Toukm Harens, 2Keprouna n ®@eitepbaxa 1 mx CBOICTBA
1. BBoanbie 3a/1aumn
A.dky6oB, M. Inanna, A.3acimaBckuii, O.3aciaaBckmuii,
II.KoxeBuukos, /I.KpekosB

0. Teopema Yeew.. Jokazkure, uro! Tpu yesnanst AA’, BB', CC' TpeyroibHIKa
AABC npoxosaT depe3 OJHY TOYKY WM TApAJIIeJbHBI, TOIJAa W TOJBKO
torja, korjga BA'-CB'- AC' = —CA"- AB’- BC' (orpe3ku paccMarpuBaroTcst
KaK HalPABJICHHBIE).

Pacemorpum tpeyrosibauk ABC. Ero BrmcanHasi OKPY>KHOCTb KacaeTest
COOTBETCTBYIOIIUX CTOPOH TPEyroJibHUKa B ToUKax Ag, By, Cp.

1. ITpamere AAg, BBy, C'Cy nepecekatorcst B o0 Touke G.

Touka u3 peabLIyIeil 3a/1a91 HA3bIBACTC MOoukol Xep2onna JaHHOTO
TpeyroibHIKa. PaccMoTpuM BHEBIIUCAHHYIO OKPY2KHOCTH TPEYTOJIbHUKA, KACAIOIITYIOCH
croporbl BC'. Ona kacaercst psimoit AB B Touke Cy, AC' B Touke By, BC
B TOuKe Aj4.

2. IIpsmbie AAL, BBy u CCy nepecekaiorcst B oiHOM Touke (7 4.

Touky w3 mpeiblayIIeil 3a/a4n HA30BEM GHewHeld moukol Mepeonna
JIAHHOT'O TPEYTOJIbHUKA, COOTBETCTBYIOIIEH Bepmnte A. AHAJIOIrTIHO OIIpeIeTuM
TOYKH AB7 BB7 CB7 GB; ACJ BC7 CC; GC°

Bgesiem nekoropsle ctangaprable obo3nadennsd. [lycts I — 1ieHTp Bimcannoit

B TPEYTOJIbHUK OKPYKHOCTU. [ 4, I 5, [ — IEHTPHI €10 BHEBIIMCAHHBIX OKPY2KHOCTEI,
kacatormuxcst cropon BC, AC, AB coorBercrBenno. Be, Bey, Beg, Bec

- IIEHTPbI OKPYZKHOCTEI, OIMMMCAHHBIX OKOJIO TPeyroJbHukoB [4lgle, I1gle,
Iallc, Ialpl coorBercTBeHHO (TOUKY Be NpuHATO Ha3BaTh Mouwkol basena,
ocTajbHble TOUKHU, KaK U B cJiydae ¢ Toukamu 2Kepronna, Mbl HA30BEM 8HEWHUMU
moukamu Basena). O — 1EeHTP OIMUCAHHOI 0KOJIO Tpeyrosbanka A BC 0Kpy»KHOCTH,
H — rtouka mnepeceyenusi ero Bbicor, M - memman. A, B', C' — rouku,
CUMMETPHUIHBIE COOTBETCTBYIOIINM BEPIITUHAM TPEYTOJbHUKA OTHOCUTETHHO
cepeJIuH IIPOTUBOIIOIOKHBIX cTOpoH. H' — opronentp rpeyronasuuka A’ B'C'.

MH =~ 2’

3. Touku O, M, H nexar Ha omHoit mpsmoit, npuaem L4 = 1

IB nasbreitmem B popMy/IMPOBKaX 3ajad cirosa, "Jokaykure, uTo" GyILyT OMyCKAThCS



[Ipsimast n3 mpenplIyIeil 3a/a9u Ha3bIBATCS NPAMOT DUiepa TAHHOTO
TpeyTroJIbHUKA.

3 HM _ 4
" HO 3

CepeuHbl COOTBETCTBYIONIMX CTOPOH Tpeyrosbanka A BC nazosém A” B” C".

4. ITycts Touku X 4, X g, X¢, mexar Ha croporax BC', C'A, AB TpeyroibHuKa
ABC coorBercTBeHHO, TAKOBBI, uTO psiMble AX 4, BX g, C X nepecekarorcs

B Touke X. [Iyctb Yy, Y5, Yo — Toukn cumMmerpuanbie X 4, X, X oTHOCHTETHHO
A", B", C" coorsercrenno. Torma upsmeie AY,, BYp, CYe nepecekaiorcs

B OJHOH TOYKe Y .

Touku X u'Y us upeaprayiieit 3a/1a41 HaA3bIBAIOTCS U30MOMUYECKU CONPANCEHHDIMU
OTHOCHUTEJIbHO JaHHOI'O TPeyIroJIbHUKa.

5. llpamere AAy, BBg, CCe nepecekaiorcst B OHOI ToukKe N, IpudeM 3Ta
TOYKA M30TOMUYIECKH COIPsizKeHa TOUYKe 2K epronta JaHHOIO TPEYTOJIbLHUKA.

Touky u3 npegpLIyIEel 3aja91 Ha30BeM moykot Hazens.

6. IIpambie AAg, BBc, CCp nepecekarorcss B oaHOIl Touke N4, mpudyem
9Ta TOYKA M30TOMHYECKH CONPsrKeHa BHeNIHeil Touke 2KeprorHHa IaHHOIO
TpeyroJIbHIKa, COOTBETCTBYIOINIEH BepiuHe A.

Touky n3 mpeabIyIeit 3a1a9m Ha30BeM eHewHnet moukol Hazeasa, COOTBETCTBYIONIEH
Bepmune A. Anajorndno ompejessaorcs Touku Ng u Ne.

Kazktomy HalpaB/IeHIIO Ha IIJIOCKOCTH COITOCTABUM OECKOHETHO YIAICHHY IO
TOYKY, COOTBETCTBYIOIIIOI JIAHHOMY HAIIPABJICHUIO, U OyJIeM CUYUTATh, UTO
OHa JIEZKUT Ha BCEX MPSIMBIX, Y KOTOPBIX Takoe HallpapjeHue. Tpu TOUKH
Ha30BEM KOAAUHEAPHLMU, €CJIN OHM JIesKaT Ha OJHOi mpsmoii. [Ipsmbre fq,
Uy, (3 HABOBEM KOHKYPEHMMHOLMU, €CIM OHU IEPECEKalOTCsd B OJIHON TOYKe
i napaJuiebHbl. Tpeyroabauk X1Y;Z; m TpeyronbHuk XoYs5Z5 HazoBeM
nepcnexmueHvimu, ecau npsambie X, Xo, Y1Ys, Z1 Z5 KoHKypeHTHBI. Ecu npsivbie
IepecekaloTcss B HEKOTOPO# TOYKHU ILJIOCKOCTH, TO TOUKY IlepecedeHus: STHX
HNPSIMBIX HA30BEM UEHMPOM NEPCNEKMUBHL IBYX JIAHHDBIX IEPCIIEKTUBHBIX TPEYTOJILHUKOB.
Ecin ke npsimble apaJiieibHbl, TO IEHTPOM IIePCIeKTUBBI Ha30BeM OECKOHETHO
VAAJIEHHYIO TOYKY, KOTOPasg COOTBETCTBYET HAIIPABICHUIO JTAHHBIX MPAMbIX.

7. Touka M nenut Kaxkapiit u3 orpe3koB [N, [4N s, [z Ng, Ic N¢ B oTHOIIIEHNT



1:2.
Cnencreue. Tpeyronvauku [4Igplc m NyNgNg TMepCeKTUBHBI, IIPH 3TOM
IIEHTPOM MX IEPCHEKTUBBI ABJISAETCS MEHTP MacC JAHHOTO TPEYyTOJbHUKA.

8. Touka O aBasercsa cepemunoit orpe3koB Bel, Beal,, Beglg, Becle.
Caencreue: Tpeyronvuuku [4Iglc n BeyBegBeo nepcieKTUBHBI, IIPU STOM
IEHTPOM UX MEPCIEKTUBBI ABJISIETCS IEHTP OIMUCAHHONW OKPYZKHOCTH JAHHOTO
TPEYroJbHUKA.

9. Be, Bey, Bepg, Bee - cepenunbl orpeskos H'N,H'N 4, H' Ng,H' No cOOTBETCTBEHHO.
Cnencrsue: Tpeyronbuuku BeyBegBec u NyNpN¢ romorerndnnl B H' ¢
KO3pUIMEHTOM 2. A 3HAYUT OHU U IIEPCIHEKTUBHBLI C IEHTPOM IIEPCIIEKTUBbI

H/

10. IIpsimbie CoG 4, AxGe, BG KOHKYypEHTHBI.

11. Hpsameie AgCy, GG, BI, C'g Ay KOHKYPEHTHBI.

11", TIpsvbie ApCo, GaGe, Ialo, AcCy KOHKYpeHTHBI(BCe aHAJIOIHYHbIE
[psIMBIE, PA3yMEETCsl, TOXKE KOHKYDPEHTHBI ).

12. I,.G AN IcGe, Be, N KoJaIuHeapHbI.
12°. I,G o N IcGe, Beg, Np KoJLmnHeapHBI.

13. I4G 4, IgGg, IcGc n IG nepecekarorcea B H'.

Caencreue: Tpeyrombauku [4Ilgplc 1 GAGpGe NEpCHEKTUBHBI, IIPH TOM
[EHTPOM UX MEPCIIEKTUBBI ABJIseTcst H' (OPTOIEHTD aHTHCEePEMHHOTO TPEYTOTHHUKA,
AHTHUCEPEIMHHBIM TPEYTOJIBHUKOM TpeyrosibHuKa A BC' Ha3bIBaeTCsI TPEYTOJIBHUK

A'B'CY).



Toukm Harens, 2Keprouna n ®@eitepbaxa 1 mx CBOICTBA
2. OcHOBHBbIE 3312491
A.4dky6oB, A.3aiikoB, M./Iunaun, A.3acinaBckuii, O.3aciaBckuit,
II.KoxeBuukos, /I.KpekosB

14. TIpsimbie Ag By, Col u C'C" niepecekaroTcst B OJIHOI TOUKE.

[Iycts P — npousBojibHas TOYKa, HE JIeyKallas Ha CTOPOHAX TPEYTOJIbHIKA,
ABC. Torpma npsimbie, cummerpudibie AP, BP, C'P oTHOCHTEIHEHO OUCCEKTPUC
yriioB A, B, C' cOOTBETCTBEHHO, MEPECEKAIOTCsI B OJIHOI TOUYKe (BO3ZMOXKHO,
6ECKOHEYHO YJIAJICHHOM ). DTa TOYKA HA3BIBAETCS U3020HAALHO CONPANCEHHOU
P otnocurenbro Tpeyronbauka ABC.

Beném nasbreitmme oboznadennd. Ilycers Iy, Ia,, Ip,, Io,, Hi - Toukn,
n3oToMuYecKu conpszkénnnie I, I4, Ig, Io, H cOOTBETCTBEHHO OTHOCUTEIHLHO
rpeyroyibanKa ABC'; Touku Go, Ny n30roHa bHO conpsizkeHbl G 1 N OTHOCHTETHHO
tpeyrosbauka ABC. Anasnoruano onpejiennm G a,, Na,, Gg,, Np,, Go,, Ne,.
L'- touka Jlemyana NA'B'C’.

15. Ny u (G5 — 1eHTpbI BHEIIHEHl W BHYTPEHHEH TOMOTETHUil BIHUCAHHOW U
omucanHoi okpyzkHocTu ABC' cOOTBETCTBEHHO.

16. Hy, I, N, G jtexkat Ha OJTHOM IPSMON, TPUIEM OHE 00Pa3y0T TapMOHIIECKY O
YETBEPKY.

16’. Takum ke cBoiicTBOM 00OJsagatoT 4eTBépku Touek Hy, I4,, Ny, G4 u T
II.

17. Ilpsimbie 14,1, NNy, BC KOHKYDEHTHBI.

17", Ilpamste I, Io,, NgN¢o, BC KOHKYPEHTHBI.

18. Ilpsambie [4, 11, NNy, BC, GG 4 KOHKyPEHTHBI.

18’. lpsivbte Ip, I, NgNe, BC, GpGe. KOHKYPEHTHBI.

19. NG, NoG s, NgGpg, NoGe nepecekatores B L.

Caencreue: Tpeyronpauku NyNgNe nu G4GpGo epcieKTuBHbBL, IPU 9TOM

ITECHTPOM UX IIEPCIICKTUBLI ABJIFAETCA TOIKa ﬂeMyaHa AHTUCEPEIMHHOT'O TPpEYIroJIbHUKA.

20. Ipsimbre 1L u NG napaJiieibHbI.
20’. TTapasenbabl napbl IpaMbiX NoGa u [oL, NgGgu IgL, NoGe n I L.



[IycTh manbl gBa nepcrieKTuBHBLIX Tpeyroibinka X Y Z u XY Z;. [lo meopeme
Jesapea, XY N X 1Yy, XZNX 17y, ZY N Z1Y, xosumuneapusl. [lomydennyio
HIPSIMYIO Ha30BEM 0CH10 NEPCNEKMUGH, 06YT YKAZAGHHHLT MPEY20AbHUKOS.

21. Ocnu nepcriektuBbl TpeyrobHUKOB NgaNgNe n ABC', a takxke G2GpGe
u ABC cosnajator. Jlannas npsimas nepresuky/aspHa [G.

(Teopema Conda). Eciu tpeyronvuuku XY Z u X1Y1Z; OMHOBPEMEHHO U
[IEPCIIEKTUBHBI U OPTOTOJIOTUYHBI, TO JBa IEHTPA OPTOJOIHIHOCTH U IEHTP
[IEPCIIEKTUBBI 9TUX TPEYTOJILHUKOB JIEXKAT Ha, OJHON IPSIMOii, IepIeH UKy IAPHON

ocu nepcrekTuBbl AXY 7 u ANX Y174
22. I — nenTp oprosorunanoctu TpeyroabHukoB NaNgNe u ABC.

23. Pemure 3amaay 20, ucrnoyb3ys 3agadn 21 u 22(BO3MOXKHO U KAKHE-TO
JIpyTHUe 33190 U3 TIPEJIBLIYIINX ).

3. ,Z[OI'IO.TIHI/ITQ.TII)HI)IG 3ada49mn

[Iycts U - Hekasg TOYKa Ha IJIOCKOCTHU, HE JiexKalnas Ha npaMmbix XY, Y Z,
Z X . Torna ochb 1epreKTuBbl Tpeyrojabiuka X Y Z 1 4eBHAHHOTO TPEYrOJIbHIKA,
touku U Ha30BEM mpuaunetnoti noaspoti U oraocurenbao AXY Z.

24. Tpununeitnas nossipa Toukn G nepreHuKy/asgspHa npsmoit 1G.

25. Ilycte U - Touka Ha onmcanHoit 0k010 AXY Z OKpyKHOCTH, OTJIMIHAST
or XY ,Z. Ly - touka Jlemyana A XY Z. Torga rpuiuHeitHast moJIgpa TOIKI
U oraocurenbiao AXY Z npoxomut depe3 L.

26. Ilycts man tpeyrosbauk XY Z u Touka (), He JjexKalas Ha MPIMbIX,
cOJIep2KaInX CTOPOHBI Tpeyroibanka. XQ NYZ = X;3YQ N XZ = Y7,
ZQ0NYX = Zy;, WzZinNnYZ = X, Torna ugersépka Touek Y ,Z,X1,Xo

rapMOHHNYeCKadd.

27. IIyctb U m V - TOYKH IIJIOCKOCTH, He Jiekalue Ha npsaMbix XY, X7, Y 7.
U’ n V' u30ronaiibHO (M30TOMIYECKN ) CONPSTZKEHBI UM OTHOCHTEThHO A XY Z.
V' nexur na rpummneiinoit nonsape U’. Torma U nexxur Ha TpuImMHeRHOM
noJisipe V.

28. Ocu nepcrexktusbl TpeyroJbHUKoB NaNgNeo u ABC, a takxke G2GpGe



n ABC' coBmaatoT ¢ TPUINHENRHOM TOJISIpoii [ OTHOCUTEIHHO TPEYTOIbHIKA

ABC.

29. Tpununeitnas nosspoii I, ornocutebHO Tpeyroibanka A BC napaJseabaa
TpuwnHeHOH nosigpe G oTHocuTe IbHO Tpeyrosbauka ABC.

30. Permure 3a1a4y 20, ucnosib3ys 3aa4qu 24-28(BO3MOKHO U KAKHe-TO JIpyThe
3ajiaun U3 npeablrymux ), Ho HE ucnonssys reopemy Conja.

31. Ecim Touka P jexXur Ha TpuInHEHON mosspe (G, TO TpuinHeRHas
nosigpa P KacaeTcs BIUCAHHON OKPY2KHOCTH.

Teopema @etiepbara. OKPYKHOCTb JEBATH TOYeK TpeyrosbHuka ABC
KacaeTcs ero BIMCAHHOW M BHECITMAHHBIX OKpYy:KHOCTel. Toukn kKacanus F
Fy, Fg, F¢ nazbiBatorca mouwkamu Detiepbaxa.

31’. Ecmu P — GeckoHEYHO yaajieHHast TOUKa TPUIHHEHO mosspel (G, TO ee
TPUJINHEHas TOJIApa KacaeTcd BIUCAHHONW OKPYKHOCTU B TO4Ke F.

32. Touku, cummeTpudHbie F OTHOCHTE/IBHO CTOPOH Tpeyrobhuka AgByCy,
Jexkar Ha npsamoit O1.

33. Touku A4, Bg, Cc n F jexar Ha OJHOI OKPYKHOCTH.

34. Chopmymupyiite anamoru 3aja4d 317, 32, 33 g touek Fu, Fg, Fe.



Toukm Harens, 2Keprouna n ®@eitepbaxa 1 mx CBOICTBA
1. BBoanbie 3a/1aumn
A.4dky6oB, A.3aiikoB, M./Iunaun, A.3acinaBckuii, O.3aciaBckuit,
II.KoxeBuukos, /I.KpekosB

1. Ciestyer u3 Teopembr UeBbl.

2. Cnenyer u3 Teopembl UeBbl.

3. UcnoJib3yem romMmoTeTwio ¢ 1nenTpoB B Touke M ¢ Kosddunmentom -2.

3’. Cutestytoer u3 3ajia4u 3 ¢ IPUMEHEHUEM IOMOTETUH C IEHTPOM B Touke M
n ko3 durmenTom -2.

4. Cnemxyer u3 TeopeMbl eBbl.

5. Cueryer 3 TeopeMbl UeBbl.

6. Ciemyer u3 Teopembl UeBbl.

7. Kak nsBectno, BAg = C Ay. A”-cepenuna AgA 4. Tlo orpeesiennio n30ToMuIecKoro
compsizkenns, N je;kuT Ha npsamoit AA 4. CaenaeM roMOTETHIO ¢ IIEHTPOM B

A, TIepeBOIAIIYI0 BHEBIIMCAHHYIO OKPYKHOCTh, KACaroIIytocs cTopoubl BC,

BO BrmcaHHy10. A4 epeiinér B touky A’y. Kacaresbnas K BIICanHO OKPY?KHOCTH
B Touke A’y mapasiiesbHa KacaTeabHO K BHEBIUCAHHON B TOUKe A4, TO €CTh
upsvoit BC'. Ilpu sTom ouesnmo, uro A’y ornmmana or Ag. 3uaunt, Ay u A’
JaMeTPAJILHO TPOTHBOIOIOKHBL. OTtciona [-cepeauna AgA'y. A”I-cpenuss
maanst AA'y AgAa. Buaanr, AA4||A”I. Ananoruano, BBg||B"1; CCq||C"I.
CrenoBarenibHO, TIpu TOMOTETHH C TeHTpoM B M u Kodddunmentom —2,
nepepoggnieit AA”B"C" 8 AABC touka I nepeiigér 8 N. Takum obpaszom,
Touka M nenur IN B orHOmEHUn 1:2.



st orpe3koB [y N g, Ig Np,loNo yTBep:KieHrEe JTIOKa3bIBACTCA aHAJIOTUYIHO.



8. 3BecTHO, YTO BHYTpPEHHAA OUCCEKTPHCA JIIOOOr0 yIJjia IMepHeHIuKYIIpHa

ero BHelrHelt buccexkTpuce. OTcioa cjielyer, 9To To9Ka I - OpTOIEHTP TPeyroJIbHIKA,
IaIglc, a ly,1g,Ic-opronentpol Al Iglc, Al 1o, Al4Igl cooTBETCTBEHHO.
OcHOBaHUSIME BBICOT BO BCEX YETHIPEX YKA3AHHBIX TPEYTOJIbHUKAX SIBJISTIOTCS

rouku A,B,C. CrnenoBarenbro, O-TEHTP OKPYKHOCTH JIEBATH TOYEK JIJIsI
JTAaHHBIX TPEyrobHUKOB. LleHTp oKpy)KHOCTH 9 TOUYEK JTI0O0T0 TPEeyroJbHUKA
SIBJIIETCSI CEPEUHON OTPE3Ka, COeIUHSIIOIIEr0 IEHTP ero OMMCAHHO! OKPYKHOCTH

¢ ero opromenTpoM. OTCio/1a HEIIOCPEICTBEHHO CJIe/IyeT Hallle yTBep:KIeHUE.

HM _ 4. NI 3. BeO _ 1
—2Ho

9. Ilo moKa3aHHBIM BBIIIIE YTBep}KﬂeHI/IHM; =6 = 3 Wi = 3 Bor
teopeme Menenas aasg AOMI, Troukn H',N, Be jexar Ha OJHO IIPAMOIA.

[Ipumenum tenepnb Teopemy Menemas mia npamoit MO u TpeyrojbHUKA
H'Be OBe MI

IBeN. HO.}IyE/IM, qTO =X = T S
OBe _ _1. MI _ _1 HBe _ 1 ~
oI L MN 2 3Hauur, N 20 TO €CTb Be - cepennna orpeska

H'N, aro u TpeboBaoch JI0Ka3aTh.



YVrBep:xienue 1npo Bey,Bep,Bec moKa3biBaeTCsd aHAJIOTUIHO.

3ameuanwue. [lycrs [ - npsimast, npoxojsias depes H' . Be,N. Anajoruasao
MOXKHO orpeiesnTh upsambie la,lp,lc. Ecin AABC nepanobenpeHHbIi, TO
npsimbie 1l 4,lp,lc monaprno pasiumdnbl. /leficTBuTe/IbHO, MyCTh, HaIpuUMep,
copniasin [ n [ 4. CreraeM roMoTeTHIO ¢ TIeHTpoM B TouKe M 1 Ko huimeHTOM
—%. Touku N,N4,Ng,N¢c nepeiinyr B 1,14, I5, Ic coorsercrenno, H' -8 H.
Paz [ u l4 coBmanu, Touku 4,1, H jexxar Ha OIHOI HIpsMOil. DTa mpsaMas
- BHyTpenussa Ouccerpuca yria BAC. Ilockonbky mHa meit jsexur H, ona
SIBJISIETCSI U BBICOTOM TPEYTOIbHUKA. DTO TPOTHBOPEINT HEPABHOOE IPEHHOCTH
rperosibauka ABC.

10. Toukn A, As, G4 nexxar Ha OIHON HpsiMOil. AHAJOIMYIHO, Ha OIHOM
upsmoii jgexkar C, Co, Go. llpumenum 11 IByX YKa3aHHBIX TPOEK TOYEK
teopemy Ilamma. IToxyamm, aro Touku ACc NCAy, CoGaNAAGe, AGe N
CG 4 xommuueapabl. ACc N CA, = B. Ocranoch mokasarhb, uro AGe N
CG 4 nexur Ha upamoit BG. AG¢ npoxomut depes Ag, CGy - gepes Cy,
BG - gepes By. 3uaunt, npsimbie AGo, CG 4, BG npoxoasar depes Np.
VTBep:KIaeHne J0Ka3aHo.






11°. IIpumerum Teopemy [lamma s tpoek Touek A, Ay, Go u C, Ge, Ce.
rouku ACc N CGy, CcAsa N GG, AGe N C' Ay KommHeapHbl. 3aMeTHM,
qyro ACc NCGy = Cy; AGe NCAy = Ae. Suaunr, npsmbie CoAy, ChAc,
GAG¢c wxoukypentubl. Otpesku BC4 m BA4 paBHBI Kak KacaTeJIbHbIE K
BHEBIIMCAHHOW OKPYKHOCTH, Kaciorieiicss cropoubl BC. 3uauut, C'qy u Ay
CUMMETPUYIHBI OTHOCUTEIBHO BHEIIHEH OMCCeKTPHUCHl yriia B. Anajorudno,
Co n Ag cuMMeTpPUYHBI OTHOCUTEIHHO BHEITHel Ouccerpucol yria B. CremoBarenbho,
upsimble AgCo u AcCy nepecexyrest Ha npsamoit [4lo. 3HaUuT, mpsiMble

CcAy, CpAc, G4Ge, I41c KOHKYPEHTHBI, YTO U TPeDOBAJIOCH ITOKA3ATh.
A

11. AnajioruvHo, KOHKYpeHTHbI, Hanpumep, npsambie AgCy, CgAy, GG, BI.
Teopemy Ilamnma mHykHO TpuMeHNTH J1/1s1 TpoeK TodeK A, G, By u C, Cy, G.
MoxkHO HalTH €I1é aHAJOTUYHbIE YeTBEPKU KOHKYPEHTHBIX MPSIMBIX.

12. Cornacuo yrBepxaernio 3agaqn 11, mpsambie A,Co, GG, 141 KOHKYpPEHTHBI.
Caemosarenbao, TpeyroabHuK A 4G 414 1 CoGole nepcuexkrusnbl. 1o Teopeme
Heszapra, Touku AsGoaNCeGe, AplaNCele, Galy N Geolec KonmuHeapHbl.

A Gy N CoGe = N. AABC gBnserca oprorpeyroabHUKOM B Al lglc.
[Mockonbky IcCe L AB (cropone oprorpeyroibauka), [oCo NpoxXoauT depes
neHTp onucanuoii okosio Al4lgls oKpyzKHOCTH. AHAJIOIMYHO, Yepe3 Hero



npoxomuT U [4A,. Takum obpazom, Asls N Cole = Be. 3nauur, [,G4 N
IcGe, Be, N KoamuHeapHbI, 9TO U TPeOOBAIOCH JOKA3aTh.

12’. Tlpumenur teopemy [lesapra miss AC G aly u AAcGele, nonydaem,
aro [4,G4 N I1cGe, Beg, N KoJlmnHEeapHBL.

13. Corsnacuno yrBepxkaenuio 3aga4au 12, [4G 4 N IcGe nexut Ha MpsaMoit (.
Amnanornuno, I 4G sNIcGe nexur Ha npsimoit [ g. Eciim A ABC HepaBHOOE IDEHHBII,
[ u lp pasnuunsl. [Ipu 3T70M 06€ yKazaHHbIe IPsIMbIE TIPOXOAAT Yepe3 H' 110
yreep:kaenuio 3agadn 9. Cuenosarennuo, 4G4 N IcGe = H'. Tak xe, IG
u IgGp npoxongar depes H'. Jlist paBHOOEIPEHHBIX TPEYIOJbHUKOB HAIlle



YTBEPKJIEHUE CJICIyeT U3 COOOPaXKeHUil HelIPEPhIBHOCTH.
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A.4dky6oB, A.3aiikoB, M./Inaun, A.3acinaBckmii, O.3aciaBckuit,
II.KoxxeBHukoB, /I.KpekoB

2. OcHoBHble 3aga4un. Penrenusi.

14. PaccmoTpuM nosgpHoe mpeodpasoBaHie OTHOCUTETHHO BIUCAHHON OKPYZKHOCTH.
[Tpamass AgBy mnepeiiner B Touky C. Ilpamas Cyl uepeiier B TOYKY Ha
OeCKOHETHO YJIAJICHHOI IIPAMOi COOTBETCTBYIOINLY 0 Hanpaienuio AB. CreoBare/ibHO
touka S = AgBy N Cyl mepeiimer B mpsaMyo n npoxomsdmntyio depe3 C' u
napasienbayio AB. Torma, 1o omnpeeseHuio MoIsapHOro Ipeodpa3oBaHus
gerBepKa npsaMbix C'Ag, C By, C'S u n obpa3yioT rapMOHUIECKYIO YeTBEPKY.

[Tpu npoeknun w3 Touku C Ha mupsamyio AB Mbl noayunM Touku A, B,
6ECKOHETHO YIAJICHHYO U CePEeJINHY CTOPOHBI (T.K. OTHOIIEHHUE -1), a 3HAYWT,

C, S u C" Ha oJtHOI TIPSIMOIA.

15. CretaemM KOMIIO3UIINIO HHBEPCUU OTHOCUTEIBHO OKPYKHOCTH C IIEHTPOM B

A pagnyca vV AB - AC 1 cuMmMeTpun OTHOCUTETFHO BHY TPEHHEH OMCCEKTPUCHI
yrita BAC. 3amerum, uro Touku B u C' MOMEHSIMACH MECTaMU. 3HAYNT,
npsmasi BC' mepelia B OKpyKHOCTh, OIUCAHHYIO OKOJIO Tpeyroibauka ABC'.
Brmcannasi OKpy»KHOCTD TIepeliia B OKPY>KHOCTh, KacarolLytocs Jjiydeir AB

n AC, a takxke okpyxkHocTu ABC' BHemHnM obpasoMm B Touke X, rme X —
obpas Toukn Ajy B pe3ysbrare JaHHBIX TpeobpasoBanmii. CiemoBarebuo, Gy
sexxuT Ha npsamoit AX . Tak kKak A — BHEIIHWIA IEHTP TOMOTETUH, IIEPBOISIIE
BIIMCAHHYIO OKPY2KHOCTB B €€ 00pa3 B pe3y/brare HaIUX 11peodpa30BaHmil, a

X — [eHTD BHYTPEHHEH TOMOTETHH, TIEPEBO/IsIIeit 00pa3 BIUCAHHON OKPYKHOCTU
B OIMCAHHYO, TO, [I0 TEOPEME O TPEX TOMOTETHSX, IIEHTP BHY TPEHHe! TOMOTeTHH,
nepeBoismieil Bimcanayio B AABC 0KpPyKHOCTb B €r0 OIMUCAHHYIO, JIEXKUT
Ha npsaMoit AX | To ectb Ha psiMoit AG5. AHAJIOITYIHO OH JIEXKUT Ha ITPSIMBIX
BGy; u CG,. Takum obpasom, on coBiajaer ¢ Go. To, aro Ny — meHTp
BHYTpEHHEI TOMOTETHH, JIOKA3bIBACTCS aHAJTOTUIHO.

16. Kak m3BecTHO, N30TOHAIBLHOE U M30TOMUYECKOE COIPSIZKEHUE ITePEBOJIAT
IpsIMble B KOHUKH, COJIEPIKAIlNe BEPITHHBI TPEYTOJIbHIKA, 1 HA000POT (KOHUKH,
CoJlepazKIrye BepIInHbI, — B IPSMbIE). SHAYUT, KOMIO3UIIUsT H30TOHATHLHOTO
U U30TOMMYECKOIO COIPSAKEHUI IEPEBOJIUT IPSMbBIC B IIPSMBIC, T.€. sIBJIACTCS
IIPOEKTUBHBIM IIPeobpasoBaHueM. DTO Ipeodpa3oBaHue IEPEBOIUT TOUKY Ny
BG,Gy —8B N, I —8 1, O— 8 H;. Cormacuo 3amade 15, O, I, Gy, Ny —



rapMOHHYECKas YeTBEPKA TOUEK, JIeXKAIIX Ha OHOI psamMoit. CiretoBaTesibHO,
gerBépka Hy, [1, N, G obaaj1aeT 3TuM 2Ke cBOcTBOM. [Ij1g OCTaIbHBIX YKA3aHHBIX
B YTBEPXKJIEHUN Y€TBEPOK JOKA3ATEIHCTBO IMPOU3BOIUTCH aHATOTHIHO.

17. ITlycts X — rouka nepeceuennss NNy u BC, Y — Touka nepecedenust

14,11 n BC. Tax kak I} u I 4, m3oToOMu4ecKn conpsizkenbl I u I 4 COOTBETCTBEHHO,

BY _ AC 1
T0 $5 = 4B Crenaem romoreruio ¢ nentpom B M u koaddunuenrom —s.

[To zamaye 7, npsamas NN nepeiiiétT B upamyio 14, ToO ecTb BHYTPEHHIOIO
6uccekrpucy yria A. Toukn B u C nepeiinyr B B” u C"” coorBercTBeHHO,

o 17 17 /! DV
X — B X”. Tlo cBoiicTBY OUCCEKTPUCHI, % = % = % = %. IIpu sTom,

BNX// _ BX
er = 3o Snaunt, X u Y cosmnamaior. Takum obpazom, I4, 1, NNy, BC
KOHKYPEHTHBI.

Kounkypentnocts I, Ic,, NgN¢, BC nokaspBaeTcs aHAJIOTUYIHO.

18. Toukn [y, Hy, N, G sexxar Ha omHOil mpamoit; [4,, Hy, Ny, G4 nexar
Ha ojnoil npsmoit. [Ipu srom aBoitnoe ornorenune yersépru [, Hy, N, G
paBHo —1, u nBoitHoe orHomenue 4ueTBeépku l4,, Hy, Ny, G4 paBno —1.
CnenroBaresnbno, nupsambie 14, I, NN 4, GG 4 koukypentnol. [Ipumensis 3agatdy
17, moyuaem Tpedyemoe.



19. CorutacHo 3a1a4e 16, Bce yKazaHHbIE IIPSIMbIE IPOXOJIAT Yepe3 Hi. 3Haunr,
HEOOXOJMMO M JIOCTATOYHO JIoKa3arh, yro Hy m L' coBmagaror. st sToro
nokazkeM, aro AH; mpoxoaut yepe3 L'. Ilycts X u' Y — npoekiuun A’ u L' Ha
npsamyio B'C’ coorBercrBenHO, Z cuMmMeTpudHO Y otHOcuTenbHO L. Tlpsmas
AH{ npoxouT depes ToUKy, cumMmerpudnyio H 4 ornocurenbio A”. 3amernm,
qTo npu cummerpun ornocuresbHo A” Boicota u3z A ma BC nepexoaur B
upsamyio A’ X. Ipamas BC genur orpesok A’X mononam. CiiegoBareabHo,
AH; npoxomut uepes cepeuny A’ X . Herbipexyroabuuk ZY X A’ — rpanenus,
a Touka L' — cepeauna ocHoBanus Y Z. Ilostomy AH' upoxomur depes
cepeauny ocnoanust A’X. Urobsl nokazarb, uro AH' npoxomur depes L'
nokaxkem, 910 A — TOYKa nepecedeHnsi GOKOBBIX CTOPOH TPAIEIH, TO €CTh,
aro A, Z, A’ nexar na omguoii nupsimoit. Ilycte S u T — npoexknun L' Ha
npsamble A'B" u A’C’ coorercrBerno. Tpeyrosbauk STY — 1menajibHbIA
TpeyroapHuK Touku L' ornocuresbHO Tpeyronbhauka A'B'C’. Tak kak L/
— rouka Jlemyana AA'B'C’, ona siBjisieTcss TOUYKOI IepecedeHnsi MeIuaH B
CBOEM TIeJIaJIbHOM TpeyrosibHuKe. [lycth P — Touka nepecedenuss ST u YL .
Torma Y P — meauana Tpeyrosbauka Y .ST. CiiemoBaTesbHO, % =2, YL =
L'Z. Orciona P — cepequna L'Z. Orpeskn ST u L' Z, nepecekasich, J1easTcs
nomnosiam. 3uaunt, SL'TZ — napajenorpamm. Tak kak SL' L SA'u TL' L
TA ,voSZ L ATuTZ L A'S, r.e. Z — oprouentp tpeyroabuunka SA'T, a




L' — Touka ero ommcanHoil OKPY?KHOCTH, AMAMETPAJILHO IPOTUBONIOIOKHAST
A’. Orciona npsimble A'L’ w A'Z cuMMeTpudHBI OTHOCUTEIHLHO BHYTPEHHEH
6uccekrpucol yria B'A'C', r.e. A'L' — cumennana B AA'B'C’, ciiegoBaresbHo,
A'Z — ero meaunana. ITockonbky A — cepenuna B'C’, rouku A', Z, A nexar
Ha, OJIHOM IPAMOii, YTO U TPeOOBAJIOCH J0KA3aTh.

20. IIpu romorerun c nenrpom B M u Ko3bduimeHTom —% rouku N u L/
nepeiiyT B [ u L coorBercrBento. Uraxk, npsimbie I L u N L' napaJiesiiesibHbl.
OcraJjioch 3aMeTUTh, 4To, 1o 3ajade 19, rouku L', N, G jexar Ha OXHOI

IPAMOIL.

Anajiornyano napaJiiesbubl mapbl IpaMbiX NaGau [4 L, NgGgu IgL, NoGe
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n IcL

21. Ocn nepcriektuBbl TpeyrogbHUKOB NoANgNe nu ABC, a takxxe G,GpGe
u ABC coBuaiaior, coriacao 3ajad4e 18, ¢ upsamoit yepes ABN Iy, Ip,, ACN
Ialc,, BCN I Ie,.

[TeprieH MKy IAPHOCTH JTOKa3biBaeTCst inbo depe3 reopemy Conjta (3amada 23)
b0 ¢ TOMO3bIO TPUIRHEHOI TToApsI (3a1a9u 25-29).

22. Tpeyrosbuuk NaNpNe romorernden TpeyroabHuky [4Igle ¢ meHTpoM
B M. Bnauur, NANp || Ialp, 1.e. NyNp L CI. Ananoruuno, NaNo L BI;
NpN¢g 1 Al. 3aaaut I — 1eHTP OPTOJIOIHIHOCTH TpeyrobHUKOB N4 Ng No
u ABC.

23. Tpeyrombauku NoiNgNec u ABC' miepCrieKTUBHBI ¢ TIEHTPOM B TOUKe (.
Hocrarouno nokazars, 9To I ABJIAETCA OJJHUM U3 IEHTPOB OPTOrOHAIBHOCTH
9TUX TPEYTOJHHUKOB, UTO CJIEyeT U3 3aa4u 22.

3. ,Z[OHOJIHI/ITG.TII)HI)IG 3aJa49n. VYKazanus.

24. Tpununeitnas noJiipa Touku (G COBIAJAET C ee MOJSIPOil OTHOCUTEIHLHO
BIIMCAHHON OKPYZKHOCTH.

25. JlocTaTovHo JJOKa3aTh yTBEPKIEHUE 33/Ia9H 7T TPABUJILHOTO TPEYTOTbLHUKA.
26. Cnemyer uz TeopeMm Yeswr u Meneiasi.

27. 1IpoeKTUBHBIM ITpeoOpa30BAHUEM CBOJMTCA K 3ajatde 25.

31. loctaro4uno nokasaTh yTBEPIK/IEHNE 33 1a91 JIJI TPABUILHOTO TPEYTOJIbHUKA.
317, 32. Oba yTBepKaeHns PAaBHOCHILHBI CJIEAYIOIEMY: KacaTeIbHasl K BIUCAHHOM
OKpy2KHOCTHU B TouKe Peitepbaxa KacaeTcd TaK¥Ke BIIUCAHHOTO aaaunca [lImetinepa,

KAaCaIoIerocs CTOPOH TPEYTOJbHUKA B UX cepenunax (cum. [1]).

33. Uz 3amaqu 16 caemyer, uro touka Haresis jiexxut na eunepbone Petiepbaxa

(ent. [2)).



Crmcok janrepaTryphl

[1] http://www.http://jcgeometry.org/Articles/Volumel /JCG2012V1pp23-
31.pdf

[2] A.B.Akongn, A.A.Baciasckuii. [eomerpuueckne cBofCTBa KPHUBBIX
Broporo nopsiaka. M.: MITHMO, 2011.



The Nagel, Gergonne, and Feuerbach points and their
properties
1. Introductionary problems
A.Jakubov, M.Didin, P.Kozhevnikov, D.Krekov, A.Zaslavsky,
O.Zaslavsky

0. Ceva theorem. Let A’, B', C' be points on the sidelines of a triangle ABC'.
Prove that AA’, BB’, C'C’ are conurrent or parallel iff BA" - CB' - AC' =
—CA’- AB" - BC" (here we consider directed segments).

Let ABC' be a triangle. Let the inscribed circle touches the sides BC,
CA, AB at points Ag, By, Cy, respectively.

1. Prove that! AA,, BBy, CCy have a common point G.

The point GG from the previous problem is called the Gergonne point of
the triangle. Consider the excircle touching the side BC. Let this excircle
touches AB, AC, and BC at Cy, By, and Ay, respectively.

2. AAA,BB4, and C'Cy have a common point G 4.

Let us call the point G4 from the previous problem the external Gergonne
point corresponding to A. Similarly define points Ag, Bg, Cg, G, Ac, Bc,
Ceo, Ge.

Introduce some standart notation. Let I be the incenter, and 4, I, I¢
be the centers of the excircles. Let Be, Bey, Bep, Bec be the centers of
the circles IyIglc, I1glc, Iallc, IalpI, respectively (Be is called the Bevan
point, let us call Bey, Bep, Bec the external Bevan points). Let O, H, M
be the circumcenter, the orthocenter, the centroid of ABC, respectively. Let
A" B”.C" be the midpoints of BC', C'A, AB, respectively. Let A", B’,C’ be
reflections of A, B, C'in A”,B",C", respectively, let H' be the orthocenter of
A'BC.

3.0, M, H are collinear, and % = %

The line from the previous problem is called the Euler line of the given
triangle.

3 HM _ 4

" HO 3

lin the next problems the words "Prove that" will be omitted
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4. Let X4, Xp, X¢c be points on the sides BC, C' A, AB, respectively, so that
AX,, BXg, CX( intersect at point X. Let Yy, Yz, Yo be reflections of X 4,
Xp, Xcin A", B”, C"”, respectively. AY,, BYp, CYs have a common point
Y.

Points X and Y from the previous problem are called isotomically conjugates
with respect to ABC.

5. AA4, BBg, CC¢ have a common point N which is isotomically conjugate
to the Gergonne point.

The point from the previous problem is called the Nagel point.

6. Lines AAg, BBc, CCp have a common point N, that is isotomically
conjugate to G 4.

The point from the previous problem is called the external Nagel point
corresponding to A. Points N and N¢ defined similarly.

To each direction put into correspondence a point at infinity (assume that
this point of infinity lies on each line of this direction). Triangles X;Y]Z; and
XoY5 75 are called perspective if lines X1 X5, Y1Ys, and Z; Z5 are concurrent. In
this case the common point of X1 X5, Y1Y5, and Z; 7, is called the perspector
of triangles XY 7, and X5Y5Z5 (the perspector could be a point at infinity).

7. M cuts each of segments IN, [4N4, IgNg, IcN¢ at ratio 1:2.
Corollary. Triangles I4Iglcs and NyNpNe are perspective with M as a
perspector.

8. O is the midpiont of segments Bel, Beals, Beglg, Becle.
Corollary. Triangles [4Igls and BeyBegBec are perspective with O as a
perspector.

9. Be,Bey,Bep,Bec are the midpoints of the segments H'N,H'N,,H' Ng,H' N¢,
respectively.

Corollary. Triangles Be s BegBec and NN N¢ are homothetic (hence perspective)
with center H' and ratio 2.

10. Lines CcG 4, AaGe, BG are concurrent.

2



11. Lines AgCy, GG, BI, CgAy are concurrent.

11", Lines AoCe, GaGe, 14lc, AcC4 are concurrent (as well as analogous
triples of lines).

12. I4Go N IcGe, Be, N are collinear.
12°. I4,G o N IcGe, Beg, Ng are collinear.
13. 14G 4, IgGp, IcGe, and IG, meet at H'.

Corollary: Triangles I4Iglc and G4GrG¢ are perspective with perspector
H'.



The Nagel, Gergonne, and Feuerbach points and their
properties
2. Main problems
A.Yakubov, A.Zaykov, M.Didin, P.Kozhevnikov, D.Krekov,
A.Zaslavsky, O..Zaslavsky

14. AgBy, Col, CC" are concurrent.

Suppose P be an arbitrary point not lying on the sidelines of ABC'. Then
lines symmetric to AP, BP, C'P in bisectors of angles A, B, C, respectively,
have a common point (perhaps a point at infinity). This point is called
isogonally conjugate to P with respect to ABC.

Further notation. Let I, I4,, Ip,, Ic,, H; be isotomically conjugates to
I, 14, Ip, I, H, respectively; let G5, Ny be isogonally conjugates to G, N,
respectively. Similarly define Ga,, Na,, Gp,, Np,, G¢,, Ne,. Let L' be the
Lemoinne point of AA’B'C".

15. Ny and G are centers of homotheties taking the incircle of ABC' to the
circumcircle of ABC.

16. Hy, I, N, G are collinear and form a harmonic quadruple.
16’. Same for quadruples Hy, I4,, Na, Ga, etc.

17. I4,I;, NNy, BC' are concurrent.

17. Ig, Iy, NgNe, BC are concurrent.

18. I4,I1, NN, BC, GG 4 are concurrent.

18’. Ip, Iy, NgNe, BC, GG are concurrent.

19. NG, NoG 4, NgGp, NocGc meet at L.

Corollary: Triangles N4NgN¢ and G 4G G are perspective with perspector
L.

20. Lines IL and NG are parallel.

20’. NaGa | I4L, NgGpg || IgL, NcGe || IcL.

Let XY Z and X,Y;Z; be perspective triangles. By Desargue theorem, XY N



X Y1, XZNX1Zy, ZY NZ1Y] lie on a line called the perspective axis of given
triangles.

21. The perspective axis of NyNgNe and ABC coincides with the perspective
axis of G4GpGe and ABC'. This axis if perpendicular to IG.

(Sondat theorem). Suppose triangles XY Z and X;Y1Z; are perspective
and orthologic simultaneously. Then two centers of orthology and the perspector
lie on a line o/THOBpeMEHHO ¥ MEPCIIEKTUBHBI ¥ OPTOTOJIOTUIHBI, TO JIBA TEH-
Tpa OPTOJIOTUYHOCTH U IEHTP MEPCIEKTUBBI 9TUX TPEYTOJbHUKOB JIesKAT HA
OJTHOM TIPSIMOIA, TIepIIeH UKy IsApHoii ocu nepcrekTuBbl AXY Z u AX Y17,

22. I is the orthology center of triangles NyNpNs and ABC.

23. Solve the problem 20 using problems 21 and 22 (and perhaps some of
previous).

3. Additional problems

Let U be an arbitrary point not lying on XY, Y7, ZX. The perspective axis
of traingle XY Z and the cevian traingle of U is called the trilinear polar line
of U with respect to AXY Z.

24. The trilinear polar line of G is perpendicular to IG.

25. Let U be a point of the circumcircle of AXYZ U # X, U # Y., U # Z.
Suppose Lg is the Lemoinne point of triangle AXY Z. Then the trilinear
polar line of U with respect to AXY Z passes through L.

26. Given a triangle XY Z and a point () not lying on the sidelines of XY Z.
Suppose that XQNYZ = X;YQNXZ =Y; ZQNYX =Z; Y1 Z2,NY Z =
Xy; then Y, 7, X;,X5 is a harmonic quadruple.

27. Let U and V be points not lying on XY, XZ, YZ. Let U' and V' be its
isogonally (or isotomically) conjugates with respect to AXY Z. If V' lies on
the trilinear polar line of U’, then U lies on the trilinear polar line of V.

28. Perspective axis of NANgN¢g and ABC, or GAGpG¢ and ABC, is the
trilinear polar line of I; with respect to ABC.

29. The trilinear polar lines of I; and G with respect to ABC' are parallel.
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30. Solve the problem 20 using problems 24-28 (and perhaps some other
previous problems) WITHOUT applying Sondat theorem.

31. If P lies on the trilinear polar line of GG, then the trilinear polar line of P
touches the incircle.

The Feuerbach theorem. The nine-point circle of triangle ABC' touches
its incircle and excircles. The touching points F', Fy, Fg, F¢ are called the
Feuerbach points.

31’. Suppose P is the point at infinity of the trilinear polar line of G; then
the trilinear polar line of P touches the incircle at F'.

32. The reflections of F' in the sidelines of AAyByCy lies on OI.
33. Ay, Bg, C¢, and F' are concyclic.

34. Formulate analogues of problems 31°, 32, 33 for points Fx, Fg, F¢.



The Nagel, Gergonne, and Feuerbach points and its
properties
1. Introductory problems. Solutions
A.Yakubov, A.Zaykov, M.Didin, P.Kozhevnikov, D.Krekov,
A.Zaslavsky, O..Zaslavsky

1. Follows from the Ceva theorem.

2. Follows from the Ceva theorem.

3. Consider the homothety with center M and coefficient -2.

3’. Use the assertion of problem 3 and the homothety with center M and
coefficient -2.

4. Follows from the Ceva theorem.

5. Follows from the Ceva theorem.

6. Follows from the Ceva theorem.

7. It is knOwn that BAy = C' A4, hence A” is the midpoint of segment AgA 4.
By the definition of isotimic conjugation N lies on AA 4. Take the homothety
with center A transforming the excircle touching the side BC' to the incircle.
Let it map A4 to A’;. The tangent to the incircle at A’ is parallel to eh
tangent to the excircle at A4 coinciding with the line BC. Also it is clear
that A’y is distinct from Ag. Therefore Ay and A’ are opposite and [ is
the midpoint of AgA’y. Hence A”I is a medial line of AA';AgA4. Hence
AAL||A”I. Similarly BBg|B"I; CCq||C"I. Therefore the homothety with
center M and coefficient —2 transforming AA”"B"C"” to AABC maps I to
N. Thus M divides IN in ratio 1:2.



The assertion for the segments 4N, IgNg, IcNc may be proved simi-
larly.



8. The internal and the external bisectors of an arbitrary angle are perpen-
dicular. Therefore I is the orthocenter of triangle I4Iglc, and 14, I, Ic
are the orthocenters of AIlglo, Al llo, AlaIgl respectively. The points
A, B, C are the feet of altitudes in these four triangles, Therefore O is the
center of their common nine-point-circle. The center of NPC bisects the seg-
ment between the circumcenter and the orthocenter. From this we obtain the
required assertion.

9. We proved above that féﬂ = ‘—1' N L — 3' ]f;(; Usmg the Menelaus
theorem to AOM I, we obtain that H 7 AV, Be are colhnear Now using the

Menelaus theorem to the line MO and the triangle /BeN we obtain that
H'Be __ OBe . MI

H'N =~ OI _MN
OBe _ MI 1 HBe _ 1 /
5+ = —1; == = —3. Hence ——=¢ = 5, i.e. Be is the midpoint of H'N.



The assertion for Bey, Beg, Bec may be proved similarly.

Remark. Let [ be the line passing through H’, Be, N. Define the lines [ 4, I3,
lc similarly. If AABC' is not isosceles, then the lines [, 14, Ig, ¢ are distinct.
In fact, suppose for example that [ and [4 coincide. Consider the homothety
with center M and coefficient —%. It maps N, Na, Ng, No to I, 14, Ip, Ic
respectively, also it maps H' to H. If [ and I, coincide, then I4,I, H are
collinear. Hence these points lie on the bisector of angle BAC'. This line is
also the altitude because it passes through H, therefore ABC' is isosceles —
contradictory.

10. The points A, A4, G 4 are collinear. Similarly C, C¢, G are collinear. By
the Pappus theorem ACc NCAy, CcGaNAAGo, AGeNCG 4 are collinear.
Since ACc N CA,4 = B we have to prove that AGo N CG 4 lies on BG. But
AG¢ passes through Ao, CG 4 passes through Cy, and BG passes through
By. Therefore the lines AGq, CG 4, BG pass through Np.






11°. Use the Pappus theorem to A, A4, G4 and C, G¢, Cc. We obtain that
ACc N CGy, CcAaNGaAGe, AGe N CAy4 are collinear. Note that ACc N
CGA = CA; AGC N CAA = Ac. Therefore the lines OCAA, CAAc, GAGC
concur.

The segments BC'y and BA, are congruent as two tangents to the ex-
circle touching BC. Hence C'4 and A4 wrt the external bisector of angle B.
Similarly Co and Ag are symmetric wrt the external bisector of angle B.
Therefore the lines A4Ce and AcC'4 meet on I41-. Hence the lines Co Ay,
CAAc, GAGc, IAIC concur.

A

11. Similarly we can prove for example that AgCy, CgAy, GG, BI concur,
applying the Pappus theorem to A, Gg, B4 and C, Cy, G.

12. By the assertion of problem 11 the lines A4Cc, GG, I4Ic concur.
Therefore the triangles AyG 414 and CoGelo are perspective. By the De-
sargues theorem the points AsGA N CeGe, AplaNCole, GalaNGelo are
collinear. Now A G4 N CoGe = N, the triangle ABC' is the orthotrian-
gle of Al4lglc. Since IoCe L AB (the sideline of the orthotriangle), we
obtain that IoCq passes through the circumcenter of Al Igls. Similarly
14 A, passes through this circumcenter. Thus A l4 N Ccle = Be. Hence
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1,GANI1cGe, Be, N are collinear.

12’. Using the Desargues theorem to AC G 214 and ANAcGcle, we obtain
thah I4,G4, N IcG¢, Beg, Ng are collinear.

13. By the assertion of problem 12, [4,G 4 N [cG¢ lies on [. Similarly I1,G 4N
IcGe lies on lg. If AABC' is not isosceles | and [ are distinct. By the
assertion of problem 9 both lines pass through H'. Therefore I,GANIcGc =
H'. Similarly IG and IgGp pass through H'. It is clear that the assertion is
also correct for isosceles triangles.






The Nagel, Gergonne, and Feuerbach points and
their properties
A.Yakubov, A.Zaykov, M.Didin, P.Kozhevnikov, D.Krekov,
A.Zaslavsky, O..Zaslavsky

2. Main problems

14. Consider the polar transformation wrt the incircle. Point C' is the
pole of line AgBy, and the infinite point of AB is the pole of line CyI.
Therefore S = AgBg N Cyl is the pole of line n passing through C'
and parallel to AB. Then the quadruple of lines C'Ay, C'By, C'S and
n is harmonic. These lines meet AB at A, B, infinite point and the
midpoint of the side (because the cross-ratio is equal to -1), hence C,
S and C” are collinear.

15. Take the composition of the inversion with center A and radius
VAB - AC and the reflection about the bisector of angle BAC. It maps
B to C' and vice versa. Hence the image of line BC' is the circumcircle of
triangle ABC'. The image of the incircle touches the rays AB and AC
and touches the circle ABC' externally at point X which is the image
of Ag. Therefore Gy lies on AX. Since A is the external homothety
center of the incircle and its image, and X is the internal homothety
center of the circumcircle and the image of the incircle, we obtain that
the internal homothety center of the incircle and the circumcircle lies
on the line AX coinciding with AG5. Similarly it lies on BG5 and C'Gs.
Hence this center coincide with G5. Similarly the external homothety
center coincide with Ns.

16. It is known that the isogonal and the isotomic conjugations map
lines to circumconics and vice versa. Therefore their composition maps
lines to lines, i.e this transformation is projective. It maps N, to G,
Gy to N, I to I, and O to H;. By the assertion of problem 15, the
quadruple O, I, G5, Ny is harmonic. Therefore the quadruple Hy, Iy,
N, G is also harmonic. The prove for the remaining quadruples is
similar.

17. Let X be the common point of NN4 and BC, Y be the common
point of 14,11 and BC. Since I; and 14, are isotomically conjugated to

I and 14 respectively, we obtain that % = %. Consider the homoth-

ety with center M and coefficient —%. By the assertion of problem 7

it maps the line NN, to [14, i.e the bisector of angle A. Also it maps

B and C to B” and C" respectively, and X to X”. By the bisector
1
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B"X" _ B"A _ CA _ BY B"X" _ BX
property === = &7 = 51 = yo- Also 5= = 35 Hence X and Y

coincide. Thus 14,11, NN4, BC concur.

Similarly Ip, I¢,, NgN¢, BC concur.

18. The points Iy, Hy, N, G are collinear; and I4,, Hy, N4, G4 are
collinear. Also the quadruples Iy, Hy, N, G and 14,, Hy, Na, G4 are
harmonic. Therefore the lines 14,11, NN, GG4 concur. Using the
assertion of problem 17 we obtain the required one.

19. By the assertion of the problem 16 all indicated lines pass through
H,. Thus we have to prove that H; and L’ coincide. Prove that
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AH; passes through L'. Let X and Y be the projections of A" and L’
respectively to B'C’, and let Z be the reflection of Y about L’. The
line AH; passes through the reflection of H, about A”. Note that the
reflection about A” maps the altitude from A to the line A’X. The
line BC bisects A’X. Therefore AH; passes through the midpoint of
A’X. The quadrilateral ZY X A’ is a trapezoid, and L’ is the midpoint
of its base YZ. Hence AH' passes through the midpoint of A’X. To
obtain that AH' passes through L’, prove that A is the common point
of lateral sidelines, i.e. A, Z, A’ are collinear. Let S and T be the
projections of L' to A’B’ and A'C” respectively. The triangle STY is
the pedal triangle of L' wrt A’B’C". Since L' is the Lemoine point of
ANA'B'C’, we obtain that L’ is the centroid of its pedal triangle. Let P
be the common point of ST and Y'L'. Then Y P is a median of triangle
Y ST. Therefore % =2, YL = L'Z. From this P is the midpoint of
L'Z. The common point of ST and L'Z bisects these segments. Hence
SL'TZ is a parallelogram. Since SL' 1 SA" and TL' 1 T A’, we obtain
that SZ 1 AT and TZ 1 A'S, i.e. Z is the orthocenter of triangle
SA'T, and L' is opposite to A’ on its circumcircle. Hence the lines A'L’
and A’Z are symmetric wrt the bisector of angle B’A'C’, i.e. AL is a
symedian of AA'B'C’, and A’Z is its median. Since A is the midpoint
of B'C’, we obtain that A’, Z, A are collinear.

20. The homothety with center M and coefficient —% maps N and L'
to I and L respectively. Thus the lines IL and NL' are parallel. But
by the assertion of the problem 19 the points L', N, G are collinear.



Similarly the lines NyG 4 and [4L, NgGpg and IgL, NoG¢ and IoL
are parallel.

21. By the assertion of the problem 18 the perspective axes of trian-
gles NANgN¢c and ABC, G,GgGe and ABC' coincide with the line
through ABN [A1[B1? ACN [AIICI, BCnN [BIICI'

The perpendicularity can be proved by the Sondat theorem (problem
23) or the properties of trilinear polars (problems 25-29).

22. The triangle NoNpN¢ is homothetic to [4Ipls with center M.
Hence NoNp || Ialp, i.e. NaNp L CI. Similarly NoNo L BI;
NpN¢g L Al. Therefore I is the orthology center of triangles Ny NgN¢
and ABC.

23. The triangles NANgNs and ABC' are perspective with center G.
Thus it is sufficiently to prove that I is one of their orthology centers
which follows from the assertion of problem 22.

3. Additional problems. Hints.

24. The trypolar of G coincide with its polar wrt the incircle.
25. It is sufficiently to consider a regular triangle.
26. Follows from the Ceva and the Menelaus theorem.

27. A projective transformation reduces this problem to the problem
25.

31. It is sufficiently to consider a regular triangle.



317, 32. Both assertions are equivalent to the following one: the tangent
to the incircle at the Feuerbach point touches also the Steiner inellipse,
which touches the sides of the triangle at its midpoints (see. [1]).

33. By the assertion of the problem 16 the Nagel point lies on the
Feuerbach hyperbola (see. [2]).
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JInHaMuKa MO3auK
C.A. Abpaman*®, A.A Apxunosa*, I1.C.Benonamennesa®, 11.11.Bornanos, C.A.Jopuaenko,
®.A . Koran™, I1.B.Heraii*, A.C.Ckpunuenko™®, K.P.Crynakos®, A.l1.9crepos™
(* — daxyabrer maremarnkn HIY BIID)

DTOT CIOZKET — MPOTYJIKA JI0 OJTHON OTKPBITON POOJIEMbI, CBSI3aHHON C TOMOJIOTHel, ¢ TUHAMUKO 1
Jazke ¢ (pu3ukoii Kpucrasios. [Ipobiiema mocssiiena reoMeTpuy IPUMEPHO CJIeLYIOIIUX MHOXKECTB,
Ha3bIBAEMBIX K6a3UNEPUOIUNECKUMI:

1
TSN

Y100OBI TOHATH MOCTAHOBKY 33/1a49d, BaM MpeCcTONT MO3HAKOMUTHCS C TIEPBBIMU MOHIATUIMHA 9P20-
duneckot meopuu (§2 u §3) u monosozuu (§5 u §7 —1u jBa naparpada He3aBUCUMbI OT OCTAJIBHOIO
CIOKeTa, ¢ HUX MOXKHO JIazKe HA4aTh).

[enTpaabHblil §4 PO MO3aMKK HA TJIOCKOCTH — BBEJIEHUE B KBA3UIIEPHOAMIECKYIO reoMeTpuio. Eit
nocssenbl §6 u §8. OTkpbiTas npodaieMa — B CAMOM KOHIIE.

Ho npex e yem npucrynarhb K #300pazKeHHBIM BbIIIIe MO3aMKaM Ha IJIOCKOCTH, Mbl BHAYAJIE HCCIe-
JIyeM Mo3auky Ha npamoti. Ecin Ha KmeTdaToit OymMare HapucoBaTh NPIMYIO, TO KJIETKHA pa300bI0T
ee Ha OTPE3KH.

Kaxue dauroe mozym 6vims y smux ompeskos? Hackoavko wacmo onu 6ydym secmpeuamuvcesa?
OtBeTy Ha pa3HbIe ACIMEKTH 3TOTO BOMPOCA MOCBAIIEHH 33a4u B §§1-3.

Ecan HemoHATHO Kakoe-TO 0O00O3HAUYEHUE WJIN BOIIPOC, JINOO HUKAK HE XO04YEeT periaTb-
ca 3amada 6e3 3Be3moukm — cuopammusaiire Hac!! (Msr 3710 Apuna Apxwunosa, [ToanHa
Benonamennesa, Unbs Borpanos, Cepreit JTopudenko, Kupnin Crymakos, Asekcasap DcTepos)

§1 MO3AUKU HA PAIIMOHAJILHON MPAMON
a) Tlpu ckoJIbKUX HeJbIX ¢ npsamas 6x + 8y = ¢ nepecekaer ksajpar [0, 1]27?

b) Kakosbl jyiusbl 91ux nepecedennii? CKOJIBKO cpean 3TuX JuH pas3aundabix? CKOJBKO mepece-
YeHUil UMeT JTaHHYIO JJIHHY 7

[Ipsamast ax + by = ¢ pas3buBaercs JIMHUSIMHU KJETYaTON OymMaru Ha OTPE3KH, KOTOpbie Oyjem
Ha3bIBATb NAUMKAMU, & pa3OueHne — M03aGuKol Ha TTPAMO.




2. a) CKOJIbKO Pa3IMYHbIX JJIMH IUIATOK HA MPIMOH az + by = ¢ ¢ JaHHBIME TeJIbiMu a,b u ¢?
b) KakoB nepuod 3Toit MO3auKH, T.e. MUHUMAJBHBIN IIar, Ha KOTOPbIil ee HyKHO CJBUHYTH BIOJIb
LPLAMOIL, 4TOObI MO3auKa 1epenLia B ceds?
c) Ilo GuabspIHOMY CTOJY € IEJIOYUCAEHHBIMA JITHHAME CTOpOH A X B u3 yria mo Guccekruce
nycrutn map. CKObKO pa3 OH yjgapuTcs 0 OopTa, mpexkie deM CHoBa momajaer B yroua! Kakoe
MaKCAMAaJIbHOEe U MIHUMAJbHOE PACCTOSHIE OH MPOKATUTCI MeXKy ABYMs OTCKOKAMH'!

§2 MOBAVKU HA MPPALIMOHAJIBHOWM TIPSIMO1

3/ech MBI PACCMOTPHM MO3AMKH HA UPPAUUOHAALHOT TPIMOit ax + by = ¢, T.e. Takoii 4ro a/b —
UppaIMOHAIbHOE YUCI0 (HATIPHMED, ISl OMPeeTIeHHOCTH MOYKHO HCCIeI0BATh & + V2y = c).

3. a) MoryT i GBITh HA HPPAIMOHATHHON MPSIMOi J[Be TJIUTKH PABHOMN JJIHHBI!
b) Mozker Jin Ha Heil ObITH WM He GBITH OECKOHEYHO MHOTO ILJTUTOK DABHOM JITHHBI?
c) MoryT i Ha Heil 6BITH WM He OBITH POBHO TPH ILUIATKU JAHHON JJIAHbL?
d) MoryT Jin Ha Heii ObITb WK HEe ObITh GECKOHEYHO MHOIO ILIMTOK IIOIAPHO PA3JIMIHON JIJIMHbLT
e) Onuimre reOMETPUIECKH BCE NPSMBIe, HA KOTOPBIX €CTh Napa IJINTOK PABHOIl JIJIMHBI, OT/IHY-
HOIl OT BCEeX OCTAJIbHBIX IJIMTOK.

Ecsin y Bac Bosnuk/in tpyaHoctu ¢ nyHkramu b-e (a onu Bo3HUKJM!), TO peniure cHavdasa CJaejLy-
IOy IO 3aJa4y:

4. a) [okaxkure, 9T0 y J11060if OrpaHUdeHHOl (T.€. coAepzKaIneicst B OTpe3Ke) MOC/Ie/[0BATebHOCTH
YUCeNT eCTh CKOJIb YTOAHO OJN3KNe HYJIeHHI.

b) (JIemma dupuxne) Ecim A — uppaipoHaibHOE HYUCJI0, TO HOCIEIOBATEIBLHOCTH HHCEI
{2}, {22}, {3A}, {4)},... (vme durypubiME ckoOKamu 0003HAYaeTCs APOOHAS YACTh) BCIOY
miotHa Ha orpeske [0, 1], To ecTh B 11060l €ro mogoTPe3oK momagaer XoTs Obl OJWH YJIEH TMO-
CJIeI0BATEILHOCTH.

c) Paspexem mpospaunyio KieTdaryo Oymary, Ha KOTOPOi HapucoBaHa npsMas ax + by = ¢, Ha
KJIETKH, CJIOKUM BCe KJIETKH B CTOIKY, ¥ MOCMOTPUM Ha HUX HAIpPOCBeT. [[0IMHOKeCTBO KBaIpaTa
0, 1], koTopoe MBI yBUAIM — 06MmomKa Keadpama [0, 1) npamoti ax +by = ¢ (cM.pECYHOK HHZKe).
Omnpegenure 0OMOTKY MaTeMAaTHUYECKH CTPOrO M JOKAXKHTE, YTO OHA IMEePeCeKAeTCS C KaXKIBIM
OTPE3KOM, KOTOPBIH He IapaJiieaen npamoii ax + by = c. Tenepb MOKHO J01€1aTh TPEIbl LY LY IO
3aja4y.

T
-

-

AN\
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§3 IIPEJEJIBI U CPEJHUE

Hamomuum, 910 4mc/io a Ha3biBaeTcs npedesom mMOCeI0BATeIbHOCTH YUCeT A1, Gg, A3, . .., €CJIN
KasKJ1asi OKPECTHOCTD @ (T.e. KazKJblii COIepKaIuii ¢ OTKPHITHI MHTEPBAJ) COMEPIKUT BCE YJIeHBI

MMOCJIe/I0BATEILHOCTH, KPOMe, OBITh MOYKeT, KOHeTHOTo unca. B atom ciaydae numyT a = lim a, n
n—oo

TOBOPST, 9TO MOCJIEI0BATEILHOCTD 4, cxrodumcs K a. Eciau Bel 910 XOpoIIo 3uaere, C/ieayomntyo
3a/1a9y MOXKHO TTPONYCTHUTh.

5. Hokaxwure, yto a) lim 1/n =0, b) nocrenoBarenprocth a, = (—1)" He nmeer npeena,
n—oo

2



c) ecnu ¢, = a, + by, u a, u b, cxongarcsa K a u b, To ¢, cxomurcsa K a + b, d) (Jlemma o aByx
MOJIANEHCKUX) €C y < Cp < by, U Gy, U b, CXOZATCA K @, TO M C;, CXOTUTCH K @.

M3 yria OWIbSpIHOrO CTOJIa ¢ HPPAHOHATBHBIM COOTHOIIEHHEM CTOPOH A X B 1o buccekTpuce
C eJIMHUYHOI CKOPOCTHIO BBIILYCKAIOT Iiap. a) Haiijure cpejnion yacrory yjaapos o 6opra, T.e.

. YUCJIO0 YAapoB 0 OOpTa 3a mepBble 1 MUHYT
im .

T—o00 T

b) Haiisure 9acToTy AYIUIETOB, T.€. HAp MOCIEJI0BATEIBHBIX YIAPOB O JBA Hapa/lIeIbHbIX GOpTa.

Ecau ¢ myukrom b ciokaocTr (a nx He MOKeT He OBITH!), BEDHHTECHh K HEMY B KOHIle naparpada.
Hazosem wacmomot nonadarus mocie10BaTe/IbHOCTH @, B OTPe30K [ Ipejes

i KOJIM4I€eCTBO HeJbIX n < N, Jjisi KOTOPBHIX @, JeKUT B [
im .
N—oo N

Hama menb B caeayioiiei 3a1ade — joka3aTh Teopemy Beiing:

J11g1 MpPAIMOHAIBHOTO YUCIA A U JIIOO0T0 ¢ 9acTOTa MOTAJAHHS [TOCIeI0BATEIbHOCTH
{a +nA} B mogorpesok I orpeska [0, 1] pasua mmue I.

Bynem Ha3pIBaTh TaKyio MOCIEI0BATEILHOCTD npoepeccueti Betiaa ¢ pasznocmoio \.

a) Jlauel uucyao € u oTpe3ok I. YKayKuTe Kakoe-HUOY/Ib UPPANUOHATLHOE A U mejoe N, Takue

q9T0
KOHIeCTBO 1eabix n < N, s Kotopuix {a + nA} mexur B [

N

OT/In49aeTCd OT JJUHBbI OTPE3Ka I menee yem Ha €.

[Tonckaska: nombiTaliTeCh B3ITh A O4€Hb MaJeHbKUM, a [N — O4eHb OOJIBIINM.
b) Jlokaxkure, 9TO B MyHKTE a MOAXOAAT Bce N HadmHas ¢ HEKOTOPOro Nj.

c¢) JlokaxkuTe, 9TO JJIsl CKOJb YIOTHO MAJOro § JIIOOYIo mporpeccuio Beiiig MOKHO pa3duTh Ha
HECKOJIBKO TO/IOCTe0BATeTbHOCTEH, KaxKaasd U3 KOTOPBIX caMa dBJgeTcd mporpeccueit Beitnd,
IpUYEM C PA3HOCTHIO MEHBIIe 0.

[Tonckaska: mpuUMeHUTe K JaHHON mporpeccuu JeMmmy lupuxite mis orpeska [0, 4].

d) Hokaxkure reopemy Beiis.

a) B ksaapare [0,1]? soibpan orpesok I. [laiite onpeje/ienue 4acToThl lepecedenuii oOMOTKM
[0,1]% ¢ orpeskom [ (HamomMHEM, 4TO OOMOTKa KBaJpaTa Olpeje/eHa B KOHIE IPOIILIOro Hapa-

rpaca). b) Haiimure a1y wacrory s ciaydasi, Korjga [ — BePTUKAJIBHBINA MK TOPU3OHTATBHBIN
OTpPEe30K JIaHHOM JyuHbl. ¢) Haiigure 9acTory jjis MPOU3BOJIBHOIO OTpe3Ka I .

a) Haiigure niommocms IINTOK MO3ANKU HA JTAHHON mpsMoii az + by = 0, T.e.

YUCJIO MMJIUTOK Ha OTPe3Ke JAJIUHBI T, OTJIOZKEHHOM Ha HpHMOfI OT Ha4vaJla KOOpJAUHAT

A T

b) Haiiaure cpeduioro dauny nauToK MO3aMKK Ha JaHHON mpsiMoii ax + by = 0, T.e.
cyMMapHas JTHHA TJIHTOK Ha OTPe3Ke JTHHBI 1’

lim

T— o0 YHUCJIO 3TUX IIJINTOK

¢) Haiigure mioTHOCTh MINTOK MAKCUMAJBHOI JI/IHHBL.



10.

11.

§4 MOBANKU HA IIJIOCKOCTH

a) Jlaiite onpeesienne MO3aWKH U ee IIATOK Ha 1mI0ckoctn Ax + By + Cz = 0 B mpocTpaHcTBe.
b) Kakoe MakCHMaIbHOE YHCJIO YIJIOB MOXKeT OBITh y TJINTKA?

¢) Haiigure 4ncio monapHo pa3imvHBIX IXTOK HA 3TOM miockoctH, ecan A, B u C neinble.

d) Tlokaxkure, uro aig mwiockoctn Ax+ By+Cz = 0 BBIIOTHIETCS POBHO OJHO M3 TPeX YCIOBHii:
— 0 siBiIsIeTcsi eIMHCTBEHHON TOYKOI ¢ HEJbIMH KOODJAMHATAMHU HA 9TOM MJIOCKOCTH (TOrja IMI10C-
KOCTh HAa3bIBAETCSI UPPAUUOHAALHOT);

— BCe TOYKHU ITOH IMJIOCKOCTH C TEJBIMU KOOPAWHATAMI WMEIOT BUJ Kk - v, TJe U — OJHA W3 ITHUX
TOYeK, a k — [eJioe Iucjo (Toraa Ha30BeM IUIOCKOCTh NOAYUPPALUOHAALHOT);

— M, AB u AC' - uesble uncja mpH MOAXOAsIEM Bbibope MHOKHUTeNst A # 0 (payuonasvhasn
IJIOCKOCTb ).

e) CdopmyaupyiiTe u perure aHAJIOTH 3329 U3 §2 Jisi HPPAIMOHAIBHOI JIOCKOCTH.

f) Cdhopmymnupyiite n permmre anagorn 3aga4 u3 §2 17151 MOJIYHUPPATHOHATBHON TJIOCKOCTH.

[IPOMEKYTOYHBINT ®UHNIII

BriGepem Ha minockoctu Ax + By + Cz = 0 kakoil-uubyap (yaobusiii Bam) muOroyroibuuk P,
cofiepzKammuii Hauaao koopaunat. Obo3HauuM depe3 Pr ero roMOTeTHIO ¢ MEHTPOM B HaYase KOOp-
nunat u ko3 dunuenrtom T'. Dra durypa Oygaer urpars jijisl MIOCKOCTH TY K€ POJib, YTO OTPE30K
qumabl T HA npsavoit B §3.

a) Cdopmymupyiite u g0KaKnTe aHAJIOr TeopeMbl Beilsist 1151 dsyznapamempuseckot mOCIea0-
BarenbrocTu {kp + nA}.

b) CdopmynupyiiTe u permnTe aHAIOT 332491 8 JIJIsI HPPANKOHATLHOM IIOCKOCTH B TPOCTPAHCTBE.
c) HaiiTe onpegenenne u HAWAUTE IJIOTHOCTD ILIATOK HA JAaHHOW HPPAMUOHAIBHOM ILIOCKOCTH.
d) Oupenennre u HalijuTe CPEIHIOK MIOMA/H IIMTOK HA JAHHON MPPAIMOHAIBHON MJIOCKOCTH.
e) Onpenesmnre u HAJAUTE IOTHOCTh TPEYTOJBHBIX IJIUTOK B MPPAIMOHAILHOMN MIOCKOCTH.

f) Haiiaure BepoATHOCTH TOTO, YTO CJIyYailHO BHIOpaHHAS ILUTUTKA OYeT TPEyroJbHOI, T.e.

1. YHUCJIO TPEYI'OJIbHBIX IIJIMTOK B PT
im
T—00 o0IImee Ynucao0 IINTOK B Pr

g)* Haiigure BeposSTHOCTH TOTO, YTO CJIyYailHO BHIODAHHASI TOYKA IJIOCKOCTH OKAXKETCS B TPe-
YIOJILHOH IJINTKE, T.e.

1; CyYMMapHad 1JIOIa/Ab TPEYI'OJIbHbIX IIJIMTOK B PT
1m

T—00 cyMMapHas ILI0IA/b BCeX IIUTOK B Pr

h) * OQupegenure u HafiuTe CPeHION0 IJIOMIAAb TPEYTOJbHON IJINTKU HAa JAHHOR HPPAIUOHATBHON
IJIOCKOCTH.

i) Pemure Bce myHKTHI 3TOif 3a7a4mM C 3aMeHOW TPEYTrOJbHUKOB Ha YeThIPeX-, MATHU-, TIECTH- W
CEMUAYTOJIbHUKN.



12.

13.

14.

15

16.

§5 o apbl

Hanomuum, 9o damkrymoil (omrpumoll) 6unykivid MHO20Y20AbHUK — STO TIEPECeIeHne HECKOIb-
KWUX MOJIYTIJIOCKOCTel ¢ rpaHuiieil (cOOTBeTCTBeHHO, 6e3 TpaHuIlpl). (Bamknymoli) nosusdp — 310
00beJUHEHNEe HECKONIbKHUX (3aMKHYTBIX) BBILYKJIBIX MHOTOYTOJBHUKOB. Kommnonenma moamsapa
P — MHOXKeCTBO BCEX ero TOYeK, KOTOpPBIe MOXKHO COeJIMHHTHL C JAHHOH TOUYKON JIOMAHBIMH, Je-

Kanumu B P. [Ipumep nosimsjipa ¢ AByMsi KOMIIOHEHTAMHU, JOLOJHEHUE K KOTOPOMY HMeEeT TPH

4

KOMIIOHEHTDI:

a) Jlokaxure, 9T0 00beJAMHEHNE W [epecevdeHre (3aMKHYTHIX) MOJUIIPOB, a TaKzKe KOMIOHEHTA
CBSIBHOCTH (3aMKHYTOIO) TOJU3/IPA — TOXKe (3aMKHYTBIN) HOJTHIP.

b) okakutre, 9TO JOMNOJHEHHE K 3AMKHYTOMY MOJUPY — TOXKE TOJHIIP, HO He 3aMKHYTHIIA.

c) Ecsin MBI 3HAEM YHCIO KOMIOHEHT TOMUIAPOB P 1 (), 9TO MOKHO CKA3aTh O YHCJIE KOMIIOHEHT
ux obbeunenusi! [lepecevenus? Homonnenus k P?7

HazoBem MHOXKeCTBO Ha ILIOCKOCTH nepuoduyveckum, eCJTU OHO He U3MEHSeTCd NMPH Tapasiiesib-
HOM TIepEHOCe Ha TeJ0e PACCTOSTHUE B BEPTUKATLHOM W TOPU30HTAJIHLHOM HampasaeHusx. Hazopem
llepeceyeHue IepuoJIMIecKoro MHOKeCTBa ¢ eauHndHbiM kBajparom [0, 1]% ero gyndamernmans-
Hot obaacmuvro. HazoBeM MHOXKECTBO nepuoduyeckum noausdpom, eCiam OHO MTePUOIUIECKOe, U €ro
dyHaMeHTaIbHAS 00/1aCTh — TTOJUIIP.

a) MoryT Jiu pa3Hble MepHOIHYECKHe MHOKECTBA UMeTh paBHbIe (DyHIaMeHTaIbHbIe 061acTh?
b) MoxeT Jin mepuouyIecKuii MOJUIAP UMETh OJHY KOMIOHEHTY CBS3HOCTH, a €ro (byHJIaMeH-
TaJibHad 00/1acTh — ABe?

c)* MoxKer jin eproIecKuil HOJUAP UMETh JIBe KOMIOHEHTbI CBSI3HOCTH?

Eciu 1Be 3aMKHYThIe HECaMOIIePeCeKaloIecst JIOMaHble He IPOXO/IAT Yepe3 BEePIINHbI JIPYT JIpyTa,

TO OHHM TIEPECEKAIOTCST B Y€THOM KOJMYecTBe Touek. JJoKazKuTe 310 a) JIst CJiydast IBYX TPEyTo/Ib-

HUKOB, D) JIsi cirydast, KOrJa OJfHA U3 JIOMAHBIX — TPEYTOJbHUK, C) B OOIIEM CIIydae.

[Ipenynpexxenne: ecin Bbl HCroab3yere B PeNeHNN MOHATUS “SHYMPu” NN “CHapystcU 3aMKEHY-
O

moti necamonepecexarousetica somarnot”, To Bam Hy)KHO OyJeT jaTh UX ONpeJie/IeHre U JIOKa3aTh
UX CBONCTBA, KOTOPBIE BBI HCIIOJIb3yeTe (HO 3Ty 3a/a4y IIPOIIe PENIUTh, He BBOJIsI TAKHe TOHATHS).

J1Be BeprnuHbl ¢BA3HOrO rpada A Ha IIOCKOCTH COEMHIIA HOBBIM PeOPOM, He MPOXOSIINM Yepe3
JpyTHe ero peGpa n BepuimHbl. JJoKazKuTe, 9TO MPH TOM YHCJI0 KOMIOHEHT JOMOTHEHHS K rpady
A Bospociio a) me Gosee dem Ha 1 1 b) He menee wem na 1.

§6 KBABUIIEPUOJNYECKNUE MHOYKECTBA

Keasunepuoduueckum MHOKECTBOM Ha MpAMOl ax + by = ¢ Ha30BeM ee IepecedeHne ¢ MepHoIi-
YeCKUM TOJTITPOM.

a) fBagercs mu KOHEUHOE MHOXKECTBO HA MPPAIMOHATLHOl TPIMON KBAZUIIEPUOTTIECKIM 7
b) Ecin KkBasunepuoumaeckoe MHOKECTBO COAEPKHUTCS B Jiyde, TO 00A3aTeIbHO JIM OHO COCTOUT
W3 KOHEYHOI'0 YUCJIa TOYEK '
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c¢) IlpuaymaiiTe MHOXKECTBO HA UPPAIMOHAJIBHOI MPSIMO, KOTOPOe He SIBJISIETCs] KBA3HIIE PO, TH-
9IeCKUM.

Mepa MHOKeCTBa Ha, MPSIMOil — TO ero “oJHOMepHas IJIONA/Ib . ['0BOpsi CTPOTO, ecim MHOXKECTBO
Ha MPAMOil COCTOUT U3 KOHETHOI'O YUCJIa HellePeceKarolnuXcs OTPE3KOB, TO ero mepot Oy1eM Ha-
3BIBATH CYMMY JJTUH 9THX OTpe3kKoB. HazoBeM cpemneil mamHOit MHOXKecTBa () Ha TPAMOIl mIpe e

I Mepa tnepecedeHust () ¢ OTPE3KOM JJIMHBI 1, OTJIOKEHHBIM Ha, TPsiMOit OT Toukm ()
1m .
T—o0 T

[IycTs kBa3umEepuOMIECKOE MHOZKECTBO () HA HPAMOR ax + by = ¢ gBJsSeTCs epecedeHrneM Toil
IPSAMOil ¢ IEPUOJIMIECKUM TIOJIMI/IPOM, UMEOIINM (pyHIaMeHTabuyIo ob1acTb F'.

a) Haiture cpemmioro aanny mMuoxkectBa (), ecau F' — OpsSMOYTOJIBHUK, Y KOTOPOTO OJHA U3
CTOPOH MapaJiiebHa MpaMoil ax + by = c.

b) Haiisure cpeaHion JInHy MHOXKeCTBA () Jisl TPOU3BOJLHOTO F .

[Tonckazka: npubu3bTe F' CBEPXY M CHU3Y NMPSIMOYTOJIBHUKAME U3 MPOILIOTO MYyHKTA.
Samedanue: Terepb MOXKHO HONPOOOBATH BEPHYTHCS K IMyHKTaM CO 3Be3/I09KOil B 3aa4de 11.

JlayibIme i oIpeIeIeHHOCTH OY/JeM UCCJIe0BaTh Iepuoinieckoe MHOKecTBO M), , cocrosiiee u3
BCEX TOYEK, Y KOTOPBHIX JpoOHasl YacTh XOTs OBl OJHOI M3 KoopamHaT He mpeBocxoauT h. Ha
pucyuke M) n300parKeHo KeJIThIM U 3€JIeHbIM:

-~

_—

O6o3zmaunM wepes (Q, mepecedenne M, ¢ mpsmoii © + /2y = 0.

a) Haiiaure cpeanioo aunny Q. b) Haiite onpenesnenne n HaiinTe MIOTHOCTH OTPE3KOB MHO-
KecTBa Q.

[Moackaska: cuadana pemnre myHkr (6) s muoxecrs M, u Moy, 3aKPAIICHHBIX 3€JCHBIM I
JKeJITBIM COOTBETCTBEHHO. 3aTeM BhIpasuTe oTBeT A1 M) 4epes orsers! nas My, u Myy,.

§7 DMJIEPOBA XAPAKTEPUCTUKA

[Ipumensis MOACKA3KY K MPEbLIyINel 3a/1a49€e, Mbl HCIOJIH30BAIN CJIEIYIONIEe OYEBHIHOE 3aMeda-
HUeE: eCJI MHOXKECTBO Ha IPAMOil pa3duTh HA HECKOJbKO MHTEPBAJIOB U TOYEK, TO PA3HOCTh YUC/IA
TOYEK W YHUCJIa WHTEPBAJIOB He OyIeT 3aBUCETh OT crmocoba pasdbuenus. DTa PA3HOCTH HA3BIBAETCS
alneposot Taparmepucmurol MHOXKECTBA Ha IIPAMOIL.

Y0661 nEepeiiTi K U3y YeHNI0 KBA3UIIEPUOANIECKIX MHOZKECTB Ha IJIOCKOCTH, HAM HYKHO PaCIIPo-
CTPAHUTH MOHATHUE SHIePOBOIl XapaKTePUCTUKH HAa MHOYKECTBA Ha ILJIOCKOCTH.

Hazosem waemounvim pasbueruem noaudapa P rakoit HAOOP OTKPBITHIX BBIILYKJIBIX MHOIOYI'OJIb-
wukoB 1y, To, T5,..., uarepBanoB Iy, I, I3, ... u touex Py, Py, Ps, ... (Ha3biBaeMbIX BMecTe
KAEMKAMU DA3OUEHHsT), 9TO

— KaxK/1ad TOYKa MOJIU3IPa COAEPZKUTCI BHYTPU POBHO OTHON KJIETKH, T.€. THOO B OJTHOM OTKPBITOM
muoroyroibuuke T; (6e3 ero rpaHHYHBIX TOUEK), 00 B 0AHOM HHTepBase I; (6e3 ero KOHIOB),
00 coBIAJIAET ¢ OJHOR U3 Touek P .

— KazK/1ast CTOPOHA U BePIIUHA, KAaZK/I0I'0 MHOTOYTOJIbHUKA 1 1 KarK/blil KOHEI| KazKI0I0 HHTePBaJIa
I; Toxe sBjsgerca KjaeTkoil pasouenuns.
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— KJI€TOK KOHEYHOE YHCJIO, U UX 00beJUHEeHHe COBIAAAET C moaudapom P.

a) U3 samknyToro kBaapaTa |—1,1]? Beikunyau orkpbiTeii kBaapar (0,1)2. [TokaxuTe, 9To 10-
JIYUIJICS 3aMKHYTBIN TIOJU3IP, U OPEUIOKHATE ero KJAeTOYHoe pa3OHeHne ¢ KaK MOYKHO MEHBIIIM
qucsoM djiemenToB. MoxkeT Jin ObITh KJIETKON pa3sOueHust 3TOro HoJInud/ipa TPEYroJbHUK ¢ BEPIIH-
wavu (—1,—1), (1,-1) u (—=1,1)7

b) okazkure, 9T0 KazKIblii 3aMKHYTHIH MOJUIAP JOMYCKAET KJIETOUYHOe pasbuenue.

Jtiaeposoti rapaxmepucmukoti KIeToOIHOro pasbuenus nojusdapa P HazoBem
X(P) = (49uca0 MHOrOYTOJIbHUKOB) — (4HCJI0 HHTEPBAJIOB) + (YHUCJIO0 BEPITHH pa30ueHus ).

a) (®opmyia Ditsepa) DilepoBa XapaKTePUCTHKA 3aMKHYTOIO OTPAHUIEHHOTO MOJIHIIPA PAB-
Ha CJIeyomeMy: (quC/I0 ero KOMIIOHEHT) — (4MCI0 KOMIIOHEHT €ro A0mnoaHeHns ) +-1.

[Toackaska: jgokazkute GOpMy/y CHadaJja JiJjisi JepeBa, MoToM Jjisd rpada, a moToM Jijisd HPOU3-
BOJIBHOTO TIOJTUI/IPA, M00aBIsIs K KJIETOTHOMY Pa30HeHUIO 10 OJIHON KJIeTKe.

b) DiliepoBa XxapakTepUCTHKa 3aMKHYTOIO 110JIU3/[Ppa HE 3aBUCUT OT BbIOOpa ero pasbuenus. Jii-
JlepoBa XxapakTepucTuka MHoroyrosabuuka pasaa 1. ¢) x(P)+ x(Q) = x(PUQ) + x(PN Q).

d) (JIemma 2Kopmana) [onosHenne K 3aMKHYTOI HecaMoIiepeceKatoIeicst JOMaHOi IMeeT POB-
HO JiBé KOMITIOHEHTHI.

§8 KBABUITEPUOANYECKUE MHOYKECTBA HA IJIOCKOCTH

KBasunepuoguueckoe MHOKeCTBO Ha 110ckocT Ax+ By+Cz = 0 — nepecedenne 310 MJI0CKOCTH
¢ MEPUONIECKIM MHOZKECTBOM B IMPOCTPAHCTBe. B wacTHOCTH, 0003HAUNM Uepe3 (), mepecedenie
TIIOCKOCTH T4 v/2y~+v/22 = 0 ¢ MAOKecTBOM M), , COCTOSIIIIM U3 BCEX TOUEK, Y KOTOPHIX IPOOHbIE
acTH XOTd OBl JBYX M3 TpeX KOOpAMHAT He mpepocxonar h. Muoxkecrso M 4 u MHOXKecTBa Q)
npu h = 0.3, 0.4, 0.5, 0.6, 0.7 BBIIISIAAT TaK:

Ananornuno 3amade 11, Beibepem ma mwiockocTn z + v/2y + V22 = 0 kaxoii-Hubymb (y100HbLH



21.

Bam) MHOrOyroJabHUK P, 1 0603HaunM depe3 Pr ero roMOTeTHIO ¢ IeHTPOM B Hadase KOOPAUHAT
u ko3ddunuenrTom 1.

OTKpBITaﬂ HpO6.TIeMa. BBILH/ICJII/ITB IMJIOTHOCTHh KOMIIOHEHT KBa3UIIEPHUOAUYICCKOTO MHOXKeCTBa
Q, T.e. mpeaen

40 I YUCJI0 KOMIIOHEHT MHOXKecTBa () B Pr
= lim .

T—00 mwiomangs Pr

OrBer Hem3BeCTeH JaxKe I H300pakeHHbIX BBIIIEe MHOXKECTB (), MpH IPOU3BOJILHOM .

a) VkaxKkure Mo BO3MOXKHOCTH MeHblee hy < 1, qyis koroporo §Q,, = 0. (Yrajarb Kakoe-1To
noaxofgmiee hg, XOTs, BO3MOKHO, TaJIeKO He CAMOe MaJIeHbKOe, TOMOXKET Cepusl KAPDTHHOK BHIIIIE. )
b) Bbruuciure naoTHOCTH 3HIEPOBOiT XapaKTEPUCTUKN MHOKeCTBA (), T.e.

! SifIepoBa XapaKTepuCTUKa mepecedenns () ¢ Pr
im .

T—o0 mwiomants Pr

c) [okaxkure, 910 MOMOTHEHWE K MHOXKeCTBY M), mosyvaercsa u3 MHO)KecTBa M;_j BBIOpACHIBa-
HUEM T'PAHUYIHBIX TOYEK U MEHTPAJbHON cummerpueil ornocutesbuo (.

d) Kak cszanbr §Q, u #Q1_p7?

e) Haiinnre #Q)), npu mocrarodno GOIBITHX U Madbix h, a uMenHo npu h = hg u h < 1 — hyg.

f) Onennte £Q;/2 Kak MOXKHO TOUHee CBEPXY U CHH3Y.

g) Ilpemnoxkure Kak MOXKHO Gosbiiiee H , g Kotoporo §Qy > 0, u OleHUuTe Ty MIOTHOCTH KAK
MOZKHO TOYHEE CHU3Y.

h) Paccmorpum renepsh nepecedenne MHOKecTBa M), ¢ IPyTOil IUIOCKOCTHIO: X + V2y++/32 =0.
D10 KBABUIEPHOANIECKOE MHOKECTBO () m306paxeno mmxke mis h = 0.4, 0.5, 0.6. Toaydnre
KaK1e-1u60 OLeHKH Ha ()}, , KOTOpbIE ObI MOATBEPK I UL CTABIIA 10/ COMHEHHE CJIELYIONLYIO
TUIOTe3y: B OTIHYHe OT §Q);/2, IIOTHOCTD ﬁ@l/g nysesas, 1o 1Q, > 0 mpu h < 1/2.

i) (Jduckpernas Bepcus 3agadu Apuoubaa 1988-17) [Moiyuure kakue-inb0 OLEHKH, KOTO-
pbie Obl TOATBEPK 1AM W CTABUJIN IO/ COMHEHHE CJIeIYIONTyI0 TUIIOTe3Y /I KaK MOYKHO 0OJIb-
mux h < 1/2: aist KaxK 010 h CymiecTByeT JOCTATOYHO GOJIBINOe YUCI0 Ry, Takoe 9To KazKIast
OrpaHIYCHHAS KOMIOHEHTA MHOZKECTBA () yMEIAeTcs B Kpyre paauyca Ry

Camag ToOYHasd OIEHKA NJIOTHOCTeN {()y nin ﬁ@l /2 TOJIy9HUT IPU3, & UX TOTYHOE BBIYUC-
JIEHUEe WJIN pelleHne JUCKpeTHOol 3amaun ApHosabaa 1988-17 Bel cmoxkeTe omyOInmKo-
BaTh B MAaTEMaTHU4Y€CKOM >KYypPHAaJie, KAK TOJIbKO Ipuobperere HEOOXOAUMYIO KYJAbTYPY
M3JI02KeHUs HAa MJIAJIINX Kypcax MareMaTrudeckoro ¢akyabrera!




Junamunka mo3ank. Pemmenns 3aga4g 1-10

ObozHaveHMSs:
#A — 9uCJIO 3JIEMEHTOB B MHOYKECTBE A.
{z} — npobnas wactp unciaa x.

SAJTAYA 1A

PaccMoTpnM, Kakue «KpaifHue MOJI0XKEeHUA» MOKET IIPUHUMATD [IPsAMasd, epPeceKalomas KBaJIpar.
B sToMm ciiydae KBajapatT JIEXKUT HEIUKOM B OJHOM U3 HOJIYIIOCKOCTEM, a IpsaMast IIPOXOIUT POBHO
qepe3 ogHy u3 ero BeprumH (0;0) mwmm (1;1).

Taknm 06pa3oM, HCKOMBIe IpsAMBIe JexKaT MexkTy 6248y = 0 n 6248y = 14, a coorBeTCTBYIOIMNE
resble ¢ — Bee Tesble dncia orpeska [0; 14]. OrBer: 15.

SAJIAYA 1B

BosMoxkubl Tpu cityvast:

(i) IIpsimast mepecekaer KBaJpaT POBHO 110 0jiHOIT Bepiiute. Torja j1jinHa BbICEKAEMOr0 OTpe3Ka
pasna 0. Becero Takux npsimbix jBe: 6x + 8y = 0 u 6x + 8y = 14.

(ii) IIpsimasi mepecekaer MPOTUBOIOJIOKHBIE CTOPOHBI KBaJpaTa (BO3MOXKHO, IpsMasi [PU STOM

[POXOJIUT Uepe3 BepIinhy ). Bee Takne mpsiMble BBICEKAIOT OTPE3KH JIJIHHOMN 1 (CM. PUCYHOK).

Haitnem uncio takux npsambix. Haunem gsurars npsmyio 6z + 8y = 0, uzmenss ¢BOOOIHDI
wieH. PaccMoTpuM mepBbIit MOMEHT, KOTJIa NpsMagd IepecedeT MPOTUBOIOIOKHBIE CTOPOHBI.
B sToT MoMenT npsimast Gy/ieT mpoxouTh depes Touky (1;0). Ee ypaBuenne 6x + 8y = 6. B
nocJie THUiE MOMeHT psimMasi Oyier npoxoanTh depes3 (0; 1), ee ypasuenune 6z + 8y = 8. Bcee
MCKOMBIE TIpSIMBbIe JIeKaT MexK 1y npambiMu 6 + 8y = 6 u 6z + 8y = 8. Ilomyyaem, 4To ecThb

TOJILKO 3 IpsAMBIE€, KOTOPbIC BbICEKaIOT OTPE30K JIJINHBI Z .

(iii) IIpsimast mepecekaeT cocejiHIe CTOPOHBI.

[TocMoTpuM Ha TEPBBIE MOMEHT, KOTJIa MPAMasd MEePeceKsIa COCETHUE CTOPOHBI, B 3TOT MO-

MEHT ¢ = 1. DTa npsMas OTCEKaeT OT KBaJpaTa TPEyroJbHUK, 0003HAYUM ero depes 1.
1

. 1
Tpeyronbuuk T — npsIMOYTOJIBHBI €O CTOpOHAMU & U 3. ['MIOTEHY3a 9TOrO TpeyroJbHu-

Ka paBHA 1/6% + 8% o Teopeme Iludaropa. CooTBeTCTBEHHO, IJIMHA BHICEKAEMOTO IIPSIMOIt

6x + 8y = 1 oTpe3ka paBHa 21 (pUCYHOK).



Paccmorpum ocrasibHbIe IPSIMbBIE, TIEPECEKAIOINE COCEIHUE CTOPOHDbI. KaxK 1asd n3 HUuX JIeIuT
KBa/IpaT Ha TPEYTOJIbHUK U MATHYTOJHHUK. 3aMETUM, UTO BCE MOJIyUEeHHbIE TAKIM 00pa30M
TPEYTroJILHUKHU OyJIyT 1OMO0OHBI TpeyroJbHuKy 1, u K03 duimenT moodus — HaTypaabHOe
YUCJIO.

Haiinem HamboJIbINNIT BOBMOXKHBIN KO duIiineHT 10/100us. PaccMoTpuM 1epByio HpsiMyIo,
[IePeCeKAIOIIYIO ITPOTUBOIIOIOXKHBIE CTOPOHBI KBajipaTa. HanboabImii u3 TpeyroabHIKOB Oy-
JIET OTCEKAThCS TIPEIBIIYIIEN TPsAMOit. Y paBHeHne 3Toi ipsamoit 6x+8y = 5. [losrygaem, aTo
npsMble, JexKalme MexkJy npaMmbiMu 6x + 8y = 0 u 6z + 8y = 6, BbIceKalOT OTPE3KU JIJINH

5 5 5

—, —, =, - U —.
247 127 87 6 24
OJIHOI U3 MPAMBIX Mexy 6x + 8y =8 u 6z + 8y = 14.
5 5 5 5 25(
247127 87 67 24

1 (3 mepecevenust paHHOl JTMHBL). Beero pasinaHbix s 7.

Jts KaxKI0it m3 3TUX JJIMH TaKKe HalIeTcsi OTPe30K, BbICEKaeMbIi

OTBer: BO3MOXKHBIE JJIIHBI (), KasKJIOr0 M3 TAKUX [lepecevderuii JBe MTyKn),

BAYKHOE OBO3HAYEHUE. Ilycth 3ajano muoxkectBo F' Ha mmockoctu. Ero dpobmot wacmwvio
{F} 6ynem maseiBaTh MHOKECTBO Beex Touek Bujga ({z};{y}), rae (x;y) € F.

SAJTAYA 2A

[IycTs nannas npsimas ¢ umeer ypaBuenue ar + by = c. Mbl BbISICHUM OTBET Ha HAIIy 33/1a49y [PU
BCEBO3MOKHBIX (He TOJIBKO IE/IbIX) 3HaUeHUAX ¢. Mbl OygeM cauTarh, 9ro:

e HO/I(a,b) = 1, unaue moxHO pasieauts ypasuenne Ha HO/l(a, b).

e a>0bb>0.Ciuoyaam a = 0 uw b = 0 MBI OCTaB/IsIEM JIJIsT CAMOCTOSITETHHOIO paszbopa,
ocTaJIbHBIE CJIyYal MOJIy9IaloTCsd OTPaskeHueM B KOOPAMHATHBIX OCAX U 3aMEHOI KOOPIIMHAT
T uy.

B KoHIle pellieHusi MBI TI€penuiieM oTBerT B (popMy, He 3aBUCHINEH OT 9TUX MPEJIIOIOKEHHH (HO
ycaoBue ab # 0 ocramercs B cuie!).

O6o3HauNM [1poOHYTO YacTh Harmedl npsamoii yepe3 L = {¢}. Ona coctonT m3 HECKOJIBKUX MOy HH-
TepBaJIoB B euHuYHOM KBajpare [0,1)2.

Wzyunm Toukm MHOXKecTBa, L, jiexKarime Ha OCH T. DTU TOYKH COOTBETCTBYIOT TOYKAM IPAMOM £
C IEJION OPJIMHATON; TIO9TOMY HX abCIIUCCHI PABHDI {5 + n(—g)} pu 1eabix n. [ockoabky g —
HECOKpaTUMasi JIpoOb, ITUX TOYEK OyJeT POBHO G, U UX MHOYKECTBO COBIIQJIA€T ¢ MHOXKECTBOM X
BCEX TOYEK BHJIA % + & (upn nensix k), nexxamux B [0,1).

Anajornuno, L comepxur b Todek Ha ocu y. Mroro, obmee unmciao Todek L Ha OCSIX PABHO
a+b—¢,ne ¢ =0, ecim £ He IPOXOJIUT HUepe3 Iesible TOYKU, U ¢ = 1 mHade. ITO Ke TNCIIO0
€CTb KOJIMIECTBO OTPE3KOB B L.

O/1HAKO HEKOTOPBIE U3 MOJIYUEHHBIX OTPE3KOB MOT'YT OBITH PaBHBIMH. BBISICHHM, KaK 9acTO 9TO

npoucxonut. M3 coobpazkennii pemntenns 3agadu 1b, 9570 BO3MOXKHO B CJIEAYIONUX JIBYX CJIyUIasx.

(i) Bce orpesku, coeuHSIIONIIE TIPOTUBOIIOJIOKHBIE CTOPOHBI KBaJIpaTa, paBHbI. [I0CKOIBKY a >
b, 9T0 MOTYT OBITH JIUIIL TOPUBOHTAIHHBIE CTOPOHBDI.

9] , TO €CTh

Yucio TakKuX OTPE3KOB PABHO YUCIY TOYEK MHOXKeCTBa X Ha OTPE3Ke [0,1 -

a—b+ ¢.

(ii) /[IBa oTpeska, CHMMETPUYHBIX OTHOCHUTE/ILHO EHTPA KBaJIpaTa. JTO MPOUCKOIUT TOLJIA, KO-
ria ¢ COAEPKUT TOUKY € HMOJIYTIEIBIMUA KOODJIMHATAME (CM. DEIleHre 3aa9u 3€ J1aaee — OHO
He 3aBHCAT OT TOTO, PAI[MOHATBHA JIN [IPIMasi).



Urak, ecin cay4vaii (i) He BosHukaer (a Torga u ¢ = 0), T0 00Iee YHCIO PA3JIUIHBIX OTPE3KOB
ectb a+b—(a—b—1)=2b+1, ecitmt a > b, u 2, ecsin a = b(=1).

Ecuu ke (ii) Bo3HEK, TO 0011Iee UnCII0 OTPE3KOB, HeYyHOMHYTHIX B (1), paBro (a+b—¢@)—(a—b+¢) =
2(b — ¢), m onn pazbmBalOTCS HA HAPbI paBHBIX. VITOro, YMCI0 pA3INYHBIX JIJIMH B 9TOM CJIydae
ectb b — ¢ + 1, ecm orpesok u3 ycsosus (i) cymectyer, u b — ¢ uHade (mocaeqHuil coydaii
BOBHUKAET JIMIb P @ = b u ¢ = 0, Tak 4TO OTBET B 3TOM CJIydae paBeH b).

Dror oreer B 00meM ciaydae (Koryja ab # 0, HO @ U b MOryT UMeTh IPOU3BOJILHBIE 3HAKU U He
ObITH B3AUMHO IPOCTBIMHU) MEPEMUCHIBACTCS CJICIYIOMIM 00pa30M.

Orser. Eciiu npsivasi TIpOXOJUT Yepe3 Hejyio ToYKy u |a| # |b|, To 4ucio jajimH oTpeskoB ecTb
min(|al, |b])
HOZ([al, [b])

Ecii npsiMasi IpOXOUT Yepe3 TMOJIyHeIyio TOYKY, HO He MIPOXOIUT Yepes IeJible TOUKN u |a| # |b],
min(|al, |b])
HOZ(al, |b])
Eciu psiMast He TIPOXOUT depe3 MOJIYTeIy o TOUKY 1 |a| # |b|, To TpebyemMoe KOJIUIeCTBO PaBHO

2min(|al, |b])

— =+ 1.

HOZ(|al, |b])
Ecau ke |a| = |b|, To uncio jayiua paBHO 2, 3a UCKJIIOYEHUEM CJIydasi, KOIJA HPsSMast TPOXOJIUT
4yepes IOJIYIEIyI0 TOUKY, HO He IIPOXOAUT depe3 HeJible; B HOCJIeIHeM CJIydae Bee ITUTKU PABHEL

TO YHUCJIO JITUH OTPE3KOB €CTh + 1.

SAMEYAHUE 1. YcioBue TOro, 9T0 mpsiMasg ax -+ by = ¢ TPOXOJUT Uepe3 TMOJYIeNyio TOUKY,
PaBHOCJIHLHO TOMY, 4YTO IpsAMas ax + by = 2¢ NPOXOJUT Yepe3 IeIyI0 TOUKY. DTO B CBOIO OYEPEb,
paBHOCHJIBLHO ToMYy, uTo 2¢ nesmres na HO/(a, b).

SAMEYAHUE 2. [IpuBenénnniit BoIlie oTBET OCTaéTcsd BepHbIM U 1Ipu ab = 0.
SAJIAYA 2B

BBesiéM Te Ke TpeJooKeHus, 9TO U B npeabiyineM nmyHkTe. CHavda a nperbsiBUM HEKOTOPBIi
(BOBMOKHO, He MUHUMAJIBHBI) TIeprojl. 3aMeTnuM, 9To TPHU [epeMereHin Ha BeKTop (—b, a) Kak
npsiMast, TaK ¥ CeTKa IepeiijayT B cebsl; 3HAUUT, U Mo3anka Toxe. Ilosromy +/a? + b? sBisercs
(BOBMOKHO, HE MUHUMAJIbHBIM) MEepHOIOoM MO3anKu. OCTajioch BBIACHUTD, MPABJA JIH, YTO TOT
[epuoJi MUHUMAJIEH (U 9TO JIeIaTh, €CJIU 9TO HE TaK).

OTBer OIsITh 3aBUCUT OT BOSHUKHOBEHUS CJIyYaeB, YIIOMIHYTHIX B 2a, a TaKyKe OT TOTO, BOSHUKA-
0T JIH TUIATKHA, HEYNoMAHYymoie B IyHKTe (1), TO €CTh COeUHSIONIE IBe TOUKH COCETHIX CTOPOH
HEKOTOPOTO KBaJIpaTa PeIéTKU. OTJNIHbIe OT BepInuH. Ecu Takue xopomkue TIMTKA He BO3HU-
KatoT (4To ciydaercs ipu a +b— ¢ = a — b+ ¢, 1o ecth ipu b = ¢ = 1), TO BCE IIUTKU PABHBI,

[IycTh Temepb KOPpOTKHE IIMTKU €CTh. Ecajm (ii) He BO3HUK, TO KaxKJlast KOPOTKAsl ILTATKA BO3HU-
KaeT OJIMH pa3 Ha OTpe3Ke JINHBL v/ a? + b?, Tak 9TO mepuoji He MOXKeT ObITh MeHbIne. Eciu ke
(ii) BOZHHMKAET, TO Ha OTPE3Ke JJIMHBI V/ a? + b? IINTOK KazK 10l KOPOTKOM JJIMHBI €CTh POBHO JIBE.
Buauut, mepuos pasen gmbo d = va?+ b%, mbo d/2 = /a? + b?/2. Bosee Toro, B mocseHem
cllydae Kakjiasi KOpOTKasl IUIUTKa WJIET ¢ TepuogoM d/2.

[TockoJibKy JiFOOBIE JBE TAKUX IJIMTKA CEMMETPUYHBI OTHOCUTEILHO TOJIYIIE/ION TOUKH, a IOJIyIIe-
JIbIe TOYKH WJIyT TAKXKe C TEPHOJIOM, JeJisiuMces Ha v/ a? 4+ b% /2, mojrydaem, 9To MEepUoJL MOJIyTie-
JIBIX TOUEK 00si3aH ObITH paBeH va? + b?/2. OTciona yxKe CieyeT, 9YTO eCTh POBHO OJHA JJINHA
KOPOTHOM ITUTKH, TO ecThb ondTh b = 1. Tenepb HeTpy/IHO MOHATH, YTO 60JI€€ KOPOTKUI TTEPUO/T
oJTy4aeTcsd JIMIIb P @ = b = 1, ecim ¢ — TOJIyIIE/Ioe YUCTI0, HE SBJIAIONICECS TETbIM.
Ocrajioch pa3o0paThbcs, KOrja BO3ZHUKAET IMOCTASIHUN Caydail. 3aMeTuM, UTO B 3TOM CJIydae Io-
JIyIleJible TOYKHU PACIOJIOXKEHbI Ha UpsiMoii ¢ Ha paccrosausx v a? + b2/2 apyr or apyra. Ecam
Terepb CYIIEeCTBYET KOPOTHHI OTPE30K, TO TaKUe OTPE3KU PACIIOJIOXKEHBI POBHO ITOCEPEINHE MEYK LY
HOJTYTIeTBIMI TOYKaMu (nHade nepuon d/2 HeBo3moxkeH). OTHAKO HETPY/IHO TOHSTh, UTO PSIJIOM C

u 11epuo/ paBeH JJIMHE IIJIMTKHU, T. €.



KOPOTKHUM OTPE3KOM 00s13aTEJIbHO IMPUCYTCTBYET KOPOTKUil. Terepb HECTOXKHO MOHATh, 9TO JaH-

HBII corydail Bo3MOXKeH Jiiib Korda |a| = |b] = 1, a ¢ — mosynesnoe ducio (He ABJISIONIEECs]
IEJIBIM ).

Va? + b?
OTBer. ————, 3a UCKJIIOYEHUEM CJIEJIYIONINX CIIYIaeB:

HOJ(a, b)

e ccom a = b, ¢ He eUT @, HO 2¢ JEJNT, TO HepHoJ| paBeH 1/ V2:

VT

e Ecimu a jemurest Ha b n npsAMast TIPOXOJIUT HUepe3 IeJIyIo TOUKY, TO NepHOJ PaBeH ~-—

SAJIAYA 2C

Bynewm cunrarh, 9TO JJIMHBI CTOPOH OWIbSP/Ia B3aUMHO POCThI. OcTabHbIE C/Iydan HOJIYYa0TCs
13 B3aUMHO IIPOCTOI'0 PACTSI?KEHNEM B HEKOTOPOE YUCJIO Pa3, IIPU 3TOM YHUCJIO YIAPOB COXPaHAETCs,
a JIJTMHBI OTPE3KOB yBEJINYINBAIOTCS B TO YKe InCI0 pas3. Tak ke cauntaem, uto B < A.
«Pacripamums TpaekTopuio mapa. Kaxkapril pa3, Korja map yaapsercd o 0opT, Oy/1eM oTpazkaTb
CTOJI OTHOCHUTEJILHO IIPAMOil, TPOXoAIuil Yepes 3ToT 60pT. [lockoJIbKY yroJi najienus mapa paBeHn
YIJIy OTpaKeHUs, TpAaeKTOPHs Iapa CTaHeT IPAMOil Yy = T Ha IJIOCKOCTH C CeTKOM U3 TPAMOYTO/Ib-
HUKOB.

