIOKEHUIO, NN COIEPKUT
II0JICJIOBOM CJIOBO U, U TOTJA HE MOXKET ObITh 3ampeToM u3 V7, nbo TOrjia 9TOT 3alpeT WM He MUHUMAJIEH, NN
coBmajaer ¢ v. Urtak, B 9TOM CjIydae CyIIEeCTBYeT YJOBJIETBOPAIOIIEE CHUCTEME 3alpeTOB OeCcKOHedHOe B 0be
CTOPOHBI CJIOBO svt, CJIeJIOBATEIHLHO, CUCTEMA 3aIIPEeTOB Vi He 3aJ1aeT CJI0BO u™.

2. Ilycrs, Ge3 orpanmdenusi OOIIHOCTH, HE CYIIECTBYET OECKOHEYHOTO BIIPABO CJIOBa t, TAKOrO, 4TO vl HE
cojiepkuT 3anperoB. [lycts nepsas Gyksa cioBa v ecth X, 0603HadnM v = X S. 3aMETUM, UTO S €CTh TOJCTOBO
B 4™ U3 MHUHUMAJILHOCTH v, CJIE[OBATEILHO, S JIOIYCKAeT OECKOHETHOE IPOJIOJIKEHNE BIPaBo st (Takoe, Kak B
u®). CJ10BO vt comep:KuT 3anper v; € Vi, CIe0BaTe/IbHO, TOT 3AIPET COIAEPKUT IIEPBYIO OYKBY CJIOBa v, TOIA
V; WJINA COJIEPKUT CJIOBO ¥, UTO IIPOTUBOPEIUT MUHUMATIHLHOCTHU V;, UITH COJEPYKUTCS B CJIOBE U, UTO IIPOTUBOPEIUT
MUHUMAJIBHOCTH CJI0Ba v. [

Teopema 1. m,, < n(l —1).

Loxazameavcmeo. Paccmorpum €10BO ©°°, MEHIMAJBHBIN eprOM, KOTOPOro n. Kcian y mpon3BOIbHOTO 3a-
upera v; € C(u™) orpe3arh nocjIeAHIO0 OYKBY, OH craneT noiacsiaoBoM 4. Takum 06pa3oM, KazKiIoMy 3allpeTy
COOTBETCTBYET Hapa nu3 6yKBbl andasuTa (ABJIAOMEC Mocae Hel GYKBOI 9TOr0O 3ampera) U MeCTa B IIEPUOJIE,
Ha KOTOPOE TIONAJIAEeT IIPAaBbIii KOHEI 9TOr0 3alpera 0e3 mocjeqHeil 6yKBbl. 3aMETUM, YTO €CJIU Obl ABYM 3alIpe-
TaM COOTBETCTBOBaJIa OJHA Iapa, TO OJUH W3 HUX ObLI OBl MOICIOBOM JIPYIOro, 3HAYNT, 3allPETOB He DOJIbIIeE,
geM map. Bcero nozuruit B mepuoze n, i KaXKI0H 3alpenieHo MoXKeT ObITh He Oosbie | — 1 mpoIo/KeHnit,
3HAYUT, BCEro 3a1peroB He Gosbme n(l — 1).

O

B kadecrBe npumepa u, Jjis KOTOPOT'O OIEHKA CTAHOBUTCS TOYHOIM, IIOCTPOMM TAKO€ U, YTO IIPU HEKOTOPOM
(BUKCHPOBAHHOM HATYPaJbHOM k KakJi0e CJIOBO IJIMHBI k BCTpedaercss poBHO 1 pas Ha mepuomge u™. Torma
IePHOJT, 3TOTO CjI0Ba UMeeT JymmHy [F. MuHIMATLHLIX HeBCTPedaloNuxXcs CIoB ecTh poBHO [F (I — 1), Tak Kak s
KaXKJIOTr'0 CJIOBA JIJIMHBI kK €CTh €r0 eIMHCTBEHHOE IIPO/IOJI2KEHNUE, 8 BCE OCTAJILHBIE ITPO/IOJI2KEHNUST He BCTPEIAIOTCS.
Ho Bce aTu cimoBa amunbt k+ 1 ecTh MUHIMAIbHBIE HEBCTPEUIAIOIINECS, MO0 KarK/10€e CJI0BO JIJTMHBI K BCTPETIAETCS.

[Toctpoum Takoe u. PaccMoTpum opmeHTUpPOBaHHBIM Tpad, BEPIIMHBI KOTOPOTO CyTh CJAOBA JJIUHBI k — 1
Hag A, To ecTb KosmduectBo BepmmH [F71. U3 Bepmmmbsl X B BepmmHy Y BeAET CTpEJIKA, €CIM MOCIIEHIE
k — 2 0ykswl cioBa X ecTb mepBble k — 2 6ykBbl ciioBa Y. Takum oOpa3om, CTpesaku 3Toro rpada OMEeKTUBHO
COOTBETCTBYIOT CJIOBaM JInHBI k. Byzem roBopuTs, 9T0 Ha KaXK 10 CTpeJiKe Hamncana OykBa — MOCIeTHsIsT OYKBa
CJIOBa, COOTBETCTBYIOIIETO BEPIIUHE, B KOTOPYIO BXOJIUT 9Ta CTPEJIKA. BXOJIsIas cTeleHb KaxKJ0W BEPIIUHBI B
3ToM Tpade paBHA BBIXOjsAIIEH, OO0 00e paBHBI [, KpoMe TOro, rpad, OUYeBHUIHO, CBsI3eH. Torma B HEM eCTb
siinepos mwka (cM., Hanpumep, [4]). ITocnenoBaresbHOCTh GYKB, COOTBETCTBYIONIUX CTPEIKAM IUKJIA, U €CTh
HUCKOMOE CJIOBO U.
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Teopema 2. r, > logyn + 1.

Jloxazamenvcmeo.
JlokaxkeM CHa4aJia HECKOJIBKO JIEMM.

Jlemma 2. Jlas namypasvhoir wucen ki, ..., k; ud kike---k; > n caedyem
(k1 —1)4+---+ (ki —1) > logyn.

Joxaszamenvcmeo. IIpeamionokum MpOTUBHOE U PACCMOTPHUM KOHTPIPUMEDP ¢ MAHUMAJIBHBIM 3HATEHUEM CyM-
mbl max(0; k1 — 2) + max(0; k2 — 2) + -+ + max(0; k; — 2). Ecam Bece k; g j € [1;4¢] pasmbr 1 mwim 2 —
yTBepXKJeHne odeBuaHo. Ecmm HekoTopoe k; > 3, To 3ameHHM ero Ha k;j — 1 m mobasum ki1 = 2. Ilpo-
ussenenne ki,...,k;11 ysemwamwioch, cymma (k1 — 1) + -+ + (k41 — 1) He W3MeHMIACH, 3HAYEHWE CYMMBI
max(0; k1 — 2) + max(0; k2 — 2) + -+ + max(0; k;41 — 2) YMEHBIIMIOCH, YTO IPOTUBOPEUNT MUHUMAIBHOCTU
KOHTprpuMepa. [l

Paccmorpum 6eckonednoe B 06e cToponbt ¢jioBo w. Ca0BoO v Oy1eM HA3BIBATL Pa36uAkol, €CJIM OHO OTHOCH-
TeIbHO cucreMbl 3anpeToB C(w) HEOTHO3HAUHO MPOJOJIKACTCA KAK BJIEBO, TaK M BIIPABO. KOJUYECTBO 1IPOI0JI-
JKEHUH CJIOBa ¥ BIIPABO HA30BEM 71pasoli KPAmMHOCMbIO WA TIPOCTO KPAMHOCH10 PASBUIKA V.

JlBa cioBa, HE OJIHO U3 KOTOPBIX HE SIBJIAETCS MOACAOBOM JAPYTOr0, HA30BEM HECPAGHUMDBLMU.

Jlemma 3. Jlas xaotcdozo cao6a v, ABAANOULE20CA NOJCAOBOM U, CYWECMEYEM HAUMEHDWAL PA3CUAKG W,
COOEPIHCAWAA V 8 KAUECTNEE NOOCA06A, NPUYEM eJUHCTMBEHHO20, ECAU W HE eCTD U™,

Zloxazameavcmeo. IlycTb ecThb J1Be HeCpaBHUMBIE PA3BUJIKU W1 U W, COJAEPKAIIMEe v, 0003HAUNM W1 = §1Utq
u wo = Sovte. IlycTh § — HambosbIMit OOIINIT KOHET, CJIOB §1 U So, a t — HamboJibiliee 00Iee HAYAIO CJIOB tp
u to. Torma w = svt — pa3BuiaKa, MEHbINIas W, 1 wWe. B caMoM fese, t WM eCTh COOCTBEHHOE HAYAJO t1 | to,
1 TOra Svl MPOJOJIZKAETCs BIIPABO MUHUMYM JIBYMsl CIIOCODAMU: TaK, KAK OHO IIPOJOJIZKAETCH B W1, U TaK, Kak
OHO IIPOJIOJIZKAETCSI B Wo; WU | COBIAJIAET, HE OIPAHUYMBAsi OOIITHOCTH, C 1, U TOTJA SVt IPOOJIZKAETCS BIIPABO
HEOJIHO3HAYHO, IIOTOMY YTO W) HEOJHO3HAYHO IIPOJIOJIZKAETCs] BIPABO, a St €CTh KOHEI wi. AHAJOTUYHO Sut
HEOTHO3HAYHO MPOIOJIXKAETCS BJIEBO. [

Jlemma 4. k‘lkg s ki >n.

IIycts Bce pasBmiiku B ©™ 3aHyMEPOBAHBI V1, ...,VU;, UX KpaTHOCTH ki,...,k;, KpoMe TOro, JJs KayKIOi
Pa3BUJIKY V; IPOHYMEPOBAHBL BCE €€ NMPOLOJIKEHUS BIPABO L m M € [1;k;] (Tax, K IpuMepy, HyMepamnus mpo-
JIOJIKEHU{T [IyCTOl Pa3BUJIKU €CTh IIPOCTO HyMepanus BcexX OYKB, BCTPEYAIONIUXCA B 4). PaccMOTPUM HEKOTODBIiH
UUKJIMYECKUH CIBUD CJI0BA U, TO €CTh MOZACIOBO W CJoBa u®, Takoe, 4ro |w| = |u|. Bymem cuurars mycryio pas-
BWIKY U1 Ha4YaJoM cJioBa w. [locMoTpuM, TPOJIOJIZKEHHEM ¢ KAKUM HOMEPOM JIJTsl PA3BUJIKU U1 SIBJISIETCS [IEPBast
OyKBa cjoBa w, 0603Ha4nM HOMeD 3a Z1. Ilo jJemme 3 jy1a mepBoit OYKBBI OJTHO3ZHAYHO OIIPEJIe/IEHA MUHUMAJIb-
Has Pa3BUJIKA Vj, COJIEPKAIIAs ee, TO eCTh UMeeM v; = S;t;, w = t;7;. IlycTs mepBas 6yxBa cjioBa 7; B CIIHCKe
IPOJIOTI’KEHNI PAa3BUIKN U; UMeeT HOMED &, TOTJa TI0 JieMMe 3 OJHO3HATHO OIpeieJIeHa MUHIMAIbHAA PA3BUII-
Ka, COJeprKalllas CJIOBO U;T;. ByaeM HOBTOPATL STOT HPOLECC, IIOKa MHHUMAJIBHON Pa3BHJIKOII He cTamer u™.
Takum 06pa3oM, [jIsl HEKOTOPLIX HOMEPOB j € J C [1;4] Mbl OlIpeeJuiiu COOTBETCTBYIONIE UM IIPOJOJIZKEHIS
Zj, JOOLPEIEIUM IIPOU3BOJIBHLIM 06pasoM x;, j € J. I3 ajropurMa IocTpoeHnsI OYEBHJIHO, YTO BBIOOPOM Zj
OJIHO3HAYHO OIPEJIEJIEH CJIBUT W CJIOBA U, a IMOCKOJIbKY PA3JIMYIHBIX CIBUTOB N, JeMMa JIoKa3aHa. [

Pacemorpum sepeso (cBst3ublii rpad 6e3 IUKIIOB), HEKOTOPYIO €r0 BEPIUHY HA30BEM KOPHEM, ODHEHTHPYEM
Bce pebpa B HAIIpaBJIEHNN OT KOPHsI (IIOCKOJIBKY Tpad 6e3 IUKJIOB, HAIIPaBJIeHUe OIIPeJIeIeHO KOPPEKTHO). Takoi
rpad Oy/IeM Ha3LIBATH OPUEHMUPOBAHHIM JEPEGOM.

JIemma 5. Koauuwecmso sanpemoe we menvwe (ki — 1) 4+ -+ (k; — 1) + 1.

Zloxaszamenvcmeo. Iloctpoum opuenTupoBantoe jepeBo. MHOXKECTBO ero BEpIuH eCTh 00beInHeHNe MHO-
JKECTB Pa3BWJIOK M HEKOTOPBIX (BO3MOXKHO, He BCEX) 3alPETOB KAHOHMYECKOH CHCTEMBI, & UCXOJSIAs CTENEeHb
KaXKJIOi pa3BUJIKA B TOM JIEpEBE €CTb B TOYHOCTH KPATHOCTH ITOW DPa3BUJIKU; BEPIIUHBI, COOTBETCTBYIOIIIE
3arperaM — TYIHUKOBBIE.

s mocTpoeHus nepeBa pacCMOTPHM DPas3BUIKY vj, j € [1;4] u ee mpomoinkenue z,,, m € [1;k;], a Tax-
JK€ JIBa PA3/IMYHBIX IIPOJIOJIZKEHUS BJIEBO Y1 WU Yo PA3BUJIKHU Vj. ECJIH CIOBO VT, OINHO3HAYHO HPOJOJIKACTCA
BJIEBO, TO OJHO W3 CJOB ¥Y1VUjTm U YoU;T,, He BeTpedaercd. IlycTs 6e3 orpanmdeHms OOITHOCTH 3TO Y1U;Tm,.
Torma, HOCKOIBKY U Y1Vj, U VjTy, BCTPEYIAIOTCH, TO Y1VU;Ty, — 3anpeT. KakIplii ITOCTPOEHHbIH TaKUM 00pa3oM
3alpeT COOTBETCTBYET TOJBKO OIHOI mape (Vj,Zy,). Eciu ci1oBo v, HEOIHOSHAYHO HPOJOJIKAETCS BIIEBO, TO
MIHIMAJIbHAA PA3BUIKA Vp,, COMEPKAIMAA CIIOBO VjTyy,, IMEET €r0 CBOMM HAYAJIOM.
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CrenoBaTesIbHO, U, OJHOZHAYHO OIpeNeNseTcs mapoit (v;,T,,). B caMoMm geie, mycTb IpH v;, 7# U; MBI
TOCTPONJIN Ty YK€ Pa3BUJIKY Up,, TOTAA U3 JABYX CJIOB ¥; 1 Vj, OAHO ABIdAeTca HadajgoMm apyroro. Ilycrs v;, Torma
U VT, ABIAETCS HAYATIOM Vj, , 9TO IPOTHBOPEYUT MUHUMATIHHOCTH V.

IIpoBeseM u3 KakJI0ff Pa3BUIIKU CTPEJIKH, COOTBETCTBYIOIINE €€ IPOJIOIKEHUSIM BIIPABO, B MOCTPOCHHBIE
paHee 3apeThbl WU PAa3BUJIKU.

B nosrydennom jsiepeBe cyMMa UCXOIANIMX cTereHeit ectb ki + kg + - - - + k;, v1 uMeeT BXomaniyio crermes 0,
OCTaJIbHBIE ¢ — 1 Pa3BUJIKa UMEIOT BXOMAIIYIO CTeNeHb 1, 3HAYNT, eCTh

ki+ke+-+k—(G-1D=(Fk -1+ +(k—1)+1

BHUCSYMX BEPIIUH, COOTBETCTBYIOMUX 3arperaM. [
[Ipucrynmm k gokazareabcTBy Teopembr 2. [1o iemme 4 KpaTHOCTH Pa3BUIOK k1, ks, . . . , k; ciioBa u™ yIoBjer-
BOPSIIOT HepaBeHCTBY kiks - -+ k; > n. OTKyma 110 jieMMe 2 uMeeM

(k1 —1)+--- 4+ (k; — 1) > logy n.

A o JIeMMe D YHCJIO 3allpeTOB HE MEHbIIEe
(k1 —1)+--+(ki—1)+1>logyn+ 1.
O

Teopema 3. Cywecmeyem 603pacmalouyas nocAed08aGMEALHOCTND Ty MAKGA, MO

_1+46

rn < loggni, 2de ¢ 5

Joxazamenvcmeso. ToctpouMm GECKOHEUHYIO CEPUIO CJIOB U, Jyist KoTopbix T'(u™) < log, ni, rne ¢ = 1+2‘/5.
Pacemorpum andasur u3 nyx O0yks 0 u 1. Bymem crponts fBe BcnoMoraresbHBIE ITOCIEI0BATEILHOCTH CJIOB
s; u t;. O6osnaunm s1 = 0, t7 = 1; t;41 = sity, Sip1 = SiSit; Vi € N. Paccmorpum crucremy 3amperoB vg; 1 =
tito - ti—1tit; M vg;_1 = tity - - t;-18;8;8; upu i € [1;n — 1] mus HekoToporo n € N, ut vy, 1 = tite -« tn_1tntn,
Vop = t1lo -+ tp_18nSn-

JlokarkeM, 4TO CUCTEMA 3AIPETOB V1, . . . , U2y, 3a7aeT CJIOBO (tn41)%.

JIemMma 6. Croe6o tite - --1;—1 ABAAEMCA KOHUOM 22006020 caoea, npe(?cmaeumoeo 6 sude npouseedemm CA08 S;

Zoxazameavcmeo. ObocHOBaHUE JIEMMBI IIPOBEIEM MHIYKIUeH 10 i. Basa muaykuum upu ¢ = 2 04eBUIHA.
Boimosraum mar naaykmuu. I[lycTs ¢10BO w TpeacTaBUMO B BHUIE TIPOU3BEIEHUS CJIOB S; U ;. Torma oHO Tak»Ke
MIPeICTABUMO B BUJIE€ TIPOU3BEJICHUS CJIOB S;_1 U t;_1, IPUIEM IOCJIETHUM CJIOBOM B IIpOoM3BeeHnn OyeT t; 1.
O6o3HaunM w = wit;_1, TONJA TO, YTO CJOBO t1tg -+ -t;_1 sIBJSIETCs] KOHIIOM CJIOBA W, PABHOCUJIBHO TOMY, YTO
CJIOBO titg -+ - t;_o ABJISIETCH KOHIIOM CJI0Ba wi (IPEJCTABMMOIO B BUJE MPOU3BEIEHUS CJIOB S;_1 U l;_1, Kak
OTMEYAJIOCh BBIIIE), HO TO B TOYHOCTU UHJYKIMOHHOE IIPeosoxkenue. [

JIemma 7. Bceakoe GeCKOHEWHOE CA060, HE COOEPHCAUWELE 3ANPEMOE V1, . . ., Up, €CMb (tn 1),

Jloxasamenvcmeo. nayknueit 1o i goKaxKeM, 9To JII060e 6ECKOHETHOE CJI0BO, YIOBIETBOPSIONIEE 3alIpPeTaM
V1,...,09, t < m, pa3buBaeTcs Ha CJOBA S;+1 U t;+1. baza oueBmmua. IlycTh yTBepkKIeHMe HOKA3aHO IIJIst
i — 1, moKakeM ero Jijis ¢. beckoHedHoe CJI0BO w pa3bWBaeTCs HA CJIOBA §; U t; MO MIPEIIOJIOKEHUIO UHIYKITAN.
Jokaxkem, 9T0 pas3bueHHe He MOXKET COJIepXKaTh JiBa cJoBa t; moapsia. IIpeamosiokuB IpoTuBHOE, 0003HAYIM
w = wiyt;t;we, TOE W, cAMO HEKOTOPBIM 00pa30M pa3buTo Ha CJIOBa S; U t;, TOTAA IO JeMMe 6 CJIoBO tito - - -t;_1
€CTb KOHeIl W1, & 3HAYUT, CJIOBO Vo;—1 = t1tg -+ t;—1t;t; €CTh IIOJCIOBO W, YTO IPOTUBOPEUUT yCJIOBUIO.

AHajloruyHo IOKa3bIBAETCH, YTO pasdUeHHe CJIOBa W Ha CJI0Ba S; U t; HEe MOXKET COIEPXKaThb TPU CJIOBA S;
nojpsiz. CiteioBaTeIbHO, B pa30MEHNN CJIOBA W CJIOBA S; U t; MOXKHO OOBEIMHATH B CJIOBA S;+1 U tiy].

AHaJIOrMYHO JI0Ka3bIBAETCA, UTO GECKOHEIHOEe CJI0BO, He cojepsKallee 3alpeToB v1,. .., Un, pasouBaeTca Ha
csioBa (ty41), TO €CTH UTO OHO €CTh (t,41)%°. O
OueBugHO, 9TO CNMOBO (t41)°° YAOBJIETBOPSIET CHCTEME 3AlPETOB U1, .. .,Vs,. 3AMETHM, UTO CJIOBa t; W

$; SABJISIIOTCS KOHEYHBIMU IMAraMi B WUTEPAIMOHHOM MOCTPOEHUN PaBHOMEpPHOpEKyppeHTHoro cjosa IIITypma
(Sturmian prime word, cM. [5],[6]), cBs3amnOro ¢ Bergman’s gap, cm. [3],[6].

PaccmoTrpum 1ociie1oBaTesIbHOCTD f;, 3aJ@aHayto yeaopusmu f1 = fo =1, f; = fi_1 4+ fi_o upu i > 2. Jlerko
BUJETD, 9TO Vi  f; U fi11 B3aUMHOIPOCTBL. IIOCKOJILKY CJIOBO tp,41 COAEPKUT fo, 1 OyKB 1 u fo, Gyks 0 (31O
YTBEPKJIEHUE JIETKO JIOKA3BbIBAETCS WHAYKIMEH MO0 1 BMECTE € YTBEPXKJIECHUEM, UTO Sp4+1 CONEPXKUT fo, OyKB 1
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u font1 Oyks 0), t,41 HE sABIAETCA CTENEHBIO GoJblIeil 1 HUKAKOrO CJI0Ba, & 3HAYWT, l,41 €CTh MUHUMAJIbHBIN
S — 1 (g2n+1 2n+1 _ 1+V5
nepuog cioBa (t,41)%°. Jdauna nepuoia, Takum o6pa3oM, paBHA fo,11 = ﬁ(gb + ), Te ¢ = 552,
)= 1-v5
=15,
ITpu 3T0M, IIOCKOJIBKY HOCJIEI0BATEIBHOCTD (tn,41)% 3amana 2n 3auperamu, T'((t,41)%°) < 2n.
(]
Aprop BeIpazkaer barogapaocts A. Z. BejoBy 3a nocranoBky 3amauu, U. 1. BormasoBy, 3a 1eHHbIE 3aMeda-
HUsI, IIPUBE/IIIIE K CYIECTBEHHOMY YIIPOIEHUIO MHOI'HX JIOKA3aTeabCTB, a Takke B. JI. JIoTbHUKOBY 3a IIOMOIIH
B paboTe HaJ CcTaTheill.
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On the Number of Restrictions Determining a Periodical Sequence

Chelnokov G.R.

We consider sequences W of the period u over an alphabet consisting of [ letters. It is required
to determine unambiguously the sequence W picking out words which are not subwords of the
sequence. For n € N we denote by U, the set of words u of length n, which are not powers (i.e. are
not represented in form u = v¥ k > 1).

Let T(u*) be the minimal number of restrictions determining the sequence 4.

Denote

my, = max T'(u™), 7, = min T(u>).
uelUy ucUp
We prove that

1.m, <n(l-1).

The estimate is precise for infinite values of n. For instance, it takes place for a period which
contains all the words of some given length ¢ (i.e. n = 1*).

2.1, > loggn + 1.

3. There exists an increasing sequence n; so that

1+
2

=

Tn, <log,mn;, where ¢=
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Haubosibimast JyimHa 1mepro/jia ¢jioBa, 3a/1aBaeMoro n 3alpeTamMiu
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1 BsBeaenue

UccnenoBanme KOMOMHATOPHBIX CBONCTB MEPHOIMYECKIX ITOCIEI0BATEILHOCTEH (CJI0B) UrpaeT BayK-
HYIO DOJIb B TIpobJieMax OGepHcaiiioBckoro tumna, cM., Hanpumep, [1L 2] 3].

Anrebpa A = F(x1,...,x,)/] HasbiBaercs monomuaavrol, ecan upean I cBobomHoll asred-
pot F(x1,...,2,) mOpoxKAEH MOHOMaMHU. [Ipu M3yUeHN MOHOMUAJIBHBIX AJre6p BayKHYIO POJIb UT'Da-
10T aareOpul Buga A, Tie ¢ — HeIepUoIUIHOoe CJIOBO: ajarebpa A, 3amaHa cooTHomennsaMu v = 0, rue
v 1poberaeT MHOXKECTBO BCEX CJIOB, He sIBJISIONMXCs nogcsioBamu B u™, cm. [3]. AsreGpavu A, uc-
YEPILIBACTCH KJIACC IEPBUYHLIX KOHEUHO OIIPEIeIEHHLIX MOHOMUAILHLIX Pl-anrebp. B To ke Bpems,
HEe BCe CJIOBa ¥ HEOOXOIUMBI JJIs 3aJaHusi Takoil aarebpol. JloctarovuHno, HaIpuMep, OrpaHUIUTHCS
BCEMU CJIOBAMH JJINHBI, HE IPEBOCXOISIIEN JIJIMHBI U.

[Ipencrasisier naTEpEC GOJIEE TOUHOE UCCIIEI0BAHIE CTPYKTYPBI COOTHOIIEHH, 3amatonmx A,. B
JaHHOII paboTe MCCiIeayeTcsl BOIPOC O BO3SMOXKHOM IJINHE CJIOBa U, IIPH KOTOPOM ajrebpa A, MoxKeT
ObITH 3a/1aHA N MOHOMUAJIBHBIME COOTHOIIeHusIMU. MbI 110Ka3biBaeM (cM. Teopemy [2.0), uro B ciyuae
andasuTa U3 JByX OYKB HanbOJIbIIAs JJIMHA CJI0Ba paBeH uncity Pudbonadun F(n).

PaGora siisiercst npojoszkenneM crarbu [4], B KOTOPO# Oy YeHbI 9KCIOHEHIUATbHbIE OLEHKH
Ha JJIUHY CJIO0Ba . MBI HCIIOJIb3yeM HEKOTOPbIE ITOHSTHSA U PE3YJILTAThI U3 3TOH CTaThU.

Kak aBropam crajio m3BectHo, B HacTosiiee Bpems I1. JIaBpoB mpemaoKumiI Apyroe JI0Ka3aTeIb-
cTBO 310r0 dakra [5]. Bbl1o 661 HHTEPECHO CPABHUTH METOBI JJOKA3ATEIbCTB.

2 IlpenBapurenabHbIe CBeJIeHUS

IIycrs X = {z1,...,2} — xKoHeunslit andasur (B Gosbiieil yacTn crarbn Mbl nojaracM k = 2). Iox
KoHeUHbM (OECKOHEUWHbIM 6NPAB0/6.A€60/6 0be CMOPOHLL) CA060M MBI TIOHEMAEM JIIOOYIO KOHETHYIO
(beckoHEUHYIO BIIPABO,/BJICBO/B 00€ CTOPOHBI) HOC/IEI0BATEIBLHOCTE OYKB ajidaBuTa; IycTas MOCe-
JIOBATEILHOCTH A TakyKe sIBJIsAeTCst CJI0OBOM. /Launoll [u]| KOHEIHOro CJI0Ba U HA3BIBACTCS KOJMIECTBO
6ykB B HEM. Bee koHeunble c10Ba 06pa3yioT MOHOWJ] OTHOCHTEIHHO KOHKATECHAIII.

Onpegenenne 2.1. Cao60 u Ha3vl6aemMCA TOACIOBOM CA06Q W, €CAU W = VUV OAA HEKOMODHLT
ca06 vy, ve. Cao6o u asasemcs HadagoM (KOHIOM) caosa w, ecau v = N (ve = A). ITodcaoso
(Hauano, Koney) u cao6a v ABAAEMCHA COOCTBEHHBIM, €CAU U F V.

Beedém 1a MHOICECTNEE KOHEUHDIT CA06 HACTUMHLIT NOPACOK: CKAdHCEM, WMo U = U, €CAU U
ABAACTNCA NOOCAOEOM CAO6G V.

