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Solutions of Junior Level



L. In a right triangle ABC' we have ZA = 90° ,ZC = 30°. Denot
by ' the circle passing through A which is tangent to BC at the
midpoint.Assume that " intersects AC" and the circumecirele of ABC
at N and M respectively. Prove that MN LBC.

Mahdi Ftesarm Fard

Proof. Let K midpoint of side BC'. Therefore:

AK = KC = LKAC = LZNKC = 30°

LANK = ZNKC + £LACB = 60°
A, K, N, M lie on circle (C*). Therefore:

LKAN = ZKMN =30°, ZAMK = 60°

We know that K is the circumeenter of AABC. So we can say
KM = KC = AK. Therefore AAKM is equilateral.( because of
LZAMK = 60° ). So ZAKM = 60°. We know that ZAK B = 60°, so
we have ZMKC = 60°. On the other hand:

LZKMN =30°= MN1BC






2. The inscribed circle of AABC touches BC, AC and AB at D,
E and I' respectively.

Denote the perpendicular foots from F, £
to BC' by K, L respectively. Let the second intersection of these

perpendiculars with the inecircle be M. N respectively. Show that
Sapyo . DK
SacND ’

Mahdi Etesami Fard

Proof. Let I be the incenter of AABC. We know that

LBFK =0P—~LB' | o ,pnin Lo
ZBFD = 9%° - /B T2

But ZDFM — ZM DK . Therefore
ZMDK — _—l—éB

hence AMDK and ABID are similar (same angles) and MK —
DK
7+ In the same way we have %{‘; = ¢p- Therefore

: MK -BD NL-CD _, area of ABMD
DK DL

area of ACND

MK -BD DK
NL-CD DL






3. Each of Mahdi and Morteza has drawn an inscribed 93-gon. Denote
the first one by A;A;...Agy and the second by By Bs...Bgs. It is known
that 1,{!,,1 || BiBiyy for 1 <@ < 93 (Ags = Ay, Boa = By). Show
that -’BLH:—*—‘ is a constant number independent of i.

Morteza Saghafian

Proof. We draw a 93-gon similar with the second 93-gon in the circum-
circle of the first 93-gon (so the sides of the second 93-gon would be
multiplying by a constant number ¢}. Now we have two 93-gons witch
are inscribed in the same c¢irele and apply the problem’s conditions.
We name this 93-gons Ay Asz...Agz and C1C5...Chg.

We know that A1 Ay | €1Cy. Therefore ,42'|=A;Z?b but they lie
on the opposite side of each other. In fact, A‘E'-—‘.fl;.,,:;,"u, 1 and they lie
on the upposnto side of cach other forall 1 €< 93 (AM(‘LM Al( 1).
Thoroforo A|( 'y and A;( /1 lie on the opposite side of each other. So

AIC = 0° or 180°. This means that the 93-gons are coincident or
reflections of each other across the center. So A;A;y, = CiCiyy for



1 €1 < 93. Therefore, ﬁ:—'ﬁ‘-ﬂ =e

i+1




1. In a triangle ABC we have ZC' = ZA + 90°. The point 2 on the
continuation of BC' is given such that AC' = AD. A point E in the
side of BC' in which A doesnt lie is chosen such that

LEBC = LA, LEDC = %AA

Prove that ZCED = ZABC.

Morteza Saghafian

Proof. Suppose M is the midpoint of C'D. hence AM is the perpendic-
ular bisector of C'D. AM intersects DE and BE at P, Q respectively.
Therefore, PC' = PD. We have

LEBA+ LCAB =LA+ LB+ LA =180° - LC + LA =N°

hence ACC L BE. Thus in AABQ, BC, AC' are altitudes. This
means C' is the orthocenter of this triangle and

LOQE = £0QB = £ZA = “l—zé.‘l + %AA =4PDC+ £LPCD = LCPE

hence C'PQFE is eyelic. Therefore

LOED = LCEP = LOQP = LCQA = LCBA = /B.
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Solutions of Senior Level



1. In a right triangle ABC we have ZA = %0° ,ZC = 30°. Denot
by ' the circle passing through A which is tangent to BC' at the
midpoint. Assume that €' intersects AC' and the circumeircle of ABC
at N and M respectively. Prove that M N LBC.

