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NPEATOBOP

OBaa KHUTa € HamnMillaHa BP3 OCHOBAa Ha COAPXHUHHU Off MPEAMETOT
MaTemaTuKka | Koj moBeKe rofiHNA UM 'O TPefjaBaB Ha CTY/IEHTUTE Off IpBa TOANHA
Ha  EnektporexHmukmor  akynrer, MammHCKHOT  akyaTeT W Ha
HHTepaucuuminHapHuTe CTYIMUM 1O  TOJUTEXHWYKO oOpa3oBaHHWE TIpH
Yuusep3ureror “Cs. Kupun u Meronuj“ Bo Ckomje.

Bo kHurara e coppskaHa TeMaTa FPaHUYHU NPOIeCH M HUBHATA MpHUMEHa
Kaj peanHa QyHKIUja Off €JHa peaJHa MpPOMEHIuBAa. 3a OBOj el Of
MaTeMaTHyKaTa aHajiu3a MpoOjieM IpeTcTaByBa CTporara MaTeMaTHuKa
MPENU3HOCT BO HEJ3MHOTO M3J0XKyBame. Ce HajleBaM JleKa HAYMHOT Ha KO €
o6paboTreH 0BOj (yHaMEHTAaJEH Jied € JOBOJIHO jaceH W pa30upivB U Hema ja
IpeTcTaByBa OrojieMa TEUIKOTHja 3a YATATETIOT.

Kuurara e nopeneHa Bo ABe riaBu co BKynHo 11 maparpacpu. Bo npsata
rimaBa ce o6paboTyBa BOBEJOT BO I'PAaHMYHUTE NpoIecH Kako (pyHAaMEeHT Ha
MaTeMaTHykaTa aHanu3a. Bropara rinaBa pa3paboTyBa HEKOM HIPHUMEHM Ha
FPaHUYHUTE NPOLIECH BO U3yUyBamkeTO HA HEKOM CBOJCTBA Ha peasiHa (PyHKIHUja Off
€lHa peajiHa MPOMEHJIMBA MPEKy U3BoguTe. 3a Aa ce fooljacHaT W WIyCTpHUpaar
COOJIBETHH ITOMMM, TBpfi€Ha M CBOjCTBA, BO KHHUraTa ce JAajeHHu Norosiem Opoj
pelIeHd IPUMEPH.

CopapxxuHaTa Ha OBaa KHHUra orndaka craHjapHa MaTepuja Koja ce u3ydyBa
BO NpeIMETUTE Off 0o0JjacTa Ha MaTeMaTHKaTa Ha CATE TEXHUUYKH (PaKyJITEeTH U
IIPBEHCTBCHO € HAMCHETA 3a CTYJEHTUTE Ha THUC q)aKy.HTeTI/I. Bo xHmrara ce
KOpUCTEHU OCHOBHU NOUMM O[] TeopnjaTa Ha MHOXKECTBa M MpECIMKyBamba U BO
ciydaj Ha ToTpeba Ha YUTATEIOT My Ce MpernopadyBa ja ja KOHCYITHpPA
nutepatyparta [8, 10, 11].

MM m3paszyBam pnaboka OJarofapHOCT Ha PEUEH3EHTUTE — Mpod. A-p
Hukona Peukocku, pepmoBeH mnpocecop Ha Paxkynareror 3a Typuszam u
yroctutenctBo Bo Oxpun, u a-p Mapuja Kyjymnmesa Hukonocka, goneHT Ha
EnekTporexunuknor akyarer Bo Ckomje, KOM CO CBOUTE HOOpPOHAMEpPHH
cyrectuu 1 3a0ellellIKi BO TojieMa Mepa NpujoHecoa jia ce opOpMH OBOj yUeOHUK.

Cexkoj yueOHUK, I1a ¥ OBOj , HOCU U CBOM HEJOCTATOLM KOU ce OOM/IyBaB fa
ru ybnaxam Bo pas6mpnupa Mepa. Ke M Gupam GIarofapeH Ha CHTE YHTATENH
KOM CO CBOM 3a0elelKHM M CYrecTHH Ke IpHoHecaT 3a IMOfoO0pyBalke Ha
KBaJIUTETOT IIPU €BEHTYAIIHO NIPEN3aBalkhe HA OBO] YUYEOHMUK.

ABTOpOT


NioN
Note
Accepted set by NioN


I''TABA IIPBA

BOBEJlI BO TPAHUYHMU ITPOLECUA

§1. PEAJIHA BPOEBUA

IToumor Opoj e yHAaMEHT Ha KOj Ce 3acCHOBa Pa3BUTOKOT Ha
YOBELITBOTO Off MPBOOUTHATa 3aefHuLA [0 AcHec. [IpupopnuTte, nenure,
PALMOHAIHATE, PEATHUTE M KOMIUIEKCHUTE OpPOEBH M HEKOM peJaluu U
olnepanuy Mery HUB, KaKO U HEKOU OCOOMHHU, IEHEC Ce [IeJl Off COAPKUHUTE
HAa HACTaBHUTE NpPOrpaMM IO MaTeMaTHKa BO OCHOBHOTO M CPESHOTO
oOpa3oBaHne. MHOXecTBaTa Ha NPUPOAHHUTE, LEJIUTE, PALUOHAIHUTE,
peaNHUTE U KOMIUIEKCHUTE OpPOEBU C€ O3HauyBaaT CO CTAaHJApAHU O3HAKU
N, Z, O, R, C, coofiBETHO. 3a HEKOHU €JIEMEHTHU Of] TeopHjaTa Ha MHOXKECTBA
YATATENOT ce YymatyBa Ha Jwureparypa [8, 10, 11]. Peannute wun
KOMIUIEKCHUTE OpOEBHM Ceé OCHOBAa Ha MaTeMaTHuKaTa aHajin3a. 3aToa u
OBJie K& r0 CyMUpaMe HaKpaTKO CETO TOA CO aKLEHT Ha HEKOHU 10CTa BaKHU
MOMeHTH. [la KaxkeMme [eka MOocTojaT MOBEKEe HAYMHM 32 BOBEJyBambe Ha
MOUMOT peasieH 0poj.

IIpen ma mpemuHeMe Ha aKCMOMATCKOTO BOBElyBam€ Ha pEajHUTE
OpoeBH, 1a HaBeJleMe HEKOU CBOJCTBA KOM C€ KapaKTEPUCTUUHM CIIEIM(PUKI
3a OPUPOAHUTE, LENUTEe M pauroHanHUTe OpoeBu. Kaj mpupopHute u
genutre OpoeBM Mery fBa Opoja MOCTOjaT KOHEYHO MHOTY HpPUPOJHU
OJTHOCHO 1enu OpoeBHu, a Mely [Ba coceqHU Opoja HEe MOCTOU NPUPOAECH
OofHOCHO 1ie1 Opoj. Op ipyra cTpaHa Mef'y Kou OUJIO iBa pallMOHAIHMA Opoja
nocrojaT OECKOHEYHO MHOTY paluoHamHu Opoja (Hacekaje TyCTo
MHOXecTBO). Mako N — Z — Q, ce mokaxyBa JeKa CUTe Tpu OECKOHEUHU
MHOXeCTBa MMaaT €JHaKOB Opoj eleMeHTH (KapauHajeH Opoj HapeueH
aned Hyna co o3Haka ;). Jla 3abenekmMe neka MOUMOT ‘“Mefy” TO



Tnasa 1

KOpPHCTHME BO CMUCIA Ha JepuHULAjaTa JajjeHa BO CPEJHOTO 0Opa3oBaHue,
a KOj nofioliHa Ke Oujie NOBTOPHO JieprHUPaH CO pesanujaTa NopeyBambe.

1.1. TPUHIUII HA MATEMATUYKA NHAYKIINJA.
BUHOMHA ®OPMY!IA.

[MpuHIMIOT HAa MaTeMaTHYKa MHAYKIMjA, KOj € TMOCIenla Ha egHa
o IleanoBuTe akcmomu co Kou ce AeduHupa anredapckaTa CTpyKTypa Ha
NpUPOIHUTE GPOEeBHU, KaKO METOJ Ha JI0Ka3 JocTa YeCcTo ce ynoTpeOyBa BO
MaTeMaTHKaTa 3a JOKaXkKyBambe Ha HeKOe TBPAICHE UMja TOUHOCT 3aBHUCH O]
IpupofieH Opoj.

Ipunyui Ha mawemaiuuyKkaia UHOyKyuja

TBpuewero (ucka3zor) I(n), YWja BUCTHHHTOCT 3aBUCH O
MPUPOTHUOT OpOj 1, € TOYHO 3a CEKO] NPUPOJIEH OPOj 1 aAKO:

1) I(1) e ToueH (BUCTHHUT) UCKA3.

2) opm mpeTnocTraBeHaTa TOYHOCT (BUCTHHHTOCT) Ha uckazor (k)
cleayBa TOYHOCT U 3a UCKA30T [(k+1).

IIpumep 1.1. [1a ce nokaxe jieKa 3a Ce€KOj NPUPOJEH OpOj # € TOUYHO

paBeHCTBOTO 1 +2 +3 + ...+ n= n(n2+ D .

. 1(1+1
Pewenue: 3a n =1 paBeHCTBOTO € TOYHO, Oujiejku 1 = (—+)

I[a MMPETIOCTAaBUME ICKA PABEHCTBOTO € TOYHO 3a n = k, T.C.

k(k+1
1+2+..+k= ( ).
2
Axko co L(k + 1) u D(k + 1) Tm 03HauMMe JieBaTa OJHOCHO JieCHaTa
CTpaHa O] aIeHOTO PaBEHCTBO BO KOE€ 3a n ce cTaBa k+1, Toram Ke
nooneme:

Lk+1)=1+2+3+. .. +k+(k+D)=[1+2+3+ .. +k]+(k+1)=

e+ 1)=

_ k(k+1) _
— D(k+ 1),

(k+1)(k+2)
2

CO IITO € IOKaXKaHo JI€Ka paBCHCTBOTO € TOYHO U 3a n = k+1.
HpI/ITOEl € UCKOPUCTCHA MHNYKTUBHA ITPCTIIOCTABKa.

10



§1. Peaaru 6poesu

Bo Hekom cnyyam TBpPAEHETO MOXKE Ja € TOYHO IOYHYBAjKH Of
Hekoe n,> 1. Toram NpuHIUIOT UCTO TaKa MOXKe J1a ce KOPUCTH, NIPHU IITO
TOYHOCTA Ha TBPAECHETO K& Ouje BaIUHA 3a CUTE NMPUPOJHU OPOEBH OCBEH
3a KOHEYHO MHOTY, U Toa n, — 1. Jla 3a0enexume feka NOCTOjaT U APYrd
(hopmynanum Ha TPUHIMIIOT HA MaTeMaTUIKa UHAYKIIH]a.

Ilpen pma ja wmckaxeme TakaHapeyeHaTa OWHOMHa ¢opMmyna, Ke
BOBEJIeME HEKOH O3HaKM.

Hegpunuyuja 1.1. Tlpoussonor 1-2-3- ... -n ce o3HauyBa co n! (ce
yuTa eH pakropuen). [To pedpurnnmja ce 3ema 0! = 1.

Hecunuyuja 1.2. Bpojor

nn—-1)n-2)---(n—k+1)
k!

unu OpojoT
n!
kl(n—k)!

n
ce BUKa OMHOMEH KOe(PUIMEeHT U ce O3HadyBa CO (kj (ce unTa eH Haj Ka).

[IpuToa BO mpBHOT caydaj camo k e MmpupojeH Opoj, fofeKa BO BTOPHUOT
cJy4daj OCBEH k M n e mpupojieH 6poj u n > k. [1o pecpununmja ce 3ema

o)

Ocoo6una 1.1. 3a cexoj npupopeH 6poj k u cekoj mpupopaeH 6poj i (k >

i) € TOYHO PaBEHCTBOTO :
k k k+1
+ = :
i i+1 i+1

R (kYK k! KRG+ Rk -i)
i) i+1) ilk=i)! G+DIk—i=D!  G+DIk=i)

Jlokas:

B i+1

_ klk+1) (k+1)! k+1
DUk -0 G+D[k+1-G+D] '

11



Tnasa 1

Teopema 1.1 (bunomna d¢opmyra). Heka a m b ce peanHm
(kommiekcHM) 6poeBu. Torair 3a cekoj mpupojeH 6poj n Baxku popmyiiaTta

n ny o, ny ., 5, ny . .
(a+b)"=| |a"+| @b +| @b +..4+| |a"'b +..+
0 1 2 i
n 17.n-1 n n
+ ab”™ +| b".
n—1 n

Hoxas: Bo noka3oT ce npuMeHyBa MaTeMaTUyKa MHAYKIH]ja:

1 1
1. 3a n = 1 uMaMe TOYHO paBeHCTBO (a +b)' = (Ojal + {l]bl.

2. Heka e TOYHa MHAYKTHMBHATa IPETHOCTaBKa T.e. HEKAa € TOYHO
PaBEHCTBOTO

k k k k o
(a+b) = (Ojak +(1ja’”b1 +(2]ak2b2 +...+( Ja’”b’ +ot
1
k k
+ a'b* +| " |p".
k-1 k

TpruyBame oj jeBaTa cTpaHa Ha popMmysiaTa 3eMajku 3a n = k+1 u
OCBEH MHAYKTHBHaTa NpeTNocTaBka Ke ja Kopuctume ocobuHata 1.1 m

dakTorT gexka
k+1 1 kY (k) (k+1
o) (o) (k) k+1)
Toram umame
k k k kY .
(a+b)"" =(a+b) (a+b)= [(Oja" +(1Ja“b1 +(2ja“b2 +...+( ,Ja’”b’ +..
1
k 17, k-1 k k k k+1 k k kg1 k
+ ab” +| b Na+b)=| |la”" +][|  |+]| [lab +..+[ |+
k-1 k 0 1 0 i
k - k k k k+1 k+1
+ o {la™h 4+ |+ la'b" +| | = a™' + a'b' +
i—1 k k-1 k 0 1
k+1 k+1 o k+1 k+1
+ a“'b*+..+|  |a"h +.+ a'b* + b,
2 i k k+1

Bupnejku ja mobuBme fecHaTa crpaHa Ha dopmyrara 3a n = k + 1, cnegysa
JieKa PpaBEHCTBOTO € TOYHO 3a n = k + 1 W coopel NPUHIMIOT Ha
MaTeMaTU4yKa MHAYKIKja JOKA30T € 3aBpIIIEH.

12



§1. Peaaru 6poesu

3a OMHOMHHUTE KOE(UUUEHTH IOCTOM HEKOja CUMETPUYHOCT KOja
IIPOMU3JIETYBa Off WAEHTUTETOT
n n

k n—k)
co uyMja nomoul ce kKoHcTpyupa Ilackanos tpuarosnnuk. ITocrojaTt u gpyru
BPCKU M CBOJCTBA KOM ce€ M3y4yyBaaT BO MoceOHa MaTeMaTH4YKa JACHUIINHA

. n
Hapc4dcCHa KOM6I/IHaTOpI/IKa, BO KOQja OMHOMHHOT KOG(i)I/II_[I/ICHT K ce

O3HAYyBa " CO C,’f U TpeTcTaByBa OpoOj Ha KOMOMHAIUYU Off # €JIEMEHTH Off
KJacara k.

1.2. AKCMOMATCKO BOBEAYBAIBE
HA PEAJTHUTE BPOEBUA

Peannute OpoeBu ce ejleMEHTM Ha €IHO MHOXKECTBO BO KOe€
aKCHOMATCKHU ce JiepuHupaaT ABe OMHAPHU ONepalluyu HapedeHU coOOupame
U MHOXEHEe WU efHa OWHapHa peJanudja HapeuyeHa ToJfipeflyBame Cco
aKCHMOMATCKO 3aJI0BOJIyBal€ HAa HEKOW 3aKOHU, OJHOCHO OCOOWHH.
BeymHoct, Ha TOj HauWH ce AeduHupa egHa anaredapcka crpykrypa. MHaky
er3ucTeHIyjaTa Ha OBUE anrebapck CTPYKTYPH Ce 3aCHOBA Ha MPUPOHO
UCKYCTBO U €r3UCTEHIMjaTa Ha peayHuTe OpOEBH MOXKeE Jla ce MOKaxKe aKo
ce mpudaTH er3ucTeHInja caMO Ha MPUPOJHUTE OPOEBHU.

TounaTa fedununmja Ha anrebapckaTa CTPYKTypa YU €JIEMEHTHU Ke
Oupat peajiHUTE OpOEBU Ke Oufie JajgeHa H1u3 CUCTEMOT akcuomu off I o VI,
noafajku ojf HEMpa3HO MHOXKECTBO R UMMINTO €JIEMEHTU Ke T'M Hapeueme
OpoeBu.

|. AKkcuoma 3a peranmjaTta nogpeayBame co O3HaKara “‘<”

3a kou Ousio fiBa 6poja @ U b e 3aJloBOJIeHa €[lHa U CaMO €JHa Of
CJIE[THUTE TPU BPCKU:

1°a<b, 2°a=b, 3°b<a (penammjaTa < ce ynTa “HOMaio”).
I,. Akoa<bub<cToram a < c¢ (TPaH3UTUBHOCT).

AKO a < b unu a = b, Torau ckpaTeHo Ke numysame a < b. Yecro ce
ynorpeOyBa 03HaKaTa > AepruHUpaHa co b > a ako 1 caMo aKo a < b.

13



Tnasa 1

Il. AKkcuoma 3a onepanujata coonpame co 03HaKa “+

3a kou 6ui0 iBa 6poja ¢ U b MOCTOM €JHO3HAYHO OIpefiesieH 6poj ¢
HapeyeH 30up, Ipu WTO ¢ =a + b.

I1;. 3a xou 6umno aBa Opoja a u b Baxu a + b = b + a (KOMyTaTUBEH
3aKOH).

II,. ITocTon 6poj HapedeH Hyna co o3Haka (), TaKOB LITO 3a KOj OMIIO
6poj aBaxu a+0=a.

II5. 3a xou 6uno Tpu Opoja a, bu ¢ Baxu (a + b) +c=a + (b + ¢)
(acoumjaTUBEH 3aKOH).

I14. 3a cexoj 6poj a moctou 6POj HapeueH CIPOTUBEH Ha OpPOjOT a cO
O3HaKa —a, TaKOB IITO Baxu a + (—a) = 0.

e 7

I11. Akcuoma 3a onepanyjata MHOKeHh€ CO O3HAKATa

3a kou Ouno ABa 6poja a U b MOCTOU €JHO3HAYHO OIpefesieH Opoj ¢
Hapey4eH MPOU3BO/, IIPU IITO ¢ = a-b.

III,. 3a kom O6mio nBa 6poja a m b Baxku a-b = b-a (KOMyTaTUBEH
3aKOH).

Il,. 3a kom Owno Tpu Opoja a, b m ¢ Baxu (a-b)c = a(b-c)
(aconmjaTHBEH 3aKOH).

II1;. ITocTtom Opoj paznuuyeHn o 0, HapedyeH eguHUIA CO O3HaKa 1,
TaKOB IITO 3a MPOU3BOJICH OpOj a Baxku a-1 = a.

IIl4. 3a cekoj Opoj a paznuueH of 0 mocrou GpPOj KOj ce HapeKyBa

. 1 1
UHBEP3€H Ha OPOjoT @, CO O3HaKa —, TaKOB IITO BaxXu a-— = 1.
a a

IV. AKcoma 3a BpcKHuTe Mery onepanujara cooupame, onepanujara
MHOJKeH-€ U pejianujaTa nojpenysame.

IVi. Ako a < b, Toraui 3a Koj Ouito Opoj c Baxku a + ¢ <b + c.

IV,. Akoa<bwu 0<¢, Toram Baxu a-c < b-c.

IV;. 3a kou Ouno tpu Opoja a, b u ¢ Baxu (a + b)c = a-c + b-c
(mucTpuOyTUBEH 3aKOH).

V. Akcuoma Ha Apxumeq

3a k0j 6110 Opoj a NOCTOM NPUPOAIEH OPOj # TAKOB IITO BaXKU a < A.
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§1. Peaaru 6poesu

VI. Akcuoma HA HENPEKHHATOCT

OsBaa akcmoma ce HapeKyBa U IPUHIUI Ha HETIPEKUHATOCT U € JOCTa
BakHa BO MaTeMaTWukaTa aHanu3a. [Ipen ma Oupe dopmynupana, Ke
najieMe HEKOJIKY HEONXOMHY IePUHUIUN.

Hecunuyuja 1.3. 3a TOTMHOXKECTBOTO A O MHOXKECTBOTO OpOeBU R
BeJIMMeE JleKa € OrpaHrYeHo ofrope (OoAaoy) ako moctou 6poj M (m) om R
TaKOB IIITO 32 KOj 6uyo 6poj a on A Baxku a < M (m < a). Bpojor M (m) ce
HapeKkyBa MajopaHTa (MUHOpaHTa) WM TopHa (moiHA) Mefa Ha
MHOXKECTBOTO 4.

Hegunuyuja 1.4. Betume neka MHOXECTBOTO A € OrpaHUUYEHO aKo €
OrPaHUYEHO U OOy U OArOpE.

Hecpunuyuja 1.5. Bpojor M (m) ce HapeKyBa cynpeMyM (MHPUMYM)
WM TopHa (J07THa) Mefa 3a MHOXKECTBOTO A TIOJIMHOKECTBO Off R aKko:

1° M (m) e majopanTa (MEHOpaHTa) 32 MHOXECTBOTO A.
2° 3a mpomssonen 6poj ¢ > 0 mocrom GapeM efeH Opoj x Of
MHOXKECTBOTO A €O 0ocoOMHa x> M —g(x <m + ¢).

Bpojor M (m) ce o3nauyBa co supA (inf4).

Jla 3alenexuMe JieKa € Ba*KHO Ja c€ pasrpaHuud (PakToOT JeKa
OpOjOT x HE € eUHCTBEH 3a ceKoj Opoj & TYKY 3a efleH Opoj & MOCTOU efieH
6poj x, 3a Apyr Opoj & (pa3imuueH oj MPBUOT) TOCTOU APYT (WJIM MCTHOT)
6poj x, U.T.H. (MOHEKOTralll HAMECTO M3Pa3oT “3a MPOU3BOJICH OPOj & “ MOKe
lla ce CpeTHe M3pa3oT “3a Koe Ouio ¢ mnm “3a cekoe ¢°). Bo Hekoja
nuTepatypa sup4 ce AeUHMpA W KaKO HajMalla MajopaHTa, a infA Kako
HajrojeMa MUHOpaHTa HO 3a TOa MPETXOAHO Tpeba J1a ce JofaaT yIITe JIBe
neduHUIMY 32 HajMaJl ¥ HAjTOJIEM €JIEMEHT Ha €IHO MHOKECTBO.

Hecpunuyuja 1.6. Axo sup4 (inf4) e Opoj koj My mpumara Ha
MHOXKECTBOTO A, TOTalll BEJIMME JieKa TOj Opoj € MaKCUMyM (MUHUMYM) WJTA
HajroseM (HajMal) eJIeMEeHT Ha MHOXKECTBOTO A.

AKCHOMA Ha HENPEKUHATOCT:

Cexkoe Hempas3HO Ofrope OrpaHMYeHO MOAMHOXKECTBO Off R mnMa
cynpemyM (TopHa Mera) Koj mpunara Ha R.
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MmuoxecTBO R BO Koe ce 3ajoBoJieHn akcuomute I mo VI ce Buka
MOTHOJIHO TIOfIpefieHo MmoJjie (KaKo crenujajiHa anrebapcka CTpPyKTypa) Ha
peanan OpoeBu. Cekoj eleMeHT Ojf MHOXKECTBOTO R ce HapeKyBa peajieH
6poj. [la 3abenexunme ieka akcuomaTa V BCYILIHOCT € TeopeMa Koja MOxKe
la ce AoKaxke co akcuomara VI, HO mopajgM Hej3MHAaTa BaXXKHOCT ja
HaBeJlyBaMe MOCeOHO.

1.3. AIICOJYTHA BPEJHOCT HA PEAJIEH BPOJ

Hegunuyuja 1.7. AnconyTHaTa BpPEmHOCT Ha peajieH Opoj a ce
HapeKyBa peajieH Opoj, co o3Haka | al, 3a koj Baxu:

a, 3a a=>0
lal =
—a, 3a a<0

On camara neduHHIIAja € jacHO JieKa ancoJlyTHaTa BPEIHOCT (Kako
peasien Opoj) e ceKoraiml morojieMa WM e[lHaKBa Ha HyJja, T.e. CeKorall
Baxu | a| >0 3a koj 6Gurno peanen 6poj a.

Jema 1.1. Heka a € R. Toraiu Baxu:

a) |al =|-al; 6) a< lal; B) —a<|al.

Hoxas: a) Cnopep akcuoMara 3a moApefayBame 3a opoeBute a u 0
€IMHCTBEHO € MOXEH CaMO €JIeH Of CIETHUTE CIyJau:

1°a<0; 2°a=0; 3°a>o0.
Ke ' pa3rnenaMe CUTEC TpI/I Cﬂyan/I OE€JIHO.

1° Axko
a<0,

Toraul criopef efHa nocneguna Ha IV, Baxu
—a>0,
na crnopep neuHMIjaTa 3a arncojlyTHa BPEJHOCT UMaMe
lal =-a u |-al =—q,

CO ILITO I'o JOOMBME 0APaHOTO PABEHCTBO.
2° Ako
a=0,
TOrau u

16



§1. Peaaru 6poesu

—a=0, lal=0, |-al=0,
CO IITO MOBTOPHO ce 0OMBa 6APaHOTO PABEHCTBO.
3% Ako
a>0,
TOTarl
—-a<0

U criopef fe(pruHUNMjaTa 3a alcojayTHa BPEAHOCT K& UMame
lal =a m | —al=—(-a)=a,
1a MOBTOPHO ce 1o01Ba 6apaHOTO PaBEHCTBO.
Co TOa 10Ka30T € 3aBpIIEH.
6) U oBae Ke ru pasriefaMme cuTe TPU MOXKHH CITyJam:

1° Ako
a>0,
TOorall
lal=a,

na ro fobuBamMe 0apaHOTO HEPABEHCTBO.

2" Ako
a=0,
TOranl
lal =0,
1a MOBTOPHO T'0 JoOMBaMe GapaHOTO HEPABEHCTBO.
3% Ako
a<(,
TOrall
lal=—a,

1a 3aMEHETO BO HEPABEHCTBOTO ce JOOMBa
a<-a,
mTo e TouHo (cmopen IV a + (—a) < 0 + (—a), omHOCcHO 0 < —a. Cnopen I; of
a<0u 0<-agcnenyBaa<-a).
Co Toa 10Ka30T € 3aBpIIIeH.

B) Jloka30T ce u3BeyBa Ha UCT HAYMH KaKo IMOJ a) 1 0).

Jlema 1.2. 3a kou 6uno0 peanHu OpoOeBH a U b € 3aI0BOJICHO

a) la+bl<|al+]bl

17
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6) llal-Ibll<la-b
B) lal-lbl=la bl

P14 |a|

a
5 = ﬁ; CO TpeTnocTaBka jieka b = 0.
Hoxas: a) On Jlema 1 crenysa:

a<lal, (1)
b<|bl, ()
—a<|al s 3)
~b<|bl. 4)
Axo ru cobepeme (1) u (2), ke mobueme

(a+b)< lal+|bl. (5)

Axo nak ru cobepeme (3) u (4), Ke uMmame
—(a+b)< lal+lb]. (6)

On (5) u (6) ciopen necuHAUNIEjaTa 32 aICOTYTHA BpeHOCT (TJIeIaHa
HaHa3aj) ro nobmBame 6apaHOTO HEPABEHCTBO.

HepaBenctBoTo mop 6), KaKO W paBeHCTBaTa MOJ B) W T) ce
MIOKaXKyBaaT Ha CIIMYCH HAUWH.

1.4. HEKOM BAXKHHU INOC/IEIUALIN

Kako mTo Beke 3abenexaBMe, ToieM Opoj MOCHENUIA Of
akcuomute I o VI Beke ce mo3HaTu off cpeHo oOpa3oBanue. Cenak, OBje
K€ ce 33JJp>KNMe Ha HEKOU Of] HUB.

Iocaeouya 1.1. 3a xou 6mio ABa peanHu 6poja a u b, a > 0, mocTon
uen 0poj n > 0 TakoB WTO n- a > b.

/[loxa3: HaBuctuHa, o ApxuMmenoBaTa akCHMOMa CJIEeAyBa JieKa 3a
. b ) b

peanHuoT Opoj — TMOCTOM 1ea O6poj n > 0 TaKOB WITO 1 > —, Of] Kajie IITO
a a

crneqyBa 1 6apaHOTO HEPABEHCTBO.

Ilocaeouya 1.2. Ako 3a cexoj peajieH NO3UTUBEH OpOj & BaxKH

|a|<g,ToraLu a=0.

18



§1. Peaaru 6poesu

oxka3: [1a npeTnocraBuMe 0OpaTHO, T.€. HEKA

a+0,
OJ1 Kajie IITO ClIeiyBa
|a|¢0, Te. |al >0.

Heka 3a & ro 3eMeMe 6pojot | al .
bupnejku criopen yciaoBOT HEPABEHCTBOTO Tpeba 1a BaXKM! 3a CEKOE &,
Ke BaXu U 3a
e=lal,
T.€. K€ BaXu
lal<lal,

HITO € BO KOHTPAaAUKTOPHOCT co akcuomata I. Cropen Toa

a=0.

ITocaeouya 1.3. Hynarta e euHCTBEHA.
Loxa3: Heka 0, u 0, ce nynu u 0, # 0,. Toram
0,=0,+0, =0,+0,=0,,

LITO IPETCTaByBa KOHTPAAUKTOPHOCT. I1pu Toa e kopucrena ocoounara II;.

JlecHO ce foKaxkyBaaT CIEIHUTE MOCIECIUIIN.

ITocaeouya 1.4. Axo a +b=a + ¢, Toram b = c.

[YnatctBo: (a+b)+(-a)=..=b,(at+c)+ (-a)=..=c]

Ilocaeouya 1.5. Ya, b € R, mocTon eNUHCTBEH peasieH Opoj x, Taka
mTo a +x = b.
(EnmHCTBEHO pelieHre Ha IMHeapHa paBeHKa CO eJHa HEel03HaTa. )

ITocaeouya 1.6. Axo a- b= 0, Toram g =0 unu b = 0.
(Bo R HeMma fienuTesN Ha HyJIaTa).

Bp3 ocHoBa Ha akcmomuTe ce AeUHUpaaT U APYrd ONepaluu u
MOCJIeINIIN, Ha TIpUMEp olepanmjaTa og3eMame (a — b ce gepuHIpa KaKko a
+ (-b)), omepanujaTa feliewme, onepanujaTa CTENeHyBame, onepanujaTta
KOopeHyBame 1 Ap. Cenak, Kako HenocpegHa nocieauna of VI akcuoma Ke
ro HaBeJEMe YIITE CIEAHOTO TBPACH:E:
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Iocaeouya 1.7. Cexkoe Hempa3HO  OJlOJY  OTPaHUYEHO
MOIMHOKECTBO Of] R MMa JIoJIHa Mefa, OMHOCHO UH(pPUMYM, BO R.

Jlocera He ru cCIOMHaBMe UpalyoHanHuTe OpoeBu. BeymHocT Toa ce
peasiHu 6poeBU KOM HE ce PalMOHAIIHA ¥ HUBHOTO MHOYXKECTBO CE€ O3HauyBa
co 1. Moxe na ce mokaxke Jieka Mef'y iBa peajHu Opoja uMa OECKOHEYHO
MHOT'Y KaKO palluOHaJIHU, TaKa U UpalMOHAIHU OPOEBHU.

MHuoxkecTBOTO / HE € pa3Ho MHOKecTBO. Ha mpumep, 6pojoT x Koj e
pellleHne Ha paBeHKaTa x° = 2 My IpHIara Ha TOa MHOXECTBO. 3a Jla ro

MOKaxkeMe TOoa, Ke MPEeTIOoCcTaBUMe JieKa TOj Opoj € pallMOHaNIeH T.€. MOXe

Ja c€ MpETCTaB/U BO BU]] Ha IPOIIKa £ , Kai€e MITO p U g CC 3a€MHO IIPOCTU
q

nemu 6poesu. Co 3aMeHa BO paBeHKATa ce Jo6MBa p” = 2¢°, MITO 3HAYH p°
OJHOCHO p € TapeH Opoj M MOKe Jia ce 3amulie Bo BUf p = 2k, Kajie To keZ.
Co IOBTOpHA 3aMeHa Ha p ce JobmBa ¢~ = 2k*, IITO 3HAYM U ¢ € TapeH 6poj,
IITO € BO KOHTPAJUKTOPHOCT CO IMPETIOCTaBKaTa p U ¢ Ja Ce 3aeMHO
npoctu OpoeBu. Cnopep Toa Toj Opoj He € panroHaleH Opoj.

Ipumep 1.2. MHOXECTBOTO

A:{ﬁ | m,n e N,m<n)}
n

OJ] CUTE IIPABUJIHYU MMO3UTUBHU JAPONKHN HEMA HAjrOJIEM HU HajMal EJIEMEHT,
OJIHOCHO HeMa supA 1 HeMa inf4 Kou Ou npumnarane Ha Toa MHOXKECTBO.

Pewenue: Ke nokaxkeme geka 0 e infA.

1°0e MUHOpaHTa Ha A OupiejKu LS 0Vm,n e N.
n

2° Heka & e Ipon3BoJIeH MO3UTHBEH peanen 0poj. O ApxuMmenoBaTa
akcuoMa cJieJlyBa iekKa MOCTOU MPUPOJIeH Opoj 1y (32 TOA £) TAKOB IITO

1 1
ny> —, OMTHOCHO — < & (aKo e no= 1, Toram ce 3ema ng+ 1 > ng, T.e. 2>1).
e n,

| : .
bupejku — € A4, np# 1, mokaxkaBMe fieKa 3a CEKOj NO3UTUBEH peajieH Opoj
n
0

.1 . 1 .
gnocron 6poj — € A 3a Koj Baxku 0 < — < 0 + & ogHOCHO fAeka inf4 = 0.
ny ng

Ho 0 ¢ 4 mto 3Haunm 4 HemMa HajMaJll eJIEMEHT.

IIpumep 1.3. sup(4 + B) = supA + supB,
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§1. Peaaru 6poesu

Kajie MTo
A+B={a+b|aecA,be B}.