Henycmoe ca060 u nasvi6aemcs IepUOIUIeCKIM, €CAU U = V" 0AA HEKOMOPO20 CA06A U U HEKO-
mopozo n > 2. B npomushom cayuae oo Ha3bieaemcs HeePUOITIeCKIM.

Onpepesienne 2.2 ([4]). Cucremoii 3apeToB Ha306ém koneuroe mmosicecmso caoe Vo= {vy,... vy}
6 aagasume X . Bydem 206opumsv, wmo (Koneunoe uiu 6eckonewnoe) ca060 w yI0BIETBOPSET CHCTe-
Me 3ampeToB V, ecau v A w daa a0b020 v € V.

!The work is supported by the Russian government project 11.G34.31.0053.
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Hycmoe W — beckoneunoe 6 obe cmoponvl cr060. Bydem 2o0sopum, wmo cucmema danpemos V
onpegensier cao6o W, ecau W — eduncmeennoe beckonewnoe cao60, ydosiemeopatowee 3moti Cu-
cmeme 3anpemos.

[IycTb u — KoHewHOE ¢10BO. OIpeaenM 6eCKOHEYHOE CAOB0 ¢ NePuodom U Kak u™ = ... uuul . . . .
Ecmu cymecrByer Takoe ciaoo u, aro W = u°°, To 6eckoneunoe cioBo W Ha30BEM MepuoduuHbim.
HerpymaHo BuieTh, 9TO €CIu CHCTEMa 3aIllPeTOB OIpeessieT cJIoBo W, To OHO HepHOIUIHO.

Jlast KaxKaoro ImeproguiHOro GECKOHEUHOIro B 00e CTOPOHLI cjioBa W CYIIECTBYET B OLPEIEIEH-
HOM CMBICJIE OITHMaJIbHAas cucreMma 3anperoB. CJI0BO v Ha30BEM kanoHUuveckuMm danpemom njias W,
eC/IM v He sIBJIsieTcs momcaoBoM W, a groboe ero cobCTBEHHOE TOICIOBO — siBisieTcst. MHOXKecTBO
BCEX KAHOHMYECKUX 3alpeToB g W Ha30BEM kanoHuueckotl cucmemots sanpemos njias W ona 060-
suauaercs C'(W).

JIemma 2.3 (cm. [4, Jlemma 1]). Kanonuueckan cucmema sanpemos C(W') onpedeasem caoso W.
ITpu amom mobas cucmema 3anpemos, 3adarowas W, codepotcum ne menvuue anemenmos, wem C(W).

g

Bameuanne. MoxHo nokazarh Takke, uro C(W) — eAuHCTBEHHAs] CHCTEMa 3alPETOB, 33/AI0-
masg W, ¢ MUHIMAJILHOM BO3MOXKHON CyMMOM JIJTMH BXOMIAININX B HEE CJIOB.
Ormerum emgé ozHo mosiesHoe coiictso cucrembr C'(W).

IIpennoxenue 2.4. Koneunoe caoso v ydosaemsopaem C(W') mozda u moavko moeda, xoeda v —
nodcaoso 6 W.

Jloxasamenavemeo. Ecau v — mopcnoso B W, 1o, oueBumnno, oHo yuossersopsier C(W). O6parho,
IPE/IIONOKIM, YTO v He sBjsercs nojciaoBoM B W. Torma cymecrByeT MUHEMAJbHOE II0 JJIHHE
nojcioBo v’ < v, He sBIIstoNeecs 1ozcaoBoM Wi oo 1o onpezesennto jexkur B C(W). Buauur, v
ue yznosnersopsier C'(W). O

Onpenennm gucna Pubonadan o ciaepyomemy npasuny: F(0) = F(1) =1, F(k+1) = F(k) +
F(k —1). Mbl IpoJo/I2KUM 3Ty TI0CJIEI0BATEILHOCTH Ha OTPUIATE/IbHbIE HHIEKCHl; Tak, F/(—1) = 0,
F(-2) =1, F(-3) = —1.

Ilesib MaHHOM CTATBU — HAXOXK/EHUE TOYHBIX BEPXHUX ONEHOK HA JUIMHY IIePHOJA CJIOBA, €CJIH
U3BECTHA MOIIHOCTH CHCTEMBI 3aIIPeToB, ero 3ajaorast. OCHOBHBIM Pe3yJIbTaTOM CTATHH sIBJISETCS
CJIEJLYIOIAsT TeOPEeMA.

Teopema 2.5. [lycmo |X| = 2. Ilyemv cucmema sanpemos V- onpedeasem caoso W = u>, 2de
c1060 u nenepuoduuno. Tozda |u| < F(|V]).

Bameuanmne. B cuny semmbl 2.3 MmoxkaO orpannunThes ciaydaem Vo= C(W).

Onpenenenue 2.6. [lycms caoso u ydosaemeopsem cucmeme sanpemos V, u x € X. Ha306ém
cro60 v’ = ux (v = ru) npomorKeRneM ca06a u BIpaBo (BIeBO) ommocumenvro V, ecau u' maxorce
ydosaemeopaem V.

C060 U Ha306EM HEOJHOZHAUHO [IPOJIOJIZKIMBIM BIIPABO (BJIEBO), €CAU Y HE20 CYUWECMBYIOM TOMA
6vL 064 PasHwvlr NPodosdcenus 6npaso (64€60).

Hakoneu, na306ém u pasBuikoii (ommocumenvro V), ecau u HeoOHOZHAHHO NPOOOAHCUMO KAK
8NPaco, Mak u 6.4€60. KpaTHOCTBIO PA36UAKU U HA306EM KOAUNECTNBO €€ NPodoadcenuti 6npaso.

Ha306ém €080 U Pa3BUIKONW 0mMHOCUMENbHO beckoneuno20 6 obe cmopouv, caosa W, ecau u
asasemcs pazsuakot omuocumenvno C(W). Camo caoso W marorce na306ém pasBUIIKOi omHocu-
meavro W.

IIpumep. Ilycrs |X| =2, X = {a,b}. Torna KoHeYHOE CJIOBO U SIBJISIETCSI PA3BUIIKOH OTHOCH-
TesbHO W oTOrma M TOJILKO TOTIA, KOLJa BCe YeThIpe cJoBa ua, ub, au, bu SBILIOTCA IIOACIOBAMUI
B W. Ilpu 3TOM BCe pasBUIKU UMEIOT KpaTHOCTHL 2. CTOUT OTMETHUTDL, YTO CJIOBa auda, aub, bua, bub



yKe He 00s13aTebHO SBJIAIOTC mojacaoBaMu B W ¢ Apyroil CTOPOHBI, HETPYIHO BHUIETh, UITO XOTS
Obl JiBa U3 HUX JOJKHBI yaoBjaeTBopsts C(W).

B pabore [4] 3amaua oneHKr KOJIMYIeCTBA 3aPETOB, 3aaM01X ¢JI0Bo W, OblIa cBejieHa K 3a/iade

OIIEHKHU KOJIMIECTBa, Pa3BUIOK B cjaoBe W. Mbl Takke OyjeM HCIOJB30BATH 9TOT PE3Y/IbTAT.

Jlemma 2.7 (cm. [ Jlemma 3|). Jlas waotcdozo nodcaosa u caosa W cywecmsyem naumenvua
(ommocumenrvro nopadka <) pazeuara v = r(u), codeprcauas u. O

Bameuanue. Ecin v < v — nogenosa B W, to, ouesnano, r(v) < r(v').

Jlemma 2.8 (cm. [4, Jlemma 5]).  ITycmo vi,...,v, — 6ce KoHeuHvle PA3BUAKU 6 NEPUOOUNHOM
cnose W =u>®, a ky,...,k, — ux xpamuocmu. Toeda

ICOWV) 214 (k1 = 1)+ (ko = 1) + - + (b, — 1).
Caencreue 2.9. [C(W)| > n+ 1. O

Bameuanme. MoxHo nokaszars, 9to upu |X| = 2 B semme 2.8 u B ciegcreun 2.9 Beerma mocru-
raercst paBeHCTBO.

DTO CJIEJCTBUE MO3BOJISIET CBECTU TEOPEMY K cJeyIomeit.

Teopema 2.10. [Iycmov | X| = 2. Paccmompum nepuoduueckoe caoso W = u, 2de cao60 u nene-
puoduuno. Ilyemov das smozo caosa cywecmsyem n koneunox pazeuaok. Tozda |u| < F(n + 1).

menno sTor BapruaHT MbI 1 JOKa3bIBa€M B KOHIIE pa3JeJsia m

B zaksrouenne npuBeéM npuMep, MOKas3bIBAOIIUii, 9To oreHKa B Teopeme 2.5 (1, cienosarenbho,
B Teopeme 2.10) meysmydmaeMbl HI OPU KAKOM 1 > 2.

IIpumep. Ilycrs X = {a,b}. Ilocrpoum nocienoBarenbHocT ¢ioB (8;), (t;) 1o ciaemyomemy
npasuiy. lonoxum sg = a, tg = b; nasnee, nupu Bcex ¢ > 0 MOMOKUM S;+1 = S;Siti, tivy1 = Siti.
Herpynuo Bugers, uro |s;| = F(2i + 1), |t;] = F(2i). B pabore [4, Teopema 3| nokasano, aro upn
i > 1 caoBo Wy; = (t;)*° 3amaéres 2i 3anperamu; 3aaqut, |C(Wy;)| < 2i o semme Torna scHo,
4TO C7I0BO Wo; TOKa3BIBAET HEYJIyHYNIaeMOCTh OLEHOK B T€OpeMax u 210 npu yérHoM n.

AHanorndHo MOXKHO 1OKa3aTh, uTo 1pu ¢ > 1 cioBo Wair1 = (8;)°° 3amaéres 2i + 1 3anperom;
9TO MOKA3BIBAET HEYJIy4IIaeMOCTh OICHOK IIPU HEUETHOM 7.

3 KombunaTopuka

Ha mpotsizkeHuu 9TOro m mOCJIEAYIONEro Pa3iaeioB Mbl pacCMAaTpUBaeM (PUKCHPOBAHHOE HEITyCTOEe
KOHEYHOE HEIEePUOUIECKOe CJIOBO U, U cj1oBo W = 4. Pa3Bujiku u 3a1peTsbl OTHOCUTEIbHO ciioBa W
MBI HA3bIBAEM IIPOCTO PA3BUIKAMUI U 3aIlPETaMM.

Ounpenesienne 3.1. Hazo6em 3HAUUMOCTBIO 2(V) N00CA0BA U KOAUMECTNGO PA3, KOMOPOE 0HO 6CMpPe-
waemes Ha nepuode; GopmMasbHo 2060PA, ECAU U = U . .. Ug, 20e U1,...,uq € X, u [v| =t, mo

Z(U):’{1§i§d:Ui...ui+t_1:U}‘7

2de mol noaaeaem uprqg = u; npu 1 < i < d.

Hanomuum, aro st nogciaoBa v ciaoBa W depes 1(v) ob603HAYAETCS HAUMEHBINIAsl PA3BUIIKA,
cofepKaras v.

IIpengioxkenue 3.2. Ecau v v, mo z(v) < 2(v'). Kpome moeo, z(v) = z(r(v)). O



ITpennoxkenue 3.3. [lycmov v — NPoOU3BOABHAA KOHEUHAA padsuika. Toz0a

z(v) = Z z(vx) = Z z(r(vx)). O

zeX zeX

IIycTh vg, V1, . . . , Uy — BCE PA3BUIKH, YIOPSIOYEHHDIE 110 3HAYUMOCTH, TO €CTh 29 < 21 < + -+ < 2,
rie z; = z(v;). [Ipu arom Ml canrtaem, aro vg = W (n 29 = 1), a v, = A (1 2, = |u|). Takum obpazom,
Hallla [eJb — HOJIYYUTL BePXHIOIO OIECHKY Ha Z,.

W3 npenjokenns CIeyeT, U9To 21 = 2o + 29 = 2. 3 npemio:kenmii u B3 cnenyer cnemy-
IoIIee IPeIIoXKEeHNe.

IIpengoxkenue 3.4. [Tycmov x € X, 0 < i < n. Tozda z(v;x) < z(v;). B wacmuocmu, ecau r(v;z) =
v, mo j < i. Haxoney, us v; < vj caedyem z; > zj. ]

Hasnee mbl paboraem co ciaoBamu B aidasure X = {a,b}. B sT0M ciIydae KpaTHOCTb KaxKIoii
pasBuIku pasHa 2. 13 npemoxkenus [3.3] rereps BhITeKaeT ciienyromiee IpelIosKeHue.

IIpengioxkenue 3.5. z; < 2z;_1, u max{r(v;a),r(v;b)} > z;/2. O

Oupenenenne 3.6. Hasosem pazsusky v; (i > 2) UCKIIOYUTEIBHON, €CAU z; > Zi—1 + zi—2. B npo-
MUBHOM CAYUAE HA306EM V; PETYIISIPHON. Passuaxu vy u v1 maxoice bYydem cuumams pe2yispHbLMU.
Hndexc i mazosem UCKIIOUUTEIBHBIM (PETYJISIPHBIM), €CAU PA3BUAKA V; UCKAOYUMENbHA (Pe2yrtp-
Ha). O603HAUUM MHOAHCECTNEO UCKAONUMENHHLT PA3EUIOK “epes T.

HedopMmaabHo TOBOpsi, B PETyJISIPHBIX CIyUasiX MOCIEI0BATEILHOCTD (Z;) PACTET He ObICTpee -
cesr Pubonaqyn.

IIpennoxenue 3.7. Ecau passuaxa v; uckaowumenvra, mo z; = 2z;_1, z—1 > zi—2, u r(via) =
r(vb) = vi—_1.

Jlokazamenavcmeo. Ilycrs r(via) = r(v;b) = vi—1; Torma z; = 2z;_1, ¥ UCKJIIOUUTEJBHOCTH Pa3-
BUJIKM ¥; PABHOCUJIbHA TOMY, 9TO 22,1 > Zi—1 + Zj_2, TO €CTb Z_1 > Zj_o. B IPOTUBHOM CJIy-
Jae MOXKHO c4uTaTh, 4ro 7(via) = v; npu j < i — 2. Torma nmo npemnoxkennto B3] 2, = 2(v;) =
z(r(via)) 4+ z(r(v;b)) < zi—2 + zi—1, TO €CTb v; pery/sipHa. O

3ameuanwue. VckiounTenbHble Pa3BUJIKM MOTYT CyIIecTBOBaTh. Hampumep, B ciioBe u°, rme
u = (ababbabbabbb)™a, pazBuiika v = babbabb nckmounTenbHa pH 1 > 2. JleficTBUTENBHO, HETPY/IHO
upoBepuTh, 9to 2(v) = 2n, r(va) = r(vb) = ababbabbabbba = w, z(w) = n; 3HAIUMOCTD Ke JIIOOOI
JPYToit pasBuIku JinOO He MeHbIe 3n — 1, mubo me 6osbime n — 1.

OcTaTok 3TOrO pa3aesia HOCBHH_IéH N3YyYIEHUIO UCK/IIOIUTE/IbHBIX Pa3BUJIOK.

Onpepenenne 3.8. [lycmo v; € L. Hyemsv vj — makcumasvnoe cobCmeernoe Hauai0 paseuik
Vi—1, Aasasoueeca passunkol. Haszosém paseunry vj u e€ undexc j MTPadHBIMI 0AA UCKAIOYUMEND-
nOtl Pa3eusru v; U e€ undexca i; mue 6ydem oboznavamsv v; = V(v;).

Sameuyanue. B npunimie, onpeje/eHneM He 3alpelieia CUTyalus ¢ = j; HO B JaJbHeHIneM Mbl
YBUIUM, 9TO OHA HEBO3MOXKHA, CM. Ipeioxkenne [B.111
U3 npepnoxenus [B.3] BoiTekaer

Ipenmoxenne 3.9. Tycmov v; € L uv; = V(v;). Tozda zj < zj_1 + zj—1. O

Ipenmoxenne 3.10. ITycmo v; € T uvj = V(v;), npuuém vi—y = r(vja). Tozda v;—1 = v;b.



Jlokasameavcmeo. TlocTpouM mociie0BaTeILHOCTL PA3BUIOK (Sk) cueyomum obpazom. TTomoxum
50 = v, s1 = r(v;b); 3ameTnnm, uro z(s1) = 2(r(v;b)) = z(vj) — z(r(vja)) = 2(vj) — 2(vi—1) > 2(v4)/2,
Tak Kak z(vj) > z(v;) = 2z(v;—1). IIpu k > 1 depe3 sj41 0003HAMMM TaKyio U3 Pa3BHIOK T(Ska)
u 7(skb), mist KoTopoit z(Sg+1) > 2(Sk)/2; OHA CYIIECTBYET COIVIACHO MIPEJJIOXKEHHIO (o 3ameua-
HUIO BBIIE, HEPABEHCTBO 2(Sk4+1) > 2(sk)/2 Boimomnmeno u mpu k = 0). BamernM, 1ro vjb < 53 mpn
KaxkiaoMm k > 1.

[Tycrs k — MakcuMalbHOE YHCIIO0, JJist KOTOPOro 2z(sk) > z(v;—1); IyCTh Sk = Vp,. Ilpemmomnoxum,
aro m # i — 1. ITo npegnoxkenmo B umeem z,_o < z;_1; 3HA4IMT, caydail m < ¢ — 1 HEBO3MOXKEH.
[Tosromy m > 4, To ectb z(Sg) > z; = 2z;—1. Ho Torma z(sg+1) > 2(Sk)/2 > z;—1, 9TO IPOTUBOPEUUT
BeIOOPY k. UTak, m =i — 1, mosromy v;—1 = sj = v;b. O

IIpenmoxenne 3.11. Ilycmo v; € T uv; = V(v;), npuuém vi_1 = r(vja). Tozda cywecmsyem
makoe k (1 < k < j), wmo z < 21+ zi—o u 2 < zj. B wacmwnocmu, j > i+ 2, u passuaxa vy
peayaapna. Kpome mozo, 6 xanonuveckoli cucmeme 3anpemos CYwecmeyem 3anpem 6uda Yuga, 20€
y — byksa.

Joxasamenvcmso. CoryiacHo onpesiesieHnIo ciosa v; 1 peaioxkennio [3.10], coBo v;—1 MOXKHO Hpe/-
CTaBUTh KakK v;_1 = vjat] = tgvjbtg JJIsI HEKOTOPBIX CJIOB t1, to, t3. CoBO to, OYEBHIHO, HEIYCTO;
LyCTh & — €ro nocyeHsist Oykea, to = tha. IlockoabKy v;—1 = r(v;a), moboe BXOXKIEHUE V;a B CJIO-
Bo W npomormxaercs 10 vjat] = v;_1; B 9aCTHOCTH, OHO IIPOJOJIKAeTcs 10 tovjb. DTo 3HAMUT, UTO
cI0BO tpvja (HauMHAIOINEeCs ¢ v;a) He BeTpedaercss B W.

Torma ci0Bo tavja = tHxv;a NOIKHO CONEPIKATH HEKOTOPBI 3aIIPET YU,z U3 KAHOHHYECKON CH-
creMbl (371€Chb Y, 2 — OYKBBI, U — HEKOTOpasl Pa3BUJIKA). DTOT 3alpeT He MOXKET ObIThb MOJICIIOBOM
cioBa tav;, nbo ono Berpedaerca B W. Takxke on He MOMKET ABIATBCA IIOACIOBOM ciloBa Tvj;a. Jeii-
CTBUTEJIBHO, TIOCKOJIBKY ¥;—1 ABJISETCS Pa3BUJIKOHN, cjoBa av;—1 1 bv;—1 Bcrpedatorcd B Wi 3Ha4uT,
U UX HOJC/IOBa avja 1 bvja TakyKe B HEM BCTPEHYAIOTCS U II0TOMY HE MOTYT COAEPXKATh 3allPETOB.

WTak, Hamt 3ampeT yvgz He COIEPXKUTCA B MOJCI0BAX to¥j U TVja. DTO 3HAYHUT, UTO OH ABJIACTCA
KOHIIOM CJIOBa l9V;@, CTPOTO COEPKAINIM TV;a; TAKHUM 00pa3oM, z = @, & Uy = §'Uj Iy HEKOTOPOro
Herycroro ciiosa s'. PaccmorpuM Tenepnb pasBuiiky vy = 7(vga). CI0BO v,a 3aKaHIHBAETCSH HA V;a;
SHAYNT, Pa3sBUIIKA Uy JOJIKHA COIEPKATh PasBIIKY 7(vja) = v;_1. Boiee Toro, cormacuo ompeneie-
HHIO, CJIOBO ;@ fABJISETCH HadaJaOM Pa3BUJIKH U;_1 M HAXOJUTCA He B Hadasle PasBUIKH Ug; SHAUUT,
Vj—1 — CODCTBEHHOE TOJICTIOBO B Uy, TO €CTb Uy > Vi—1. [IOCKONIBKY U Uy, U v;—1 — PA3BUJIKH, IIOJIy YaeM,
aro 2(vy) < z(vimq) m l <i— 2.

Uroro, Mbl HAIIM Pa3BUIKY U = s'vj Takylo, 410 z(r(vga)) < zi_g; 3HaunT, 25 = 2(VK) =
z(r(vga)) + 2(r(vgb)) < zi—2 + zk_1. 3amernM, 4To v; < VR < Vi_1, HodTOMY i — 1 < k < jm
2z, = z(v) < z(vj) = z;. Kpome Toro, k # i, u6o z(r(via)) = zi—1 > zj—2 > zp = z(r(via)). 3nadnr,
1<k<y (I/I, 3HAYUT, j > 1 + 2), u Tpebyemoe k Haiimeno. Haxownerr, mockoibKy zp < 2p_1 + 2i—2 <
21+ 2i—1 < Zk_1 + Zk_2, PA3BUIKA Vi pPeryadpHa. O

Omnpenenenne 3.12. I[Tycmo v; € I, vj = ¥(v;). [Tyemo vy, — passuaxa, nocmpoernnas 6 npeoro-
orcenuul3 11 Haszosem amy paseunky vi u ee undexc k MEHEBBIMU 0Af UCKAOUUMENLHOT PA3BUNKU V;
u ee undexca i; 0603naqum vy = II(v;).

OrmeTnM HEKOTOpPBIE CBOMCTBA IITPadHBIX U MEHEBBIX PA3BUJIOK.

IIpennoxenne 3.13. IIycmov v; € I, v; = V(v;) u vi—1 = r(vja). Toeda z(r(vja)) < z(r(v;b)). B
YACTIHOCTNU, PA3EUNKA Vj PELYAAPHA.

Joxasamenvcmso. IlepBoe yTBepzkieHne cieflyeT u3 Toro, 4ro r(vja) = vi—1, a z(r(vja))+z(r(v;b)) =
z(vj) = zj > 2z > z; = 22(r(vja)). Torga v, He UCKMOYUTENbHA O HpeIOKeHMIO [B.7] O

IIpeanoxkenne 3.14. ITycmo vi, vy € L, v; = ¥(v;), vjr = V(vy). Toeda, ecaui # i, mou j#j'.



Joxazamenvemeo. TIpeanonoxkum uporusHoe; mycrs ¢ > i/ u v;—1 = r(v;ja). Torma u3 npeioxe-
mnit B u B I3l cnenyer, uro 21 < zi—1 = 2(r(vja)) < z(r(v;b)), n mOTOMY V;/_1 HE MOKET SIBIIATHCSI
r(v;b). Takum obpasoM, vy_1 = r(vja) = v;—1, u @ = i'. IIporuBopeune. O

IIpengoxkenue 3.15. ITycmov v, vy € I, v = I(v;). Tozda vy, # ¥ (vy).

Aoxasamenvcmso. Ilycrs vj = W(v;), npuaém v;—; = r(vja). Ilo npennoxennto B11]), B kaHoHUITe-
CKOIl CHCTeMe 3alpeToOB CyIIeCTBYeT 3allpeT BUIA YUka, rje y — Oyksa, nupu atoM z(r(vga)) < zi_a,
a z(vk) > 2z > 2zj_9. 3uaunt, z(r(vkb)) = z(vg) — z(r(via)) > z(r(vga)). Iosromy, ecan pasBuiI-
ka v = V(vy), To mo npegyioxkenuto B.I3 vy = r(vka), u vpa SBISIETCS HAYAJIOM CJIOBA V1 IO
onpejenennio mrpadHoit pa3suiku. Ho mOCKOIBKY vj/_1 SBJISETCA PA3BUIIKOMN, TO IOACIOBO YU 1
(1 Tem Gostee yvga) Berpedaercst B W OTOMY He MOXKET sIBJISITbCsI 3allPeTOM — IIpoTuBopeune. [

Cymmupyem pesynbrarsl npetoxkennit 3.9 BTl B13] B. 14 u B8 B caemyrormeii Teopeme.

Teopema 3.16. /Jlas kaocdozo UCKAOUUMEALHOR0 UHOEKCA 1 CYWLECMBYOM wmpadHot U neHesot
undexcor J u k maxue, wmo i < k < j, zj < zj_1 + zi—1 u 2 < zg—1 + 2i—2. IIpu smom wmpad-
Hble UHOEKCHL OAS PASHBIT UCKAOUUMENOHOLT MAKHCE PASAUMHDL, 0 MEHEBOT HE MOHCEM ABAAMBCA
wmpadrowm. Kpome mozo, wmpagdrnvie u nenesovie undekco, pezyiaphv, (Mm.e. HE UCKAOUUMENbHDL).

O

Onpenenenue 3.17. Haszosem undexc r PsSIOBBIM, €CAU OH HE ABAAECMCA HU UCKANOUUMEALHDIM,
HU WMPAPHHDIM, HU TEHEBDIM.

4 OreHKH

B sT0M pasjiesie Mbl OLIEHUBAEM POCT IOCIEA0BATEIbHOCTH (2;). st 9TOro Mbl CHavYasIa BBEJIEM KJIAcC
abCTPaKTHBIX (He 00s13aTeJIbHO CBSI3aHHBIX CO CJIOBAMMU) MOCJIEJ0BATEILHOCTEN, MAYKOPUPYFOIIHUX TI0-
cJIe1oBaTesIbHOCTH Buja (2;), a 3aTeM OyjieM OIeHUBATDH ITH II0CJIEI0BATEIbHOCTH.

4.1 JlomycTuUMbIe MOCJI€/I0BATEIbHOCTHI

Onpepesienne 4.1. I[Tycmv n > 2 — namypaavroe wucao. Ilyems 6 mnoocecmee {2,3,...,n} swude-
AEHDL MPU NONAPHO Henepeceraouwurces nodmmoscecmea I, J uw K, |I| = |J| > |K| (anemernmovr omux
nodmHodicecma 6ydem Ha3viBAMb COOMBEMCMEEHHO NCKITIOYNTEIbHBIMHA, TITPAMHBIMEI U TIEHEBLIMU;
undexc, He AeAHCauUll HU 8 00HOM U3 NOOMHOACECTNE, Ha306eM PITOBBIM ). Hakoney, nycms 6006a60%
sagpurcuposanv, buekyus 1 : I — J u cropsexyua w1 I — K, npuvem i < w(i) < (i) das arobozo
i € 1. Hazosém nabop S = (n, I, J, K,1, ) cucremoit. Jaa k € K onpedeaum d(k) = minm~1(k);
anemermu, mroscecmsa d(K) C I na306ém mwioxumu das cucmemot S.

Camot npocmot cucmemot asasemces «<nycmass cucmema Op = (n, D, 3,3, 5, ).

Hycma 11 = (x4)1, — nocaedosamenrvrocmo neompuuamenvrolx wucer. Bydem zosopumsb, wmo I1
COOTBETCTBYET cucmeme S, ecal 8bNOAHEHO YCAOBUE

(1) daa mo06o20 2 <1 <, T = Tp 1 + Tg(y), 20€

r—2, ecau r — padosotl;

o) r—1, ECAU T — UCKAOUUMENLH LT
)=

i) =1, ecaur — wmpagdno;

d(r) —2, ecau r — nenesotl.

Hceno, umo makxaa NocAEIOBAMEALHOCTND 3G0GEMCA HAYANDHBIMU YAEHAMU To U T1; Oydem 0603Ha-
wamo eé Ilg(xg, x1).

Hasoeém nocaedosamenvrnocms ls(a,b) monycrumoit das S, ecau 0 < a < b < 2a; naxoneu,
6ydem 2060pumov, wmo nocaedosamesvrocms s = Ilg(1,2) nopoxkaena cucmemot S.