1 1
[TpousseeM HaJI IJIOCKOCTBIO CJIEIYIONINAE OI€PAaIlMK: COKMEM I10 KOOpJIMHATAM & U Y B — U —

A B

pa3 coorBeTcTBeHHO. [Ipn 3TOM CeTKa M3 NMPSIMOYTOJILHUKOB CTAHET IMPUBBIYHON IEJI0UNCIEHHON
CEeTKOIi, a mpsiMas y = & mnepeiiger B upsmyto ¢ ¢ ypaBuenuem By = Ax.

KazktoMmy oTpesky MexK 1y JIByMsl OTparKeHUIMU OT OOPTOB OYJIET COOTBETCTBOBATH OTPE30K MO3a-
UKH, PACIIOIOKeHHbIH MexK Ty Toukoii (0,0) u ciemytoreii meo9ncaenHoit Toukoii Ha ¢ (9Ta Touka
ectb (B, A). Beero nenynerbix orpeskoB A + B — 1. ConocraBuM KazKJIOMy HEHYJIEBOMY OTDE3KY
cyaeyromuii 3a HUM yaap o 6opT. Torna KaxkoMy OoTpe3Ky KpoMe MOCJIETHETO COTIOCTABUTCS Yap.
[ostyuaem, 910 yaapoB Ha OJMH MEHBIIE, YeM HEHYJIEBBIX OTPE3KOB, TO ecTb A + B — 2 yaapos.
Ocrajioch pa300bpaThCss ¢ MUHUMAJIbHBIM U MaKCUMAJbHBIM ITPOOEroM Imapa. 3aMeTuM, 9TO HIpU
CXKaTuu OTHOIIEeHMHE IJINH OTPE3KOB, JICKalllUX Ha O,[LHOI7‘I HpHMOﬁ, HE MEHAETCH. Tor;;a HanMEHb-
it /HanbOIbIII OTPE30K M3HAYAIBHO Oy/eT HANMEHbBITNM /HAUOOJIBINNM TI0cyIe cxkaTust. Hau-
OOJIbIINIT OTPE30K, COEIMHSAIONINN JIBE TTPOTHBOIOJIOKHBIX CTOPOHBI KBaJpaTa, Peajn3yercs Ha
nepBoM Imare (Korja Imap WIET W3 yIyia K IIPOTUBOIOJIOXKHON cropone). HanMenbImmii ke poBHO
B min(A, B) pa3 MeHbIIE.

Nroro, B obmiemM caydae Mbl TOJTy9aeM CJIELYIONIAI OTBET.

A+ B

HOM(A, B) 2. HauGospbimmit mpober pasen v/2 -

OtBet. KoymmyecTBo yiapoB o bopTa paBHO

min(A, B), nanvensimit — /2 - HOJI(A, B).
Pemmenne 3AJTAUN 3 pacrosioskeHo mocye 3a1a9u 4.

SAIAYA 4A

Jokaxkem, 4To g JlanHoro € > () Haiijercd mapa 4jaeHOB MOCJIeI0BATEIbHOCTH HA PACCTOSTHUN
MenbIne €. [lyersb mocsieoBaTesbHOCTD (T,) OrpaHUYeHa CHU3Y YHCJIOM a, & cBepxy — b. Bosbmem

n € N rTakoe, 9T0O < €. Paznmenmum orpesok na n pasubix yacteit. [lo mpunnumny upwux-
n

JIe CPeJi TIepBBIX T, T2, ..., Tpy1 HANRJETCS MO KpailHell Mepe JBa, MOMAaBIINX B OJIHY YacTh.
b—a

Paccrosinue Mexk 1y HUMU He ITPEBOCXOIUT <E.

SAJIAYA 4B



Ecmu {kA} = {mA} s HekoTopbix k # m, To unciao (m — k) 1es0e, To €cTh A PaUOHAILHO,
YTO HEBO3MOYKHO. SHAUYWT. BCE YJICHBI HAIIECH 1TOC/IC/[0BATETBHOCTH PA3IIIHBL.

Paccmorpum npousBosibHbIi oTpe3ok [o; 8] C [0;1] u jJokaxkeM, 9TO B HEro HONAJET KaKOe-TO
qucsto Buga {kA}. st 9TOoro mo mpeplayIneMy IyHKTY HafileM <IEHBI II0CIe0BATEIbHOCTH
{kA} m {mA} (upm HekOTOpBIX k > M) Ha PacCTOSHUU MeHee [3 — ; OOO3HAUNM WX PA3HOCTH
qepes = {kA} —{mA}; rorma |u| < 5 — a. BamernM, 9To HaIla ITOCJIEIOBATEIBHOCTD COIEPAKHUT
noanoceaosaresbHoctb dncest suga {nu} = {n(k — m)A}. Iepsoie [1/p]| wrenos sroit HOBOI
[OCJIe10BaTeIbHOCTH pa3buBaioT orpe3ok [0; 1] Ha momorpesku jiHbl MeHee |p| < §— o, mosTomy
OTPE30K [(v; 5] HE MOXKeT IeJIMKOM MONAaCTh HU B OJIMH U3 9THX HO0TPE3KOB. SHAUNT, OTPE30K [; ff]
COJIEPZKUT OJIHY M3 pasfessomux Touek suiga {nu} = {n(k — m)A.

SAIAYA 4C

Obmomroti KBajpara NpaMoil ar + by = ¢ Ha30BéM JIpOOHYIO YacTh mpsiMoil ax + by = ¢ (cwm.
obo3HavYeHMe epe]l 3ajiadeil 2a).

IIycts, 6e3 orpanmuenns obmHoctu, ab < 0. PaccMoTpuM Ipou3BOJIbHBIN 0Tpe30K [, He IapaJi-
JesbHBIN Harmeit npamoit . Crpoenupyem [ napaJjieabHo ¢ Ha MOJOKUTEIbHBIE JIYId KOOPIU-
HaTHBIX OCEli; MOJIyIUTCs JIUOO OJINH OTPE30K, JTUO0 00beIMHEHHUE JIBYX OTPE3KOB.

[IycTeb jyist onpeie/IEHHOCTU B IIPOEKIIUU ecTh oTpe3oK J Ha ocu x. Ham jrocTarodno mokasars,
YTO TOT OTPE30K COJEPKUT TOUKY OOMOTKHU (TOrjIa OTPE30K OOMOTKHU, COJEPIKAIIMIA 3Ty TOUKY,
nepecekaer ). Touku 0OMOTKH HA OCH T — 9TO POBHO TOUKH BH/IA {g + n(—g) } [Tockosbky
b upparmonasbHO, U3 JgeMMbI JUpHxie ciIeiyer, 9To OjHA M3 STHX TOYEK JIEKAT B .J, 4TO U

a
TPebOBAJIOCH JTOKA3aTh.

SAIAYA 3
B pmanbneitmem o1 naumxot 0omMomKku MbI IIOJAPAa3yMeBaeM JIPOOHYIO YaCThb IJINTKU Ha MPSIMOIL.
SAIAYA 3A

Orser. /la, moxer.

Hampumep, ecn npsiMast IpoXoauT depes MeIyio TOUKy A, To JBe IJIMTKHU, cojepzkaime A, cum-
METPUYIHBI OTHOCHTEIHHO HeE U T0ITOMY PaBHBI (& TakKe OyJIyT paBHBIMU JIOOBbIE JBE ILIUTKH,
cuMMerpudHbie oTHOCUTETHHO A). CM. TakKe CIIeyIOmuii Iy HKT.

SAIAYA 3B

OTtBet. O0s13aTeIEHO HAAETC GECKOHETHOE YUC/IO TJTUTOK PAaBHOM JIJIMHBL.

[Iycte k£ — yrioBoii ko3dduimenT Harreii npsmoir; 6e3 orpanunyenus: obmuoctu, 0 < k < 1.
Paccemorpum o6MOTKY KBaJpara Hatrei npssmoii. CortacHo 4¢, B Heil HaiigeTcss 66CKOHETHO MHOTO
IUINTOK, Tpoxodamux depe3 Touku Buga (0,y), tae 0 < y < 1 — k (IIOCKOJIBKY B MHTEPBAJ
(0, k) MOKHO BJIOKUTH GECKOHEUHO MHOI'O MOIAPHO HEMEPeCeKAIOIXCsl OTPE3KOB). [Ipyrue KOHIbI
9TUX IIMTOK OymyT umerb Buj (1,4 + k), TO ecTh BCe 3T OTPE3KHU MOJIYUAIOTCA JPYT U3 Jpyra
napaJsuieIbHBIMUA TIEPEHOCAME U TIOTOMY MMEIOT DABHbBIE JIJTUHBI.

SAJIAYA 3C

OtBet. He MoxkeT ObITH POBHO TPeX ILJIUTOK PAaBHOM JIJINHBI.



[IpeamosioKuM MpOTUBHOE: €CTh POBHO TPHU ILITUTKKA HEKOTOPO# juHbl d. PacemorpuMm paciosio-
JKeHne JpoOHBIX YacTeil 9TUX IINTOK B 00MOTKe. BO3MOXKHBI JiBa CIydasd.

(i) OaHa U3 HUX COEIMHSIET JIBE MPOTUBOIOJIOKHBIX CTOPOHBI. Torya, Kak mokasano B 3b, cy-
IECTBYeT W OECKOHEYHO MHOTO TIJIUTOK TaKoi juubl. [IporuBopeune.

(il) Kaxkmas 3 mInToK COeJIMHSIET JBE COCEHMX CTOPOHBI. B 9TOM ciIydae CyIecTByeT POBHO
JIBa CcedeHusl KBaJpaTa, HapaJsiie/bHbIX Halleil MpsMOil ¥ UMEMOIuX JJIUHY d, U 9TU cede-
HUSI CUMMETPUIHBI OTHOCUTE/ILHO IeHTPa KBaJipaTa. Toria jiBe U3 IIMTOK COOTBETCTBYIOT
OJHOMY U TOMY K€ CeYeHUIO, YTO HEBO3MOKHO JIJIsi UPPAIIMOHAJIBHON MPSIMOIA.

SAJIAYA 3D

OtBet. O0s13aTeIEHO HAMAETCT GECKOHETHO MHOTO IUIMTOK IOMMAPHO PA3JIUIHON JIJIMHBL.

OmusThb Ke MPEJIIoIOKIM, 9TO yrioBoit koaddurment k nameil npsmoii sexkut B (0,1). Torma
u3 4¢ B 0OMOTKE CyIIECTBYeT O€CKOHETHO MHOI'O INIMTOK ¢ KOHIIAMHU Ha HIKHE CTOPOHE KBajpara,
U BCE OHH MMEIOT ITONAPHO PA3IUIHbIE JIIUHBI.

SAIAYA 3E

OrBer. PoBHO JiBe TUINTKE HEKOTOPOil JUIMHBI HAWIYTCA TOLJA U TOJBKO TOIJA, KOIJA MpsAMast
[POXOJIUT Yepe3 TOJIYIEIYI0 TOUKY (T. €. TOUKY, YVIBOCHHbIE KOOPMHATEHI KOTOPOIl — IeJIble YUCIa).
[Iycts mpsimast ¢ mpoxonuT [epe3 mosyrneayio touky (u/2,v/2). Torma Bmecte ¢ Toukoit (x,y)
npsiMast COJIEPKUT U TOUKY (U — =, v — ). SHAYUT, BMECTE ¢ KAXKJIOW ILINTKOH 0OMOTKA KBaJIpa-
ta [0, 1]? upsiMoii { COAEPKUT U IJIUTKY, CUMMETPUYHYIO elf OTHOCHTE/ILHO [eHTPa KBajiparta, (Mbl
cuMTaeM, UTO IJIUTKHM He COJIep:KaT CBOMX KOHIOB, TO eCTh uX jpobHble dactu jexkar B (0,1)%).
[TockobKY B 0OMOTKE CYIIECTBYET ILIUTKA HEKOTOPOW JUIMHBI d, COEIUHSIONIAs JIBE COCEJIHUX
CTOPOHBI, B OOMOTKe (& 3HAYUT, U Ha MPIMOii) Oy/lyT POBHO JBe ILIUTKHU JJIUHBI d.

[TycThb, HAOGOPOT, B OOMOTKE CYIIECTBYIOT POBHO JIBE IJTATKKA HEKOTOPOii JmuHbI d. 113 pemenust 3¢
BUJIHO, YTO IJINTOK, COEJIMHAIONINX JIBE IIPOTUBOIOJIOXKHBIX CTOPOHBI KBaJIpaTa, GECKOHETHO MHOTO,
U OHUM BCE UMEIOT DABHBIE JJIMHBI. SHAYWUT, KayKjasd U3 HAIIUX I[JTUTOK COEJUHSET JIBE COCEJIHUX
CTOPOHBI KBajIpara. Kak yzKe ObLIO OTMEYEHO, B 9TOM CjIydae JIPOOHBIE YACTH IJIUTOK JIOJIKHBI
OBITH CHMMETPHUIHBI JIPYT JAPYTY OTHOCHTEIBbHO NenTpa Keajpata [0, 1]%. Dro oznauaer, uto npu
HEKOTOPBIX 2,y € [0,1) upsamas cogepxkutr touku (k1 +x, 01 +vy) u (ke —x,l,—y), vae ki, l; € Z.
Ho roryia u cepejHa oTpeska MexKJy STUMH TOUYKAME JIEKUT HA NpsaAMoil. OcTajioch 3aMeTuTh,

9TO 3Ta CEPEIMHA UMEET TOJIyIeJble KOOPINHATHI @ u %.

SAJIAYA 5

Jl1s HaYaIa 3aMEeTUM, 9TO B KazKJI0M OTKPBITOM HHTEpBAJe, COACPIKAIIEeM @, HAlAETCS MOABIHTE-
Baut Busia O.(a) = (a—e, a+¢) mst Hekoroporo € > 0. [Toaromy rocTaToqHO IPOBEPATH OIIPE/IeIe-
HHE IpeJie/1a Wb JJI HHTEPBAJIOB TaKOro Buja. Takoil MHTepBasI Ha3LIBACTCA € -0KPECTNHOCTLIO
quCIa .

SAJIAYA HA

Sadukcupyem € > 0. Boibepem narypasbaoe N, Gojibliee % (manpumep, rogurcss N = E] +1).

Torza upu Beex n > N umeenm |£ —0] < 4 < . D10 3HAMUT, UTO BCe WIIEHBI IOC/IEI0BATEILHOCTH,
KpOMe, BO3MOXKHO, 1iepBbiX N wienos, cogepxkarca B O.(0) = (—¢,¢).

SAIAYA 5B

HpeI[‘HOJIO}KI/IM IIPOTUBHOE: y IIOCJICIOBATCJIbHOCTU Gy €CTh HeKOTOprﬁ apezaest a, IIOJIOXKUM € = %

IIpn mobom n nmeeM |a,, — a,11| = 2, TAK 9TO HUKAKHE JBa IIOCJIEI0BATEIbHBIX 3JEMEHTA, IIOCIIC-
+ )

JIOBATEJIBHOCTH HE MOT'YT HOIACTh B nuTepBas Jymmuel 1. Utak, Bue Oy /(a) HaxoauTcs 6ECKOHETHO

MHOI'O 9JIEHOB IIOCJIEJOBATE/IbHOCTU — IIPOTHUBOPEYUE.



SAIAYA 5C

Bribepem npousposibaOe £ > 0. Ilo ycioBuio, Haiijgércsa Takoit Homep N, 4To npu Bcex n > N
qucsia a, u b, HAXOmATCA B €/2-OKPECTHOCTSX 4ncesl a U b cooTBercTBeHHO. VHadwe rosops,
la, —al < €/2 u |b, —b| < /2. Bnauur, |c, — (e +b)| < |a, —a| +|b, —b] <e/2+¢/2 =¢.
BHauuT, PN TEX XKe 3HAYCHUAX N 9ucyo ¢, naxomurcs B Og(a + b).

SAJIAYA 5D

Boeibepem npousposibaoe € > 0. [lo ycioBuio, Haiiiércs takoit nomep N, uto mnpu Beex n > N
qucsia a, u b, nexar B O:(a), 1o ectb a — € < a, < ¢, < b, < a+ €. Takum obpaszom, mpu Tex
JKe 3HAUEHUsIX N 9UCI0 ¢, Takke Haxomurcd B Og(a).

SAJIAYA 6

CosepiuM Te ke JIEHCTBUA, UYTO U B HadaJle PelleHnsl 2C: «PaclpsiMUM» TPAEKTOPUIO Iapa u
. 1 1

«COXKMEM» BCIO KapTHHKY B - Pa3 10 IOPU30HTAMM W B 3 Pa3 10 BepTukaau. B pesynbrare

MBI TIOJIYYIUM ILJIOCKOCTh, Pa3rpadICHHYI0 HA €IMHUYHbIE KBAJIPAThl, HA KOTOPOI BBIIPIM/IEHHA

TPaeKTOpHs Iapa OKaxKercs mpsimoit ¢ ¢ ypasuennem Axr = By. Eé yriosoit kosddunment

upparmoHnaJes, Tak aro (0,0) — exuHCcTBeHHAas Tes1as Touka Ha £ . Hakowrerr, map 6yjier 1Burarbest

1 (1 1
110 ¢ ¢ BEKTOPOM CKOPOCTHU 75(2, E)‘

SAJAYA 6A

g Havasa 3aMeTuM, 9To lim, .o [“n—n] = a 110 JIeMMe O JIBYX HOJIUIEHCKUX (IIOCKOJBKY @ — i

n
el <l <an— ),
n n n
MoMmeHTBI yIapoB UCXOIHOTO T1apa 0 60pTa COOTBETCTBYIOT MOMEHTAaM, KOTJIA TIPU JIBUZKECHUU 10
rap Io1a/jgaeT Ha JIMHUU CETKU. 3a IIepBbLIe T MUHYT OH BCTPETUT [%ﬁ] BEPpTUKaJIbHBIX U [%ﬁ
T'OPU30HTaJIbHBIX IIPAMDbIX. CHe,ZLOBaTe.HI)HO, HCKOMad CpeJHAA JacTOTa paBHa

(
]

1 T T . 1T .1 T 1 1

= lim — |—=| + lim — = + .
T—oo T A\/§ T—oo T’ B\/§ A\/§ B\/§

lim

—_ - + -

SAIAYA 6B

Bynem caurars, uro A < B (ciyuait A > B anajorudes).

[Tocste BBIIpsIMJICHISA TPACKTOPUH JIYILIETHI COOTBETCTBYIOT CUTYAIIUsIM, KOTJia ¢ IepeceKkaeT JBe
MIPOTHBOIIOJIOZKHBIE CTOPOHBI OJTHOM KJIeTKHU. Tak Kak yrioBoit kKoaddurment npsmoit £ menbiie 1,
OHa He MOXKET Iepecedb IMOJIPs/l JBe TOPU30HTAILHBIX CTOPOHBI.

Boeibepem nekoropsiit Moment 1. PaccmoTpum, B KAKOM HOPSIIKE UIYT BCTPEUHU IIapa ¢ BEPTUKAJIb-
HBIMU U TOPU3OHTAJIBHBIMU MPSIMbIMU 3a mepBble 1 MuHyT. Kak 3amMedeHo BhIIIe, mepej] KaxK 1o
u3 [%5] «TOPU30HTAJIBHBIX» BCTPed MIET «BepTUKajbHas». [locite KaxKaoi yKe M3 OCTAJIBHBIX

— [ L] — [-L_ & -
D = [A\/i:| [B\/i} «BEPTUKaAJIbHBIX» BCTPEY HAET TO2KE «BEPTHUKAJIbHAD» (eC.HI/I Hallla «BE€pTH

KaJIbHAsi» BCTpeYa — He M0C/e Hsst ). IToro, KoJimaecTBo JAyIIeTOB 3a PACCMaTPUBAEMbIi IEPUOL
ne 6osbite D u He mMenbiiie DD — 1, TO €CTh PACIIONIOKEHO MEXKTYy THCTAMUI

T T 5 T T e
—_— = — u —_— — — .
AV2  BV2 AV2  BV2

Orcrozia 1o JjieMMe O JIBYX HMOJIMIENCKUX MOIydIaeM, 9TO YacTOTa JTyIJIeTOB paBHA )Wi W,
910l hopmysie yxke yuarén u ciydait A > B).
BAMEYAHUE. [Ipyroe perienne 3aa4qu 6b) MOXKHO MOy IUTh, BOCIOIL30BABIINCH TeopeMoii Beii-

s, Ilpumepsr ucnob3oBanus TeopeMbl Beiiyisg B MOJ00HBIX CUTYAIIUSIX MOXKHO YBHUJIETH B Pellle-
HUAX 3aJa4u 8.



SAIAYA TA

BataauMcest IpPAMOHAIBHBIM UUCIOM A < % Bynem Oparb wieHbl Haleil MOCIEI0BATETHHOCTH
{a + nA} 10 Tex mop, mMoka oHU He cieraT “moJHbI Kpyr’ mo orpes3ky [0, 1], T.e. moka nA He
npesbicuT 1. KommdaectBo N 4IeHOB 1OC/IEI0OBATEILHOCTH, KOTOPOE MBI IIPU 9TOM OTCUUTAEM,
6yaer Ha 1 Gosbine 1estoit yactu duciaa 1/, T.e. A OyzeT 3aKII0UEHO MEK LY % u ﬁ

MBI JoKazKeM, 9TO €CJIn B3Th A JIOCTATOYHO MaJIbIM (& N OKaKeTcst, COOTBETCTBEHHO, JOCTATOYHO
60JIBIIIM ), TO TpebyeMoe ycsioBue OyIeT BBITOTHEHO.

st sToro obo3HaunM HaGOp m3 mepBbIX N UKcesn Halleil I0CJIeI0BATEeILHOCTH depe3 S, Io-
CMOTPHUM, CKOJIBKO 9nCe M3 S TOmajgo B OTpe30K [, m 0D603HAYUM 9TO KOJUIECTBO depe3 k.

k

[onyunBnryiocss 4acToTy NONaJaHuii + JIEPKO OIEHUTH B TEPMHHAX A CBEPXy M CHH3Y: TaK Kak

L <A< 10 (k=A< L <k g
C apyroit cTopoHbI, JynHYy OTpe3Ka |I| TakKe JIErKO OIEHUTH CBEPXY M CHU3Y B TEPMUHAX A: Tak
KaK BCe MaJleHbKHe MHTePBAaJIbl, Ha KOTOpble Habop S pasjenser orpe3ok [0, 1], He mamHHEE A,
u k + 1 u3 Hux nokpeiBator [, To I He mmunnee (k + 1)A. Ilpu 9T0M TOJIBKO TpH U3 MaJIeHbKIX
HHTEPBAJIOB MOI'YT ObITH KOpO4Ye A: J[Ba KpaiiHUX, a TaKxkKe MHTepBas mociae Touku {a + NA}.
Orciona caemayer, 9T0 I IEIUKOM COJIEPKHUT XOTs Obl k — 2 mHTepBaja JJIUHBI A, a 3HAYUT HE
kopodue (k —2)\. Uroro, (k—2)A < |I| < (k+1)A.

CpaBHUBAasI MOJIyIE€HHbIE OIEHKN HA IaCTOTY % U Ha JUIHHY oTpe3Ka |[|, mosydmm, 9T0 OHU OT-
JITYAIOTCA He DoJiee deM Ha 2.

Takum obpasom, eciu B3aTh A < £/2, a N Ha 1 Gosbiie nesioit wactu 1/, To Tpebyemoe ycioBue

BBIIIOJIHEHO.

st natbHERINUX MyHKTOB 38/1a91 7 HAM MOHAIOOUTCS CJIEIYIONIas JeMMa, IpoBepsieMas TPIMbIM
BBIYHUCJICHACM.

JIEMMA 1. Ilycts wacToTa momagaHuii Habopa 9mucesa ai,...,a; B orpe3ok I pasHa A, Habopa
qucen by, ..., b, —paBHa B, a o0beInHEHNsT STUX HADOPOB a1, . .., Ak, b1, ..., b, —pasaf C. Torma

kA +mB
C paBHa 636eUWEHHOMY CpEOHeMYy ——— .
k+m

CaeACTBUE 1. Ilycrs B yenoBusx Jlemmer 1 gacrora A ormnmmdaercsa or JymHbl |I| Menee dem
Ha €, a yacrora B — MeHee deMm Ha 0, Torja dacrora C' oTiM9aeTcss MeHee UeM Ha B3BelleHHOe
ke +md

k+m ~

BAMEYAHUE 1. Eciu Mbl 3HaeM, uTo nepsas ommbka & odenb Masa (nampumep, 0.001), a Bec
BTOpOIl ONMIMOKM M HAMHOIO MeHbIle Beca mepBoii k (mampumep, B 1000 pas), To ycpe/HeHHast
ommbka EFM poxe ovenb Masa, Jaske ecM BTOpasl OMIMOKa § caMa [0 cebe He Takas YK I

k+m
MaJieHbKas (Hanpumep, npu 0 < 1 ycpeHeHnas ommbKa rapanTupoBanHo Menbine 0.002).

cpejJHee 3TUX [6)11151010)4

SAJIAYA 7B

B nynkte a mMbl oOHapyKuin, 9TO €cind B3dTh N W A TaKUMU, 94TO % <A< ﬁ, TO JacTOTa

nonasganuit Habopa {a+ A}, {a+ 21}, {a+3A}, ..., {a+ NA} B orpesok I Gyzer oTindaThCs OT
JqumHbl |I| Menee dem Ha 2.

[ocmorpumM, miasg kakux eme M, kpome M = N, gacrora monajanus Habopa {a + A}, {a +
20}, {a+ 33X}, ... {a+ MM} B I Gyner yaoBreTBOpsiTh 3TOMY CBOMCTBY. s sToro pazobbem
yKa3aHHBII HAOOP Ha HECKOJIbKO MO HAO0POB JAauHbl N 1 “HAaOOp-ocTaTOK JJIMHBL 77 < [N .

{a + A}, {a+ 27}, {a+ 37}, ..., {a+ NA}

{a+ (N+DA} {a+ (N+2A) {a+ (N+3)A}.... {a+2NA}



{a+ (pN + DA}, {a+ 27}, {a+ 30}, ..., {a+ (DN + 1)}

Qakruuecku, Mbl ojgeamm M na N Hanesno ¢ ocratkom: M = pN + r.

[To mysKTy a 4YacrtoTa NONaJaHUil KaxKJIO0I'o M3 MEPBBIX p HaAOOPOB B OTPE30K [ OT/IMYAETCs
OT €ero JINHbI MeHbIlle YeM Ha 2\. YacroTa IomnajaHuii mocjiegHero ‘Habopa-ocTtaTKa’ Helpe/i-
ckazyema, HO YK TouHO Mexkjay 0 u 1, tak 4ro ormmuaerca or |I| menbiie wem wa 1. Ilo-
stomy, corsacio Ciegcreuto 1, orkjonenuwe ot |I| jyist "acrorel monajanuii Bcero Habopa

{a+ A}, {a+22}, {a+3)M}, ..., {a+ M\} Gymer MenbIle B3BEIIEHHOTO CPEJIHErO OTKJIOHEHUIA, a

Np-2X+71d 1
3HAYUT MEHDBIIIEe T Notr KOTOPOE, B CBOIO 0Y€pe/ib, MeHbINe 9eM 2\ + y5-. Ipu gocraTtouno
P r

Gosbiom M (6oabmem 1/A%) 310 uncsio Menbine 3.

Urax, npu Beex joctatouno Gosbimx M (6osbme 1/A?), orkionenue ot |I| jyig 4acToThl HOMa-
nannit Becero Habopa {a + A}, {a + 2}, {a+3A}, ..., {a + M} 6yger menbime 3.

B wacrnoctn, ecim B3aTh A < £/3, To st moboro M > 1/A? wacrora monaganuii yKazaHHOro
Habopa GyjIeT OTJINYATLCsT OT JJINHBI OTPE3KA MEeHee YeM Ha €.

SADAYA 7C

[Tpumenus reopemy Tupuxite k orpesky [0, d] u nociegoBarenbaoctu {nA}, Haiigem takoe ¢, 9ro
{g\} < 0. O603nauus {gA\} wepes u, 3ameruM, uro nporpeccust Beitnst {a}, {a + A}, {a+2A}, ...
pacrajieTcss B Uepeyloluecs porpeccuy Beiiisg ¢ pa3HOCTBIO (@ M HadajlaMH B TOYKaX a, @ +

A, a+ 2\ ...,a+ (¢ — 1)\, [deiicTBUTE/IbHO, MOJEIUB N C OCTATKOM Ha, ¢, MOJYIUM 1 = mq + T,
tak 910 {a + nA} = {(a +r\) + mu}.

SAJTAYA 7D

Bosbmem npoussosibHOEe Unesio 0 > 0, u mpuMeHUM i Hero nmyHKT . Hamra mporpeccust Beitrs
{a},{a+ A}, {a + 2)\},... okaxkercs pasbura Ha ¢ mporpeccuii ¢ pasHOCTbIO 1 < 0. O6o3HATIM
9THU nporpeccun depes P, P, ..., P, a ncxonnyio — 9epes P.

Corsacno nmynkTy b, eciin BoiGparh u3 nporpeccuun P; Gosee weM 1/p? HavaibHBIX 31EMEHTOB, TO
9acTOTa UX MONaJaHuil B oTpe3oK [ ormdaercs or juHbL |[| MeHee deM Ha 3.

Torna, cornmacuo Crejncreuio 1, ecin BBIGpaTh Gosee WeM ¢/p? + ¢ HaYaIbLHLIX 3JEMEHTOB W3
nporpeccun P, 1o yactoTa nx nomaJaHuit B 0Tpe3ok I Toxke oTamdaercs oT JynHbL || MeHee dem
Ha 3/i, IIOCKOJIbKY 9TOT HabOp U3 > ¢/u? + ¢ HauaILHBIX 3JIeMEHTOB Hporpeccun P paciaaiorcs
Ha HabOpBI 13 > 1/4? HaUaBHBIX 31eMeHTOB nporpeccuit P, ..., P,.

OcraJiock BEIOpATH TAKOE J , 9TOOBI MOJIYYUBIIIasics OMuoOKa 344 ObLIa 3aBEI0MO He OOJIbIIIE HAIIEPE/T
sazianioil omubKy €. J{jia sToro gocrarouHo B3aTh § = £/3. Torma aus q/p? + ¢ wam Gosbiero
YucJjia HavaJIbHBIX 3IJIEMEHTOB IIPOI'pEeCCHUUA P qacCTOoTa HOHaﬂaHI/Iﬁ B OTPE30OK I oT/In9aeTCd OT
qymHbl || Menee dem Ha 34 < 30 < €.

SATAYA 8

[Iycte A u B — ¢durypsr Ha mwiockoctu. Hamomuum, aro vepes AU B u A N B obo3HavatoTcs
obbenuHenHne U repecedenne A m B, COOTBETCTBEHHO.

SAJTAYA 8A

PaccmoTrpuM upparonaibHyio IpsaMyto ¢, onpejieeHHyIo ypaBHeHueM ar+by = c. s Kkaxoro
T > 0, gepes Sy obosuaunm orpe3ok jmuabl T Ha ¢ ¢ korom B Touke (0, ). Hycrs I C [0, 1)?
— OTPE30K, HE MMapaJuIe/IbHbIH £.

ONPEJENEHUE. Yacmomoti nepeceuenuti orpeska I ¢ obmorkoii [0,1]2, cooTsercTBytomeit mpsi-
MOit £, Ha3BIBACTCS MIPEJIET
#({Sr}NI)

T R



SAIAYA 8BC

CrepBa mpenooKuM, 910 oTpe3ok [ comepzurest B orpeske [0, 1] ocu Oy. Torga Toukn mepe-
cedennst oOMoTKE u orpeska [0, 1] ocu Oy mopoxgaror nporpeccuto Beitas u, = {% + n(—%) }
[Io ompenenenuio, BeIUINHA, KOTOPYIO MBI XOTHM BBIYUCIUTH — YACTOTA JIEMEHTOB ITPOTPECCHUH,
coaep:Kammxcs B 1 .

[TPEAYVIPEXKAEHUE! [Tpexk e uem npuMensTh Teopemy Beitis (cM. 3aady 7), ciiejryer 3aMeTuTh,
YTO, JIBUTASCH C €JIMHUYHON CKOPOCTBIO MO MPAMOI axr + by = ¢, MbI IlepeceKaeM BEPTUKAJILHYIO
Va2 +b?

|b]
MOIi, 3aKJIIOYEHHOTO MEXKJy JBYMSI COCEIHUME BEPTHKAJBHBIME HPSIMBIME KJIETYATON OyMar).
Va2 +b?

0]

IPAMYIO KJIeT4aToi 6YM8II/I KazK/IbI€ MHUHYT (STO YUCJIO — IIPOCTO IJIMHa OTPE3Ka IIPA-

Takum obpazom, HaMm morpedyeTcs MUHYT, 9TOOBI JI00PAThCA JI0 KaXK/I0r0 HOBOTO HJICHA

HoC/IeI0BaTeIbHOCTH (U, ) .
[TosTomy Teopema Beiina u mociennee Hab/IIoeHIe BMeCTe IIOKa3bIBAIOT, YTO MCKOMAad 4acTOTa,

[7]0]
Va? + b?

I comepxurcs B orpeske [0, 1] ocu Ox, maer orBer

repecevennit orpeska I paBHA . ArasrorndHoOe paccyKieHne Jjisi CIydasi, KOrjia OTPe30K

Teneps mycrs I — npoussosbblii orpe3ok B [0, 1]2. Ecau ab < 0, To cupoemupyem I Biosn {
Ha HIDKHUI JIeBbIil yros kBajpara. uade cupoenupyem [ Ha BEepXHUU JIEBBIH yroJl. DTa MPOEK-
1K<, BOOOIIE TOBOPs, OyIeT 00beIMHEeHNEM BEPTUKAIBLHOIO OTpe3Ka [y ¥ TOPU30HTAIBHOTO OTPE3-
Ka [p, comepzKamuxcsd B COOTBETCTBYIONIMX CTOPOHAX KBajpara. JIerko mpoBepuTh ciiejyloriee
yTBePK/IeHUE:

Ilycts 7 — rakas mmtka, aro {7} # (0,0). Torna apobuas gacrs wimrku {7} nepecekaer I eciu
U TOJIbKO €CJIM OHa IlepeceKaeT POBHO OJIMH U3 OTpe3kKoB [y u [ .

SameTum, 4TO /I KayKJ0ro 3Hadenus 1, oTpe3ok JyuHbl 1’ Ha npsamoit ax + by = ¢ cojepkuT ne
Gosbire oxnoit manTky Takoit aro {7} 3 (0,0). Takum obpasom, mis kaxgoro 7' > 0 mosydaem:

0< #{Srtnly)+#({Sr}nly) —#{SrtNn(IyUly)) <1

Paccmorpnm Makcmmanbaoe 1 < 1’ Takoe YTO NpaBblil KOHEI OTpe3Ka Sy, JIEKUT Ha JINHUI
KJieTdaToit Oymaru. OQ4ueBuiHO, ITO

0<#{Sr,tNn(Iy Uly)) —#{Sr}tnI) <1
Takum obpaszom, eciim T' crpeMuTcss K GECKOHEIHOCTH, TO

#({Sr} N I) = #({Sn,} N Iv) — #({Sr,} N In)
T

[Tullal + [ 1v]]D]

Va? + b?
HpHMOQ BbIYucCJ/ieHue IoKa3bIBaeT, YTO JJIgd ITPOU3BOJIHLHOI'O BepTI/IKaHbHOFO/I‘OpI/ISOHTaHbHOFO oT-
peska I C [0,1])?, wactoTa nepecedenuii Takast ke, Kak JJIs €ro KOIIUM, COJIepyKaIeiicss B COOTBET-

12|16

— 0.

[TosTomy oTBeT B 3aj1a4e 8c paBeH

cTByIOIIEHl CTOpOHE KBaJjpaTa, 4To JIaeT OTBeT B 3ajade 8b. A mMeHHO,
|1|]al
Va2 + b2

JJId BEPTUKaJIb-

HOI'O OTPE3Ka I n JJId TOPU30HTaJIbHOI'O I.

SAIAYA 9A

DTa 3ajava — YACTHBIN caydail 3ajgaqu 8c. [elicrBuTe/ibHO, BO3bMEM B KadecTBe [ JMaroHaJib
kBajipara [0, 1]?, nepecekarolyto JpoGHbIE YacTH Beex IUIMTOK mpamoit ax + by = 0. Torma s
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KasKJI0ll JINTKK T, CoJeXKpalreiics B orpeske JymHbl 1, ee apobHas dacth {7} mepecekaer I.
[TosTomy, Tak Kak Jyuist Kaxzgoro 7' > 0 pasanma Mexy gucaom touek B {S(T)} N [u unciaom
wmtok B S(7') He npesbinaer 1, HCKOMBII IPees COBIAIAET ¢ YacTOTON IepecedeHnii 0OMOTKI
C OTPE3KOM I7 1 Mbl MO2KEM BBIYUCJ/IUTDH €I'0 C IIOMOIIIbLIO 3a a9 8c. HOSTOMy HNCKOMaZ IIJIOTHOCTD
lal + [b]
Va? + b?

SAJIAYA 9B

paBHa , TaK Kak B 970 caydae |[y| = |Ig| = 1.

3aMeTuM, 9TO YUCAUTENb B (popMyJie JJisd IJIOTHOCTUA COBIQJIAET CO 3HaAMeHATeJaeM B (hopMmyJie
JUig cpejiHeit JumHbL. [Ipy 3TOM pasHuia Mexk 1y YucjauTeseM B 1Oc/Ie/Heil u I He TpeBbINIaeT
V2 — MaKCHMAJIBHO BO3MOXKHOI Jmabl mnTKn. OdeBnano, ecin T cTpeMuTCs K GECKOHETHOCTH,
To 1 KojmaectBo N (7T') mauToK B OTpe3Ke MpsiMOil JUTHHBL T’ TOXKe CTPeMUTCs K GECKOHEYHOCTH,

rmosromy limp . % = 0. Takum oO6pa3zoM, UCKOMBIH 1pejiesl — oOpaTHOe YHUCJI0 K IIpeJiesly u3
A /a2 + b2

3ajaqm 9a, TO eCTh OTBET paBeH —————.
|a] + [b]

SAJIAYA 9C

DTa 3a/1a9a — TaKKe JaCTHBIN ciIydail 3ajadn 8¢, ecyii B KadecTBe [ B34Th JIMArOHAJb, OTJIUIHYIO
OT BBIOpaHHOI B pemrennu 3aja4n 9a. /leiicTBUTE/ILHO, 9Ta TUATOHAIL TAKXKe ABJISIETCS TUArOHA-
7bio napaiesnorpamva P C [0, 1]?, comepsKaiiero jpoGHbIe YacTH BCeX IJIUTOK MaKCUMAJILHOM
JUTAHBL. DTO 3aMeYaHne TOKa3bIBaeT, UTo Jisl IVTUTKY T, ee J0pOHast 9acTh {7} mepecekaer I ecim
1 TOJIBKO €CJTH T UMEeeT MaKCUMAJIbHYIO JIuHy. Takum oOpas3oM, st MOy IeHnsl OTBeTa OCTAI0Ch

NPUMEHUTD 3aJ1ady 8c¢: ecau |—| > 1, To npoeknus orpeska [ BjoJib npamoit ax + by = 0 Gyjer
a

b — la]
0]

BEPTUKaJIbHBIM OTPE3KOM JIJIMHBI
6] — |a|
Va2 + b?
MOl Oy/IeT TOPU30HTAJIBHBIM OTPE3KOM JIJIMHBI
|a| — |b]
Va? + b?

. [TosTomy, corsracHo 3a/1a4e 8c, ICKOMas JacTOTa paBHA

. Ciyuait |—| < 1 MOXKHO PacCMOTPETH aHAJOTUIHBIM 00pa30M: ITpoeKIys [ BIOJIb Psi-
a
la] — [b]

lal
16l — [l

, TI09TOMY, COTJIACHO 3ajiade 8¢, NCKOMas

q9acToOTa paBHa . Uroro, orBer paBen

SAJTAYA 10A

[I10cKOCTh @ B TPEXMEPHOM MPOCTPAHCTBE JEJUTC Ha (NnAumky) MJIOCKOCTSMEU CTAHIAPTHON
TpeXMepHOﬁ peleTKn (T.e. IIJIOCKOCTAMMU, ITapaJlJieJIbHbIMUA KOOPDAWHATHBIM, U OTCTOAIIIUMHA OT HUX
Ha IeJI0e PACCTOSTHUE). DTO JaeT MO3auKy Ha TIOCKOCTH (.

SAIAYA 10B

Taxk kKak KyO COJIEpYKUT TOIBKO 6 I'paHell, IIMTKa MOYKET MMeTh He OoJibllle 6 CTOPOH M yTIJIOB.

Hanpumep, 9100bI TOJIyYUTH ECTUYTOJBHYIO ILTUTKY, MOXKHO mepecedb Ky6 [0, 1]3 IIJIOCKOCTBIO
3

rT+Yy+z=3.

SAIAYA 10C

Pemtenne ananorndno 3agade 2a u gaer ciaegyomuii orser. [Ipeamomnoxnm, aro |A| < |B| < |C].
Al + B[ +|C]
2

Ecmu |A| 4+ |B| > |C|, To nckoMoOe KOJHYECTBO PaBHO [
Al +|B].
SAJIAYA 10D

:| . mage orBer paBeHn

OueBniHo, Hava 0 KoopuHaT () COMEPIKUTCS B KaXKIOM IIJIOCKOCTH (v, OIIPEJICJICHHON ypaBHEHUEM
Bujta Ax + By + Cz = 0. Ec/im o He comepKuT APYyrux MejblX TOYEK, TO UMEeT MEeCTO MepBOe

11



yTBEPKJIECHUE.
Unavye BosbMmem P = (pi1,pa,p3) € « — IPOU3BOJBHYIO IEJAYIO TOUKY, Takyio 4rto P # O, u

paccmoTpuM npamyto £, nopoxkieauyo Bekropom O P . Kazxxmast Touka npsimoit £ umeet Buj AP =
(Ap1, Ap2, Ap3) s Hekotoporo A € R. [lns kaxkoro A € R mosyaaem:

AXpy + BApy + CAps = A(Apy + Bpy + Cps) = 0.

[Tosromy mipsimast £ COIEPKUTCH B (.

[Monoxum d = HO/(p1, p2, p3) 1 paccMoTpum mestyto Touky Py = éP . MBI loKaxKeM, 9To KazKiast
nesast Touka () € £ mmeer Bun () = kP, mia kakoro-to k € Z.

Bosbmem niponsBosibayIO Tiestyio TouKy () € £. Ona mmeet Bug () = APy g A € Q. [pencraum
A Kak HEIPUBOJUMYIO JIpOOb A = % u mpeanosiokuM, aro m # 1. C apyroit ¢TOpOHBI, JIETKO
BU/JIETH, 9TO KOOPJMHATHI BEKTOpa Py BCe Je/IsITC Ha m, B TO BpeMs Kak, 110 Ompejieennio Py,
ux HO/I pasen 1. ITostomy m = 1. Tak 4T0, €cju IJIOCKOCTb (v HE COJIEPIKUT JPYTHUX MEIbIX
TOYEK, TO UMEET MECTO BTOPOE yTBEPXKJICHUE.

B mporuBrOM ciyuae, myctb N = (nq,ng,n3) € a nenas touka sae . [lomcraBiisst KOOPIMHATEI
N u PB ypasuenne Ax+ By+Cz = 0, HoJiy9uM CHCTEMY JIBYX HEIIPOIIOPIINOHAIHHBIX JINHEHHBIX
ypapHenuii Ha nepemennbie A, B, C' ¢ nenbimu ko3ddunmentamu. [lycts p1 = Ang, A € Q, Torma
paccMoTpuM HenysieByto T09ky P — AN = (0, po — Ang, ps — Ang) € «. [lojcrasiss ee B ypaBHeHHe
Ax + By + Cz = 0, nosyunm, uro B = pC' 1y HEKOTOPOTO paruoHaabHoro [ . [losromy, us
ypasueaus Ap; + uCps + Cps = 0, nmonygaem, ato A = vC' g wexkoroporo v € Q. Uraxk,
CHCTEMa UMEET PAIOHAJbHOE PeIlleHne, TO €CTh UMEEeT MECTO TPEThe YTBEPK/ICHHE.

12



JInHaMuKa Mo3anK

SAJIAYA 10EF

Bagauga 4c¢ s 1060l HepannoHa bHOI wockocTr. Ecm miis kaxpoit rouku (z,y, z) duryper A
B mpocrpancTse B3aTh ToUKy ({x},{y}, {z}), To momyuusnmecs roukn obpasytor apyryto dburypy,
KOTOpYIO Oy/ieM HasbIBaTh dpobHol wacmyvio A n obosnadarh depe3 {A}.
O6momzxa xy6a [0,1)% mwiockocTpio L — apobHas 9acTh 3TOI MIOCKOCTH.
ILrumxkoti obmomxu GyjeM HasbIBaTh JPOOHYIO YacTh IUIMTKU Ha ItockocTu. Kak u B ciydae

psSMOil Ha KJileTd4aToil Oymare, IIUTKA OOMOTKHU TOJTy9al0TCs cedeHrneM Kyba IJIOCKOCTSIMU, Tia-
pasuiebHbIMU L, U B cjlydae UPPAIMOHAIbLHON IIJIOCKOCTH HAXOJAATCHd BO B3aUMHO OJHO3HAYHOM
COOTBETCTBUU C IJINTKAMU IIJIOCKOCTH.

YTBEP>KIEHUE. OO6MOTKa HPPAIMOHAILHON N HOJIYUPPAIIMOHAIBLHON IIJI0OCKOCTBIO II€peceKaeT
710001 He TTapasiesIbHBIN eff oTpe3ok B Kybe [0, 1)3, npuieM B OECKOHEYHOM KOJIMYECTBE TOYEK.

Joxazamensvemeo. JleficTBUTETBHO, TIePECTAHOBKON KOOPIMHAT MBI BCET/Ia MOYKEM J00UTHCS TOTO,
9TOOBI TJIOCKOCTH He Oblita napasuienbia ocu Oz, T.e. 3alUCHIBATIACH YPABHEHUEM 2 = [T + AY.
[Tpu sToM cpem i1 1 A X0Tst Obl OJIHO — HAIIPUMED, A — UPPAIMOHAIbHOE (MHAYE TLIOCKOCTh ObLTa
ObI PAIMOHAJILHOI ).

CravaJjia IpeInoao:KIM, 9TO JaHHBIIH 0Tpe30K | BepTHKAaJIeH, TO €CTh BbICEKAETCsI Ha BEPTUKAJIb-
HOil mpsimoit V' ¢ abcrmccoit xy um opauHaToOl ¥y, ycaoBueMm p < z < ¢. Torma Jiobasi Toq-
Ka IJIOCKOCTH, JPOOHAsi 9acTh KOTOPOH Tomasa Ha mnpsamyio V', umeer Buj (z,y, pur + Ay) =
(xo +E,yo+m, u(zo+k)+ A yo +m)) JIJIsT HEKOTOPBIX HebiX k u m. [Tosromy jmobast TouKa mpsi-
Moit V', monasiiasi Ha 0OMOTKY, UMEET BEPTUKAJILHYIO KOOPJUHATY 2 = {(;mo + \yo) + kpu —|—m/\} .
Sadurcupyem mpousBosibHoe k, Toria 1o jemme Jupuxiie mpu HEKOTOPOM IEJIOM 1 9TO UUCTIO
normaJer B nHTEpBaJt (p,q).

Tenepb oTKazkeMcsd OT TPEJIIOJIOXKEHNS O BEPTUKAJIBHOCTA OTpe3Ka. B mpousBosibHOM oTpeske [
€CTh IMOJ0TPE30K, KOTOPBIN MPOEUPYETCs BJIOJb JAHHON IIJIOCKOCTH HA BEPTUKAJIbHBII OTPE30K .J
B Kybe [0,1)?, a moromy Bmecre ¢ J mepecekaeTcst 0OMOTKO.

Tak Kak B JIIOOOM OTPe3Ke MOYKHO BBIOPATH OECKOHEYHO MHOT'O HEIIEPECEKAIOIINXCs MO I0TPE3KOB,
U KaXKJIbIil 13 HUX OYJIeT IepecekaTbcd ¢ 0OMOTKOM, TO 1mepecedeHuii 0eCKOHEYHO MHOTO. O

Sajiatua 3 s HepaIMOHAIBLHOM IIJIOCKOCTHU: CHada & cPOPMY/IUPyEM BCE IMIyHKTHI U PENTUM UX JIJIs
UPPAITMOHAIBHON TJIOCKOCTH, & TTOTOM CJeJIaeM JiBa MPOCTHIX 3aMedaHus, KOTOPbIe perraT nX Bce
JIJ18 TIOJIyUPPALMOHAJIBHOI'O CJIydasd.

Baada 3a Ui HppaIrmoHAJIbHOM IJI0OCKOCTU: MOTYT JIM Ha, IJIOCKOCTU OBbIThH JBE PABHBIE ILJIUTKH !

Otset: ma, moryT. Hampumep, paccMOTpUM UPPAIMOHAJIBHYIO WX TOJyUPPAIMOHAILHYIO TLJIOC-
KOCTh 2 = [T + AY C HOJOKUTETbHBIMU [ < 21; u A< % Torya nepeceuenune ¢ kyoom [0, 1)3 u
€ro CJABUIOM Ha ojiuH 110 ocu Ox J1acT paBHbIE HapaJiesorpaMMbl. Takyke B 3TOfl IIJIOCKOCTH J1J1st
KazKJ0! IJINTKU €CTh paBHad eil, mojlydaeMas CUMMeTpUell OTHOCUTEILHO HavyaJsla KOOPAUHAT.
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Bamaga 3b j1st mppanmoHaJbHON IOCKOCTH: MOYKET JIM Ha IJIOCKOCTH ObITH MM He OBITH OECKO-
HEYHO MHOT'O PABHBIX ILJIUTOK?

OTBeT CymecTBeHHO OTJIMIaeTCs OT OJHOMEPHOIO CJIydas: MOYKeT ObITh M MOYKeT He OBITb OeCKo-
HEYHO MHOI'O PaBHBIX IJINTOK Ha MPPAIMOHAIBHON ILJIOCKOCTH.

Yro0bI TOCTPOUTHL 00a TpUMepa, 3aMETUM, YTO BCEe HAIIPABJICHUS CEKYIIUX IJIOCKOCTEN Kyba Jie-
JIATCA Ha JIBA KAYeCTBEHHO Pa3HbIX KJAcca:

JIEMMA 1. Eciu mwiockocts L poxoiuT depe3 HMeHTp Kyda U He MPOXOIUT Uepe3 ero BEPIIHHBI, TO
OHAa JIEJIUT BEPINUHBI Kyba Ha JiBe YeTBepKu. KaxKas m3 3TUX 4eTBEePOK COCTOUT JIMOO U3 BEPITUH
rpanu Kyba (B 9TOM ciiydae Ha30BeM L /-naockocmuio, a ee HAIPABIEHUE — 4-HANPAGACHUEM),
76O M3 BEPIIUHBI U TPOMKU CMEXKHBIX C Hell BepIIrH (B 9TOM ciiydae HazoBeM L G-naockocmuio,
a ee HAILIPABJICHUE — G-HANPABAECHUEM).

HazBanus o06bscHAIOTCS T€M, YTO B IEPBOM CJIydae IJIOCKOCTh L mepecekaeT Kyb 10 MeHTpaIbHO-
CUMMETPUIHOMY Y€TBIPEXYTOJBHUKY (T.€. [0 HapaJlIeJIorpaMMy ), & BO BTOPOM — [0 IEHTPAJIbHO-
CUMMETPUIHOMY MIECTUYTOJTbHUKY.

Hoxazamesvemeo. YTobbl JoKa3aTh, 9TO APYrux KOHMUIYPAIHI BEPIITUH [0 OJIHY CTOPOHY ILIOC-
koctu [ He ObIBaeT, 3aMETUM, UTO TaKas KOH(MUIYpaIus HE MOXKET COIEPKATH ITPOTHBOIIOJIONK-
ubix BeprmH. Ho Jriobas kondurypalms 4eTbipex BeplinH Kyba 0e3 MPOTUBOIOIOKHBIX BEPITUH
sABJIgeTCd JIMOO OJIHOM M3 JIBYX, OonuCaHHBbIX B Jlemme 1, yimbo “mraxmaTHoil”, T.e. HAOOPOM YeThI-
pex MomapHo He CMEXKHBIX BeprmH. A mmaxvaTtHas Koudurypaius ABCD He MOXKET JIeXKaThb 110
OJIHYy CTOPOHY IIOCKOCTHU, MPOXOJLAINENl depe3 MEeHTP KyDa, TaK KaK IEHTP JIEXKUT B TeTpa’jpe

ABCD. [l

[Tpumep 4-1JI0CKOCTH IPUBEJIEH B PEIIEHUH [IPOIILIONO IIyHKTa, IpUMeD 6-IIJI0OCKOCTH — CepeIMHHbII
MePHEHUKY/IIp K auaroHasm Kyba. Boobmie, B Koopamuarax, miockocts Ax + By + Cz = 0
nMeer G-Hanpas/enue 1o otHomenuio K kyby [0,1]*, ecim makcumasbnoe usz uucen |Al, | B, |C]
He IPEBOCXOJUT CYMMBI JIBYX JDPYIUX, U 4-HAIPABJIEHUE — €CJIU TIPEBOCXOJIHT.

s pertennsg 3b Ha HJI0CKOCTH CHadYaJa PACCMOTPUM HEPAIMOHAJIBHYIO 4-IIJIOCKOCTL L, IIPOXO-
JnTyio depes nentp Kyba [0, 1]2. O6morka miockocTbio L 1o 3ajade 4¢ 3a/ieBaeT B GeCKOHETHOM
KOJIMYECTBE TOUEK MAJIEHbKHUI OTPE30K, He IMapasiie/IbHbINA IIJIOCKOCTH MPOXO/IAIINN Yepe3 MEeHTP
Kyba. Ecim 70T 0Tpe30K J10CTaTOYHO KOPOTOK, TO KaxKJjas TOYKa IEPECeUeHUs JICXKUT B ILJIAT-
Ke OOMOTKH, KOTOpasl JIOCTATOUHO OJIM3Ka K Iepecedennto camoii miockoern L ¢ kyGom [0,1]3, u
IIOTOMY 4BJIFACTCA PAaBHbBIM en IIapaJuiejJiorpaMMOM.

Ha sro60it mpparuona/ibHoii 6-1tockoctu L, Ha0060poT, HE MOXKeT ObITh 60Jiee JIByX PaBHBIX ILIU-
TOK. DTO CJIe/yeT U3 Takoro pakTta.

. Ce HEIIyCThIE€ Ce€YEHUud KyOa IIJIOCKOCTAMMN AHHOI'O O-HallpaBJ/JICHUA HNMEIOT
JIEMMA 2. B y y6a [0,1]3 it 6

PasHYyIO IJIONIA/b (& 3HAYNT, He PABHBI), €CJIM TOJIBKO HE CAMMETPUIHBL JPYT APYTY OTHOCUTEIHHO
IeHTpa Kybda.

Joxazamesvemeso. Bosee TOUHO, MBI JIOKazKeM, 9TO €CJIM IIPOBECTH G-IIOCKOCTH L vepe3 IeHTp
KyOa, n 3aTeM HavYaTh MapaJsiesibHO IepeMeliaTh OT IeHTpa, TO IJIOMA/lb cedeHus OyJeT CTPOro
yOBIBATD JI0 HYJIS.



st okazaTebcTBa yObIBAHUS ILIOIIAINA CMEHUM CHCTEMY OTCYETa: BMECTO TOI'O YTOOBI IapaJi-
JIEJIbHO CJIBUTATh ILJIOCKOCTb, CTaHEM CJABHIaTh KyO mnapaJuiesabno ocu (z Ha paccrosgHue h u
[OCMOTPUM, YTO IIPOUCXOJIUT C €ro cedenneM Sy Ha (HemomasuKHOM) miockoctu L. [To mepe Bos-
pactanug h Mbl YBHJIUM CJIeIyIOIIEe:

o e 2

3/1eCchb CILIONIHBIM IIBETOM M300parKeHO HCXOJHOe cedeHue Sy, a IITPUXOBKONW — cedeHus Sy Npu
Bozpacraauu h. [IlecruyrosbHoe ceuenne S), moJIydaercs u3 Sy OTpe3aHueM U J100aBIeHIeM Tpa-
LeIUH, [IPUYEM BBICOTBI Tpallelidii PaBHbI, a 0OJIbllee OCHOBaHHE H00aBJIAEMOIl Tpalelun PaBHO
MEHBIIIEMY OCHOBAaHWIO OTpe3aemoit. COOTBETCTBEHHO, IO Sy, MeHbIe momaan Sy. Bosee
TOrO, ueM OoJibiie h, TeM OOJIbIlle BBICOTHI TPAIEInii, TeM OOJIbIlle pa3HUIA UX ILIOMIAIell, a 3Ha-
YUT ¥ pasHuia mwomageir Sy, u Sy. [locae Toro, Kak cedenune mepecraso OBITH MMECTUYTOIbHBIM,
upu h > g cedenue S IPOCTO CONEPAKUTCH B Sy, a 3HAUNUT, UMEET MEHBIIIYIO IIIONIaIb. O

SAMEYAHUE. CoobpazkeHusi U3 3TUX JABYX JIEMM TaKzKe HYKHBI JIJIg IIOJTHOIO PEIeHUs 3a1a9H
10c.

Sajiaua 3¢ I UPPAIMOHAILHON TIJIOCKOCTH: MOYKET JIM Ha IJIOCKOCTH OBITH WU He ObITH POBHO
TPEX PaBHBIX IJTUTOK !

OTBer: He MOXKeT OBITH TPEX PaBHBIX IIMTOK HA WPPAIMOHAIBHON TIJIOCKOCTH.

HeiicTBuTebHO, coryiacHo Jlemme 2, Ha 0OMOTKe 6-IIJIOCKOCTH MOXKET OKa3aThCs He 0oJjiee JIBYX
PaBHBIX APYT APYTY IJINTOK.

Anasornuno jiemMme 2 JIOKa3bIBAeTC U ee aHaJIor JITst 4-TI0CKOCTH: Bee cevenns Kyba [0, 1] mioc-
KOCTSIMU JIAHHOT'O 4-HallpaB/IeHus] KMEIOT Pa3HYyIO ILIOMA/b (& 3HAYUT, HE DABHbI), €CJIU TOJILKO HE
CUMMETPUYHBI JIPYT JIDYTY OTHOCUTEIBHO IEHTPpa Kyba 1 He PABHBI CEUEHUIO, IIPOXOJIAIIEMY Yepes
HEHTP.

DTOT aHAJIOT MOKA3bIBAET, ITO HA OOMOTKE 4-TIOCKOCTH 00s13aTeTbHO OyaeT OeCKOHETHO MHOTO
IJINTOK, PABHBIX IEHTPAJbHON IJIUTKE, & CPeN OCTAJIbHBIX IUIUTOK Oy/eT He OoJiee IBYX PABHBIX

APYyT APyry.
Bamada 3d j1st HppaIMoOHAJIBHON IIOCKOCTH: MOYKET JIM Ha IJIOCKOCTH OBITh MM He OBITH OECKO-
HEYHO MHOTO IOIIAPHO PA3JINIHBIX IIJIATOK !

Orset: He MOXKeT He ObITb OECKOHEYHO MHOI'O IIOIIapPHO Pa3J/IMYHBbIX IIJIMTOK Ha praHHOHaﬂbHOﬁ
IIJTOCKOCTH.

JleficTBUTEILHO, 110 3aat4e 4C s ILJI0CKOCTH, 0OMOTKa OECKOHETHO MHOI'O pa3 IepecedeT MaJjIeHb-
KIiT OTPE30K, BBIXOIAIINN BHYTPh KyOa M3 €ro BEpINUHBI MEePIeHINKYISIpHO IIocKocTr. Kazkmast
13 TOYEK IepecevdeHus Oy/Ier jeXKaTb B TPEYTOJbHON IJINTKE OOMOTKHU, U BCE ITH TPEYTOJbHUKN
Oy/IyT TOIOOHBI JIPYT JIPYTY C HECJIUHUIHBIMUA KOI(DPUITUECHTAMU.

Bamaga 3a-d 11 oIynppamoHaIbHOM IIOCKOCTH: II0 OIIPE/IE/IEHIIO, IOy UPPaIlnOHAIBHAS ILJIOC-
KOCTb IIEPEXOJIUT B ceds MPH HapaJslie/IbHOM 1epeHoce P Ha HEKOTOPBIN HEHYJIEBO e I0UNC/IeH-
HBII BeKTOP. [loTOMY KaxKjas minTKa Ha Hell paBHA OECKOHEYHOMY YHC/IY JIPYTUX ILJIUTOK, MOJIY-
JaOIINXCs U3 Hee MHOTOKPATHBIM IIPUMEHEHHEM MapaJslIeIbHOro neperoca P.

DTUM HOJyHPpaIMOHAIbHAA IIJIOCKOCTh ITOXO0XKa Ha PAIlOHAJBHYIO, HO OTJIMYAeTCs OT Hee IIPH-
MEHHNIMOCTBIO 3aJia4U 4C. BHEL‘H/IT7 BCe IIpUBE/ICHHbIC BbIIIE DEIIeHUA AJid UppaluOHaJIbHBIX IIJIOC-
KOCTell, OCHOBaHHBbIC Ha MPUMEHEHUH 3aJ1a9u 4C, paboTaioT TakKe U JJIsd MOJIYUPPAITOHATBHBIX
IIJIOCKOCTEN.




DTH [Ba 3aMeYaHUSA BMECTE JAIOT Cle/ytomue orBerbl B 3a-d Jyist MOy HpPAIMOHAIBLHOMN [LIOCKO-
cru: (a) — moryT (u jgosekubl), (b) — He MoxkeT He ObITh, (¢) — He MOkKeT ObiTh, (d) — He MOXKeT He
OBITB.

Basaua 3e jyist HepaluoHaJIbHO TIOCKOCTH: ONMUIIITE TeOMETPUIECKU BCe TIOCKOCTH (He 00si3a-
TeJIbHO Ipoxo/isiiue depe3 (), Ha KOTOPBIX €CTh [apa PaBHBIX [IUTOK, HE PABHBIX JIPYIHM.

Orsert: 310 BCe nppanruoHaJIbHbIE IIJIOCKOCTH, IIPOXOJAIINEC 9€PE3 KaKYIO-TO TOYKY C ITOJIYIEJ/IbIMUI
KOOpJauHaTaMU.

JlelicTBUTEILHO, ITOJIyPAIIMOHAJIBHBIE 1 PAITHOHAIBHBIE TIJIOCKOCTU He MTOAXO/IST, TaK KaK COJIepKaT
OECKOHEYHO MHOT'O IIMTOK, PABHBIX KaxK 101 jtannoii. Hajimaue ke poBHO JIByX PaBHBIX IJIUTOK HA
UPPAIMOHAJIBHON TJIOCKOCTH TOBOPUT O TOM, YTO STH J[Be [JIUTKH [[EHTPAJIbHO CUMMETPHIHBI (CM.
Jemmy 2 j1st 6-1JI0CKOCTEH U ee aHAJIOr i 4-TI0CKOCTel B pelieHnn aHaJjora nyHkra 3¢). Kak
U B PeIleHun JaHHOW 3aJa49u JJjIsI IPSIMOil, IIEHTP CUMMETPUU 9THX JIBYX IINTOK OyIeT MCKOMOI
HOJIYIIEJION TOYKON Ha IJIOCKOCTH.

SAJTAYA 11A

Mpur cchopmynupyeM u JIOKazKeM CJeAyIONnLyio deymepryro meopemy Betiaza. [lyctb xorsa ObI ojHO
u3 qncen A u p upparponanbno. O6o3unaunm yepes Wy wabop uucen {b+ ki +nA} npu Bceos-
MOKHBIX HaTypasIbHbIX k 1 m, He mpesocxoganmx N . Dtor Habop cocrout uz N? uucen (cpeau
KOTOPBIX, BOBMOXKHO, €CTh TIoBTOpsttforuecs ). Torma gacrora nonajganuii Habopa Wy B orpesok [
crpeMuTcst K jyinae orpeska || mpu N — oo.

Bes orpannvenus oOIHOCTH MOXKEM IIPEJIIONIOKUTH, YTO A UPPAIMOHAILHOE. 3AMETUM, UTO B Pe-
meHnn 3a1a49u 7d Mbl JOKa3aJIi 9y Th 00JIbIe, YeM TPeOOBAJIOCH: JIJIs KayK/I0T'0 UPPAIMOHAJIHLHOTO
A 1 TIOJIOKUTEJILHOTO € CyIecTByeT Takoe Ny, 9To ecm BhIOpaTh u3 nporpeccun Beisg {a+n\}
¢ IIPOM3BOJIBHBIM HadajoM a Oojiee yeM [Ny HaYaJIbHBIX UJIEHOB, TO YaCcTOTa UX IOMaJaHud B [
Oyzer ommdaThes or JymHbL || Menee uem Ha e. Cuita 9TOro yTBEp:KIEHHsI B TOM, 9TO OJHO U
TO 2Ke Ny MOAXOJUT JIJIsd BCEX @.

[Ipu N > N, nabop Wy pacnajgaercd Ha HadajbHble OTpe3Ku JuHbl [N mporpeccuii Beiiis ¢
pasHocThIO A U Havdasiamu Buja b+ kp. Tak Kak gacTora morajjanus KaxKJI0ro u3 TUX OTPE3KOB B
I ornmaaercst ot juaen |I| MeHee deMm Ha €, 1o CirezicTBuio 1, TO 2Ke caMoe BepHO ¥ JIJIsT 9aCTOTHI
romajianns B orpe3ok I Bcero nabopa Wy .

SAMEYAHUME. Ha camom mese MO:KHO JoKas3aTh OoJiee oOIuit ¢pakT: BbIOEpEM Ha ILJIOCKOCTH C
KoopamHaTaMu (k,n) MPOM3BOJIBHBINA BBIIYKJIBI MHOIOYTOJBHUK P, n 0603HaunM depe3 Py ero
obpa3s mpu romorerun ¢ Kosdduimerrom N . Torma Mbl MOXKeM OIIPEIeINTh “HadaIbHBII OTPEe30K”
Wy Hareii aByxnapaMerpudeckoii nociaenosarenbioctu {b + kp 4+ nA} Kak MHOXKECTBO UJIEHOB,
JUist KOTopbiX Touka (k,n) jexkuT B MHOroyroibhuuke Py . Hanpumep, eciiu nonoxurs P = [0, 1]2,
TO “HaYaJIbHBIN 0TPe30K’ Wiy MoIyduTcs: TOYHO TAKUM, KAK MbI OIPEJIE/Is/IA B PEIICHUN BBIIIIE.
OxkaszbiBaercs, 4ro He Tosbko aaa P = [0,1]%, wo u ans ymoboro jgpyroro Bbibopa P vacrora
nomaannii Habopa Wy B orpesok I crpemutrcs K jiuHe otpeska |I| npu N — co. 3aunTepeco-
BAHHOMY YUTATEJIIO ITOJIE3HO IMOMPOOOBAThH 3TO JIOKA3ATh.

SAJIAYA 11B

Taxk kak miockoctb Az + By + Cz = 0 uppalmoHa/jbHa, TO He COAEPKUT BEPTUKAJLHYIO OCh,
To ectb C' # 0. Torma MHO)KECTBO BCeX TOUYEK (X,Y,z) Ha 9TOH IJIOCKOCTH, JJIsi KOTOPBIX T U Y
cofepzxkarcs B orpeske [0, N|, obpasyer napaJuiesiorpaMM, KOTOPBI Mbl 0003HaUnM Py .

MbI cchopMmyTpyeM 1 JloKazKeM ciejlylomuil anajor saa4uu 8. Bosbmem B ky6e [0, 1] orpesok [
1 00603HaYNM 4Uepe3 a, b, ¢ pasHoOCTH KOOpAuHAT ero KoHmoB. Torma

i _THCIIO TO'EK lepeceierus napobuoit yactu { Py} u orpeska I |Aa + Bb+ C¢|
lm p— p—
N—o00 ILJIOIIA/Ib HapaJuiesiorpaMma, Py VA?+ B? + (C?

= JIJTHA OPTOTOHAJIBHON MPOEKIMU OTpe3Ka | Ha HMepIeHUKY/IAp K JaHHOM MIoCKoCTH. ()
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3/ech BTOpoe paBeHCTBO TpuBHAIbLHO. [eificTBuTenbio, BekTop v ¢ kKoopaunatamu (A, B, C) op-
TOrOHAJIEH JAHHOMN 1710cKocTH. OBO3HAYMUB YIOJI MEXK/Iy HIM U BEKTOPOM [ depe3 (v, HOJIydnM, ITO
lv-I|  |v||I|cosa

| |

[IPOEKIINN BeKTopa [ Ha MpIMyIo, TapaJlIebHYI0 BEKTOPY .

CpeJlHssl 9acTh paBeHCTBa (%) paBHA = |I| cos v, T.e. JyIIHE OPTOrOHATILHOMN

Jlns mokasaresibCcTBa MEPBOrO PaBEHCTBA B (%) HAM IOHAIO0ATCS CJIELyTOIIne HAOJIIOICHUS.
Bo-niepBbix, 3aMeTUM, 4TO YTBEPXKJICHUE BEPHO JIJIsi BEPTUKAJBLHOIO OoTpe3ka. [leficTBuTe/bHO, €
yaerom C' # () MBI MOXKEM ITE€PENUCATh yPAaBHEHNE TJIOCKOCTH KaK 2 = AT + [y, IPUIEM CPEIn \ 1
{4 XOTsi ObI OJIHO UPPAIMOHAJILHO (MHAYE TIOCKOCTh ObLiia Obl paroHasbuoit ). Torma, eciim 0Tpe3ok
I 3ajaercs yeJaoBUAMU T = T, Y = Yo U p < z < ¢, TO TpedyeMoe yTBEPXKIEHUE IPEBPAIAeTCA B
JByMepHYIo Teopemy Beiinst miist mporpeccun {(Axg + puyo) + Ak + pn} u orpeska [p, q|.

Hy»H0 TOIbKO He 3a0BITh, 9TO B TeopeMe Beiist qacTora onpejesiiach JeJIeHueM Ha IHCI0 Tap
(k,n) B kBagpare [1, N]?, a 3/1ech yacToTa onpeie/isteTcs JleJIeHIeM Ha ILIOMA b NapaJjlieorpaM-
Ma Py. CoOoTBeTCTBEHHO, OTBET, JaBaeMblii Teopemoit Beiist, HyKHO pa3[e/MTh Ha OTHOIIEHHEe

Kosimaectsa nap N2 k mromaan Py, KOTopoe, 09eBHJIHO, He 3aBUCUT OT N, U II09TOMY pPaBHO

1
IJIOII M apaJjuiejorpaMma Py, .. ————.
p p ) i)

Bo-BTOpBIX, 3aMeTHM, uTO ecin orpeskn QR u ST B ky6e [0, 1]? napasiensbns! miockoctn Ax +
By + Cz =0, To paBeHCTBO (*) yist oTpe3Ka ()S pPaBHOCHIBLHO PaBEHCTBY (k) it orpeska RT .
JleficTBUTEIBHO, JIEBBIE YACTH ITUX JIBYX PABEHCTB COBIAJIAIOT, MOCKOJIBKY KaXKJasl IJIOCKOCTD,
napastenbiags Ax + By + Cz = 0, nepecekaer mim He mepecekaer QS m RT oJHOBpeMEHHO.
[IpaBbie ke YacTU ITUX JIBYX PABEHCTB COBIAJIAIOT, ITOCKOJBbKY PaBHBI JJIUHE OPTOrOHAJBHBIX
npoekImit orpeskoB QS u RT' Ha nepnesukysisip K mwiockoctu Ax + By + C'z = 0, a npoeknun
9TU COBIAJIATOT.

B-rperbux, 3aMeTnM, 9TO €CJIM MPOM3BOJIBHBIA OTPe30K | pasbuTh HA YACTH, TO DABEHCTBO ()
Jist orpe3ka [ Gyzer ciefoBaTh W3 paBeHCTB (x) s dacreil (Todnee, GyJeT MOIyIaThCS KAK
CyMMa 9THX DABEHCTB).

Tenepr nazoBem orpesku QS u RT ananoeuunvimu, eciu orpesku QR u ST mnapasuienbHbI
mwiockoctu Az + By + Cz = (0, u 3amMeruM, 9T0 Npou3Bo/ibHbIH oTpe3ok I B Ky6e [0,1]* MoxkmHO
pasbuTh Ha YACTH, AHAJOTHIHBIC BEPTUKATBHBIM OTPe3KaM (HAIIPUMED, eCJIH Yepe3 BCe BepIINHbI
Ky0a IMPOBECTHU ILIOCKOCTH, IapaJijiejbHble JJAHHON, TO OHU KaK pa3 pa3o0bIoT [ HyKHBIM 00pa-
30M). COrJIaCHO CJIeJIAHHBIM BBIIIE 3aMEeYaHUsiM, PABEHCTBO (%) BBINOJHEHO JJIs BEPTUKATBHBIX
OTPE3KOB, & 3HAYNUT U JJI aHAJOTMYHBIX UM 4YacTeil oTpe3ka [, a 3HAYUT U JjIsd BCEro orpe3ka I .
SAMEYAHUE. Eciu 661 Mbl B HaUaje pelieHusi BIOPAJIn B KAUeCTBE BEPTUKAJILHON JIPYTYIO KO-
OpIMHATY, TO HapaJiesorpamy Py, durypupyoruii B paBeHCTBe (%), MOJYIHIICS ObI JIPYTHM.
OnHako JieBast 4acTh paBeHCTBa (%) OT 9TOr0 He M3MEHWJIACh Obl, TAaK KaK paBHA MPaBOil 4acTH,
He 3aBuCsIeil 0T BbibOpa mapasuienorpamMa Py. Ha camom nese sieBasi wacTh paBeHCTBa ()
He M3MEHHUTCH, JlazKe eCJIn CeMefCTBO IapaJuiesiorpaMMoB Py 3aMeHuTh Ha ceMeificTBO 00pa3oB
[IPU TOMOTETHUSIX JIFOOOTO BBIIYKJIOIO MHOI'OYTOJIbHUKA, & He TOJILKO JPYTOro napasiieiorpaMMa.
3anHTEPECOBAHHOMY YHTATEJO TOJIE3HO MOMPOOOBATH ITO JI0KA3ATh, MOJIB3YsICh 3aMeIaHueM K
PEIeHNTO TTPE/IBIIYIINero MyHKTA.

SAJIAYA 11C

Ompeies M IJIOTHOCTH IJINTOK Ha MpparmoHaabHoil miockoctn Ax + By + Cz = 0 Kak npejen

OTHOIICHMN A
YHUCJIO IIJIMTOK BHYTPHU IIapaJijie/JiorpaMma PN

)

IUIOIIa/Ib ITapaJijiIeJiorpaMMa PN

rje napaJjuiesorpaMM Py olpesieieH KaK B PEIICHUH IPOIILIOrO IIyHKTA.

YT0ObI BLIYUCIUTE €€, IPEIIOI0KIM JIsd yaoocTBa, uro A, B u C' nonoxureabisl. Torga aucio
IUINTOK BHYTPH TapaJuiesorpamMa Py paBHO 9HCIy mepecedeHuii ero npobuoit wactu {Py} ¢
JaroHasbio Kyba, coemunstorieii Beprmasl (0,0,0) u (1,1,1). Ilpumensis pe3ysnbraT mporioro



IIYHKTa K 3TON JAuaroHaJ/ii, 1IoJIiyduM 49TO IIJIOTHOCTb paBHA
A+B+C
VA% + B2+ (C?

B obmmem cirydae ducinTesb HyKHO 3amenuth Ha |A| + |B| + |C|.

SAJIAYA 11D
Anajiornaso BeIBOMY 3aj1a9u 9b n3 9a mosryunM, 9To OTBeT 00paTeH OTBETY K IIPOIIJIOMY ITYHKTY.
SAIAYA 11E

Ornpejies M TJIOTHOCTD TPEYTOJIbHBIX IJIMTOK Ha UpparuoHabHol miockoctn Ax + By + Cz =0
KakK IIpeJie/1 OTHOIIIEHU S

YHUCJIO TPEYT'OJIbHBIX IIJIMTOK BHYTPHU ITapaJljieJIorpaMMa PN

ILIOIAIb HapaJiesorpamma Py

B npeamnonioxkennn, uro A, B u C' 10JI0KUTEIHHBI, TPOBEJEM ILIOCKOCTH, TapaJuieabbie Ax +
By + Cz = 0, yepe3 Bce BepIIUHBI Kyba. DTH IJIOCKOCTH Pa300bIOT JIMATOHAJb, COETUHSIONLYTO
gepuabl (0,0,0) u (1,1, 1), Ha oTpe3ku, U3 KOTOPBIX JBa Kpaiinux oboznauum depe3 [ u J. Ux
JUIMHBI DABHBI U OTHOCATCS K JutinHe quaronasn kak min(A, B,C)/(A+ B + C).

Bamerum, uro miockocth Ar + By + Cz = D nepecekaer ky6 [0,1]> no TpeyrosbHuKy eciu
U TOJBKO €CJIM OHa IepecekaeT orpe3kn [ wim J, MOSTOMY HMCKOMasl IJIOTHOCTH TPEYTOJIbHBIX
IUINTOK OTHOCUTCS K M3BECTHOM IJIOTHOCTH BeexX InTok Kak 2min(A, B,C)/(A+ B + C).
CooTBeTcTBEHHO, B 00IIEM CIydae OTBET OyJier

2min|4],|BL,|C1)

SAIAYA 11F

Wckomas BEPOATHOCTL paBHa OTHOIICHUIO IJIOTHOCTEN TPEYTOJIbHBIX M BCEBO3MO2KHBIX IIJIMTOK,
T.€.

2min(|A], |BJ, |C)
Al + Bl +C]

SAJIAYA 11G

[TpoBesieM uepes Kaxktyio u3 sepumn Kyba [0, 1]* miockocTs, mapaiiebHyio JaHHoil. DTH ILI10C-
KOCTH Pa300bI0T KyO Ha HECKOJILKO YacTell, 3 KOTOPDLIX JIBE OYIYT PABHBIME TETPAdIPAMUI.
Kak craner sicno u3 perrenus 3a1a4qu 17, OTBET paBeH cyMMe 00bEMOB 3TUX JIBYX TETPA3/IPOB, TO
|ABC|
3
3max(|A,[B], |C])

€CTb

[TonusaPHI

[Tycrs nommaapbl P u () mpecTaBiasgoTcs 00beMHeHUsIME (3aMKHY THIX ) BBIITYKJIBIX MHOTOYTOJIb-
nukoB C1,Cy, ... u Dy, Do, .. ..

SAJTAYA 12A

Oo6bemunenune P u () upejacrapisiercs Kak oobeaunenne Beex C1,Cs, ..., Dy, Do, ..., a nepecede-
Hre P u () — Kak o0beuHeHne BeexX HomapHbIX nepecedenuit C; N Dj, KOTOpble caMy ABJISAIOTCA
(3aMKHYTBIMH) BBIILYKJIBIMA MHOTOYTOJTBHUKAMH.

KommonenTta cBsizaocTu P BMecTe ¢ KaxKJIO# TOUKOW T COJEPKHUT Bce MHOroyrogbHuku C, co-
JiepzKallye &, a MoTOMY sBJidgeTcd o0beinnenneM HeKOTOpbix 3 C, Cy, .. ..

SAJIAYA 12B



JonosiHerne K KayKJ0My BBIITYKJIOMY MHOTOYTOJbHUKY C; — 9TO TOJU/IP, KOTOPBI MbI 0603HA~
M ;. JIeHCTBUTEIBHO, €C/IM MHOTOYTOJIBHIK ONPE/IE/CH KaK TIePECeUeHHe JAHHbIX TI0JIYILIOCKO-
cTeil, TO ero JONOJTHEHNE ABJISIETCA 00beIMHEHUEM MOJIYILIOCKOCTE, TOTIOTHUTE/IbHBIX K JAHHDBIM.
I[TosToMy JloHOMHEeHNE K T0Jmdpy P — nepecedenue moamsapos Cj, KOTOPOE, 110 IPEIBILYIIEMY
IIYHKTY, CaMO SBJISETCS MO IPOM.

SAJIAYA 12C

[Iycts mommsaper P u () uMeoT p W ¢ KOMIIOHEHT COOTBETCTBEHHO. Tornma obbequHenwe P u
() MOXKeT UMeTh JII000e YHCJI0 KOMIIOHEHT oT 1 J10 p + ¢, HO He OoJibiie. Bosbiie ObITh HE MO-
JKeT, TaK KakK KaxKJIas KOMIIOHEHTa OObeJIMHEHUsI COJMEP:KUT KaKylo-TO KOMIIOHeHTY P unn ().
[IpuBeieM MaKCHUMAJIBLHBIA ¥ MUHUMAJIBHBINA IPUMEPHI, OCTAJIbHBIE MOYKHO ITOCTPOUTH AHAJIOIUY-

HO. B kadectBe P pacemorpum muOkectBo [0;1] U {2,3,...,p}. Muoxkectso ()7 cocrout u3
q Touek {p + 1,p+2,...,p+ q} u B oObenunerun ¢ P maer p + g KommoHeHT. MHO)KeCTBO
Q2 = [1;p] U {%, %, ce %} upyu 00beIUHEHNN ¢ P cTaHeT CBAZHBIM.

B 10 ke BpeMs Ha IIOCKOCTH JIETKO IIOCTPOUTH IIPUMEPHI, OKa3bIBAIOIINe, 4TO Iepecedenue P
u () u jonojHeHue K P MOryT nMerhb JiI000€ YUCI0 KOMIIOHEHT MPU KarKJIOM 3HAYCHUH P U (.
Hamnpumep, eciim MmHOXKecTBO P cOCTaBJIEHO M3 TOPU30HTAIbHON 1 N BEPTUKAJBHBIX MPIMBIX, a
() — HakJIOHHad IpsAMasl, TO nepecedenne P N () u gomosHeHne K P MMEOT MHOT'O KOMIIOHEHT
cesizHoctu (6osiee N u 2N COOTBETCTBEHHO), XOTsi caMu P u () CBA3HBI.

SAJTIAYA 13A

Her, ne moryt. [lo ompesesnennio, nepuopintieckoe MHOXKECTBO MOIYIaeTCsd 00be/IMHEHUEM BCEBO3-
MOYKHBIX TIapaJlIeJIbHBIX TIEPEHOCOB CBOel (hYHIAMEHTATHLHON 00JIACTU 1O BEPTUKAJIA U TOPU3OH-
TaJn Ha IeJble PACCTOAHU.

SAJIAYA 13B

Ha, moxker. Hammpumep:

NN
\\\\\\\\
\\\\\\\\
\\\\\\\\
N N N N

SAJIAYA 14

st perenusi myHKTa (&) 3aMeTHM, 9TO JJI TPEYTOJbHUKA MOHATHE “BHYTPH OINPEIE/ICHO W3-
Ha4daJIbHO: TPEYTIOJIbHUK — 3TO BbIHyK.HbeI MHOI'OYI'OJIbHUK, T.€. IlepececdcHrue 3aMKHYTbIX IIOJIYy-
mwtockocteit S, S, S3. CoryracHo 3TOMY OIpe/Ie/IeHNI0, BHYTPEHHNE TOYKHM ITPOCTO BKJIFOYEHBI B
TPEYTOJIbHUK: MHOXKECTBO BHYTPEHHUX TOYEK TPEYTOJbHUKA — 9TO IepecevdeHne MOoJTyIIIOCKOCTel
S1, 99,53 6e3 rpanuil. TakzKe, COrIaCHO 9TOMY OIPEJIEJIEHUIO, OTPE30K, COCTUHSIONINN BHYTPEH-
HIOIO TOYKY TPEyroJIbHUKa C BHEIIHEM, Iepeceder I'PaHUIly OJHON U3 IOJIYILJIOCKOCTEl, a 3HAYUT
OJIHY W3 CTOPOH TPEYTOJbHUKA.

SAIAYA 14A

PacemoTrpuM 1epBblil TPEYTOJIBHUK KaK BBIMYKJIBIH MHOMOYTOJIBHUK, & BTOPOH — KaK 3aMKHYTYIO
somanyto. [lo mpempiayeMy 3aMedaHUIo 3Ta JIOMaHas BOHJET B MEPBBI TPEYTOJbHUK CTOJTHKO
JKe pa3, CKOJILKO U MOKWHET €ro, a 3HAYUT YUCJIO TIepecevennii ¢ TpanuIieil OyaeTr 1eTHoO.

SAJIAYA 14B

Breibepem Touky A m coemHUM C Hell KaxKIyio BEPIIHHY JaHHO JiomaHoi. OueBuHO, TOUKY A
MOYKHO BBIOPATh TakK, YTOObI HU OJIMH U3 COEIUHSIONINX OTPE3KOB HE MPOXOJIUI Y€PEe3 BEPITUHBI
JTAHHOTO TPEYTOJbHUKA 1, 1 HUKaKWe JIBa COEIMHIIONINX OTPe3Ka He OKA3aJINCh Ha OJTHOM TTPSAMOIA.



Torna 3BeHbs JIOMAaHOW ABJISIOTCA OCHOBAHUAMU TPEyroJbHUKOB T7,...,T,, ¢ obieil BepinHoit
A, 1 HUKaKOil TpeyroJbHuK 1; He IMPOXOAUT depe3 BepIuHbl Tpeyroiabanka 1. Takum obpasom,
1o IyHKTY (a), 9ucsao mepecedeHuii TpeyrojbHuka 1 ¢ KaxkJpiM w3 T; 9eTHO, & UCKOMOE YUCIIO
HepecevdeHuii OTIIMYAeTCs OT Hero Ha YeTHOE YncJIo (& MMEHHO, Ha YABOCHHOE THCJIO TIePECceIeHni
TpeyroibHuKa 1 ¢ oTpe3Kamu MeKy A U BepIIrHAMU JIOMAHOI).

SAJIAYA 14cC

Ananorngno nynkry (b), 3aMeHuM NepByIO JIOMaHy0 Ha HAGOp TpeyroibHuKoB. [To myHkTy (6)
YHUC/IO Nepecevdennii Kask0ro U3 3TUX TPEeyroJbLHUKOB CO BTOPOIi JloMaHoii Oy/ierT 4eTHO.

Ha pucytke cjeBa 3BeHbs1 IOMAHON Py, Pa,..., P5 CJIy?KAT OCHOBAHUSAMU
TPEYTOJLHUKOB Py Aps, poAps, psAps, psAps n psApy ¢ obieit BepinHoii
B HOBOIl Touke A. Buiano, 4To KaxkKIblii M3 OTPE3KOB p; A BCTpedaeTcs
POBHO JIBa, pa3a.

SAJTAYA 15A

O6o3HauNM H0pHuCcoBaHHOE pedbpo depe3 K F'. DTo pedpo JIEXKUT B HEKOTOPOIT KOMIIOHEHTE JIOIOJTHE-
Hus K rpady A, koropyro obosnaunm uepe3 C'. Oobeaunenne rpada A ¢ pebpom EF obo3HaInm
yepes A’ u nceemyeM, Kak KOMIIOHEHTBI JIOIOIHEHNS K A CBSI3aHbI ¢ KOMIIOHEHTAMHU JIOIIOTHEHUS
Kk A

[IycTs 1B TOUKM X W Yy JieyKaT B OJIHOM KOMIIOHEHTE JIONMOJIHeHUsT K rpady A, T.e. coeTumHeHbI
nsberarorieii ero jsomanoit P. Ecian sta jomanas mnepecekaer pedbpo EF', To obe Touku x u y
JexkaT B kKomrnonenTe C', a ec/in He IepecekaeT, To 00e TOUKA & U Y JIeXKaT B OJHONW KOMIIOHEHTE
nonoaenns K rpady A’. Takum obpaszoM, Bce KOMIIOHEHTBI JonosHenus K rpady A, kpome C,
OCTAIOTCsI KOMIIOHEHTaMU 100 THeHnsT K rpady A’.

Yro6bI MOHATH, CKOJIBKO KOMITOHEHT JomosiHeHus K rpady A’ jmexur B KommoneHTe C', OTJIOKUIM
o 0be cropoubs! pebpa EF tpeyrospauku EFS n EFT, He nmeromme ¢ A ob6mux To9eK Kpome
EwnF.

[TokazxkeMm, 4TO Kazkjiast Touka © KOMIIOHEeHThI C' coemuusiercs ¢ S uan 1 jiomaHoit, nsderaroreit
rpada A’. U3 storo Oyzer ciaenosarh, 4ro KomuonenTa C' comep:KuT He 6ojiee IBYX KOMIIOHEHT
noriotHeHust K rpady A’ — a umenHo, KoMroneHT Touek S u T

Tak kak Touka r comepxkurcs B C'; TO ee MOXKHO COeJIMHUTH JIOMaHO# P ¢ HEKOTOpPOil BHyTpeHHEl
toukoit G orpeska FF'. Bojee Toro, MmoxkeM cuntarh, 9To (G — €JMHCTBEHHas TOYKA JIOMAHO
P, conepxkamasica B orpeske EF'. Nnade moitiem 1o jomManoit PP oT TOYKH T JI0 IEPBOI TOYKH,
cojiepxKaineiicas B EF', u orOpocuM ocTaToK JioMaHoil P.

Tax kak Tpeyrospauku EFS uw EFT BMmecTe MOKPBIBAIOT MAJIYI0 OKPECTHOCTb TOUKH (G, TO
BOIM3M ee Ha jgoMaHoil P umeercsa Touka (7, He jiexkamast Ha orpeske FF | HO jexKalast B OJHOM
U3 JIBYX TPEYroJbHUKOB — Hanpumep, B KFF'S'.

[Tosromy yuacrok jmomanoit P mexy Toukamu x u G/, jpononHeHHbiit orpeskom GS, coenunsier
roukux u S, usberas rpada A’.

SAJTAYA 15B

Hawm ocrasiocs jmokasars, ato Toukun S u T u3 perreHust IpeIblIyIero myHKTa JeKaT B Pa3HbIX
KOMITOHeHTax jonojHerns K rpady A’. JleificrBuTebHO, B MPOTUBHOM CIydae UX COEJMHsIIA Obl
nomanast P, usberatomas rpada A'. Cuumras 6e3 orpaHuyeHus: OOIIHOCTH, YTO B TPEYTOJILHU-
kax FFS u EFT yruet S u T rTynble, 3aMeTnM, 9T0 0Tpe30K ST comepKurcsd B 00beIMHEHUN
tpeyrosibaukoB K FS u EFT | a 3uaqut, uzderaer rpacda A u nepecekaer FF B onnoit Touke G.
Takum obpazom, orpe3ok ST jgomnosHseT JioMaHyoo P 10 3aMKHYTOH HecaMolepeceKaroneincs



nomanoii P’ nmepecekatomeii rpad A’ B eauHcTBeHHON TOUKe (.

C zipyroif cTOpOHDI, B CUJIy CBA3HOCTHU Ipada A, OH COIEPKUT JIOMAHYI0 (), COCTUHSAIONLYIO TOUKH
E u F. Jononuss Q orpeskom EF 110 3aMKHYTO#i Hecamoriepecekaromieiics joManoi ', moyda-
eM, 9TO 3aMKHYyTbIe HecaMollepecekalomuecst jomanbie P’ 1 Q' 6e3 061X BEPIINH HepeceKaioTcst
1o eguHCTBeHHOM Touke (G. IIpoTuBOopeune ¢ mpeabiayIeil 3aaaqeii.

KBABUIIEPMOUYECKUE MHOYKECTBA
SAIAYA 16A

Ja, sBisiercs: 00o3HaInM TpedyeMoe KOHETHOe MHOXKECTBO depe3 S, a MepromIeckoe MHOKECTBO,
y KoToporo gyHjaaMeHTadbHas obiacTb — Apobuas dactb {S}, obosnauum udepes M. Torma B
IepeceveHnn ¢ JaHHONW UppaIoOHAJIBHOM IPAMOil 9T0 MHOXKecTBO M nact Kak pas S.

SAIAYA 16B

Het, anajornaao mpormioMy ImyHKTY MOXKEM IMOKa3aTh, YTO OTPE30K — KBA3UIIEPUOIMIECKOE MHO-
ZKECTBO.

SAJIAYA 16C

[Tpumep Takoro MHOXKecTBa — HAOOP BCEX TOYEK MPAMOii, Haxojsuxcs cipasa or Touku (0, 0)
Ha II€JIOM PACCTOSHUU OT Hee.

JlokazkeM OT TPOTUBHOTO: IIyCTh 3TO MHOXKECTBO M TOJIyYNIIOCh IlepecevdeHneM JTanHoi npamMoit L
C TIePUOJINYECKUM MHOYKECTBOM, UMEIONNM pyHIaMeHTa b tonyap F'. Tak kak B M Gecko-
HEYHO MHOT'O TOYEK, TO U B OJImdJipe F' ToxKe, & 3HAYHT, OH COJIEPYKUT OTPE30K [, IepeceKaronuiicst
¢ 0OMOTKOI L.

Ho tak xak M He coyepKuT oTpe3Ka, To oTpe3oK [ He mapaJuiesieH npamoir L. [Tosromy miaor-
HOCTBb TOYEK IepecevueHus JIaHHoi oOMOTKY ¢ | Hemy/ieBas, a 3Ha4uuT, M JOJIZKHO UMETh TOYKU B
JIIOOOM JIOCTATOYHO JITUHHOM OTPE3Ke Ha NPAMOil L — B TOM 4HCJIe U B OTPE3KE, JIEYKAIEM CJIEBA
or (0,0). Ho crera or (0,0) Touek MHOKecTBa M HET, IPOTHBOpEUNE.

SAMEYAHUE. Ha camoMm Jiejie HUKaKO# Jiyd Ha JAHHOM MPsIMOil He SIBJISIeTCS KBA3UIIEPUOIUICCKIM
MHOY)KecTBOM. [lormpobyiiTe 3T0 MOKA3aThH.

SAIAYA 17A

OrBer — WIomMa b MPAMOYTOJbHUKA. JleficTBUTEIbHO, MIyCTh CTOPOHA MPAMOYTOJbBHUKA, IapaJi-
JIeJIbHAA JIAHHON IpAMOil, UMeeT JJIMHY «, a MepHeHIuKyIdpHas eii cropoHa — b. Torma kaxkmas
KOMITOHEHTa MHOYXKeCTBa () — OTPEe30K JUIMHBI @, & IJIOTHOCTH 9TUX KOMIIOHEHT paBHA ILJIOTHOCTHU
repeceveHnit 0OMOTKHU € MEePHEHIUKYIAPHOI cTOpoHOil, T.e. b. [losToMy cpennss mauHa paBHa ab,
T.e. mwomaan F'.

SAIAYA 17B

Otser — mnomaas F'. JlokazaTeabCTBO COCTOUT B MPUMEHEHNN MTOACKA3KI.

SAJTAYA 18A

ITo npeapuLymeit 3aj1a4e, OTBET paBeH ILIOMa 1 (byHIaMeHTalbHoil obaacTu, T.e. 2h — h?.
SAJIAYA 18B

[InoTHOCTD 3€J/IeHBIX IIMTOK paBHA JJIMHE OPTOTOHAJILHON MPOEKITNU 3€JIEHOTO MPAMOYTOILHIKA,
BJI0JIb TIpSIMOit = + /2y = 0, Te. 1’}3@h. AHaJIOrUYIHO, TJIOTHOCTH JKEJITHIX IJINTOK PAaBHA CYMMe

JJIMH OPpTOI'OHaJIbHBIX HpOeKHI/IfI BEPTUKAJILHOI'O 1 T'OPU30HTAJIbHOI'O 2KEJIThIX MHOT'OYT'OJIbBHUKOB,
TO €eCTb %ﬁ .

BaMeTI/IM7 4YTO KazKdad KOMIIOHCHTa MHOXKeCTBa Qh, KpomMme Ha‘{HHaIOHleﬁCH B Ha4daJie KOOpAuHaT,
COCTOUT M3 YEpPEeAYIOMINXCA 2KEJIThIX U 3€JIEHBIX IIJIMTOK, IIPUYIEM €€ KpaﬁHHe IIJIMTKM BCEr'da 2KeJI-

Toie. [loaToMy B KakJIOM OTpe3ke Halleil TpAMOil PA3HOCTb YHUCJIA YKEJITHIX U 3€JEHBIX IIJTUTOK




paBHA YMCTy KOMIIOHEHT MHOXKecTBa (J; ¢ TOUHOCTBIO ;10 +3. COOTBETCTBEHHO, IJIOTHOCTH KOM-
[MOHEHT MHOXKeCTBa ();, paBHA Pa3HOCTH ILIOTHOCTEH YKEJITHIX U 3€JI€HbIX IIJINTOK, T.€. %5(1 —h).

OUJIEPOBA XAPAKTEPUCTUKA.
SAJTAYA 19A

O6osnaunMm gannyo ¢urypy depes P. OHa gBIsSeTCA IOJU3IPOM, TaK KaK HMEeT, HaIPUMeED,
cJielyionee Kjaerounoe pasbuenue: tparnerus ¢ sepimmuamu (0,0), (1,0), (1,—1), (=1,—1), Bce
ee pebpa u BepimHbl, uHTepBa) ¢ KoHmamu (1,0) u (1,1), ero KOHIBI, a TakKe BCE KJIETKH,
CUMMETPHUYHBIE [TePEYUCICHHBIM OTHOCUTE/ILHO IIPAMOR § = T.

Ecim B ee kirerounoe pazbuenne BXOAUT YKA3aHHDLIA TPEyTrOJLHUK, TO U UHTEpBaa | ¢ KOHIAMU
(1,—1) u (—1,1), aBagronuiicst CCOPOHOMN JIAHHOTO TPEYTOJIbHUKA, BXOAUT B pasouenue. C apyroit
croponbl, Tpeyrosibuuk ¢ Beprmaamu (0,0), (0,1) u (—1,1) gomkeH cojep:karTh XOTsi Obl OJHY
JIBYMEPHYIO KJIETKY €O cTOpOHOI J, sexkameit na [. Takum obpasoM, y Hac HOJYyYHINCH JIBE
HecoBIajaonye Kietkn I u J, nmerorue obmue Touku. [IporuBopeune.

SAIAYA 19B

ﬂaHHbeI IIOJIUS/IP P ABJIACTCA O6'beJII/IHeHI/IeM HECKOJIbKUX BbIITYKJIbIX MHOI'OYT'OJIbHUKOB, Ka}KILbII;'I
13 KOTOPBIX B CBOIO OYE€peshb sIBJISETCs MepecedeHreM HeCKOJIbKUX MOJIyIIocKocTeil. Obo3HaInM
rpaHuYHbIE TPSIMbIE BCEX ITUX MOJIYILIOCKocTel depe3 Ly, Lo, ..., L,.

DTH IpsMBbIe 33/1aI0T KJIETOTHOe pasdoueHune miockocTu. Kazkmas ero gBymMepHasi KJaeTKa 0Ty YaeT-
cd CJIEYIONUM 00Pa3oM: JIjId KaxKJ0r0 ¢ BBIOEPEM OJIHY U3 JIBYX IMOJIYIIJIOCKOCTEN ¢ rpanutieit L;,
1 BO3bMEM IIepecevdeHne 3TUX IoayItockocTeii. Kaxkass oqHoMepHast KjieTKa pa3OneHusl oIy da-
€TCsl CJISIYIONIIM 00pa3oM: pa3o0beM OJIHY U3 MPAMBIX [; Ha MHTEPBaJIbl OCTAJIbHBIMU ITPAMBIMH,
1 BO3bMEM OJIMH U3 9TUX UHTEPBAJIOB (HAIIOMHUM, YTO JIYYHM MbI TAKXKE HA3BIBAEM WHTEDPBAJIAMH).
Hakomner, kaxk1ast HyJbMepHast KJeTKa pa3doueHus — repecevdenne JIByX u3 npambiX Ly, Lo, ..., L, .
Kazkmass KimeTka mOCTPOEHHOrO pasOueHust 00 MEeJTMKOM JIEXKHUT B P, b0 e TuKOM He JIeYKUT.
CooTBeTcTBEHHO, HAOOP TEX KJIETOK, KOTOPbIE JIeXKAT B MOJIUdApe P, SIBIISETCA €ro KJIeTOYHBIM
pazdueHmneM.

SAJTAYA 20A

Ecam monmsap cocTonT M3 HECKOILKUX TOYEK, PABEHCTBO BEPHO.

Eciin nonmsnp siBiisiercst jiecom (To ecTh 0OObeJIMHEHHEM HECKOJIbKUX JIEPEBBEB), TO PaBEHCTBO
Takke BepHO. /leficTBUTE/IbHO, JTI000 J1eC MOZKHO BBIPACTUTH U3 KOHEYHOT'O YUC/IA TOYEK, JIOPUCO-
BBIBasg K HEMY ITOCJIEJOBATEIBHO 110 OJIHOMY JIUCTY, TO €CTh JT00aB/Isisi HOBYIO BEPIIUHY U COETUHSIS
ee ¢ OJIHON M3 MMeImuxcs. A TpU TOPUCOBBIBAHNN JINCTa 3HATEHNsT 00e 9acTU paBEeHCTBa Jilyrepa
HE U3MEHAIOTCH.

Ecim mosmsip siBasiercst rpadom, TO paBeHCTBO TOXKe BepHO. lelicTBUTeIbHO, /11000#1 rpad MOKHO
MOJIYYUTh U3 Jieca, MOCJeJ0OBATEIbHO IIPUMEHss K ero KOMIIOHEHTaM Ollepallui u3 3aJa4du 19,
HO, COTJIACHO 3TO# 3ajade, IMPHU TAKOH olepalud 0b6e YaCcTH paBEeHCTBa, Jilepa OTHOBPEMEHHO
yMeHbITatoTes Ha 1.

Hakomerr, paBeHCTBO BepHO Jijisi JIFOOOTO Tosinspa. lelicTBuTebHO, JIFOOOH MOUIAP MOXKHO TI0-
JIyanuTh u3 rpada Jo0aB/lIeHneM JIByMEPHBIX KJIETOK, HO Jo0aB/IeHne KaxKI0i JIBYMEPHON KJIETKH,
OYEBHU/HO, OJJHOBPEMEHHO YBEJIUYINBaeT 00e YacTu paBeHCTBa Jiljiepa Ha 1.

SATAYA 20B HeMeJIEHHO CJIe/lyeT U3 IyHKTa a, IIOTOMY YTO IpaBasl 9acTh TOXKJIECTBa Jiljgepa
HE 3aBUCUT OT KJIETOYHOI'O pa3sOUeHUs.

SAJJAYA 20D TakzKe HEMEJJIEHHO CJIelyeT U3 IMyHKTa a, IOTOMY YTO 3ifjepoBa XapaKTepuCTHKa
3aMKHYTOI HecaMollepeceKaloreiics JoManoil pasaa 0.

SAJTAYA 20C creayer w3 OIpeJie/IeHnsT SHIepOBOil XapaKTePUCTUKH, eC/in O0be TMHeHNEe TTOJTI]I-
poB P U () pa3buto TakmM 0Opa30M, 9TO KJIETKH 3TOr0 pa3OneHus oOpa3yoT TaKyKe KJIeTOTHBIe
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pasouernus P, Q u PN Q. Ho Takoe KjeTounoe pasbueHune Beerya CyIecTByeT — ero, HallpuMep,
MOKHO ITOCTPOUTD TaK »Ke, KaK B pernennn 3aaaqu 19b.

SAIAYA 21

[Iporyska K OTKPBITBIM TIPOOJIEMaM 3aBepIeHa, U Telepb HACTaIa OYepe/ib YIACTHUKOB JIeTNThCS
C HAMU MJIEAMH ¥ TPOJIBUKEHUSAME 1O JAHHOH 3ajade. Mbl OyaeM pajibl, €Cjim 9TO COTPY/IHIIC-
CTBO MPOJIUTCH JaxKe rocje okondanus Jlerneit Kondepennun, n Bcerja roroBbl TPOJIOJIKATD
obcyKIeHne:

Apwnna Apxumnopa: ARHIPOVA@Q179.RU

ITonuna Benonamenmnesa: BELOPPOLINAQGMAIL.COM
WNnbsa Bornanos ILYA.I. BOGDANOVQGMAIL.COM
Cepreit Jlopmaerko SDORICHENKOQYANDEX.RU
Kupuinr CrynakoB KIR.STUPAKOV@QGMAIL.COM
Atekcangp DcrepoB AESTEROV@QHSE.RU
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Dynamics of Tilings
S.A. Abramyan™®, A.A.Arkhipova®, P.S.Belopashenseva*, I.I.Bogdanov, S.A.Dorichenko,
A.LEsterov*, F.A. Kogan*, 1.V. Netay*, A.S.Skripchenko*, K.R.Stupakov*
(* — Department of Mathematics at Higher School of Economics)

This story is a stroll to an open problem connected with topology, dynamics and even the physics
of crystals. The problem is about sets like these, which are called quasiperiodic:

To understand the formulation of the problem you must get acquainted with the basic concepts of
ergodic theory (§2 u §3) and topology (§5 u §7— these two paragraphs are independent of the rest,
you can start with them).

The central paragraph 4 about tilings on the plane — is an introduction to quasiperiodic geometry,
which is the topic of paragraphs §6 and §8. The open problem is at the very end.

Before looking at tilings on the plane, we start out with tilings on the line. If you draw a line on
checkered paper then the cells will divide the line into segments.

What are the possible lengths of these segments? How often do they occur?

The problems in paragraphs §§1-3 are dedicated to answering these sort of questions.

If you have trouble with some notation or a question, or you just can’t seem to solve
a problem without a star — ask us (Arina Arkhipova, Polina Belopashenseva, Ilya
Bogdanov, Sergey Dorichenko, Alexander Esterov, Kirill Stupakov)!!

§1 TILINGS ON A RATIONAL LINE
a) For how many c the line given by the equation 6z + 8y = ¢ intersects the square [0, 1]??

b) What are the lengths of these intersections? How many different lengths are there? How many
intersections have a given length?

The line ax + by = c is divided by the cells into segments which we will call tiles, a division will
be called a tiling on a line.




a) How many different tile lengths occur on line az + by = ¢ for given integers a,b and c.

b) What is the period of this tiling, i.e. the minimal shift required to move the tiling along the
line so that it translates to itself.

c) From a corner of a pool table with integer lengths of sides A x B a ball is hit along the bisector.
How many times will it hit the sides of the table before it comes to a corner? What is the minimal
and maximal distance the ball travels between two bounces?

§2 TILINGS ON AN IRRATIONAL LINE

Here we look at tilings on an drrational line ax + by = ¢ such that a/b is an irrational number
(e.g. we can study the case x ++/2y = c).

a) Can there be two tiles of equal length on an irrational line?

b) Can there be or not be an infinite number of tiles with equal length?

c) Can there be or not be exactly three tiles of equal length?

d) Can there be or not be an infinite number of tiles with pairwise different lengths?

e) Describe geometrically all the lines which have a pair of tiles of equal length different from the
rest of the tiles.

If you have trouble with b-e (and you will!) then first solve the following problem:

a) Prove that any bounded (contained in a segment) sequence of numbers has arbitrarily close
members.

b) (Dirichlet Lemma) If A —is an irrational number, then the sequence {A\}, {2A}, {3A}, {4A}, ...
(where {} denotes the decimal part) is dense in the segment [0, 1], i.e. every subsegment contains
at least one member of the sequence.

c) Cut up the checkered paper, with the line az+by = ¢ drawn on it, into cells, put all of them in
a stack, and look at it towards a light. The visible subset of the square [0, 1]? is called the winding
of the square [0, 1]? with the line az+by = ¢ (see the picture below). Define the winding rigorously
and prove that it intersects with every segment, which is not parallel to the line ax+ by = c. Now
you can solve the previous problem.

§3 LIMITS AND AVERAGES

Recall that a number a is called the limit of a sequence ai, as, as,..., if each neighborhood of
a (i.e. each open interval containing a) contains all but a finite number of the members of the

sequence. In this case we write ¢ = lim a, and say that the sequence a, converges to a. If you
n—oo

know this very well then you can skip the next problem.

Prove that a) lim 1/n =0, b) the sequence a,, = (—1)" doesn’t converge,
n—oo

c) if ¢, = a,, + b, and a,, and b, converge to a and b respectively the ¢, converges to a + b.



d) (Squeeze lemma or Two Policeman and a Drunk lemma or Sandwich lemma) If a, < ¢, < b,
and a, and b, converge to a, then ¢, converges to a.

From the corner of a pool table with an irrational ratio of sides A x B a ball is hit along the
bisector with uniform velocity. a) Find the average number of bounces i.e.

. number of bounce in the first 7" minutes
im .
T—o0 T

b) Find the frequency of doublets i.e. pairs of sequential bounces from parallel sides.
If you have trouble with b (you might not!) return to it at the end of the paragraph.
We will call frequency of hits of a sequence a,, in a segment [ the limit

. number of integer n < N, such that a, lies in [
im .
N—o00 N

Your task in the next problem is to prove Weyl’s Theorem:

For an irrational number A\ and any a the frequency of hits of the sequence {a + n\}
in a subsegment I of [0, 1] is equal to the length of I.

We will call this sequence a Weyl progression with difference \.
a) Given a number ¢ and a segment I, find some irrational A and integer N, such that

number of integer n < N, such that {a +nA} lies in T
N

differs from the length of I by no more than ¢.
Tip: take a very small A\ and a very big N.
b) Prove that all N starting from some Ny suit the needs of a.

c) Prove that for arbitrarily small § any Weyl progression can be divided into several subsequences
such that each one of them is also a Weyl progression with difference less than §.

Tip: Apply the Dirichlet lemma to this sequence for the segment [0, d].

d) Prove Weyl’s Theorem.

a) I is a segment inside the square [0,1]?. Give a definition of the frequency of intersections of
the winding of [0,1]* with the segment I (the winding of the square was defined at the end of

the previous paragraph). b) Find this frequency for the case, when [ is a horizontal of vertical
segment of length d. ¢) Find the frequency for any segment I.

a) Find the density of tiles on the line az + by = 0, i.e.

number of tiles on the segment of length 7', drawn from the point(0,0)

A T

b) Find the average length of tiles on the line az + by = 0, i.e.

. the sum of the lengths of tiles on a segment of length T
im .
T—o0 number of tiles
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11.

§4 TILING ON THE PLANE

a) Give a definition of a tiling and its tiles on a plane Az + By + Cz = 0 in space.

b) What is the maximal number of angles a tile can have?

c¢) Find the number of different tiles on a plane if A, B and C' are integers.

d) Show that for the plane Ax + By + C'z = 0 exactly one of the following holds:

— 0 is the only point on this plane with integer coordinates (in this case the plane is called
irrational);

— all the points on this plane with integer coordinates are of the form k -v where v — is one of
these points and k is an integer number (in this case the plane is called semirational );

— M, AB and AC — are integers for some A # 0 (rational plane).

e) Formulate and solve analogs of the problems from paragraph §2 for the irrational plane.

f) Formulate and solve analogs of the problems from paragraph §2 for the semirational plane.

HALFWAY FINISH

Choose some polygon P (convenient for you) in the plane Az + By + Cz = 0, containing the
point (0,0,0). Denote by Pr its homothety with center at (0,0,0) and coefficient T'. This figure
will play the same role for the plane, as the segment of length 7" did on the line in paragraph §3.

a) Formulate and prove an analog of Weyl’s Theorem for the two parameter sequence {ku+nA}.
b) Formulate and prove an analog of problem 8 for the irrational plane in space.

c) Define and find the average area of tiles of a given irrational plane.

d) Define and find the density of triangular tiles on a irrational plane.

e) Find the probability that a randomly chosen tile is a triangle, i.e.

i number of triangle tiles in Pr
im
T—00 number of tiles in Pr

f)* Find the probability that a randomly chosen point of the plane is in a triangular tile, i.e.

. the sum of the areas of the triangular tiles in Pr
lim —
T—o0 sum of the area of all tiles in Py

g)* Define and find the average area of triangular tiles of a given irrational plane.
h) Solve all these problems replacing triangles with four, five, six, seven sided polygons.