Pewenue: Hexka

ao= sup4, bo= supB,

1N HEKA O3HaA4YUME
Co= Ao + bo.

1°  (ap=supd = Va € 4, a < ap);
(bo=supB = Vb € B, b < by)
=>V(at+tb)e A+ B,a+b<ay+ by (=cp).

3Hauu, ¢y € MajopaHTa 3a 4 + B.

20 ay=supAd u by=supB=>Ve, da. €Aub.eB
Taka IITO BaxKu

£ €
ag >a — T bg >b - .
) )

3Haun, MoCTOn
c: = (ag +b;) € A+ B,
Taka IITo

Cg>((l()—§)+(bo—§)200—€,

CO IITO JOKA30T € 3aBpUICH.

1.5. TEOMETPUCKO ITPETCTABYBAILE HA PEA/THUTE
BPOEBU. IPOIMUPEHO MHOXKECTBO HA PEAJTHUTE BPOEBU

Peannute 6poeBr MOXKaT r€OMETPUCKH Jja C€ MPETCTaBaT CO TOYKHU
of] efiHa OpojHa Mpasa.

Hecunuyuja 1.8. BpojHa ocka ce HapeKyBa HacOueHa NpaBa Ha Koja ce
(pukcupanm aBe TOUKM Kou ce o3HauyBaat co 0 (moueTok) u co 1 u Ha Kou
UM ofiroBapaat peannute 6poesu 0 u 1.

Mozke fa ce mokaxe Aeka Ha ceKoj peajieH Opoj My OofiroBapa caMo
eflHa TOYKa of] OpojHaTa OcKa U 0OpaTHO.
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[To3uTuBHUTE peanHun GpoeBH (T.e. peaTHUTe OPOEBH ¢ 32 KOM BaXKH
0 < a) ce mpeTcTaBeHM CO TOYKHM OJf JIeCHaTa CTpaHa Ha HyjlaTa, a
HETaTUBHHUTE peajiHu OpoeBH (T.e. peaHUTe OGPOEBM a 3a Kom Baxku a < ()
ce IMPETCTaBEeHW €O TOYKM Of] JIeBaTa CTpaHa Ha HyJata. YecromaTtu
HaMecTo “a e momajio of b” (“b e morosemMo of a”’) ce Belu “a ce Haora
neBo of b” (“b ce Haora ecHo off a”).

Hecpunuyuja 1.9. Heka a u b ce agBe TOUku o GpojHaTa OCKa 332 KOU
BaXM a < b. MHOXECTBOTO TOYKM X Off OpojHaTa OCKa 3a KOM BaxKarT
HEpaBeHCTBaTa

a<x<b
ce HapeKyBa OTBOPEH MHTEPBAJI U CE€ O3HAUYBa CO

(a, b).
MmuosxkecTtBarta

{(xIxeRa<x<bl u f{xlxeRa<x<b}
ce HapeKyBaaT MOJIyOTBOPEHU UHTEPBAJIM U CE O3HAYYyBaaT CO
[a,b) m  (a,b]

COOJIBETHO.
3aTBOpPEH MHTEPBAJ WU CETMEHT Ce HapeKyBa MHOXKECTBOTO

{x| xeR a<x<b}

U ce 0O3HauyBa co
[a, b].
ITocneqHOTO MHOXKECTBO YECTO CE HapeKyBa U OTCeYKa CO JIOJKUHA
b—a.

Hecgunuyuja 1.10. Heka a, ¢ € R u & > 0 (wim 0 e momajo of &).
MHOKeCTBOTO TOYKH X Off OpOjHaTa OCKa 3a KOM Baxu |x — a |< ¢ ce
HapeKyBa £-OKOJIMHA Ha TOYKAaTa a ¥ ce 03HavyBa co V(a, &).

Mozke ma ce oKaske jleKa HepaBeHCTBOTO

|x—al <e
€ €KBUBAJICHTHO CO CUCTEMOT HEPaBEHCTBA

x—a <ég —(x—a)<e;
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OHOCHO
x<a-+eg xX>a-—- ¢,
OIHOCHO
a—&c<x<a-+te.

3Haun, TeOMETPUCKU £—-OKOJMHATA HA TOUKATA d € MHTEPBAJIOT
(a—¢ga+e).
Heunuyuja 1.11. Toukata a € R e TOUKa Ha HaTpynyBame (TOUKa

Ha 3TyCHYBam-€) 32 MHOXECTBOTO E C R aKo ceKkoja Hej3uHa okonmHa V(a, O)
cofipKu O0apeM efiHa TOYKa Ojf MHOXECTBOTO E pa3iinyHa of a.

Hepunuyuja 1.12. Toukata a € R e BHaTpemrHa TOYKa 3a
MHOXECTBOTO E < R akKo NOCTOM HE€j3WHa OKoauHa V(a, O) Koja €
MOJIMHOXECTBO Ha MHOXKECTBOTO E.

MHOKeCTBOTO Off peaqHUuTe OpOEBH MOXE Jla c€ MPOLIMPH CO YIITE
liBa elIeMEeHTa CO O3HAKU —oC M +oc, Taka IITO 3a CeKOj peaneH O6poj a ma
BaXaT (OpPMaJIHO BO MPOIIMPEHOTO MHUXKECTBO CIECTHUTE OCOOMHM:

a)—oc <+oc U —oc<a<+oc,
0) a+ (+x)=(+x)+a=+x; a+ (—x)=(-x)+a=—cx,

B) aKko a > 0, Torant a-(+oc) = (+oc)-a = +oc 1 a-(—oc) = (—oc)-a = —cc,
ako a <0, roram a-(+oc) = (+oc)-a = —oc ¥ a-(—oc) = (—oc)-a = +o,

nlo o
oC

— oC

OBa mpommupyBawme IO NpUMEHYBaMe€ U BO Ne(HUHUPABETO HA
UHTEpBAIM W TOJAyuHTepBaidu. VIMeHO, ce neduHUpaaT M CIETHHUTE
MHOKeCTBa (MHTEpBaJIn):

(x| xeR,x<a} = (-, a); (x| xe R, x<a}= (-, al;

(x| xeR,x>a}=(a,+x); {x| xeR x<a}=[a,+x); R=(—ox,+x).

+
Nzpasure mak (+oc) + (—oc), 0-(foc), ;—OC, He ce AeuHHMpaaT BO
T oC

MPOIIMPEHOTO MHOKECTBO U CE HAPEKyBaaT HEONPENEIEHN U3PA3H.
1.6. IENNMAIJIEH 3AIINC HA PEAJIEH BPOJ.
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BPOJHU CUCTEMU

Hexka a e mpou3sBosieH mo3utuBeH peajieH Opoj. Op akcmomaTta Ha
Apxumeq ciiefiyBa jieKa IOCTOU IPUPOAEH Opoj 1y TakoB IITO a < no. Heka
mo + 1 e HajManmoT (M e UHCTBEH) Off CHTE NPHUPOJHM OpOEBH CO Taa
ocobuHa (Toctou criopen nocieaunara 1.7 og akcuomara VI). Toram

mp<a<mp+1l m 0<a-my<l1, 0<10(a—-mp)<10.
ITonaTamy 3a peanHHOT O6POj
10(a — my)
MOCTOU MPUPOJEH OPOj 7] TaKa IITO
ni < (a—mp)l0.

Co m; Ke ro O3HauMMe HAJrOJIEMHUOT Off CUTE NPUPOAHHM OPOEBU CO Taa
ocobmHa (KOj € e uHCTBEeH W mocTom cropen akcmomata VI). Ilpuroa,
opajiu HePaBEHCTBOTO

a—-my<l,
Ke ouje
0<m; <10.
3Haun
my <(a—my)l0<m +1,
OTHOCHO

m
0<10%a—my— —1<10.
[ 0 10]

ITonaTamy, ciopes ucraTa mocTanka 3a peajgHuoT Opoj
m
10[a — mg — —
[ "~ o ]

K€ IOCTOM €IMHCTBEH MPUPOJIEH OPOj my TaKa IITO
m
0 < my < 10*[a — mo— 1—1] < mp+1

O]l Kajie IITO ClIelyBa eKa

0<m<10 u 0<10[a—m— = - 2]<10.
1010

Hapenen uyekop Ke Owuje ers3ucreHUujaTa M E€JUHCTBEHOCT Ha
NpUpOJIEH Opoj m3 3a peaJHuoT Opoj
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103[a—m -— - — WTH.

[MponmomkyBajku ja oBaa mpouenypa (aaropuram), Ke gobmeMe HHU3a Off
MIPUPOAHU OpPOEBU
mo, Mp, M2, ..., Migy M1, ...

YUY YJICHOBU I'M UMaaT CIICIHUTEC OCOOMHU:

k+1 m m m
0 < mpei< 105 fa—mo = T = 5 == o

0<m;<10, i=1,2,...k+1, keN°(=NuU{0}),

1 <myp +1,

m, m, m, . .
a>my+ — +—= +.+ —-, 3a CeKOj IPUPOJieH OpOj k.
10 10 10
I[Tonatramy ce moOKaxKyBa JeKa a BCYIIHOCT € CYNpPEeMyMOT Ha
MHOXECTBOTO Of] OpOEBUTE
m, m, m, m, m, m,
mo,mo+ —,1’1’10+ — + — ,...,1’Il0+ — + s + .t BV
10 10 10 10 10 10
HalWIIaHW BO HW3a TNO TOJEMUWHA W CHTEe TNoManu Of OpojoT a (BO
COTJIACHOCT CO CAaMHOT aJTOpUTaM).
3Haum, 3a CEKOj MO3UTHUBEH peajieH Opoj @ mocTon HU3a (6ecKoHeUHa
WV KOHEYHA) Of] MPUPOJHN OpOEBU

ceey

mo, mi, My, ..., Mg, ... ,0< mp<9, ke N,
Taka IITo:
m m
a=my+—+—= +..+—~
10 10 10
3anucor

a=momymyms... My...
C€ BUKa NCIMMAJICH 3alluC Ha pCaAJTHUOT 6p0] a1 € €EJUHCTBEH OCBECH 3a €JHa

Kjlaca panuoHajHU OpoeBW (IpuMep: % = 0,125000... = 0,124999...) yun

YJIEHOBU MMaaT TOYHO J[Ba AECIMMAaJIHM 3amuca. Toa € BCYIIHOCT KjacaTa
palnoHaIHA OPOEBU Kaj KOM UMEHUTEJIOT € JIEIUB CO MPOCT Opoj moMas of
10. Ce mokaxyBa jeka Ha NMEpUONUYHUTE ACUUMATHU 3alUCH OAroBapaar
panuoHanmHU OpOeBH, a Ha HENEepUONUYHHUTE [ACUUMATHH 3aluch
MpaAOHAIIHATE OPOEBH.
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Jla 3abenexxuMe feKa Mpu alirOPUTMOT TH KOPUCTEBME aKCHOMHTE V
n VI, OJHOCHO HHUBHUTE MOCIEAULM, CO IUTO € TrapaHTHpaHa camara
nocranka. MIcTo Taka, ceKOj HeraTuBeH Opoj MOXe Jla c€ UHTEPIpEeTUpa Ha
UCT HAayuMH CO ToOa IUTO CE 3eMa HeroBaTa alcoJlyTHa BPEJHOCT, a IO
nocrankata AOOMEeHWOT JeIMMAalIeH 3amuc ce MHOXH co —1 (OHOCHO ce
craBa MuHYyC Tipej; Hero). Cekoj palioHaJieH Opoj 3alMIlaH KakKo JpOIKa
MOXe Jla Cce 3amuile BO feluMalieH 3alHuc CO €JHOCTaBHO MeNeme Ha
OpOUTENIOT CO WMMEHHTEJOT, NMpPU IITO caMaTa IIOCTanka Ha [elemne
BCYIIHOCT € TMOEeJHOCTaBHa (popMa Ha BeKe W3HECEHHOT alrOpUTaM.
I[Iputoa e BaxkHO fAa ce 3abesekW fAeKa BO CaMHOT aJropuTam ce
KOpHCTEIIe AeceTKaTa, CO IITO BCYIIHOCT ce JoO0uBa Opoj 3amuiiaH BO
nekameH OpoeH cucreMm (Oeka [rpd.] = pmeceT) co ocHoBa pecer. Toa
BCYITHOCT 3HAYM JIeKa 3a 3aMUCOT ce KOPHUCTAT TOYHO JieceT 3HaIM (nudpn):
0,1,2,3,4,5,6,7,8,9. [IokOJKy ce KOPUCTH ipyra OCHOBA, JOOMEHUOT
3amuc Ke Oufie 3anuc BO MO3UIMOHEH OPOEH CUCTEM CO ApyraTa OCHOBA.

Op mo3unMoHNTEe OPOJHU CUCTEMH HAJUeCTO C€ KOPUCTH JCKAJTHUOT
OpOEH CHCTEM, a CeKaKO IMOTOoa EHTPAIHO MECTO 3a3eMa TaKaHapEUYeHHUOT
OMHapeH OpOeH CUCTEM CO OCHOBA ABa. [IpuunHaTa € YNUCTO MpakKTUYHA aKO
ce 3Hae JIeKa 3a 3alullyBamke Ha efleH Opoj BO IeKaJHUOT OPOEH CHUCTEM Ce
noTpeOHN feceT nudpu (3HANM), a BO OMHAPHUOT OPOEH CHCTEM CaMo JIBE.
[TpakTuyHOCTa MpOM3IEryBa Off TOA LITO 32 3aMUIIyBakETO HA OPOEBUTE U
3a W3BEAYBAamHETO HA apUTMETUUYKUTE ONepalu ce MOTPeOHH CTAOUITHH
cocTOjOH, a OOMYHO Kaj €NIEKTPOHCKUTE U eJIEKTPOMEXaHUUKUTE €JIEMEHTH
ce KapaKTepHCTUYHU JIBE PA3lIMYHH TNPHUPOJHU COCTOjOM (BKIYYEH WIIH
WCKJIy4YeH MpeKuaady, uMa Wi HeMa MpOTOK Ha crpyja u ci.). Cenak, 3a
CMETauyuTe € MHOTY BakHa M €KOHOMHYHOCTA Ha OpOjOT HA MO3UIMOHUTE
MecTa, Taka IITO MOKe Jia ce TMOoKaxKe Jieka OPOjHUOT CUCTEM CO OCHOBA TPHU
€ HajeKOHOMHUYeH, co 3alelemika jeka BO OMHAPHUOT CHUCTEM CHUTE
ApUTMETHUKU ONepalui ce CBeflyBaaT Ha olepalnyjaTa coOupame, IITO
TIOBEAyBa 10 MHOTY NTOMaJId MAIIIMHCKY TPEIIKH NPU 3a0KPYKYBabe.

Ha xpajor ga ro pasriefgamMe UCTOPUCKOTO U3TPaflyBambe HA MTOUMOT
peanex 6poj. Ilpupoguure, eaUTE U PaliOHAIIHATE OPOEBH, 32 KOU BasKaT
akcuomutTe off I mo V, Ouse mMo3HATU CO CHTE HUBHU CBOjCTBa YIITE BO
paHaTta aHTuKa. Toram 6miI Mo3HaT U MPOOIEMOT Ha NMOCTOEHE HEMEPINBU
OTCeYKM, Kako IITO €, Ha MpuMep, AOKMHATa Ha XWIIOTEHy3aTa Ha
IpaBOarojieH TPUAroJHUK YUU KaTeTh uMmaat foikuHa 1. Toj mpoGiem Ha
Oapame OpOj KOj Ke OiroBapa Ha JOJI>KMHATa Ha TaKBa OTCEYKa AOBEJ IO
MOMMOT HWpalyoHajieH 6poj, OMHOCHO OpoOj KOj HE € paloHalieH. 3Hauu,
MaKoO MHOXeCTBOTO () € Hacekajie rycro (Mefy fmBa palioHaJHH Opoja
ceKoraiml MoCTOM paiyoHajeH O6poj, HapuMep HUBHHUOT MONYy30Hup), cemak
Toa uma “pgynku”’. [IpoOmemMoT MOXe fga ce MocTaBM U CO CJegHaTa
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§1. Peaaru 6poesu

dopmynanuja. lanu mocrom O6poj umj KBagpaT (WM MOMHOXKEH CaM CO
cebe) e 2? 3Haum, HaCTaHaIa MPUPOIHA TOTpebda Off €THO MPOIINPYBahEe HA
MHOXECTBOTO palMOHAJHU OpOEBH, LITO € KOMIUJIETHO HalpaBeHO BO
BropaTa nonoBuHa Ha XIX Bek (Hemexunp (Dedekind), Kantop (Cantor),
Bonmnano (Bolzano), Baepmrpac (Weierstrass)), u Toa Ha pa3HW HAYHMHU:
Henexkwnn npeky T.H Jenexkunnosu npecenu (MHOXecTBa), KaHTop mpeky
IPUHLIUANOT 32 BIIOKEHU OTCEYKH UTH.

Ha cute HUB MM € 3a€HUYKO MOCTOEHETO WM HEMOCTOEHETO Ha
CyIpeMyM, OfTHOCHO UH(PUMYM, BO MOAMHOXKECTBO Of] palliOHAIHU OPOEBH.
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Tnasa 1

§2. KOMIINIEKCHUA BPOEBUA

2.1. AKCUOMATCKO BOBEAYBAILE HA KOMIIVIEKCHUTE
BPOEBUA

MHOKeCTBOTO Ha KOMIUIEKCHATE OpOeBH K& Oujle aKCHOMaTCKHU
nepuHIpaHO cO MOMOLI HAa BeKe fAe(UHUpPAH HAYMH HAa AKCHOMATCKOTO
U3rpajlyBalkbe Ha MHOXECTBOTO peanHu Opoesu. IIpuroa cexkako Ke ce Bogu
CMETKa 3a clenupuyHOCTa Ha JABEeTE anrebapcKu CTPYKTYpH H Ke ce
HaBeJyBaaT HUBHUTE Pa3/IMKU.

3a aKCMOMaTCKOTO BOBEJIYBAKE HAa KOMIUIEKCHUTE OpPOEBH ce moafa
Ol €JHO MHOXECTBO NOJPENeHN NapOBU peanHu OpoeBH, KOe Ke Tro
O3HauMMe CO

C=RxR=R’*={(a, b) | a beR},

KOe BCYLIHOCT IpeTcTraByBa [leKapTOB NPOM3BOJ, HAa MHOXECTBO peajHU
OpoeBH co ce0Oe M YMU eJIeMEHTH Ke TM Hapeueme OpoeBu. Co momoin Ha
OlepaluTe CO KOM € JAe(PUHUPAHO MHOXKECTBOTO peajHu OpoeBH ce
neuHupaaT HOBU ONEpalMd BO MHOXeCTBOTO C, HapedeHu coOHMpame u
MHOZKEHE, CO COOJIBETHA OCOOMHH.

I. AKkcuoma 3a onepanmjaTta cooupame co o3HaKara “‘®”
3a kou 6uIo 1Ba 6poja
1= (a]_, b]_) U 2= (az, bz) eC

ce neuHMpa eAMHCTBEH OpoOj
23 C
HapeyeH 30up, co 3amuc
I3= 11D 27, .
IIpuroa

3= (8.1 +ay, by + bz)
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82. KowmiinexcHu b6poesu

l1. 3a kou O6uno gBa Opoja

1= (a1, bl) " o= (az, bz) eC

BaXKN
1=y ar=ay, b1: b2.
I,. 3a kou O6usto iBa 6poja
271 m 2,eC
BaxXKN

2:® 7, = 2, ® 7; (ROMYTaTUBEH 3aKOH).

Is. [TocTou Opoj Bo C HapedeH HyJia cO O3HaKa

0=(0, 0),
TaKOB IIITO 3a OUJI0 KOj Opoj

zeC Baxu z®0=1z
l,. 3a ko O6uito Tpu 6poja

21,23, 23€ C
BaKu
(219 2)) ®23= 21D (22D z3) (aconyujaTUBEH 3aKOH).

Is. 3a cexoj 6poj
z=(a,b) e C

nocron Opoj BoO C HapeuyeH CIpOTHUBEH Ha OpOjoT Z, CO O3HAaKa —Z, TAaKOB
IITO BaXKN

z® (-2) =0.
ITpuroa

-z =(-a, -b).

Il. AKkcuoma 3a onepanyjata MHOXKemhe €O O3HAKaTa “‘®”
3a kou 6mno aBa 6poja

z1=(a, b1), z2=(az b)) eC

MIOCTOM €JHO3HAYHO ONpefieieH Opoj
23 C
HapeyeH MPOU3BOJ CO 3aIUC

3= 2175
IIpuroa
3= (8.13.2 —bib,, ajh,+ azbl).

I1;. 3a xou 6uio aBa Opoja

29



Tnasa 1

71, 2o C
BaKu
21®2,=2,®7; (KOMyTaTHBEH 3aKOH).
Il,. 3a xou 6uso Tpu Opoja
21, 22,23 C
BaxKu

(21® 22) ®23= 71 ® (22 ® z3) (acouyjaTUBEH 3aKOH)

Il5. IToctou 6poj Bo C, paznuyen of 0, HapedyeH euHuLIa CO O3HaKa 1
= (1, 0), TakoB mITO 3a Mpou3BoJIeH Opojz € C,Baxkn z ® 1 = z.

I14. 3a cekoj 6poj z = (a, b) € C, z # 0, nocrou 6poj Bo C koj ce
HapeKyBa UHBEP3€H Ha OPOjOT Z, CO O3HAKa 1 , TAKOB IITO BaXu Z ® 1. 1.

Z Z

1 a -b

IIputoa — = , .
P z (a2+b2 a2+b2j

IllLAKkcuoma 3a BpcknTe Mery omnepanmjara cooupame W
onepanujaTa MHOXeme.

I11;. 3a mpousBoJIHM TpH Opoja Z1, Z2, Z3 € C Baxku

(2192) ®23=(21® 23) D (2,® 23)  (MUCTPUOYTUBEH 3aKOH).

Bepnam  pga 3alenexkmMe feka Of NpPaKTUYHM NPUYMHHA 34
OIepaluATe COOMpame W MHOXKEHE BO MHOXecTBOTO C moHaTamy Ke I'u
3aipKUMe UCTUTE O3HAaKM 3a coOupame “+” U 3a MHOXeHe “-” KakKo Kaj
MHOKECTBOTO peajHu OpoeBH R, MaKo CYIITMHCKM ce pabdoTu 3a [Be
pa3IuyHU Ollepaluu.

Ha kpajor cemak pja 3a0enexumMe JeKa, OCBEH 3afipXKyBame Ha
UCTUTE O3HAKM 3a ONEpalMUTE COOMpame M MHOXEHE, K€ T 3aJip>KUMe U
UCTUTE O3HAKM 3a HyJlaTa u equHunara. [Iputoa Moxe J€CHO fia ce MOKaxKe
lieKa Baka Je(UHUpaHUTE OCOOMHM Ce€ corjlacyBaaT CO COOJIBETHHTE
AKCMOMAaTCKM JaficHu OCOOMHM Kaj peallHuTe OpOeBH, OJHOCHO CO HUBHA
MIOMOII THE MOXaT JIECHO Jla ce JoKaxKaT. JIecHo MOXKe f1a ce Morpeuu ako
Be[lHAIll ce MOMWCIM fIeKa CUTE Olepalud MOoXaT fAa ce paeduHupaar
MOKOOPJMHATHO, T.€. BO TpBaTa OJHOCHO BTOpaTa KOMIIOHEHTa Ha
noppeaennot nap. Op aeduHUIMjaTa 32 MHOXKEHE BEJIHAIIl Ce COrJiefyBa
neka Toa He € TouyHo. Cekako, oBaa JecduHuIMja € MoTpeOHa 3apaau
MPUPOHOTO MPOIIMPYBAKE HA MHOXKECTBO PEATTHU OPOEBH CO OCTAHYBaHE
BO CHJIa Ha COOJBETHU UCTH OCOOMHM.
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82. KowmiinexcHu b6poesu

Jla 3aknyumMe fieKa Ha OBO] HaYMH € JOOMEHa €[Ha CIelujajHa
anrebapcka CTpyKTypa, Aecpunupana co akcumomure |, Il u Ill, koja ce
HapeKyBa IoJie Ha KoMIUIeKcHM OpoeBu. Cenak pma 3a0enexume Jexka
penanujaTa nojgpeayBame He € fepMHupana BO oBa MHOXKecTBO C, co MITO
oBaa anrebapcKa CTPyKTypa ce pas3iuKyBa of anredbapckata CTpyKTypa Ha
peannute OpoeBu. Mcro Taka, BO TPOLIUPEHOTO MHOXKECTBO Ha
KOMIUIEKCHUTE OpOEBM ce JIoflaBa caMo VIITe eieH Opoj co o3HakKa o (Kaj
peanHuTe OpOEBU MMaMe JiBa Opoja: +oc  —oc). Bp3 ocHOBa Ha onepanuuTe
cobupame 1 MHOXEHWE ce Ie(PMHIpaaT U APYTU ONEpaluu U MOCIEeTUIN, Ha
npuMep omnepanujata om3emame (Z; — zp ce meduHHEpa Kako 73 + (—22)),
onepalnyjaTa ieJiewmhe, onepalyjaTta CTeNeHyBawbe, U CIMIHO.

2.2. AITEBAPCKU 3AIINC HA KOMILIEKCEH BPOJ

Ja nepunupame nmogmuoxkectBo on C co {(a, 0) | a € R}. Co Beke
ne(MHUPAHUTE OTepaIii MOXKE Jla Ce MOKaKe JleKa BO TOA MOJIMHOKECTBO
BaXkKaT CATE aKCMOMHU M OCOOWHM (M 3a pejanujaTa TOApeyBame) KOou
Baxkea BO R. Cmopep Toa, kommiaekcHuor Opoj (a, 0) moxkeme fa ro
UICHTU(PUKYBAME CO PEATHUOT Opoj a.

Jla ro pasriegame NpakTHYHUOT MPOOJIEM 3a HAaofamwe pelIeHuEe Ha
paBeHKaTa X° = —1, OJJHOCHO JJalil MOCTOM OPOj KOj MOMHOXKEH CAMHOT CO
ceOe Ke ro fajie Kako pe3yaraT pearHuoT 6poj —1. OaroBopoT € HeraTuBeH
aKo pemeHneTo ce 6apa Bo R. [la ce oOugemMe f1a ro pemmme npoOIEMOT BO
BeKe ne(pMHUPAHOTO MHOXKeCTBO C.

Jla mpeTmocTaBuMe feka X = (@, b) e pemenne Ha paBeHKaTa
x*=—1.
Co nomo Ha BeKe AepMHUPAHOTO MHOXEWE Ke Jo0uemMe
x*=(a®*-b% a-b+a-b)=(-1,0)=-1,

Ofl Kajie 3a JoOuBame Ha pealHuTe OpoeBd a U b ro mobuBame CIegHUOT
cructeM paBeHKH (Bo R)

a®-b’= -1, a-b+a-b=0.
Co HeroBo pemaBamwe BO R ce qoOuBaat aBe penieHuja:

a; =0, b1:1 n a,=0, b2:—1
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mTo 3Haunm KommuiekcHuTe OpoeBm (0, 1) m (0, —1) ce pemeHmja Ha
MOCTAaBEHUOT MPOOIIEM.
Cekoj KOMIUTeKCeH OpOj
z=(a, b)

MO2ZK€E€ J1a CC 3allIc CO u3pa3oT

(a,0)+ (0, b) =(a,0) + (0, 1)-(b, 0).

Hepunuyuja 2.1. Kommiekcamor 6poj (0, 1) ce HapeKkyBa
UMarvHapHa eMHUIA CO O3HaKa | (BO €JIEKTPOTEXHUKA |).

Co Kopucreme Ha nociegHaTa fe(uHUIMja U IPETXOJHO TOOUEHNOT
n3pa3 3a KOMIUIEKCEeH Opoj, co JaficHOTO 00jacHyBame 3a UACHTUYHOCTA Ha
koMmIiekcen Opoj (a, 0) co peanen Opoj a, Ke ja pmajeme cliegHarta
necpuHULTja:

Hegpunuyuja 2.2. Cexoj KOMIUIEKCeH OpOj

z=(a, b)
MO3Ke JIa ce 3amuIlie CO U3Pa3oT
a+ib,
KOj ce HapeKyBa ajre0apcku BUjl Ha KOMIUJIEKCHUOT Opoj Z.

Co 0BOj 3amuc BO rojieMa Mepa ce NOeJHOCTaByBaaT ONEpalUTE CO
KOMIUIEKCHUTE OpOeBH, OUfIejKM THE Ce CBElyBaaT Ha OIepaluu co OMHOMU
BO R. IIpuToa e BaxXHO [1a ce uMa MpeABUs icKa

i*=1, (%= %21 %P = ke N°(=N U {0}).
BceymHocT, | € emHO pelnieHne Ha paBeHKaTa z2=-1,B0C.

Hecpunuyuja 2.3. 3a xommiekcHUOT 6poj z = a + ib peanHnoT 6poj a
ce HapeKyBa peajieH Jiell Ha KOMIUIEKCHHOT Opoj Z, co o3Haka Re z, a
peanHHOT 6poj b ce HapekyBa UMarmHapeH jieJ Ha KOMIUIEKCHHOT Opoj Z, co
O3Haka Im z.

Kommiekcanor 6poj z 3a koj Re z = 0 ce HapeKyBa YHCTO
uMarmuHapes Opoj.

Hecpunuyuja 2.4. 3a cekoj KoMIiekceH 6poj
z=a+ib
ce fiepuHMpa eIMHCTBEH KOMIIEKCEH OpPO]
a—ib,
HapeuyeH KOHjyrupaH KOMIUIEKCeH Op0j Ha KOMIUIEKCHUOT Opoj Z, CO 03HaKa
z.
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82. KowmiinexcHu b6poesu

Co pedunnnmjata 2.4 1 COOJBETHATE ONEPALUU JIECHO CE€ NOKa>KyBa
cJegHaTa JeMa:

Jdema 2.1. 3a kou Owiio z =a + ih, 21, z,, € C BaxkaT OCOOUMHUTE:

1° a:Rez:E(z+E); b:Imz:i_(z—E);
2 21

0 - 5 .
2" (ytz) =17, % z,,

0 - 5 .
3 (21'22)_21'22’

]:

50 z.z =a’+b%(eR);

6° G)zz.

Jla 3a0enexume ymre efHam gnexka Rezu Imz ce peanHu OpoeBH.

N |

AN

o
TN
N|N
N -

2

23. TEOMETPUCKO ITPETCTABYBAILE HA KOMIINIEKCHUTE
BPOEBU. IOMUMUTE MOAYJI U APTYMEHT.
TPUTOHOMETPUCKU BU1 HA KOMIINIEKCEH BPOJ

Heka e pmapmen [lekapToB mpaBOarojieH KOOPAMHATEH CHCTEM BO
pamHMHa. Bo ofHOC Ha TO] KOOpAMHATEH CUCTEM KOja OWMJIO TOYKa Of
paMHMHATa € TOTIOJHO OINpefelieHa co MOAPENEH Map peajaHun OpoeBH KOU
ce Hej3MHM KOOpAMHATU. BO corilacHoCT co Toa MOXKeMe Jla BOCIIOCTaBUME
0o0paTHO €HO3HAYHA KOpECNofieHja Melfy MHOXKECTBOTO TOYKHU Off
paMHMHATa M MHOXECTBOTO KOMIUJIEKCHM OpoeBH. Taa paMHHMHAa BO TO]
cllydaj ce HapeKyBa KoMiuiekcHa (I"aycoBa) pamMHMHA, IpU IITO amiucHATa
OCKa Ce HapeKyBa peajHa OCKa, a OpJUHAaTHaTa OCKa Ce€ HapeKyBa
MMarvHapHa OckKa, off HOTIOJIHO MPUPOAHO Pa30UpPIUBYA TPUINHMU.

Hecgunuyuja 2.5. Heka

Peannuor HeHeraTuseH Opoj
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ce HapeKyBa MOAyJI (MJTM anicoJyTHA BPEJHOCT) Ha KOMIUIEKCHHOT GPOj Z €O

O3HakKa |z| .

Co pedunuinmjata 2.5 m cO MPETXONHUTE OCOOWHU U JeOUHUINH
JIECHO ce JJOKaKyBa cliefiHaTa JeMa:

Jema 2.2. 3a xou 6uno

71,22,2€ C
BaKartT OCO6I/IHI/IT62

|2.

1° z.z =z
2° —jzl<Rez<z;
3 7 <Imz<yz;
8 212 = |ra]- |22,

5° |z1+ 2| < 7| + |22);

6° |z1— 22 > |za] - |22ll;

\l
o

Cekoj KOMIUTeKCeH OpOj

z=x+iy, z=0(=0+1i0)

1)
HEGES

On peduHUIjaTa 1 OCOOMHUTE HA TPUTOHOMETPUCKUTE (PYHKIUH MOXKEME
71a 3aKJIyyuMe JieKa Ke IIOCTOHU aroil ¢ 3a Koj Ke BaXu

¥

d

MO2KE 1a CC 3alIMIIC BO BU]]

IIpH IITO Ba>XU

X
— =C0S¢p H

d

sing,
OTHOCHO
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82. KowmiinexcHu b6poesu

X = |z|-cos g, y =|z|-sing.

Ucrture penanum ce jobuBaat u o TpuarolHukot 0AM (mpTex 1).

y M(x, y)

Lprex 1

Hecunuyuja 2.6. Aronor ¢, fecpuHApPaAH CO pearunTe
X = |z|cos ¢, y = |z|sing,
ce HapeKyBa apryMeHT Ha KOMIIJIEKCHUOT Opoj
Z=XxX+1iy
co o3Haka Arg z, a BusioT (popmara, 3anmcor)
z = |z|(cose + i Sing)
ce HapeKyBa TPUTOHOMETPUCKH BHUJ] HA KOMJIIEKCHUOT OPOj
Z=X+1iy.
Criopeqi reOMETPUCKOTO NMPETCTaByBake HAa KOMIUIEKCHUTE OpOEBH,
MOJYJIOT K€ TpeTCTaByBa pacTojaHue Mely KOOPAMHATHHUOT MOYETOK M
ToukaTta M(X, Yy), Koja ofiroBapa Ha KOMIIJIEKCHUOT OpOj, a apTyMEHTOT €

aronor Mefy NO3WTHBHAaTa HacoKa Ha oOcCKaTa X U OpHEeHTUpaHaTa
nonynpasa OM. [1a 3a0enekume geka 3a KOMIJIEKCEH OpOj Off BUJ

z=x+10

MOJIYJIOT € UIEHTUYEH CO afcoJlyTHATa BPETHOCT Kaj peaTHuTe OpOeBH.