[Tycts Tenepp W = 4> — GecKOHETHOE TEPHOIUIHOE CIIOBO, U (Z;) — MOCIIEI0BATEILHOCTD 3Ha-
qUMOCTel, onpeae€HHas B IPEAbLIYIIEeM paseiie. Pe3ybTraThl 9Toro pas/esia Mo3BOJISIOT BBIIACATD
HOPOXKIEHHY IO TI0CIIEI0BATEIbHOCTD, MaXKOPUPYIOIILY O [OCIEI0BATENBHOCT (2;). VIMEHHO, IyCTh MH-
JIEKCBI 1] < -+ < iy SIBJISTFOTCS UCK/IIOUUTEIbHBIMU JJIst cjioBa W, MHIEKCHI j1i, ..., Jm — IITpad-
HBIME (mIprdaeM j; — mrpadHOil s i;), a UHAEKCH K1, ..., ks — IMCHEBBIMU (HAIIOMHHUM, 9YTO II€HE-
BOI MHJIEKC MOXKET COOTBETCTBOBATH HECKOJBKUM HCKJIOUnTebHbIM). [lomokum I = {iy,... i},
J =1,y im}, K = {k1,...,ks}; 1m0 Teopeme 9TH MHOXKECTBA IONAPHO HE MEPECEKAIOTCS.
Hauee, nyist Becex 1 < r < m nonoxkum (i) = j, u oupeneaum 7(i,) Kak MEHEBOIl MHIEKC, COOT-
BETCTBYIOINIHIT UCKITIOUUTEAbHOMY 4. Torma (n, I, J, K 1, m) — cucremMa COIJIACHO TeopeMe Us
9TOM K€ TeOPEMbI BBITEKAET CJIIyIOIIee IPeIIOXKEHNE.

IIpennoxenue 4.2. I[Tycmo nocacdosamervrocms (y;) nopootcoena cucmemot S = (n, I, J, K, 1, ).
Tozda das a06020 underca r = 0,..., 1N BONOAHEHO HEPABEHCTNEO Zr < Y.

Zloxazameavcmeo. Unnykmua mmo r. [Ipu r = 0,1 yTBepKaenne OUeBUIHO, TaK KakK 2, = Y. llycThb
zs < ys pu Bcex s < r. Torma mo Teopeme [3.16l umeem z, < 2,1 + 2o(r) < Yr—1 + Yo(r) = Yr, ITO U
TpebOBAIOCE. O

OrmeruMm cpasy HEKOTOpbIe CBOCTBaA JIIOOOH JIOMYCTUMON HOC/IeI0BaTeIbHOCTH (YY), AHAIOTUY-
Hble CBOMCTBAM IOCJIEIOBATEILHOCTH (2;) U3 IIPEIBIAYIIErO pasesa.

IIpennoxenue 4.3. [Tycmv nocaedosamesvrocmys (y;) coomeememeyem cucmeme S. Toeda 0 <
Yi < yir1 npu scex 1 < i < n. Ecau, sdobasoxk, (y;) donycmuma dasn S, mo 0 < y; < yir1 < 2y; npu
ecex 0 <1 < n.

Jlokasameavcmeo. Hepasencrso y; > 0 (u mostomy y;11 > y;) ciemyer us onpejesnerus. Ocra-
JIOCH JIOKA3aTh HEPABEHCTBO ¥; < ¥;+1 < 2y; Jyisl JOMycTUMOil mocsenoBarenbnoctu (y;). Ilpumenum
nuaykiuio 1o 4. IIpu ¢ = 0 Bce yrBepxKuenusi Bepubl. [lasee, ipu ¢ > 1 umeeM Y41 = y; + Yr
upu Hekoropom 1 = O(i + 1) < 4. Ilo npemmosnoxkenuto unaykun uveeMm 0 < y, < y;, OTKyza
¥ <y +yr < 2y;, 9TO U TPeOOBAIOCH TOKA3ATD. O

HanomumM, aro auncia @ubonaduan saganst yeaosusvu F(0) = F(1) =1u F(n+1) = F(n) +
F(n — 1) npu Bcex 1esbIx n.

ITpennoxenue 4.4. Ilycmv k > 2, t > —1, u undexcw, k,k + 1,....k +t — padoswe. Tozda
Ykt = F(t + Dyp—1 + F(t)yp—2-

Lloxazameavcmeo. Nunykmua no t. [Ipu t = —1,0, 1 umeem

Ye-1 = FO)yp—1+F(—Dyr—2, yx = FOyp—1+F0)yr—2, Yrt1 = Yr—1+ye = F2)yp—1+F(1)y—2.
Ecnu xe t > 2, To

Yh+t = Yhrt—1 HYhri—2 = (F() +F(E—1))yp—1 +(F (- 1)+ F(t—2))yp—2 = F(t+1)yk—1+F () yr—2,
4TO U TpebOoBaIOCh. O

[Tycrs nocnenoBarebHOCTD (2;) TopoxKena cucremoit O, ; Torya, sicio, x; = F(i + 1) npu Beex
0 < i < n. Hama nenp — mokazaThb, 9TO It JIIOOOH MOPOXKIEHHON IOCIEI0BATEIHLHOCTH (), - - - , Yn
BBINOJIHSETCST HEPABEHCTBO Yy, < o, = F(n + 1). C 310it 11e1610 MBI GyJIeM II€pecTpanBaTh CUCTEMY
(n,I,J, K, 1, 7), cBolg €é K IyCTOI, TaK, YTOObI 3HAUECHUE Yy, HE YMEHbIIAJIOCh.



4.2 DjeMeHTapHbIEe yJIydHIeHUs MOPOXKAEHHOI IMOCJIe/I0BATEIbHOCTHU

Baeck u jmasnee, ecan He oropopeno mnporusHoe, S = (n,I,J, K, 1, T) — Opou3BOJIbHAs CHCTEMA, &

YOy - - - » Yn — TIOCTEOBATEIBHOCTD, €10 TopoxKaéHHas. Obo3naunm vepe3 L = [ U J U K MHO2kKeCTBO
BCEX HEPSJIOBBIX MH/IEKCOB.
Kaxkpiit paz mMbl Gyjem nepectpausaTh cucremy S, mnoiydas cucremy S = (I, J' K’ o) 1)

U TOPOXKJIGHHYIO €10 HOCJIe0BATeIBHOCTD (Y)) ), mi1st KoTopoit ), > Yy (byukuun d u 0, a Takxke
MHOKecTBO L 1yist cucrembl S’ Takke GyjeM moMedars mrpuxaMi). Takyio Hoc/Ie10BaTe/IbHOCTD ()
(cucremy S’) Mbl OyzeM Ha3bIBATH Yaywwenuem nociaegosareabaoctu (y;) (cucremsr S). Jocrarod-
HbIE YCJIOBHS JJIsl YUIy9IIEeHNs] 00CCIEeINBACT CIIE/LYIONIasi JIEMMA.

Jlemma 4.5 (06 ymyumenun). Hycmov £ > 2, u 66inoanens. cA0YI0UUE YCAOBUM:
(1) us 0(i) > £ —1 caedyem 0'(i) = 0(i);
(2) Yp_1 = Ye1, Yo = Yes
(3) yé,(i) > Yoy npu scex i > L maxux, wmo 0(i) <L — 1.
Toeda y, > y; npu ecex i > £ — 1; 6 wacmuocmu, (y.) aeasemes yayuweruem (y;).

Jlokazameavcmeo. Nunykiust o i. Basa jyst i = € — 1,4 ectb yeaosue (2); nycrs i > {. Ecimn
0(i) > £ —1, 10 yi = yi—1 + o) < Yi_q + yé,(i) = Y. 110 IIPEIIOJIOKEHNIO MH/LYKIU 1 yCJIOBHIO (1).
Ecmm e 0(i) < £ —1, 10 y; = yi1 + Yoy < Yi_q + y{,,(i) = ¢/(i) Mo MPEANONOKEHNIO UHIYKIUA 1
ycsoBuio (3). O

B stom nompasmesie Mbl puBeIEM HECKOJIBKO 3JIEMEHTAPHBIX yiydineHuil. Ilepsoie nBa m3 HEUX
MOXKHO CXEMAaTHIHO M300Pa3uTh TakK:

np...pH - P...PUH, NKP — KPU, UMKH — KNH,

roe depes U, P, K, H o6o3HadeHbl COOTBETCTBEHHO HCKIIOUUTEIbHBIA HHIEKC, PsiIOBON HHIEKC,
mTpadHON WM MMeHeBOl MHIEKC, HEPSIIOBON HEITOXON WHIEKC (HaHOMHI/IM, YTO WUHJEKC IIJIOX, €C-
o oH JiexkuT B MuOKecTe d 1 (K).

IIpennoxkenue 4.6 (cABUI MCKIIOYUTEIBHOIO WHJEKCA BIPaBO). [lycmb T — uckatouumenvHvil
underc, a £ = min{t : r <t € L} — caedyrowudi 3a v nepadosoti undeke. ITycmo undexc £ nenaoxod.
Obosnarum wepes I' mmoocecmeo, noayuennoe us I samenoti r na v’ = £ —1. Coomsemcmeenno us-
menum gynryuu p, 7, nosazas P (r') = (r), ©'(r') = w(r). Tozda cucmema S" = (n, I', J, K, ', 7')
— yayHwenue cucmemovl S.

Loxasameavemso. Ilpu ¢ = r + 1 mokasbiBarh Hevero; nyctb £ > r + 2. O4YeBUIHO, UTO IOCHE
3aMeHBI IoJIydaercst cucrema. HamomunM, uro depes (y)!, Mbl 0603HAYAEM IOCJIECI0BATEILHOCTD,
nopoxaéunyo S'. Bamernm, uro y, = y; upn i < r. Homoxum t = —r — 1> 1.

O6o3HAUNM @ = Yr—2 = Yh_o, b = yr—1 = yl._1; 3aMernM, uto b < 2a no npeagoxenuo A3 Torga

yr = 2b, 1 10 npetoxkenuto [L.4] oy daem
Y1 = Yrit = FQ)yr + F(t — Dy, = (2F(t) + F(t —1))b = F(t + 2)b.
AHanornTHO MMeeM
Yoo = Ypsio1 = FO)yr—1 + F(t = 1)yro = F(t)b+ F(t — 1)a >
F(t— 1)b: F(t)

2 2
Yoo1 =2y o > F(t+2)b=1ye_1.

> F(t)b +

b,

Hanee, ye = Yo—1 + Yooy, Yo = Yo_q + yé,(g). [Tpu srom, ecu ¢ = m(r), To y(’g,(@ =Yy g > Y o=
Yr—2 = Yo(r)- Unanie 0'(£) = 0(£), u 6o 0(f) = £ —1, 6o O(£) < r —1, ubo unmexcw r+1,...,0—1
psanoBbie. B mo6om cirydae mosydaem yé,(z) > Yg(r), @ TOTOMY U Yy > Yp.
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MBI TOTOBBI TIPOBEPUTD, ITO YCJIOBUSI JIEMMBI 00 yJIydIIeHUN BBITOJIHEHDI, OTKYy1a OyeT ce-
JoBaTh TpebyeMoe. YcjioBue (2) yiKe MpoBepeHo; yciaosue (1) oueBuiHO. YcioBue ke (&8) 04eBUIHO
st Beex i ¢ {(r),d"1(r),d"1(£)}, ubo Torma w3 O(i) < £ —1 < i— 2 cuemyer 0(i) = 0'(i) <r —1
H Yg(i) = yé,(i). Pacemorpum ocrasmuecst caydau. Ipu ¢ = 1(r) = ¢/ (£ — 1) umeem yé,(i) =Yy g >

Yr_1 = Yr—1 = Yo()- pm i = d~1(r) umeem yé,(i) = Yyp_3 = Yp_o = Yr—2 = Yg(;)- Haxomen, crydait
i = d~'(¢) nesosmoxen, n6o ¢ — memyoxoit, T.e. £ ¢ d(K). O

3ameuanwne. [logobuyio omeparusa 3ameHs, OTHOTO THIAEKCA APYTUM MBI Oy/IeM OIMUCHIBATL MHO-
rokparHo. B gasbHeiinemM Mbl He 6y/1eM OIMUCHIBATH COOTBETCTBYIOILY IO 3aMeny (hyHKIW ), 7, canTast
€€ To/Ipa3yMeBaroIeics.

IIpennoxenune 4.7 (nepemena mect). I[Iyemv 2 < r < n—2,r € I, r+1 € JUK, npuuém
r+1¢ {Y(r),n(r)}, a undexc r + 2 — nenaoxot. Ecau r + 2 — peeyaspnuit, mo damenum 6 I
undexcr war+2, a 6 J uau 6 K — undexc r + 1 wa r. Unave samenum ¢ I undexc r nar+1, a
6 J uaru 6 K — undexc r+ 1 na r.

Tozda noayuennas cucmema S’ yayuwaem S.

Joxasamenvemso. 3amerum cpasy, uto y; = y, upu i < r. Kpome toro, ycnosue r+1 ¢ {¢(r), w(r)}
rapaHTHpYeT, UTO IOC/Ie 3aMEHBI 0Ty daeTcs cucreMa. O603HaumM b = yr 1, P = Yg(r41)- BOSMOKHEI
TpH Cilydas.

1. IlycTp wnaekc r + 2 — perynsapubril. Torma

yr = 2D, Yr+1 = 20+ p, Yr+2 = 4b + p,
Y. =b+p, Y1 =2b+D = yry1, Yrio = 4b+2p > yryo.

[IpoBepuM ycsioBHs JieMMbl 00 yiyumienun npu £ = r + 2. Yenosue (1) odeBunno, a (2) ywxe mpo-
Bepeno. Yesosue (3) tpebyer mposepkn smmis ipu i € {9(r),d 1 (r)} (mmave 0(i) = 0(i) < r m
Yo() = yé,(i)). Ecmu i = 4(r) = ¢'(r + 2), 1o yé,(i) = Ypi1 = Yr_1 = Yo@)- B xe v = d(i), To
Yoy = Yr = Yr—2 = Yo(r)-

2. IlycTb Tenepb MHIEKC I 4 2 — MCKIIOYNTENbHBI 1 Hemoxoil. Torna

yr = 2b, Yry1 = 20+ p, Yry2 = 4b + 2p,
Y. =b+p, Yrp1 =20+ 2p > yppa, Yrpo = 4b+4p > yp 0.

OmnsThb MpOBEpHM yCJIOBHS JIeMMBI 00 yirydrinenuu upu ¢ = r+2. Yeaosust (1) n (2) Bepubt. Yeaosue (3)
Tpebyer nposepku Jmib 1pu i € {1)(r),d 1 (r)} (mamommmm, aTo 7 4 2 — HeIIOXOil); 9TA HPOBEPKA
POU3BOJNTCS AHAJIOTHYHO HPEJIBIILYIIEMY CJIyYIalo.

3. Haxonern, myctn unjiexc 7 + 2 — mrpadmoii uiu nenesoit. O603na4uM ¢ = Yg(r42). Toraa

yr = 2b, Yry1 = 2b+p, Yry2 =2b+p+gq,
Y. =b+p, Y1 =2b+2p > Yy, Yrio =2b+2p+q > yrpo.
[IpoBepka ycoBuil jjeMMbI 00 YJIyUIIEHUN TPOBOIUTCS AHAJOTHMIHO TEPBOMY CJIyJAalo. O

CaencrBue 4.8 (o pasuesnenun). I[Tyemv 2 < p < q < n, npuswém q + 1 — nenaoroti nepsdosot
undexc. Obosnavwum T = [p,q]. Ipednosoorcum, wmo T N K = &, u 6ce undexcor u3 MHOHCECMEA
INT, xpome, 603M0ONHCHO, HAUMEHDULEZ0 U3 HUL — HENAOTUE.

Tozda cywecmeyem cucmema S = (n, I', J', K' ', 7'), yaywwarowan S; npu smom S u S’ om-
aunaromen auwo wa ompeske T (popmanvro zosops, INT =I'\T, J\T = J'\T, K\T = K'\T,
up(i) =5 <= V(i) =74, 7)) =k <= 7'(i) =k daa mobwx i,j,k ¢ T), u mnoorcecmeo I' N T
naxodumes npasee, wem J' N'T. Boaee moeo, [ I' NT| = [INT|, |J'NT|=[JNT|, u K'NT = @.



Jokazamesvcmeo. Ecmm Iy = I N'T yxe naxomgures npasee J; = J NT (B 9acTHOCTH, €CJIH OIHO U3
9TUX MHOXKECTB IIyCTO), TO MOXKHO 1m0J103kuTh S8 = S. Nnaue BoiGepem

iop = min Iy, j=min{j € Jy : j > ip}, it=max{i € I : i < j}.

Tora i MOXKHO 3aMeHUTH Ha j — 1 110 npeioxkenuio (4.0, a 3aTeM MOMEHSITh UX MECTAMU TI0 OJIHOMY U3
BapuanToB npejyioxenus (L7l TTocaennee BO3MOXKHO, Tak Kak j+ 1 He MOXKeT ObITh IIJIOXUM WHIEKCOM
1o ycaoBuio, a takxke (i) > j (ubo I N K = &). TockobKy cyMMa MCKJIIOUATEIbHBIX UHJIEKCOB
CTPOI'O BO3PACTAET, CEpHell TaKUX 3aMEeH Mbl PAHO MJIN MO3/IHO T0OLEMC TpebyeMoro.

Ocrajioch 3aMeTUTh, YTO NpPU KaxKI0i 3ameHe morHocTr MHOXKecTB I NI, JNT u K N'T nue
MEHSLJINCH. g

Emgé oxno npeobpazoBanme CBI3aHO TOJIBKO C U3MEHEHHEeM (DYHKIIUH 1), TO eCTb ¢ «IIepeHa3HaTe-
HueM» ITPadHLIX UHIEKCOB.

ITpengioxkenue 4.9 (o nepenasnadenun Ayx mrpados). [Tycmo i1 < iy — HEKOMOPLIE UCKANOYU-
meavHovie undekcol, a j1 < ja — coomeemcmeyrousue um wmpagnvie (m.e. P(is) = js npu s =1,2),
npuuém j1 > 7(iz). HUzmenum Pyrrxyuro 1 na snemenmaz iy, iz, nosazan V' (is) = js—s npu s =1,2.
Tozda noayuwusacy cucmema S', ABAAOWAACA YAyHwEHUEM cucmembl S.

Jloxasamenvcmeo. Yenosus iy < ig < m(iz) < j1 < jo rapanTupyior, uto &’ — cucrema. 3ameTum,
qTo Yy = Yy upu t < ji. OGosmaunmm as = yi,—1 = Yg(j,) = y(’g,(j%S) nmpu s = 1,2, 6 = as —a; > 0.
Torna y} = yj,—1 + az = y;, + 0. HenocpescTsennas MHIyKIMs NOKA3BIBALT, UTO Yy > Yr + 0 1pH
g1 <t <jo. Torma yy, =y, | +a1 > yj,—1+a1+6 = yj,. Torsa HeTpy/Ho BUAETD, ITO BCE yCIOBUs

JIEMMBI 00 yayurienun npu £ = jo BBITOJHEHDI. O
CaencrBue 4.10 (o mepenasnadenun tmrpados). [lyemov k > 2, i3 < -+ < i — HEKOMOPbLIE
uckMONUMENLHYE UHIEKCH, a J1 > -0 > jp — wmpagrovie underco, npuuém P({iq, ... ix}) =
{J1,- -y Jr} HUsmernum Pynrxyuro 1 nva saemenmaz iy, . . . ,ix, nosazas VP (is) = js npu s =1,... k.
Tozda, ecau 8" = (n, I, J, K, 9, 7) — cucmema, mo S’ — yaywwernue cucmemor S.

Jloxazameavcmeo. Nunykuus no k. Ipu k = 2 310 — npeapiymee npeaiokenne. lycrs k > 2.
Ecmm (i) = ji, TO MOXKHO HEIOCPEJICTBEHHO MIPUMEHUTH MIPEIIONOKEHNe HHyKIuu. 11ycTh Tenepn
Y(ix) = js upn s < k; rorma jr = (iy) upu mexkoropom t < k. Ilpumennm npemioxkenue L9 k
UHJEKCAM it i, Jk, Js- Llockombky S’ — cucrema, 1o iy < i < 7(ig) < jr < Js, OITOMY TIpH
samene dyukiun ¢ nepenasuadenuem " (i) = js > ji, " (ix) = jr Takxke nonayvaercs cucrema S”,
ABIAIomascs yaydmenneM S. s Heé onaTh MOXKHO IPUMEHHUTH HPEIIIOJIOKEHNe WHIYKIUN, n60

"/ -

V' (ik) = Jk- O

Bameuanmne. [Ij1g Toro, uTobnl B yeaosuax caejactsus 10 S’ okazanach cucreMoil, 10CTaTOUHO,
HAIIPUMED, YTOOBI BBIIOIHSIOCH yeaosue |m({iy, ..., ik})| = 1.

4.3 Coayd4aili eIMUHCTBEHHOI TEeHN
Pasbepém cuavasa ciay4vaii, korma |K| = 1. B aToM ciiydae oka3blBaeTCsl BepHaA CJIEYIONIAs JIEMMA.

Jlemma 4.11. ITycmo nocaedosamenvrocmu (y;) u (x;) nopootcderv. cucmemamu S = (n, I, J, K, 1, )
u Oy, oomeemcmeenno, npuuém 2 € I, |K| =1 u x,, > y,. To20a dasn a06vix donycmumoiz nocaedo-
sameavrocmet o, (a,b) = (z) v ls(a,b) = (y) umeem z, > y,.

(2

Joxazamenvcmeo. Obosuaunm (a;) = Ip, (1,0), (b;) = Is(1,0); mycrs K = {k}. Bamernm, 4to0
b; = 0 npu i < k, HOCKOJIbKY TIpu Bcex Takux unuekcax 0(i) > 0. Kpome roro, mockonbKy k > 3, Mbl
umeeM ap > 1 =bg u ag1 > 2 = by + by = by, + bg(k) = bg11.

Jasee, HuKakoil upmekc i > k — He MCKIouUMTebHBLIA. Ilokarkem mumykumei mo i > k, 4ro
b; < a;. HeitctBurenbuo, ipu ¢ = k u ¢ = k + 1 yTBepKaeHue yKe JIOKA3aHO; ecau ke 1 > k + 2,
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T0 b; = bj_1 + b@(i—l); ecu 9(1 - 1) # i — 2, TO b@(i—l) =0ub = b1 < a;_1 < a;; nHATE
b; <b;_1+4+b;_o=a;_1+ a;_2 = a;, 970 1 TPEOOBAIOCH.

Urak, Mbl moyaaeM, uto b, < a,. Hakomen, samernm, urto Ip, (a,b) = (b/2)p, (1,2) + (a —
b/2)I1p, (1,0) u Is(a,b) = (b/2)I1s(1,2) + (a — b/2)I1s(1,0), npuaém a — b/2 > 0, MOCKOJIBKY 9TH
[OCJIEI0BATEIBHOCTH JIOIMYCTUMBL. SHAYNT,

2, = (b/2)x, + (@ —b/2)a, > (b/2)yn + (a — b/2)b, =y,
4TO U TpebOBAJIOCH JOKA3ATD. O

Onpepenienne 4.12. Jlas wucro6oz0 mroorcecmsa X onpedesum ezo cusur Biieso kaxk X~ = {x—1:
x € X}, Jasa wucaool gynkyuu ¢ onpedesum eé capur BieBo gopmyaot ¢~ (z) = ¢(x + 1) — 1.

IIyemv S = (n,I,J, K 1, 7) — cucmema, 8 komopoli 2 — pezyasaphoili undexc. Onpedeaum eé
caBur BiIeBo kak cucmemy S~ =(n— 1,17, J K=, 7).

Jlemma 4.13. ITycmo S = (n,I,J, K, ¢, 7) — cucmema ¢ |K| = 1. Hyemsv (x;) = Hs(a,b) u
(yi) = o, (a,b) — donycmumvie nocaedosamenvrocmu. To2da x, > yp.

Zloxazamesvcmeo. llpenmooxKuM IPOTUBHOE; BBIOEPEM U3 BCEX JIOIMYCTHMBIX IIOC/IEI0BATE/HHOC-
reit IIg(a,b) (upu BceBO3MOKHBIX S, a u b), IPOTUBOpEYAIIUX JIEeMMe, Ty, JJisi KOTOPOl n MUHU-
MaJbHO, a U3 TaKuX — Ty, [y KoTopoii MmunuMaibHo |I]. Cormacho siemme I1] MOXKHO cumTaTh,
gro ¢ = 1, b = 2. Ecim 2 ¢ I, To 2 — peryssipHblii UHJEKC. 3HAUUT, JJisl [OC/IeI0BATEIbHOCTEN
(ziy1)!=y = Mg (bya +b) u (yir1)'=y = Mo, ,(b,a + b) yTBepr/IeHMEe JEMMbI BEPHO, TO €CThb
Ty > Yn, 9TO He TaK. Urak, 2 € 1.

[Iycrs K = {k}. Ilpegmonoxum, uro I # {2,3,...,k — 1}. Ilomoxum i9p = min{i > 2 : ¢ ¢ [},
jo=min{l € L : ¢ > iy}, t = jo — ip. llo nemme [L0] MOXKHO MOCIIENIOBATENBHO CIABUHYTH BCE
UHJEKCHI 49 — 1,70 — 2,...,2 B WHJEKCHI 49 +t — 1,...,2 + t COOTBETCTBEHHO, YJIydIUB cucTeMy S.
[Tpu s5TOM 2 HE SABJISIETCSI UCKJIIOYUTENbHBIM JIJIsT HOBOW CHCTEMbBI, 9TO HEBO3MOXKHO. 3Ha4uT, | =
{2,...,k —1}. Hauee, cornacuo cuejacrsuio AI0 o nepenasnadennu mrpadoB, MOKHO CIUTATH, ITO
P(2)>Y((3) > > Pk —1).

[Ipemnonoxkum, uro |I| > 2. Honoxum I' = (I'\ {2})~, J' = (J\ {v(2)})~, K = {k — 1},
V=7, 7)) =k—1ascexi=2,...,k—2. Torma &' = (n,I', J', K}/, 7") — cucrema; nycrn
(yi) = Ilgr. ITokaxeM, 9TO Y}, > Yy; 9TO OyJeT IPOTUBOPEUUTH HCXOLHOMY BbIGODY, 1o |I'| < |I|.

[Monoxkum ¢t = max J, t' = max J'; rorma d =t — t' > 2. Honoxum 8" = (¢, ', J, K' ¢/ 7).
[Iycrs (a;) = Mgn = (yg)flzo onoxxum p = ay_1, ¢ = ay. 3amerum, 910 p > 5, ¢ = ap_1 + a1 =
p+2 > 7. Torna no upemozkennto @4, y;_, = F(d—1)g+ F(d — 2)p, y; = F(d)g+ F(d — 1)p. C
JIPYTOif CTOPOHBI, IMEEM 1 = 2, Yo = 4; 3HAMHT, OTPE30K MOCTEIOBATCILHOCTH (Y;11)l_o CTponTCs
Tak ke, kak u [lgv(2,4) = (2a;), 32 €UMHCTBEHHBIM HCKJIOYEHUEM: Y, = Yx_1 + 1, B TO Bpems
KaK 2ap—1 = 2a_o + 2. Torma merpynHo BHAETh, 4TO Yy < 2p, yyi1 < 2q. Tenepsn, cnoa mo
upeozkernto .4 nomyaaem v, < 2F(d — 2)q + 2F(d — 3)p. Torna

Yy =y-1+y <2F(d—2)qg+2F(d-3)p+2< F(d)q+ F(d—1)p =y,

nockosbKy F'(d) > 2F(d — 2), F(d — 1) > 2F(d — 3), upu4ém XoTs1 6bI OJJHO U3 9THX HEPABEHCTB
crporoe. Jlasee, mycTb t < n; IOKaXKeM TOLJA, 9TO Y, 11 = Ytr1. [ockonbky q = p + 2, umeem

Yerr = Y1 = Wi+ Y1) = W+ 41) > (F(d+ 1)g + F(d)p) — (4F(d = 2)q + 4F(d = 3)p +2) =
=(F(d+2)—4F(d—1)p+2(F(d+1) —4F(d—2) — 1) =
= (2F(d—2) — F(d—1))(p — 2) + 2(2F(d — 1) — F(d) — 1).
[Tockosbky 2F(d —2) > F(d — 1) u 2F(d — 1) > F(d), npuaéMm X0oTsi OBl OJJHO U3 ITUX HEPABEHCTB
crporoe, moydaeM ¥y — Y41 > min{p — 4,0} = 0. Urak, yi1 < ¥y 1, y¢ < Y3, OTKYJa U CICIyeT,
aTo Yy < Y-

Hakowner, nycrs |I| = 1. Torma anasorndno S 3aMeHsieTCsl Ha MYCTYIO CUCTEMY C YBEIMYCHUEM
MOCJIETHErO 4JIeHa. O
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4.4 QOOuiaga oeHkKa

Temepb MBI TOTOBBI K HOKAa3aTeJbCTBY obmieil omeHkn. CHadvaja JIOKayKeM JIEMMY, ITO3BOJISIFOILYIO
clleIaTh KJIIOYEBOI MHAYKIUOHHLIA mAar ¢ IpuMeHeHreM JieMMbr [ 13]

Jlnst kaxgoro k € K onpenennm ero ompesox eauanua A(k) = [d(k), max ¢ (m~1(k))]. Nabvm
CJI0BaMU, OTPE30K BJIUSHUS IIEHEBOIO MHAEKCA Kk — 3T0 MUHUMAJILHBIA OTPE30K, COmep:KaIluil Bce
HCKJIIOUNTEJIbHBIE U IITpadHble HHIEKCH, cooTBeTcTBYIOIMe k. HazoéM unmekc k € K svidenerrnvim,
ecan Ha orpeske A(k) HeT MHIEKCOB, COOTBETCTBYIOIIUX JAPYTOMY IIEHEBOMY MHJEKCY (MHAYe rOBOpS,

r(INAK)) =rm( Y (JNAK))) = KnAKk) = {k}).