12.

13.

14.

15.

16.

§5 POLYHEDRONS

Recall that a closed (open) convex polygon — is an intersection of several half planes including the
boundary (respectively not including the boundary). (Closed) polyhedron - is a union of several
(closed) convex polygons. A component of a polyhedron P is a set of all its points that can
be connected by piecewise linear curve inside P. Here is an example of a polyhedron with two
components, while the complement to it has three components:

4

a) Prove that the union and interesction of (closed) polyhedrons, and the connected component
of a (closed) polyhedron — is also a (closed) polyhedron.

b) Prove that the complement to a closed polyhedron — is also a polyhedron, but not closed.

c) If we know the number of components of polyhedrons P and @, what can we say about the
number of components of their union? Intersection? Complement to P?

A subset of the plane is called periodic if it does not change under integer translations in the
horizontal and vertical directions. The fundamental domain of a periodic set is its intersection
with the unit square. We will call a set a periodic polyhedron if it is periodic and its fundamental
domain is a polyhedron.

a) Can different periodic sets have the same fundamental domain?
b) Can a periodic polyhedron have one connected component, and its fundamental domain two ?
c)* Can a periodic polyhedron have two connected components?

If two closed non self intersecting piecewise linear curves don’t pass through each other’s vertices,
then they intersect in an even number of points. Prove this a) for two triangles b) when one of
the curves is a triangle c) in the general case.

)

Warning: if you plan to use concepts such as “inside ” and “outside a closed non self intersecting
piecewise linaer curve” then you will have to give a definition and prove the properties you plan
to use. (But this problem can be solved even easier without using these concepts).

Two vertices of a connected graph A on the plane got connected with a new edge, which does not
pass through any of the other edges or vertices. Prove that the number of connected components
of the complement to this graph increased a) by no more than 1 b) by no less than 1.

§6 (QUASIPERIODIC SETS

A quasiperiodic set on the line ax + by = c is the intersection of this line with a periodic
polyhedron.

a) Can a finite set on an irrational line be quasiperiodic?
b) If a quasiperiodic set is contained in a ray, must it be finite?
c) Find a subset of an irrational line which is not quasiperiodic.

The measure of a set on line — is its one dimensional area. Formally, if a set on line is a disjoint
finite union of segments, then its measure is the sum of lengths of all the segments. Define the



17.

18.

19.

average length of a subset () of a line as the limit

. measure of the intersection of ) with an segment of length 7', drawn from the point(0,0)
im .
T—o00 T

Let the quasiperiodic set () on the line ax + by = ¢ be the intersection of this line with a periodic
polyhedron P which has fundamental domain F'.

a) Find the average length of the set @, if F' is a rectangle, such that one of its sides is parallel
to the line az + by = c.

b) Find the average length of the set @ for any F.

Tip: approximate F' with rectangles from inside and outside.
Remark: You can now try again to solve the stars in 11.

For clarity, from now on we will study the quasiperiodic set M} of the points having at least one
coordinate with the fractional part not exceeding h. It is green and yellow in the picture:

-~

>

_—

Denote by Q) the intersection of M, with the line z 4+ v/2y =0

a) Find the average length of @), . b) Define and find the density of segment of the set Q.

Tip: First solve (b) for the sets M, and M, ), which are green and yellow respectively on the
picture. Then express the answer for M), using the answers for M;; and Ms,.

§7 EULER CHARACTERISTIC

Using the tip to the previous problem, we make an obvious remark: if we divide a subset of the
line into open intervals and points, then the difference between the number of points and number
of intervals does not depend on the division. This difference is called the Fuler characteristic of a
subset of the line.

To start studying quasiperiodic sets on the plane, we must first generalize the concept of Euler
characteristic to subsets of the plane.

We will call a cell division of a polyhedron P a set of open convex polygons T}, T, T3,... and
open intervals Iy, Iy, I3,... and points Py, P, Ps, ... (all together called the cells of the division)
such that

— each point of the polyhedron belongs to exactly one cell, i.e. each point either lies in one of the
polygons (but not in its boundary), or in one of intervals (but not at its endpoint), or is one of
the points.

— each side and vertex of each polygon and each end of each interval are also cells.

— the number of cells is finite, and the union of the cells equals the polyhedron P.

a) Consider the closed square [—1,1]? from which the open square (0,1)? was removed. Show that
the resulting set is a closed polyhedron and find its cell division with the least possible number of
cells. Is it possible that the triangle with vertices (—1,—1), (1, —1) and (—1,1) is a cell in some
cell division of this polyhedron?

b) Prove that each closed polyhedron admits a cell division.

6
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The Euler characteristic of a cell division of a polyhedron P is
X(P) =(number of polygons) — (number of intervals) + (number of points).

a) (Euler Formula) Euler characteristic of a bounded closed polyhedron is equal to: (number
of its components) — ( number of components of its complement) +1.

Tip: Prove this for trees, then for graphs, then for a arbitrary polyhedron by adding cells one by
one.

b) Euler characteristic of a closed polyhedron does not depend on the choice of the cell division.
The Euler characteristic of a convex polygon is 1. ¢) x(P) + x(Q) = x(PUQ) + x(PNQ).

d) (Jordan’s Lemma) The complement to a closed non self intersecting piecewise linear curve
has exactly two components.

§8 (QUASIPERIODIC SETS ON THE PLANE

A quasiperiodic set on the plane Az + By+ Cz = 0 is the intersection of this plane with a periodic
set in space. In particular, denote by Q) the intersection of the plane z + /2y + v2z = 0 with
the set M}, made of the points such that the decimal parts of at least two of the three coordinates
do not exceed h. For instance, the set M/, and the sets @, for h = 0.3, 0.4, 0.5, 0.6, 0.7 look as
follows:

u) polygon P in z + V2y + v2z = 0, denote
by Pr its homothetic image with center (0,0,0) and coefficient T'.

Open problem. Calculate the component density of the quasiperiodic set @), i.e. limit

number of components ) B Pr

1Q = lim

T—00 area Pr

The answer is not know even for sets (), shown above for arbitrory h.



21. a) Try to find the least possible hy < 1, for which #Q,, = 0. (The series of pictures above will
help you guess, perhaps not the smallest, but some acceptable hg)
b) Calculate the density of the Euler characteristic of the set Qp, i.e.

Euler characteristic of the intersection () and Pr
im .
T—00 area of Pr

c) Show that the complement to the set M;, can be produced from M;_, by removing the
boundary points and applying a central symmetry with respect to 0.

d) How are #Q) and £Q;_j related?

e) Find $Q), for sufficiently large and small h, specifically when h > hy and h < 1 — hy.

f) Give upper and lower estimations for £Q; /2. Try to make them as close as you can.

g) Propose H as large as possible, for which §Qy > 0, and give a lower estimation for this density.
h) Consider the intersection of M, with another plane: x + V2y + v/3z = 0. This quasiperiodic
set Qy, is depicted below for h = 0.4, 0.5, 0.6. Find any estimates for leh, which would support
or cast doubt on the following conjecture: unlike £¢);/2, the density of ﬂ@l/g is zero, but #Q), > 0
for h < 1/2.

i) (Discrete version of Arnold’s problem 1988-17) Find any estimates which would support
or cast doubt on the following conjecture, for the largest possible h < 1/2: for each h there exists
a sufficiently large number Ry, such that each bounded component of the set Q) belongs to a
disk of radius Ry,.

The most accurate estimation of {1y or ﬂ@l/g will get a prize, an exact calculation of
these densities or solution of the discrete Arnold’s problem 1988-17 can be published
in a mathematical journal, as soon as you acquire the necessary culture for writing
mathematical articles, while studying at a math faculty!




Dynamics of Tilings. Solutions to Problems 1-10

Notation:
#A is the number of elements in the set A.
{z} is the fractional part of z.

PROBLEM 1A

Answer: 15.

Consider the possible “boundary cases” of out line that intersects the square. In these cases, the
whole square is contained in one of the half-planes determined by the line, and exactly one of its
vertices (0;0) and (1;1) belongs to the line.

Therefore, the sought lines are the ones lying between 6x + 8y = 0 and 6x + 8y = 14. Thus, the
corresponding integer values of ¢ are all the integers in the segment [0; 14].

PROBLEM 1B

Consider the three possible cases:

1. The line intersects the square at only one vertex. In this case, the intersects the square in a
zero length segment. There are two such lines: 6x + 8y = 0 and 6z + 8y = 14.

2. The line meets opposite edges of the square (and probably passes through a vertex). Each of

those lines intersects the square in a segment of length 1 We will now compute the number

of such lines. We start shifting the line 6z 4+ 8y = 0 increasing the constant term. Consider
the first moment when the line meets opposite edges of the square. At that moment, the
line passes through the point (1;0) and is defined by the equation 6z + 8y = 6. At the last
such moment, it passes through the point (0;1) and is defined by 6z + 8y = 8. So, the
sought lines lie between the lines 62 4+ 8y = 6 and 6z + 8y = 8. Thus, we obtain that there

are only three lines intersecting the square in a segment of length 1

3. The line meets a pair of adjacent edges.

Consider the first moment, when the line meets a pair of adjacent edges. At that moment,
we have ¢ = 1. This line cuts off a triangle 7" from the square. Clearly, T" is right-angled,

and its legs are of the length % and é, respectively. The length of its hypotenuse equals

\/ 6% + 8%, by the Pythagorean theorem. Thus, the line 6x + 8y = 1 intersects the square in

5
the segment of length YR



Consider the other lines intersecting adjacent edges. Each of them divides the square into
a triangle and a pentagon. Note that all the triangles obtained this way are similar to the
triangle T', and the similarity ratio is a natural number.

Let us compute the largest possible similarity ratio. Consider the first line that meets a
pair of opposite edges of the square. The largest triangle is cut off by the previous line,

which is defined by 6x + 8y = 5. Thus, we obtain that the lines lying between the lines

5 5 5 5

6x + 8y = 0 and 6z + 8y = 6 intersect the square in the segments of length 1 12°3 &
25

and o1 respectively. Each of those values occurs as a length of one other segment that is the

intersection of the square with one of the lines lying between 6x + 8y = 8 and 6x + 8y = 14.

5 5 5 5 25
247127 87 67 24
(this value occurs three times). The total number of the pairwise different lengths is 7.

D
Answer. The possible lengths are 0, (each of these values occurs twice), 2

IMPORTANT NOTATION. Let F' be a set in the plane. The fractional part {F} of F is the set of
the points of the form ({z};{y}), where (z;y) € F.

PROBLEM 2A

Let the given line ¢ have an equation ax + by = c¢. We will determine the answer for all (not
necessarily integer) values of ¢. We will assume that

e gcd(a,b) = 1, otherwise one may divide the equation by ged(a,b).

e o >b>0. The cases a = 0 and b = 0 are left for the reader; the other cases can be
obtained via refections in the coordinate axes and swapping of the coordinates.

At the end of the solution, we will rewrite the answer for the general case (keeping the only
restriction ab # 0).

Let L = {¢}. Then L consists of several half-open intervals in the unit square [0, 1)?.
Let us collect some information about the points of L lying on the x-axis. These points correspond
to the points of ¢ with integer ordinate. Thus their abscissae have the form {g + n(—g) } , where

n is integer. Since g is an irreducible fraction, there are exactly a points under consideration,

and the set of all these points coincides with the set X of points of the form % + S (k € Z) lying
in [0,1).

Similarly, L contains b points on the y-axis. So the total number ofpoints of L lying on the axes
is a4+b— ¢, where ¢ = 0 if ¢ does not contain integer points, and ¢ = 1 otherwise. This number
is also the number of intervals in L.

However, some of these intervals may be congruent. Let us investigate how often this may happen.
The ideas of 1b show that there are only the following two opportunities for that.

(i) All the segments connecting two opposite sides of the square are congruent. Since a > b, all
these sides are horizontal.

The number of such segments equals the number of points of X on the segment [O, 1-— g] ,
i.e., this number is a — b+ ¢.

(ii) Two segments symmetric to each other with respect to the center of the square. Such pair
appears as soon as ¢ contains a point with half-integer coordinates, as shown in 3e further
(the referred solution does not implement the rationality of the line).



Therefore, if (ii) does not arise (hence ¢ = 0), then the total number of tile lengths equals
a+b—(a—b—1)=2b+1if a>0b,and 2 if a =b(=1).

If (ii) arises, then the total number of segments which are not mentioned in (i) is (a + b — ¢) —
(@ —b+ ¢) =2(b— ¢), and these segments split into pairs of congruent segments. All in all, the
number of distinct lengths is b — ¢ + 1, if there is a segment satisfying the conditions of (i), and
b — ¢ otherwise, where the last case appears only if a = b and ¢ = 0; so the answer in this case
is b).

Now the answer in the general case can be formulated as follows.

Answer. If a line passes through some integer point, and |a| # |b|, then the number of tile
min(|al, |b])

ged(al, |o])
If the line contains a half-integer point but does not contain an integer point, and |a| # |b|, then
min(al, b])
| ® eed(la o) T | |
If the line does not contain a half-integer point, and |a| # |b|, then the required number is
2min(]al, [b])
— 7 + 1.

ged(lal, |o]) . . '
Finally, if |a| = |b|, then the number of the lengths is 2, except for the case when the line contains
a half-integer point but not an integer one. In the case, all the tiles are congruent.

lengths is

the number of tile lengths is +1.

REMARK 1. The condition that the line ax + by = c¢ passes through a half-integer point is
equivalent to the condition of 2¢ being divisible by ged(a,b). In turn, this is equivalent to the
fact that 2c is divisible by ged(a,b).

REMARK 2. The answer shown above still holds even for the case ab = 0.
PROBLEM 2B

We work under the same assumptions as in 2a. We start with presenting some (possibly, non-
minimal) period. Notice that the shift by vector (—b,a) preserves both the line and the grid.
This means that the tiling is also preserved; thus d = v/a? 4 b2 is a period. It remains to learn
whether it is minimal (and resolve the situation when it is not).

The answer depends again on what happens with the cases appearing in the solution of 2a. It also
depends on whether there exist short tiles which are not listed in (i) (i.e. the tiles meeting two
adjacent sides of a square at points distinct from its vertices). If there are no short tiles (which
happens exactly when a+b—¢ = a—b+ ¢, that is, b = ¢ = 1), then the period equals the length

JaZ L2
of the tile, i.e., a——i—b‘

Assume now that shaort tiles exist. If (ii) does not appear, then each short tile arises once on each
length d segment. Thus there cannot be a period less than d. Conversely, if (ii) appears, then
each short tile appears twice, which yields that the minimal period can be either d or d/2, and
in the latter case each short tile appears once on each length d/2 segment.

Since any two such tiles are symmetric with respect to a semi-integer point, and the semi-integer
points occur with some period divisible by v/a? + b2/2, it follows that the period for semi-integer
points has to be equal to va? 4+ b2/2. The latter implies that there exists a unique short tile, that
is, we again obtain b = 1. Now, as one can see, the period can be shorter only when a =b =1,
if ¢ is a semi-integer that is not integer.

It remains to understand when the latter is the case. Note that in this case successive semi-integer
points lie on the line ¢ at the distance va? + b%/2. If a short segment exists, then such segments
lie exactly in the middle of semi-integer points (otherwise the period cannot equal d/2). However,
it is not hard to show that another short segment must be adjacent to a short accent. The latter
implies that this case is possible only if |a| = |b| = 1, and ¢ is a semi-integer which is not integer.



a? + b2 .
Answer. ———— except the following cases:
ged(a, b)

e If a = b, ¢ does not divide a, while 2¢ does, then the period is 1/\/§;

e If a is divisible by b and the line passes through a lattice point, then the period is —V“2a+b2

PROBLEM 2C

Let us assume that the side lengths A and B are coprime (the other cases are obtained by scaling).
We also assume that B < A.

Let us “straighten” the ball trajectory in the following way. At each moment when the ball
bounces at some side of the table, we reflect the table (and the ball) in the line containing this
side. So the ball trajectory becomes a line y = z in the plane with a grid consisting of A x B
rectangles.

Next, apply to our plane the following transform. “shrink” eveything horizontally with ratio 1/A,
and also vertically with coefficient 1/B (thus each point (z,y) is mapped to (x/A,y/B)). After
that, we get the plane with the usual grid of unit squared, and the new line ¢ has the equation
By = Ax.
This way, each segment between two successive bounces corresponds to a tile on the line ¢ situated
between the origin and the next integer point on ¢ (which appears to be (B, A)). There are
A+ B —1 tiles on this segment. Each bounce of the ball corresponds to a common endpoint of
two such tiles, so there are A+ B — 2 bounces.
It remains to find the maximal and minimal distances between the bounces. Under our transform,
the ratios of lengths of the segments under discussion do not change. Thus it suffices to find the
longest and the shortest tile in the tiling of ¢. The longest tile is, e.g., the leftmost one (when
the ball comes from the corner to the opposite side). The shortest distance is min(A, B) times
smaller.
So, in the eneral case we get the following answer.

. A+B . .
Answer. The number of bounces is M — 2. The longest distance between two successive
bounces is v/2 - min(A, B), the shortest one is v/2 - ged(A, B).

The solution for PROBLEM 3 is presented after that for Problem 4.

PROBLEM 4A

We will show that for a given € > 0, there exists a pair of terms of the sequence which are at
a distance less than ¢ from each other. Let the sequence (x,) be bounded below and above by

a
< ¢. Divide the interval into

some numbers a and b, respectively. Choose n € N such that

n
n equal parts. By the Pigeonhole Principle, at least two of the terms z;, zs, ..., z,41 belong to
b—a

the same part. Thus, the distance between them does not exceed <e.

n
PROBLEM 4B

If {kA} = {mA} for some k # m, then the number (m — k)X is integer, hence A is rational, which
cannot be the case. Therefore, the terms in the sequence do not repeat.

Consider an arbitrary interval [o; 8] C [0;1]. We will prove that it contains a number of the
form {kA}. To do this, using Problem 4a we find the terms {kA} and {mA} (for some k > m)
that are at a distance less than  — «; denote their difference p = {kA} — {mA}; then, we
have |pu| < p — a. Note that the sequence contains a subsequence of numbers of the form

4



{nu} = {n(k —m)A}. The first [1/u] terms of this new sequence divide the interval [0;1] into
subintervals of length less than |u| < 5 — a each. Therefore, the whole interval [«; 8] cannot be
contained in any of those subintervals. Hence, the interval [o; 5] contains a separating point of

the form {nu} = {n(k —m)A}.
PROBLEM 4C

A winding of a square by a line ax + by = ¢ is defined to be the fractional part of the line
ax + by = ¢ (see the notation introduced before 2a).

Without loss of generality, assume that ab < 0. Take an arbitrary interval I that is not parallel
to the line ¢. Project I along ¢ onto the positive rays of the coordinate axes; the projection is
either a segment or a union of two segments.

For definiteness, we may assume that the projection contains a segment J of the z-axis. It suffices
to show that this segment contains a point of the winding (then, the winding segment passing
through this point meets I). The points of the winding that belong to the z-axis are exactly the
points of the form {§ + n(—%) }. Since g is irrational, Dirichlet’s lemma implies that one of those

points belongs to J. QED

PROBLEM 3
By a tile of the winding we mean the fractional part of a tile on the line.
PROBLEM 3A

Answer. Yes.

For example, we can take a line that passes through an integer point A. Then the two tiles
containing A are symmetric with respect to this point (moreover, any two tiles symmetric with
respect to A have equal lengths). See also the next problem.

PROBLEM 3B

Answer. There always is an infinite amount of tilings of equal length.

Let k be the slope of our line; without lose of generality we have 0 < & < 1. Consider the winding
of [0,1]? with our line. According to 4c, there are infinitely many tiles of the winding that pass
through the points of the form (0,y), where 0 < y < 1 — k (because there are infinitely many
segments with empty pairwise intersections that lie inside (0, %)). The other endpoints of these
tiles have the form (1,y + k). Corresponding tiles with such endpoints have equal lengths.

PROBLEM 3C

Answer. There cannot be exactly three tiles of equal length.
Assume the contrary: there are exactly three tiles of length d. How can they be placed in the
winding of the line? There are two cases.

(i) The endpoint of one of these tiles lie on opposite sides of the square. It has been shown
in 3b that there are infinitely many tiles of this length. This is a contradiction.

(ii) Each of the three tiles has endpoints on adjacent sides of the square. There are exactly two
length d sections of the square by a line parallel to our one; these sections are symmetrical



to each other with respect to the center of the square. Therefore, at least two of our three
tiles of the winding coincide. But this is impossible for an irrational line.

PROBLEM 3D

Answer. There are always infinitely many tiles of pairwise different lengths.

Assume again that the slope & of our line lies in (0,1). Then, according to 4c, there are infinitely
many tiles of the winding with endpoints on the lower side of the unit square. All these tiles have
pairwise different lengths.

PROBLEM 3E

Answer. There exist exactly two tiles of equal lengths if and only if the line contains a half-integer
point (i.e. a point such that its coordinates are integers divided by 2).

Suppose that the line ¢ passes through a half-integer point (u/2,v/2). If a point (z,y) belongs to
¢, then the point (u—z,v—1y) also lies on £. Therefore, for any tile of the winding of [0, 1]* with ¢,
the segment symmetric to it with respect to the center of the square also lies in the winding with
our line (we assume here that the tiles of the winding do not contain their endpoints, i.e. they lie
in (0,1)?). So, if the winding contains a tile of length d connecting adjacent sides of the square,
then the winding (an hence the line) contains exactly two such tiles.

Conversely, assume that there are exactly two tiles of length d. Due to the solution for 3c, there
are infinitely many tiles which connect opposite sides of the unit square, and all of them are of
the same length. So, each of the two tiles connects adjacent sides of the square. These tiles of the
winding must be symmetric around the center of the square [0,1]%>. This implies that for some
x,y € [0,1) our line contains points (ki +x, ¢, +y) and (ka—x,lo—y), where k;, {; € Z. Therefore,
the midpoint of the segment connecting these points also belongs to our line. It remains to notice
that this midpoint has half-integer coordinates 1% and 4tf.

PROBLEM 5

Observe that in any open interval containing a there is a subinterval of form O.(a) = (a—¢,a+¢)
for some ¢ > 0. Therefore, we can consider only such intervals. We call such interval a e-
netghborhood of a.

PROBLEM 5A

Fix € > 0. Choose a positive integer N greater than % (for instance, we can take N = [%] +1).

For all n > N we have |% — 0| < % < e. This implies that all terms of the sequence, except

possibly the first NV terms, are contained in O.(0) = (—¢,¢).
PROBLEM 5B

Suppose that the sequence a,, converges to some a. Take ¢ = % For all n we have |a, —a,11| = 2.
This yields that no two consecutive terms of the sequence may belong to an interval of length 1.
Thus there are infinitely many terms of our sequence outside of O;/2(a), which is a contradiction.

PROBLEM 5C

Take any € > 0. By definition, there exists a number N such that for all n > N the numbers a,,
and b, belong to £/2-neighborhoods of a and b, respectively. In other words, |a,, —a| < e/2 and
|b, — b| < €/2. Therefore, |¢, — (a+b)| < |a, —a| +|b, —b] <e/2+4¢/2 = ¢. So, for the same
values of n the number ¢, lies in O.(a + b).

PROBLEM 5D

Take any ¢ > 0. By definition, there exists a number N such that for all n > N the numbers
a, and b, lie in O.(a), i.e., a —e < a, < ¢, < b, < a+e. Thus, for the same values of n the
number ¢, also lies in O.(a).



PROBLEM 6

First of all, we perform the same modifications as in 2c: we “straighten” the trajectory of the ball
into a line and “shrink” the whole plane by % horizontally and by % vertically. Now we have
a plane split into unit squares and a line ¢ determined by the equation Az = By. The line /¢

is irrational, so the only integer point lying on it is (0,0). The ball moves along ¢ with velocity
1(1 1
(2 5)-

PROBLEM 6A

Notice that lim,, % = a by the squeeze lemma (since a — % = %’1 < % <% =aq).

The bounce moments correspond to the moments when the ball moving along the line meets the
grid lines. During the first 1" minutes, this ball meets [ﬁi} vertical and [ﬁﬂ horizontal grid

lines. Consequently, the average number of bounces is

in 7 ([2vsl * [5va)) =t sl it [5al 2 e
m — | | 7= ——| | =1m — |—F= im — = )
PROBLEM 6B

We will assume that A < B, the other case being similar.
After straightening the trajectory, the doublets correspond to the situations when ¢ intersects
two opposite sides of some unit grid square. Since the slope of ¢ is less than 1, the line cannot
intersect successively two horizontal segments of the grid.
Choose some T'. As we have already mentioned, just before each of [ﬁi] “horizontal” meetings

there is a “vertical” one. After each of the remaining D = [ﬁi} — [ﬁﬂ “vertical” meetings

there is another “vertical” meeting (if the former is not the last one). So, the amount of doublets
occurred in T minutes is no bigger than D and no smaller than D — 1, i.e. it lies between

L—L—Z and L—L+1
AV2  BvV2 AV2 BvV2

By the squeeze lemma, the frequency of doublets is ‘ﬁi — ﬁ‘ (this formula works in the case

A > B as well).

REMARK. One can also solve this problem using Weyl’s theorem. Take a look at problem 8 for
similar solutions.

PROBLEM 7A

Recall that the ceiling [x] of a real number z is the smallest integer greater than or equal to x.
Take a positive irrational number A\ < % Now we pick terms of our sequence {a + nA} until they
“pass around” the segment [0, 1], i.e. until nA exceeds 1. The number N of terms we have taken
this way is equal to [1/A], i.e. A is between 1 and .

Now we will prove that if we take A small enough (and N, therefore, is going to be big), then the
statement of the problem holds true.

Let S be the set of first N terms of our sequence and let £ be the number of elements of S which
lie in I. The frequency of hits, which is %, can be estimated in terms of A: since % <A< ﬁ,
we have (k— 1A < £=5 < £ < kA

Moreover, the length |I| can also be estimated in terms of A. The set S determents a partition
of segment [0,1] (elements of S are endpoints of segments of the partition). Each segment of
the partition is no longer than A, and k 4+ 1 of these segments cover the segment I. Therefore,

|| < (k+1)A. No more than three segments of the partition could be shorter than A: namely, the



two boardering segments and the one that starts at {a + NA}. These observations imply that [
contains at least k—2 segments of length A, so |I];(k—2)A. To sum up, (k—2)A < |I| < (k+1)A.
Comparing the estimates we have made for the frequency % and for the length |I|, we conclude
that they differ by no more than 2\.

Finally, if we choose A < ¢/2 and N=[1/\], then the problem requirements are satisfied.

To solve problems 7b-7d, we will use the following lemma, which can be proved by a direct
computation.

LEMMA 1. Let A be the frequency of hits of a sequence aq,...,a; in a segment I, let B be the

frequency of hits of a sequence by, ...,b, in the same segment, and let C' be the frequency of

hits of the sequence ag,...,ag,b1,..., b, in the same segment. Then C' is equal to the weighted
kA+mB

avarage — e

COROLLARY 1. Let A be as defined in Lemma 1. Assume that it differs from the length |I| by

less than ¢, and that B differs from |I| by less than 6. Then C differs from |I| by less than the

. ke +md
weighted avarage BETTO of these errors.
k+m

REMARK 1. If we know that the first error ¢ is very small (say, 0.001), and the weight m of the
second error is significantly smaller than the weight & of the first one (say, 1000 times), then the
weighted avarage error %™ ig also very small, even if the second error § is not very small (for
9 < 1 the weighted avarage is less than 0.002).

PROBLEM 7B

In problem a we saw that if we take N and A such that % <A< ﬁ, then the frequency of

hits of the sequence {a + A}, {a+2A}, {a+ 3}, ..., {a+ NA} in the segment [ differs from the
length |I| by less then 2\.

Let us show that a similar estimate can be made for the frequency of hits of the sequence {a +
A {a+2A} {a+3M}, ..., {a+ MA} in I when M is large enough. Divide this sequence into
subsequences of length N and a “remainder” of length r < N:

{a+ A} {a+2\}, {a+37),... {a+ NA}

{a+(N+ DA} {a+ (N+2)A}, {a+ (N+3)\}, ..., {a+2N)\}

{a+ (pN + DA}, {a+27}, {a+ 30}, ..., {a+ (DN + 1))}

In fact, we divide M by N with remainder: M = pN + r.
According to problem a, the frequency of hits of each of the first p subsequences in I differs from
the length of the segment by less than 2A. The frequency of hits of the“remainder” cannot be
estimated better than that it is between 0 and 1, so it differs from |I| by less than 1. Therefore, we
can apply Corollary 1 to get that |I| differs from the frequency of hits of {a + A}, {a+ 2}, {a +
3A}, ..., {a+ MM} in the segment by less than Np- 22+ 1o

Np+r
big enough M (greater than 1/\?) this number is less that 3.

So to conclude, for all big M (greater than 1/\?), the difference between |I| and the frequency
of hits of {a + A}, {a +2A}, {a +3A},..., {a+ MA} is less than 3\.

In particular, if we take A\ < £/3, then for all M > 1/A\? the freqeuncy of hits is different from
the length of the segment by less than ¢.

, which is less than 2\ + ;. For

PROBLEM 7C



Applying the Dirichlet Lemma to the segment [0,4] and the sequence {nA}, we find some ¢ such
that {gA\} < 0. Set u={g\}. Observe that the Weyl progression {a},{a+ A}, {a+2A},... splits
into alternating Weyl progressions with difference p and first terms a, a+ A, a+2A, ..., a+(g—1)\.
Indeed, we just divide n by ¢ with remainder: n = mgqg+r, so {a +nA} = {(a + 1) +mu}.

PROBLEM 7D

Pick some number § > 0. According to problem ¢, we can (and will) split our Weyl progression
{a},{a+ A}, {a +2X}, ... into ¢ progressions with difference p < §. Let Py, P, ..., P, denote
these progressions, and let P denote the initial progression.

According to problem b, if we choose more than 1/u? first terms of P, , then their frequency of
hits in [ differs from |/| by less than 3pu.

According to Corollary 1, if we pick more than ¢/u?® + ¢ first terms of P, than their frequency of
hits in I also differs from |I| by less then 3y, since this set of > ¢/u? + ¢ first terms of P splits
into sets of > 1/p? first terms of P, ..., P,.

We now need to take a value of § such that 3u is greater than . To achieve it, we can take
§ = €/3. Then for more than ¢/u? first terms of progression P the frequency of hits in I differs
from the length |I] by less than 3u < 30 < ¢.

PROBLEM 8

Let A and B be plane figures. Recall that A U B and AN B stand for the union and the
intersection of A and B, respectively.

PROBLEM 8A

Consider an irrational line ¢ defined by ax+by = ¢. For every T' > 0, by St we denote the length
T segment of ¢ with left endpoint at (0,%). Let I C [0,1]* be a segment that is not parallel to ¢.

DEFINITION. The frequency of intersections of the segment I with the winding of [0, 1]? corre-
sponding to the line ¢ is the limit
#({Sr} N 1)

R

PROBLEM 8BC

Assume first that the segment I is contained in the segment [0,1] of the y-axis. Then, the
intersection points of the winding and the segment [0, 1] of the y-axis generate the Weyl’s sequence
Uy = {% + n(—%) } By definition, what we have to compute is the frequency of its elements that
are contained in 1.
Warning!!! Before using Weyl’s theorem (see Problem 7), note that while we travel with unit
Va2 b2
speed along the line ax + by = ¢, we meet a vertical line of the grid every % minutes
(nothing but the length of a line segment between two neighboring vertical lines of the grid).
a? + b?
0] . ,
Thus, Weyl’s theorem and the observation above together imply that the sought frequency of
|£][b]
Va? + b?

[0, 1] of the z-axis and yields the answer

Therefore, it takes minutes to obtain each new element of the sequence (u,).

. A similar argument works for I contained in the segment
|]]al

Now, let I be an arbitrary segment in [0,1]2. If ab < 0, then project I along ¢ onto the lower

left angle of the square. Otherwise, project I onto the upper left angle. This projection in general

is a union of a vertical segment [, and a horizontal segment Iy contained in the corresponding

edges of the square. One can easily show that the following statement is true:

intersections for I equals



Let 7 be a tile such that {7} # (0,0). Then, the fractional part {7} meets I if and only if it
meets exactly one of the segments I, and Iy .

Note that for each value of T', a length T segment of the line ax + by = ¢ contains no more than
one tile such that {7} 5 (0,0). Therefore, for every 7" > 0 we have:

SH#{SrI N Iv) + #{Sry N Ik) — #{Sry N (Iy Uly)) < 1.

Let us consider the largest 7 < 71" such that the right endpoint of S7; is contained in a vertical
or a horizontal line of the grid. It is obvious that

<H#{Sp NIy Uly)) —#({Sr}nI) < 1.
Thus, as T" approaches infinity, we have

#{Sry N 1) —#({ S} N1Iv) — #({Sr,} N In)
T
[ Ii]|al + [Ty ]|D]
Vaa+2

A straightforward computation implies that, for an arbitrary vertical/horizontal segment I C
[0,1]%, the frequency of intersections is the same as for its copy contained in the corresponding

]l
va? + b?

— 0.

Hence, the answer to Problem 8c is

edge of the square, which yields the answer to Problem 8b. That is, for I being vertical

7]l

and for I being horizontal.

PROBLEM 9A

This problem is a special case of Problem 8c. Indeed, choose I to be the diagonal of the square
0, 1]? that intersects all the fractional parts of the tiles contained in the line ax+by = 0. Then, for
each tile 7 contained in the line segment of length 7', its fractional part {7} meets I. Therefore,
since, for every T' > 0 the difference between the number of points in {S(7")} NI and the number
of tiles on S(T') does not exceed 1, the sought limit coincides with the frequency of intersections
of the winding with the interval I, and we can use Problem 8c to compute it. Thus, the sought

lal + [b]
Va? + b2’

density equals , since in this case |Iy| = |Ig| = 1.

PROBLEM 9B

Note that the numerator in the formula for the tile density coincides with the denominator in the
formula for the average length of tiles. Moreover, the difference between the numerator in the
latter and T does not exceed /2, which is the greatest possible length of a tile. Obviously, as T'
approaches infinity, so does the number N(T') of tiles on a line segment of length 7', so, we have

the equality limp_. N‘([T) = 0. Thus, the sought limit is the multiplicative inverse of the limit in
Problem 9a, hence the answer is

PROBLEM 9C

This problem is yet another special case of Problem 8c with I being the diagonal different from
the one considered in Problem 9a. Indeed, this diagonal is also a diagonal of the parallelogram
P C [0,1]* containing the fractional parts of the maximum length tiles. This observation implies
that, for a tile 7, its fractional part {7} meets I if and only if 7 is of the maximum length.

Hence, to obtain the answer, it remains to use Problem 8c: if |—| > 1, then the projection of [

a
b — lal
0]

along the line ax 4+ by = 0 is a vertical segment of length . Hence, by Problem 8c, the

10



[b] — |al
Va2 + b?
projection of I along the line is a horizontal segment of length

jal — Jo

b
sought frequency equals The case with ‘—‘ < 1 can be considered analogically: the
a

lal — 0]
lal

. So, the total answer is

, thus, by Problem 8c, the
|16 — lal]
Ve

frequency of intersections is equal to

PROBLEM 10A

A plane « in the 3-dimensional space is divided into pieces (tiles) by the faces of the standard
3-dimensional grid. This yields a tiling of «.

PROBLEM 10B

Since a cube contains only 6 facets, a tile can have no more than 6 sides (thus, no more than 6
angles). As an example, take the cross section of the cube [0, 1]* by the plane = +y + 2z = %

PrROBLEM 10C

The argument is similar to the one for Problem 2a and yields the following answer. Suppose that
EIRR): Rl

we have |A| < |B| < |C]. If |A]+|B| = |C], then the sought number is equal to [ )

Otherwise, it equals |A| + |B].
PROBLEM 10D

Obviously, the origin O belongs to any plane « defined by an equation of the form Ax+By+Cz =
0. If o contains no other lattice points, then the first statement is the case.
Otherwise, take P = (p1,p2,p3) € o — an arbitrary lattice point such that P # O and consider

the line ¢ spanned by the vector O—}>7 Each of the points in ¢ is of the form AP = (Apy, Apa, Ap3)
for some A € R. For any A € R we have:

AXp1 + BAps + CAps = A(Apy + Bps + Cp3) = 0.

Hence, /¢ is contained in «.

Take d = ged(py, p2, p3) and consider the lattice point Py = %P. We shall prove that, for any
lattice point ) € ¢, we have Q = kF, for some k € Z.

Take an arbitrary lattice point () € ¢. Then, we have () = AF,, where A\ € Q. Represent A
as an irreducible fraction \ = % and assume that m # 1. On the other hand, it easily follows
that the coordinates of F, are all divisible by m, while, by definition of Fj, their ged equals 1.
Thus, we have m = 1. Therefore, if the plane a contains no other lattice points, then, the second
statement is the case.

Otherwise, let N = (ny,n9,n3) € a be a lattice point that is not contained in ¢. Substituting the
coordinates of N and P into the equation Ax + By + Cz = 0, we obtain a linear system of two
equations in the variables A, B, C with integer coefficients. Let p; = Any, A € Q, then, consider
the point P — AN = (0, py — Ang, p3 — Ang) € a with at least one nonzero coordinate. Substituting
it into the equation Ax 4+ By + Cz = 0, we obtain that B = uC' for some rational p. Thus, from
the equation Ap; + uCpy + Cpz = 0, we get A = vC for some v € Q. Thus, the system has a
rational solution, hence, the third condition is the case.

11



Dynamics of Tilings

PROBLEM 10EF

Problem 4c for any non-rational plane. Let A be a figure in the space. We say that the fractional
part {A} of the figure A is the set of all points of the form ({z},{y},{z}), where (x,y,2) lies
in A.

The winding of the cube [0,1)% with a plane L is the fractional part of L.

A tile of the winding is the fractional part of any tile in the plane L. As in the lower-dimensional
case, the tiles of the winding are the sections of the cube by the planes parallel to L. Moreover,
in the case of an irrational plane the tiles of the winding are in one-to-one correspondence with
the tiles on the plane.

PROPOSITION. The winding with any irrational or semirational plane meets any segment in the
cube [0,1)® which is not parallel to the plane. Moreover, there are infinitely many such meeting
points.

Proof. Due to a permutation of the coordinates, we may assume that the plane is not parallel to
the z-axis, so it is determined by an equation of the form z = ux + Ay. At least one of u and A
(say, \) is irrational, otherwise the plane would be rational.

Suppose first that the given segment [ is vertical, so it is the subset of a vertical line V' (given
by = = zp, y = yo) determined by the conditions p < z < ¢. The points of the plane whose
fractional parts lie on V have the form (z,y, pz+ A\y) = (w9 +k, yo+m, (o + k) + A(yo +m)) for
some integer k and m. Therefore, the points of V' lying in the winding are exactly those having
z-coordinates of the form z = {(uxo + A\yo) + ke + mA}. Fix an arbitrary k; then the Dirichlet
lemma guarantees that this number lies in (p, q) for some integer m.

In the general case, when [ has an arbitrary direction, it still contains some subsegment which
can be projected along the plane onto some vertical segment J in the cube. Since J meets the
winding, this subsegment also does.

Finally, since each segment I contains infinitely many non-overlapping subsegments each of which
meets the winding, there are infinitely many meeting points of I with the winding. O]

Problem 3 for non-rational planes. Firstly, we will formulate and prove all subproblems for an
irrational plane; then we will make two easy observations which allow to solve all these problems
for the semirational case.

Problem 3a for a non-rational plane: Can there be two congruent tiles?

Answer: Yes.

E.g., consider an irrational (or semirational) plane z = pux + Ay with positive coefficients p < }L
and \ < % The intersections of this plane with the cube [0,1)® and with its shift by 1 to the right
are two congruent parallelograms. Also, together with every tile, this plane contains its congruent
copy obtained by the reflection with respect to the origin.
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Problem 3b for an irrational plane: can there be or not be infinitely many pairwise congruent
tiles?

Answer is different from the one-dimensional case: both options are now possible. An irrational
plane may happen to contain infinitely many congruent tiles, and may fail to contain such.

To construct both examples, we notice that the directions of a planes intersecting the cube can
be of one of the two types described in the following lemma.

LEMMA 1. Assume that a plane L contains the center of the cube and does not contain any of
its vertices; the plane L partitions the set of vertices of the cube into two 4-tuples. Each of these
4-tuples forms either the set of vertices of some facet (in this case we say that L is a 4-plane,
and its direction is a 4-direction), or the set of a vertex and three its neighbors (then we say that
L is a 6-plane, and its direction is a 6-direction).

We assigned such names because the section of the cube by L
is a centrally symmetrical quadrilateral in the former case, and y
a centrally symmetrical quadrilateral in the latter one.

Proof. Any 4-tuple of vertices of the cube lying on one side of L cannot contain two opposite
vertices of the cube. There are only three types of the 4-tuples satisfying this condition: the
two mentioned in the Lemma formulation, along with a “chess-like” tuple containing no adjacent
vertices. But the “chess-like” 4-tuple also cannot lie on one side of L, since the center of the cube
lies inside the tetrahedron ABCD. O

Notice that both types actually exist. An example of a 4-plane is presented above in 3a, and the
perpendicular bisector of the diagonal of the cube is an example of a 6-plane. In general, a plane
Az + By+Cz =0 has a 6-direction (with respect to the cube [0, 1]?) if the maximum of |A], |B],
and |C| does not exceed the sum of the two other numbers, and it has a 4-direction otherwise.

Now, to solve the planar analogue of 3b, consider first a non-rational 4-plane L containing the
center of the cube [0,1]*. By 4c, the winding with L meets at infinitely many points each small
segment perpendicular to L and passing through the center. If this segment is short enough, each
meeting point belongs to a tile which is close enough to the section of the cube by L, and each
such tile is a parallelogram congruent to this central section.

Conversely, each irrational 6-plane L cannot contain more than two congruent tiles. This follows
from the following fact.

LEMMA 2. Any two nonempty sections of the cube [0,1]* by planes having a given 6-direction
have different areas (and thus are incongruent), unless they are symmetric to each other with
respect to the center of the cube.

Proof. In fact, we will prove a bit more. Let us draw a 6-plane L, and then shift it continuously
increasing the distance to the center. Then the area of the section of the cube will strictly decrease
until it vanishes.

To prove this monotonicity, we switch to a different reference system. Instead of shifting the plane,
let us shift the cube along the z-axis at distance h and check what happens with its section S},
by the fixed plane L. As h increases, we observe the following phases:



‘A A A

In each figure above, the solid polygon is the initial section S, while the hatched one shows
a section S, (the values of h increase from the left to the right). Any hexagonal section Sy,
is obtained from Sy by removing of a trapezoid and pasting another one. The altitudes of the
trapezoids are equal, and the small base of the removed trapezoid is congruent to the large base
of the pasted one. Thus the area of S, is smaller than that of Sy. Moreover, as h increases, the
altitudes of the trapezoids also increase, thus so does the difference of their areas. Therefore, S),
decreases for such values of h.

Next, after the section abandons being a hexagon, for any h > ¢ the section S, merely lies in 5,
so it has smaller area. O]

REMARK. The arguments from the proofs of the two lemmas above are quite helpful to complete
the solution of 10c.

Problem 3c for an irrational plane: can there be or not be three congruent tiles incongruent to
all the other ones?

Answer: There cannot be such tiles on an irrational plane.

Indeed, by Lemma 2, the winding with any 6-plane contains at most two congruent copies of any
tile (including the tile itself).

Similarly, one may prove the analogue of Lemma 2 for a 4-plane: Any two nonempty sections of the
cube [0, 1] by planes having a given 4-direction have different areas (and thus are incongruent),
unless they either are symmetric to each other with respect to the center of the cube, or are both
congruent to the central section of the cube by the plane of our direction.

This statement shows that the winding with any 4-plane contains infinitely many tiles congruent
to the central one, and at most two congruent copies of any other tile.

Problem 3d for an irrational plane: Can there be or not be infinitely many pairwise incongruent
tiles?

Answer: There always are infinitely many pairwise incongruent tiles on any irrational plane.

Indeed, according to 4c, the winding with our plane meets infinitely many times any sufficiently
small segment perpendicular to the plane and starting at a vertex of the cube towards the cube.
Each such meeting point belongs to a triangular tile, all these tiles are similar to each other with
ratios different from 1.

Problems 3a-d for semirational plane: By definition, a semirational plane maps to itself under
some shift 7" by a nonzero integer vector. Thus each tile on such plane is congruent to infinitely
many tiles obtained from it by iterative application of T'.

Due to this property, a semirational plane is close to rational ones in some aspects. On the other
hand, it differs from rational planes because the problem 4c is still applicable. Thus the solutions
based on an application of 4c work for semirational planes as well.

These two observations yield the following answers in the semirational case: (a) they can (and
should); (b) there always are such tiles; (c) there cannot be such tiles; (d) there always are such
tiles.

Problem 3e for a non-rational plane: Describe in geometrical terms all the planes (not necessarily
containing 0) which contain two congruent tiles which are incongruent to all other tiles.

Answer: These are all irrational planes containing a point with half-integer coordinates.



Indeed, semirational and rational planes do not fit since they contain infinitely many congruent
copies of each tile. On the other hand, if an irrational plane contains exactly two congruent copies
of some tile, then these copies are centrally symmetric to each other (recall Lemma 2 for 6-planes
and its duplicate for 4-planes which has been mentioned in the analogue of 3c). Now, as in a
similar one-dimensional problem, one can easily see that the center of symmetry has half-integer
coordinates.

PROBLEM 11A

We will state and prove the following two-dimensional Weyl’s lemma. Assume that at least one
of the numbers A and g is irrational. Denote by Wy the tuple of the numbers {b+ ku +nA} for
all positive integer k and n that do not exceed N. This tuple consists of N? elements (some of
them may occur more than once). Then, the frequency of hits of the tuple Wy in the segment I
tends to the length of the segment |I| as N — oo.

Without loss of generality, we may assume that A is irrational. Note that in the solution of
Problem 7d we proved a slightly stronger result: for any irrational A\ and positive € there exists
Ny satisfying the following condition. For any a, if we take N > Nj initial terms of the Weyl’s
sequence {a + nA}, then the difference between their frequency of hits in I and the length |[]
will be less than . The strength of this statement consists in the fact that the same number N
is suitable for any a.

For every N > Ny, the tuple Wy is split into the initial length N segments of the Weyl’s
progressions with the difference A starting from terms of the form b+ ku. For each of those initial
segments, the frequency of hits in I differs from |I| by less than e. Therefore, Corollary 1 implies
that the same holds for the frequency of hits in I of the entire tuple Wy .

REMARK. In fact, one can prove a more general fact. On a plane with coordinates (k,n), choose
an arbitrary convex polygon P. By Py denote its image under the homothety with ratio N.
Then, we can define “the initial segment” Wy of the two-parameter sequence {b+ ku + nA} to
be the set of the terms with (k,n) contained in Py. For instance, if we set P = [0,1]?, then the
“initial segment” Wy will be exactly the same as the one defined in the solution above. It turns
out that no matter which convex polygon P we take, the frequency of hits of the tuple Wy in
the segment I tends to |I| as N — oo. We encourage the reader to try to show it.

PROBLEM 11B

Since the plane Ax + By + Cz = 0 is irrational, it does not contain the vertical axis, therefore,
we have C' # 0. Then, the set of all the points (z,y, z) on this plane such that x and y belong
to the interval [0, N] is a parallelogram, which we will denote Py .

We will formulate and prove the following analog of Problem 8. Choose a segment [ in the cube
[0,1]*>. By a,b,c denote the differences of the coordinates of its endpoints. Then, we have the
following equalities:

. the number of intersection points of { Py} with the segment I  |Aa + Bb+ C¢|
im - —

Nloo the area of Py VA2 4+ B2 4+ (2 B

= the length of the orthogonal projection of the segment I onto the line orthogonal to the plane.
(%)
The second equality here is obvious. Indeed, the vector v with coordinates (A, B, C') is orthogonal

to the plane. Denote the angle between v and the vector I by a. We obtain that the middle
lv-I|  |v|[I|cosa

part of () equals = |I| cos v, that is, the length of orthogonal projection of

|v]
I onto a line parallel to v.

To prove the first equality in (%), we will need the following observations.

Firstly, note that the statement holds for vertical segment. Indeed, since C' # 0, we can rewrite
the equation of the plane as z = Az + py, and at least one of the coefficients A\ and p is irrational
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(otherwise, the plane is rational). Then, for the segment I defined by = = zg, y = yo and
p < z < q, the statement is exactly the two-dimensional Weyl’s theorem for the progression
{(Azo + pyo) + Ak + un} and the segment [p, ql.

We should not forget that in Weyl’s theorem, the denominator of the fraction under the limit is
the number of pairs (k,n) in the square [1, N|?, while the one in the sought limit equals the area
of the parallelogram Py. Hence, we should divide the answer given by Weyl’s theorem by the
quotient of the number of pairs N? and the area of Py. Obviously, the latter does not depend

on N, thus, it equals the area of P;, that is, +1\2+ =. Thus, we have proved (x) for I being
n

vertical.

Secondly, note that if segments QR and ST in the cube [0,1]® are parallel to the plane Az +
By + Cz =0, then the equality (x) for the segment @S is equivalent to (x) for RT'. Indeed, the
left-hand sides of those equalities coincide, since any plane parallel to Az + By + Cz = 0 meets or
does not meet both S and RT simultaneously. The right-hand sides of the equalities coincide,
since they are both equal to the lengths of the orthogonal projections of QS and RT on the line
orthogonal to Ax + By + C'z = 0, and those projections coincide.

Thirdly, note that if an arbitrary segment I is divided into several parts, then the equality ()
for I follows from the equalities (x) for its parts (namely, it will be the sum of those equalities).
We will call two segments Q.S and RT analogous, if the segments QR and ST are parallel to
the plane Ax + By + Cz = 0. Note that an arbitrary segment I in [0,1]*> can be split into
parts analogous to vertical segments (for instance, the planes parallel to the given one which are
drawn through each the vertices of the cube divide I in a proper way). According to the remarks
above, the equality (%) holds for vertical segments. Therefore, it holds for the parts of I which
are analogous to them, and thus, it holds for the entire segment I .

REMARK. Had we chosen at the beginning another coordinate to be vertical, the parallelogram
Py employed in (%) would be a different one. However, the left-hand side of the equality (%)
would not change, since it equals the right-hand side, which does not depend on the choice of Py .
In fact, the left-hand side of (x) will not change even if we replace the family of parallelograms
Py by the homothetic images of an arbitrary convex polygon. We encourage the reader to try to
prove it using the remark in the solution of the previous problem.

PROBLEM 11C

We define the density of tiles on an irrational plane Az + By + Cz = 0 to be the limit of the

fraction ) ) )
number of tiles contained in Py

Y

the area of Py

where Py is a parallelogram defined in the solution of the previous problem.

For the sake of convenience, assume first that A, B and C are positive. Then, the number of tiles
contained in Py equals the number of the intersection points of its fractional part { Py} with the
cube diagonal connecting the vertices (0,0,0) and (1,1,1). Applying the result of the previous
problem to this diagonal, we obtain that the sought density equals

A+ B+C
VeI 1Ot

To obtain the general answer, one should replace the numerator by |A| + |B| + |C|.

PROBLEM 11D

In analogy with the derivation of Problem 9b from 9a, we obtain that the answer is the multi-
plicative inverse of the answer to the previous problem.

PROBLEM 11E



We define the density of triangular tiles on an irrational plane Az + By + Cz = 0 to be the limit

of the fraction ) o
the number of triangular tiles inside Py

the area of Py

Assume that A, B and C' are positive. For every vertex of the cube, draw a plane passing through
it and parallel to Az + By + Cz = 0. Those planes divide the diagonal connecting the vertices
(0,0,0) and (1,1, 1) into segments, by I and J we denote the marginal ones. They are of the same
length, and the ratio of this length to the length of the diagonal equals min(A, B,C)/(A+B+C).
Note that the plane Az + By + Cz = D intersects the cube [0,1]> by a triangle if and only if it
meets one of the segments I or J, therefore, the ratio of the sought density of triangular tiles to
the known density of all the tiles is 2min(A4, B,C)/(A + B + C).

So, in the general case the answer is

2min(|A[, |Bl, |C])
VLB rC?

PROBLEM 11F

The sought probability equals the quotient of the densities of the triangular tiles and all the tiles,
that is,
2min(|A], |B], |C])
[Al+ B +|C]

PROBLEM 11G

Through every vertex of the cube [0,1]?, draw a plane parallel to the given one. These planes
divide the cube into several parts, and two of the parts are tetrahedra congruent to each other.
It follows from the solution of Problem 17 that the answer equals to the sum of the volumes of

|ABC]
3max(|Al, [B,|C])*

those two tetrahedra, that is,

POLYHEDRA

Let P and @ be polyhedra expressed as a union of (closed) convex polygons Cj,Cy, ... and
Dy, Ds, ..., respectively.

PROBLEM 12A

The union of P and () can be expressed as the union of the polygons C4,Cy, ..., Dy, Ds, ..., and
the intersection of P and () can be expressed as the union of all pairwise intersections C; N D;,
that are (closed) convex polytopes.

With each of its points =, a component of P contains all the polygons C; such that =z € C;.
Therefore, each of the components of P is the union of some of the polygons Ci, Cs, .. ..

PROBLEM 12B

The complement to each of the convex polygons C; is a polyhedron, that we will denote by C;.
Indeed, if the polygon is defined an the intersection of several half-planes, then the complement to
it is the union of the complements to those half-planes. Thus, the complement to a polyhedron P
is the intersection of the C;, which is itself a polyhedron, as it follows from the previous problem.

PROBLEM 12C

Let P and ) be polyhedra having p and ¢ components, respectively. Then, their union can have
any number of components from 1 to p + ¢, but not more. Indeed, the number of components

does not exceed p + ¢, because each component of the union of P and () contains a component
of P or Q.



We shall construct the examples for the maximal and the minimal possible number of components.
For the rest of cases, the examples can be constructed in a similar way. Define P to be the set
0;1]U{2,3,...,p}. The set )1 consists of ¢ points {p+ 1,p+2,...,p+ ¢} and its union with
P has p + q components, while the union of Qs = [1;p] U {3, 3,. .., %} with P is connected.

At the same time, one can easily construct examples showing that the intersection of P and @)
and the complement to P may have any number of components for any p and ¢g. For instance,
take P being a union of one horizontal and N vertical lines, and () being an inclined line, then,
the intersection P N @ and the complement to P have a lot of components (more than N and
2N, respectively), while P and @ are both connected.

PROBLEM 13A

No. By definition, a periodic set is the union of all possible shifts of its fundamental domain by
vertical and horizontal vectors of integer length.

PROBLEM 13B

Yes. Consider the following example:

Z

Z
Z
Z
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PROBLEM 14

To solve Problem 14a, note that for a triangle the notion “inside” can already be defined: a triangle
is a convex polygon and thus the intersection of closed half-planes S, S5, S3. By this definition,
the internal points are just those contained in the intersection of the half-planes S, S, S5 without
boundaries. Also, by this definition, a segment connecting an internal point with an external one
meets the boundary of one of the half-planes, and thus meets one of the edges of the triangle.

PROBLEM 14A

Consider one of the triangles as a convex polygon, and the other — as a closed polygonal chain.
The remark above implies that this polygonal chain enters inside of the first triangle the same
number of times as it leaves it, therefore, the number of times the polygonal chain meets the
boundary of the triangle is even.

PROBLEM 14B

Choose a point A and connect it by segments with each vertex of the given polygonal chain.
Obviously, one can choose A such that none of those segments contains any of the vertices of the
triangle T', and any two of those segments are not contained in the same line. Then, the edges of
the polygonal chain are the bases of some triangles 77, ...,7T,, with the common apex at A, and
none of the triangles T; contains the vertices of T'. Thus, Problem 14a implies that the number
of the intersection points of the triangle 7" with each of the triangles T; is even, and the sought
number of the intersection points differs from it by an even number (namely, by twice the number
of times the triangle 7" meets the segments connecting A with the vertices of the chain).

PROBLEM 14cC

In analogy with Problem 14b, replace the first polygonal chain by a tuple of triangles. By Problem
14b, the number of the intersection points of the second polygonal chain with each of those triangles
Is even.



In the figure on the left-hand side, the edges pi, ps,..., ps of polygonal
chain are the bases of the triangles p1 Aps, poAps, p3Aps, psAps psApy
with the common vertex at the new point A. One can see that each of
the segments p; A occurs exactly twice.

PROBLEM 15A

Denote the new edge by EF'. This edge is contained in some component C' of the complement to
the graph A. We will denote by A’ the union of the graph A with the edge E'F and will analyze
the relation between the components of the complement to A with the ones to A’.

Let x and y be points contained in the same component of the complement to A, that is, connected
by a polygonal chain P avoiding the graph A. If P meets EF, then both = and y belong to
the component C', otherwise, x and y belong to the same component of the complement to the
graph A’. Hence all the components of the complement to A, except C, are also the components
of the complement to A’.

In order to compute the number of components of the complement to A’ that are contained in
C', on both sides of the edge EF we shall construct the triangles FF'S and FFT that have no
common points with A besides F and F'.

Let us prove that every point x of the component C' can be connected with S or 7" by a polyg-
onal chain avoiding the graph A’. This will imply that the component C' contains at most two
components of the complement to the graph A’ — namely, the components of the points S and
T.

Since the point x is contained in C', a polygonal chain P connects x to an interior point G of
the segment E'F'. Moreover, we can assume that G is the only point of P that the segment EF
contains. Otherwise we shall take the part of the polygonal chain P from the point x to the first
point that E'F' contains, and discard the rest of P.

Since the triangles FF'S and FFT together cover a small neighborhood of the point G, the
polygonal chain P contains a nearby point G’ that does not belong to the segment EF', but does
belong to one of the two triangles — say, to EF'S.

As a result, the fragment of the polygonal chain P between x and G’, together with the segment
G'S, forms a longer chain that connects x and S, and avoids the graph A’.

PROBLEM 15B

It remains to prove that the points S and T from the preceding solution are contained in different
components of the complement to the graph A’. Indeed, otherwise they would be connected by a
polygonal chain P that avoids the graph A’. Assuming with no loss of generality, that the angles
S and T in the triangles FF'S and EFT are obtuse, we notice that the segment ST is contained
in the union of the triangles FFS and EFT. So ST avoids the graph A and intersects EF' in
one point G.

Thus the segment ST together with the polygonal chain P forms a closed non-self-intersecting
polygonal chain P, which intersect the graph A’ in a single point G.

On the other hand, since the graph A is connected, it contains a polygonal chain ) that connects
the points ' and F'. Extending () with the segment E'F to obtain a closed non-self-intersecting
polygonal chain (', the closed non-self-intersecting polygonal chains P’ and @’ do not contain
each others’ vertices and intersect at a single point GG. This contradicts Problem 14.

QUASIPERIODIC SETS



PROBLEM 16A

Yes, it is. Denote the given finite set by S, and the periodic set with the fundamental domain
being the fractional part {S} — by M. Then, the intersection of M with the given irrational
line is exactly S.

PROBLEM 16B
No, in analogy with the previous problem one can show that a segment is a quasiperiodic set.
PROBLEM 16C

An example of such a set is the tuple of all points of the line that are on the right-hand side of
the origin at an integer distance from it.

Assume the contrary: let M be the intersection of the line L and a periodic set with the fun-
damental polyhedron F'. Since M contains infinitely many points, so does the polyhedron F,
therefore, it contains a segment I that intersects the winding L.

But since M does not contain a segment, the segment [ is not parallel to the line L. Thus, the
density of the intersection points of the winding and the segment I is nonzero. Therefore, M has
a non-empty intersection with any long enough segment of the line L, including an interval on the
left-hand side of the origin. But M contains no points on the left-hand side of the origin, which
is a contradiction.

REMARK. In fact, none of the rays contained in the given line is a quasiperiodic set. Try to show
it.
PROBLEM 17A

The answer is the area of the rectangle. Indeed, let the edge of the rectangle that is parallel to
the given line be of the length a, and the edge perpendicular to it be of the length b. Then, each
component of the set ) is a length a segment, while the density of those components equals the
density of the winding with the perpendicular edge, that is, b. Hence the average length equals
ab, that is, the area of F'.

PROBLEM 17B
The answer is the area of F'. The proof consists in using the hint.
PROBLEM 18A

The answer is the area of the fundamental domain, according to the previous problem. The area
is equal to 2h — h2.

PROBLEM 18B

The density of green tiles is equal to the length of the orthogonal projection of a green rectangle

along the line  +v/2y = 0. This length equals Livap, Similarly, the density of yellow rectangles

V3
is the sum of densities of horizontal and vertical rectangles, i.e., 1?3@.

Notice that each component of @), (except the first one started at the origin) consists of alternating
yellow and green tiles, and the boundary tiles are always yellow. Hence the difference between
the numbers of green and yellow tiles is equal to the number of components with maximal error of
+3. Therefore, the density of components of @)} is equal to the difference between the densities
of yellow and green tiles, i.e., %5(1 —h).

EULER CHARACTERISTIC

PROBLEM 19A

Denote the given figure by P. It is a polyhedron since it has the following cell decomposition:
the trapezoid, with vertices (0,0), (1,0), (1,—1), (=1, —1), all its edges and vertices, the interval



with endpoints (1,0) and (1,1), its endpoints, and also the cells symmetric to the ones listed
above in the line y = z.

Assume now that there exists the cell decomposition of P containing the given triangle. Then the
side I of this triangle with endpoints (1, —1) and (—1,1) is also a cell. On the other hand, the
triangle with vertices (0,0), (0,1) and (—1,1) should contain at least one 2-dimensional cell with
edge J which lies inside of I. Therefore, we have found two different intersecting cells I and J.
A contradiction.

PROBLEM 19B

By definition, the given polyhedron is a union of several polygons. Each of those polygons is
an intersection of some half-planes. Denote by L;, Lo, ..., L, the boundary lines of all these
half-planes.

These lines define a cell decomposition of the whole plane as follows. Each 2-dimensional cell is an
intersection of n closed half-planes with boundary lines Ly, Lo, ..., L, (we take only non-empty
such intersections). The 1- and 0-dimensional cells are defined in an obvious way.

Each cell in the constructed decomposition either is contained in P or does not intersect P.
Therefore, the set of cells contained in P forms a cell decomposition of P.

PROBLEM 20A

If the given polyhedron consists only of finite number of points, the equality is trivial.

Assume that the given polyhedron is a forest (i.e., a union of several trees). Indeed, any forest can
be grown from a finite set of points by successive adjunction of leaves. At each step, one interval
and one vertex is added. So the FEuler characteristic remains the same, and the equality holds also
for any forest.

Next, assume that the given polyhedron is a graph. Any graph can be obtained from a forest by
adding some edges inside components. Due to Problem 15, such operation adds one connected
component to the complement of the graph and thus preserves Euler’s equality.

Finally consider an obituary polyhedron. One can obtain this polyhedron by adding some polygons
to a graph. Such operation increases the number of faces by 1 and decreases the number of
components of the complement by 1 as well. So Euler’s equality preserves.

PrROBLEM 20B follows immediately from Problem 20a: the right-hand side of Euler’s equality
does not depend on a cell decomposition.

PrROBLEM 20D also follows immediately from Problem 20a since the Euler characteristic of a
closed non-self-intersecting polygonal chain is equal to 0.

PROBLEM 20cC is a direct consequence of the definition of the Euler characteristic, after one
presents a cell decomposition of P U () such that those cells also form cell decompositions of
polyhedra P, () and PN . A decomposition satisfying this condition always exists, e.g., it can
be constructed using the same ideas as in the solution of Problem 19b.

PROBLEM 21

Our stroll to open problems is finished. Now it is your turn to share with us your progress and
ideas concerning these problems. We will be glad to proceed our collaboration even after the
Summer Conference. We are always open to discussions.

Arkhipova Arina ARHIPOVA@Q179.RU
Belopashentseva Polina BELOPPOLINAQGMAIL.COM
Bogdanov Ilya ILYA.I.BOGDANOV@QGMAIL.COM
Dorichenko Sergei SDORICHENKOQYANDEX.RU
Stupakov Kirill KIR.STUPAKOV@QGMAIL.COM
Esterov Alexander AESTEROV@QHSE.RU
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A.B. Honenenok, A.B. MeunbiukoB, A.C. CemuenkoB, M.A. ®agun

1 BwmecTo BcTynjeHus

B sTom maparpade Bam mpemiaraeTcsi peIuTh HECKOJIbKO 3a7a4. Ecau y Bac He moury-
YUTCH ITO CIEJIATh (& Mbl CYMTAEM UX HENPOCTHIMHU), HONPOOYHTE BEPHYTHCSI K HUM yIKe
1ocJie JI0Ka3aTe/bCTBa Pgr-aeMM.

1. UsBectHo, ut0 a, b, ¢ 2 0 u a + b+ ¢ = 1. Jlokazkure, 4TO

1+ 12abe > 4(ab + be + ca).

2. IIpo BermecTBeHHbIe 9UCaA A, b, ¢ U3BECTHO, UTO

a+b+c=9, ab+bc+ ca=24.
Hokazxure, aro 16 < abe < 20. Jokaxkure Takxke, uTo miag moboro r € [16,20] cyme-
CTBYIOT BEIIECTBEHHBIE @, b, ¢ Takue, 910 ¢ + b+ c =9, ab+ bc + ca = 24, abc = r.

3. Ilycts P — cHMMETPHYECKHUHT MHOTOWIEH OT TPEX MEpEMEHHBIX He 60Jiee 9eM IATOM
crenenu. Jokaxkure, uro eciu P(a,a,c) = 0u P(0,b,¢) > 0 ayid Bcex HEOTPULATEIbHBIX
quces a, b, ¢, ro P(a,b,c) > 0 s n00bIX HEOTPULATENbHBIX YUCEI a, b, c.

4. (Poccus, or6op na IMO, 2015) Ussecrno, uto a, b, ¢ > 0u 1 +a+ b+ ¢ = 2abc.
Jokazkure, 910

ab be ca 3
+ + Z .
1+a+b 14+b+c 1+c+a 2

5. (Upan, or6op na IMO, 1996) Heorpunarenbabie 9ucaa a, b, ¢ TaKOBBI, YTO HUKAKUE
JIBA W3 HUX HE PABHBI HYyJ0. /loKaxkuTe, 410

1 1 1 9
(ab+-be + ca) ((a+b)2 Tover " (c+a)2> T

2 CummMerpuYecKne MHOI'0YJIEHbI

Hauném wusydenme pgr-merona ¢ M3ydeHUsS CHMMETPUYIECKAX MHOrowIeHOB. OCHOBHBIE
PEe3yIbTATHI 3TOrO Pa3zesa MOHAI0OATCS HAM B [aJIbHEHIIeM.

1B nacTogmuit MOMEHT OBIIENPUHATLIM ABJIZETCS HAZBAHHE UVW-METO.

2Brarogapum M.A. Pozenbepra 32 mose3msie 3amedanns. OCco00 OTMETHM ero BaXKHYIO POJIb B IIO-
MyJASAPUIAIAN UVW-METOA.

3Brarogapum A.H. Jonenenok u .M. Borgamosa 3a IOMOINE B IEPEBOIE IPOEKTA.




2.1 CsoiicTBa CHUMMETPUYECKNX MHOIO4YJIEHOB
6. BripasuTe uepes a + b u ab Beipaskerna a’ + b2, a® + b, a* + b*, (a — b)2.

st Tpéx mepemMeHHbix a, b, ¢ BBemém obozmadenus p = a + b + ¢, ¢ = ab + bc + ca,
r = abc — 371eMEeHTapHbIe CAMMETPUIECKUE MHOTOUIEHBI OT TPEX MEPEMEHHBIX.

7. Boipazute 1epes p, ¢, r Beipazkenus a’ + b2 + ¢, a?b + a%c + b%a + b%c + 2a + b,
a® + 0%+ c3, (ab)? + (be)? + (ca)?, a* +b* + ¢, (a +b)(b+c)(c+ a).

8. Jlyis HesBIX HEOTPUIATENBHEIX A MONOKUM S = a¥ 4 b* + c¥. BeiseuTe pekyppent-
Hy1o dopmyiy (¢ koaddbunuenTaMu, 3aBUCAIIMMEA OT P, ¢, 1), BhIPAKAIOILYIO Sk (k > 3)
qepe3 Skp—1, Sk—2 U Sg_3.

Hazosém muOTOWIEH G(a,b, ¢) OT TPEX MEPEMEHHBIX CUMMEMPUHECKUM, ECTTN OH HE Me-
HSIETCST TIPW TIEPECTAHOBKE JIIOOBIX IBYX nepeMeHHBbIX (T.e. G(a,b,¢) = G(b,a,c) = ...).
Pesynbrarom ciemyiomedi 3a1a49u B JajbHEAIIEM MOXKHO TIOJIb30BATHCH 63 J0KA3aTe b
CTBA.

9. Jokaxwure, 970 1000 CHMMETPUIECKUIT MHOTOYJIEH OT MEPEMEHHBIX @, b, ¢ MOXKHO
TIPE/ICTABUTH KaK MHOTOYJIEH OT IEPEMEHHBIX P, ¢, T

a+b+c=1t,
10. [Tano BemecTBenHoe uncio t. Permure cucremy ypapHeHnit a?+b% + c? =t

a®+ b 4¢3 =13
IepedopMyTHpPOBKa 337a9K B TEPMHUHAX CHMMETPHYICCKHX MHOTOUJIEHOB 9aCTO MOMO-
raer npu JIOKa3aTebCTBE HEPABEHCTB, OJHAKO, €CTh MPOGJIEMa: HAIPHMED, OUEBHIHOE
HepaBeHCTBO a’ + b2 4+ ¢ > 0, rae a, b, ¢ — BellIeCTBEHHbIE UNCJIA, TTEPENUITETCS KakK
p? — 2¢ > 0, 4TO, BOOOIIE TOBOPS, HEBEPHO /IS IPOM3BOMBHEIX p 1 ¢. OKas3bIBaeTcd,
9TO p, ¢ U T HE MOTYT OBITH IPOM3BOMLHLIMHE, U HAIIA JATbHEHIIAL Ielb — ONpPeIeInTh,
KAaKHMH OHH MOTYT OBITb.

11. [l BeIeCTBEHHLIX YHCeT a, b, ¢ TOKaXKuTe, 910 g2 > 3pr.

p .
12. /Iy HEOTPUIIATENHHBIX YUCET @, b, ¢ TOKAYKUTE, 9TO 3 = 3 > r.

2.2 CumMmmMmeTpuYeCcKne MHOTOYJIEHBI OT 2 IIEPEMEHHBIX

Haz0BéM KOMNAEKCHBIM “UCAOM YOODPSIOYEHHYIO apy (,y) BEIIECTBEHHBIX duces. By-
JIEM 3alKChIBATH €0 B BUJE X + Yi, TJ€ 1 HA3BIBACTCS MHUMOU edunuyeti. CroxeHnue u
YMHOKEHIE KOMILIEKCHBIX YHCEeJI OIPEIEIUM CJIEIYIONIM 00pa30oM:

(a+bi)+ (c+di) = (a+c)+ (b+d)i,

(a4 bi)(c+ di) = (ac — bd) + (ad + be)i.

Dopmyiia MPOU3BEAEHUS TAKOBA, ITO §2 = —1. JIjIsi KOMILUIEKCHOIO YHCJIa TAKOrO B3,

T HA3BIBACTCS BEULECTBEHHOU “aACMDbI0, & Y — MHUMOU. KOMIIIeKCHOe 9nCIo ¢ HyJIeBoi



BEIIECTBEHHON YACThIO HABBIBACTCH “UCTNO MHUMbBM. CONPAHCEHHDIM K KOMILIEKCHOMY
YHCHy T + yi Ha3BIBAETCS YNCI0 & — yi (OHO obo3Haudaercs depe3 & + yi). Ormernm, 4To
J11000€ BEIIeCTBEHHOE YNCJIO & SIBJIAETCS TAK¥Ke M KOMIJIEKCHBbIM: & = T + 0 - 4.
st IByX KOMILJIEKCHBIX 4dncen a U b BBeaéMm obo3Hatwenus p = a + b u ¢ = ab.
13. Jokaxkure, 4to a u b — KOpHU ypasHenus x> — px + ¢ = 0, U IPyruxX KOpHei HeT.

14. JJoxaxkuTe, 4TO eciau 0b6a YHUCIA P U ¢ — BENIECTBEHHbIE, TO YUC/Ia ¢ U b uiam 0ba
BEIIECTBEHHBI, UJIM KOMILJIEKCHO COIPSKEHBDI.

15. JTokaxKuTe, 4TO €CJIU P U ¢ BEIIECTBEHHDBI, TO (@ — b) ABJISI€TCs UM BEIIECTBEHHbBIM,
WJIM YACTO MHUMBIM YHUCJIOM.

16. Bripasure ycaoBue TOro, 9T0  u b BEIIECTBEHHBI, B TEDMUHAX P W ¢ U HEPABEHCTB
OT 3TUX BeJIUYUH.

17. Jlokaxkute, 9TO a U b BeIIECTBEHHBI U HEOTPUIATEIbHBI TOT/A W TOJBKO TOT/A,
KOI'ZIa p ¥ ¢ HEeOTPUIIATEIbHbI U BBIIIOJIHEHbI YCJIOBUSA HA P U ¢ U3 LIpeablayIeil 3a1a4u.

2.3 CumMmmMmeTpuvyecKne MHOTOYJIEHBI OT 3 II€EPEMEHHBIX

s TpEX KOMILIEKCHBIX YUCEN @, b, ¢ BBeIEM ciemyroiue obo3nadenus: p = a + b + ¢,
q = ab + bc + ca, r = abc.

18. Jlokaxkwure, 9TO a, b, ¢ — KOPHU ypABHEHUS 2} —px’+qr—r=0,m JOPYTUX KOpHe#
HET.
Kak um B ciydae OByX IEPEMEHHbBIX, MBI IOKArKeM, 9TO CBONCTBA BEMIECTBEHHOCTU U

HEOTPUIIATETHHOCTH TTEPEMEHHBIX @, b, ¢ BHIPAXKAIOTCA Yepe3 YCIOBUS HA P, ¢, T.

19. okaxkure, 4ro ecau uyucia p’, ¢, v’ BellecrBeHHbl, TO CYMECTBYIOT TaKue 4ucja
a', V', ¢ (emuHCTBEHHDBIE C TOUYHOCTBIO JIO TepecTanoBku), uto p) = o' + bV + ¢, ¢ =
a'b +bc+cdd,r =db'c, npuaem mbo Bee uncaa o', b, ¢’ BemecTBeRHLI, MO0 Cpey
HEUX OJHO BeIIeCTBEHHOE, a /IBA JPYIUX KOMILTIEKCHO CONPAKEHD.

20. U3BecTHO, 9TO BCE WmMCaa P, ¢, 7 — BellecTBeHHBIE. JIOKaKUTe, ITO TUCIIO

(a—b)(b—c)(c—a)

SIBJISI€TCsl BEMIECTBEHHBIM, €CJIU BCE YUCJIA G, b, ¢ BEleCTBEHHDbI, U YUCTO MHUMBIM B
[IPOTUBHOM CJIy4ae.

21. Jokaxkure, 9TO
(a—b)2(b—c)*(c — a)* = —4p3r + p?¢* + 18pqr — 4¢> — 277>,
Hodcraska. O603HAINM L,y = a®b¥ +b7c¥ +c%aV. Torma (l12—lo1)? = (lia+121)? —4li2lor.

22. Kpurepmuii BemecrBeHHoctu. [Tycrs mana Tpoiika BemecTBeHAbIX ancen (p, ¢, ).
JlokaskuTe, 9TO 9nCIa a, b, ¢, onpe/eseMble KaK KOpHM ypaBHerus o3 —pr?+qr—r =0



(c y4€eTOM KDPATHOCTH), BEIIECTBEHHBI TOT/IA U TOJBKO Toraa, korma T(p,q,r) > 0, tae
muorouen T(p, g,r) onpenenserca kax T(p, q,r) = —4p>r + p?q* + 18pgr — 4q> — 27r2.

23. Jlemma o HeoTpuiartejsbHOCTHU. JloKaXuTe, 4TO HEpaBeHCTBA p, ¢, © = 0 u
T(p,q,r) = 0 pABHOCUJIBHBI TOMY, YTO YUCJIA G, b, ¢ BEIIECTBEHHBI U HEOTPUIATEIHHDI.

Moxer mnokaszarbest, uto dopmyna mas T(p,q,7) — CIUMIKOM CJIOXKHAST W HEyIO0OHAS
Juist uenoib3osanus. OIHAKO B JajbHelnieM Mbl OyaeM MoJIb30BATHCS B OCHOBHOM CJIE-
aytormuM coobpazkeruem. Ilocmorpum Ha yenosue T (p, g, r) = 0: monycrum, mbl 3aduk-
CHPOBAJIM KaKUe-TO JBe IiepeMeHHble (HAIpUMep, p = pg U ¢ = (o), TOLAA BbIPAXKEHUE
T(p,q,r) obparuTcsi B MHOIOWIEH OT OCTaBIIeiics IlepeMeHHoli (B HallleM ciiydae, OT T).
Yeaoeme T(p,q,r) > 0 B TakKOM CIyvae SKBUBAJEHTHO TOMY, 9TO TPEThs MepeMenHas (B
HAIEM CIydae, T) IPUHAIIEKAT OObeINHEHNIO HECKOJbKUX OTPE3KOB U JIyUeii.

3 pqr-j1eMmbl

Hazosém tpoiiky (p,q,r) donycmumoti, ecmu p, q, v > 0 u T(p,q,7) > 0, TO ecrb
BBLINOTHEHO YCJIOBHE JeMMBI O HeOTPHIATETLHOCTH. VHBIMHE CIOBAME, y MHOTOYICHA
23— pr? +qr —r = 0 ecTb TpH (BO3MOXKHO, KPATHBIX) BEMIECTBEHHLIX HEOTPHTIATETHHBIX
KODHA.

24. JIemma 06 7. IlycTb my1s 3aIaHHBIX P = Pg U ¢ = o CYIIECTBYET XOTsi ObI OTHO T

Takoe, 94To Tpoitka (po, go, r) monycruma. JloKazkuTe, 9TO Jjisi MUHUMAJILHOIO T TAKOrO,
4910 TpOWKa (Po,qo,T) MOIMYCTHMA, B COOTBETCTBYIOIIEH TPOiiKe KOpHEH WM ecTb JBa
PaBHbIX, MJIM OMMH U3 HUX paseH 0. A JUId MaKCUMAJIbHOIO T Takoro, 4ro (po,qo,T)
JOIyCTUMA, BEPHO, YTO B COOTBETCTBYIOLIEH TPOIIKe KOPHEH eCTh JIBa PaBHbBIX.

25. JIemma o q. Ilycts mj1d 3aJaHHBIX P = pg U T = 7 CYNIIECTBYET XOTs ObI OIHO ¢
Takoe, 4To Tpoitka (po,q, ro) AomycruMa. Jlokaxkure, 9TO JJjisi MUHUMAJIBHOIO U MAKCH-
MAJIBHOIO ¢ TaKoro, 4to (pg, q, o) AOMYCTUMA, B COOTBETCTBYIONIEH TPOHKe KOPHEll ecTh
JIBa PAaBHBIX.

26. Jlemma o p. [Iycts mist 3amauHbIX ¢ = go U 7 = 1o > 0 CyIIECTByeT XOTs OB OTHO P
Takoe, 4To Tpoitka (p, go,ro) momycTuma. JlokaxKuTe, 4To sk MUHUMAJILHOIO U MAKCH-
MAJBHOIO P TaKOro, 4To (P, 4o, r'o) AOIMYCTUMA, B COOTBETCTBYOIIEH TPOHKe KOPHEll ecTh
JIBA DABHBIX.

Ocranercst u yTBep:K/JIeHIE BEepHbIM, eciau 7o = 07

Ilocste 10ATOrO TEOPETUUECKOTO BCTYIJIEHUS MBI HAKOHEI-TO MOYKEM DPACCMOTPETH TIPHU-
Mep JI0Ka3aTebCTBA COBCEM ITPOCTOTO HEPABEHCTBA C MOMOIILIO Pgr-MeToa.

IIpumep. lokaxkure, 9TO /1T HEOTPUIATENHHBIX IUCET @, b, ¢ BBIIOJIHEHO HEPABEH-
CTBO
2,12, 2
a® +b°+c° > ab+bc+ ca.

JokazaTeabcTio. [lepenminem HepaseHcTso B Buje p° — 2q = q < p? > 3q. 3abuxcu-
pyeM, K IpuMepy, 3HAYEHUST P = pg U T = 7. Temepb HaM HAJIO TOKA3aTh HEPABEHCTBO



q < %, TO €CTh MOKA3aTh, YTO ¢ OrPAHUYIEHO CBEPXY HEKOTOPOH KOHCTAHTOW. 3aMETHUM,
YTO €CJIA MBI JIOKAXKeM HEPABEHCTBO JJIsi MAaKCHMAJbHOIO ¢, TO OHO OyIeT BEpPHO MIJis
Bcex ¢. ITo seMmMe 0 ¢ MakcuMa/IbHOE 3HAYEHHME ¢ JOCTUIAETCs, KOrIa Kakue-HuOyab u3
[IepeMeHHbIX a, b, ¢ PaBHbL. Bes orpanndenus obmuocru, a = b = z, ¢ = z. Ilockonb-

Ky HEPaBEHCTBO q < %" PaBHOCHUJIBHO MCXOJHOMY, TO IIOCJE IIOJCTAHOBKU B HCXOIHOE
HEPaBEHCTBO II0J1y YUM

202 + 22 > 2 4 2z & (v —2)* >0,
ur0 BepHO. CJIe10BATEILHO, HEPABEHCTBO BEPHO [l BCEX MOJIOKUTEIBHBIX UHCET @, b,

c. PaBeHCTBO BO3MOXKHO, TOJIBKO €CJIU & = 2, TO €CTh ecjin ¢ = b = c.

Teneps BbI MOKeTe BepHYTHCA K maparpady 1 m OPUMEHUTH Pr-Mero, /Ui PerieHus
[PEJJIOKEHHBIX TaM 334!

4 HepaBeHncrBa

Zonycmum, mol 00KA3bI6GEM CUMMEMPUUECKOE HEPABEHCMEO OM MPEL HEOMPUUATNEND-
HOLL nepemennnr a, b, c. Sadurcupyem dee uz mpéxr nepemennwnix p,q,r = 0. Iepenu-
wem ucrodnoe nepasencmeo 6 eude f = 0, 2de [ — dynryus om ocmaswetica nepe-
mennot. Toeda, ecau f asasemcsa MoHOMOKHOU UAU B02HYMOU, MO HEPABEHCMEO 00-
cmamouno nposepamov 6 cayuae a = b (u cayuwae a = 0, ecau mor Purcuposaiu p u

q)-

Bo Bcex HepaBeHcTBax TpebyerTcsd ykKasaTh Te 3HAYE€HHUS MEPEMEHHBIX d, b, C,
MpU KOTOPBHIX HEPABEHCTBO oOpaIlliaeTcsd B PaBEHCTBO!
27. U3BectHo, 9T0 a, b, c > 0 u % + % + % = 1. Jokaxkure, 9TO

(a—1)(b—1)(c—1) > 8.

28. N3sectHo, uT0 a, b, ¢ > 0 u a + b+ ¢ = 3. Jokaxkure, 9410

1 1 1 3

< —.
9—ab+9—bc+9—ca\8

29. Nssectno, 410 a, b, ¢ 2 0 u a + b+ ¢ = 3. Hokaxkure, 410

1 1 2
+ + = .
14+2ab  142bc 1+ 2ca 1+ abe

30. Ussecrro, uto a, b, ¢ >0, a +b+c =4 n a® + b? + ¢ = 6. Jokaxkure, 410

aS+ 85+ 8 <a®+0° + P+ 32



31. HeorpunarenbHble 9uciaa a, b, ¢ TAKOBBI, 9TO HUKAKWE [1Ba U3 HUX HE PABHBI HYJIIO.
Jokazkure, 910

1 n 1 n 1 S 10
a2+b2  b2+c2 2+a?” (a+b+c)?

32. U3ssectHo, uTO a, b, ¢ > 0. Jlokaxxure, 9T0O
a® +b° + ¢ + abe(ab + be + ca) = a®b*(a + b) + b*c*(b + ¢) + c2a*(c + a).

33. a) UsgecrHo, uTO @, b, ¢ > 0. [Tokaxkure, 4TO

a* + b+t 3abc 2
> Z(a? + b 2y
ab+bc+ca+a+b—|—c 3(a b7+ )

6) Haiiyure nanmenninee k > 0 rakoe, 4ro mist n00bix a, b, ¢ > 0 cupaseiiuso

a4—|—b4—|—c4+( k) 3abc >a2+b2—|—02
ab + be + ca at+b+e” 3
34. Ussecrno, uto a,b,c > 0, X = “221’2{72 + b22'5§2 + 02;;32, Y = b—s—c + ffa + asz.

Jlokazkure, 9T0

4X +69 > 27Y.

35. a) Jan oxmopomubiiit cummerpudeckuii muorowien P(a,b,c) crenenu ne Bbimie 8.
IIpuBeuTe anropuTyM 1IPOBEPKYU TOIO, YTO OH IPUHUMAET TOJIbKO HEOTPHUIIATE/IbHbIE 3HA-
YEHUA 1TPDU HEOTPULATEJIbHbIX 3HAYCHUAX IIEPEMEHHBIX. MO)KHO CHUTATh, YTO Mbl YMEEM
HaXOAWUTh HYJU W IKCTPEMYMBbI J1000i1 DYHKIIMKN OHOI TTepeMeHHO.

6) IIpuBenuTe aHATOIMYHBIN AJITOPUTM JJIS OJHOPOTHOTO CHMMETPHUYECKOI0 MHOIO-
YJIeHa CTeIeH! He BbIme 17.

B*) IlpuBenure aHasoruyuHbIil aJropuT™M /i OJHOPOIAHOIO CUMMETPUYECKOIO MHO-
ro4jieHa 1POU3BOJIbHOI CTelleHu.

YT00bI TPUMEHUTH PGTr-METO, WHOTIA ObIBAET yIOOHO CIAEIaTh MOAXOASAILYI0 3aMEHY
repeMeHHBIX.

36. Ussecrno, uto a, b, ¢ > 0 u v/a + Vb + y/c = 3. Tokaxure, aro
2(a+b+c—2)"+ (ab+bc+ca)(2+3(a+b+c)) > 35.

37. U3sectHo, uT0 a, b, c > 1 u a + b+ ¢ = 9. [Jokaxkwure, 910

Vab+ be+ ca < va+ Vb + e

38. UzBectHo, 4TO a, b, ¢ > 0. okaxkute, 9TO

<bic)3+ <cia)3+ <aib)3+ R r e




39. Ussecrno, 40 a, b, ¢ > 0 u a® + b? + ¢ + abc = 4. Jlokazkure, 410

a? b> 2

<1.
47bc+4fca+4fab

40. /I BeIecTBeHHBIX 9UCeN a, b, ¢ TOKAKUATE, ITO
(a® 4+ b* 4+ ¢*)? = 3(a®b + b3c + c2a),
npruaéM PABEHCTBO BO3MOXKHO TOJIBKO B CiIydasix a = b=cu

a b

c
sin? 4777 sin? 27“ sin®

E’
7
c a b

2 4r =
7

sin? 22 sin®

S 7

Hodckaska. Cnenaiire 3ameny a = x + 2ty, b = y + 2tz, ¢ = z + 2tz nys HEKOTOPOTO t.

5 Heobbruubie ycjgoBud

Jlo cux mop MBI paboTaNu C JTOCTATOYHO MPOCTHIMHU YCJIOBHSIMU HA TIEPEMEHHBIE: Ha-
MpUMEp, OHU BCE HEOTPUIATEJ]bHBI WM UX CyMMa PaBHA 3. DTHU YCJIOBHUSA JIETKO MOXKHO
nepepopMyIUPOBATH B TEPMHUHAX P, ¢, 7. MOXKHO I ¢Ie/1aTh TO K€ caMoe U C HeOOBId-
HbIMHU YCJIOBUSIMU?

41. Kakwue ycjioBust Ha 4uCia p, ¢, I PABHOCUJIbHBI TOMY, 9TO

a) Bce yncia a, b, ¢ He MeHbIe 17

6) a, b, ¢ ABIAIOTCA NIMHAMH CTOPOH HEKOTOPOIO TPEYroNbHUKA (BO3MOXKHO, BBI-
POXKIEHHOTO)?

B) /Ui HEOTPUIIATEJIbHBIX @, D, ¢ BBIIOJIHEHO HEPABEHCTBO

2min(a, b, ¢) > max(a, b, c)?

42, UzsectHo, 4910 @, b, c € [%,3}. Jokaxure, 910

a n b n c
a+b b+e cH+a”

(SRR |

43. UzBecTHoO, 9TO @, b, ¢ — AJIUHBI CTOPOH HEKOTOPOI'O TPeyroibHuKa. JlokaxKure, 910

CER Y (LU Y L
a b ¢)7 b+c a+c b+a)’




44. JokaxuTe, 4To cyumiecTByer Mmuorowien S(x,y,z) Takoil, 4ro Tpoiika a, b, ¢ sBig-
€TCs BEeLECTBEHHOM TOra U TOJIbKO Torga, koraa S(x,y, z) = 0, rue

z=a+b+ec, y=a>+b*+ z=a+b+.

45. Jlokazxure, 40 1715 r06oro wmcia s € [52,10], cymecrsyior uncia a, b, ¢ Takue,
q9aTo

a+bt+c=4, P+ +2=6, P+ + =5,
a HU JJIs KAKWUX JIPYTUX § TAKUX YUCEJI HE CYIIECTBYET.

46. (CIIA, or6op ma IMO, 2001) UssectHO, 9TO a, b, ¢ = 0 u a? + b% + ¢ + abc = 4.
Jokaxkure, 4T0

ab + be + ca — abe < 2.

47. (Kuraii-anaz, 2004) UssectHo, uTo a, b, ¢ > 0. JJokaxkure, 910

1< a n b n c <§
VaZ+ 2 ViP+2 JE+a? 2

V2.

48. U3BecTHO, 910 a, b, ¢ > 0 u a® + b% + ¢ + nabc = n + 3.

a) Ilycrs 0 < n < % Hokaxkure, 4to a + b+ ¢ < 3.

6) Ilycrs % < n < 2. Jokaxkure, uto a + b+ ¢ < v/2(n + 3).
B) Ilycrs n = 2. lokaxute, uro ab + bc + ac — abe < 3

5
49. Ussecruo, uro a, b, ¢ > 0 u a® + b? + ¢ + abc = 4. JTokazkure, 410

a®b? + b2 + ?a® > abe(2 + V4 — 3abe).



3amavm 1mocjie IIPOMeEKyTOYHOro (puHuUIIa

6 Ocobble cirydan

HorycruM, Mbl XOTUM JIOKA3aTh CUMMETPHYECKOE HEPABEHCTBO (HA MHOXKECTBE HEOTPH-
LATEJIbHBIX YUCEJ1) CO CIIOZKHBIM CUMMETPUYECKUM YCJIOBUEM, COAEPKAIIUM BCE TPH JJ1e-
MEHTaPHBIX CHMMETPUIECKUX MHOTOUIeHA. CTaHIAPTHRIN METO pgr 37€Ch He TTPOXOINT:
ecu 3a¢hUKCUPOBATH BA YHUCJIA, U3 TPOUKH P, ¢, T, TO TPETHE OYIET MOYTH HABEPHIKA
OTIPEIEIATHCS OTHO3HAYHO. UTO XKe Jesarh?

BadukcupyeMm Kakoe-TO OIHO 4MCJIO u3 TPOiiku p, ¢, r (ckaxewm, r). Torma yciosue
CTaHEeT OIIUChIBATH 3aBUCUMOCTH Me}Kﬂy AByMA OCTABIIUMUCA YUCJIAaMHU. HOCTapaeMCH
BBIPA3WTH ONHO 4Wepe3 apyroe. Ecim HaM 3TO ymacTCs, TO MbI CMOYKEM BOCTIPHHAMATD
YCJIOBHE KAaK TO, YTO OJMH M3 JEMEHTAPHLIX CUMMETPUYECKUX MHOTOUYJICHOB (CKazKeM,
p) aBaserca dbyukuueii ot gpyroro (ckaxem, g). To ecrb, 1m0 3Hauenuto g ve Gosee yem
OJIHO3HAYHO ompeessercs Tpoiika (p, ¢, r). Torga HepaBeHCTBO ecrecTBEHHbIM 06pa3oM
nepermmercsa B Buge h(q) > 0, tae h — HekoTOpasi (DyHKIUSA BENIECTBEHHOTO HEOTPU-
HATEIHHOTO apryMenTa. Ecam h okaykeTcss MOHOTOHHON WJIM BOTHYTOI, TO HEPABEHCTBO
JTOCTATOYHO MPOBEPATH JIUIIb JJIst SKCTPEMAILHBIX 3HAYEHNH ¢. SHAYHT, 3854494 CBEIET-
Csl K HAXOXKJEHUIO SKCTPEMAJIbHBIX 3HAYeHUH ¢ (C yIETOM yCaoBus U (PUKCUPOBAHHOTO T').

Ilepen Tem, kak opMaIn30BaTH OMMCAHHOE BBIIIE, JA/ MM HECKOIBKO OIIPEIeIeHMH.

Yepes R™ 0003HAMNM MHOKECTBO YIOPSA0YEHHBIX HAOOPOB M3 7 BEIECTBEHHBIX UUCE].
MmuoxectBy R™ mpu MajileHbKAX 7 COOTBETCTBYET €CTECTBEHHAS T€OMETPUYIECKAT WHTED-
nperanusa. Hanpumep, npu n = 1 — 9T0 npsamas, upu n = 2 — ILUIOCKOCTh. Beireacrpue
3TOro, 31eMeHThl R Gyn1eM Ha3bIBATH TOUKAMH.

Paccmoanuem B R™ mexay roukamu © = (21, ...,Ln) By = (Y1,...,Yn) HA30BEM BEJIH-
amny ||z —y|| = /(@1 —y1)2 + ...+ (@, — yn)?. B wactHocrn, npu n = 1 paccrosmue
MeXKJly TOYKaMU — 3TO MOJYJIb PA3HOCTH COOTBETCTBYIOIMIUX YHUCel, IPH 1 = 2 — ObObIY-
HOE pacCTOogHKe Ha ILIOCKOCTH.

Ilycts muOXKecTBO M saBisieTcst moaMmuoxkectBom R™. @yukmnsa f : M — R nasbBa-
ercsa menpepueHoli B Touke x € M, ecim njs jgioboro € > 0 Haiimércs §, 3aBHUCAIIEe OT
X ¥ €, TaKOe, 9TO eCIH JI7Ist HeKoToporo y € R™ BepHo ||z —y|| < 6, To |f(z) — f(y)| < e.

Ipumep. dokaxem, uto dbynxmua f(r) = z? apagerca HeNpPepLIBHON /s 0600

z € R. 3amerum, uro
|2 =y = o —yl - [y — 2) + 22 <[z —y| - (]2 — y| + [22]) < 8 + 23,

Ilonoxum § = min(\/g, ﬁ) Torma oba craraeMbIX He TIPEBOCXOIAT 5, MOITOMY BCE

soipazkenne |22 — y?| cTporo menbie €.



Cueayomumy TpeMs 3aJa4aMy B JIajibHeieM MOXKHO Oyuer 10J1b30BaTbcs 6e3 JoKa3a-
TEIbCTBA.

50. Jlokaxure, aro creayomue GynKium HenpepsBHbL: f(r) = L HenpepbiBHA I
moboro x € (0,+00), f(z) = /T menpepbBrA 11t mo6oro z € (0, +00), f(z,y) =z +7y
HempepbIBHA /i mo6oit Toukn (x,y) € R2,

51. IIycts dbynkuus g(x) HenpepwiBHa 1yist Bcex @ € M C R™, a Bce €& 3HaueHust
aexkar B MHoxkecrBe N C R. ITycrs rak:ke dyHkimst f(y) HenpepbiBHA Jjist BeeX y € N
U IPUHUMAET BEINeCTBeHHbIe 3Hadenusd. JJokaxkure, uro dyakuusa f(g(x)) HenpepbiBHa
naig Beex x € M.

52. a) Jokaxure, 4o Muorowien P(x) or 0iHOI 1epeMEeHHOl ABJIsAeTCs HellPepblBHOI
dbyuxnumeit qusa Beex x € R.

6) Jdokaxnre, uro MHOrOUIeH P(x1,...,Z;,) OT N IEPEMEHHBIX SIBJISETCS HENPEPHIB-
HOW dynKIHMEHd mus Beex (xq,...,T,) € R™.

Bynem roBopurb, 9T0 Ha MEepeMeHHbIE @, b, ¢ HAJIOXKEHO cummempuyeckoe ycaosue G,
ecam BhIMOHEHO paBeHcTBO G(p, q,7) = 0, rne G — HekoTopast HenpepbiBHAsT DYHKIMS
OT TPEX TepEeMEHHBIX.

53. IlpeamonoxkmMm, Ha TIEpEeMEHHBIE @, b, ¢ HAJIOXKEHO CHMMETpHYecKoe ycaopue G.
Badurcupyem r = 1(, s KOTOPOrO CyIIECTBYET AOMyCTUMas TPoiika (po, o, ro) Takasi,
a10 G(po, g0, r0) = 0. IIpeauosioxkum, uro yciaosue G paBHOCUIIbHO TOMY, 4ro p = f(g)
(¢ yuérom urcupoBaHHOro 1), e f — Hekoropasa GpyHKINA, 8 MHOKECTBO BO3MOXKHBIX
3HAUEHWH ¢ orpanmyeno. JoKayxkuTe, 9TO ¢ JOCTUTAET CBOETO MAKCUMyMa W MAHUMYMA,
NpUYEM B 9KCTPEMAIBHBIX TOUKAX 00A3aTEIHHO KAKWE-TO JBE U3 TEPEMEHHBIX PABHBI,

a) ecnu f — smmeiinas GyHKOMS;
6) ecom f — MHOro4JIeH.

54. IlpenmonoxkuMm, Ha TIEPEMEHHBIE @, b, ¢ HAJOXKEHO CUMMETpHYecKoe yciaopue G.
ycts (z,y, 2) — npousBo/IbHAs IEPECTaHOBKA (P, ¢, 7). 3adbuKkcupyem z = zq, JJisd KOTO-
POro cyuiecTByer gomycruMas Tpoiika (p, ¢, 1) rakas, uro G(p, q,r) = 0. IIpeanonoxum,
410 ycioue G paBHOCUIBHO TOMY, 4T0 = = f(y) (¢ yuérom dukcupoBanHoro z), rae f
— MHOI'OYJIEH, a MHO>KECTBO BO3MOXKHbIX 3HAYEHU y OrpaHUY€eHO. TOF,JIa y J0CTUraer
CBOETO MAKCHUMyMa, U MUHAMYMa, TPUIEM €CJIM 2 = T, TO B JIIOOOH TOYKE 3KCTPEMYMA,
(a=b)(b—c)(c—a) = 0, unage B 060i TOuKe KCTpeMyMa, abc(a — b)(b—c¢)(c—a) = 0.

3amMeuanmne. Y TBEpKIEHHUE IPEAbLIYIIEH 3a/1a4i OCTAHETCsS BEPHBIM, €CJIi [ — He MHO-
rodseH, a pyHKIKsA, HEIPEePbIBHASA HA, OObEINHEHNH KOHETHOIO 9HUC/Ia OTPE3KOB, COIEP-
KAIIX MHOXKECTBO BO3MOYKHBIX 3HAUeHWH y. B mambHeiineM 3TuM MOYKHO TOJTb30BATHCS
6e3 joka3areIbcTBa (MPU YCJIOBAM DEIIEHUs TIPEAbIIYIeil 3a1aum).

IIpumep. Ussecrno, uro a, b, ¢ > 0 u a? + b + ¢ + abc = 4. Tokaxure, 4T0

atbte=2+/abe(d—a—b—c).
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HokaszaTesbcTBo. VcxomHoe HEPaBEHCTBO IEPENHCHIBACTCS CJIETYIOMIM 0OPa30M:
p>2+ VT(4_p)7
p’=4+
npu yCJIOBUU s

L = ¢. 3adukcupyem r. Torma HaITe HEPABEHCTBO MEPEMUIIETCS B
suze f(p) 20, rue f(z) = —2— +/r(4 — x) — MmoHOTOHHAs QyHKUUA. 3HAYUT, JHOCTA-
TOYHO IIPOBEPSITH HEPABEHCTBO IIPU MUHUMAJILHOM BO3MOXKHOM 3Hadenuu p. CoryiacHo
3aga4e 54, 370 03HAYAET, YTO JOCTATOYHO MMPOBEPITH HEPABEHCTRO B ciy4ae a = b. Torma
¢ =2 — a® ¥ UCXOIHOEe HEPABEHCTBO MEPEIICHIBACTCA B BUJIE

a*(a—1)2 > 0.

Cioyuau paBercrBa a =b=c=1; a=b=0,c=2; a=c=0,0=2; b=c=0,a=2.

55. Ussecrno, uro a, b, c =2 0u (a + b+ c)(% + % + %) = 10. Jokaxkure, 910

2 32 2
9<a +b°+c <6.
8 “ab+bcH+ca "5
56. 13sectno, 4o a, b,c>01/1a—|—b+c:%—&—%—F%.ILOK&}KHTe, 910

(a+b+c)(1+ abc) > 6.

57. Ussecrno, uro a, b, ¢ > 0 u ab + bc + ca = a® + b + . Tokaxure, uro

ab + be + ca > a?b® + b2 + 2d’.

58. UzBectno, 1to a, b, c > 0. Um ecrecTBeHHBIM 00PA30M COOTBETCTBYIOT P, ¢, I'y IPUIEM
0Ka3aJIoCh, 4T0 ¢ + r = 4. JIokaxXurte, 4TO

p> —27r > 7(p* — 3¢).

59. UssecTHo, 4to a, b, ¢ > 0 u a® + b+ c? = ab+ be+ ca+ (abe — 1)2. Jlokaxkure, 9T0

ab+bc+ca+3 = 2(a+b+c).

7 n IIepeMeHHbIX

1o 3TOro MbI JOKA3BIBAJIN TOJHKO CAMMETPUYECKAE HEPABEHCTBA OT HE Oojiee deM 3 rre-
pemvennubix. Ho 4To mesarh, eciiu mepeMeHHbIX 0oJbine, dem 37

HIapom u cepoti B R™ ¢ 1eHTPOM B TOUYKE T U PAAUYCOM I HA30BEM MHOMKECTBO TO-

4ek Yy Takux, 4ro ||z —y|| < r u ||z — y|| = r coorBercrBenno. B wacruocru, ecau n = 2,
TO WAap — 9TO UPOCTO KPYT, & chepa — OKPYKHOCTb.
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Paccmorpum mocsieioBaresibHOCTb TOY€EK 271, 22, ... B R™. CkaxkeM, 4T0 3ra MOCJIEI0-
BaTEIHHOCTh CLOJUMCA K TOUKE 2z, €CJIN JJisi J1000ro € > () BHE IMapa ¢ IeHTPOM B TOUKE
Z ¥ paJinyca € JIeKUT JINITb KOHEYHOE YMCJI0 TOUYEK U3 MOCIIeT0BATEIHHOCTH.

IIpumep. IlocnenoparenbHocTs 2, = -, n = 1,2,..., cxomurea K Touke z = 0, 1o-
CKOJIbKY BHE OTDE3Ka [—&, €] JIeKAT UMb T€ TOUKH, JJI KOTOPBIX N < %, a X KOHEYHOE
YUCTIO.

Paccvorpum muOKecTBO Touek M B R™. HazoBéMm TOUKY z mpedesvhotll moukotli MHO-
xectBa M, eciii CyLIECTBYeT IIOC/IEI0BATENLHOCT TOYEK 21, Z2,... U3 M, KaxKnas u3
KOTOPBIX OTJINYHA OT 2, CXOonadmasca K Touke z. Muoxkecrso Todek M B R™ HazoBém
3GMKEHYMDBLM, €CJIU OHO COJEPKUT BCE CBOU IIPEJIEJIbHBIE TOYKH.

IIpumep. Unrepsan (0,1) He gBisercs 3aMKHYTBIM MHOMKECTBOM, TIOCKOJILKY 0 sBJIs-
eTcd NpeebHON TOYKOi, HO He JeKuT B uHTepBasie. A Bor orpe3ok [0,1] aBisercs
3aMKHYTHIM MHOXKECTBOM.

MuozkectBo Touek M B R"™ Ha30BEM ozpanuverHviM, €CTH CyIecTByeT KoHCTaHTa C'
TaKasi, 4ro Ijid Jiro0o# Touku r = (x1,Te,...,T,) € M mag Bcex ¢ or 1 10 n BBIIOJ-
HeHO HepaBeHCTBO |x;| < C. MHuoxkectBo Touek M B R™ Ha30BéM komnaxmom, ecnu M
OIPaHHYEHO U 3aMKHYTO.

60. denserca am orpe3ok [0, 1] komnakrom? fABasierca nm yd [0, +00) KOMIAKTOM?

A wmuoxectBo, cocrosimee u3 Touku (1,1,...,1)? Hlap paxuyca 1 ¢ uearpom B TOUKe
(1,1,...,1)? Dror ke map 6e3 rouku (1,1,...,1,0)7 A cdepa paguyca 1 ¢ uenrpom B
rouke (1,1,...,1)?

Crenyromeit 3amadeil B JaabHeHIeM MOXKHO DyIeT MOIb30BATHCA 0e3 J0KA3aTeTHCTBA.
61. Paccmorpum Habop yciaoBmit
Pi(x1,...,2,) =0,...,Pi(x1,...,2n) =0, Psp1(z1,...,2,) 2 0,..., Ppn(z1,...,25) 20,

TJe M — HATYpaJIbHOE, & § — TEJI0e HEOTPHUTATETbHOE InCo, Py, . .., Py, — MHOTOYJIEHBI
oT n nmepeMeHHBIX. [Ipeamomoxnum, aTo MHOXKECTBO ToueK M B R™, ynoBreTBOpAIONnx
BCEM 3TUM YCJIOBHUSM, orpanndeHo. Jlokaxure, uro M sBAsieTCS KOMIIAKTOM.

B nanpueitimem HaM morpedyeTcs Ciiemyioas KJacCuYecKas TeopeMa W3 MareMaTude-
CKOTO aHaIn3a, KOTOPOH MOXKHO MOJB30BATHCSA 0€3 TOKA3ATETHCTRA.

Teopema Beiiepinrpacca. HenpepoiBaas dynkius, onpeeaéHtas Ha KOMIAKTE, 10~
cTUraeT Ha HEM HAUOOIBINEr0 W HAWMMEHbBIIEr0 3HAYEHH.

Mpumep. @ynkuus 12 jocturaer Ha orpeske [0, 1] HaubOMBIIEr0 1 HAMMEHBITETO 3HA-
gennii. OJHAKO W3 MPEIBIAYIIEH TEOPEMBI HEIb3s YTBEPKIATh, 9YTO OHA JOCTUTAET HAH-
GOJIBIIEr0 ¥ HAMMEHBINero 3Hadennii Ha narepsaie (0, 1].

62. Tana cuMMmerpuyeckas HempepbiBHas GyHKimst f(z1,...,%,), ONpeneNeHHas Ha
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kommakre M C R”™. [Ipeamosioxkum, f TakoBa, 4T0 HPU JIFOObIX PUKCUPOBAHHBIX Uy, - - - , O
(7151 KOTOPBIX CYIIECTBYIOT a1, dg, a3 Takue, 910 (aq,...a,) € M) dyHKIMS

h(x17x27$3) = f(x1,$27x37a/47 s 7an)

JIOCTHUIaeT CBOUX IKCTPEMAILHBIX 3HAUEHUI TONBKO Koraa (1 —x2)(re —x3)(x3—x1) =0
(mmm zyxex3(x1 — x2)(2x2 — x3)(x3 — 1) = 0). Jokaxkure, uro dbyHkms f gocTuraer
CBOWX JKCTPEMAJIbHBIX 3HAYEHWH, TPUIEM B TOUKE IKCTPEMYMA CPEIH I, ..., T, €CTh
MAKCHMYM JIB& PA3JIMIHBIX YUCIA (MM MAKCUMYM JIBA PA3JIMIHBIX HEHYJIEBbIX TUCIIA).

IIpumep. UssectHO, 910 @, b, ¢, d > 0, a + b+ ¢ + d = 4. Toxaxkwure, 910
3(a® +b* + ¢* + d*) + 4abed > 16.
JokazareabcTBo. Ilo 3aga4e 61 ycmoBug 3amaor koMmmakT. [Tomoxkmm
f(a,b,c,d) = 3(a® + b* + ¢ + d*) + dabed.

TTo 3anage 52 f aBasercsa venpepoiBaoit dyHKmeit. 3adukcupyem d = dy > 0. [Tomoxum
p=a+b+c, ¢ =ab+ bc+ ac, r = abc. Paccmorpum dbyHKIImnio

h(a,b,c) = f(a,b,c,do) = 3(a® 4+ b* + ¢* + d3) + dabedy = 3p? — 6q + 4dor + 3d3 =

= 3p? — 6q + 4dor + 3d3.

Badukcupyem p u r. IllockonbKy h jauHEHA IO ¢, TO MUHUMYM h JOCTUTAETCs, TPUIEM
rosbK0 Koraa (a —b)(b—c)(c—a) = 0. Cornacuo 3aa49e 62, HAM JOCTATOYHO IPOBEPATH
MCXOIHOE HEPABEHCTBO, KOTJIA CPEeIu Yuces a, b, ¢, d e 6ojiee IByX PA3JIAIHBIX.

e Eciim a =bu c=d=2— a, TO HEPABEHCTBO MEPENUIIETCS CIAETYIONUM 00Pa30M:
4(a—1)2((a—1)>+1) > 0.
Ciiyuait paseicrBa a =b=c=d = 1.
e Ecmna=0=cud=4—3a, TO HEPABEHCTBO MEPEIUIIETCsT CJIETYIOMIIM 00PA30OM:

4(a —1)%(4 — 3a)(a+2) = 0.

Qi

7d:07

IMockombky a < %, TO HEpaBeHCTBO BepHOo. Ciryyan paBeHcTBa a = b = ¢ =

4
3
—h—J— 4 — (- — g — 4 —0- R —
a=b=d=3,c=0; a=c=d=3,0=0; b=c=d=3,a=0.

63. UzrectHo, uTO @, b, ¢, d > 0, a + b+ ¢+ d = 1. Jokaxure, 9TO

1—a®)?+(1 -0+ (1 - +(1-d*)?*>3.

64. (Poccus, or6op ma IMO, 2015) WUssectHo, 1o a, b, ¢, d > 0 u a® +b* +c* +d? = 1.
Joxkarkure, 910
a® + b+ + d® + abe + bed + eda + dab < 1.
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65. (IMO Shortlist, 2010) IIpo Beriecrsenusbie a, b, ¢, d ussecruo, 4ro a+b+c+d =26
u a? 4+ b% + ¢ + d? = 12. JTokaxure, 9To

a) abcd < 3;
6) 36 < 4(a® + 0>+ 3 +d3) — (a* + b* +c* +d*) < 48.

66. 3BectHo, uro a, b, ¢, d > 0. Hokaxkwure, 9410

a® 4+ 0% + A + d® 4+ 4V a3b3c3d3 > 2(abe + bed + cda + dab).

67. (Bcepoccuiickasa onumnuaza, 2016) UssecrHo, uro a, b, ¢, d >0u a+b+c+d = 3.
a) Jlokaxure, 4TO0

1 1 1 1 1
2ttt ES aae
6) lokaxure, 94TO
1 1 1 1 1
YTt ES Fres
B) Ussectro, 9T0 2 > 2. ,ILOK&)KI/ITQ 49TO
11 1 1 - LHa-pHa-Ha-in° 1
i+i+i+f+( D1—9)0-20-3) <«
a®  b* o dF 2 a*b*crd*

68. NU3sectHo, uto a, b, ¢, d > 0u a+ b+ c+ d = 4. Jokaxkure, 910

11 1 1 e
Sttt ptiz2d+++d)

69. UzsecTHO, uTO @, b, ¢, d, e ER, a+b+c+d+e =20, a®> + b2 + % + d? + e? = 100.
Haiinure skcTpeManbHbIe 3HAYCHUS BLIPAYKCHU

abed + abee + abde + acde + bede.