Op ycnoBOT 3a €AHAKBOCT Ha JIBa KOMIUIEKCHU Opoja Z; U 2y,
3alMIlIaHd BO TPUTOHOMETPUCKH BUJ], IPOU3JIEryBa fieka ABa KOMIIJIEKCHH
Opoja ce eHAKBU aKO Ce eJHaKBUA HUBHUTE MOy (|z1] = |z7|), a 3a HUBHUTE
apryMEeHTH BaxKH
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Argz;=Argz,+2kr, ke Z

(om ocobuHWUTE 3a €JHAKBOCT HAa TPUTOHOMETPUCKUTE (PYHKIIHN).
ITocnegHaTa KOHCTaTanMja O3HauyBa [eKa apryMeHTOT Ha €[eH WCT
KOMIUIEKCEH Opoj € moBeKe3HaueH Opoj T.e. He € €JHO3HAYHO ONpefiesIeH.
Cemnak, 3a MOEAHOCTABHM ONEPALMHU ce Ie(puHUpPA EAUHCTBEHA BPEJTHOCT

O<argz<2rx

(mexanie ce medpuHupa co —7 < arg z < 7z), HapeUyeHa TJaBHA BPEIHOCT Ha
apryMeHTOT, cO 03Haka arg z. Cnopep Toa

Argz=argz+ 2k

JIOKONKY IpM apuUTMETUYKH ONEepaluu U APYru TpaHchopManuu ce gooue
apryMeHT MOTOJIeM UJIH IoMaJl Off Taka ie(pMHIpaHaTa rilaBHa BPEIHOCT, CO
fofaBamke WM ofi3eMame Ha 2Kz 3a TOYHO ompepesieHO K ce pmoafa jo
COOJIBETHATA IJIaBHA BPEJHOCT Ha apryMEHTOT.

KommnekcanoT 6poj
0(=0+i0)

uMa Moy 0 u, no neuHUIMja, TPOU3BOJIEH apTyMEHT.
Hexkae
Z=X+1iy.

Bo cornachoct co neduHMIMjaTa 32 KOHJyTMPaH KOMIUIEKCEH OpOj Z U BO
COTJIACHOCT CO OCOOMHMUTE HAa TPUTOHOMETPUCKHUTE (PYHKIUHU, CO TIOMOII Ha
paBeHKHTE 3a TpaHcopManyja Ha anredapcKku BUJ BO TPUTOHOMETPHUCKHU
BAI Ke TO po0ueMe TPUTOHOMETPUCKMOT BHUJ Ha KOHjyTUPAHUOT
KOMILIEKCEH Opoj

7z =x—1iy = |z]-(cose — i sing) = |z|-[cos(—¢) + i sin(—)],
Kaje 1uro

p=arg z
Cnopep Toa

|z|=]zl wm argz =-argz (uprex2).
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Lprex 2

TpUroHOMETPUCKUOT BHJ HAa KOMIUIEKCHHOT OpOj OBO3MOXYBa
MOEAHOCTAaBHO  WM3BEAYBaWkE€ Ha  ONEpPALMUTE MHOXKEHE, [elEeHme,
CTENIEHYBAakE U KOPEHYBakh€ HA KOMINIEKCHATE OPOEBH.

24. CTEIIEHYBAILE U KOPEHYBAIBE
HA KOMIUIEKCHUTE BPOEBUA

Heka
z=|z|(cose + i sing), |z| # 0.
Toram
1 1 cosp—ising _
z  |z(cosp+ising) cosp—ising
1 .
= H(COS(p— i sing) =
z
1 -
= H[cos(—(p) +1isin(-¢)].
Heka

Z1 = |za|(cose 1 + i Sing 1),
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Z2=|zo|(Cos@ 2 + 1 Sing ,).

Co kopucTeme Ha BeKe MO3HATH TPUTOHOMETPUCKH (DOPMYJIHU ce JOOMBa

2122 = |21|-[z2][cos(@ 1 + @ 2) + i sin(@ 1+ @2)].
BO COIIacHOCT €O MOCIEAHATE PETALAN Ce [OOUBa
Z 1 Z .
1 = 21— = u[cos((pl— (02) +1 Sln((pl— (02)].
Z, Z, |Zz|
3Haun, NpW NPOM3BOJ Ha JIBa KOMIUIEKCHH Opoja MOJYJIHTE Ce
MHO2KAaT, a aprMeHTHTe (&) COGI/IpaaT, noJgeKa HpI/I OCIICHEC MOHy.HI/ITe (&&)
aejiaT a aprMeHTHTe ce og3cmMaar. CO MaTeMaTndka I/IHHYKHI/I]E[ MO2KE [1a

ce JIOKaxKe fieka oBaa pejlalija BaXKu U 3a MPOM3BOJIEH OpOj MHOXHUTEIH.
Cnopen Toa, 3eMajKku efieH UCT Opoj

Z=|z|(cose + i sing)

34 MHO2XKUTEJT Kaj IIpOU3BOJ, O N MHOXKHUTEJIHU, CE noal’“a oo MOaBpOBaTa
dopmyna
2" = |z|"(cosng + i sinng),

Kajie IITO N € MPUPOJAEH OPOj.

bupejku
7 - _ (Z —1)n’
nopajgu
41 .
77 = ﬂ [cos(—¢) + i sin(—g)],
goomnBame

z "= Y= ﬁ [cos n(—¢) + i sin n(-g)] =
= 2| ™ [cos (-n)¢g + i sin (-n)g],

of] ITO ciefiyBa fieka MoaBpoBaTa popmyia Baxu 3a n € Z.

Heka e paien KkommiekceH 0poj W. 3a KOMINIEKCHHOT OpOj Z BEIUMeE
lieKa € N-TH KOpPEH Ofi KOMIUIEKCHHOT Opoj W aKoO Z € €[IHO pelleHHe Ha
paBeHKaTa

"= w.

Op npuMepoT Co pellleHrja Ha paBeHKaTa
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82. KowmiinexcHu b6poesu

€ jacHO fieKa olepalnyjaTa KOpeHyBame HE € €[JHO3HauyHa, T.e. MOCTOjaT
noBeKe KOMIIJIEKCHU OpOeBM KOU ce€ KOPEHHM Ha JjaieH KOMIUIEKCeH Opoj. 3a
la ro fo0uemMe NpaBUIOTO 32 HUBHO Haolawke, TPrHyBaMe Of] paBeHKaTa

2"=w
BO KOja I'i 3aMeHyBaMe OpOeBUTE Z U W BO TpUroHomeTpucku Bua. Heka

w = |w|(cos argw + i sin argw)

z = |z|(cose + i Sing).
Toram cnopen MoaBpoBata opmyina ce 1oOuBa paBEHCTBOTO
|z|" (cos ng + i sin ng) = |w|(cos argw + i sin argw)

of] Koe, criopef AeUHUIMjaTa 32 €[HAKBOCT HA KOMIUIEKCHUTE OPOEBU BO
TPUTOHOMETPUCKH BHJ], C€ JOOMBAaT paBeHCTBATA

|z|" = |w], Ng = argw + 2k

OJTHOCHO (DOPMYJIUTE

gy, = oW g

n

Bupnejku 3a ,"/|W| ce 3eMa apuTMEeTHYKaTa BPEeTHOCT, TOTAlll € jaCHO JieKa 3a

Z eMHO3HAYHO € OIpefelieH caMO MOJYJOT, AofieKa apryMeHTOT He €
egHo3HauyHO omnpepesieH. Cnopepn Toa, Ke ce poOujaT OECKOHEYHO MHOTY
KOMIUIEKCHU OpoeBU KOM ce N-TU KOPEHU Ha KOMIUIEKCHHOT Opoj W (3a
ceKkoj el 6poj k ce mo6mBa mo efeH N-TH KOpeH). MoxKe 1a ce moKaxke co
KOPUCTEHE Ha OCOOMHUTE HAa TPUTOHOMETPUCKUTE (PYHKIUM JIeKa
BCYIIIHOCT MMa KOHEYeH Opoj, W TOoa TOYHO N, PA3INYHN KOMIUIEKCHU
OpoeBH KOM ce N-TU KOPEHW Ha KOMIUIEKCHHOT OpOj W, TOAeKa OCTaHATUTE
ce nmoBTopyBaart. [Iputoa e goBoaHO 3a K ga ce 3emaat Bpennocrure 0, 1, 2,
e, N1
Heka
k>n-1 wmm k<0

¥ HEKa ro MofjeMmMe co N, IPH LITO
k=sn+p, pe{0,1,2,...,n-1, sel
Heka z¢ e coogseTeH N-tu kKopeH. Toramr of

nNe = argw + 2k,
Kaje IITo
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@=arg z,
ce nobuBa
_ argw+2pr 251
n

bupejku

cOS (arg W+2pz +257) = cos argw+2pz
n

sin (arg wW+2pr +257) = sin argw+2przr ,

n

3aKJIyg9yBaMe NI€Ka

arg zx = arg z,,
OJHOCHO

Zk:Zp.
Cnopen Toa Ke Baxu
Yw = 3w [cos w +i sinw] 3ak=0,1,2, .. n-1,

KaJie IITO PaBEHCTBOTO Tpeba Jla ce MoApa3depe KaKo PaBEHCTBO Ha JIBE
MHOXecTBa. bpoeBuTe Kou ce N-TM KOpPEeHHW Off €leH KOMIUIEKCEH Opoj W
ofroBapaar Ha TOYKM BO ['aycoBaTa KOMIIJIEKCHA paMHUHA, KOU CE€ TEMUbA
Ha IpaBUJIEH N-arOJIHMK BIIMIIAH BO KPYT CO IIEHTAap BO KOOPAMHATHUOT

MOYETOK M pajuyC €JHAKOB Ha } |VV| .

Jla 3abenesknMe AeKa MOHEKOralll ce KOPUCTH U eKCIOHEHIIUjalIHUOT
BHJ] Ha KOMIUIEKCHUOT OpO]j
z=z| ",

IIpU LITO € UCKopucTeHa popmynara Ha Ojnep:

cosg + i sing =e'.
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8 3. Husu op peannu 6poeBu

§3. HU3U Ol PEAJIHU BPOEBHA

I'parnyHmnoT mpouec € efeH Of HajBaKHUTE OCHOBHU IIOUMHU BO
MaTeMaTUKaTa, IOKOHKPETHO BO MaTEMATHUKATA aHAJIN3A.

Hecunuyuja 3.1. Ako Ha cexoj mpupoieH Opoj n CIOpen Hekoe
NpaBWJIO My OfrOBapa HEKO] €IMHCTBEH peajieH Opoj a,, Torail Belume
lieKa e 3a/iaficHa H\3a Off peajHu OpoeBu. 3a peallHuTe OPOEBH @, BEIMME
lieKa ce WICHOBM Ha HM3aTa, @, C€ BMKa OMNIIT WIEeH Ha HU3aTa, a n HEroB
nHnekc. HuzaTa o6uyHo ce o3HadyBa co {a,} uwiu co (a,).

OcBeH cO OMUTHOT YIEH HU3aTa MOXKe ja Oupe 3ajajeHa u Ha Jpyr
Ha4yMH, Ha IpUMEp CO BpCKa Mely INOBEKE HEJ3UHU YIEHOBH, CO IPBUTE
HEKOJIKY WICHOBH Off KOM MOKe JIECHO Jla Ce YOUM 3aKOHOT (IPaBHUIIOTO) U

Ap-

1
IIpumep 3.1. Huzara 1, 2030 ¥Ma OIIIT YJIEH a, = U 3aluc

Wl
I |-

{=}

IIpumep 3.2. Huzara 1, -1, 1, -1, ...., ©Ma OMIIT WIEH a, = (—1)”+1.

IIpumep 3.3. HuzaTta co ONIIT YJIEH @, € 3afaficHa co BpckaTa

1
a, = E (an—l + an—2)

" CO IIPBUTCE IBaA YJICHA
ar=1,a = 2.

Ilpumep 3.4. Aput™MeTnuka HHU3a (Tporpecuja) € Hu3a 3alajeHa co
ONIIT YIeH

a, = ap-1 + da

Kajie ITO do ¥ d ce OHATpe]] 3a/Ja/ICHH.
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Ipumep 3.5. T'eomeTpucka HU3a (Iporpecuja) € HU3A 3ajjaficHa CO
ONIUT YIEH

an = q-dp-1,

Kajie IITO dp U ¢ Ce OHATpe]] 3a/1a/[CHU.

Op camata geduHUIMja Ha HU3aTa NMPOM3JEryBa JIeKa ceKoja Hu3a
uMa OECKOHEYHO MHOTY WIEHOBH, JOfeKa MHOXKECTBOTO OJf WJICHOBHM Ha
HU3aTa MOXKe Jja Oujie ¥ KOHEYHO, KaKo BO pUMEpPOT 3.2.

3.1. KOHBEPTEHTHUMN HU3U: IIOUM, JEOUHUIINJA,
IT'EOMETPUCKA UHTEPIIPETAIIMJA 1 OCOBMHN

Hegunuyuja 3.2. 3a KOHEUYHHOT peajieH Opoj a BelmMe NeKa e
rpanuna (nuMmec) Ha Hu3aTa {a,} aKo 3a CEKOj pealieH MO3UTHUBEH Opoj &
MOCTOM TPUPOJIEH OpOj ng(&) (KOj 3aBUCH O] £) TAKOB IIITO 332 CHTE YICHOBU
a,, 32 UMM VHEKCH BAaXKH 71> 7o, 1a BasKN HEPaBeHCTBOTO | a, — al < &,

Bo T0j cny4aj numyBame

lima,=a

n—>oC

u BeauMe Jeka Hu3ata {a,} ce CTpeMHu KOH rpaHuIjaTa a Kora n ce CTpeMu
KOH OeCKpajHOCT.

Jla 3a0eneknMe ieKa &€ HOHEKOralll ceé KOHKPEeTU3npa Kako JOBOJIHO
MaJl TO3UTUBEH peasieH Opoj.

Hegunuyuja 3.3. Huzarta {a,} BeamMme Jgeka € KOHBEpPreHTHA BO R
aKo MOCTOM KOHEUeH pealieH Opoj Koj e Hej3uHa rpanuna. Husure kou He ce
KOHBEPI'eHTHH Ce HapEeKyBaaT IMBEPreHTHH.

IlIpumep 3.6. Huzata {i} € KOHBepreHTHa co rpanuna 0.
n

Pewenue: HaBuctuHa, HeKa € € IPOU3BOJIEH MIO3UTUBEH peajieH Opoj.

.1
Toram 3a peanHumoT Opoj —, crmopef akcuomMara Ha ApXHUMEN, MOCTOU
&£

) 1 1 ,
npupopeH Opoj ng, Taka mTO ng > —, T.e. — < & Toram 3a cekoe n > ng Ke
& n
0
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8 3. Husu op peannu 6poeBu

1 1 ) 1 1 .
BaXH — < —— < £ OJHOCHO Ke Bax# | a, —a|=|= — 0| = = < & Bupejkn e
n n n n
0

peaneH Opoj, a np € IpupojieH 6poj, OOUYHO 3a ng ce 3emMa Les Jell, MITO
: : 1 .
3HAYW BO OBOj CIy4aj fieka no = [—], Kaje [x] ro o3HaYyBa HaAjTOJIEMHUOT IIEJ
£

Opoj moMas of x.
IIpumep 3.7. [1a ce fokaxe geka

) 1
lim — =0.
n—soc Nn
Pewenue: Hexka ¢ e peaneH npou3BoJieH NO3UTUBEH Opoj. 3a fa ro

HajaeMe COOJBETHHOT HPUPOAEH Opoj no (ako MOCTOM), K& TprHemMe Of
HEPaBEHCTBOTO

1
| = -0<e¢
Jn
" Ke ro IIO6I/I€MG CKBHUBAJICHTHOTO HEPABCHCTBO

1

I’l>—2.
&

A .
Crnopepnt Toa, ako 3a 1y ro 3eMeéMe IPUPOHUOT OPOj [8—2], TOrall 3a cexoj
npHUpofieH Opoj n > ng Ke BaxKi €KBUBAJEHTHOTO HEPABEHCTBO

|i—0|<g.

N

a 3aGenexmMe fAeKa BO HEKOHM CJIydyaW JIECHO He ce moOmBa
€KBHUBAJICHTHO HEPABEHCTBO Off Koe OM ce JoOmI 6apaHNOT MPUPOfEH Opoj
ng. Bo TOj ciyuaj u3pasor |a, — a| ce moegHOCTaByBa CO M3pa3 MOroJIEM Of
HEro ¥ IypH 10TOa ce MPeMUHYBa Ha HEPABEHCTBOTO < &

Ilpumep 3.8. Huzara {a,}, kage a, = ¢ (c e KOHCTaHTa) 3a CEKOj
npupofieH Opoj n, ce BHKAa HU3a-KOHCTAaHTA U Taa € KOHBEpPreHTHa CO
rpaHUIATa C.

Pewenue: 3a foka3 e JOBOJHO 3a np Aa ce 3eMe BpegHoct 1. Toram
3a KOj OMJI0 O3UTUBEH peajieH Opoj & HEPaBEHCTBOTO

la,—c|=lc—c|=0<¢
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Ke Omjie 3aJ0BOJICHO 3a cekoe n (OujejKu cropey yeinoBoT & > () ma MoKe
copmaTHO fa ce Kaxe JIeKa e 3aJJOBOJICHO 3a CEKOj MpupofeH 6poj n > 1 (=
I’lo).
HepasencrBoTo
la,—al<e
o7 TeMHUIMjaTa 3a TPaHUIIA BCYIITHOCT CE CBE/TyBa Ha JIBE HEPABEHCTBA

—&<a,—a<e¢g

OIHOCHO
a—¢s<a,<a+t e

Cnopen Toa, reoMeTpuckaTa UWHTepHpeTalnyja Ha [jeduHUIMjaTa 3a
KOHBEPTeHTHA HM3a Ke ce COCTOM BO CIIEAHOTO TBpAeHe. PeamHnor 6poj a
e TpaHniia Ha Hu3ata {a,} ako BO ceKoja &-OKOJIMHA HA TOYKaTa a

Vg, &) =(a—&a+ ¢

uMa OECKOHEYHO MHOTY 4YJIEHOBM Ha HHU3aTa, a HAaJJBOP KOHEYHO MHOTY
(HajmHOTY n9(€)).

Cnopen oBaa MHTEpHpeTanyja € OYEBHJHO JIeKa KOHBEPreHTHOCTA
Ha elHa HM3a HeMa Jja ce MEHyBa aKo Of] Hea ce OTCTpaHaT KOHEuYeH Opoj
YJICHOBH.

Ilpumep 3.9. 3a Huzara {1}, pu € = %, no = 10. 3Haum HAgBOp Of
n

1 1 ,

UHTEPBAJIOT (—-—, -——) ce HaoraaT YICHOBHUTE CO WHJEKCH MOMAJH WU
10 10

enraksu Ha 10 (BkymHO 10 Ha Opoj), T.e. WICHOBHUTE

p 111111111
"2’3°4’5°6°7°8°9°10°
1 1
nofieka cute Apyru (6eCKOHEeYHO MHOTY) C€ BO HHTEPBAJIOT (—E, E).

IIpumep 3.10. Jla ce mnokaxke peka Huzata {(-1)"} He e
KOHBEpreHTHA.

1
Pewenue: Heka KOHKpeTHa BPENHOCT Ha & € i Toram BoO Taa &

OKOJIMHA Ha ToYyKaTa 1 ce HaofaaT CHUTE YJECHOBM HAa HM3aTa CO MapeH
WHJIEKC, IITO 3HAaYM OECKOHEYHO MHOTY, JOofeKa IMaK HajgBOp Off ucTaTa
OKOJIMHA Ha TOoYKaTa 1 ce HaofaaT cHTe UJEHOBM Ha HU3aTa CO HemapeH
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8 3. Husu op peannu 6poeBu

WHJIEKC, ITO UCTO Taka 3Hauu OecKoHe4YHO MHOory. Cnopep Toa, 1 He MOxe
na Oupie rpaHuIla Ha HU3aTa. Ha nct HaumH ce mokaxyBa feka u —1 He MOoxXe
na oupie rpanuna. Ke HaBepeMe u Apyr Ha4MH Ha JOKa30T. AKO

==,
2

TOrail HE MO2KE [1a CC Hajne np TaKBO IITO 3a CUTEC NPUPOJHA 6pOeBI/I n>no
Ou BaxkeJo HEPaBEHCTBOTO

1
-1 -1 < 2.
o A

Konky m pga e mp rojmemo, cekoraiml IOCTOM HENapeH MpUpOLeH Opoj
MOTrOJIEM OJf HETO 3a KOj HEPaBEHCTBOTO He O Omiio 3agoBoseHo. McTtoto
pa3sMHUCIyBalke MOXE Jla ce IPUMEHHU U 32 HEPaBEHCTBOTO

1
“1)" - (1) < =
((-1)" - (=) 5
Hecpunuyuja 3.4. Huzara {a,} e orpanndeHa ako MOCTOM KOHEUYEH

peasieH 6poj M > () Taka IITO 3a ceKOj NPUPOJIeH OpOj 7 1a BaXKu |a,| < M.

Ocoo6una 3.1. Axo nu3ara {a,} € KOHBEpreHTHA, TOTalll Hej3WHAaTa
rpaHuIla € eAHO3HAYHO OIpefiesieHa.

/[loka3: [1a mpeTnocraBuMe JeKa HU3aTa UMa IB€ pa3jIuyHU IPAHUIM,
an b, npu wITo HEKa a < b. Heka 3eMeMe KOHKpETHA BPEHOCT 3a & U TOa

E= %(b—a).

CoOJIBETHUTE £-OKOJIMHM Ha TOUKUTE a M b Ke OUaT IUCjyKTHA MHOKECTBA
(uprex 3).
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Cnopen mpeTnocTaBKaTa HaIBOpP Off MHTEPBANOT (a — & a + &) UMa
KOHEUEH Opoj WICHOBM Off HmM3aTa (HAJMHOTY no(£)), MTO 3HAYM W BO
UHTEPBAJOT (b — & b + &), ITO MaK MPOTUBPEYN Ha MPETIIOCTAaBKaTa fieka b
€ UCTO TaKa rpaHmIa.

Ocobuna 3.2. Axo Huzata {a,} € KOHBEpPreHTHa, TOram e
OTpaHWYEHa.

Hoka3: Heka Hn3ara {a,} € KOHBepreHTHa co rpaHuia a. Toram 3a ¢
= 1 Ke mocrou npupofeH Opoj no(l), Taka 1mTO 3a cekoe n > ng Ke Oupe
TOYHO HEPABEHCTBOTO |a, — a| < 1, OMTHOCHO HEPABEHCTBOTO

|au| = lan—a +a| <l|a,—al +|a] <1+]lal.
Hexka co M ro o3naunme OpojoT

max{lai), laz], ..., [, |, 1+ al}.

Torarr 3a cekoj mpupoieH 6poj n Ke Baxu |a,| < M.

OO0paTHOTO TBpjieHe He Mopa ja Baxku. Ha npumep, an3zarta {(-1)"} e
orpaHWueHa co M = 2, HO cemnak He € KoHBepreHTHa (mpumep 3.10).

Ocobuna 3.3. Axo unzata {a,} € KOHBEpreHTHa CO T'paHHIaTa a U
a<b (a > b), Toram nocTou NpUpPoieH O6poj 1y, TaKa MITO 3a CEKOj MPUPOACH
Opoj n > ng K& BaxK HEPABEHCTBOTO

a,< b (a,>b).

oka3: Op KOHBEpreHiyjaTa Ha HA3aTa caeu ieka 3a
c=b-a

MIOCTOU IPUPOJEH OpOj 1o, TaKa IITO 3a CEKO] MPUPOJAEH Opoj 1 > ny K€ BaXKu
HEpPABEHCTBOTO

|a,—a|l < b—a,
OJTHOCHO HepaBeHCTBaTa
2a—-b<a,<b,

Of] Kajie 3a Ioka3 € MoTpeOHO caMO HEPABEHCTBOTO a, < b. Ha uct HaumH ce
MIOKaXXyBa ¥ cIy4ajoT Kora a > b.
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8 3. Husu op peannu 6poeBu

Ilocaeouya 3.1. CrienmjanHo 3a b = % (a # 0) cmopen ocobmHaTa 3.3
Ke MOCTOou MpUpoeH Opoj np, Taka IITO 3a CEKOj MPUPOfieH Opoj n > ng Ke

a
BaXM! |a,| > |§|

Jloxa3: Heka a > 0. Toram 3a b = % (Ounejku a > %) criopen

ocobuHaTta 3.3 Ke mocTou NMpupojieH Opoj ni1, Taka IITO 32 CEKOj MPUPOJICH
Opoj n > n1 K& BasKi HEPABEHCTBOTO

a
an> — =[]
2 2

(6unejku copen ycimoBoT a > 0).
Hexka a <0. Toram 3a b = % (6upmejkm cera a < %) cnopeq; ocoonHaTta

3.3 Ke mocTou npupofeH Opoj np, Taka IITO 3a CeKOj MPUPOJEH Opoj n > ny
Ke BaXkKM HEPaBEHCTBOTO

a,< = <|2]
"2 2

(CHOpCH ocoOMHaTa 3a aIlICOJIyTHa BpCHHOCT), OMHOCHO HEPABCHCTBOTO

_an>__ —

2 2"

a a
151

Hexka
np= max{nl, nz}.

Toramr o HEepaBeHCcTBaTa
a> 2] w —a,> |2
2 2
cliefyBa JieKa 3a ceKoj MpupojeH O6poj n > ng Ke BaxkKu HEPaBEHCTBOTO
@] > 12 .
2
Ocobuna 3.4. Axo umsure {a,} u {b,} ce KOHBEpPreHTHH CO

TPaHNINTE ¢ ¥ b COOBETHO M aKO 32 CEKOj IpupofeH 6poj n (wmu Vn >np>1)
BaKu HEPABEHCTBOTO a, < by, Torail a < b.
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Hoka3: Jla mnpernocraBumMe oOpaTHO, T.e. Heka a > b. Op
KOHBEpreHIMjaTa Ha HU3UTE CIEelyBa IeKa 3a CIelyjaJTHO

£=~(a=5) (>0)

K€ MOCTOjaT MPUPOIHU OPOEBU 11 U 1z, TaKa IITO 3a CEKOJ MPUPOJEH OPOj n
> n1 Ke BaXKU HEPABEHCTBOTO @ — &£ < a,, a 3a CEKOj NPUPOJIEH Opoj n > ny Ke
Bak! HEPABEHCTBOTO

b,<b+ ¢

AKO co ng o o3HAauMMe 6pojoT max{ni, ny} TOraIl 3a CEKOj MPUPOACH OpOj
n > ng K€ BaXKaT HEpaBEeHCTBATa

b,,<b+8:b+%(a—b):%(a+b)=a—%(a—b):a—8 < ay,

OJJHOCHO HEpaBEeHCTBOTO b, < a@,, IITO NPOTHBPEYM HA INPETIOCTAaBKaTa
NajieHa BO YCIOBOT. 3HAuH, HalllaTa IPETIIOCTAaBKa € MOrpelHa, T.e. Mopa

naea<b.

Ocobuna 3.5. Axo uusute {a,} u {b,} ce KOHBEPreHTHH U WMaAT
UCTa TPAHMIIA ¢ U aKO 3a YJIEHOBHUTE Ha JIBETE HU3U U HA TpeTa Huza {c,} 3a
CeKOJ] IpUpofieH Opoj n BaXKaT HEpaBEHCTBaTa a, < ¢, < b,, TOrall U HU3aTa
{c,} e KOHBepreHTHa ¥ UMa UCTa FPAHULIA d.

Hokaz: On kouBepreHTHOCTa Ha HU3UTE {a,} n {b,} ciemyBa neka 3a
npou3BOJIeH (HO €ieH WCT 3a [IBeTe HW3M) MO3UTUBEH pealieH Opoj & MOxKe
lla ce HajaaT IPUPOAHU OPOEBU n1 U 1z, TaKa IITO 3a CEKOj MPUPOJEH OPOj n
> n1 K€ BaXU HEPABEHCTBOTO

a—&e<ay,

a 3a CeKoj NMpupopeH Opoj n > ny Ke Baku HEPABEHCTBOTO
b,<a+ ¢

Torarr 3a cekoj mpupojieH 6poj n > ng, Kajie mTo ng = max{ni, n,}, Ke BaxKar
HepaBeHCTBaTa

a —&e<ap<c,<bh,<a+eg
OJTHOCHO HEPaBEHCTBOTO
lc, —a| < &,

IIITO 3HAYM JC€Ka HU3aTa {Cn} € KOHBCPICHTHA 1 UMa UCTa I'paHUIIA a.
OBaa ocobuHa ce HapCKyBa nu ocoOMHa Ha Mef‘YHI/I?:a NI Ha CCHABUY-
HHM3a.
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8 3. Husu op peannu 6poeBu

3.2. APUTMETUYKU OIIEPAIIM CO KOHBEPITEHTHU
BPOJHN HU3N. BECKOHEYHO MAJHN 1 BECKOHEYHO
T'OJEMUA HU3U. TEOPEMA 3A MOHOTOHM
N OTPAHNYEHUN HU3MN.

Heka ce majenu gBe kouBepreHTHu Husu {a,} u {b,} co rpanuiy a n
b, coonBeTHO. [leprHMpaMe HOBM HW3M CO OMINTHU YJIE€HOBHU a, t by, a,b, n

a
b—" , HAPCYCHU CyMa-HU3a, pa3JInKa-Hru3a, IPpOn3BOJ-HU3a U KOJIMYHUK-HU34,

n

IIPY LITO 32 KOJMYHMUK-HU3aTa € NOTPeOHO Jja ce MPETIOCTaBH IeKa 3a CEKOj
npupopeH 0poj n, b, # 0.

Teopema 3.1. Axo umsure {a,} m {b,} ce KOHBEPreHTHH CO
TpaHUIATE ¢ WM b COONBETHO, TOTAlll U HU3WUTE 30Mp-HU3a, pa3juKa-HU3a,
MPOW3BOJI-HU3a W KOJIMYHUK-HA3a Ce KOHBEPTreHTHU CO TpaHUIMTE a + b, a-b,

a
" COOJIBETHO, IIPH LITO 34 MOCIIEIHOTO Tpebda u ycaoB b # 0.
Hoka3s: a) Heka & e mpous3BoJIeH NMO3UTHBEH peajieH Opoj. Toramr

criopef] yCJIOBOT Ke MOCTOjaT MPUPOHU OPOEBH 11 U 1y, TaKa IITO 32 CEKOj
IpUPOJIEH OpOj 7 > n1 K€ BaXK! HEPABEHCTBOTO

lar—al < 2
o z
2
U 32 CeKOj pUpojeH Opoj n > ny Ke BaXKu HEPaBEHCTBOTO
&
|b,— b < =.
2

Heka co ng ro o3naunme G6pojotr max{ni, np}. Toram 3a cekoj mpupoaeH
Opoj n > np K& BasKl HEPABEHCTBOTO

|(anibn)-(aib)|s|an-a|+|bn—b|<%+§:g,

CoToae JOKaKaHO TBPACHECTO 3a 361/1p—H1/13aTa " pa3jinKa-HU3aTa.

6) Heka & e mnpousBoleH TO3UTHBEH peajieH Opoj. On
KOHBepreHnujaTa Ha Huzata {b,}, cnopeng ocoomHarta 3.2 Ke mocTou peajeH
0poj M > 0, Taka IITO 32 C€KOj MPUPOJEH OpOj n K& BaXku

|ba| < M.
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Tnasa 1

HpI/IToa CJIO6OHHO MOXKEME N1a MMPETIIOCTAaBUME JI€Ka
la] <M

(Bo cnpotuBHO 32 M ro 3emMame |a[). Criopef] yCIIOBOT Ke MOCTOjaT MPUPOTHH
OpoeBu n1 U ny, Taka IITO 3a CEKOj MpUPOfeH Opoj n > n; Ke Baxu
HEpPABEHCTBOTO

|an_ al < L
2M

U 3a ceKoj MpupojeH O6poj n > ny Ke BaKu HEPABEHCTBOTO
€
|by— b < —.
2M
Heka co np ro o3raunmme 6pojot max{ni,n,}. Torai 3a cekoj mpupojeH Opoj
n > ng K€ BaxK HEPABEHCTBOTO

|a,-b,— a-b| = |a,-b,— a-b, + a-b,— a-b| < |a,-b,— a-b,| + |a-b,— a-b| =

= |bul-|la,— al + |al|b,— bl <]M'L +M-— =g,
2M

CO ITO JJOKA30T € 3aBpLIEH 3a MPON3BOJI-HU3AaTa.
B) Cnopep nocnenunara 3.1 Ke mocrou npupojieH 6poj n1, Taka MITo
3a ceKOj MpUpofieH Opoj n > ny Ke BasK HEPABEHCTBOTO

1
MA>EML

Opn ppyra ctpaHa, 3a IPOU3BOJIEH TO3UTHBEH peajieH Opoj &€ Ke mocrojat
IpUPOIHU OPOEBU 1y U 13, TaKa MITO 32 CEKOj MPUPOAICH Opoj 1 > np Ke BaKu
HEPABEHCTBOTO

lan—al < * &Jb|
4

1 32 CeKOj MPUPOJIEH OpOj n > n3 K€ Ba’K HEPABEHCTBOTO

|b,— b| < &b’

4lal

Hexka co ng ro o3aaumme max{ni, ny, nz}. Toramr 3a cekoj mpupojaeH 6poj n >
1o K€ Ba>K HEPABEHCTBOTO

1 1
(awb — bya)l= ————|(an—a)-b+ (b—b,)al <
b 15,1151

| a4

b

n

_ﬁlzl
b '
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8 3. Husu op peannu 6poeBu

1
——lan—al + ———1|b—b,|-|a| < ( &|b): ( 5 =6
b |6, 1151 5] 2

a

CO IITO JOKA30T € 3aBPUICH 3a KOJIUYHUK-HU3aTa.

Jla 3a0enexume feka OOpaTHOTO HE Mopa fJa BaXH, T.€. MOXKeE
pas3nuKa-Hu3aTa jla 6uje KOHBEpreHTHa Hu3a, HO (pOpMHUpPAYKUTE HU3U A
He OWpgaT KOoHBepreHTHW. Ha mpumep, ako a, = b, = n, TOoram pasjuka-
Husata {0} e KouBepreHTHa co rpanuna 0, a iBeTe (popMUpavKu HU3HM HE ce
KOHBEPreHTHH (THe ce HeOrpaHu4YeHH, ocoonHa 3.2) .