Jlemma 4.14 (o Boimenenun). [Hycmo |K| > 2. Tozda cywecmeyem cucmema S', yaywwarowasn S,
makasn, wmo 6 net |K'| < |K|, npuuém aubo ¢ 8" cywecmeyem ewvdesernuili nenesoti undexc ko,
aubo |K'| < |K|. IIpu smom 6 nepsom cayuae umeem d(K) N [ko,n] = &.

Zloxazameavcmeo. llpomecc yirydiienust OyaeT TPOXOIUTh B HECKOJILKO ImaroB. Ha Kaxkmom Imare
MBI OyJIeM yJIydIIaTh CHCTeMY, J00UBAsICh BBIIIOJHEHUsI HEKOTOPOI'O CBOMCTBA (CBOEro Jisi KaxKI0ro
nrara). [Tpu 9T0M 9T0 CBOIICTBO OyIeT COXPAHATHCS M IPU BCEX MOCIIEYIONIUX MIAraX.

[Tycrs 49 = max d(K), ko = 7(ig).

Ilaz 1. IpenmosioKum, 9TO CYIMIECTBYET MEHEBON WHIEKC k, Jiexkamuii Ha uHTepBase (ig, ko).
Iepeonpeenmm yHKmmio 7, mosaras 7' (i) = k misa Beex 4 € [ig, k] N7~ (ko). U3 onpenenenns ig
crenyer, uro 3nadenne d(k) ne mamenmiioch. Eciu mociie sToro oxasasock, uro m' (k) = @, To
BbIKMHEM kg u3 K. HerpyHO BHIETH, YTO MOJIyYNIACH CUCTEMA, TPUYEM SIBJISIONIASICS YTy IIIIEHIEM
UCXOJIHOM (BCe YJIeHBI TOPOKJIEHHON MOC/IEI0BATEILHOCTU BILIOTEH 10 kg-TO HE M3MEHWJIUCDH, [IOCJIe-
JIyIOIIHe He YMEHBIIUJINUCE); pu 3toM, ecan |K'| = |K|, To snauenne d(kg) ysesmummocs. Ilocie
HECKOJIKMX TAKUX IMAroB Mbl Ji0O0 yMmeHbInuM |K| (TeM caMbiM JOOGUBIINCH TPEOYEeMOro), Jiubo J10-
6némest Toro, 1To (ig, ko) N K = @.

Uroro, moxHO cuntarhb, 910 (ig, ko) N K = .

Ilae 2. Tepeoupenenum dynknuio 7, nonarass 7 (i) = ko st Beex i € [ig, ko] N 1. Tomyuu-
JIach CHOBA CHCTeMa, IPUIEM, MOCKOJIbKY MHOXKeCTBO (ig, ko] M I He COAEPKUT ILUIOXUX UHJIEKCOB,
MOPOXKIEHHAS TOC/IEI0BATEILHOCTD HE N3MEHUJIACh.

Uroro, MoxkHO cuurars, uro m([ig, ko] N 1) = ko.

Ilaz 3. Paccmorpum orpesok T' = [ig, ko — 1]; HA HEM HeT IIEHEBBIX UHJIEKCOB, a ILIOXUM SIBJISIETCSI
TOJIBKO MHJIEKC iq. [1o ciencrBuio 8o pasmesenn MOKHO Tak mepecTpouThb cucremy S Ha oTpeske T,
4qT0 Ha oTpeske T Bce mrTpadHble WHIEKCHI OYIyT JIeBee BCeX UCKIIOIUTENbHbIX. [Ipn 9ToM 3HaUeHne
10 MOXKET TOJIbKO YBEJIMIUThCsI, & CBONCTBO mara 2 COXpaHsIeTCsl.

WubiMu cJoBaMu, MOXKHO CYUTATD, 9TO [ig, ko] N J = &.

Hlaz 4. O6oznaunm Iy = [ig, ko] NI = {ig,... it} (o < -+ <), J1 = ¥(I1). To cnencruio EI0
0 nepeHasHaueHNH MTPadOB, MOKHO cuuTarh, 910 Y(is) > ¥ (i) upu 0 < s < r < t. O6o3HAIUM
Jjs = Y(is) npu 0 < s < ¢.

Ilae 5. TpeaiionoxKum, 9T0 HA OTPE3KE [ig, jo| COMEPIKUTCS elé KaKOoiH-To 1eHeBoil nHieke k # ko
(rorma k > ko; Mbl BeIOUpaeM k HaMMEHBIIMM BO3MOXKHBIM). IlycTh sg = max{s : js > k}. Torma
MOKHO II€PEeONpeIeuTh (DYHKIMIO T Ha JIeMEHTax i, . . . ,is,, noaaras 7 (is) = k npu 0 < s < sg
(pu 3TOM, ecim sy = t, TO HAJO emé BBIKUHYTL ko u3 K', ymenbmus tem cambivm |K|; B mporus-
HOM ciaydae Oynem umersb d' (ko) = isy+1). Ilpu srom 3Hauenne d(k) He U3MEHUTCsI 110 BBIOGODY .
Herpyino BugeTh, 9TO MOIYUNIACH CHCTEMA, YJIyUIIAIOAsd NCXOIAHYIO: WIECHBI MOPOKIEHHON mocTe-
JIOBATEJIbHOCTU BILJIOTH JIO ko-TO He M3MEHWJIUCH, a JabHeNIne He yMEeHbIIIINCh.

[Tpu 5TOM B M3MEHEHHOIT crucreMe (J171s1 HOBBIX 3HAYEHUIA g, ko) BBIIOJIHEHO yCJoBHE [ig, jo] VK =
{ko}.

Ilaz 6. Ilycre Teneps J1 = JN[ko, jo]- [lokazkem, 4T0 MOXKHO I€peHA3HAYUTD ITPA]BI TAK, YTOObI
UHJIEKCBI jq, - . . , J¢ SIBJISUTACH MUHUMAJILHBIME UHJEKCaMU B Ji (uHA4Ye TOBODst, YTOObI {jo, ..., jt} =
J N [ko, jo]). ycrs 310 HE Tak, To ecthb s HekoToporo 0 < s < t cymecrsyer j € J \ {jo,...,Jt}
TaKoil, uTo j < jg; mycThb i = ¥ (j) < ip. MOKHO cUMTATB, YTO § — MAKCHMAJILHBIH MHICKC C STUM
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CBOICTBOM, & j — MUHUMAJIBHBIN Jj1g 9TOro . Torja 1o mpeJiozKeHuIo O TIepeHa3HAYuEeHNN JIBYX
mrpadoB MOXKHO HepeHasHadutb ¥ (i) = js, ' (is) = j; sCHO, 94TO MOJIYyYUTCS CHCTEMA, IIPUIEM B
Hell I UHJIeKca s yKe He OyJieT cyiiecTBoBaTh Takux j. [loBropsisa mporeaypy, B KOHIIE KOHIIOB J10-

6béMest TpebyeMoro. 3aMeTHM, UTO B IIPOIECCe epeHa3HaYeHN T TIOpsIOK 3J1eMeHTOB 1(ig ), . . . , ¥ (it)
OCTaCTCAd HEeU3MEHHDBIM.

Urak, mbl g06miuck Toro, 4to {jo,...,Jt} = [io,jo] N J (Hanomuum, uro [ig, ko) N J = & yxe
nocie [lara 3).

Ilaz 7. Ipenmosnoxkum, HaKOHEN, 4TO [ig, jo] N L # {ig,-.. %t J0,---,jt, ko}; MO pe3yibraTam

HPEJIBIIYINNUX IIaroB, «JUITHUMA» 3JIEMEHTaMU MOTYT OBITH TOJHKO UCKJIIOYUTEbHbIE UHIEKCHI, Jie-
)Karue Ha orpeske [ko, jo]. Torga meHeBble MHIEKCHI, UM COOTBETCTBYOIIUE, OoJibie jo. Ilomoxkum
fo=min{f € L : f > jo}. Us BeibOpa iy ciaenyer, aro fo — Hemnoxoii. Torga mo ciencrsuio (4.8
0 Pa3JIeJIeHny, CYIIECTBYeT yaydmenne S’ Hamell CHCTeMbl, OTIHYAIONIeecss OT Hed JIMIb Ha OTPe3-

ke [ko + 1, fo — 1], B KoTOpOM y2KE [k‘o,orga? ¢(is)} NnNIl=g.
<s<t
CyMMHpy$ IpeAbLIyLIe Pe3y/IbTaThl, BUJAUM, YTO B IIOJIy4EHHOH CHCTEME BBIIOJIHSIETCA COOTHO-
HIeHue
[i07j0] NL= {i07 cee 7Z't7j07 s 7jt7 kO}

Taxkum obpazoMm, mHIEKC kg B Hell ABIsIETCS BBIAETEHHBIM. Kpome TOro, Mo OmpemesieHuIo (g, MBI
nmeeM d(K) N [ko,n] = @. O

Teopema 4.15. y, < F(n+1).

Jlokasameavemeo. Uunykuus 1o |K|. Ilpu |K| = 0 nokaseiBarh Heuero, npu |K| = 1 yTBepkienue
cremyer u3 jemMbl [L.13]

[Iycrs |K| > 2. Ipumensis nemmy 1] o Beigenenun, Ml 6o ymenbmuM |K| (mocsie dero
IPUMEHUMO [PEJIIIOJIOKEHNE UHIYKIIUHK ), KOO [OJIydUM CUCTEMY € TeM ke 3HadenueM |K |, B koTopoii
HEKOTOPBI# IeneBoit muuekc kg — BobLaeaeHubiil. [lomydennyio cucremy onsaThb Oyaem 0003HAYUATD
qepe3 S.

Uroro, mycrs ungexce kg € K Boigenen. Iycrs 8 = (n, I', J', K¢/, 7'), tne

K'=K\{ke}, I'=I\n"'(ko), J=J\¢( "(k)), ¢ =4y, =« =nrlp

HETPYAHO Buzerh, uro 8 — cucrema. IIycrs (y)) — nocienoBareabHocTs, nopoxaéutas S'. TTockoib-

Ky |K’'| = |K| — 1, no upemnonoxenuto uaaykuun y, < F(n+ 1). s 3aBepuieHnst [OKa3aTebCTBA
JIOCTATOYHO JIOKa3aTh, 4To S’ yiyumraer S.
TTosoxkum

Ip=n""(ko), io=minlp, Jo =v¥(lo), jo= maxJo.

BamernM, 4o y; = y; upn i < ig. IlycTh j — MaKCHMAaJIbHBI MHJEKC TaKOi, 4TO BCEe MHJECKCHI U3
nosyunTepBasa (jo, j| — psigoBble (Takum obpasoM, ecau jy = max L, To j = n, uHade j = min{j €
L:j>jo}—1).

HedopmanbHo roBopsi, MOCKOJIbKY UHJIEKC kg — BbIJIEJIEHHbIH, [OCIeI0BATEIbHOCTD (Y;) BEJET
cebst Ha OTPE3Ke [ig, j| B TOYHOCTH KaK MOCJIEI0BATEILHOCTD, JIOMYCTUMAST JIJIs «CJABUHYTOH» CUCTEMbI
(J —io + 2, 1o, Jo, Ko, ¥|1,, 7|1,). PopMamusyem 910 yTBEPKICHHE.

Monoxum i, = ig — 2. Oupenerum cucremy Sy = (J — iy, I1, J1, K1, 11, 71) caeayomum o6pa3om:

L=1Iy—i,, J1=dJo—is, Ki={ko—il,
Y1l —ie) = Y(@) — s, (i —di) = 7(0) — s

ITIycTn (xl)f:_é = IIs, (vi., Yi.+1). Torma HemocpencTBeHHAST MHIYKIWS HOKA3BIBAET, UTO Tj = Vi,

npu Beex 0 < ¢ < j — 4y, ub0O 00a YjIeHa MOJIYUAIOTCS U3 MPEBIILYIIUX 0 OJMHAKOBBIM ITPABUIAM.
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Awnamornuno, ecimn (a;;)i;é* — JIOIyCTUMAsl TOC/IEI0BATEILHOCTD JIJIA IIyCTONH CHCTEMBI C TEMHU Ke
HAYAIBHBIMU YCIOBHAME, TO @ = i, 1pu Beex 0 < i < j — i,. Ilo crencrsuo BI3], umeem renepnb
Yj = xj—i. <%, =y, Ecm j =mn, 10 370 U ecTh TpeGyeMoe HepaBeHCTEO.

ITycrs, Hakower, j < n. ITokaxem, 4To mocieoBaTebHOCTU (Y;) U () yAOBIETBOPSIOT YCIOBUAM
JIEMMBI 06 ymyumennu npu £ = j + 1. BameTum, U9T0 Yjt1 = Y5 + Yo(jt1), Y11 = Y + yé,(jﬂ),
upuaém nagekc 0 = 6(j + 1) = 6'(j + 1) ymbo pasen j (ecim j + 1 € I), 6o He IPEBOCXOAUT
io — 1. Smaunr, yg(jq1) < yé(j 4+1)7 OTKYJIa CIAYIOT yCIOBUs (2). HalomuuM, 9T0 U3 yTBEPKJICHUS
sgemmbl [T BoITeKaeT, 9To NHIACKC j + 1 HEIIoXoii.

Hanee, npu o6om i > j+ 1 umeem § = 0(i) = 6(i)’, aro mokassisaer (1). Kpome Toro, npu sTux
JKe 3HaueHusx i ubo 6(i) > j, mibo 6(i) < iy — 1 (sr0 caemyer u3 Toro, uro j+ 1 — Hemnoxoi, a kg
— Boiesiennbiil). [losromy yenoBue (3) Takke BBINOIHEHO, U600 Ys = ¢l npu s < ig — 1.

Urak, 110 jieMme 06 yIydImennn g, < y,,, 9T0 1 TpeGOBAIOChH JOKA3ATh. O

Tenepb MbI MOKEM JOKA3aTh OCHOBHYIO TE€ODEMY.

HoxkazarenbcrBo Teopemsl 2,10 Ilycrs vy, ..., v, — Bce pasBwiku B ciose W, ynopsigoden-
HbIE 110 HeYObIBAHUIO 3HAUMMOCTH, 2 = 1'(v;). [lo npeyoxennto L2 z, < y,, st HEKOTOPOH TOPOK-
JEHHOI 1ocsTe1oBaTeIbHOCTH (Y;)i . I1o Teopeme 0 y,, < F'(n+1). Suaunr, u |u| = 2z, < F(n+1),
9TO U TPeGOBAJIOCH JOKA3ATD. O

5 AndaBur 13 Npon3BOJILHOIO KOJIMYECTBA OYKB
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O 4ywucJse 3anperoB, 3aJAI0MINX [IEPUOANYECKYIO TOCJIEI0BATEIBHOCTD.

1 IIpeamcaoBue

IIpu u3ydernn anredpandecKnx 00bLEKTOB UCIOIB3YETCs UX MPEeCTABICHNE B BUIe 00pa3yIONuX 1 OIMpe-
Jesstiomux coornorenuit. Criocob0B MPEJICTABIISITH JIEMEHT depe3 00pa3yroniue MOXKeT ObITh MHOTO, TaK
9TO M3ydaeTcst Kanonwuueckas Popma mpejcrapienus. Hanpumep, mycts A — acconmaTuBHasi anarebpa,
ai,...,as — ee obpasyiormme. [lopsaok a; < -+ < as UHAYIUPYET MOPSIOK HA MHOYKECTBE MOHOMOB OT
a; (cepsa 110 jyIHE, IOTOM JieKcuKorpaduaeckn ). MHOKECTBO CJIOB, He ABJISIONUXCS JTUHEHHOH KoMOU-
Haryeil MeHbIIHX, 06pasyer Hopmasvhuil basuc anrebpbl A. Oynxyus pocma Va(n) ecrb pasMepHOCTb
[IPOCTPAHCTBA, MMOPOXKJIEHHOIO MOHOMAMM CTEIIEHH HE BBIIE N W COBIAJIAET C YUCJIOM JIEMEHTOB HOD-
MaJIbHOT'O Oa3muca creneHu He Bbie n. OYHKINH pocTa U HOPpMaJIbHbIE (DOPMBI OIIPEJIEISIOTCS It PA3HBIX
asrebpanvecKux CHCTeM, MM IIOCBsillieHa obmupHas gureparypa. O63op — cm. [1]

PaccmarpuBast nmeast cooTHorenuii I, paccMaTpuBaiOT CTapIIe UJIEHBI €r0 JIEMEHTOB W Pedyuu-
pyemwvie caosa. Ilyers {f;} — obpasyromme I. Torna HAJICIOBO peaylupyeMoro cjiosa pegynupyemo. O6-
cmpyryuel Ha3bIBACTCS MIHUMAJILHOE PEIYIUPYEMOE CJIOBO, T.e. 6e3 pelylpyeMbIxX 110/1caoB. Ecau Bee
OOCTPYKITNU BXOJISIT B CTAPIINE YIEHBI 0a3nca, To OH HasbiBaeTca basucom I'pebnepa-IlTupuiosa nneana I.
Buepssbie ato niousitue 6610 BBefieno A V.ITTupinoBsiM. AHAJOTHIHBIE TIOHSITHS J1JIs1 TOJUJINHEHHBIX CJIOB
Beest B.H.Jlarbimes (MUHUMAIBHOCTD MOHUMAETCST TAKXKE U B TOM 9UTO CJIOBO He SIBJISIETCS] M30TOHHBIM
o6pasom peayrupoanHoro). A.V.ITupiios BBeJ HOHSATHE KOMNO3UUUY W NIPEJJIOKUI KPUTEpHUii TOro,
qro {f;} siBasiercst 6asucoM rpeGHEpa. JTo JIersIo B ocHOBe 3HaMeHnTol Diamond-iemmbr Beprmana.

Basuc rpebuepa mazke KOHEUHO ONpeAeIeHHON aaredphl MoxkeT ObITh beckonedeH. A.f.Benos BBen
noHgTHe Kopocma B ajrebe mim Gynkiuuu, B(n) BhIpazKaiomeii KoJaun4ecTBo 00CTPYKIUiA JIJIMHBL HE BbIIITE
n.

Hanrasi paboTa IMOCBSIIIEHa UCCIEI0BAHIIO K00AUHbL TIEPUOIA WK KOJMIECTBY 3aIIPETOB, KOTOPBHIMU
MOKHO 3aJIaTh IMEPUOANIECKYIO TTOCTIEI0BATETHHOCTD.

OcCHOBHOIT PE3yJIBTAT JTAHHONW PAbOTHI COCTOUT B CJIEIYIOMIEM:

Teopema 1. B cayuae dsyzcumsosvhozo aagasuma A = {a,b} ecau cro6o us I, sadaemcs c
aanpemamu, mo Y. > n, 2de p. — amo c-e wucao Pubonawwu (1 =1, po =2, 3 =3, 4 =5 u m.0.).

OrmernM, 9TO JIorapudMuIecKasi OlEHKa, & TAKXKe OCHOBHbBIE IIPUMEDHI M OIIEHKA CBEPXY Ha KOJIU-
YEeCTBO 3aIIPeTOB ObLIM MoJydeHsl paee B pabore I. P. Hennokosa [2]. Mbl Bbruucisem 6ojiee TOUHYIO
ACCUMIITOTUKY (MHOXKHUTEJb pH Jiorapudme).

B ocnoBe mokazarenbcTBa JiekuT pabora ¢ epagamu u cremamu Posu

ITocnenoBarenbrocTu cxem Posu ncciemnoBasuck B psijie padbotr. C UX IOMOIIBIO yIaeTCsl PEITUTD Psifl
AJITOPUTMUIECKUX TIpoOJIeM. cM. Harnpumep [3], [4] u [5]

Ormernm,aro pesysbrarsl pador [3] u [4] xpyrum merozomM Hesaucumo nosryudensl ©.Jlropasmom:

16], [7]

B TepMmHax pasMedeHHBIX cxeM Po3u yjaercst noayunTh KPUTEPHH TOTO, UTO CJIOBO OTBEYAET Iie-
pekiaipiBannio orpe3kos [8]. Ilonpobuee cm. 0630p [9]

HepefmeM K JTOKa3aTe/JIbCTBY OCHOBHOI'O DE3yJ/IbTaTa.



2 Bseaenne

B nmanHo#t pabore m3ydaroTcs CBOHCTBA GECKOHEUHBIX B 00€ CTOPOHBI MEPUOIMIECKUX MTOCTIEI0BATETBHO-
creit (cyoB, CTPOK — OyJeM CUUTATH TH TEPMUHBI SKBUBAJIEHTHBIME) HaJ| (DUKCUPOBAHHBIM KOHEYHBIM
asipaBuTom A.

O6o3HaveHUst:
F — MHOXeCcTBO BCeX KOHEUHBIX CJIOB B ajidaBure A.
F,, — cjioBa JUIMHEL N.
U,, — cJioBa, JyInHLI HE OOJIbIIE 1.
F, — Bce KOHEYHBIE IIOJICJIOBA CJIOBA W.
Sw = F\F,, (Bce KOHEUHbBIE CJIOBA, HE BCTPEYAIONIMECT B W).
I — Geckoneunble B 06e CTOPOHBI CJIOBa B ajibasure A 3a/aHHbIE ¢ TOYHOCTBIO 110 casura (dop-
MAJILHO: PeaIn30BaHHbIE, HAIIPUMED, Kak oTobparkenus n3 Z B A dakTopu3oBaHHbIE 110 OTHOIIIE-
HUIO 5KBUBAJIEHTHOCTH CJIBUTA).
I, C I — cnoBa ¢ HAMMEHDBIIMM IIEPUOJOM N (KOTOPbIE MOXKHO cebe IpeICTaBIaTh KaK N OYKB
CTOsIIIUE 110 KPYTY).

o0
I, C I — uenepuomuueckue ciosa. (Ouesunno, I = < U In) Uly)
n=1

Onpenesnenue 2.1. Bynem naswBars s11060e MHOX)KecTBO S C F' crCcTeMOil 3aIpeToB, a ero 3JIEMEHThl —
3aITpeTaMu.

Onpenesnenue 2.2. Byjgem roBopurh, 9T0 OECKOHETHOE CJIOBO W € I y/IOBIETBOPSET CHCTEME 3AIIPETOB
S ecsin Vs € S s He siBJI€TCs TIOACJIOBOM W, WM, YTO TO 2Ke camoe, S C S,

Omnpenenenne 2.3. Byjiem roBopuTh, 9TO CHCTEMa 3alPETOB S 3aaeT OeCKOHedHOoe CJI0BO w € I ecym
OHO U TOJIBKO OHO YJIOBJIETBOPSIET ITON CHCTEME 3aIPETOB.

IIpengmoxenne 2.1. Ecau cucmema sanpemos S szadaem karoe-mo croso w € I u |S| < co mo w —
nepuodueckoe.

970 OymeT JOKa3aHO HUKE.

IIpengoxenne 2.2. Vn Yw € I,, 35, |S| < oo u S 3adaem w.

Hampuwmep, S = S,y NUpy1. U gake S = Sy, N Fip1. D9T0 Takke OyJIeT TOKA3aHO HUKE.

B nmannoit pabore ucciemyercs BOIPOC O HAMMEHbBIIIEM BO3MOYKHOM KOJIMYECTBE 3JIEMEHTOB B KOHYe-
HOIl cHCTeMe 3alpeToB, 33 aIell KaKoe-HuOyIb Ca0BO u3 I, B 3aBucuMocTH OT N. Jokazana

Teopema 1. B cayuae dsyrcumsorvrozo argasuma A = {a,b} ecau croso us I, 3adaemes c 3anpemamu,
mo . > mn, 2de p. — amo c-e wucao Dubonavwuu (p1 =1, Yo =2, p3 =3, Y4 =5 u m.0.).

Takzke paccMaTPUBAETCA BOIIPOC MUHUMAJILHOCTHU 9TOM ONMEHKH JJIs KayKI0T0 N U CJIydail k-6yKBEHHOTO
asdasuTa.

3 ,Z[OKaBaTe.HI)CTBO OoncHKMN. TeOpeTI/I‘{eCKa.H 9aCTb.

3.1 Omnpenesienue m mpocreiinue cBoiictBa rpacdos Po3n

Onpenenenne 3.1.1. k-m rpadom Posu ciosa w € I HaseiBaercs rpad G}’ MHOXKECTBOM BepIINH
KOTODOro sIBJsieTcss MHOXKecTBO V' = Iy, N F), a MHOXKeCcTBOM pebep — MHOKecTBO F = Fy, N Fiy1, 1€
pebpo e € E Bemer u3 BepUIMHBI ¥ PABHON HEPBBIM k OyKBaM € B BEPINUHY VU PABHYIO MOCJIETHUM K
OyKBaM € — 9TO ecTeCTBeHHAasi opueHTanusd Ha Gy
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B ciyaae, ecain monsitao o rpade Po3u kakoro ciioBa ugeT peds, BEPXHUIT UHIEKC OyIEeT OIyCKATHCS.
Ytob6b! He myTaThCs, BBeaeM (OOO3HaAUYEeHUsI:

[(v) mwnu l(e) — cs10BO, COOTBETCTBYIOIEE BEPIIMHE ¥ WU PeGPY € COOTBETCTBEHHO,
v(l) € Gy u e(l) € Gj—1| — pebpo u BepUIMHA [JIs JAHHOTO CIOBA.

st HekoTopoii koueunoit crpoku [ € F' Obo3HaveHUs:
l[i] — i-a1 GyxBa [
I[i : j] — cTrpoka cocrosimast u3 6yKB [ ¢ i-if IO j-10 B TOM Ke TOpPsiJIKe.

SameTnM, 9TO mMepexoj] OT OJHOW BEPIMUHBI K JIPYTOil B HAIIPABJIEHUN OPUEHTAIIUH COEUHSIIONIErO
X pebpa COOTBETCTBYET MEPEXOy K PACCMOTPEHUIO IMOJICI0BA, CABUHYTOrO Ha ONHY OyKBY. DTO HO3BO-
JIIeT TIOHATD 9TO 1O MyTaAM B rpadax Po3u MOKHO BBIMUCHIBATD CJIOBA, a MO CJIOBAM — CTPOUTH IIYTH B
HEeKOTOpObIX rpadax Posu. B wacrHoCTH:

IIpenmoxxenne 3.1.1. Jlobomy 3aMEHYMOMY NYMU €1 - - - €y, 6 Hexomopom epage Posu G coomsem-
cmeyem €060 wy € Iy: wi = -+ l(ep)[1] + U(er)[1] + U(e2)[1] + - - - + U(em)[1] + l(e1)[1] - - - . Hockonvry
pebpa nocaedosamenvroe, mo ece l(e;) scmpeuaromes kax noodcaosa 6 wy (HAYUHAOULUECH 6 COOMEBECTN-
SMYNOULEM l(ei)[l])-' l(e;) = l(ei)[l] + l(€i+1)[1] T l(€(i+k) mod m)[l]-

Takzke ¢ TOYHOCTBIO JI0 CABHUIA BBIIUCHIBAETCS OECKOHEIHOE CJIOBO (BO3ZMOXKHO, HEIEPUOIUIECKOE)
110 Jir06oMy Geckoneuynomy 1yTu B G} C TOUYHOCTBIO JI0 CIBUrA — T.K. KPOME IIEPBOii MOKHO BBIIHICHIBATD
JIIOOYI0 HaIepeT 3aIaHHYIO IO MOPSIKY OYKBY KarKJI0To pebpa.

IIpennoxxenue 3.1.2. B arbom 2page Posu G} ecmo beckoneunviii 6 obe cmopons, nymov npoxodausul
N0 6CEM PEOPAM U BCEM BEPULUHAM, COOMBEMCMEYIOUWUT CA0GY W.