Mahdi Etesami Fard

Proof. Let K midpoint of side BC'. Therefore:

AK = KC = LKAC = LNKC = 30°

LANK = LNKC + £LACB = 60°

A, K, N, M lie on circle (C"). Therefore:

LZKAN = ZKMN = 30°, ZAMK = 60°

We know that K is the circumeenter of AABC. So we can say
KM = KC = AK. Therefore AAKM is equilateral.( because of
ZAMK = 60° ). So ZAKM = 60°. We know that ZAK B = 60°, so
we have ZM KC = 60°. On the other hand:

ZKMN =30°= MN1BC






2. In a quadrilateral ABCD we have ZB = ZD = 60°. Cousider
the line whice is drawn from M, the midpoint of AD, parallel to C'D.
Assume this line intersects BC' at P. A point X lies on ("D such that
BX = CX. Prove that AB = BP & ZMXB = 60°.

Davood Vakili

Proof. Suppose X' is a point such that AM BX' is equilateral.( X" and
X lie on the same side of M/ B) It's enough to show that:

AB=BP & X'=X

We want to prove that if AB = BP then ZMX B = 60°.
AB — BP therefore AABP is equilateral. We know that ZABP —



ZMBX' = 60°, Therefore ZABM = ZPBX'. On the other hand
AB = BP, BM = BX' therefore ABAM and ABPX' are equal,

ZX'PM = 360°~ZMPB—-4BPX' = 360°-£DCB—-ZBAM' = 120°

MP || DC, so we can say ZPMD = 120°. If we draw the line pass-
ing through X’ such that be parallel with C'D and this line intersects
AD in I, then quadrilateral MPX'D" is isosceles trapezoid. There-
fore PX' = MIY. In the other hand PX' = AM = MD ( becauese
ABAM and ABPX' are equal.) According to the statements we can
say M D' = MD. In other words, 1) = D and X’ lie on C'D. There-
fore both of X and X' lie on intersection of DC' and perpendicular
bisector of M B, so X' = X.

Now we prove if ZM X B = 60° then AB — BP.
Let P’ such that AMP'X be equilateral.(P’' and X be on the same



side of AB) It’s enough to show that P’ = P.

Draw the line passing through P’ such that be parallel with C'D. Sup-
pose that this line intersects AD in M,

LZXP'M' =360°—4M'P'B-4BP'X = 360°-£4DCA-£4BAM = 120°
Also ZP'M'D = 120°. Therefore quadrilateral X P'M'D is isosceles

trapezoid and DM’ = P'X = AM = DM. So we can say M' = M =
P =P. O



3. An acute-angled triangle ABC is given. The circle with diameter
BC' intersects AB, AC' at E, F respectively. Let M be the midpoint
of BC' and P the intersection point of AM and EF. X is a point
on the arc EF and Y the second intersection point of X P with circle
mentioned above. Show that ZXAY = ZXY M,

Ali Zooelm

Proof. Suppose point K is intersection AM and circumeirele of AAEF.

M F tangent to circumeircle of AAEF at F.
( because of ZMFC = ZMCF = ZAEF'). Therefore MF? — MK.MA
. In the other hand, MY = MF so MY? — MK.MA. It means

ZMYK = ZY AM (1)

Also AP.PK = PE.PF = PX.PY therefore AXKY is(...77)
T'herefore

LXAY =ZXYK (2)

According to equation 1 and 2 we can say ZXAY = ZXY M.






4. The tangent line to circumeircle of the acute-angled triangle ABC
(AC > AB) at A intersects the continuation of BC' at . We denote by
O the circumeenter of ABC. X is a point OF such that ZAX P = 90°,
Two points I, F respectively on AB, AC at the same side of OP are

chosen such that

ZEXP =ZACX, LFX0O = ZABX

If K, L denote the intersection points of E'F with the circumeircle of
AABC, show that OF is tangent to the circumeirele of AKLX.