Hecpunuyuja 3.5. Axo Huzata {a,} € KOHBEpreHTHa W HEj3MHATA
rpanuna ¢ 0, Toram Taa ce HapeKyBa HyJa-HW3a WM OECKOHEYHO Majia
HHU3a.

Hecpunuyuja 3.6. Huzara {a,} e 6eckoHEUHO ToieMa Hr3a aKko 3a KOj
OWJIO MO3UTUBEH peasieH Opoj A MOCTOU NpUpofieH Opoj no(A4), Taka mTO 3a
CEKOj pUPOJicH OpOj n > ng BasKu HEPABEHCTBOTO |a,| > A.

On camara peduHMIMja HpousJeryBa feka cekoja OEeCKOHEYHO
rojiemMa HHU3a € AUBEpPreHTHA BO R (HO HE BO MPOIIMPEHO R), OuiejKu HE €
OTpaHMYEHa.

Moxe pga ce TMOKaxe JeKa ONIITHOT 4WiIeH a, Ha cekoja
KOHBEPreHTHa HU3a CO FPaHulla ¢ MOKe [a Ouje MpeTCTaBeH BO BUJ

a,=a+t qa,

KaJjc mToO ¢; € OIIIT YJICH Ha HeKOja HYyJla-HHU3a.

OBI[G Ke ce 3aApXKUME CaMO Ha HCEKOJIKY TBpPACHaA 3a OECKOHEUHO
ManauTe U OECKOHEYHO TOJIEMHUTE HU3U. Bp3 OCHOBa Ha TE€opEmara 3.1
CJIelyBa ICKa 361/Ip-HI/133, pa3iiiKa-Hru3a U MPpOU3BOJA-HU3a Ha ABC HYJIa-HU3U
€ I1aK HYyJIa-HU3a.

Ocoo6una 3.6 Axo {a,} e Hyna-uu3a u {a,} orpaHnYeHa HU3a, TOTAIII
npousBof-Hu3aTa {@,-a,} € Hyna-Hu3a.

Hoxa3: Op orpanmueHocta Ha Hu3ata {a,} MOCTOM TO3UTUBEH
peaneH Opoj M, Taka IITO 3a CEKOj MNPUPOAEH Opoj n Ke BaxkKu
HEPaBEHCTBOTO

|a,| < M.

ITonaramy, Heka ¢ € TO3UTUBEH MPOU3BOJIEH peasieH 6poj. Crnopen ycaoBOT

{a,} e Hyna-Hu3a m Ke mocrou MpUpoOneH Opoj no(g), Taka MITO 3a CEKO]
IpUPOJieH Opoj 1 > ng K€ BaKi HEPABEHCTBOTO
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Tnasa 1

&
|an| < ﬁ;

OJHOCHO HEPABEHCTBOTO
&
laty-an| = |an|-|o| < M M: &
IITO 3HA4M N€Ka HU3aTa {an'an} c HyJIa—HI/I3a.

Ocoouna 3.7. Axo {a,} € 6ecCKOHeUHO ToJieMa HU3a, Torall HA3aTa-

1
komnyauk {—7} e OeckoHeuHO Majna Hu3a (mpu GOPMHPAHETO HA

n

KOJIMYHUK-HA3aTa C€ OTCTPaHyBaaT CHTe€ 4IEHOBH Off OECKOHEYHO
rojieMara Hu3a kou ce 0, a KoM CUTYpHO 'l UMa KOHEYHO MHOTY).

Axo {o,} e Hyma-HW3a, UMW YIEHOBM C€ PA3JMYHU Off Hyjda (WU
KOHEYHO MHOTY WJIECHOBH Ce HyJa, la ce OTCTpaHyBaar), Toraml KOJIWYHHK-

1
Hu3aTa {— } e 6ECKOHEUYHO TrojiemMa Hu3a.

n

Hoka3z: Cnopen pnedununmjata 3.6 3a M = 1 Ke nmocrou NnpupopeH
O6poj nj, Taka IITO 3a CeKOj mpupopeH Opoj n > ni; Ke Baxu |a,| > 1.
ITonaTtamy, Heka & € NpPOWM3BOJEH MO3UTHUBEH peaneH Opoj. Cropen

. 1
necpununymjata 3.6 3a peaqTHUOT NO3UTUBEH OpOj — K€ MOCTOU NPUPOJAECH
&£

Opoj nz, Taka LITO 3a CEKOj MPUPOAIEH OPOj 1 > ny K& BaXKU HEPABEHCTBOTO
1
|as| > —.
&
Hexka ng = max{ni, ny}. Toram 3a cexoj npupojeH Opoj n > ng K& BaxXu

ERNPE

n | l’ll

1
CO IIITO € JOKa>XaHOo JC€Ka Hu3aTa {—} € HyJIa-HH13a.

n
Hexka cera {«,} e Hyna-HM3a yNM 4YWIEHOBM CE€ PA3JIUYHU Off HYyJa.
Heka M e npousBojieH NO3UTHBEH peaiieH Opoj. Toram 3a MO3UTHUBHUOT

.1 : .
peaneH 0poj I Ke IMOCTOU IPUPOJEH OpOj ng, TaKa IITO 3a CEKO] IPUPOJICH

06poj n > ng Ke Baxku HEPABEHCTBOTO
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8 3. Husu op peannu 6poeBu

OJHOCHO HEPABEHCTBOTO

1
CO IITO € ToKaskaHo fieka { — } e 66CKOHEUHO rojiemMa Hu3a.
a

n

Hepunuyuja 3.7. 3a wuza {a,} BenuMe neKa MOHOTOHO pacTe
(omara) ako 3a cexoj MpupoieH OPoj n BaKu

an < aps1 (an = ape1).

Husute pedunupanu co pgedununmjata 3.7 ce BUKaaT MOHOTOHU
HU3M. AKO BaXKM 3HAaKOT 3a CTPOrO HEPABEHCTBO, TOTAll BeJIMME JeKa
HHM3aTa CTPOTO MOHOTOHO pacte (omara).

Hegunuyuja 3.8. 3a uuza {a,} BenuMe ieka e OrpaHuYeHa OATOpe
(ogmosny) ako mocTou peaseH 6poj M (m), Taka ITO 3a CEKOj MPUPOJIEH OPOj
7 J1a Ba>K HEPABEHCTBOTO

ap<M (a,>m).

ITonekoraii ce Benu J€Ka H1U3aTa € OrpaHu4deHa OACCHO (OIIJ'IGBO).

Teopema 3.2. Cekoja MOHOTOHO pacTeuka (omarayka) ¥ OorpaHHYEHA
oarope (O0Iy) HA3a € KOHBEPreHTHA.

Hoxa3: Heka Hu3ata {a,} MOHOTOHO pacTe M € OTpaHUYeHa OATrOope.
Toram Bo corimacHOCT co AeduHunmjaTa 3.8 MHOXKECTBOTO OJf CUTE HEj3UHU
YJ€HOBM Ke Oujie OorpaHMyeHo ojrope u crnopen axkcuomarta VI 3a
HENPEeKNHATOCT Ke uMa cynpemyM. Heka Toj cynnpeMyM ro o3HaumMe co d.
Cnopen necununujata 1.5 3a cynpemyMm, 3a cekoj IpupojieH Opoj n Ke Baxku
HEPaBEHCTBOTO

a, < a.

ITonaramy, cnopen ucrata aepununmja 1.5, 3a & NpoU3BOJIEH MO3UTHUBEH

peaslen Opoj Ke moctom OapeM efleH 4ieH Of HuzaTa (eJIeMEeHT Of

MHOXECTBOTO YJICHOBU HAa HU3aTa) a, ,TaKa ITo K€ BaxKil HEPABEHCTBOTO
0

a—&< g .
ng
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Tnasa 1

Bupejku nak cropey yclIoBOT HU3aTa MOHOTOHO pacTe, 3a CEKOj IPUPOAICH
06poj n > np Ke BasKu HEPABEHCTBOTO

Kopucrejku ru cute Tpu HEpaBEHCTBA, 3a CEKO] MPUPOAEH Opoj n > ny Ke
BaXkaT HEpaBEHCTBATa

a—&e< a, <a,fa<a+teg
0

OJHOCHO HEPaBEHCTBOTO
|a,—a| < g,

CO IITO T€OopEMaTa € nOoKaxaHa. Ha uct maunn ce JOKaxXyBa U TBPACHECTO
3a MOHOTOHO OIarauka u OqOJIy OrpaHM4YCHa HU3aA.

3.3. HEKOM CIIEIIMJA/IHU HN3N

Osgpie Ke ru pa3riefgame CrelyjaTHuTe HU3K:
n ! 1.,
L{n}; 248} a>0; 34¢% 4{L)% s{a+ =)
ni

CO KOU Ke ce cpeKaBaMe U IIOHaTamy.

IIputoa 3a pokaxyBalke Ha HHUBHATa KOHBEpPreHIMja WU
IMBEPreHiyja, TOKpaj KOpUCTehe Ha epuHumjaTa 3.2, Ke r'd KOpUCTUME U
ocobunure 3.2, 3.5, 3.7, nocnenuuara 3.1, kako u reopemute 3.1 u 3.2.

1.3an > 1 Ke Baxxu '{/; > 1. Torai MoxkeMe 1a CTaBUMeE

n =1+ a,

Kajie IITO 3a CeKO] MpUpojeH Opoj n Ke Baxu a, > 0. Op mociaegHOTO
pPaBEeHCTBO CO TOMOIIl Ha OwWHOMHata ¢opmyna (Tteopema 1.1) 3a cekoj
npupojeH 0poj n > 1 ke gooueme:

n

n=0+a)"=1+na,+ %n(n — Do’ + %n(n ~Dn-2a’ +..+a"=

—1+ %n(n “1)a,? + {nay + %n(n ) n-Dad ot > 14 %n(n “1)a),

54



8 3. Husu op peannu 6poeBu

OJTHOCHO K€ ro 1o0reMe HEPABEHCTBOTO:
1
n>1+ En(n -1’

OJ] Kajie IITO ce MOOMBa HEPABEHCTBOTO
1
Jn

Cnopen ocobunaTta 3.5 u TeopeMata 3.1, mpuMeHeTa Ha MPOU3BOAOT Ha

0<an<\/§'

amsute {2} u {i}, YUK FPaHULM T'M HajioBMe BO nmpumepure 3.8 u 3.7,
n

NP

nobuBame fieka Huzata {a,} e Hyna-au3a. Co Toa € moKaxkaHo JieKa Hu3aTa
{%/n } e xoHBeprenTHa co rpanunara 1.

2. Heka a > 1. 3a cekoj mpupogeH Opoj n > [a] Ke Baxm
HEpPABEHCTBOTO 1 < la < 4n. Ox ocobunara 3.5 u co KOPHUCTEHE Ha

mpBaTa CleNujalHa HE3a cliefiyBa jeka Hmsata {4/a }e KOHBepreHTHa cO

1
rpannnara 1. Ako mak 0 < @ < 1, Toram 2a = T U CIIOpE] IPBUOT e

n|—

a

1 1
Hu3arta {7/— } e kouBepreHnTHa co rpanunara 1 (1 < =). Cnopen Teopemara
a a

3.1 crmegyBa Aeka WM BO OBOj CiIyuyaj HH3aTa {{a} e KOHBEpPreHTHa CO
rpanumnara 1.

3. Ke nokasxkeme feka HuzaTa {¢"} e GeCKOHEeYHO Malla Hia3a aKko |g]
< 1 u GeckOHEYHO rojemMa Hu3a ako |g| > 1. Bo cnenujanen cnyyaj, Kora g =
1, ce moOMBa KOHCTaHTa-HU3a KOja € KOHBEPreHTHa co rpaHuuara 1, a xora
g = —1, ce poOuBa [UBEPreHTHA HU3a pasriefiada Bo npumepor 3.10.

Heka 0 < ¢ < 1. Toram 3a cekoj nmpupofeH Opoj n Ke Baxku
HEpaBeHCTBOTO ¢" > ¢!, WTO 3HAauM jeka HW3aTa MOHOTOHO omafa. Of
ipyra cTpaHa, 3a CeKOj MpHpOeH O6poj n BakKu HEPaBEHCTBOTO ¢" > 0, mITO
3HA4M JieKa Hu3aTa € orpaHmueHa oagony. Crnopen teopemara 3.2 Hu3aTa
{4"} e xoHBepreHTHa CcO TpaHUIa HEKOj KOHeUeH Opoj A. Co KopucTeme Ha
NOCNEenIaTa Off TeoMEeTpHUcKaTa WHTepHpeTandja 3a KOHBEpreHuuja
(m30cTaByBamkbe KOHEYeH OpOj WICHOBM) M cnopen Teopemata 3.1, Ke
goomeme

A= lim g™

n—o0

= lim g-¢" = (lim ¢)(lim ¢") = ¢4,
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Tnasa 1

OJ] Kajie 3a Haof'amwe Ha rpaHunara A ce JoOMBa paBeHKaTa
A(1-¢q9)=0.
bupnejku g # 1, ja pobuBame rpanunara 4 = 0.
Hexka -1 < ¢ < 0. I[Topagu paBeHCTBOTO
14" =01=1g"=lql"=lgI" = 0=]lql" - O],

CO KOPHUCTEHE Ha IPBUOT el U fepuHunmjaTa 3.2, cieqyBa ieka U BO OBOj
Clly4yaj HU3aTa € KOHBEPreHTHa co rpanunara 0.

Heka |g| > 1. Toram li < 1 unm |£| < 1 ma, cropej MPETXOHO

1
NOKakaHoTo, Huzara {—} € Hyna-uusa. Crnopen ocobunara 3.7 ciemysa
q

leka BO OBOj ciydyaj Hu3aTta {¢"} e OCCKOHEYHO rojieMa Hu3a, T.e. €

nuBepreHTHa (Ounmejku |g| > 1 3a cekoj mpupopueH 6poj n, in # 0).
q

4. Ke mokaxeMe JleKa HHM3aTa ¢ KOHBEpPreHTHa co rpanmmara 0.
Crnopenr ApxuMeioBaTa akcuoma 3a peajlHuoT O6poj |a| Ke mocTou npupopeH
6poj ngp, Taka MmMTO Ke BaXXW HEPABEHCTBOTO |a| < np. Toram 3a cekoj
IpUPOfieH Opoj n > np Ke BaxH |a| < n + 1. O u3pa3oT 3a ONIITHOT WIEH Ha
HU3aTa ce JoOuBa

Gy - L,
a, n+1l
OJHOCHO
laal o 1
la, | n+1

OJ1 Kafie IITO 3a CEKOj MPUPOJIEH OpOj 11 > 1y Ke BaykK HEPABEHCTBOTO
|an+1| < |aa.

Co Toa mokaxkaBme neka Hu3aTa {|a,|} MOHOTOHO omafa, a Oupejku e u
orpannyiena ognony (|a,| > 0), cnopen Teopemara 3.2 Taa € KOHBEPreHTHA CO
rpanuia Hekoj KoHeueH Opoj A. Co kopucrewme Ha Teopemata 3.1 u
npumepure 3.6 u 3.8 ce foOusa:

1
n+l

A= 1M ] = 1im Jad-(—— || ) = (1im Ja))-(lim |a])-(lim Ll) - A1al0 =0,
n—>o00 n—>o0 n—>0 n—>00 n—>o0 n +

ITopapu paBeHCTBOTO
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8 3. Husu op peannu 6poeBu

a’ a" _lal" _|al

n
I -0 = |_|| - I I

| _Oll

CO KOPUCTEHE Ha NPETXOIHOTO TBPAECHE U AeuHnIMjaTa 3.2 caenayBa Aeka

n

a
| } e kouBeprenTHa co rpanunata ( .
n:

Hu3aTa {

5. Cnopep 6unomMHaTa ¢opmyna (teopema 1.1) mpumeHeTa Ha
YJIEHOBUTE @, U d,+1 O] HA3ATAa, K€ T JoOneMe U3pa3uTe:
1 1.1
a,=(1+=)"=1+n= +
n n

1 1 1
E[n(n - 1)]? + é[n(n - 1)(n - 2)]; oot

' %{”(”‘1)(”—2) [n—(n—l)]}nin met %(1—%)+

1 1 2 1 1 2 n-1
+-(1-2)1-)+.+=-@Q-29H)Q1--)-(@1- );
3 n n n! n n
1 nt+l 1 1 1 1 2
a1 = (1+—— =2+ —(1-—)+ =(1- 1- + ..+
a1 = ( n+1) 2!( n+1) 3!( n+1)( n+1)
1 1 2 n-1
+ —(1- 1- e (1- +
n!( n+1)( n+1) ( n+1)
1 1 2 n-1 n
+ (1- -—)@1- - )-
(n+1)! n+1 n+1 n+1 n+l
Co KOPUCTCHC HA HEpaBEHCTBATa
1—5 <1- k n 1- k >0,
n n+1 n+1

KOW BaXkaT 3a CHTE MPUPOAHHU OPOEBU k W n, Ipu TO k < n (KOW JIeCHO ce
noOuBaaT TPrHYBajKM Ofi HEPABEHCTBOTO n < n + 1), co cnopenyBame Ha
CHTE COOJIBETHU COOMpOIM (KOW ce MO3UTUBHU) W 3eMajKu MPeABuj jeKa
YJIEHOT da,+1 WMa W YIITe €[eH NO3UTUBEH COOMpPOK, joafame [o0
HEPABEHCTBOTO dp+1 > @, KOE€ BaXKM 3a CEKO] NPUPOfEH Opoj n, IITO 3HAYH
JieKa HallaTa Hu3a MOHOTOHO pacTe.

.. k ,
bupejxu 3a k=1, 2, 3, ..., n — 1 Baxar HepaBeHcTBaTa 1 — — <1, Ke
n
nMame
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Tnasa 1

m=2+ta-Helta-Hu- e+ ta- -2y a- 2l
2! n 3 n n n! n n
<
1 1 1
<24+ — + T 4.+ .
21 3 n!

AKO maK 't ICKOPUCTUME HepaBeHCTBaTa
Kl =2.34.k>222.2=2"
KOM BaxaT 3a CEKO] IPUPOJIEH Opoj k > 2, Ke To foOueMe HEPABEHCTBOTO
1 1 2 1 n-1 1 n 1 n
Z<L1H[1+ S +(2)+ .+ (2 =1+2[1- (=)1=3-(=)"<3.
a [1+5+() ()] [1- ()1 5)

IMocnenHOTO HEpaBEeHCTBO Ke BaxKM 3a CEKOj MPUPOfIEH Opoj n IITO 3HAUM
Jleka Hu3aTa € OorpaHM4YeHa Ofrope Hu crmopej TeopemaTa 3.2 HOKaxKaBMe
lieka Hu3aTa

a+iy
n

¢ KoHBepreHTHa. Hej3mHaTa rpanuna e 6pojor e ~ 2,718281.... (Henmepos
6poj), 3a KOj € JOKaxkaHO JieKa € UpalroHaieH 6poj.

3.4. KOHBEPTEHIIMJA HA HM3U1 BO ITPOINIUPEHO
MHOXECTBO HA PEAJTHUTE bPOEBUA

Bo nedunnnmjaTta 3.2 rpaHnnaTta Ha HU3aTa Oellle KOHEYEH peajieH
6poj. Cera Ke ja npommpuMe Taa fe(UHUIM]a Ha HU3W KOW MOXKaT Jla UMaaT
1 TPaHMIA +o¢ OJHOCHO —oC.

Hedunuyuja 3.9. Huzara {a,} nma rpanuma +oc (—oc) ako 3a cexoj
MPOM3BOJICH MO3UTHUBEH peasieH 6poj A MOCTOM MPUpPofeH Opoj Ny, Taka IITO
3a CeKOj MPUPOJEH OpOj n > ny Baku HEPABEHCTBOTO

ap>A  (a,<-A).
Toram numryBame

lima, = +oc (lim a, = —x).

n—>®© n—®©
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8 3. Husu op peannu 6poeBu

On nocnenHaTa fneuHAINIAja MOKEMe JIECHO a 3aKJIyJnuMe JieKa ako
€/lHa HW3a MMa TpaHuIla +o¢ OJHOCHO —oc, TOTAlll Taa € OECKOHEYHO rojieMa
Hu3a. OOpaTHOTO HE MOpA ia BaXKH, IITO MOXE J1a CE 3aKIIy4YH Off IPUMEPOT
co Hm3ara {(-1)"-n} Koja e GECKOHEYHO rojieMa, HO TM HeMa KaKO TpaHUIH
+oc ogHOCHO —oc. Cemak BaxXW TBPACHETO jeka ako Hu3arta {a,} €
OGECKOHEYHO ToJieMa Hu3a, Toranl Hu3ara {|a,|} nMa rpanuna +o.

MoxkeMe ma KaxkeMe fieKa CO OBaa JIOMOJHHUTENHA fie(UHULKja TO
OpOIIMPUBME TOWMOT 3a KOHBEpPreHIWja BO MPOIIMPEHO MHOKECTBO
peasiH OpOeBM CMETajKu TM UM HM3UTE CO TPaHMIA +oC OJHOCHO —o< KaKO
KOHBEPreHTHU HU3U BO MPOIIMPEHA CMUCIA.

Cure JOocCera HaBCACHU OCOOMHU U TEOpPEMHU 3a KOHBEPIeHTHU HU3U
Ke BaxKaT U 3a KOHBEPIreHTHUTEC HA3U BO MPOHIMPEHA CMUCIIa, CO 3abenenika
J€Ka IIpuToa €€ U30CTaByBaaT PE3IYJITATUTE KOra Ce HOjaBYBaaT nu3pasu o

+
BUI: ;—OC; (+oc) + (=<); 0-(f) (HapeueHU HeoNpeaeJICHN U3Pa3Hh).
T oC

Bo CJIy9auTe Kora ce jaBYBaaT OBHE HCONPEACJICHU U3Ppa3nd MOXKHU
C€ HCKOH TpaHC(l)OpMaI_[I/II/I KOM 3aBuUCAT O] KOHKPETHU HU3U, CO KOU ou ce
HO6I/IJIC cellaKk M3pa3d Ha KOU MOXKAT [a CE€ MPUMEHAT OCOOMHHUTE OJHOCHO
TEOPEMUTE 3a KOHBCPIreHTHU HU3U.

2
Ipumep 3.11. [1a ce Hajae lim n2 +l .

n—>0 n —

+ oC
Pewernue: OueBugHO ce pabOTH 3a HEOIPENEsEH u3pa3 oj Bug —,
+ oC

OujejKu HU3NUTE {n* + 1} u {n* — 1} umaar rpaHuia +oc U 3a Haofame Ha
OapaHaTa TpaHuIla HE MOXe fAa ce npumeHu Teopemara 3.1. Ako Ha
ONMIITHOT WIEH Off HM3aTa 4Mja rpaHulla ce Oapa ce U3BpLIAT CIEAHUTE
TpaHchopManuu

n2(1+i) 14+ L

n+1 n? n?
2 - - )
n- -1 nZ( _iz) 1_%
n n

Ke ce IIO6I/IG n3pas 3a ONIITHUOT YJIE€H KaKO KOJIMYHUK O1 IBE KOHBCPIrCHTHU

1 1 ,
Husm {1 + n—z} u{l- ?}, Taka ITO K& MOXKE Jla ce IPUMEHU Teopemara

3.1. 3Haun, HM3aTa € KOHBEPreHTHa co rpaHunara 1.
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3.5. IPOU3BOJJIHU HU3N

Heunuyuja 3.10. Hexka e pangena uu3a {a,} u IpOM3BOIHA CTPOTO
MOHOTOHO pacTeuka Hu3a of npupopguu 6poesu {k,}. Heka monaramy of
Huzata {a,} ™m u3bepeme WICHOBUTE CO WHAEKCU ki, k, k3, ..., ky, ..., W
¢dopmMupame HOBa HHM3a {akn }. Ha Toj HaumH goOmeHaTa HuU3a {akn} ce

HapeKyBa MogHn3a Ha Hu3ata {a,} neduHUpana co Hu3aTa uHAeKCcH {k,}.

Op neduHunpjaTa € jacHO JeKa 3a eqHa OpojHa HU3a MOXKaT Ja ce
¢opMupaaT 6€CKOHEYHO MHOTY HEj3MHM TOJIHU3M U JieKa CEKOTralll 3a CeKoj
NpUpOfeH OpOj n BasK HEPABEHCTBOTO k;, > n.

Ocobuna 3.8. Axo uuzarta {a,} € KOHBEpreHTHa CO TpaHHUIATa d,
TOrall 1 Koja OMJIO Hej3WHA TOJJHI3a € KOHBEPreHTHA CO MCTaTa IpaHuIIa.

loka3: Heka ¢ e mpou3BOJIEH NO3UTHUBEH peaneH Opoj. bupejkn
Hu3ata {a,} € KOHBepreHTHa, K€ MOCTOU MPHUPOAEeH Opoj 1y TAKOB IITO 3a
CEKOj MpUpOfieH Opoj n > ng K& BasK HEPaBEHCTBOTO

|a,—a| < &
HeKa{akn} e Tpou3BOJiHA TMopHu3a. buaejku k, > n, O MPETXOMAHOTO

HEpaBEHCTBO CIIelyBa JieKa 3a CUTe MPUPOJHU OpoeBH (MHAEKCH) k, > np Ke
Bak HEPABEHCTBOTO
la, —al<e

IITO 3HA4YM [JC€Ka IIOJHM3aTa {ak } € KOHBCPIrCHTHA CO Ir'paHulaTa a. OI[
n

MPOU3BOJTHOCTA HA M300pOT HA MOJHU3ATA CIEAyBa JeKa TOa BaX! 3a CUTE
MOJHU3M.

Ocob6una 3.9. Axo cuTe mnoOpHM3M Ha Hekoja Huza {a,} ce
KOHBEPIreHTHHM M UMaaT MCTa rpaHuIia, TOrall U camaTta Hu3a {a,} UCTO Taka
¢ KOHBEPreHTHa CO McTaTa I'paHuIIa.

lloka3: bunejku u camaTa Hu3a 3a cebe € MOMHM3a, Of YCJIOBOT
clefyBa Jieka € KOHBEpPreHTHa CO HeKOja rpaHuIa ¢, na cnopej ocoomHaTta
3.8 cieyBa U JOKa30T.

Hecunuyuja 3.11. Bpojor a ce HapeKyBa TOUKa Ha HATPyIyBame 3a

Hu3ata{a,}, ako BO Koja OWJIO £&OKOJMHA HA TOYKATa ¢ MMa OECKOHEYHO
MHOTY YJIEHOBH Of] HU3aTa.
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Ipumep 3.12. Huzata {(-1)"} uma aBe TOUKM Ha HATpymyBame, 1
-1.

Ilpumep 3.13. Huzara {Sin% N7} UMa TpU TOUYKM Ha HAaTpylyBame, 1,

—1uO.

[TocTrojar HU3M KOM HWMaaT U TMOBEKE TOYKM Ha HATPYIyBame.
MHOKeCTBOTO Off TOUKM Ha HaTpyIMyBalke Ha Koja OUJIO HU3a ceKorall uma
HajroJieM U HajMall eJIeMEeHT.

On pedpununmjata 3.11 e jacHO fAeka W TpaHWIATa Ha eJHA
KOHBEpPreHTHAa HU3a € TOoYKa Ha HaTpynyBame. [la 3alenexume neka
MOMMOT TOYKAa HAa HATPyNyBawme 3a HU3W HE € UCT CO HCTHUOT IMOUM 3a
MHOKECTBO.

Teopema 3.3. Cekoja KOHBepreHTHa HU3a {a,} UMa caMo eflHa TOYKa
Ha HaTpyIMyBame eHAKBa CO HEj3MHATA TPAHMIIA.

loka3: AXo a e rpaHMlla Ha HM3aTa, TOTall cnopep jAeduHuIjaTa
3.11 u reomeTpuckaTa MHTEpIpeTanyja Ha AepUHULIKjaTa 32 TpaHULA Ha
HU3a, @ € HUCTO Taka M TOYKa Ha HaTpynyBame 3a Hm3aTa. [la
IpEeTIOCTaBUME JieKa b e ipyra TOuka Ha HaTpylyBamwe, pa3iindHa Off a, U
lla IpeTnocTaBuMe fieka b <a .

1
Jla 3eMeMe KOHKpeTHa BPEeTHOCT & =3 (a —b) >0 (ako b > a, ce 3eMa

1
&= 3 (b — a) m moHaTaMy JIOKa30T € mcT). Toram BO &OKOJNMHATa Ha

TOYKaTa a, T.. BO MHTEPBANOT (a — & a + &), Ke ce HaoraaT OECKOHEUHO
MHOTY 4YJIEHOBM Ha HM3aTa, a HaJgBOp KOHEYHO MHOTry (6upejku a e
rpannna). Toa 3Haum geka Bo mHTepBanoT (b — & b + ¢), T.e. BO &
OKOJIMHATa Ha TOYKaTa b, Ke MMa KOHEYHO MHOTY WICHOBU Ha HU3aTa, LITO
€ BO CIPOTHBHOCT CO TIIpeTIOCTaBKaTa TodykaTa b fJa € Todka Ha
HaTpynyBame. Criopey Toa, He TIOCTOM Apyra TOYKa Ha HATPYIyBame OCBEH
rpaHuIaTA a.

OGpaTHOTO HE MOpa faa Baxwu. AKo ¢JHa H13a nMa caMO €JHa TOYKa
Ha HATpyNyBalkE€, HC MOpa 1a € 1 KOHBCPICHTHA.

IIpumep 3.14. Huzata co onmut 4jieH
a,=n+(-1)"-n+ 1
n

nMa caMO €1Ha TOYKa Ha HaTpynyBamkC O, HO HC € KOHBCPIr€HTHA .
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Hedunuyuja  3.12. Hajronemata (HajMajnaTta) TOYKa Ha
HaTpYIyBam€ Ha eJlHa HU3a ce HapeKyBa ropHa (JloJIHa) rpaHnla WK JIUMeC
cynepuop (uH(peprop) u ce 03HauyBa

lima, (lima,)

n—o n—o0
nan
limsupa, (liminfa,).
n—o

n—>0

Cekoratn
lima, < lima,

n—»0 n—o

1 paBCHCTBOTO BaXKM 3a KOHBEPrC¢HTHUTC HU3U.

Hecpunuyuja 3.13. CucteMOT off GpOjHU OTCEUKH (CETMEHTN)

[all bl]a [a21 bZ]a ey [am bl‘l]a ery
Kaj KOM BaxKH
a1£ azﬁ W < a <..< bn <..< bz < bl,

ce HapeKyBa CHCTEM OJf BIIOXKEHU OTCeYKHu co o3Haka {[a,, b,]}. Orceuka
WM CETMEHT € BCYITHOCT MHOYKECTBO PeajiHi OpOeBH JIe(PUHUPAHO CO

{x| a <x<b}=]a, b].
Heunuyuja 3.14. Heka e pafeH cucreM Biaoxkenu orceuku {[a,, b,]}
(1e e OpojHa HU3a). PeamrHnoT mo3utuBeH 6poj b, — a, ce HapeKyBa NOJIKIHA

Ha CErMEHTOT [a,, b,]. Ako Hu3arta {b, — a,}e HyJa-HW3a, TOTAIl BEIMME
neka cucteMot {[a,, b,]} € PyHmameHnTaneH cucrem.

Teopema 3.4. (boanano-Bajepmrpac). On koja Omiio orpaHuyeHa
HHU3a CEeKOoTrall MOXe Jla ce U3[IBOM KOHBEPIreHTHA MOIHN3A.

Hoxa3: Heka nu3arta {x,} e orpanudeHa, T.6 HeKa MOCTOjaT pEaHA
OpoeBU a U b TaKBH IITO 3a CEKO] MPUPOJIEH OPOj 1 1a BaxKu

a<x,<bh.

Toraii cuTe YJ€eHOBM Ha HU3aTa MpUIafraaT Ha CETMEHTOT [a, b].
Jla ro mopieTMMe CETMEHTOT Ha IBa HOBU CErMEHTa

[ %(a 5w [%(a +b), 5]

Toram OapeM egHUOT K€ COAPKM OECKOHEYHO MHOTY YIECHOBH O HHA3aTa
(ako He, Toram pBaTa OM cofpXeje KOHEYHO MHOTY, IITO €
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KOHTpajiuKIyja). Heka cerMeHTOT KOj COap>ku 6€CKOHEYHO MHOTY YWICHOBHU
ro o3Haumme co [ai, b1] KOj € TOAMHOXKECTBO OJf CEerMEHTOT [a, b].
ITpopmomxyBajku ro Toj npotiiec, Ke JoouemMe Hru3a of BJIOKEHU CETMEHTH

[a, b] > [a1, b1] D [a2, b2] D.....D [ak, by] ...,
Yyrja JOKUHA €

1
bk—ak: ?(b—a),

BO COI'JIaCHOCT CO CaMaTa KOHCTpYKHI/Ija. AKoO JOJI2KMHUTE CE€ 3€MaT KaKoO
HHU3a

{z—i(b ~ )},

Torai 3abeyiexxyBaMe Jieka Taa HA3a € KOHBepreHTHa co rpanuia 0 (cmopen
crienjanHaTa HU3a 3 U Teopemara 3.1).

Heka moHaTaMy OJI CeKOj TaKOB CEIMEHT [ai, bi] n3bepeme 1o efeH
4yJieH Ha Hu3aTa {x,} ¥ TO O3HAUUME CO Xy, CHOPE]| MHJEKCOT HA CETMEHTOT

of1 koj e n30paH. TakoB U300p € MOKeH OujiejKu cropesi KOHCTPYKIjaTa BO
CUTE Taka OOMEHM CETMEHTU MMa OECKOHEYHO MHOTY WIEHOBM Of HU3aTa
{x.}. Huzara {xnk } noOuena Ha TOj HAUMH € MOAHU3a Ha HMU3aTa {x,} U ro

“Ma CBOJCTBOTO
a < x”k < b; 3a keN.