Hoxka3zaresberBo. Boibepem B ciose w k + 1 6ykBy muyniyio noapsiz, (moacsoso ). e(ly) — nepsoe
pebpo myTu. Cmectum BoIOOp Ha 1 GykBy Bupaso (110/cioBo ls). e(ls) — 310 Bropoe. U Tak masee. Ana-
soruuHo, BieBo. O4esunHo, KoHer e(l;) copnamaer ¢ HauaaoM e(l; ). OUeBUIHO STOT Iy Th MPOXOIUT MO
BceM peOpaM U BCeM BepIIMHAM: OH IepebupaeT Bee MOACIoBa cjoBa w jjud k u k + 1. O

B caygae nepuogmiaeckoro cioBa lit, = lj, u e(li1n) = e(l;), 1 MOXKHO paccMaTpuUBaTh IPOCTO
3aMKHYTBII IIyTh JIJIMHBL 7, T.K. OCTAJbHOE — €ro IMOBTOPEHUE.

Omnpenenenne 3.1.2. Byjaem Ha3blBaTh CHCTEMY 3AlPETOB S MPUBEJIEHHON CHCTEMOI 3aIllPETOB, €C/IH
OHA 33/1aeT HEKOTOpOe CJIOBO w € I, He coepKuT AyOINKATOB U JII000€ U3 COOCTBEHHBIX IMOJCIOB JIIOOOTO
CJIOBa § € S SIBJISIETCsI TIOCIOBOM W.

IIpeamoxkenne 3.1.3. Ilo 210600 Koneunot cucmeme 3anpemos S, 3adarowetdl Hekomopoe beckoneuHoe
CAOBO W MOIHCHO NOCTPOUMD NPUBLIEHHYIO NPUBLIEHHYIO CUCTNEMY 3ANPEMOE 3A0AIOUWYI0 MO JHCE CA0BO
U codepatcayro e boavuLee YUCAO INEMEHMOSE.

okazarenbcTBo. Ecin Kakoe-To cOOCTBEHHOE IIOJCIOBO S KaKOro-to cjiosa s € S C 5, Tak XKe
HE COJIEPXKUTCHA B W — MOYKHO 3aMEHUTb § Ha §] U YIAJIUTH JyOosmKaTbl. O4UeBHIHO, W MOIXOIUT HOBOM
cucreMe (HUKAKOE CJIOBO B HEM HE COJIEPIKHUTCH) M €CJI KAKOE-TO CJIOBO IOAXOJMT HOBOI cuCTeMe, TO

OHO TOJXOAMJIO M CTapoil (T.K. 3alperbl Mbl TOJILKO YKOPOTUJIM U He JI00aBJsid) — a 3HAYAT HOBasd
crcTeMa TOXKe 33J1aeT w. B ¢y KOHETHOCTH KOJIMYIECTBa 3aIllPpeTOB U UX JJIMH — IIPOTECC KOT1a-HUOYIh
3aBEPIINTCI W MBI IIOJIYyYUM IIPUBEJIEHHYIO CUCTEMY 3alIPETOB. O

Usyunm, kak ceasannwl Gy u G}, 271t HekoToporo nepuojnyeckoro w € I,,. Iloustao, 4ro Bep-
muHbl Gj1 B3aUMHO COOTBETCTBYIOT pebpam (G, — T.K. 9TO mojcjoBa w JMHEL k + 2. A pebpa Gpi1
COOTBETCTBYIOT Iy TsaM Jymibl 2 B Gy (mapam mocsegoBaTebubix pebep): peopy e B Gii1 COOTBETCTBYET
napa pebep e( l(e)[1:k+1] )ue(l(e)[2:k+2]) — c obmeit Bepmmnoii v( I(e)[2: k+ 1] ).



Ipeamoxkenne 3.1.4. A mem nymsam daunos 2 6 Gy, xomopvim He coomeememeyem pebpo epada G 1,
coomsememeyem sanpem 6 410001 npusedentoti cucmeme 3anpemos S, 3adaroweli daHHOE CA080, MOYHEE
— cywecmeyem buexuyus mexcdy sanpemamu ud S daunor k + 1 u maxumu nymamu 6 G, npuvem
Kaotcdol maxol nape nocaedosamesvruir pebep e u es coomeememeyem sanpem l(er) + l(ex)[k + 1], a
sanpemy s — napa pebep e( s[1:k+1] ) ue( s[2:k+2]).

JokazarenbcTBo. Ilpeanosoxkum, 94To HaANIyTCsS ABa IIOCIEA0BaTEIbHO Uayux pedbpa G e; u e
rakux, aTo cioBo = = l(ey) + l(eg)[k + 1] He siBiIsIeTCST TMOJACAOBOM W W He TNPHHAJJIEXKUT S. 3HAUMUT,
HUKAaKoOli 3amper u3 S He COMEPXKUT & Kak mojcsoso. Ilycts ciesa ot [(e1) B w HaMCAHO GECKOHEYHOE
BJIEBO CJIOBO u, a crpaBa or [(ez) — GeckoHewHOE BIPaBo cJoBO v. Torja cioBo wp = uxv He paBHOE W
T.K. B W He BCTpeYaeTcss T — Oy/IeT yI0BIeTBOPATH cucreMe S (ecian Kakoi-To 3amper u3 S CoAep:KUTCH
B W1, TO JUOO OH COAEPXKUT X, Jubo oH comepkurcd B u + [(e1) mwiu l(ez) + v — 4dero 6bITh HE MOXKeT).
ITporusopeune. s soGoro xe saupera s € (S N Fyi2), s He aBaserca nopcaosoM w a s[1 : k + 1]
u s[2 : k + 2] (HOCKOJIBKY CHCTeMa IIPUBEJIEHHAs]) — SBJSIOTCA. SHAUUT 3alPETY $ COOTBETCTBYET I1apa
nocseoBaTeIbHbIX pebep B G, KOTOPBIM He cooTBeTCTByeT pedpa Gii1. O

O6o3HaveHNs:
(6) = o(1(e))
(v) = el(v))
é(er,e2) = e(l(er) + l(e2)[k + 1))
ple) = (e( le)[l : k+1] ),e( l(e)]2 : k+ 2] ) — B mociennux AByX (GYHKIUIAX apryMeHTOM
I 3HAYEeHUEeM B COOTBETCTBYIOIIUX CIyYasX MOIYT BBICTYIATH 3JIeMEHThI IPUBEICHHON CHCTEMBI
3alIpeToB.

910 3HAYNT, ITO 110 (G}, OYEHB JIETKO HAPUCOBATb G4 1:

Metopa 0. B nenTpe Kax10ro pedpa MOCTaBUTH TI0 BEPINHUHE, COEJIEHNTDH pedpaMu BCe Maphbl MOCJIEI0Ba-
TesibHBIX pebep G, crepersb Bee crapoe (or Gi) U 3a4epKHYTh (TOYHEe, CTepeTh) Bee 3allpelleHHbe pebpa
(pebpa, npunaexamue S N Fio).

Onpenesnenue 3.1.3. Byuem HasbiBaTh MpOU3BEI€HUE TIEPBON YACTH JAHHBIX JEHCTBUI ,, OJTyIIIaroMm”,
a Bropoil (crupanus pebep, COOTBETCTBYIONIUX CJOBaM U3 S) — , IpuMeHeHneM 3anpeTos®. Bero coBokyI-
HOCTb 9THX fAeiicrBuil (a Tounee — mepexox or or paceMmorpenust Gy K Giy1) OylieM Ha3bIBATD ,IArOM .

Ob6o3HaveHus:
h(Gy) — rpad, noaygatomuiics uz Gy nocsie nosyiiara. (BoobIe, aHAJIOTUIHbIE OIIEPAIA MOKHO
IpOJIeSIaTh ¢ JIIOOBIM OpHEHTHPOBAaHHBIM Tpadom G. Pesyabrar — Toxe OpueHTHPOBAHHBIM rpad
— Gyuem obosnauars h(G)). 3a p OyaeM 0003HAUATHL €CTECTBEHHOE BJIOYKEHUE BepIiuH, pebep u
pa3BuiIoK Beex Tunos u3 Gii1 B h(Gy).

3.2 PasBuaku B rpadax Po3u. Ix Kosim4uecTBo.
OmnpenesieHnsi pa3sBUJIOK

3aMeTnM, 9TO TOCKOILKY OYyKB B HaleM ajdaBuTe BCEro JBe, BXOAAMAS U UCXO/SIIAst CTEIIeHb KazK oM
BEPLIMHBL He GOoJIbIIIe JABYX (€CTh BCEro JiBa crocoba pOJoJIKUTL Ha OJHY OYKBY CJI0BO COOTBETCTBYIOIEE
JIAHHOI BepITMHe KAaK BJIEBO, TAK W BIPABO). A MOCKOJBKY €CTh 3aMKHYTBIN MyTh, TPOXOIANINI Tepes3
BCe peGpa U Bce BepIuHbI (TIpe/yioxkenne 3.1.2) — 3Tu creneHn He MeHIbe OfHOro. To eCTh eCTh YeThIpe
Tuma BepuivH (yKasaHbl COOTB. BXOJsIIAs U ucxosimas crenenn): (1,1), (2,1), (1,2) u (2,2).

Onpenenenune 3.2.1. Ha3oBeMm Takue BepIIMHBI COOTBETCTBEHHO JIOPOra, BXOJAIIAS PA3BUJIKA, UCXO/Is-
mas pa3BUJIKa M IEPEKPECTOK.

IIpu mosymrare omu mpeobpa3yioTCs Tak:



B naspreitrem st Hac OyieT BaKHO MOHATHE Pa3BUIOK. CTOMT OOPATUTH BHUMAHUE YTO MOYKHO
BBECTH TPH PA3HBIX (OJHAKO [IOYTH SKBUBAJEHTHBIX 110 CBOWCTBAM) OLPEIEJICHUS PA3BUJIOK, KOTODbIE
KasKJI0€ 110 CBOEMY VJIOOHBI JIJIsT JJOKA3aTeIbCTBA HEKOTOPBIX yTBepKaeHuil. [lepBoe yxe BBejeHO.

Onpenesnenue 3.2.2. Bynem HasbBaTh BXOALAIMIEN d-Pa3BUIIKOM apy pPasjndHbIX pebep, NMeIux 00-
M KOHEIl, a UCXOIAIIeH — 00Inee HavIaIo.

Onpenenenue 3.2.3. ByieMm Ha3bIBATh BXOJSINEH t-PA3BUIKOIN Tapy U3 BXOAMIIEN d-pa3sBUIKU U , Ha-
npasJstionero” pebpa (BO3MOXKHO — IPUHAJJIEXKAIIET0 ITON d-pa3BUiIKe), HAYAJI0 KOTOPOTO COBIAJAET ¢
ee KOHIIOM , a UCXOJIIeil — HaobopoT.

IIpu ucnob30BaHUT KazKI0T0 OIpeeeHust OyaeM yroTpeb/saTh COOTBETCTBEHHO CJIOBA ,, PA3BUIIKA,
,d-pa3BUiiKa’ u ,,t-pa3BUIKa® 3a UCKJIIOUYEHUEM CJIyYaeB, KOTOpble Oy/IyT OrOBOPEHBI OTIEIbHO.

O6o3HaueHus:
w w
¢} — KOJIIYEeCTBO 1epeKpecTKoB B G
f¥ — KOJIMTIeCTBO BXOIAIINX PA3BIJIOK (Ha CAMOM Jiejle, BXOIAMINX NN MCXOASIINX — He BasKHO,
T.K. OHH PaBHBI — 3T0 OyJeT J0Ka3aHO B cieyiomeM ab3arte)
d} — KOIMIecTBO BXOAAMNX (-Pa3BUIOK

w
t;] — KOJIMYECTBO BXOAAIINX {-Pa3BUJIOK.

Ecin morsATHO 0 KAKOM CJIOBE UIET Pedb, BEPXHUI UHIEKC OYIET OIyCKATHCH.

IIpennoxkenme 3.2.1. Yw f}¥ pasno xoauvecmsy ucxodsuwur passurox 6 G
HoxkazaresbcTBo. TpuBHAIBHO ClleIyeT U3 TOro YTO CyMMa BXOJAMINX CTeleHel B moboM G paBHA
CYMMe UCXOJISIIUX. U

w w w w w w
IIpenmoxenne 3.2.2. di = fi’ +c, ) = [’ +2x . Jas ucxodawux d- u t-paseunos anaro2uxmo.
HokazarenbcTBo. CoroctaBuM KaKJI0ii d-pa3BUIIKe ee KOHel. Ero ucxosinast cTereHb MOXKeT ObITh
1 wm 2. s t-pa3Buiiok anajiorudno. st ucxomsammux d- u t-pa3sBUIOK aHAJOTUYIHO. O

SHAYUT U KOJUYECTBA BXOISIIMX d- U t-PAa3BUJIOK TOXKE PABHBI COOTBETCTBYIOIIMM KOJIUYECTBAM
UCXOIIATIIIX.

CooTBeTcTBUsI ME2XK/Iy Pa3dBUJIKaMH, IepEeKpPeCcTKaMu, d- U (-pa3BUJIKAMUA B OOHOM WU Pa3JInd-
HbIX rpadax Posu

Kak y»ke yroMuHajI0Ch, OIIpeie/ieHns] PA3BUJIOK, d-Pa3BUJIOK U t-PAa3BUJIOK IIOYTH SKBUBAJIEHTHBI. B yact-
HOCTHU — MEXKJIy HUMU €CTb €CTEeCTBEHHbIE COOTBETCTBUSI:

PasBuike — COOTBETCTBYIOT OfiHA d-pa3BUIKA U OJHA {-Pa3BUiIKa (BXOIMAINEH — BXOMSIIUE, UC-

xogsmeit — ncxonsme): d(f) u t(f) (mOCKONIbKY IPOCTO PA3BHJIKAME MBI HA3BIBAEM BEPIIHHBI
rpados Po3u, aprymerramMu MOryT OBITH COOTBETCTBYIOIIME BEPIIUHBI).

ITepekpecTky — JiBe d-pa3BHIIKK (BXOJSINAS U UCXOMSINAs) ¥ YeThIpe (-Pa3BIJIKU (/B BXOISIIIE
u jee ucxongamue). d(c) u t(c) (Anamornanoe 3amedanne. Kpome Toro, o6pazoM MHOIO3HATHOIO
COOTBETCTBUSA MBI €CTECTBEHHO Oy/IeM CYMTATH MHOZKECTBO U3 BCEX COOTBETCTBYIONINX HJIEMEHTOB).

d-pa3sBuiKe — ee BeplIuHa (Pa3BUIIKa COOTB. THUIA MM IEPEKPECTOK) U COOTBETCTBYyeIomue eif ¢-
pazsuikn: 0(d) u t(d).

t-passusike — toxe: U(t) u d(t).



3aMeTnM, 9TO B CJIyUae PA3BUIKHU 3TO COOTBETCTBHUE B3ANMHO OJJHO3ZHAYHOE, & B CJIyUae IEPEKPECTKA
— HeT.

BamernM Takke, 9T0 Bee cBoiicra rpados Posu mius h(G)) BeimonHAOTCA (UTO M MOHATHO — OH
Mor 6b1 6bITh rpadom Posn kakoro-uuGyInb cjioBa, eciu Ob1 S He cojieprkajia 3alperoB JJIMHBL k + 2).
3HaYUT MOYKHO TOBOPUTH O PA3BUJIKAX B HEM.

IIpengoxenne 3.2.3. Cywecmsyem buekyus mescdy t-paseuakamu 6 Gy u d-paseuaxamu 6 h(Gy) (u
BHAYMUM UL KOAUMECTNBA PABHbL), npuyem t-pasdsuske coomeememeyem d-pa3eunka, epuiuHa Komopoi
coomeemcmeyem HaANPasAAOULEMY Pedpy amot t-pa3euku.

HokazaresnbcrBo. ConocraBuM eCTeCTBEHHBIM 00pa3oM Bepiuubl U pebpa h(Gy) (k+1)- u (k+2)-
GyKBEHHBIM CJI0BaM (BepIIMHe [IOCTABJIEHHON B eHTpe pebpa e — cyioBo [(e), a pebpy u3 e B e3 — CJIOBO
l(e1) + l(e2)[k + 1] . Tenepp 3amamum Gueknuio: Kaxoii t-passuike t; B Gy coCTOsIIEN u3 d-pasBuiKu
d (u3 pebep di u dy) u pebpa e; GymeT COOTBETCTBOBATH d-pa3BUJIKa U3 pebep cooTB. nyTaM die; u daeq,
a d-pazsuiike B h(Gy) Oymer cOOTBETCTBOBATDH (-Pa3BUJIKA U3 [APhl €€ HAYAJIBHBIX BEPIIMH M KOHEUHOM
BepPIIMHBI — T.K. HAa4YaJIbHble BEPIIMHLI HE COBHAJAIOT: HUrAe KpoMme (7 He MOXKET JIBa PasHBIX pedpa
HaYMHATHCS U 3aKAHYMBATHCSA B OJIMHAKOBBIX BEPIIMHAX — MHAYE Y KOHEYHOI BEPIIUHBI IIOCIETHAA OYKBa
JIOJ2KHA OBITH paBHA U ,a“, u ,b“ a Takoro GbITH He MOXKET (3aMeTHM, UTO C TeM Ke YCIIEXOM MOYKHO
ObLIO PACCMOTPETH NEPBYIO0 OYKBY HAYAJBLHON BEPIIUHDI). [0 O6oszuayeHus:

O6ozmaamM 370 cooTeTcTBHE 32 h(t) (O6parHOe MOXKHO 0603HaYaTh U Kak h~1(d), n xax h(d) —
T.K. OHO OJTHOZHATHO OIPEIEIISIeTCs] TUTIOM apTyMEHTA )

Bamernm, uro ecsiu BepiuHa d-passuiku B h(Gy) — pasBuiika, TO el COOTBETCTBYET €IMHCTBEHHAS
t-pa3BuiIKa. AHAJIOTUYHO eI BepInHa t-Pa3BuiIk B (G, — Pa3BUIIKA, TO €if COOTBETCTBYET €/ IMHCTBEHHAS
d-pa3Bmiika. 3HAUNAT, HA MHOXKECTBE BCeX d-Pa3BUJIOK BO BeeX Gif JJAHHOIO CJIOBa MOYKHO BBECTH OTHOIIIE-
HUEe SKBUBAJEHTHOCTH TOPOXKJIEHHOE CJIELYIONMAMU PABEHCTBAMU: JIBe d-Pa3BUJIKA SKBUBAJEHTHBI, €CJIH
OHM HAXOJATCI B HOCJeI0BaTe/bHbIX rpadax Posu Gy u Gjy1 1 0IHO3HAYHO JPYT JAPYry COOTBETCTBY-
0T B YKA3aHHOM €CTECTBEHHOM CMbIC/Ie (ecy BepuimHa Toi 4ro B G — pasBWwiKa). AHAJIOTUYHO [
t-pazusiiok. Gopmaibuo: di dy, ecim p(ds) = h(i(d,)), (mmm maoGopor).

Onpenesnenue 3.2.4. CooTBETCTBYIONINE KJIACCHL SKBUBAJEHTHOCTH Oy/IeM HA3bIBATH Md-PA3BUIKAMEI
U mi-pa3BUJIKAMHU.

B nmambreiiem HaM 6yer y100HO TOBOPUTH O KAKOH-TO KOHKPETHOHN md- miid mi-pa3Buiike IpoCcToO
YKa3aB OIWH M3 €€ JIEMEHTOB. 3aMETHM, 9TO d- WM (-pa3BUJIKKA U3 OHOTO KJIACCA SKBUBAJEHTHOCTH
COJIEPKATCS B HEKOTOPOM KoJsimdecTBe moiaps uayiux rpados Posu (o 1 B kaxaom). dusa ymobersa
TEPMUHOJIOTHN Oy/IEM TIPEJICTABISTh cebe k Kak och MUCKpeTHOro BpeMeHu (st Gi) W TOBOPHUTB, UTO
md- i mt-pasBUiIKa ,,CyIecTByeT B MOMEHT BpeMeHu t“ wmim ,npuHajyiekur G;“, eciim Kakoil-To ee
aj1IeMeHT coziepuTcsa B Gy.

O4eBHIHO, YTO CyIIECTBOBAHME KayKJ0i md- 1 mi-pa3sBUJIKU HAYMHAETCS IEPEeKPECTKOM U 3aKaH-
YUBAETCH MEPEKPECTKOM WJIU 3AIPETOM (Ha CAMOM JleJie, 3aKAHYUBATLCS OHO MOYKET TOXKE TOJIBKO IIe-
PEKPECTKOM, T.K. KaK OyJeT BHIHO Jajlee, B CIydae IPUBENCHHON CHCTEMBI 3allpETOB, 3alIPETHl MOLYT
IPOUCXOUTEL TOJILKO Cpa3y Hepes IIar Hocje HepeKpecTKOB, a 3HAYMT ITOH pasBUJIKU OLI IIPOCTO He
CYIIECTBOBAJIO BOOOIIE).

KoanuecTsBo Pa3BUJIOK

ITpennoxxenune 3.2.4. Koauuecmso d-pa3surok npu nosyuiaee YeeAuvu8aemcs Ha C.

HokazarenbcTBo. OueBUIHO CiieiyeT u3 npeoxkenuii 3.2.2 u 3.2.3. O

IIpennoxkxenue 3.2.5. Ilpu npumerHeruy 3anpemos KOAUMECTNEO STOOAUUT d-Pa36ULOK YMEHDULAEMCH
HG KOAUMECTNBO NPUMEHEHHLIT 3anpemos (cmepmulr pebep).

HoxkazaresnberBo. Ilycrs pebpo @ ¢ BepmunaMu v1 U Vo U3 Gq1 JOJKHO OBITH CTEPTO (COMEPIKUTCH
B IpuBeleHHOI c.3. §). Wcxonsmias crenenb v1 KaK U BXOJINAsl CTelleHb vy B G411 HE MEHBIIIE OJ[HOTO.



Buauur B h(Gy) ot crenenu He MerbIne 2. Ho oHn He MoryT ObITH Gosibine 2. 3HaduT OHU poBHO 2. Ove-
BH/THO, OJTHO PEOPO He MOXKET CONEPKATHCA B JABYX PA3HBIX BXOJSANINX d-PA3BUIKAX. SHAYUT KOJIUIECTBO
BXOJSAIIUX d-PA3BUJIOK IIPU CTUPAHUU 9TOr0 pedpa yMeHbIuTcsa poBHO Ha 1. Jlaiee mHIyKIus. O

Jlemma 1. Vw € I VE > 1, df =d}/_; +cf_q — |S N Fhi1|, 2de S — npusedennan cucmema sanpemos,
3adarowas w.

HoxkazarenbcTBo. OueBumHO ciemyeT u3 npesoxenuit 3.2.4, 3.1.4 u 3.2.5. ]
JIemma 2. Ecau w € I,, mo GY — yukauveckut epagd codeporcawyud n pebep (mo ecmov dY = 0 a
GR=n).

Hoka3zaresbcrBo. [lo yciosuio v; = vg (M. PUCYHOK), 3HAUNT B (), €CTh 3aMKHYTBIN IIyTh 11O N
pebpam (T.K. IpU 1 CABUraX PacCMaTPUBAEMOTO IMOJCIOBA Ha ONHY OyKBY MbI IIOJLy UM TO YK€ II0JICJIOBO).

O He camMomepeceKaeTCst, MHAYE ¥ W €CTh MEHBINN TePUOJ Y‘agk 1oolOopn =“Qlg1...0p“="“A1.c.0p

“Uptntl-Q2ktn“=%a1...01“=“Ap_f11...0,") — paBHBIA k (T71€ k 9TO KOJIMIECTBO pebep 10 caMorepe-

cedeHuqd, a v1 — BeplouHa, B KOTOpof/'I IyThb Cal\lOHepeceKaeTCﬂ). O
w=---a1az-- lanan+1-l la2n-1a2nl (X}
L JL ]
V. V. V- V.
r 1r 1
w=|.la1a2ak3|no akak+1-- -anan+1-- -an+klan+k+1 ...a2n-1a2n- [ ,
: V. . i V. e V. s
V.
Hoar.

Teneps HacTaJIO BpeMs BEPHYTH HOJIT. JloKarKeM CJIeyrolinue yTBEPKICHUS:

[pennoxkenune 2.1: ecium KOHEYHAsT CHCTEMA 3AIIPETOB S 33/1a6T KAKOE-TO CJIOBO W € I, TO OHO mepu-
OJIY€eCKOE.

HokazarenbcrBo. Ilycrs k+1 — naubosbinas gymnna 3amnpera B S. Pacemorpum G Eciiu 910 1k
— TO CJIOBO W II€pUOJNIeCKOe, eCJIN HET, TO IOMUMO HaUMEHbIIETO 3aMKHYTOI'O IIyTH l COOTBETCTBYIOIIETO
w B 3TOM rpade ecTh ele XoTs Obl 1: MOCKOJIBKY | caMoliepeceKkaeTcsl, MOYXKHO PacCMOTPETh 3aMKHYThIN
HOAILYTH | OT TOYKHU caMorepecedenus 10 Hee e (MeHbIuiil uem | — uHade 9T0 He TOYKA CAMOIIEPECeYeHN )
— U XOJUTb 110 HeMy 110 GeckoHeurocTu. CI0BO Wy COOTBETCTBYIOIIEE ITON IMUPKY/IAIMHA He PABHO W (T.K.
B HEM BCTDEYAIOTCs He BCe CJIoBa JUIMHBL k + 1, KoTopble Berpedatores B w). C apyroit CTOpoHbI — OHO
YJIOBJIETBODPSIET S, T.K. COJEPYKUT TOJIBKO Te IMOJICJIOBA JUIUHBI k + 1, KOTOpBIE BCTPEYAIOTCS B W, U €CJIH
KaKO0e-TO CJIOBO U3 S COJIEPXKUTCI B W1, TO OHO COJEPYKUTCS B KAKOM-TO €r0 HOJCJOBe JUIMHBL kK + 1 — a
3HaunT 1 B w. [IboTuBODEUME.

X
Yo (S
”ymb ’ 8 G w noednyme nymu | om mouku
£ camenepeceuerun do ceba

3aMeTnM, 9TO STHM MBI JOKA3AJIN €Ie OMUH O0Imuil (haxT: 10006 HECKOHETHOE TEPUOINIECKOE CJI0BO,
COOTBETCTBYIOIIee HEKOTOPOMY 3aMKHyTOMy IyTu B G} ymoBiersopsier SN Fy 1 (ecan S — mpusenenHas
CHCTEMa 3allPeTOB 3aJIAI0IIasl CJIIOBO W). O

IIpemmoxkenne 2.2: mist aoboro w € I, CyImecTByeT KOHETHas CHCTEMa 3aIPeTOB, 33 aI0Iast ero.

JokasareabcTBo. Pacmorpum n-it rpad Posu G sroro cioBa. Mbl joka3asu, 9TO 9TO IUKJI JJTHHBI
n. OYeBUIHO, CJIOBO W YJOBJIETBOPsiET cUcTeMe 3arperos S = Sy, N F, 11 C 5. Ecim kakoe-to npyroe
CJIOBO w1 TOXKe yoBJyeTBOpseT eif, To GE' C G, T.K. OH He MOXKET COJePKATh HUKAKUX JIPYTUX pebep.
Yrobel B HEM GBI XOTH OUH GECKOHEUHBIH B 00€ CTOPOHBI IIYTh (COOTBETCTBYOIIMA, COOCTBEHHO, CIIOBY
wy) HEoOxozuMo G = GY. Torma 3TOTh IyTh €JIMHCTBEHEH, a CJIOBO W] COOTBETCTBYIONIEE €My —

coBIagaer ¢ w. [IporuBopedne. O



ITpennoxxenune 3.2.6. /[laa dannozo w € I, cywecmsyem eduncmeennas npusederHan CUCTNEME 3G~
npemos, 3ada0was €20, U COCMOUM OHA 68 MOYHOCIU U3 MET CA08, KOMOPbLE 00HAPYICUBAIOMCSA NPU
pacemompenuy 2pagos Posu.