70. U3secrno, urto a, b, c,d>0ua+b+c+d= % + % + % + é. Hoxkaxkure, 910

(a+ b+ c+d)(17 + 46abcd) > 252.

8 JlomoJiHUTEeJ bHbIE 33134

B sTom pazzerne cobpanbl 3ama9u, T€ PGr-MeTOM MOYKHO NMPUMEHUTH HEOXKHUIAHHBIM,
HEOYEBUTHBIM C MEPBOTO BITJISAAA IIYTEM.

71. (APMO, 2004) /Iyis BEIIECTBEHHBIX YUCEN d, b, C TOKAXKHUTE, UTO

(a® +2)(b* + 2)(c* +2) > 9(ab + bc + ca).
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72. (Upan, 2005) UssecrHo, uro a, b, ¢ > 0 u a%s-l + ﬁ + ﬁ = 2. JloKazKuTe, 4TOo

N W

ab+ bc + ca <

73. B ocTpOyrosibHOM TPEyroabHUKE CO CTOPOHAMHU a, b, ¢ paJiuyC OMUCAHHON OKpPY¥K-
mocru paseH R. Ilokaxkwure, 910

b
L2 55R

c a b

74. (Shortlist IMO, 2011) Ilycrb a, b, ¢ — piMHBI CTOPOH HEKOTOPOI'O TPEYIOJIbHUKA,
npuuaém a? + b? + ¢ = 3. JJokaxkure, 4To

a n b n c < 3
(b+c—a)? (a+c—0b)2 (a+b—c)2~ (abc)?’

75. Hazosém muorounen or Tpéx nepemennbix G(a,b, ¢) yuxauveckum, eciu ero 3Ha-
YeHUe HE MEHSIETCH [IPU LMKJIMYEeCKOH 1epecraHoske 1epemennbix (ro ecrb G(a, b, c) =
G(b,c,a)= G(c,a,b)). Jokaxkure, 9ro 000N IUKINIECKUHA MHOTOUJIEH OT a, b, ¢ MOXK-
HO npeacrasuTh B Buge X (a,b,¢) + Y (a,b,¢)(lia — lo1), tne X u' Y — cummerpudeckue
MHOTOYJICHBI.

76. Ussecrno, uro a, b, ¢ > 0 u a® + b* + ¢ = %(ab + bc + ca). Jokaxure, 4ro

=

(a®> +0* + )2 > 5 a®b+b3c+ ca).

7'7. N3BectHo, 4To a, b, ¢ > 0 u a + b + ¢ = 3. JJokaxkure, 94TO

(a®b + b2c + c*a)(ab + be + ca) < 9.

78. Ussecrno, ur0 a, b, ¢ > 0 u a® + b? + ¢ = 3. Jlokaxure, 410

a? 430 b’ +32 A2+ 3d? >3
a+3b b+ 3¢ c+ 3a

79. JInsg HeOTPUIATETbHBIX IHCET A, b, ¢ TOKAXKUTE, ITO

10(a + b+ ¢)® = 81(a® 4 b* + c*)(a®b + b%c + ca + Tabe).

80. (Kopes, 2012) Ussectno, ato a, b, ¢ > 0 u a® + b> + ¢* = 2abc + 1. Haiinnre
MaKCI/IMyM BbIDazKEHUA

(a — 2bc)(b — 2ca)(c — 2ab).
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81. I3secrno, uro a, b, ¢ € [0,1] u (1 — a)(1 — b)(1 — ¢) = abe. Jokaxure, 4ro

at+b+ec >
2

N W

a>+ b+ +
82. Uzsecrro, uto a, b, ¢ > 0, a®> +b> +c? + abc = 4 u a4+ b+ ¢ > /8. Jokaxure, 4ro
a+b+c>2+ Vabe.

83. Ussectro, ut0 a, b, ¢ = 0 m a® + b2 + ¢ — (ab + be + ca) = 11(a + b+ c — 3).
Jokazkure, 9T0

Va+2+vVb+2+vVe+2>Va+b+ e+ 24.

84. N3zsectHo, uTO a, b, ¢ > 0 u abc = 1. Jlokaxkure, 410

a)
a® + 00+ >34+45((a— 1)+ (b—1)2 + (c— 1)?);

*
) a4+ b0+ >3+46((a—1)+ (b—1)"+ (c—1)*);
B) CyIIeCTBYeT KOHCTaHTa k > 0 Takasi, 9To /s JI000ro HaTypaJIbHOrO n > 3
a"+b"+c" =23 +kn((a—1)°+(b—1)>+ (c—1)%);
r*) cywecrsyer koucranra k > 0 rakas, 4ro st J1000r0 HATYPAJILHOIO N = 3
A"+ 0"+ >3+ kn((a— 12+ (b—1)2+(c—1)?),
HO HH IJIg Kakoro € > ( He CymecTByeT KOHCTaHTBI k' > 0 Takoii, 94To [Ijig J000ro

HaTypaJbHOIO N = 3

a2 3 E 2T ((a — 1) 4+ (b= 1)2 + (e — 1)?).

85. Uspecrro, uto a, b, ¢ > 0, (a+1)(b+1)(c+1) = 84, (a+b+c)(ab+bc+ac) = 14236,

abce

Haitinure MmakcumyM BbIpayKeHUS

(a4 b+ c)? + (ab + be + ac)® + a®b*c2.
86. Mssecrno uro a, b, ¢, d > 0, a+b+c+d = 3, a?+b*>+c?+d? = 5, a* +b* +ct+d* = 17.
Haiiure MakCuMa/lbHO BO3MOXKHOE 3HadeHue d.
Crmicok JmuTepaTypbl

[1] M.A. Pozenbepr "Merog uvw jyis Jlokazaresabcrsa Hepasencrs", Maremaruieckoe
obpasosanue, Nt 3-4 (59-60), 2011.

[2] M.B.T. Knudsen "The uvw method",
http://www.artofproblemsolving.com/community /c6h278791.
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JIKTT PQr-MeTo]1 asrycr 2016

A. Honenenok, A. MenbrukoB, A. CemuenkoB, M. @agunH

TlouTn BCce BeTpevaroIuecs B MPOEKTE HEPABEHCTBA SBJISIOTCI CUMMETPUIECKUMU, TI0-
9TOMY €CJIU [IPH LOJACTAHOBKE B HEPABEHCTBO TPOiiKu vuces (ag, by, co) Hosydaercs pa-
BEHCTBO, TO W TIPH TIOZCTAHOBKE JI000# TPOKNM, nomyvarormedicst u3 (ag, by, ¢o) mepecTa-
HOBKOI YMCeJI, TAKXKE TMOJIYUYUTCS PABEHCTBO. JIjIs KpaTKOCTH, MBI OyaeM yKa3bIBaTh
JIVIITH CJIyYan PABEHCTBA, HE MOJIyYaIOMINeCcs APYT U3 APYyTa MepeCcTaHOBKOM, MOApa3yMe-
Bad, 9TO OCTAJIbHBIE TOXKE ITOAXOIAT.

TTo 3T0it 3Ke MpUYHHE TOC/Ie CBEIEHUs HEPABEHCTRA K CIYYal0 PABEHCTBA IBYX TEPEMEH-
HBIX WJIM PABEHCTBA OTHON M3 MEPeMEHHBIX HYJII0, Mbl OyIeM cpasy mojarath a = b wim
a = 0, a me mucarh "IBE MepeMeHHBbIE PABHBI, Oe3 OrpanwydeHus ooutHOCTH ¢ = b".

1. UsBectHo, uT0 @, b, ¢ > 0 u a + b+ ¢ = 1. Jlokaxure, 910
1+ 12abe = 4(ab + be + ca).

Pemtenue 1. Ilepenuiiiem HepaBeHCTBO B ciepyiomeM Buje: 1+ 12r > 4q, npu ycioBuun
p = 1. Badurcupyem p u r. ¢ MAKCUMAJIBHO, ecii a = b. U3 ycnoBust ¢ = 1 — 2a. [Mocne
[I0/ICTAHOBKY HEPABEHCTBO MEPENHCHIBAETCS CJIEIYIONUM 00Pa30M:

3
1
24a3—24a2+8a—1<0<:>24<a—> - -<0.

3

O =

JleBast vacTh HAMOOJIBITIAST TTPU HAUOOJBIIIEM G, TO €CTh MPU G = % [Moxacrasmsis, momy-
JaeMm Ciaydail paBeHCTBA a = b = %, c=0.

Pemenne 2. OHako 310 HEpaBeHCTBO MOKHO peruTb u Merogom [Ilrypma. Bes orpa-
HUYEHHsT OOIIHOCTH, ¢ — HAUMEHbITee W3 JHhcesa a, b, ¢, Torma ¢ < % u 3¢ — 1 < 0. Ilepe-
MUIIIEM HEPABEHCTBO B BUIE

1+ 4ab(3¢c — 1) = 4c(a + b).

Bynem cOmmxkars unciaa a m b, GUKCHpPyst CyMMy, IIOKA OHH HE CTAHYT PaBHBI. Torma,
T.K. IIPOU3BeieHNE ab Mpu COMMKEHNN BO3PACTAET, JIEBasl IaCThb Oy/IeT yMEHbIIATHCS, a
paBasi — COXPAHSIThCs. SHAYUT, HEPABEHCTBO JIOCTATOYHO JI0Ka3aTh B Clydae a = b,
Jajee cMm. perrierme 1.

2. IIpo BemecrBennbie quciaa a, b, ¢ u3sectuo, uro a +b+c =9, ab + bec + ca = 24.
Hokazkure, uro 16 < abe < 20. JJokaxkure Takxke, uto mis jwoboro r € [16,20] cyime-
CTBYIOT BEIECTBEHHBIE a, b, ¢ Takue, 910 a + b+ ¢ =9, ab + bc + ca = 24, abc = 7.

Pemenmne. Ilo 3amaqe 21 uncna a, b, ¢ BeImecTBEHHBIE, €CTH U TOJIBKO €CJIH P, ¢, T Belle-
creensbl u T'(p,q,7) > 0. Eciu noacraBurb p = 9 u ¢ = 24, T0 MHOIOWIEH [IEPENUILETCs
B BHJE

T(9,24,r) = =27(r — 16)(r — 20).



Ero 3nauenne nosnoxurensuo upu r € [16,20].

3. Ilycth P — cuMMeTpUYecKuit MHOTOUJIEH OT TPeX MEePEMEHHBIX He 60jiee YeM TATOoi
crenenn. Tokaxkure, uro ecnu P(a,a,c) > 0u P(0,b,c) > 0 s Bcex HEOTPHUIIATETHHBIX
quceln a, b, ¢, ro P(a,b,c) > 0 ays a00bIX HEOTPUIATEIBHBIX YUCET a, b, C.

Pemenmne. Ilepenumem muorownen P(a,b,c) B Buge P(a,b,c) = A(p,q)r + B(p,q).
Sadukcupyem p u q. [Tockoiibky p GUKCHPOBAHO, TO MHOXKECTBO BO3MOXKHBIX 3HAYCHUH
r orpanndeno (tak kak 0 < r = abc < p?®). IlpaBas wacTh juHeitna no r (win He
3aBUCUT OT T'), MO3TOMY OHA NPUHAMAET HAMMEHDINEE 3HAUEHUE MPU HAUOOJDbIIEM WU
HauMeHbIeM r (UM He MeHseTcs 1pu u3Menenuu 7). Ilo memme 06 r 3T0 03HAYAET, YTO
P(a,b, c) npunuMaer HauMeHblee 3uadenue npu ¢ = b wiu a = 0.

4. (Poccus, or6op na IMO, 2015) Ussecrno, uro a, b, ¢ > 0 u 1 + a+ b+ ¢ = 2abc.

Joxkarkure, 910
ab be ca

=
1+a+b+1+b+c+1+c+a

| W

Pemrenue. Vcxoamnoe HEPABEHCTBO MEPENUCHIBACTCS CIEAYIONIAM 00pa30M:
2¢> —q(p+1)+9r +2pr —3(p+1)> >0,

npu yciaosuu 1+ p = 2r. Sadukcupyem p u r. 3aMeTuM, 9TO B JIEBOM YaCTH HEPABEHCTBA
CTOUT KBAaJIPATUIHAS IO ¢ PYHKIHS C MIOTOKHUTETbHBIM CTapInuM Ko durmerTom. Mu-
HUMYM JJOCTUTAETCA B TOYKE qo = %

HoxkaxkeM, 910 11pu j11060M ¢ BbinoareHo 4q — (p+1) > 0, u3 gero Gyer cjie0BaTh, 4TO

JleBast 4aCTh HAIero HepaBeHCTBa MOHOTOHHA O ¢. JIji MEHEMAIBHOTO ¢ OyIeT BEepHO,
— _ 1+42a

uro @ = b, a U3 ycjoBus ciejyer, 4o ¢ = 5-5=%. Ilogcrasus 310 B 49 — (p+1) > 0, u

yurs, aro 2a® — 1 > 0, HOIydInM HEpaBEHCTBO

8a* — 4a® 4+ 10a% + 8a > 0,
KOTOPOE BEPHO.

ITockonbky JjeBast 4acTh BO3PACTAET, TO JOCTATOYHO PACCMOTPETh MUHUMAJbLHOE ¢. B
3TOM ciay4dae a =bwu ¢ = % IToce mosmcTaHOBKY B MCXOJHOE HEPABEHCTBO M COKPA-
IIEHA, TIOJTYIUM

a(2a® —2a —1)% > 0.
Cay4ait ¢ = 0 He MOAXOIUT, TIOITOMY OCTAETCs €IUHCTBEHHBIN CJIyd4ail PABEHCTBA 4 =

b=c= 71"'2\/5.

5. (Upan, or6op na IMO, 1996) Heorpunarenbabie 9ucaa a, b, ¢ TAaKOBBI, YTO HUKAKUE
JIBA U3 HUX HE PaBHBI HYyJ0. /loKaxkuTe, 410

1 1 1
(ab+bc+ca)( + + )2

9
(a+0)?2 (b+¢)? (c+a)? 4



Pemrenune. 3adukcupyem p u q. HepapencrBo Torja nepenumercs B BUie

dgpr +a(p* — 2%+ ¢%) _ 9
(pg —7)? g

W

Samernm, 910 1 < Pg, MOITOMY MUHMMATIBHOE 3HAYEHUE JIEBOW 9aCTU JOCTUTAETCS TIPHU
MUHHUMAJIBHOM 7.

e Eciu nmoxcraButh a = 0, TO HCXOMHOE HEPABEHCTBO MEPEIUINETCS B BUIE

(b—¢)?(b? + be + ¢?)

= 0.
2be(b+ ¢)?

Cuayyan pasencrBa a =0, b = c.

e Ecmi a = b, T0, 0bo3HauMB ¢ = 7, HEpenuIeM UCXOHOe HEPABEHCTBO B BUJIE
2
t(t—1)° = 0.

Cay4ait paBenctBa a = b = c.

6. BripasuTe uepes a + b u ab Beipaskerna a’ + b2, a3 + b3, a* + b*, (a — b)2.

Perrenne.
a® 4+ b* = (a + b)* — 2ab,

a® + % = (a+0b)(a® —ab+ b*) = (a + b)((a + b)* — 3ab),
at + b = (a® + %)% — 26®b® = ((a + b)* — 2ab)* — 2(ab)?,
(a—b)? =a®+b>—2ab = (a+b)? — 4ab.
7. Bripazute 4epes p, ¢, r BeIpaskenus a’ + b2 + c2, a?b + a%c + b%a + b%c + c%a + ¢2b,
a® + 0%+ 3, (ab)? + (be)? + (ca)?, a* +b* + c*, (a +b)(b+c)(c+ a).

Pemrenne.
a?+ b+ =(a+b+c)® —2(ab+ be+ ca) = p* — 2,

a’b+a*c+b%a+b*c+ cPa+ b = (a+ b+ c)(ab+ ac + be) — 3abe = pq — 3r,
a® + b+ =p® = 3(a®b + a®c + b%a + bPc + a + *b) — 6abe = p* — 3pq + 3r,
(ab)? + (be)? + (ca)? = (ab + be + ca)? — 2(ab*c + abc® + a*be) = ¢* — 2pr,
a* + b+t = (a® 07 + ) = 2(a?? + b2 + Fa?) = pt — 4pq 4 2¢° + 4pr,
(@+bd)b+c)ct+a)=(p-c)lp—a)p—b) =p’ —p-p*+pg—r=pg—r.
8. JIyist HesbIX HEOTPUIATENbHBIX k momozkuM s, = a® + b¥ + cF. BeiBeaure pekyppent-

Hyto dopmyiy (¢ koaddbunuenramu, 3aBucdUMU OT P, ¢, T), BbIpaXKaouyio s (k > 3)
qepe3 Skp—1, Sk—2 U Sg_3.



Pemenne 1. Jlokaxkem, 9T0 Sk = PSk—1 — ¢Sk—2 + rSi_3. leficTtBuTenHO,
Psk_1—qsk_2+rsi_3 = (a+bte) (@ T HBF T T — (abtbed-ca) (aF T2 4HDF T2 4 cF2) 4

+abe(aF 73 0P34 ) = (s + ab T 4 ack T FbaP T 4 b T 4 cdf T f et —
— (@bt +ac® 4 baF Tt b 4 caP T b 4 abc T2+ b2 e 4 0P 2he) +
+ (abc* =2 + ab*2c + a*2bc) = 4.

Pemrenue 2. Ilo 3amade 18 uncia a, b, ¢ ABIASIOTCA KOPHIMHU YPaBHEHUS

23 —pr® +qr—r=0.

k—3

JIOMHOXKWM ero Ha T U TIEPENuIeM CJIeLYIONUM 00pa3oM:

2F = prFl = g2 4opgh,

Ocrasoch MOACTaBUTD G, b, ¢ U MIPOCYMMHUPOBATH TPU MOy YEHHBIX PABEHCTBA.

9. Jlokaxkure, 9TO 000 CHUMMETPUYECKUI MHOTOUYJIEH OT MEPEMEHHBIX @, b, ¢ MOXKHO
MIPEeJCTaBUTh KaK MHOTOYJIEH OT MEePEMEHHBIX P, ¢, T.

Pemenne. Paccmorpum nam muorounes G(a, b, ¢). Ilpeacrasum ero B Buge cymmbr G =
G1 + G2 + G3, rae onpowiensl B (G; coaep:KaT POBHO i MEpeMeHHbIX, mid i = 1,2, 3.
TIpencrasum kaxapiit u3 G; KAk MHOIOYJIEH OT P, ¢, T

SameruM, 94TO MO TPEABIAYINeH 3ama49e i JI000T0 k MHOTOUJIEH Si BBIPAYKAETCS Yepe3
p,q,r (04eBUIHO, S, S1, So BBIPAXKAIOTCH 4Yepe3 p, ¢, r). Eciau B UCXOMHOM MHOrOYJIEHE
IPHUCYTCTBYET OQHO4YIEH a', TO B CHJIy TOrO, 9TO MHOTOW/IEH CHMMETPHYECKHil, B HEM
takxke Oymyr npucyrcrsosars ogaoutensr b u cl. Torga mbr cmokem Boipasuth G

qepes p, ¢, r. [1o aHATOrMaHBIM COOOPAKEHUSM, UCXO/s U3 TOXKIECTBA,
SkSi — Skl = abot + aF et + bFal + Pt + Rl + ckbl,

MBI JlelaeM BbIBOJ, uTo (g TaKyKe MOXKHO BLIPA3UTh depes p, ¢, r. Eciu ke y Hac ecTb
cymma,

a"vte™ + aFdom™ + bRale™ + P a™ + Fadlb™ + Fvta™,
To, BhIHECs (abc)™ 3a ckoOKy (rae n = min(k, [, m)), MbI CBelleM 3aa9y K MPEeIbIIYIINM
CJIydasM — HaM JOCTaTOYHO OyIeT paclucarh 9epe3 p, ¢, T TO, 9TO OCTAHETCA B CKOOKAX.

a+b+c=1t,
10. /Tamo BemmecTBeHHOE unCyO t. Pemmre cucremy ypaBHeHmi a? + b+ =12

a® + b 4¢3 =13
Pemenne. Boipasum seBbie qacTtu ypaBHeHuit gepes p, q, r. IlogcraBum mepBoe ypasme-
mne (p = t) Bo BTopoe (p?—2q = t?) m moayunm, uto ¢ = 0. IlomCTaBMB 3TO B TPEThe ypan-
nenme (p3 — 3pq + 3r = 0), momy«mm, uto r = 0. U3 pasencrsa r =  cejyer, 9To OHA,
13 MEpEMEHHBIX, 0e3 orpaHuveHnst ooHocTH a, pasHa 0. Torma ¢ = ab+bec+ca = be = 0,



OTKYIa ele oJHa nepemenHas pasaa 0. FIToro nosmydaem, 9410 y CUCTEMbI TP PEIIEHUSI:
a=0=0, c=1tu 1Be ero nepecTaHOBKH.

11. [Iig BeIeCTBeHHLIX YHCeT a, b, ¢ JOKaxKUTe, UuTo ¢° > 3pr.

Pemtenne. 3amumem HEPABEHCTBO B BUJIE
(ab+ be + ca)® = 3(a + b+ c)abe.

Packpoem ckobku u mpuBeieM mog00HbIe ciraraemMbie. Torna nCXomHoe HepaBeHCTBO Oy1eT
PaBHOCHJIBHO CJIELYIOIIEMY:

a?b? + a?c® + b2 = a’be + ab’c + abc’.
B cBo0O 04Yepennb, 3TO HEPABEHCTBO MOXKHO IIEPEIHCATDH TAK:

1 1 1
g(ab —ac)* + i(ab —be)? + §(ac —bc)? > 0.

p q
12. /It HEOTPUIIATETBHBIX YUCET A, b, ¢ TOKaXKWUTE, 9TO 3 = \/; > Ir.

Pemenne. IlepBoe HepaBeHCTBO PABHOCHILHO TOMY, 9TO p? > 3¢, uiu a® + b2 + ¢ >
ab + be + ac, aro Bepmo. Ilepemnuiiem BTOpoe HEPABEHCTBO B BUIE

ab+ bc + ca 3
—5 > Va2b?c2.
OHO BEpHO, MOCKOIBKY 9TO HEPABEHCTBO CPEIHUX It duces ab, be, ca.

2

13. Jokakure, 9410 @ u b — KOpHU ypaBHeHus r° — pr + ¢ = 0, u Apyrux KOpHEil HeT.

Pemrenue. 3amernm, 94To
(x —a)(x—b) =2 — (a+ D)z +ab=2z*—pr+q.
Jlerast wacTh paHa 0 TOTZIA ¥ TOJBKO TOTIA, KOTAA & = @ WINA T = b.

14. JJokaxknuTe, ITO eciau 0b6a UNCIA P U ¢ — BENIECTBEHHbIE, TO YUCIa a U b uiam 0ba
BEIECTBEHHBI, UJIM KOMILJIEKCHO COMPSKEHBI.

Pemenne. Eciin a BerecTBeHHO, TO b = p — @ TOXKe BEIIECTBEHHO, KaK PA3HOCTH BEIIe-
crBennbrx uncen. Ilycrs a = ¢+ yi, tme y # 0. Torma b = p—a = (p — ) — yi. Mt
3HAEM, UTO UUCJIO

q=ab=(x+iy)(p -z —yi) = (ap — 2® +y°) + (py — 2zy)i
BeIEeCTBEHHOE, TTOITOMY py — 2xy = 0, TO ecThb p = 2z, OTKyJa b = x — yi = a.

Ha camom zeste, yTBep:KJeHne 3a1a4u CjaenyeT u3 u3BecTHOro hakTa: ecjyd MHOTOUJIeH
P(z) ¢ BemecrBenubiMu KO3 dunmeHTaMu uMeeT KOMIUIEKCHBI KOPeHb 2, TO YUCJIO Z
TakxKe sBJgercs KopHem P(x).

15. JTokasKknuTe, 9TO €CJIM P W ¢ BEIECTBEHHBI, TO (@ — b) SIBJISETCS NN BEMIECTBEHHBIM,
WUJIA YUCTO MHUMBIM YHUCJIOM.



Pemtenne. Eciu a u b 00a BelecrBeHHbl, TO UX Pa3HOCTh BellecrBenHas. Eciau a u b
COTIPSIXKEHBI, TO ¢ — b = + yi — (x — yi) = 2yi — YNCTO MHUMOE YHUCJIO.

16. Bripasure ycjoBue TOro, 9TO @ U b BEIIECTBEHHBI, B TEDMUHAX P W ¢ U HEPABEHCTB
OT 3TUX BEJININH.

Pemenne. Ins toro, 9robbl a u b ObLIKM BEIECTBEHHBI, HEOOXOMMMO U TOCTATOTHO,
YTOOLI P U ¢ GBITIN BEIECTBEHHEI, 4 TaKyKe KB3IpaTHOE YpaBHeHne 2 —px +¢q = 0 umeso
JTBa BEIECTBEHHBIX (BO3MOYKHO, KPATHBIX) KODHSA, TO ecTh p° — 4q > 0.

17. Jlokaxkute, 9TO a U b BEIIECTBEHHBI W HEOTPUIIATEIbHBI TOT/A W TOJBKO TOT/A,
KOI'Z]a p U ¢ HEeOTPUIIATEIbHbI U BBIIIOJIHEHbI YCJIOBUSA HA P U ¢ U3 LIpeablayleil 3a1a4u.

Permmenume. Ecin a u b BellieCTBeHHBI 1 HEOTPUIATEIHHBI, TO HEOTPHUIIATEIBLHBI P 1 ¢, &
TaK?Ke BBITIOJIHEHBI YCJIOBUS W3 TIPeAbIAyIei 3aaadu. OOpaTHO, U3 yCJI0BUil TPeIbIAYIIe
3amaun cjeayer BemecTBeHHOCTb a u b. Ilockosbky ¢ HeorpumarenbHO, TO a U b —
3TO YUCJIA OJHOTO 3HAKA (I/IJ’[I/I OJIHO U3 HHUX PAaBHO 0). Ho torma onm Heorpuiare bHBI,
MOCKOJIbKY P HEOTPULATEJIbHO.

18. JloxaszKkuTe, 9TO a, b, ¢ — KOpHM ypaBHeHus x> — pr? + qx — r = 0.
Pemenune. Kak u B 33/1a9e 13, mpoBepsieTcst HEMOCPEICTBEHHON TTOICTAHOBKOM.

19. Jlokakure, 9TO €CJAN UUCIA P, ¢, T BEIECTBEHHBI, TO JTUOO BCE YUCTA a, b, ¢ Bere-
CTBEHHBI, JTUOO0 CPEU HUX OJIHO BEIIECTBEHHOE, & JBA JAPYIUX KOMILIEKCHO CONPSI?KEHBI.

Pemrenue. Bocronb3yemcst u3BecTHBIM (HAKTOM, UYTO ¥ MHOTOUJIEHA HEYETHOM CTEEHNU C
BelecTBeHHBIMU KO3 uiimenTamMm ecTh BeleCTBeHHbII KopeHb. IlycTh a — BerecTBeH-
HBIH KOpeHb MHOTOWIeHa 2° — pr? 4 ¢ — r. Pazgemum 31oT MHOrOY/IeH Ha, (z —a):

2 —pr*+q—r=(z—a)P(z),

rae P(x) — kBazpaTHBbI TPEXUIIEH C BEMIECTBEHHBIMU KO(MDbUIMEHTAMU U CTApIIUM
kodddurmerTom, pasabiM 1. [TockOIbKY wmcia b U ¢ SABISIOTCS €ro KOPHSME, TO OH
paser P(x) = 22 — (b+ ¢)x + be. o 3amade 14 ancia b u ¢ wam 06a BEIECTBEHHDI, W
KOMILIIEKCHO COIPSIZKEHBI.

20. U3zBecTHO, UTO BCE YHCTA P, ¢, T — BellecTBeHHbIe. JIoOKaxKuTe, 9TO THCIO0
(a—=b)(b—c)(c—a)

SIBJISTETCS BEIIECTBEHHBIM, CJTH BCE JHCJIA @, b, ¢ BEIIECTBEHHBI, M YUCTO MHUMBIM B ITPO-
THUBHOM CJTIy9ae.

Pemenne. Ecin a, b, ¢ BemecTBeHHbI, TO yTBEPXKACHNAE 330341 09eBUIHO. [Ipeamomo-
JKUM, 9TO @ BEIIECTBEHHO, a b U ¢ — KOMILJIEKCHBIE. 3AIUIIEM PABEHCTBO:

(a=b)(b—c)(c—a)=—(a® = (b+c)a+be)(b—c).

Ilo mpenpiayieit 3amade unciaa b u ¢ conpsikensl. Ilycrs b = x + yi, c = x — yi, y # 0.
Torna b+ ¢ = 2z, b — ¢ = 2yi, bc = (z + yi)(z — yi) = 22 + y2. [losromy 3HAUEHHE



soipazcenus —(a? — (b + ¢)a + be) aBngeTCs NEACTBATEIHHBIM, & 3HAYCHHE BHIPAZKCHUS
(b — ¢) — uncro MEUMBIM. B TIpOM3BEIEHNN TIOIYUIUTCS YNCTO MHUMOE YHCIIO.

21. JlokaxkuTe, ITO
(a—b)2(b—c)*(c — a)* = —4p>r 4+ p?q* + 18pqr — 4¢> — 277>,
Pemenne.
(a=b)*(b—c)*(c—a)?® = (ab*+bc*+ca®—a*b—b*c—c?a)? = (ab*+bc*+ca’+a’b+b c+ca)’ -

—4(a®b + b%c + c*a)(ab® + bc? + ca®) = (pq — 3r)* — 4((ab)® + (bc)® + (ca)?) —
— 4(a*be+ab* c+abc* +3(abe)?) = (pg—3r)2 —4(q> —3pqr+3r?)—4r(p® —3pg+3r)—12r% =
= —4pr + p?¢® + 18pqr — 4q® — 2712

22. Kpurepwnii BentecrBennoctu. IIycrs nama Tpoiika ancen (p, g, r). Jokaxkunre, 4To

Tpoiika uncen (a, b, ¢), onpeaensemas Kak Habop KopHeil ypasrenus x° —pr?+qr—r = 0,
COCTOUT U3 BEINECTBEHHBIX YUCEJI TOTJA U TOJLKO TOTIa, Korha p, ¢, r € Ru T(p,q,r) >
0, te muorounen 1'(p, q,r) onpenengerca Kak T'(p, q,r) = —4p>r +p?q® + 18pqr — 4¢> —
27r2,

Pemtenne. Ecin a, b, ¢ BemecTseHHble, TO, 04eBUAHO, p, ¢, 7 € R u T(p,q,r) = 0.
Jlokazkem B obpatHyio ctopory. O6ozmaunm P(r) = 13 — pa? + qx — r. Ilpeanonoxum,
9T0 He Bce a, b, ¢ BemecrBennbe. Torma no 3amade 20 gucno (a — b)(b — ¢)(c — a)
apgerca aucto MEEMbIM. Ho torma aucio T(p,q,r) = (a — b)%(b — ¢)?(c — a)? Gyner
OTPULATENBHBIM, YTO IPOTUBOPEUIUT YCJIOBUIO.

23. Jlemma o HeoTpuilaTedbHOCTHU. JloKaxkuTe, 4TO HepaBeHCTBA p,q,r = 0 u
T(p,q,r) > 0 paBHOCWJIbHBI TOMY, YTO YHMCJIA @, b, ¢ BEIIECTBEHHBbI ¥ HEOTPHUIIATE b
HBL.

Pemenne. Yciosus p, g, 7 € R u T(p,q,r) > 0 paBHOCU/IBHBI TOMY, 4TO a, b, ¢ Be-
mecTBeHHbl. Ecim B 100aBOK a, b, ¢ HEOTPUIATENBHBI, TO P, ¢, T, OYEBUIHO, TAKIKE
HeoTpHUIaTe LHEL. Ecim p, g, 7 HEOTPHUIATELHLL, TO ¥ ypaBHeHnd x> — px? +qx —r = 0,
OYEBHUIHO, HE MOXKET OBITh OTPUIATEILHOTO KOPHS, TTOITOMY @, b, ¢ HEOTPUIATE/IHHBI.

24. JlemMma 06 r. IlycTthb a1 3amaHHBIX P = pg U ¢ = (o CYIIECTBYET XOTs ObI OIHO
r Takoe, 4ro Tpoiika (po,qo,T) momycruma. JJokaxKure, Y4TO /s MUHMMAJILHOIO T Ta-
KOr'0, 4TO TPOMKa (po7 qo,r) JOIIyCTUMA, B COOTBETCTBYIOIIEil TpOiiKe KOpHEl MIu eCcThb
JIBa PABHBIX, WM OJWH W3 HuUX paseH 0. A /I MaKCHMAJIBLHOTO ' TAKOro, 9TO (P, Go, )
JOIIyCTUMA, BEPHO, 9TO B COOTBETCTBYIOIIEI TPOIKe KOpHEH eCTh J1Ba PABHBIX.

Pemenne. g Toro, urobbl Tpoiika (po,qo, ) OblIa JOMYyCTUMOl, HEOOXOAUMO, YTO-
661 T'(po, qo,7) = 0m r = 0 (po u qo He menbme 0 mo ycaosumw). T(pg, go, ) ABIAETCS
KBaApaTUIHON (DYHKIMEH OT 7 ¢ OTPUIIATEIHHBIM CTapIuM KO3(MDMUIMEHTOM, TTOITOMY
pemenuem HepasencTsa T (po, go,r) = 0 aBiserca orpe3ok. COOTBETCTBEHHO, MAKCHU-
MaJIbHOE 7 SIBJISIETCS TPABBIM KOHIIOM TOTO OTPE3Ka, & MUHUMATHHOE — JUOO JIeBBIM
KoH1oM, siu6o myseMm. Ha konnax sroro orpeska 3uauenue 1'(po, go, ) paBuo 0, mosromy



nBa ducaa u3 a, b, ¢ pasubl (tak kax T(p,q,7) = (a — b)?(b — ¢)?(c — a)?). Ecim e
r =0, TO OTHO U3 Yucen a, b, ¢ pasuo 0.

25. JIlemma o q. Ilycts mj1a 3a0aHHBIX P = pg U T = 7 CYNIIECTBYET XOTs ObI OIHO ¢
Takoe, 4To Tpoiika (po, q, ro) AomycruMa. Jlokaxkure, 9TO JJjisi MUHUMAJIBHOIO U MAKCH-
MAJIBLHOIO ¢ TAaKoro, 4to (pg, q, o) AOMYCTUMA, B COOTBETCTBYIOIEH TPOHKe KOPHEll ecTh
JIBa PABHBIX.

Pemenne. T(pg, q, o) ABAAETCA MHOTOYJIEHOM TPETHEI CTENEHU OT ¢ C OTPUIATEIHbHBIM
crapmnm kodddunuentom. CBoGOAHbIH unen pasern —4pirg — 27r2, TO €CcTh OH Hemnoso-
skuresned. CienoBaresbHo, pemenunem Hepasencrsa 1'(po, g, 7o) = 0 aBisercs obbeaune-
HEE OTPE3Ka, Y KOTOPOTO KOHIIbI HEOTPUIATEIBHBL, 1 ayda (—oo, ¢'], rae ¢’ < 0. Orciona
cleiyeT yTBEPXKIEHUE 3aTaUH.

26. Jlemma o p. Ilyctb mist 3a7aHHBIX ¢ = o U r = T > 0 CymecTByer XoTs Obl
OJIHO P Takoe, 4To TPoiika (p,qo,To) Aonycruma. JJokaxkure, 4To JJjisi MUHUMAJILHOIO U
MAKCHUMAJILHOTO P TAKOro, 9TO (P, 4o, I'g) JOILYyCTUMA, B COOTBETCTBYIOLIE TPOiiKe KOpHeil
ectb ABa paBHbiX. OTAesbHO paccmorpure caydail g = 0.

Pemrenne. Ilycrs rg # 0. Torma T'(p, qo, 7o) SIBISETCS MHOIOUYJIEHOM TPETheil CTErneHn
OT p C OTPHUIATENHHBIM cTapInM Kodddumuenrom. CBOOOIHEI WwieH pasen —4q> —27r2,
TO ecTb OH orpunarened. [IosTomy B 3TOM ciydae peleHre aHAJOTWYHO MPEeIbIAyIeit
3a/aqe.

[Iycts 79 = 0, TO ecTh oHO U3 uncen a, b, ¢ pasuo 0. Torma T(p, qo,70) = P°q2 — 4q;.
Ecnu gy = 0, TO 1Be U3 Tpex mepeMeHHBIX PaBHBI 0, TPEThd MPUHUMAET MPOU3BOJIHHOE
nosnourenbHoe sHadenne. Ecmu go # 0, 10 p € [2,/q0, +00), TO p MOXKeT ObITH CKOJIb
YTOZHO BEJIHUKO.

27. UzrectHo, uTO @, b, ¢ > 01 % + % + % = 1. Jlokaxxurte, 4TO
(a—1)(b-1)(c—1) =8
Pemnenne. Vlcxonmnoe HEpABEHCTBO MEPEINCHIBACTC B CIEIYIOIIEM BHUJIE:
r—q+p—920,

npu ycqaosuu ¢ = r. U3 ycioBus ciemnyer, 9ro a,b, ¢ > 1, B yactaocru r # 0. 3adurcu-

4 W 1ocJie HNOJCTAHOBKH

pyeMm q u r. p MUHMMAJIbHO, eciu a = b. B sTom cnyqae ¢ = %5,

HEPABEHCTBO MEPEMUCHIBACTCS CEAYIOMUM 00pa30M:
2a* — 12a + 18 = 2(a — 3)? < 0.

Cayu4ait paBenctBa a = b= ¢ = 3.
28. N3sectHo, ut0 a, b, ¢ > 0 u a + b+ ¢ = 3. Jokaxkure, 9410

1 1 1 3

< —.
9—ab+9—bc+9—ca\8




Pemenne. lcxoamnoe HepaBeHCTBO MEPEIUCHLIBACTCS CJIEAYIOMIM 00Pa30M:

81-3—18q¢+rp <§
81-9—8lg+9rp—1r2 8’

npu yciaosuu p = 3. JIOMHOKWMB Ha 3HAMEHATEJb, [TEPEIUIIEM HEPABEHCTBO B BH/JIE
—3r2 + 19rp — 99¢ + 243 > 0.

Sadukcupyem p u r. ¢ MaKCUMaIbHO, eciit @ = b. B arom ciygae ¢ = 3 — 2a, u nociie
MO/ICTAHOBKY B MCXOTHOE HEPABEHCTBO, TOJIYIUM:

6a* — 9a® — 27a® + 57a — 27 = 3(a — 1)*(2a* + a — 9) < 0.
Ilockompky 0 < a < %, TO BTOpasi CKOOKa MeHbIie (), TOITOMY €IMHCTBEHHBIN CIIyvaii
paBencrBa a = b =c = 1.
29. NsBecrro, 4rto a, b, ¢ > 0 u a + b+ ¢ = 3. Hokaxwure, 910

1 1 1 2
+ + P .
14+2ab  142bc 1+ 2ca 1+ abe

Pemenne. lcxoamnoe HepaBEHCTBO MEPEIUCHLIBACTCS CJIEAYIOMIM 00PA30M:
4r2p + 4rqg — 4rp — 1612 +3r +1 > 0,

npu yciaoBuu p = 3. 3aduUKCUpYEM p U 7. ¢ MUHUMAJBHO, eciu ¢ = b. B sToMm caydae
¢ = 3 — 2a, W MOCJIe TO/ICTAHOBKY B MCXOAHOE HEPABEHCTBO, MOJTY UM

4a* — 126 +13a® — 6a+1 = (2a — 1)*(a —1)* > 0.
Cnyuau paBercrBa a =b=c=1,a=b= % uc=2.
30. Uzsectro, ut0 @, b, ¢ >0, a + b+ c =4 n a® + b? + ¢ = 6. JTokaknTe, 4TO

a® + b5 +cf <a® +0° +c° + 32
Pemenue. U3 ycmosus numeem p = 4 u ¢ = 5. Ilo 3a7a1ve 8 BepHBI CIIeIyIONTNE PABEHCTBA:
a® +b° + ¢ = p® — 5p3q + 5pg® + 5p?r — Bgr,

a® + b5 + 8 = p® — 6pq + 6p3r + 9p?¢% — 12pgr — 2¢° + 3r.

TlomcraBuM MX B MCXOTHOE HEPABEHCTBO M IIEPEHECEM BCE B JIEBYIO YacTh. Torma B JeBOit
qactu OyJeT CTOATh KBaJApATUIHAS MO 7 (PYHKIHS C HOJOKUTETHHBIM CTAPIIAM KO-
@I/IH,I/IQHTOM, MO3TOMY HaI/I60ﬂb]lIee 3Ha4YeHue JjieBad 9aCTh JOCTUTAET ITPU MUHUMAJIBHOM
WJIM MaKCHMAJIBHOM 7. 3aMETHM TaK¥Ke, UTO U3 JOKA3ATEJHCTBA JIEMMBI 00 T CJIEIyeT,
9TO JIOCTATOYHO PACCMOTpeTh ciaydaii a = b (y T'(4,5,r) 3uauenue B 0 OTPULATEIHHO).
B sToMm caygae ¢ = 4 — 2a, u mocae B yenosre a’ + b? + ¢? = 6, momydamm:

2(a—1)(3a—5) =0.



Orzciona 6o a = b =1uc = 2, mbo a = b = % uc= % IToncranoBkoit B ucxo-
HOE HEPABEHCTBO YOEXKIAeMCsi, ITO BTOPOU CIydail HE SBJISETCS CIy9IaeM PABEHCTBA, a

MEPBBIA — ABIAETCH.

31. HeorpunarenbHble 9uciaa a, b, ¢ TAKOBBI, 9TO HUKAKWE [1Ba U3 HUX HE PABHBI HYJIIO.
Jokazkure, 910

1 n 1 n 1 S 10
a2 +b2 b2+ 24+a?” (a+b+c)?’

Pemrenue. Vcxoamnoe HEPABEHCTBO MEPENUCHIBACTCS CIEAYIONIAM 00pa30M:

p* — 4p?q + 5q% — 2pr S 10
4*p* — 2¢° = 2p3r + dpgr — 12 7 p?’

Jlerko BUETH, YTO €CJIU JOMHOXKUTH HA 3HAMEHATE/N U TIEPEHECTH BCE B JIEBYIO YaCTh,
TO B JIEBOI 9aCTH MOJIYIUTCS KBAJAPATHIHAS 1O 7 (DYHKIIUS C TOTOKUTETHHBIM CTAPIITIM
ko3 durmentom. 3abuxcupyem p u q. Kosddumuent nupu r Gyger pasen 18p> — 40pq.
IMockonbky p? > 3q, 10 3ror Ko3ddumenT 6yIeT HeOTPUIATEILHLIM, CIeJI0BATEILHO,
MUHUMAJIbHOE 3HAYeHNE (DYHKIINS TPUHUMAET MPU MUHUMAJIHHOM 7.

e Ecim a = b, o, 0603HaUNB t = £, MEepemunIeM UCXOIHOE HEPABEHCTBO B BUIE

.,
20t3 — 11t% + 4t +1 > 0.
JleBast wacTh Gosbie O IpU HEOTPUIIATENHHBIX .
e Ecim a = 0, To, 0603HaUUB t = g, epenuIrneM MCXOJHOEe HEPABEHCTBO B BUIE

(t =12t + 43 + 2 + 4t + 1) > 0.

IMonywaem ciyuait pasercrsa a = 0, b = c.

32. NU3ssectHo, uto a, b, ¢ > 0. lokaxxure, 9T0
a® + b° + & + abe(ab + be + ca) > a®b?(a + b) + b2 (b + ¢) + 2a’(c + a).
Pemrenue. VcxoaHoe HEPABEHCTBO MEPENUCHIBACTCS CJIEAYIONIAM 00pa30M:
p® = 5p’q+ Tp’r + dpg® — 3qr > 0.

B ciayuae a = b = ¢ = 0 nojyuum paBeHCcTBO. 3adUKCUDYEM p U ¢. 3aMETUM, 4TO
Tp? > 3q, ecw He Bee UHWCaAA a, b, ¢ paBHbl 0, TO3TOMY BBIpaskKeHHe CJIeBa, JIMHEHHO 1o T,
MPUYEM MUHUMYM JOCTUTAETCS TPU MUHUMAJIBHOM T

e Ecimu nogcraguth a = 0, TO HCXOJHOE HEPABEHCTBO MEPENUCHIBACTCS B BUJIE
(b = AP =)= (b—c)?(b+c) (b +bc+c*) = 0.

Cuayuaait paserctsa a = 0, b = c.
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e Eciu noncrasutb a = b, TO HCXOMHOE HEPABEHCTBO IIEPEIUCHIBACTCA B BUIE
c(c? — a2)2 > 0.

Cayuqait paBenctBa a = b = c.

33. a) UssecrHo, uTO @, b, ¢ > 0. [Iokaxure, 4TO

a* + v+t 3abc 2, .,
27 b2 2.
ab+bc+ca a+b+c 3(@ b+ )

Pemrenue. VcxomHoe HEPABEHCTBO MEPENUCHIBACTCS CIEAYIONIAM 00pa30M:
3p° — 14p3q + 8¢%p + 12p°r + 9gr > 0.

B caygae a = b = ¢ = 0 nmoamyuum paBencTBo. 3adukcupyem p u q. OyHKIusa cieBa
qunedina 1o r, Ko3ddunuent upu r Oosbire 0, HIO3TOMYy MUHUMYM JIOCTUTAETCH IIPH
MHWHUMAJIBHOM T°.

e Eciau a = 0, To, 0bo3HAYUB t = %, MEPEIUIIeM UCXOTHOE HEPABEHCTBO B BHUJIE

3t —2t3 — 2t +4 >0,
9TO BEPHO, CIy4vad paBeHCTBa HET.
a

e Ecmu a = b, o, 0b0o3HauuB ¢t = %, nepenuiieM UCXoHOe HEPABEHCTBO B BUIE

48° — 5t 4612 — 102 + 2t +3 = (t — 1)%(4t3 + 3t + 8t +3) > 0.
Cayuait paBencrBa a = b = c.

6) Haiinnre nHanmenbinee k > 0 Takoe, 9To [y JIIOOLIX a, b, ¢ > 0 crpaBemnBo

a* +b* + ¢t -k 3abe . a2+b2+c2'
ab + be + ca a+b+ec 3

Pemenne. Paccyzk/mas Kak B IPeAbIAYINEM IIyHKTE, HOJIY9aeM, ITO KO3(MMOUIUEHT mpu
r pasen 12kp? + 9(1 — k)g. Bamerum, uro k < 1, MO3TOMY MUHHUMYM JOCTHTaeTcCsl IpH
MHUHUMAJIBHOM T

e Eciu a = 0, To, obo3ua4us t = %, MIEepPEeNnIIeM HCXOTHOE HEPABEHCTBO B BU/IE
3k(t* +1) = 3+ t.

IIpu £k < % u t = 1 HEPABEHCTBO HE BBINOJIHAETCS, TIOITOMY K HE MEHbIIe % Ecmm
t= %, TO HEPABEHCTBO MOXKHO [EPEIHUCATH B BUJIE

(t -1t +t+1) >0,

9TO BEPHO, TodTOMy Tipr @ = 0 u k >

% HEPABEHCTBO BLIIMIOJIHEHO BCeraa, 1nmpuyiyem
KOHCTAHTY % HEJIb3d YMEHbINNUTD.
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e Ecim a = b, 10, 0b03na4mB ¢ = %, nepenuiiemM MCXOHOe HEPABEHCTBO B BUJIE

(t—1)2((12k — )t + (21k — 9)t* + (12k — 2)t +3k) > 0 <

43 + 912 + t
1263 +21¢2 + 12t + 3~
MaxkcumyM IpaBoi 9acTh IPU HEOTPHUIATEIbHBIX { JOCTUTAETCSA B TOYKE, KOTOPAst
SIBJISIETCsT OOJIBINIAM KOPHEM yPABHEHWUST t* + 9¢3 + 1718t — 4. Bnauenue B 3TOI

TOYKE ¥ eCTh OTBeT (MOCKOABbKY OHO Gorbime +).

& (12k — 4)° + (21k — N> + (12k — 2)t + 3k > 0. & k >

_ a2+b2 b2+C2 c2+a2, _ 2a 2b 2c
34. Ussecrno, ur0 a, b, ¢ > 0, X = 55 + 250 + S5 ¥V = 7285 + 20 + 55
Jlokazkure, 9TO
4X 469 > 27Y.

Pemenne. Vcxoamnoe HepaBeHCTBO MEPEMTUCHLIBACTCS CIEAYIOMIMM 00Pa30M:
—22513 — 50p3r% + 4¢3r + 55pqr® + 6p>¢>r — Ap'qr — dpg* + 2p3¢® > 0. (*)
JokazkeMm, ITO JJId BTOPOI TPOU3BOIHON MO 7 JIEBOI YACTH BBITOJTHEHO HEPABEHCTBO
—1350r — 100p® 4+ 110pg < 0

Sadukcupyem p u r. JleBag dacTb JUHEHHA MO ¢, MOITOMY MaKCHUMAJIbLHOE 3HABEHUE
BbIPaKEHUE CJIeBa HpUHUMAaeT, Koraa a = b. B cuity Toro, 4ro HepaBeHCTBO OHOPO/IHO,
Oymem cuntarh, uTo a = b = 1. [Ipu moacTaHoBKe, HEPABEHCTBO MIPUMET BU,

—20(5¢ +19¢% 4 100c¢ 4 29) < 0,
Y9TO BEPHO JJId IIOJOXKHUTEJIbHBIX C.

Sadukcupyem p u q. Ilo nokazaHHOMY BbIIIE, CJI€Ba CTOMT BOUHyTas 10 7 (DyHKIIUs,
MO3TOMY OHA JOCTUTAET MUHUMYMA MPW MUHUMAJIBHOM WJIM MAKCUMAJIHLHOM T

e Ecim moncraButh ¢ = 0 B (), TO OHO IEPENUCHIBACTCS B BHIE
3 (9,2
pg°(2p” — 4q) > 0.

Boipaxkenne B ckoOKax Bcerga He Menbine 0. Ciywait paserctBa a = b = 0 He
MOJIXOIUT B MCXOJHOE HEPABEHCTBO.

e Ecim nmopcraButh a = b = 1 B HCXOAHOE HEPABEHCTBO, TO OHO TIPUMET BHU/L
(c—2)*(c—1)*(4c+1) = 0.

Cutygait pasencrBa 2a =2b=cua=b=c.
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35. a) JlaH oxHOpOAHBIH cuMMerpudeckuit MHorousnen P(a,b,c) crenenn He BbIme 8.
ITpuBeguTe ANTOPUTM IPOBEPKU TOTO, YTO OH IPHHUMAET TOJBKO HEOTPHIIATETbHbIE 3HA-
YeHHs [IPU HEOTPUIATETbHBIX 3HAYCHUAX [HePeMEHHBIX. MOKHO CYUTaTh, YTO MBI yMeeM
HAXOMUTh HYJIU U IKCTPEMYMBbI J1000# (DYyHKIINKA OIHON II€PEMEHHOIt.

Pemenue. IIpusenem npumep aaropuTMa B Ciydae, Korma crenenb P(a,b,c) pasHa
8, JIs MeHbIIuX creneneli ajropurMm axajoruuen. Hepasercrso P(0,b,¢) > 0 mpo-
Bepderca caenyomuM obpazoM. CHadama IPOBEPUM, YTO BBIIOJHAETCH HEPABEHCTBO
P(0,0,c) > 0. Barem, obo3Hauus ¢ = { U pa3/euB HEPABEHCTBO Ha b8, mosmyumm
HepaBeHCTBO OT ozxHO# mepemennoit P(0,1,t) > 0. Hepasencrso P(a,a,c) > 0 rakxke

TPOBEPSETCSI aHAJIOTUYIHO.

Iepenummenm nepasencrso P(a,b,c¢) > 0 B repMmunax p, ¢, r. Illockosbky muorowien P
OJTHOPO/THBII, MOXKHO CYUTaTh, 470 p = 1. Torna HepaBeHCTBO 3aNUIIETCs B BUJIE

A(q)r* + B(q)r +C(q) =0

Badukcupyem ¢ Takoe, uro A(g) < 0. Torma HeOTPHIIATEILHOCTH JOCTATOYHO MPOBE-

PATb [JIs MHUHAMAJILHOTO WJIM MaKCHMAaJIBHOTO 7', TO €CTh B ciaydasx a = b u a = 0.

Badurcupyem ¢ takoe, uto A(g) > 0. MuHEMYM JI€BOI YaCTH HEPABEHCTBA, JOCTULAET-
pyem q Yy p

B(q
¢ B TOUKE T'g = —3 A((q)) Bamernm, n3 ycaoens T(p,q,r) > 0 caegyer, 9ro r JeXUT B

__[99—2 2— 6q 9q 2 2— Gq
orpeske [ = [T — =H/1—3q, + V1— 3q]. Ecan rg He 1eXUT B 3TOM OT-
pe3Ke, TO JTOCTATOYHO HpOBepI/ITb HeOTpHHaTeJIbHOCTL B caydasx a = b u a = 0. Nnadge
JOCTATOYHO TTPOBEPUTH HEOTPUIIATETHHOCTDL B TOUKe 7g. [Ipm momcranoBke rg mogydnMm
HEPaBEHCTBO HA (:

4A(q)C(q) = B*(a) 2 0. (%)
Tlonywaem caemayiomnumii aarOpuTM:
1. TIpoBepuTh, uTO BHITOMHEHO HepaseHcTBo P(0,b,¢) > 0.
2. TIpoepuTh, 9TO BBHIIOIHEHO HEpaBeHCTBO P(a,a,c) = 0.
3. Tlepemmcars mepasencrso P(a,b,c) > 0 B TepMuHax p, ¢, r 1 noacrasuth p = 1.
4. Haiftu MHOXKeCTBO Tex ¢, JJisi KOTOPbIX BbIIOJIHEHO Hepasencrso A(g) > 0.

. B
5. HaiiTn MHOXKECTBO TeX ¢, JJI KOTOPBIX TOYKa To = —5 A(('Iq)) JIEXKUT B oTpe3ke [.

6. st g, mekammx B MEPECEIEHNN MHOXKECTB M3 TMyHKTOB 4 U 5, MPOBEPUTH BHITTOJ-
HeHHe HePABEHCTBA ().

6) IIpuBennTe aHATOIMYHBIN AJITOPUTM JIJIST OJHOPOJHOTO CHMMETPHYECKOTO MHOTOMIE-
Ha CTEeIeHHu He BhIme 17.

VYkazanue. Benomuaure dopmynsr Kapmano u ®@eppapu. Obparure BHUMAHEHE HA TO,
YTO KOPHH B 3TUX (POPMYJIaxX MOIYT HOJYy9aTbCs KOMILIEKCHbIE.
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B*) IlpuBesure aHaJIOrMIHBIA AArOPUTM /It OAHOPOJHOIO CUMMETPUYECKOIO MHOIO-
YJIeHa MTPOU3BOJILHON cTerenn (MM XOTs Obl 17151 cTerneHn 18).

36. Ussecrno, 4o a, b, ¢ > 0 u \/a + b+ /c = 3. Jlokazure, a0
2(a+b+c—2)?+ (ab+bc+ca)(2+3(a+b+c)) > 35.

Pemenne. Caenaem 3ameny a = 2, b = 32, ¢ = 22. Ilocsie 3TOro HCXOIHOE HEPABEHCTBO
[EPENUCHIBACTCS CJEYIONUM 00Pa30M:

2p* +10¢* — 8p*q — 8p* + 16q + 3p*q* — 6p°r — 6¢° — dpr — 27 > 0,

npu ycaosuu, uro p = 3. 3adurcupyem p u g. DyHKIMA CaeBa JUHEHHA 110 T, IPUIEM
k03 durnment npu r Menbine (), TOITOMY MUHUMAIHLHOE 3HAYEHUE JIEBOW YACTU JTOCTH-
raeTcs mpu MaKCUMAaJbHOM 7, TO €CTh pU * = y. B 3TOM caydae z = 3 — 2x, u mocye
II0/ICTAHOBKM HEPABEHCTBO IMEPENNCHIBACTCS CJIEYIONIM 00pa30M:

(z —1)%(54x* — 1442 + 1652% — 702 + 21) > 0.

9TO0 HEPABEHCTBO BEPHO, CIydYail paBeHcTBA @ = b =c = 1.

37. UzpecrHo, aro a, b, ¢ > 1 u a+ b+ ¢ = 9. Jlokazkure, 910
Vab+be+ ca < vVa + Vb + Ve.

Pemenue. Cnenaenm sameny a = (z + 1)%, b = (y + 1)?, ¢ = (2 + 1)%. Tlocse storo
HCXOJHOE HEPABEHCTBO MEPEIICHIBACTCS CIIEAYIOMIM 06pa3oM:

@+ p* —2pr 4 2pg—2p — 61 — 6 > 0,

npu yciaosum, 4to p? — 29 — 2p = 6. Baduxcupyem p u ¢. B seBoit uacru mHepasen-
CTBA CTOWT JIMHEHHASA 1O 7 QPYHKIHNS, KOIDMUIUEHT TIPU T OTPULIATEIBHBIN, TOITOMY
MUHUMAJbHOE 3HAYEHWE JIEBOU YACTU JIOCTUTAETCS TMPU MAKCUMAJBHOM 7, TO €CTh TPHU
x =vy. B arom ciaygae a = b u ¢ = 9 — 2a, u mOCIe MONCTAHOBKH MCXOTHOE HEPABEHCTBO
[IEPEINCHIBAETCH CIAEAYIOMUM 00Pa3oM:

—3a® +16a — 9 < 4v/9a — 2a2.

IIpu 1 < a < g JieBas dacTh Gosbiie 0, TTOSTOMY MOXKHO BO3BeCTH B KBajpart. Ilocie

BO3BE€JICHNA, HEPABECHCTBO IIPUMET BU]I
3(a — 3)%(3a® — 14a + 3) < 0,
aro BepHo pn 1 < a < 2. Caiyuait pasencrsa a = b= c = 3.

Taxake 3Ty 331249y MOYXKHO PEIIUTh, UCIOJIb3ys COOOpaKeHus pas3ziesa .

38. UzsectHO, uTO a, b, ¢ > 0. Jlokaxkure, 41O

<bic)3+ <cia)3+ <aib)3+ R r e
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a _ b _ _c T Y
e Y= are 2= a3 3amerum, 4To e i v

= 1. TTocse 3aMeHbI UCXOTHOE HEPABEHCTBO MEPEMUCHIBACTCS CJIEAYIONMM 00pa30M:

Pemnenne. Cuenaem 3ameny r =
z
z+1

p>r —3pgr +3r2 —2r +13 >0,

npu ycaoBuu q + 2r = 1. 3adukcupyem ¢ u r > (0. OyHKOUS C€Ba MOHOTOHHA IO
P, MOCKOJILKY IPOM3BOJHALA, paBHas 3p°r — 3q¢r, me Menbie 0. ITosromy mocrarouno
[IPOBEPUTH HEPABEHCTBO it T = Y, TO ecTb a = b. [loncraBus B mcxomHOE HEPABEHCTBO,
1 0003HauUB ¢ = <, MepenuiieM HePaBeHCTBO B BHUIE

(t—1)2(t> + 5t + 12t +4) > 0,
qaro BepHO. Cutyuail paBencrBa a = b = c.
39. UssecTHO, uTO @, b, ¢ = 0 1 a® + b2 + ¢ + abc = 4. JIokaxKuTe, 4TO

a? b2 2
< 1.
4—bc+4—ca+4—ab

Pemrenue. VcxomHoe HEPABEHCTBO MEPENUCHIBACTCS CIEAYIONIAM 00pa30M:
abe(a® +03+c%)—4(a* +b?+c?) (ab+-betca) +a?b? P +16(a? +b*+c*)+16(ab+bet-ca)—64 < 0.
IloncTaBuB B 9TO HEPABEHCTBO YCJIOBUE, MOJLY UM

abc(a® + b% + ¢ + 4(ab + be 4 ca) + abe — 16) < 0.

Eciu a = 0, 10 nosnygaem ciayuaii pasencrsa a = 0, b®> + ¢? = 4. B nporusnom ciyuae,
COKpAaTuB HA abc, TONYyINM HEPABEHCTBO:

a® + b3 + ¢ <16 — abe — 4(ab + ac + be).  (x)

Cremnaem 3ameny a = x—2,b = y—2,c = z—2, e x, y, 2 > 2. HepaBencrso nepenuriercs
B BHUJIE
p3 —3pq +4r < 6p2 — 14q,

npu yenosun r = 4q — p?. UTo6H! ¢aesaTh HEPABEHCTRO OJHOPOIHEIM, JOMHOKIM Hepa-
BEHCTBO Ha YCJIOBHE:

(p® — 3pq + 4r)(4g — p*) < (6p° — 14q)r < 0 < r(10p* — 30q) — (p® — 3pq)(4q — p°).

Kosdpdbunuent npu 7 pasen 0 TobKO eciim © = y = 2, TO ecTh a = b = c¢. B 3Tom ciaygae,
[IPHU TIO/ICTAHOBKE B MUCXOJHOE HEPABEHCTBO MOJIyYHMM CJIydail paBeHctBa a = b = ¢ = 1.
B IPOTUBHOM Cjly4ae, IlpaBasi 9aCThb MUHUMaAJIbHA ITPU MUHUMAJIBHOM T7T°.

e Eciim x = 0, T0 @ = 2, 1 Ipu ITOJICTAHOBKE B MCXOIHOE YCJIOBHE, HoayduM b = ¢ = 0,
YTO SIBJISIETCS YaCTHBIM CIYYaeM PABEHCTBA, OMUCAHHOTO BBIITIE.
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e Eciim z = y, TO
z=dr -2 =4(a+2) - (a+2)* =4 —d°
[Mostomy a = b, ¢ = 2 — a®. [loacTapus 9TH paBeHCTBa B (*), TTOIyIAM
0< (a—1)*(a+2)%(a®—2a+2).

Tlonygaem caydgait paBencrBa a = b=c = 1.

40. J/Ig BemecTBeHHbIX 9HUCeN a, b, ¢ TOKAKUATE, ITO
(a® + 0% +¢*)? = 3(a®b + b3c + Pa),

TIpUYeM PABEHCTBO BO3MOXKHO TOJHKO B CAyYasaAX a =b=cu

a B b o b _ c _a
sin® 47”  sin? 27”  sin? % sin 47’7  sin? 27” N Sin2$
c _ a b
sin? 47”  sin? 27 n? %

Iodckaska. Chenaiire 3ameny a = x + 2ty, b =y + 2tz, ¢ = z + 2tz 1jIsT HEKOTOPOTO .

Pemrenue. 3avernM, 9T0 [TOCTATOYHO JTOKA3ATH HEPABEHCTBO ;Lnﬂ HEOTPUIIATEIBHBIX
a,b,c. Crenaem 3aMeHy, yKa3aHHYIO B MOJCKa3Ke, s t = cos Z, caurasa x,y,z > 0.
Torna

77
adb = (Gx y“ cos ? + 8y* cos® ? + zyz(122 cos? ? + 24y cos 7)) +

+ (x y+ 2232 cos = - +12y x cos §+16y3zcos4 g)

Pacnucas aHAIOrM9HO /1B OCTABIUXCS CJIATAEMBIX, TTOJIY9UM, YTO CyMMAa IEPBBIX CKOOOK
Oymer cuMMeTpudeckoil. B cymme BTOPBIX CKOOOK OyayT KO3 PHUIMEHTHI IBYX BHIOB:
(1 + 16 cos* %) (2 cos 7 + 12 cos? ”) Ho s1n kK03 dunmenHTsr paBHbI, IOITOMY CyMMa,
JIEBBIX CKOOOK Oyser TaK)Ke CUMMETPUYECKONH. 3aMeTuM, 4TO CyMMa JIMHEWHA, 110 7 U
ko3¢ durmenT npu r paBer 12p (cos2 7+2 cos? %) IIpum paznoxkenun Ha 3JIeMEHTAPHBIE
CHMMEeTPUIECKHUE JIEBOI YACTH UCXOTHOIO HEPABEHCTBA 1" BCTPEYATHCS HE OYIET, TIOITOMY,
€CJIM TIEPEHECTH BCE B MPABYIO 9acTh, TO KOAMUIMEHT npu 7 Oy1eT OTPUIATETLHBIM, U
MUHHUMAJBHOE 3HAYEHHE JIEBOM 9acTh JOCTUTAETCS [IPU MAKCUMAIBLHOM T

Eciu x = y = 0, TO HEPABEHCTBO BEPHO W €IWHCTBEHHBIN CIydail paBeHCTBA a = b =
¢ = 0. Imave MOXKHO CINTATh, YTO T = Yy = 1, TaK KaK HepaBeHCTBO omHOopoaHo. [locie
MTOJCTAHOBKY M TTPEOOPABOBAHUIN Oy INM:

2T
(2 = 1)%(z — 4cos’ - (14’2005?) +2COS§)2 > 0.
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Tlonygaem caydam paBeHCTBa © =y = 2, TO €CTb a = b =1c, u

2
z =y = (4cos’ 77r(1 +2003§) 72cos§)z,

9TO TOCJe NPeoOPa30BaHUl IPUBOAUAT K CJIyYai0 PABEHCTBA M3 yCJIOBUS 3a1a9H.

CymectByer u npyroe pemrerne. O6o3HauINM
f(a,b,c) = (a® +b* + c*)? = 3(a®b + bPc + Pa).

MoxKHO 3aMETHUTD, 9TO

1 1
fla,b,c) = §(a2 —2ab + bc — % + ac)® + §(b2 — 2bc + ac — a® + ab)*+

1
+§(02 — 2ac+ ab — b + be)?.
Nnn xe

1
fla,b,c) = Z(a2 4+ b% — 3ab + 3ac — 2¢*)? + z(a2 —ab — ac — b* + 2bc)?.

41. a) Kakue yciioBus Ha 9ucCia p, ¢, T PABHOCUJIBHBI TOMY, YTO BCE YUCJIA &, b, C HE
Menpme 17

Pemrenne. Ilo 3amaqge 22 BemecTBeHHOCTE YHCEN a, b, ¢ pABHOCUILHA TOMY, UTO D, ¢, T
BEIIECTBEHHBIE U BHITIOIHAETCs HepasencTBo 1'(p, q,r) > 0. Bemecrsennsie yucia (a—1),
(b—1), (¢ — 1) HEOTPHULIATENIBHBI, U IO TEOPEME O HEOTPUIATEIHLHOCTH STO PABHOCUIBHO
CJIeIYIOIIAM yCJIOBUSIM:

(a—1D)+b-1)4+(c-1)20&p>3,

(a—1DO-1D+b=-1(c=1)+(c—1D(a—1)20<q¢—2p+3 >0,
(a—=1)b-1)(c—-1)20er—q+p—1=0.

6) A rowmy, 9TO @, b, ¢ ABIAIOTCS JJIMHAMI CTOPOH HEKOTOPOTO TPEYTOJIbHIKA (BO3MOXKHO,
BBIPOXK IEHHOT0)?

Pemienne. Kak u B npenpiaymieit 3amade p, ¢, T HOJXKHBI OBITH BEIECTBEHHBIMHU U
JIOJZKHO BBINOJHATHCS HepaseHcTBO T(p, q, ) > 0. Takxke uncaa

a, b, ¢, (a+b—c), (a=b+c), (—a+b+c)

HEOTPUIATE/bHBI, YTO IO TEOPEME O HEOTPUILATEILHOCTH PABHOCUIIBLHO CIIELYOIIAM yCII0-
BUSIM:
p>=0, ¢=0, r>0 4q¢—p®>>0, —p*>+4pg—_8r>0.

3amMernM, 9TO YeTBEPTOe HEPABEHCTBO SIBJISIETCS CJIEICTBHEM TDPETHEro, MO3ITOMY €ro
MOYKHO yOpaTh.
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B) A TOMy, 4TO I HEOTPULATENbHBIX a, b, ¢ BblosHeHo 2 min(a, b, ¢) > max(a, b, c)?

Pemenue. YcmoBrue paBHOCUIBHO CJAETYIONTUM HEPABEHCTBAM:
a>0, b=>0, ¢>0, 2a>=b 2a>c 2b>a, 2b6>c¢, 2c>a, 2c=b.

Bamerum, uro yciaous 2a > b, 2b > a paBHOCWIIbHBI TOMY, 4To (2a — b)(2b — a) > 0,
HO3TOMY yCJIOBHE PABHOCHIBHO CJICLyI03UM HEPaBeHCTBAM:

a>0, b>0, ¢>0, (2a—b)(2b—a) >0, (2b—c)(2¢=b) >0, (2a—c)(2¢c—a)>0.
OcTaJsioch 3ammcarhb ycJIOBHsI TEOPEMBI O HEOTPHIATEIBHOCTH JIJIsl IBYX TPOEK HYHUCEJ.
42. U3BecTHO, 91O @, b, c € [%,3}. Jokaxure, 9T0O

a n b n c
a+b b+ec cH+a”

(AT |

Pemrenue. O603nauum x = g, Y =%, 2= % W NepenuieM HePaBeHCTBO B BUJIE

1 1 1 7
+ + 273
1+ 14y 1+27" 5

(%)

pu ycaoBuu ryz = 1, u x, y, 2 € [%, 9]. [Tocnenuwnii mepexon ObLT HESKBUBAJIEHTHBIM,
HO €eCJIM MbI JJOKa2KeM HOBOe HePaBEHCTBO, TO w3 Hero Oymer ciemoBarh ucxomuoe. [lepe-
nuieM (%) ciaeayiomum o6pa3om:

8+3p—2¢—Tr = 0.

Sadurcupyem g u r, TOTIA JeBasd YaCTh MPUHUMAET HANMEHbBITIee 3HAYEHNE TTPU HANMEHb-
meM p. PaccMoTpuM, Kakme 3HaUEHUsT MOXKET TpuHUMATh p. Ha 3Hadenmsa p HaI0KeHbI
cllelyIolie OrpaHuYeHn !

e T(p,q,r) = 0. B sT0M ciIyuae Jyisi MUHHUMAJIBHOTO p BBIMONHEHO 2 = y. HepaBeH-
CTBO TIEPENNCHIBAETCA B BHU/IE

(3 —x)(22* =22+ 1) >0,

9TO BepHO, mOockobKy < 3. Ciydait paBencTBa © =y = 3, 2 = é, TO €CThb G =

W=

b=1, c =3 u ero NUKJINIECKNE MEPECTAHOBKHU.

® YCJIOBHSL M3 TEOPEMbI O HEOTPUUATEIbHOCTH JJjIsd YUCE]l T — %, Yy — é, z — El). B
3TOM CJIydae Jjid MUHUMAJIbHOTO P BBITIOJHEHO T = %. Y4aureBas, 9T0 2z = =

HepenuieM HePABEeHCTBO B Buje (Y — 3)2 > 0. Cayyait paBeHCTBa TaKoil XkKe.

® YCJIOBHS W3 TEOPEMbI O HEOTPUIATEIbHOCTH it dmcen 9 —x, 9 —y, 9 — 2. B

9TOM Cjiy4dae OJid MHUHHUMAJIbHOI'O P BBIIIOJTHEHO X = 9. y‘H/ITbIBaH, 4qTOo 2 = L

9y’
nepenumeM HepaBeHCTBO B BUze
—27y* + 50y — 3> 0,

4TO BEpHO, MOCKOJBKY Yy < 1.
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43. NzBecTHO, 9TO @, b, ¢ — ATUHBI CTOPOH HEKOTOPOTO TpeyronbHuKa. JlokaxKure, 910

@rbro(tripl)yse( 2y 2 4 @
a Al-+=-+-1]> .
a b ¢ b+c a+c b+a

Pemrenue. Vcxommnoe HEPABEHCTBO MEPENUCHIBACTCS CJIEAYIONAM 00pa30M:

18r% + (6p® — 11pq)r — p*q* < 0.

Badurcupyem p u q. CiaeBa crout KBagparudHas 1mo r GyHKIHUS, KOIDOUIUEHT mpu

r? monoxuTesnen, Ko3PUIUEHT IpH T HEOTPUIATENIEH, T03TOMY (DYHKIHS MOHOTOHHO

BO3pacTaeT. Ha r mamoxkenbr CIeayolue OrpaHnIeHnd:
r 2 07 T(p7 Qar) 2 07 _pS + 4pq 2 8T7

MO9TOMY JOCTATOYHO TIPOBEPUTH HEPABEHCTBO [JId CJIy4YaeB, Korma ¢ = b = 1 u a =
b+ c=1 (B cuny ogaoponuoctu). Oba cirydasi JIerko pa3bUparoTCcs, Caydau PABEHCTBA
a=b=cwua=2b=2c

44. JTokaxkuTe, 4TO CymiecTByer Muorowien S(x,y, z) Takoil, 9To Tpoiika a, b, ¢ ABjg-
eTCs BELIeCTBEHHOM TOrIa U TOMBKO Toraa, Koraa S(x,y, z) = 0, rae

r=a+b+ec, y=a '+ +c% z=a+0+c.
Pemenne. 3amernm, 9T0

x? — 23 — 3wy + 22
Y T:z—p3+3pq:+.

Omnpemenum MHOTOUIEH S CIEIYIOMAM 00Pa30M:

22—y 22 —3zy+ 22
2 2

S(x,y,2) =T(p,q,r) =T (x

TonsTro, S(x,y,z) — UCKOMBIN MHOTOYJIEH.

45, JlokaxKure, 9TO I JIOOOTO IUCTA S € [%, 10}, CyIIECTBYIOT YHCTIA T, Y, 2 TaKue,

4TO
a+bt+c=4, P+ +2=6, P+ +S =5,

a BOT HU JJI KaKUX JIPYTUX S 9TO HE BEPHO.

Pemrenue. 13 npenpiayieii 3aa4u a, b, ¢ BEIECTBEHHBIE TOT/IA W TOJIBKO TOIA, KOTIA

S(4,6,s) > 0. Hecinoxuo 3ameruTh, 40 MHOrOWwIeH S(x,y,z) ABIS€TCS KBAAPATUIHON

dbynkuueit o z ¢ orpunarenbupiM Kodbduuuentom npu z2. Orciona ciepyer, 4To BO3-

MOXKHBIE 3HaUeHWst § — 910 orpe3ok. Ha kpasx orpeska Bepwo, uro S(x,y,z) = 0, TO
ectb a = b. IloacraBiss B yc/i0Bus, OIydaeM Tpedyemoe.

46. (CIIA, or6op ma IMO, 2001) UssecTHo, 4to a, b, ¢ > 0 u a® + b? + ¢ + abc = 4.
Joxkarkure, 910
ab + be + ca — abe < 2.
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Pemrenune 1. Ilosnoxum
t=a+bt+c=p y=d*+bV+*=p*—2q z=abc

27
a, b, ¢ semecrsennwl, ecmn S(z,y,2) = T(r,*5%,2) = 0. fdcno Taxxke, 90 eciu
S(x,y,2z) =0, TO 1BE TIEPEMEHHBIX U3 @, b, ¢ PABHBIL.

Teopema 0 HEOTPULATEJILHOCTH LEPEIUCHIBACTCS CAEAYIOMUM 00pa30oM:
p=20&s x>0, q}O(:)xz—y>O, r>20&22>20.

Yenosue a? + b2 + ¢ + abc = 4 nepenucbisaerca B uge y + z = 4. Hepasencrso
ab + bc + ca — abc < 2 mepenuckBaeTcs B Buge 2 —y — 2z < 4.

Badurcupyem y u z. HepaBeHCTBO 10CTATOYHO MPOBEPUTH JIJIs MAKCUMAJIBHOIO 2 (MaK-
CHMaTbHOE T CyIecTByeT, MOCKOMbKY o < 3(a’ + b? + ¢?) < 12). B coorsercTytomieit
Tpoiike a, b, ¢ ABe mepeMeHHble paBHbI. IlofACTaBUB B MCXOMHOE HEPABEHCTBO a = b, 1O-
JyunM Beproe HepanencTBo. Ciydanm paBeHcTBa: a =b=c=1na=>b= 2, ¢ =0.

Pemenne 2. (Juaun [Tasesn) VcxoaHoe HEPABEHCTBO NEPENUCHIBAETCS CJIEILYOIIMM 00-
pasom: ¢ — r < 2, npu ycaosuu p° — 2q + r = 4. Baduxcupyem qo u 7o, 18 KOTO-
PBIX CyIIECTBYET P1, YAOBJIETBOpHAoiee ycioBuio. g srux qp u rg pacCMOTPUM MUHU-
MaJIbHOe Py TaKoe, uTo TPOHKa (Po,qo, o) JOMyCTHMa (HO He 00sS3aTeNbHO BBITIOIHEHO
p3 — 2qo + ro = 4). TIoCKOIbKY MCXOTHOE HEPABEHCTBO HE 3aBUCHT OT P, TO JIOKAXKeM,
YTO OHO BBINIOJIHSETCs JIJ1 TPOHKY (Po, o, T'o ), OTCIOAA OyeT CIE0OBATD CIIPABEIUBOCTh
HEPaBeHCTBA /i TPOHKU (1, qo, To). B CHILy MUHUMAJILHOCTH P( JIOCTATOYHO [IPOBEPUTH
HEPABEHCTBO I ¢ = b, pu ycjosuu p° — 2 +r < 4 .

47. (Kuraii-zanazn, 2004) 3ssecrno, uro a, b, ¢ > 0. Iokaxure, 9410

a b c 3
1< + + < V2
Va2 +02 V2 +c2 V2 +a? 2

Pemrenue. Ilepenuimem ncxoaHOe HEPABEHCTBO CJIEAYIOMIMM 00pPA30OM:

1 1 1 3
1< + + 2<§¢i

b2 c? a
1+§ 1—|—b—2 l—l-cf2
C/:LenaeM3aMeny:1/1+Z—z,y=\/1+g—§,z: 1+‘;—§.

HepaBencTBo mepenucbiBaeTcs B CIEAYIONIEM BHUE:

1 1 1 3
I<=+=4-<5vV2
x y z 2

Vcii0BUS MEPENUCHIBAIOTCS CIEAYIONUM 00Pa30M:

zy,221ep-320, ¢—2p+320, r—q+p—-120.
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Ha HOBbIE HepeMeHHbIe HAJIO2KEHO cneﬂyfomee yCJ’[OBI/IeZ
(- -1DEE-1)=1a@T+p?—(¢+1)*=1

JleBoe HEpaBEHCTBO JIOKA3BIBAETCS JIETKO, OyIeM J0KA3bIBATH MPABOE. JAlWIIEM €r0 B
BHUIE

q < g\/ir

Cnenaem 3amenw:: p’ = p+ 71, ¢ = q, v’ = r. Bce ycnosus mMoryT 66T mepedopMyan-
poOBaHbI B TepMuHAX p’, ¢, '. 3HAUMT, MBI MOKeM 3apUKCUPOBATH 3Ha4YeHus p' u ¢, u
HAM HaJIO J0KA3aTh HEPABEHCTBO
V2
/
—q'.

3

Ocranocs H0Ka3aTh HEPABEHCTBO B CiIydae, KOIIa T = Y.

/
rz

48. W3BecrHo, 410 @, b, ¢ > 0 u a® + b + ¢ + nabc = n + 3.

a) Ilycrs 0 < 5. Hokaxure, uto a + b+ ¢ < 3.

6) Ilycrs 2 < n < 2. Jokaxure, uto a+ b+ ¢ < /2(n + 3).
B) Ilycts n = 2. Jokaxkure, uro ab + be + ac — abe < %

VYkazauwme: a), 6) Beequre o6o3nauenus
z=a+b+c, y=a®+b*+c+nabe, z=abc.

¢) AnasiornuHo peenuio 3auaqu 46.

49. UzBectHO, uTO @, b, ¢ = 0 1t a® + b + ¢ + abc = 4. JIokazKuTe, 4TO
a®b? + b2 + ?a® > abe(2 + V4 — 3abe).
Permnenne. O6o3naunm
r=a’+b>+P+abc=4, y=ab+bc+ca, z=abec.

Torpa p = /T — 2+ 2y, ¢ = y, 7 = z. YCJIOBUE BEMIECTBEHHOCTH 4YuCe a, b, ¢ 3anuch-
Baerca B Buze S(x,y,z) = T(vV/x — 2z +2y,y,2) = 0. XoTh 3TO yKe n HE MHOTOHJIEH,
HO BCe eIlle HempepbiBHAsA GyHKIWMS B obnactu = — z + 2y > 0. Kak o0brano, U3 paBeH-
crBa S(z,y,z) = 0 cnenyer, uro mee u3 a, b, ¢ paBHbl. HePABEHCTBO MEPENUCHIBACTCS
CJTETYIONIAM ODPA30M:

@ =2rp>r(24+V4-3r) o y? — 22z — 2+ 2y > 2(2+ V4 - 32).

Sadurcupyem r u z. 3aMETHUM, UTO BHIDAYKEHHUE CJIEBA, MOHOTOHHO BO3PACTAET IO ¥, BEIh
€ro NMpOM3BOIHASA HEOTPUIIATEIHLHA,

2z

2y—22\/m >0 yy/r—2z+2y (a+b+c)(ab+bc+ca) >,

21



4T0 O4eBHIHO. Tenepb HaM HaJI0 PACCMOTPETh MUHUMAJIbHDIA BO3MOXKHBIN Y, OH OepeTcs
uiu u3 toro, uro S(z,y,z) = 0, mwiam u3 & — z + 2y = 0 (Kak rpaHuma obIacTu onpese-
JIEHWsI, HO 3TOT CJIy9all HeBO3MOXKeH ). Jlabire MOXKHO 6€3 moTepr OOIHOCTH MOJIATraTh,
aro a = b.

50. Jlokaxute, 4o crenyiomue (yHKumu HenpepbBb: f(z) = 1 nenpepbisua s
moboro x € (0,+00), f(z) = v/z menpepbBrA 11t mo6oro z € (0, +00), f(x,y) =z +y
HenpepbIBHA i Mo0bx (7,7y) € R2,

1 — i z _ex?
Pemenne. Eciu f(z) = -, To nmonoxum § = min (5, 1+Em). Torua

2
Ecmm f(z) = \/z, monoxum § = min (1, z, (21\_/5;5) > Torma

e—yl 6 V6
VZ+ 2=V 2yz— V6

Ecmm f(x,y = 2 +y), To nonoxum ¢ = 5. Torma

<e.

VE— Vil =

(@+y) = (@1 +y1) V(=212 + V(Y —51)? <2V(@ —21)? + (y —1)? < 6.

51. Ilycrs dbyukuus g(x) nenpepbiBHa g Bcex ¢ € M C R™, a Bce eé 3nauenus
aexar B muoxkecrse N C R. Ilycrb raxxke dynkuus f(y) neupepbiBua mis Beex y € N
W TIPUHUMAET BelleCTBeHHble 3HavYeHns. JJokaxkure, uro dbynkuns f(g(x)) HenpephiBHa
s Bcex x € M.

JokazareabcTBo. 3adukcupyem touky xg € M u € > 0. B cuny menpepsiBHOCTH
dbyukmun f 3naeM, 9T0 i JOOOrOMUKCUPOBAHHOIO & CyIecTByeT takoe d1 > 0, 910
ecm |x — y| < 61, 1o |f(z) — f(y)| < e. llockombky dyHkmsa ¢g(x) HenmpepbiBHA, TO
CyIIECTByeT TaKoe §, 9To ecan |[zg — y|| < 4, o |g(zo) — g(y)| < 0:1. Iomyuaercs, aro

ecmn ||zo —y|| <6, o | f(g(x0)) — f(9(y))| <&, nosromy dpynkmusa f(g(x)) nenpepoisna
B TOYKE Z(.

52. a) [okaxwure, 410 MHOrOWIeH P () OT OfHOI IepeMeHHOl ABJISIeTCs HelpPepbIBHOI
dyuknueit g seex x € R.

6) Hoxaxure, yro muorodnen P(z1,...,2,) OT 1 HEPEMEHHbBIX ABJIAETCS HElPEPbIB-
HOM dbyHKumedt mis Beex (xq,...,2,) € R™
VYkazanue. Jlokaxure, 94to ecau dyukuuu f(1,...,T,) 1 (Y1, .- -, Ym) HEIPEPHIBHBI
Ha R™ u R™ coorsercrBenno, 10 dyurims f(x1,...,2y) - (Y1, .. . Ym) HEIPEPLIBHA HA
Rt™,

53. I[lpeanmonoxmm, Ha IEpeMeHHBIE @, b, ¢ HAJIOXKEHO CUMMeTpuYecKoe ycaopue G.
Badukcupyem 1 = 1(, JJisi KOTOPOrO CyIIECTBYET JOIyCTUMasi TPoiika (po, go, o) TaKasi,
aro G(po, qo, 7o) = 0. IIpeanonoxkum, aro ycaoene G paBHOCHIBHO TOMY, 4TO p = f(q)
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(c yaérom pukcupoBanuoro r), rae f — Hekoropas (pyHKIMs, 8 MHOXKECTBO BO3MOKHbIX
3HaueHuit ¢ orpanuveHo. JloKayKuTe, 9TO ¢ TOCTUTAET CBOENO MAKCUMYyMa W MUHUMYMA,
MPUIEM B 9KCTPEMATIBHBIX TOYKAX 00I3aTeILHO KAKWE-TO IBE M3 MePEeMEHHbBIX PABHBI,

a) ecan f — nuHeitHas DYHKIMS;
6) ecau f — MHOrOYJIEH.

Pemenne. 3aMeruM, 4TO MHOMKECTBO BO3MOXKHBIX 3HAYECHHN ¢ ONPEIEIACTCH CIIELYIo-
wmmu ycaoBusimu. Bo-uepsbix, n0/KkHO ObiTh Bblosnneno 1'(p, q,7) = T(f(q),q,7) = 0.
Bo-BTOpHBIX, p JOKHO OBITH HEOTPUIATENLHBIM, TO ecTh f(g) > 0. Permennem meppo-
IO HEPABEHCTBA, CIIyXKUT OODbEIMHEHNE HECKOJbKUX OTPE3KOB, & PEIIEHUEM BTOPOrO —
00be/IMHEHNE HECKOJIBKUX OTPE3KOB U Jiydeil. B mepecedenuu nosyaurcs o0beIuHEHUE
HeckoJbKuxX orpe3koB. Ha koniax srux orpeskos jmbo T(p,q,r) = 0, au6o p = 0. B
000uX CIy4asx II0JydaeM, 4TO KAKHE-TO JBE EPEMEHHbIE PABHBL. 3aMETHM, 9TO €CIH [
SIBJISIETCS HEPEPBIBHOH (BDyHKIMEH, a He 063aTe/IbHO MHOTOYIEHOM, TO YCJIOBHE 33491
ocTaercs BEpPHBIM. JIefCTBUTENLHO, B 9TOM CJIydae MHOXKECTBO DEINCHUil HEepaBEHCTBA
f(q) > 0 3aMKHYyTO, C/leI0BATENHHO, MAKCUMYM U MUHUMYM CYIIECTBYIOT.

54. IlpeanosoxkuM, Ha MEpEeMEHHbIE ¢, b, ¢ HAJOKEHO CHUMMeTpHYecKoe yciaosue G.
Mycrs (z,y, z) — upousBosbHas nepecranoBka (p, g, 7). 3abukcupyem z = zg, AJisd KOTO-
pOro cyuiecrByer gomycruMas Tpoiika (p, ¢, 1) rakas, uro G(p, q,r) = 0. IIpeanonoxum,
970 ycaosre G PAaBHOCHIILHO TOMY, T0 & = f(y) (¢ yuérom dbukcnposanuoro z), rae f
— MHOTOYJIEH, 8 MHOYKECTBO BO3MOYKHBIX 3HAUEHHUil y orpanudeno. Torma y JocTUraeT
CBOEro MaKCHMMyMa U MUHUMYyMa, IPUYEM €CIH Z = T, TO B JIH000H TOYKE IKCTPEMyMa
(a—b)(b—c)(c—a) =0, mHage B m0060it TOUKe 3KCcTpeMyMa abc(a — b)(b—c¢)(c—a) = 0.

Pemrenue. Anajiornuno npeapiayineii 3amgade.

55. Ussecrro, uto a, b, ¢ = 0u (a+b+c)(: + § + 1) = 10. Jokaxure, uro

9<a2+b2+02 <6

8 “ab+bc+ca 5
56. N3secrno, wro a, b,c>0una+b+c= % + % + % Jokarkure, 910
(a+b+c)(1+ abc) > 6.
57. Nssecrro, ato a, b, ¢ = 0 u ab+ be + ca = a® + b3 + 3. Jdokaxwure, 910
ab + be + ca > a®b® + b2 + Pa’.

58. UzBectno, 1To a, b, c > 0. Im ecTecTBeHHBIM 00PA30M COOTBETCTBYIOT P, G, T'y IPHIEM
0Ka3aJIoCh, 9T0 ¢ + r = 4. JIokaxkurte, 4TO

p> —27r > 7(p* — 3q).

59. UsBecTHo, uTO @, b, ¢ > 0 u a® +b% + ¢* = ab+ bc+ ca+ (abe — 1)%. Jlokaxute, 910

ab+bc+ca+3 2= 2(a+b+c).
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60. dpnserca m orpe3ok [0, 1] komnakrom? fABnsierca s yd [0, +00) KOMIAKTOM?
A wmuoxecrBo, cocrosimee u3 Touku (1,1,...,1)? lap paxuyca 1 ¢ uearpom B TOUKe
(1,1,...,1)? Dror xe map 6e3 Touxn (1,1,...,1,0)? A cdepa pagmyca 1 ¢ menTpom B
rouke (1,1,...,1)?

Crenyrtoreit 3amadeil B qaabHeRIIIeM MOXKHO OYIET MOIb30BATHCA 063 T0KA3ATeILCTBA.

Pemenne. /la, ssnsgerca. Her, on me orpanmven. [la, ssnsgercsa, Ha, asmserca. Her,
MHOXKECTBO He 3aMKHYTO. Jla, sBisiercs.

61. Paccmorpum Habop ycaoBuit
Pi(z1,...,2,) =0,...,Ps(x1,...,24) =0, Psp1(x1,...,2n) 20,..., Pp(z1,...,2,) =0,

I7e M — HATYyPAJIbHOE, & § — IeJIoe HeoTpuuareabuoe ducio, P, ... P, — MHOro4ieHbl
oT n mepeMeHHbIX. IIpeamnomoxum, 9T0 MHOXKECTBO TodeK M B R™, yIoBIeTBOPSIONIIX
BCEM 3TUM YCJOBUAM, OrpaHnydeno. JJokaxure, 9To M gIBASETCS KOMTAKTOM.

Pemenne. /Iokaxkem cieayoomuii Bcnomorare/ibHbiii bakt: eciu dbyaxmus f(xy, ..., x,)

HenpepbiBHa B Touke A = (a1,...,a,) u f(A) > 0, T0 cyuiecTByer map ¢ HEHTPOM B

Touke A Takoii, 4To 3HaYeHus (PYHKIUK [ Ha 3TOM IIape IIOJI0KUTebHbL. JleficTBUTe /b
f(A)

HO, PACCMOTPHM € = 5= M COOTBETCTBYIOIM eMy J (U3 olpejie/leHus HempepLIBHOCTH

dyukuuu f). Torga wap paguyca § gBiseTcs UCKOMbBIM.

62. Tana cuMMmerpudeckas HempepbisHas GyHKimst f(z1,...,2%,), ONpeneNeHHas Ha
xommakTe M C R™. [Ipeamonoxum, f TakOBa, YTO MPHU JIOOBIX PUKCHPOBAHHBIX Uy, - - - , G
(711 KOTOPBIX CYNIECTBYIOT a1, A2, A3 TaKue, 910 (ay,...a,) € M) dyukius

h(zy,x2,23) = f(21,%2, 73,04, ..., 0p)

JIOCTUTAeT CBOUX YKCTPEMATIbHBIX 3HAYEHHI TOIBKO Koraa (11 —22)(r2—23)(z3—21) =0
(mmm zix0x3(21 — 22) (22 — 23) (23 — 1) = 0). Hokaxknre, aro dbynkmms f gocruraer
CBOMX SKCTPEMAJIbHBIX 3HAYEHWH, TPUYEM B TOUYKE SKCTPEMYMA CPEIH I1,...,~T; €CTh
MaKCHMYM JIBA PA3JIMYHBIX YUCHIA (MIM MAKCHMYM JIBA PA3JIMYHbIX HEHYJIEBBIX YNCIIA).

Pemenmne. [TokazkeM /s TOYKA MUHUMYMA (J1J1s] TOYKHA MAKCUMyMa aHajiorudHo). IIpes-
LOJIOZKKMM, YTO MUHUMYM JIOCTHIAeTCd B TOYKE (a1, ...,ay). [Ipeanonoxum, 4ro ai, ag,
a3 — TIOTIAPHO PA3JTMYHBIE YHCTIa (TIOMAPHO PA3INYHbIE HEHYJIEBbIe Yncia). Torma pac-
cMOTpUM (DYHKITHIO

h($1, T2, 1‘3) = f(131, T2, X3,04, - .. ,an).

ITo ycnoBuio oHa mocTuraeT MUHAMYMa, €CJIH KAKUe-TO JIBe TIEPEMEHHbIE X1, Lo, T3 PaB-
Hbl (KAKUe-TO JiBe LEePEMEeHHbIe X1, Ta, T3 PABHbL WJIM OJIHA U3 LepeMeHHbIX pasHa ().
Tlonywaem mpoTuBOpeUne.

63. N3sectHo, uT0 a, b, ¢, d > 0, a + b+ c+ d = 1. Jlokaxxure, 910

1—a®?+ (1 -2+ (1 -+ (1-d*)?=3.

24



64. (Poccus, or6op ma IMO, 2015) WUssecTHo, uT0 a, b, ¢, d > 0w a® +b% + c* +d? = 1.
Jokazkure, 9T0
a® + b+ 3 + d® + abe + bed + cda + dab < 1.

65. (IMO Shortlist, 2010) IIpo BerecrBennbie a, b, ¢, d u3secrro, 910 a+b+c+d =6
u a’® + b + ¢ + d? = 12. Jlokaxure, 410

a) abed < 3;

6) 36 <4(a® + 0%+ +d3) — (a* + b+t +d*) < 48.

66. 3BectHo, uTO a, b, ¢, d > 0. lokaxkwure, 910

a® + 0%+ + d® +4VaB3c3d3 > 2(abe + bed + cda + dab).

67. (Bcepoccuiickas onumnuazna, 2016) UssecrHo, uro a, b, ¢, d >0u a+b+c+d = 3.
a) Jlokaxkure, 4ro

1 1 1 1 1

2Tt ateES arage
6) dokaxure, 4ro

1 1 1 1 < 1

ST TETES e

B) Ussecruo, uro = > 2. Jokaxure, 4ro

11 1 1 |- 0-5a-Ha-)| 1

at bt T | dr 2 S arbhrerde”

68. N3BectHo, 9T0 a,b,c,d > 0u a+ b+ c+ d = 4. Jlokaxkure, 4T0

11 1 1
=+ 5+

Stmt s d—2+4>2(a2+b2+c2+d2).

69. Ussecrno, uto a, b, ¢, d, e € R, a+b+c+d+e =20, a®> + b% +c +d? + e = 100.
HaI‘/JI/II/ITe IKCTPEMAJIbHBIEC 3HAYUEHUA BbIPDA?KECHUA

abed + abee + abde + acde + bede.

70. U3sectHO, ut0 @, b, ¢, d >0na+b+c+d= é + % + % + % Jlokaxkure, 9410

(a+b+c+d)(17 + 46abced) > 252.

71. (APMO, 2004) st BewecTBeHHbIX Yuces a, b, ¢ 1oKaxKuTe, 4To

(a® +2)(b* +2)(c* +2) > 9(ab + bc + ca).
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72. (Upan, 2005) UssecrHo, uro a, b, ¢ > 0 u a%s-l + ﬁ + ﬁ = 2. JloKazKuTe, 4TOo

ab+ bc + ca <

N W

Vkaszanue: Jonycrum mporusHoe, mycth ab + be + ca > 3. Iokaxkure, 4TO B 3TOM

2
1 1 1
CJTyae BBIOIHEHO HEPABEHCTBO 57 + joy7 + =g < 2-

73. B ocTpOyrosibHOM TPEyroabHUKE CO CTOPOHAMHU a, b, ¢ paJlyC OMUCAHHON OKPY¥K-
moctu pasex R. Jlokaxkwure, 910

Pemrenune. 3amernm, 9To

ab 2
cR  ctga+ctgf’

O6o3nauum x = ctga, y = ctg [, z = ctgy. Torma ucxomHOe HEPABEHCTBO MEPEIUCHIBA-
eTcsl B BUJE

1 1 1 5
+ + > -,
z+y x+z y+z 2

roe x, Y, z = 0u xy + xz + yz = 1. D10 HEPABEHCTBO MEPENUCHIBACTCS B BUIE

P’ +q
pg—r

>5
9’

npu yciaosun q = 1. Sadukcupyem p u ¢. JleBas 4acTb MUHAMAJIBHA IPU MUHUMAIHLHOM
r, To ecTh ecin ¢ = 0 nm © = y.

1. Ecim x = 0, o yz = 1. Be3 orpanuvenus obmuoctn y < 1. Torma mepaBencTBo
nepenuceiBaeTcs caemytonmmM obpazom: (1 —y)(5y? —y + 4) > 0, 4To BepHo.

2
2. Ecmmz =y, 0 2 = 1525 7 HEPaBEHCTBO IMEPENNCHIBAETCA B BHU/IE

523 — 922 + 5z —1 <0,
9TO BEPHO, TaK Kak = > 1.
74. (Shortlist IMO, 2011) Iycts a, b, ¢ — AIUHBI CTOPOH HEKOTOPOTO TPEYTOJbHUKA,
npuuéM a? + b? + ¢ = 3. Jlokaxkure, 4TO

a n b " c S 3
(b+c—a)? (a+c—b)2 (a+b—c)2 7 (abc)?

Ykazaume: Cremnaiite 3ameny a = y+ 2, b = z + 2, ¢ = T + Yy, TOCJe 9€r0 MOXKHO
OyZeT HeCIIOKHO MOKAa3aTh, 9YTO JIBA U3 &, Y, Z PABHDI, & 3HAYNUT, U JBA U3 YHUCET a, b, ¢
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pasubl. /lajsiee MOXKHO aHAIM3UPOBATH MHOIOYJIEHBL OT OJIHOM IIEPEMEHHO C IIOMOIILIO
TTPON3BOTHOMN.

75. Hazosém MHOrousien or Tpéx nepemenubix G(a,b, ¢) yukauveckum, eciiu ero 3Ha-
YeHue He MEHSETCs IPU IUKJINYECcKOil nepectaHoBke nepemenubix (to ectb G(a, b, c) =
G(b,c,a)= G(c,a,b)). Jokaxkure, 4r0 11060# HUKIMYECKHUHA MHOIOYIEH OT @, b, ¢ MOXK-
HO npencrasuth B Buge X (a,b,¢) + Y (a,b,c)(liz — l21), tme X m Y — cummerpnyeckne
MHOTOYJICHBI.

Vkazaume: Ecim takme X, Y mamumucs, To BepHO, uto G(a,b,¢) = X + Y (l12 — l21),

G(bya,c) = X =Y (l12 — l21), orkyzna Bugum, 90 eciau takue X, Y CyliecTByor, TO OHU
Clabo)tGbac)  Glabo) Glhac)
2 2

PaBHBI l12 — l21) coorBercTBeHHO. JIOKaXKUTE, YTO OHU

" ABJIAIOTCA UCKOMBIMU.

76. Ussectno, uro a, b, ¢ > 0 u a® + b? + ¢ = %(ab + bc + ca). Jokaxure, 4To
2,12, 22 29,3 3 3
(a®*+b°+ ) > g(a b+ b’c+ c’a).
77. UzBecrHo, uro a, b, ¢ =2 0 u a + b+ ¢ = 3. Jlokaxkure, 9410
(a®b + b*c + c*a)(ab + be + ca) < 9.

78. W3BecTHo, 4T0 a, b, ¢ > 0 u a® + b? + ¢? = 3. JlokaxKure, 9TO

a®+302 b2 +3c2 2+ 3a? S
a—+ 3b b+ 3¢ c+ 3a

79. Jlg HEOTPUIATEBHBIX YUCEN a, b, ¢ TOKa)KuTe, 4TO

10(a + b+ ¢)® = 81(a® 4 b* + ¢*)(a®b + b%c + ca + Tabe).

80. (Kopes, 2012) Ussecrno, 410 a, b, ¢ > 0 u a®>+b%+c? = 2abc+1. Haiture Makcumy M
BBIPAYKCHHA

(a — 2be)(b — 2ca)(c — 2ab).

Vkazanne: Cuenaiite 3ameny = = a?, y = b2, z = c.

81. I3secrno, uro a,b,c € [0,1] u (1 — a)(1 — b)(1 — ¢) = abc. Jokaxure, 4ro

at+b+ec S

R e

N W

82. I3BecTHO, 910 a,b,¢ >0, a? + b2+ +abc =4 u a+ b+ ¢ > /8. okazkure, 410

a+b+c>2+ Vabe.
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83. Ussectno, u4to a,b,c > 0 u a®+b%+c* — (ab+be+ca) = 11(a+b+c—3). Hoxaxure,
91O

Va+2+vVb+2+vVe+2>Va+b+c+24.

84. N3ssectHo, uTo0 a, b, ¢ > 0, abc = 1. Jokaxkwure, 9410

a)
a® +00 40 >34+45((a—1)2+ (b—1)*+ (c—1)?);

6%)
a® + 010410 >3 +46((a—1)2 4 (b—1)2 + (c — 1)?);

B) CYIIECTBYET KOHCTaHTa k Takas, 9TO /Jis JIIOOOro HATYPaJIHHOIO N > 3
a"+ b+ =3+ kn((a—1)2+(b—1)* + (c — 1)%);

r*) cymiecTByeT KoHCTanTa k > 0 Takas, 9TO s J000r0 HATYPAJIBHOTO 1 > 3
A"+ 0"+ >3+ kn((a— 12+ (b—1)2+(c—1)?),

HO HHU IJI Kakoro € > ( He CymecTByeT KOHCTAaHTBI k' > 0 Takoii, 94To s JII000ro
HaTypaJIbHOTO N = 3

a" b+ =3+ K ((a— 1)+ (b—1)2 4+ (c—1)?).

85. U3pectro, uto a, b, ¢ > 0, (a+1)(b+1)(c+1) = 84, (a+b+c)(ab+bc+ac) = 14236,

abe
HaifmiTe MaKCUMyM BBIDAYKeHHsT
(a4 b4 c)? + (ab + be + ac)® + a®b*c2.
86. Mssecrno uro a, b, ¢, d > 0, a+b+c+d = 3, a?+b*>+c?+d? = 5, a* +b* +ct+d* = 17.

Haijinure MmakcuMaabHO BO3MOXKHOE 3HadeHue d.
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SCTT The pgr-method ! 23 august 2016

A. Doledenok, M. Fadin, A. Menshchikov, A. Semchankau

1 Opening problems
For a start, you can try to solve several problems. They are rather complicated, so if
you wouldn’t succeed, return to this section after studying pgr-lemmas.

1. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 1. Prove that

1+ 12abe > 4(ab + be + ca).

2. Let a, b, ¢ be real numbers such that
a+b+c=9, ab+bc+ ca=24.

Prove that 16 < abc < 20. Prove moreover that for any r € [16,20] there exist real
numbers a, b, ¢ such that a +b+ ¢ =9, ab+ bc + ca = 24, abc = r.

3. Let P be a symmetric polynomial of degree not greater than 5. Prove that if
P(a,a,c) > 0and P(0,b,c) > 0 for all non-negative real numbers a, b, ¢, then P(a,b,c) >
0 for all non-negative real numbers a, b, c.

4. (Russia TST, 2015) Let a, b, ¢ be non-negative real numbers such that 1+a+b+c =

2abe. Prove that
ab be ca

=
1+a+b+1+b+c+1+c+a

N W

5. (Iran TST, 1996) Let a, b, ¢ be non-negative real numbers such that ab-+bc+ ca # 0.
Prove that

1 1 1 9
@ veren) (ot + ot ) >
2 Symmetric polynomials

We start out discussion of pgr-method by considering symmetric polynomials. Main
results of this section will be used in the next sections.

1At the moment the name wvw-method is commonly used.

2The authors are grateful to Michael Rozenberg for useful remarks. We would like to draw your
attention to the important role he played in popularization of the uvw-method.

3The authors are grateful to Anna Doledenok and Ilya Bogdanov for help with the translation.



2.1 Properties of symmetric polynomials
6. Express a® + b2, a® + b3, a* +b*, (a — b)? in terms of a + b and ab.

For three variables a,b,c denote p = a + b+ ¢, ¢ = ab + bc + ca,r = abc (elementary
symmetric polynomials in 3 variables).

7. Express polynomials a? + b% + ¢2, a?b + ac + b%a + b%c + c?a + c2b, a® + b3 + 3,
(ab)? + (bc)? + (ca)?, a* +b* + ¢, (a +b)(b+ c)(c+ a) in terms of p, q,r.

8. By definition, put s = a* 4 b* 4 ¢* for any non-negative integer number k. Express
s (k> 3) in terms of p, q, 7, Sg—1, Sk—2 and si_3.

The polynomial G(a,b,c) in 3 variables is called symmetric if its value does not change
after swapping any two variables (i.e. G(a,b,c) = G(b,a,c) =...).

You may use result of the next problem in the sequel without proof.

9. Prove that any symmetric polynomial in a, b, ¢ can be expressed as a polynomial in
D, q, T
a+b+c=t,
10. Let ¢ be a real number. Solve a system of equations: a? +b% +c? =2,
a’ + b3+ =15
Often it is useful to rewrite an inequality to be proved in terms of symmetric polynomials.
However, some troubles are to be resolved. For instance, a trivial inequality a?+b%+¢c? >
0, where a, b, c are real numbers, turns into p? — 2¢ > 0. This resulting inequality holds
not for all pairs of real p and ¢. Thus, it turns out that the triples of p, ¢, and r are not
arbitrary. Our next goal is to work out the conditions p, ¢, and r must satisfy.

11. Let a, b, ¢ be real numbers. Prove that ¢2 > 3pr.

12. Let a, b, ¢ be non-negative real numbers. Prove that g > \/g > Ir.

2.2 Symmetric polynomials in 2 variables

A complex number is an ordered pair of real numbers (z,y). It is useful to write the
pair (z,y) as x + iy, where i is the imaginary unit. Define the sum and the product of
complex numbers as:

(a+bi)+ (c+di) = (a+c)+ (b+ d)i,

(a + bi)(c+ di) = (ac — bd) + (ad + bc)i.

It is easy to see that i> = —1. For the complex number z is called real part and y is
called imaginary part. A complex number is called pure imaginary if x = 0. The complex
conjugate of a complex number x + yi is the number = — yi (it is denoted as = + yi).
Notice that every real number x is complex: x =z 4+ 0 - 4.



For two complex numbers a, b denote p = a + b and ¢ = ab.

13. Prove that a and b are roots of equation 22 — pxz + ¢ = 0 and there are no other
roots.

14. Prove that if p and ¢ are real, then either a and b are both real or b is the complex
conjugate of a.

15. Prove that if p and ¢ are real, then (a — b) is either real or pure imaginary.

16. Which conditions (particularly, inequalities) should satisfy p and ¢ for a and b to
be real?

17. Prove that a and b are real and non-negative if and only if p and ¢ are non-negative
real numbers which satisfy conditions from the previous problem.

2.3 Symmetric polynomials in 3 variables

For three (perhaps complex) numbers a, b, ¢ denote p = a+b+c¢, ¢ = ab+bc+ca, r = abe.

18. Prove that a, b, ¢ are roots of equation 3 — p22 + gz —r = 0 and there are no other
roots.

19. Prove that for real numbers p’, ¢/, ' there exist complex numbers o', ', ¢ (unique
up to a permutation) such that p’ =a’ +V' +¢, ¢ =a’'V/ + V' +d’, v = d'b'c. Prove
moreover that either numbers a’, b, ¢’ are real or a’ is real and b’ is a complex conjugate
of ¢ (up to a permutation).

20. Assume that p, ¢, and r are real numbers. Prove that if a, b, ¢ are real, then
(a —b)(b— ¢)(c — a) is real, otherwise it is pure imaginary.

21. Prove that
(a—0)%(b—c)*(c — a)? = —4p3r + p*¢* + 18pgr — 4¢> — 2702,
Hint. Denote I, = a®b¥ + b"c? + c®a¥. Then (l12 — l21)? = (l12 + l21)* — 4l12l21.

22. Criterion for reality. Let (p,q,r) be a triple of real numbers. Prove that the
numbers a, b, ¢ (which are defined as the roots of 3 — paz? + gz — r = 0 counting
multiplicities) are real if and only if T'(p,¢,r) > 0, where T'(p, ¢, 7) is a polynomial in 3
variables defined as T'(p, q,7) = —4p®r + p?q® + 18pqr — 4¢> — 2712,

23. Non-negativity lemma. Prove that p, ¢, » > 0 and T'(p,¢,r) > 0 if and only if
a, b, c are non-negative real numbers.

The formula for T'(p, ¢, r) may look too complicated for being useful. In what follows,
we shall mainly use the following idea. Let us regard the expression T'(p,q,r) as a
polynomial in one variable (e.g., r), the other two are assumed to be fixed (e.g., p = po
and g = qp). Then the condition T'(p, ¢, r) > 0 defines some union of segments and closed
rays.



3 pgr-lemmas

A triple (p,q,r) is called acceptable if p, ¢, r > 0 and T(p,q,r) > 0, i.e., if the non-
negativity lemma applies. In other words, polynomial x> — pz? 4+ gz — 7 = 0 has three
(perhaps multiple) real non-negative roots.

24. r-lemma. Fix some values p = pg and ¢ = qg such that there exists at least one
value of r for which the triple (po,qo, ) is acceptable. Prove that such triple with the
minimal value of r corresponds to a triple (a, b, ¢) in which either two numbers are equal,
or abc = 0. Prove moreover that such triple with the maximal value of r corresponds to
a triple (a, b, ¢) containing two equal numbers.

25. ¢-lemma. Fix some values p = py and r = ry such that there exists at least
one value of ¢ for which the triple (pg, ¢, 70) is acceptable. Prove that such triples with
minimal and maximal values of ¢ correspond to a triple (a,b,¢) containing two equal
numbers.

26. p-lemma. Fix some values ¢ = qop and r = ry > 0 such that there exists at least
one value of p for which the triple (p, qo,70) is acceptable. Prove that such triples with
minimal and maximal values of p correspond to a triple (a,b,c) containing two equal
numbers.

Does the same statement holds true when rq = 07

Let us illustrate the use of the pgr-method by the following simple problem.

Example. Let a, b, c be non-negative real numbers. Prove that
a? +b%+c2>ab+ be+ ca.

Proof. The inequality can be rewritten as p?> — 2¢ > q < p? > 3¢. Fix p = pg and

2
r = rg. We need to prove that ¢ < %0. In other words, we shall show that ¢ is bounded
from above by some constant. Notice that if the last inequality holds for greatest ¢, then
it holds for all g. So it suffices to check the inequality for the largest value of ¢. It follows

from the ¢g-lemma that ¢ attains the maximal value when two of a, b, ¢ are equal. Assume
2

without loss of generality that a = b = x, ¢ = 2. The inequality ¢ < %0 is equivalent to

the desired one. Now, plugging a = b = x, ¢ = z into a® + b? + ¢® > ab + bc + ca we

obtain

212 + 22 2m2+2xz<:)(gc—z)2 > 0.
This argument shows that a? + b 4+ ¢ > ab + bc + ca holds for all non-negative a, b, c.

Equality holds if and only if x = z,i.e. a =b=c.

You can now return to the first section and use pgr-method in order to solve the problems
1-5.



4 Inequalities

Suppose we want to check whether a symmetric inequality in 3 non-negative variables
a, b, c holds. Fizing two of the three variables p, q, and r, we can rewrite the inequality
as f > 0, where f is a function of the remaining variable. If f is either monotonic or
concave, then we need to check the inequality only in the case when a = b, and also when
a = 0 if the non-fized variable is p or q.