On nmpyra crpana, Hu3ata {ax}, opMupana of JeBUTE KpaeBU Ha
BJIOKEHHUTE CErMeHTH [ax, bi], € KOHBEpreHTHa crmopej Teopemarta 3.2,
6uejkn € MOHOTOHO pacTedka W OTrpaHWYeHa ofrope (Ha mpumep co b).
Hcro Taka u Huzarta {b;} Off JeCHUTE KpaeBU Ha BIOXKEHHUTE CETMEHTH [ay,
bi] € KOHBepreHTHa criopef] TeopeMarta 3.2, OujejKu € MOHOTOHO ofafadyka
W orpaHudeHa opmpony (Ha mpumep co a). Bo cormacHocT co
KOHCTpPYKIIFjaTa, 32 CeKOj NpUpojieH Opoj k Baxku

1
b= ar+ ?(b—a),

na crnopep Teopemarta 3.1 u cenujanHaTa HA3a 3 ciefyBa Aeka HusnTe {a;}
u {b;} maat ucra rpaHuia Koja ke ja o3HauuMe co c. Of CBOjCTBOTO MaK Ha
nofHU3aTa {x”k }, koHcTpympana morope, cmopen ocoOuHaTa 3.5 Ke

CJIenyBa I€Ka U NMOJAHMU3aTa € KOHBCPICHTHaAa CO UCTaTa I'paHula C. CHOpCH
TOa, CO eI'3I/ICTeHI_II/IjaTa Ha KOHBEPr€HTHATa IOJHU3a {Xnk} JOKa30T €

3aBPIICH.
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J1a 3abeneknuMe ieka He MOpa OpOEBUTE a; U by J1a CE W YJIEHOBM HA
Hu3ara {x,}.

Bo cormacHocT co OBaa TeopemMa MOXE Ja Ce HUCKaxe W Jpyra
neduHuIyja 3a TOYKa Ha HAaTPYIyBamwe.

Hecgunuyuja 3.11*. Toukata a ce HapeKyBa TOUKa Ha HATPYNyBambe
3a Hm3aTa {a,} aKo OJl Hea MOXE€ Ja Ce M3[IBOM IOfHM3Aa Koja €
KOHBEPreHTHA CO I'PaHNLA a.

Cnopepn Toa, Teopemata 3.4 Ha Bonuano-Bajepiirpac moxe fa ce
npecgopmyaupa co TekeT: Cekoja orpaHnyeHa HA3a UMa OapeM elHa TO4YKa
Ha HAaTPYIyBame.

3.6. DYHIAMEHTA/JIHM (KOIIUEBN) HU3MN.
AKCHUOMA HA KAHTOP

Hepunuyuja 3.15. 3a wmzara {a,} Bemmme neka e Kommesa
(dbyHnameHTa Ha) aKO 3a KOj OMIIO IO3UTUBEH peasieH Opoj & MOKe J1a ce
Hajjie mpupofeH 6poj ng(&), Taka MITO 32 CUTE PUPOITHHA OPOEBU 1, m > np 1A
Baku HEPABEHCTBOTO

la, — an| < &

Osgaa fiecpuHnIMja ja ©Ma U caeHaTa popMynanumja:

Hepunuyuja 3.15*%. 3a uusara {a,} Bemume jeka e Kommesa
(dbyHpameHTamHa) aKoO 3a KOj OMIIO IO3UTUBEH peasieH Opoj & MOKe /1a ce
Hajjie mpupojeH O6poj no(£), Taka IITO 3a CEKOj MPUPONICH OPOj 1 > np 1 3a KOj
OuI0 MpUpOofieH OPOj p 1a BaKu HEPABEHCTBOTO

lanp—an < &
(ako ce ctaBu m = n + p, Ke ce nobue necpununmjata 3.15).
Teopema 3.5. Huzara {a,} e KommeBa ako m camMO ako e
KOHBEpPreHTHA BO R.

Hokas: Heka nu3ata {a,} € KoHBepreHTHa Bo R co rpaHuia a. Toramn
3a ceKoj MO3UTHBEH peajieH Opoj &£ CUTYpHO Ke MOCTOU pUpojieH 6poj no(é&),
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Taka IITO 3a CeKOj MPUPOJIeH Opoj n > ng U KOj OWII0 mpuposeH Opoj p Ke
BaxkaT HEpaBEHCTBATa

la, —a| < % a |app,—al< % (6unejku n + p > n > ny).

3Hauu, 3a ceKoj NMPUPOJeH Opoj n > ny U 3a KOj OUJI0 MPUPOJIEH Opoj p Ke
BaXKM HEPABEHCTBOTO

lansp — an| = lanp—a+a—ay| <|aysp—al +la,—al< = + = =¢

e €
2 2
IITO 3Hauu fieka Hu3ata e Kommena.

O6patHo, Heka Hm3aTta {a,} e KommeBa. Toram 3a KOHKpeTHa
BpeHOCT & = 1 Ke mocTou mpupopeH Opoj np, Taka IITO 32 CEKOj MPUPOJIEH

O6poj n > ng ¥ 3a KOj 6MII0 MPUPOJieH Opoj p Ke Baxku HEPABEHCTBOTO
lan+p —an| < 1.

AKO ce 3eMe KOHKPETEH MHJIEKC 1y + 2 MECTO UHAEKCOT n + p (mpu
mTo p = 1w n=ny+ 1> np), TOCIEMHOTO HEPABEHCTBO K€ BaXKW 3a CEKOj
MPUPOAEH OpOj 1 > 1y BO BUJ;

|a —a, <1,

ny+2
O] Kaja€ IITo Ce IIO6I/IBaaT 1 HCpABCHCTBATA
-1<a,<a

a +1,

ny+2 ny+2

HITO 3Ha4YM1 I€Ka HU3aTa € OrpaHnvdcHa.

Cnopenr Teopemara 3.4 u pgedununujata 3.11* wmsarta {a,} uma
O6apeM eflHa TOYKA HAa HATPYIyBame M OCTaHyBa YIITE [a ce IMOKaxXe jeKa
Taa TOYKa € eAMHCTBEHA.

Jla mpermocraBUMe Je€Ka IOCTOjJaT [BE pas3jidYHM TOYKM Ha
HaTpylyBamwe a U b 1 1a 3eMeMe KOHKPETHO

1
= =|b-a.
3
Toram BO &OKOJIMHATA Ha TOYKUTE a U b Ke mMa OECKOHEYHO MHOTY

wieHoBH off Hu3aTa. Crnopeq Toa, Ke mocTou MpupojieH 6poj ng(€), Taka mTo
3a CeKOj MpUpojeH Opoj n > ny U KOj OMII0 mpupofieH 6poj p,

a€(la—ga+e m  app,e(b-gbte),
OJ1 Kaje IITOo ce Jo0uBa
e=3e-2¢=|b—a|-2e<|b-a-24=|(b—- ¢ —(a+ &) <|any—an

ITocnemHOTO HEpaBEeHCTBO MPOTUBPEYHN Ha MPETIOCTaBKaTa ieKa Hu3aTa
{a,} e Kommena, co mTo 1OKa30T € 3aBpIIeH.
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Ha 3abenexume fieka kaj KommesaTta Hu3a € KapaKTEpUCTUYHO TOA
LITO HE MOpa Jja Ce 3Hae rpaHuIlaTa Ha HA3aTa.

Ilpumep 3.15. Heka e ajieHa Hu3a cO OMIIT YJieH

a,= —.
n

OBaa Hn3a € Kommesa Hr3a BO MHOKECTBOTO
A=(0,1] cR,

HO HE € KOHBEpreHTHa BO A4, OujiejKu Hej3uHata rpanuna (0 He My mpunara
Ha MHOXECTBOTO A.

IIpumep 3.16. Heka e magena au3a {a,} cO OMIIT YJICH
an=1+g+g®+..+q¢" 0<g<l.
Jla ce ucnura Hej3MHATA KOHBEPIreHIja BO R.

Pewenue: 3a cute npupogHu OpOeBHU 1 U p K& Ba>Ki HEPaAaBEHCTBOTO

+1 n+2 ntp _ 1 n+l n+l+p 1 n+l
totg" = — (" -q") < :

+
1 l-¢g l-¢g

|an+p—anl = q"

Hexka ¢ e npousBojsieH no3uTuBeH peaneH Opoj. On KOHBepreHumjaTa Ha
cienmjanaaTta Hu3a {¢"} (3a 0 < ¢ < 1) 3a & = &1 — ¢g) > 0 Ke nmocrou
NpUpOfeH Opoj g, Taka IITO 3a CEKOj MPUPOJEH OpOj 1 > ny Ke BaKu

lg"*" =0 = ¢"" < 1-q).

Crnopept Toa, 1 3a cekoj MpuUpojeH Opoj n > ny U ceKOj NMpUpojeH Opoj p Ke
BaXKM HEPABEHCTBOTO

1
|an+p_ a|<dl-q)— =¢
1-¢q

CO IITO MOKaXkaBMe Jieka Hu3aTa e Kommesa, OMHOCHO criopel Teopemarta
3.5 Taa e KOHBEpreHTHa BO R.

IIpumep 3.17. Hexa e naiena Huzata {a,} co OIIIT YieH

_ 1 1 1
ap, =1+ —+ =+ ...+ =

n
Jla ce ucnura Hej3uHaTa KOHBEpreHuyja Bo R.

1
Pewenue: Heka ¢ = 2 up=n.
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Torai 3a cexoj npupopeH Opoj #n BaKu HEPABEHCTBOTO

|anp—an| = la —a|—i+ L, +i>ni—1
o 2Tl nv2 7 2m 2n 2

3Hauy, 3a KOHKPETHA BPEAHOCT Ha & HE MOCTOU NPUPOfieH Opoj KOj Ou ru
3agoBosu Oapamara 3a Kommesa Hu3a, ma cnopej Toa oBaa HHU3a HE €
KOHBEPI'eHTHA .

Bo pmokasor Ha Teopemara 3.2 3a MOHOTOHU UM OTPAHMYECHU HU3U
Oemie kopucteHa akcuomarta VI 3a HempekumHatocT. Bo TeopujaTa ce
IIOKaxkyBa Jeka TeopemaTa 3.2 € €KBUBAJIEHTHA Ha akcuomara VI 3a
HenpekuHaTocT. OcBeH TeopeMaTa 3a JleIeKMHAOBY Ipecely MOCTO yIITe
e/lHa TeopeMa Koja € eKBMBAJIEHTHA cO akcuomaTta VI 3a HepeKUHaToCT, a
TOa € TeopeMaTa Ha KaHTOp 3a BIOKE€HU OTCEUKH.

Teopema 3.6. (IlpyHumMn Ha BIIOXKEHM OTCEUYKHM — aKCHMOMa Ha
KanTop.) 3a cekoj cucreM BIIOKEHU OTCEUKH MOCTOM OapeM efieH peajieH
OpoOj KOj UM Ipumara Ha CUT€ OTCEUKH.

Ke ja HaBepeme yiITe u cliefiHaTa TeopeMa:

Teopema 3.7. 3a cexoj pyHIaMEHTAJIEH CUCTEM BIIOXEHU OTCEYKHU
MOCTOU €IMHCTBEH pealieH Opoj KOj UM Mpumnara Ha CUTE€ OTCEUKH.

Hokas: Hexa {[a,, b,]} e pyHmaMeHTaJIeH CHCTEM BIIOKEHU OTCEUKH.
Cnopen pmen opm pgoka3oT Ha Teopemarta 3.4 wm3ute {a,} m {b,} ce
KOHBEPreHTHHM cO McTa rpanmna ¢. Ke okaxeMe yIuTe fieka ¢ ¢ 6apaHuoT
peasieH 6poj KOj UM npumnara Ha CUTE OTCEUYKHU.

Jla mpeTnocraBuMe 0O6paTHO, T.€. HEKa MOCTON CErMEHT

la,,. b,,]
TaKOB IIITO
cgla,.b, ]
Toraw ¢ < a, wm ¢ > b, , WTO € NPOTUBPEYHO HA JOKA30T JleKa ¢ €
rpaHUIia Ha MOHOTOHO pacreuykata Hu3a {a,}, OFHOCHO MOHOTOHO

onarfaukata Hu3a {b,}, Bo cornacHocT co TeopeMarta 3.2. EnuacTBeHocTa Ha
OpojoT ¢ ciemyBa Off €MHCTBEHOCTA Ha TpAaHWIIATa Ha KOHBEPTCHTHUTE

uusu {a,} u {b,}.

Ilpumep 3.18. Jla ce nokaxe jeKka CeKoj peajeH Opoj € rpaHula Ha
MOHOTOHO pacTeyka (onarayka) Hu3a of] palluOHAIIHU OPOEBH.
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Pewenue: Hexka x e peanen 0poj. Cnopepi ApxumenoBata akcuoMa
MOCTOM 11eJ1 Opoj k 3a KOj BasKaT HEpaBEeHCTBATa

k<x<k+1.
CermeHToOT [£, k + 1] ro nenuMe Ha JiBa 1O TOJKWHA €THAKBA CETMEHTH:
1 1
k. k+ = n k+ =, k+1].
[ 5 ] [ 5 ]

1 1
Axo x npunara Ha [k, k + > ], Toram craBame 1=k, 1=k + 2 a BO IpPYTHOT
. 1 .
cllydaj cTaBaMme ri = k + o = k + 1. 1 Bo fBara ciayvaja JOJKMHATA Ha

) 1 . ,
CEerMEeHTOT [r1, qi] Ke O6mpge —. IlpopmoikyBajkum ja oBaa mocTamka, Ke
2
no6ueme (pyHIaMeHTalIHA HU3a Off BIIOXeHu cerMeHTH (orcedkn) {[r,, ¢.l},
1 .
Fuy gn € Q, CO COOIBETHH JOJIKUHU PTR MY IITO, CHOpPEe]] KOHCTPYKIIUjaTa, X

Ke mpumnarfa Ha ceKoOj Off HUB.
3Haum, gob6uBmMe Huza {r,} of panuOHATHN OPOEBH 3a KOM, CIOpPEN
KOHCTPYKIIHjaTa, 3a CEKOj IPUPOfieH Opoj 7 K& Ba>Ki HEPaBEHCTBOTO

<X u T < P+l

Cropeqr Toa, Taka JJoOMEHaTa HU3a € MOHOTOHO pacTedyka W OTpaHWYCHA
ofirope, ma cropeyi TeopemMara 3.2 € KOHBEpreHTHa.

Bropara gobOuena Hmu3a {g,} € MOHOTOHO oOmafadyka W OTrpaHUYCHA
oanony (x < ¢u, gn+1 < ¢n), ITO 3HAYUN IEKA CIIOpPEN TeopeMara 3.2 UCTO Taka
¢ KOHBEpreHTHa.

On npyra cTpaHa, 3a ceKoj MpUPOJIeH Opoj # BasKd HEPABEHCTBOTO

1
O<x-r<gq,—r= —
2
1 HEPaBEHCTBOTO
1
O<gn—x<gp—r,= >

u crnopep ocoOouHa 3.5 HU3UTE

{-rn}y m {g.-x}

C€ HyJIa-HU3U O]] KaJi€ ce IIO6I/IB3 6apaHOTO TBPACHC.

IIpumep 3.19. [1a ce nokaxke Jeka cekoj peajeH Opoj e rpaHMIia Ha
HU3a Of] MpalMOHaJIHU OPOEBHU.
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Pewenue: Hexka x e peanen 6poj. AKo x € upanmoHajeH 6poj, Torar
OapaHaTa HU3a € KOHCTaHTa-HW3a {x}. AKO x € pammoHaysieH Opoj, Torarl
¢opmupame HU3A CO OMIUT YJIEH

an=x+1\/§

n

KOja CIopef] COOIBETHUTE OCOOMHM U TEOPEMH € KOHBEPreHTHA CO I'paHuIa
peanHuoT OpPOj X U CO WICHOBH MPALMOHAIIHA OPOEBH.

Ha ce BpaTMe Ha HU3aTa Off IPUPOHU OPOEBH

m01 ml’ m2| R | mk’ mk+ll R |

neduHNpaHa Kaj peajHATEe OpOEBU, UMW YJICHOBUM T'M MMAAT CJEJHUTE
OCOOMHHU:

0<my <10 g —mo— 20 — M2 _ " 1< +1,
i la=mo= 10~ 102 T s
0<m;<10,i=1,2, .. k+1,  a>me+ 2 +M2 4 4+ "

10 10> 7 10¢°

3a CeKOj MpUpojeH Opoj k.
Heka cera nepunnpame HU3a off paljiOHAIHU OPOEBH CO OMIUT YIeH

— m m, m,
a,=mg+ — +—2 + ...+ =
10 10 10
Cnopeqn TopeHaBeleHUTe OCOOWHM OBaa HmM3a MOHOTOHO pacte (0 < my),
orpaHmyeHa e off rope (co 6pojoT @) u mpu TOa BakN HEPABEHCTBOTO
L A ]<_mn+1t1 < L.
10 10 10" 10" 10"
Cnopep Teopemara 3.2 Taka fepuHApaHaTa HA3A € KOHBEPreHTHa.
Cnopep ocodunara 3.5 Hu3aTa

0<a-[mo+

m. m m
a—[mo+ = + 32 +... + 1
ta=lmo* 75+ 102 100

1 .
¢ HyJla-HM3a (HHM3aTa {W} € HyJIa-HH3a CIopeJl ClielnjaiHaTa Hu3a 3), ma

cnopen Teopemata 3.1 ro gobmBame 3aKIy4yOKOT fneka Hu3arta {a,} 3a
rpaHuIia TO UMa peajHuoT Opoj a .

BceymHocT cme nokaxale Aeka 3a CeKoj peajeH Opoj a IocTou
MOHOTOHO pacTeuka HHu3a oOf paunuoHanHu Opoesu {a,} (a m Hu3a of
npuponuu OpoeBu {m,}), AOOMEHM CHOpEe TMPETXOJHO HABEACHUOT
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ajJropuTaM, 4yMja rpaHuiia € caMuoT peaneH Opoj a. Ilpuroa ce moOusa
lenuMaJieH 3amuic Ha pealHnoT 6poj (aenumaler 6poj), co 3abemnenka aeKa
€ MOKHO IO KOHe4YeH Opoj YeKOpH YJIECHOBUTE Ha HU3aTa ia OMjaT Hyla.
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§4. PEAJIHA ®YHKIINJA
O ETJHA PEAJ/IHA ITPOMEH/INBA

4.1. OCHOBHM ITOMMU N1 TE®OUHULINN

Jlo mouMoT (yHKIHja MOKE f1a ce MOjie U3YyuyBajKu T OJJHOCUTE
Mefy pa3iuyHy TOJIEMUHU IPH HEKOMU TOjaBM BO MPHpOIaTa BO KOU € JIO0CTa
yecta (CKOpO HEMHMHOBHa) Taa Mefy3aBucHOCT. [Iputoa ce cpekaBame co
rOJIEMHMHA KOW CE€ MEHYBaaT BO TEKOT Ha pasriiedyBaHMOT mporec. Ha
npuMep, BO reoMeTpHjaTa € TMO3HATO jieka IUIOIITHHATa Ha KBajpaT Co
CTpaHa 4mja JOJDKMHA € d € & | € JaCHO JieKa KBajI[paT CO MOTOJIEMU CTPaHH
uMaaT ¥ TOrojeMa IUIOMITHHA. 3Hauu, MOXKeMe [a 3aKiIydnMme jeka
IUTOIITMHATA Ce MEHyBa CO NpOMEHa Ha JOJKMHATa Ha CTpaHarta, IITO
3HAYM JIeKa MJIOIITHHATA 3aBUCH Off IOJIKWHATA HA CTpaHaTa.

I[Toumor cyHKIHWja 3a3eMa €gHO Off IEHTpPAJHUTE MecTa BO
MaTeMaThkata (HO M BO JIPYIH OOJAacTH), a peajHuTe (PYHKIUH Off €IHa
peallHa MPOMEHJIMBA Ce caMO efieH crhenujaneH ciyyaj. [a 3abenexxkume
lieKa TOMMOT NMPOMEHJIMBA € Pa3lMyueH Off MOMMOT HEeMO3HaTa ToJeMUHa
KaKo IITO €, Ha IPUMepP, Kaj PaBEHKUTE.

Hegunuyuja 4.1. Hexka A u B ce aBe gajmeHum MHoXkecTBa. AKO Ha
CEKOj eJIeMeHT Off A, criope/l HeKOj MPONuC (3aKOH, MPABUIIO) €IHO3HATHO
My € TpUApPYXKEH OIpefiesieH eJeMeHT of B, Toram BenuMme jeka e
nedunupana pysnknuja ox A Bo B.

Co MHOXecTBaTa A 1 B m co mpaBWiiOTO BenmMme JeKa € 3ajjajieHa
¢dyHKIHja co o3Haka f (qpyru o3Hakwm g, h, F, G, ....). I[IpuToa numysame f : A
— B, mpu mITO aKO Ha €JIEMEHTOT X € A My € TIpUJIPY3KEH eJIEMEHTOT Y € B,
numryBame Y = f(X). EnemeHTOT Y ce HapekyBa 3aBUCHO NMPOMEHIIMBA WM
CIIAKa, a eJIEMEHTOT X ce HapeKyBa HE3aBHCHO NMPOMEHJINBA WA apTyMEHT
(opurunan). ITonekoram 3a f(x) ce Benm neka e BpegHOCT Ha (pyHKIMjaTa f
BO TOYKaTa X. 3a MHOXECTBOTO A BeJuMe JieKa € JeuHunroHa ooaacT
(momeH), a 3a MHOXKECTBOTO

(f(x) | x e A} =f(A) B

BCJIMMC NICKa € MHO2KECTBO BPECIHOCTHU (KOHOMCH).
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Hegunuyuja 4.2. Heka A, B — R. Axo e 3aganena ¢gpyaknmjata f: A —
B Toram Benmme fneka e 3afjafieHa peanHa (yHKIHWja Off efHa peaiHa
IPOMEHJINBA.

IMonekorain HamecTo o3Haka f 3a pyHKIM]ja ce KOPUCTHU U O3HAKATa Y
= f(x), co mTo MoKpaj o3HaKaTa 3a (pyHKIHMjaTa Ce MaficHN W O3HAKUTE 3a
HE3aBUCHO M 3aBHCHO MpomeHnuBuTe. [IpaBuioTo cnopen Koe e 3amajeHa
¢yHKIIIjaTa MOXe la ce MCKaXe Ha MOBeKe HAaYMHU, U TOa TEKCTyalleH
(omucen), TabenapeH, aHAMUTHYIKE (co hopmyiia), rpadpuIKe u Jip.

Jla 3abenexxume fgexka co opMyInTe
f)=x%  fy =y, f@=7
e fepuHupaHa eiHa ucra (pyHKIyja.

ITonatamy, HaMmecTo peanHa (PyHKIHMja Off €lHA peajHa MPOMEHIIUBA
Ke ro KOpucTUMe TEPMHUHOT (PYHKIHja Off elHa IIPOMEHIINBA.

Bo pokasute Ke ja kopuctuMe u ciaegHata ¢opmyianmja 3a
neuHALTja Ha PYHKIM]jA:
Hedunuyuja 4.1.* Heka A u B ce nBe majgeHn MHOXecTBa. AKO 3a
KOU OUJI0
X1, Xoe A
BaKM UMIUTMKaLjaTa
X=X = f(x1) =f(xo),
OJTHOCHO MMILIMKAIjaTa
f(x1) = f(x2) = X1 # X2,

IIPH IITO
f(Xl), f(Xz) e B

ce €IIEMEHTH KOM CIOpefl HEeKOj MpoMnuc (3aKOH, MPAaBUIIO) ce MPHUAPYKEHN
Ha €JIEMEHTHTE
X1, Xo € A

COOJIBETHO, TOTalll BeJIuMe Jieka e fepuHnpana pyHkuuja og A Bo B.
Hegunuyuja 4.3. Hexka e namena ¢ynkumja f co aedpuHMIMOHA

o6nact Df ¢ R. MuoxkectBOTO Ooff moapenenu naposu {(X, (X)) X e Ds}, co
o3Haka Gy, ce HapeKkyBa rpaduk Ha pyHKIjaTa f.
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I'eomeTpucky riegaHo camMo 3a HEKOM Kjacu (PyHKIUH IpadUKOT
pPEeTCTaByBa IMOJIMHOKECTBO TOUYKM (KpHBa) O] pAMHWHATA BO KOja € aJieH
KOOPJIMHATEH CUCTEM.

Ilpumep 4.1. dynxkumjaTa co Koja € pAajgeHa (PyHKIMOHATHATA
3aBHCHOCT Ha MOBpIIIMHATA Ha KBaJ[paT Of] JOJKWHATA Ha HEroBaTa CTpaHa
Ke Owujfie ajieHa aHaJUTHIKK co popmyJiaTa

f(x) = X2

Bo KOHKpeTHHOT ciyuyaj fAepuHUIMOHaTa obnacT Ke 6uae uHTepsaioT [0,
+oc), a KogoMeHOT uHTepBaoT [0, +oc). Hej3manmoT rpaduxk

Gi={(x, X)) | x € [0, +) }

reOMETPUCKHU € TaJIcH Ha PTCXKOT 4.

Lprex 4

Ha 3abenexumMe feka popmysnaTa co Koja aHAJIUTUUYKHU € 3ajaficHa
oBaa (pyHKIMja MO3BOJyBa Hej3MHaTa AeuUHUIMOHA obnact ga oOuge R.
Camara npupoyia Ha IpoOIeMOT (TOJKUHA Ha OTCeYKa € TIO3UTUBEH pealieH
6poj) ja orpaHnYyBa Hej3uHaTa JePUHUIIMOHA 00JIACT.

Ilpumep 4.2. dynkuujaTa gafeHa aHAIUTUUKU CO (POPMYIIUTE:

f(x)=0, 3axel,

fx) =1, 3axeQ (dysknujaHa [Tupuxie),
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( Jle(bI/IHI/IpaHa Ha MHOXKECTBOTO R, HO HejSI/IHI/IOT I‘pa(bI/IK HE MOXKE
reOMETPUCKHU [1a CE€ TPECTABH. HpI/ITOa

f(R) = {0, 1}

Gi={(x,0)|xel1}u{x 1)]xeQ}

Ilpumep 4.3. ®ynkuyjata 3agafeHa co popmyliata

f(x) = [x]
(HapeueHa 1eJ Aen off X) uMa AeduHUIOHa o6nacT R, fogeka KOJTOMEHOT €
MHOXECTBOTO Z, a rpauKOT TeOMETpUCKU € JajeH Ha LpPTEeXKOT 5.
BpenHocra Ha oBaa (pyHKIMja BO TOYKATA X € HAJTOJIEMHUOT 1€l OpOj moMall
of X.

y y
2 .
y = [X] y=sgnx 18
1 >
-2 -1 0
0o "1 2 3 7 x X
-1
-2 -1
Lprex 5 LpTex 6
Ilpumep 4.4. Dynkuujara
f(x)=1, 3ax>0; f(0)=0; f(x) =-1, 3ax<0, unu  f(X) = sgnx

(HapeyeHa cuWrHYM oOf X), WMa pAeduHUNMOHA oOmacT R, KogomeH
MHOKecTBOTO {1, 0, 1}, a rpadpmKOT reoMeTpucKu € JajieH Ha IPTEXKOT 6.

Hecpunuyuja 4.4. Heka ce npagenu jpBe ¢dynkmmm f mw g co
necpunumonn oodnactu E, u E,, coonsetno. ®dynkuuute f u g ce eqHakBU HA
MHOKeCTBOTO E ako

ninn
E,NE,=E

n aKo
vx e E, f(x)=g(x).
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Hecpunuyuja 4.4.% [Ie pyukuuu f 1 g ce egHAKBU aKO ce eTHAKBU
HUBHUTE rpauiy Kako MHOXKECTBA.

Ilpumep 4.5. Dynkuuure
2

X
fix—>X um g:xX—> —
X

HEe ce eHaKkBH, Oujejku x = 0 He ¥ mpunara Ha AeUHUIMOHATa 00JIACT Ha
¢ynkumjara g, T.e. Toukara (0, 0) mpumara Ha Gy, HO He mpumnara Ha Gy. Tue
cemnak ce efHakBU Ha MHOXecTBOTO R\{0}.

4.2. 3bAP-OYHKIINJA, PA3INKA-OYHKIINJA,
MPOU3BOA-PYHKIINJA U KOJINYHUK-OYHKIINJA.
CIOXEHA ®YHKIINJA

Hegunuyuja 4.5. Hexka f u g ce gBe pyHKIMM neduHUpaHA HAJ| €THO
MHOKecTBO E. Toram Ha cnegHHOT HauMH co feduHUMOHaTa obact E ce
neduHMpaaT HOBU (PYHKIUK HapedeHu 30up-PyHKIMja, pa3iuka-pyHKIyja,
npou3BOA-(pyHKIM]a U KOJTUYHUK-(PYHKIH]A:

f+g:x—f(x)£g9(x);
f-g:x—>f(x) 9(x);
i X ﬂ
g g(x)
nin
(f+ g)(x) = f(x) = 9(x);
(f-g)(x) = f(x) - g(x);

f f(x
(T =%
g g(x)
Opy IITO 3a KOJIWYHUK-(PYHKIKjaTa € TMOTPeOHO [a ce MpeTIOCTaBH
dyHKkumjaTa g ma ja Ma ocobmHaTa 3a cekKoe X € E ma Baxku g(x) # 0.

Hegunuyuja 4.6. Hexka e pgamena ¢ynknmja f co aeduaMImMoHa

o6nact Df m F = f(Ds) Heka e Hej3mH KomoMmeH. Heka moHnatamy e fajeHa
dynkuuja g co paecdununmona obOnact F. Toram ce peduHMpa HOBa
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dyHKIMja co o3Haka g o f, HapeueHa cioxkeHa (PyHKIHMja cO Ae(PUHUIMOHA
o6iact Dy, Ha CIeqHIOT HAUNH:

gof:x— g(f(x))
nin

(9 0 H)(x) = 9(f(x)).

IIpumep 4.6. Heka
f)=x>* u g(x)=5x+4
ce Be (pyHkuu aepuHrpanu Ha R. Toram

(f) 2(@J) )
gof:x > x* > 5x“+4,

OJIHOCHO
@of() =5x°+4  (g(f(x) = g(x*) = 5x" + 4).

bupejku
f(R) =R,

MOKeMe Jla pasriieflaMe W Apyra ciioxkeHa ¢yHknuja f 0 g Koja Ke Ouje
3ajiajieHa co

(9) (f)
fog:x > 5x+4 — (5x+4)%

T.C.
(fog)(x) = (5x + 4)%

OueBUAHO [leKa 1 OBa € IpUMep Off KOj MOXe Jia ce 3aKJIy4H ieKa BO
OIIIT CITyYaj

fog#gof

(He Baxku KOMYTATUBEH 3aKOH), IOJIeKa BO OMIIIT CJIy4aj MOKe J1a ce TOKaxKe
neKa 3a Tpu gageHu pyukiuu f, g u h Baxku

(fog)oh=fo(goh) (aconujaTuBen 3aK0H).

4.3. UHBEP3HA ®YHKIINJA

Hecpunuyuja 4.7. Hexka e pmagena ¢yakuuja f co medurmnmona
o6nact D¢, npu mto cnopen nedpununyjara 4.1 3a

VX e D¢
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MIOCTOM €THO3HAYHO onpenesneH 6poj y € f(Dy), Taka mro Yy = f(X), omHOCHO 3a
CeKoe X1, X2 € Dy /1a BaxKu UMIUTHKAIMjaTa

X1=X2 = f(Xl) = f(Xz).

AKO Ha
vy € f(Dy)

My OfIrOBapa equHCTBEH Opoj X € Dy Taka mto Yy = f(x), Toram Benume geka
e neduHupana HoBa yHKIMja o MHOXKecTBOTO f(Df) BO MHOXKecTBOTO Dy,
HapedyeHa WHBep3Ha (yHKIMja Ha ¢yHKimjaTa f co o3Haka f ', a
MHOXECTBOTO

{(f(x), ¥) | x € Dt }

€ HeJ3uH rpagux.

Bo cornachoct co gecpununumjata 4.1* noTpeOGeH 1 JOBOJIEH YCIOB ia
noctou MHBep3HaTa yHkmja f ' Ke Gupme yclmoBoT 3a cexoe X1, X2 € Dy a
BaXKH UMIUTHKAIjaTa

f(Xl) = f(Xz) = X1=X2
UJIY UMILTMKAIjaTa
X1 # X2 = f(X1) # f(x2).

Onp camata peduHUIja € jacHO fAeka naedUHUIMOHATAa OO0JacT Ha
wHBep3HaTa yrKkuyja f ' e KojoMeHOT Ha (pyHKIHjaTa f, a KOJOMEHOT Ha
wHBep3HaTa yHkumja f ™ e nedpuHunmonara o6act Ha ¢ynkmjaTa f. Mcro
TaKa JIECHO ce youyBa JieKa 3a cekoe X off Dy

flof:x—x
u 3a cekoe Y of f(Dy)
foft:yoy,

of] Kaje IUTO cjefyBa M KOHCTaTalyjaTa jeka HMHBEp3Ha (pyHKIHWja Of
mHBep3HaTa (pyrkmumja f " Ha Hekoja dyHKumja f e camara Taa dyrKnHja f,
T.e. (f ™)™ = f (ce pa36upa, moj ycI0BY 32 HUBHO TIOCTOCH:E).

IIpumep 4.7. Heka e fagena gpyHkiuja
f(x) = 2x + 1,
co Dr =R u kopomeH R. [1a ce Hajie nHBep3HaTa (pyHKIHja 1

Pewenue: Op paBeHkaTa
y=2x+1
creqyBa
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1
X=—=(y-1),
,0-1
Taka mTo f ' ke Gupie gayeHa co hopmytaTa
- 1
2y =>-1),
2
T.€. co (popmymaTa
f*@:%u—n

ITpuroa ¢pyukuujaTa f curypHo uma cBoja uHBep3Ha (PyHKIH]a, IITO MOKE
JIECHO Jla ce ToKaxe (X1 # Xp = 2X1+ 1 # 2xp+ 1).

Teopema 4.1. Heka e nasiena ¢pynknuja f co gepunnnmona odnact Dy
Y HEKa IIOCTOM HEj3MHAaTa MHBEp3HA (PyHKIHja
g =f>

Axo rpadukorT Ha ¢yHkuujata f Moxe reomerpucku pga ce
WHTEpIpeTHpa, Toram rpadukoT Ha ¢yHKnujata f ' e cmMeTpmueH co
rpadukoT Ha ¢yHkuujata f Bo ogHoc Ha cumerpanata Y = X Ha | u Il
KBaJPaHT BO IIPABOArOJIHUOT KOOPAUHATEH CUCTEM .