HoxkazareabcTBo. Tpusnaibio ciaemyer u3 npemioxkenunit 2.2, 3.1.3 u 3.1.4 ]

3amMeTnM, 9TO B 9TOM pasfiese, Kak U B pa3zese 2.1 He UCIOIb3yeTCsA ABYXCUMBOJBHOCTD aJi(haBUTa

A

OcHOBHOIT BBIBOJ,

N3 nemMm 1 u 2, a TakKe TpeIOKeHNd 3.2.6 09eBUIHO

o0 oo oo
CaencrBue 3. |S|= > |SNFy|= > (df_, —dy+cy )= > cx+do
k=1 n=1 k=0
Haunnats paccmorpenue mesecoobpasno ¢ Gy (BeprmHa — IycToe CJI0BO, W JBa pebpa — ,a“ u

,b0%). TIpu 9TOM MOXKHO HE PACCMATPUBATH TPUBUAJBHbBIE CJLyYad KOV 3AIPEIIEHO ¢ WiId b, T.K. TOrja
OIIEHKA BBILOJIHSIETCs U TOUHA ([IEPUOJL CJI0BA COCTOMIIETO TOJIBKO U3 OYKBBI ,,a un ,b* pasen 1). Torua
HaYaJIbHOE KOJMYIECTBO pa3BWIOK pasHo 1. Gy:

3.3 Paswmep rpados Pozu

Wzyunm Kak usmensiercs |G| (kommaectso pebep B Gy,).

Jlemma 4. |Gy | = |GY|+ (df + i) = [Sw N Fryal

HoxkazaresberBo. [lockonbky pebpa h(Gy) B3aUMHO COOTBETCTBYIOT Iy TSM JJIMHBL ABa B G, UX KO-
sgumgectBa paBHbl. COMOCTABUM KarKJIOMY IIyTH €ro mepBoe pedpo. 3HAYUT, KOJTMIECTBO TAKUX IIyTell PABHO
|G| murtoc kommaecTBO peGep, KOHEUHAsT BEPIMMHA KOTOPBIX UMEET UCXOJSIIOI cTereHb 2. KosmuecTBo
Takux pedbep paBHO 2¢k + fr =t = di + Ck-

|G 1| = [h(Gr)™| = [Sw N Frp1]: Ha Kaxk bl 3a1peT Mbl CTHpaeM 110 peGpy. O
SHauuT, coryiacHo jemMMaM 2 1 4, a TaKKe CJIEJICTBUIO 3 BEPHO:

Caencreue 5. Yw € I,, 6epro pasencmso:

n—1
n=|GY¥| =|Go|+ Y (IG¥1| - IG}]) =
k=0
n—1
= |Gol + > ((df +¢f) = |Sw N Fuya]) =
k=0

n—1 n—1 n—1
=|Go| + > _dy + > e —1S|=Go| + > _d}
k=0 k=0 k=1

ITo cyTu 3T0 3HAYUT YTO HA KAXKIYIO d-PA3BUIIKY B KaxKJ0M rpade Posu npuxoaurcs yBeaumdeHne
KOHEYHOIO KoJimdecTBa pebep (M, COOTBTETCTBEHHO, epuoia) ua 1. Ocraercs TOJIBKO HAfTH pa3yMHBIN
€110c06 COMOCTABUTH HEKOTOPBIE IPYIIbI d-PA3BUJIOK 3anperaM (UM, IIOCKOJIbKY MX KOJIMYECTBA PABHBI,
[IepEeKPEeCTKaM) TakK, YTOObI OJIYIUTh HEOOXOAUMYIO OLEHKY — YTO Mbl B KOHEYHOM cUeTe ¥ ciejaeM (Ha
caMOM JieJie, 3TU IPYIIIBI — T€ CaMble Md-Pa3BUJIKH, U KaXKJIas U3 HUX OYJIET COMOCTABISITHCS TEPEKPECT-
KY, KOTOPBIM 3aKaHUNBAETCsI, HO KAK BUJIHO U3 YTBEPXKIEHUsI TEOPEMbI POCT KOHEYHOI'O KOJIMIECTBA pedbep
OT KOJIMYIECTBA IMEPEKPECTKOB MOXKET OBITH IKCIIOHEHIIMAIBLHBIM, U 3HAYUT BAXKHO B KAKOM TIOPSIIKE



3.4 pyrue cnocodbl HapucoBath G mo Gy

Ceituac MbI OIHIIIEM U JOKakKeM KOPPEKTHOCTDH JIPYroro, HEOOXOJMMOIO IS JIOKA3aTe/]bCTBa CII0CODa
moctpoennst G411 10 Gy. s aydinero moHnMaHus, YIPOIIEHHOT0 0OOCHOBAHUS U CHOH MOTHBHPOBKHI
MBI [IPUBEIEM 8 PA3HBIX CHOCOOOB ITOCTPOEHUS, H3MEHAIOIINXCA [OCTEIIEHHO OT MMEIOIIErocsd Crocoda K
HEOOXO/TUMOMY.

s mepBoro crocoba HaM TTOHA0OUTCST TTOHATHE CXEMBI.

Onpegenenne 3.4.1. Cxemoit opuenTuposannoro rpadga G OygeM Ha3bIBaTh B3BENICHHLIH OPHEHTH-
poBanublii rpad G MHOXKECTBOM BEPIIHH KOTOPOTO SIBJISIETCS MHOXKECTBO BepInuH (G He SABJISIOIIMXCS
JIOPOTOii, a MHOXKECTBOM pebep — myTu B (G COEIMHSIIONINE TaKWe BEPINUHBI U He COJepKalliue HU OTHOMN
U3 HUX KPOME KaK CBOMM HAYAJIOM M KOHIOM (C BecaMW DABHBIMHU JUIMHAM 3THX myTeil). EcrecTBeHHO,
opueHTanusl pebep B IyTsX JOKHA OBITH COIIACOBAHA M HACJIEyeTCsl COOTBETCTBYIONEMY peOpy (u3
9TOr0 FCHO, YTO TAKHME IIYTU HE CAMOIIEPECEKAIOTCS ).

Hpyrumu ciioBamu, cxema rpada Po3um — 3T0 B3emeHHBIN OpUEHTHPOBAHHBIN Tpad, MOy IeHHBIH
u3 rpada Po3u 3amenoil menovyek maymux mompsL 6e3 pa3BuiIoK pebep HA OIHO PeOPO ¢ BECOM PABHBIM
JIIHE 9TOji 1enouku (1 cooTBeTcTBYIONIel opuenrtaipeii). OHa HAIISIHO OTpaxKaeT CTPYKTYpy I'pados.

DopMAIbLHO: PACCMOTPUM OTHOIIEHNE KBUBAJIEHTHOCTH MTOPOXKICHHOE CJIEIYIOIINMU PABEHCTBAMU:
JIBa [IOCJIEIOBATENLHBIX pedpa 9KBUBAJIEHTHBI, €CJIM UX 00Iast BepruinHa — jopora. O4UeBu/IHO, B KaXKI0M
KJIacce 9KBUBAJIEHTHOCTH (ecim TOJBKO Trpad He SBJISEeTCs MUKJIOM) OyJeT POBHO IO OJHOMY Pebpy He
HAYMHAIONIEMYCsl U He 3akaHduBaiomemycs B ,nopore” (b u e). IlocTpouM HOBBII B3BEIIEHHBI OPUEHTHU-
pOBaHHBI rpad ¢ MHOXKECTBOM BEPINUH PABHBIM MHOXKETCBY PA3BUJIOK U IMEPEKPECTKOB, & MHOXKECTBOM
pebep — It KaXKI0TO KJIacca IKBUBAJIEHTHOCTH TI0 PeOpy: M3 HaYaJIbHON BepIuHbl pedpa b B KOHETHYIO
BepIIHY pebpa € ¢ BeCOM PaBHBIM KOJIHIECTBY pebep B KJiacce KBUBAJEHTHOCTH. TakzKe JIErKO IIPOM3-
BOAMTCsI OOpaTHas oneparyst (IIPM TOM BEPIIUHBI, COeMHEHHBIE PEGPOM ¢ BecoM 0 OTOXKIECTBIISIFOTCS ).

3aMeTnM, UTO Ha CXeMBI KOPPEKTHO IIEPEHOCSATCsT BCE OIIPEJIe/IEHUs] Pa3BUJIOK — BEC MOYKHO IIPOCTO
HE YUHUTBHIBAT.

MotTuBarust BBeeHHsI CXeM: 3TO HEOOXOIMMO Jjisi BBeJIeHUsi (DPUKTUBHBIX pebep C BECOM HOJIb B
HEKOTOPBIX MECTaX C IIEJIbI0 yI00CTBa MOJCYEeTa MEPUO/a PABHOIO CyMME IIPUPOCTOB KOJIMYECTB pebep,
COOTBETCTBYIOMIMX Md-PA3BUIKAM, COOTBETCTBYIOIIMX 3aIIPETAM.

Ucnonbayst nonaTHe cxeMbl IPeJJIOZKUM TIepBbIit HOBBII criocod napucosath G, 1o Gy

Meton 1. Pacemorpum ég’ . 3aMeHNM B HEM IIepEeKPECTKY Ha (PUKTUBHYIO KOHCTPYKIINIO SKBUBAJIEHTHY O
TOM, YTO IOJIyYaeTCsl U3 [MEPEKPECTKA IIPU MOJIyIIare, ToJbKO ¢ Becamu 0 (CM. PHCYHOK) — HAa30BEM 3TY
onepanuio 0-3amenoit. Torja nepeKpecTKoB He OCTaHETCA — TOJILKO Pa3BUIKH. G}Y M3MEHUM IO IIPaBHIIY:
ecsin pedpo 3aKHAYMBAETCSI OJHOTUITHBIMYU Pa3BUJIKAME, €r0 BeC HE M3MEHUTCsI, €CJIM Pa3HbIMU — TO +1,
€CJIM €0 HAYaJI0 — BXOJsIas pa3BuiiKa u — 1, ecym ucxongmas (110 CyTu — 910 TOT 2Ke nosrymar). Tenepnb
10 CXeMe BOCCTAHOBUM 00paTHO rpad (3aMeHoii pebep ¢ BecaMu Ha IENOYKHA — U II0JIyYUTCs TOUHO TAKON
ke rpad, Kak [ocJe HOJIyIIara), a Iocae 3Tor0 IPUMEHUM 3allPeThl.




HokazaTenabcTBo. ljisi 10Ka3aTEILCTBA KOPPEKTHOCTH STOTO METOA JOCTATOYHO TOKA3aTh UTO I10-
cJie Iepexojia 00paTHO OT CXeMBbI K Ipady MBI MMOJIYIUM TaKoi Ke rpad, Kak MOoce MoJIyara. 3aMeTuM,
9TO KOJIMYIECTBO t-pa3BmwiiOK B (G OYEBHIHO PABHO KOJIMYIECTBY DPA3BUJIOK B cxeme mocje (-3aMeHbl, U
OHM €CTECTBEHHBIM 00PA30M OTOXKJIECTBJISIIOTCS: €CJIM BEPIIMHA t-PAa3BUJIKU ObLIa PAa3BUJIKOI, TO eif OHa
U COOTBETCTBYET, & €CJIU IEPEKPECTKOM, TO €if COOTBETCTBYET Ta DPa3BHJIKA, B KOTOPOW COIEPKUTCS €ee
,Hanpasjsgiomee* pebpo (OHO IPUHAMJIEIKUT POBHO onHOMY u3 myreil a,b,c,d — cm. pucynok). Kaxk-
zoit t-pasBuiike coorBercTByeT d-passuiika B h(Gy). Ocraercs 3aMeTUTh, 9TO JJIMHBI IyTell MeXIy d-
pasBuikaMu B h(G)) — TOUHO Takue YKe KaK Beca pebep MexKIy COOTBETCTBYIONIMMU MM Da3BUJIKAMU B
HaIeil cxeme mocje Ipeodpa3oBaHmsi — BO3bMEM Iapy Pa3BHJIOK B G}, COEIMHEHHBIX HEKOTOPBIM PeGpOM.
Ecsn ero Bec 0, To nociie npeobpazoBanus oH Oyuer paBeH 1 (T.K. 9T0 MO OBITH TOJIBKO Da3BUIKU
[OJIy IUBIIMECS 3aMEHON [IePEKPECTKA) — KAaK U II0CJIE TOJIyIIara, a eCcjiu HeT, TO CM. PUCYHOK. O

O6o3HaueHus:
h*(G) — pesynbrar npumenenus kK rpady G Taxoit onepanuu (IyTH MeXKIy OJHOTHITHBIMU Das3-
BUJIKAMU HE MEHsIeM, a MeXKJly Pa3sHOTUIHBIME — COKpaIlaeM Ha 1 ec/iin HAadajao — BXOJISIIAs, a
KOHEIT, — MCXOJIAINas, U yBeJndnBaeM Ha 1, eciim Hao60poT).

Bamernm, 9T0 MeTo/ 1 TPUHIUITHAIBHO OTIUIAETCsT 0T Meroja () TeM, YTO ONMUCHIBAET MPeobpas3o-
Banne rpada He JOKAJIbLHO, & IJI00AJILHO: CTAHOBUATCS BUJIHO, YTO CTPYKTypa rpada MeHsSIeTCS TOJHKO B
MeCTax MEePEKPECTKOB, a B OCTAJbHBIX MECTaX TOJILKO M3MEHSIOTCSA PacCTosiHus. [IprdemM mpoTUBOIIOI0K-
HbIE PA3BUJIKU KaK Obl JBUXKYTCsl HABCTPEYy JAPYT APYTy B HAIIPABJIEHUN CTPEJIOK KOTOPBIE N300PaKAFOT.
3aMeTnM TakKe, ITO IMEPEKPECTKU 00PA3YIOTCS MO0 CyTU IPU BCTPEYAX MPOTUBOIIOIOXKHBIX PA3BUJIOK.

Mertoxm 2. Bropoit ciocob oTimdaercst OT MEPBOTO TOJBKO TeM, 9TO 3alIPEThI TPUMEHSIIOTCS JI0 TIEPeX0/Ia
or cxembl 06paTHO K rpady Posu (ynassiercs coorsercrByroiiee pebpo).

JoxkazaTenabcTBo. [l 70Ka3aTEIHCTBA KOPPEKTHOCTH STOTO METO/A BCIIOMHUM, 9TO KaK yKe OBbLIO
OOBSICHEHO B JIOKA3aTEIbCTBE MPEJIOKEHUS 3.2.5 3aIpeThl MPOUCXOAAT ¢ PeOpaMu JJisi KOTOPBIX HUCXO-
JISIAst CTeleHb HAYaJbHON BEPIMUHBI U BXOJISAINAsl CTelleHb KOHEeIHOH paBubl 2. Ho 310 3HAYMT 9TO 710
repexojia 00paTHO OT CXeMbI K I'pady HaYaJIbHON M KOHEYHOU BEPIIMHAM COOTBETCTBOBAJIM UCXOISINAS U
BXO/IAIIIas PA3BUJIKA, a HAIleMy peOpy — peOpo ¢ BecoM 1 (M UMEHHO €ro MbI yJajluM B HAIIEH Olepalun).
Boutee Toro, 3To 3rauuT 4To 10 nnpeobpazoBanms Bec 3TOr0 pedpa 66u1 0, ¥ OHO MOSIBUIIOCH B CXEME ITOCJIE
(0-3aMeHBL. g

Meton 3. A Tperuii — TeM, 4TO TelEPh 3aIPEThl BOOOIIE IPUMEHSIOTCS JI0 IPeodPa30BaHusl CXeMbI. Pe-
3yJibTaT Oy/IeT SKBUBAJIEHTEH, IIOCKOJIbKY 3aIllPEThl BEJb IIPOUCXOJIAT TOJBKO CPa3y IOCje PA3MHOMXKEHUs,
TO €CTh B MECTaX MEPEKPECTKOB — a 3HAYUT WX MOXKHO CJI€JIATh B CAMHUX HAIMX (PUKTUBHBIX KOHCTPYK-
UsX.

JokazarenabcTBO. [loCKO/IBKY yKe IOKa3aHO YTO 3aIlpPeThl OyIyT IPUMEHSITHCS TOJBKO K pebpam
¢ BecoMm 0 moGaBiienabiM pu 0-3aMeHE TEPEKPECTKOB, HEOOXOAMMO JIOKA3aTh TOJBKO UTO €CJIM CHAYAJIA
[IPUMEHUTH 3AIPEThI, & MOTOM Ce/IaTh IPeodpPa30BaAHUE CXEMbl — IOJIYIUTCS TO K€ CaMOe, KaK eCJid
cHaJYaJja CAesaTh Ipeodpa30BaHue, a MOTOM IIPUMEHHUTDH 3ampeThl. J[jist 9TOro J0CTaTOYHO JOKA3aTh UTO
rpadbl OYIyT UMETh OJUHAKOBYIO CTPYKTYPY M COOTBETCTBYIOIINE Beca OymyT paBHbl. OuH corydait, JJis
HATJISITHOCTH, pa300bpaH Ha KapTuHKe. [[0CKOJIbKY CTPYKTypa CXeMbl HE MEHSIETCS [IPU HAIleM I1ePexojie
(TOJIbKO Beca) — YTBEPKJIEHHE PO MICHTUIHOCTH CTPYKTYDP O4eBUAHO (OyJyT 3a4€PKHYTLI OJHU U Te
Ke pebpa). 3aMeTuM, 4TO COIJIACHO HAIEH Omepallu CyMMa BECOB Ha JIIOOOM IIyTH OT ONHOH Pa3BUIKU
JI0 IPYTOil IPH IIepexojie MEHHAETCs POBHO TaK, KakK ecyid Obl HA 9TOM IIyTH ObLIO OJHO pebpo (04eBUIHO
73 PACCMOTPEHHS TUIIOB PA3BUJIOK Ha 9TOM IIyTH WA KAPTUHKU B JOKA3aTEIbCTBE K IIEPBOMY METOLY —
yTh MEXKJy Pa3BUJIKAMU TaM MOT OBbITH JIFOOOM, He 0OSI3aTebHO He COJEPXKAIIUN JIPYTUX PA3BUIIOK) —
3HAYUAT PACCTOSIHUSI MEXKJIy OCTABIIMMUCS IIOCJIe HAINX JEeACTBUI Pa3BUIKAMU HE 3aBHUCST OT ITOCJIEI0-
BATEJIbHOCTU 9TUX JIEHCTBUN. ]
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Boobrrie, Bech aTOT mepexo 1 K cxemam He 00s3aTeJIeH, U IS PEIeHns] BaYKHO TOJBKO NMETh BO3MOXKHOCTH
pa3pemniaTh MePEeKPECTKN 3aMeHO JTAHHON BPEIUHbI (DUKTUBHON CTPYKTYpPOil pa3mepa 0, HO ONUCHIBATH
peobpasoBanue rpada ,, TaM Ijie pa3BUJIKI PA3HOTHUIIHBIE OTHO PeOPO € BECOM OJIMH HCYE3JI0, & B JPYTOM
MecTe pebpo MOSIBUJIOCH BCe-TaK! MeHee YJI0OHO YeM TOBOPUTDH PO U3MEHEHUE Beca.

Meton 4. Tenmepn Bce-Taku mompodbyeMm oboifTrch 6e3 mepexoma K cxemMam. [IpocTo m3MeHnM KaxK Iblit
yTh MEXKJy JIBYyMs Pa3BUIKAMU B Ipade COOTBETCTBYIOMUM 06pa30oM (HOJIyInar), a IOTOM IIPUMEHHM
3ampeTsl. [Ipn 9TOM MepekpecTkn MOXKHO 00pabaThbiBaTh IMO-PA3HOMY: MOXKHO CUNTATh UTO y BCeX pebep
osBuinx B G Beca 1, a ¢ mepekpectkamu jenarth (0-3aMeHy, a 3aTeM JelaTh OIMCAHHOE TOJBKO UTO
npeobpasoBanee (mpu 3ToM pebpo Beca 0 — Kak 6bl myTh pyuHbl 0 — 3aMensiercs Ha 1 pebpo ¢ Becom 1 —
nyTh gyuabl 1). Vi MOXKHO cYuTaTh 9TO B MECTe IEPEKPECTKa HAXOUATCs 4 t-pasBUIIKU Ha PACCTOSHUN
0 (MeKJ1y NPOTUBOIIOJIOKHBIMU M3 HUX), U KOIJA PACCMATPUBAECTC KAKON-TO MyThb COAEPXKAIIUN CBOUM
KOHIIOM TIEPEKPECTOK — OH CUMUTAETCsI IyTeM JI0 TOW PAa3BUJIKM, HAIIPABJIAOIIEe pedpo KOTOPOil B HEM
COJIEPIKUTCS ).

JdokazaTejbCTBO. DTOT METOJ OYEBHIHO SKBUBAJIEHTEH MeTOIy 1. O

Metopn 5. Temneps cHavyasa MOJTHOCTHIO PA3PEIINM ITEPEKPECTKH, & IIOTOM CJIEJIAeM ITOJIYIIAr.

HokazareabctBo. I[logpobuee: Pacemorpum rpad Posu Gj. Kaxkmomy ero pebpy mpucBomm Bec
pasabiit 1. [Ipouseesem 0-3ameny. Yunasmm pebpa, cooTBeTcTByIOmue peGpaM ynajseMbiM B h(Gj) (Mbrl
3HaeM, 4To yaajsgemble u3 h(Gy) pebpa cooTBEeTCTBYIOT pebpaM B CXeMe h(ék) ¢ BecoM 1 U MpOTUBOIIO-
JIOXKHBIMY Pa3BHJIKAMU Ha KOHIIAX, & OHU COOTBETCTBYIOT pebpam ¢ BecoM 0 B TekymieM rpade). Vzmernum
JUIMHBI TIyTell B rpade 10 ONMUCAHHBIM paHee MPABUJIaM U OTOXKJIECTBUM BEPITUHBI COEINHEHHBIE pebpaMu
¢ Becom 0. Beca 3abynem. [lonyuum Gj1 — 910 ciemyer u3 Merona 3. |

CorytacHo 3aMe4aHuIo O TOM, 4YTO JJIMHA JIFOOOrO IIyTHn MezK1y ABYyMd pa3BUJIKaMH MEHAETCA TOJIbKO
B 3aBHUCUMOCTU OT HMX THUIIOB, MOXXHO IIp€JICTaBUTDH ce6e, 9TO, COIJIaCHO TOMY HYTO PACCTOAHHIA MEXKIY
OMHOTUITHBIMU PA3BUJIKAMU HE MEHAIOTCA, OTHU U3 HUX CTOAT Ha MeCTe, a Apyrue — €1yT UM Ha BCTPEIy
CO CKOPOCTBIO OJIH.

Meton 6. C 0mHOIl CTOPOHBI — 3TOT CHOCOO HMPUHIUIUAIBLHO OTJIUYAETCS OT BCEX IPEIAbIAYIIUX, U CO-
JIEPYKUAT CYIIECTBEHHO BAXKHYIO JIJISI PEIIEHUs UJEI0, a C JAPYTOil — OTINYAeTCs OT IPEJbLIYIINX TOJIHBKO
B3IIsiIoM Ha Bemu. CyTh €ro BOT B YeM: CHaJYaJia, KaK yKe MHOIO pa3 Je/iajii, 3aMEeHUM BCe IIePEKPEeCTKA
Ha (DUKTUBHbIE KOHCTPYKIMK pa3dMepa 0 (04eBUIHO, MEPEKPECTKOB y HAC MOCJIE ITOrO HE OCTAHETCs ). A
3aTeM ClelaeM HEKOTOPYIO HOBYIO OIEPAIlnio, Pe3yJIbTATOM KOTOPOI OyIeT TO Ke CaMOe UTO MPH IOJIy-
miare, HO IpOIEypa JApyras: BblbepeM TUIl Pa3BUJIOK (Bxofgiue win ucxomsiye). [Ipemonoxum Ge3
0.0. 9TO BxojiAmue. bygeM cauTarh, YTO BXOIAIINE t-PA3BUIKN CTOAT HA MECTE, & UCXOISINe — CIBUTA-
f0TCst Ha 1 B Ty CTOPOHY B KOTOPYIO OHH ,,YKa3bIBAIOT®, MOTJIONIAs OJHO pebpo U3 IyTH Iepes coboil, u
BBIIJIEBBIBAS J[Ba — 110 OJHOMY B KaKIbIIl M3 XBOCTOB 3a COOOIi.

el

JokazaTesabCcTBO. 3aMeTnM, 9TO BCE IIYTH MEXK/y PA3BIJIKAMEU U3MEHSITCS CTPOrO IO HAIEMY IIpa-
BWIy. 3HAYUT ITOT METOJ, OYE€BUIHO IKBUBAJIECHTEH MeTojaM 1, 2 u 4. O

MeTO,Z[ 7. To xke caMoe, HO Tellepb 6y)1€M CHaYaJla Cpa3y pa3pelniaThb BCe IEPEKPECTKHN, a IIOTOM CABUT'ATb
HUCXOAdIe PAa3BUJIKN K BXOIAIIM.

JdokazaTeabCTBO. DKBUBAJEHTEH MeTOIaM 3 U 5. O

Meton 8. Crporo roBopsi, 970 y2Ke He CIIOCO0 MOJIydUTh cieaytonuii rpad Posu mo mpempigymemy,
u rpadbr Po3u manHOro ciioBa OymyT HMOSBIISITBCA TOJBKO KAK MPOMEXKYTOYHasi (ha3a KarKIOW TaKo
OTIEpAIINH, HO TIOCKOJIBKY JIJIsT HCCJIEyeMOT0 HAMU BOIIPOCA BaYKHO TOJBKO KOJUIECTBO IIPOM3BEIEHHBIX 38
BCe OTIepaIiy 3aIIPETOB 1 KOJIMIEeCTBO pebep B KOHETHOM ITUKJIE — 3TO He BayKHO. 3/IeCh MBI Oy/IeM CHadaJIa
JleJIaTh HOJIyHar B HOBOM CMbICJIe, & IIOTOM paspelniaTh Bece oOpasoBapiuecs nepekpectku. Hauunars B
sroM ciyuae Oymem ¢ rpada Gy = Go mosyuennoro uz Gg pasperienuem repekpectka. Bapuantsr Go
(Taxoii BLIGOp MHEKCA OyJeT OICHEH 9yTh HO3/HEE):
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Hoxka3zaresnberBo. OHAKO HAC MHTEPECYET TOJLKO OOIIee KOJMIECTBO 3AIIPETOB (MU, SKBUBAJICHT-
HO, O0Illee KOJIMUECTBO [IEPEKPECTKOB) BCTPETUBIIMXCA B Ipadax B TeYeHHe BCEro mporecca u (Tak Kak
04eBUIHO, Kak ¥ rpadbl Posu Hamm rpadbl CTAHYT ¢ HEKOTOPOTO MOMEHTa OJMHAKOBBIMU IIMKJIAME) —
KOHEYHOe KOJIn4uecTBO pebep. OHM, 04eBUIHO, OyIyT PaBHBI COOTBETCTBYIOIIUM KOJIMIECTBAM JIJIsi TIOCTIE-
noBareabHocTH rpados Po3u HEKOTOPOro JAHHOTO ¢JI0Ba ([OCKOJIbKY MOC/IEI0BATEILHOCTD, (haKTHIECKH,

BuINIA AT Tak: Gg — G1 — G1 — Gy — - -+ 0

3.5 YTo MBI mOJIyYnJn

Nwmeercst HekoTOpoe GeCKOHETHOE B 00€ CTOPOHBI MEPUOANTIECKOE CJIOBO w € [, M 3aJafoImas ero mpuBe-
JleHHasI cucTeMa 3anperos S. VmMeercs: mocienoBarenbHocTs rpados Posu sroro ciosa Gy, GY, - -+ , G
(3aKAHIMBAIOIIASCA IUKINIECKUM rpadoM [UIMHA KOTOPOrO PABHA MEPUOJY CJIOBA 1) U COBOKYIHOCTH
BeromoraTebHbX rpacdos {A(G}’)}, ¢ ecrecTBenHBIME GHEIIAME MKy MHOKecTBaMu Egw < Vi(gw)
k2 k2
2 2 w
u LG;U < Epcw) (LG? — nyrn JymHel 2 B G, a Takxke MHOXKecTBaMH Vi gw) <> Vaw | n Epgw) <

) i+l
EG?+1 (] (S N Fi+1)

Taxxke umeerca nocsienosaerenbuocTs rpados Gy, GY, - -+, GY, Takux uro h*(Gy') = G}, |, koTo-
=T~ —~ . O—exchange =<' restrictions
. w * w w w
pble CTPOSITCS HHAYKTHUBHO IO cilemyiomuM mpasmiaM: GY — h*(GY) — G? — bR
!/

e 3alpeThl IIPOUCKOMAT B TeX Ke pebpax, rme u B h(GY), crpykTypHO paBHOM G .