Mahdi Etesami Fard

Proof. Let M and N on continuation of X F and X E such that M, L, X, N, K
lie on same cirele. We have to prove ZAMX = ZACX. In other hand,



LZACX = ZNXP so we have to prove ZACX = ZNMX.

We know:

XF.FM = FLFK = AF.FC

Therefore AMCX is (...7) and ZAMX = ZACX. similarly we can
say ANBX is (...7). Now it's enough to show that ZAMX = ZNMX.
In other words, we have to show that A, N, M lie on same line. we
know that ANBX is (...77) therefore:

INAM = LNAE + LA + LFAM = LEXB+ LA+ LCXF
=LA+ 180° - £LBXC + LABX + ZACX

=LA+ 180° - £BXC+ £LBXC - ZA=180° 0O



5. T'wo points P, Q lie on the side BC of triangle ABC' and have the

same distance to the midpoint. The pependiculars frompP, Q tp BC
intesects AC', AB at E. F respectively. LEt M be the intersection
point of PFand EQ. If H, and H; denote the orthocenter of ABF P
and ACEQ recpectively, show that AM L H,H,.

Mahdi FPtesami Fard

Proof. First we show that if we move F” and @, the line AM doesn’t
move. To show that we calculate ;;:::—J}f By the law of sines in AAFM
and AAEM we have .

sinZA;  sinZF, FM

snZA; snZE, EM @
also, for AFBP and ACEQ we have
sinZFy = pp-sinZB|  sinZFy,  sinZB EQ
sinZE) = i‘% -SinAC} - snZB; sinZC FP 4
from (3) and (4) we have
sinZA,  sinB EQ FM (3)

sinZA, sinZC FP EM



AFMQ and AEM P are similar, thus

FM  FQ  EQ FQ+EP
FP  FQ+ EP EM  EP

with putting this into (5) we have

sinZA,  sinZB ‘ FQ (6)
sinZA;  sinZC EP '

on the other hand

_F
tan £B = FG taniB

v_ EP =
tan £O = &p ¢ = EP tanZC
BQ=CP

if we put this in (6) we have

sinZA;,  singB tan4B

sinZA; sinZC tanZC

wich is constant.
now we show that H,Hjs are parallel. consider o the angle be-
tween HyH, and BC. hence we have

P - HhQ
St

tan

(M)



Hy and H; are the orthometers of ABFP and ACQE respectively.
Thus we have

QF.I{lQ:BQ'Ql,ﬁHIQ: B(?Q[
FQ
EP-H:P =CP-PQ= HyP = “CI;}PT-‘Q

but CP = BQ. Thus

PQ-BQ - (FQ - EP)
EP-FQ

HyP - H\Q =

by putting this in (7) :

BQ-(FQ-EP) BQ BQ CP BQ

tana =

EP-FQ  EP FQ EP FQ
= tana = cot LB —cot LC (8)

hence tan v is constant, thus HyHss are parallel.
Soppuse # is the angle between AM and BC'. we have to show

tana - tan@ = 1

let AM intersects with BC at X. We have
BX  sinZA _sin ZC BX tanZB

CX ~ sinZA; smZB = CX _tanZC

let D be the foot of the altitude drawn from A. We have

BX taniB #5 €D

CX  ‘tanZC (A% " BD = BD = CX



AD  AD  AD 1 1
DX CD-CX CD-BD S5-588 " coti{B—cotsC

this equality and (8) implies that AM L H, H,.
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5. Two points X, Y lie on the arc BC of the circumcirele of AABC
(this arc does not contain A) such that ZBAX = ZCAY. Let M
denotes the midpoint of the chord AX . Show that BAl + CM > AY,

Mahan Tajrobekar

Proof. O Is the circumcenter of AABC, so OM | AX. We draw
a perpendicular line from B to OM. This line intersects with the
circumcirele at Z. Since OM L BZ, OM is the perpendicular bisector
of BZ. This means MZ = M B. By using triangle inequality we have

BM + MC = ZM + MC > CZ
But BZ | AX, thus
AZ = BX = CY = ZAC = YCA = CZ = AY
hence BM + CM > AY,