IHoxkas: Heka
A(x, f(x)) € Gr, B(f(x), X) € Ggq

ce mBe TOYKM off Trpacdumure Ha yskmunre f m g = f ' 3a egHa wcra
BpegHOCT X € Dy. 'o popmupame Tpmaromaukot ABC kaje mro C(f(x), f(x))
€ TOYKa Off cuMeTpanaray = X (uprex 7).

y
X B
f(x) A
C
0 f(x) X X
Lprex 7

bunejku
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AC=BC=x-f(x) u «C=90°
TpuaronHukoT ABC € paMHOKpak MpaBOarojieH TPHUArojiiHuK, Of Kaje
cieqyBa geka

AD =BD,

IITO 3HAYM flekKa ToukuTe A u B ce cuMeTpruyHM BO OHOC Ha cUMeTpajiara y
=X Ha | u lll kBagpaHT BO IpaBOAroJHUOT KOOPAUHATEH CUCTEM .

Cnopep oBaa TeopeMa € jacHa U KOHCTpYKIHjaTa Ha rpapukoT Ha
MHBEp3HA (PYHKIHja CO MOMOII Ha TpapuKOT Ha iajieHa (PyHKIH]a.

Ilpumep 4.8. Heka e gagena ¢pyHkiyja

fx)=x%, Df =R.

Hej3unara nnBep3sna dynknmja f ™ e nagena co popmynara

f1(x) = 3x

Y HUBHUTE Tpaduly ce JajlecHu Ha PTEeXKOT 8.

ffﬁl

Hprex 8

Ilpumep 4.9. Hexka e nanena yHkuuja
f(x) = x°

u necduHmmona obmact E = [0, +oc). Hejsunara maBep3na dynkumja f e
nangeHa co popmynara

f 1(x) = Vx

Y HUBHUTE rpaduly ce ajleHu Ha [PTeXKOoT 9.
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Lprex 9

3a dynkumjata f pmagena co wucrata ¢opmynaa, HO €O Jpyra

necduHnIMona o6mact E = (-, 0], coonpeTHaTa MHBep3Ha ynkumja f e
fajeHa co popmyarta

f (x) = —/x

¥ HUBHUTE rpacuniu ce nageHu Ha uprekot 10.

Hla 3abenexuMe aeka (yHKIHUja AajfieHa co ucTata (opMmynia U co
neduHUIMOHa obnacT R HeMa cBoja WHBep3Ha (PYHKIM]jA, IITO 3HAYM JleKa

NOMMOT 3a MHBEp3Ha (PYHKIHUja € MOBp3aH U CO COOABETHA Ae(PUHUIIMOHA
00J1aCT UM TOAMHOXKECTBO Of Hea.
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4.4.1TAPHU U HEITAPHM ®YHKIINUN.
NEPUOINYHA ®YHKIINJA. MOHOTOHHU @ YHKIINN

Heppunuyuja 4.8. Hexka e nmagena ¢ysknuja f co medurmnmona
o6nact Df koja uMa ocoOMHa ako

X € Dy,

TOrall u
—X e Ds.

3a ¢yHknmjaTa f Beume fieka e napHa (HemapHa) ako 3a
VX e D¢

BaXK1

fx) = f(=x) (f(=x) = - f(x)).

Cnopen camara paeduHunmMja rpadWKOT Ha TMapHa (HEmapHA)
(pyHKIHMja TEOMETPHUCKH TJIEJaHO € CHMETPUYEH BO OJIHOC Ha OcKara Y
(KOOPAMHATHHOT MOYETOK ). Toa cieyBa off CHMETPUYHOCTA Ha TOUKUTE

M(x, f(x)) u N(-x, f(x))
(M(x, f(x)) u N(- x, — f(x))).

Hedunuyuja 4.9. Hexka e namena ¢ynkumja f co aeduHMIMOHA
o6nact Ds. Ako nocrou peaneH 6poj @, pasnudeH of 0, Taka IITO 3a

VX e Dy
na BaxKu
f(x + w) = f(x),

Toraiml BenuMme feka ¢yHkiujata f e nepuonuuna. [Iputoa Df mopa fa ja
uMa ocoOMHaTa ako

xe Dx,
TOorauma

X+ w e Ds.

Axo T # 0 (T > 0) e HajManMOT Of CHTE OHWE MO3UTUBHU PEaATHH

OpoeBu @ co 0cOOMHA
f(x + w) = f(x)
(ako mocTOM HajMaJs MO3UTHUBEH OpPOj Ha TOA MHOKECTBO), Toraml T ce BUKa

nepuoy (HeKajje OCHOBEH EpHOT) Ha NeprofnyHaTa pyHKnmja f.

Op camarta fecpuHHLIMja € jacHO AeKa 3a TpauKOT Ha MEepPUOAYHA
dyskumja co mepuox T € JOBOJHO TEOMETPUCKM Ja C€ CKHIMpA HAa
cermeHTOT [0, T], a mOTOAQ MEPUOAUYHO Ce MOBTOPYBA.
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Hecpunuyuja 4.10. 3a pyunkumjara f, nepuanpana na Dy, Benume nexa
€ MOHOTOHO pacTedyka (omafayka) Ha MHOXKecTBOTO Di (MOxXe W Ha
HOAMHOXeCcTBO off Dr) ako 3a cexon

X1, X2 € Ds

(OTHOCHO O] COOIBETHOTO TIOJIMHOKECTBO) 32 KOU X1 < X2 BaXKH
f(xe) <f(x2)  (f(xq) = f(x2)).

ITonekoram ce Benu feka (pyHKOmjaTa co oBaa ocoOWHa He omara
(He pacte) Ha MHOXKeCTBOTO Df. AKO BaxKu CTPOTO HEpaBEHCTBO, TOTAII 3a
(yHKIHjaTa ce BeNm JileKa CTPOr0 MOHOTOHO pacTe (CTPOro MOHOTOHO
omara).

Ilpumep 4.10. dynkuujata
f(x) = x°

Ha MHOXECTBOTO R cTpOoro MOHOTOHO pacrte, OUjIejKu ako €

X1 < Xo,
Toraii
f(X1) — f(X2) = X.° = %22 = (X1 — X2) (X° + X1Xo + X22) < 0,
OJIHOCHO

f(x1) < f(x2) .
Teopema 4.2. Hexa e nanena ¢yunkuuja f, nepunupana na Dy, koja e
CTPOro MOHOTOHO pacTeyka Ha D 1 Heka
F =f(Dx).
Toram ¢yukuujaTa f nmMa nEBep3Ha dyrkumja f  necdunupana Ha F, Koja e
CTPOro MOHOTOHO pacTeyka Ha F.

oxka3: bunejku ciopesi ycioBoT f € cTporo MOHOTOHO pacTeuka, 3a
cekoe

X1, X2 € Dy,
Ke BaxK¥l UMIUTUKaIujaTa
X1<X2 = f(Xl) < f(Xz).
Hexka X1 # Xp, IITO 3HAYUM X1 < X2 UIIH X1 > Xo.
Toram Ke Baxku

f(x1) < f(x2)

11001
f(xq) > f(x2)
(om cTtporata MOHOTOHOCT Ha f), IITO 3HaUM

f(xq) = f(x2),
CO IITO e JOKaskaHa er3iCTeHIMjaTa Ha MHBep3HaTa dyHKmja f .
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[Tonaramy, Heka Y1, Y2 € F mw HEeKa y1 < Ys.
Toramr 3a y; € Fnocron eguHcTBEH OpOj X1 € Dy, Taka mto y; = f(X1)
(6unejku f e pynkIMja).
Wcro Taka u 3a
yo e F

Ke OCTOM eIMHCTBEH Opoj X Taka mTo Yz = f(X2).
Ila mpeTnocraBume

X1 2 Xo.

Op crporata moHoTOHOCT Ha f mobmBame meka f(x;) > f(x2), mTo 3HAUM
lieKa Y1 >Yp, IITO € BO CIPOTUBHOCT CO MpeTHocTaBKaTa Yi < Ys.
3Haun, of
Yi<Y2 = X1<X2
OJTHOCHO

7y < £7(v2)

CO IITO MoKakaBMe fieka f e CTPOoro MOHOTOHO pacTeuka (yHKIuja Ha F.

OBaa TeopeMa MOXe Ja Ce KOPUCTH M KakoO KpPHUTEpUYyM 3a
er3uCTeHIMja Ha WHBep3Ha QyHKOWja (Kako Bo mpumepor 4.9). Jla
3abeseknMe JieKa MOMMOT MHBEp3Ha (PyHKIMja € Bp3aH 3a MHOXKECTBO (Ja
ce BUJIM UCTUOT npumep 4.9).

4.5. OPAHNYEHOCT HA @ YHKIINN. JOKAJTHUA U I'NIOBAJTHHA
EKCTPEMU. MMIINIMIIATHO U ITAPAMETPUCKU 3AJATEHU
OYHKIINN

Hedunuyuja 4.11. 3a pyakuumjara f, neduanpana na Dy, Benmme geka
€ OrpaHMYeHa aKo € orpaHnueHo MHOXKecTBOTO f(Dy), oTHOCHO aKo mocTojaT
peanHu 6poeBr M u M Taka IITO 3a CEKOj EIEMEHT

y € f(Dy)
Ja BaXku HepaBeHCTBOTO
m<y<M.

I'eomerpucku rpaukoT Ha orpaHmyeHa (pyHKIHMja ce Haofa mery
JIB€ XOPU30HTATHH TPaBU
y=m, y=M,

npu mTo VX € Dy Baxku m < f(x) < M.
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Hecpunuyuja 4.12. Heka e nanena ¢ysakuuja f gepunupana Ha Dy
AKko nnocrou Opoj
Xo € D¢ (Xl S Df),
Taka IITO
inf f(Dy) = f(xo) (sup f(Dy) = f(xa)),

torami 6pojoT f(Xo) (f(x1)) ce HapekyBa Hajmana (Hajrojiema) BpegHOCT Ha f
BO oOiacta Ha Ds .

Bpoesute f(Xo) m f(x;) (ako mocrojaT) ce BUKAaaT EKCTPEMHH
BpenHOCTH Ha (pyHKImjaTa f Bo o6macra Ds (TIT06aTHU €KCTPEMH ).

Hegunuyuja 4.13. Heka e napena ¢pynkumja f gedpuaupana na Dy
Axo nocton &> 0 Taka mrro f(C) ma Ouye eqMHCTBEHA HajrojieMa (HajMaa)
BpeIHOCT Ha (pyHKIMjaTa f HA MHOXKECTBOTO

(c—6,¢c+0)n Dy

WM €O ApYru 300pOBU aKo 3a
Vx e (c— 9, ¢+ 9) N Dy
BakKun

fx) < fc) (f(x) = f(c)),

Toram BenuMme fieka Opojor f(C) e nokaneH MakcmMyM (MUHUMYM) Ha
dyukumjata f. Bpojor f(C), ako mocrom, ce BWKa JIOKaJeH €KCTpeM 3a
¢ynkuujara f.

I[a 3a0eJiexxume J€Ka CCKOj rioOajiecH CKCTPEM € | JIOKAJICH, 1OJCKa
O6paTHOTO HC MOpa Jia BaXu.

Bo Hekowu cinydan pynkimjaTa f co rpacduk

Gt = {(x, (X)) |x € D}
MO2KE 1a GI/IIIC 3afiaIcHa CO paBE€HKAaTa
F(x,y) =0,
kaze y = f(x).
Toram Benume nexka ¢yHkuyujata f e 3amageHa UMIUTMIUTHO (BO CKpHEH
BUJI) 32 pa3JiiKa Of] eKCIUTUIUTHO (jaBHO) 3a/1afieHa co hopMyiiaTa

y = f(x).
J ACHO € IcKa paBeHKaTa
F(x,y)=0

ja 3aJ0BOJIyBaaT MHOXKECTBOTO THapoBu (X, Y) Koe He e momaio of G,
OupiejKu, HampuMep, MOKAT Jla MOCTOjaT MOBeKe BPEJHOCTH Y KOU
OJIrOBapaaT Ha eJHa UCTa BPETHOCT X, TaKa IITO 3a HUB J1a BaXKK
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F(x,y)=0.

Cnopep Toa, co paBeHkata F(X, y) = 0 moxart jga O6upgatr mepuHUpaHU ©
noBeke (PyHKIIWH.

IIpumep 4.11. Co paBeHKaTa
X +y?—1=0

ce 3ajaieHu ToBeKe (PYHKIMM Ofi KoM Ke HaBefieMe camo Tpu. Toa ce

¢yHKIUUTE:
f(x) = V1-x2,

co Ds = [-1, 1] m rpacduK masieH Ha npTekoT 11;

gx) = - V1%,

co Dy = [-1, 1] u rpachuk fafeH Ha pTeKoT 12;

F(x) = \/1—X2,X€R
) —\/1—X2,X€| ,

coDe=[-1,1].

Hanu nocrojaT u Apyru pyHKuu?

y y
-1 1
0 X
1 0 1 X
Lprex 11 Lprex 12

YecronaTtu eqHa PyHKIH]ja

fix—>fx) =y,
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nedunrpana Ha Dr, Moxke fa Ouje 3aajieHa Bo mapaMmeTrapcku Bup. [Iputoa
Y HE3aBUCHO IIPOMEHJINBATA X U 3aBHCHO IIPOMEHINBATA Yy C€ JafeHu CO
(pyHKIIMOHANHA 3aBUCHOCT Off HEKOja TpeTa IpOMEHIWBa t HapeuyeHa
napaMeTap. AKO THE [IB€ 3aBIUCHOCTH ce e(pUHUPAHN IPEKY HOBU (DYHKIUK
@ ¥ y, TOraul paBeHKHTe Ha pyHKUujaTa f Ke OupaT 3anuianu co

x=p®), y=ul)
(mapameTapcku paBeHKH). OYHKIMHUTE @ U y ce Ae(MHUPAHU HA HEKOe
MHOXecTBO T, mpu mTo 3a cexkoe t € T Baxku (¢(t), y(t)) € G [Ipuroa e
noTpeOHO (pyHKIMjaTa ¢ Ja uUMa WHBEp3Ha (QyHKOMja Ha T, OupejKu
BcymHoCT f e cnoxkena gynkuuja wo ¢ '

(v = w(t) = w(p (X)) = (wo 9 )(X) = f(x).
BakoB HauumH Ha NpeTCTaByBamke YECTO C€ KOPUCTHM BO TEXHUKATa Kaje
napameTapoT t € BpeMeTo.

IlIpumep 4.12. Pynkuyjata
f(x):%\/az—x2 , a>0, b>0,

necpuHupaHa Ha cerMeHTOT [-a, a], MoXe p[a ce 3aage u Cco
napaMeTapcKUTe PaBEHKH

Xx=a-cost, y=Db-sint, 3a te [0, 7],

npu mto Y = f(X).
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§5. TPAHNYHA BPEJTHOCT HA PEAJ/IHA ®YHKIINJA
O EJHA PEATHA ITPOMEH/IUBA

5.1.TPAHUYHA BPEIHOCT
d1omm, IEGHNIINJA U OCOBUHN)

I'pannmunuTe nponecu ce dyHpameHT Ha npupopata. Co HUBHUTE
MaTeMaTU4yKu popMysiali € CO3[afeH MOKEH MaTeMaTH4KH amnapar co
yyja MOMOII Ce pa3pellieHd TrojieM Opoj mpoOiieMu BO NPUPOJHUTE U
Apyrute Hayku M oOnactu. [IpBuTe yekopm BO Taa Hacoka ce HalpaBeHH
yIITe HEKOJKY BeKa Mpej HamiaTta epa. ['paHMyHMTE ImpoIecHu OTceKoraml
Ouie NMpeaMeT Ha OIcepBalja M NPOydyBawme Of aHTHMUKO BpeMe c€ M0
nenec. [Jo6po ce mo3HaTu napagokcuTe Ha 3eHoH (V Bek mpej HalllaTa epa)
3a TpKaTa Ha AXWI M >KeJKaTa U 3a YOBEKOT KOj YeKOPHU KOH SHJ] CO YEKOPH
€[lHAaKBU Ha IMOJIOBMHATA Offi HETOBOTO MOMEHTAJIHO PacTOjaHHe Off SHAOT,
Kako M MpoOJIeMOT 3a Haofawke IUIOIITMHA Ha KPYr M INepuMeTap Ha
KPY>KHHLIA.

IToumoTt rpanuna Oemre gerHUPAH Kaj HU3UTE Of] PEaHU OPOEBH.
Bceymnocr, Tne Hu3u Oea peduHMpaHu co PYHKIHU]A KOja € MPECTUKYBakhe
og N Bo R. Cera TOj mouMm Ke ro obommTuMe Kaj (yHKIMja Of €[IHa
IIPOMEHIINBA.

Hegunuyuja 5.1 (Komm). Heka e pgagena ¢ynkomja f co
nepuHUIMOHa obOjacT Dy M HeKa a € TOo4YKa Ha HaTpymnyBame 3a Dy
Koneunnot peasnen 6poj 4 ce HapeKyBa I'paHUYHA BPETHOCT Ha (PyHKIUjaTa
f Kora x ce cTpeMH KOH a ako (pyHKUHjaTa f € fneduHMpaHAa BO HEKOja
OKOJIMHA Ha TOYKAaTa @, OCBEH MOXeOM BO g, M aKO 3a KOj OMJI0 MO3UTUBEH
peaiieH OpOj & TIOCTOM pealieH MO3UTUBeH Opoj & &) (KOj 3aBUCH O £), TaKa
LITO 3a cUTe peanHu 6poeBu x € Dy, 3a KOU BaXkaT HepaBeHCTBaTa

O<lx—da|<9,

ia Guje 3aI0BOJIEHO HEPABEHCTBOTO

flx) —4| < e
Toram nuiryBame

lim f(x) =4,

xX—a
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n
fix) >4 kora x — a.

Toa BcymIHOCT 3HauM ieKa 3a ceKoja &-okoimHa V(4, &) Ha ToukaTa
A4 nocron J-okonuHa V(a, ) Ha TOUKaTa a, TaKa LITO 3a CUTE TOUKH x € Dy,
X # a, KOW ¥ mpunaraat Ha okosmHaTa V(a, 6), COOmBEeTHUTE BpeTHOCTH f(x)
npunaraaT Ha okonmHaTa V(4, &).

Hepunuyuja 5.2 (Xajue). Heka e pjamena d¢yHkmmja [ co
nedpuHUIMOHa oOjacT Dy M HeKa a € TO4YKa Ha HaTpymnyBame 3a Dy
Koneunnor peaien Opoj 4 ce HapeKyBa paHUYHa BPEJHOCT Ha (pyHKIHUjaTa
f Kora x ce cTpeMH KOH a ako (yHKuygjata f e jgedpuHMpaHa BO HEKOja
OKOJIMHA Ha TouyKaTa @, OCBEH MOXeOu BO @, M aKo 3a Koja OuiIo
KOHBEpPIreHTHa HU3a

{x.}, xn€Dp x,#a,

YyHpja rpaHuna € OpojoT a, COOJIBETHATA HU3a

{Ax)}
€ KOHBEPreHTHa CO rpanuna A.
OBOj mpoliec 3a Haofame TPaHNYHA BPEHOCT Ce HAPEKyBa FPaHUYEH
poIec.

Teopema 5.1. [lecpununuute 5.1 u 5.2 ce eKBUBAJICHTHH.
oka3: Heka A e rpaHn4Ha BpeHOCT Ha (pyHKIHUjaTa f KOora x— a
cnopen nepurnnmjata S5.1. Heka {x,} e Koja Guino KOHBEpreHTHa HHU3a CO
rpaHula ¢, IpH IITO 32 CEeKOj MPUPOAEH Opoj n BaxXH x, # a (6apeM efHa
TaKBa HU3a NOCTOU OufiejKu f'e nedpuHrpaHa BO HEKO] HHTEPBaJ
(a—ga)ula,ate

BO KOj ¢ € TOYKa Ha HaTpyIyBame, Ha IpUMep HU3aTa
1
{a— —(a-x0)},
271
Kaje IITo
xoe(@—&a)u(a, a+e).

Heka ¢ e npousBonen mno3utuBeH peaiieH 0poj. Cnopen nedpununmjara 5.1
Ke MOCTOM MO3UTHUBEH peasieH Opoj &), Taka IITO 3a CUTE X 3a KOM Baxar
HEepaBeHCTBaTa

O<lx—da|<o

Ke Oujie 3aJJ0BOJIEHO HEPABEHCTBOTO

Ifx) —A|< e
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Bupnejkn cnopen ycnoBoT {x,} € KOHBepreHTHa HHA3a | X, # d, 32 UICTOTO O Ke
IIOCTOU MPUPOJEH OpOj ng, TaKa IITO 3a CUTE NPUPOAHU OpOEBH n > ny Ke
OujaT 3aJOBOJICHA HEpABEHCTBATA

0<pu—al<sg,
HITO IMaK MOBJICKYBa 3aJOBOJIYBahb€ HAa HCPABCHCTBOTO
fx,) —A| < e
Co Toa BCYHIHOCT IMTOKaKaBME [ICKa HU3aTa
)}

€ KOHBepreHTHa co TpaHuIaTa 4, a 6unejku auzarta {x,} Gelre NMpou3BoOIHA,
noKaXkaBMe JeKa 4 € TrpaHMYHa BpeJHOCT Ha (yHKUHWjaTa f W CIOpEN
nedunummjata 5.2.

Heka cera 4 e rpaHmyHa BpefHOCT Ha (yHKIMjaTa f Kora x — a
ciopeqi necduHunKjaTa 5.2 U HEKa MPETIOCTaBUMe AeKa 4 He € TpaHhyYHa
BpeAHOCT Ha (pyHKIHM]jaTa f Kora x — a cnopep aedununymjara S.1. Toa 3Haun
fieKa K€ IOCTOM HEKOj KOHKPETEH MO3UTUBEH pealleH Opoj &, Taka LITO 3a
CEKO] MO3UTUBEH pealieH Opoj J Ke MOXKe Jja ce Haje 0apeM elHa BPETHOCT
Ha apryMEeHTOT X KOja T'l 33/I0BOJIyBa HEpaBEHCTBATa

O<|x—a|<d
Ja ro 3ajJoBoJiyBa U HEPpaBEHCTBOTO
x) — 4] > &.

1
Heka 3a BPE€IHOCTUTE Ha O THU 3eMeMe YJICHOBUTE Ha HU3aTa {—} 1 HEKa CO
n

* . .
X, TW O3HAYUMME BPEIHOCTUTE HAa AapryMEHTOT X YHhja CT3UCTCHIIN]a CIIEyBa
v * 7
OJI BEK€ HallpaB€HaTa IPETINOCTaBKa. HpI/ITOEl 3a CUTEC TOYKH X, K€ BaxKaT
HEpaBEHCTBATa

O<k —a<i u [ —dl=>a
n

Co oBaa KOHCTpyKIHja U30paBMe e/JHa KOHKpPETHA KOHBEPreHTHA HU3a

{x. },

Kajie 1ITo X, # a (cmopen HepaBeHCTBOTO O < |x, — a|), co rpanuna a (crnopen
x 1

HepaBeHcTBOTO 0 < |x, —a| < =, ocobunara 3.5 u npumepure 3.6 u 3.8). Op
n

[ipyra cTpaHa nak, OujejKu 3a ceKoj pupoyieH Opoj n BaKu HEPABEHCTBOTO

If(xn*) —A| > g,

{.)}

3aKJIydyBaMe€ JI€Ka HU3aTa
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HE € KOHBEpreHTHa HHM3a CO TrpaHMIa A, CO IITO [OjAOBME JO
KOHTPAJUKTOPHOCT co peduHunmjara 5.2. Co Toa TBPAEHETO € JOKAXKAHO.

Ilpumep 5.1. [la ce nokaxe feka pyHKIHjaTa
flx) =2
“Ma rpaHuYHa BPEAHOCT 4 Kora x — 2.

Pewenue: Heka & e npoms3BOJIEH NO3UTUBEH peaiieH Opoj. Of
HEPABEHCTBOTO

[fx) — 4| = ]° 4| = |(x - 2)*+d(x - 2)| < x - 2P+ 4]x 2| < ¢

Tpeba ja ro Hajaeme & &) (aKO MOCTOM; HEIITO CIUYHO CO GapameTo ng(éE)
Kaj Hu3uTe). O KBaipaTHaTa paBeHKa

Prdt=e  (x-2|=1)
hp=—2x+4+¢.
x—2|=¢>0,

h= -2+ Jd+¢

KaKoO FOpHa FpaHI/IHa 3a t, TaKka IIToO KC Ba>Xun HepaBeHCTBOTO
P+4t—e<0

noomnBame

[Topapu orpaHnyyBameTO

OCTaHyBa BPETHOCTA

3a cuTe ¢ 3a Kou Baxku 0 < ¢ < #.
Crnopent Toa, 6apaHaTa BpeJHOCT 3a & &) Ke Omjie 1, TaKa IITO 3a CUTE
X 3a KOU BaxXu

O<px—-2|<Vd+e —2=8¢)
Ke BaXKy HEPAaBEHCTBOTO
k—2|%+4x-2|<e
T.€. HEPABEHCTBOTO
fx) —4|< e
Opn mpowusBoJIHOCTa HAa OpPOjOT & W BO cOryacHOCT co aeduHunmjata 5.1
clieflyBa JleKa HABHCTHHA 4 ¢ TPaHMYHA BPEJHOCT Ha (hyHKIHjaTa f(x) = x°
Kora x — 2.

IIpumep 5.2. [1a ce nokaxe jieka pyHKIHjaTa
) =sint
X

HeMa rpaHr4Ha BpegHocT Kora x — 0.
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Pewenue: Popmupame n1Be KOHBEPreHTHU HU3U
1 2
—_— I/I S —
{I’lﬂ'} {(4n+1)7r}
co rpanuna 0. CoogBeTHUTE HU3M Off BPEAHOCTUTE Ha (pyHKIMjaTa Ke Oupgat
HU3HUTE

{sinnz} u {sin(%+2n7z)},

OJTHOCHO HU3HTE
{0y = {1},

KOM ce KOHBEpPreHTHU (KOHCTaHTa-Hu3M) co rpanuiy 0 u 1. Cniopen nedwu-
HunMjaTa 5.2 pyHKIMjaTa HEeMa TPaHUYHA BPEHOCT, OUNIejKA COOABETHUTE
HU3M Off BpPEAHOCTM Ha (pyHKIMjaTa UMaaT pas3auyHu rpaHunu. [a
3a0ejyiexxuMe yure u toa fieka () He npumara Ha Je(pUHUIMOHATA O0IaCT HA
camaTa (pyHKIH]a.

IIpumep 5.3. [1a ce Hajie TpaHUYHATA BPEJHOCT Ha (PyHKIIMjaTa

x° -4
x—2

fx) =
Korax— 2.

Pewenue: Heka & € mpon3BOJIEH NO3UTHUBEH peaieH Opoj. 3a x # 2 o
HEPaBEHCTBOTO
2
x° -4
If(x) — 4] =|
x—2

ce mobuBa 6apaHaTa BPETHOCT 3a /(&) = &.
3HauW, 3a cUTE x 32 KOM BaXKi HEPABEHCTBOTO

O0<px-2I<d(=¢

— A =k-2<¢

Ke BaXKy HEPAaBEHCTBOTO

ftx) -4 < &
(Troa e BcymHOCT WCTOTO HepaBeHCTBO). Co Toa e TOKaXkaHO CIOpefn
necdpununyjata 5.1 geka yHKIUjaTa UMa TPaHUYHA BPEIHOCT 4 Kora x— 2.

U oBpe na 3abenexume feka 2 He ¥ npunara Ha gepUHALIMOHATa 00JacT Ha
camaTa (pyHKIH]a.

Ipumep 5.4. dyunkuujata
flx)=c
(c e KOHCTaHTa) MMa TPAaHWYHA BPETHOCT ¢ KOTa X Cé CTPeMH KOH Koja OMIIo
TOYKa of R.
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Pewenue: HaBucTuHa, Ipu MPOU3BOIHO £ 3a &(&) MOKE J1a ce 3eMe
KOj OMJIO NO3UTHUBEH peasieH 0poj, Ha mpumep o= 1.

IIpumep 5.5. [1a ce mokaxe fieka

lim cosx = 1.
x—0

Pewenue: Heka ¢ e Ipon3BoJIeH NO3UTUBEH peasieH 0poj. bunejku
|cosx — 1| = |cosx — cosO| = |25in% sing | < 2| §| = x|,

JIOBOJTHO € 3a &&) ma ce 3eMe & = &, co mTo Ke fo0reMe ieKa 3a CUTe x 3a
Kou |x — 0| < § Ke BaxKu HEpaBEHCTBOTO
|cosx — 1| < &

IIpumep 5.6. [1a ce nokaxe fieka pyHkuujaTa Ha upuxie,
fix)=0 3axel,
fix)=13axeQ,

HEMa I'paHW4YHa BPEJHOCT KOra X ce€ CTpeMH KOH Koja 0110 To4ka of R.
Pewenue: Heka x — a.
Toram moxeMe fja popMHupaMe IB€ KOHKPETHI KOHBEPTEHTHU HU3U
{x.} n {xn*} CO WCTa FPaHUIA ¢, IPH IITO 3a CUTE MPUPOJHU OPOEBH 71, X, € [
W x, € Q (er3ucTeHnyWjaTa Ha THEe HM3M € TOKaXKaHAa Kaj HU3HTE).
CoonBeTHUTE HU3M Off BpeHOCTH Ha (yHKumjata Ke O6upat Husute {0} u
{1} xou ce xonBeprentHu co rpanuny O u 1. Cnopep necdpununymjata 5.2

(pyHKIIMjaTa HeMa TpaHMYHA BPEAHOCT, OWAECjKM COOJBETHUTE HU3M Of
BPEAHOCTH Ha (DYHKIMjaTa MMaaT Pa3IM4yHU TPAHULN.

Teopema 5.2. Heka dyHkuujaTa f uMa rpaHndHa BPEeJHOCT A KOra x
— a nmHeka A # 0. Toram mocrtou o> 0, Taka IITO 3a CUTE X 34 KO

O0<lx—ada|l<s,
Ke BaxKi HEPaBEHCTBOTO

1
)l > = Al
Bo cnenmjanen cinyyaj, ako 4 > 0, moctoun okonuHa V(a, 6) Taka mITo

Vx € V(a, O)\{a}

Ke BaXXu

f(x)>%A (>0),
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a ako 4 < 0, Ke BaXXu HEpaBEHCTBOTO
fo)< 4 (<0)

ITopagu Toa oBaa TeopeMa ce HapeKyBa M TeOpeMa 3a 3ala3yBambe
Ha 3HaKoOT .
JHokas. Heka

€ KOHKpeTHa BpegHoCT Ha & Of er3ucTeHnmjaTa Ha TpaHuvYHaTa BPeIHOCT A
Ha pyHKIMjaTa f Ke MOCTOM o, TaKa LITO 3a CUTE X 3a KOU BaXu

O<|x—da|<d
Ke 6I/IJ_IC 3aJJOBOJICHO HepaBeHCTBOTO
1) - Al < 1l
OJJHOCHO HepaBeHCTBaTa
A=A <A+ 2 1

OJ1 Kajie ce JOOuBa ¥ TBPACHETO.

Hegunuyuja 5.3. Hexa e magena ¢yaknmja y = f(x) nepuaupana Ha
cerMeHTOT [a, b], ocBeH Moxkebu Bo Toukata ¢ € (a, b] (¢ € [a, b)).
dyHKIMjaTa f ©*Ma BO TOUYKATa ¢ JieBa (JlecHa) TpaHUYHA BPEHOCT 4 Kora x
— ¢ —0 (x > ¢+ 0) ako 3a Npou3BOJIEH O3UTHUBEH peasieH Opoj & NOCTOU
no3uTHBEeH peaneH Opoj /&) (0,(€)), Taka mTO 3a CATE x 32 KOW BaXku
HEPaBEHCTBOTO

c—0<x<c (c<x<c+9)

€ 3aJJOBOJIEHO HEPABEHCTBOTO
flx) —4| < e
Toram numyBame
lim fix)=4  ( lim 0](x)=A)

x—c-0 x—c+
UJIY KPaTKO

fle=0)=4 (flc +0) = A).

(c-dcc(a bl (¢ cto)cla b)),
a aKo HE € 3aJJ0BOJIEH OBOj YCJIOB, TOral, 0e3 fja ce ryou of] OMIITOCTA, 32 O
(6,) ce 3ema momaira BpeIHOCT KOja T'o 33JJOBOJIyBa U TOj YCIIOB.

ITputoa e 6utHO
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OBaa peduHunmja Moxe Aa ce popmysipa U CO MOMOII HA HU3MU
cnopeq XajHe.

IlIpumep 5.7. 3a dyskumjaTa f{x) = sSgn x ga ce Hajme JeBa W JecHa
rpanny4Ha BpeHocT Kora x — 0 — 0, oqgnocHo x — 0 + 0.

Pewenue: Beymnocr,
3ax>0 sgnx =1,

3ax<0 sgnx=-1 um sgn0=0.
3a ga mokaskeme JieKa
A0+0)=1, A0-0)=-1,

JIOBOJIHO € 3a KOj OWMJI0 MO3UTUBEH peajieH Opoj € na ce 3eme o =1. Toram
HEpPaBEHCTBOTO

[fx) - DI=1(-1) - (-1)[=0<¢
OJTHOCHO HEPABEHCTBOTO
fix)-1=11-1=0<¢g

€ 3aJI0BOJIEHO 3a ceKoj peaneH 6poj x < 0 omHOcHO x > 0, 1Ma u 3a cuTe x 3a

Ko Baxu —1 < x < 0, ogHocHO 0 < x < 1, BO COTJIacHOCT €O JiepuHMIIMjaTa
5.3.

Teopema 5.3. ®yukuujaTta f Ma rpaHuyHa BPETHOCT A Kora x — a
aKo M caMO aKO uMa JieBa U JiecCHa TpaHMYHa BPEIHOCT Kora x — a — 0,
OJTHOCHO Kora x — a + 0, eJTHaKBM Ha A.

Hoka3: Heka f uma rpaHuyHa BpegHOCT A kora x — a. Toram 3a
CEeKOj pealieH MO3UTHBEH Opoj & Ke MOCTOM peasieH MO3UTHBEH Opoj & €),
Taka IITO 3a CUTE X 3a KOU Ba’K HEPABEHCTBOTO

O<lx—da|<o
Ke BaskKl HEPaBEHCTBOTO
fx) —4| < e

Toa mak 3Haun JC€Ka 1 3a CUTC X 3a KO Ba>K1

a—o0<x<a,
OJJHOCHO
a<x<a+ o,
Ke BaXK! HEPAaBEHCTBOTO
[ftx) - Al < &,
LITO 3HA4M icKa (PyHKIUjaTa UMa JIeBa OJHOCHO JIECHA FPAaHUYHA BPEAHOCT
A xorax — a -0, omaocHo korax — a + 0.
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Heka 4 e neBa u gecHa rpaHrvHa BPeIHOCT Ha (pyHKIMjaTa f KOra X
— a -0, ogHOCHO Kora x — a + 0.