3.6 Yro majbIiie

B mporecce mpumenenust 8-ro MeToma abCOJIOTHO HADVISIIHO Ha KaxKayio n3 dy d-pa3sBHIOK KaKOI'O-TO
k

—_— —_
tuna 3a 1 mar (or GY_; x G}Y) npuxoauTcss mpupocT obIero Kosmdectsa pebep Ha 1, Ha Karkblil

epeKpecToK (u3 c}éﬁrl) — IPUPOCT KOJIMYECTBa d-pa3BUJIOK Ha 1, Ha KayKJbIil 3allpeT — yMeHbIIIeHHe
KOJIMYECTBa d-Pa3BUJIOK Ha 1, M BCe 3TU NMPUPOCTHI-YMEHBIEHUs TPOUCXOIAT MapaJuiebHo. KiroueBast
njiest TOKA3aTeIbCTBA OIEHKH — B TOM YTOOBI JEJIATh 9TO MOCIEI0BATEIbHO, HA KA2K/IOM Iary ¢ KaKOH-TO
OJTHOM Pa3BUIIKOI, C KOTOPO 9TO CAeIaTh BO3MOXKHO: €C/IM B JJaHHOM Tpade mepe KaKOH-TO UCXOIATIEH
(B HallpaBJICHUU ee ,LLBI/I)KeHI/IH) pa3BUIIKOI 10 OJivrKaiiieit BXOMAIIEH HET JPYTUX UCXOJANINX — €JIM-
HOMOMEHTHO TIPOBEJIEM €€ JIO ITOM BXOJAIIEH PAa3BUJIKUA Yepe3 ITOT MYTh U Pa3PEeNuM 00Pa30BaBIIANCS
epeKpecToK (IPUMEHUB 3aIIPEThI TaK JKe, KAK Mbl CODUPAJIUCDH 3TO CAEJATH IIPY IIAHOMAPHOM U3MEHEHUN
rpada — IHapaJIee/IbHOM JIBUKEHUU PA3BUJIOK ). 3AMETHM, 94TO IIOCKOJIbKY KOJUYECTBO 3aIIPETOB PABHO
KOJIMYECTBY MEPEKPECTKOB — MBI MOXKEM CUUTATH TOJBKO IOCJeHIE. TaK, IPU KaXKIO! TAKOil omeparu
KOJIMIECTBO TIEPEKPECTKOB yBemunBaercst Ha 1, a |Gy, | yBesmanBaercst Ha JUIMHY MyTH, 10 KOTOPOMY MBI
IPOBEJIN Pa3BUIIKY (BOT MBI U COIIOCTABUJIN KarKJIOMY 3allpeTy IIPUPOCT KOJIMYIeCTBa pebep — Ty caMylo
md-pa3Busiky). COOTBETCTBEHHO 11€1€CO00PA3HO UHJIEKCUPOBATD HAIIM TPadbl KOJUYECTBOM yITEHHBIX
[EPEKPECTKOB (II09TOMY M HMHJEKC HadaabHOro rpada — 2: jig upespaiienus Go B MUK HEOOXOAUMO
nBa 3anpera). Kak yxe MOXKHO ObLJIO 3aMETUTh, TEPMUH ,Iar* UCIOJIb3yeTCs aBTOPOM Jisl JIIOO0H Mu-
HAMAJIbHOHN IUKJINYECKHU MOBTOpsomeiics omepanun Ha rpadom. Terneps Mbr Oy/ieM HCIIOIB30BATH €r0
JIJISL O6OSH&“I€HI/I${ IIOCJIGJZLHGP'I U3 OIMMNCaHHBIX — IIEPEABUXKEHUA PASBUJIKU N Pa3pENICHUd IMOABUBIIETOCHA
IEePEeKpPeCTKA.

Tenepb duxcupyem cinoso (w € I,) U ero NPUBEJEHHYIO CHCTeMy 3anpeToB S (BIPOUYEM, W Tak
€JIMHCTBEHHYIO ).

Pacemorpum Gy = Gy. Kak MbI yKe roBOpuiu, eCTh JBa, ¢ TOYHOCTBIO JIO MEPEMEHbI ¢ U b Me-

cTaMu BapuaHTa. PaceMoTpuM B mocsenoBarenbHOCT G [-pasBuikn (PasBUIIKU €CTECTBEHHBIM 00pa3oM
OTOXKJIECTBJISIFOTCSI C HACJIEJHUKAMU B MeTojle 8 — ecu He mpownsonuio 0-3aMeHsbr). BHe 3aBCHCMOCTH OT
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TOTO KAaK BBITVISIUT é?) JUIS KAzKJION PasBUJIKM B HEM KaxKJoMy (U3 JBYX) ee XBOCTOB (BXOJAIIEMY B
Hee pebpy ISl BXOJSIIEH UM UCXOZSAIIEMY JJisl UCXOJIAINEii) COIIcOTaBUM METKY ,,left* mmm ,right“ (ommy
OJIHOMY, & Ipyryto — apyromy). OnuineM Kak HACIEAYIOTCS 9TH METKU: Ipu h* — ecTecTBEHHBIM 00pa30oM
(mocsietHEeMy pebpy B IyTH, B KOTOPOM 6b1I0 pebpo ,left“ — merky ,left”, anamornano g ,,right“). Ilpn
0-3aMeHe — TOXKE JIOBOJIBHO €CTECTBEHHO:

Puec 12

t ¢ j:e?r
\><—_-> Pal
\' |

(Tlocsie mprMeHEHUsT 3AIIPETOB KAKME-TO U3 HAPUCOBAHHBIX PA3BUJIOK MCUE3HYT, 8 KaKUe-TO OCTa-
uyrceda. Bmecre ¢ Mmerkamu). B ofimem-To nostydaercs, 9To Ha BpeMsl CyIIeCTBOBaHUs [-pa3BuiKu B rpade
JIJTsT Hee BIIOJTHE eCTeCTBEHHO OIPEJIEJIEHBI JIEBBIN U TPaBbI XBOCT. IIOHATHO, 9TO € TIOMOIIBIO STUX METOK
OJIHO3HAUHO OIpeJIesisieTcst Kakoe pebpo 3ampemiaercst mocye 0-3ameHbl (axke — MeHbIeil nuadopmany-
eff — JIOCTATOYHO IIOMETUTH PA3BUJIKH TOJBKO OJHOIO THIA — JOIyCTHM, TOJBKO BXOjsIne). Takke
3aMeTUM, UTO JJId KaXKJOH [-pasBUJIKM OJHO3HAYHO OLPEIE/IAeTCs ee UCTOpHs (Ioc/ie B3auMOIeiCTBIA
KaKWX Tap Pa3BUJIOK IPOTUBOIOJIOKHOTO THUIIA OHA TOSBUJIACH U JIEBBIM WA IIPABBIM XBOCTOM SIBJISLIIACH
COOTBETCTBYIOIINE PA3BUJIKU) U TO C KAKON PA3BUJIKON OHA B UTOre PA3MHOXKUJIACH (M3 MHOXKECTBA BCEX
[-pa3BUIIOK NPOTHBOIIOJIOKHOIO THIA), Ja U BOOOINe — OIpejesieHa [OJHAs MCTOPHs B3aMMOJIEHCTBHI
(kaKue mapbl Pa3BIJIOK PA3MHOXKHIJINChH, Kakie pebpa ObliIM 3alpeieHbl 1 KTO ObUIN UX JIeTH).

Bosbmem Go. PaccraBum B HeM Kak-HUOYb MeTKU (M yCTAHOBHM COOTBETCTBHUE C [-Pa3BHIIKAMU B
é?)). ByneM npousBoqurh B IIPOM3BOJILHOM IOpsijIKe ciejyioiue (yzKe paHee OIKCHIBABIINECS) OIepa-
[UU: eCIM B TeKyIeM rpade Ha IyTH MeXKy JBYMs JAHHBIMHU Da3BIIKAMU (BXOIAIMIEH ¥ UCXOIAIIEH —
B YKA3aHHOM IIODsIJIKE) HET JPYTUX Pa3BUJIOK (IpHYEM IIyTh [POXOAUT UYepe3 MX HAIpaBJIsioIine pes-
pa), TO CIBUHEM KOHKPETHO 3TY UCXOIAILYIO (JIJIs OIPEIEICHHOCTH ) PA3BUJIKY 110 OIUCAHHLIM [IPABIIAM
(0O PEBPO TOJIOIAET, 1B BHIIAET) JI0 BXOAIIEH, pousseeM 0-3aMeHy 00pa3oBaBIIerocs NepeKpecT-
Ka, paccTaBUM MeTKH ,left* u ,right“, ynamum coorsercrBylonme pebpa (Takue ke, KaK Te, KOTOPbIe
OBLIN yJAJIEHBl B M3HAYAJIBHON MOCJIEIOBATEILHOCTH IPadOB é\z), OCTaBIIIMCS PA3BUJIKAM IIOCTABUM B
COOTBETCTBHE [-PA3BUJIKK ITOM MTOCIE0BATEHHOCTH — T€, KOTOPbIE MOJIYIUJINCH [TPU PA3ZMHOXKEHUH CO-
OTBETCTBOBABINUX TEKYIIUM PAa3BUIKAM [-PAa3BUJIOK.

IIpengoxxenne 3.1. B makom cayuae 3ma onepayus ecezda onpedesena Koppexmmo (me l-pazeunru
KOMOopvle COOMBEMCMEYI0M 08YM DA3GUAKAM C KOMOPHIMU Mbl NPOU3EOOUM JGHHYIO ONEPAUUI 8 UCTO0-
HOT NOCACA0BAMEADHOCTU PAZMHONCAAUCH UMEHHO OpYe ¢ IpYyeom), 6 KOHUE IMa NoCAEIO8AMENLHOCTID
CManem YuKAOM (9ma 4acmv ouesudHo caedyem u3d npedvidyuets) u dauna yukaa 6ydem pasha daure
PUHAABHO20 YUKAQ UCTOOHOT NOCALIOBAMEABHOCTNY 2Pado8 — GHE 3ABUCUMOCTIU, 6 HYACTNHOCTIU, O, Gbl-
60pa Ha KaAHCAOM waze KOHKEDPEMHOT NAPbL PA36UNOK MENHCIY KOMOPBLMU HUME20 HEM.

JokazaTesabcTBO. B000b111e, 3T0 09€BUIHO — €CJIN IIPEJICTABATh, 9TO B UCXOIHON OCJIE0BATEIbHOCTH
Pa3BUJIKH JBUTAIOTCSI TAPAJIEJbHO (He OOrOHss JPYT APYTa), BCTPEYAIOTCS, PA3MHOKAIOTCS, IIPOUCKOIAT
KaKne-TO 3allpeThbl — TO, €CJIU BCe IIPOUCXOJUT MJIEHTHUYHO — OYEBHIHO He BayKHO B KaKO#l mocJjejoBa-
TeJIBHOCTH 9TO IIPOUCXOAUT €CJIM OHH JPYT Apyra He OOroHsiorT (T.K. IPHU BCTPeYe DA3BUJIOK IIyTH Iepe-
KJIEMBAKOTCS UJIEHTUIHO).

Paccmorpum cxembl rpadoB u3 mporecca npuMeHenns: Metona 8. Kak MbI y2Ke rOBOPHIIH, IIPU TI€PEX0-
Je oT rpada K rpady MEHSIOTCs TOJBKO Beca pebep u HeboJiblne dpparMeHThl rpada B MecTaX BCTPedn
pasBwiIoK (Korma pebpo cranosuTcs pasabiM 0). 3aMeTrM, 9T0 COrIACHO ¢ ITUM pebpa MOTYT HOABJIATHCS,
ncue3aTh U 00 beUHATHCS. BCE 9T0 — TOJBKO pu BCTpede pa3sBUIoK. PaccMOTpUM MHOXKECTBO BCeX pebep
KOIIa-100 HOsABUBIIUXC B 91uX rpadax E (MOXKHO cuuTaTh 4TO IPU BCTPEUYE PA3BUJIOK IIOABIIAIOTCS 4
pebpa, a MoTOM MBI Cpa3y HEKOTOpbIe W3 HUX yOMBaeM, & MOXKHO — YTO IMOSIBJISIIOTCS TOJBKO T€ M3 HUX
KOTOPBIE OCTAIOTCs, U HEKOTOPbIe Cpa3y OObEeIMHSAITCA ¢ TEMU MEXKIY KOTOPbIMU youTa pasBuiika. [ljist
yI06CTBa U SICHOCTH IIPUMEM TiepBoe) . Mbl IIOMHUM, 9TO Y HAC y2KE €CTh MHOYKECTBO PA3MEUEHHBIX PA3BU-
JIOK, U COOTBETCTBEHHO JIETKO YCTAHOBUTH B mocyenoBaTeabaocTu Gy, Kakme pebpa KaKuM COOTBETCTBYIOT
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py 10siBJIEHAU (OLATH YK€ paccMarpuBas cxeMmbl). [Ipu obbeaunenun aByx pebep OyleM [ucaTh Ha HeM
cnoBo B andasure E mosydarorieecs: TPUIMICHIBAHTEM TEKYIIEro CJI0Ba Ha MEPBOM pedpe K TeKyIIeMy
CJIOBY Ha BTOPOM (ecsin 00be IUHSIOTCS TPH MO — TOXKe MOHITHO Kak). Ilpu mosiBieHun Ha peGpe Oy-
JIeM TIICaTh OJHOOYKBEHHOE CJIOBO U3 TOTO pebpa 4To eMy COOTBETCTBYET. 3aMETUM, UTO B KaXKJIOM rpade
Ha KOHI[aX pebpa HAXOMATCHd KAKWe-TO PAa3BUJIKM. Kcau pasBUiIKa ,,CMOTPUT® B CTOPOHY pebpa, KOHIOM
KOTOPOT'O OHA sIBJIAETCS — OHA, OYEBHUIHO, OyJeT ero KOHIIOM JI0 UCUYE3HOBEHUs 3TOro pebpa (BO3ZMOXKHO
ocJie ero o6beAUHEeHs ¢ KAKUMU-HUOYIb IPyruMu pebpaMu Ha APYroM KOHIIE) U3-3a BCTPEYHU ITOi pas-
BUJIKUA C TPOTUBOTOJNOXKHOM. Eciu sTa pa3Bmika cMOTPHUT ,, 0T — OHA BCTPETUTCHA C KEM-HUOYIb TaM C
TOI CTOPOHBI, U ¥ 3TOr0 pebpa JiMOO MOMEHSIETCS KOHEIl Ha, Pa3BUJIKY CMOTPSIILYIO , K, JuOO0 IPUIIUIIETCS
C 9TOI CTOPOHBI Kakoe-HUOYIb pebpo. YTBep:xkaeHne: B KaxkaoM rpade Gy Ha pebpax OyayT HaucaHbl
TOJIBKO CJIOBA, SIBJISIOIINAECS ITOJICJIOBAME CJIOB HAIMCAHHBIX HA PeOpax MpOoIecca MeTo/a 8 B MOMEHT X
cMepTH (TO eCTh 1I0CJIe MAKCUMAJIBHOTO O0beINHEHNs CJIOB), & TAKXKe ¥ KayKJI0ro pebpa Ha KOHIe OyIeT Ta
pa3BWIIKa, KOTOPasi JOJKHA ObITH — JIMOO CMOTPAIIAs B €M0 CTOPOHY U OJHOBPEMEHHO Ta, ¢ KOTOPOIl OH
JIOTZKEH yMepeTh (MOXKHO CUMTATH UTO PA3BUJIKU TOXKe GYKBBI — TOTJIA IIPOCTO TO TO CAMOe YCJIOBUE HA
HOJICJIOBA), IUOO CMOTPSIIIAs B IPOTHBOIOJIOXKHYIO CTOPOHY U Ta, KOTOPasl IPU PA3MHOXKEHUH 3aMEeHHUTCSI
COOTB. Ha, HYKHYIO CMOTPSIIIYIO B €r0 CTOPOHY, JITOO IPUBEIET K IIPUKJIEMBAHUIO OTHOOYKBEHHOTO CJIOBA
— TOro, KOTOPOe UIET IePejl JAHHBIM CJIOBOM (B TOM CAMOM JJIMHHOM CJIOBE B KOTOPOM OHO BCTPEYAETCHd
KaK II0JICJIOBO — OYEBU/IHO TAKOE OJHO, T.K. OYKBBI BO BCEX CJOBAX Pa3Hble U He IIOBTOPSIIOTCS ).

SameTuM, 9TO 110 CyTH HAIle yTBep:KIeHre (O TOM YTO OIEePAIMU MOXKHO JIeJIaTh B JIIOOOM MOPSIIKE) —
€CTb yTBEpXKJieHne 00 acCOIUATUBHOCTH ITpon3Bejienusi oneparuii. COOTBETCTBEHHO €ro J0Ka3aTeIbCTBO
TakKe OyIeT CPOJIHA KJIACCUIECKUM JIOKA3aTEILCTBAM aCCOITUATUBHOCTH.

Bcé sro mokasbiBaercs no uuaykiuu. st Go 910 BepHO, T.K. TaM BCE Tak Ke Kak B G1. [lycts s Gy
JaHHOE yTBepKaeHue BepHo. [Ipu nepexose K Gy41 MBI IPOM3BOJMM BCETO OJHY OIEPAITUIO — BCTPEUIAIOT-
csl JIBe pa3BUJIKU HAXOJSIIMECS Ha KOHIAX pedpa, ¢ KOTOPBIM OHU JOJIKHBI yMepeTh. QUeBUIHO 3HATUT,
OHH PA3MHOXKAJIUCH UMEHHO JIPYT C JIPYTOM B OCHOBHOM IIporecce (T.K. BMECTe ¢ OJHUM PeOPOM yMUPAIOT
TOJILKO JIBe KOHKpPeTHbIe pa3Busiku). Hac mHTEepecyor yerbipe pebpa KOHIAMHU KOTODBIX SBJISUIUCH ITU
Pa3BUJIKU C JIPYTHX CTOPOH. YCJoBus Ha rpad obecnedmBaioT TO 4To npu 0-3aMeHe K yKe MMEBIITIMCH
pebpaM NPUKJIEMJINCh UMEHHO T€ Pa3BUJIKU WK Pebpa, KoTopbie HYKHO. OCTaeTcs TOJIBKO IIPOBEPUTH,
9TO JJIsl YeThIPpEX HOBOIIOSIBUBIINXCsI pebep BEPHO CJieIyIolee: JIMOO OHM MCUYE3HYT, JIUOO Yy HUX HA KOH-
[axX Teé Pa3BUJIKM KOTOPBIE HYKHO. DTO IIPOCTO: MTOCKOJIBKY IOsiBJIeHNE pebep U Pa3BUJIOK €CTECTBEHHBIM
00pa30M IPUBLA3AHO JAPYT K APYry (Mbl 3HAEM 9TO B OCHOBHOII 110C/I€0BaTe/IbHOCTH I'PadoB 31U pebpa u
Pa3BUJIKK [OSIBUIKCH BMECTE — MbI UX TaK COIOCTABJSEM) — TO Ha KOHIAX pebep PasBUIKU CMOTDSIIIe
,OT", TIOC/Ie KOTOPBIX IPUOABUTCI TO UTO HYKHO — JIUOO PA3BUJIKA C KOTOPOH MBI BCTPETUM CMETPb,
60 OIHOOYKBEHHOE CJIOBO, KOTOPOE U JIOJZKHO OBITH (HOTOMY YTO TaK OBLIO B OCHOBHOM IIPOIIECCE).
KoppekTHOCTb BCTpeun Kak MOJCIOB MHIYIUPYETCS TEM, 9TO CJIOBA B OCHOBHOM IIPOIIECCE MPUIUACHIBA-
JINCDH C ,,TAKAM" yIIOPSITOYEHbEM OYKB — XOTb MOXKET OBITh U B PA3HON OYE€PETHOCTH BO BPEMEHH.

Koneunoe kosmaecTBo pebep Bcerga OyaeT OMHO U TO Ke, T.K. OHO IIPOCTO PABHO CyMMe HAYAJIBHOTO
KOJIM9IecTBa pebep IUI0C JId KaXKJI0ro pebpa Ha KOTOPOM HAIMCAHO (BUHAJBHOE CJOBO (TO, ¢ KOTOPBHIM
9T0 pebpo yMper, a He K HeMy YTO-HUOY/Ib IPUKJIEUTCH) — KOJIUIECTBO Pa3 CKOJIBKO €ro JieBas I'DAaHUIA
CJIBUTJIaCh BIIPABO, U KOJMYECTBO Pa3 CKOJBKO €ro IpaBas TPAHUIA CABUTAIACH BJIEBO (B HAIEM IPEJ-
[OJIOYKEHUN OJIHU M3 HUX BCEIJIA CTOST).

Bynem cunrarh, uTO BCe HaIU JeiicTBUsI pa3OUThI HA MAJIFOCEHbKIE YACTH — CIABUTU OJHON Pa3BUJIKU
ma 1. IIpu srom npomcxoaut -1 K jymHe omHOro pebpa u +1 K jumHaMm JByX. Pebpa nmensrcs Ha Te,
KOTOpbIE KOrJa-HUOY/b yMPYT, U T€ KOTOPbIE He YMPYT (10 CyTH — OYIyT 9acThiO CJIOBA HAIMCAHHOTO
HA KOHEYHOM IuKJje rpada). 3aMeruM, 9To KOJIUIECTBO Pa3 CKOJLKO KOHIEBBIE PA3BUJIKU Jisl JAHHOTO
cJI0Ba Oy/IyT MPUJABUHYTHL IPYT K JIPYTY PABHO KOJUYECTBY Pa3 CKOJBKO J0 9TOrO PA3BUJIKH B KOTOPBIX
3aKAHIMBAIOTCS TIOJICTIOBA ITOIO CJIOBA OY/YT OTOJABUHYTHI (3TO MOUTH 09eBUIHO). 110 cyTn — KOHeIHast
JUIVHA [UKJIa — KOJIMYECTBO Pa3, KOTOpbIEe OYIyT OTOJABUHYTHI PA3BUJIKU Ha KOHIIAX CJIOB, KOTOPbIE HE
YMPYT.

Ec/in pa3Bujiku OJHOTO THUIIA CTOAT, & APYTrOro — JIBUTAIOTCs, TO HAM HE BAXKHO (JJ1s KOJIMYIECTBA) B
KAKOM IOPSJIKE OHU JBUIAIOTCA (€CJIM OHU He OOrOHSIOT JAPYT JApyra) — T.K. OYEBUIHO BHE 3aBUCUMOCTU
OT MOPSAJIKA KaXK/1asi PA3BUIIKA IIPONJIET /10 CBOEI Maphl OHO U TO K€ PACCTOSHHUE — 9TO MOXKHO JTOKA3aTh
10 WHTyKIIMWA. 3aMETUM, ITO JIIobast Pa3BUJIKA 38 BPEMsI CBOErO CyIIEeCTBOBAHUS He MeHsieT OJmKaiiime K
Heil 6yKBbI HaIMCAHHBIE Ha pebpax 3akaHduBatonuxcs B Heil. Hy, a MoCKOIbKY BCE KOPPEKTHO — 3HAUUT
9TU pebpa SBJIAIOTCS MOJACIOBAMU OJHHUX U TeX YK€ KOHEYHBIX CJIOB (T.K. JAHHBIE OYKBBI BCTPEYAIOTCH
KaXKJIas TOJILKO B OJJHOM KOHEYHOM CJIOBE). SHAUUT KazKJasd PA3BUIKA C MOMEHTA HOABJIEHUS 0 MOMEHTA
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CMEPTH JAeT MPUPOCT 1Mo +1 K cjIoBaM coJepzKaIliiM KaK IMOJCI0Ba 00a ee XBocTa. A BpeMms ee KU3HU
PaBHO CyMMe BPEMEH KU3HHM BCEX TeX Pa3BUJIOK, KOTODBIE JABAJM HPUPOCT K ee CJIOBY (MOMKET OBITh
— YJBOEHHBIM — ec 00a XBOCTa COAEPIKAINCH Kak Mojca0B0). 1o HHIYKINKN 110 MHOXKECTBY PA3BUJIOK
YTBEPK/JIEHNE OYEBUJTHO. (]

4 ,Z[OKaBaTe.HI)CTBO OonceHKMN!. TexHnyeckass 9acTh.

4.1 YTBep:KJeHUe OIEeHKH

Cdopmysinpyem yTBepzKJeHre OIeHKU:
|G | < sﬁk+dk+1(dk>1)_1

kl = 2d1«,+1(dk>1>*1
KOJIMUeCTBe, npu Hajaunaun peGep BecoM 0), dj — KOJIMIECTBO BXOJSINUX DPasBUIOK pasBuiok B Gy, a
I(4,>1) pasuo 1, ecim dy, > 1, u 0 unave. Ecimm dy = 1 To Jon0HATENIBHO 22 + Y + 2 < Qg1

, tie |Gg| — cymma BecoB Bcex pebep Gy (HEKOPPEKTHO IOBOPUTH 00 UX

Puc 2

z

Bamerum, uro st rpada Gy 3T0 yTBEpKIEHNEe BEPHO:

Puc 0

10

Mpr 6ymeM HauHHATH PACCMOTPEHHE C ITOTO Tpada W paccMaTPUBATHL €ro KakK 0a3y WHIYKITAMW.
3ampers! Ipyu TEpBOM Iare OyeM JesaTh Tak, 9To0bl moryIuaoch Ga.

Tar uaayknuu copmyaupyeM CieayrommuM odpa3oM: ecau A mekoroporo Gy onenka BepHa, TO
MOXKHO CJIEJIATH eIl HeCKOJBKO IAaroB Tak, YTO i HOBOro rpada OleHKa Takxke Oyier BepHa. Takxke
Oy/ieM yTBepXKJaTh, 9T0 1uist Jioboro Gy, Takoro uro dy, = 1 — oleHKa BepHAa.

4.2 Ilnan mokasareJjibCTBa

JlokazaTebCTBO €CTECTBEHHBIM 00pa30M JEIUTCS HA TPU YaCTH. 3aMEeTUM, 9To eciu di, = 1 — y Hac ecTb
TOJIKO OJIUH BAPHAHT KAKYIO IAPY PA3BUJIOK CXJIONHYTb — EIUHCTBEHHYIO UMEIOIyiocst B rpade (o
CJIOBOM ,,CXJIOITHYTH MbI Oy/ieM MTOHUMATH ITPOU3BEIEHNE OMUCAHHON paHee onepariuy HaJ| JAHHON mapoil
Pa3BUJIOK COEJIMHEHHBIX IIyTeM 0e3 Ipyrux pasBuiioK). Ilepsas, camasi mpocTasl 4acTh JOKA3aTeIbCTBA
KacaeTcsl CcJIydast, KOTJIa II0CJIe 9TOTO eIMHCTBEHHOIO0 BO3MOYKHOIO CXJIONBIBAHUS OCTAHETCSI CHOBA OHA
pasBmwika (dgt1 = 1) — B 9T0i cuTyaruu BO3MOXKHBI TOJBKO JIBa CJIydas, U B O0OMX OIEHKA OCTAETCH
Bepuoit. Eciu diq1 > 1, TO orenka pe3KO yCHINBAETCH — MBI TpeOyeM 3alraca Ha OJHO THIOTETHYIECKOe
yaBoenne. OIHAKO, B CHJTy TOTO 94TO HAYaJbHAS CTPYKTypa rpada cTporo GuKCHpoBaHa, BCe BO3MOXKHbBIE
caydan nepebuparoTcs, u b0 OIEHKA OKa3bIBAETCs BEPHA, JIMOO MBI BO3BPAIIAEMCS K OJHOPA3BUIIOU-
HOMY COCTOSIHMIO W TOIJIa OHA TOXKe BepHA. 1peTbsi 4acTh JOKA3aTEIbCTBA COOTBETCTBEHHO KACAETCS
ciydasi, Korjga di > 1. B arom ciiyuae Mbl He 3HA€M KaK BBITVISIUT rpad, OJHAKO JIOJKHBI OTCJIEIUTH
TOJIBKO OTKJIOHEHUE OIEHKY B 3aBIUCUMOCTH OT KOJIUYIECTBA IIPOU3BEIEHHBIX ONEPAINl U N3MEHEHMUS KOJIM-
YeCTBa PA3BUIIOK — 3TO MO3BOJISIET 0DOOIIUTE HOJIBINON KJIACC CUTYAIUH, KOTJIa Mbl MOXKEM CPa3y CJIeJIaTh
HECKOJIBKO OITepaIiuii ¢ COXpaHEeHNeM BEPHOCTH OIEHKH, & OCTAJIbHBIE OIISAThH pa3obparh mepebopoM.
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4.3 HeobxoauMmbie YncCJeHHbIE JaHHbIE 1 MOTHBAIIMSI

G
Mg1 6yieM U3y4aTh BEJIMIUHY M U OIIEHMBATH €€ HEKOTOPOil KOHCTAHTOM ¢. VI3 BEpHOCTH yTBEPXK IeHUA

|G|

Pk+j—it+d;—d;
onenku jyist G; u HepaBencTBa ¢ < ———————
Pk
G;) 6yzet cremoBaTh BepHOCTD yTBepKAeHust 1t G ;. Ecan momenTs u fOMHOXKHUTE IPaBYIO IacTh ITOTO

+d; 1+5
2

%24~ g ¢ (rme k — cOOTBETCTBYIONIMI UHJIEKC JIJIs

HepasencTsa Ha of ~t% =4 rye o — 30510T0C Cevenme ( ), TO TOJLyYUTCsl IPOU3BEJCHUE JBYX BbIPa-

- Phtj—itd;—d; i [ dj—d;
KEeHUH, SHAYCHUA KOTOPBIX JIETKO aHaJIM3UPOBATh: T i irdo—d. * | v - . O‘{eBI/I,Z[HO, q9To
P * o) i di 2
IIpaBad 9aCTb HEpaBE€HCTBa BCErJa 6yﬂeT 6OJIlee 9EeM BTOPOE€ BbIDa2KC€HUE YMHO2KCHHOC Ha MUHUMAaAJIbHOE
3Ha4YCHUE II€PBOIO. N mourn BCerJa — €CJIM YMHOXKUTH Ha 2-e 1o TIOPpAAKY 3HaYCHUE IIE€PBOTO (I/IMeHHO
9TO 3HaYeHNe HaM OyueT yuobHee BCero, a OCTABIIMNAC YaCTHBIA CJIydail MOXKHO PACCMOTPETH OTJIEJIBHO).