For all inequalities you must find values of the numbers a, b, ¢ such that an
inequality turns out to be equality!

27. Let a, b, ¢ be non-negative real numbers such that 1 + ¢ + 1 = 1. Prove that
(a—1)b—1)(c—1)>8.

28. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 3. Prove that

1 n 1 n 1 <
9—ab 9—-bc 9—ca

ool W

29. Let a, b, ¢ be non-negative real numbers such that a 4+ b+ ¢ = 3. Prove that

1 1 1 2
+ + > .
14+2ab  1+2bc 1+ 2ca 1+ abc

30. Let a, b, c be non-negative real numbers such that a+b+c = 4 and a? +b>+c? = 6.
Prove that

a® + 0%+ <a® +0° +° + 32
31. Let a, b, ¢ be non-negative real numbers such that ab + bc + ca # 0. Prove that

1 + 1 n 1 S 10
a2+b2  2+c2 2+a2” (a+b+c)?

32. Let a, b, ¢ be non-negative real numbers. Prove that

a® + b° + & + abe(ab 4 be + ca) > a®b?(a + b) + b* (b + ¢) + ?a®(c + a).

33. a) Let a, b, ¢ be non-negative real numbers. Prove that

at + bt + ¢ 3abe 2, .,
27 b2 2'
ab+bc+ca a+b+c 3(@ b7+ )

b) Find the least non-negative real k such that the inequality

a* + vt + ¢t (1-k) 3abc >a2—|—b2+02
ab + be + ca a+b+ec” 3




holds for all non-negative numbers a, b, c.

34. For positive real numbers a, b, ¢ define X = St0° 4 ¥+ | Pha® 'y 20

2c2 2a? 2b2 b+c
2b 2c
et s Prove that

4X 469 > 27Y.

35. a) Let P(a,b,c) be a homogeneous symmetric polynomial of degree not greater than
8. Find an algorithm checking whether P is non-negative when a, b, c are non-negative.
We assume that we are ale to find extrema and zeroes of an arbitrary function in one
variable.

b) Find an analogous algorithm for a homogeneous symmetric polynomial of degree
not greater than 17.

c*) Find an analogous algorithm for any homogeneous symmetric polynomial.

In order to simplify the application of pgr-method, it is often useful to make a change
of variables.

36. Let a, b, c be non-negative real numbers such that /a + v/b + /¢ = 3. Prove that

20a+b+c—2)*+ (ab+bc+ca)(2+3(a+b+c)) > 35.

37. Let a, b, ¢ be real numbers such that a,b,c > 1 and a +b+ c=9. Prove that

Vab+ be+ ca < a+ Vb + .

38. Let a, b, ¢ be positive real numbers. Prove that

<bic)3+ <cia)3+ <aib)3+ e >

39. Let a, b, ¢ be positive real numbers such that a? + b? + ¢? + abc = 4. Prove that

a? b2 2

<1
4—bc+4—ca+4—ab

40. Let a, b, ¢ be real numbers. Prove that
(a® + 0%+ ¢*)? = 3(a®b + b3c + Pa).

Equality holds if either a =b = c or

a b o b B c _a
sin? 47”  sin? 27“  sin? %’ sin? 47“  sin? 27”  sin? %’
c  a b
sin? 47”  sin? 27”  sin? %

Hint. Perform the substitution a = = + 2ty, b = y + 2tz, ¢ = z + 2tz for t € R.



5 Unusual conditions

Up to this point we have considered rather simple conditions on a, b, ¢, e.g. a, b, ¢ > 0
or a+ b+ ¢ = 3. These conditions can be easily written in terms of p, ¢, r. Is it possible
to formulate unusual conditions in terms of p, q,r?

41. Find conditions on numbers p, ¢, 7 necessary and sufficient for
a) numbers a, b, ¢ to be not less than 1;
b) numbers a, b, ¢ to be side lengths of a triangle (perhaps degenerate);
¢) non-negative real numbers a, b, ¢ to satisfy 2min(a, b, c) > max(a,b, c).

42. Let a, b, ¢ be real numbers such that a, b, c € [%, 3]. Prove that

a b c
+ + =
a+b b4+c c+a

(AT RN

43. Let a, b, ¢ be side lengths of a triangle. Prove that

PRIy (LN Y L R
“ N p7¢)7 b+c a+c b+4+a)’

44. Prove that there exists a polynomial S(z,y, z) such that the following conditions
are equivalent: (i) a,b,c are real numbers; (ii) S(z,y,z) > 0, where £ = a + b + ¢,
y=a?+b+c% z=a3+0+ .

45. Prove that the following conditions are equivalent: (i) s € [%2,10]; (ii) there exist
real numbers a,b,c such that a+b+c=4,a°> + b2 +c? =6,a®> +b> + 3 =s.

46. (USA TST, 2001) Let a, b, ¢ be non-negative real numbers such that a®+ b? + ¢ +
abc = 4. Prove that

ab + be + ca — abe < 2.

47. (China-West, 2004) Let a, b, ¢ be positive real numbers. Prove that

1< a n b n c <§
VaZ+2 ViP+c2 JE+a? 2

48. Let a, b, ¢ be non-negative real numbers such that a? + b? 4 ¢? + nabc = n + 3 for
some real n.

a) Assume that 0 < n < % Prove that a + b+ ¢ < 3.
b) Assume that 3 < n < 2. Prove that a + b+ ¢ < \/2(n + 3).
c) Assume that n = 2. Prove that ab + bc + ac — abe < g

49. Let a, b, ¢ be non-negative numbers such that a? + b? + ¢ + abc = 4. Prove that

a®b? + b2 + ?a® > abe(2 + V4 — 3abe).



6 Special cases

In this section we consider complicated symmetric conditions containing all three elementary
symmetric polynomials. If a symmetric inequality (on non-negative numbers) obey conditions
of this type, then the pgr-method can not be applied. Indeed, if we fix two numbers of
the triple p, g, r, then the third one will almost certainly be uniquely defined. What is

to be done?

Fix one number of the numbers p, ¢, 7 (to be precise, 7). Then our condition will
describe the relationship between the remaining two numbers. If we express one of them
by the other, then our condition states that the first elementary symmetric polynomial
(to be precise, p) is a function of the second one (to be precise, ¢). Thus, the triple
(p,q,r) is uniquely determined by ¢. This means that our inequality can be naturally
written as h(q) > 0, where h is a function of real non-negative variable. If h is monotonic
or concave, then it suffices to prove our inequality only for extremal g. So, the problem
is reduced to the problem of finding extremal ¢ (when condition and r are fixed).

Let us spend some time setting the scene.

Let R™ denote a set of ordered groups of n real numbers. For small n the set R™ has a
natural geometric interpretation. Namely, R! is a line, R? is a plane. Hence we say that
the elements of R™ are points.

The distance between two points = (21,...,2Zn),y = (Y1,.-.,Yn) € R™ is defined
by ||z —yl| = /(#1 —91)2 + ... + (¥, — y»)?. In particular, for n = 1 distance is equal
to the modular of the difference between corresponding numbers, for n = 2 distance is
the well-known distance between points.

Let M be a subset of R™. The function f: M — R is continuous in the point x € M if
for any € > 0 there exists 6 = §(z,e) such that if for y € R™ holds ||z — y|| < 4, then

[f(z) = f(y)l <e.

2

Example. Let us prove that the function f(x) = z* is continuous for any z € R.

Note that
2% —y?| =z —y| - |(y — ) + 22| < |z —y| - (Jo — y| + |22]) < 6% + 2[x]d.

Suppose § = min(\/g, ﬁ) Since both items are not greater than 5, it follows that
|22 — %] < e.

You may use results of the next three problems in the sequel without proof.

50. Prove that the function f(z) = < is continuous for any z € (0, +00), the function
f(z) =/ is continuous for any z € (0, +00), the function f(x,y) = =+ y is continuous
for any (r,y) € R2.

51. Let the function g(x) be continuous for any € M C R™, let range of g(x) belongs



to N C R. Let the real-valued function f(y) be continuous for any y € N. Prove that
the function f(g(x)) is continuous for any = € M.

52. a) Prove that the polynomial P(x) in one variable is continuous for any z € R.
b) Prove that the polynomial P(z1,...,z,) in n variables is continuous for any
(T1,...,2n) € R

We say that the real numbers a, b, ¢ obey the symmetric relation G, if the equality
9(p,q,7) = 0 holds, where ¢ is a continuous function in 3 variables.

53. Let the variables a, b, ¢ obey the symmetric condition G. Fix some value r > 0 such

that there exist p, ¢ > 0 for which the triple (p,q,r) is acceptable and G(p,q,r) = 0.
Assume that the condition G is equivalent to p = f(¢q) (while r is fixed), where f is a
function defined below, and a set of admissible ¢ is bounded. Prove that ¢ attains its
maximal and minimal value. Moreover, in both cases two variables of a, b, ¢ are equal
when

a) f is a linear function;
b) f is a polynomial.

54. Let the variables a, b, ¢ obey the symmetric condition G. Let (z,y, 2) be an arbitrary

permutation of (p, ¢, ). Fix some value z > 0 such that there exist x,y > 0 for which the
triple (p, ¢,7) is acceptable and G(p, g,r) = 0. Assume that the condition G is equivalent
to z = f(y) (while z is fixed), where f is a polynomial, and a set of admissible y is
bounded. Prove that y attains its maximal and minimal values. Moreover, if z = r,
then the equality (a — b)(b — ¢)(¢ — a) = 0 holds for any extreme point, otherwise
abc(a — b)(b — ¢)(c — a) = 0 holds for any extreme point.

Remark. Let I be a union of segment containing admissible y. Statement of the previous
problem is also true when f is continuous function for any point of I. If you solve the
previous problem, you may use this fact in the sequel without proof.

Example. Let a, b, ¢ be non-negative numbers such that a? + b? + ¢® + abc = 4.
Prove that

a+b+c>2+/abc(d—a—b—c).

Proof. The desired inequality can be written as
p22+Vr(d—p), (%
p2—4+r

while the relation a* + b* 4 ¢* + abc = 4 can be written as 2=-" = ¢. If variable r is
fixed, we can write the desired inequality as f(p) > 0, where f(z) =2 —2 — \/r(4 — x)
is a monotonic function. Therefore, it suffices to check (x) for the smallest value of p.
From the problem 54 it follows that it suffices to check the desired inequality for a = b.
If a = b, then ¢ = 2 — a?. The desired inequality can be written as

a4(a -1)%>0.



Equality holdsif a=b=c=1; a=b=0,c=2; a=¢c=0,b=2; b=c=0,a=2.

55. Let a, b, ¢ be non-negative real numbers such that (a +b+c)(1 + § + 1) = 10.
Prove that

8 “ab+bct+ca 5

2 2 2
9<a +b*+c <6

56. Let a, b, ¢ be positive real numbers such that a + b+ ¢ = % + % + % Prove that

(a+b+c)(1+ abc) > 6.

57. Let a, b, ¢ be non-negative real numbers such that ab+bc+ca = a® + b3+ 3. Prove
that
ab+be + ca > a?b® + b2 + 2a’.

58. Let a, b, c be non-negative real numbers, p, g, are defined naturally. Prove that if
q+r =4, then
p> —27r > 7(p* — 3q).

59. Let a, b, ¢ be positive real numbers such that a?+b?+c? = ab+bc+ca+ (abc—1)2.
Prove that
ab+bc+ca+3=2(a+b+c).

7 n variables

Up to this point we considered symmetric inequalities in 3 variables. What can we say
if there are more than 3 variables?

The ball (the sphere) in R™ of radius r and center x is a set of points y such that
[lz —y|| <7 (|| —y|| = r, respectively). In particular, if n = 2, then ball is a circle and
sphere is a circumference.

Consider a sequence z1, zs, ... in R™. We say that this sequence converges to the point
z, if for any € > 0 the exterior of the ball of radius € and center z contains only finitely
many elements of this sequence.

Example. Since there are only finitely many elements of the sequence z, = %, where
n € N, in the exterior of the segment [—e, ], it follows that z, converges to z = 0.

Consider a set of points M in R™. The point z is called a limit point of M if there
exists a sequence of points z1, 29, . .., where z; € M and z; # z, converging to z. We say

that the set M in R"™ is closed, if it contains all its limit points.

Example. Since 0 is a limit point of the interval (0,1) but does not belong to it,
this interval is not a closed set. Conversely, the segment [0, 1] is a closed set.

10



We say that the set M in R™ is bounded, if there exists constant C' such that for any
x = (x1,%2,...,Tn) € M and for any ¢, 1 < i < n, |z;] < C. The set M in R" is called
a compact set if M is closed and bounded.

60. Is the segment [0, 1] a compact set? The ray [0, +00)? The point (1,1,...,1)? The
ball of radius 1 and center (1,1,...,1)? The same ball without the point (1,1,...,1,0)7
The sphere of radius 1 and center (1,1,...,1)7?

You may use result of the next problem in the sequel without proof.

61. Consider a number of relations
Pi(z1,...,2,) =0,...,Ps(z1,...,2) =0, Psp1(x1,...,2n) 20,..., Pp(z1,...,2,) =0,

where m € N, s € Ny, Py,..., P, are polynomials in n variables. Let M be a set of
points obeying this relations. Prove that if M is bounded, then M is a compact set.

We need the following classical theorem of calculus. You can use it without proof.

The Weierstrass theorem. Continuous function on a compact set attains its maximum
and minimum.

Example. The function z? on the segment [0, 1] attains its maximum and minimum.
However the Weierstrass theorem doesn’t imply an analogous statement for x2 on the
half-interval (0, 1].

62. Let f(x1,x2,...,2,) be a symmetric continuous function on the compact set M C
R™. Let f be such that if ag,...,a, are fixed (and there exist a;, as, ag such that
(a1,...a,) € M), then the function

h(x17$271'3) = f(fEl,SCQ,IIZg,CL4, e 7an)

attains the maximal and minimal values only when (z; — z2)(z2 — z3)(z3 —21) =0 (or
x12923(x1 — x2) (22 — x3) (23 — 1) = 0). Prove that the function f attains its maximum
and minimum. Moreover, in both cases there are less than 3 different numbers among
Z1,...,%, (or there are less than 3 different non-zero numbers among x1,...,Z,).

Example. Let a, b, ¢, d be non-negative real numbers such that a +b+c+d = 4.
Prove that
3(a® 4+ b* 4 ¢* 4 d?) + 4abed > 16.

Proof. From the problem 61 it follows that the given relations define a compact set. By
definition, put
f(a,b,c,d) = 3(a® + b + % + d?) + 4abcd.

From the problem 52 we can say that f is a continuous function. Fix d = dy > 0. By
definition, put p =a + b+ ¢, ¢ = ab+ bc + ac, r = abc. Consider the function

h(a,b,c) = f(a,b,c,do) = 3(a® 4+ b* + ¢* + d3) + dabedy = 3p? — 6q + 4dor + 3d3 =

11



= 3p* — 6q + 4dor + 3d3.

Fix p and r. Since h linear in ¢, it follows that h attains its minimum only when (a —
b)(b— ¢)(c — a) = 0. From the problem 62 it follows that it suffices to prove the desired
inequality when there are less than 3 different numbers among a, b, ¢, d.

e Considering a = b and ¢ = d = 2 — a, we obtain
4a—1)2((a—1)>+1) = 0.
Equality holdsif a=b=c=d = 1.
e Considering a = b = ¢ and d = 4 — 3a, we obtain

4(a —1)*(4 — 3a)(a+2) > 0.

< %, if follows that inequality holds true Equality holds if a = b = ¢ =

nce a <
=0; a=b= df c=0; a=c=d=1% 3,0 =10; bfcfdfs,afO.

S
4
3.d
63. Let a, b, ¢, d be non-negative real numbers such that a + b+ c+ d = 1. Prove that
A—a®)?+(1-0*)+1 -’ +01-d*)?>3.

64. (Russia TST, 2015) Let a, b, ¢, d be non-negative real numbers such that a2 + b2 +
c? + d? = 1. Prove that

a® + 0%+ + d® + abe + bed + eda + dab < 1

65. (IMO Shortlist, 2010) Let a, b, ¢, d be real numbers such that a4+ b+ c+d = 6 and
a® + b% + c? + d? = 12. Prove that

a) abed < 3;

b) 36 < 4(a® + b3 + 2 + d®) — (a* + b* + ¢ + d*) < 48.

66. Let a, b, ¢, d be non-negative real numbers. Prove that

a® + 0% 4+ d® + 4VaB3c3d3 > 2(abe + bed + cda + dab).

67. (Russia, 2016) Let a, b, ¢, d be positive real numbers such that a + b+ ¢+ d = 3.
a) Prove that

1 1 1 1 1
2 TRt etES wpar
b) Prove that
1 1 1 1 1
STt atES Spas
c) Let = be real number not less than 2. Prove that
11 1 1 [a=-Ha-Ha-Ha-/° 1
ettt +7+( A=) -] .
a® b* d® 2 a®b®crdz
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68. Let a, b, ¢, d be non-negative numbers such that a + b + ¢ + d = 4. Prove that

11 1 1
ST Eptatptiz 2(a® + 0% + & + d°).

69. Let a, b, c, d, e be real numbers such that a+b+c+d+e = 20, a? +b> +c?+d>+e? =
100. Find extrema of
abed 4 abce 4 abde 4 acde + bede.

70. Let a, b, ¢, d be positive real numbers such that a + b+ c+d = % + % + % + é
Prove that
(a+ b+ c+d)(17 + 46abcd) > 252.

8 Additional problems

In the problems below you can apply pgr-method in the non-obvious way.

71. (APMO, 2004) Let a, b, ¢ be real numbers. Prove that

(a® +2)(b* +2)(c* +2) > 9(ab + bc + ca).

72. (Iran, 2005) Let a, b, ¢ be real non-negative numbers such that a2+1 + b2+1 + 2+1 =
2. Prove that

3
ab -+ be + ca < 3

73. Let a, b, ¢ be side lengths of an acute triangle and R be a circumradius of this
triangle. Prove that

74. (Shortlist IMO, 2011) Let a, b, ¢ be side lengths of a triangle such that a?+b>+c? = 3.

Prove that
a b c 3

(b+c—a)2+(a+c—b)2 + (a+b—c)? > (abe)?”

75. The polynomial G(a,b,c) in 3 variables is called cyclic if G(a,b,¢) = G(b,c,a)=
G(c,a,b). Prove that any cyclic polynomial in a, b, ¢ can be written as X(a,b,c) +
Y(a,b,c)(l12 — l21) (X and Y are symmetric polynomials).

76. Let a, b, ¢ be positive real numbers such that a2 + 0% + ¢ = %(ab + bc + ca). Prove
that o5

(a®> +0* + )2 > g(a?’b +bPc+ cta).
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77. Let a, b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Prove that

(a®b 4 b*c+ c*a)(ab + be + ca) < 9.

78. Let a, b, ¢ be positive real numbers such that a? + b% + ¢? = 3. Prove that

a? 430 b +3c2 2+ 3d? S
a+3b b+ 3¢ c+ 3a

79. Let a, b, ¢ be non-negative real numbers. Prove that

10(a + b+ ¢)® = 81(a? + b* + *)(a®b + b?c + c*a + Tabe).

80. (Korea, 2012) Let a, b, ¢ be non-negative real numbers such that a? + b* + ¢? =
2abc + 1. Find the maximum of

(a — 2be)(b — 2ca)(c — 2ab).

81. Let a, b, ¢ be real numbers such that a, b, ¢ € [0,1] and (1 —a)(1 —b)(1 —¢) = abe.
Prove that b 5
Ayt IR CS S
2 2
82. Let a, b, ¢ be non-negative real numbers such that a? + b% + ¢? + abc = 4 and
a+ b+ c > /8. Prove that

a+b+c>2+ Vabe.

83. Let a, b, ¢ be non-negative real numbers such that a? + b% + ¢ — (ab + bc + ca) =
11(a + b+ ¢ — 3). Prove that

Va+2+vVb+2+vVet+2>Va+b+ e+ 24.

84. Let a, b, ¢ be positive real variables such that abc = 1. Prove that

a)
a4+ +c"0>3+45((a—1)*+(b—1)>+ (c—1)%);

b*)
a4+ 0"+ >3+46((a—1)°+ (b—1)"+ (c—1)*);
c) there exists k > 0 such that for any natural number n > 3
a"+ 0"+ =3+ kn((a—1)2+ (b -1)2+ (c—1)%);

d*) there exists k£ > 0 such that for any natural number n > 3

a"+ 0"+ " =3+ kn*((a— 12+ (b—1)2+ (c—1)?),

14



but there is no € > 0 such that there exists & > 0 such that for any natural number
n>=3
a" b+ =3+ K ((a— 1)+ (b—1)2 4+ (c—1)?).

85. Let a, b, ¢ be non-negative real numbers such that (a + 1)(b+ 1)(c + 1) = 84,
(a+b+c)(ab+ bc+ ac) = 14256 Find the maximum of

abc

(a4 b+ c)* + (ab + be + ac)?® + a®b*c2.

86. Let a, b, ¢, d be non-negative real numbers such that a+b+c+d = 3, a®>+b*+c*+d? =
5, a* + b* + ¢* + d* = 17. Find the maximum of d.
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SCTT The pgr-method august 2016

A. Doledenok, M. Fadin, A. Menshchikov, A. Semchankau

Almost all inequalities considered in our project are symmetric. Hence if plugging
(a0, bo, cp) into our inequality we obtain an equality, then plugging a permutation of
(a0, bo, co) into the same inequality we also obtain an equality. For brevity, we shall
mention only triples that are not permutations of one another.

Therefore after reducing our inequality we assume without loss of generality that either
a=bora=0.

1. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 1. Prove that
1+ 12abe > 4(ab + be + ca).

Solution. The desired inequality can be written as 1 + 12r > 4¢, and the relation
a+ b+ c =1 can be written as p = 1. Fix p and r. Then ¢ attains the maximal value
when a = b and ¢ = 1 — 2a. Substituting a = b and ¢ = 1 — 2a, we get

3
1 1
24a3—24a2+8a—1<0<:>24<a—3> —ggo.

The left hand side attains its maximal value when a does, i.e. a = % Equality is attained
whenazbz%,(::O.

2. Let a, b, ¢ be real numbers such that
a+b+c=9, ab+bc+ ca=24.

Prove that 16 < abc < 20. Prove moreover that for any r € [16,20] there exist real
numbers a, b, ¢ such that a +b+ ¢ =9, ab + bc + ca = 24, abc = r.

Solution. From the problem 22 it follows that numbers a, b, ¢ are real if and only if p,
g, v are real and T'(p,q,r) > 0. Substituting p = 9 and g = 24, we get
T(9,24,7) = —27(r — 16)(r — 20).

Its value is non-negative if and only if r € [16, 20].

3. Let P be a symmetric polynomial of degree not greater than 5. Prove that if
P(a,a,c) > 0and P(0,b,c) > 0 for all non-negative real numbers a, b, ¢, then P(a,b,c) >
0 for all non-negative real numbers a, b, c.

Solution. We have P(a,b,c) = A(p,q)r + B(p,q). Fix p and q. Since P(a,b, ¢) is linear



in r, it follows that P(a,b,c) attains its maximal and minimal values only when either
a=bora=0.

4. (Russia TST, 2015) Let a, b, ¢ be non-negative real numbers such that 1+a+b+c =

2abc. Prove that
ab be ca 3

= —.
1+a+b+1+b+c+1+c+a 2
Solution. The desired inequality can be written as

2¢> —q(p+1)+9r +2pr —3(p+1)% >0,

and the relation 14+ a+ b+ ¢ = 2abc can be written as 1+ p = 2r. Fix p and r. The left
hand side is a quadratic polynomial in g, its leading coefficient is positive. Its minimal
value is attained when ¢y = pTH.

Let us prove an inequality 4¢ — (p + 1) > 0. Fix p and r. Left hand side attains its

minimal value when ¢ does. Substituting a = b, ¢ = 352% in 4¢ — (p+ 1) = 0, we get

8a* — 4a® + 10a® 4 8a > 0,
which is correct.

Since 4g—(p+1) > 0, it follows that left hand side is an increasing function. Substituting

a=band c = 352% in the desired inequality, we get

a(2a® —2a —1)* > 0.

1+3

Equality is attained when a = b =c= -5

5. (Iran TST, 1996) Let a, b, ¢ be non-negative real numbers such that ab+bc+ ca # 0.

Prove that
(ab+ bc + ca) ! + ! + ! > 9
a ¢+ ca > —.
(a+b)? (b+c¢)?  (c+a)? 4

Solution. The desired inequality can be written as

dgpr + a0 — 2%+ ¢%) _ 9
(pq —1)?

~

Fix p and ¢. Since r < pg, it follows that left hand side attains its minimal value when
r attains either maximal or minimal value.

e If ¢ = 0, then the desired inequality can be written as

(b—c)?(b* + bc+ %)

> 0.
2bc(b + ¢)? 0

Equality is attained when a =0, b = c.



e If a = b, then the desired inequality can be written as
tit—1)2>0,

where ¢ = {. Equality is attained when a =b = c.

6. Express a + b2, a® + b3, a* +b*, (a — b)? in terms of a + b and ab.

Solution.
a® 4+ b* = (a + b)* — 2ab,

a® +b® = (a+b)(a* —ab+b*) = (a+b)((a + b)* — 3ab),
a* +b* = (a® + %)% — 2a*b* = ((a + b)* — 2ab)* — 2(ab)?,
(a—b)? =a®+b*—2ab = (a+b)? — 4ab.
7. Express polynomials a? + b% + ¢2, a?b + ac + b%a + b%c + c2a + c2b, a® + b3 + 3,
(ab)? + (be)? + (ca)?, a* +b* + ¢, (a +b)(b+ c)(c+ a) in terms of p,q,r.

Solution.
a>+ 0>+ =(a+b+c)* —2(ab+ be+ ca) =p* —2q,

a’b+ d*c+ b?a + b*c + ?a + c*b = (a + b+ ¢)(ab + ac + be) — 3abe = pq — 3r,
a® + 03 + ¢ =p® — 3(a®b + a®c + b%a + b*c + c*a + *b) — 6abc = p* — 3pq + 3r,
(ab)? + (bc)? + (ca)* = (ab + be + ca)? — 2(ab*c + abc® + a*be) = ¢* — 2pr,
a* + bt + ¢t = (a® + 07 + ) = 2(a?? + b2 + Fa?) = pt — 4pq 4 2¢° + 4pr,
(@a+b)b+o)cta)=(p-c)p—a)lp—b)=p"—p-p*+pg—r=pg—r
8. By definition, put s; = a* 4+ b* 4 ¢* for any non-negative integer number k. Express
sk (k> 3) in terms of p, q, 7, Sg_1, Sk—2 and sk_3.

Solution. Let us prove that s, = psp_1 — qSk_2 + rSk_3.

PSp_1—qSk_2+75p_3 = (a+b+c) (a1 4T — (ab+betca) (aF 2402 4R 4
+abe(aF =3 0P 73 4 P = (s + ab T 4 ack T FbaP T 4 b T 4 cdf T f et —
— (@bt +ac* "t + baF Tt bk 4 caF T 4 b 4 ab T2+ ab 2 e 4+ aF2be) +
+ (abc* =2 + ab*2c + a*2be) = 5.

9. Prove that any symmetric polynomial in a, b, ¢ can be expressed as a polynomial in

b, q,T.

Solution. Let G(a, b, ¢) be a given polynomial. G = G; + G2 + G3, where all monomials
in G; contain ¢ variables, i = 1,2, 3. From the previous problem it follows that G; can
be expressed as a polynomial in p, g, . Since an equality

SkS| — Skl = abot + aFct + bFal + vF et + Fal + FY!



holds, it follows that G can be expressed as a polynomial in p, ¢, r. Finally, for a sum
akble™ 4 ... in G3 we factorize (abc)™ (where n = min(k,l,m)) and reduce our problem
to the previous cases.

a+b+c=t

)
10. Let ¢ be a real number. Solve a system of equations: a? + b2 +c? =2,
a4+ b3 43 =t
a+b+c=t p=t p=t
Solution. { a? + >+ =12 & { p? —2¢ =12 S <¢qg=0
A+t =t p® —3pq+3r =13 r=0

If ¢ =0, then two of a, b, ¢ are equal to zero. So, there are 3 solutions: a =b=0,c=1
and its permutations.

11. Let a, b, ¢ be real numbers. Prove that ¢> > 3pr.

Solution. Substituting a, b, ¢ in the desired inequality, we get

1 1 1
(ab+ bc + ca)®> > 3(a+ b+ c)abe. < §(ab —ac)® + §(ab —be)* + i(ac —be)? > 0.

12. Let a, b, ¢ be non-negative real numbers. Prove that g > \/g > Ir.

Solution.

Wi

2\/§ & p?>23¢ & a2+ b2+ > ab+ be + ca.

\/gw; A T

Using the AM-GM inequality for ab, be, ca, we get the desired inequality.

13. Prove that a and b are roots of equation 2> — pr + ¢ = 0 and there are no other
roots.

Solution. (z —a)(x — b) = 2% — (a + b)x + ab = 2> — px + ¢. Left hand side equals 0 if
and only if either £ = a or x = b.

14. Prove that if p and ¢ are real, then either a and b are both real or b is the complex
conjugate of a.

Solution. If a is real, then b = p — a is also real as a difference of real numbers. Assume

that a = x 4 yi, where y # 0. Then b =p —a = (p — z) — yi. Since
q=ab=(z+iy)(p—z —yi) = (xp — 2 +y°) + (py — 22y)i,

it follows that py —2zy =0 and p=2z,s0 b=z — yi = a.

15. Prove that if p and ¢ are real, then (a — b) is either real or pure imaginary.

Solution. It is an obvious corollary of the previous problem.

16. Which conditions (particularly, inequalities) should satisfy p and ¢ for a and b to
be real?



Solution. p and ¢ should be real numbers and p? — 4¢ should be non-negative.

17. Prove that a and b are real and non-negative if and only if p and ¢ are non-negative
real numbers which satisfy conditions from the previous problem.

Solution. It is an obvious corollary of the previous problem.

18. Prove that a, b, ¢ are roots of equation x> — px? 4 gz —r = 0 and there are no other
roots.

Solution. The proof is similar to the proof of the problem 13.

19. Prove that for real numbers p’, ¢/, v’ there exist complex numbers a’, b, ¢/ (unique

up to a permutation) such that p’ =a’ +V' +, ¢ =a’V/ +V +d’, v = d'b'c. Prove
moreover that either numbers a’, b, ¢’ are real or a’ is real and b’ is a complex conjugate
of ¢ (up to a permutation).

Solution. Since any polynomial of odd degree has a real root, it follows that the desired
statement is an obvious corollary of the problem 14.

20. Assume that p, ¢, and r are real numbers. Prove that if a, b, ¢ are real, then
(a —b)(b— ¢)(c — a) is real, otherwise it is pure imaginary.

Solution. If a, b, ¢ are real numbers, then the problem is obvious. Let a be a real
number, b = x + yi, c = x — yi. Then

(a=b)(b—c)(c—a)=—(a® = (b+c)a+be)(b—c) = —2yi(a® + 2ax + x2 + y?).

21. Prove that
(a—b)2(b—c)*(c — a)* = —4p3r + p?¢* + 18pqr — 4¢> — 277>,

Solution.

(a=b)*(b—c)*(c—a)? = (ab*+bc*+ca®—a*b—b*c—c?a)? = (ab*+bc*+ca’+a*b+-b c+ca)’ -

—4(a®b + b2c + c*a)(ab® + bc? + ca?) = (pq — 3r)* — 4((ab)® + (bc)® + (ca)?) —
— 4(a*bet-abtc+abc +3(abe)?) = (pg—3r)2 —4(¢> —3pqr+3r2)—4r(p® —3pg+3r)—12r% =
= —4p3r 4+ p?¢% + 18pqr — 4q¢°® — 2712,

22. Criterion for reality. Let (p,q,r) be a triple of real numbers. Prove that the
numbers a, b, ¢ (which are defined as the roots of ® — px? + gz — r = 0 counting

multiplicities) are real if and only if T(p,q,r) > 0, where T'(p, ¢,7) is a polynomial in 3
variables defined as T'(p, q,r) = —4p3r + p*¢* + 18pqr — 4¢> — 27r2.

Solution. It is an obvious corollary of the problems 20 and 21.

23. Non-negativity lemma. Prove that p, ¢, » > 0 and T'(p,q,r) > 0 if and only if
a, b, ¢ are non-negative real numbers.



Solution. It is an obvious corollary of the previous problem.

24. r-lemma. Fix some values p = pg and ¢ = g¢ such that there exists at least one
value of r for which the triple (po,qo,7) is acceptable. Prove that such triple with the
minimal value of r corresponds to a triple (a, b, ¢) in which either two numbers are equal,
or abc = 0. Prove moreover that such triple with the maximal value of r corresponds to
a triple (a, b, ¢) containing two equal numbers.

Solution. For triple (p,q,r) to be acceptable it is necessary to have T(pg,qo,7) = 0
and r > 0 (po, go are non-negative, by the condition). Since T'(po, qo,r) is a quadratic
function in r with non-negative leading coefficient, it follows that T'(po, qo,7) = 0 defines
a segment. Therefore the maximal value of r is right end-point of that segment and the
minimal one is either left end-point or 0. Since T'(pg,qo,7) = 0 in the end-points, it
follows that two numbers of a, b, ¢ are equal (T'(p,q,7) = (a — b)?>(b — ¢)?(c — a)?). If
r = 0, then one number of a, b, ¢ equals 0.

25. ¢g-lemma. Fix some values p = py and r = ry such that there exists at least
one value of ¢ for which the triple (pg, g, 70) is acceptable. Prove that such triples with
minimal and maximal values of ¢ correspond to a triple (a,b,c) containing two equal
numbers.

Solution. T'(po, q,70) is a third degree polynomial in ¢ with negative leading coefficient.
Constant term equals —4p3ro — 27rg, so it is negative. Therefore T(pg,q,79) = 0 defines
a union of a segment with non-negative end-points and a ray (—oo,¢’], where ¢’ < 0.
Now the proof is trivial.

26. p-lemma. Fix some values ¢ = ¢ and r = ry > 0 such that there exists at least
one value of p for which the triple (p, go,70) is acceptable. Prove that such triples with
minimal and maximal values of p correspond to a triple (a,b,¢) containing two equal
numbers.

Does the same statement holds true when rq = 07

Solution. The proof is similar to the proof of the problem 25 when ry # 0. If g = 0,
then p € [2,/q0, +00), i.e. p is unbounded.

27. Let a, b, ¢ be non-negative real numbers such that % + % + % = 1. Prove that
(a—1)(b—-1)(c—1) = 8.
Solution. The desired inequality can be written as
r—q+p—-920

and the relation < +  + 1 =1 can be written as ¢ = r. From relation it follows that
r # 0. Fix ¢ and r. Then p attains the minimal value when a = b. Substituting a = b
and ¢ = ﬁ, we get
2a% — 12a + 18 = 2(a — 3)* < 0.
Equality is attained when a = b =c = 3.
28. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 3. Prove that
1 1 1

<
9—ab+9—bc+9—ca\

| w



Solution. The desired inequality can be written as
—3r2 +19rp — 99¢ + 243 > 0

and the relation a + b + ¢ = 3 can be written as p = 3. Fix p and r. Then ¢ attains the
maximal value when a = b. Substituting a = b and ¢ = 3 — 2a, we get

6a* — 9a® — 27a% + 57a — 27 = 3(a — 1)*(2a*> + a — 9) < 0.
Since 0 < a < %, it follows that 2a%+a—9 < 0. Equality is attained when a = b = ¢ = 1.
29. Let a, b, c be non-negative real numbers such that a 4+ b+ ¢ = 3. Prove that

1 1 1 2
+ + > .
14+2ab 14+2bc 1+2ca ™ 1+ abc

Solution. The desired inequality can be written as
4r%p 4+ 4drqg —4rp — 1602 +3r +1 >0

and the relation a 4+ b+ ¢ = 3 can be written as p = 3. Fix p and r. Then ¢ attains the
maximal value when a = b. Substituting a = b and ¢ = 3 — 2a, we get

4a* —12a® +13a* — 6a + 1 = (2a — 1)*(a — 1)* > 0.
Equality is attained when a =b=c=1,a=b=§ and c = 2.
30. Let a, b, c be non-negative real numbers such that a+b+c = 4 and a? +b? +c? = 6.
Prove that
a® + b5 + % <a® + b7+ c° + 32
Solution. Using condition, we get p = 4 and ¢ = 5. Now, by problem 8,
a® + b5 + & =p® — 5p3q + 5pg® + 5pr — 5qr,

a® + b5 + 8 =p°® — 6plqg + 6p3r + 92 — 12pgr — 2¢° + 3r%.

Substituting these equalities in the desired inequality, we get inequality that can be
easily proved. Equality is attained when a =b =1 and ¢ = 2.

31. Let a, b, ¢ be non-negative real numbers such that ab + bc + ca # 0. Prove that

1 n 1 n 1 S 10
a2+b2 2+ 2+a?” (a+b+c)?

Solution. The desired inequality can be written as

p' —4p*q+5¢* —2pr 10
@*p* = 2¢° — 2p3r +dpgqr — 12 7 p?

& 10r% + r(18p® — 40pq) — 10p%¢® + 204> + p°® — 4p3q + 5pg® > 0.

Since p? > 3¢, it follows that 18p3 —40pg > 0 and the left hand side attains the minimal
value when r is minimal.



e If a =0 and t = %, then the desired inequality can be written as

20t — 1182 + 4t +1 > 0.

e Ifa=0andt= %, then the desired inequality can be written as

(t—1)2(t* + 43 + 12 + 4t + 1) > 0.

Equality is attained when a =0, b = c.

32. Let a, b, ¢ be non-negative real numbers. Prove that
a® + b° + & + abe(ab 4 be + ca) > a®b?(a + b) + b* (b + ¢) + c*a®(c + a).
Solution. The desired inequality can be written as
p° — 5p3q + Tp*r + 4pg* — 3qr > 0.

If a = b = ¢ = 0, then inequality turns out to be equality. Fix p and q. Since 7p? > 3q,
it follows that left hand side is linear in r and the minimal value is attained when r is
minimal.

e If a =0, then the desired inequality can be written as
(b2 = AP =) = (b—c)?(b+c) (b +bc+c*) > 0.
Equality is attained when a =0, b = c.
e If ¢ = b, then the desired inequality can be written as
c(c? —a*)? >0.

Equality is attained when a = b = c.

33. a) Let a, b, ¢ be non-negative real numbers. Prove that

a* + b+ ¢t 3abc 2
> 22+ b2 2y
ab+bc+ca+a+b—|—c 3(& b7+ )

Solution. The desired inequality can be written as
3p° — 14p3q + 8¢%p + 12p°r + 9qr > 0.

If a = b = c =0, then inequality turns out to be equality. Fix p and ¢. Left hand side is
linear in r and the minimal value is attained when r is minimal.

elfa=0andt= %, then the desired inequality can be written as

3t — 23 —2t+4>0.



e If a =0 and t = %, then the desired inequality can be written as
45 — 5th 4+ 61 — 10t + 2t +3 = (t — 1) (4t + 3t> + 8t + 3) > 0.
Equality is attained when a = b = c.
b) Find the least non-negative real k such that the inequality

a* + b+ ¢t -k 3abe > a? + b2+ 2
ab + be + ca a+b+c 3

holds for all non-negative numbers a, b, c.

Solution. The solution is similar to the previous problem.

. 2,2 2, 2 2, 2
34. For positive real numbers a, b, ¢ define X = oH° 4 ot 4 gy = 20y

2a? b+c
2b 2c
o t o Prove that

4X 469 > 27Y.

Solution. The desired inequality can be written as

f(p,q,r) = —225r® — 50p°r2 + 4¢%r + 55pqr? + 6p*¢*r — dp*qr — 4pg* +2p°¢> > 0. (%)

Fix p = po and q = qo. Then f”(po, qo,7) = —13507 — 100p3 + 110poqo. Let us prove that
—1350r — 100p® + 110pq < 0.

Fix p and r. The left hand side is linear in ¢. So ¢ attains the minimal value when
a = b. Since inequality is homogeneous, we see that it is enough to prove inequality
when @ = b = 1. Substituting a = b = 1 in the desired inequality, we get

—20(5¢ +19¢% + 100c + 29) < 0,
which is correct.

From f"(po,qo,r) < 0 it follows that f is concave. So it attains the minimal value when
r is either minimal or maximal.

e Substituting a = 0 in (x), we get
pg®(2p* — 4q) > 0.
e Substituting a = b =1 in the desired inequality, we get
(c—2)*(c—1)2(4c+1) > 0.

Equality is attained when 2a =2b=cand a =b =c.



35. a) Let P(a,b,c) be a homogeneous symmetric polynomial of degree not greater than

8. Find an algorithm checking whether P is non-negative when a, b, c are non-negative.
We assume that we are ale to find extrema and zeroes of an arbitrary function in one
variable.

Solution. Without loss of generality, the degree of the polynomial P(a,b,c) is equal to
8. If a=0and t = ¢, then

P(0,b,c) >0 < P(0,0,c) >0, P(0,1,t) > 0.
If a=0band t= £, then
P(a,a,c) 20 < P(0,0,¢) >0, P(1,1,¢) > 0.
Consider an inequality
P(a,b,c) = A(q)r* + B(q)r +C(g) = 0

Fix ¢ such that A(q) < 0. Then P(a,b,¢) > 0< P(a,a,c) =20, P(0,b,¢) > 0. Fix ¢ such
that A(q) > 0. The left hand side is minimal when r = ro = —%. Since T'(p,q,r) = 0,

it follows that r belongs to a segment [ = [% — % 1—3q, % + %s/l — 3q].
If o ¢ I, then
P(a,b,c) > 0< P(a,a,c) = 0,P(0,b,¢) = 0.

If rg € I, then
P(a,b,c) >0 < Alq)rg + B(g)ro + C(q) > 0 & 44(q)C(q) — B*(g) 2 0. (¥)
Finally, we have the following algorithm:
1. Check that P(0,b,c) > 0.
2. Check that P(a,a,c) > 0.
3. Express an inequality P(a,b,c) > 0 in terms of p, ¢, r and substitute p = 1.
4. Find ¢ such that A(q) > 0.

5. Find ¢ such that ry = —2?4((";) el.

6. For ¢ belonging to the intersection of sets from 4 and 5 check ().

b) Find an analogous algorithm for a homogeneous symmetric polynomial of degree not
greater than 17.

Hint. Recall Cardano’s formula. Note also that arithmetical roots can be complex.

10



c*) Find an analogous algorithm for any homogeneous symmetric polynomial.

36. Let a, b, ¢ be non-negative real numbers such that /a + Vb + \/c¢ = 3. Prove that
2(a+b+4c—2)% 4 (ab+bec + ca)(2 +3(a+b+c)) > 35.

Hint. Perform the substitution a = 22, b = 32, ¢ = 22.

37. Let a, b, ¢ be real numbers such that a,b,c > 1 and a +b+ ¢ =9. Prove that
Vab +bc+ca > a+ Vb + Ve.
Hint. Perform the substitution a = (z + 1)?, b= (y + 1)?, c = (2 + 1)2.

38. Let a, b, ¢ be positive real numbers. Prove that

(bic)3+ (Cja)3+ (aib)3+ R

a
b+c?

Hint. Perform the substitution z =

_ b _c
Y= g7c» = g53- Then

Yy +yz + zx + 2xyz = 1.
39. Let a, b, ¢ be positive real numbers such that a? + b? + ¢ + abc = 4. Prove that
a? b2 c?
<
4—bc+4—ca+4—ab

Solution. The desired inequality can be written as

1.

abe(a®+03+c3)—4(a* 4% +c2) (ab+-betca) +a’b? P +16(a? +b>+c2) +16(ab+bet-ca) —64 < 0.
Since a? + b2 + ¢? = 4 — abe, we get
abe(a® + % + ¢ 4 4(ab + be + ca) + abe — 16) < 0.

Consider the case a = 0. Equality is attained when a = 0, b>4¢? = 4. Otherwise dividing
both sides by abc, we obtain
a® +b® 4+ ¢ <16 — abe — 4(ab + ac + be). (%)

Substituting x —2 for a, y—2 for b, z—2 for cin (*) and the relation a®+b?+c?+abc = 4,
where z,y, z > 2, we get
P> — 3pq + 4r < 6p* — 14q

and the relation r = 4¢ — p?. Multiplying both sides by 4q — p?, we get the homogeneous
inequality
(p* — 3pg + 4r)(4g — p*) < (6p* — 14g)r.

It is equivalent to the inequality

0 < r(10p® — 30q) — (p* — 3pq)(4q — p°).

The coefficient of r equals 0 if and only if x = y = z, i.e. a = b = ¢. Therefore equality
in the desired inequality is attained when a = b = ¢ = 1. Otherwise the right hand side
is minimal when r is minimal.
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o If z =0, then a = 2. Now if we recall a® + b> + c? + abc = 4, we get b = ¢ = 0.
This solution has been found before.

o If x =y, then
z=4r — 2 =4(a+2) — (a+2)* =4 —a°.

Therefore a = b, ¢ = 2 — a?. If we combine this with (*), we obtain
0< (a—1)*(a+2)%(a*—2a+2).
Equality is attained when a = b =c = 1.
40. Let a, b, ¢ be real numbers. Prove that
(a® + % +c*)? = 3(a®b + b’c + ca).

Equality holds if either a =b = c or

a b o b B c _a
sin® 47”  sin? 27'"  sin? %’ sin? 47“  sin? 27”  sin? %’
c  a b
sin? 47”  sin? 27’7  sin? %

Hint. Perform the substitution a = x + 2cos Zy, b = y + 2cos Tz, ¢ = z + 2cos 7.
Then we get homogeneous inequality.

But there exists another solutions. By definition put
f(a,b,¢) = (a® +b* + *)? = 3(a®b + b3c + *a).
Then either

1 1
fla,b,c) = §(a2 —2ab+ be — ¢ 4 ac)® + §(b2 — 2bc + ac — a® + ab)*+

1
+§(C2 — 2ac+ ab — b? + be)?,
or

1 3
fla,b,c) = Z(a2 +b* — 3ab + 3ac — 2¢*)? + Z(CLQ —ab — ac — b* + 2bc)?.

41. Find conditions on numbers p, ¢, r necessary and sufficient for
a) numbers a, b, ¢ to be not less than 1;

Solution. It is an obvious corollary of the problem 23. T'(p,q,r) > 0 and
(a—1)+(b-1)+(c-1)>0&p=>3,

(a—1DO-1D+b-—1(c—1)+(c—1)(a—1)>20<q¢—2p+3 >0,

12



(a—1)b-1)(c—1)20r—qg+p—1=20.
b) numbers a, b, ¢ to be side lengths of a triangle (perhaps degenerate);
Hint. Use the problem 23 for numbers (a +b —c¢), (a = b+ ¢), (—a+b+c).
¢) non-negative real numbers a, b, ¢ to satisfy 2min(a, b, c) > max(a,b,c).

Hint. 2min(a,b,c¢) > max(a,b,¢c) & 2a > b,2a 2 ¢,2b > a,2b >¢,2c > a,2c 2 b=
<a>20,020,¢20,(2a—b)(2b—a) > (2b—c)(20—b)>0, (2a —¢)(2¢—a) =2 0.

42, Let a, b, ¢ be real numbers such that a, b, c € [%, 3]. Prove that

a L b N c
at+b b+c c+a

(SRR

Hint. Perform the substitution z = g, y=1i,2="%

43. Let a, b, ¢ be side lengths of a triangle. Prove that

(a+b+c) 1+1+1 >6 a + b + ¢
a C .
b b+c¢c a+c b+a

44. Prove that there exists a polynomial S(z,y, z) such that the following conditions
are equivalent: (i) a,b,c are real numbers; (ii) S(z,y,z) > 0, where z = a + b + ¢,
y=a>+b+c% z2=a3+0+ .

Solution.

2 _ 3_3 2
S(m,y,z)zT(p,q,r)zT(x,x yz Ty + Z)

2 2

45. Prove that the following conditions are equivalent: (i) s € [3,10]; (ii) there exist
real numbers a,b,c such that a +b+c=4,a®> + >+ c®> =6,a> + b3 + 2 = s.
Solution. It is an obvious corollary of the previous problem.

46. (USA TST, 2001) Let a, b, ¢ be non-negative real numbers such that a? + b? + ¢ +
abc = 4. Prove that
ab + be + ca — abe < 2

Hint. c=a+b+c=p,y=a’+b*>+c? =p?> —2¢, 2 = abe.
47. (China-West, 2004) Let a, b, ¢ be positive real numbers. Prove that

L N S N
Va2 +02 V2t JE+a2 2T

Hint. Perform the substitution z = /1 + Z—i, y=1/1+ Z—i, z=4/1+ ‘CL—;

48. Let a, b, ¢ be non-negative real numbers such that a? 4+ b? 4 ¢? + nabc = n + 3 for
some real n.

a) Assume that 0 < n < 3. Prove that a + b+ ¢ < 3.
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b) Assume that % < n < 2. Prove that a + b+ ¢ < y/2(n + 3).
Hint. x = a+ b+ ¢, y = a® + b + ¢ + nabe, z = abe.

¢) Assume that n = 2. Prove that ab + bc + ac — abe < g
Hint. The proof is simular to the proof of the problem 46.

49. Let a, b, ¢ be non-negative numbers such that a? + b? + ¢ + abc = 4. Prove that
a®b? + b2 + c?a® > abe(2 + V4 — 3abe).

Hint. 2 = a®> 4+ b% + ¢ + abc = 4, y = ab + bc + ca, z = abe.

14






PaCHpOCTpaHeHI/Ie CJ1yYXOB

Sagaqy npejcrasisior: bypeuan O., Koxacs K., Kytomxkusan K., Yennokos I

1 3Badauwa o cnaemnukrax

Ecrb n cruternukos (n > 3). Kaxkiplil y3HAI 110 0JHOMY HOBOMY CJIyXy, Hem3BecTHOMY JApyrum. Co3Bo-
HUBIIIKACDH, JTBOE PACCKA3BIBAIOT JPYT APYry BCe M3BEeCTHBIE UM Cjiyxu. CIUIETHUKUA XOTAT JOOUTHCS TOTO,
9TOOBI KAXKIABII M3 HUX y3HAJ BCe nMerornuecs: ciayxu. [locmemoBaTebHOCTD 3BOHKOB, KOTOPas MTO3BOJISIET
9TOT0 JTOOUTHCS, HAZBIBAETCS CNOCOOOM ONOGEULEHUA.

B srux 3amauax MBI IBITAEMCST BBISICHUTDH, KaKO€ HAaWMEHbIIIee UUC/I0 3BOHKOB MOXKET OBITh B CIIOCODE
OTIOBeIeHus 1Tpr KaxKIoM 7. Criocod OmoBeIeHus ¢ TAKUM KOJUYIECTBOM 3BOHKOB HA30BEM HAUObICPET-
wum. BriosiHe MoKeT OBITH, 9TO UMEETCs HECKOJIBKO PA3JINIHBIX HAUOBICTPEHIIUX CIIOCODOB.

1.1. Kakoe HauMeHbIllee 9UCJI0 3BOHKOB HOTpe6yeTCH Y€ThbIPpEM CIICTHUKaM?

1.2. /TokaxKkuTe, 9TO €CJIU BCE 3BOHKU KaKOTO-HUOY/Ib CII0COOa, OTIOBEIIEHHS TPOJIEIaTh B 00paTHOM
HOPsiJIKe, CHOBA MOJIYIUTCS CIIOCOD OIIOBEICHUSI.

1.3. /lokaxkuTe, 4TO CYyIIECTBYET CIIOCOO OIOBEIIEHUA, COCTOANINN U3 2n — 4 3BOHKOB.

JotmycTtuM, 9TO N CIUIETHUKOB TPy MAJIH CIIOCOD OIOBEIIeHNsT, TPeOYIonuit 2n — 5 3BOHKOB WJIU J1aKe
ere MeHbIe. BeibepeM camoe MaJieHbKOe 7, IIPU KOTOPOM CYIIECTBYET TaKOi cIocod omoBerneHust. Takoe
9UCJIO N OyZeM HA3bIBATH UHMEPECHDbIM, 8 HANOBICTPEHIINI CIIOCOO OIOBEINEHUs] IIPU TAKOM 7 HA30BEM
ceepxOvicmpouim. B ceyomux 3a1adax n3y4aroTcs CBOMCTBa CBEPXOBICTPOrO CIOCOHa OIIOBEIIEHUS.

1.4. Ilyctb n — unrepecuoe yucyo. Jlokaxkure, 9T0 B CBEPXOBICTPOM CIIOCOOE OTIOBEICHUS HUKAKNE
nBa crieTHuKa A 1 B He TOBOpWIN JAPYT C JAPYTOM 10 TestebOHy JTBAYK/IBI.

1.5. Ilycts n — unaTepecnoe uuco. CIJIETHUKN CTad 3BOHUTH JPYT APYry. B Kakoii-ro MoMeHT
crternuk A mossBonums ciieTHuKy B, uyTh nosxke B nossonusi C a eme nosanee C' mo3sormt A.
JlokazkuTe, 9TO CINIETHUKU MCIOJIB30BAJIN HE CBEPXOBICTPLII CIIOCOD OIOBEIEHMS.

1.6. CiuteTHUKHT 3BOHAT 110 CBEPXOBICTPOMY CIIOCOOY OTOBeIIeHus. B Kakoi-T0 MOMEHT CILIETHUK
A nozBonu B ciutetnuky B. Okazajioch, 9TO 9TOT 3BOHOK ObLT JJIsI CIUIETHUKA A ITOC/IeHUM.
JlokaxkuTe, 4TO /I CIJIETHUKA 1B 9TOT 3BOHOK TOYKE OBLT ITOCJIE HIIM.

1.7. ,B;OKa}KI/ITe, 9TO €CJI1 B COOTBETCTBHUHU CO CBer6bICprIM crrocoboM ciieTHuk A 3sonut crer-
HUKY B, TO HEIIOCPEACTBEHHO IIEPE] 3BOHKOM 9TU CIIJIETHUKW HE 3HAJIX HU OJHOI'O o6mero CJIyXa.

1.8. Jlokaxkute, 9TO CBEPXOBICTPBIN CIIOCOO OMOBEIIEHUs COJEPKUT He MeHee 21 — 5 3BOHKOB.

1.9. ,ZLOK&)KHT@, 9To IIpu CBer6bICTpOM criocobe OIIOBELICHMU A Ka)K,ILbeI CIJICTHHUK CJ/I€JIaJl HE MEHEee
TpexX 3BOHKOB.

1.10. JlokaxkuTe, 9TO IPU KaXKJIOM 71 HAMOBICTpEImii criocod copep:Kut 2n — 4 3BOHKOB.

2 HeobuwumeavHvie CNACTMHUKU

[Iycthb n criiieTHUKOB HE BCe 3HAKOMBI JAPYT C APYTOM, a M0 TesiedOoHy OOIATCs TOIBKO CO 3HAKOMbI-
mu. [lpu 3TOM cxema 3HAKOMCTB CILIETHUKOB IIpeJICTaBisseT coboit cBsa3ubiil rpad F. Ilens crurlerHUKOB
IPEXKHSAS — YTOOBI BCE Y3HAJU BCE CAYyXU 38 HAMMEHBIIEE UUC/IO 3BOHKOB.

Korna cruteranku ciesiaim HECKOIBKO 3BOHKOB, MBI MOYKEM IIOCTPOUTD 2padh 360nKk06 (G: BEPIIUHBI TPa-
dba — 10 cruteTHuKu, a pebpa — 3BOHKHU (B YaCTHOCTHU, MOT'YT MOSIBUTHCsI KpaTHbIe pebpa). Uro Kacaercst
[OPsiJIKA, B KOTOPOM COBEPIIAJIUCH 3BOHKH, Ta wHMopMalius B rpade G «yrpaderas. UTobbl BoccTaHO-
BUTHb XPOHOJIOTUYECKHI TTOPSIIOK 3BOHKOB, MBI MOYKEM CHAOXKATh pedpa JIONOJHUTE/TbHBIMUA METKAMHU.

2.1. Jlokaxkure, 910 JijIsi JTFOOOrO CBI3HOTO rpada F' HambbICcTpeiiuii crmocod cogepxKuT 2n — 3
win 2n — 4 3BOHKA.

2.2. Jlokazkute, uTo ecjin B rpade F comep:kutcs 1uki Cy, TO HAUOBICTPERIIUil CrIocod COIePKUT
2n — 4 3BOHKA.
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2.3. Jlokaxkure, uro ecau rpad F' comepxur ennncrsensstii ukia Cy (k # 4), To HauObICTpeTmii
CII0co0 CONEPKUAT 21 — 3 3BOHKA.

2.4. Jlokaxkure, uto ecyin rpad F' He comep:kut mukia Cy, TO HAUOBICTPERIIINI CIIOCOD COIEPIKUT
2n — 3 3BOHKA.

[IycTh cxema 3HAKOMCTB CIIJIETHUKOB IIPEJICTaBIseT co0O# CBsA3HBIN rpad F', HO Temnepb CIUIETHUKA
HCIIOJIB3YIOT BMECTO TejiepoHa Tesierpad, T. €. BpeMsi OT BPEMEHU CIUIETHUKH IOCHLIAIOT JIPYT JAPYTY Te-
JIETPaMMBbI, COJIepKalliie BCe U3BECTHBIE OTIPABUTEIO CIIJIETHHU.

2.5. Kakoe nanMenbliiee 4ncjio TeJerpaMm HOH&,ZLO6I/ITCH?

2.6. PaccMoTpuM «3KOHOMHBII» CII0COO OIOBeIIeHns, KOTOPbIil n3beraer jiydsimpoBanus HHMDOP-
MaIUK: KayKJIblil CIVIETHUK y3HAET U3 TeJIerpaMM KarKJIblil cIyx He 60siee ojHoro pasa. [Ipu rakom
PaCIpOCTPAHEHNUN CJIYXOB MOXKET CJIYUUTHCHA, UTO KTO-TO U3 CIUIETHUKOB IOJIYYIUT TeJerpaMMy,
IJIe CpeJid IPOodYero MpuBejieHa W ero ucxojnasd ciierHd. Jlokaxkure, 9To B KayKJIOM SKOHOMHOM
criocOe OIOBENIeHNs YUC/I0 TAKUX CIJIETHUKOB HE MeHbIte n — 1.

3 Bapuauusa 3adavwu o cnaemuuxaxr: NOHQO

IlycTb BCe N CIJIETHUKOB MONAPHO 3HAKOMBL. PaccMOTpHM Cilejlyiolee OrpDaHUYeHHe Ha PasrOBOPBI
CIUIETHUKOB: IIyCTh CIUIETHUKY COBEPIIAIOT 3BOHKH TaK, YTOObI HUKOMY U3 HHX HE IPHILIOCH YCJIbIIATH
cBoit coberBennblii cayx or gpyroro denoseka (NOHO: No One Hears Own).

OueBnHo, B 9TOM cilydae B rpade 3B0OHKOB GG He MOXKET ObITb KPATHBIX pebep (1 Jlazke TpeyrosbHu-
KOB), & BCE BEPIIMHBI UMEIOT CTEIeHb He MEHbIIe 2.

3.1. Herunmunas curyarus. [lycrs mMeroTcss Tpu CILUIETHHKA, 3HAIONUX CIyX A, elle TpH CILIeT-
HEKa 3HAIOT cjiyX B, jBa citerHuka 3uaior ciayx C u emie jBa ciiernnka — ciayx D. (Bceero,
suaqnt, 10 crsterHukoB.) CyIecTByeT Jin B 9TOM CJIydae CIIocod OMOBEIEeHUs, YI0BICTBOPSIIONTII
orpannaennio NOHO?

3.2. Ilpu kakoM n Bo3MmoOKHO pacipocTpanenue ciayxos NOHO?

3.3. Hoxkaxkure, aro B cxeme NOHO Tpebyercst 2n — 4 3BoHKA

4 Bapuauus 3adavu o cnaemnuxax: NODUP

PaccmorpuMm curyanmio, Koria n CIUIETHHKOB CTPOSIT CBOE OOINEHHE TaK, UTOOBI KaXKJbI pa3 Ipu
Becesie crutleTHUKN He 3HaMM HU ozxHOro obmero ciayxa (NODup: No Duplication). Takoe cpoiicTBo Ham
y2Ke BCTpedasioch B 3ajade 1.7, mpaBja, y HECyIIeCTBYIOMEro oobekTa. Bce CIieTHUKN 3HAKOMBI JPYT

C IPyTOM.

4.1. Bozmozxno yin pacrpoctpanenue ciyxos NODUP npu n = 127

4.2. ITyctp nmerorcs rpynnsl u3 13, 8, 6, 5, 4, 4 cruterankoB. Kaxkjias rpyria 3HaeT CBOM YHUKAIb-
ublil ciyx. CyInecTByeT Jin B 3TOM CJIydae Cloco0 OMOBEIeHNUs, YI0BJIETBOPAIONINI OrPAHUIeHUIO

NODUP?
4.3. Bozmozxno Jyin pacrpoctpanenue ciyxos NODUP npu n = 207
4.4. Ilpn kakoM n BO3MOXKHO pacrpoctpanenne ciayxo NODUP?

4.5. [Ipuseure npumep obmena ciayxon ¢ orpanndenneM NODUP za %n + ¢ 3BOHKOB JIj1s1 OECKO-
HEYHOI'O MHOXKECTBa, 3HAYCHUI N.

4.6. /lokaxkuTe, 9TO HaUMEHbIIIee IUCI0 3BOHKOB B cxeme onosernerunss NODUP we menbie gem
9
an + c.
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Zlonoanenusa x npedvidywum crodxHcemam

HazosemM cruteTHuka skxcnepmonm, eciim OH 3HAET Bee cayxu. Ha3oBeM criieTHUKA 3HAMOKOM, €CIIA CPETn
OCTAJILHBIX CIIETHUKOB HAMIETCsI TAKOM HE 9KCIIEPT, ITOCe PA3roBOPa ¢ KOTOPBIM 3TOT CILIETHUK CTAJI ObI
sKcrepToM. JIByX Takux 3HATOKOB OYJIeM B3aUMOJIOIOJIHSIOIUMU.

OTMeTnM OJIHY IOJIE3HYIO Uer0. Kcjim B HEKOTOPOM CIIOCODe OIOBEIeHusT CIUIETHUKA A u B craum
3HaTOKaMu 1rocsie 50-ro 3BOHKA, a BIIEPBbBIE TIOMOBOPUJIN MEXKTy coDoii 110 Tesiedony Jjmib Ha 100-M 3BOHKE,
TO IIOCJIEIOBATELHOCTh 3BOHKOB MOXKHO II€PECTABHUTH, IIOMECTHB 3BOHOK AB nHa 5l-¢ MecTo (M CIBUHYB
OCTaJIbHBIE), B Pe3yJibTaTe 9ero Crocod OMOBEIIeH sl Mo-TIpezKHeMy Oy/ieT paboTarh.

1.11. Cpejin cBepXOBICTPBIX CIIOCOOOB OIOBEIIECHUs, BHIOEPEM TAKOM, B KOTOPOM IEPBBIl 9KCIIEPT
HOSIBJISIETCsT KaK MOYKHO paHbIne. (flcHo, 4ro st aroro tpebyercss He MeHee m — 1 3BOHKOB.)
Badurcupyem 3ror criocod onoserrenusi. [loce Toro Kak mosiBUICS SKCIEPT, B KAXKJILIH MOMEHT
BPEMEHN IyCTh { — 5TO KOJIMIECTBO FKCIIEPTOB, 1M — HAUOOJIbINEe KOJMIECTBO HellepeceKaroImX-
¢ TIap B3aUMOJIOTIOJIHAIONINX 3HATOKOB. JloKakuTe, 4TO Jijid 3aBeplIeHns criocoba OMOBEIICHUS
TpebyeTcs He MeHbIe YeM 1 — £ — m 3BOHKOB.

1.12. TIpuaymaiiTe apyroe m0Ka3aTeIbLCTBO TeOPEMBI O criieTHHKax 1.10, ncmosib3yrolee moTynH-
BapUaHT U3 IMPepLIyIeil 3a1a4u.

4.3%. Hokazxkure, aro pacupocrpanerue ciyxoB ¢ orpanunderrneMm NODUP neBozmokHO:

a) npu n = 14; b) mpu n = 18.
4.4%. Jokaxkure, 1to iy n > 4 upu pacupocrpanenuu ciyxoB ¢ orpanndenneM NODUP kax iprit
CILIETHUK TOBOPWJI T10 TejiedboHy He MeHee TPex pas.

Ecre n xumukoB (n > 3). ¥V KaxK/J0ro uMeercsi yHUKaJbHbBI peakTus B Kosmdectse 1 kr. Korma
JIBA XUMHUKa BCTPEYAIOTCs, OHU MOPOBHY JeJAT BCe MMEIOIIUecs Y HUX peaKTWBLI. B Xoporreit momar-
Hell 1abopaTopun JOJIZKHBI OBITH IIPEJICTABIEHBI BCE UMEIOIIHECS] PEAKTUBBL. 3a 21 — 4 BCTpedn JOMAaIllHAe
J1abopaTOPUHU BCEX XUMUKOB MOTYT cTaTh Xopoinumu. Ho s addekTuBHoit 1aboparopun Tpedyercs, 94To-
OBl IMEIONEeCsT PEAKTUBBI IIPUCY TCTBOBAJIN B JIOCTATOTHOM KOJIMYECTBE, 8 MMEHHO: HE MEHee (v I'PAMMOB
KasKJI0TO0 pPeaKTHBa.

1.13. IIpu kakoM HamboJIbIIEM «v TOCe 2n — 4 BCTped JoMalllHie JIADOPaTOPUN BCeX XUMUKOB
MOT'YT CTaTh M (MEeKTUBHBIMU?

5 Ilaoxasa ceass

[Iycts mMmeercst n CIUIETHUKOB W HATypaJibHOE umuciao k. PaccMorpum cuTyaruio, KOrjia paciucaHue
3BOHKOB COCTaBJISIETCs 3apaHee W CIVIETHUKUA HE MOT'YT OT HEro OTKJIOHAThCA. Ho pu 9TOM M3BECTHO, 9TO
«CBSI3b IJIOXasl», U3 3a 9ero MOI'YT «COPBAThCsI» Kk 3BOHKOB (T.€. COOTBETCTBYIOIIME CIJIETHUKH HE CMOTYT
BO BpEMsl 3BOHKA IIOMEHSIThCsI CIyXaMu). AHAJOrMYHAs MOCTAHOBKA BOIIPOCA MOXKET OBbITh JIsi CJLydasi,
KOTJIa CIJIETHUKHM BMECTO 3BOHKOB HCIIOJIB3YIOT Tejerpad.

5.1. Pemmmre 3aj1a1y 0 IJI0XON CBSA3M JJIsI CIIydas «ILJIOXOU MOYTBI» — KOIJIA CIIJIETHUKH MOCBLIAIOT
TeJIerpaMMbl, kK U3 KOTOPBIX MOU'YT He JIONTH JI0 ajipecara.

a) Ilyctb ofH U3 CrIeTHUKOB — reHepaJi. Tpebyercst cOCTaBUTh TAKOe PaCICAHUe OTIIPAB-
JICHUA TeJIerPpaMM, JJIsd KOTOPOIr'o, HECMOTPs Ha IIJIOXYIO CBA3b, BCE CIJIETHUKUN CyMEIOT JOJIO2KHUTH
refepaJjy cBom ciyxu. Kakoe HanmMeHbIIee YUC/IO TeTerpaMM UM MOHAT00UTCS !

b) Kakoe nanmenbItiee 9ucio rejerpaMmM MOHa 00U TCs CIIETHUKAM, 9TOOBI BCE CMOIJIN Y3HATH
BCe CIyxu?

5.2. Ilycrb oiun u3 CIJIETHUKOB — TeHepaJi. Tpebyercd cocTaBUTh TakKoe paclucaHue 3BOHKOB,
4TOOBI HECMOTPS HA ILIOXYIO CBA3b, BCE CIVIETHUKU CyMeJIH JIOJIOXKHUTD reHepasty csou ciayxu. O6o-
3HaYUM uepe3 f(n, k) HaumMeHbIee YHCIO 3BOHKOB, KOTOPOE MOHAJI00MTCS CILIETHUKAM B ITOI
curyaruu. /Jokaxkure, 910

a) p(n,k) =[5 n] upu k >n —2.
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_ [k+2 :

b) p(n, k) = [E2- (n —1)] npu k < n —2;
5.3. Jlokazkure, 9TO HAMMEHBIIEE BO3MOXKHOE KOJIMYECTBO 3BOHKOB T(m, k) I CIUIETHUKOB C

IJIOXOH CBSA3BIO YJIOBJIETBOPSIET HEPABEHCTBAM:

a) T(n, k) < [(k+2)(n—1)];
b) Onenure 7(n, k) causy. 2Kenareapno, 9To0bI 9Ta OlEHKA OblIa HE CUIIBHO MEHbIIE OIeHKH
U3 [YHKTA a).

Tounoe suauenue 7(n, k) HenszpecTHo. UTO 2Ke KacaeTcsi BOIPOCA MPEIbILYINEH 33/ a1, U3BECTHA CJie-
Jyroniast oneHka cuusy: u(n,k) +n — 2y/n < 7(n, k). dsnsiercst o npu HUKCUPOBAHHOM K 11OCJIE10Ba~
resbaocTs 7(n, k) — (k + 2)n orpanndentoit — nenspectHo.

5.4. IlycTp Termepb 3BOHKH HE CPBIBAIOTCs, HO CIJIETHUKHU XOTAT, YTOOBI BCE CIIYXHU, KOTOPBIE UM
U3BECTHBI, ObLIN Hadeorchvimu. HaieKHbIM CIIyXOM OHU CIUTAIOT BCAKUN «IyZKOW» CJIyX, KOTOPBIi
UM COOOIIMJIN JIpYTHe CIUIETHUKM He MeHee k + 1 pa3. /lokaxKure, 4TO HaMMeHbIIlee BO3MOKHOE
KOJINYECTBO 3BOHKOB 7Y(n, k) YIOBIETBOPSIET HEPABEHCTBAM

a) y(n, k) < [EE] g,

b) [EHUO=DT_log, n| < y(n, k).

6 Jlenuswvie cnaemuuxu

6.1. ITycTb n CILIETHUKOB COBEPIININ HECKOJIBKO 3BOHKOB. OKa3a/ioch, 9To rpad 3BOHKOB IIPeJI-
cTaBJjsieT coboil J1epeBo, a KaxK bl CIIETHUK B pe3y/IbraTe 9TUX 3BOHKOB 3HAET He MeHee k CJIyXOB.
a) Jloxkaxmure, uto n > 2871,
b) Hokaxwure, uro ecau rpad 3BOHKOB HpejCTaBisieT cobOil JepeBo, a KayKJblil CIIETHUK,
KpOME OJTHOTO, B pe3y/IbTaTe 3THX 3BOHKOB 3HACT He MeHee k cIyxos, To n = 2871 — 1.

SadukcupyeM HaTypaJbHble ducia n u k, rae k < n. PaccMorpum Tenepb cuTyaluoo, KOTaa 1 CILJIET-
HUKOB IIOIIAPHO 3HAKOMBI JIPYT C APYTOM, HO 00JIaJAI0T OrPAHUYIEHHBIM JIIOOOIBITCTBOM: OHH JIUIIb XOTST,
9TOOBI B pe3yJibTare OOIIeHNsT KasK/Iblil y3Ha I He MeHee k criereH. Llesib CIIETHUKOB IPeXKHsIsI — y3HATH
TpebyemMoe IMCJIO CIUIETEH 33 HauMEHbIIee 9nC/IO0 3BOHKOB. HanMeHbIiee BO3MOXKHOE 9HC/IO 3BOHKOB, 1103~
BOJISIIOIIEE STOTO JIOCTUTHYTh, 0603HaunM P(n, k).

B nanbmeiimem Oymem camrtarh, uto k > 4. BBemem mosesnoe obozuadenue. [Ipu dpukcupoBannom k
PaCCMOTPUM KOHEYHYIO TOC/IeI0BATEILHOCTh

t=i+272 e 0<i<k-—4
9Ta I10CJIe 10BaTC/JIbHOCTD y6I)IBaeT.

6.2. IlycTs umcsio k — «Majé» 10 CPABHEHHUIO C 7, a MMEHHO, BBITIOJHEHO HepaseHcTBo 1 > 2871,
k—1__
Jlokazkure, 9TO CIUIETHUKAM HOTPeOYeTCs «[ouTH n» 3BOHKOB: P(n, k) = (% nw

6.3. i 6ostee kpymubix k nogoepem ¢, 0 < ¢ < k — 4, upu kotopoMm t; < n < t;_1. Jlokaxkure,
aro P(n, k) < n+i.

6.4. Jlokaxkure, 9T0 B yCJIOBUAX HIPEIBLIYINEH 3aadu uMeer Mecto paserctso P(n, k) =n + i.
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Perntenus

1.1. OrBeT: 4 3BOHKA.

1.2. Eciim ciyx citerHuka A 10 Ienodke 3BOHKOB JOIIEJ JI0 CIIeTHHKa B, To 10 obpaTHOit
LEIOYKe CJIyX OT CIUIeTHUKa B j1oiiger 1o ciurerauka A.

1.3. Unaykius: Basza 4 criiernuka. [lepexos: mobaBuM CIJIETHHKA U B 3BOHKA: HOBBIN CIIETHUK
paHbIlle BCeX 3BOHUT KOMY yTOJIHO, & TOTOM TOCJIETHIM 3BOHUT TOXKE KOMY YTOJIHO.

1.4. [11, nemma 2|. Bygem cunrarh, 910 A 1 B — 9T0 OJH U TOT Ke YeJIOBEK, 3HAIONIIN B KakK-
JIBIIT MOMEHT OObeuHeHHy0 nHdopMalmio. 3BoHKH Mexay A u B yrammm. Torma Mbl mosryanm
criocob omoserienusi (n — 1) denoBeka, cocrosimuii u3 2(n — 1) — 5 3BOHKOB, 9TO IPOTUBOPEUUT
MUHUMAJILHOCTH 1.

1.5. Mt B3siiu 910 yrBepskienue B [1]. Hyxkno ormenuTs ciiterauka A, npudem jio pasrosopa BC
BCIO aKTHBHOCTH A Geper Ha cebst B, a mocite pasrosopa BC Bcio akTtuBHOCTH A Geper Ha cebst C.
Yuceto mojeil yMEHBIIIIOCh Ha 1, a YUC/I0 3BOHKOB Ha 2 — 9T0 MPOTUBOPEYUT MUHUMAJILHOCTH 1.

AH&.HOFI/ILIHO IIpOBEPLACTCA, YTO HEBO3MO2KHBI 60ﬂee JJINHHBIE IEITOYKHM, HadNHaOIIne U 3aKaH-
YUBAIOIIUECS OJHIUM M TeM YK€ YeJIOBEKOM.

1.6. Ilocse pasrosopa ¢ A ciieTHuK B 3Haer Bee ciayxu. JlomycTuMm Tem He MeHee, 9TO MOC/Ie Pa3-
roopa ¢ A ciieTHUK B 1M03BOHII KAaKOMY-TO ciuteTHUKY C'. 3HAYUT, B 9TOM Pa3roBOpe CILIETHUK
C ycabiman ot B cBoit cobcTBennbiil ciryx. Ho mukiibl 3amperensl 3a1adeit 1.5, mpoTuBopedne.

1.7. Msr B3sistnt 9170 yTBep:KAeHue B [11, Jemma 4], 0HO SKBUBAJIEHTHO JieMMe O Hiepecedenun B [1].
Bocrnonbsyemes citeyorneit ujieeii: ecim B Kakoii-tro momeHT [letp u [TaBes obraiator ouHakoBOi
urdopMaleil (HanpuMep cpasy Mocje pa3roBopa JApyr ¢ JPYroM), TO Mbl MOXKEM “IIOMEHSITH UX
MecTaMi’ BO BCEX MOCJIEIYIONIMNX 3BOHKAX U Y HAC MMOJIYIUTCSA OISITh CIOCOD OIOBEIIEHUS.
Homyctum, aro pu pasroBope ciuierauku A u B 3uaau obmwuit C-ciayx. Pacemorpum j1o0yio
[IOCJIEIOBATEIBHOCTB 3BOHKOB, 10 KOTOPOii 10T cayx gormren or C' no A u 1o B.

E

o —> 0 —> —POA
C D\

F H B

HotycTtum, 9TO B 3TOI MOC/e0BaTeIbHOCTH 3B80HOK D F Ob11 panbiie 3souka DF'. Torna, mo-
MEeHAB MecTaMu ciuieTHUKOB D m F', cpa3y nociie 3B0HKa DF' MBI MOXKEM CYUTATH, YTO BMECTO
3BoHKa F'H mmesn mecto 3B0HOK DH. Y Hac MOJIyYHUTCH IMOCTIEIOBATETHHOCT 3BOHKOB, B KOTO-
poit nenouka DFH ... B, HAX0AIIasCs 1MOCJIe «PA3BHJIKI», YKOPOTHIACH (TElephb 9TO IIEHOYKa

DH ...B).

.—»o—»---—».A
C D\
F H B

3sonok D H no-nipexxaemy nozxke D E. [Ipogoikas Takue JeficTBHS, MbI ITOJTHOCTBIO YCTPAHUM
nenouky H ... B nocie «pa3suikuy». Ha mocseaem mare 3Toro mporecca Mbl TIOMEHSIEM MECTaMu
crterHukoB B u D (cpa3y nociie pasrosopa BD), ipu 5ToM pasroBop AB, ¢ KOTOPOro Mbl HAUaJIHI
pemenue, 3ameruntcst Ha AD. Y Hac ocranercs nenodka DFE ... A u nocieyitomuii pasrosop AD.
DTO HEBO3MOXKHO 110 3aj1a4e 1.4.

1.8. Mol B3sii1 9710 yTBep2KAenue B [1|. B kaxKpiil criieTHUK 3B0HII He MeHee 4 pas3, TO BCero
obL10 He MeHee 2n 3BOHKOB. Jlomyctum, A 3BoHUI Tpu pasa. UTobbl or A mHpOpMAIMS JTOMILIA
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JI0 JIpyrux, Tpebyercs He MeHee N — 1 3BOHKOB, UT00BI ;10 A momia maGOpMAIUS OT JPYTHUX,
TpebyeTca He MeHee n — 1 3BOHKOB. B cmity npeibliyineil 3aja4du, 3Tu HaOOPbI 3BOHKOB MOTYT
[ePeCeKaThCsl TOJBKO 0 3BOHKAM, KOTopbie coBepmast caMm A. [lefictBurenbno, eciu 380HOK C'D
CJTY>KUJI JIJIE TOrO, 9TOOBI mepegaBaTh nHdopmaimio or A, To 0b6a roBopuBmnx 3Haor A-ciayx n
ecJii KTO-TO W3 HUX OyJieT nepejgaBarh nHdopmaimio i A, To BMecte ¢ Heo oH BepHeT A ero
A-cayx, uro samperieno 3aaaqeii 1.5. Utoro (n — 1)+ (n — 1) — 3 = 2n — 5.

1.9. Ecsin Bacst cienan k 3BOHKOB, TO Kak U B IIpeJbLayIeii 3agade 2n —5 > (n—1)+ (n—1) — k.
Orkyna k > 3.

1.10. /Tocrarouno ybeauThes, YTO HE CYIIECTBYET CBEPXOBICTPBIX CIIOCOOOB, COJEpXKAIIUX 21 — 5
3BoHKOB. [0 3ajiaue 1.6 3BoHKHU ObIBaOT HavYa bHBIC (X 7/2 MIT., I 000X COOECEJHUKOB 9TO
[IEPBBI 3BOHOK ), pUHAJbHBIE (X TOXKE 1/2 IT., jijis 000MX COOECETHUKOB ITO MOCIETHUAN 3BOHOK )
u cpejane (KakoBbiX mosrydaercs n — 5). 1o 3amade 1.9 Kaxkaplii CIUIETHUK cJ1e1a71 XOTs Obl OJUH
cpeannii 380H0K. Hapucyem rpad cpeanux 380HKOB. B HeM n Bepiun, n — 5 pebep, 3HAYUT, BCErO
He MeHee 5 KOMIIOHEHT, IIPUYeM B KazK/I0# eCTh XOTs ObI 0JIHO PeOpo.

Eciim AB u AC' — 1epBblii U 10C/Ie/IHIIA 3BOHKU (IIPOU3BOJILHOIO) CILIETHUKA A, TO mpH I0-
MOIIU CPEJIHUX 3BOHKOB MH(MOpPMAaInsi OT A MOT/Ia pacipoCTpaHAThCA JIMITb B KOMIIOHEHTAX, KY/Ia
BxoyuT A mwin B, a undopmariua aia A pacipocTpansiach JIMIIb 10 KOMIIOHEHTaM, KYy/1a BXOIUT
A nmm C. Takum 06pa3oM, KaK MEHIMYM JIB€ KOMIIOHEHTBI PACCMaTPUBaeMOro rpada He yIacTBO-
BaJIu B niepeade uadopmanun Hr 0T A, HI K A. DTu KOMIIOHEHTHI cojiepzkaT d > 2 pebep. Torma,
Kak B 3ajade 1.9, 2n—5 > (n—1)+(n—1)—k+d. Orciona k (KoJm4ecTBO 3BOHKOB ITPOU3BOILHOTO
crieTHUKA A, a 3HAYUT, U JI0OOr0 JAPYroro CIUIETHUKA) HE MEHbIE 5, 9ero He MOXKeT OBITH (CM.
perenne 1.8).

2.1. D10 yrBepxkjenue jokaszano B [6]. C yduerom zamaqdn 1.10 yTBep:KieHue cjejiyer u3 TOro,
49TO JIJIsA JII00Oro jiepeBa Tpedbyercd 2n — 3 3Bonka. JleficrBuresbHo, 2n — 3 3BOHKOB JIOCTATOY-
HO, €CJIU CIUIETHUKE OYJIyT MMOCJIe0BATEIHbHO 3BOHUTD OT Tepudepru K KopHio. (CHadaa 3BOHIM
1o pebpaM, KOTOPbIe HAXOJATCS JIAJIbIIEe BCENO OT KOPHsI, IIOTOM IO Jojiee OJM3KUM U T.J.) DTO
IPUBEJET K TOMY, 9TO HMOSBUTCS B ITOJTHOCTHIO OCBEIOMJIEHHBIX CILIETHUKA — KOPEHb U OJINH U3
ero cocegieii. [loTom moBTOpsieM Bce 3BOHKH B OOPATHO mOC/I€10BaTEILHOCTH. MEHbIIMM YuCI0M
3BOHKOB HE OOONTHCH, TTOCKOJIBKY IIPU MEHBIIIEM YHCJIe 3BOHKOB B JiepeBe OyjeT 110 Kpaiineit mepe
nBa, pebpa, UCIOJIB30BAHHBIX JIIIb 110 OJHOMY pasy (OyJ1eM Ha3blBATh Takue pedpa CUHZYAADPHbI-
mu). Hajmaue qByx cuHrysgpasix pebep pa3oubaer rpad Ha TPH KOMIIOHEHTBI CBS3HOCTH, MEK LY
KOTOPBIMU HEBO3MOKEH IOJIHBIN 0OMeH mHpOpMAaIIeii.

2.2. Koncrpykuus npusejena B [6]. Coxmenm mukia Cy B 0y BepIiuny, Oy/eM CIUTATh €€ KOPHEM
MOJTyYeHHOTO JiepeBa. by/ieM 3BOHUTDL OT niepudepru K KOPHIO, KaK B IIPEJIBLIYIIEM ITYHKTE, TTIOTOM
IPUMEHNM HanObICTpeiimnii criocod u3 mynkTa 1.1 Kk moarpady Cy, mocse 4ero moBTOPpUM 3BOHKH Ha
Jepese B 00paTHOI [OCIe10BaTe/IbHOCTH. Takoil criocob onoserennst Tpedyet (n—4)+4+(n—4) =
2n — 4 3BoHKA.

2.3. JlokazarejbeTBO MpuBeIeHo B [6].

[IpemooKum, 9TO CYIIECTBYET CIIOCOD, coseprkariuii Bcero 2n — 4 3Bonka. Torya 3amerum,
YTO KaxKj10e pedpPo JI0IZKHO ObITH UCIIOIB30BAHO B 3TOM CIIOCO0OE OIOBEIIEeHUS XOTS Obl OJIUH pa3.
Ecan 310 pedbpo siBasiercss MOCTOM M He OBLIO MCIIOJIB30BAHO, TO HEBO3MOXKHO PACIPOCTPAHEHHE
nHOpMAIMI MEXK/Iy JIBYMs YacTAMU, HA KOTOPbIE OHO JeuT rpad. Ecim oHO JiezKuT Ha MUKJIE,
TO IOCJIEe ero yiajienus u3 rpada MmojaydaeM JIEPEBO, B KOTOPOM paclpocTpaHenune uHdopMaud
HEBO3MOXKHO ObICTpee, deM 3a 2n — 3 1o pentenno nynkTa 2.1. CremoBaresbHO, 1pu criocobe 3a
2n — 4 3BOHKa MMeeTcs M0 KpaifiHeil Mepe 4 CHHIYJISPHBIX pebpa (HAITOMHUM, 9TO Mbl HA3BIBAEM
pebpo CHHTYJISIPHBIM, €CJIH €My COOTBETCTBYET JIIIb OJIMH 3BOHOK).

Hotyctum, 910 X0Ts ObI OJHO U3 3TUX pedep sBjgeTcd MocToM. llpu ero ynansenuu rpad
pacriajiaeTcs Ha JiBe KOMIIOHEHTBI CBA3HOCTU. Torma K MOMEHTY 3BOHKA 110 3TOMY PeOpY B KaXKJI0M
U3 ero KOHIIOB JIOJI?KHA HAKOIUTLCS BC MHMOPMAIUs U3 COOTBETCTBYIOINIEH KOMIIOHEHTHI. [lycTh
pasMep OJ[HOW W3 KOMIIOHEHT paBeH @, TOrja Jyisi 9Toro mnorpebyercs (@ — 1) + (n —a — 1) =
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n — 2 3BOHKOB. [locjie 3TOro nmpomcxomuT 3BOHOK 10 MOCTY M €Ie CTOJIBKO K€ 3BOHKOB, UTOOBI
nndopmMals pacipocTpanuiach ooparno. B cymme nosydaem 2n — 3 3Bonka. Takom obpaszom,
CUHT'YJIIpHBIE pebpa He MOryT ObITh MOCTAMU, T.€. BCe OHU JIEYKAT Ha IUKJIE.

Torma mocse yaajienusi CUHTYISPHBIX pedep u3 rpada moaydauTcesd 4 KOMIIOHEHTHI CBSI3HOCTH,
KazK/las U3 KOTOPBIX dABJsgeTcs JiepeBoM. Ilepernymepyem ux B nopsjike o0xo/ia IMUKJIa, MyCTh 9TU
KOMIIOHEHTBI COJIEPXKAT Ny, Ng, N3, N4 BEPIIUH, Ny + No + n3 + ng = n. [locMorpuMm, B Kakom
MOPsAJIKE CUHTYJIsIpHBbIe pebpa MOI'YT BXOJUTH B IOCIEI0BATE/IHLHOCTD 3BOHKOB. [IycTh cHavaia B
[IOCJIeJ0BATEILHOCTH 3BOHKOB CTOST JIBa pedpa, CBA3aHHBIX C OJHON M TOH »Ke KOMIIOHEHTOI 7. DTO
HEBO3MOXKHO, TaK KaK TOIJIa T4 KOMIIOHEHTA He IIOJIyYUT CBEJICHUI U3 KOMIOHEHTHI (142) mod 4.
SHAYUT, MOPSJIOK BXOXKJIEHUs CUHIYJISPHBIX pedep B CIocod OMOBENIEHUs AHAJOTUYEH MTOPSJIKY
BXOXKJIeHHs pebep rpada B perieHun myHKTa 1.1: MOXKHO CYUTATH, 9TO CHAYasIa OBLIU CJIe/IaHbI
3poHKH 1-2, 3—4, a mocJje storo 2-3 n 1-4.

K momenTy coBepienusi 3BoHKa 1-2, oba cobecelHUKA JIOJIKHBI OB 3HATL BCE CIIYXU U3
CBOEl KOMIIOHEHTBI, 3HAYUT, K 9TOMY BPEMEHH JIOJIKHO ObLIO ObITH COBEPINEHO He MeHee (n; —
1)+ (ny — 1) 3BOHKOB BHYTPH 9TUX KOMIIOHEHT. AHAJIOTUIHO K MOMEHTY 3BOHKa 3—4 JIOJI?KHO ObLIO
ObITH coBepitieHo He Menee (ng — 1) + (ng — 1) 3BOHKOB BHYTPHU TPEThEii M 9€TBEPTOil KOMIIOHEHT.
Mpb1 nacunTasim n — 4 3BOHKOB.

lajiee, B pe3ysibTaTe COBEpIIEeHUs 3BOHKA 2—3 KaXKJIbIil U3 cOOECEIHUKOB Y3HAJ YHUKAJIbHBIMI
JUUIsl CBOE#l KOMIIOHEHTBI HOBBIN CJIyX. SHAYHT, [IOCJIE 9TOI0 3BOHKA B KOMIIOHEHTAX JIOJIKHO IIPO-
usoiiTu ere He MeHee (ny — 1) 4+ (n3 — 1) 3BOHKOB, PACIPOCTPAHSAIONINX TH YHUKAJILHBIE CIIYXU.
Awnayornano mocse 3Bonka 1-4 npowsoiiger we menee (ny — 1) + (ny — 1) 3BOHKOB B HiepBoOil u
JeTBepTOil KoMmronenTax. Mbl obHapyKum ere n — 4 3BOHKA.

Tak KaK HAIII IUKJI COJEPKUT OoJiee 4 BEPIIUH, TO €CTh XOTdA Obl OJIHa KOMIIOHEHTA, MyCTb JIJIs
OIIPE/IEJIEHHOCTH TIEPBasi, /It KOTOPOIl CMEXKHbIE C Hell JIBa CHHTY/ISPHBIX pedpa He UMeoT o0Ieit
Bepiuubl. CJie/10BaTEIbHO, 3Ta KOMIIOHEHTA CMOXKET IepeJiaTh NH(POPMAIINIO, KAK 9TO TpedyeTcs
IIPU CIIOCO0E OIOBEIEHUsl, TOJILKO €CJIM B IIPOMEXKYTKE MKy 3BOHKaMu 1-2 u 1-4 BHyTpH 11epBOi
KOMIIOHEHTBI OyJ/IeT cjiesiaH XOTsi Obl OJIMH 3BOHOK, HEPEJIAIONINI CJIYXU BTOPO KOMIOHEHTHI OT
cobeceTHUKA, TOJILKO YTO Y3HABIIErO 110 3BOHKY 1-2, K cobeceIHUKY, KOTOPBI OY/IeT Iepe/iaBaTh
uX 110 3BOHKY 1—4. DTOT 3BOHOK elre He ObLT yITEH HAMH DaHee.

Uroro mbt umeem (n — 4) 4+ (n — 4) + 4 + 1 3BOHKOB.

2.4. @.Xapapu u A.lllenk [6] npemmaramu B 1974 1. $10 3a mokasaresabcTBo 3TOro akxra.
B 1980 r. R.Bumby [4] pemmn sty 3amaay. Yyrs mosxke D. Kleitman u J. Shearer [7] npusenn
JIpyroe JI0Ka3aTeIbCTBO, IMPUYEM B MX PACCYKJICHUAX HEe TPeOOBAJIOCH, YTOOBI BCE 3BOHKHU ObLIN
JABYCTOPOHHUMHU. MbI IIPUBOJIUM JIOKA3aTEILCTBO U3 [7], BUpoueM, ollyckas JeTajiu, BOSHUKAIOIIIE
B CJIydae OJHOCTOPOHHUX 3BOHKOB.

[IycTh gana cxema OIOBEIIEHUSsI, COCTOAIAs U3 2n — 4 3BOHKOB. JloKazkeMm, 4TO OHa& COIEPIKUT
4-1TUKJIL.

[Topsiok 3BOHKOB B CXeMe OIIOBEINEHUsI He 3aJlaH KEeCTKO. PasHble IepecTaHOBKHU IOC/IeI0-
BaTE/JbHOCTH 3BOHKOB, peasu3yIoIKe OIOBEIIeHre, OyIeM Ha3bIBATH YNopAdovUusaHUAMY CXEMbI
OIIOBEIICHUS.

Paccmorpum rpad, nzobpazkaromuii mepsbie 1 — 1 3BOHKOB, 1 OTMETHM €I'0 HAaUMEHBIITYI0 KOM-
[IOHEHTY CBSI3HOCTH, SIBJISIFOIILYIOCS JIepeBOM. Takast KOMIIOHEHTa BCerja HalijeTcs, TaK KakK B IIPO-
TUBHOM CJIy4ae CyMMapHOe 9HC/I0 pebep OKaykKeTcsi He MEeHbIIle CyMMapHOro yucia sepimuH. [Tycrs
S — MuUHEMaJIbHas OTMeYeHHas KOMIIOHEHTa-IePEeBO, BIOPAHHAS 110 BCEM YIOPSAOYNBAHUSIM.

[Iycts B KOMIIoHenTe S comepxkuTcs m Bepmut. OTMETHM, 9TO M > 2, IOCKOJIbLKY HHAYe, eCJIn
m = 1, a Mbl ©300pa3mwIm y:ke n — 1 3BOHKOB, TO 4TOOBI MH(MOPMAIUS OT 3TOH BEPIIUHBI JIOILIA
JI0 OCTaJIBHBIX, MOTpedyeTcs elne He MeHee N — 1 3BOHKOB, T.e. B cyMMe Oyzaer Oosble 2n — 4
3BOHKOB. Paccmorpum (m — 1)-if mo mopsijiky 3BOHOK BHYTpH KOMITOHeHTHI S. Ecim ero orMeHnTS,
KOMITOHEHTa PAaCIaeTcsd Ha JBe JacTu — S n Sy. OuaTh mepedbupast yIopsioueHust, MEHSIOIIIe
MeCTaMH 3BOHKM BHYTPH S, MbI MOXKEM JIOIOJIHATEJHLHO CUYATATh, 9TO S| — HAMMEHbBINAas BO3-
MOXKHAasI KOMIIOHEHTa B TOM CMBICJIE, 9TO JAPYrue YIOPSAJI0YeHHs He MOTYT JIaTh HAM KOMIIOHEHTY
crporo cogepzkaitytocs B Sp. [lycrs (m — 1)-if 3BOHOK MPOMCXOUT MeXKJy BeprimHamu x; € Sp
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u y; € So. MBI nocieioBaTeIbHO TPOBEPUM CJIEIYIOIIIE TSTh YTBEPKICHU, BBIJIEJIEHHBIX Kyp-
cuBoM. M3 meTOro yTBEp:KJIEHUs CJIEIYeT, 9TO CXeMa OIOBEIeHUS COJIEPKUT 4-TUKJI, 9TO HaM
u Tpedyercs.

VTBepKIeHH.

1) Komnonenma Sy codeporcum ne menee 08YxT 6EPUUH.

2) ITycrs kommonenTa S cocrout u3 j Bepmun. Torga (j — 1) 3BOHKOB, cjie/IaHHbIE BHYTPH S7,
(cpesu TIEPBBIX M — 2 3BOHKOB B S) MpPEBpAIAIOT 3Ty KOMIIOHEHTY B JiepeBo, obosuaunm ero T
(a oboznauenne Sy Oy/IeM OTHOCUTH CKOpee K MHOXKeCTBY Bepinut). Ilycrh jana mekoropasi 1mo-
CJIeJIOBATE/IbHOCTh 3BOHKOB. ByJjieM Ha3bIBaTh 3BOHOK MEXKJIy BEPIIMHAME G U b 0cobeHHbIM, el
9TOT 3BOHOK IPOM3OIIE] TIO37KE BCEX OCTAJbHBIX 3BOHKOB ¢ ydactueMm a uiau b. /epeso T codep-
orcum eJuHCMBEHHVIT 0COOEHHBIT 360HOK, 8 IMOM 360HKE 0DA3AMENLHO YHUACMEYEM SEPULUHA X1 .
O60o3HaYNM Yepe3 Ty BTOPOro yY4acTHUKA 9TOTO 3BOHKA.

3) Hust moctpoennsi Mmuoxkects S, Sy u jepesa 1 Mbl UCHOJIB30Bad 1 — 1 MEPBBIX 3BOHKOB.
Crocob omoBeneHust COAEPKUT ele 1 — 3 3BOHKaA, 0003HAYNM MHOYKECTBO 3TUX 3BOHKOB depes L.
Ecmm ynamurs u3 jiepesa T' pedbpo x1xs, JiepeBo pacnajiercsd Ha jase yactu 1 u T, rjae obo3nadeHus
BBIOpaHBI Tak, 910 1 € 11, 9 € Ty, eM. puc. 1. Jlaa kaocdot sepwunove z ¢ T) (6 mom wucae
s sepwun z, aescauwur éHe S) CYWecmeyem Uenouka 360HK0S, COOEPHCAULAA AUWD 360HKU
uz LUA{z1y1, 2122}, no xomopotl k z moorcem nputimu cayx om eepwunvs x1. 1o oice xacaemces
PACTPOCMPAHEHUA UHPOPMAUUYL OM To K sepuwunam eHe Ty, Boaee mozo, mHodcecmeo 360HK0S
LU {z1y1, 2122} 06pasyem depeso.

4) IlocaedosamenvHocmv 360HKOS, KOMOPaA OCMABAAEM CAYT Sepuiune Ty (UAU Tz) om oc-
MAALHOIT, Modcem codeporcamsd He boaee 00nozo 36onka u3 L U {x1y1, 122}, u ecau makogot
360HOK 8CMPEMUACA 6 IMOT NOCACIOBATNEALHOCTNAU, OH ACAACMCA 6 HET MOCAEOHUM.

5) Pacemorpum Kakyo-HUGY/IH TOCIE0BATEIBHOCTD 3BOHKOB, 110 KOTOPOIi CJIYX ¥ JOIIEJ JIO Ts.
[Iycrh Y929 — moc/IeHMI 3BOHOK B 9TO¥ MOC/IEI0BATEILHOCTH. Tereph paccMOTPUM KaKyo-HUOY b
[IOCJIEIOBATEIBHOCTD 3BOHKOB, TI0 KOTOPOIi CIIyX ¥ JOIIEN J0 X1. IIycThb Y321 — moc/ieHuii 3B0HOK
B 9TOi nocsieioBaTesibHoCTH. [IpomoKast 970 OCTpoeHne, CKAXKeM, UTO ;11 — ITO TOT CILJIETHUK
(He coBmaAOMuUiil ¢ T1 U T3), KOTOPBIA YIACTBOBAJ B MOCJIEHEM 3BOHKE U3 MOCJIEJI0BATEIbHOCTH,
JIOCTABUBIIEH CJIYX OT ¥; K o1 (€C/u i 9eTHO) WiIn Ty (ecju i HedeTHO). Bce gepwumnvt y; aescam
6 Sy. Hatidymcea newemmoe iy, uemnoe ia, Maxue 4mo Y; Y, — 360n0K u3 Sy. Boaee moezo, 6
IMOM CAYYHGE Yi, T1, YiyTo — 360HKU, NPUHAOAENCAUUE HAULET CTEME ONOGEULEHUS, NPUYEM OHU
COBEPUWEHDL NO3HCE 360HKOE T1To U Yiy Yiy -

JlokazaTeabcTBA.

1) Moxno cumrarh, 9T0 3BOHOK X1Yy; ObLT (n — 1)-M 1o cuery. Ecim S; cocrout u3 ojmoit
BEPIIMHBI, TO IIOCJE IIEPBLIX N — 2 3BOHKOB, CJIyX U3 3TOH BEepHIMHBI €llle HUKYJa He yiues. /s

7 N /T
\

AN /

Sl 52

Puc. 1. Komnonenra csasnoctu S
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€ro pacrpocTpaHeHus MOHaJI00UTCA elre 1Mo KpaitHeit Mmepe n — 1 3BOHKOB, T.€. B cyMMe OyJieT He
Menee 2n — 3 3BOHKOB.

2) D10 crremyeT U3 yCJIOBUA MEHIMAILHOCTH, HajloXKeHHOro Hamu Ha Sp. [locieuuit 3B0HOK —
BCer/la 0COOEHHBIH, TaK ITO XOTs OBl OJMH OCOOCHHBIN 3BOHOK cyiiecTByeT. Eciu Obl B \S; Hamescs
0COOCHHBII 3BOHOK ab, He 3a/IeBaIONINil BEPIIUHY 1, MBI MOIVIA ObI IIEPEyIIOPAI0IUTh 3BOHKU B S,
rocTaBuB 3BOHOK ab na (m — 1)-e mo cuery mecro. Torga mepsbie m — 2 3BOHKA HOPOXKIAJIH ObI
KOMIIOHEHTY, CTPOT'O COJEPKAIILYIOCA B S, YTO IIPOTUBOPEYUT €€ MUHUMAIHHOCTH.

3) B naieii cxeme onoBelieHust CJIyxX OT 1 110 KAKOH-TO TEI0YKe 3BOHKOB JIommes Jio 2. Ilycerhb
ab — nepBbIii 3BOHOK B 9TOii Henodke, He Jjexkamuii B 1. Torna ab u Bce mociemyroomue 3B0HKI
B 910ii nenouke jexkar B LU {z1y1, r122}.

Eciu cymectByer nerouka 380HKOB u3 LU{x1y1, 129 }, npeiecTByomnias ab u J0CTaBIAONIAsT
nH(MOPMAIIIIO OT X1 K @ Uu b, 00bEIMHUM €€ C IIPEJIbIIyIIell pacCCMOTPEHHON TEMOYKON U IO Ty THUM
TpebyeMyIo LEIoYKy OT T K 2. Ec/m »Ke Takoii HeIOYKM He CYIIECTBYET, TO CXEMa OIIOBEINeHUs
JIOIIyCKAET CJICAYIONIee IIepeyHopsI0uYuBAHNe 3BOHKOB: IIYCTh 3BOHOK T1%; HJET N-M IO CYeTy,
3BOHOK 1% — (n — 1)-M, a 3BOHOK ab WM Kakoii-TO 3BOHOK U3 L, IPEIIEeCTBYIONHUI 3BOHKY
ab, — (n — 2)-m 110 c4ery (OTHOCUTEIBHBIN MOPAJTOK OCTAILHBIX 3BOHKOB HE M3MEHUJICS ).

Ecsn teneps (n—2)-it 380HOK He 3ajeBaeT S, (win Sy), TO B HaYaJIe B KAUECTBE S MOKHO OBLIO
B3aTh S1 (wm Sy), 9T0 nporuBopednt MuHUMaILHOCTH S. Eciu ke (n — 2)-ii 3BOHOK coejiuHsieT
S1 ¢ Sz, TO 3TO NPOTUBOPEUUT MUHUMAJIBHOCTH S, TaK Kak yjajaedue (n — 1)-ro 1o cyery 3BOHKA
T1T9 TEIephb CO3JaeT KOMIIOHEHTY, CTPOro cojaepzKalLylocs B S .

MpbI 0Ka3a/1 CyIecTBOBAHNE IIEHOYKK 3BOHKOB, IIepeJaiomuX nHMOPMAIMIO OT L1 K 2 1 Jie-
wkammx B LU {x1y1, £122}. AHAJIOIMIHO CYIIECTBYIOT TEMOYKH, epeiaoline nHhOPMAIUIO OT Tg
K z ¢ Ty. Takum obpasom, mHO)KecTBO L U {x1y1, X122}, comepxkainee n — 1 pebpo, mo3BOJIsAET
PaCIIPOCTPaHAThL HH(MOPMAIINIO OT T U T9 K OCTAIbLHLIM 1 — 2 BepmmHaM. CiiegoBareasHo, pebpa
u3 LU {x1y1, 2122} MOPOXKIAIOT OCTOBHOE JIePeBO Ipada 3BOHKOB.

4) OcroBHOE JIepeBo, OMMUCAHHOE B IPEJIbIIYINEM IIyHKTe, COCTOUT U3 3BOHKOB L U {1y, 122}
DTH 3BOHKH B HAIIEM CIIOCOOE ONOBEIICHMs XPOHOJOIMYECKH Iocaeaare. 110aToMy ecm mocieno-
BATEJILHOCTH 3BOHKOB, lepeamolias nHpopManuio u3 z B £y (JJist Ty PACCYKJICHUs AHAJIOIMIHDI ),
CoJIepxKUT 3BOHOK u3 LU{x1y1, 122}, TO U BCe MOC/IEYIONIME 3BOHKH TOXKE JIEXKAT B 9TOM MHOZKe-
crie. Ho 11e10UKN 3BOHKOB B 9TOM OCTOBHOM JIepeBe «yBOJIAT» MHQPOPMAIMIO OT «IeHTpay 1 U To
K JIDYTUM BEPIIUHAM, ITO9TOMY €JIMHCTBEHHBIN CIIOCOO TepejiaTh MH(MOPMAINIO B X1 — IE€pPe/iaTh
ee 0T HelOoCPEeICTBEHHOIO COCE/a BEePIIUHBI X1, T. €. 10 IeloYKe, coJlepsKallleil JIMIIb OJUH 3BOHOK
¢ yuacTuem I, 4lr.

5) Ilo onpegenenuto y; € So. B cuity cBoiicta 4) B 1ienouke 3BOHKOB, JOCTABUBIIEH MHPOD-
MAIMIO OT ¥; K X9 BCE 3BOHKH, KPOMeE, ObITh MOYKET, ITOCJIETHETO 3BOHKA JjoTe, — ITO KAKHE-TO U3
MePBBIX 1 — 1 3BOHKOB, KPOME X1Y1, T1T9. 1[0 OTHOIIEHNIO K 9THM 3BOHKAM MBI OIIPEIEISIIN 5o KaK
KOMITOHEHTY CBSI3HOCTH, TIO9TOMY Yo € S9. AHAJOTMYIHO TPOBEPSIETCSA, ITO U BCE OCTAJIbHBIE BEp-
IITUHBI Y; JieskaT B Sy. OTMeTHM, 9TO TOTIa 3BOHKU BUJIA ;L1 WIN ;Lo U3 ONPEIETCHI BEPIIUH Y;
npuHajiekar octoBHoMy sepeBy LU {x1yy, T120}.

[Tocko/ibKy KOMITOHEHTa Sy KOHEYHA, KAKHE-TO JIBE U3 BEPIIUH COBIIAJIAIOT, CKAYXKEM, ; = Ui k-
[Ipu srom unciio k — obg3aTe/bHO YeTHOE, TaK KaK pedpa y;r1 U Y;To HE MOT'YT OJHOBPEMEHHO
npuHaJIe)KaTh ocropaoMy sepeBy L U {x1yy, 122}

PaccmoTpuM Temnepn 1enovKy myTeit

Yi =7 Yit1 = 7 Yirk = Yi

(KazKJIplii Ty Th B 9TOil [EM0YKe XPOHOJIOTHYECKH YIIOPSIJIOUeH, HO COCEIHUE IIyTH MOIYT HAPYyIIaTh
xpoHosioruio). [TockoIbKy 9T0T 3aMKHY THIiT MApPIIPYT PACIOJIOXKEH HA JlepeBe, KaxK0e pedpo B HeM
OBLIO MPOIiJIeH0 B 000X HalpaB/ieHuAxX. Mbl yTBep:K/1aeM, 9TO BCE BEPIIUHBI, 110 KOTOPBIM IIPO-
XOJUT 9TOT MApIIPYT, JiesKaT B MHoxkecTBe {y;,1 < j < ¢ + k}. JleficTBUTE/ILHO, €U MapIIPyT
IPOXOJUT Y€pPe3 BEPLIMHY @, HE COBIAJAIONLYIO HU C OJHMM U3 ¥, PACCMOTPUM XPOHOJIOIUYe-
CKHU CaMbIil ITOCJICIHUN 3BOHOK B 9TOM MAapIIpyTe C Y9aCTHEM BEPIIUHBI @, IIyCTh 3TO 3BOHOK ab.
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B kakoii-To MOMEHT, IIPOXO/I 04ePEIHOM 11y Th ¥; — ¥;41, Mbl JBUTA/IMCh B HalIPaBIeHuu oT b K a,
HO IIOCKOJIBKY 3TOT 3BOHOK XPOHOJIOTHMYECKH IIOCJIEIHNN, Mbl HE MOYKEM IIPOJOJIKHUTH JIBUKEHUE
3a TOUKY . SHAYHUT, 4 = ;41

Teniepnb MbI 6€3 TPy/Ia MOYXKEM BBIOPATH 3BOHOK ¥;, s, , LJI€ i1 HEIETHOE, iy YeTHOE (M Pa3yMeeTcs,
OH JICZKUT B S3). 3BOHKH Y;, T1 U Y, To TAKIKE HPUCYTCTBYIOT B CXEMe OIOBEIIEHMUsI, TOCKOJIbKY 110
OTIPEJIEJIEHNIO TOYEK ¥; OHHM HCIOJIB30BAJIUCH JIJI Tepeiatdn NHPOPMAINA BEPITUHAM 1, To.

2.5. OrBeT: 2n — 2 TejgerpamMmbl.

Mper B3sti 91y 3ajady B [6]. [lo Toro Kak MOsIBUTCsS HEPBBIl Y4€I0BEK, y3HABIIUI BCe CIIYXH,
JIOJIZKHO OBITH IIOCJIAHO He MeHee 1 — 1 TejierpaMMbl. [lociie 3Toro KaxKaplit 13 0CTaIbHBIX JT0JIZKEH
HOJIYIUTh XOTs ObI OJIHY TeJerpaMmy, 9TOObI 3aBEPIIUTH O3HAKOMJIEHUE CO CyXaMu. SHAUUT, eI
OyJeT moc/IaHo elne He MeHee n — 1 TejerpamMm.

[Ipumep cTpourtcs Ha 6a3e JIFOOOIO JIepeBa, eCii CHAYaJIa IOChLIATh TeJIerPaMMBbI OT Iepudepun
K KODHIO, a TIOTOM 0OpaTHO.

2.6. Do Teopema 3 [9]. [Ipumep cmocoba omnoBerienns, B KOTOPOM n — 1 9eJOBEK MPOYTET
B TeJIerpaMMe CBOH COOCTBEHHBIN CJIyX, TPUBHMAJEH: IIyCTh BCe CHadaJa Tejerpadupyior Bace,
a moroM Bacs 1mochLIaeT BeeM TeJlerpaMMbl C MOJIHBIM KOMILIEKTOM CJIyXOB.

Onenka. PaccMOTpuM MMHMMAJLHBIA KOHTPHPHMED, B KOTOpoM He Gomee n — 1 denosex
IPOYIM B TeJerpaMMe CBOil coOcTBeHHBIN cayX. IlycTh mociennsass TeserpaMma ObLIa HOCIAHA
crterHukoM A cruterauky B. OdeBuano, cruleTHHK A yKe 3HaeT Bee CIyXH, 3HAYUT, CIUICTHUK B,
BO-TIEPBBIX, OJMH U3 TeX, KTO IIPOYEJI CBOI CIyX B IOy YeHHOI TeIerpaMMe, a BO-BTOPBIX, He 3HAET
HU OJIHOTO CJIyXa, KPOME CBOEro COOCTBEHHOIO (MHAYEe OH KAKOH-TO CJIYX BBLYUWJI U3 TEJIErPAMM
JIBAXK/IbI). 3HAYUT, paHee CIJIETHUK B He MOJIyYd/I HU OJHON TeJIerpaMMbl, a TOJBKO MOCHLIAL.
Vaarss u3 3Toi KOMIIAHAU CILUIETHAKA B 1 COOTBETCTBYIONIIE TeIerPAMMBI, MbI IIOJIy MM MEHbITHI
kouTprpumep. [Iporusopedne.