Toram 3a cekoj MO3UTUBEH pealieH Opoj & Ke MOCTOM peaseH
no3uTuBeH Opoj 6i(&), OMHOCHO &(&), TaKa IITO 3a CHTE X 3a KOW BaXKH
HEpPaBEHCTBOTO

a—on<x<a,
U HEPABEHCTBOTO
a<x<a+t &,
Ke BaXK! HEPAaBEHCTBOTO
fix) -4| < e
Heka
82 = min{8(2), ()}

Toraim 3a cute x 3a KOU BaxKu HEPAaBCHCTBOTO

O<lx—da|<o
Ke BaXKu HEPAaBEHCTBOTO
[fx) - 4| < &,

CO IITO TIOKaxkaBMe ieKa A € TpaHNYHA BPEJHOCT Ha (pyHKIUjaTa f Kora x —
a.

I[Iputoa e OuTHO dyHKUMjaTa f pa Oupge pAedUHUpPaAHA BO
uHTepBanuTe (a — 4, a), (a — 6, a), (a,a+ &), (a,a + ) .

Hecgunuyuja 5.4. dynkuujaTa f uma rpaHIIHA BPEIHOCT A Kora x —
+oc (x — —oc) aKO 3a cUTE peajHu MO3UTHBHU OpOEBM & MOCTOHM pealeH
no3uTuBeH O6poj M(¢), Taka HITO 3a CUTE X 32 KOU BaKM HEPABEHCTBOTO

x>M  (x<-M)
€ 3aIOBOJICHO HEPABEHCTBOTO

fx) -4|< e
Toram nuiryBame

lim f)=4 ( lim fix) = 4),

X—>+00 X—>—00

npu mTo / Tpeba Aa e fecpuHupana Bo uHTepBanure (M, +o), ((—oc, —-M)).

Hegunuyuja 5.5. Pynkumjata / Ma TpaHUIHA BPETHOCT +oc (—o)
KOra X — g aKko 3a CATEe peallHu MO3UTUBHU OpoeBH E TOCTOM peaseH
no3uTtuBeH 0poj & E), Taka IITO 3a CUTE X 32 KOW BasK HEPABEHCTBOTO

O<|x—a|<d
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€ 3a1OBOJICHO HEPABCHCTBOTO

fxX)>E (flx) <-E).
lim f{x) =+oc  (lim f{x) = — x).

xX—a xX—a
ITputoa f TpeGa na e meduHEpaHa BO mHTepBanute (a — 0, a), (a, a + 9),
JoJeKa 3a X = a MOXe, HO HEe MOopa, Ja Oufie fiepuHupaHa.

Toram nummryBame

Hegunuyuja 5.6. Pynkumjata [ Ma TpaHWIHA BPETHOCT +oc (—o)
Kora x — +oc (x — —oc) ako 3a NMPOU3BOJICH NMO3UTUBEH peaneH Opoj M
MIOCTOM MO3UTHBEH peasieH 6poj M), Taka IITO 3a CUTE X 32 KOM BaxKU X > O
(x < —0), Baski HEpaBEHCTBOTO

fx)>M  (flx) <-M).
lim fx) =+ ( lim f{x) = —).

X—>+00 X—>—00

Toram numyBame

[TpuToa ¢dyHkmjaTa f Tpeba fna e gedpuHUpaHa Bo mHTepBanuTe (J, +oc) n
(—oc, =0).

OBue [feUHMIMN Ha TPaHUYHU BPETHOCTH BO MPOUIUPEHOTO
MHOZKECTBO PEATHA OpOEBHU MOXE J1a c€ NCKaXKaT U BO CMHUCJIa Ha XajHe.
CnuyHo ce gedpuHUpaaT U TPaHUYHUTE BPEAHOCTHU

lim f{x) = - ( lim f{x) = +x).

X—>+00 X—>—00

Teopema 5.4. Heka ce nafenu aBe PyHKUMH f U g, nepUHUPAHU BO
Hekoja okoimHa V(a, 6) Ha TOYKaTa a, OCBEH MOxKebu BOo Hea. Heka
(pbyHKUIMHTE M g UMaaT UCTa rpaHUYHA BpegHOCT 4 Kora x — a. Heka F e
¢yHK1IMja feduHIpaHa Bo uctaTa okoauHa V(a, J). AKO 3a

Vx € V(a, )
BaXKu

Jx) < F(x) < g(x)

TOrall MOCTOM ¥ TPAaHWYHA BPENHOCT Ha (pyHKIHMjaTa F Kora x — a, eqHaKBa
Ha A.

Jloka3oT ce cBeyBa Ha KOpPHCTeEWmE Ha ocoOmHata 3.5 u
nedunummjata 5.2
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Teopema 5.5. Heka ce nafeHu aBe PYHKUMH f U g, Ne(PUHUPAHU BO
HEKOja OKOJIMHA Ha TOYKaTa a, OCBEH MOXKeOu Bo Hea. Heka pynkiuure f 1
g UMaaT T'pPaHUYHU BPEJHOCTH A4 U B Kora x — a.

Toram ¢yakuuure [+ g, f— g, fg, A (g(x) # 0 3a cure x o HEKOja
g

OKOJIMHA Ha ToO4YKaTa Cl) nMaaT rpaHMvYHU BpEAHOCTHU
A+B,A-B, AB, % (B #0),

COOJIBETHO KOTa X — d.

Jloka3oT ce cBegyBa Ha KOpHCTewme Ha Teopemara 3.1 3a
ApPUTMETUYKN OTEepald CO KOHBEPTeHTHU HHU3M U CO KOPHUCTEHE Ha
neduHnIjaTa 5.2 3a rpaHMYHa BPEJHOCT Ha (pyHKIMja cnopey XajHe.

Hcrata Teopema BakM M 3a €JHOCTPAHUTE TPAHUYHH BPETHOCTH
(meBa m lecHa), Kako U 3a OOOMIITEHUTE TPAHMYHU BPETHOCTH, CO MCKITYIOK
Ha CITyJanWTe Kora ce JoOMBaaT Heolpe/eIeHN N3pasu.

Teopema 5.6. Heka ¢dyHkuujaTa f iMa rpaHMYHa BPETHOCT 4 Kora x
— a. Toram mocTon NO3UTHUBEH pealieH Opoj J, Taka LITO 3a CUTE X 32 KOU
BaXKM HEPABEHCTBOTO
O<|x—a|l<d

¢yHKIMjaTa f'e orpaHnyeHa, T.e. IOCTOU MO3UTUBEH peasieH Opoj M 3a Koj
[ftx)l < M
(wnm mocTojaT peaiHu 6poeBu m, M 3a Kou Baxku m < f(x) < M).

Loxka3: Heka ¢ € mpou3BOJIEH MO3UTUBEH peasieH Opoj. Toram ke
nocTom & &), Taka IITO 3a CATE X 32 KOM BasK HEPABEHCTBOTO

0<|x-d|<o,
Ke BaxKd HEPaBEHCTBOTO
[fx) —A| < e,
OJHOCHO HepaBeHCTBaTa
A—e<flx)<A+e
Crnopent Toa, JOBOJTHO € Jla Ce 3eMe
m=A-c¢
u
M=A+¢

3a KOHKpPETHa BPEJHOCT Ha & CO INTO € JIOKaXKaHO JIeKa [ € orpaHmveHa
¢yHKIIMja HA MHOKECTBOTO (a — &, a) U (a, a + 9).
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Axo ¢yHkuymjara f e fepuHrpaHa u BO TOYKaTa a co BpegHocT f{a),
TOranI
m=min{4 — ¢ fla)}
u

M={4+ ¢ fla)}.

5.2. BECKOHEYHO MAJ/IM 1 BECKOHEYHO T'OJIEMHA
OYHKIUN. TIPABOJIMHUCKHN ACUMTOTHN

Hecpunuyuja 5.7. dyukuujata ofx) ce HapekyBa OECKOHEUHO Maja
(pyHkumja Kora x — a, aKO Hej3MHATa TpaHMYHA BPENHOCT (aKO TOCTOM)
Kora x — a € effHakBa Ha 0, T.e. aKo

lim a(x) =0.
xX—>a

Jla 3abenexxume eka Kora egHa (pyHKIja f ©Ma rpaHuYHa BPEAHOCT
A xora x — a, Toraul (pyHKIjaTa fepuHApPAaHa CO paBeHKaTa

a(x) =flx) — A4
e OeckoHeyHO Mana Kora x — a. Crnopen Toa, pyHKIMjaTa f MOXe f1a ce
3amuiie BO BUJ

Jox) = A+ afx)

BO HeKOja OKOJIMHA Ha TO4YKaTa a.

Hegunuyuja 5.8. dynkuumjata A(x) ce HapeKyBa 6€CKOHEYHO rojeMa
¢yuk1mja oppecHo (oAIeBo) BO TouKaTa a Kora x — a + 0, OTHOCHO Kora x
— a — 0, ako 3a npou3BoyiHa HU3a {x,} KOja KOHBEprupa KOH a TakKa IITO 3a
CUTe TPUPOAHM OpOeBU n Baxu X, > a (x, < a), cooBeTHATa HU3A Off
BpeaHocTH Ha pyHkumjaTa {f(x,)} iMa rpaHuna +oc UIx —oc.

Hecunuyuja 5.9. Hexa ce najienn nBe 6€CKOHEYHO Majid (PYHKIUA
a(x) m f(x) xora x — a co yCJOB Jla TOCTOM OKOJIMHA HAa TOYKaTa @ BO Koja

Px) #0.
1°. AKO MOCTOM rPaHNYHA BPETHOCT
lim a(x)
x—a P(x)

U € €HAaKBa Ha HyJla, TOrail BeluMe feKa o(x) € OecKOHeuyHa Malla
¢yHk1Hja ox moBUCOK pep off f(x) Kora x — a. Torami nuiryBame

a=o(f)
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BO OKOJIMHA HAa TOYKAaTa a.
2°. AKO TIOCTOM TPAaHUYHA BPEHOCT
. oalx
lim ()
x—a P(x)

U aKO Taa € KOHEUeH Opoj pas3imueH off Hyja, TOrall BeluMe AeKa o(x) u
S(x) ce GeckoHEeUHO Manu (PYHKIUU Off UCT pell Kora x—a. Bo Toj ciyydaj
TUIIyBaMe

a=0(p)
BO OKOJIMHA Ha TOYKAaTa a.
Bo crenumjanen ciaydaj, Kora rpaHMdHaTa BpEeIHOCT € 1, BeuMe fieKa
o(x) u f(x) ce ekBUBaJIeHTHU OECKOHEYHO Maiu (PYHKIUMH KOra X — a CO
O3HaKa @ ~ f unu a = [+ o(f) BO HEKOja OKOJIMHA HA TOYKATA d.

Cumbonute o u O ce Bukaat cuMOosu Ha Jlanmay. Bo cornmacHoct co
necpunnnyjata 5.1 e jacHO feka Mopa (PYHKUMUTE Aa ce AedUHUPAHU BO
HEKOja OKOJIMHA Ha TOoYKaTa a, OCBEH MOXeOH BO g, M TOUKaTa a ia € TouKa
Ha HaTpyIyBame 3a Taa OKOJIMHA.

Bo cornacHoct co necpununyja 5.9, ako
lim f{x) =0
xX—>a
TOrall
f=0(1)
KOTax — a U aKo f'e orpaHnueHa (PyHKIMja BO HEKOja OKOJIMHA Ha TOYKaTa
a, ToTall
f=0(@1)
KOTax —> 4.
3a O0eckoHeuHO Manu (PYHKIUU MOCTOJaT U MOONIITH ie(PUHUIIN BO
KOM He ce KOPUCTHU I'paHUIHA BPEHOCT.

Teopema 5.7. Hexka ce papenu jaBe ¢pyHkuuu f u g. Axko f e
OeCKOHEYHO Mana (pyHKIMja KOora x — g U g € OrpaHMyeHa (pyHKIHja BO
Hekoja okonmHa V(a, d) HAa ToYKaTa a, Toraml (pyHKIHjaTa-MPOU3BOJ f-g €
0eCKOHEeYHO Maiia (pyHKIMja Kora x — a.

[loka3: Heka & e npou3BOIEH MO3UTUBEH peaiieH Opoj. On
OTPaHMYEHOCTA Ha g CleflyBa JieKa IIOCTOU pealleH MO3UTUBeH Opoj M, Taka
mTo 3a cute x off V(a, 6) Ke Baxkul HepaBEHCTBOTO

lg(x)l < M.
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bupnejku f'e 6eckoHeuHo Maiia (pyHKIHja KOra X — d, K€ TOCTOU MO3UTUBEH
peaneHn 6poj &), Taka mTo 3a cure x of V(a, 6), 3a KoM Baxkar
HEpaBeHCTBAaTa

O<lx—da|<9,
Ke 6uje 3aJJOBOJICHO HEPaBEHCTBOTO

e
x)—0] < —.

[f(x) — 0| v
Crnopep Toa, 3a cute x off V(a, ) 3a KOu Baxku

O<|x—da|<d
Ke Oujie 3aJJOBOJICHO HEPABEHCTBOTO

&
Ix)-g(x) = O = [l gl < =M = &,
IITO 3HauM fileka PyHKIyjaTa f-g € OecCKOHeUHa Maja (pyHKIMja Kora x — a.

IlIpumep 5.8. Heka ce gagenu pyHKIun

ox) = sin% ) =x

. . .1
Jla ce Hajme rpaHMYHaTa BpegHOCT lim x sin—.
x—0 X

Pewenue: ®yHKumjaTa g € OrpaHIYEHa Ha MHOKECTBOTO
RO} (sini|<1)
X

u yHkygjaTta f e 6eckoHeuyHo Mana ¢yaknmja kora x — 0 (limx = 0) u
x—0

crniopef; Teopemara 5.7 rpaHUYHaTa BPEAHOCT € HyJla.

Hedunuyuja 5.10. Heka e panena ¢ynkumja f co rpaduk Gy BO
IpaBoOarojieH KOOpAuHATeH cucteM. Toramt:

a) TpaBaTa 4YMja paBeHKA € X = ¢ Ce HapeKyBa BepTHKaJHA aCUMTOTa
3a rpaduKOT Ha (YHKIMjaTa f aKO BaXXud €IeH WJIM HAJMHOTY JBa Of
CIIETHUTE YETUPH YCIOBU:

lim f{x) = foc
x—ax0
(ako moCTOjaT TPAaHUYHUTE BPETHOCTH);

6) mpaBaTa uuja paBeHKa € y = b ce HapeKyBa XOPH3OHTAJIHA
acUMTOTa 3a rpadukoT Ha (PyHKIMjaTa aKo € 3al0BOJIEH OapeM efieH Of
yCIIOBUTE

lim fix)=»5
X—>koc
(ako mocTojar);
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B) [IpaBara umja paBeHKa € y = ax + b ce HapeKyBa KOca aCUMTOTa 32
rpauKoOT Ha (pyHKIIjaTa ako

a= lim &

x—>tc X

b= lim [f(x)— ax]

x—>toc
(ako mocTojar).

Ilpumep 5.9. Heka e nafgena pyHkumja
1.
Ax) = =sinx,
X
necpunupana Ha R \ {0}. Jla ce mokaxke feKa INOCTOM HEj3UHA IpaHUYHA
BpepHoCT Kora x — 0, eqHakBa Ha 1.

s
Peuwernue: Heka 0 < x < =,

Kaj Tpuronomerpuckmor Kpyr co pagmyc 1, rm pasriegyBamMe
tpuaronuuuute OBA, ODF u Kpy>KHUOT ucedok ODA op uprexot 13, npu
LITO

AD =x, AB =sinx, OB =cosx, OA=1, AE =tgx= DF

(6bupejkm OF = OF). Ilputoa x e BCYHNIHOCT JOJKMHATAa Ha Jed Off
KpyKHUI]aTa (Kpy>KHaTa JMHHja) Mefy TouykuTe A M D (KpyXkeH JaK)
MEpeHa BO pajujaHd, a X KaKo aroj € arojoT KOj Ofrosapa Ha TO] Jak,
MEpEH BO CTEIEHHU.

y
1 F
A\
X
B D
-1 0 E X
C
/
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Lprex 13
bupnejku 3a HUBHUTE NJIOIMITUHU BaXKu HEPABEHCTBOTO

Posa < Popa < Popr,

BO COIVIACHOCT CO Me(PUHUIMUTE HA TPUTOHOMETPUCKUTE (PYHKIUU U
dopMynuTe 3a IIIOMITHHA HA TPHUATOJNHUIMA W KPYXKEH HUCEYOK, Ke TO
no0MeEMe CIIETHOTO HEPABEHCTBO

sinx-cosx < x < tgx,
OMHOCHO HEPABCHCTBOTO

1 .
Cosx < —-sinx <
x COSx

(x > 0, sinx > 0, cosx > 0 cmopen mpeTrnocraBkaTta). Bo cormacHocT co
TeopemaTta 5.4 u npuMepoT 5.5, O MOCIEHOTO HEPaBEHCTBO ce A0OMBa
er3iCTEeHIMja Ha IeCHaTa FPaHUYHA BPEJHOCT

. 1.
lim =sinx =1.
x—>0+0 X
3a
V4
—-— <x<0
2
BaxXu

isin(—x) -1 (—sinx) = lsinx
- X - X X

. . 1.
1 3eMajKu ¢ = —x HCTHOT JJOKa3 MOXe J1a ce CIpoBefe U 3a (pyHKImjaTa —Ssinz.
t

Co Toa ce poOuBa er3uCTEHIM]a Ha JeBaTa TPAaHUYHA BPENHOCT
. 1.
lim —sinx =1,
x—0-0 x

Ol KaJl€ cropen TeopeMaTa 5.3 (neBaTa " JICCHaTa 'paHU4YHa BPEOAHOCT CC
eI[HaKBI/I) cjaeayBa €F3I/ICT6HHI/Ija Ha rpaHn4YHaTa BpEJHOCT

1.
lim =sinx = 1.
x—0 X

Toa mak 3Haum ieka Sinx ~ x win Sinx = x + o(x) BO HEKOja OKOJIMHA HA
HyJaTa.

IIpumep 5.10. Heka e gajgeHa Kpyr co paguyc R M HEKa BO HETO €
BIIMIIIAH TIPaBUJICH n-aroNHMK. [IIomTnHaTa HA TOj N-arojHUK, KaKo cyMa
Of] TUTOIIITUHUTE Ha PAMHOKPAKM TPUATOJTHUIIN, € €THAKBA Ha
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. T T
I’lR2 SIn— COS—.
n n
Co rpaHMyeH mpolec Kora n — o« U CO KOPUCTeHE Ha MO3HATU TPAHUYHU
BpenHOCcTH (mpumep 5.5 u mpumep 5.9) ce nobuBa mo3HataTa Gopmyna 3a
TLIONITHHA Ha KPyroT P = R°z. Ox hopMynaTa 3a OGMKONKA HA 7-arOJTHAKOT

L,=2nRsinZ,
n
CO KOPHCTEHEe Ha MO3HATa rpaHMYHA BpemHOCT (mpumep 5.9) co rpaHUYeH
mporec Kora n — o, ce AoOWBa MO3HaTaTa (popMmyrna 3a MODKMHA Ha
KpPY>KHHLATa
L=2Rx.

IlIpumep 5.11. Heka e najena pyHkuujata

1w
f) =2+ =)
X
ITa ce mokazke fieka

lim 1+ 1) =e.
X—>+oC X
Pewernue: Heka x > 1.
Bupnejku x < [x] + 1 <x + 1, Ke Baxku HEPABEHCTBOTO
(1+ . W <1+ l)x"l < (1+ i)[xl‘le
[x]+1 X [x]

Heka x — +oc. Toram [x] — +oc, ogHOCHO [x] + 1 — +oc, W cO
KOpDUCTE€H-€¢ Ha cHelMjajiHaTa rpaHula 5 Kaj Hu3M u Teopemara 3.1 3a
APUTMETHYKHU OIEepallid CO KOHBEPreHTHU HU3M, ce A0OMBaaT CIEeJHUTE
rpaHUIM Ha HU3W Off peaian 6poesH ([x] e mpupomen 6poj):

lim L+ )iz
[x]+1—>+oc [x]+1

lim (1+ Sy =
[x]>+cc [x

Co mpumeHa Ha TeopemaTa 5.4 Ofi TOCIEAHOTO HEPaBEHCTBO Ce
noOuBa er3ucTeHnyjaTa Ha r[paHuYHAaTa BPEIHOCT
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lim (1+2)y*,

X—>+oC X
OTHOCHO TpaHWYHaATa BPETHOCT
. 1
lim (1+ =) =e.
X—>+oC X
Heka cera x — —oc. Toramr co 3ameHa y = —x, Ipy WITO y —> +oC, U CO

KOPHUCTEHE Ha PE3YIATATOT Off IPBUOT fieJ Ke Jooueme

lim 1+ 1) = lim (1—1)-Y= lim (Ljy:

X—>—oc X y—o+oc Yy yorc | y—1

y-1
lim (10— | 14—l |jze1=e.
y-lo+toc y-1 y-1

1
3a h= = ce pobuBa Mopu(UIpaHaTa TPAHNYHA BPENHOCT
X

1
lim (1+4): = e.
e

Ilpumep 5.12. Jla ce nokaxe feka

-1
lim = (¢"-1)=1Ina, a>0.
x>0 x
Pewenue: Axo a" -1 =t, ogocHo x = log,(1 + #), co TpaHcopmarnmja
ce nobuBa

lw-y=—=ob -1
x log, (1+17) 1
log, (1+1)!
Axo x — 0, roram ¢t — 0 ( lim (¢ — 1) = 0) ¥ cO KOPUCTEHETO HA TPUMEPOT
x—0

5.11 ce no6uBa GapaHaTa rpaHUYHA BPETHOCT.
IIpumep 5.13. Heka ce napenu aBe (PyHKUMH [ U g nePUHUPAHA BO
HeKOja OKOJIMHA Ha TOoYKaTa a, mpu mTo f(x) > 0. AKo mocTojaT

limf{lx)=4>0 m lim g(x) = B,

xX—a x—>a

Torai Baxu ¢opmyinara
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lim )Y = e @Il _ s

xX—a

a aKo Mocrojat
lim fix)=1 u lim g(x) = o,

xX—>a x—a

Toraii Baxu ¢opmyiara

lim [g(x)(f(x)-1]
lim [f(x)]g(x) = eX—a _

Bropata dopmyina ce 1o6uBa co oMol Ha TpanchopManujaTa

[f(x)]g(X) — [1 + (f(x) _ 1)]g(X) — {[1 + (/(x) _ 1)]1/(KX)-1)}g(X)(/‘(X)-1)

u npumepot 5.11 (fx) -1 — 0 kora x — a).
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§6. HEIIPEKNMHATOCT HA PEA/THA ®YHKIINJA
O EJHA PEAJTHA ITPOMEH/IUBA

Hecpunuyuja 6.1. Heka e nanena ¢ynknuja f mepmanpana Bo HeKoja
okosuHa V(a, ) Ha ToukaTa a. AKO IOCTOM KOHEYHa I'PaHMYHA BPEJHOCT
Ha ¢yHknoujata f kora X — a emHakBa Ha f(a), Toram Benume pAeKka
¢pynkimjaTa f e HenmpekuHaTa BO TOUKaTa a U NuilyBaMe

lim f(x) = f(a).

X—a

Jla 3a0enexxuMe ieka 10 MOUMOT HENPEKUHATOCT oalaMe BCYIIHOCT
KOT'a yCIIOBOT
O<|x—al<o

kaj nedpuHumja 5.1 3a rpaHUYHA BPETHOCT CE 3aMEHU CO YCIOBOT
X—a|<o

u pyukiujaTa f e nepunupana u Bo Toukara a.
Hagsucruna, cnopen Komm, nedununujata 6.1 Ke Oupme mameHa co
cnegHaTta popmyiianyja:

Hegunuyuja 6.1* dynkuumjarta f e HempeknHaTa BO TOYKATa & ako €
necrHUpaHa Ha HeKoja okonnHa V(a, J1) Ha TOukaTa a, ako TodykaTa a €
TOYKa Ha HaTPyIyBamwe 3a MHOXKeCTBOTO V(a, J1) 1 aKo

Ve>0, 3Je) >0,
Taka IITO 32 CUTE
x € V(a, )

ITO T'O 3aJOBOJIyBaaT HEPABEHCTBOTO

x—al<d
JIa Baxku
If(x) — f(a)| < &

[TpuToa ako &> &, Torami 3a 6 ce 3ema o (IpTex 14).
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4y
f(@) + ¢
f(@)— ¢
0 a-o0 a a+to X
Lprex 14
bupnejkn

lim x=a
X—a

(mecHo ce pgokaxkyBa) Kora f e HempekmHaTa BO TOYKaTa a, MOXKeEMe
CUMOOJIMYKH Jla 3anuIIeMe
lim f(x) = f(a) = f( lim x).
X—a X—a
Jlecno ce ¢opmynupa u geduHHANKjaTa 32 HEMPEKUHATOCT CO HU3U
cnopeq XajHe.
Axo ¢yHkuujara f He e HempeKnHaTa BO TOYKaTa @, Torall BeluMe
lieKa MMa TpeKuH BO TOYKaTa a, OJHOCHO JeKa ToukaTa a € TOYkKa Ha
MPEKVH.

Hecunuyuja 6.2. Heka e nanena ¢yskiyja f. Toukure Ha MpeKkuH Kaj
KOW TIOCTOM KOHEYHa JieBa M JIeCHA TPaHWYHA BPEAHOCT (eHOCTpaHu
TPaHAYHHA BPEJHOCTH) ce HapeKyBaaT TOYKM Ha TPEKUH Off MpB pend 3a
¢pynkmjaTa f. [Jpyrure Touku Ha IPEKUH ce HapeKyBaaT TOYKM HAa IPEKUH
of] BTOp pef 3a pyHkuyjara f.

Jla 3abenexxkmMme fAeka TodkaTa @ BO Koja ¢yHkmmjata f He e
neguHupaHa, HO TOCTOM KOHEYHA TPaHMYHa BPEHOCT KOra X — @, € To4Ka
Ha mpuBHjeH npekuH. Toram ¢ynkujaTa f Moxe fa ce gopeduHIpa U BO
TOYKaTa a CO BPEAHOCT €lHaKBa Ha T'PaHMYHATa BPEJHOCT, CO LITO BO Taa
TO4YKa (PyHKIMjaTa BeKe Ke Oujiec HeIpeKnHaTa.

Ilpumep 6.1. dyuxkumjaTta
f(x) = sgn x
uMa BO ToukaTa X = 0 Touka Ha IpeKUH Off IPB pef, OuaejKu

f0-0)=-1, f0+0)=1.
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Ilpumep 6.2. dynxkumjaTta

1
f(x) ==
X
uMa BO To4ykaTa X = 0 TOUKa Ha PEKUH Off BTOP pef, OuaejKu

f(0 —0) = —«, f(0 + 0) = +oc.

Ilpumep 6.3. dynxkumjaTta
(x) = sin =
X

UMa BO TouykaTa X = 0 TOYKa Ha MPEKUH OJf BTOP pefl, OufiejKu HE MOCTOU
rpaHUYHA BpeTHOCT Kora X — 0 (mpumep 5.2).

IIpumep 6.4. dynkuujata
6 = xsin =
X
He e fecpuHupana Bo Toukara X = 0. bupejku nocrou
lim x-sin1 =0
x—0 X

(mpumep 5.8), ToukaTa X = 0 € TOUKa HAa MPUBUJICH TPEKHH.

IIpumep 6.5. dyukuujata

1 .
f(x) = = -sinx
X
He e fnecpuHupana Bo Toukata X = 0. bupejku nocrou

.1 .
lim =-sinx=1
Xx—0 X

(mpumep 5.9), Toukara X = 0 € TOUKaA Ha TPUBHICH PEKUH.

Op camara gedununyja 6.1 npousneryBa geka MOXKe Ha COOJIBETEH
HAYWH J1a ce le(pHIpPA ¥ HENPEKUHATOCT OJINIeBO (OfiecHO) Ha (hyHKIMjaTa
f Bo Toukara a, 3emajku ja 3a JieBa (JjecHa) rpaHUYHA BPEHOCT BpPEJHOCTA
Ha yHKUMjaTa BO ToukaTa a. Ilpuroa mopa fa ce npernocraBu faeka f e
neMHUpPaHA BO HEKO] MOJYCETrMEHT (a — &, @], OTHOCHO [a, a + J).

HMcro Taka moHatamMy Ke BakM M COOJIBETHaTa TeopemMa Ha
TeopeMara 5.5, 3aMeHyBajKu TH TPaHUYHUTE BPETHOCTH CO BPETHOCTUTE Ha
¢pyHkIMTE BO TOUYKaTa @ (cekako Mopa (YHKIWHATE fa Oujar wu
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neuHIpany BO ToukaTa a). Ke BaXaT M chTe JAPYTM TEOPEMH M OCOOMHH
UCKaKaHU 3a (PYHKIUM KOM HMMaaT TpaHMYHA BPEJHOCT, CO TOa IITO
TEPMUHOT I'PAaHUYHA BPEJHOCT CE 3aME€HYBa CO TEPMUHOT HENPEKUHATOCT, a
camaTa IpaHMYHAa BpPEJHOCT Kako Opoj ce 3aMeHyBa CO BpegHOCTa Ha
(pyHkuMHTE BO TOUKATA a.

IToumoT rpaHM4yHa BpPEAHOCT Ha (PyHKIMja € MOONIIT Off MOUMOT
HenpeknHaTocT. Toa ce mouMum of JIOKaJjieH KapakTep (Bp3aHU 3a TOYKA).
HNmMeHo, ako ¢yHKIHjaTa € HEMpeKMHaTa BO TOYKA @, TOrall Taa uMma u
rpaHMYHa BPEJHOCT KOra X — @, fofieka OOpaTHOTO HE MOpa J1a BaXKH.

Hecpunuyuja 6.3. 3a dpynkuujara f Beaume leka e HempeKWHATa Ha
UHTEpBaNOT (@, b) ako e HelmpekuHaTa BO CeKoja TOUKa Off TOj MHTEepBaJl.

Hecunuyuja 6.4. 3a pyakumjata f BenmuMe geka € HEMMpeKWHATa HA
CErMEHTOT [a, b] ako e HempeknHaTa BO MHTEPBANOT (4, b) 1 e HempeknHaTa
OJITIEBO BO TOYKATa b M OfiIecHO BO TOYKATA a.

Teopema 6.1. Heka dynkumjaTta f e HempekmHaTa BO TOYKaTa a,
¢pynkmjaTa g e HenpekuHata Bo Toukarta b = f(a). Ako nocrou cinoxeHa
¢pyskmjah =gof, Toram Taa e HenpeknMHaTa BO TOUKAaTa a.

[loka3: Heka & e mNpou3BOJEeH NO3UTHBEH peaneH O0poj. On
HellpeKuHaTocTa Ha (pyHKIMjaTa g BO ToukaTa b = f(a) cmenyBa meka Ke
OCTOU

a(e) >0,
TaKa IHITO 3a CEKOC y 3a KO€ BaXXu HepaBeHCTBOTO
ly—b[ <&

Ke 6I/II[6 3aJOBOJICHO HEPABCHCTBOTO

lay) - 9(b)| < &.

ITonaTtamy, of HempekmHaTocTa Ha (QyHKIHWjaTa f BO ToukaTa a
clefyBa fieka 3a Toa o Ke moctou & > 0, Taka IITO 3a CUTE X 32 KO BaK

X—al< &
Ke Oujie 3aJJ0BOJIEHO HEPABEHCTBOTO

[f(x) —f(a)l < &,
OJHOCHO CO JIpPYT'H O3HAKH

ly —b| < &1

Cnopep Toa, 32 MPOU3BOJIHO & JOOMBAME JieKa MTOCTOU TakBO &, > 0
(xoe 3aBuCH Off & OWAEjKM &1 3aBHUCH Of] £), TaKa IITO 3a CHTE X 32 KOW BaXKH
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Ix—al < &

BaK1 HCPAaBCHCTBOTO

[f(x) - (@)l < &,

OJJHOCHO HepaBeHCTBOTO
ly — b|<an,

KO€ MMOBJIEKYBA 1 3aJOBOJIYBAhC HA HEPABEHCTBOTO

l9(y) —gd)| < &

OJHOCHO HEPABEHCTBOTO

19(f()) — 9(f(2))] = [h(x) - h(a)] < &

IIpuroa co cammor ycnoB f ma e HempekwHaTa BO TOYKaTa &, a g BO
toukara b = f(a), cmeTame neka f e mepuHUpana Ha WHTEpBANOT (& — &, & +
&), a g Ha uaTepBanor (b — &, b + &1). Bo cnporuBen ciyuaj 3a & u & ce
3eMaaTr moMaJji BPeTHOCTH, TaKa IITO YCIOBOT 3a Ie(pUHIUPAHOCT Cemak jia
Oume 3aJOBOJIEH.

3Haun, CMMOOJTMIKYA MOKEMeE J1a HaIHIIIeMe

lim g(fx)) = g( lim f(x)).

X—a X—a

Teopema 6.2. Heka ¢dynkuujata f e HempeknHaTa BO TOukaTa a u
Heka f(a) = 0.
Toramm mocrom ¢ > 0, Taka mITO 3a CHTE X 3a KOHM BaxXu
HEPaBEHCTBOTO
x—al<o

Ke BaXKi HEPABEHCTBOTO
1
[f0Al > = [f(a)l.
2
Bo cnenmjanen cnyuaj, ako f(a) > 0, Toramr ke Baxku
f®>%m)@m,
a ako f(a) < 0, Ke Basku HEPaBEHCTBOTO
K@<%K® (<0).

ITopagu TOoa OBaa TeopeMa ce HapeKyBa M TeOpeMa 3a 3ala3yBame Ha
3HAKOT Kaj HEMIPEKUHATUTE (DYHKIUHU.
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Jlokas. Heka

1
=—|f(a)| >0
& 2I()I

€ KOHKpeTHa BpefHocT Ha & Ojf HempekmHaTocTa Ha QyHKiujata f Ke
MOCTOM O, TaKa IITO 3a CUTE X 3a KOM BaXu |X — a| < J Ke Oupie 3aJJ0BOJICHO
HEpPaBEHCTBOTO

6 - @)l < - fi@,
OJHOCHO HepaBeHCTBaTa
&) - - i@ <100 < @) + - Il
of Kajie ce MoOMBa TBPJICHETO.