Pu
COOTBETCTBEHHO, TIPUBEJIEM 3HAYEHUsT BBHIPAYKEHUSI S — (Ilpuoxkenue B, 1o Beprukamu or-
Py * QU™

kiajapiBaerca ). CorviacHo Harmeil mnjekcanuu u,v > 1. Hac umHTepecyer TOJIbKO HMXKHHI yroui, rie
u >0, TK. j —i+d; —d; > 0. Jlerko nouaTs (13 TabJIHIB], & TAK¥Ke U3 aHAJIUTUIECKOH (HOPMYIIbI /I

aucest Pubonaqatam: ¢, = “17(7\;;‘)__1), 470 0.9270509831 (BBIYHECIEHO ¢ GOMIBIIEH TOTHOCTHIO) SBISETCS

HaMMEHBINNM 3Ha4YeHHeM B HUKHeM yriry Tabsmnsl, a 0.9442719100 — BTOPBIM IIO MOPSAIKY.

SamMeTnM TakKe, 9T0 Ircsa PUOOHATIHN TPEJICTABIISIIOT U3 e0sl He YUCTO MeOMETPUIECKYIO ITPOrpec-
CHIO C IIOKA3aTesIeM (, & TAKOBYIO ¢ HEKOTODPBIMU HEBOJIBIMUME (HO CYIIECTBEHHBIMH JJIsl ACAMIITOTHKY B
HaYaJe) OTKJIOHEHUsIMHU, U Tabyauna B xapakrepusyer OTKJIOHEHUE YBEJIMICHUE 3HAUCHUS (0 OT TAKOBOTO
JJIsl TeOMeTPUYECKOil IPOrpeccui.

k
SHauyeHNsT BBIPAXKEHUS Q. * (%) mpu ¢ > 0 u —c < k < ¢+ 1, orpakaronero MakCuMajabHOe

JIOIyCTUMOE yBeJIMdeHre pa3Mepa rpada IpH ¢ Marax 1 N3MEHEHUM IIPH HUX KOJIMYeCTBA PA3BHJIOK
Ha k npusejeHbl B Tabuune A (B KaXKJOM 3JIEMEHTe TabJHIBl YKA3aHO 3HAYEHNE JIAHHOTO BBIPAYKEHUS,
3HaYeHne ¢ + 1 — OBBIYHO, HO HE BCEIVIa B HAIEM JIOKA3aTeIbCTBE Mbl OyJIeM CTPEMUThCS YTOOBI UMEHHO
TAKOE KOJIMIECTBO Pa3 OrPAaHNIMBAJIO yBEJMUYEHHEe pa3Mepa rpada 3a yKazaHHOe KOJIHYECTBO IMIAaroB — 1
snavenue k.)

ITpuBenem Takxke TabuIly 3HAYEHUI 9TOr0O BhIpazKeHus, JoMHOKeHHOro Ha 0.9442719100 (He6oiib-
¥
II0€ KOJIMYECTBO CJIy4YaeB, KOTJIA ﬁ Bce-Taku pasHo (.9270509831 OymeT TPOKOMMEHTHUPOBAHO
Py * QU
nosanee): npunoxkenne C. Ilepsroiit cronben, e kK = ¢ + 1 > ¢ COOTBETCTBYET KaK pa3 HAYAJILHOMY
YBEJUYEHUIO YUCIa Pa3sBWIOK (Korma Obuia 1, a craio 6oJiblne) U MOHAI0OUTCS B COOTBETCTBYIOIIEM J10-

Ka3aTeJIbCTBE.

Taxzke 3aMeTUM, 9TO 110 JAHHBIM TabauIaM (a Tak»Ke U3 OUeBUIHBIX COOOPaXKEeHU 0 NPOU3BOIHBIX )
JIETKO CIEeJIATH BBIBOILI O POCTE COOTBETCTBYIONINX 3HAYEHUIT 38 WX IIPEIeIaMu.

4.4 OpHOpa3BUJIKOBas CUTyalus

MsBectHo, uT0 d)y = dit1 = 1,225 + yr + 2k < ©kt1, Tk + Y + 2 < k. De3 orpannyenus obiiHocTH
BO3MOXKHBI JIB& CIYYad: T+l = Tk + Yk, Yh+1 = Tk + 2k, 2k+1 = 0 WM Tpp1 = T + 2k, Yet1 = Tk + Yk,
zg+1 = 0. B ynobom uz uux |Gri1| = 22k + yr + 2k < ©kt1, 2Ck+1 + Yer1 + 2er1 < 3xp + Yk + 26 +

maz(ye, zx) < 2xk + yp + 2k) + (@6 + yr + 26) < Qeg1 + Ok = Pht2

4.5 MHoropa3BuUJIKOBasi CUTyallusd

3aMeTuM, 4TO IOCJe JIF00OH OIEepaIui KOJIUIECTBO PAa3BWIIOK B Ipade MOXKeT JubO YMEHBITUTHCI Ha
1, mubo ocraTbesa TeM ke, OO yBesmunThcd Ha 1. IIpm srom pasmep rpada yBenmumanTcs Ha JJIHHY
CXJIOIIHYTOT'O IIyTH.
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Y MeHbIIIeHEe KOJNYeCTBa Pa3BUJIOK

Ecan xommaecTBO pasBMIOK MOCIE HEKOTOPOW OMEpaIlid YMEHDLIINIOCH Ha OJIWH, TO OIEHKA OCTAHETCS

BepHA: OYEBUIHO, JJITMHA HECAMOIIEPECEKAIOIIETOCs MyTH B Tpade He MOXKET MPEBBIIMIATEL ODIIEro KoJmtde-

ctBa pebep B HeM. Kak MBI y2Ke oTMedasn, 3a OJHY OIepaIluio pasMep rpada yBeIutunBaeTcsa Ha JJIUHY
Phtde+TIa,>1)—1 Ph+1)+dpr1+1

cxJtonHyTOro myTH, TO eCTh |Gri1]| = |Gi| + 5 < 2% |Gy = 2 % P e et (3mecn

oueBnHO (g, ~1) = 1).

SameTnM, ITO ecyin B rpade ocraHercs oOjiHa Pa3BHJIKA, TO y HAC OyJeT 3alac Ha OJHO Y/IBOCHHE
JJISE ACHMIITOTHKHU — 9TO HE CJIy9IaifHO. DTO HUCIIOIB3YeTCs JJIsd CIydast, Koraa dj ObLIO paBHO 2, U, COOT-

k+2
BETCTBEHHO, dj41 cTasio paBHO 1. MBI 3HaeM, 9TO T41 + Yk+1 + 241 < % < @k41- 13 aToro cienyer,

910 2Tk41 + Ykt1 + Zht1 < 2(Tpt1 + Yot + 2it1) < Qryo.

Oj1HaKO 3TO €el1ie He MOJIHOE JI0KA3aTeIbCTBO TOr0, ITO JIJIsl OHOPA3BUIKOBOIO I'pada OleHKa BCerja
BepHa. /les0 B TOM, 9TO y HAC MOIJIO HE OBITH MPOMEXKYTOIHON OCTAHOBKH Ha rpade ¢ OOJIbIe YeM OTHOM
Pa3BUJIKON ¢ BEPHOIl OIEHKOIl: ecsin ObUIA OJ[HA PA3BUJIKA, IOTOM CTAJIO GoJiblIe (U yCUIeHHAs OLEHKA He
BBIIIOJIHEHA), & I0OTOM 0OPaTHO OJ(HA. DTO CJydail 6yeT paCCMOTPEH B IOC/IE[HEN YacTH J[0Ka3aTeIbCTBA.

B cuty mpocToThl paccyKIeHus B 9TOM CJIyUIae YCJIOBUAMCS, IYTO €CJIU JJIsi HEKOTOPOTo Ipada OIeHKa
BepHa U B HEM eCTb llapa Pa3BUJIOK, IIOCJIE CXJIONBbIBAaHUA KOTOPOIl KOJIMYECTBO PA3BUJIOK yMEHbIIAeTCd
Ha 1 — MBI OyJIeM IPOU3BOJUTH ONEPAIMIO C Heil.

IIycts Temeps B rpade HET TaKUX Hap Pa3BUJIOK.

Kor‘,ua IIap pa3BMJIOK, KOTOPbI€ MO2KHO CXJIOIIHYTb MHOIO

PaccmorpuM HEKOTODBII Tekymuii rpad it KOTOPOro oreHKa BepHa. CXJIONHeM B HEM BCe Tapbl Pa3Bu-
JIOK KOTOPBIE €CTh (He CXJIONbIBas BHOBb 00pasoBapimecs ). B srux omepanusax pasmep rpada yBeImanTest
He GoJiee YeM B JiBa pa3a (T.K. IlyTH KOTOPBIE MbI CXJIOIHYJIM U TEM CAMBIM Y/JBOMJIHM OJHOBPEMEHHO IIPH-
CYTCTBOBAJIM B HAIllEM HadaabHOM rpade u He nepecekasuch). [locmorpum na tabauiry C. To, uTo onenka
nepecrasa ObITh BEPHA O3HAYAET, YTO Mbl cAeiaau 1 wiu 2 onepanuu (IpudeM ecjiu 2 — TO KOJUIECTBO
Pa3BWIOK YBEJIMYUIIOCH POBHO Ha 2). Bo Bcex oCTANbHBIX CilydasX OLEHKa OCTAJIaCh BepHA. DTO 3HAUUT,
9TO OCTAIOTCS TOJBKO CJIydYan Korja B rpade B mape HaXOMIsTCs TOJbKO 1 mim 2 mapbl pa3sBuiiok. Ux u
OysieM paccMaTpUBATD.

SameTnM, 9T0 BOOOIIE He OBITH CXJIAIBIBAEMBIX MIap PA3BUJIOK B rpade He MOXKET: MofieM 1o pebpam
OT KaKON-HUOY/Ib BXOJIsIIell pPa3sBUJIKU B HaIpaBjeHWM OopueHTaluu. I1loka Ha 9TOM IIyTH BCTPEYAIOTCS
TOJIBKO BXO/IsIIIMe PA3BUJIKU IIyTh OJHO3Ha4YeH. VTn Beeria ecTh Kyjia — y HAC HET BEPINUH UCXOISIIIeil
crerrenn 0. Pa3 ecTb BxogsImme, 3Ha9UT €CTh U UCXOSIME. B cuty KoHeIHOCTH Tpada MBI KOTIa-HAOYIb
B HUX NPHUJEM — WHAYe MbI [TOJIYIUM [HKJ, B KOTOPBIA pebpa TOJHKO BXOJSIT. SHAYUT ITU BXOJSIINE
PA3BWJIKN HUKOLJIA ObI HE BCTPETHJINCH C MCXOJSIIAMU, U HUKOTJA HE MOTJIU Obl OBITH YHUYTOKEHBI —
nporTuBopedne, T.K. B KOHIIE MbI II0JIydJaeM L[I/IK.HI/ILIGCKI/II‘/JI Fpacb.

YBeindeHne KoJMIeCcTBa Pa3BUJIOK IIPpU CXJIOIIbIBAHUA

Cuauajia pacCMOTPUM CJIy4dail Korga nap pa3Bujok 2. CXJIOnmHeM OJIHY U3 Pa3BUJIOK.

Puc. 3
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ITo ommomy u3 myreii 1 u ly TOYHO ecTh Kakue-HUOYIb ApPyrue pas3sBUiIKU (JAPYroil [myTh MOXKET
HETIOCPE/ICTBEHHO BeCTH B BeprmHy 1 mwin 2, Ho 0ba — He MOryT, T.K. B rpade JApyrue pa3BUIKUA BCe-TaKH
ects). IofimeM mo 9TOMY IIyTH MOKa He BCTPETUM BXOJIIYIO Da3BUIIKY. EC/mM mepes STUM MBI BCTpeJaIn
UCXOISATINE PA3BUJIKU, TO, OYEBUIHO, MEXKIY TOI BXOIAIIEH U TOC/IeIHEN UCXOIAIIel HUIero HeT, U 3TO
Ta caMasl BTopasl Iapa, ITo eCTb B rpade U 4To TOKe CXJIONbIBaeTcs Oe3 3amnperoB. Ecim ner — To ceifvuac
HAYEro HeT MEXK/y ITOHW pa3BUJIKONW W PA3BWIKON B HAJYaJle HAIMEro myTh. Bo BTOPOM ciiydae mIpOCTO
CXJIOITHEM 3Ty [Mapy W mapy KOTOpas elne ecTh B rpade u3 Tex JAByX 4To Obutu B Hadaje. [losyawrcs,
qro rpad He Gosiee YeM yABOWJICs. 3a TPHU OIepaIuu. SHAYUT, UCXo/s u3 Hameil Tabuuisl C — oneHka
ocTaJach BepHA. B mepBOM Ke Ciydae — caJjieM Tak: B 9Toil (BTOPOH) mape He HCXOJSIII OBICTPO
IpOBeJIEM KO BXOJIsitell, a Haobopor. To, 9To Tak mesars MOKHO — IMOYTH OYEBUIHO. BO-II€PBBIX, TOTOMY
9TO B CAMOM HadaJje Mbl MOIJIA PEIIATh OCTAHOBUATH HE BXOJSINNE, & UCXOJsIme. Bo-BTOPBIX, MOTOMY
9TO CTPYKTYPHO T'pad MEHHAETCS TOYHO TaK Ke, KAK €CJIU JIBUTATh MCXOIAILYI0 KO BXOISIIEH, a 3HAYUT
0CTaeTCsl TOJIHKO ITOHATH KOPPEKTHOCTD B CMBICJIE KOJIMIECTBEHHBIX XaPAKTEPUCTUK — KOJIMIECTBa pedep B
KOHEYHOM rpade. ITO MbI JJOKaXKeM 9y Th 11032ke. Ho MBI 3HAEM, 4TO JI0 CXJIOIHYTOI [TOC/Ie/IHEH NCXOSIIIe
Pa3BUJIKK Ha HAIlleM IIyTU 110 KOTOPOMY MBI K (B HAIPABJIEHUHA [IPOTUBOIIOJIOKHOM OpUeHTaIuK pebep)
ObLIN elle UCXOJSANME PA3BUIKU (MOXKET ObITh, TOJBKO OJHA — B CAMOM HAJaJie) SHAUUT, [IOCKOJIBKY Mbl
He 3ampemam pedbep mpu 000MX CXJIONBIBAHUSX, Cefidac ecThb elne OHAa Hapa pa3BmwIoK. CXJIOMHEM HX.
Tpu onepanuu, ne 6osiee yeM yuBoeHue (3acYer TOro YTO Mbl YABAMBAJIU TOJLKO Pebpa IPUCYTCTBOBABIIIAE
B rpade 710 HavaJa onepanuii) — OIeHKa BepHa.

Pue 4

/L,/mpa (wolan)

JlokazkeM TpOCTO, 9TO €CJIM B HEKOTOPBIII MOMEHT KaKyIO-TO BXOJSIIYIO Pa3BUJIKY MHOJIBUHYTH HA
1 BupaBo (0 HAIDPABJIEHUIO OPUEHTAIMH €€ HAIPABJSIONEro pebpa), a IOTOM BCe JeJaTh KaK OOBIYHO
(OHATHO, YTO TAK MOYKHO — T.K. CTPYKTYDPY rpada 3T0 He IOMEHsI0) — TO KOHEYHOE KOJINIeCTBO pebep
OyseT TeM ke caMbIM. JleicTBUTETHHO, KOTJIa MbI IIOJBUHEM 3TY Pa3BUJIKY, pasmep rpada yBeTuInTcs
va 1. Ho 3aTo Toii pasBujike, KOTOpasi CXJIOIHETCS C 9TOM OyJeT uiaru Ha 1 MeHbIe, U 3acUeT 3TOr0 MbI
niorepsieM 1. Korya aTu pa3BuIKu CXJIONHYTCsI, OCTAHETCSI CKOJIBKO-TO BXOJISIIIX U CTOJTBKO K€ UCXOJIATIIIX
Pa3BWIOK. 3aMETHM, YTO TEHePh BCEM UCXOIANUM UATH Ha 1 GOJIbINe, 9eM B OOBITHOM IIPOIIECCE, a TE€M
HCXOMIAINM, KOTOPBIE CXJIOIHYTCS ¢ 00PA30BABIINMICS BXOAAIMME — Ha 1 MeHbIte — basanc ousts 0. U
TaK Jajiee NI KazKJIOT0 CXJIAIIBIBAHUS, a BCE OCTAJILHOE OYEBUJIHO OyJIeT TakK 2Ke KaK OOBIYHO — 3HAYUT
B KOHIIE pebep CTOJIBKO Ke.

Ocraercs ciayd4ail OHOM mapbl Pa3BUJIOK. B 3ToM ciiydae rpad BBIIJISIIUT TaK:

Puc.D

IMosicnenue — ciieBa 3a BXOJAIIEH PAa3BHJIKON HEKOTOPOE JEPEBO BXOJAMNX pa3Bmiok. Crpasa 3a
UCXOJISIIEl — JIePeBO UCXOMSIUX. VIX JINCThsI COEIMHEHBI MEXKy CODON B HEKOTOPOM TopsiKe (mepecTa-
HOBKa 0).

Co0TBETCTBEHHO MBI MOYKEM TOJILKO CXJIOIIHYTB 9Ty ITapy Pa3BUJIOK. B sTom IIyHKT€ MbI paCCMOTPUM
CUTYaIlNIO, KOT'JIa IIPU 9TOM HE€ IIPOUCXOJIUT 3aIlIPpETOB U KOJINYECTBO PA3BUJIOK yBE/JINYINBACTCH. TOI‘,ZL&, 110-
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CKOJIBKY B rpade ceitaac 6osiee 07HON PA3BHIIKK, XOTs ObI 110 OJHOMY 13 IIyTeil (AHAJIOTUIHO IIPEIbIILY M
pucyHKaM {1 u o) Gyaer Bxojsiias passuika. CXJI0mHeM cooTBeTBYIOILYIo napy. Ise onepaiuu. Eciu Bo
BTOPOIi pa3 3anpers! 6bun — orenka BepHa (cM. Tabuuiy C). Eciu Her — mbl, ecsin B rpade 6110 6osiee
JIByX Pa3BUJIOK, MOXKEM OIISITh CXJIOIHYTh KAKyIO-HUOY/Ib BHOBb OOPA30BABIIIYIOCS IO OJHOMY W3 IIyTeil
mapy pa3Bmwiok. Tpu oneparuu. He 6osiee gem ynBoenne. OneHKa TOYHO BEepHA. JHAYUT OCTAETCs CJIydail
KOrJa B rpade POBHO JIB€ PA3BUJIKH.

Bes orpanmyenust oOIMHOCTH B 9THUX C/IydasX rpad MOXKET UMETh OJUH U3 JBYX CJIEIYIONUX BU-
JI0B (IOKA3bIBAETCs TPUBUAJILHBIM IIEPEOOPOM BO3MOXKHBIX [IEPECTAHOBOK C TOYHOCTHIO JI0 U30MOPQU3MA

rpadoB):

Puc 6.

Al

B o6oux ciydasx HauHeM ¢ TOro (C 4ero ke eme?) 94To CXJIOIMHEM €JUHCTBEHHYIO MUMEIOILYIOCd B
rpade mapy pasBUIOK MEXKIY KOTOPBIMUA HUYIETrO HeT.

Jlasee B epBOM ciIydae, IIOCKOJIBKY 3aIIPETOB II0 HAIIEMY IIPEJIIOIOKEHNIO He ITPOU3O0III0 — MBI
MOYKeM CXJIOMHYTH PasBUIKH 1, 2 u 3.

Puc ?

Jlerko moHSATH, YTO mpu ITOM I'pad yBeanduTcsi He bosiee deMm B 4 paza. 3arisiaem B Tabsmiy C, u
OCO3HAEM, YTO HAC WHTEPECYeT TOJHKO CJydail Korja 3a 3T 4 omepanuy Tpou30ILIo He GOJIbIIe OJHOTO
3anpera (B IPOTHUBHOM CJIydae OLEHKA CTAJIa BEPHA).

Puc 8

Tenepn cxji0mHEM Te U3 pa3BWIOK 1 u 2 (Ha HOC/EIHEM PUCYHKE) KOTOPbIE MOXKHO. DTO Jub0 OjHa,
6o nBe. OUsTh NOHATHO YTO B UTOTe BCE PABHO OyueT He Gojiee 4eM yderBepeHue (T.K. M0 KaXKIOMY
pebpy ucxoaHoro rpada Mbl Ipoexaiu B 00mieit cjoKHocTH He GoJiee YeM 4 pa3a). Eciu 910 ToabKO ofHa,
3HAYUT OBLI 3amper. 5 onepanuii, < +4 pa3Buiku, He 6ostee dyeMm yuerBeperne. Cm. tabsmiy C — oneHka
BepHa. nade — 6 omeparnuii, He OoJiee €M yUueTBEpEHNE — OIEHKA BEpHA.

Temeps BTOPOIt Cydaii.
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IIpeamonoxkum, 9T0 Pa3BUIKHU IPOHYyMepPOBaHbI Indpamu 1,2,3,4 B mopsijike cieBa HAIPABO KaK OHU
pacrosiaraiorcst Ha pucynke. CxyomHemM pa3sBuiku 2 u 3. 3anperoB He 6bL10. Tereps CXJIOMHEM PA3BUIIKY
1 ¢ eé moBoit mapoit. Eciim 3anmpersr Oblau, TO 2 omeparnuu, He OoJsiee deM +1 pa3Buiika, He DoJsiee ueMm
yJ/IBOEHIE — OIleHKa BepHa. Kcsim He OBLIO, TO CXJIONMHEM elfe U pa3BWiIKy 4 ¢ eé TeKylIeil mapoii, a 3aTem
Te J[Be PAa3BUJIKHU, OJHA U3 KOTOPBIX 00PA30BAJIACh IIPU ITON OIEpaInuu, a BTOpas — IIPU CXJIOIbIBAHUN
pasBuwiku 1. Ecim 3anperst 66w, TO 4 omepanum, < +3 pPa3BWIOK, He 0Oojlee I€M YTPOEHHE — OIEHKA
Bepra. Ecsin 3amperoB He OBLIO, TO CXJIONHEM TelEPh BCe MMeEIONuecs B rpade mapbl, KOTOPBIX TPH.
TTosyuum B mTore He OoJiee yeM ylllecTepeHue, 7 onepaiuii, He bojiee yeM +7 pa3Buiiok. OIeHKa BepHa.

HeunzmeHHOCTh KOJIMYECTBa Pa3BUJIOK IIPpHU CXJIallbIBaHUA

IlomMHM, 9TO B 9TOM IyHKTE HaM OCTAJIOCH TOJIBKO PACCMOTDPETH CJIydail Korja B rpade TOJIBKO OIHA
cxJanblBaeMasi apa pa3BuiIoK. Kcim mocsie mepBoii ollepaluy CXJIAlbIBAHUS OCTABIIAsCH Pa3BUiIKa (He
BaYKHO, BXOJISIIAsT MJIM UCXOJISIINAst) — TIOMAJIa Ha TIOJIEPEBO, TJie ObLIN ellle PA3BUJIKE — MBI IIPU TIEPBOIi
oIepaIuu JBUTAaeM PA3BUJIKY B COOTBETCTBYIOILYIO CTOPOHY U IIOTOMY CXJIAIILIBAEM HOBOOOPA30BaBIIYIOCS
mapy. [IBe oneparuu, He Gojtee YeM yIBOEHHE, 3AIPEThI ObLIN — OIEHKA BEpHA.

SHaYUT, OCTAeTCsI Cydail KOra ¢ KaxKJO0H CTOPOHBI OJHO n3 pebep n3 KOPHEBOIl BEpINWHBI BEJeT
cpa3y B JAPYrYIO BEPIIUHY, U HA 3TO PeOPO MOMAIAI0T 00 PA3BUJIKY ITOC/IE IEPBOTO CXJIAIBIBAHUS.

Buano, uro HOBBINM rpad mMeer CTPYKTYypy aOCOJIOTHO aHAJOTWYHYIO MpeablayiieMmy. Hy cHoBa
CXJIOITHEM €IMHCTBEHHYO UMEIOIIYIOCS PA3BUJIKY, U BOOOIIE OyIeM mTPOJOJIZKATE 3TO [e/IaTh MTOKA HE CJIy-
quTCA WHaYe. A KODJa CIAYYUTCS — CJejlaeM KaK OIMUCHIBAJIOCh DaHee — CXJIONHEM C KeM-HUOy/b U3
nozepesa. Eciu 9o npousornuio ¢ pas, To rpad ysesamdmics He 6osiee ueM B ¢ + 1 pa3 (HaI0 IOHUMATD,
9TO MBI KaK Obl 3apaHee ILIAHUPOBAJIN C KAKUM IIO/JIEPEBOM OYJEM CXJIAIIBIBATH IIOCJIEIHIOI0 PA3BUJIKY,
U B COOTBETCTBYIOILYI0 CTOPOHY CIBUTAJIM HAIY IPHU CXJIONBIBAHUSX). ¢ + 1 onepanus, ¢ > 2, He GoJee
yeM +2 passusiku. Onenka BepHa (OYEBHIHO U3 TAOJUIBI M AHAIM3A IIPOU3BOJHON COOTB. BBHIPAKEHU)
BCerJa KpoMe cirydas ¢ = 2, +2 pa3BUIKU. B 9TOM ciIydae CXJIOMHEM Iapy, aHAJOTUIHYIO TOM KOTOPYIO
y2Ke CXJIONHYJIU JiBa pa3a (OHa eCTb, T.K. IIOCIEIUX 3al[PETOB He ObLI0 — OTCIoNa ObLIO +2) — CMECTUIINCH
o Tabsuie Ha 1 BIpaBO BHU3 — OIleHKa BepHa. Tem 0oJjiee OlleHKa BepHa, €CJIM B KOHIIE HAIUX WJIEH-
TUYHBIX onepaiuii He +1 paseuika, a -1 (¢ omeparmit, —1 pasBuika, yBeandeHue He Gojee yeM B ¢ + 1
pa3). Ecaum Bapyr mocsie 1oro ,,-1“ ocraiach TOJIBKO OJHA PA3BHJIKA — TO AHAJOTUIHO JOKA3ATEIHCTBAM
[IPUBEICHHBIM PaHee — ITOCKOJIbKY BepHA yCUJIEHHAs OIEHKA Ha pa3Mep rpada — BEPHO U yTBEPXKICHHE
HaImeil OCHOBHOI OIEHKU IS OJHOPA3BUIKOBBIX IpadoB.

4.6 HauvanpHoe yBeJIMdueHUE KOJIMYECTBA PA3BUJIIOK

IIycte B G poBHO O/iHA pasBUJIKA, U JJjIsl HETO YTBEPXKIEHUE OIEHKU BEPHO. K/ mocjie CXJIONbIBAHUS
9TOI pa3BUJIKU HE MIPOU30MIET 3aIIPETOB, TO KOJUYIECTBO PA3BUJIOK YBEJUUNTCS U CTAHET PABHBIM JBYM,
a HaM Oy/eT HeoOXOIMMO CJIIeJIATh eIle HEeCKOJIBKO OIepaluii Tak, 9ToObl aCHMIITOTHKA pasdMepa rpada
OoTCTaja B HYKHOE KOJIMYECTBO Pa3 WU Mbl BEPHYJIUCH K OJHOPA3BUJIKOBONH CUTYAIMH U yTBEDKJIEHUE
orieHKH ObLTO BepHO. Be3 orpanndenust obiaOCTH Gy 1 Oy/IET BBINISIETH TaK:
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