3.1. OrBeT: 310 BO3MOXKHO Jaxke ¢ orpanmdenneM NODUP. Cum. nHagaso pemenns 3agaqan 4.3.

3.2. OrBer: upu 4yerHsix n. [12]

J1s1 KazKI0ro CIIeTHUKa OTMETHUM II0C/IeIHUl 3BOHOK, B KOTOPOM OH y4dacTBoBaJI. 1Ipu BbIIOI-
nHernnn orpanndenus NOHO sTu nociennne 380HKN pa3buBaroT BceX CIUIETHUKOB Ha HApbl — CM.
paccy:KJienue B perrenuu 3aja4u 1.6 6e3 mocieanero npejioxkenus. Takum oOpa3oM, n JIOJIZKHO
OBITH YETHBIM.

OTMmeTuM, 9TO II€pBble 3BOHKH TOKe Pa3OUBAIOT CIJIETHUKOB Ha Iaphl.

JJ1e1 KazK 1010 9eTHOTO 7 IIPEIbBUM CIIOCO0 OOBeleHnst, HoadnHennblii orparnydennio NOHO,
cocrosinuit u3 2n — 4 3BonkoB 12, semma 2.4]. ITycrs m = %n — 1. Obo3HAYNM CIUIETHUKOB @,
bi,i=0,1,..., m+ 1, — HO 371€CH N + 2 CIUIETHUKA, OYJIEM CUUTATH, UTO Gy = i1, Gmi1 = bp.

B kauecTBe 1epBBIX 3BOHKOB BO3bMEM 3BOHKH (B MOPsiJIKe BO3PACTAHMUSI i, CM. DHC. 2)
aibm+2,i, Fﬂeizl,Q,...,m—l—l;
Jlajiee BBIIIOJIHUM CPEJIHIe 3BOHKI
a;Qii1, et =1,2,...,m—1, n bibii1, riet=1,2,....,m—1;
1, HAKOHEIl, ITOCJIe/IHIe 3BOHKU
bi i, riet=0,1,...,m.

Henocpeicrsenno mmposepsercs, 9To yKa3aHHas CHCTEMa 3BOHKOB SIBJISIETCH CIIOCOOOM OIOBEIIe-
Hust, ogauHeHHEbIM orpanntdenunio NOHO.

3.3. IlockouibKy Ji0bast cxema ONOBEIIEeHUs COJIEPKUT He MeHee 21 — 4 3BOHKOB, JIOCTATOYHO IIPU-
BecTH TpUMeED, yiaoBierBopsiomuii orpanndenunio NOHO u coxep:xkamuit 2n — 4 3BoHKa. DTOT
[pUMep IIPUBEJEH B IIPEJbILYIIEM PelleHuH.
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Puc. 2. Ourumansubie 3Bouknu ¢ orpanmdeanem NOHO.

4.1. OrBer: jga. [8]. Ilpexke yeM NPUBOJAUTE PEIIeHHe 38891, Ja UM HECKOJIBKO OIPEIETeHHI.

yHI/IKaJIbeIG CIIJIETHUKH, U3BECTHBLIE CIIJIETHHKaM /0 TOI'O KaK OHU CTaJil O6MeHI/IBaTbCﬂ WH-
dopmariueii, Oy/IeM HA3BIBATD TAKXKE U3HAYAAbHbLMU. [IyCTh 1MOCIe HECKOTBKIX 3BOHKOB UMEETCS
TaKO€ IIOJMHOZKECTBO M3HaYaJIbHBIX CIIJIETEH, 9ITO Ka)K,ZLbIPI‘ CIIJIETHUK .HI/I6O 3Ha€T BCE CIIJIETHU U3
9TOT0 IOJIMHOXKECTBa, JUO0 He 3HaeT HM OJHON m3 Hux. Torma mpu pacCMOTPEHUH IOC/IELYFOIINX
3BOHKOB MOKHO PACCMaTpUBATh TaKOE ITOJMHOXKECTBO CILIETEH KaK OJHY OOJIBIIYIO CILIETHIO. By-
JIeM HasblBaTh ee o0sedunernnol, nan obwel cretrHeil (ompenenenne u3 crarbu [8]). Hampumep,
IIyCThb CIJIETHHKaM, HOMEPa KOTOPbIX YKa3aHbl HU2KE, U3BECTHbBI CJIC/IYIOIINE CILJIETHH, 0603Haqu—
Hble I'PpeICeCKUMU 6yKBaMI/I.

CrieTHuK 1 2 3 4
Kakwue crternn 3naer | ay S ay (o

B sroM nipumepe CILIeTHH (v 1 7y 00pa3yoT 00'beIMHEHHY O CIIETHIO, IOCKOJIBKY KasKIbIil CILIeTHUK
Jin60o 3HAET 06€ ITU CILIETHH, JINOO HE 3HAET HU OJHON. A BOT HAbOp ciuiereH [, § 0ObEeIMHEHHYIO
CILIETHIO HEe 00pa3yer, Tak Kak BTOPOM CIJIETHUK 3HAET JIUIIb OJHY U3 HUX.

PacemorpuM 1y Th 6ostee 0011y 0 TOCTAHOBKY 3a/ia4uu. [lycTh UMEIOTCs IPYIIIbI U3 a1, Ao, . - - , A
CIIETHUKOB, ITPUYEM B KaxKJI0i I'PYIIe BCEM M3BECTEH OJIMH U TOT Ke Habop ciuiereH. Takoe 00b-
eJINHEHNE CIIETHUKOB Oy/IeM Ha3bIBATh KoAneKkmucom. CIIETHUKN MO-TIPEKHEMY ODIIAIOTCS JIPYT
¢ JIpyroM 1o rejiedOHy U XOTAT, UTOObI KazK bl 13 HUX y3HAJI BCe UMEoIecs ciieTHu. Ko st
TAKOI'0 KOJIJIEKTUBA CYIIECTBYET XOTs Obl OJUH CII0COO OIOBENIEHHUs, MO MMHEHHBI OrpaHUIEHUIO
NODUP, 1o 6yiem Ha3bIBATH 9TOT KOJJIEKTUB CNA04eHHbLM. KOJLIEKTUB, CoJepKaluii TOJIbLKO OJl-
HY TDYIIILY, TOXKe OyJIeM CIUTaTh CIIOYeHHBIM. TaK, KOJUIEKTUB U3 Tpex rpyI ciieTHukos {1, 3},
{2}, {4} B mpeapLIyIIeM npuMepe He sIBJsIETCS CIUIOYEHHBIM. B 9THX TepMuHaX 3ajada mpo n
CILIETHUKOB, 3HAIOIIUX 110 OJHOM YHUKAJILHON CILIeTHE, Ternepb (POPMYIUPYETCs JJisd KOJLIEKTHBA
U3 m TPYIII, KaxKJasi U3 KOTOPbIX COCTOMT U3 OJHOIO CILJIETHUKA.

Eciin B KoJIEKTHBE KaKjias IPYIINa 3HAET JIUIIb OJHY CILIETHIO (9Ta CILIETHS MOYKET ObITh 13-
HAYAJILHON MM 0O'beIMHEHHOI, SBJISIFONIENCs TIOJMHOXKECTBOM HECKOJIBKUX U3HAYAJIBHBIX B CMBIC-
JIe OTIpe/JIeJIeHsT BBIIIE), TO TaKOil KOJUIEKTUB HA30BEM NpocmuiM. Tak, KOJUIEKTUB U3 TPEX I'PYIII
criternnkoB {1, 3}, {2}, {4} B npeaputyniem npumepe He fBJsIeTCH MPOCTHIM (CIIETHUK 4 3HAET
JIBE CILICTHHU, He 00pa3yoline 06'beJMHEHHYIO CILJIETHIO).

BameruM, 9T0 eciii OObEUHUTD JIBa CILIOYEHHBIX KOJJIEKTUBA CIIETHUKOB, B KOTOPHIX TOPOB-
Hy CILUIETHUKOB, & MHOXKECTBA UX M3HAYAJILHBIX CILJIETEH HE IEPECEKAOTCsl, TO CHOBA IOJIYyIUTCH
CILIOYEHHBIH KoJuleKTuB. JleficTBUTEIbHO, MBI Cpa3y HOJIyIUM CIOCOD OIOBENIEHNUs, eC/IM CHAYA/IA
B KasKJIOM U3 KOJIIEKTHBOB BCE CILJIETHUKU Y3HAIOT BCE CIUIETHH CBOETO KOJLJIEKTUBA, & TIOTOM KaK-
JIBIii CILIETHUK M3 [EPBOIO KOJIJIEKTUBA MOMOBOPUT C KEM-TO U3 BTOPOro. TakuM CriocoboM MOXKHO
U3 KOJLIEKTUBOB, COJEPKAIIUX OJHY TPYIIILY, [IOCTPOUTH, HAIIPUMED, CJILYIOIIe KOJLIEKTUBDL:

(a,a), (a,a,2a,4a,8a,16a), (a,a,a,a,4da,4a,4a,16a), a,a,a,...,a (1)
—_———
2k rpynm
[Iyctsb mmeercst jiBa KOJUIEKTUBA (Gq, Gg, . . ., ag) U (by, by, ..., by), It KOTOPBIX MHOYKECTBA, U3-

Ha4daJIbHBIX CIIJIETE€H COBIIQJIAIOT. Hpel[HOJIO}KI/IM, YTO IIpU KazKJI0M ) I'pyIilla U3 a; 9€JI0OBEK I1€PBOI'0
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KOJUIGKTUBA U I'PyIIa u3 b; 9eJIOBEK BTOPOIO 3HAIOT OJTHO M TO K€ MHOXKECTBO ciuiereH. [Ipu sTom
MBI JIOIIYCKAeM, 4TO a; WK b; MOXKET ObITh PaBHBIM HYJIIO; €CJIU TaK CJIYIUIOCh, K IIPUMEDPY, €CJII
a; = 0, TO M3HAYAJIbHBIE CILIETHH, COCTABJIAIOININE 3TO MHOXKECTBO CILIETEH, JOJIKHbBI OBITH M3-
BECTHBI B JIDYTMX HEHYJIEBBIX I'PYIIAX MEepBOTro KoJleKTuBa. HazoBeM cymmoti STUX KOJIJIEKTUBOB
KOJUIEKTUB (a1 + by, as + be, ..., ax + by). Hanpumep, nenpocroit kosiektus u3 10 CIIETHUKOB,
KOTOPBIM W3BECTHBI CILIETHH «, 3, 7y

Hab6opsr crieren «
KOJIMY€eCTBO CIJIETHUKOB | 3

B_ay By
3 2 2

Hpe,ZLCTaJBI;IM B BUJi€¢ CYMMbI JIBYX KOJIJICKTUBOB:

Komnektus o [ ay By
1 3 0 0 2
2 0 3 2 0

3aMeTuM, 9TO e/l KOJIEKTUBBI ObLINA CIJIOYEHHBIMHU, TO U UX CYMMa TOXKE sIBJISIETCS CILIOYEeH-
HBIM KOJIJIEKTUBOM. 3HAYUT, €C/IN KOJLIEKTUB CIIETHUKOB PACKJIAJIBIBACTCSA B CYMMY CILIOYCHHBIX
KOJIJIEKTUBOB, KayKJIbIil U3 KOTOPBIX 3HAECT B OObEIMHEHUU TOT K€ HADOP CIIETEH, UTO U UCXOTHBII
KOJIJIEKTUB, TO OH TOXKE SABJIAETCS CIIJIOYEHHBIM.

Bepnemcs k perrenuio 3a1aun. [Ipeodbpasyem mpocToit KOJLUIEKTUB, COCTOANINM U3 12 0JIMHOYHBIX
CILIETHUKOB, B IIPOCTOH KOJLICKTUB (4,4,4) (2¢ cruieTnukoB, KasKAblil U3 KOTOPLIX 3HAET OJHY
YHUKAJIbHYIO CIUIETHIO, BCErJia MOTYT OObeJMHUTHCS B rpylily Kak B mpumepax (1)). A remepb

3aMETUM, UTO OH SIBJISI€TCSI CyMMOMN TPEX IPOCTBIX CILIOYEeHHbIX KojuteKTuBoB (1,1,2), (1,2,1) u
(2,1,1).

4.2. OrseT: na.
Cragajia cjierka yKpyITHIM TPYIIIbL.

—

Crternn a B v 0 @
5 8 13

Yucyo ciiernukos 13 8 6

¢ a B v 6 &
4 8 6 5

v 0 Be¢
113 6 5

16

€
4

[TosyveHHBI TIPOCTOl KOJUIEKTUB JIETKO PACKJIAJIbIBACTCS B CyMMY MSITH CIUIOUeHHBIX: (2,1,1,4)
(2 paza), (4,1,1,2) (2 paza), (1,2,1,4) (1 pa3).

Ipyroe paziioxkenne. [Iycrs cHavas a oJinH 4e10BeK, 3HAIONINI CILIETHIO 7Y, TIOTOBOPUT C YeJIOBe-
KOM, 3HAIOIIUM CILIETHIO (, & TAKXKE OJMH Y€JI0BEK, 3HAIOIINN CIJIETHIO 0, IIOTOBOPUT C UEJIOBEKOM,
3HAIONIUM CILJIETHIO €.

Komnektus o [ v 0 e ( de (¢
1 2 2 1 0 0 2 1 0
2 8 4 0 2 1 0 0 1
3 1 1.4 0 0 1 1 0
4 2 1 0 2 2 0 0 1

4.3. OrBer: na. [8].

PaccmorpuM cHadgasia MpocToil KOJIJIEKTHB CIUIETHUKOB (3, 3,2, 2), B KOTOPOM KaxKJas TPYIIIa
3HAET COOTBETCTBEHHO CILIETHIO v, (3, v, 0. IlycTh oguH ciieTHUK w3 | rpymibl meperoBopur ¢
omaum u3 11 rpymmsr, a ogun u3 II — co cmreraukom u3 V. [omyunres kosutektus (yxe He
poCTOit) u3 6 TPYII, KOTOPBII JIEFKO PAa3JIOZKUTh B CYMMY TPEX CILIOYCHHBIX.

Komnektus o B v 0 ay (6
Ozﬁ’y5_>ozﬁfy5oz”yﬁ5_> 1 0O 000 1 1
3 3 2 2 2 2 1 1 2 2 2 2 0 1 0 0 1

3 0 2 01 1 O
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Temepb Bo3bMeM Harmx 20 CIVIETHUKOB ¥ peobpasyeM UX B MpoCToil KoyutekTus (4,4, 4,4, 4).
DTOT KOJUIEKTUB SIBJISIETCST CYMMOI JIByX IMPOCTBIX KoJuteKTuBoB (3,3,2,1,1) u (1, 1,2, 3, 3), kax-
JIBII 13 KOTOPBIX MOKET C ITOMOIIBIO OJJHOTO 3BOHKA OBITH Ipeobpa3oBaH B KOJUIEKTHB (3,3, 2,2),
KOTOPBII MBI YK€ PAcCMaTPUBAJIN.

4.3%. Hokazxem, aro npu n = 6, 10, 14, 18 pacupocrpanenue ciyxoB ¢ orpanndenunem NODUP
HEBOBMOXKHO |8, npejjiozkenue 4.

Yreepxgenue 1 [8, semma 1]. Ipu Bomonnenun orpanudenus NODUP crterauku pasou-
BalOTCS Ha Iaphl 110 IIEPBBIM 3BOHKAM, & TAKKe PazdMBAIOTCH Ha MAPbl 10 MOC/IETHUM 3BOHKAM.

HokaszarenbcTBo. YTBEpKIEHNE O MOCJIEIHUX 3BOHKAX OYEBUJIHO (€CM KTO-JHO0 y3HAJ
BCE CILJIETHHU, TO €r0 IOC/JIEIHNI cODECeIHNK TOXKE Y3HaJ I BCe CILIETHH U 00a OOJIbIlle He MOTYT HU
C K€M pa3roBapuBaTh).

JlokazkeM yTBepKIeHHE O MEPBbIX 3BOHKaX. [lycTh cruteTHUK A — 9TO MEpBBIl Y€I0BEK, ¢ KO-
TOpPLIM pasroBapuBaJ ciieTHuk B. [Ipeanonoxum, uro Haire yrBepzKiacaue neseprno. Torma s
crietauka A nepsbiit pasrosop ObL1 ¢ apyrum deoBekom C'. Iocste sroro pazrosopa citernux C'
3HAET CIIETHIO YejioBeka A u He 3Haer ciierHio B. Ilociie pasroBopa ciiernuka B ¢ A cruterns
B Bcerma nyrerrecrsyer ¢ A. CirienoBaresnbino, C' He CMOXKET ee y3HaTh. O

[Iycte n = 2k. MoxKHO cYUTATD, YTO IE€PBbIE 3BOHKHU CILIETHUKOB CYTh B TOYHOCTHU IIEPBbIE
k 3BOHKOB CXCMBLI OIIOBEIIeHUdA, a IIOCJCeAHNE 3BOHKHU CIIJIETHHKOB — 3TO B TOYHOCTH IIOCJIE€JIHUE
k 3BOHKOB cxeMbl oroBerrienns. [lociie Toro Kax cjaeanbl mepBbie k 3BOHKOB, 00pa30BajIoch k 00b-
eJINHEHHBIX CILIeTeH. B KaKIblit MOMEHT BpeMeHH JIjIs KaxKJI0ro CIIeTHUKA X HA30BEM HANapHU-
KoM CILIeTHHKa X TOTO CIUIETHUKA Y , ¢ KOTOPBIM X HEIIOCPEJICTBEHHO IIePe 3TUM PasroBapuBall
o Tesjedony. Cpasy 1mocie ux pasroBopa oba 3HaJIN OJMHAKOBBIN HAOOD CILIETEH.

yTBep)K,HeHI/IG 2. HpI/I n >4 °Hu OJIUH M3 CIJIETHUKOB HE MOXKET II€pe/] CBOUM IIOCJICIHUM
Pa3roBOpoM 3HaTb k—1 O6T)€,ZLI/IH€HHI)IX CIIJIETCH.

JlokasaTenbcTBo. Ecau citerank A mepes mocaeauM pa3roBopoM 3Haer k—1 oObeuHeH-
HYIO CILIETHIO, TO €ro cObeceIHUK B B 9TOM IOC/IeHEM Pa3roBOpe 3HAJ BCEIO OIHY 00beTMHEHHYTO
ciiernio. O6o3naunM depe3 By mepporo cobecennnka ciuierHuka B, gepe3s A; — cobeceannka A
B mpejiocyeHeM pasrosope. Temnepnb scHo, 4To ciuietHu B u By MOryT ObITh M3BECTHBI TOJIHKO
MIEPEIHCIEHHBIM B 9TOM PACCYZKJIEHUN TTEPCOHAZKAM. O

W3 stux aByx yrBepxKjenuii cpasy ciejiyer, uro rnpu n = 6 cxema NODUP neBozmoxkna:
TaK Kak IT0CJIe TIEPBBIX 3BOHKOB CILIETHH ITONAPHO OOBLEIUHUIUCH, TO B JIIOOOM IOC/IEIHEM 3BOHKE
YYACTHUKHM MOTYT 3HATDH JIMIIL 2 U 4 CIUIETHU, YTO 3alPEIIEHO BTOPBIM yTBEPKJICHUEM.

Pazbepem ciyuait n = 10. B cuty 3anpera u3 yTBep:Kiennus 2 B MOCJETHEM Pa3roBOPE MOTYT
YYIaCTBOBATH JIMINb CIIETHUKU, OJUH U3 KOTOPBIX 3HAET JiBe O0'bE/IMHEHHbIE CIUIETHU, & JPYToil —
Tpu. Takum obpaszom, mepes TeM Kak IPOU30NLIn k MOC/IeHUX Pa3rOBOPOB, ObLIO POBHO 5 CILIET-
HUKOB, 3HABINUX 110 3 00beuHeHHble ciieTnru. HanapHuk KaxKJioro u3 3TUX HsTH CIUIETHUKOB —
OJIMH M3 9THUX K€ [ATU CIIETHUKOB (IIOTOMY 9YTO YeJIOBEK, Y3HABINUIT TPU CILUIETHU, MOYKET MOCJIE
9TOrO y4acTBOBATH JIMIH B MOCJEIHEM pa3roBope). Takum o6pa3om, Mbl pasbuim 5 CIUIETHUKOB
HA [apbl. JTO IMPOTUBOPEYNE TTOKA3bIBAET, YTO €/IMHCTBEHHDBINH JIOTMYECKN BO3MOXKHBIN ciryuail He
MOZKET OBITH Peasn30BaH.

Pazbepewm ciryuait n = 14. B custy 3amnpera u3 yTBep:K/ieHus 2 B HU OJIUH U3 CILIETHUKOB, YIacT-
BYIOIIIMX B ITOCJICTHEM pa3roBope, He JI0JIKEH 3HaTh PoBHO 6 ciutered. Tak ke, Kak B IIPEJIbIIYIIIEM
naparpade, ybexkaaeMmcs, 9TO ciIydail, B KOTOPOM BCe CIUIETHUKH B IOCJETHEM PAa3rOBOPE 3HAIOT
[0 TPU WJIU 110 Y€ThIpe 00'beINHEHHbIE CILUICTHU, HEBO3MOXKEH (MHAUE MbI HANHJEM I1apOCOYeTAHUe
Ha MHOYKECTBe M3 7 CIIETHUKOB, 3Hatomux 4 cruteran). V3 Tex ke coobpazKeHuii JI0JIXKHO OBITH
YeTHOE YHCJIO MAP CIUIETHUKOB, 3HAIONIMX B IOCIEIHEM pasroBope 2 uju 5 ciuiered. Torna mme-
eTcsd HEYETHOE KOJIMYECTBO Iap CIJIETHUKOB, 3HAIONIUX B MOCJIEIHEM Pa3roBope 3 ujn 4 CIJIeTHH,
1 9TOOBI B OYEPEIHON pa3 He BO3HUKJIO IPOTUBOPEUNs, HAIIAPDHUK XOTd Obl OJIHOIO U3 CILICTHU-
KOB, 3HABIIUX B IOCEIHEM Pa3roBope 4 CILIETHH, JIOJZKEH Iepe] CBOUM TOC/IEIHUM PA3TOBOPOM
«BBIYYIUTb» HATYIO CILIETHIO.
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Brenem oboznadenus. [lycts A — cryieTHuk, 3HABIIHIT B TOC/IETHEM Pa3roBope 00beIMHEHHBIE
crietHn Homep 1, 2, 3, 4; B — ero HammapHUK, BBIyIUBIINI [TOC/Ie pa3roBopa ¢ A, crureTHio HoMep 5
(B pasrosope ¢ C, 3HABIINM TOJILKO 3Ty ojiHy ciuieTHio). [Tycrs B u C' cBou nocjiesiHue pasroBophbl
poBeJin €O ciyieTHNKaMu D m E| 3HaBMUMH JIANIb 7-10 U 8-10 CIIETHU, HUYTO HAM HE MEIIaeT
JIyMaTh, 9YTO OHU y3HAJIU STU CILIeTHH ApyT oT jpyra. [lycrs F', G, H — crjileTHUKH, y3HABIIUE
[OCJIe CBOEro IepBOro pasroBopa ciuierHu 5, 6, 7 (1 He coBmajaolme ¢ y:ke 0OO3HAUCHHBIMU
CILJIETHUKAMH ).

C 5 D 67
B 1234 E 6,7
A 1234

F 56,7

H 56,7

G 6,7

[Mociegamit cobeceHuK ciieTHUKa A J0J12KeH ObLT 3HATH ciuteTHu b, 6, 7. B cuty cummerpun
oboznavenuit F', G, H, MbI MOXKeM CIUTATh, 9TO cHadasa [’ n G ToroBopmn IpyT ¢ IPYyTroM, IOTOM
F norosopun ¢ H u, naxonert, F' cray nocieaanM cobeceaankoM 11 A. Ho Teneps e 1nHCTBEHHDBIM
criocob Jyist G y3HaTh 00beIMHEHHYTO CIUIETHIO, M3BECTHYIO M3HAYaIbHO H (1axe ¢ ydaeToM TOro,
YTO MBI PACCMATPUBAEM ceiidac He Bcex 14 CIUIeTHUKOB), — 9TO MOroBoputh ¢ HuM. [Ipu srom G
YCJIBIIIIUAT MTOBTOPHO CILIETHIO OT F.

Cuaygait n = 18 erie xyxe.

4.4. OrBet: mpun =1, 2, 4, 8, 12, 16 u nupu Bcex deTHbIX N > 20.
Cinyaam n = 1, 2 TtpuBnasbhbl. Jlamee momaraem n > 3. U3 pemenus 3amaqn 4.3% cpasy
caemyert, aro npu HedeTHbIX n u npu n = 6, 10, 14, 18 NODUP-cxema He cyrectyer.

Yreepxkaenue |8 semmbl 5, 6 u npensioxkenue 2|. IIpu n = 0 (mod 4) Bo3aMozKHO pacipo-
crpanenne ciayxoB ¢ orparmdennem NODUP.

HoxkazatenbcTBo. [lo unmgykiun.

st n, ABJISIONIUXCA CTENEHbIO JBOMKU, BO3MOYKHOCTH PACHPOCTPAHEHUS CJIYXOB CJIEJIyeT W3
koucrpykrmu (1). g n = 12, 20 npumeps! paciipocTpaHeHnst CIyXOB IPUBEIEHBI B IIPEIbIIY X
zastadax. Orraecem ciaydan n = 4, 8, 12, 16, 20 K 6a3e WHIyKIUN.

Jokaxewm mepexos. Ilycrs n > 24 — odepejinoe 9uciio, Jijisi KOTOPOI'O Mbl XOTUM I[TOCTPOUTH
CXeMY PACIPOCTPAHEHUs CJIyXOB, a JIJIsi MEHBIIIUX N CYIIECTBOBAHUE TAKOWU CXEMbI YK€ yCTaHOB-
JIEHO. 3aMeTuM, YTO €CJIU N JEJUTCS Ha 12, TO MOYXKHO Pa3Je/IuTh BCEX CIIETHUKOB HA 3 I'PYIIIBI
OJINHAKOBOTO pa3Mepa, B KaKJIOH M3 HUX YUCJIO CIUIETHUKOB JIEJIUTCA Ha 4 W MEHbIIe N, 3Ha-
YUT, BHYTPU BCEX ITUX TI'PYIII CYIIECTBYeT crocod orosemnienus. [logydaum mpocToit KoIIeKTUB
(4a,4a,4a), a = n/12, KOTOPBIi SABIAETCS CYMMOIl @ CIIOYEHHBIX IIPOCTBIX KOJUIEKTUBOB (4,4, 4).
Ecimm n we nemures wa 12, to n = 12a + r, rae ocratok 7 = 4 uin 8. Eciau ymacres pasouTh
OCTATOK HA CJIaraeMble I = 11 + ry + r3 TaKUM 00pa3oM, 9To0bI 4a + 7; CIIETHUKOB IO-TIPEXKHEMY
o6pa3oBbIBasM Ipymiy, a (1,79, r3) 00pa3oBbIBaIM Obl CIIOYEHHBINH KOJUIEKTUB, TO BCe GyeT J10-
kazaHo. /leficTBUTE/IbHO, TOTJIa MbI OpralHu3yeM TpU IPyHIbl pasmepa 4a + ry, 4a + ry, 4a + 13, a
cymma OyzieT cojiepKaTh OJJHO HOBOE CllaraeMoe — KOJIIEKTHB U3 1 citleTHUKOB. OcTtaTtok r = 4
CJIUIIIKOM MAaJI, HO BCerjila MOXKHO mpunucarh Kk #Hemy 12k. Ilycts £ = 1, nosyuaem KOJIJIEKTUB
(4(a — 1) +4,4(a — 1) + 4,4(a — 1) 4+ 8), pacKIaIbIBAIONIHICA B CYMMYy U3 ¢ — 1 KOJUIEKTHBOB
(4,4,4) u xomrexrusa (4,4, 8). Ilpu r = 8 MOXKHO TOJIOKUTEL kK = 2 U BCe aHAJIOTUYHO.

Yreepxgenue [8 semmbl 7,8, 9 u npemioxkenne 3|. lipun = 2 (mod 4), n > 22 BO3MOXKHO
pacripoctpanenue ciyxos ¢ orpannydenuem NODUP.

HokazarenbcTBo. Mbl HAMETHM JINIIG [JIaH JEHCTBH, TOIAPOOHOCTH CM. B [8].

Bynewm jokaszbiBaTh yTBEpK/IEHUE 110 MHIYKIIUKA. Bas3a 3/1ech mpejcTaBiisgeT HEKOTOPYIO IPpobJie-
My: Hy2KHO 11poBepuTh cyiecrBoBarre NODUP-cxeMmbr jij1s1 Bcex 4eTHBIX MAJCHbKUX 7 (& MMEHHO,
npu 20 < n < 62).
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SameTnM, 9TO ecau Obl M AeJUI0Ch Ha 16, TO MOXKHO OBLIO OBl Pa3/Ie/IMTh CIIETHUKOB Ha
4 TPYNIIbI OJIMHAKOBOTO pa3Mepa, 00pa3yIoluX IPOCTOil CIJIOUEHHBIN Ko/uteKTuB (4a, 4a, 4a, 4a),
a = n/16 (B KaxKJIOi TpyIIe YUC/I0 CIUIETHUKOB JEJUTCS Ha 4, a Jis TaKuX 9YUCeT y¥Ke BCe
JIOKA3aHO ).

Ho B paccmarpuBaeMoM citydae n He JlequTcd jaxke Ha 4, 3Hadut, n = 16a + r, e octaTox
r MOXKeT ObITh paBen 2, 6, 10, 14. Eciu B KaxKJI0M U3 9TUX CIy4YaeB YJIAcTcd pa3dUTh OCTATOK Ha
cjaaraemble 1 = 11 + 79 + r3 + 74 TaKUM 00pa3oM, 9ToObl Jiid 4a + r; CIJIETHUKOB CYIIECTBOBAJ
c1rtocob OMOBEIeH st U KOJIIEKTHB (11, T'a, T3, T4 ) OBLI CILIOYEHHBIM, TO MbI [TOJIY IUM JTOKA3aTETHCTBO
YTBEPzK/IeHUs JIJIsl 1 CIIETHUKOB BCE TOJIyInTCs. /leficTBUTEIbHO, TOT/Ia MOYXKHO OBLIO ObI PA30UTDH
N CIUVIETHUKOB Ha rpyuusl 4a + ry, 4a + ry, 4a + r3, 4a + r4, a moToM paszdbmBaeM KOJIJIEKTUB Ha
ciaraemble: (4a,4a,4a,4a) u (r1,79,73,74).

Ojmako ocratku 2—14 caumkom Majenbkue. MoxkHo mpumnmcath Ko Bcem octatkaMm 16k. Tlo-
naras k = 3, mosiydaeM CILUIOYeHHBIH KojutekTus (4a,4a,4a,4a), tne a > 3, u ocrarku r = 50,
54, 58, 62. Hanpumep, B nepsoMm ciydae r = 50 = 8 + 8 + 12 + 22, (8, 8,12, 22) — crioyeHHbIit
KOJUIEKTUB, 1 Jyid n = 4a + 8, 4a + 12, 4a + 22 cymiecrByer criocod OIOBEIIeHUsl B CHIy 0a3bl
nHayknun. B cioydae octatkoB r = 54, 58, 62 MOXKHO BBIIIOJHATH aHAJOTUYHYIO KOHCTPYKIIUIO.

4.4%. Dro semma 2.5 [10]. Bamerum, uro B 060§t cxeme onoserenus ¢ orpanndennem NODUP
CIICTHUKY Pa3bUBAIOTCS IIEPBBIMU 3BOHKaMK Ha mapbl (Kak B 3ajade 1.6). /lokazareanecTBo cM.
B HadaJle PelieHnd 3a1a9n 4.3%.

[TpemrosiozkuM Telepb, 9TO yTBEPIK/IEHNE 3a/1a4i HEBEPHO, M HEKOTODBIl cijleTHHK A 1oro-
BOpuJI 110 Teiedpony Bcero JiBa pasa. [lycTh mepsbiit pa3 on GecejioBaj co CIJIETHUKOM B, Torja
nocste ux 6ecesibl A-ciayx u B-ciyx nmupKysanpyior Bmecre. Eciu Bo Bropoit pasz A 6ecemosai ¢ C)|
T0 B 9T0T MOoMenT C' 3HaJ BCe ciiyxu, Kpome A-ciyxa m B-ciyxa. Eciau npeapiiymuit pasroBop
ciuteranka C' Obw1 ¢ D, To D TOT MOMEHT TOXKe 3HaJI BCe CIyxu, Kpome A-ciayxa u B-ciayxa. Ejun-
CTBEHHBIII BO3MOXKHBII c110co0 it D 3aBepHINTb O3HAKOMJIEHHE CO CJIyXaMH — 9TO IIOI'OBOPHUTH
¢ B, koryma B 3Haer TOJBKO 3T jiBa ciayxa. Ho torma A-ciayx m B-cilyX He CTaHyT H3BECTHDLI
OCTAJIBHBIM 7 — 4 CILJIETHUKAM.

4.5. Crenyroriee yrBepzK/ienue jjokasano B 3amerkax JI. Becra [13] u A. Ceperra |10, § 3|
Yreepxkgenune [lycts n = 4k. Torga gpocrarouano 9k — 6 3BOHKOB.

JlokaszaTenbcTBO. Pa3obbeM CIJIETHUKOB Ha k TPYIII 110 4 YeI0oBeKa, B KaXKJI0# 13 KOTOPBIX
Opranmu3yeM 3BOHKHU TaKUM 00Pa30M, 4TOOBI BCE Y3HAJM CIUIETHU CBOEH I'PYIIIBI. DTO MOXKHO ClIe-
Jath 3a 4k 380HKOB. Terneps 1mojie/inM CIUIETHUKOB Ha JIBA OJMHAKOBBIX MHOXKECTBA 110 2k 1UeJI0BeK,
B KaxKJIoe MOIaJeT Mapa CIJIETHUKOB, 3HAIOIIas BCe CIUIeTHU i-Toi rpymmbl, ¢ = 1, ..., k. Opra-
HU3yEeM 3BOHKHU B IIEPBOM MHOYXKECTBE TaKUM 00pa30M, 4TOOBI BCE CIICTHUKH pa30U/IMCh Ha ITapbl
U Kazkjiad 1mapa CIJIETHUKOB y3HaJa BCe CIIETHH, KpoMme oyHoi. Torma KaxKio0ii nape CILIeTHUKOB
[IEPBOTO MHOXKECTBa OyJIeT COOTBETCTBOBATH Iapa CIIETHUKOB U3 BTOPOIO MHOXKECTBA, C KOTO-
poit OHM MOT'YT IIONOBOPUTH, YTOOBI y3HATH Bce. st aroro norpedyercs 2k 3BonkoB. Ocrasioch
B [IEPBOM MHOYKECTBE IIOCTPOUTD HYKHYIO KOHMUryparuio u3 3k — 6 3BOHKOB.

Hy»knas mocsenoBaTe/ibHOCTh 3BOHKOB ITOKa3aHa Ha puUcyHKax 3—5. [Iponymepyem criieTHu-
KOB IIEPBOI'0 MHOXKECTBA U PACIIOJIOKUM UX Ha okpykHOCTH. CHadasa k — 2 3BOHKa JieJ1aeT BTO-
pOii CIUIETHUK: OH 3BOHUT BCEM CIUIETHHKAM, UMEIONINM HeYeTHble HoMepa, Kpome (2k — 1)-ro:

3,5, 7, ...(umenno B Takoit nmocsenosarenbuoctn). Cremyiomnme k — 2 38onka Jenaer (2k — 1)-if
CIUIETHHK: OH 3BOHHUT BCEM CINIETHHKAaM, MMEIONMM 9YeTHbIe HOMepa, Kpome Broporo: 2(k — 1),
2(k —2), ... (roxe nocaenoBaresbHo). [locse 9Tux 3BOHKOB 4 CIIIETHHKA Y2Ke 3HAIOT BCe CILICTHH,

KpOMe OJIHOI, & MMEeHHO: BTOpOil u (2k — 3)-il CIUIETHUKHN 3HAIOT BCe CIUIETHU, KpoMe k-if, a Jer-
BepThiil 1 (2k — 1)-it — Bce cruteTHH, KpoMe mepBoii, cM. puc. 5. OCTaJIbHBIX CINIETHHKOB Pa300beM
Ha mapbl: s ¢ = 2, ..., k — 1 1mycTb CIUIETHUK, 3HaOMmi ciutetnu 1, 2, ..., ¢ — 1, TO3BOHUT
CILIETHUKY, 3HAMOMEMy CIUleTHU © + 1, 4 + 2, ..., n (cM. puc. 5), B pe3ysbrare 4ero obpasyercs
napa CIJIETHUKOB, 3HAIOIas Bce CILIeTHU, KpoMe ¢-ii. Ha 910 morpebyercsa emte k — 2 3BOHKOB.

4.6. Dro jokazano B crarbe [10, Teopema 4.1].
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Puc. 3. B xkpyxkkax HOMepa CIJIETHUKOB II€PBOT'O MHOXKE- Puc. 4. Jluanu oznagaror 3s80uKN 2k — 1-10 cruteTHUKA
crBa. JIuHUN O3HAYAIOT 3BOHKYM BTOPOI'O CILJIETHUKA. Psi-

JIOM C KPY?KKOM 3alllCaHbl HOMePa 00'beINHEHHBIX CILIe-

TeH, U3BECTHBIX ITOMY CILIETHUKY JIO IOKA3aHHBIX HA PH-

CYHKE 3BOHKOB.

5.1. a) Orset: (n—1)(k+ 1) Teserpamm.
Mpbr B3styin 910 yrBep:Kenue B |2, Teopema 4.1].
[Ipumep. [Iycrs KaxKiplit psiioBoil nonuier k 4 1 TejgerpaMmy remepaty.
Omenka. Kaxipiit psjoBoii osnken mocaars He mMenee k + 1 TeserpaMMbl.

b) Orset: (k+ 2)n — 2 TeserpaMMBl.

Mper B3sin 910 yrBep:Kaerue B |2, Teopema 4.2]

[Ipumep. [IpuBesem npumep OpUEHTHPOBAHHOIO rpada, B KOTOPOM OT KazKJI0f BEPIITUHDI J10
Jioboit pyroit cymectsyeT k + 1 pebepro Hernepecekaronuxcs Bocxonux mnyreit. [Iposegem k + 2
pebpa OT BepIIMHBI C HOMEPOM i K BEPIIHHE ¢ HOMepoM i+ 1 ¢ Becamu i, n+1i, 2n+i, ..., (k+1)n+i
upu ¢t = 1, 2, ..., n— 2; k+ 1 pebpo OT BePHINHBI ¢ HOMEPOM N — 1 K BepIIHHE C HOMEPOM 7
cBecamu n — 1, 2n—1, ..., (k+ 1)n —1 u k + 1 pebpo OT BepIIUHBI ¢ HOMEPOM 71 K BEpIIIHE
¢ HoMepoM 1 ¢ Becamu n, 2n, ..., (k+ 1)n. Ha puc. 6 nmokazan npumep Takoro rpada npu n = 6,

123456

1
(D

1

®~

234567

234567

@ 2,8,14,20 5,11,17

Puc. 5. ¢) Ocrapimecst 3BOHKH B TIEPBOM MHO-
JKECTBe. Puc. 6. Ilnoxasa noara
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k= 2.

Omnenka. [lycrs man rpad 3BOHKOB, B KOTOPOM OT KazKJ0# BEPINUHBI JI0 JIIOOOI JIPYTOi T0X0-
JISAT TeJIerpaMMBbl Jlake B ciydae ynasenuu k pedep. [lycrs H — noarpad sroro rpada, cojepxka-
it ToJIBKO 1epBbie N — 2 pedep. I'pad H He gBjsgeTcs CBA3HBIM. SHAUUT, JIJIs KaXK0N BEPIITUHbBI
CYIIIECTBYET 110 Kpaiireit mepe k + 1 pebpo, ne jexariee B H. CiesoBaresibHo, 001ee Yucao pedep
rpada 380HKOB He Menbie (n — 2) + (k+ 1)n.

5.2. D10 yTBepXKJIeHNe MbI B3I B cTarbe (2, Teopema 2.1].

st mocTpoenus IpUMEPOB HaM TOHaI00uTCcA rpad Ha N BeplinHax, obo3nadum ero 1, B Ko-
TOpoM y renepaJia crenedb () wiam 1, ocTajibHbIe BEPIIUHBI UMEIOT creneHb k, riae k < n — 2.
Crpoenue T, 3aBucut or dernoctu n u k. [IponymepyeM BepIIUHBI, IIyCTh HOMED IeHEpaJia pa-
Ben n. [Ipu vernom k mexy Bepmmwmnamu ¢ Homepamu ¢ u j, 1 < i < j < n — 1, ectb pedbpo,
ecr ((i—j) mod (n—1))€ {+1,+2,...,£k/2}. Ecin k Hederno, a n 1eTHO, TO HpoBeeM pebpa
npu ((i — j) mod (n — 1))€ {£1,£2,...,+(k — 1)/2}, a Takxke 106aBuM 1060€ IAPOCOTCTAHHE
Ha n Bepmunax. Eciau n u k oba HeudeTHble, TO NpoBejieM pebpa 1pu ((z — 7) mod (n — 1))6
{£1,£2,...,£(k—1)/2,(n—1)/2}.

Bepuemcs k perennto 3ajiaun. Hanomunm, 1To B rpade 3BOHKOB MOT'YT ObITH KpaTHbIe pedpa.
YT00B! CIEUTH 3a MOPSIIKOM COBEPIIIeHHs 3BOHKOB, [TOCTABUM Ha pedpax MeTKH (BelecTBeHHbIe
YHUCJIA): YeM 1o3zKe ObLT 3BOHOK, TeM KpPYIIHee J0JZKHa ObITh COOTBETCTBYOIAs MeTKa. JlomycTuMbt
OJINHAKOBBIC METKH 3BOHKOB, €CJIU 3BOHKHU COBEPINAIOTCS MTOCICOBATEILHO U IIPU 3TOM MOTYT ObITh
nepecTaBJieHbl JIpyT ¢ apyrom. Hazosem myTh B rpade 3BOHKOB 60CT00AULUM, €CJU TIPU JIBUKEHUN
BJIOJIb IIyTU Beca pebep BO3pPACTAIOT.

a) ITockosbky mocse ynanenus k pebep rpad JTOJKEH OCTAThCs CBSI3HBIM, CTeleHb KarKoi
BEpIIMHBI He MOXKeT ObITh Menble k + 1. Tak Kak cymma crereHeil Bcex BepinH rpada paBHa
VJIBOCHHOMY KOJIMYECTBY pedep, MoJIydaeM, YTO YUCI0 3BOHKOB OOJIbIINe JINOO PaBHO (% . nw

OcraJioch nperbaBUTh rpad, KOTOPbIi 00ecIeInBaeT BO3MOXKHOCTD [IEPEJIAThH BCE CIYXU TeHe-
pajly U y KOTOPOI'O BCE BEPIIUHBI UMEIOT crereHb k + 1 (mpu HeOJaronpusiTHON YeTHOCTH OJIHA
U3 BepiH Oy/IeT BbIHYXK/IeHa nuMeThb crenenb k + 2). Ilpu k > n — 1 rakoii rpad neficTBuTEIHHO
CYIIECTBYET, a IPU MEHBINMUX k UMEIOTCA IMPOOJIEMbI C pACCTAHOBKON BECOB.

[Momenum k + 1 va n — 1 ¢ ocrarkom: k + 1 = a(n — 1)+ b, e a > 0,0 < b < n— 1.
[Moctpoum rpad, cocrosimuit u3 obbeaunenusi a rpados K, (mosHbx rpadoB HA N BepIINHAX)
u rpacda R, y KOTOPOro BCe BEpHIMHbI UMEIOT CTeleHb b, KpoMe BepIInHbI-reHepaJia, CTeleHb
KoTOpoit paBua b uu b+ 1. Takoit rpad neTpyHO OCTPOUTD, B3AB rpad 1),11 U3 HAYaIa pelleHns
1 O0bEIMHUB BEPIIUHY-TeHepaJsia ¢ OJIHON U3 «OOBIYHBIX» BepIuH. Tenepb Ha3HAYNM Beca pedep.
[IycTn camble MajieHbKIE Beca UMEIOT pedpa rpada R, He coejiunennbie ¢ renepaJjom. Ilycts pebpa
rpadoB K, Toke He COeJIMHEHHBbIE C TeHEPAJIOM, UMEIOT Bec 1moboJibiine. A pebpa Bcex rpados,
COeJIMHEHHBIE C TEHEPAJIOM, IMEIOT caMble DOJIbINNe Beca. BHYTpH KaxKJI0r0 U3 STUX TPEX MHOZKECTB
pebep Beca MOryT OBITH YIHOPsiJIOYEHbI POU3BOJILHO. Toriga oT KarKJ0lf BepIIUHbI J0 reHepaJa
uayT k+ 1 Henepecekaromuxcs 1o pedbpam myreit. Crie0BaTe/IbHO, JaXKe TOCIe yAaJ eHus u3 rpada
IPOU3BOJIbHBIX k pebep uHdopMaliisd Bce paBHO JIOHIET /10 TeHepasia. Bee BepIuHbl TOCTPOECHHOTO
rpada nMmeroT crerenb k + 1, KpoMe reHepaJia, KOTOPbII MOXKeT UMeTh cTeleHb k + 1 wiu k + 2.

b) Ilpu k = 0 rpad 3BOHKOB JIOJIZKEH OBITH CBSI3HBIM, CJICIOBATEJILHO, B HEM He MeHee n — 1
pebep, a ¢ JAPYroil CTOPOHBI, AEPEBO, KOPHEM KOTOPOI'O SABJISIETCs T€HepaJi, a BCe IIYTU K KOPHIO
BOCXOJIAINNE, sIBJSETCS ITPUMEPOM IIOIXOISINEro rpada.

Pacemorpum Tenepns rpad 3BonkoB nipu 1 < £ < n — 1. Bo3dbMeM IPOU3BOJILHYIO BEPIIUHY U
(oTSIMYIHYTO OT reHepaJsia) U CpeJid WHIJICHTHBIX eif pebep BbibepeM pedpo ¢ MAKCHMAJILHOTO Beca.
[IycTh HEKOTOPBIM BOCXOISIINN IIYTh MPOXOJUT Yepe3 9TO pedpPo: OH IPHINES] B BEPIIMHY ¥ I10
pebpy MeHbIero Beca u Bhies 1o pebpy £. Ilepenanpasum pebpo ¢ cpa3y B BeplInHy-TeHepaJia.
B pesyabrare umciio pebep rpada ocTagoch IPeKHUM U, KaK HETPYIHO BUJIETH, IIOCJIE 3TOTO U3-
MEHEHUSI TeHepaJI MO-TIPEKHEMY CMOYKeT MOJIYINTh BCE CJIYXH B YCJIOBUAX ILTOXOH ¢Bsa3u. CemaeM
TaKyIO OIEePaInIO JIJI BCEX BEPIITUH, TOIJIA KazK ias BEPITNHA OKAXKETCA COCTUHEHHOM C reHepaJsioM.
3HauuT, CTeleHb reHepasia He MeHblne n — 1. CyMMupyst CTelleHn BEPINH, OIyIaeM Teleph, ITO
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Puc. 7. Koncrpykmus rpada

k+1)-(n—1)+(n—1
YHCJI0 3BOHKOB GOJIbIIIE JIMOO paBHO (( +1)-(n 5 J+(n )W.

Tentepp ocTpoum rpad, obecrednBaroINnii reHepasa CayXaMu, B KOTOPOM CTEIEeHU BCEeX Psi-
JOBBIX paBHBI k + 1, a crenenb rexepasa pasHa n — 1 wim n (3a cder KpaTHOro pebpa, mpu
HebraronpusTHOi derHocTn). Bosbmem rpad T, OnuCaHHBIA B Hadase perleHwusl, IPOU3BOJILHO
HasHaunM (HeGOJIbINNE) Beca ero pebep, Mocje Yero COeJMHUM BCe BepIIMHBI 1, C TeHepaoM,
HA3HAYUB HOBBIM pebpam OOJIbIIe Beca.

5.3. |2, Teopema 3.1]

a) [Ipusenem npumep momxojgiiero rpada 3BoHKOB. Ilycrs n Heuerno. Torma or Kazkoii
BEPIIMHBI C HEYETHBIM HOMEPOM, He PABHBIM 1, IIpoBejieM k pebep K BepIune ¢ HoMepoM 1 ¢ Becamu
3,5, ..., 2k 4+ 1, a oT KaxkK/10if BEPIIUHBI C YETHBIM HOMEPOM IpOBeJieM k + 1 pebep K BepIiuHe
c HoMepoM 1 ¢ Becamu 2, 4, . .., 2k+2. Terepb npoBejieM jiBa peOpa MezK1y BEPITHHAMYI C HOMEPAMU
tu1+1 ¢ Becamu 1 u 2k + 3. Ilosyuusocs MHOTO pebep ¢ OMHAKOBBIME BecaMu. B jlanHoM citydae
Beca pebep 0003HaYAIOT He HOMEpa 3BOHKOB, a UMEETCs B BU/LY, 9TO pedpa PazdUBAIOTCs HA KJIACCHI
(MHOXKecTBa pebep ¢ OJIMHAKOBBIMU BECAMH ), B KaXKJOM KJjiacce pebpa MOIYT ObITh YIODSI0YEHbI
MIPOU3BOJILHO, HO PebpO Kjiacca ¢ BCerjia UMeeT MEHBIIU HOMED, dYeM pedpo Kjacca j upu ¢ < j.
[Ipumep Takoro rpada npu n = 7 u k = 3 nokazan Ha puc. 7. MoKHO IPOBEPUTD, ITO TOTJIA OT
KazK/I0¥ BEPINUHBI JI0 KayKJI0il NpoxoadT k + 1 pebepHo HenepeceKaomuxcs myTeil.

Ecimm n geTHo, TO K npeblIyieil KOHCTPYKIIME TPUCOEIUHUM €Ille OJIHY BEPIIUHY, COEINHUB
ee k + 1 pebpom c 1epBoii BepiuHoii, Beca pedbep OyayT 2.5, 3.5, 5.5, 7.5, ..., 2k + 1.5.

b) Ouennm 7(n, k) gepes p(n, k). Ilycts G — rpad 3BOHKOB, B KOTOPOM Jlazke MOCJIe YA eHUsT
k pebep mHMOpMaIUs OT KaxKJIOW BEPIIUHBI Oy/IeT JOXOJIUTL 10 JiIoboit jpyroit. [Tocmorpum na
CUTYAIMIO HOCJIe TOrO, KaK MbI CJeJa]u I IepBbIX 3BOHKOB. OcTaBuinecs 3BOHKH 0Opa3yior rpad
Ha TeX K€ BepIINHAX, KOTOPbIi OyjieM HazbiBaTh H. PaccMOoTpuM MpOU3BOJILHYIO BEPIITUHY U TDa-
dba H. Bamernm, 4T0 9TOI BepIInuHe Jjisi Oy IeHrsl TOJTHON nH(bOpMAIn (JazKe ¢ y9eToM yjaJie-
Hust k pebep) TpeOyIOTCs TOJIBKO TIePBble T 3BOHKOB U 3BOHKH BHYTPH €€ KOMIOHEHTBI CBSI3HOCTH
B rpacde H. 3naqnt, uamncyio pebep rpada, cogepkariero pedbpa, KoTopble eifi MOryT MPUTOIUTHCS,
GoJbitie b0 paBHo p(n, k). Bymem canrtars, aro r = p(n, k) — &, tae € noabepem takum o6pazom,
9T0OBI TIOJIydnTh HAaWIydInyio onenky. Ouesuino, |E(G)| = r + |E(H)|. Yrobbl oneHnTh 9ncio
pebep H cHusy, OyjieM CYMTaTh, YTO BEPIIMHA U JIEXKUT B KOMIIOHEHTE CBA3HOCTH HAMMEHBIIIErO
pasMepa, IycThb | — 9HC/I0 pebep 3Toi KOMIIOHEHTHI, TOT/Ia KOJMYeCTBO KOMIIOHEHT He MEHbIIe 7, I
|E(H)| > n— 7% (mpaBag 9acTh — 9T0 KoamdecTBO pebep B Tpade B IPE/IIOI0KeHIH, 9TO BCE KOM-
[IOHEHTBI COJIEPIKAT 110 | BEPIIUH U ABJISIOTCS jiepeBbsiMu). [lpu arom [ > £, Tak Kak B IPOTHBHOM
cilydae paccMaTpuBaeMas BepIIMHA U MOXKeT He IOJIyYUTh HMOJHON HHMOPMAIUK, CJIeJ0BATEILHO,

|E(H)| 2 n—%. Homyanm |E(G)| = (u(n, k) = &) + E(H) 2 (u(n, k) — &)+ (n— ). lIpasas sacrs
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MuHUMaJIbHA 1IpH § = /N 1 MBI HoJy4aeM HepaBeHcTBo E(G) = p(n, k) +n —2[y/n].

5.4. MbI B3s 910 yTBepKIAeHue B |3, Teopema 3.2].

a) Kak o6bIaHO, OIEHKA CBEPXY ITOJIyUaeTcs IperbsiBieHneM npumepa. 1lycts R — peryiisp-
HBIA (MJIU TOYTH PEery/IspHbIi) (MyJbTH)rpad Ha 1 BEPIIMHAX, B KOTOPOM KarK/iasi BEPIIUHA UMEeT
crenenb k (3a UCKIIIOYEHHEM, BO3MOXKHO, OJIHOW BEPIIUHBI, nMerolieil crenens k + 1). Pacemorpum
cJIeIyIonIyIo cxemy oroserenus. CHavdaa BBIIOJHUM 2n — 4 3BOHKA B COOTBETCTBHUH C JIFOOBIM
HAMOBICTPEHIMM crtocoboM oroBernenns. [locie 9Toro mpon3BoOIBLHO BBITOJTHUM 3BOHKH, COOTBET-
cTByItomue pebpam rpada K. Bee ciyxu, nosryuennbie B((])gel\z/lI)I/I CIIETHUKAMHU B 9TOI CXeMe, OYEeBHU/THO,

+4)n

ABJIAIOTCA HaJdC2KHBIMM. HpI/I 9TOM CXEMa COIECP2KUT ’VT—‘ —4 3BOHKOB.

6) JTemma 1 (3, memma 3.1]. [Tycrs qano gepeso T Ha n BepimHAX, B KOTOPOM Ha KazKJI0M peb-
pe 3aJlaH Bec, MO3BOJISIONINI «XPOHOJOIUIECKH» yIopsijiounBaTh pebpa. /g Kaskioi BepIinHbl
u 0003HaYMM uepe3 T, HauboJIbllee KOJMYECTBO BEPIINH, B KOTOPBIE MOXKHO HPUITH U3 BEPIIIH-
HbI U, JBUTAsCh TaK, 4TOOBI BEC NPU JBHKEHUH BO3pacTas. MUHUMAJILHOE 1O BCEM BEPIIMHAM
Jepesa 3HadeHne 1, oboznadnm depe3 R(T'). Oboznatunm depes r(n) makcumym Bermauisl R(7T)
10 MHOYKECTBY BCEX OPHEHTHPOBAHHBIX JiepeBbeB T ¢ n BepumHamu. Torga r(n) = |logy, n|.

HoxkaszarennbctBo. Pacemorpum jepeso T', mist koroporo R(T) = r(n). Ilycrs xy — pebpo
MaKCUMaJIbHOTO Beca, Ty, Ty — KOMIIOHEHTBI CBA3HOCTU, KOTOPLIE II0JIyYal0TCe 10C/Ie €ro y/laaeHus
(x € Ty, y € T)). Moxxno caurars, uro B T, He bosbiue Bepruut, deM B 1), Torga R(T,) < r({n/2]).
Breibepem B T, Bepiuny u, peanusyionryio 3uadenne R(T,). B nepese T 1yTh U3 BepIIuHBI U He
MOZKET HPOHUTH B KOMIOHEHTY 7T; JaJibllie BEpIIMHBL Y, HOCKOJBKY TY — PeOpPO MaKCUMAaJIbHOT'O
Beca. Torga r(n) = R(T) < r,+1=R(T,) +1<r(|n/2]) + 1. Bmecre ¢ HAYAILHBIM yCIOBHEM
r(1) = 0 mbI mosryaaem HepaseHcTso 7(n) < [log, n.

[Ipumep, peasusyionuii paBeHCTBO, CTPOUTC 110 MHAYKIMU. Ha odepesrom mare depeM jBe
KOIINU JlepeBa, CIIyKallero IMpuMepoM st n — 1, W, COXpaHss OTHOCUTEIbHBIN MOPIIOK pedep
BHYTPH KaKJIOf KOIIMU, COE/INHsAEM UX KOPHU PEOPOM MAKCHUMAJIHLHOIO BECA. 0J

Jdemma 2 [3, crencreue 2.1]. [Iycrs B (Mmysibru)rpade G Ha n BepuImHAX Ha KarKJI0M pebpe
3aJIaH BEC, C MIOMOIILIO KOTOPOI'0 MOYKHO XPOHOJIOTUYECKH YIOPAI09uTh pebpa. [lycts u — duk-
cupoBanHas BepimHa rpada G. [lycrs oKazamock, 9To i KaxKJI0W BEPIIUHBI U # U CYIIECTBYET
He MeHee Kk BO3PACTAONIUX IyTell W3 u B ¥, KOTOPbIE OTJIMYAIOTCS JIPYT OT JIpyra HOC/IeIHUMU
pebpamu. IlycTb, nakoner, cpejin Bcex rpadoB ¢ TakuMu coiicTBamu rpad GG nMeeT HAMMEHbIIIee

qncyio pedep. Torma B HEM (Ww pebep.

JlokazarenbcTBo. ['pad G upencrasisier coboii o0beiuHeHne OCTOBHOIO JjepeBa u k-
perysisiproro nojrpada (uim mouTu k-perysaspHoro mojrpadga) Ha MHOMKECTBE BCEX BEPIIHUH, 34
UCKJIIOUeHNeM u. B 3ToM ciaydae dopmyrna odeBHIHA.

[TocTponm 3T0 OCTOBHOE JIEPEBO: /I KaXKI0H BEPIIUHBL U # % OTMETUM PeOPO €, ¢ HAuMEHb-
IITUM BECOM, IIPUHAJIIEXKAIee KAKOMY-HUOY/Ib BOCXO/AIIEMY yTHu u3 u B v. Mbl ormerwin n — 1
pebep, OHM 3aJIeBAIOT BCe BepHIHLI Tpada (MUHUMAILHOE PeOPO BEPIIUHBI U TOXKE OKAYKETCs
OTMEYEHHBIM ), TIO9TOMY 9TO OCTOBHOE JiepeBo. Jlasee, cpenn pebep BepriuHbl v pedpo €, — eJIuH-
CTBEHHOE PEOPO, MPUHAIEXKAIIEE XOTH KAKOMY-TO BOCXOJANIEMY IIyTH U3 U B v. JlelicTBUTE/IBHO,
ecsin pedpo €, MHIUJCHTHO BEPIIIMHE U 1 JIEXKUT Ha IMYyTH U3 U B ¥, TO 3TOT IYTh IPOXOJUT Y€pes3 w
U TOTJIa OH JIOJIPKEH BXOJUTH B W 1O PEOPY, ¥ KOTOPOrO BEC MEHBIIE, 9€M BEC €y, UTO HEBO3ZMOXKHO.
Takum obpazom, rpad G st KazK10#1 BEPIIUHDBI U COJIEPXKUT, IIOMUMO €,,, elle He Menee k pebep,
UHIUJIEHTHBIX %. ZICHO, 9TO MUHUMAJIbHOE YHC/I0 pebep OyeT B k-peryasgpHoOM CiIydae. 0J

C momoIbio 3TUX JIBYX JieMM pertuM 3aja4dy. [lycts nmeercs criocob onoserienusi, obecrievn-
BaIOIIUil CIJIETHUKOB HaJIesKHbIMU ciiyxamu. llepsbie n — 1 3BOHKOB 9TOTO €rioco0a ONOBEIeHust
3asiatoT nojrpad H B rpade 3BonkoB. B cumiy masioctn KosmdecTBa 3BOHKOB XOTs ObI OJiHA W3
KoMmIoHeHT rnojrpada H asiagerca jgepeBoM, obosnadum ero 1. Ilo jemme 1 B sepee T MOKHO
BBIOPATH BEPIIUHY %, U3 KOTOPOH MOXKHO JIOOPATHCS 110 BO3PACTAIONIUM ITyTAM JIUIIb He 0ojiee 4eM
B |log, n| Bepmun. Y6epem pebpa Bcex sTux myTeit u3 rpada H, noydennsiii rpad nazosem H',
OH cojiep:KuT He MeHee n — 1 — |log, n| pebep.
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Hng rpada G — H' u BepIuHBI ¥ BBIIOJIHEHBI YCJIOBUS JIeMMbI 2 (0TOpOIeHHbIe HaMu pebpa

HE MOTJIA OBITH MCIOJb30BAHbI JIjId IIOCTPOEHUs IIyTell U3 BEPIINHBI U, TaK KAaK OHU ObLIN XPO-
k+2)(n—1

HOJIOTUYIECKU «CJIUIIKOM DAHHUMIE» ), 3HAYUT, B HEM HE MEHee (MW pebep. Torna B G ne

2
menee n — 1 — |log,n| + {WW pebep.

6.1. a) |5, lemma 3| Uuaykuus o k. Basza rpuBuanbua. s gqokazarebersa nepexoia OTMEHUM

NEPBBI 3BOHOK. B pesysbrare J1IepeBo OKaxKeTcd pa3dOUThIM Ha JIB€ KOMIIOHEHTBI, B KaKJIOH u3

KOTOPBIX IIEPECTAHET ObITh U3BECTHLIM OJIMH CJIYX U3 IIPOTUBOIOJJIOXKHON KOMIOHEHTHI. 110 nHIyK-

IIMOHHOMY IIPE/IIOIOKCHIIO TOTVIa KazK/asd I3 KOMIIOHEHT COJEPyKHUT He Menee 2F~1 peprrmmm.
[IyukT 6) perraercs: aHAJIOTTYHO.

6.2. lIpumep |5, Jlemma 1|. Tlogenum n na 2°~1 ¢ ocrarkom: n = 2¥"In; + ny. Pazobbem cruiet-
HUKOB Ha 1y rpymi 1o 27! uejoBek u noc/eHIon rpyIiy us ny desioBek. B Kax ol rpyme u3
281 gqemoBex MozkHO cenaTh 2F7! 3BOHOK Tak, 9TOOBI B pesy/IbTaTe BCe WICHBI TPYIIIHI 3HAJM 110
k cityxoB (JiBOe 3BOHSAT JPYT JIPYTY — B PE3YJIbTATE JIBOE 3HAIOT 110 2 CJIyXa; OTOM KaXK/IbIil U3 HUX
pas3roBapuBaeT HOBBIM YJIEHOM I'DYIIIBI, B Pe3yJIbTaTe 9eTBEPO 3HAIOT 10 3 CIyXa; ITOTOM KaXK IbIi
U3 YeTBIPEX Pa3rOBapHUBAECT C HOBBIM UJICHOM I'DYIIIBI, B Pe3y/IbTaTe BOCEMb YeJI0BEK 3HAIOT 10 4
ciyxa U T.J1.). UTo Kacaercs HOC/e/Hell IPYIIb, [IYCTh KayK/Iblil 9eJI0BEK U3 Hee MO3BOHUT KOMY-
HUOY/Ib U3 IMEPBBIX T'PYII, KOIJIa TaM Y2Ke 3aKOHYATCs 3BOHKH, 4TOOBI y3HATh k ciyxoB. MToro,
P(n,k) < (2t = 1D)ny +ny = (% -nl.

Onenxka [5, Jlemma 4|. Tokaxewm orenky P(n, k) > %n, He HAKJIaJ(bIBasi HUKAKIX YCJI0-
Buil Ha k.

PaccmorpuM 1ocsieioBaresbHocTs, paontyio P(n, k) 3Borkos. Ilycrs s kaxaoro ¢ > 1 sror
rpad 3B0HKOB G MMeeT 7n; KOMIIOHEHT CBA3HOCTH, COJIEPKAIINX ¢ BEPIIUH, TOIJIA

E n; =n.

i

SameTum, 4TO KaxKkjias KOMIIOHEHTA C ¢ BepIInHAMH nMeeT He Menee ¢ — 1 pebep. Bosiee Toro,
10 yTBepsKJICHHIO 3a1a4u 6.1 Majble KOMIOHeHTH (Te, M KoTophix i < 2871) me moryT 6BITH
JIEpEBbAMU, 3HAYUT, B HUX He MeHee ¢ pebep. Takum obpasom,

P(nk)> Y ini+ Y (i—Dn,.
i<2k—1 i>2k—1

k—1

OcraJjioch 3aMeTUTh, 9TO ¢ — 1 > %z npu i > 2871 u cienoBaTensHo,

2k—1 -1 . 2k—1 —1

i

6.3. [5, Jlemma 2| BbijgesuM U3 MHOXKECTBA BCEX CILUIETHHKOB JIBA HEIEPECEKAIONINXC Habopa:
nabop X, COCTOSMMIA U3 4 CILICTHUKOB, U HAOOP Y = {y1, %2, ..., Yor—i—2} u3 287972 crnernukos.
3BOHKHU OpraHu3yeM cJieiyionmm oopaszom. CHadasa KazxK/ bl YeJI0BeK 13 MHOXKeCTBa X CcOoo0IIaeT
CILIETHUKY ¥, CBOil ciyX. B pe3ysibrare cjieano ¢ 3BOHKOB, a CIIETHUK ¥; 3HAET Terepb ¢+ 1 ciyx.
I[aﬂee UTEpalUMOHHBIM IIPOIECCOM Mbl Ha9YMHAEM yJBanBaTb YUCJ/IO «OCBECAOMJICHHBIX» CILJIETHUKOB
B MHOKecTBe Y. Baza: jenaeM 3BOHKU: Y1Y2, Y3Ya, Y1Y3, Y2Ys; B PE3yJbTATE CHETAHO 4 3BOHKA U
nepBble 4 YeJ0BeKa U3 MHOXKeCTBa Y 3HAIOT 110 ¢ + 4 ciyxa. [lepexosn. Eciau na npepiiymem mare
nepBble 2" YeJ0BEK U3 MHOXKECTBa Y 3HAJM ¢ + 7 + 2 cjIyXa, TO Ha OYEPE/IHOM IIare Mbl JlejlaeM
2" 3BOHKOB

Y1Y1+2m,  Y2Y242r, ..., YorYor+1

1 Terephb mepsbie 2" 7! crieTHIKOB 13 MHOMKecTBa, Y 3HaIoT 110 4 +7+3 cayxos. [Iporecce 3apepmmT-
cs1, Korma OyeT «oxpadeno» ce MuozkecTso Y. K aToMy MomenTy 6Gyzer Beero cuenano i+ 28712
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3BOHKOB U BCE CIUIETHUKH 13 Y OyIyT 3HATH k cayxos. [locite 3TOro mycTs 4 MO3BOHUT BCEM CILIET-
HUKaMu He 13 Y, coobius uM csou k ciyxos. Taxum obpasom, P(n, k) < i+2F"1724 (n—2k"172) =
n + 1.
B sToMm paccyzk/ieHnn Mbl HCHOJIB30BAJIN JIMITb HEPABEHCTBO ¢; < Nn.

6.4. IlycTb nMeeTcs MOC/IEIOBATEILHOCTD ¢; 3BOHKOB cIuteTHHKOB (1 < i < §). Bamernm, 9to ecim
BO BpeMs HEKOTOPOI'O 3BOHKA C; IIOTOBOPUJIN /IBA Y€/IOBEKA, & CJIEYIONINI 3BOHOK C; 41 OCYIECTBIISA-
I0T JIBa JIDYTUX Y€JIOBEKA, TO MBI MOYKEM IIEPECTABUTD TN 3BOHKH JIPYT C JPYTOM, UTO HE IOBJIAAET
Ha Pe3yJIbTaT PaclpOCTPAHEHUs CIJIETEH C IIOMOIIBIO JaHHOM I10C/Ie/I0BATEIbHOCTH 3BOHKOB. Takoe
ZKe NePecmaro604Hoe NPasu.ao JeHCTBYET JIjisi HADOPOB M3 HECKOJILKMX 3BOHKOB: €CJIN JIBE IPYIIIIHI
U3 HECKOJIBKUX IOCJIEJOBATEIBHBIX 3BOHKOB Cj_p, Cj—ptl, - - -5 Cj—1 U Cj, Cji1, .. ., Cjtq—1 HEIOCPEJ-
CTBEHHO CJIEJIyIOT OJHA 3a JPYroil W He IIePeceKaloTcs 110 MHOXKECTBY Pa3rOBApPUBABIINX B HUX
JIIOZIelt, ST JiBe TPYIIIBLI 3BOHKOB MOXKHO IOMEHSATh MecTaMu. [lomydanTes mociieoBaTeIbHOCTD

Cly--»Ci—p-1, Cj,Cit1,-+-3Cj4q—-1, Cj—p;Cj—pt1,---,Ci—1, Cjiqy---,Cs,

KOoTOpasi JaeT TO ke (puHaJIbHOE paclipejiesieHne CIieTeH, 9To u ucxognas. IlociemoBarenbHocT
3BOHKOB, TIOJIYYEHHbBIE JIPYT U3 JPyTa C MOMOIILIO TAKUX IIEPECTAHOBOK, OY/IEM HA3BIBATH IKGUGH-
AEHMHDLMU.

C yueroMm pesyJibTaTa IpeJAbLIyIneil 3aa4dn, IJid J0Ka3aTeIbCTBa TPeOYEMOro yTBEPXKICHUS
JIOCTATOYHO HPOBEPUTDH, 9TO Iipu t; < n < t;_q, e 0 < @ < k — 4, uMeeT MeCcTO HEPaBEHCTBO
P(n, k) > n+i. Mbl jokazkem 6ojiee TOHKUI BApUAHT 3TOr0 HepaseHcTBa [5, Jlemma 5|, u3 koToporo
9TO YTBEPZKJIEHNE Cpa3y cieyer. byaeMm Ha3bIBATH CIJIETHUKA 0C6EJOMAEHHbILM, €CITH B Pe3yJIbTaTe
pPa3roBOPOB OH y3HAET He MeHee Kk C/IyXOB.

Jlemma. Ilpemmonoxkum, uro n < t;-; — 1, rne 0 < ¢ < k — 4. Ilyers ¢y, ..., ¢y — HOCICIO-
BaTeJLHOCTH U3 ¢ + j 3BOHKOB. Torja

1) B pe3yabTare STHX 3BOHKOB 06pa30BaJIoCh He 0oJiee j OCBEJIOMIIEHHBIX CILIETHUKOB;

2) eci B pe3yJIbTaTe STHX 3BOHKOB 06Pa30BAJIOCH POBHO j OCBEIOMJIEHHBIX CIJIETHUKOB (3aI10M-
HUM WX), TO CyIIECTBYeT SKBUBAJCHTHAs MOCTIEJ0BATEIBHOCTD CY, . . ., C;y i, B KOTOPO# TOC/Ie/[HIe
J 3BOHKOB C; 1,Ci o,...,C +j OBUIM TOJILKO CTPOrO MEXKJ1y OCBEJJOMJICHHBIMU CIUIETHUKAMH (Te.
TOJIBKO MEXKJy TEMU JIFOJbMU, KOTOPBIX Mbl 3AIIOMHIJIN ).

HoxazaTesabcTBo. Unaykius mo j.

baza 1l < j < k—1i—2 Torma 14+ 7 < k— 2, T.e. modasi KOMIIOHEHTa CBA3HOCTH Tpada
3BOHKOB COJIEPKUT He Oosiee k — 1 BEPIIMHBI, TO3TOMY HU OJIMH U3 CIJIETHUKOB IIOKA €Ille He CTaJl
ocsesiomyieHHBIM. O0a JTOKa3bIBAEMbBIX YTBEPKICHUS OKA3aJIUCh HEMHTEPECHBIMHU.

[Mepexon. Ilycrs j > k —i— 1, u jyia j' = j — 1 BBIIOJIHSETCST IPEJIIIOIOKEHIE WHJLYKIIUH.

Hoxkazkem yreepzkenue 1). [lycts B pesysbrare 1moc/ie10BaTeIbHOCTH U3 j 3BOHKOB MMEETCsI
J + 1 ocsesomiennblii cruleTHUK. IIoCKOIBbKY B pesy/bTaTe HOCJeJIHero 3BOHKA Cjyj MOIVIO IIO-
ABUTBCA He DoJlee JIBYX OCBEJIOMJICHHDBIX CIJIETHUKOB, K MOMEHTY 3aBePIIeHUs 3BOHKA Cjyj_1 OBLIO
B TOYHOCTH j — 1 OCBEJIOMJICHHBIX CIUIETHUKOB T1, ..., T;_1, & OCAC/IHUI 3BOHOK COCTOAJICA MEXK-
Jly «HOBBIMHM» OCBEJIOMJICHHBIMH CIIETHUKAaMHU T; U Tj41. B cuily BTOpOro yTBep:KJeHus Ipejl-
HOJIOZKEHUA MHIYKIUA MBI MOXKEM CUUTATh, YTO BCE 3BOHKHU Cjyl,. . ., Citj—1 OBLIH CTPOIO MEXKIY
CIJIETHUKAMU T1, ..., Tj_1, 1 TOLJA 3Ty I'PYIIy 3BOHKOB MOYKHO II€PECTaBUTh C C;y;. Ho Torja
B pesynbTaTe ¢ + 1 3BOHKA €1, Ca, . . ., Cj, Citj—1 TMOABUIOCH JIBA OCBEJIOMJICHHBIX CIUICTHHKA. DTOTO
HE MOYKET OBbITb, IIOCKOJIBKY U OrPAHMYEeHUAX ¢ < kK — 4 Ha IepeMeHHyIO ¢ He MOYKeT MOSBUTHCS
BOOOIIE HU OJHOTO OCBEJIOMJICHHOIO CIJIETHUKA (KOMIIOHEHTA CBA3HOCTHU, COJEPIKAINAS OCBEIOM-
JIEHHOT'O CILJIETHUKA — 9TO KaK MUHUMYM JIEPEBO, CojiepzKaliiee k BEPIIUH, IIO9TOMY B Heil He MeHee
k—1>i+ 1 pebep).

Hokaxkem yrBepxkienune 2). IIpeanonokum 9ro B pe3y/abrare i + j 3BOHKOB Mbl UMEEM DPOB-
HO j OCBEJOMJIEHHBIX CIIETHHKOB, HO IIPHM 3TOM IIOCJIEJHUE j 3BOHKOB 3aTparmBaJjil HE TOJBKO
9TUX CIUIETHUKOB. Torja BbibepeM MaKCHUMAJIHLHO BO3MOXKHOE P, TAKOE YTO MOCJIEIHUE 3BOHKU
Citpt+ls - - -, Citj OBLIH TOJTBKO MEXKIY OCBEIOMJICHHBIME CIUIETHHKAMH. 3aMETUM, UYTO TOIJA OJUH
u3 coOeceIHIKOB 3BOHKA Cjt, — TOKE OCBEJIOMJIECHHBIN, TaK KaK MHadYe MBI MOIVIA ObI IIePCHECTH
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9TOT 3BOHOK B KOHEI TIOC/IEI0BATEIHHOCTH 3BOHKOB U MBI TIOJIYIM/IN ObI T€X K€ j OCBEIOMJICHHBIX
CILJIETHUKOB y7Ke TToCJIe ¢ + J — 1 3BOHKOB, 9TO MPOTUBOPEYUNT IIPE/ITOJIOKEHNIO WH Ty KITUH.
IIycte G — rpad 3BonKOB, G' — ero noarpad, 06pa3OBAHHDIA 3BOHKAME Citp, . - . , Citj.
Pacemorpum cuadasta ciy4aii, korga p = 1 u npu srom rpad G okazacs ceasubivm. Torna G' —
JiepeBo (B HeM j pebep u j+1 BeprinHa — Bce OCBeJIOMJICHHBIE CIIETHUKH U OJ[H HEOCBEIOMJICHHBII
YIaCTHHK 3BOHKa C;4,). Pacemorpnm kommonenty C’ rpada G, koropas cogepxkut G'. Ilycrn sta
KOMIIOHEHTa cOoJlepxKuT ¢ BepiuH BHe (G, TOrjia OHA JIOJIZKHA COJIEPKATH ellle 110 KpaiiHeil mepe i’
pebep (kpome pebep, sexkanux B G'). D1u pebpa 3a71a0T KaKHe-TO 13 3BOHKOB (7, . . . , C;, TOITOMY
i <. YaasmuMm 311 ¢ 3BOHKOB M3 IIOJIHOM [IOC/IEA0BATEILHOCTH 3BOHKOB, 3TO IIPUBEIET K TOMY, 4TO
110 OKOHYAHHUN 3BOHKOB B zepese GG’ Bce CIUIETHUKM, KPOME OJIHOro, OyAyT 3HATh He MeHee k — i
cayxoB. Torma mo yrBepzkienuto 3a1a4qu 6.1 6) BBITOTHEHO HEPABEHCTBO j + 1 > ok="=1 _1 Torna

tig—1=i—242F "> pn>i+j+1>i+2"" T 1>i42F 1 1 =¢_,.

[Iporusopeune. B mocienneM HepaBEeHCTBE MbI BOCIIOJIB30BAIUCH YOBIBAHUEM I1OCJIEI0BATEIHLHO-
CcTH t;.

Tenepb paccMoTpuM ocTajIbHBIE Ciydan: Korga p > 1 uiu rpad G’ cocrout us aByx ujm Oojiee
kommonent. Obosuaunm depes C' kommonentry rpada G, cogeprkaliyio 3BOHOK ¢4 ;. [lepeobosna-
YUM 3BOHKH: IIyCTb €} = Citj, Cy, . .., C, — 9TO 3BOHKU B XPOHOJIOTHYECKOM IHOPSIJIKE, COBEPIICHHbIE
B KoMmmonente C, u myctsb ¢, ¢y, ..., ¢ — ocrambubie 380HKN B G'. B 060oux paccmarpuBaeMbIX
caydagx r < j (a BOT mapamerp s MOXKeT ObITb paBeH HYJII0, Koraa p > 1).

B cuity mepectaHOBOYHOIO TPAaBUJIA BCE 3BOHKHU (], ..., ¢! MOYKHO OCYIIECTBUTD JI0 3BOHKOB (),
..., Ch, T.€. ICXOJHAS [TOCJIEIOBATEILHOCTH 3BOHKOB SKBUBAJIEHTHA ITOCJIE0BATEIHHOCTH

7 /" / /
C1,C2y ..y Ciyp—-1, C1,...,Cq, Ciy.o oy Cpe

[TockoIBKY 3BOHOK (] 3aTparmBaeT TOJBKO OJIHOIO OCBEIOMJIEHHOTO CILIETHUKA, KOMIIOHeHTa C'
COJIEPXKUT He 0ojiee T OCBEJOMJICHHBIX CIUIETHUKOB (B Heil r pebep u me Gosiee r + 1 BepiimH).
SHa4uT, MOCae ¢ + J — T 3BOHKOB U3 BBIIUCAHHON IOCJIE/IOBATEILHOCTH 00PAa30BajIOCh HE MeHee
J — T OCBEJIOMJIEHHBIX CILIETHUKOB. 1OI/a 110 MH/IYKIIMOHHOMY ITPEJIIOJIO?KEHUIO KOJTMIECTBO OCBE-
JIOMJIEHHBIX CIUIETHUKOB JIOJIZKHO OBITh B TOYHOCTH PaBHO j — 7 (1 TOrIa KoMIoHeHTa C' COIepKUT
POBHO T OCBEJIOMJICHHBIX CILJIETHUKOB), ¥ MOYKHO PEOPraHU30BaTh 3TH i + j — " 3BOHKOB TakK, YTO
HOCJIeJTHIE j — 7' 3BOHKOB OY/IyT MKy OCBEJIOMJIEHHBIMU ciijieTHHKamu (He Jjexamumu B C):

/

~ o~ ~ /

C1,C2y vy Cigj—py,  Cpyyevoy G
Tak kak B 3TOIt II0CJIEI0BATC/JIbHOCTU 3BOHKU 6i+17 ce 76i+j—7’ COBEPIIAIOTCA MEXKJLY OCBEIOMJICH-
HbIMU CIIJIETHUKaM#W HE U3 C, MbI MO2KEM II€EPECTaBUTL HMX CO 3BOHKaMHU C/l, .. .,C;,. HOJIy‘H/ITCH

dKBHUBaJICHTHaAd I10CJI€J0BaTC/IbHOCTD

Cly.. ., Ciy  Cpy.noy Cpy Cit1y- s Cigj—rp-

HepBbIe 1+ 7 3BOHKOB 9TOi1 I10CJIe 10BaTC/JIbHOCTU ITIPUBOALAT K IIOABJICHUIO 7" OCBEJJOMJICHHDBIX CILJIET-
HUKOB. SHa‘{I/IT, 110 IPEAIIOJIOZKEHNIO MHAYKIIUMU MO2KHO II€PEYIIOPAJO0OINTD 9TU 1 + r 3BOHKOB TaK,
4TOOBI IocJjieJHME 7 3BOHKOB M3 HHUX OCYHICCTBJIAJIMCH ME2KY OCBCIAOMJICHHBIMU CIIJIETHUKaMU.
C,HejlaB 9TO, MbI IIOJIy1YUM Tpe6yeMoe: B O6pa30BaBHlefICH I10CJIe10BATE/JIbHOCTHU IIOCJICIHME j 3BOH-
KOB IIPOUCXOJAT ME2KIAY OCBEIOMJICHHBIMU CILJICTHUKAMU. Jlemma JOKa3aHa. O
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Gossiping
Bursian O., Kokhas K., Kuyumzhiyan K.

1 Gossip problem

Each of n > 3 individuals (gossipers) knows a unique piece of information (a gossip) which is not
known to the others. Gossipers communicate by phone. At each call, two gossipers participating in it
pass on to each other all the gossips they know at that time. Each gossiper wants to transmit his gossip
to every other person. A calling sequence which completes gossiping among n people is called a gossip
scheme.

The aim of this set of problems is to find the minimal number of calls in a gossip scheme for each n.
The schemes that contain this number of calls are called fastest. There may exist different fastest schemes
for some n.

1.1. What minimal number of calls is needed for 4 gossipers?
1.2. Prove that for each gossip scheme, the reversed sequence of calls is a gossip scheme again.

1.3. Prove that there exist gossip schemes of 2n — 4 calls.

Assume that n gossipers have a gossip scheme of at most 2n — 5 calls. Choose the minimal n for which
we can find such a scheme. We call this n interesting, and by a superfast scheme we mean the fastest
gossip scheme for this n. In the next problems we study properties of superfast schemes.

1.4. Let n be an interesting number. Prove that no two gossipers A and B communicate twice in
the superfast scheme.

1.5. Let n be an interesting number. A sequence of calls is such that at some moment gossiper A
calls to gossiper B, later B calls to C, and after that C' calls to A. Prove that this sequence of
calls is not superfast.

1.6. Gossipers make calls according to a superfast scheme. Fix a call from a gossiper A to a
gossiper B. It turned out that this call is the last call of A in this scheme. Prove that this call is
also the last call of B in this scheme.

1.7. Prove that if in a superfast scheme gossiper A calls to gossiper B, then they knew no common
gossip before this call.

1.8. Prove that a superfast scheme contains at least 2n — 5 calls.
1.9. Prove that in a superfast scheme each gossiper makes at least 3 calls.

1.10. For each n, prove that a fastest gossip scheme consists of 2n — 4 calls.

2 Uncommunicative gossipers

Suppose that not all n gossipers know each other, and that gossipers can call only the persons they
know. Let F' be a graph that depicts familiarity between persons. We assume that the graph F' is connected.
The aim of gossipers is to transmit all their gossips to all the others by minimal number of calls.

After several calls, we can construct a communication graph G: its vertices are gossipers and edges
are calls (multiple edges are allowed). As to the order of the calls, this information is not presented in the
graph. To keep the order, we can label its edges.

2.1. Prove that for each connected graph F' the fastest scheme consists of 2n — 4 or 2n — 3 calls.
2.2. Prove that if a graph I’ contains a 4-cycle then the fastest scheme consists of 2n — 4 calls.

2.3. Prove that if a graph F' contains a unique cycle Cy (k # 4) then the fastest scheme consists
of 2n — 3 calls.

2.4. Prove that if a graph F' does not contain a 4-cycle then the fastest scheme consists of 2n — 3
calls.
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Let F' be a connected graph that depicts familiarity between n persons, but now the gossipers
communicate by telegraph, i.e. gossipers can send telegrams, and every telegram contains all the gossips
known to the sender.

2.5. Which minimal number of telegrams is needed?

2.6. Consider an «economical» telegraph gossip scheme which avoids duplication of information:
every gossiper receives by telegram each gossip at most once. In this scheme, it may happen that
a gossiper receives a telegram which contains his own gossip. Prove that in each «economicals
gossip scheme there are at least n — 1 such gossipers.

3 Variations to a gossip problem: NOHO

Suppose that n gossipers know each other. Consider the following restriction on the call scheme: no
gossiper hears his own gossip from the others (NOHO: No One Hears Own). It is clear that in a NOHO
gossip scheme a communication graph G has no multiple edges (and even triangles), and all the vertices
have degree at least 2.

3.1. Atypical example. Consider 10 gossipers: 3 gossipers know gossip A, 3 gossipers know
gossip B, 2 gossipers know gossip C' and 2 gossipers know gossip D. Does a NOHO gossip scheme
exist for these people?

In the next two problems, we assume that initially everybody knows his unique gossip.

3.2. For which n do NOHO gossip schemes exist?
3.3. Prove that a NOHO gossip scheme consists of 2n — 4 calls.

4 Variations to a gossip problem: NODUP

Suppose that n gossipers know each other. Consider gossip schemes with the following restriction:
before each communication, the gossipers participating in it know no common gossip (NODup: No
Duplication). We met this property (of a non-existing object) in Problem 1.7.

4.1. Does a NODUP gossip scheme exist for n = 127
4.2. Suppose that there are 6 groups consisting of 13, 8, 6, 5, 4, 4 gossipers, and the gossipers in
one group know a unique gossip. Does a NODUP gossip scheme exist?

In the next four problems, we assume that initially everybody knows his unique gossip.

4.3. Does a NODUP gossip scheme exist for n = 207
4.4. For which n do NODUP gossip schemes exist?

4.5. For infinitely many values of n and some constant ¢, give examples of NODUP gossip schemes
with %n + ¢ communications.

4.6. Prove that a NODUP gossip scheme contains at least %n + ¢ communications for some
constant c.

Addition to previous variations

A gossiper is called expert if he knows all the gossips. A gossiper is called semi-expert if there exists a
non-expert among the other gossipers such that this gossiper could become expert after a communication
with this non-expert. Two such semi-experts are called complementary.
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The following idea is useful. Fix a gossip scheme and two gossipers A and B in it. If A and B become
experts after the 50th communication, but their first talk was the 100th communication, then we can
reorder communications: let AB be the 51th communication and shift all the subsequent communications,
this will be a gossip scheme again.

1.11. Among all the superfast gossip schemes, find a scheme in which the first expert appears after
a minimal number of communications. (This can happen after at least n — 1 communications.) Let
us fix this gossip scheme. After the moment when the expert has appeared, at each moment let ¢ be
the number of experts and m be the maximal number of non-intersecting pairs of complementary
semi-experts. Prove that there remain at least n — ¢ — m communications in this scheme.

1.12. Give another proof of 1.10, using the semiinvariant from the preceding problem.
4.3%. Prove that NODUP gossip schemes do not exist for
a) n = 14; b) n = 18.
4.4%. Prove that in a NODUP gossip scheme for n > 4 each gossiper participates in at least three
communications.

There are n chemists (n > 3). Each one has 1 kg of his unique reagent. If two chemists meet, they divide
equally all the reagents they have. In a good home laboratory, all the reagents have to be represented.
Clearly 2n — 4 meetings are enough to make home laboratories of all the chemists good. But for efficient
work, it is necessary to have at least a grams of each reagent.

1.13. For which maximal o we can make all the home laboratories efficient after 2n — 4 meetings?

5 Bad connection

Take n gossipers and an integer k. We consider the following restriction: the communication schedule
is strictly fixed in advance, however, it is known that “connection is bad” and k communications may
cancel (i.e., the corresponding gossipers cannot pass on their gossips at time). Also, the analogous setting
can be considered for the case of telegraph.

5.1. Suppose that gossipers use telegraph and the connection is bad, i.e. it is known that some k
telegrams may be lost.

a) Suppose that one gossiper is commander-in-chief. A schedule of telegrams must be such
that the commander-in-chief knows all the gossips at the end. Which is the minimal number of
telegrams necessary for such a scheme?

b) All the gossipers want to know all the gossips at the end. Which minimal number of telegrams
is needed?

5.2. Suppose that one gossiper is commander-in-chief. The connection is bad. A schedule of
communications must be such that the commander-in-chief knows all the gossips at the end.
Let us denote the minimal number of communications necessary in this case by u(n, k). Prove
that

a) p(n, k) = [E-L . n] for k >n—2.

b) p(n, k) = [E2 - (n—1)] for k <n—2;
5.3. Let us denote by 7(n, k) the minimal number of communications necessary for n gossipers to
know all the gossips at the end if it is known that connection is bad.

a) Prove that 7(n, k) < [(k+ 3)(n —1)].

b) Give a lower bound for 7(n, k). Please give a bound which is not much worse that the bound
from a).

The exact value of 7(n, k) is not known. In Problem 5.2, the following lower bound is known: p(n, k) +
n —2y/n < 7(n, k). It is not known whether the sequence 7(n, k) — (k + 2)n is bounded for fixed k.

5.4. We have a new setting. Suppose that communications do not cancel, but gossipers want to
operate with reliable gossips. For a gossiper, a gossip which is not his own gossip is reliable if he
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heard it at least k+ 1 times. Prove that the minimal necessary number of communications y(n, k)
satisfies the following inequalities:

a) y(n, k) < [EE] 4

b) [E0=DT 1o, n| < (n, k).

6 Lazy gossipers

6.1. Suppose that n gossipers have performed several communications. It turned out that the
communication graph is a tree, and that every gossiper knows at least k gossips after these
communications.

a) Prove that n > 2F-1.

b) Suppose that the communication graph is a tree. Also suppose that all but one gossipers
know at least k gossips each after these communications. Prove that n > 281 — 1.

Now let us fix integers n and k, where k < n. We consider the case when n gossipers know each other,
but their curiosity is bounded: each one wants to know at least k gossips at the end. Let us denote by
P(n, k) the minimal number of communications necessary for this.

We assume below that k > 4. Let us introduce a useful notation. For a fixed k, let us consider the
following finite sequence

ti=1i+28"2  where 0 <i<k—4.

This sequence is decreasing.

6.2. Suppose that k is “rather small” with respect to n, namely, n > 2¢~!. Prove that gossipers
need “almost n” communications: P(n, k) = P;ljl -nl.
6.3. For greater values of k, find ¢, 0 < i < k—4, such that t; < n < t;_;. Prove that P(n, k) < n+i.

6.4. Prove that in the previous problem, we have the equality P(n, k) =n + i.
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Solutions

1.1. OrBeT: 4 calls.

1.2. If there is a chain of calls which passes the A’s gossip to B, then the reversed chain will pass
the B’s gossip to A.

1.3. We prove this statement by induction. Induction base for n = 4 is already proved. To prove
the induction step, we add one gossiper and two calls, the very first call is the conversation of the
new gossiper with any other gossiper, then we make calls according to the old gossip scheme, and
the very last call is the conversation of the new gossiper with any other gossiper.

1.4. [11, Lemma 2|. Let us “glue together” gossipers A and B: we will treat them as one person
who knows the union of the gossips previously known by A and B in every moment. We can delete
all the calls between A and B. Then we obtain a gossip scheme for n — 1 gossipers, consisting
of 2(n — 1) — 5 calls, which contradicts minimality of n.

1.5. This statement is taken from [1]. We exclude gossiper A, all his calls which were made before
the call BC are diverted to B, and his remaining calls are diverted to C. We diminished the
number of gossipers by 1 and the number of calls by 2, this contradicts minimality of n.

Remark. We can label the edges of the graph of calls: on every edge, we write the number of
this call in the gossip scheme. Then the way of a gossip is a path in the graph such that the labels
along this path increase. The condition that every gossiper knows all the gossips at the end means
that for every two gossipers A and B, there is a path with increasing labels from A to B (and
from B to A, too).

In the same way we can show that there do not exist longer (than 3 edges) chains from A
to A such that the labels along this path increase. Indeed, let AB;Bs...BpA be such a chain.
We want to exclude the gossiper A, his two calls AB; and ABy, and to divert all the remaining
edges incident to A. We compare labels on these edges with the labels on edges By Bs, By Bs, . . .,
By._1 By, and those which are less than By Bs are diverted to By, those which are among B B, and
By B3 are diverted to By, and so on. One can check that this will be a gossip scheme for n — 1,
which contradicts minimality of n.

1.6. Suppose that gossiper B knows all the gossips after the conversation with A. Suppose also
that after the conversation AB, there was also a conversation BC'. It means that C' has heard his
own gossip from B, i.e., that there are cycles in the gossip scheme. But it contradicts Problem 1.5.

1.7. This statement is taken from [11, Lemma 4], it is equivalent to the intersection lemma [1].The
following idea is useful: if at some moment Peter and Paul have the same information (i.e., just
after the conversation between them), then we can change them in all the subsequent calls, and
this will be a gossip scheme again.

Suppose that just before their conversation, gossipers A and B both knew the gossip of C.
Consider the chains of calls which pass the gossip of C' to A and to B:

.—»o—»---—».A
C D\
s B

JomycTtum, 9TO B 9TOM HOCje0BaTeIbHOCTH 3B0HOK D F ObL1 panbiie 3souka DF'. Torna, mo-
MeHAB MecTaMu ciuieTHUKOB D m F', cpa3y nociie 3B0HKa DF' MBI MOXKEM CYUTATH, YTO BMECTO
3BoHKa F'H mvmen mecto 3B0HOK DH. Y HAC HOTyYUTCS IOCJIEI0BATETLHOCTD 3BOHKOB, B KOTO-
poii nenouka DF H ... B, HaXOmsIIascs mocje «pasBUIKA», YKOPOTUIACH (Telephb 3TO IErnovKa

DH ...B).
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.—»o—»---—».A
C D\
F H B

3sonok D H no-nipexxuaemy nozxke DE. [Ipogokas Takue JeficTBHs, MbI ITOJTHOCTBIO YCTPAHUM
nenouky H ... DB nocie «pa3suikuy». Ha mocieaem mare 3Toro mporecca Mbl TIOMEHSIEM MECTaMu
ciiernukoB B u D (cpa3y nocste pasrosopa BD), ipu 3rom pasroBop AB, ¢ KOTOPOro Mbl HAYaJ K
pemenne, 3amerntcst Ha AD. Y Hac ocranercs nenodka DFE ... A u nociemyiommii pasrosop AD.
9DTO HEBO3MOXKHO 110 3aja4e 1.4.

1.8. This statement is taken from [1]. If every gossiper participated in at least 4 communications, all
in total there were at least 2n calls.Suppose that a gossiper A participated in three communications.
To pass the gossip of A to the other gossipers is the same as to consider the union of all the
increasingly labelled paths starting at A. This is a connected subgraph containing all the vertices,
hence, it contains at least n — 1 edges. Also consider the union of all the decreasingly labelled
paths starting at A. It also contains at least n — 1 edges. These two subgraphs may intersect
only by the edges incident to A, otherwise the union of a decreasing path and of an increasing
path will give a labelled circle which will contradict to the Remark above. This gives at least
(n—1)4+(n—1)—3=2n—>5 edges.

1.9. If a gossiper A participates in k& conversations, then, as in the previous problem, 2n — 5 >
(n—1)+ (n—1) — k. Hence, k > 3.

1.10. It is enough to explain why there are no superfast gossip schemes consisting of 2n — 5
calls. By Problem 1.6, a call can be initial (all in total n/2 such calls, it is the first call for both
interlocutors), final (also, all in total n/2 such calls, it is the last call for both interlocutors) and
mean calls (n—5 such calls). By Problem 1.9, every gossiper participates in at least one mean call.
Consider the graph of mean calls. It has n vertices and n — 5 edges, hence, at least 5 connected
component, each containing at least one edge.

Fix a gossiper A and let AB and AC' be his first and last calls, respectively. There are at least
two connected components of the mean edge subgraph not containing vertices A, B, and C, there
are at least two edges in these components.

Consider the union of all the increasingly labelled paths starting at A. This is a spanning
subgraph, hence, it contains at least n — 1 edges. Also consider the union of all the decreasingly
labelled paths starting at A. It also contains at least n—1 edges. As in the solution of Problem 1.8,
these two subgraphs may intersect only by the edges incident to A, otherwise there wil be a
labelled circle. Now take two connected components chosen above. The internal edges of these
connected components occur neither in increasing nor in decreasing paths starting from A. Let k
be the degree of A in the initial graph. The union of two spanning subgraphs contains at least
n—14n—1—k>2n—>5—2 edges, hence, k > 5. Since A was taken arbitrarily, it means that
the graph contains at least 5n/2 > 2n — 5 edges.

2.1. This statement is proved in [6]. The hardest part is done in Problem 1.10, and it remains to
prove that for a tree, we need 2n—3 communications. First, let us show that 2n—3 communications
is enough. Fix a root in the tree, and suppose that gossipers subsequently call from faraway vertices
to the root (formally, we can order the edges with respect to the distance to the root; firstly, calls
are made using the most far edges, then by the edges of maximal distance minus one, and so
on). After these calls, we will have two gossipers who know all the gossips: the root and one
of his neighbours. Then we make first n — 2 calls in the reverse order. All in total this gives
n—14+n—2=2n—3 calls.

This is the minimal possible number of calls. Indeed, otherwise there would be at least two
edges used once. Let us call such edges singular. Two singular edges split the graph into three
connected components, and we may treat it as a graph with three vertices and two (singular)
edges, hence, this is not a gossip scheme.
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2.2. We present here the construction from [6]. We can contract the cycle Cy into one vertex and
treat it as the root of the obtained tree. As in Problem 2.1, gossipers will subsequently call from
faraway vertices to the root, then we will apply the fastest gossip scheme from Problem 1.1 to
C}y, then make the calls on the edges of the tree in the reverse order. This gossip scheme needs
(n—4)+4+ (n—4) =2n — 4 calls.

2.3. JlokazarejbeTBo npuBeIeHo B [6].

[Ipeamosokmm, 9TO CYMECTBYET CIIOcod, comeprkamiuii Bcero 2n — 4 3Bonka. Torma 3amernm,
YTO Kark70e pedpo JIOMKHO OBITh MCIOJIB30BAHO B 9TOM CIIOCODE OIIOBEIEHNS XOTs OBl OJINH Pas.
Ecin 310 pebpo sBjisieTcss MOCTOM U He OBLJIO MCIIOJB30BAHO, TO HEBO3MOXKHO PACIIPOCTPAHEHUE
uHMOPMAIMHE MEXKJIy JIBYMs YaCTAMH, Ha KOTOPbIe OHO jesuT Ipad. Kcim oHo jiexkut na nukiie,
TO IOCJIEe ero yiajienus u3 rpada MmojydaeM JIEPEBO, B KOTOPOM paclpocTpaHenune uHdopMauu
HEBO3MOKHO OBICTpee, deM 3a 2n — 3 1o pertennio nyHkTa 2.1. CremgoBaresbHO, Ipu criocobe 3a
2n — 4 3BOHKa MMeeTcs 10 KpaifiHeil Mepe 4 CHHIYJISPHBIX pebpa (HAITOMHUM, 9TO Mbl HA3BIBAEM
pebpO CHHTYJIPHBIM, €CJIH €My COOTBETCTBYET JIUIIbL OJINH 3BOHOK).

Homyctum, 9rto x0T Obl 0JIHO U3 9TUX pebep sBjsiercs MoctoMm. llpu ero ynanenun rpad
pacrajiaeTcs Ha JiBe KOMIIOHEHTBI CBA3HOCTU. Torma K MOMEHTY 3BOHKA 110 3TOMY Pedpy B KaXKJI0M
U3 €ro KOHIIOB JIOJIZKHA HAKOIHUTbCA BCsl MH(MOPMAIUS U3 COOTBETCTBYIOINIEH KoMmmonenTol. [lycTh
pasMep OJ[HOW M3 KOMIIOHEHT paBeH @, TOrja Jyisi 9Toro norpebyercs (@ — 1) + (n —a — 1) =
n — 2 3BoHKOB. [locse 9Toro mpomcxouT 3BOHOK IO MOCTY M €Ille CTOJIBKO K€ 3BOHKOB, UTOOBI
undopMaIys pacipocrpanmiach obparno. B cymme mosygaem 2n — 3 3BoHka. Takom obpazom,
CUHT'YJIIpHBIE pebpa He MOryT ObITh MOCTAMU, T. €. BCe OHU JIEYKAT Ha IUKJIE.

Torma mocyie ynajieHus: CHHTYISIPHBIX pedep n3 rpada MmoaydnTcesd 4 KOMIOHEHTHI CBSI3HOCTH,
KazK/lasg U3 KOTOPBIX fABJsAeTcs JiepeBoM. lleperymepyem mx B mopsake o0xo/ia MUKIA, IMIyCTh 3TA
KOMIIOHEHTBI COJIEPXKAT Ny, Ng, N3, N4 BEPIIUH, Ny + No + n3 + ng = n. [locmorpuMm, B Kakom
HOPsiJIKe CUHIYJIPHBbIE Pedpa MOI'YT BXOJUTH B IIOCJIEIOBATEILHOCTD 3BOHKOB. [lycTh cHavasia B
[I0CJIEJIOBATEILHOCTH 3BOHKOB CTOST JiBa PeOpa, CBI3aHHBIX C OJIHOM U TOIi K€ KOMIIOHEHTOM 7. DTO
HEBO3MOKHO, TaK KaK TOIJA 9Ta KOMIIOHEHTa He TIOJIYIUT CBeJeHIH 13 KOMITOHEeHTHI (i+2) mod 4.
3HaunT, MOpAI0K BXOXK/IEHUA CHHIYIAPHBIX pedep B Criocod OMOBENIeHUs AHAJOTHICH HOPSJIKY
BXOXKJIeHHS pebep rpada B perieHun myHKTa 1.1: MOXKHO CYUTATH, 9TO CHAYasIa OBLIU CJIIe/TaHbI
3BoHKU 1-2, 3—4, a nocye sToro 2-3 u 1-4.

K momenty cosepienusi 3sonKa 1-2, 06a cobeceHUKa JOJKHBI ObLIM 3HATL BCE CJIYXU U3
CBOEl KOMIIOHEHTBI, 3HAYUT, K 9TOMY BPEMEHH JIOJIKHO ObLIO ObITH COBEPIINEHO He MeHee (n; —
1)+ (ng — 1) 3BOHKOB BHYTPH 9THX KOMIIOHEHT. AHAJIOTHYHO K MOMEHTY 3BOHKA 3—4 JOJIZKHO OBLIO
ObITH coBepIlieHO He Meree (ng — 1) + (ny — 1) 3BOHKOB BHYTpPHU TpeTheil 1 9eTBEpTOil KOMIIOHEHT.
Mpb1 nacunTasmm n — 4 3BOHKOB.

Jlajiee, B pe3yJsibTaTe COBEPIIEHUsS 3BOHKA 2—3 KaK/bIil U3 cOOECEIHUKOB y3HAJ YHUKAJIbHBIN
JUUIsl CBOE#l KOMIIOHEHTBI HOBBIN CJIyX. SHAYHT, [IOCJIE 9TOI0 3BOHKA B KOMIIOHEHTAX JIOJIKHO IIPO-
usoiiTu ere e MeHee (ng — 1) + (n3 — 1) 3BOHKOB, PACIPOCTPAHSIONINX STH YHUKAJIBHBIE CIYXU.
Anasormano mociie 3BoHKa 1-4 npomsoiizer me menee (ny — 1) + (ng — 1) 3BOHKOB B mepBoil u
JeTBepTOil KoMmronenTax. Mbl oOHapyKuIu ere n — 4 3BOHKA.

Tak KaK HAIIl UK COJEPKUT OoJiee 4 BEPIIUH, TO €CTh XOTs ObI 0JiHa KOMIIOHEHTA, IIYCTDb JIJIst
OIIPE/IEJIEHHOCTH TIePBasi, /I KOTOPOIl CMEXKHbIE C Hell JIBa CHHTY/IAPHBIX pedpa He UMeoT o0Ieit
Beprmubl. CJie/10BaTeIbHO, 9Ta KOMIIOHEHTa CMOXKET TepeaTh nH(MOPMAINIO, KaK 9TO TpeOyeTcst
IIPU CITIOCOOE OIOBEIEHNUs, TOJILKO €CJIU B IIPOMEXKYTKE MKy 3BOHKaMu 1-2 u 1-4 BHyTpH 1epBoit
KOMITOHEHTHI OyJIeT c/iejlaH XOTs Obl OJMH 3BOHOK, MEPEIAONINil CIyXU BTOPOIl KOMIIOHEHTHI OT
cobeceTHIKA, TOJIBKO UTO Y3HABIIErO 10 3BOHKY 1-2, K cobeceHUKY, KOTOPbIl Oy/IeT 1epeiaBaTh
UX 110 3BOHKY 1-4. DTOT 3BOHOK ellle He ObLI yITeH HAMU PaHee.

Nroro mer nmeem (n —4) 4+ (n —4) + 4 + 1 3BoHKOB.

2.4. @.Xapapu u A.lllenk [6] npemmaramu B 1974 1. $10 3a mokasaresabcTBo 3TOro akxra.
B 1980 r. R.Bumby [4] pemmn sty 3amaay. Yyrs mosxke D. Kleitman u J. Shearer [7] npusesnn
JIpyroe JI0Ka3aTeJIbCTBO, IMPUYEM B MX PACCYKJICHUAX HEe TPeOOBAJIOCH, YTOOBI BCE 3BOHKHU ObLIN
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JBYCTOPOHHUMHE. MBI IIPUBOJIMM JIOKA3aTEIBCTBO U3 |7, BIpoueM, olycKasi JeTasi, BOSHUKAOIIIE
B CJIy9ae OJHOCTOPOHHUX 3BOHKOB.

[IycTps nana cxema oroBeleHus, cocrosimast u3 2n — 4 3B0HKOB. /lokakem, 4TO OHA COJEPKUT
4-1TIK T

[Topg/10K 3BOHKOB B CXeMe OIIOBEIeHMs He 3aJ/laH KEeCTKO. Pa3Hble mepecTaHOBKHU ITOCTIEIO0-
BaTEJILHOCTU 3BOHKOB, Peasu3yIoliue OIoBenieHune, Oy/1eM Ha3bIBaTh YnopA0ovUuSaHUAMY CXEMbI
OTIOBEIICHUS.

Pacemorpum rpady, nzobpazkaromiuii nepsbie 77— 1 3BOHKOB, 1 OTMETUM €I'0 HAMMEHDBIITYIO KOM-
MIOHEHTY CBSI3HOCTH, ABJIAIONLYIOCS JIepeBOM. Takas KOMIIOHEHTa BCET/ia HallJIeTcs, TaK KaK B IIPO-
TUBHOM CJIydae CyMMapHOe YUCJI0 pebep OKayKeTCs He MeHbIlle CyMMapHOro duc/ia sepiuh. [lycrs
S — MUHUMAaJIbHAsI OTMeYeHHas KOMIIOHEHTA-ePEBO, BHIOPAHHAS IO BCEM YIIOPSIOINBAHUSIM.

[Iycts B KOMIIOHEHTE S CcostepkuTCea m BepmuH. OTMETHM, UTO M 2> 2, TIOCKOJIbKY WHAYE, eCIN
m = 1, a Mbl n300pa3u/n y»Ke n — 1 3BOHKOB, TO YTOOBI MHMOPMAIUs OT STON BEPIIMHBI JIOILIA
JIO OCTAJILHBIX, MOTpedyercs eiie He MeHee N — 1 3BOHKOB, T.€. B cyMMme Oyier Oosibine 2n — 4
3BOHKOB. Paccmorpum (m — 1)-if 0 OpsiIKy 3BOHOK BHYTPHU KOMITOHEHTHI .S. Eci ero orMeHuTb,
KOMIIOHEHTa PAaCIaJIeTcd Ha JiBe JacTu — S u Sy. OudTh rnepedupast yInopsioueHust, MEHSIOIIIe
MeCTaM¥ 3BOHKHM BHYTPH S, MBI MOXKEM JIONOJHUTEHLHO CIATATH, 9TO S| — HAWMEHbBINas BO3-
MOKHasl KOMIIOHEHTa B TOM CMBICJIE, YTO JIPYTHUE YIOPAJOUYEHUsT He MOT'YT JIaTh HaM KOMIIOHEHTY
crporo cogepzkatyocst B 5. Ilyers (m — 1)-it 3BOHOK TPOUCXOIUT MEKIy BEPIIMHAMU T7 € S
u y; € So. Mbl 1ocjieioBaTeIbHO IPOBEPUM CJIEJIYIONINE AT YTBEPXKICHU, BbIJICJIEHHBIX Kyp-
cuBOM. U3 mATOTrO yTBEPKIEHUS CJIEJIyeT, YTO CXEMa OIIOBEIIEHUS COJEPKUT 4-TUKJI, 9TO HAM
u TpebyeTcs.

YTBepKIEHU .

1) Komnonenma Sy codeporcum ne menee 06Yx 6epuiun.

2) Ilycrs kKoMIoHeHTa S7 coctout u3 j BepimH. Torga (j — 1) 3BOHKOB, c/iejiaHHbIe BHYTPH S1,
(cpesu mepBBIX M — 2 3BOHKOB B .S) MpEBpAIAIOT 3Ty KOMIIOHEHTY B JiepeBo, obo3Haunm ero 1’
(a obozmauenue Sy Oy/IeM OTHOCUTH CKOpee K MHOXKeCTBY BepinuH). Ilycrs jana mekoropasi 1mo-
CJIEJIOBATE/IbHOCTD 3BOHKOB. ByjieM Ha3bIBaTh 3BOHOK MEKJIy BEPUIMHAME @ U b 0cobeHHbiM, €CIn
9TOT 3BOHOK IIPOU3OINEJT TI037Ke BCEX OCTAJbHBIX 3BOHKOB ¢ ydactuem a uau b. Jlepeso T codep-
orcum eduHCMBEHHbT 0COOEHHVIT 360HOK, 6 IMOM 360HKE 0DA3AMEALHO YHACNEYEM EPUUHA T1.
O603HAYMM Yepe3 Ty BTOPOrO yUaCTHHUKA ITOIO 3BOHKA.

3) Hust mocrpoennsi Mmuoxkects S, Sy u jepesa 1 Mbl UCHOJIB30Bad 1 — 1 MEPBBIX 3BOHKOB.
Criocob OlOBeIIeHUs COJAEPKUT €Ille 1 — 3 3BOHKa, 0003HAYNM MHOYKECTBO 3THX 3BOHKOB uepe3 L.
Ecim ynamurs us nepesa T pebpo 122, JepeBo paciajercs Ha ape yactu 1) u Ty, vae obo3HaueHnst
BBIOpaHBI Tak, 910 1 € 11, 9 € Ty, eM. puc. 1. Jlaa kaocdot sepwunove z ¢ Ty (6 mom wucae

7 N /T
\

N

Sl 52

Puc. 1. Komnonenra csasnoctu S
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ONA BEPWIUN Z, AEHCAUUT 6HE S) CYWeCmBYem Uenowka 360HK08, COOEPHCAUWAA AUWD 360HKU
us LU {x1y1, 122}, no Komopot x z moocem nputimu cayr om sepwunovs 1. To okce Kacaemcs
DACTLPOCTPAHENUA UHPOPMAUUL O Ty K Gepuiunam ehe To. Boaee mozo, MHO0HCECTNEO 360HKOG
LU {x1y1, T122} 06paszyem depeso.

4) IocaedosameavHocms 360HKOS, KOMOPas 00CMABAAEM CAYT 6epuiune Ti (UAu Tz) om oc-
MANLHYIT, Modcem codeporcamv ne boaee 00nozo 360nka u3 L U {x1y1, 122}, u ecau maxosot
360MO0K BCMPEMUACA 6 IMOTL NOCALOOBAMENHOCTNU, OH ABAACTNCA 6 Hell NOCACOHUM.

5) PacemoTpun Kakyo-HEOY b TTOCIE0BATEIBHOCTD 3BOHKOB, 110 KOTOPOI CJIyX Y1 JIOIIENI 10 3.
[IycThb Y29 — HOCIIEIHMIT 3BOHOK B 9TOI IIOCJICI0BATE/ILHOCTH. Tereph paccCMOTPUM KaKyio-HUOYIb
HOCJIEI0BATE/ILHOCTD 3BOHKOB, 110 KOTOPOM CJIYX ¥ JOWIEJ 10 T1. IIyCThb 1327 — HOC/IeHIIT 3BOHOK
B 9TOIl TOCIeI0BATEILHOCTH. 1Ipoo/nKas 3T0 MOCTPOEHIE, CKAZKEeM, 9TO ;41 — 9TO TOT CILICTHUK
(He COBNAJIAIONINIL C X1 U T3), KOTOPBIH YIaCTBOBAJ B MOC/IEHEM 3BOHKE W3 IIOC/IEI0BATEIBHOCTH,
JOCTABUBIIEH CIyX OT y; K 1 (ecim i 4eTHO) win o (ecu i He9eTHO). Bee sepuunsl y; aescam
6 Sy. Hatidymesa mewemmnoe iy, “emmoe iz, Maxue 4mo Yy, — 360nok u3 Sy. Boaee mozo, 6
IMOM. CAYHGE Ui X1, Yi,To — 360MKU, NPUHAOAEHCAULUE HAWET CTEMe ONOBEULEHUS, NPUUEM OHU
COBEPUWEHDL NO3ICE 360HKOE T1To U Uiy Yi, -

,ﬂ;OKaBaTeJIbCTBa.

1) Moxmo cunrarb, 9T0 3BOHOK Z1Yy; ObL1 (n — 1)-M 1o cuery. Ecam S; cocrout u3 omoit
BEPIIHIBI, TO MOC/IE IEPBLIX 7 — 2 3BOHKOB, CJIyX U3 9TOIl BEPIIMHLI ele HuKyAa He yrmes. s
€ro pacHpOCTPaHeHUs IIOHaI00UTCs ele o KpaiiHeit Mepe n — 1 3BOHKOB, T.e. B CyMMe OyJeT He
MeHee 21 — 3 3BOHKOB.

2) D710 cremyeT U3 yCJIOBUA MEHIMAILHOCTH, HajloXKeHHOro Hamu Ha Sp. [locieuuii 3B0HOK —
BCeria OCOOEHHBIH, TaK ITO XOTs OBl OJMH 0COOCHHBIN 3BOHOK cyiiecTByeT. Ecsn Obl B S; Hamescs
0COOCHHBIN 3BOHOK ab, He 3a/IeBaIONIN BEPIIUHY 1, MBI MOIVIA ObI IIEPeyIIOpAI0IUTh 3BOHKA B S,
rocTaBuB 3BOHOK ab na (m — 1)-e mo cuery mecro. Torga mepsbie m — 2 3BOHKA HOPOXKIAJIHN ObI
KOMIIOHEHTY, CTPOT'O COJIEPZKAILYIOCS B S, YTO IPOTUBOPEYUT €€ MUHUMAIBHOCTH.

3) B mameii cxeme omoerreHus CJIyX oT rp MO KAKOW-TO IEMOYKe 3BOHKOB JIorest J0 z. Ilycrs
ab — 1epBbBIil 3BOHOK B 3TOi 1enovdke, He Jexamuit B 1. Torma ab u Bce mociieyioniue 3B0HKI
B 91001 1eniouke Jsiexkat B L U {x1y1, 1122}

Eciu cymectByer nernodka 380HKOB u3 LU{x1y1, 122 }, npeiecTByomnias ab u J0CTaBIAONIAsT
uH(OPMAIIO OT X1 K @ WK b, 00bEINHIM €€ ¢ IPebLIyIIeil PACCMOTPEHHOM EMOYKON 1 IIOJIY YUM
TpebyeMyIo LEHOYKY OT I7 K z. Ecim »Ke Takoil HEHOYKU He CYIIECTBYET, TO CXEMa OIOBEIICHUs
JIOIYCKAET CJICAYIONIEE IePeyHOPsAI0UMBAHNe 3BOHKOB: IICTh 3BOHOK Z1l; HJET N-M IO CYeTy,
3BOHOK 1% — (n — 1)-M, a 3BOHOK ab WM KaKO{i-TO 3BOHOK U3 L, MPEJIIeCTBYIONHA 3BOHKY
ab, — (n — 2)-M 1o cueTy (OTHOCHTEJIbHBIN MOPSIIOK OCTAIbHBIX 3BOHKOB He M3MEHUJICH ).

Eciin Teniepn (n — 2)-it 3B0HOK He 3ajieBaer S; (mm Sy), To B HaYaJIe B KAU4eCTBe S MOYKHO ObLIO
B34Th S (mm Sy), 9ro nporuBopeunT MuHUMAaILHOCTH S. Ecim xe (n — 2)-it 3BOHOK coeuHSIeT
S1 ¢ Sy, TO 9TO MIPOTUBOPEUUT MUHUMATIBHOCTH S, TaK Kak yjaaieHue (n — 1)-ro mo cuery 3BOHKA
Z1Z9 TEIEPhb CO3JAaeT KOMIIOHEHTY, CTPOTO COAEpyKaILyiocst B S1.

MBI 10Ka3a/1 CyIecTBOBAHNE IIEHOYKK 3BOHKOB, IIepeJaommuX HHMOPMAIMIO OT L1 K 2 1 JIe-
xkamnwx B LU {x1y1, 122 }. AHAJOTUYIHO CYIIECTBYIOT HEHNOYKH, [epeaoliue NHMHOPMAIIUIO OT Ty
K z ¢ Ty. Takum obpazom, muoxkectBo L U {1y, 122}, comepxkaiiee n — 1 pebpo, 1mo3BoJIsteT
PaCIpOCTPaHATh UHGMOPMAIMIO OT X1 U Xy K OCTAJbLHLIM 1 — 2 Bepimunnam. CienoBarenbno, pebpa
u3 LU {x1y1, £122} MOPOXKIAIOT OCTOBHOE JIepeBO Ipada 3BOHKOB.

4) OcToBHOE JIEPEBO, OIMUCAHHOE B IIPEJIBLYIIEM IIyHKTEe, COCTOUT U3 3BOHKOB L U {x1y1, T172}.
OTH 3BOHKU B HAIIIEM CIIOCOOE OIOBEIeHNsT XPOHoIorndecku nocseanue. [losromy eciin mociiesio-
BATEJIbHOCTH 3BOHKOB, Iepe/iaoiias nHGOpMAaIuio u3 2 B 1 (JUist Ty PACCYZKJIEHNs AHAJOTHIHBI ),
COJIEPXKUT 3BOHOK n3 LU{x1y1, X1X2}, TO U BCe TOCIEYIONIIE 3BOHKI TOXKE JIEKAT B 9TOM MHOXKe-
crBe. Ho 11emovukn 3BOHKOB B 9TOM OCTOBHOM JI€PEBE «YBOJAT» UH(MOPMAIUIO OT «IeHTpay T3 U Lo
K JIDYI'UM BEPINUHAM, [I03TOMY €JIMHCTBEHHbIN CIIOCOO mepejaTh HH(MOPMAIMIO B 1 — IEPEJIaTh
ee OT HEeIlOCPEJICTBEHHOT'O coce/la BEPIIMHBL 1, T. €. IO IeloYKe, cojJepzKallleil JUIlb OJIMH 3BOHOK
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C y4dacTuem Ty, 9L

5) Ilo ompenenenuto y; € Sy. B cuiy cBoiicTBa 4) B Iierovyke 3BOHKOB, JlocTaBuBIIeil nHMOD-
MAaIIo OT ¥, K To BCE 3BOHKHU, KPOMeE, OBbITH MOKET, IIOCJIEIHEIO 3BOHKA Lo, — ITO KAKME-TO W3
HEPBLIX 1 — 1 3BOHKOB, KPOME X1Y1, L1T9. 110 OTHOIIEHNIO K 9THM 3BOHKAM MBbI OIIPEIEISIIN Sy Kak
KOMIIOHEHTY CBSI3HOCTH, II09TOMY Yo € So. AHAJOIMYHO IIPOBEPSIETCS, YTO U BCE OCTAJIbHBIE BEp-
IITUHBL Y; JiesKaT B Sy. OTMeTHM, 9TO TOrIa 3BOHKN BUIA ;X1 WK Y;To U3 ONPEIeICHUsT BEPIIUH I;
npuHaJIe)KaT ocropHomy nepey £ U {x1y1, 2122}

[Tocko/ibKy KOMITOHEHTa Sy KOHEYHA, KAKHE-TO JIBE U3 BEPIIUH COBIAJIAIOT, CKAYXKEM, ; = Ui k-
[Ipu sToM unciao k — obg3aTeIbHO YeTHOe, TaK KakK pebpa ;T U Y;To HEe MOI'YT OJIHOBPEMEHHO
npuHajyIekarh octoBHOMY jiepeBy L U {x1yp, 122}

PaccmoTpuM Temneph 1enouKy mmyTeit

Yi = Yit1r = 7 Yirk = Yi

(KazKJIblil Iy Th B 9TOM IEMOYKE XPOHOJIOTUIECKU YIOPSI0UEH, HO COCE/IHIE IIyTU MOI'YT HAPYIIAThH
xponoJioruio). ITocko/IbKy 9TOT 3aMKHY TBII MAPIIPYT PACHOJIOXKEH HA JIepeBe, KaxK10e pedpo B HEM
OBLIO MPOIiJIeHO B 000X HalpaB/eHuax. Mbl yTBep:K/1aeM, 9TO BCE BEPIIUHBI, 110 KOTOPBIM IIPO-
XOJIUT STOT MAapIIPYT, JieskaT B MHOKecTBe {y;,1 < j < @ + k}. eiicTBuTespHo, ecam MapIipyT
IPOXOJUT [Yepe3 BePIINHY @, He COBIAJAIONIYI0 HH C OJHHM H3 Y;, PACCMOTPUM XPOHOJIOTHYe-
CKHU CAMBIil [TOCJIE/IHAN 3BOHOK B 9TOM MAPIIPyTe ¢ yYaCTUEM BEPIIUHBI @, IIyCTh 9TO 3BOHOK ab.
B Kakoii-TO MOMEHT, IPOXO/Id OUEPEIHOI IIyTh Y; — ¥;+1, MbI JBUTAJINCh B HAIIPaBIeHUU OT b K a,
HO TIOCKOJIBKY 9TOT 3BOHOK XPOHOJIOTUYECKHW TOCJIETHUN, MBI HE MOXKEM IPOJIOIKATH JTBUKEHNE
3a TOUKY @. SHAUNT, 4 = Y; 1.

Terepb MbI 6€3 TPY1a MOKEM BBIOPATH 3BOHOK U, Yj, , [JIE 11 HEUETHOE, iy YeTHOE (U pasyMeeTcH,
OH JICZKUT B Sy). 3BOHKH Y;, T1 U Y, To TAKIKE HPUCYTCTBYIOT B CXEMe OIMOBEIIEHMUsI, TOCKOJIbKY 110
OIIPEJIEJIEHUIO TOYEK ¥; OHU UCIOJIL30BAJIUCH JIJIs Iepeiatin HHMOPMAIUMA BEPIIUHAM T1, To.

2.5. OrBeT: 2n — 2 TeJgerpamMMmbl.

Mper B3stn 1y 3azady B [6]. [lo Toro Kak MOsIBUTCsST HEPBBIl Y€I0BEK, y3HABIIUIA BCe CIIYXH,
JTIOJI?KHO OBITH TIOCTIAHO He MeHee 1 — 1 TejerpaMMbl. [locite 9TOro Kazkiplit 13 OCTAJIBHBIX JI0JI7KEH
HOJIYIUTh XOTs ObI OJIHY TeJerpaMmy, 9ToObI 3aBEPIIUTHh O3HAKOMJIEHUE CO CyXaMu. SHAUUT, €Ie
OyJeT MoC/IaHo elne He MeHee 1 — 1 TejerpamM.

[Tpumep crpourtcs Ha 6a3e JIFOOOrO JIepeBa, ecn CHAYaJIa IOChLIATh TeJIerPaMMBbl OT Iepudepun
K KODHIO, a TIOTOM 0OpaTHO.

2.6. 1o Teopema 3 [9]. Ipumep crnocoba ONOBeIIEHUs, B KOTOPOM N — 1 9eJOBEK IpPOYTer
B TejierpaMMe CBOil COOCTBEHHBIH C/IyX, TPUBUAJIEH: IIYyCTh Bce cHadajia Teserpadupyior Bace,
a moToM Bacs rocbliaer BceM TelerpaMMbl ¢ TTOJTHBIM KOMILJIEKTOM CJIYXOB.

Omenka. PaccMorpuMm MuHMMAJIBHBIN KOHTPIPUMED, B KOTOPOM He Oojiee n — 1 1eoBeK
IPOYJIN B TejerpaMme CBOi cobcTBennblit cayX. IlycTh mociemansasa Tejnerpamma ObLia IOCTaHa
crteraukoM A cruternuky B. O4eBuiHo, crieTHUK A yzKe 3HaeT BCe CJIyXH, 3HAYUT, CIVIETHUK B,
BO-TIEPBBIX, OJINH U3 T€X, KTO IIPOYe CBOM CJIYX B IOJIYYEHHOI TejierpaMMe, a BO-BTOPbBIX, HE 3HAET
HE OJIHOT'O CJIyXa, KPOME CBOEro COOCTBEHHOTO (MHAYE OH KAKO-TO CJIyX BBIYYNJI M3 TEJIErPAMM
JIBAYK/Ib!). 3HAYUT, paHee CIUIETHUK B He MOJIyYdsI HU OJHON TeslerpaMMbl, a TOJBKO MOCHLIAL.
Viiasisist U3 9TON KOMIIAHUK CIIETHUKA B 1 COOTBETCTBYIOIINE TEJIEIPAMMBI, MbI ITOJTy YUM MEHDBITTH T
kouTprpumep. [Iporusopedne.

3.1. OrBeT: 310 BOo3dMOxkHO saxke ¢ orpanndenueM NODUP. Cwm. naugaso pemrenus 3ama4qn 77.

3.2. OrBer: npu YerHbIX N. [12]

JI1s1 KazK 1010 CIJIeTHUKA OTMETUM TIOCJIeIHUI 3BOHOK, B KOTOPOM OH ydacTBOBaJI. I1pu BBIIOI-
wenun orpanndenns NOHO sty nociieaune 380HKKM pa30UBaIOT BCEX CIICTHUKOB Ha IIapbl — CM.
paccyxKjeHne B perrennn 3agadu 1.6 6e3 moceaHero npejioxenns. Takum obpasoM, 1 JI0IKHO
OBITH YETHBIM.

OTMeTuM, 9TO IEepPBble 3BOHKH TOXKE Pas3OMBAIOT CILIETHUKOB Ha IAPLL.
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Puc. 2. Ourumansubie 3Bouknu ¢ orpanmdeanem NOHO.

JIJ11 KazKJI0ro 9eTHOro 1 IIpeibABUM CIIOC00 OIoBelenud, noguaninenabiil orpanndenuio NOHO,
cocrosinuit u3 2n — 4 3Bonkos 12, gemma 2.4|. IIycrs m = %n — 1. O6o3HaUUM CIIJIETHUKOB a;,
bi,i=20,1,..., m+ 1, — HO 371€CH N + 2 CIUIETHUKA, OYJIEM CUUTATH, UTO Gy = i1, Qi1 = bp.
B kadecTBe HEPBLIX 3BOHKOB BO3BMEM 3BOHKH (B IIOPsJIKE BO3PACTAHHS i, CM. DHC. 2)

aibm+2,i, Fﬂeizl,Q,...,m—l—l;
JlaJiee BBIIIOJIHUM CPEJIHIe 3BOHKN
a;Q11, riet=1,2,...,m—1, n bibii1, rnet=1,2,...,m—1;
1, HAKOHEIl, ITOCJIe/IHIe 3BOHKU
b i, riet=0,1,...,m.

HemocpeictBeHHO TIpOBEpsieTCsT, UTO YKa3aHHAs CHCTEMa 3BOHKOB SBJISETCS CIOCOOOM OIIOBEIe-
Hus, nogauHenabiM orpanndenunio NOHO.

3.3. IlockouibKy J1i0bast cxema OIOBEIIeHUs COJIEPKUT He MeHee 21 — 4 3BOHKOB, JIOCTATOYHO IIPU-
BecTH TpuMeED, yiaoBiersBopsiomuii orpanndenuio NOHO u copep:xkamuit 2n — 4 3BoHKa. IDTOT
pUMep MPUBEJEH B MPEJIbIIYIIEM PEITEeHNH.

4.1. OrBer: jga. [8]. Ilpexke dyeM MpUBOAUTE peIlleHNe 3aJa4H, Ja UM HECKOJIBKO OIPeIeIeHHi.

yHI/IKaﬂbele CIJIETHUKH, N3BECTHBLIE CIIJIETHHKaM /0 TOI'O KaK OHM CTaJil 06MeHI/IBaTbCﬂ WH-
dopmarueii, GyreM Ha3bIBATHL TAKIKE USHAUAALHOLMU. [1yCTh TOCIE HECKOIBLKIUX 3BOHKOB UMEETCs
TaKOoe IOJAMHOYKECTBO M3HAYAILHBIX CIUIETEH, YTO KAarKIAbl CIVIETHHK JIUOO 3HAET BCE CILIETHH U3
9TOr0 MOJAMHOYKECTBa, OO0 He 3HaeT HU OAHON u3 Hux. Torja IpH pacCMOTPEHUU IIOC/IELYOIINX
3BOHKOB MOXKHO pacCCMaTpHUBaTb TaKO€ IIOJMHO?KECTBO CILJIETEH KaK OILHy 60.HbH.IyIO CIIJIETHIO. By—
JIeM HasblBaTh ee o0sedunennol, nam obwel cretrHeil (ompenesnenne u3 crarbu [8]). Hampumep,
IIyCTh CIUIETHUKAM, HOMEPa KOTOPBIX YKA3aHbl HUXKE, M3BECTHDI CJICIYIONIME CILIETHU, 0O03HAYECH-
HBbIE TPEYCCKUMU OYKBaMU.

CrieTHuK 1 2 3 4
Kaxkue crternu 3naer | ay S ay (9

B srom npumepe ciuieTHr o ¥ Y 00pa3yioT 00beUHEHHYIO CIIETHIO, TOCKOJIBKY KAXKJIbIN CILJIETHUK
60 3HAET 06€ ITU CILUIETHH, JINOO HE 3HAET HU OJHON. A BOT HAbOp ciuiereH [, § 0ObEeIMHEHHYIO
CILJIETHIO He 00pa3yeT, TaK KaK BTOPOI CIJIETHUK 3HAET JIUIIh OJHY U3 HUX.

Paccmorpum 9y Th 60s1€€ 0011y 10 TOCTaHOBKY 3a1a4u. [IycTh MMEIOTCs TPYIIBI U3 a1, g, . . . , A
CIIETHUKOB, ITPUYEM B KaXKJ0i I'PyIIe BCEM M3BECTEH OJIMH U TOT Ke Habop ciuiereH. Takoe 00b-
eJIMHEeHNEe CILJIETHUKOB OyJ/ieM HA3bIBATH KOALeKMUS0M. CIUIETHUKU TIO-TIPEXKHEMY ODIIAIOTCS JIPYT
¢ IPYroM 110 TesieboHy U XOTSAT, YTOObI KazK/IbIil U3 HUX y3HAJ BCEe UMEIOIInecsd cIieTnu. Ko jyrs
TAKOTO KOJIJIEKTUBA, CYIIECTBYET XOTS OBl OJINH CHOCOO OIMOBEIIEHNs, O ITNHEHHBI OrPAHIIEeHUIO
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NODUP, To 6yem Ha3bIBATH 9TOT KOJIJIEKTUB CNA0UeHHbM. KOIIEKTHB, coepsKaIuii TOJIbKO OJ1-
HY TDYIIILY, TOXKe Oy/JIeM CIUTaTh CIIOYeHHBIM. TaK, KOJUIEKTUB U3 Tpex rpyI ciieTHukos {1, 3},
{2}, {4} B mpempraymemM npumepe He sBIIETCA CIUIOUEHHBIM. B 9THX TepMmHax 3ajada mpo n
CIUIETHUKOB, 3HAIONIUX 110 OJIHOH YHUKAJIBHOII CIieTHe, Terepb (hOPMYIUPYeTcs s KOJUICKTHBA
U3 N TPYIIL, KaK/as U3 KOTOPBIX COCTOUT W3 OJIHOIO CILJIETHHKA.

Eciu B KoJJIEKTHBe KazKjasi TPYIIIa 3HAET JIUIb OJIHY CIUIETHIO (9Ta CIUIETHS MOYKET OBITh 13-
HAYATBHON WJIH O0bEeIMHEHHO, SIBIISIOIIECS TOJIMHOKECTBOM HECKOJIBKIX N3HAYAIBHBIX B CMbIC-
Jie OTIpe/JIeJIeHsT BBIIIe), TO TaKOil KOJUIEKTUB HA30BEM NpocmuiM. Tak, KOJUIEKTUB U3 TPEX I'PYIII
criternnkoB {1, 3}, {2}, {4} B npeapuiyniem npumepe He fBJIsIeTCH MPOCTHIM (CIIETHUK 4 3HAET
JIBE CIUIETHHU, He 00pa3yIioniue 00beIMHEHHYIO CIIETHIO).

Bamernm, 9To e 00bEMHUTD JIBA CIUIOYEHHBIX KOJIJIEKTHBA CIUIETHUKOB, B KOTOPBIX TIOPOB-
HYy CIUIETHHKOB, a MHOXKeCTBa WX M3HAYAJIbHBIX CIUIETEH He [ePeceKatoTCsi, TO CHOBA IOJIYYUTCs
CIUIOYEHHBIH KOJIIEKTHB. JleficTBUTEIbHO, MBI Cpa3y HOJIyduM CHOCOD OTOBEINEHNUSs, eC/Ii CHAYATA,
B KaK/JIOM M3 KOJUIEKTUBOB BCE CIVIETHUKHU Y3HAIOT BCE CIVIETHH CBOETO KOJUIEKTUBA, & IOTOM KazK-
JIBI CIIETHHK U3 [IEPBOIO KOJIJIEKTHBA IIONOBOPHUT € KEM-TO 13 BTOPOro. Takum crocoboM MOXKHO
U3 KOJUIEKTUBOB, COJIEPZKAIUX OJ[HY TPYIIILY, HOCTPOUTH, HAIIPAMED, CJIELYIONNe KOJIJIEKTHBL:

(a,a), (a,a,2a,4a,8a,16a), (a,a,a,a,4a,4a,4a,16a), a,a,a,...,a (1)
—_——
2k rpynm
[Iycrs umeercst 1Ba KoJIeKTHBA (a1, Asg, . . ., ax) U (b1, b, ..., by), JJIsi KOTOPBIX MHOXKECTBA, M3~

HavaIbHBIX CILJIETEH COBIAIAIOT. [IpemomozKumM, 4To Ipr KazKJ/I0M ¢ TPYIIa U3 @; YeJT0BEK IEePBOro
KOJUIEKTUBA U I'PyIa u3 b; 9eJIOBEK BTOPOro 3HAIOT OJHO M TO K€ MHOXKEeCTBO ciuieTeH. [Ipu aTom
MBI JIOIIyCKaeM, 9TO a; WK b; MOXKeT ObITh PABHBIM HYJIIO; €CJIM TaK CJIYIHIOCh, K IIPUMEPY, €CJII
a; = 0, TO W3HAYAJIbHBIE CILIETHU, COCTABJISIONINE 3TO MHOYKECTBO CILJIETEH, JIOJIXKHBI OBITH W3-
BECTHBI B JIDYTUX HEHYJIEBBIX I'PYIIIAX IIEPBOTO KOJIEKTHBA. HazoBeM cymmoti 3TUX KOJIIEKTUBOB
KOJUIEKTUB (a1 + by, as + be, ..., ax + by). Hanpumep, nenpocroit kosiektus u3 10 CIJIETHUKOB,
KOTOPBIM M3BECTHBI CILIETHHU «, 3, 7Y

Habops! cruteren

B ay By
3 2 2

Q
KOJIMYECTBO CILJIETHUKOB | 3

Hpe,ZLCTaJBI;IM B BUJi€¢ CYMMbI JIBYX KOJIJICKTUBOB:

Komnektus o [ ay By
1 3 0 0 2
2 0 3 2 0

SaMeTnM, 9TO eC/IN KOJJIEKTUBBI OBLIN CIJIOYEHHBIMI, TO U UX CYMMa TOYKe SBJISeTCs CILIOYEH-
HBIM KOJIJIEKTUBOM. 3HAYWT, €CJIN KOJIJIEKTUB CIIETHUKOB PACKJIAIBIBAETCS B CyMMY CILIOYEHHBIX
KOJIJIEKTUBOB, KazKJIbIil N3 KOTOPBIX 3HAECT B OObEIMHEHUN TOT K€ HADOP CIIETEH, UTO U UCXOTHBII
KOJIJIEKTUB, TO OH TOXKE SIBJISIETCS CILIOUYEHHDBIM.

Bepnemcs k perrennio 3aa4qu. [Ipeobpasyem mpocToit KOJLIEKTUB, COCTOANINHI U3 12 OMHOTHBIX
CIUIETHUKOB, B IPOCTOil KojutekTus (4,4, 4) (2d CILJIETHUKOB, KaXKJIbIil M3 KOTOPBIX 3HAET OJHY
YHUKAJIBHYIO CIUIETHIO, BCErJIa MOIYT OObeIMHUTHCS B IPyNiy Kak B npuMepax (1)). A remepn
3aMETUM, UTO OH SIBJII€TCSI CYyMMOMN TPEX IPOCTBIX CIIOYEeHHbIX KojuteKTuBoB (1,1,2), (1,2,1) u
(2,1,1).

4.2. OrBeT: J1a.
Cragajia cjerka yKpyITHIM TPYIIIbL.

Crternn a B v 6
Yucsio citernukos 13 8 6 5

¢
4

o0 ™
o
(S W
m
TN

o 9
o0
o 9

€
4
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[TosyveHHBI TIPOCTOl KOJUIEKTUB JIETKO PACKJIAJIbIBACTCS B CyMMY IMSITH CIUIOUeHHBIX: (2,1,1,4)
(2 paza), (4,1,1,2) (2 paza), (1,2,1,4) (1 pa3).

pyroe paziioxkenne. [Iycrs cHava a oJInH 4e/10BeK, 3HAIONIUI CILIETHIO 7Y, TIOTOBOPUT C YeJIOBE-
KOM, 3HAIOIIUM CILIETHIO (, & TAKZKe OJMH Y€JI0BEK, 3HAIOIINI CILJIETHIO §, IIOTOBOPUT C UEJIOBEKOM,
3HAIONIUM CILIETHIO €.

Konnektus o B v 0 e ( de (¢
1 2 2 1 0 0 2 1 0
2 8 4 0 2 1 0 0 1
3 1 1.4 0 0 1 1 0
4 21 0 2 2 0 0 1

4.3. Orset: na. [8].

PacemorpuM cHadasia MpocToil KOJIJIEKTHB CIUIETHUKOB (3, 3,2, 2), B KOTOPOM KaxK/as TPYIIIa
3HAET COOTBETCTBEHHO CILUIETHIO «, (3, 7, 0. IlycTh omun cruterHuk w3 [ rpymnmsl meperoBopur c
oM u3 11T rpymmer, a oqun u3 II — co crteraukom u3 IV. Ilosyuntest KostekTus (y:ke He
poCToit) u3 6 TPYII, KOTOPBII JIEFKO PAa3JIOZKUTh B CYMMY TPEX CILIOYCHHBIX.

Komnektus o B v 0 ay (6
Ozﬁ’y5_>ozﬁfy5oz”yﬁ5_> 1 0O 00 0 1 1
3 3 2 2 2 2 11 2 2 2 2 0 1 0 0 1

3 0 2 01 1 O

Terepb Bo3bMeM Harux 20 CIUIETHUKOB ¥ peobpasyeM UX B MpocToil KojutekTus (4,4, 4,4, 4).
DTOT KOJUIEKTUB SIBJISIETCST CYMMOI JIByX HMPOCTBIX KoJuteKTuBoB (3,3,2,1,1) u (1,1,2, 3, 3), kax-
JIBII 13 KOTOPBIX MOKET C ITOMOIIBIO OJJHOTO 3BOHKA OBITH Ipeobpa3oBaH B KOJUIEKTHB (3,3, 2,2),
KOTOPBII MBI YK€ PacCMaTPUBAJIN.

4.3%. Hokazxem, aro npu n = 6, 10, 14, 18 pacupocrpanenue ciyxoB ¢ orpanndenuem NODUP
HEBOBMOXKHO |8, mpejjiozkenue 4.

Yreepxgenue 1 (8, semma 1]. Ipu Boimonnenun orpanudenus NODUP crternuku pasou-
BalOTCS Ha Iaphl 110 IIEPBBIM 3BOHKAM, & TAKKe PazdMBAIOTCH Ha MAPbI 10 MOC/IETHUM 3BOHKAM.

HokazareabcTBO. YTBEPXKICHUE O TOCIEIHIX 3BOHKAX OYEBUIHO (eC/m KTO-IubO y3HAI
BCe CIUIETHH, TO €0 TOCIeHUI cobeceTHIK TOYKe y3HaJI BCE CIUIETHH U 00a OOJIbIe He MOTYT HU
C KeM Pa3roBapuBaTh).

JlokazkeM yTBepKIeHHEe O MEPBbIX 3BOHKaX. [lycTh cruteTHUK A — 9TO MEpBBIil YeI0BEK, ¢ KO-
TOpBIM paszroBapusaJ civierauk B. [Ipesmmonoxkum, 1ro Hale yrBepxKienne HeBepHo. Torja s
crteranka A 1mepBblit pasroBop 6Lt ¢ apyrum desioBekom C. Tlocse sroro pasrosopa crierauk C'
3HAET CILIETHIO dejioBeka A u He 3Haer ciuterHio B. [lociie pasrosopa ciuternuka B ¢ A crurerHst
B Bcerma nyrerecrByer ¢ A. CrieroBaressro, C' He CMOYXKeT ee y3HATh. OJ

[Iycte n = 2k. MoxHO cunmTaTh, 9TO HepBble 3BOHKHU CINIETHUKOB CYyTh B TOYHOCTH IEPBbHIE
k 3BOHKOB CXeMBbI OIOBEINEHUsI, a TOC/eHIEe 3BOHKHU CIJIETHUKOB — 9TO B TOYHOCTH ITOCJIE/IHUE
k 3BOHKOB cxeMbl onoserienus. [locse Toro kak ciemannl nepsbie kK 3BOHKOB, 00Pa30BaJioch k 00b-
eJIMHEHHBIX CIIeTeH. B KaxKJiplit MOMEHT BPEMEHHU /ISl KaXKJIOro CIUIETHUKA X Ha30BEM HaANapHu-
KoM CILIETHUKA X TOTO CIUIETHUKA Y, ¢ KOTOPBIM X HEIOCPEJICTBEHHO IMEPE]] STUM PA3roBapuBall
o testedpony. Cpasy moc/ie mx pasropopa 06a 3HAJM OJIMHAKOBBIN HAOOD CILIETEH.

VYrBepxagenue 2. IIpu n > 4 H1 OIUH U3 CIUIETHUKOB HE MOKET IIE€PEJ] CBOUM IIOCJIEIHIM
pa3roBopoM 3HaTh k — 1 0O'beIUHEHHBIX CILIETEH.

JlokazaTesbcTBO. Ecmu crteTHUK A 1Iepet oc/ie IHUM pasroBopoM 3HaeT k—1 o0beinHeH-
HYIO CILIETHIO, TO €ro cobece/IHUK B B 9TOM IOCje[HEM Pa3roBOpe 3HaJI BCErO OJHY 00 IMHEHHYTO
ciiernio. Ob6o3naunM depe3 By mepporo cobecelnnka ciuierHuka B, depe3s A; — cobeceanuka A
B mpejmocyieHeM pasrosope. Teneppb sicHo, UTo ciuieTHu B u By MOryT ObITH M3BECTHBI TOJIHKO
IIEPEIUC/IEHHBIM B 9TOM PaCCY2KJICHUU IIE€PCOHAZKaAM. |:|
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N3 stux aByx yrBepxKjeHunii cpasy ciemyer, aro npu n = 6 cxema NODUP neBozmoxkHa:
TaK Kak IT0CJIe TIEPBBIX 3BOHKOB CILIETHH ITONAPHO OOBLEINHUIUCH, TO B JIIOOOM IOC/IEIHEM 3BOHKE
YYaCTHUKH MOTYT 3HATh JIUIIbL 2 U 4 CIUIETHU, YTO 3aIPENIEHO BTOPBIM yTBEPAKJICHUEM.

Pazbepem ciyuait n = 10. B cuty 3amnpera u3 yTBep:KjieHust 2 B IIOCJIEHEM Pa3roOBOPE MOI'YT
YYIaCTBOBATH JIMINb CIIETHUKU, OJUH U3 KOTOPBIX 3HAET JiBe O0'bE/IMHEHHbIE CIUIETHU, & JPYToil —
Tpu. Takum o6pa3om, mepeji TeM KaK MPOU30ILIHA k TOCJIEIHIX Pa3rOBOPOB, OBLIO POBHO 5 CILIET-
HUKOB, 3HABIIUX 110 3 00beMHEHHbIC crieTnr. HamapHuk KaxkKj1oro u3 3TUX HATH CIJIETHUKOB —
OJIMH M3 9THUX K€ [ATU CIIETHUKOB (IIOTOMY 9YTO YeJIOBEK, Y3HABINUIT TPU CILUIETHU, MOYKET MOCJIe
9TOr0 y4acTBOBATH JIMIIL B IIOCAEIHEM pa3roBope). Takum o0pa3oM, Mbl Pa3OU/IN 5 CIUIETHHKOB
HA [apbl. DTO IMPOTUBOPEYNE TTOKA3bIBAET, UYTO €/IMHCTBEHHDBINH JIOTMYECKU BO3MOXKHBIN ciryuail He
MOKET OBITH PEaIM30BaH.

Pazbepem ciyuait n = 14. B cuty 3anpera u3 yTBepKJIeHUs 2 B HU OJIUH U3 CIJIETHUKOB, YIacT-
BYIOIIIMX B ITOCJICTHEM pa3roBope, He JI0JIKEH 3HaTh PoBHO 6 ciutered. Tak e, Kak B IIPEJbIITYIIIEM
naparpade, ydexkjaeMmcs, 9TO Ciydaii, B KOTOPOM BCE CIUIETHUKH B IIOCJIEHEM Pa3roBOPE 3HAIOT
[0 TPU WJIH 110 Y€ThIpe 00'beINHEHHbIE CILUICTHU, HEBO3MOXKEH (MHAUE MbI HANJEM I1apOCOYeTaHUe
Ha MHOYKECTBe M3 7 CIJIETHUKOB, 3Hatonux 4 cruteran). V3 Tex ke coobpazKeHuii JI0JIKHO OBITH
YeTHOE YHCJIO Map CIUIETHUKOB, 3HAIONINX B IIOCJIE/IHEM pa3roBope 2 miau b ciuiered. Tora mme-
eTcsd HEeYETHOE KOJIMYECTBO Iap CIJIETHUKOB, 3HAIONIUX B MOCJIEIHEM Pas3roBope 3 ujm 4 CIJIeTHH,
U 9TOOBI B OYEPEIHOI pa3 He BO3HUKJIO MIPOTUBOPEYNs, HAAPHUK XOTsd Obl OJIHOIO M3 CILIETHH-
KOB, 3HABIIUX B IOCJIEHEM PA3roBope 4 CILIETHH, JIOJIZKEH Iepe]] CBOUM IOCIEIHUM PA3rOBOPOM
«BBIYYHUTb» HATYIO CILIETHIO.

Brenem oboznadenus. [lycts A — crieTHUK, 3HABIIHI B TOC/IEIHEM PA3roBope 00be IMHEHHBIE
crietan Homep 1, 2, 3, 4; B — ero HammapHUK, BBIyIUBIINI [TOC/IE pa3roBopa ¢ A, crureTHio HoMep 5
(B pasrosope ¢ C, 3HABIINM TOJILKO 3Ty ojiHy ciuieTHio). [Tycrs B u C' cBou mociesiHue pasroBophbI
poBeJin €O ciyieTHnKaMu D m E| 3HaBMUMH JIANIb 7-10 U 8-10 CIIETHU, HUYTO HAM HE MEIIaeT
JIyMaTh, 9TO OHU y3HAJU 9TU ciLleTHH Apyr oT japyra. [lycrs F', G, H — cruleTHUKH, y3HABIIHE
[0CJIe CBOEro IepBOro pasroBopa ciuierHu 5, 6, 7 (1 He coBmajaoIme ¢ y:ke 0OO3HAUCHHBIMU
CILJIETHUKAMH ).

C 5 D 6,7
B 1234 E 6,7
A 1234

F 56,7

H 56,7

G 6,7

[Tocnennnit cobeceuuk cruteranka A go/KkeH ObLT 3HATH crteTHu b, 6, 7. B cumy cummerpun
oboznavenuit F', G, H, MbI MOXKeM CIUTATh, 9TO cHadasa [’ n G ToroBopmn IpyT ¢ IPYyTroM, TOTOM
F norosopust ¢ H u, nakouertt, F' craj nocieaaum cobeceankom st A. Ho rernieps enHCTBEHHBIT
crrocob it G y3HATH OOBEIMHEHHYIO CIJIETHIO, M3BECTHYIO M3HadaabHO H (1axke ¢ ydeTom Toro,
YTO MBI PACCMATPUBAEM ceiidac He Bcex 14 CIUIeTHHKOB), — 9TO MOroBoputh ¢ HuM. [Ipu srom G
YCJIBIIIAT MTOBTOPHO CILIETHIO OT F.

Curygait n = 18 erie xyxe.

4.4. OrBet: mpun =1, 2,4, 8, 12, 16 u nupu Bcex deTHbIX N > 20.

Cinyaan n = 1, 2 TtpuBunasbhbl. Jlamee momaraem n > 3. U3 pemenus 3amaqn 4.3% cpasy
caemyert, 9ro npu HedeTHbX n u npu n = 6, 10, 14, 18 NODUP-cxema ne cyrecTByer.

Yreepxaenue |8, gemmbl 5, 6 u npemnoxkenne 2|. [Ipu n = 0 (mod 4) Bo3amoxkHO pacipo-
crpanenne ciayxoB ¢ orparmdennem NODUP.

JlokazaTenbcTBo. [lo nrmaykiun.

JLnst n, SBJIMIONIUXCA CTENEHBIO JIBOWKM, BO3MOXKHOCTH PACIIPOCTPAHEHUs CJIYXOB CJIE/LyeT W13
koucTpykiuu (1). st n = 12, 20 npuMepbl pacupoCTpaHEHUsT CIYXOB MPUBEJICHBI B IIPEJIBILY IIUX
zastadax. Oraecem ciaydan n = 4, 8, 12, 16, 20 K 6a3e WHIyKIUN.
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Hoxaxkem nepexoz. Ilyers n > 24 — odepeaHoe 9ucsIo, st KOTOPOIO Mbl XOTHM ITOCTPOUTD
CXeMy PaCIPOCTPAHEHMsI CIYXOB, a /I MEHBLIIMX 71 CyIIEeCTBOBAHNE TAKOH CXEMbl YK€ yCTaHOB-
JIEHO. 3aMeTHM, YTO €CJIU N JeJINTCA Ha 12, TO MOXKHO pa3JIeuTh BCEX CIJIETHUKOB Ha 3 IPYIIIIbI
OJIMHAKOBOT'O pa3Mepa, B KaxKJIOW W3 HUX YHCIO CILUIETHUKOB JIEJUTCS Ha 4 U MeHbIIe 1, 3Ha-
YUT, BHYTPU BCEX 3ITHX TPYIII CYIIECTBYyeT crocob omnosernenus. [loydumM mpocToit KOJIEKTHR
(4a,4a,4a), a = n/12, KOTOPBIl ABJISETCS CYMMON @ CIIOYEHHBIX TIPOCTHIX KOJUIEKTUBOB (4,4, 4).
Ecimm n ne nenurea na 12, to n = 12a + r, riae ocratok © = 4 win 8. Eciau yjmacred paszdouTh
OCTATOK Ha CJIaraeMble 1" = 11 + 'y + 3 TAaKUM 00pa3oM, 9T00bI 4a + 7; CIJIETHUKOB MO-ITPEXKHEMY
06pazoBbIBa/U IPYIILY, a (71,7, 73) 00pa30BbIBa/M Obl CIJIOUEHHBIH KOJIJIEKTUB, TO BCe OyJIeT 10-
Kazano. JleficrBuTesIbHO, TOra MBI OPraHu3yeM TPU IPYHILI pasmepa 4a + ri, 4a + 1o, 4a + 13, a
cymMMa OyZIeT COAEpzKaTh OJHO HOBOE CJIaraeMoe — KOJUIEKTUB u3 7 ciuieTHukoB. OcraTtok r = 4
CJIMIIKOM MaJl, HO BCerja MOxKHO npunucarb K memy 12k. Ilycrs k = 1, momydaem KOJIEKTHB
(4(a —1) +4,4(a — 1) + 4,4(a — 1) 4+ 8), pacKIaIbIBAIONINICT B CYMMYy U3 ¢ — 1 KOJUIEKTHBOB
(4,4,4) n xomurextusa (4,4, 8). Ilpu r = 8 MOXKHO TOJIOKUTE kK = 2 U BCe aHAJIOTUIHO.

Yreepxkaenue [8 semmbr 7,8, 9 u npemioxkenne 3|. [lpun = 2 (mod 4), n > 22 BO3MOXKHO
pacripocTpanenne cyxos ¢ orpanndennem NODUP.

HokaszareabcTBo. Mbl HAMETUM JIUIIL [JIAH JeHCTBU, H0JpOGHOCTH CM. B [§].

Bynewm jokaszbiBaTh yTBEpK/IEHUE 110 MHIYKIIUA. Bas3a 3/1ech mpejcTaBiisgeT HEKOTOPYIO IpobJie-
My: HY>KHO 1poBepuTh cyiectBoBanre NODUP-cxembl /j1st Bcex 9eTHBIX MaJEHbKUX 1 (& MMEHHO,
npu 20 < n < 62).

3amMerum, 4TO ecjin Obl n Jeaua0ch Ha 16, TO MOXKHO ObLIO OBl Pa3/eUTh CIJIETHUKOB Ha
4 TpyIIIBI OJIMHAKOBOIO pa3Mepa, 00pa3yoIiuX MPOCToil CriodeHHblil KojutekTus (4a, 4a, 4a, 4a),
a = n/16 (B KaxKJIOi TpyIIe YUCI0 CIUIETHUKOB JEJUTCS Ha 4, a Jis TaKuX YUCeT y¥Ke BCe
JTOKA3aHO).

Ho B paccmarpuBaeMoM ciiydae n He AeanuTcd make Ha 4, 3Ha4nT, n = 16a + r, T/1e ocTaTOK
r MozKeT ObITh paBen 2, 6, 10, 14. Eciin B KaxKJIOM U3 9TUX CJIy4YaeB yJIacTcsd pa30UTh OCTATOK HAa
cjaaraeMble r = 1| + Ty + r3 + r4 TaKuM 00pa3oM, 4TOObI jiisd 4a + 7; CIUIETHUKOB CYIIECTBOBAJI
C11oco6 OMOBEIEHUs U KOJUIEKTHUB (71, T, T'3, 7'4 ) OBLI CIUIOUEHHBIM, TO MBI [IOJIY IMM JIOKA3aTe/IbCTBO
YTBEPKJIEHUS JIJI N CIUIETHUKOB Bee MOJTydnTcs. JleficTBuTe/IbHO, TOT /18 MOXKHO OBLIO Obl pa30uTh
n CIUIETHUKOB Ha rpyunsl 4a + ry, 4a + ro, 4a + r3, 4a + r4, a moroM pa3dmBaeM KOJIJICKTUB Ha
ciaraemble: (4a,4a,4a,4a) u (r1,79,73,74).

Opnako ocratku 2-14 ciumikom Majenbkue. Moxkno npunmcatsh ko Bcem octarkam 16k. Tlo-
Jgarasi k = 3, mojiy9aeM CIUIOYeHHBIH KoJutekTus (4a,4a,4a,4a), tne a > 3, u ocrarku r = 50,
54, 58, 62. Hanpumep, B nepsom ciaydae 7 = 50 = 8 + 8 + 12 + 22, (8,8,12,22) — crutoueHHbli
KOJIJIEKTUB, U JJid n = 4a + 8, 4a + 12, 4a + 22 cymectByeT criocod OIOBENIEHNUS B CHIIy 0a3bl
nnjayknun. B ciaydae octaTkoB = b4, 58, 62 MOXKHO BBIIIOJIHATD aHAJOIUYHYIO KOHCTPYKIIUIO.

4.4%. Dro semma 2.5 [10]. Bamerum, uro B 060§t cxeme onoserenus ¢ orpanndennem NODUP
CIUIETHUKY Pa30MBalOTCsI IEPBBIMU 3BOHKAMHU Ha mapbl (Kak B 3a1ade 1.6). /lokazareancrBo M.
B HavaJle pelrenns sajaan 4.31.

[TpenmosiozkuM Terepb, 9TO yTBEPKJ/IEHNE 3a/1a4i HEBEPHO, M HEKOTODBIl cijleTHHK A 1oro-
BOopuJ 1o Tesaedony Bcero asa pasa. IlycTs mepswlil pas on GeceroBas co CIIETHUKOM B3, Torja
nocJie ux 6ece/ipl A-ciiyx n B-ciyx nupkysupyior Bmecte. Eciu Bo BTopoit pa3 A 6eceqosai ¢ C)
TO B 3TOT MOMeHT C' 3HaJI BCe ciIyxu, KpoMme A-ciyxa m B-ciyxa. Ecim npeapiiymunit pasroBop
citeranka C' 6ot ¢ D, To D TOT MOMEHT TOXKe 3HAJ BCE CIIyXu, Kpome A-ciryxa u B-ciyxa. Eaun-
CTBEHHBIII BO3MOXKHBII c110co0 it D 3aBepHINTb O3HAKOMJIEHHE CO CJIyXaMH — 9TO IIOIOBOPHTH
¢ B, korga B 3Haer TOIbKO 3TH JBa ciayxa. Ho Torma A-ciayx m B-ciiyX He CTaHyT H3BECTHBI
OCTAJILHBIM 7. — 4 CIJIETHHKAM.

4.5. Criepyromiee yrBepK/ienue jjokasano B 3amerkax JI. Becra [13] u A. Cepemra |10, § 3|
Yreepxkjgenune [lycts n = 4k. Torga nocrarouno 9k — 6 3BOHKOB.

lokazaTesbcTBo. PazobbeM ciijieTHUKOB Ha k Iy 110 4 9esioBeKa, B KaK/I0# U3 KOTOPBIX
OpraHm3yeM 3BOHKHU TaKUM 00Pa30oM, 9TOOBI BCE Y3HAJM CIJIETHU CBOEH T'PYIIIBI. DTO MOXKHO CIIe-
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Puc. 3. B xkpyxkkax HOMepa CIJIETHUKOB II€PBOT'O MHOXKE- Puc. 4. Jluanu oznagaror 3s80uKN 2k — 1-10 cruteTHUKA
crBa. JIuHUN O3HAYAIOT 3BOHKYM BTOPOI'O CILJIETHUKA. Psi-

JIOM C KPY?KKOM 3alllCaHbl HOMePa 00'beINHEHHBIX CILIe-

TeH, U3BECTHBIX ITOMY CILIETHUKY JIO IOKA3aHHBIX HA PH-

CYHKE 3BOHKOB.

Jiath 3a 4k 380HKOB. Terneps 1mojie/inM CIUIETHUKOB Ha JIBA OJMHAKOBBIX MHOXKECTBA 110 2k 1UeJI0BeK,
B KaxKJIo€ MOIAaJeT Napa CIJIETHUKOB, 3HAIOIIAas BCe CIUIeTHU i-Toi rpymmsl, ¢ = 1, ..., k. Opra-
HU3yeM 3BOHKH B IIEPBOM MHOYKECTBE TaKUM 00Pa30M, 9TOOBI BCe CINIETHUKH Pa30MINCh Ha Mapbl
U KaxKJas Iapa CIVIETHUKOB y3HaJa Bce CILUIETHH, KpoMme o/iHO#. Torja Kark10if mape CIUIETHUKOB
[IEPBOTO MHOXKECTBa OyJIeT COOTBETCTBOBATH Iapa CIIETHUKOB U3 BTOPOIO MHOXKECTBA, C KOTO-
poit OHM MOT'YT IIONOBOPUTH, YTOOBI y3HATH Bce. st aroro norpedyercs 2k 3BonkoB. Ocrasioch
B [IEPBOM MHOKECTBE IIOCTPOUTD HYKHYIO KOHMuUryparuio u3 3k — 6 3BOHKOB.

Hyzknas mocenoBaTeslbHOCTh 3BOHKOB ITOKa3aHa Ha pHUCyHKax 3-H. IIporymepyem creTHu-
KOB IIEPBOI'0 MHOYKECTBA U PACIIOJIOKHUM UX Ha okpyzxknoctu. CHavasna k — 2 3BOHKA JiejlaeT BTO-
pOii CIUIETHUK: OH 3BOHUT BCEM CIUIETHHKAM, UMEIONINM HeYeTHble HoMepa, Kpome (2k — 1)-ro:
3,5, 7, ...(umenno B Takoit nmocsenosarensuoctn). Creyronme k — 2 38onka Jenaer (2k — 1)-i
CIIETHUK: OH 3BOHUT BCEM CIUIETHHKAM, UMEIOIIUM YeTHbIe HOMepa, Kpome Broporo: 2(k — 1),
2(k —2), ... (roxe nociaenoBaresbHo). [locse 9Tux 3BOHKOB 4 CIIIETHHKA YK 3HAIOT BCe CILIETHH,
KpOMe OJIHOI, & MMeHHO: BTOpOil u (2k — 3)-it CIUIETHUKHN 3HAIOT BCe CIUIETHU, KpoMe k-if, a Jer-
BepThiil 1 (2k — 1)-it — Bce ciuteTHH, KpoMe 1epBoii, cM. puc. 5. OCTaJIbHBIX CINIETHHKOB Pa300beM
Ha mapbl: s ¢ = 2, ..., k — 1 1mycTb CIUIETHUK, 3HaOmmi ciutetnu 1, 2, ..., ¢ — 1, TO3BOHUT
CIIETHUKY, 3HAMOEMy CIUIeTHU ¢ + 1, 4 + 2, ..., n (cM. puc. 5), B pe3ysabrare 4ero obpasyercs
napa CIUIETHHKOB, 3HAIOIIAs Bce CILUIETHH, KpoMe i-if. Ha 3To moTpebyercs eme k — 2 3BOHKOB.

4.6. Dro jokazano B crarbe [10, Teopema 4.1].

5.1.a) Orser: (n—1)(k+ 1) Teserpamu.
Mgt B3stin 9710 yrBepkenue B |2, Teopema 4.1].
[MTpumep. [lycrb KaxK bl psaoBoit nomuter k + 1 Tejerpammy remepadty.
Omnenxka. Kaxplii psijioBoii J0/2KeH 1ocjiaTh He MeHee k + 1 rejierpaMMbl.

b) Orser: (k+ 2)n — 2 TeserpaMMbi.

Mpbr B3stn 910 yTBep:KAeHue B |2, Teopema 4.2]

[Ipuwmep. llpusenem npumep opueHTUPOBAHHOIO rpada, B KOTOPOM OT KaKJIOi BepIIUHbI JI0
Joboit pyroit cymectsyeT k + 1 pebepHo Hernepecekaomuxcs Bocxoanux myreit. [Iposegem k + 2
pebpa OT BepIINHBI ¢ HOMEPOM ¢ K BEPIITIHE ¢ HOMepOoM i+ 1 ¢ Becamu i, n+1, 2n+i, ..., (k+1)n+1i
npu ¢t = 1, 2, ..., n—2; k+ 1 pebpo OoT BepHIUHBI ¢ HOMEPOM N — 1 K BEpIIUHE C HOMEPOM 7
ceecamu n — 1, 2n—1, ..., (k+1)n — 1 u k + 1 pebpo OT BepIIMHBI ¢ HOMEPOM 7. K BepIIUHE
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¢ HomepoM 1 ¢ Becamu n, 2n, ..., (k+ 1)n. Ha puc. 6 nmokazan npumep Takoro rpada mpu n = 6,
k= 2.

Onenxka. Ilycts man rpad 3BOHKOB, B KOTOPOM OT KaXKJ0# BEPIINHBI 10 JIFOOOM JIpyTroii J0X0-
JIAT TeJerpaMMbI Jlaxke B ciaydae ygaenun k pedep. [lycrs H — noarpad sroro rpada, comepka-
Ui TOJIBKO 1epBbie N — 2 pebep. I'pad H He saBjisieTcst CBI3HBIM. SHAYUT, /I KayK/I0H BEPITHHbI
CYIECTBYET 10 Kpaitaeit mepe k + 1 pebpo, ue nexariee B H. CregoBare/ibHO, 001I€e IUCTIO pedbep
rpada 380HKOB He Menbie (n — 2) + (k+ 1)n.

5.2. D10 yTBepKJIeHNe MbI B3I B cTarbe (2, Teopema 2.1].

Jlnst mocTpoenus MpuMepoB HaM MOHAI00UTCA Ipad Ha N BepiiuHax, obozHadum ero 1),, B KO-
TOpoM y renepaJia crenerb () wiau 1, ocTajibHbIe BEPIIUHBI UMEIOT creneHb k, riae k < n — 2.
Crpoenue T, 3aBucut ot dernoctu n u k. IIponymepyeM BepIIUHBI, IIyCTh HOMED IeHEpaJia pa-
BeH n. Ilpu wernom k Mexty BeprmmHamu ¢ nomepamu ¢ u j, 1 < 72 < 7 < n — 1, ectb pebpo,
ecin ((i—j) mod (n—1))€ {+1,+2,...,£k/2}. Ecim k nederno, a n 1eTHO, TO HpoBeeM pebpa
upu ((i — j) mod (n — 1))€ {£1,£2,...,+(k — 1)/2}, a Takxke 106aBuM J11060€ IAPOCOUETAHHE
Ha n Bepmunax. Eciau n u k oba HeudeTHble, TO NpoBejieM pebpa pu ((z — 7) mod (n — 1))6
{£1,£2,...,£(k—-1)/2,(n—1)/2}.

Bepnemcs k perrennio 3aga4uu. HamomuuM, 1To B rpade 3BOHKOB MOT'YT ObITh KpaTHbIE pedpa.
Y100B! CIeUTH 3a MOPSIIKOM COBEPIIIeHHsI 3BOHKOB, [TOCTABUM Ha pedpax MeTKH (BelecTBeHHbIe
YHCJIA): YeM 1o3zKe ObLT 3BOHOK, TeM KpPYIIHee J0JZKHa ObITh COOTBETCTBYOIIAs MeTKa. JlomycTuMb
OJ/INHAKOBBIE METKHU 3BOHKOB, €CJIN 3BOHKU COBEPIIAIOTCS [TOCJIEI0OBATEILHO U IIPU 3TOM MOTYT OBITH
repecTaBJieHbl JIpyT ¢ apyrom. Hazosem myTh B rpade 3BOHKOB 60CT00AULUM, €CJIU TIPU JIBUKEHUN
BJIOJIb IIyTH Beca pedep BO3pacTaroT.

a) ITockosbky mocse ynanenus k pebep rpad JTOJKEH OCTAThCsI CBSI3HBIM, CTeleHb KarKoi
BEpINUHBI He MOXKeT ObITh MenbIlie k + 1. Tak Kak cymma crereHeil Bcex BepinH rpada paBHa
YJIBOEHHOMY KOJIMYECTBY pedep, MOoJIydaeM, UTO YHCJIO 3BOHKOB 0OJIbIle JTMO0 PaBHO (% . nw

Ocraioch nperbaBUTh rpad, KOTOPbIl 00ecIeInBaeT BO3MOXKHOCTD [IEPEJIAThH BCE CIYXU TeHe-
paJjly U y KOTOPOIO BCE BEPIIMHBI UMEIOT crernedb k + 1 (pu HeOJIaronpusaTHON YeTHOCTH OJHA
U3 BepiH Oy/IeT BbIHYXK/IeHa nuMeThb crenerb k + 2). Ilpu k > n — 1 rakoii rpad neficTBUTEIHHO
CYIIECTBYET, & IPU MEHBINUX Kk UMEIOTCS MIPOOIEMBI ¢ PACCTAHOBKON BECOB.

[omenmum k + 1 ma n — 1 ¢ ocrarkom: k+1 = a(n — 1)+ b, e a > 0,0 < b <n— 1
[Moctpoum rpad, cocrosimmuit u3 obbeaunenusi a rpados K, (mosHbx rpadoB Ha N BepIInHAX)
u rpacda R, y KOTOPOro BCe BEpIIMHbI UMEIOT CTeleHb b, KpoMe BepIINUHbI-reHepaJia, CTeleHb
KoTopoii paBua b mwim b+ 1. Takoit rpad HETPYIHO TOCTPOUTD, B34B rpad 1,1 U3 HadaJIa perieHus

®~

1
234567

234567

@ 2,8,14,20 5,11,17

Puc. 5. ¢) Ocrapimmecst 3BOHKH B TIEPBOM MHO-
JKeCTBe. Puc. 6. Ilnoxasa moura
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1 O0bEIMHUB BEPIIUHY-TeHepaJsia ¢ OJIHON U3 «OOBIYHBIX» BepIInH. Tenepb Ha3HAYNM Beca pedep.
[IycTh camble MasieHbKIE Beca UMEIOT pedpa rpada R, He coeunennbie ¢ renepaJjom. Ilycts pebpa
rpadoB K,, Toke He COeJIMHEHHBIE C TeHEPAJIOM, UMEIOT Bec 1moboJibine. A pebpa Bcex rpados,
COEJIMHEHHBIE C TEeHEPAJIOM, IMEIOT caMble DOJIbINNe Beca. BHYTpH KaxKJI0r0 U3 STUX TPEX MHOZKECTB
pebep Beca MOryT OBITH YIHOPsiJIOYEHbI MPOU3BOJILHO. Toriga oT KarKJ0if BepIINHbI JO0 reHepaJa
uayT k+ 1 Henepecekaromuxcs 1o pedbpam myreit. Crie0BaTe/IbHO, JaXKe TOCIe yaaJ eHns u3 rpada
NIPOU3BOJIbHBIX k pebep nndopMaliisg Bce paBHO JIOHIET j10 reHepasia. Bee BepInHbl TOCTPOECHHOTO
rpada nMmeroT crerenb k + 1, KpoMe reHepaJia, KOTOPbIiI MOXKeT UMeTh cTeleHb k + 1 wiun k + 2.

b) Ilpu k = 0 rpad 3BOHKOB JIOJIZKEH OBITH CBSI3HBIM, CJICJIOBATEJILHO, B HEM He MeHee n — 1
pebep, a ¢ JIpyroii CTOPOHBI, JIEPEBO, KOPHEM KOTOPOI'O SABJISETCH T'€HEPaJ, & BCE MyTU K KOPHIO
BOCXOJISIINE, SBJISETCS IPUMEPOM IOJXOJIAIIEero rpada.

Pacemorpum Tenepns rpad 3BonkoB npu 1 < £ < n — 1. Bo3dbMeM MPOU3BOJILHYIO BEPIIUHY U
(oTSIMYIHYTO OT reHepaJsia) U CpeJi WHIJIEHTHBIX eif pebep BbibepeM pebpo ¢ MAKCHMAJIBLHOTO Beca.
[IycTh HEKOTODDIN BOCXOSAINMIL IIyTh ITPOXOJUT UYepe3 9TO Pedpo: OH HPUIIES B BEPIIUHY U 110
pebpy MeHbIero Beca u Boien 1mo peopy ¢. Ilepenanpasum pebpo ¢ cpa3y B BepIIMHY-TeHepaJIa.
B pesyibrare unciio pebep rpada ocTasoch IPeXKHUM U, KaK HETPYJ/IHO BUJIETH, HOCE STOTO M3-
MEHEHUSI TeHepaJI MO-TIPEKHEMY CMOYKeT MOJIYINTh BCE CJIYXH B YCJIOBUSAX ILTOXOH ¢Bsa3u. CemaeM
TaKyIO OIepaInIo JIJI BCEX BEPIITUH, TOIJIA KazK ias BEPIINHA OKAXKETCA COCTUHEHHOM C reHepaJsioM.
3HauuT, CTeleHb reHepasia He MeHblne n — 1. CyMMuUpyst CTelleHn BEPINH, OIyIaeM Teleph, ITO
YHCJI0 3BOHKOB OOJIbIIE JIM6O paBHO {(kﬂ)'(";l)ﬂ"*l)]

Teneps ocTpoum rpad, obecrednBaroInii reHepasa CayXaMu, B KOTOPOM CTEIEeHU BCEeX Psi-
JOBBIX paBHBI k + 1, a crenenb rexepasa pasHa n — 1 wim n (3a cder KpaTHOrO pebpa, mpu
HebmaronpusTHOi derHoctn). Bosbmem rpad T, onuCaHHBIA B Hadase perleHusi, TIPOU3BOJILHO
HasHaunM (HeGOJIbINNE) Beca ero pebep, Mocje Yero COeJMHUM BCe BepIIMHBI 1, ¢ TeHepaoM,
HA3HAYUB HOBBIM pebpam OOJIbIIHe Beca.

5.3. |2, Teopema 3.1]

a) [lpusenem npumep momxojgiiero rpada 3BoHKOB. Ilycrs n Heuerno. Torma or Kaxkoii
BEPIIUHBI C HEYETHBIM HOMEPOM, He PABHBIM 1, IIpoBejieM k pebep K BepIune ¢ HoMepoM 1 ¢ Becamu
3,5, ..., 2k 4+ 1, a oT KaxkK10if BEPIIUHBI C YETHBIM HOMEPOM IIpOBeJieM k + 1 pebep K BepIuHe
c HoMepoM 1 ¢ Becamu 2, 4, . .., 2k+2. Tereps npoBejieM jiBa peOpa MK 1y BEePITUHAMEI C HOMEPAMU
tu1+1 ¢ Becamu 1 u 2k + 3. Ilosyuusocs MHOTO pebep ¢ OMHAKOBBIME BecaMu. B jlanHoM citydae
Beca pebep 0003HaYAIOT He HOMepa 3BOHKOB, a UMEETCs B BU/LY, 9TO pedpa PazdUBAIOTCs HA KJIACCHI
(MHOXKecTBa pebep ¢ OJIMHAKOBBIMEU BECAMH ), B KaXKJOM KJjacce pebpa MOIYT ObITh YIODSI0YeHbI
MIPOU3BOJILHO, HO PeOpPO KJjlacca ¢ BCeryia UMEeT MEHBIIUl HOMED, dYeM peOpo Kjacca j upu ¢ < j.
[Ipumep Takoro rpada npu n = 7 u k = 3 nokazan #a puc. 7. MoKHO IPOBEPUTDH, ITO TOTJIA OT

KazKJI0f BEPIIUHBI JI0 KaxKJI0il mpoxoasaT k + 1 pebepHO HelepeceKaronuxes myTel.
Eciu n gerno, To K npeapbiyieit KOHCTPYKIIMKA TPUCOSMHIM €Ille OJHY BEPIINUHY, COE/IMHUB
ee k + 1 pebpom c 1epBoii BepruHoii, Beca pedbep OyayT 2.5, 3.5, 5.5, 7.5, ..., 2k + 1.5.

b) Ouennm 7(n, k) gepes p(n, k). Illycts G — rpad 3BOHKOB, B KOTOPOM Jlazke MOCJIe YA eHUsT
k pebep mHbOpMaIus OT KaxKJION BEPIIUHBI Oy/IeT JOXOJAUTL 10 JiIoboit jpyroit. [Tocmorpum na
CUTYAITIIO TIOCJIe TOTO, KaK MBI CEIATN I epBbIX 3BOHKOB. OcTaBinecs 3BOHKH 0O6pa3yor rpad
Ha TeX JKe BEpIIMHAX, KOTOPbIi OyieM HasbiBaTh H. PaccMOTpuM MTPOU3BOJIBHYIO BEPIIUHY U TPa-
dba H. Bamernm, 4T0 9TOI BepIInuHe JJisi Oy IeHusl TOJTHON nH(bOpMAIn (JazKe ¢ y9eToM yjaJie-
Hust k pebep) TpebyIOTCs TOJBKO TePBble T 3BOHKOB U 3BOHKH BHYTPH €€ KOMIOHEHTBI CBSI3HOCTH
B rpacde H. 3naqnt, amncyio pedep rpada, cogepkariero pedbpa, KOTopble eifi MOryT MPUTOIUTHCS,
Goubitie b0 paBHo p(n, k). Bymem canrtars, aro r = p(n, k) — &, tae € noabepem takum o6pazoM,
9TOOBI TIOJIydnTh HAaWIydInyio onenky. Ouesuino, |E(G)| = r + |E(H)|. Yrobbl oneHuTh 9nciio
pebep H cuuzy, OyjemM cIuTaThb, 9YTO BEPIINHA U JICXKUT B KOMIIOHEHTE CBA3HOCTU HAMMEHDIIErO
pasmepa, MycThb | — |ucyio pebep 9Toit KOMIIOHEHTHI, TOT/Ia KOJIMIeCTBO KOMIIOHEHT He MeHbITe 7, 1
|E(H)| > n— 7% (mpaBag 9acTb — 9T0 KOIM4ecTBO pebep B Tpade B IPE/IIoI0KeHIH, 9TO BCE KOM-
[IOHEHTBI COJIEPIKAT 110 | BEPIIUH U ABJISIOTCs jiepeBbsiMu). [pu arom [ > £, Tak Kak B IPOTHBHOM
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Puc. 7. Koncrpykmus rpada

clIydae paccMaTpUBaeMasl BEpIIUHA U MOXKET He IOJTydUTh HOJHON nHbOpMAaIum, ¢iej0BaTe IbHo,
|E(H)| 2 n—g. Homyanm |E(G)| = (u(n, k) = &) + E(H) 2 (u(n, k) — &)+ (n— ). lIpasas sacts
MUHUMaJIbHA TIpu § = /N 1 MBI mostydaeM HepaseHcTBo E(G) > u(n, k) +n —2[y/n|.

5.4. Mbl B3siiu 910 yTBepKaenue B |3, Teopema 3.2].

a) Kak 00bI1HO, OlleHKa CBEpXY HOJIydaercs HpebsiBieHueM npumepa. Ilycrs R — peryisp-
HbI (MM TOYTH peryJispHbIil) (MynbTi)rpad Ha n BepInHaX, B KOTOPOM KazK/lasl BEPIINHA HMeeT
crenenb k (3a MCKIIIOUEHHEM, BOSMOXKHO, OJIHOf BEPIIMHBI, NMeoIeii crenenb k + 1). Pacemorpum
caeyIontyio cxemy onopemenns. CHadasa BBIIOJTHUM 21 — 4 3BOHKA B COOTBETCTBHUHU C JIIOOBIM
HaubbICTpeiimuM criocoboM oroserienus. Ilociie 3T0ro Npou3BOILHO BBIIOJIHUM 3BOHKH, COOTBET-
crBytomme pebpam rpada R. Bee ciyxu, norydeHnble B&ehﬁ)ld CILIETHUKAMU B 9TOM CXeMe, OYeBH,IHO,

+4)n

ABJIAIOTCA HaJdC2KHBIMM. HpI/I 9TOM CXEMa COUECP2KUT ’VT—‘ —4 3BOHKOB.

6) lemma 1 [3, memma 3.1]. Ilycrs nano nepeso T’ Ha n BepIIMHAX, B KOTOPOM Ha KazKJIOM Peb-
pe 3aJiaH BeC, MO3BOJIAIONINI «XPOHOJIOINYECKU» YIIOPsI0unBaTh pebpa. s Kazk10if BepImHbl
u 0603HAMUM |epe3 T, HAubOJIbIIee KOJIMIECTBO BEPIINH, B KOTOPBIE MOYKHO IIPUITH U3 BEpIIH-
HbI U, IBUI'asdACb TakK, 4TOOLI BeC Ipu JABU2KEHNHN BO3pacTa.Jl. MununmMmajabHoe 0 BCEM BeplHinHaM
JepeBa 3Hadenne r, obosnadnm depe3 R(T'). O6osnatnm 1depes r(n) makcumyM sesnannsl R(7)
110 MHOJKECTBY BCEX OPUEHTHPOBAHHBIX jepesbe T ¢ n Bepumuamu. Torma r(n) = |logyn .

Hoxkazarenbcrso. Pacemorpum jepeso T, uist koroporo R(T') = r(n). Ilycrs xy — pebpo
MaKCHMAaJILHOTO Beca, Ty, T}, — KOMIIOHEHTBI CBSI3HOCTHU, KOTOPBIE IIOJIy 9AI0TCSI IIOC/IE €0 Y/IAIeHNS
(x € T,, y € T;). Moxuo caurars, 1o B T}, He 6obiite Bepiuut, yeM B 1), Torna R(T,) < r(|n/2]).
Beibepem B T, Bepmuny u, peasmsytonryio 3uadenue R(T,). B nepese T' myTh u3 BepIiuHbl U He
MOZKET IIPOIITU B KOMIIOHEHTY T} JaJjiblile BEPIIUHBL ¥, HOCKOJBKY Iy — pPedpo MaKCHMAILHOI'O
seca. Torma r(n) = R(T) < r,+1=R(T,) +1 < r(|n/2]) + 1. Buecre ¢ HagaIbHbIM yCIOBHEM
r(1) = 0 mbI mosrygaem HepasercTso 7(n) < |log, n.

[Tpumep, peasmsyionuii paBeHCTBO, CTPOUTCA 10 MHYKIMK. Ha odepearom rrare 6epeMm jiBe
KOIIMU JIepeBa, CJIyXKalllero IMpuMepoM i n — 1, u, coXpaHssi OTHOCHTEJbHbIH HOPsAI0K pedep
BHYTPH KazKJIOH KOIUU, COEJMHsIEM WX KOPHU peOPOM MaKCHUMAaJbHOI'O Beca. O

Jdemma 2 [3, crepcrsue 2.1]. ITyers B (Mmysnibr)rpade G Ha n BepuIMHAX Ha KaxKJI0M pebpe
3aJIaH BEC, C IMIOMOIIBIO KOTOPOI0 MOYKHO XPOHOJIOTHYECKH YIIOPSI09uTh pebpa. [lycts u — duk-
cupoBanHas BepimHa rpada G. [lycrs oKazamock, 9To /i KaxKJI0W BEPIIUHBI U # U CYIIECTBYET
HEe MeHee k BO3PACTAIONIMX IyTell W3 % B U, KOTOPbIE OTIMYAIOTCH JAPYT OT JIPYra IOCIETHUMEI
pebpamu. [lycTs, HaKoHeI, cpen Beex TpadoB ¢ TakuMu cBoiicTBamu Tpad GG MMeeT HaMMeHbIIIee

ynucsio pedep. Torja B HEM {WW pebep.

JlokasaTenbcTBo. I'padp G mpencrapisier coboit oObeaUHEHNE OCTOBHOTO JepeBa U k-
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peryisipaoro nojarpada (uam modTu k-peryisipHoro mojrpada) Ha MHOXKECTBE BCeX BepINUH, 3a
UCKJIIOUeHNeM u. B aToM caydae dbopmyrna odeBniHA.

[TocTporm 9TO OCTOBHOE JIEPEBO: st KarKI0H BEPIIUHBL U 7 % OTMETUM PeOPO €, ¢ HAauMEHb-
IITUM BECOM, IIPUHAJIIEXKAIee KAKOMY-HUOY/Ib BOCXO/AIIEMY MyTHu u3 u B v. Mbl ormermin n — 1
pebep, OHM 3aJIeBAIOT BCe BepHIUHbI Tpada (MUHUMAJILHOE PeOPO BEPIIUHBI U TOXKE OKAYKETCs
OTMeUYeHHBIM ), TI09TOMY 9TO OCTOBHOe JiepeBo. Jlasee, cpeau pebep BepiuHbl U PeGPO €, — €JIIH-
CTBEHHOE PEOPO, MPUHAICXKAIIEE XOTH KAKOMY-TO BOCXOJANIEMY IIyTH U3 U B v. JlelicTBUTE/IBHO,
ecsin pedpo €, THIUJCHTHO BEPIITUHE U 1 JIEXKUT Ha IIyTH U3 U B ¥, TO TOT IYTh POXOJUT Y€pe3 w
U TOTJIa OH JIOJIZKEH BXOJUTDb B W 110 PeOPY, Yy KOTOPOT'O BEC MEHBIIE, Y€M BEC €,,, ITO HEBO3MOXKHO.
Takum obpazom, rpad G st KaxK10#l BEPIIUHDBI U COJIEPXKUT, IIOMUMO €,,, elle He Menee k pebep,
UHIMJICHTHBIX 1. YICHO, YTO MUHUMAJIbHOE YHUCJIO Pebep OyIeT B k-peryjisipHOM CJIydae. 0

C moMoIbio 3TUX JIBYX JieMM pertuM 3aja4y. [lycts nmeercs criocob onoserenusi, obecrievn-
BaIOMIUIl CIJIETHUKOB HaJlesKHbIMU ciiyxamu. llepBbie n — 1 3BOHKOB 3TOTO €11oco0a OMOBEIeHust
3ataoT nojrpad H B rpade 3BoHKOB. B cmty MasiocTn KoJimdecTBa 3BOHKOB XOTd ObI OJIHA U3
KoMIIoHeHT rnojrpada H asiagerca jgepeBoM, obosnadum ero 1. Ilo jemme 1 B sepee T MOKHO
BBIOPATH BEPIIUHY U, U3 KOTOPOl MOKHO J00PaThCs M0 BO3PACTAIOINIUM Iy TSM JIUIIHL He Oojiee deM
B |log, n| Bepmun. Y6epem pebpa Bcex sTux myreil u3 rpada H, noaydenusiii rpad HazoBem H',
OH cojiep:KuT He MeHee n — 1 — |log, n| pebep.

Hng rpada G — H' u BepIuHBI ¥ BBIIOJIHEHBI YCJIOBUSA JIeMMbI 2 (0TOpOIieHHbIe HaMu pebpa
HE MOIVIM OBITh WMCIIOJIB30BAHBI JjI MOCTPOEHUsI IyTell W3 BEpPIINHBI U, TaK KaK OHU ObLIN XPO-
HOJIOTHYECKU <«CJIUITKOM PAHHMMU» ), 3HAYUT, B HEM He MeHee [Ww pebep. Torma B G He

2
menee n — 1 — |logyn| + {WW pebep.

6.1. a) |5, lemma 3| Uuaykuus o k. Basza rpusuanbua. s gqokazarebersa nepexoa OTMEHUM

IIEPBBII 3BOHOK. B pesyibrare jepeBo OKarKeTcsd pa3dOUTHIM Ha JIB€ KOMIIOHEHTBI, B KaKJIOi u3

KOTOPBIX IIEPECTAHET ObITh U3BECTHLIM OJIMH CJIYyX U3 IIPOTUBOIOJJIOXKHON KOMIOHEHTHI. 110 nHIyK-

IIMOHHOMY IIPE/IIOIOKEHIIO TOTVIa KazK/asd 3 KOMIOHEHT COJEPyKHUT He Menee 2F~1 eprrmm.
[IyukT 6) perraercs: aHAJIOITYHO.

6.2. lIpumep [5, Jlemma 1|. Tlogenum n na 2°~1 ¢ ocrarkom: n = 2¥"1n; + ny. Pazobbem cruiet-

HUKOB Ha M rpymi no 2°~! geoBex u moc/ieiHioo rpymiy us ny 4ejosek. B Kaxk1oii rpymme us
281 yenosex MoxkuO ciienarh 2771 3B0HOK Tak, 4TOOBI B pesysibTaTe BCe W/eHbl IPYIIbI 3HAJI 10
k ciyxoB (J1BO€ 3BOHST JIPYT JPYIy — B PE3YJILTATE JBOE 3HAIOT 110 2 CJIyXa; HOTOM KazK/[blil 13 HUX
Pa3roBaprBaeT HOBBIM WIEHOM I'DYIIIbI, B PE3yJIbTaTe YeTBEPO 3HAIOT 110 3 CJIyXa; IIOTOM KazKIblii
U3 YeTHIPEX PasroBapUBAET C HOBBIM WIEHOM IDYIIIBI, B Pe3y/IbTaTe BOCEMb UeI0BEK 3HAIOT 110 4
ciayxa u T.71.). Y10 Kacaercs moc/ieHeil IPYIIIBI, IIyCTh KayK/Iblil 9eJI0BEK U3 Hee MO3BOHUT KOMY-
HuOY/Ib U3 IIEPBBIX TPYIIL, KOIJA TaM yrKe 3aKOHYaTCsl 3BOHKH, 9TOOBI y3HATH k ciyxos. Wroro,
k-1 _ [2F1-1
k—1_

Onenka [5, Temma 4]. Toxazxkem onenky P(n, k) > 25—n, He HaKIabIBast HIKAKIX YCJIO0-
Buil Ha k.

Pacemorpum nocsetoBaTebHOCTD, gaougyio P(n, k) 3Bonkos. Ilycers s kaxoro i > 1 stor
rpad 3BoHKOB G MMeeT n; KOMIOHEHT CBSI3HOCTH, COJEPIKAIUX ¢ BEPIIHH, TOL/a

E n; =n.
i

BameTum, 4TO KaxKkjias KOMIIOHEHTA C ¢ BepIInHAME HMeeT He Menee ¢ — 1 pebep. Bosiee Toro,
110 yTBEePzKICHHUIO 3ajaun 6.1 Majble KoMIOHeHTHI (Te, [yl KoTopbix ¢ < 2871) He MoryT GbITH
JIEpEBbsIMU, 3HAYUT, B HUX He MeHee ¢ pebep. Takum obpasom,

P(nk)> > ini+ Y (i—1)n.

i<2k—1 iz2k-1
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. k—=1_1. . _
Ocrasiock 3aMeTuTh, 9TO 1 — 1 > %z npu i > 2871 u cnenosarensho,

6.3. [5, Jlemma 2| BoigesnM 3 MHOMKECTBA BCEX CIUIETHHKOB JIBA HEIEPECEKAONINXCA Habopa:
Habop X, COCTOSIIHIT U3 i CIIETHUKOB, 1 Habop Y = {y1, s, ..., Yor—i—2} U3 2F712 crerHuKos.
3BOHKH Opranudyem cJjeyomnM oopazoM. CHadasra KaxKIblil 4eI0BEK 13 MHOYKeCTBa X co00ImaeT
CIUIETHUKY Y; CBOII ciiyX. B pesysbrare ciiesiano ¢ 3BOHKOB, a CIIETHUK Y1 3HAET Tenepb ¢+ 1 ciyx.
Jlajiee nTepalmoOHHBIM IIPOIIECCOM Mbl HAYMHAEM Y/IBAMBATH YHCJIO «OCBEJIOMJIEHHBIX» CIJIETHUKOB
B MHO)KecTBe Y. Daza: mesraem 3BOHKW: Y12, Y34, Y1Y3, Y2U4; B PE3yJbTaTe clesaHo 4 3BOHKA 1
nepBbie 4 Ye0BeKa U3 MHOXKeCTBa Y 3HAIOT 110 1 + 4 ciyxa. [lepexos. Eciu na npejpiiyieM mare
nepBbie 2" 9e/IOBEK W3 MHOXKECTBa, Y 3HAJU © + 1 + 2 cIyXa, TO Ha OYEPE/IHOM IIare MbI JIeJIaeM
2" 3BOHKOB

Y1Yi+or,  Y2Ya42r, ...,  YarYortl

1 Teneph 1epeble 27! crleTHIKOB 13 MHOXKecTBa Y 3HAIOT 110 i+ + 3 ciiyxoB. [Iporecc 3aBepiunt-
cs1, Korjia OyJleT «oxBadeHo» Bee MHozKecTBo Y. K aToMy MoMeHTy Gyzer Beero caenano i+ 282
3BOHKOB U BC€ CIUVIETHUKH U3 Y Oy/yT 3HATH k ciryxoB. [lociie 5T0r0 1mycTh ¢ O3BOHUT BCEM CILIET-
HuKamu He u3 Y, coobmus um ceou k ciryxos. Takum obpasom, P(n, k) < i+2F 724 (n—2k"172) =
n+1.
B sTOM paccyK/ieHnn Mbl HCIOJIb30BAJN JIUIL HEPABEHCTBO 1; < n.

6.4. IlycTb nuMeeTcs MOC/IeIOBATEILHOCTD ¢; 3BOHKOB cruteTHHKOB (1 < i < §). Bamernm, 4To ecim
BO BpeMsl HEKOTOPOT'O 3BOHKA ¢; TIOTOBOPHJIN JIBa Y€JI0BEKA, a CJICIYOIINi 3BOHOK C; 41 OCYIIECTBIIs-
0T J[Ba, JIPYTUX YEJIOBEKA, TO MbI MOXKEM [I€PECTABUTH 9TH 3BOHKH JAPYT C JIPYTOM, 9TO He IIOBJIUAECT
Ha Pe3yJIbTAT PACIPOCTPAHEHNUS CIIETEH C MTOMOIIBIO JAHHOI [OC/Ie[0BATEILHOCTH 3BOHKOB. Takoe
JKE NEPECNAHOB0UHOE NPAGUAO TEHCTBYET [T HAOOPOB N3 HECKOJIBKNX 3BOHKOB: €CJIU JIBE TDYIIIIbI
U3 HECKOJIBKUX IIOCJIE0BATEIBHBIX 3BOHKOB Cj_p, Cj_pils - - - Cjm1 B Cj, Cjg1, . - -, Cjpq—1 HEIOCPEJI-
CTBEHHO CJIEJYIOT OJIHA 3a JIPYIOWl W He IEePECEeKAITCs [0 MHOYKECTBY Da3rOBAPUBABIINX B HUX
JIEOJIEi, 9TH JIBe TPYIIIBI 3BOHKOB MOXKHO HOMEHATH MecTaMi. [losyaurcs mocieoBaTesbHOCTD

Cly--,Ci—p-1, Cj,Ci41,-+-3Cj4q-1, Cj—p;Cj—pt1y---,Ci—-1, Cjiqy---,Cs,

KOTOpas JaeT TO ke (PUHATIbHOE PACIpPEIe/IeHne CIUIETeH, 4To U ucxoqnast. IlocienoBarebHocTH
3BOHKOB, HOJIy9ICHHBIE JAPYT U3 Jpyra C IIOMOIIBIO TAKUX IIEPECTAHOBOK, Oy/JeM HA3BIBATDH IKGUGH-
AEHMHOMU.

C yderoMm pesynbraTa IPEJbIIYINeH 3a/1adn, A JOKa3aTeJIbCTBA TPEOYEeMOro YTBEPIKICHU
JOCTATOYHO IIPOBEPUTH, 4TO 1pu t; < n < t;_1, rae 0 < i < k — 4, uMeer MeCTO HEPABEHCTBO
P(n,k) > n+i. Mbl jokazkeM 6oJiec TOHKUIA BapuaHT 9TOro HepaseHcTsa |5, Jlemma 5|, u3 koToporo
9TO yTBEPIKJIEHUE CPa3y CJedyeT. BygeM Ha3bIBATD CIUIETHUKA 0C6eJOMACHHbIM, ECTIU B PE3Y/IbTaTe
Pa3roBOPOB OH y3HAET HE MeHee Kk CIIyXOB.

Jlemma. Ilpegmnonoxkum, uro n < t;_; — 1, tne 0 <7 < b — 4. Ilyers ¢y, .. ., ¢y — 1OCIIEJI0-
BaTE/JLHOCTH U3 ¢ + J 3BOHKOB. Torjia

1) B pe3ysbTaTe 9THX 3BOHKOB 00pa30BasIoch He O0jIee j OCBEIOMJICHHDIX CILJIETHUKOB;

2) ecsin B pe3y/IbTraTe TUX 3BOHKOB 00PA30BAIOCh POBHO j OCBEIOMIIEHHBIX CIUIETHHKOB (3aI0M-
HEM UX), TO CyIIECTBYeT SKBHBAICHTHAA MOCIEI0BATETLHOCTD €y, . . ., C;, ;, B KOTOPOil MOC/Te/THIe
j BBOHKOB Cj,1,Cj g, --,Ci; OBLIH TOJBKO CTPOTO MEKJly OCBEJOMJCHHBIMU CILJIETHUKAMH (T.e.
TOJILKO MEXK/Iy TEMH JIOIbME, KOTOPBIX MbI 3AIIOMHHJIN).

HoxazaTesabcTBo. Unaykius mo j.

Baza 1 < j < k—i—2 Torma i +j < k — 2, T.e. obasg KOMIIOHEHTA CBI3HOCTU T'pada
3BOHKOB COJIEpKUT He Oosiee k — 1 BEPIIUHBI, IO9TOMY HU OJIMH U3 CIIETHUKOB IIOKA eIlle He CTaJl
ocsetoMsteHHBIM. O0a JI0Ka3bIBAEMbBIX YTBEPK/ICHUST OKA3AIUCH HEMHTEPECHBIMHE.
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[Mepexon. Ilycts j > k —i— 1, w qyist j' = j — 1 BBINOJIHSIETCST IPEJIITIOIOKEHIE WHLYKITAH.

Hokaxem yrBepxkenue 1). Ilycts B pesyiabrare MoCIe0BATEILHOCTH U3 j 3BOHKOB MMEETCsI
J + 1 ocBegomennslii cmleTHUK. IIocKOIbKY B pesy/bpTaTe HOCJIEIHETO 3BOHKA Cjyj MOIVIO IIO-
ABUTBCA He 6oJlee IBYX OCBEIOMJICHHBIX CIUIETHHKOB, K MOMEHTY 3aBEPIICHUs 3BOHKA C;y;_1 OBLIO
B TOYHOCTH j — 1 OCBEIOMJICHHBIX CIJIETHUKOB T1, ..., £j_1, & HOCJICIHUI 3BOHOK COCTOATICH MEK-
JIy «HOBBIMH» OCBCJIOMJIEHHBIMH CIIETHUKAMW T; W Tji1. B CHIy BTOPOrO yTBEp:KJIEHUS IpeJ-
ITOJIO?KCHUA WHJYKIIUA MBI MOYKEM CUUTATH, UTO BCE 3BOHKH Ciil,. .., Citj—1 OBLIN CTPOTO MEXKILY
CIJIETHUKAMHA X1, ..., Tj_1, U TOTJa 3Ty TPYIILy 3BOHKOB MOXKHO IIEPECTaBHUTH C Ci4j. Ho Torma
B pesyJbTaTe ¢ + 1 3BOHKA C1, C, . . ., Cj, Citj—1 HOABUJIOCH [[B& OCBEJOMJICHHBLIX CIJIETHHKA. DTOTO
HE MOYKET OBbITb, IIOCKOJIbKY U OrPpAHMYEeHUAX ¢ < kK — 4 Ha IepeMeHHyIO ¢ He MOYKeT MOSBUTHCS
BOOOIIEe HU OJIHOIO OCBEJIOMJIEHHOTO CILJIETHHKA (KOMIIOHEHTa CBA3HOCTH, COJEpPZKAIlasi OCBEIOM-
JIEHHOT'O CILJIETHUKA — 9TO KaK MUHUMYM JIEPEBO, cojiepzKaliee k BEPINWH, TIO9TOMY B Heil He MeHee
k—1>i+ 1 pebep).

Hoxkazxkem yrBepxkienue 2). [Ipesmosioxkum aro B pesysbrare i + j 3BOHKOB Mbl HMEEM DPOB-
HO j OCBEJIOMJIEHHBIX CIUIETHMKOB, HO IIPU 9TOM IIOCJEIHUE j 3BOHKOB 3aTPArvBaJId HE TOJIBKO
9TUX CIUIETHUKOB. Torja BbibepeM MaKCHUMAJIHLHO BO3MOXKHOE P, TAKOE UTO MOCJIEIHUE 3BOHKU
Citpt1,- - -, Citj OBLIN TOTBKO MEXKJY OCBEJOMJICHHBIMI CIIJIETHHKAMI. 3aMETHM, 9TO TOI/IA OJUH
13 coOECeTHUKOB 3BOHKA Cjt, — TOXKE OCBEJIOMJICHHBI, TaK KaK MHaYe MBI MOIVIH OBl IIepeHeCTH
9TOT 3BOHOK B KOHEII II0C/IE/I0BATEILHOCTH 3BOHKOB U MbI TIOJIYUMIN ObI T€X K€ j OCBEIOMJICHHBIX
CILJIETHUKOB y2Ke II0CJIe ¢ + J — 1 3BOHKOB, 9TO MPOTUBOPEUUT IIPE/IITOJIOKEHNUIO UHJLYKITUH.

IIycte G — rpad 3BonKOB, G' — ero noarpad, 06pa3OBAHHDIA 3BOHKAME Citp, - - . , Citj.

Pacemorpum cradasta ciydait, korya p = 1 u nipu 3rom rpad G okazadicst cesasubim. Torma G —
nepeBo (B HeM j pebep u j+1 BepiHa — Bce OCBEJIOMJIEHHbIE CINIETHUKY U OJ[H HEOCBEIOMJICHHBII
YUYaCTHHK 3BOHKA C;4,). Pacemorpum kommonenty C’ rpada G, koropas cogepxkut G'. Ilycrs sra
KOMIIOHEHTa coJiepKuT ¢ BepinuH BHe G’ Torjia oHa JI0JKHA COJIepKaTh ellle 110 Kpaiineit mepe i’
pebep (kpome pebep, Jexkamux B G'). D1u pebpa 3aa10T KAKHe-TO U3 3BOHKOB (1, . . ., Cj, TO9TOMY
i" < i. Ynaaum 911 ¢ 3BOHKOB M3 IIOJIHOM [TOC/IE0BATEIbHOCTH 3BOHKOB, 9TO IIPUBEJIET K TOMY, 9TO
10 OKOHYAHWN 3BOHKOB B jiepeBe (G’ Bce CIUIETHUKM, KPOME OJIHOrO, OYy/yT 3HATh He MeHee k — i
cayxoB. Torma mo yrBepzkienuto 3a1a4qu 6.1 6) BBITOTHEHO HEPABEHCTBO j + 1 > 2k—i'=1 _ 1. Torna

tig—1=i—242" " > n>d+j+12d+2M" 1> 2 1 =4

[Iporusopeune. B mocienreM HepaBEeHCTBE MbI BOCIIOJIB30BAINCH YOBIBAHUEM I10CJIEI0BATETHLHO-
CcTH t;.

Tenepb paccMoTpuM ocTasbHBIE Ciydan: Korga p > 1 uiu rpad G’ cocrout us aByx uim Oojee
komioneHT. O6o3nadnM depes C' komnonenty rpada G, comepKaIryio 3BOHOK ¢;4;. [lepeobosna-
YUM 3BOHKH: IIyCTb ¢} = Citj, Cy, ..., C, — 9TO 3BOHKU B XPOHOJIOTHYECKOM HOPSIJIKE, COBEPIICHHbIE
B KoMmmonente C, u myctsb ¢, ¢, ..., ¢ — ocrambuble 380HKN B G'. B 060oux paccmarpuBaeMbIX
ciydasx 7 < j (a BOT mapamerp s MOxeT ObITh paBeH HyJIIO, Korua p > 1).

B cnity mepectanoBOYHOIO IIpABUIIA BCE 3BOHKH €], ..., €2 MOXKHO OCYIIECTBUTD JI0 3BOHKOB ¢},
o

T

T. €. ICXOJHad ITOCJICA0BATC/IBHOCTD 3BOHKOB 9KBHUBAJICHTHA ITOCJICI0BATCJIHBHOCTU

C1,C2y oy Citp1, ClyeeesCoy oo cl

[TockoIBKY 3BOHOK ) 3aTparmpBaeT TOJBKO OJHOTO OCBEJOMJICHHOIO CILUIeTHHKa, KomronenTa C
COIEPZKUT He 0oJIee T OCBEJOMJICHHBIX CIUIETHUKOB (B Heil r pebep m we Gosee r + 1 Bepimwm).
BHaunT, MOCC i + j — r 3BOHKOB U3 BBLINTUCAHHOI IMOC/IE0BATEILHOCTH 06pPa30BaIoch He MeHee
J — T OCBEJIOMJICHHBIX CILIETHUKOB. TOr/ia 10 MHYKIMOHHOMY MPE/IIOJI0KEHIIO KOJIMIECTBO OCBEe-
JIOMJIEHHBIX CILJIETHUKOB JIOJIZKHO OBITH B TOYHOCTH paBHO j —1 (1 Torja Kommonenta C' conepKuT
POBHO 7" OCBEJIOMJICHHBIX CILJIETHUKORB), ¥ MOYKHO PEOPraHu30BaTh 3TU i + j — I 3BOHKOB TaK, ITO
HOCJIe/THIE § — 7' 3BOHKOB OY/IyT MKy OCBEJIOMJIEHHBIMU cIiieTHHKamu (He Jjexamumu B C'):

/

~ ~ ~ /
C1,C2y -« oy Cigj—r, Ciy. ooy G
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Tax Kak B 9T0il 1OC/IEIOBATEILHOCTH 3BOHKH Ciy1, - - ., Citj—r COBEPINAIOTCS MEXKJLy OCBEJOMJICH-

HBIME CIUTeTHUKaMu He n3 C', MBI MOXKEM II€PECTABUTH UX CO 3BOHKAMHU Ci,...,c,. llomyunrea

» G
dKBHUBaJICHTHaA I10CJI€J0BaTC/ILHOCTD

~ ~ / / ~ ~
Cly.. ., Ciy  Cpy.noy Cpy Cit1y- s Cigj—r-

[IepBoie 7+ 7 3BOHKOB 3TOIi ITOC/IE/I0BATETHLHOCTH TPUBOJIAT K ITOSABJICHUIO " OCBEJIOMJIEHHBIX CILIET-
HUKOB. 3HAYUT, 110 IPEIIIOJOKEHIIO NHIYKIIMH MOYKHO IE€PEYIOPSIIOUUTh 9TH ¢ + 7 3BOHKOB TaK,
9TOOBI TIOC/IEHUE T 3BOHKOB M3 HUX OCYIIECTBJISJINCH MEXK/LY OCBEIOMJIEHHBIMHU CILIETHUKAMH.
CrenraB 310, MBI TIOJTyIuM TpebyeMoe: B 00pa30BaBIIeiics MOCIeI0BaATETbHOCTI TTOCIEIHAE | 3BOH-
KOB IIPOUCXOAT MEXKJIYy OCBEJIOMJIEHHBIME CILIETHUKAMU. JlemMMa jjokazaHa. O]
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3agaum 10 NpPOMEXKYyTOYHOTO (bUHUINA

O 4gem 3TOT LUKJ 3a4a4

DTOT MPOEKT IOCBSIINEH HECKOJBKUM KJIACCHIECKUM Pe3yJibTaTaM U MeTOJaM YHCTOW Ma-
TEeMATHKW, WHTEPECHBIM C TOYKH 3peHns WHMOOPMATHKU (TOH ee YacTH, KOTOpas OTHOCUTCH K
KOMOWHATOPHOIT T€OMETPHUU U TEOPUH KOMPOBAHNS ).

Ecim mmeercs HeckoIbKO DYHKIUM, TO OJHE U3 HUX MOXKHO IOJICTABJISATh B Ka4eCTBE apry-
MEHTOB JIDYTHUX. DTa OlepaIus Ha3bIBaeTCs cynepnoduyueti. Hampumep,

o bynkiua f: R — R, f(z,y) = 2%y + y?, asiserca cynepnosunueit GyHKkuuil r + y u zy;

o bynkuusa f: 73 — Zy, f(z,y) = v ®y = xXORy, sBngerca cynepnosuiueii Gynkiumii T,
zVynzrAy;

o pynkimua f: R> = R, f(z,y,2) = g(g(sinx + y,g(y,:r2,z),x),x,x>, SIBJIIETCSI CYIIEPITIO-
sunueit bynkmmit g(z,y, 2), T + y, sinz, 2.

Yetkoe omnpepenenne gano B Havdase §1. Cynepnosunuu — BasKHbBI 00bEKT MCCJIEI0BaHUs B
aHaJjIm3e, TOMOJIOTMH u computer science. ObIast MocTaHOBKA 3a/1a4n: KOT/Ia JAHHYO (DYyHKITHIO
OT HECKOJIbKUX TIePEeMEeHHBIX MOYKHO TPEJICTABUTDb B BUJIE CYynepnoduyuu MyHKIUI OT MEHbBIIEro
qucsia nepeMenubix? OTBeT 3aBUCUT OT paccMaTpuBaeMoro kiacca dbyskmumit (cp. [ZSS, m. 21.5
‘Boipasumocts it dyukimii anrebpst jgoruku’|, [Arb8|).

MbI mpoJIeMOHCTPUPYEM HEKOTOPhIE BaKHEWINNE UJed PeIleHusl 9TOi oOIneil 3ajga4dn st
HeIpepBIBHbIX (DYHKIWMIA, T.e. JokasarenbcrBa Teopembl A.H. Kosmoroposa 1.11 (sTo pererne
13-it upobuembr /1. I'manbepra). OHu OyayT HpejcTaBIeHbl Ha ‘OJUMIMAIHBIX TPUMEPax: Ha
MPOCTENIINX FACTHBIX CIydasixX, CBOOOJHBIX OT TEXHUYECKUX JIeTaJIeil, U CO CBEJIEHNEM K HeoOXO-
JIMMOMY MUHUMYMY HAYYHOI'O A3bIKa. 3 CUET ITOrO JIAHHBIN UK/ 3a/a4 JIOCTYIIEH JIIs HATH-
HAIOIIUX, XOTsI COAEPXKUT KPACUBBIE CJIOKHBIE PE3YJIHTATHI.

Jlst ero perieHusi He HYKHO CIEIUAJIbHBIX 3HAHUN, BCE HOBbIE ONpEe/IeHus OY/IyT JIAHbI.
[Ipu sTom morpebyercst (um OymeT Jajiee pasBUBATHCS) OIBIT COOOPA3UTENBLHOCTH, T.€. MaTeMa-
TUYecKash KyJIbTypa. B 9acTHOCTH, XOTS UK 3389 aHAJINTHIECKNN, 3HAHUN MaTeMaTHIeCKOro
aHaJIn3a JIjId peleHns MHOTUX 3a/1ad He TPedyeTcs — Mbl WILTIOCTPUPYEM OCHOBHBIE UJICU Ha JIAC-
KPETHBIX Bepcusax. TemM caMbIM, pereHne 3TuX 3a/ad MOMOXKET Pa36umsb aHAJIUTUIECKNAE OIBIT U
UHTYHUIAIO.

BymayT npeiytozxkeHbl KpacuBble 33 1a9u /1l KCC/IeI0Banns. HeKoTopbie 3HAMEHUThIE TPUMEPbI
‘HeripepbiBHOI’ MaremaTuku (tmia Beitepmirpacca, kKpuBas [leano) yrke oKasasuch MoJe3HBIMI
B usuke u computer science. Hamgeemcsi, cxoxkue, HO MeHee U3BeCTHBIE, MJIen TeopeMbl KomMo-
ropoBa TaK»Ke OKaXKYTCs MOJIE3HBIMU.

Coruammenusa
Ecimm Teker 3a1aum BBINISIIAT KaK yTBEPXKIEHUE, TO B 3aja4e TpedyeTcs ero okasars. Ecn
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Bce Da30BbIE 3aJIa9K U3 pa3jesia J0 TOro, KaK BbI MPUCTYIUTE K OCTAJILHBIM 3a/1a9aM Pa3/Iea.
Ecau HOMep 3ajavy mOMeYeH 3Be37049KOil (HampuMmep, 5*), 9Ta 3ajada MOCIOKHEE COCETHUX.
Takwne 3a1a91 MOKHO OTJIOKUTH JI0 TEX IOP, ITOKa He OYIyT pelleHbl OCTaabHbIE.

YuacTHUK (WM TPYIIIa YIACTHUKOB) KOH(DEPEHINH, Pelaoniuii 3a/1a4u IPOeKTa, MoJIyIaer
“D00” 3a KaxKJI0e 3anucanmroe perrenue, noayydnsiiee ‘+ uian ‘+.’. JlonogHuTebable 60061 MOTYT
BBIJIABATHCS 32 KPACUBBIE PEICHUs], PEIIEeHUsI CJIOXKHBIX 1IPOobIeM, Win 0pOpMIEHUE HEKOTOPBIX
pemennii B cucreme TEX. V xkiopu 6ecKoHETHO MHOTO O000B. Perenns M0oXKHO ¢/1aBaTh U YCTHO,
HO 3a KasKJible [8Th MONBITOK (HEeBaXKHO, YIAYHBIX UJIM HET) OJuH 600 TepseTcs.

Ecau BBI 3acTpsayim Ha Kakoi-HUOY/Ib 3a/ia9e, COBETYeM IepeiTu K CJICAYIONIM, OHU MOTYT
nomoub. [Ipuriamnraem y4acTHUKOB, pabOTaIONUM Ha/Jl TPOEKTOM, 00cystcdams ¢ KIOPU BCE BO3-
HUKAIOIINE BOIIPOCHI.

Ocob60 yCIEenHbIM peIaTeisiM Bbl BBLIAEM JONOAHUMENbHBIE 30004 JIIsT UCCTIETOBAHMIS.

1 Ilpumeps! cynepno3uniuii 1 uX orpeaejJecHne

1.1. PaccranoBKy 4uces B KJIeTKaX IMMAaXMaTHONW JOCKH HA30BEM 0a3UCHOT, €CJIA CYIIEeCTBYIOT
TaKue 9UCIa @1, ..., P8, Y1, ..., YPs, ITO UUCIO B KazK 10l KiIeTke (i,7) paBHO ¢; + ;.

(a) JTrobast s paccraHoBKa GasucHa?

(b) Eciu paccranoBka 6asucha, To jyist Jiobbix kjaerok A, B, C, D, sapisonuxcs (B 9T0M
HOPsIJIKE ) BEPIITMHAME IPSIMOYTOJIBHUKA CO CTOPOHAMHU, MAPAJIIETEHBIMI CTOPOHAM JIOCKH, CYMMa,
qnces B kierkax A, C' paBHa cymme dmces B Kjaetkax B, D.

(¢) Ecnu paccranoBka 6a3ucHa, TO st JTF0O0OI0 3aMKHYTOTO IIYTU JIaJbU MO JOCKE, TTOCTIe-
JIOBATEIbHBIE IIOBOPOTHI KOTOPOI'O IPOUCXOAAT B KieTKax Aj, ..., Ag,, cyMMa 4ucesl B KJIeTKax
Ay, As, ..., Ao,y paBHaA cyMMe 4dnces B KiaeTkax A, Ay ..., As,.

(d) Bepho st yrBepKienune, obparHoe K (b)?

1.2. (a) st 110601 Ji paCCTAHOBKHU YHCEN B KJIETKAX IMAXMATHOM JIOCKU CYIIECTBYET TaKast
byukuus b : R — R, uro uncio B Kax 0t Kiaetke (i, 5) pasuo h(i + v/25)?

(b) st sr060it i1 pacCTAaHOBKU UHCEJ B KJIETKAX IMAXMATHOM JOCKH CYIIECTBYIOT IEJIble

YUCTTA Q1 . . ., P8, U1, - .., g 1 byHKIWs b : R — R, 11 KOTOPBIX 9UCI0 B KaxK 101 KieTke (7, j)
pasHo h(p; +1;)?
(c) CyIiecTByIOT Jin TaKue TeJIble YUCTA D1, - - ., Pg, U1, . . ., g, YTO JJIst JTEOOOH PACCTAHOBKU

qucesl B KJIETKaX IMIaXMaTHOW JIOCKH cyriecTByeT dyHKius h : R — R, ais Koropoit uucio B
KaKJI0i1 KiteTke (i, j) paBHO h(p; + 1;)?

(d) CymmecTBytoT Jin TaKHe TeJIble TUCaa Pik, Yik, 4, k = 1,. .., 8, 910 17151 1106011 paccTaHOBKH
quces B KJeTKax Kyba 8 X 8 X 8 cymecTByer Takast ¢pyHkius h : R — R, 4ro uncio B KiaeTke
(4,4, k) pasuo h(pi, + v24;1,)?

Mmnozounserom ¢ xooppuyuenmamu 6 muoocecmee A € {R,Z,} naspiBaercsa GeckonedHas
[OCJIEIOBATEILHOCTD (A, - - ., Ay, - . .) GHCES U3 AS, Cpe/it KOTOPBIX JIUIIb KOHEYHOE KOJHMIECTBO
HenyseBbix. st M C A mocraBuM B COOTBETCTBHE MHOIOWIEHY (T.€. MOC/IEJI0BATEIHLHOCTH)
P = (ag,...,an,...) dyakmumo P: M — M, sagannyio dopmyioit P(x) = ag + ajx + ... +

a,x™ + ... (3ra cymma Konedna). Muorounen P = (ag, ..., ay,...) OOBIYHO 3aIUCHIBAIOT B BUJE
P(x) =ap+ a1z + ...+ a,z", Te. Tak xKe, Kaxk P.
Mg muoxecrsa X obosnaunm X" = {(z1,...,2,) @ x1,...,2, € X}.

1.3. Kaxkue u3 cienyromux GyHKIUI SBIISIOTCT MHOTOWICHAME (TOYHEE, COOTBETCTBYET HEKO-
TOPOMY MHOTOIEHY )7

(a) sinz ma R; (b)* sinz ma [0,1]; (¢)° sinz na {0,1}; (d) sinz ma {0,3,2,...,3,1}.

1.4. (a) Haiire ‘onpegenenne’ dyukiun (orobpazkenns) f: X — Y.

(b) JIiobas bynuknus Z, — Z, ‘ABISETCS’ MHOTOWICHOM JIJI IIPOCTOTO .

n ¢ )
(c) JIrobast dyHKIUSA Ly — Zq ‘ABIASETCA’ MHOTOHUIEHOM JIA MPOCTOTO (.

1.5. Jlunueti yposra u epadurom byaxnuu f : R? — R Ha3bIBaIOTCS MHOXKECTBA

f7He) ={(z,y) eR®: f(z,y) =c} u {(z,y,f(x,y)) € R®: (x,y) € R?}.

2



Hapucyiite jiuun ypoBHst 1 rpadbuku ciepyonmx dbyHKIunii:
(a) paccrostaue 10 Toukn;  (b) paccrosiHme 0 npsMoii;  (¢) cyMMa pacCTOSTHHI JI0 IBYX TOUYEK;
(d)* mpouseeieHe paccTOsSTHUIT 70 IBYX TOYeK;  (€) OTHOIIEHNEe PACCTOSHUN JI0 JBYX TOYEK;
() flzoy) =24y (g) flzoy) ==y; () flz,y) =2/y.
(B 1. (e,h) dyukiums 3amana na nodmmootcecmee IOCKOCTH. )
Onpepenenue cymnepno3unuu. llycTth j1aHo  HEKOTOpoe  MHOXKECTBO — (DYHKITHIT
F = {fa(w1,...,70,) aca (He oBs3aTensHO KOoHeunoe). Onpeae mM MHOKECTBO F cynepnosu-
yut dyakimit n3 F' KaK MHOXKECTBO BCeX (DYHKIMiA, KOTOPbIe MOYKHO IMOJIyYUTh U3 (DyHKIMIL
MHOXKeCcTBa F' 1 BCeX OT/IEIIbHBIX [EPEMEHHBIX &, OCIIeI0BATEIbHOCTHIO CJIC/IYIONIUX OllePauii
ANEMEHMAPHOT CYNEPNOSULUL:
ecim yxke mosydeHsl Gyukiwn f(xy, ..., x,), g1(-..), g2(--.), --. , gn(...), TO HmOIYYIUTD

flon(o)yee oy gn(c)).

3/ech B KadyecTBe aprymMeHToB (DYHKIWI ¢; MOKHO OpaTh JiIoOble, B TOM HHCJIe COBIIAJIAI0-
e, nepeMeHHbie. MHOXKECTBO 3HaUeHUIT KaXK /0 [10/ICTaB/IsIeMOil (DYHKIIUN JIOJIZKHO JIEXKATDH B
00J1acT! OIpeieIeHUsT COOTBETCTBYIOIIEN TIe€PEMEHHOIA.

Cwm. mpuMepbl CyTeprio3uliuii B Hadaje TeKcTa. YTBep:kjeHne 1.4.c o3HadaeT, 9To Jirodast
bynkuus Zy — Z, apigercs cyneprosuiueil KOHCTaHThI 1, CI0KeHUs 110 MOJLYJIIO ¢ M yMHOZKe-
HIs 110 MOJTYJTIO q. Fesm MHOXKecTBO F' cOCTOUT M3 KOHCTAHT (TO €CTh IIPOCTO YHCEJT, N (DYHKIUI
6e3 epeMeHHbIX ), a TakKe (PYHKITUIT JIBYX IIEPEMEHHBIX ‘CJIoXKeHne u ‘yMHOxKeHue': fi(xy, o) =

x1 + X2, fo(xy,x2) = 2129, TO F' cocTOUT M3 BCEX MHOTOYIEHOB Y akl,m,knx’fl ok,
kl’“wkn

1.6. Bepno ju, uto

(a) zy aBasieTcst cynepnosuiyeil OyHKIWA OHON MepeMeHHOH !

(b) 2%y +ay® € {zy,z +y}? () zye{z+y}? (d)zy € {z+y z/n2"}ber (07
(e) xy xax dyukima (0, +00)? — (0, +00) mexur B {x + y, 2%, log, x}?
(f)
(

f) nmrobast dynkuus oxHol mepemennoit jexkur B {x + y, 2%, log, x}7?
g)sinw € {z+y,zy}? (h)sinw € {z+y,zy,27}7  ()*sinz € {z +y, 2y, 2} U{c}er?
T2

(j) dyukuums g(xq, x9, x3) = x,® npn x1 > 1,29, 23 > 0 nexkur B {1 — 29,27, log, x}7

1.7. (a)° U3 dyukumit omHO#l IMEepeMEHHON HEJb3s MOIYIUTb CyNepHO3UIUsIMU (yHKIUHT
OOJIBIIIETO YUCTIA TTePEMEHHBIX.

(b) Bepno /m, 4To eciim MHOMKeCTBO F' KOHEYHO MM CYETHO, TO U F' KOHEYHO MM CYeTHO?

O6osnaunm [epes F, mHOXKecTBO 6cex dyukiwmii [0,1]" — [0, 1], . e. dyHKIMIT OT N MIEpE-
MEHHBIX.

1.8. (a) Cymecreyer unbekiusg « : [0, 1] — [0, 1] (T.e. Takoe orobpazkenue, uto a(x) # a(y)
upu x # y). o

(b) Fo ¢ FyU{a}. (c) F5 C Fs.

(d) F,, C Fy,—1 aosg moboro n > 3. (e) F,, C Fy U{a} ma moboro n.

1.9. (a) CymectBytor s hyHKIUA @1, 09, 1,9 @ [0,1] — [=1,1] u hy, hy : [-2,2] — R, ma
KOTOPBIX 11pu J1I00bIX 2,y € [0, 1] Bbinosnneno xy = hy (01(x) + ¥1(y)) + ha (02(z) + 12(y))?

(b) CymecrBytor s dbyukiwu ¢, : [0,1] — R u h : [0,2] — R, ajs KOTOPBIX OpU JIHOOBIX
x,y € [0, 1] Bemmosmeno (x4 1)(y + 1) = h(p(x) + ¢ (y))?

1.10. (a) Fy, C FAU{z +y}.

(b) Hs mo6oit bynkmuu f : [0,1]> — [0, 1] maiigyres takue dbynknuu ¢, h : [0,1] — [0,1],
4qT0 1pu J00bIX z,y € [0, 1] Bemomneno f(z,y) = h (p(z) + 0.1¢(y)).

(c) F, C Fy U{x +y} ausa moboro n.

(d) dutst sro6bix n u dysxmun f @ [0,1]" — [0, 1] Haiixyrea takue dbyukmun ¢, h @ [0,1] —
[0, 1], aro mpu 106X X1, ..., T, € [0, 1] BbIIOTHEHO

fl@1,. . zn) = h (@) + 107 p(22) + ... 4+ 10" "p(z,)) .



Urak, ¢ momorpio (hyHKIHIT OTHON TTepEeMEHHON U CJIOKEHUST MOYKHO MOJIYIUTh JII00YI0 (DyHK-
0. OTHAKO MHTEPEeCHee PacCMaTPUBATE TTOPOXKIA0IIee’ MHOYKECTBO, B KOTOPOM Bce (DYHKITUN
nenpepvishv, (CM. onpeiesenne B §3) win beckonewno duddeperyupyemot.

1.11. * Teopema Koamoroposa. (a) Jhobas nenpepuenan gynruusa f:[0,1]" — R (om n

NEPEMEHNBLT) NPEICTNABAAECMCA 6 BUJE CYNEPNOZULUL HENPEPLIEHOLT HYHKUUT 00HOT nepemen-
HOU U CAOAHCEHUA.

(b) Tas moboti nenpepvisnoti pynxyuu f 2 [0,1]* — R natidymes maxue nenpepvichoie hyr-
wuY P1, P2, ..., @5 [0,1] = [0,1], h: [0,3] = R, wmo npu amobwx x,y € [0,1] ewnosnero

F,y) = h (01(@) +vV21) + -+ b (esa) + V205(0))

(c) Hycmo pr, ..., P — PABAUNHBIE NPOCTBIE YUCAQ. J[AA MOOVT T U HENPEPLIGHOT PYHKUUU
f :[0,1]" — R wnatdymeca makue wenpepwenvie Gynruun o1, @2, ..., 01 - 10,1 — [0,1],
h:[0,2"] — R, wmo npu aobwx x1,...,x, € [0, 1] swnoinero
2n+1
flxy, ... x,) = Z h (Vproe(xr) + 4. . 4+ /Popr(Tn)) -
k=1

YkazaHus K (a) IPUBEJIEHBI OCJIE TPOMEXKYTOUHOTO (DUHHMIIIA.

2 TI'pyOvnie onneHKn

[IepBbie 331891 9TOrO MyHKTa HHTEPECHBI HE TOJIBLKO KaK IIPOCTENIINIA CIIoco0 pa3odpaThes B IO-
HATUYU HenpepbIiBHOW dyHKIMU. [loxoxkue 3a/1a91 0 KOHKPETHBIX, XOTs U I'PYObIX, OIIEHKaX, 9aCTO
BOBHUKaIOT M Ha OJIMMIINa/JaX, 1 B HpI/IKJIaILHOﬁ MaTeMaTuKe, 1 B TeOpeTI/I‘{eCKOﬁ MaTeMaTHUKeE.

B pemennn 3Tux 3a/1a9 HEIb3d MOJb30BaThest byHkimsavu {/x, a*, log, x, arcsinz etc. 6e3
omnpeseaeHus 3tux pyuxmnuii. [lockosbKy /I UX Olpeie/IeHrs — HAIPUMED, JIJId J0Ka3aTe/ b
CTBa CyIIECTBOBAHNUSA TaKOTro &, UTO o2 = 2 — (haKTUIeCKH Hy7KHO 3TH 3aJa9l PEIUTh. VIcKito-
YcHHue: eCcjin (bYHKH‘I/IH HCIIOJIB3YETCA B YCJIOBUH, TO €€ MOZKHO HCIIOJIb30BaTb U B PEIICHUU.

B sTom mukie 3amad He OyaeT HEOOXOAMMa CTPOTast TeOPHUsl JeHCTBATEIbHBIX ducesa. Moxk-
HO 0JIb30BaThCs 63 J0Ka3aTeIbCTBa (TOMBKO) aaredbpandecKuMu CBORCTBAMU JefCTBUTETLHBIX
qnce] — B YACTHOCTH, CBOMCTBAME HEPABEHCTB — W CJIELYIOIIIMM

npuryunom Aprumeda: 1jist 0000 BEIIECTBEHHOI'O YUC/Ia €CTh OOJIbIee HEro IeJI0e.

NPUHYUUNOM BAONACEHHVIT OMPE3KOG: TIepecedeHre JII000H MOC/IeI0BATETLHOCTH BJIOZKEHHBIX
OTPE3KOB HEITyCTO.

(DU TPUHIMIBI MOXKHO ‘JIOKA3aTh’, UCIOJIb3Ys JECATUIHYIO 3alUCh. )

2.1. Haitsure xoTd 6BI om0 Takoe N, 9TOOLI Jij1s 1060r0 1 > N BBIIOIHAIOCH @, > 107,
eciu a, =

(a) /n; (b) n? — 3n + 5; (c) 1,02

2.2. Hepagenctso Bepuyium. (1 + 2)% > 1+ kx jia mobbix x > —1 u nesoro k > 1.

2.3. Haitjure xoTst ObI OjiHy mapy Takux a u N, 9106bl Jjisd Jiio60ro n > N BBIIOJIHSIOCH
la, —a| <1078, ecin a,, =

@ TR ) 5t @099 (@) VB (@

n — 2n?

2.4. Haiisnre x0oTs1 Ob1 OfiHY mapy takux a u 6 > 0, 91006l 11 106010 o € (—0,0) OBLIO
BbinoHeHo |f(x) —a| < 3-1077, ecsin f(z) =
V14 ad

-3 3. b 3173. : . d
@) @3k 03 (s (@) D
(e) kKopenn ypasuenus t3 — tz + 1, nexkammii na [—2,0].



3 HenpepbiBHbIe (DYyHKIINN

[ycrs K = [0,1] wm K = [0,1]2. ®ynxkuua f : K — R nasbiBaercss HempepbIBHOM, eciu
Jyist Jiioboro wncia € > 0 cymecTByer Takoe duciao 6 > 0, 9ro juis obbix Tovuek z,y € K ¢
yesoreM |z —y| < 0 Bormosreno | f(x) — f(y)| < €. Buech |x —y| obozHauaeT OOBIYHOE €BKIINIIOBO
paccrosiue. (OCTOpOXKHO, Jist JIPYTUX MHOKECTB K olpejie/ieHie HEeIIPEPBIBHOCTH MOXKET ObITh

napyrum!)
3.1. (a)-(e) Kakue u3z dbyukuuii 3a1auu 2.4 venpepbiBubl Ha [0, 1]7

[Ipumeaanune. Anajornano 3agadaMm 2.4.a u 3.1.a JOKa3bIBAETCS HENPEPBIBHOCTH (DYHKITNN
f(z) = 2™ nag moboro nenoro n > 0. V13 517010 u T€OpeMbl 0 MIPOMEXKYTOUHOM 3HAYEHUH BbI-
TEKaeT, 4To JiJId Jioboro a > () cymiecTByeT Takoe x, UTo £ = a. DTO YTBEPKICHHUE [TO3BOJIAET
onpeeuTb GYHKIUIO /7. AHAJIOIMYHO ONPEAETAIOTCS JIpyrue obpaTHble (byHKIUN.

3.2. Kakne u3 ciemytomux (GyHKnuil HenpepbiBubl Ha [0, 1]2?

() f(z1,22) = /a1 +23; (D) fz1,72) = |21 + 22].

3.3. (a) Jliobas wenpepbieaasi dyukiws f: [0,1] — R orpanuuena, T.e. Haiimercs Takas
koucranta M, uro |f(x)| < M mua Beex x € [0, 1].

(b) JIrobas nenpepsiBHast dyukiws f: [0, 1] — R mocturaer cBoero HanboIbIIEr0 U HAUMEHb-
Iero 3HAYEeHUs.

3.4. Ob6s13aTEILHO JIU HEIPEPBIBHEI

(a) cymma;  (b) mpoussesienne;  (¢) KOMIIO3UIHS;

(d) cynepriosurust f(g(x,y),z); (e)* mpomsBOIbHAS CYIEPIO3UILH

nenpepbiBHbIX dynkiuii [0,1] — [0, 1], [0,1]*> — [0,1] (B . (d)), [0,1]" — [0,1] (B . (e))?

3.5. BepHo j1, 4TO HenpepbIBHAsS 10 KazKI0il mepeMeHHoil (pyHKIws HerpepbiBHA! VHbIME
cioamu, cymecrsyer jiu dbynxuus f: [0, 1] — R, He aBjgiomascs HeNPepbIBHOl, y KOTOPOIl
Bce cedenns (T.e. dyukuun fy: [0,1] — R u f;: [0,1] — R, onpenenennsie dopmymnoit f,(x) =
f(a,y) m foy) := f(z,y)) nenpepbismb?

Te w3 npuBe/IEHHBIX BbIIIE (M HUXKE) 33124, PElIeHNeM KOTOPbIX SABJISIFOTCS KOHTPIPUMEDHI,
Jajiee He uenoib3yored. OaQHako OHM HeOOXOAMMBI JIJIs IIOHUMAHKUS KOHTEKCTa J0Ka3aTe/IbCTBA
— 9T00BI BbI nMen 1pejicTaBieHne 0 TOM, 9€M BOCIOJIb30BAThCA TOYHO HE MOJIYIHTCSI.

4 PaBHOMepHBbIE ITPEIEIbI

Hamomuum, aro lim a, = a, ecin jjs joboro ducia € > 0 cymectByer Takoe ducyio N > 0,

n—oo

97O Jyist J1F060r0 1 > N BBINOJIHEHO |a, — a] < €.
n
4.1. (a) Jna kaxgoro x € (0,1) maiyure lim > .
(b) CymecrByer qu takoe N > 0, uro s qawobbix ¢ € (0,1) u n > N BBIIOJHEHO
n
= — > 2% <0.017
k=0
4.2. O0s3aTeIbHO JIT HEIPEPHIBHBI
(a) nomoueuwnuti npedea nocaemosarenbuoctu f, : [0,1] — R HempepbIBHBIX GyHKIMIT?
Ao byukrus f(x) := lim f,(z) onpeaesnena, eciau Bce 9TH IPEJENbI CYIIECTBYIOT.
n—oo
(b) paBHOMepHBIiT TIpeiet nocienoBareasHoctu f, : [0, 1] — R HenpepbiBHbIX dyHKIMIT?
dro takasg dynknug f : [0,1] — R, aro gs smoboro dncia € > 0 cymectByer Takoe 1esoe N,
qr0 Jyist m00bix n > N u x € [0, 1] Bemouseno |f,(z) — f(z)] < e.
4.3. (a) Tocrpoiite HenpepbiBHYIO clopbekTuBHyo dyuknuio f : [0,1] — [0, 1], mocrosumyio
BHe HEKOTOpOoro marepnaJja jiyiuHbl 0.01.
(b) ITocrpoiiTe Takyo GECKOHETHYO TTOCIE0BATEILHOCTD HETPEPBIBHBIX CIOPbEKTHBHBIX (DY HK-
i £, [0,1] — [0,1], wrro
o |fu(x) = fri1(z)| <27 mys moboro z € [0, 1];



® JIJ1d KayKJIOro 1 HallgeTcd ceMericTBO MHTEPBAJIOB [n,l, e Imsn CyMMAapHO! NJIMHBI MEHDIIIEe
27" TaKoe, 4TO f, HOCTOAHHA Ha KaxKJoM orpeske u3 gonosnenus [0,1] — ([, U ... U1, ) 10
00beIMHCHNA MHTEPBAJIOB CeMeliCTBa.

(c) TTocrpoiite HenpepbiBHYIO clopbekTusHyo Gyuknuto [ : [0,1] — [0, 1] Takyto, uro ms
moboro € > 0 Haifigercs cemeiicTBo uHTEepBaaoB I, ..., I, cyMMapHOi AJIMHBI MEHbBIIE £ TAKOE,
9710 f HOCTOSIHHA HA KaxKJ0oM oTpeske u3 mponosnenus [0,1] — (I, U... U [,) 10 obbeuHeHNS
MHTEPBAJIOB CeMelicTBa.

Puc. 1: Kanroposa Jsiectauiia, nmuia BeitepriTpacca u 6pOyHOBCKOe JBUKEHUE

4.4. YucoBast HOCJII0BATELHOCTD {Z,, } Ha3bIBaeTCs HyHIAMEHMANLHOU, €CITH JTIsT KaXK 10~
ro € > 0 maitgerca takoe mesoe qucjio N > 0, 9To /11 Bcex m, n > N clpaBe/InBO HeEPaBeHCTBO
(a) fABrsiercsa J MOCIEIOBATEILHOCTD Ty = % dyHIaMEeHTAJIBHOI? A 10C/Ie10BATEIEHOCTD
THi+ 27
(b) Besikast cxofigmmasicst moce0BaTebHOCTb (hyHIaMeHTaIbHA.
(c) Besikast pyHmaMenTa IbHAsT TOCIEI0BATEILHOCTh OIPAHIYEHA.
(d) U3 Besikoii orpaHMYEHHON MOC/IEI0BATEIBHOCTH MOXKHO BBIJEIUTH CXOJISIIYIOCS MOJIIIO-
CJI€JI0BATE/IbHOCTD.
(e) BCﬂKaH d)yHﬂaMeHTaﬂbHaﬂ II0CJIe10BATEC/IbHOCTD UMEECT KOHEYHBII npeaeJ.

Ecau ucnoavayemwvie 6 nexkomopoti 3adarue mepmuns, ne onpedeseHv. 6 IMoM MEKCME U 6aM
HE3HAKOMbL, MO COOMBEMCMBYIOWYI0 3a0a4y CALOYEm NPOCMO ULHOPUPOSATN/D.

4.5. * Cymecrsyer nenpepbiBaast dbyukiust [ : [0, 1] — [0, 1], e duddepenyupyeman vu B
ool Touke. (Takue npuMepbl BCTPETaioTCst B (DU3KUKE TIPU U3YUEHUE OPOYHOBCKO20 DGUNCEHUA. )

4.6. (a) Eciim bynknus f : [0, 1]? — R aBasgerca paBHOMEPHBIM [IPeJIEIOM I0C/IeI0BATEIbHO-
cru gyuxumii f,, : [0, 1] — R, Kaxk/1as 13 KOTOPBIX HE 3aBUCUT OT TIEPEMEHHOi1 ¥, TO u (MyHKIUs
f He 3aBHCHT OT HEpEeMEHHOI .

(b)* O6oznauum K := [—1,1]> — [-1,0] x 0. CymecTByer jin HenpepbiBHas GyHKIus [ :
K — R, 3asucawaa oT mepeMeHHoi ¥, HO CyKEeHHe KOTOPOii Ha JIIoO0i KpyT, JexKarmit B I, ne
3a6uCumM OT TEPEMEHHOM Y7

5 Kpunaga Ileano

5.1. Hpe,H‘JIO}KeHI/Ie Ha PYCCKOM {3BbIKE B COOTBETCTBUU C HEKOTOPBLIM IIPpaBUJIOM BIIMCaHO B
KJICTKH Ta6JII/IHbI. HameTe 9TO IIPaBUJIO U HpO‘{HTaﬁTe IIpeaJjiozKeHue.
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5.2. KyleTku KBajpaTa n X n 3aHyMepOBaHbI HATYPAJLHLIMHI YHCIaMH OT 1 710 n? Tak, 4To

COCeJIHME YHCJIa CTOAT B COCETHHUX KjeTKaxX. KarKayio KjaeTKy pasbuin Ha 4, TMOJydIrB HOBOE
pasbueHne HCXOIHOro KBajpaTa Ha 4n? KiaeTok. JJoKaxKuTe, 9To CyIIecTByeT HyMepalus KIeTOK
HOBOTI'O pa30MeHust Takasi, YTO COCEJIHNE UUC/Ia CTOAT B COCETHUX KJIETKAX, & B KBajpare 2 X 2,
MOJTy YUBIIUMCA pa3OueHneM KJIeTKUA NCXOTHOr0 pa3dbueHus ¢ HomepoM k, crodat uncia 4k—3, 4k —

2,4k — 1, 4k.

5.3. Orobpaxkenue f : [a,b] — R? mazbiBaercs aunelinoim, ecam
fOAz+ (1 —=Ny) = x+(1—-Ny muamobeix A€ [0,1], z,y € [a,b].

Orobpaxenne f : [0,1] — [0,1]? masbiBaeTca Kycourno-AUNETHbLM, €CIE CYIIECTBYIOT TOYKH
xg=0,21,...,2, =1 € [0, 1] Takue, aro f JIMHENHHO Ha KaXKJIOM OTpe3Ke [T;, T;it1].

(a) CymectByeT Takoe Kycouno-mumeiinoe orobpaxkenne F : [0,1] — [0, 1], aro mus moboit
Touku y € [0, 1%, cymecsyer Takas rouka x € [0,1], uro |y — F(z)| < 155-

(b) Kycouno-ymueiinoe orobpazkenue F : [0, 1] — [0, 1] naszpiBaerca d—naommovim, ecam st
moboit Touku y € [0, 1] cymecrsyer Takag Touka x € [0,1], uro |y — F(x)| < d. Tokaxkure, 4o
Jyist JII000ro d—IIoTHOr0 orobpazkenust F' cymectByer Takoe d/2—riorHoe orobpaxenue F1
aro |F(z) — F*(z)| < d aua moboro x € [0, 1].

(¢) Cymecrsyer Taxkoe nHenpepbisHoe otobpaxkenue F : [0, 1] — [0, 1]?, aro jia mo6oit Touku
y € [0,1]? cymectsyer z € [0, 1] Takoit, uro F(z) = y.

5.4. (a) Ilepeceuenue Jir060oii 110CIIEI0BATEILHOCTU BJIOKEHHBIX HPAMOYTOJIBHUKOB Ha ILJIOC-
KOCTHU HEILyCTO.

(b)-(e) Pemure 3amaun 4.4.(b)-(e) mist moceoBaTebHOCTEH TOYEK [LIOCKOCTH.



VkasaHus, pemieHns ¥ OTBETHI K 33/a9aM J0 IIPOMEeXKYyTOYHOro (pUHHUIIA
1.1. (a) Cuexnyer uz (b).
(b) Ilycrb BepuInHbI KBaJIpaTa KMEIOT KOOPAUHATHI (i1, J1), (i1, jo), (12, j1), (i2, j2). Torma cym-
Ma 41ceJl B IIPOTUBOIOJIOKHDBIX BepIIMHAX PaBHA @5, + ©i, + V5, + 1j,.
(c) Amasornumo (b).
(d) YrBepxaenne BepHo.

1.2. (a) Jokazkure, 9To qmucia i + v/2j PA3IMIHBI I PASHBIX KJICTOK.
(b) (c) Ananormuno (a).
(d) Ha, wi, =i+ k, Yj =95 + k.

1.3. (a) [Jokazkure, 9410 060 MHOTOUIEH MMEET JIUIIb KOHETHOE YHUCJIO KOPHE]H.

(b) Bocmosb3yiitech ToxIeCcTBOM Sin 2z = 2sin x cos .

(c) Pacemorpure MHOrouwnen f(x) = xsinl.

(d) ocrpoiiTe MHOrOWIEH, KOTOPbIH PABEH HYJIIO Ha BCEX TOYKAX U3 MHOXKecTBa {0, %, 1)
KpOMe JIaHHOA.

1.4. (b,c) [Moayuure dbyHKIMI, KOTOPBIE HE PABHBI HYJO TOJBKO TIPH OJHOM Habope mepe-
MEHHBIX.

1.6. (a) Vcnomns3yiite 3amady 1.7.a.

(c) {x+y}={ax+by|abeZ, ab>0}.

(d) 22y = (v +y)* —2° — y°.

(e) Ty = 9logy z+logy y

(f) Ucnomssyiite 3amaay 1.7.b.

(g) Ucnonbayiire 3amaqy 1.3.a.

1.7. (b) Jdokaxkure cHavaa, 9TO MHOKECTBO SJIEMEHTApHBIX cylieprosunuit naz F ue Goiee,
9eM CUEeTHO.

1.8. Jlns xaxgoro = € [0,1] obozuauum vepe3 0.1y ... TY JECATUUHYIO 3allUCh YUCIA T
Ji1s KoTopoit Het N Takoro, 4to x, = 0 upu jiobom n > N.
(a) Mcnmonp3yiire mecarnanyio 3ammch. KOHKPETHO, OIpe/e/inm

a: [0, 1}2 —[0,1] by oa(z,y) :=0,2191229273 . . ..

Toryma o mbekTuBHO (HO He OHEKTUBHO!).
(b,c,d) Ilpu naunom f(xq,...,Tuy1), JOCTATOUHO HafiTu g € F), Takyto, 4T0

flz, o xne) =gz, .y 21, (T, Tpgt))-

Bamerum, uro a € F,, ipu n > 1.
(e) Amasornuno (a) nocrpoiite nabeknuio [0, 1] — [0, 1].
Wiu (e) crenyer uz (d) u (b) o uHmyKIMM.
1.9. (a) 2y = (x +y)?/4 — (v — y)?/4.
(b) (:r + 1)<y 4 1) — 9logy(z+1)+logy (y+1)
1.10. (a) caexyer u3 (b), (c) caeayer u3 (a) u 1.8.d.
(b) Koncrpykimst dyHknum « u3 perierus 3adadn 1.8.a MOIXOAUT: ompeneanM ¢(x) =
0.210x90z3 . ... Torma a(z,y) = ¢(z) + 0.1p(y).
(d) Onpenennm
o(z) == 0.210000...025,0000...0x300...
—_— T NY——
n—1 myneit n—1 mynei
Onpenenmum o(zy,...,x,) = @(x1) + 0.1p(xs) + -+ + (0.1)"'¢(z,). Torna o unbekTUBHA.
Caenosarenbao, h € F| cymectByer s joboit f € F,.

2.1. (b) n* = 3n+5 > n(n — 3) > n npu mobom n > 4.
(¢) Bocmosb3yiirecs 3a1aueit 2.2.



2.2. BocniosibsyiiTech uHyKIuei mo k.

2.3. (a) a=—1.
() ()

(b) 5+%—¢5= =

M+J§ n(\/@—i—\/g)

(c), (d) Iomoxkure a = 0, a = 1 u BocmoJL3yiiTech HEPaBEeHCTBOM BepHyJIH.

(e) Honoxkure a = 0 u maiinure N takoe, uro (n + 1)°/n® < 1,5 npu mobom n > N.

2.4. (a) [(x —3)3 + 3% = |z((x — 3)* = 3(x — 3) + 3%)| < 40|z| npu |z| < 1, HOCKOIBKY
cipase BB onenkn (r — 3)% < 16 u |3(z — 3)| < 12.

(c) Bocrosb3yiiTech HepaBeHCTBOM Sinz < .

(d) Ecom

|f(z) —al <e/2 upn xz € (=0,01) u |g(x)—0b<e/2 upu x € (—ds,0),
to |f(z)+g(x)—a—bl<e upu x € (—min{d,dr}, min{dy,da}).

To ke crpaBeyInBO € 3aMEHO CyMMbI Ha PA3HOCTh. AHAJIOTUYHBIE YTBEPXK/ICHHsI CIIPABEJIBbI
C 3aMEHOM CyMMBbI Ha [IPOU3BEJICHUE UJIU HA IACTHOE.

3.2. (a) Qynkius f(x1,x2) = \/2? + x5 HENpepPbIBHA.

MOozKHO TIOJIOZKHUTD § = £, TOIJIa YTBEpKICHUE CJIeJyeT U3 HepaBeHCTBa TpeyrosbHuka | f(2) —
f(zo)l < |2 = 2.

(b) @yukrust f He sBJIsIETCS] HETPEPHIBHOI.

Hustz =1,y =0ue =3 rakoro § ne cymecrsyer, t.x. [f(1,0) — f(1 —$,0)[=1> 1.

3.3. (a) 1o onpenenennto HenpepbiBHOCTH (§3) cymmecTByeT Takoe N, urto ecom |z —y| < 1/N,
to |f(z) — f(y)| < 1. Torma

@< ma{ 7O ()] | (B )|}

nis moboro z € [0,1].

(b) Cornacmo (a) cymecrsyer supy ) f. Hasosem nomvmokectso A C [0,1] codeporcamenn-
HoLM, ecin Sup 4 f = suppq; f. Ouesnino, uto eciu orpesok [a,b] cojepxarenbhblii, TO XoTd
,“T”’] u [“T*b,b} TakzKe cojepKare/bublii. Tenepsb, HauMHAS ¢ OTpE3KA
Iy = [0,1] MBI MOXKEM IOCTPOUTH IOCJIEIOBATEIBHOCTD {1, } COMEPIKATENTBHBIX OTPE3KOB, IS
koropoit I,41 C I, u |I,| = 27" npu Becex n > 0. Torma f mocturaer cBoero MakCHMAaJbLHOTO

3HAYeHNs B TOUKe mepecedenus [ |, I, BCEX 9THX OTPE3KOB.

3.4. (a) Hda. Bospmure § = ¢/2.

(b) Ha. ITo 3ama1e 3.3.a cymecrsyer Takoe C' > 0, uro |f(x)],|g(z)| < C mns Beex z € [0, 1].
Bribepem § > 0 Takum, uro 62 + 26C < e.

(c) Ha. IMokazkem, uto f o g HenpepbiBHa. [ljisi Havaia BbIbepeM d; TAKUM, 9TO eCIu |x — y| <
d1. 1o |f(z) — f(y)| < €. Ilorom BBIGEpeM § TakuMm, uTo ecom |x — y| < 0, 1o |g(z) — g(y)| < d;.

(d) Beibepem Takoe §; > 0, ato eciut |11 —2o| < &y 1 |y1—ya| < 91, 10 | f(21,91)— f (22, 92)| < €.
Bribepem 0y TakuM, 9TO ecin |1 — Ta| < d2, TO |g(x1) — g(x2)| < 1. Bospmure 6 = min(dy, d2).

(e) Ananornano mynkry (d).

OBl OJIUH N3 OTPE3KOB [CL

3.5. Takaa dyukuus cymecrsyer. Oupenemmm f(x,y) = x/y g x < vy, f(z,y) = y/x s
y < x#0,and f(0,0) = 0. 9ra dynknus He HenpepbiBHast, Tak Kak f(g,¢) — f(0,0) = 1 ma
Beex € > 0.

4.1. (a) lim Y 2% =

n—=00 k—( -

, IOTOMY 4YTO

1 ST L 1 1
'ﬁ_kz_o‘”'“1—x_(1—x>(1+<1/x—1>>n<(1—x>n<1/x—1)



110 HEpaBEHCTBY bepnysuim.
n

> 0.5.

x
(b) Her, moromy 4o syist o6oro n cymmecrsyer takoe = € (0,1), aro 7

—x

4.2. (a) Bozbmem f,(z) = 2". Torna f(x) =0 ymmx < 1u f(1) =1

(b) Ha. Hdus xkaxmoro € > 0 Bosbmem N Takoe, urto |f,(x) — f(z)| < € masa maoboro n > N.
Beibepem § Takum, uro |fy(x) — fn(y)| < € npu |z — y| < 0. Torma |f(x) — f(y)| < 3¢ npu
lr —y| <.

4.3. (a) Momoxum f(0) = £(0.99) = 0, f(1) = 1. doonpemennm f ua [0, 1] Kycouno-ymueiiHo.

(b) [MocTpoiiTe MOC/IEA0BATENLHOCTL TAKIX CEMEHCTB OTPE3KOB ;. 1 KyCOTHO-TMHEHBIX (hyHK-
uuit { f3}, aro fi — Kycouno-ymuueiinas ¢ 28 +1 orpeskamu ymneitnoctn I} OCTOsIHHA HA KAZKIOM
HEYEeTHOM OTpe3ke [ giﬂ 1 BO3pACTAeT Ha KasKJIOM YeTHOM OTpeske [2.

BosbmeM f; smmeitnoit na orpeskax I = [0,0.499], [} :=[0.499,0.501], I} := [0.501,1];
£(0) = £(0.499) = 0, £(0.501) = f(1) = 1.

Onpenennm I, 41 ¥ fry1 uaaykrusao. Ecim fi nocrognna na [, ,f”l, TO ]ﬁfll =1 ,3”1

S) * £)
2

v fri1 =
fr ma L' Ecom f, Bospacraer na IF =: [t1,ts], T0 fipi(z) =
2ty + 1o t1 + 21,

37 3

IJIst J1I000r0
2t1 + o
3

]’41'72 -

4i-1 . .
re Ll =] ], # fry1 JmmHeiina ma orpeskax I%° = [t

[2151 + 19

Ju Iy =

, ta).

(c¢) Hmsa xkaxmoro x € [0, 1] nocaenoBarensrocts { fi(z)} orpanmaena. V3 npunimna Bio-
JKEHHBIX OTPE3KOB CJIEJLYeT, UTO Y ITOi I10CJIEJ0BATEILHOCTU €CTh NPedeAvHas MOouKa — TAKOe
unciio f(xz), aro s mobbix N u € ectb takoit ungekc n > N, uro f,(z) € (f(z) —e, f(z) +¢).
Ora dyukuus f(x) Gymser paBHOMEPHBIM IpEJIEJIOM mocefoBaTeabaoctu { f, }.

Jpyroe j10Ka3aTebCTBO — UCIOJIb30BAHNE TPOMYHON 3aIliCH.

4.5. Hanpumep, nuaa Betiepwmpacca f(x) := > 27"sin(13"7x), em. puc. 1.
n=0

Ipyroe jgoKa3aTeibCcTBO — HCIIOJIb30BaHuEe TeopeMbl bapa.
5.1. TekcT unTaercs BJIOJb KPUBOl, TPUIyMaHHON HTAJILIHCKUM MaTeMaTukoM [leano.
5.2.

||
L]

||
—1 L

5.3. (a) [Tocrpoiite Tpebyemoe 0TOOpazKeHNe KaK ‘HyMepannio’ KIeTOK JJOCTATOTHO MEJKOIO
pazouenust Kpajpata [0, 1] na n? kierTok.

(b) O6pas F0, 1] orobpaxkenusi F' — jomanas. [Toctpoiite F'T Tak, 4ro6bl ero 06pas mosrydal-
cst u3 F[0, 1] 3ameHoit KaxK70r0 3BeHa JIOMAHOW Ha JIOMaHyto, d/2— IJIOTHYIO B d-OKPECTHOCTH
9TOT'O 3BEHA.

(c) HTocTpoiite Tpebyemoe oToOpakeHne KaK pABHOMEPHBIH TIpejies1 0ToOparkeHuit, OCTPOEH-
HbIX B IPEAbLIYIIEM ITYHKTE.

5.4. (a) Paccmorpure nociienoBaTeibHOCTE a; = (2, Y;) TEHTPOB IPSMOYTOJILHUKOB. [loka-
JKHTE, 9TO JII00asd OrpaHrudeHHas MOC/IeI0BATEIbHOCT TOUEK UMeeT npedeavhyto mouky. Jliobas
npeJie/bHAs TOYKa OCIeI0BATEILHOCTH @; IPUHAIICKUT KazKIOMY HIPIMOYTOJIBHUKY.
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1351 IPOBJIEMA TNJIBBEPTA O CYIIEPIIO3UIIUAX ®YHKIINN

6 BroiBoa Teopembl KosiMmoropoBa m3 annpoKCuMaTUBHON Bepcuu

Harra mesib — mokazarh, ITO MPOU3BOIbHAT HENPEPLIGHAA DYHKITUS OT HECKOJIBKIX MEPEMEHHBIX
[peJICTAaBUMa B BUJE KOMIIO3UITUU HENPEPLIGHHLL (PYHKIUH OTHOTO TIEPEMEHHOTO U OIEPAITUN
CTIOYKeHus. 3aiiMeMcst (DYHKITMAME JIBYX HepeMeHHbBIX, 3aJaHHBIMIA Ha €JIMHUIHOM KBaJIpaTe.

Xots yTBep:KieHne TeopeMbl Kosmoroposa 1.11 (hopMasibHO He COJIEP:KUAT IIPEIeTbHOIO IIepe-
X0/1a, OHO HECJIO?KHO CBOJIUTCS K AIIIPOKCUMAIIUN ITPOU3BOJILHOIN HEIIPEPBIBHOM (DYHKIUN HEIIpe-
pPBIBHBIMI (DYHKITHSIME CIIEIUAIbHOTO Bujia. TouHee, K armpokcuMaTuBHO Teopeme Komoropo-
Ba 6.2.c. Biarogaps nocieaeit mponsBoibHAA HePEPbIBHAS (DYHKITUS TTPEJICTAB/IAETCSA B BUJIE
psjia, cjaraeMble KOTOPOIo MMeIoT Tpebyembrit B Teopeme Kosmmvoroposa 1.11.b Buj, a 3atem
OKa3bIBaETCs, UYTO PsAJ MOXKHO CIPYIITIPOBATD.

Temepb MbI HIEpexouM COOCTBEHHO K JI0Ka3aTeabCTBY TeopeMbl Kosmmoroposa 1.11.b. Mabr
cllestyeM JIOKa3aTesIbCTBY, Ipeokennomy B pabore [Ka| (cm. rakxke [He|) m ocHoBanHOMY Ha
cOoUeTaHUN OPUTHHAIBHBIX uieit Kommoroposa u Teopembr Bapa.

Hamomunm, uro [ := [0,1] u 1% := [0,1] x [0, 1].

KonmoroposckuM HabopoM i pyHKmu f : I? — R nasbiBaeTcd HaO0p HEMPEPLIBHBIX
dbyurwmit 1,9, ..., 05 : 1 — I, h:[0,3] = R, ayst KoToporo npu JioObIX ,y € I BBIIOJTHEHO

F,y) = h(01(@) +vV21) + -+ b (es() + V205(0))

6.1. IIpeabsiBure sIBHO KOJIMOrOpoBCKuil Habop mist dyukiwm f(x,y) = « + V2y + 3.

MBI He 3HAEM SIBHO 33IJAHHOTO KOJIMOTOPOBCKOTO HAbOpa Jiazke Jjisi TAKUX IIPOCTHIX (OyHKITHIA,
KaK CJIOYKEHUE U YMHOYKEHUE.

[ycrs f : I? — R — dynknua. O6osnauum |f| := max,cp2 |f(z)]. KosmoropoBckum
HabopoM /iJist f M 9mMcJia A\ Ha3bIBaeTCd HADOpP HENPEPBIBHBIX (PYHKIUN @1, ...,05 1 [ — I,
h:[0,3] — R, ayst koroporo |h| < 2(1 — \)|f| u upu 1106bIX 2,y € [ BBLIIOJIHEHO

[F(ay) - Zh (or(@) + Vaar(w)) | < Al

6.2. (a) Ykaxkure KosMoroposckuii Habop mist f(z,y) = xzy u A = 1/2,

(b)* st Besikoit HenpepbiBHO# dyHKIWN f 1 A = 5/6 Haiijgercss KOJIMOrOPOBCKHUiT HabOD.

(c)* AnnpokcumaruBHasi Teopema KosmoropoBa. Cywecmeyrom nenpepvishvie dymk-
wuu 1, ..., 05 - I — R makue, wmo das a0601 nenpepwienoti dynxuuu f 2 I — R u ckoav
yzo0rno manozo X > 0 natidemca ¢gynwkyus h : [0,3] — R, das xwomopod nabop ¢, ..., es,h
Koamozoposckuti das f, \.

Hokasarb pesyibraret (b,c) zHerpocto, cM. §7-§9. CHauaia NpUMEHUM HX.

AnnpokcumaruBras Teopema Kosmoroposa 6.2.¢ M03BOJISIET npubAudicamb BCIKYIO HEIpe-
pBIBHYIO (bYHKIMIO JHHeiinol komGuuarumeii dymnkmuii Buga h(p(x) + v2p(y)). Boaee Toro,
‘BHyTpeHHsIsI” (PYHKINS (0 He 3aBUCUT OT PyHKIUHU f. VIMEHHO 9TO MO3BOISET TOIYINTh HYKHOE
npejicTaBjierne (T.e. KOJIMOTOPOBCKHUiT HAGOD Jyisi f), CrPYIIIUPOBATh ClaraeMble B HEKOTOPOM
psijie, KOTOPBIN €CTeCTBEHHO CTPOUTCS 110 KOJIMOTOPOBCKUM Habopam s f, A.

6.3. Ilycts HAOOD @1, ..., ©Ys5, h KOIMOTOPOBCKUIT /Uit f, A,

fil@,y) = fy) = D b (o) + V2ouw))

(a) Ilycts HAbOD 1, ..., ps, h1 KomMoroposekuit st fi, A. Torma wvabop @1, ..., ps, h + hy
KOJIMOTOPOBCKHI Jist f, A2,

(b) BeiBennTe anmpokcuMaTuBHyIO TeopeMy KosMoOropoa u3 aHAJOMHMIHOTO eii yTBEpIKie-
HUSI, TTOJTy9eHHOr0 3aMeHOI ‘CKOJIb yrogHo Manoro A > 0’ Ha ‘A = 5/6’. Ykazauue: |fi| < A|f].

(¢) BeiBesure Teopemy Kosmoroposa 1.11.b u3 annpokcumarusnoit reopembl Kosmvoroposa.
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7 Jlemma 006 anmpoOKCHUMAIIMM MPEIKOJIMOTOPOBCKMMEU HAabopamu

IIpenkonamMoroposckuM HabopoMm juist dbyHkmuu f : [2 — R nasniBaeTcs yHOPSAIOUeHHDIH
HA0Op HEMPePBIBHBIX (PYHKIUN @1, ...,@5 : [ — R, 1 KOTOpOro cymecTByloT HelmpepbIBHAL
dbyuxua h : [0,3] — R, Bmecre ¢ @1, .., @5 00pa3yiolas KOJIMOTOPOBCKUiT HAOOp i f u
A=5/6.

AnnpokcnmaruBHast Teopema Kosmoroposa 6.2.¢ ‘it A = 5/6’ yTBepK1aer CyIiecTBoOBaHue
nabopa @1,...,¢5 : I — R, gaBidgronierocs MnpeKOIMOIOPOBCKUM JIjId JIIOOOH HempepbIBHOI
dbyaxmun f : I? — R. Takoit Ha6op GyJIeT IMOCTPOEH TaKyKe IIPH TTOMOIIH AITPOKCHMAIINH, HJIH
UTepaIuoHHoro npomecca (a GpopMasbHO — TP TTOMOIIU TeopeMbl Bapa, cum. §12).

[Iycte M C R? — nommuoxecrso. @ynkimn ¢, : M — R nasbiBaioTcs e-6JIM3KHAMU,
ecin |[(x) — p(x)| < € npu s0bom = € M. Yuopsigodenubie HaOOPHI (@1, ..., v5) 1 (Y1, ..., 1Ps5)
dbyukiuit M — R Ha3bIBAIOTCA £-OJIMBKUMMU, €CIIH (P, V) ABJISIOTCA £-OJIM3KUMU IIPU JIFOOOM
k=1,...,5.

7.1. * (a) JIemma 06 ycroitunBocTH npeakosmoropoBoctu. Ecim (¢4, .. ., ¢5) IPeIKOI-
MOTOPOBCKHit Habop masa dbyuxmuu f : 12 — R, To mua Hekoroporo € > 0 mo6oit e-6m3KmIit K
(p1, ..., ¢5) HABOD TaKKe TPEIKOJIMOTOPOBCKUiL jijist f .

(Mubivu cotoBamu, MHOKecTBO P K (f) Beex MpesKoJMOropoBCKUX HabOPOB st f OTKPBITO
B npocrpanctse C(I%)° yHnopsi09eHHBIX TATEPOK HelpepbiBHbIX dhyHKIuil 12 — R.)

(b) JIemma 06 anmpokcuManuu npegKoIMoropoBckumu Habopamu. s mobeix € > 0
1 HenpepbIBHBIX dyHKuuil f: [2 — R, 4y, ... 15 : [ — R, cymectsyer e-6uskuii K (1, . .. ,P5)
PEJIKOJIMOIOPOBCK it HAGOP it f.

(Mubmvn ciosamu, PK(f) Beiogpy mnorao B C(12)°.) Ykazanus M. B §8.

8 ,Z[OKaSaTeJ'IBCTBO JeMMBbI 00 alllIpOKCMManuuu 1nmpeaKo/JIMOTrOpOBCKNIMHA Ha60paMI/I

8.1. (a) st sr06bIx wuces vy, . . ., g € I cymecTByOT TaKue Iuciaa @1, ..., ps € I, 9ro

e |¢; — ;| < 0.01 ma moboro i = 1,...,8.

e Jiist OO0 pAaCCTAHOBKM YHMCE] B KJIETKAX IMaXMATHOW JOCKM CYIIECTBYeT TaKas Helpe-
peisrag bynkmua b : [0,3] — R, uro wmcno B krerke (i, j) pasuo h(p; + v2p;).

(b) s mobeix aucen ¥, € I, i,k = 1,...,8, cymecTBytor takue ducia p;x € I, i,k =
1,...,8, aro

o i) — @ik <0.01 g mobsix i,k =1,...,8.

e J1jis1 JII0OO# PACCTAaHOBKHU YHCE/T B KJIETKaX KyOrKa 8 X 8 X 8 cyIecTByeT Takas HellpepbIBHA
bynxmmsa b : [0,3] — R, aro wncio B xiaerke (4,5, k) pasno h(p;x + V20;k).

8.2. (a) Hna sroboit Touku © € R u g Becex k = 1,...5, kpome ne boaee, wem 00H020,
CYIIECTBYET Takoe j € 7, 94To x JexkuT B orpeske 41 + 55 + k := [55 + k,4 + 5j + k.

(b) st mo6oit Toukn (x,y) € R? u mna Beex k = 1,...5, Kpome ne boaee, uwem 06y,
CYIIECTBYIOT Takue i, j € Z, aro (x,y) jgexur B kagpare (41 + 5i + k) x (41 4+ 55 + k).
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[IpuBenem marsanyio uarepuperaruio. s kaxkaoro k = 1, ..., 5 n306pa3um Ha IJIOCKOCTU
yKasaHHble KBajparsl. [loayunm mwian k-ro ropoja ¢ xeapmanamu (KBajpaTtaMu) U YAuyaMU
(mpomMexkyTKaMu MeXKJIy KBajparami). Hamoxkum apyr Ha gpyra IUIaHBL ISTH TOPOJIOB. Besikast
TOYKA IIJIOCKOCTH JIEYKUT BHYTPH KBapTaJsa XOTs Obl /I TPEX TaKUX KapT.

(a’,b") CopmynupyiiTe u JTOKaKUTe aHAJIOL IyHKTOB (a,b) ¢ 3aMeHO 5 HA MPOM3BOJBHOE
1eJI0€ IOJIOZKUTEBHOE YUCIIO.

Oyuknudg ¢ : I — R payuonasvro pazdessem JaHHOE CEMEWCTBO IONAPHO HEIEPECEKao-
IMUXCs OTPE3KOB Ha MPSIMON, ecJii OHa HENIPEPBIBHA, ITOCTOSTHHA Ha KaXKJ/IOM OTpPe3Ke ceMeicTBa,
IIPUHUMAET Ha HEM pallMoHAJbHOEe 3HavYeHue, IPUIeM Ha PAa3HBbIX OTpe3KaxX pas3Hble 3HAYEHUS.

8.3. Ecimu dyuknus ¢ : I — R wenpepoiBaa u € > 0, To HaiiayTes menoe N > 0 u pyHKIMA
¢ : I — R, xoTopas e-6/im3Ka K ¢ u
1
(a) mocTOsTHHA Ha KazK/IOM HOJIyHHTEpBaJe [‘7 N ]j\[) je{l,2,...,N}.

.. J
(b) HenpepbIBHA 1 JIMHEHA HA KAXKJOM OTpe3Ke |——

N {7 ) ) }
4.[

AN
"N

(¢) panmoOHAJILHO pa3/ieseT ceMefcTBO OTPE3KOB N NN :

Oyukug ¢ : [? — R pasdeasem nannoe ceMelCTBO NOMAPHO HEMEPECEKAIONINXCSA KBAPATOB
Ha [IJIOCKOCTH, €CJIM OHa HElIPEPbIBHA, IOCTOSHHA Ha KaxKJIOM KBaJ[pare CeMeiCcTBa, 1 Ha Pa3HBIX
KBa/IpaTaX IIPUHUMaAECT PAa3HbIC 3HAYCHUA.

8.4. Ilycrs dyukmus ¢ : [0,1000] — R panuonaabHo pasiesisieT ceMeiicTBo orpe3kos 41 +
5j :=[bj, 4+ 5j], j € {1,...,100}. (Oupenenenne anamoruano ciydaio ¢ : [ — R.)

(a) Oynxms p(z) + V2p(y) pasmenser cemeiictso kBaapaTos (41 4 5i) x (41 4 5j), 0,7 €
{1,...,100}. (Onpenenenue amasornano caydaio ¢ : 12 — R.)

(b) Hus sroboro mabopa v; ; qucern, ,j € {1,...,100}, cymecrByer HenpepbiBHas (DYHKIINA
h:[0,3] — R, ayist KoTOpoit

o |h(z)| < max; ; |v;;| npu sobom x € [0, 3].

h(p(z) +V2p(y)) = v;; upn mobwix i,j € {1,...,100}, x € 41 + 5, y € 41 + 55.

8.5. Ilycrs i kaxgoro k € {1,...,5} dyukius ¢y, : [0,1000] — I panuonaabHO pasje-
ageT ceMeiicTBo oTpeskoB 41 + 5j + k := [5j + k, 4+ 5j + k], 7 € {1,...,100}, npuuem tuncia
r(5j + k) pasmuanst s pasnuaneix nap (7, k). Torga ms moboro mabopa vy, ; ducen, k €
{1,...,5}, 4,5 € {1,...,100}, cymecrByer HenpepsiBHas dyukiws h : [0,3] — R, ais koropoit
h(pr() + V201 (y)) = vk TpH TOGBIX

ke{l,...,5}, 4,j€{1,...,100}, xe€4l+5i, ye4l+5j.
8.6. Ilyctn f : I? — R — dynkmma. Breibepem neoe N > 0, N =4 mod 5, 119 KOTOPOTo

N —4 41 +51 41+ 55
|f(z) — f(z )|<‘f‘ JIIST JTIOOBIX i,jE{O,l,...,T}, 2,7 € ]—\fi_ .~ j\;j.
41 + 55 N —4
[Iycts byHKINU 01, . . ., 05 : I — I pa3aeasior ceMeiicTBO OTPE3KOB 9 , ] € {0, 1,..., —
(a) Ecau h : [0,3] — [—m m} HelpepbIBHAs (QYHKINST 1
59+k 55 +k
h (cpk(x) + \/§¢k(y)> = —f ( ]N ) IS JTIO0BIX
o N—4 AT + 5i AT +5j
k=1,... 1,...,——
Y 757 /1/7.] E {O’ ) Y 5 } Y X 6 N Y y 6 N Y
TO HABODP ©1,. .., Ps, h aBageTcs 5/6-KOIMOrOpOBCKUM Jiist f.
(b) Habop @1, . .., @5 ABISETCS MPETKOIMOTOPOBCKUM /st f.
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1351 IPOBJIEMA TNJIBBEPTA O CYIIEPIIO3UIIUAX ®YHKIINN

YKazanus, pelieHnsi 1 OTBEThI K 3ajJiavyaM MOCJe IPOMEXKYTOYHOro (PUHUIIA
s dyukmun ¢ : [0,1] — R oboznadmm
Pla,y) = o(@) +V20(y) u 2= (z,y).

6.1. Bospyenm ¢1(7) = 2, 02(7) = @3(2) = pa(x) = ps(2) =0, h(z) =2 + 2.
6.2. (b,c) Ciemyer u3 yreepxkjenuit 9.1.b u 9.2.ac.
6.3. (b) Mmeem |+ hy| < 2|f[(1 =X+ X1 =X) =2|f[(1 =X n

5
£ = D (h+ ) @(2)| = | i
k=1

(c) IIpomosmxkast nporeaypy u3 (b), mosydaeMm arnmpokcuMarmonnyo Teopemy Kosmoroposa
g A = (5/6)2".

(d) IIpomonzkast mporeaypy u3 (b), crpoum mocsenoBareabHocTh Gyuknuii h, : [0,3] — R
TaKMX, 9TO

filz Zlh Pz ‘ < Alfil < NI

=Yttt )@ < (20wl <2 ()1
k=1

Jist Jjioboro n. Bugy BTOpOro mepaseHcTBa psf » . h, CXOIUTCS PABHOMEDHO K HEKOTOPOI
HelpepbIBHON (yHKIUU h. YCTpemyssi n — 0O B IIEPBOM HepaBeHCTBe, mojydaeM f(z) =

z h(Be(2)).

7.1. (b) Ucnosb3yst yreepzkienue 8.3.¢, Haiijgem jgocratodno 6osbimoe N = 4 mod 5 u hyHK-
UU 1, ..., P5 TaKWe, 9TO JJIsd KaxKJIOro k (DyHKIHUS (o Majo OTJIMIAeTCA OT Y U pa3Jeliser
ceMelicTBa OTPE3KOB

41 + 55 + k 1 N -4
N ) .] Dt A 5 .
Awnayornano yreepkaenuto 8.5 Haiijiem HenpepbiBayto dyukiumio h : [0,3] — R Tax, aro
~ bt + k 5] +k
@t ) = 5 (P )
pu JIIOOBIX
. N —4 AI + 5+ k 41 + 55 + k
k=1,...,5 =1,..., — _ _
Y ) 9 Z?] Y Y 5 ) x E N Y y E N

YeennuuBast N (T. €. yMeHbIIIas KBAJIPaThl) MOYKHO JIOOUTHCS BBIOJTHEHHsI YCJIOBHs 3a1a4u 8.6.
Tenepnb jiemMa BbITeKaeT U3 yTBep:KieHnd 8.6.b.

8.1. (a) Mook @1, . . ., g TOMAPHO PA3INIHBIMEA panuoHa bHbIME dncaami, 0.01-6m3kuvu
K U1, ..., (e |1 — ;| < 0.01 miug Beex ). Ecim st panuoHaibHbIX P, ¢, S, T BBIIOJHEHO
p+v2q=5++2t Top=smuq=t Torna ¢; +2p; — pasauduble Yucia Npu PasHbLIX (7, j).
Onpesemnm h(p; +v/2¢;) Kax uuciio B Kaerke (i,7), 1 npojo/sKuM b Kycodno-ymmeiino na R.

(b) IlycTs ; x TAKOBBI, 9TO |1 ) —@; k| < €. Torna u3 pasencrsa @i,k—i—\/ipj’k = Psm+V20tm
caenyer, aro (i, k) = (s,m) u (j, k) = (t,m), a snaunr (i,7,k) = (s,t,m).

8.2. (a) Ionoxkum m = [x/5] u r = [z] mod 5. Torma = € [5m + r,5m + r + 1). Suauur,
x € [bm+ (r—s),5m+ (r — s+ 4)] aua moboro s € {0,1,2,3}.

(b) Crenyer u3 (a).
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8.3. (¢) Boeibepem N takmm, 4to s Beex z,y € I HepameHcTBo |r — y| < 5/N Bieder
|Y(x) —Y(y)| < /4. Ilycrs gj, j € Z — nomapHO Pa3JIMIHBIE PAIMOHAIbHBIE YHCIIa TAKUE, ITO

N —4 41 + 5y
lg; — ¥(x)] < /3 s Beex j € {0,1,...,T} uzxre ;\—7 J . Ompesienmm ¢(x) = q; Tpw

AT +5j
N
8.4. (b) O6osnaumm 1epes a; ; := @i(x) ++v/2¢;(y) nna nexkoropwix @ € 41 +5i uy € 41 +55.
Ecmu o, j = oy, 10 (4, 5) = (k,1). Oupenenum h(coy ;) = v; j, 1 Ipogo/KuM h KycodHO-TUHEHHO
ma R.
8.5. Anajiornuno 8.4.b.

8.6. (b) Cuemyer u3 (a).

xr e

, 1 IPOJIOJDKUM ¢ Kycouno-ymneitro Ha [. Torma ¢ (x) — p(z)| < € upu Beex x € 1.

9 BI)IBOI[ aHHpOKCHMaTHBHOﬁ BepCcumn U3 JIEeMMBbI 00 alllIpOKCuManmumn

Ina M € {I,I?} o6oznaunm uepes C'(M) MHOkKecTBO HenpepblBHBIX dynkimit M — R.

9.1. (a) B C(I) umeercs cuerHoe BCIOJLY IJIOTHOE MHOXKECTBO (DyHKIUIA

(b) B C(I?) umeercs cueTHOE BCIOMY TIOTHOE MHOYKECTBO (DYHKITHIL.

9.2. Iycts f;: I — R — Beiogy mwiorusiit 8 C(1%) nabop dbynkiuii.

(a) Kaxkaptit nabop u3 ()2, PK(f;) siBisiercst npeaKoIMOrOPOBCKUM st JII000H Helpepbis-
noit gynkmym f : [2 — R.

(b) st npocrpancrsa C'(1?)° cupaBe/yInB IPUHIAI BJIOKEHHBIX MIAPOB — M, KAK CJIEJCTBHE,
teopema Bapa (§12). (T.e. C(I?)° — noanoe mempuueckoe npocmpancmeo. )

(¢) N2y PK(f;) # 0. (Yxasauue: npumenure reopemy Bspa.)

15



Crmcok jaurepaTyphl

[Ar57] B.H. Aproawvd, O npezacrasumocTi DYHKIMHA IBYX epeMeHHBIX B Buge X (o(z) + ¥(y)).
VMH, 1957, ©.12, 5. 2(74), ¢. 119-121.

[Ar58] B. U. Aproawvd, O npencrapiennn (byHKIMH HECKOJBKUX [EPEMEHHBIX B BHJIE CYIIEPIIO-
surn GYHKIMH MeHbIero dncia nepemennbix, Mar. [Ipocsemmenne, Cep. 2, Bbii. 3, (1958),
41-61. http://ilib.mccme.ru/djvu/mp2/mp2-3.htm

[BB] W. Blaschke und L. Bol, Geometrie der Gewebe. Berlin, 1938.

[Bu| A.R. Butz, Space filling curves and mathematical programming, Information and Control,
12:4 (1968) 314-330,
http://www.sciencedirect.com/science/article/pii/S0019995868903677

[FG| Z. Feng, P. Gartside, On Hilbert’s 13th Problem, http://arxiv.org/abs/0909.4561

|[He| T.Hedberg, The Kolmogorov superposition theorem, Appendix II to H.S. Shapiro, Topics
in Approximation Theory. Lecture Notes in Math., 1971, V. 187, P. 267-275.

[Ka| J.-P. Kahane, Sur le theoreme de superposition de Kolmogorov, J. Approximation Theory
13 (1975), 229-234.

[KF| A. H. Koamoeopos, C. B. @omun. Diementsl dyHKIMOHATLHOrO anaau3a. M.: Hayka,
1989.

[Ox| J. Ozxtoby, Measure and category, Springer, 1971. Pyc. nepesox: Jlow. Oxcmobu. Mepa u
kareropus. M.: Mup, 1974.

[Re| I. Reshetnikov, Decomposition of number arrangements in the cube, in Russian.
https://arxiv.org/abs/1412.8078

[Sk10] A. Ckonenros, Basucubie Bioxenusi u 13-s npobsema ['manbepra, Mar. ITpocsere-
uue, 14 (2010), 143-174. http://arxiv.org/abs/1001.4011 Abridged English translation:
http://arxiv.org/abs/1003.1586

[Sk12] A.  Ckonenxos,  Obbemiemast  omuopognocrb, ~ MITHMO,  Mocksa, 2012,
http://arxiv.org/abs/1003.5278

[Th] G. Thomsen, Un theoreme topologico sulle schiere di curve e una caratterizzazione
geometrica sulle superficie isotermo-asintotiche. Bull. Un. Mat. Ital. Bologna, 1927, V. 6,
P. 80-85.

[VK] H.A. Batnwmetn u M.A. Kpetinec, O nocnenosarensroctsax dyuxmmit suga f(X (x) +
Y(y)). YMH, 1960, ©.15, 5. 4(94), c. 123-128.

[ZSS| Dsementbr MaTeMaTHKN B 3aj1a9aX: Yepe3 OJUMINABI U KPY:KKU K mpodeccun. CHOpHUK
ot pejaknueit A. 3aciasckoro, A. Ckonenkosa u M. Ckomnenkosa. za-8o MITHMO, 2016.
http://www.mccme.ru/circles/oim/materials/sturm.pdf

16



SAJAYN S3AOYHOI'O KOHKVYPCA

K 3a09HOMY KOHKYPCY OTHOCSTCS TaKKe Te U3 BBIMENPUBEICHHBIX 3a/[a9l, K KOTOPBIM He
[IPUBEJICHO IOJTHBIX PEIIeHNH (/1asKe eCJId MPUBEJICHBI YKA3AHMUS ).
JLst perrienust caeayOMUX 3a/1a4 MoJe3H0 npopemath §81-§3, HO He TpebyeTcs MPOpeIBaTh

Jipyrue naparpadubl.

10 Cynepnosunuu n kpuBasi Ileano

10.1. (c) Mnuozxectso F — MUHEMAJIBHOE 110 BKJIIOUEHHIO MHOMKECTBO, cojepzkaiiee F i 1e-
peMeHHbIe, ‘BaAMKHYTOe OTHOCUTEIBHO OIEPAIlUU SJIEMEHTAPHON CyTepIIO3UIUn.

(d)* Iycrb g1,92,... — OeckoneuHas mnocienoBaTesbHOCTh byHKImin R — R. Jlokaxkwnre,
YTO CYIIECTBYET KOHEUHBIN HAOOp pyHKIM F' TaKkoil, 4TO UTO BCe (DYHKIMH (1, §o, . . . SABJISAIOTCS
cynepnosuriusivu byskimit u3 F. (MockoBekas MareMaTrIecKast OJTMMITHA/IA. )

10.2. (c) O6osnauum vepes f[0,1] C R? o6pas orpeska [0, 1] npu HenpepbIBHOM 0TOOpasKe-
mum f: [0,1] — R?. Jlokaxkure, uro jiobas nenpepbisiast dynkius g : f[0,1] — R gocruraer
CBOEro HambGOJILIIEr0 U HAUMEHBIEro 3HAYEHUIA.

(d) Teopema o mpomexkyTo4HOM 3HaYeHUH. s HenpepbiBHOil dbyukmuu f : [0,1] — R
uancesn 0 < a < b<1,ecmu f(a) > 0> f(b), To cymecrByer Takoe ¢ € (a,b), aro f(c) = 0.

(e) Obs3aTenpHO s HenpepbiBHA dyukims f : [0, 1] — [0, 1], obpaTHast K cTpOro MOHOTOHHOI
HEIPEPBIBHOMN !

(b) CymiectBytoT s GYHKIUHT @1, Y2, 1, P9 : [0, 1] — [0,1] u h : [0,2] — [0, 1], m1a KoTOpBIX
npu Jo6bx 2,y € [0, 1] Bomonneno xy = h (o1(x) +¥1(y)) + h (w2(x) + Pa(y))?

(b) No. Suppose that such functions exist. Since h is a nonnegative function, h(y;(z) +
Y1(y)) = 0if zy = 0. Hence A = 0 on some neighborhood (or semi-neighborhood) of ¢ (0)+14(0).
Then for some € > 0 we have h(pi(x) 4+ 11(y)) = 0 whenever 0 < x,y < . U mo???

10.3. Kak J1o/iKHA JBUraThCs JIaJbsl [0 MIAXMATHON JIOCKE, YTOOBI MOObIBATH Ha KarKJIOM
10JI€ 110 OJIHOMY Pa3y U CJIeJIaTh

(a) HAMMeHbIIee YnCa0 TOBOPOTOB?  (6) HAMOOJIBIIEE YUCIIO TOBOPOTOB?

10.4. KieTkn KBaJpata n X n 3aHyMepoBajl YUCJaME OT 1 710 n? Tak, 9TO COCeHHe THCTIA
HAXOJATCA B COCEJHUX 110 CTOPOHAM KJjeTkax. Jlokaskure, 4To HaifjlyTcst JBa YUC/IA B COCEIHIX
KJIETKAX, OTJIMYAIONIIecst 6oJIbIle, uem Ha n/2.

11 IIpenacraBMMOCTh MPOCTEUININMHU CYyHEPHO3UITUAMU

31ech Mbl 06Cy M TPUGJIIZKEHIe HelTPEePBIBHOI Ha KBajipaTe DyHKIwN dbyHKIMsIMA Bua () +
Y(y) u h(p(z) + ¥(y)). PopmasibHO, STOT IMYHKT He UCHOIb3YETC B JaJbHEIIeM.

11.1. ®ynknusa f : I? — R naspiBaeTca 6A3MCHOIM, €C/IH CYMIECTBYIOT HEIPepPBIBHbIC (DyHK-
mn , 1 : [0,1] — R, masg koropsix npu 06X x,y € [0, 1] BbImOIHEHO

f(x,y) = o(x) + Y(y).

(a) fBastercss mm 6asucHoit byukimsa f(x,y) = xy?

(b) Eciu dyuxuus f : I? — R 6azucna, To st mobbix Touek A, B, C, D, apnsiomuxcs (B
9TOM TIOPSJIKE) BEPIITHHAME TPSAMOYTOJIBHIKA CO CTOPOHAMH, TMAPAJIIETbHBIME OCSIM KOOD/IHHAT,
f(A) + f(C) = f(B) + f(D).

(¢) Omnmmure Bee GazucHble QyHKITUH.

(d) Jlunus yposus y06oit Gazuchoii hyHKIME He cojepskuTcs B MHOoKectse u~ ' (1,5/4), re

(= —y)*

u(w,y) = (z+y)’ +

(e)* PaBHOMEpHBIl TIpejiest TIOCIe0BATETLHOCTH 6a3UCHBIX (DYHKIMI Ga3UCHBIIA.
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11.2. * (a) PaccranoBky umces B Kjerkax Kyba 8 X 8 X 8 Ha30BeM 6a3ucHOT, €CITH CYIIECTBYIOT
TaKue ducia ¢;, Y, 0;, i =1,...,8, 9410 UnCiI0 B KaxK/10il Ki1eTke (i, j, k) paBHO @; + 1; + 0.

Omminure Bee GasnCHBIE pACCTAHOBKHU. (3716Ch «OIMCATh» O3HAYAET HATH «KPACUBBIH» KDH-
Tepuii 6a3ucHOCTH, WK «OBICTPBIi» AJIrOPUTM IPOBEPKY GA3UCHOCTH. )

(b) ®yukuumio f : I? — R HazoBeM 6a3ucrot, €cim CyIECTBYIOT TaKue HelpepbiBHbIe (DYHK-
muu p, 1,60 : [0,1] — R, aro npu mobbix z,y € [0, 1] Bomomnneno f(x,y, z) = p(x) + ¥ (y) + 0(2).

Ornumnre Bee 6asucHbie (OYHKITUN.

Oynxuua f : [? — R (aByx nepeMeHHbIX) HasblBaeTcs MPOGAZMCHOM, eC/ii CyIeCTBYIOT
HenpepbiBable GyHKIMu @, @ [ — R u h : [0,2] — R, maa kotopbix npu jmobeix x,y € R
BBITIOJTHEHO

[, y) = hie(x) +P(y)).

11.3. (a) dsnstercs s npobasucnoii bynknua f(x,y) = (x + 1)(y + 1)?

(b)* Aasierca yn npobaszucuHoii dbyukius f(x,y) = xy?

(c) @ynkuua f : I? — [0,1], f(x,y) = zy, gBisgeTcs paBHOMEPHBIM IIPEJIEJIOM HOCTIEI0BA-
TEJILHOCTU TTPOOA3UCHBIX (DYHKIIUIA.

11.4. (a) Eciau Tpu BepIimHbI KBajpaTa CO CTOPOHAMHU, Hapa/UIebHBIMU OCSIM KOODJIUHAT,
JIeKaT Ha OJIHON JIMHUW yPOBHS HPOOA3UCHON (DYHKIMK, TO U 4YeTBEPTas BEPIIUHA JIEKHUT Ha
9TOU JINHUM YPOBHSIL.

(b) JTrobas npobasucuas dbynxuus f : 12 — R moanuenocna, Te. f(A) = f(F) aua moboro
mectuyroibiuka ABCDFEF, y KoTroporo

e Bepuiuabl A u B, C'u F';, D u E umeior oJinHaKOBbIE abCIINCCHI,

e sepuiuibl A u D, B u C, F' u E umeior oitHaKOBbIE OPAUHATEI,

e (B) = f(E) u {(C) = }(D).

(c)* Teopema I'.Tomcena. |Th|, |[BB]|, [VK| Henpepwisnas u monomonnas no xagtrcdomy
apaymenmy dynxuua f: I? — R asasemcsa npobasucnoti (m.e. npedcmasuma 6 cude h(p(x) +
W(y)), 2de h, ¥, ¢ — nenpepvishvie Gyrryun), mozda u Mosvko mozda, ¥020a OHA MONHUEHOCHA
(em. 3adavy 11.1.).

(d)* Ecin dyukuus f : [—2,2]* — R menpepoisua u f~1(0) = v~ (1) N [—-2,2]%, To naiigercs
aucyio § = §(f) > 0 Takoe, uTO JI/Is1 Besikoit mpobaszuchoit yukmun g : [—2,2]2 — R u HeKOTOpBIX
x,y € [—2,2] Bomosaeno nepasenctso |f(z,y) — g(x,y)| > 0.

(e) Cymectsyer menpepbisaasg dbynkuust f @ [—2,2]> — R Takas, aro f~1(0) = v~ (1) N
[—2,2]2.

CymectBytor HenpepbiBHbIe yHKIMA f(,Y), KOTOPBIE HEJIb3s MPUOIN3UTH (DYHKIUSIMU BH-
na h(e(x) + ¥(y)) (re. mpobasucubivu), cM. 3agady 11.4.de. Ecim ke momyctuts xoneunovie
aunetinoe Kombunayuy dyuxiwit h(e(x) + ¥ (y)), ToO BOSMOXKHO U NPHOJU3UTH, U JaxkKe HIPEe-
CTaBUTD, IIPOU3BOJILHYIO HEIPEPBIBHYIO (PyHKIUIO, cM. Teopemy Kosamoroposa 1.11.b.

12 IlpuHuun BJIOYKEHHBIX OTPE3KOB, MJI NpUMeHu TeopeMy Bapa o kareropum

DTOT MUKJI 33189 HOCBAIIECH TeopeMe Bapa 0 KaTeropuu — MOIIHOMY CPEJICTBY JOKa3aTeIbCTBa
TeopeM CyIIeCTBOBAaHUS B aHamu3e 1 Tonojzoruu. C moMompio Hee yI00HO JOKa3bIBaTh, HAIIPUMED,
reopemy Kosvoroposa o cyneprniosunusix. Cm. noapobuee |[KF, Ox|, [Sk12, §2].

31ech MOXKHO MOJIB30BATLCA 0e3 JT0KA3aTeILCTBA IPUHIUIIOM BJIOYKEHHBIX OTPE3KOB.

12.1. (a) Ilycts oObeauHenne oTKpbIThIX HHTepBaaoB U C R Heorpanmueno. Jlokaxkure,
9TO CyIIECTByeT Takoe &, 9To nx € U jijis 6eCKOHEIHO GOJIBIIOro KOJIMIecTBa Mebix n. (3agada
npejiaraaach ua jieraux c6opbl kKoman sl CCCP na Mex ryHapoayo osmmnuaiy B 1989.)

(b)* Hana 6eckoneuno jauddepeniupyemast dhyuknus f: R — R npudyem s joboro x cy-
mectByer Takoe nejoe N, uro f(x) = 0 gia mo6oro n > N,. Jlokaxure, 4To f — MHOrOHJICH.

Hanomunm, uto noamuozkectso U C R nasbiBaercs
e omKpLIMbIM, ecn s Jiioboro x € U cymecrsyer takoe € > 0, uro (r —e,x +¢) C U,
® 6c100y naommvLM, ecan s JIo0bIX a,b € R nepecedenue (a,b) N U HemycTo.
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12.2. (a) Ha npsmoit nmeeTcst caeTHOE BCIOMY TIOTHOE MHOXKECTBO TOUEK.
(b) Ha mockoctn mMmeeTcst caeTHOE BCIOJY ILUIOTHOE MHOXKeCTBO Touek U (T.e. Jyisi jt060ro
kpyra K C R? nepeceuenne K N U HemycTo).

12.3. (a) Teopema Bapa o kareropun. llepeceuenue cuemnozo “ucaa OMKEPLIMBLL 6¢100y
NAOTVHBIT NOOMHONCECTNG NPAMOT, ACAACTCA BCIO0Y NAOMHBIM (U, 6 YACTNHOCTU, HENYCTNbIM).

(b) Ecin npsimast R siBisiercss oObenaenneM He 6oJiee 9eM CYETHOrO Habopa 3aMKHYTBIX
MHOZKECTB, TO XOTsI ObI OJJHO U3 HUX MM€ET BHYTPEHHIOIO TOYKY.

(c) Ilpsvas R He sBiIsieTcss CIETHBIM MHOYKECTBOM.

(d) MuokecTBO UppAIMOHATIBHBIX YHCEN HE SIBJISIOTCH 00beIMHEHHEM CIeTHOro Habopa 3a-
MKHYTBIX MHOXKECTB.

12.4. Ecm dynkmusa R? — R 1ByX IepeMeHHBIX HeIpepbIBHA 10 KazK 0l IepeMeHHOi, TO
oHa mMeer TouKy HempepbiBHOCTH. (Cp. ¢ 3agadeit 3.5.)

12.5. (a) He cymecrByer dyHKIME, MHOKECTBO TOUEK PaspbiBa KOTOPOi COBIAIAET C MIO-
JKECTBOM HPPAI[HOHAILHBIX YHCEIL.
(b) IToroueunsiit mpemes nociaegosarensuoctu f, : [0,1] — R menpepsBHbIX (yHKIMIT
(1. e. dynkius f(z) ;= lim f,(x)) uMeeT TOUKY HEIPEPLIBHOCTH.
n—oo

(¢) Mpoussomnas so6oit auddepennupyemoii dyukimu R — R umeer ToUKy HelnpepbIBHO-
CTH.

12.6. [Ipamas He npejicTaBUMa B BHJE OObEIUHEHU MTOMAPHO HEIePEeCceKalonuxcs 3aMKHY-
THIX OTPE3KOB, KaXKJIbIil N3 KOTOPBHIX OTJIMYEH OT TOYKH.

12.7. (a) CymmecrByer HelpepblBHOE HHBEKTHBHOE OTOOpayKeHue ooicepenvs Anmyana (cM.
BUKUIIENIO) B psiMyto R.

(b)* Tano saMKHyTOe orpannyentoe nojamuoxkectso A C R?. M3BecTHO, UTO /1715 JTIOOBIX JIBYX
Touek x,y € A cymecrByer pasbuenune A = X LY Ha 3aMKHyTble MHOXKECTBa, JJIi KOTOPOTO
r € X ny €Y (rakue MHOXKecTBa A HA3BIBAIOTCS HYAbMEPHbIMU). JJOKAZKATE, ITO CYIIECTBYET
HEIPEPbIBHOE NHbEKTHBHOE OTOOpazKeHue (T.e. 6.a00cenue win peamnsanus) a: A — R.
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13TH HILBERT PROBLEM ABOUT SUPERPOSITIONS OF FUNCTIONS !

Problems before the Semifinal
A. Belov, ? I. Mitrofanov, A. Skopenkov, ® A. Chilikov, * S. Shaposhnikov °
presented by A. Belov, A. Skopenkov, S. Usov,% A. Chilikov

What is this collection of problems about

This project is devoted to several classical results and methods in pure mathematics. They
are also interesting from the point of view of computer science (related to combinatorial geometry
and coding theory).

Suppose there are several functions. Then some of them may be used as arguments of others.
This operation is called superposition. For example,

e function f: R — R, f(z,y) = 2%y + y? is a superposition of z + y and zy;

o function f:7Z2% — Z, f(z,y) = x @y =z XOR y is a superposition of T, z V y and x A y;

e function f: R® —» R, f(z,y,2) = g(g(sinx + y,g(y,w2,z),w),x,a:> is a superposition of
g(z,y,2),x +y,sinz, 2%

The explicit definition is provided at the beginning of §1. Superpositions are important
objects in analysis, topology, and computer science. General problem is the following: when
given function of several variables may be represented as a superposition of functions of less
number of variables? The answer depends on considered class of functions (see |ZSS, n. 21.5
‘Superpositions of Boolean functions’|, [Ar58]).

We are going to demonstrate most important ideas of solution of the general problem for
continuous functions, i.e. the proof of A. N. Kolmogorov’s Theorem 1.11 (this is a solution of 13th
D. Hilbert’s Problem). These ideas will be demonstrated on the «olympiade» examples. These
examples are simplest particular cases which are free from technical details. As a result this
collection of problems is accessible for beginners although it contains beautiful and complicate
results.

No specific knowledge is required to solve these problems. All necessary definitions are
presented here. But you would need some cleverness and mathematical culture (which will
be imporoved as a result of solving these problems). In particular, this collection of problems
is analytic. However only minimal knowledge of mathematical analysis is required for many
problems. Main ideas for solution are demonstrated on discrete versions of problem. As a result
the solving of these problems assists to develop analytical experience and intuition.

We are going to propose several beautiful problems for further research. Some well-known
exapmles from «continuous» mathematics (Weierstrass function, Peano curve) are useful in
physics and computer science. We believe that similar but less known ideas of Kolmogorov’s
Theorem will also be useful.

Conventions

If a problem is a statement then a proof of this statement is required in this problem. Basic
problems are marked with a circle (like 5°). We do not recommend to try other problems of the
same section before you solve basic problems. If the problem is marked with a star (like 5*) then
it is more complicated. You can postpone its solution until solving of other problems.

'We thank S. Dorichenko and G. Chelnokov for their useful remarks, I. Reshetnikov for choosing a set of
problems about Peano curve, and R. Sadykov for writing hints for some basic problems.

2Moscow Physical Technical Institute, Moscow Institute of Open Education.

3A. Skopenkov: Independent University of Moscow, Moscow Physical Technical Institute; www.mccme.ru/
~skopenko; supported by the Grant of the «Dynasty» foundation by D. Zimin and the Russian Foundation for
Basic Research Grant No. 15-01-06302.

4Bauman Moscow State Technical University

5National Research University Higher School of Economics

6Dostoevsky Omsk State University



for every solution which has been written down and marked with either ‘+ or ‘+.".

For every solution which has been written down and marked with either ‘+’ or ‘+.” a student
(or a group of students) get a “bean”. The jury may also award extra bean for beautiful solutions,
solutions of hard problems, or (some) solutions typeset in TEX. The jury has infinitely many
bean. One may submit a solution in the oral form, but one loses a bean with each 5 attempts
(successful or not).

If you are stuck on a certain problem we suggest to try looking at the next ones. They may
turn out to be helpful. We suggest to all the students working on the project to consult the jury
on any questions on the project. Students who brilliantly work on the project will get several
extra problems.

1 Definition and examples of superposition

1.1. An arrangement of numbers on the chessboard is called basic if there are numbers
©1,...,¥8, V1,...,1%s such that number at the square (4, j) is equal to ¢; + 9; for each square
on the chessboard.

(a) Is any arrangement basic?

(b) Suppose the arrangement is basic. Then, for any squares A, B, C, D such that ABCD is
a rectangle and whose sides are parallel to board sides, the sum of numbers in A and in C' is
equal to the sum of numbers in B and in D.

(c) Suppose the arrangement is basic. Then, for any closed route of a rook on board with
sequential turns at squares Ay, ..., As,, the sum of numbers at squares Ay, As, ..., As,_1 is equal
to the sum of numbers at squares Ay, Ay ..., As,.

(d) Is the converse of the statement (b) true?

1.2. (a) Is it true that for any arrangement of numbers on the chessboard there exists a
function A : R — R such that the number at the square (i, ) is equal to h(i 4+ v/2j) for each
square on the chessboard?

(b) Is it true that for any arrangement of numbers on the chessboard there are integers
©1y- -, 08, 01,...,1s and a function A : R — R such that the number at the square (i,j) is
equal to h(p; 4+ 1;) for each square on the chessboard?

(c) Are there integers o1, ..., @s, 11, ..., s such that for any arrangement of numbers on the
chessboard there exists a function h : R — R such that the number at the square (7, j) is equal
to h(p; + 1) for each square on the chessboard?

(d) Are there integers @ik, ¥ik, i,k = 1,...,8 such that for any arrangement of numbers in
the cube 8 x 8 x 8 there is a function h : R — R such that the number in the cell (i, j, k) is equal
to h(pi + \/igbjk) for each cell in the cube?

Let A be R or Z, and M C A. A polynomial with coefficients in the set A is an infinite
sequence (ag, ..., ay,...) of numbers from A such that only finitely many of a,, are nonzero. For
any polynomial (i.e. the sequence) there is corresponding function P: M — M which is defined
as P(x) = ag + a1z + ... + a,2™ + ... (this sum is finite). The polynomial P = (aq,...,a,,...)
is denoted by P(x) = ag + a1z + ... + a,a™.

For any set X we denote X" = {(xy,...,2,) : z1,...,2, € X}.

1.3. Which functions are polynomials (more precising, correspond to some polynomial)?

(a) sinz on R;  (b)* sinz on [0,1]; (c)°sinz on {0,1}; (d) sinzon {0,5,2,...,5,1}.

1.4. (a) Give the ‘definition’ of function (mapping) f: X — Y.

(b) Any function Z, — Z, is a polynomial for a prime q.

(¢) Any function Zj — Z, is a polynomial for a prime g.

1.5. A level line and a graph of function f : R? — R are sets

fHe) ={(z,y) eR®: f(z,y) =c} u {(z,y, f(z,y)) € R®: (x,y) € R?}.



correspondingly. Draw level lines and graphs for following functions:
(a) the distance to the point; (b) distance to the line;  (c) the sum of distances to two points;

(d)* the product of distances to two points;  (e) the quotient of distances to two points;

() flz.y) =24y (8) flzy) ==y, () flz,y) =2/y.

(In (e,h) function is defined in the subset of plain.)

Definition of superposition. Suppose F' = {fo(z1,...,%n,)}aca is the set of functions
(not necessarily finite). Then the set F of superpositions of functions from F is the set of all
functions which may be constructed from elements of F* and all variables x; by the sequence of
elementary superpositions. The operation of elementary superpositions is the following:

if we already have a functions f(z1,...,2,), ¢1(...), g2(--.), ... , gn(...) we can take
Flar(oe)y ooy gn(.)).

Any variables can be used as arguments of g;. Variables may be coinciding. The range of the
internal function g; which is used as argument must be subset of the domain of external function
f.

Examples of superpositions are provided at the beginning of the text. The statement 1.4.c
means that any function Zj — Z, is a superposition of the constant 1, the addition modulo
¢, and the multiplication modulo ¢. If the set F' contains constants (i.e. numbers, or functions
without arguments) and the addition and multiplication of two variables then F contains all
polynomials > ay, . g2t ... akn.

k1yokin
1.6. Is it true that

(a) :cy is a superp051t10n of functions of one variable?

(b) 2%y +ay? € {zy,x +y}?  (c)ay e {a+y}? (d) vy € {z+y,2/n, 2"} ez (07
(e) xy as a function (0, +00)? — (0, +00) lies in {z + y, 27, log, z}7?
(f)
(

any function of one variable lies in {z + y, 2%, log, 2}?
g)sinw € {z +y,zy}? (h)sinw € {z+y,zy,27}?  ()*sinz € {z +y, 2y, 2"} U{c}er?
z2

(j) function g(xq, 9, x3) = xf? with x1 > 1,29, 23 > 0 lies in {21 — x9, 2%, log, x}?

1.7. (a)° The function of two or more variables is not a superposition of functions of one
variable.

(b) If the set F is finite or countable then F' is no more than countable.

Denote by F;, the set of all functions [0, 1]™ — [0, 1], i. e. functions of n variables.

1.8. (a) There exists an injection « : [0,1]*> — [0,1] (i.e. mapping such that a(z) # a(y) for
any 7 4 ). N

(b) Fy Cc FU{a}. (c) F5C Fu.

(d) F, C F,,_1 forany n > 3. (e) F,, C F; U{a} for any integer n.

1.9. (a) Are there continuous functions ¢y, @a, 91,99 : [0,1] = [—1,1] and hy, he : [-2,2] —
R such that for every =,y € [0, 1] we have xy = hy (p1(x) + 1 (y)) + ha (p2(x) + P2(y))?

(b) Are there continuous functions ¢, : [0,1] — R and & : [0,2] — R such that for every
z,y € [0,1] we have (z +1)(y + 1) = h(p(z) +¥(y))?

1.10. (a) Fy, C FiU{z+y}.

(b) Let f:[0,1]*> = [0,1] be an arbitrary function of two variables. Then there are functions
@, h :[0,1] — [0, 1] such that for every z,y € [0,1] we have f(z,y) = h (¢(z) + 0.1¢(y)).

(c) F,, C Fy U{x + y} for any integer n.

(d) Let n be any natural and let f :[0,1]" — [0, 1] be an arbitrary function of n variables.
Then there are functions ¢, h : [0,1] — [0, 1] such that for any z,...,z, € [0, 1] we have

f(@1,. . zn) =R (o(@1) + 107 p(22) + ... 4+ 10" "0 () .

So, any function is a superposition of some functions of one variable and the addition. However
it is more interesting to consider the set of generators which contains only continuous (see
definition in §3) or infinitely differentiable functions.
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1.11. Kolmogorov’s Theorem. (a) Any continuous function f : [0,1]" — R may be
represented as a superposition of continuous functions of one variable and the addition.

(b) Let f : [0,1> — R be an arbitrary continuous function. Then there are continuous
functions @1, ¢2,...,05:[0,1] = R, h: R = R such that for every z,y € [0,1] we have

Fa,y) = h(01(@) +vV21) + -+ b (es) + V205(0))

(c) Let pq,...,p, be different prime numbers. Then for any n and continuous function f :
[0,1]" — R there are continuous functions 1,2, ..., pons1 : [0,1] = R, h: R — R such that
for any x,y € [0,1] we have

flan,ma) = h(Yprer(@1) + -+ /Pror(zn) -

Hints for (a) are presented after the Semifinal.

2 Rough estimations

First problems in this section are the simplest way to understand the concept of continuous
function. But they are interesting not only because of this. Similar problems about specific
(but may be rough) estimations are occuring very often in olympiads and in the applied and
theoretical mathematics.

In the solution of these problems you may not use functions <z, a®, log, x, arcsinz etc.
before rigorous definitions of these functions. It because to define these functions rigorously (e.g.
to prove that there is x such that z* = 2), in fact, you should solve the corresponding problem.
However there is one exception from this rule. If some function is used in the condition of the
problem then you may use it in the solution.

In this collection of problems the rigorous theory of real numbers is not necessary. You may
use algebraic properties of real numbers without proof. In particular, you may use properties of
inequalities. You may also use:

Archimede’s principle: for any real number x there is an integer number n such that n greater
than x.

Principle of nested intervals: Let I, be a system of nested intervals on the line and a length
of I,, tends to 0. Then () 1, # @.

All these principles can be «provens by decimal notation.

2.1. Find N such that for every n > N the inequality a,, > 10° is satisfied for a, =
(a) /n; (b) n? — 3n + 5; (c) 1,02
2.2. Bernoulli’s Inequality. (1 + 2)* > 1 + kx for every > —1 and every integer k > 1.

2.3. Find a pair of a and N such that for every n > N the inequality |a, — a] < 1078 is
satisfied if a,, =
n? —n+ 28 [ 2 n?
—_— b 5+ —; 0,99™; d) v2; *—,
(a) n — 2?7/2 ) ( ) + n? (C) ’ ) ( ) \/_7 (e) 2n
2.4. Find a pair of a and 6 > 0 such that for every x € (—4,0) the inequality |f(z) — a| <

3107 is satisfied if f(x) =
ViTs
_ 3. b r—3. 1 : d) ———;
(a) (x—=3)° (b) 3*7%  (c) sinz; (d) cosx — 2

(e) the root of equation t* — tx + 1 which lies in [—2,0].



3 Continuous functions

Let K = [0,1] or K = [0,1]%. A function f : K — R is called continuous if for every ¢ > 0
there exists a number § > 0 such that for every x,y € K with condition |z — y| < d we have
|f(z) — f(y)| < e. Here |z — y| is the euclidean distance. (Be careful because for other K the
definition may be different!)

3.1. (a)-(e) Which functions from the problem 2.4 are continuous on [0, 1]?

Note. The continuity of the function f(z) = z™ for any integer n > 0 can be proven similarly
to problems 2.4.a and 3.1.a. This fact and the intermediate value theorem imply that for any
a > 0 there exists a number x such that ™ = a. This statement allows to define the function
{/x. Inverses of other functions can be defined similarly.

3.2. Which functions are continuous in [0, 1]2?

(a) f(w1,m2) = /ai + 23 (b) f21,20) = |21 + 22

3.3. (a) Any continuous function f: [0,1] — R is bounded (i.e. there exists a constant M
such that |f(z)| < M for every x € [0, 1]).

(b) Any continuous function f: [0, 1] — R reach its maximal and minimal values.

3.4. Let f and ¢ be continuous functions. Is it true that

(a) its sum;  (b) its product; (c) its superposition;

(d) the superposition f(g(z,y),z); (e)* arbitrary superposition

are continuous?

We consider funstions [0, 1] — [0, 1] (for (a)-(c)), [0,1]* — [0,1] (for (d)), [0,1]™ — [0, 1] (for
(e))-

3.5. Is it true that the function which is continuous by any its variable is continuous? In
other words, is there a discontinuous function f: [0,1]> — R such that each of its section (i.e.
functions f,,: [0,1] = R and f,: [0,1] — R which defined as f,(z) := f(z,y) n fo(y) = f(z,y))
is continuous?

If a counterexample is a solution of some problem then it does not used further. But
contreaxmples are necessary for understanding the context of proof. These counterexamples
show you what properties can not be used.

4 Uniform limits

Let us recall that lim a, = a if for every number € > 0 there exists an integer N > 0 such that
n— o0

for all n > N we have |a, —a| < e.

4.1. (a) Find lim Y 2* for each z € (0,1). lim > a*.

n—00 1. n—00 1. —

(b) Is there N > 0 such that for every z € (0,1) and n > N we have

= — > 2% <0.017
k=0

4.2. Let f, : [0,1] — R be a sequence of continuous functions. Is it true that following
functions are continuous:

(a) The pointwise limit of f,? This is a function f(x) := lim f,(x) which is defined if all

n—oo

these limits are exist.

(b) The uniform limit of f,? This is a function f : [0, 1] — R such that for every number
e > 0 there exists an integer N > 0 such that for all n > N and x € [0, 1] we have | f,,(x)— f(z)] <
€.

4.3. (a) Construct a continuous surjective function f : [0,1] — [0,1] which is a constant
outside of an interval of length 0.01.

(b) Construct an infinite sequence of continuous surjective functions f, : [0, 1] — [0, 1] such
that



o |fu(x) = fuii(x)] < 27" for every x € [0, 1];

o for every n there exists a family of intervals 1,,1,..., I, with total length less than 27"
such that f, is a constant on every interval from the set [0,1] — ([, 1 U... U I,5,).

(c) Construct a continuous surjective function f : [0,1] — [0, 1] such that for every ¢ > 0
there exists a family of intervals Iy, ..., I, with total length less than ¢ such that f is a constant
on every interval from the set [0,1] — (L1 U...UL,).

AN,
MY

i “Iﬁljl. 'E' I"":Ih‘
F‘-If w 'li1:l|||r.I _-Ii"

Puc. 1: Cantor function, Weiestrass function and Brownian motion

4.4. A sequence of real numbers {z,} is called fundamental if for every € > 0 there exists a
natural number N such that for every m,n > N we have |z, — z,| < e.

(a) Is the sequence z,, = 1 fundamental? Is the sequence z, = 1 + 1 +--- + = fundamental?

(b) Every covergent sequence is fundamental.

(c) Every fundamental sequence is bounded.

(d) Every bounded sequence contains covergent subsequence.

(e) Every fundamental sequence has a finite limit.

If terms which used in the some problem are not defined here and are unknown for you, then
you should ignore this problem.

4.5. * There exists a function f : [0,1] — [0,1] such that continuous everywhere but
differentiable nowhere. (Such examples are occured in physics when studying the Brownian
motion).

4.6. (a) Suppose that f, : [0,1]> — R is a sequence of functions and every f,, does not depend
on the variable y. Let f : [0,1]> — R be the uniform limit of f,. Then the function f does not
depend on the variable y.

(b)* Let K :=[—1,1]> — [-1,0] x 0. Is there a function f: K — R which depends on y such
that its restriction on every square which lies in K does not depend on y?

5 Peano curve

5.1. A sentence is written in cells of the table following by the unknown rule. Find this rule
and read the sentence.



BlE|=|D|=|N|G

= |VIE|=|L|2|t k

Tlolm|H|=|1]|C

< |3 |1 <|wm|A| ¥

N|IPIm|©SO|m|E|D|w

=| 1 |A|l=|N - | A

[ Y Hli=|N =
Vil w Vil=1]11]1

5.2. Cells of the square n x n are indexed by numbers from 1 to n%. Every cell is divided by
4 parts. Prove that an indexing of new splitting 2n x 2n may be chosen such that for the large
cell with index k four its subcells have indexes 4k — 3,4k — 2,4k — 1, 4k.

5.3. A mapping f : [a,b] — R? is called linear if we have
fOz+(1=Ny)=X x4+ (1—N)y forevery Xe€][0,1], z,y € [a,b)].

A mapping f : [a,b] — R? is called piecewise linear if there are points g = 0,21,...,2, =1 €
[0, 1] such that f is linear for every interval [z;, z;41].

(a) There exists a piecewise linear mapping F : [0,1] — [0,1)? such that for every point
y € [0, 1]? there exists a point z € [0, 1] such that |y — F(z)| < 155-

(b) A piecewise linear mapping F : [0,1] — [0,1]? is called d—dense if for every point
y € [0,1]% there exist a point = € [0,1] such that |y — F(z)| < d. Prove that for every d—dense
mapping F there exists d/2—dense mapping F* with condition |F(2) — F*(z)| < 15 for every
z €0, 1].

(c) There exists a continuous mapping F : [0, 1] — [0, 1]? such that for every point y € [0, 1]?
there exists = € [0, 1] such that F(z) = y.

5.4. (a) The intersection of any sequence of nested rectangles on the plain is not empty.
(b) — (e) Solve problems 4.4 (b) — (e) for sequences of points on the plain.



13TH HILBERT PROBLEM ABOUT SUPERPOSITIONS OF FUNCTIONS

Hints, solutions, and answers for problems before the Semifinal

Hints, solutions, and answers

1.1. (a) Follows from (b).
(b) Let the vertices of the rectangle have coordinates (i1, j1), (i1, J2), (42, j1), (42, jo). Then the
sum of numbers in opposite vertices is ;, + i, + V5, + Vj,.
(¢) Similar to (b).
(d) The statement is true.
1.2. (a) Prove that numbers i + v/2j are different for different cells.
(b) (c) Similar to (a).
(d) Yes. Put iy, =90+ k, ¢, = 9j + k.
1.3. (a) Prove that each polynomial has only a finite number of roots.
Use the identity sin 2x = 2sin x cos z.
f(x) =zsinl.
d) Construct a polynomial that is nonzero only on one value of x.
.4. (b) Construct a polynomial that is nonzero only on one set of variables.
6

.6.(a) Use 1.7.a.
(c){z+y}t={ax+by|a,beZ,a,b>0}.
(d) 22y = (x +y)* —2° — ¢*.

(e) xy = 2los2ztlos2y,

(f) Use the problem 1.7 (b).

(g) Use the problem 1.3 (a).

1.7. (b) Prove that the set of elementary superpositions on F' is at most countable.

1.8. For each = € [0, 1] by 0.z122 ... denote the decimal expansion of x such that there is no
N such that x,, = 0 for each n > N.

(a) Use the decimal expansion of .

By definition, put

a:[0,1> =1[0,1] by a(z,y) =0, 11912975 ...

Then « is injective (but not bijective!).
(b,c,d) For given f(x1,...,2,41) find g € F,, such that

flzr, o xne) = g(@r, . 21, (T, Tpgr))-

Notice that « € F}, for any n > 1.
(e) Similarly to (a) construct an injection [0, 1]™ — [0, 1].
Then (e) follows from (d) and (b) by induction.

1.9. (a) 2y = (x +9)%/4 — (z — y)?/4.
(b) (z + 1)(y + 1) = 2losz(@tD)Hogz(y+1)

1.10. (a) follows from (b), (c) follows from (a) and 1.8.d.
(b) Use the construction from 1.8.b. Take

o(x) := 0.210x90z3 . . ..

Then a(x,y) = ¢(x) + 0.1p(y). Here « is the function which is defined in 1.8.a.
(d) By definition, put

o(x) == 0.210000...0x50000...02500...
—— N~

n—1 zeros n—1 zeros
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and a(xq,...,2,) = p(z1) + 0.1p(xe) + - -+ + (0.1)"Lp(x,,). Then « is injective. Hence, h € F}
exists for every f € F,.

2.1. (b) Prove that n?> —3n +5 > n for all n > 4.
(c) Use 2.2.

2.2. Use the induction by k.

2.3.. (a) take a = —1

) f5+ 2 V5= Wﬁ_ﬁ) (ﬂ+¢g> )
: mJFﬁ n(\/@Jr\/E)

¢) take a = 0 and use Bernoulli’s inequality.
(d) take a = 1 and use Bernoulli’s inequality.
(e) take a = 0 and find % such that (n+1)?/n? < 1.5 for n > k.

2.4. (a) Clearly, if |x| < 1 then (z — 3)? < 16 and |3(x — 3)| < 12. Then

|(z —3)° + 3% = |o((x — 3)* — 3(x — 3) + 3%)| < |z|- |16 + 12 + 9| < 40|x|

(c) Use the inequality sinz < .
(d) If
|f(z) —al <e/2 for xz€(—01,0;) and
lg(x) = b <e/2 for x € (—b,0),
then |f(z)+g(z) —a—0bl <e for z € (—min{dy,d}, min{dy,da}).

The same inequality is true for f — g. Statements for fg and f/g can be proven in a similar way.

3.2. (a) The function f(z1,22) = \/2% + 23 is continuous. Take 6 = ¢ and use the triangle
inequality |f(z) — f(20)| < [z — |-

(b) Let us prove that f is not continuous. Take z = 1, y = 0, and & = 3. Then |f(1,0) —
f(1=2,0)]=1> 1 for every § > 0.

3.3. (a) By definition of continuity there exists N such that if |z — y| < 1/N then |f(x) —
f(y)| < 1. Then

<1 ma{ PO ()] | (B ) |}

for every x € [0, 1].
(b) By (a) there exists a supremum of f on [0, 1], say u. We call a subset A C [0, 1] good if u
a+b

is supremum of f on A. Clearly, if interval [a, b] is good, then at least one of the intervals [a, T}

and [“E2 b] is good. Now starting from I = [0, 1] we construct a sequence of good intervals {1, }
such that I,,;; C I, and |I,,| = 27" for each n > 0. Then f reaches its maximal value at the

intersection point [ I,,.

3.4. (a) Yes. Choose § = ¢/2.

(b) Yes. There exists C' such that |f(z)], |g(x)| < C for each x € [0,1]. This follows from
3.3.a. Take ¢ such that 62 + 26C < e.

(c) Yes. Let us show that f o g is continuous. Take d; such that if |x — y| < d; then |f(z) —
f(y)| < e. Further, take § such that if |z — y| < § then |g(z) — g(y)| < d;.

(d) Take 0; > 0 such that if |x; — x| < &1 and |y; — yo| < 07 then |f(z1,y1) — f(x2,12)] < €.
Take 09 such that if |z; — zo| < J5 then |g(z1) — g(x2)| < 0;. Further, take 6 = min(dq, ds).

(e) Similar to (d).

3.5. There exists such function. Define f(x,y) = z/y for z <y, f(z,y) = y/x for y < z, and
£(0,0) = 0. This function is not continuous because for each £ > 0 we have f(e,¢) — f(0,0) = 1.

9



4.1. (a) To show that lim ) 2% = L estimate

1ix _Zn:xk
k=0

by Bernoulli’s inequality.

(b) No, because for each n there exists z € (0,1) such that £~ > 0.5.

4.2. (a) Suppose f,(x) = 2™ Then f(z) =0 for z < 1 and f(1) = 1.

(b) Yes. Suppose |fn(z) — f(x)| < e if n > N. Choose ¢ such that |fyi1(x) — fvi1(y)| < e
for |x —y| < 6. Then |f(z) — f(y)| < 3¢ for |z —y| < 4.

4.3. (a) Take f linear on intervals [0,0.99] and [0.99,1]; f(0) = £(0.99) =0, f(1) = 1.

(b) Construct a sequence of families of intervals I, and piecewise linear functions {f;} with
following conditions:

1) fx is linear on each interval I};

2) number of intervals in the family I} is 2% + 1;

3) fr is constant on each odd interval;

4) fx is increasing on each even interval.

Let f; be the function from (a). Then other f; are defined by induction in a following way.
If fj is constant on I}, then fy11 = fi on I;. If fj increases on I} = [t1,ts], f(t1) = a, f(t2) =D,
then

z" 1 1
1z -9+ 0/z—D)y - (I—onljz 1)

20 +ty t + 2t2]
37 3 7

fer1(t) = a, fra(t2) = b, fry1 = (a+0)/2 on |

and fi41 is linear on intervals [t;, 25572] and [252 ¢,

(c) For x € [0, 1] the sequence {fy(z)} is bounded. From the pronciple of nested intervals it
follows that this sequence has a limit point, say f(x). Let us recall that a limit point of sequence
{yn} is a real number y such that for each N and ¢ there exists n > N such that y,, € (y—¢,y+e).
The function f(x) is the uniform limit of {fx}. One can easily ti see that all properties discussed
above hold.

Remark. Another proof is based on ternary expansion.

4.5. The classical example is Weierstrass function

flz) = i 27" sin(13"7x),
n=0

see fig. 1.
Remark. Another solution is based on Baire’s theorem.

5.1. The text can be read along the curve invented by italian mathematician Peano.
5.2.

—
L

1
1L
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5.3. (a) Construct required map as «indexing» of cells of decomposition of square [0, 1]* into
n? cells.

(b) The image F'[0, 1] of F'is a polygonal line. Construct F'* such that the following conditions
hold:

this image is a result of substitution of links F'[0, 1] to a polygonal lines;

polygonal line which substitute link is d/2—dense in the d-neighbourhood of this link.

(c) Construct required map as a uniform limit of functions which are constructed in (b).

5.4. (a) Consider the sequence a; = (z;,y;) of centers of recatngles. Prove that any bounded
sequence of points have a limit point. Any limit point of the sequence a; lies in each rectangle.

11



13TH HILBERT PROBLEM ABOUT SUPERPOSITIONS OF FUNCTIONS

6 Deduction of the Kolmogorov theorem from approximative version

The aim is to show that any continuous multivariable function can be represented as a superposition
of several continuous functions of one variable and the addition. We consider functions of two
variables on the unit square.

In fact, Kolmogorov’s theorem 1.11 is a statement about approximation of given continuous
function by continuous functions of a special type. Main ingredient of proof is approximative
Kolmogorov’s theorem 6.2.b. This theorem allows us to represent any continuous function as a
sum of series. All summands in this series have a required type. Moreover, these summands can
be arranged in a special way.

Let us recall that I := [0,1] and I? := [0, 1] x [0, 1].

Now let us prove Kolmogorov’s theorem. We use the approach |[Ka| (see also |[He|) and combine
Kolmogorov’s ideas and Baire theorem.

Let f : I? — R be an arbitrary function. Kolmogorov set for f is a set of continuous
functions @1, @9, ..., 05 : I — I, h:[0,3] — R such that

fay) =h (1) + V2ar(y)) + ...+ b (ps(@) + V2ps(y))

for any x,y € I.
6.1. Construct a Kolmogorov set, for the function f(x,y) = x + v/2y + 3.

We do not know explicit Kolmogorov set even for the addition and the multiplication.
For any f: I? — R let us denote

|f] == max[f(2)].
Let f: I?> — R be an arbitrary function and A be a number. Kolmogorov set for (f, \) is
a set of continuous functions ¢y,...,¢5: I — I, h:[0,3] — R such that |h| < 2(1 — \)|f| and

[F(y) - S (er(@) +V2er(w) )| < Al

k=1

for any x,y € I.

6.2. (a) Construct a Kolmogorov set for f(x,y) = zy and A = 1/2.

(b)* Let f be an arbitrary continuous function. Then there exists a Kolmogorov set for f
and A = 5/6.

(c)* Approximative Kolmogorov’s theorem. There erists a set of continuous functions
©01,...,05 « I — R with the following property: for an arbitrary continuous function f : I? —
R and arbitrary small X\ > 0 there exists a continuous function h : [0,3] — R such that
{¢1,. .., 95, h} is a Kolmogorouv set for (f,\).

We stress again that (b), (c¢) are not easy (see §7-§9).

First of all, let us explain how these results can be applied.

Approximative Kolmogorov’s theorem allows us to approrimate any continuous function f
by linear combination of functions of type h(w(z) +v/2¢(y)). Moreover, «inners function ¢ does
not depend on f. Hence, we get required representation (i.e. Kolmogorov set for f) and arrange
summands in some series naturally constructed by Kolmogorov sets for (f, ).

6.3. Let a set {¢1,...,¥s5, h} be a Kolmogorov set for f, A and

fi@,y) = flx,y) =Y _h (sok(fﬂ) + \/§¢k(y)> :

k=1

12



(a) Suppose a set {1, ..., @5, h}is a Kolmogorov set for (fi, A). Then the set {¢1, ..., @5, h+
hi} is a Kolmogorov set for (f, A\?).

(b) Get approximative Kolmogorov’s theorem from similar statement «for A = 5/6».

(c) Get the Kolmogorov’s theorem from the approximative Kolmogorov’s theorem.

7 Lemma of approximation by prekolmogorov sets

Suppose f is a function I? — R. An ordered set of continuous functions ¢q,..., 05 : I — R is
called a prekolmogorov set for f if there exists a continuous function & : [0,3] — R such that
the set ¢1,..., s, h is a Kolmogorov set for f with A = 5/6.

Approximative Kolmogorov’s theorem «for A = 5/6» claims that there exists an ordered set
©1,...,¢5 : I — R such that it is prekolmogorov set for any continuous function f : I? — R.
Another way to construct such a set is an iteration approximation process or, in more formal
words, the Baire category theorem.

Let M C R? be an arbitrary set. Two functions o,v : M — R are called e-close, if |¢(x) —
o(x)| < e for any x € M. Two ordered sets of functions (p1,...,¢5: M — R) and (¢y,..., 95 :
M — R) are called e-close, if ¢y, 1y are e-close for each k =1,... 5.

7.1. * (a) Prekolmogorov stability lemma. Suppose a set (¢1, ..., ps) is a prekolmogorov
set for f : I? — R. Then there exists ¢ > 0 such that any e-close to (p1,...,p5) set is a
prekolmogorov set for f.

(In other words, the set PK(f) of all prekolmogorov sets for f is open in the space C(I?)°.
Here C(I?) is the space of all continuous functions I? — R.)

(b) Lemma of approximation by prekolmogorov sets. For any ¢ > 0 and continuous
functions f : I? — R, 9y,...,15 : I — R there exists a prekolmogorov set for f such that it is

e-close to (11, ...,vs).
(This means that PK(f) is dense in C(I?)°.) Hints are provided in §8.

8 Proof of the approximation lemma

8.1. (a) For any numbers 1y, ..., 9g € I there are ¢q,...,¢s € I such that

e |1, — ;| <0.01 for every i =1,...,8.

e for any arrangement of numbers on the chessboard there exists a continuous function
h:[0,3] — R such that a number at square (7, ) is equal to h(g; + v/2¢;).

(b) For any numbers v, € I, i,k =1,...,8 there are numbers ¢;;, € I, i,k =1,...,8 such
that

o | — @ik <0.01 for every i,k =1,...,8.

e for any arrangement of numbers in cells of the cube 8 x 8 x 8 there exists a continuous
function h : [0,3] — R such that the number in the cell (i, 7, k) is equal to h(p;x + vV20;x)-

8.2. (a) Let € R be an arbitrary point. Then for every k = 1,...,5 except at most one
there exists j € Z such that x lies in the interval 41 + 55 + k := [5j + k,4 4+ 5j + k].

(b) Let (z,y) € R? be an arbitrary point. Then for every k = 1,...,5 except at most two
there are i, j € Z such that (z,y) lies in the square (41 + 5i + k) x (41 + 55 + k).

Visual interpretation of this statement is following. For each k£ =1,...,5 draw these squares
on the plain. We have a «city map» of k-th city with blocks (squares) and streets (intervals
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between squares). Let us impose city maps for five cities one on another. Then every point lies
inside of block at least for three of city maps.
(a’,b”) Formulate and prove analogues of (a,b) with change 5 to an arbirtary positive integer.

We say that a function ¢ : [ — R rationally separates the family of pairwise not crossed
intervals on the line if the following conditions hold:

e ( is continuous;

e  is a constant on every interval from this family;

e ¢ has only rational values which are different for different intervals.

8.3. Let 1 : I — R be a continuous function and € > 0. Then there exists an integer N > 0
and function ¢ : I — R such that ¢ is e-close to ¢ and the following condition holds:

a) ¢ is a constant on every interval 11 for each j € {1,2,..., N}.
2

N N
— 1
(b) ¢ is continuous and linear on every interval jT %} for each j € {1,2,...,N}.
41 4+ 57 57 4457 41 + 5y
(c) ¢ rationally separates the family of intervals [Nj, —]i_\f j} for each k) ] €

0.1 N —4
L — .

We say that a function ¢ : I? — R separates the family of pairwise not crossed squares on
the plain if the folloing conditions hold:

e ( is continuous;

e  is a constant on every square from this family;

e ¢ has different values for different squares.

8.4. Suppose ¢ : [0,1000] — R rationally separates the family of intervals 47 + 55 := [5j,4 +
5jl, 7 € {1,...,100} (the definition is similar to the case when ¢ : I — R.) Then

(a) Function o(z) + v2¢(y) separates the family of squares (41 + 5i) x (41 4 5j), i,j €
{1,...,100}. (the definition is similar to the case when ¢ : I* — R).

(b) For any set v;; of numbers, 7,7 € {1,...,100} there exists a continuous function h :
[0,3] — R such that

o |h(x)| < max; ; |v;;| for every z € [0, 3].

h(p(z) +v2p(y)) = v j for every i,5 € {1,...,100}, x € 41 + 5i, y € 41 + 5j.

8.5. Suppose for every k € {1,...,5} function ¢, : [0,1000] — I rationally separates the
family of intervals 41 +5j + k := [5j + k, 4+ 55 + k|, 7 € {1,...,100} and numbers ¢k (5j + k)
are different for different pairs (j, k). Then for any set vy, ; of numbers k € {1,...,5}, 4,5 €
{1,...,100} there exists a continuous function A : [0,3] — R such that h(px(z) + v20r(y)) =
vy, for every

ke{l,...,5}, 4,j€{1,...,100}, x€4l+5i, ye4l+5j.
8.6. Let f: I? — R be a function. Choose an integer N >0, N =4 mod 5 such that

N —4 Al +5i 41 +5j
\f(z)—f(z’)|<%f| for every i,jE{O,l,...,T}, 2,7 € ;Zx ]—\i}j.
If functions ¢, ..., @5 : I — I separate the family of intervals
41 + 55 | N —4
_— 0,1,...,——
N 7]6{ Y Y ) 5 }

then

(a) I - [0,3] — {_%V%I
h (oule) + V3puw) = 57 (5z+k 5351{;) —

] is a continuous function and
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. N —4 41 4 51 41 +5j
k=1,... ..., —
) 757 Z?.] e {07 ) Y 5 } ) X E N ) y E N 7
then the set ¢1,..., s, h is 5/6-kolmogorov set for f.
(b) The set 1, ..., s is a prekolmogorov set for f.

(c) (Riddle) Formulate the analogue of (a) with change 5 to 4. Is it true?
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13TH HILBERT PROBLEM ABOUT SUPERPOSITIONS OF FUNCTIONS

Hints, solutions, and answers for problems after the Semifinal

For ¢ : [0,1] — R denote
Pla,y) = ple) +V20(y) u z=(z,y).

6.1. Put ¢1(x) = 2, 0a(x) = @3(7) = @a(w) = p5(x) = 0, h(z) =z + 3
6.2. (b,c) Follows from 9.1.b and 9.2.ac.
6.3. (b) We have |h + hy| < 2|f|(1 = X+ A1 — X)) =2|f|(1 — A\?) and

) = Yo+ h)@l)] = |£1(2) = Y m(@r()] < Alfil < A2,

k=1 k=1

(¢) Repeat the process from (b). We get appoximative Kolmogorov’s theorem for A = (5/6)%"
by induction.

(d) Repeat the process from (b). Construct a sequence of functionf h, : [0,3] — R such that

5\ n+l

=St @) < (2) 0 and < 2(E) 1
k=1

for each n. > h, is uniformly converge to h. This follows from second inequality. Take n — oo

5
in first inequality. We have f(2) = > h(gr(2)).
k=1
7.1. (b) Use 8.3.c. Find N =4 mod 5 and functions ¢, ..., @5 such that for each k function
wr is close to ¢, and separates families of intervals

AT +5j+k N —4
N ,7=1,... .

Similarly to 8.5 find continuous function A : [0, 3] — R such that

1 (5i+k; 5j+k>

M@u) = 3F (“

for any
N —4 AI + 51+ k AI +55 + k

5 ST N VST
After that let us increase N (i.e. decrease squares). We can take N sufficiently large such that
condotions of 8.6 are satisfied. Then the Lemma follows from 8.6.b.

k=1,....5i,j=1,...,

8.1. (a) Take pairwise different rational numbers @1, ..., pg that are 0.01-close to ¢, ..., ¥s
(i.e. ¢ — @i| < 0.01 for each ©). If p4+/2q = s + /2t for rational p, ¢, s,t, then p = s and ¢ = ¢.
Then ; + /2y, are different numbers for different pairs (4, 7). Define h(gp; + v/2p;) to be the
number in cell (7, 5), and extend h piecewise linearly to R.

(b) Take pairwise different rational numbers ; , such that [1; x —; x| < €. Then the equality
Gik + V20K = Qo + V21, implies that (i, k) = (s,m) and (j, k) = (t,m), that is (i,],k) =
(s, t,m).

8.2. (a) Let m = [x/5] and r = [z] mod 5. Then = € [5m + r,5m + r + 1). Clearly, x €
[bm + (r —s),5m + (r — s + 4)] for each s € {0, 1,2, 3}.

(b) This follows from (a).

16



8.3. (¢) Take a number N such that for each z,y € I the inequality |x — y| < 5/N implies
|(x)—1(y)| < e/4. Take pairwise distinct rational numbers g;, j € Z, such that |¢;—¢(z)| < /3

N —4 41 + 55 41 + 55
for each j € O,l,...,T and z € +o +5)

. Define p(x) = ¢; if x €

, and extend ¢

piecewise linearly to I. Then |¢(z) — p(z)| < € for each z € I.

8.4. (b) Denote a;; := @;(x) + v2¢;(y) for some x € 41 +5i and y € 41 +5;. If a; j = .y,
then (i, j) = (k,l). Define h(c; ;) = v;;, and extend h piecewise linearly to R.

8.5. Similarly to 8.4.b.

8.6. (a) Take any point z € I?. Similarly to 8.2.b for any k = 1,...5, except at most two,

there exist
o N —4
2, j E 0, 17 ceey T

c Al + 5+ k " 41 + 55 + k
N N '
Without loss of generality it is true for k = 1,2,3. Then

such that

5

+Y @) <35 Uy T

7(2) = h(E(2) R

(b) Follows from (a).

9 Deduction of approximative Kolmogorov’s theorem from lemma of approximation

For M € {I,I?} let us denote by C(M) the set of continuous functions M — R.

9.1. (a) There exists countable dense subset in C([).
(b) There exists countable dense subset in C(I?).

9.2. Let f;: I? — R be a dense subset in C'(7?). Then
(a) Any set from ﬂ PK(f;) is prekolmogorov set for any continuous function f: I? — R.

(b) For C(I?)° the <<pr1nc1ple of nested balls» is satisfied and Baire’s theorem holds. (This
means that C(1?)° is complete metric space.)

(©) ( PE(f) #0.
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