Teopema 6.3. Heka dynkumjata f € cTporo MOHOTOHO pacTedyka
(omarauka) w HempekwHaTa (pyHKIUja Ha cerMeHTOT [a, b] u Heka A = f(a),
B = f(b). Toram nocrou nuBep3Ha ¢ynkuuja ¢ = f ' Ha dpynxkumjara f Ha
cerMeHTOT [a, b], Koja e cTporo MOHOTOHO pacTeyka (omafadka) u
HENpeKWHaTa Ha cerMeHToT [A, B].

loka3: Er3ucreniujata Ha nHBep3HaTa (pyHKIM]ja, KOja € UCTO TaKa
CTPOro MOHOTOHO pacTeyka (omaradyka), BeKe € MmoKaxkaHa BO TeopeMara
42. 3Hau;m ocTaHyBa fla ce JOKaxke HEeNMpeKWHATOCTa Ha WHBEp3HATa
¢yakumja g Ha cermeHTOT [A, B].

Hexkayp € (A, B).

Toram mocTom efgWHCTBEHa TOYKa Xoe(a, b), Taka mro Yo = f(Xo),
OJHOCHO Xo = g(Yo)-

Heka ¢ e nmpon3BojeH NO3UTUBEH pealieH Opoj, Taka IITO

[Xo— & X0+ €]  [a, b],

" HEKAa
yi=f(xo—¢) m y,=f(xot &
IIpH IITO
Yo € (Y1, Y2).
Heka

o=min{lyr1— Yol [y2— Yo}

Op ctporata MOHOTOHOCT Ha (pyHKIHjaTa f ciaemyBa feka 3a cuTe Y 3a Kou
BaXXu

ly — Yol <&
Ke HOCTO] aT €JUHCTBCHHU TOYKH
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X e (Xo— & Xot+ &),
TaKa IITO

X =g(y).

3Hauu, fa cymupame, 3a MPOU3BOJIEH pealieH MO3UTUBEH Opoj &
n30paBMe S-OKOJIMHA Ha TOYKAaTa Yo, TaKa IITO 3a CUTE Y KOU U mpunaraar
Ha Hea Ke BaxKy HEpaBEHCTBOTO
X — Xo| < &,
OJTHOCHO HEPaBEHCTBOTO

l9(y) —9(yo)l < ¢

(T.e. BpegHOcTHTE ((Y) Ke ¥ mpumaraaT Ha &OKOJWHATAa HAa Toukata g(Yo)).
Bupnejku yo e mpousBosHa Touka off (A, B), co Toa e JoKaxKaHO TBPAECHETO
3a HETIPEKMHATOCTa Ha MHBEp3HaTa (pyHKIHja § BO HHTepBaioT (A, B).

HenpexkunaTocTa Ha MHBep3HaTa (pyHKIHja ( OJJIECHO BO TOUKaTa A
1 OJIJIEBO BO TOUKaTa B ce mokaxkyBa Ha CIMYCH HAYWH.

Teopema 6.4. Heka f e ¢ynkumja necpmanpana Ha mHTEpPBAIOT (4, b),

OTpaHMY€Ha U MOHOTOHO pacTeudka Ha Toj uHTepBain. Toram nocrou f(b — 0)
u f(a + 0).

Oj NOBaKHWTE CBOJCTBA HA HENPEKUHATHUTE (PYHKIHUUA KOU CE Off
JIOKAJIEH KapaKTep K€ HaBe[eMe YIITE €JHO.

Teopema 6.5. Heka f e cTporo MOHOTOHO pacreuka (omafaudka)
¢dyukmja Ha [a, b] u Heka a = f(a), S = f(b). ®ynkumjaTa f ¢ HenpeknHaTa Ha
[a, b] ako u camo ako cekoj 6poj ¥ € [, f] e BpeaHocT Ha yHKIHjaTa f BO
HEKOja TOYKa OJf CerMEHTOT [a, b], T.e. 3a Vy € [, f] nocrou eguHCTBEH
6poj ¢ € [a, b], Taka mro y=1f(c) .

Axo Bo nedununumjata 6.1* 3a HempekuHATOCT Ha (pyHKIMjaTa f BO
TOuKaTa a co h ja o3HaunMe pasznmkara X — a, Torai camara aeuHuImja Ke
ja uMa ciefiHaTa popMynanuja:

He¢gunuyuja 6.1.%* dynkumjata f e HempeKnHaTa BO TOUKATa & aKo
Ve>0, J&e) >0,
Taka IITO 3a CeKOj peasieH 6poj h 3a KOj Baski HEPaBEHCTBOTO

h| < &
Jda Ba>X HEPABEHCTBOTO
if(a + h) — f(a)| < &
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IIputoa e noTpedHO pyHKuHMjaTa f ga 6uae feduHrpana Bo ToukuTe a + h u
MOXEME Jia 3alullleMe

lim f(a + h) = f(a).

h—0

Paznmkara
h=x-a

ce HapeKyBa HapaCHyBale¢ Ha apryMEHTOT X BO TOoukaTa a (3Hauyu Off
TOUYKaTa a co HapacHyBame h ce mo6uBa Touka a + h, mpu mro h moxe ma
Ouje ¥ MO3UTHBEH U HETaTUBEH pealieH Opoj Uil HyJia), a pa3linKarTa

Ay =f(a +h) —f(a)

ce HapeKyBa HapacHyBam€ Ha BpeTHOCTA Ha (pyHKHMjaTa (MOHATaMy caMo
Ha (pyHKIFjaTa) KOe OAroBapa Ha HapacHYBamkETO h Ha apryMEHTOT X.

Cnopen Toa pedununmjata 6.1* 3a HenmpeKUHATOCT OM ja UMana u
cnegHarta gopmyiianyja:

Hecunuyuja 6.1.%** dynkuujara f e HempeknHaTa BO TOUKATa a aKO
HapacHyBameTO Ha (PyHKIHjaTa ce CTPEMU KOH HyJia KOra HapacCHYBaHETO
Ha apryMEHTOT BO TOUKAaTa a ce CTpeMH KOH HyJia. Toramr numryBame

lim Ay =0,
h—0
OJHOCHO
lim [f(a +h) —f(a)] = 0.
h—0

Ia 3abenexknMe neKa BO KOHKPETHHOT IPaHMYCH MPOIeC BPEIHOCTA
f(a + h) 3aBucu camo o HapacHyBawkeTO h 1 Kako (PYHKIHMja Off apTyMEHTOT
h e pmedmHMpana BO HeKoja OKonmHa Ha Touykata h = 0 (Guumejku
HEeNpeKMHATOCTa ce e(pMHUpPa BO TOUKA U CHOPEN Toa a € (PUKCHA TOUKa).
Bo cmyyaj Ha fApyrM O3HaKM Ha apryMeHTHTE OJHOCHO HE3aBHCHHTE
IIPOMEHJINBY U (DYHKIMHUTE, 32 HAPACHYBAKHETO Ha apT'yMEHTOT CO O3HaKa X
ce ynoTpeOyBa M O3HaKaTa AX, a 3a COOJIBETHOTO HapacHyBamb€ Ha
¢pyHK1MjaTa O3HaKaTa

Ay = Af(a) = f(a + Ax) — f(a).

Hcro Taka m 3a TOUKaTta BO KOja Ce WMCOUTYyBa HeNpeKWHATocTa (mMa u
er3uCTEeHIINja Ha TpaHMYHA BPETHOCT) ce ymoTpeOyBa M O3HAKa Xo.
HenpekunaTtocra Kako I@I0jaBa MHOIY 4YeCTO C€ jaByBa BO
NpUpOHUTE Tpouecu. Taa ce KapaKTepu3Wpa CO CBOJCTBO IPH Majo
HapacHyBakE€ Ha HE3aBHCHO IIPOMEHJMBATAa fAa My OJropapa Majo
HapacHyBame Ha (pyHKIH]jaTa, T.€. Ha IPOMEHINBATA KOja 3aBUCHU Of] HEa.
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Bo kiacara HenpeknHaTH (PyHKIMHU BaXKaT W CIEIHUTE JOCTA Ba>KHU
TEOPEMU KOM I'M UCKAXKyBaaT HUBHUTE OCOOMHM HA MHTEPBAJ WIIA CETMEHT.

Teopema 6.6 (Komm). Heka e nanena ¢ynkumja f, HempekuHata Ha
CerMeHToT [a, b] n Heka

f@)=A, f(b)=B (A-B=0).
Axko A-B <0, Toram nocrou 0apem efiHa Touka C € (&, b) Taka mro
f(c) = 0.

CrnenujamnHo, 3a Koj Ouito 6poj y Koj ce Haofa mery 6poeBute A u B moctou
6apeM efHa Touka C € (@, b) Taka mTo

f(c) = ».

Hokas: Heka A< 0, B> 0u neka M c [a, b] e MHOXeCcTBO TOUYKH X CO
cBojcTBO VX € M, f(x) <O0.

MHuoxectBoro M He e mpa3HO MHOXKecTBO (Oapem a € M) u e
orpannueHo of rope (co b). Cmopen akcumomara VI 3a HEMpPeKMHATOCT
TIIOCTOM CYIPEMyM Koj Ke ro o3HaummMe co C. Ke mokaxkeme ieKa C # a 1 C #
b. [la mpeTnocraBuMe oO6paTHO, OGHOCHO Heka € = b. buynejku

f(b) =B >0,
cnopepi TeopemMara 6.2 mocrou o> (), Taka mTO
VX € (6-b, b), f(x) > 0,

IITO € BO COPOTUBHOCT CO (pakTOT ieKa C € CyIpeMyM Ha MHOXeCTBOTO M.
Heka cera npetnocraBume jieka € = a. bupuejkn

f(a) = A <0,
cnopepi TeopemMara 6.2 mocrou o> (), Taka mTO
vx e (@ a+ o), f(x)<0,

HITO € BO CIIPOTHBHOCT O (DaKTOT fieKa C (=a) € CypeMyM Ha MHOXKECTBOTO
M. Ha kpajoT Ke nokaxeme jeka

f(c) = 0.
Jla mpeTnocraBuMe 06paTHO, OMTHOCHO HEKa

f(c) 20,
OJHOCHO HEKAa

fc)>0 wumm f(c) <O0.
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Cnopep Teopemara 6.2, ako
f©)>0 (f(c) <0),

ToTrail mocrou o > (0, Taka IITO
Vxe(c-o6c+0), fx)>0 (f(x)<O0).

Op npyra cTpaHa C € CyIpeMyM M BO COTJIACHOCT co fecununmjara 1.5 Ke
nocTou 6apeM efgHa Touka Xo € M 3a kKoja Baxu f(Xo) < 0, mogeka

Vxe(c,ct+0), f(x)>0

(Oupmejkm ¢ e HajMama majopadTa u 3Haum (C, C + 9) N M = ), mrTo
peTCcTaByBa KOHTPAAUKTOPHOCT.
CrneuujanHuoOT cly4yaj ce TOKaxyBa cO JeduHHpame Ha HOBa
pysxkumja
FO) =109 —»
U cO MpUMEHa Ha UCTHOT pe3yaTaT 3a yHKumjaTta F, co mpernocraBka A #
B. Ako A =B, Toram y=A = B 1 3a ¢ MoxXe J1a ce 3eMe uiu a unu b.

Teopema 6.7 (Bajepmitpac 1). Axo ¢pyukuyujata f e HempekuHaTa Ha
CErMEHTOT [a, b], Toram e orpanmyena Ha cermMeHTOT [a, b].

Teopema 6.8 (Bajepmtpac 2). Hexa e pagena ¢ynkumja f,
HempeKnHaTa Ha cerMeHTOT E = [a, b]. Toram ¢ynkiujara f ja mocturaysa
CBOjaTa HajrojieMa M CBOjaTa HajMajia BPEIHOCT Ha TOj CETMEHT, OTHOCHO
MOCTOjaT TOYKHM X1, X2 € [a, b], Taka mrTo

f(x1) = min f([a,b]) = min {f(X)ja<x<b} =

= min {f(x)|x € [a, b]} = min f(E)
u
f(x2) = max f(E)
(oBme ce ynoTpeOGeH MOBEeKe O3HAKM).

Hokasz: Cnopen Teopemarta 6.7 ¢pyHkiujata f e orpanuyeHa u ogrope
U ofjoiy um cropey akcumomarta VI 3a HempeKWHATOCT W mocieaunara 1.7
nocron cynpemMyM M u uHPUMYyM M Ha MHOXECTBOTO BPEIHOCTU
(xomomenor) f([a, b]). 1a mpeTmocTaBuMe ieKa HE MOCTOM

C; € [a, b]
TaKBO IITO
f(co) = M,
IITO 3HA4YM J€Ka
vxe[ab], f(x)<M.

Hedunupame HoBa pyHKIMja F co paBeHkarTa
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1
R0 = M — f(X)

Ha CErMEHTOT [a, b] co ocoGuna
vx e[ab], FXx) >0

U KOja cIopef TeopemaTa COOCABETHA Ha Teopemara 5.5 € HCTO Taka
HenpekuHaTa pyHKuMja Ha [a, b]. Ciopen Teopemara 6.7 u F e orpanndeHa
¢yakumja Ha [a, b], mrTo 3Haum geka nmocrou 6poj A > 0, Taka MITO

1
v/ ,b], F(X)= ——— <A,
xelabl FO= o
OJHOCHO
1
f)<M - —.
) A

[TocnegHOTO HEpPaBEHCTBO € BO CIPOTHBHOCT cO pakToT neka M e
cynpemyM Ha mMHOxXkecTBOTO f([a, b]) (M e Hajmana majopanTa). Cnopep Toa

Ke mocTou C; € [a, b], Taka mro
f(co) = M.

Jloka3oT 3a er3mcTeHIyjaTa Ha C; € [a, b] TakBo mTo f(C;) = m e uctwm.

Hecpunuyuja 6.5. Hexka e npagena ¢pynkumja f, nedunmpana Ha
MHOXecTBOTO E. AKO 3a KOj OUjI0 MO3UTUBEH peajieH Opoj &€ MOXe [ia ce
Hajje NO3UTUBEH peaseH Opoj O, TaKa IITO 32 KOM OUIIO IBE TOUKH X1, X2 Of
MHOXeCTBOTO E, 3a KOu BaxKu HEpaBEHCTBOTO

X1 — Xo| < 6,
oa 6I/I,He 3aJOBOJICHO HepaBeHCTBOTO
[f(x1) — f(x2)| < &,

Toraml BejuMe Jeka ¢ynkiujata f e pamHOMepHO (yHH(OPMHO)
HeIlpeKuHaTa Ha MHOXEeCTBOTO E.

IIa 3abenexxnme J€Ka 3a pa3jidka O MOMMOT HENIPEKNHATOCT, KOj c
Bp3aH 3a TO4YKa, MNOMMOT paMHOMCpHa HCOPCKHUHATOCT € Bp3aH 3a
MHO2KECTBO.

Teopema 6.9. Axo ¢ynkiujata f € paMHOMEpHO HempekWHaTa Ha

HEKOe MHOXKecTBO E, Toramr Taa e HempekmHaTa BO ceKOja TOYKa Off Toa
MHOXecTBO. OGpaTHOTO HE MOpa fia BaXKMU.
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IlIpumep 6.6. dynxkumjata
(x) = sin =
X

e HenmpeknHaTa Ha uHTepBanor (0, 1), HO He € paMHOMEPHO HEeNpeKnHaTa Ha
WCTUOT UHTEPBAJL.

Axo ¢yakumjaTa f e HempeknHaTa Ha WHTEPBAJOT (4, b), Toa 3HAYM
Jleka € HempeKWHaTa BO CEKOoja TOYKa Of TOj WHTepBaj. 3HauW, 3a
IpOW3BOJIEH MO3WTHBEH peajieH Opoj ¢ 3a ToukaTta Xo € (&, b) mocrom
NO3UTHUBEH peasieH 6poj J KOj 3aBHUCH Off & HO KOj HE Mopa Jla Oujie e[HaKOB
W 3a J[pyra TOYKa X; MPH eTHAKBO & (3HAUM Kaj HEMPEKUHATOCTA O 3aBUCU U
O]l caMaTa To4YKa OcBeH of &). Cropeq Toa, er3ucTeHIjaTa Ha O 3aBUCH U
Of & HO W Off TOUKAaTa BO KOja ce MOoKaxKyBa HEeMMPeKNHATOCT Ha (PyHKIIHjaTa.
On apyra crpaHa mak, Kaj paMHOMEpHaTa HeMPEeKMHATOCT eTr3UCTeHIjaTa

Ha O 3aBHUCH CaMO on &u € CIMHCTBCHO 3a KOU OWJIO TOUKH O] COOJBETHOTO
MHO2KECTBO .

Teopema 6.10 (Kantop). Ako d¢yHkumjata f e HempekuHaTa Ha
CEerMEHTOT [a, b], Torai e paMHOMEPHO HENIPEKUHATA HA TOj CETMEHT.
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§7. EIEMEHTAPHMU PEAJ/IHA ®YHKIINHU
O EJHA PEAJTHA ITPOMEH/IUBA

Hegunuyuja 7.1. Kako OcCHOBHM ejeMeHTapHU (YHKIUH Ke TH
neduHUpame cliefHuTe (PYHKINN:

1° f(x) =c¢ (c — koncranra ) — KOHCTaHTa (pyHKIHja ,

2°f(x) =a* (a > 0; a # 1; a— KOHCTaHTa)— eKCIIOHEHIHjanHa (PYHKIH]a,
3° f(x) = log 4 X (> 0; a — KoHcTaHTa) — TorapuTaMcka (yHKIHja,

4° f(x) =x“(a# 0; @ — KOHCTaHTa)  — CTeNeHCKa (PyHKIIH]a,

5% f(x) = sinx — CUHYCHa (PYHKIHja.

Cekako fieka mocTojaT u Apyru Kiacudukanuu Ha pyHKOuUUTE. 3a

ceKkoja of] OBMe OCHOBHH (PYHKIIMM Ke T MOKakeMe HaKpaTko (6e3 moKasm)
HajBaXKHUTE OCOOMHU U COOJIBETHUTE rpacpuily .

1°. ®ynknujaTa e gepuHUpaHa Ha MHOKECTBOTO peannu 6poeBH R co
KofomeH {C}, HelmpeKknuHaTa € BO ceKoja Touka off AeuHUIMOHATa 00JIacT,
HEeMa WHBep3Ha (yHKIWja U rpaduKOT BO MpaBoarojiieH KOOPAWHATEH
CHCTEM € XOPU30HTAJIHA MPaBa.

2°. dynkupjara e fepuHUpaHa U HempeKuHaTa Ha R, co KogomeH R”
(=(0, +x)). Baa>1 (0 <a<1) e cTporo MOHOTOHO pacTeuka (ormaradka).
Mma cBoja wHBep3Ha (pyHKIWja W HEJ3UHUOT Trpaduk 3aeqHO CO
COOJIBETHUTE IPAaHNYHU BPEAHOCTU Ha KpaeBUTe Off Ae(PUHUIIOHATA 00JIacT
e manieH Ha uprexurte 15 u 16.

y y

a>1 O<ax<l1
1 \ 1

_/ > \ >

0 X 0 X

lima*=0" ; lima"=+x lima*=+c ; lima*=0"

X—>—0 X—>+00 X—>—0 X—>+00

Lprex 15 Lprex 16
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3°. ®dynkumjaTta e gepuHEpaHa U HenpekuHaTa Ha R*, co kogomeH R.
BceymHocT, Taa € mHBep3Ha (PyHKIMja Ha €KCIIOHEHUHWjanmHaTa (yHKIH]a
neuHIpaHa MpeKky penaguuTe

y=a‘*ox=loga,y.

3aa>1 (0 < a < 1) dyskugjaTa cTpOro MOHOTOHO pacrte (omara).
I'pacpukoT 3a€MHO CO COONBETHHUTE TPAHWYHH BPEJHOCTH HA KPACBUTE O]
neduHUIMOHaTa 00JacT € flajieH Ha upTexure 17 u 18.

yt a>1 & D<a<l

\

0/1 X 0 T X

lim log,x=—o ; lim log X =+ lim log o x =+oc ; lim log , x = —oc

x—0+0 X—>+00 x—0+0 X—>+00

Hprex 17 Hprex 18

4°, dynknmjaTa BCYIIHOCT ce AeUHApa KAaKO CI0XKeHa (PyHKIHUja Of
eKCIIOHEHIUjaJTHATa U JIorapuTaMcKkara (PyHKIMja MpeKy pejanyujaTa

o
a log4x a logax
X (a 9a ) _ %%

b

NpH IITO 32 KOHCTAHTATa a ce 3eMa oOM4YHO Opoj morosem off 1 (a Moxke u
opoj mery 0 u 1). OBaa ¢yHkuyja € nedpuHMpana 1 HenpekuHara Ha R, co
kogoMmeH R*. 3a a > 0 (a < 0) ¢pyHKIHjaTa CTPOro MOHOTOHO pacTe (omara).
I'pacukoTr 3aemHO CO COONBETHUTE TPAHWYHU BPETHOCTH HAa KPAeBUTE Off
neduHUIMOHAaTa 00JacT € fajeH Ha uprexure 19 u 20.

y A a>1 “a=1 y A
1 O<ax<l \\
1 -1<a<0
\g =-1
N <_1
0 1 0 1 X
lim x*=0" ; lim x*=+ux lim x* =40 ; lim x*=0"
x—0+0 X—>+0 x—>0+0 X—>+0
Lprex 19 Lprex 20
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CrnenujanHo 3a HEKOM palMOHANHU OpoeBM « OBaa (yHKIHja €
nedunupana u Ha R. Taka 3a

o= A, p, keN,
2k +1
¢dyskumjaTa e gepuHMpaHa M HelpeKMHaTa Ha R, co kogomen R U {0},

CTPOro MOHOTOHO omafa Ha (—oc, 0], a cTporo MOHOTOHO pacte Ha [0, +ox).
3a

_2p+1

- ' !k N!
T e PEE

¢ynkyujaTa e nedpuHUpaHa U HempekuHaTa Ha R, co kogoMeH R u cTporo
MOHOTOHO pacte Ha R. Tue cinydyam ce majieHu co rpaduum U COOBETHH
FPaHUYHU BPENHOCTH Ha nprexure 21 u 22.

y a= 2p y
2k +1
0 X
2
0 X~ a= p+1
2k +1
lim x%=+o s lim x% =+ lim x*=—-oc; lim x*=+c«
X—>—00 X—>+0 X—>—00 X—>+00
Hprex 21 Lprex 22

3a a € Z (HeraTwBHM Lesl OpoeBM) (pyHKIMjaTa € NePUHUpaHA U
HenpeknHata Ha R \ {0}, mpm mTo 3a o mapeH HeraTuBeH Lesl Opoj
(dyHknujaTa mMa KopmoMeH RY, a 3a « HemapeH HeraTWBeH Ued Opoj
¢pynkimjaTa nma kogomeH R\ {0}.

5°. ®ynkiujara e epuHUpaHa ¥ HENPEKUHATA Ha R, mepuoinuna co
OCHOBEH Ilepuoj 27 U orpaHndeHa Ha R. PasrnenyBajku ro caMo cerMeHTOT
[0, 27], HA MHOKECTBOTO

o 210, 241

(pyHKIIMjaTa CTPOr0O MOHOTOHO PacTe, a HAa MHOXECTBOTO
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87. Enemenitiaptu peanat QpyHKUUU 00 eOHA UPOMEHAUBA

T 37
[, —1
2 2
¢yHKIMjaTa CTPOro MOHOTOHO omafa. [Ipyrute OcoOWHU, HA TIPUMEDP

HYJIATE, EKCTPEMUTE U IPYTO, KAaKO U rpaduKoOT, CE€ JOBOJHO MO3HATH Of
CpeHO 0Opa30BaHMUE.

Hecgunuyuja 7.2. Cute pyHKIMM KOU MOXKAT Aa ce AeduHUpaaT co
IOMOIII HAa apUTMETHYKH ONepalid M TPeKy CIOXEHU (QYHKIUN Of
OCHOBHUTE eJIeMeHTapHU (DYHKIIMU Ce HapeKyBaaT eJieMeHTapH! (PYHKINH.

Toa ce nonuHoMHHTE (PYHKIUU, APOOHOPALUOHAIHUTE (PYHKINH,
(pyrK1MHATE

. T sin x COS X
cosx =sin(—= —x), tgx = ——, ctgx = ——,
2 COS X sin X
1 _
secx = ——, COSECX = L shx = 1 (e*-e™),
COS X sin x 2
chx = 1 (" +¢), thx = sh_x cthx = %
2 chx shx
f(x) = arcsinx, f(x) = arccosx,

U IPYTH.

OBgpie Ke pasriielame caMmo HEKOHU Off HUB.

6°. dyrkmjaTa

f(x) = arcsinx,
nedpunupana Ha [-1, 1], cTporo MOMOTOHO pacTeuka M HeNpeKHHaTa, co
KOJIOMEH [—%, %], € efHa Ofi MHBep3HUTe (PYHKIUU HAa CUHYCHATa
¢pynkimja. BeymHocT Taa e nHBep3Ha (DyHKIM]ja Ha (pyHKIMjaTa
g(x) = sinx

Ha CETMEHTOT [—%, %] 1 IIOCTOM cropef Teopemara 6.3.

Hej3unnot rpaduk e gageH Ha uprexor 23.
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f(-1)=-2

NN

T

T T X f(1) =

Lprex 23

Jla 3abenexume fieKa ako ce pasriefyBa ucrata (pyHKIHEja g Ha ApyT
T 3
CerMEHT (Ha TpuMep [E’ 7]), Toramr Ou Ouna jeduHUpaHa [Jpyra
MHBEp3HA PYHKIIH]a.
7°. ®ynkumjara
f(x) = arctgx,

neduHNpaHa, HEMPEKUHATa ¥ MOHOTOHO pacTedka Ha R, co KooMeH
T .
(_E’ E)’ € e[Ha Ojf MHBEP3HUTE (PYHKIMM Ha TAaHT€HCHAaTa (PyHKIHWja Ha

T .
UHTEPBAJIOT (_E’E) u nocrom crnopep Teopemata 6.3. Hejsunuor rpadux

" COOJIBCTHUTC I'PaHUYHU BPCITHOCTHU CC NaJCHU HAa OPTECXKOT 24.

y

V4 . Vs
= lim arctgx = ——
2 X—>—0 2
0 X lim arctgx = z
X—>+o0 2

_Z

2

Lprex 24
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8. dynkuujara
f(x) = chx
(kocuHyCc XUTEpOONMKYM WKC), HapedeHa CUHOHp (JIAaHYAHWIA), €

neduHUpaHa U HempekuHata Ha R, co komomeH [1, + «). Hej3uanot rpacguk
¥ COOIBETHUTE TPAHUYHU BPETHOCTH Ce IaJICHN Ha I[PTEXKOT 25.

y
lim chx = lim chx = +«
\\/
0 X

Lprex 25
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I'N'TABA BTOPA

ANOEPEHIINJATTHO CMETAIBE
HA PEA/THA ®YHKIIMJA O EJHA PEAJ/IHA
INPOMEHJ/INBA CO HEKOU ITPUMEHUA

§8. U3BOIU N IUPEPEHIINJAJ/IN HA PEAJ/IHA
OYHKIINJA O EJHA PEAJ/IHA ITPOMEH/IMBA

8.1. U3BOIU OA IIPB PE: AE@OVMHUIINIJA U OCOBNHU

Hecunuyuja 8.1. Heka dpynkumjaTa f'e nagena co popmynara
y =A%),

EcCR,

I[e(bI/IHI/IpaHa Ha MHO2KECTBO

HEKa Xo € BHATpEIIHa TO4YKa Ha MHOXKECTBOTO E M Heka Ax # 0 e
HapacHyBame HAa apryMeHTOT cO OCcOOMHA Xo + Ax fa mpumara Ha E. Ako
ITIOCTOM KOHEYHA 'PaHNYHa BPEIHOCT Ha KOJTUYHUKOT

fx +A0)-£(x))
A_x 2
kora Ax — 0, Toram Taa ce HapeKyBa IpB U3BOJ] Ha (PyHKIH]JaTa / BO OTHOC
Ha HE3aBHCHATa MMPOMEHJIABA X BO TOYKATAa Xo M MMa O3HaKa f '(xo) uiu f;'(xo).
3Hayu,

i LGOS G

Ax—0 Ax

Paznukara
X —x0=Ax
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ce HapeKyBa HapacHYBame¢ Ha apryMEHTOT X BO TOYKaTa X (3HA4H, Off
TOYKATA X( CO HapacHyBamwe Ax ce JoOMBa TOYKa Xo+ Ax, IpU IITO Ax MOXe
na Ouje ¥ MO3WTHBEH U HETaTUBEH peasieH 0poj). Paznukara

Sxo+ Ax) = fixo) = Ay
ce HapeKyBa HapacHyBamh€ Ha BpefHocTa Ha (pyHKumjaTa (IIOHATaMy caMo

Ha (DyHKIFjaTa) KOe OirOBapa Ha HapaCHyBameTO Ax Ha apryMeHTOT X BO
TOUKaTa Xy (3Ha4M, Off BpeIHOCTA f(x() ce moOUBa BpegHOCTa

flxo+ Ax)

KOja ofiroBapa Ha HapacHyBameTO Ax Ha apTyMEHTOT X BO TOUKATa Xo).

Cnopen pedununujata 8.1 U3BONOT € KOHEUYEH peajieH Opoj u
MOKeMe Jla KaxkeMe JeKa BCYIIHOCT MPEeTCTaByBa FPaHMYHA BPEJHOCT Off
KOJMYHUKOT Ha HapacHyBameTO Ha (yHKIMjaTa M HApPacCHYBAHETO Ha
apryMeHTOT KOra HapacHYBam€TO Ha apryMEHTOT ce€ CTPEeMH KOH HyJa.
[IpuToa rpaHwmvHaTa BpPEAHOCT ce Oapa Off eHa peaiHa (yHKIHja F Of
He3aBHCHATa MPOMEHIMBA ToJieMuHa Ax, lajileHa CO paBeHKaTa

G, +A0)-1 (x,)
Ax
(camata TOUYKa X9 € KOHCTaHTa TNpH TOj TPaHWYEH NpOIec), Koja e

neduHrpaHa Bo Hekoja okonuHa V(0, ) \ {0}, Ha ToukaTa Ax = 0, HO HE €
nedunrpana Bo camata Touka 0. [Iputoa

(xo— &, xot ) E

F(Ax) =

AN
(xo— 6, x0] c E
Ann
[x0, X0+ 0) C E.
3a HapacHYBambE€TO Ha apryMeHTOT ce ynoTpeOyBa O3HakaTa Ax,
COOJIBETHA Ha O3HaKaTa Ha apryMEHTOT X, KaKO W Jpyrd O3HaKu, a 3a
COOJIBETHOTO HapacHyBame Ha (PYHKIIMjaTa O3HAKUTE:

Ay, N AMlxo) = flxo+ Ax) — flxe) = Ay.
3a u3BOJIOT ce ynoTpeOyBaaT i O3HAKHTE:

& ; x) (cnopep JT1ajoHu);
dx dx

K xo); V5 Ve f'(x0); Vo (cmopen Jlarpanx);
Dy; Dfixo); Dyw; Dyf(xo) (cmopen Kormm).

HOHaTaMy, KOora € IIO3HaTa O3HaKaTa 3a KOja ouIIo IIPOMCHJINBA,
Toraim Ke ce KOPUCTHU CKpATCH 3alluc. Hcto Taka Moxe Ja CC KOpPHUCTH U
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O3HaKaTa a HAMeCTO Xo 3a TOYKaTa BO Koja ce Oapa wu3BofgoT. [a
3a0eneXnuMe JeKa U3BOMIOT ja KapaKTepu3upa IpoMeHaTa Ha BPEJHOCTA Ha
(pyHkumjaTa, OAHOCHO Op3MHATa Ha @IPOMEHAaTa Ha BpEAHOCTAa Ha
¢pyHKumjaTa BO TOUKaTa Xo. T€pMUHOT W3BOA NpB ro Bosen Jlarpanx.

Hecgunuyuja 8.2. Heka dpynkumjaTa f e magena co popmynara
¥ =f),

EcCR,

neguHUpaHa Ha MHOXKECTBO

Heka mocTtou o > (0, Taka mIrTo

(xo— O, x] C E ([x0, X0+ 0) C E)
1 HeKa
Ax <0 (Ax > 0)

€ HapacHyBame Ha apryMEHTOT CO OCOOMHA Xo + Ax ma mpumarfa Ha E. AKo
NOCTOM KOHEYHa JieBa (JlecHa) rpaHuYHA BPETHOCT Ha KOMMYHUKOT

S5 A0 £ (x,)
Ax

kora Ax > 0 — 0 (Ax —> 0 + 0), Toram Taa ce HapeKyBa JeB (JleceH) NpB
M3BOJ| Ha (pyHKIMjaTa f BO OHOC Ha He3aBUCHATA IIPOMEHIIMBA X BO TOUKATa
X9 CO O3HaKa

J - (x0) (/' (x0))-

Cnopen necpununmjata 8.2 €AHOCTPAHUTE KOHEYHM TIPAHUYHH
BPEHOCTH

5 +A0)—£(x,)

lim
Ax—0-0 Ax
nu
S (x,+A0)—=f(x)
lim
Ax—0+0 Ax

ce eJHOCTpaHM IPBYU W3BONH (JIEB U ieceH) Ha pyHKIHUjaTa fBO TOYKATA X.

On nedununuure 8.1 m 8.2, BO coriacHocT co Teopemara 5.3, Moxe
lla ce 3aKJIy4d jieKa Off er3ucTeHIyjaTa Ha IPBUOT U3BOJ Ha (pyHKuHMjaTa f
cleflyBa €r3uCTeHIMja U €THAKBOCT HA MPBUOT JIEB U MPBUOT JIECEH M3BOJ
Ha (pyHKIMjaTa f BO olpefesieHa ToYKa, U OOpaTHO.

Jla 3a0enexume feKa OPBHUOT JIEB WU NPBUOT JECEH WU3BOJ Ha
¢yHKIMjaTa f BO ompefiesieHa TOYKAa MOXKAT Jia TOCTOjaT, HO fla HE TTOCTOU
MPBUOT U3BOJ Ha (pyHKIKjaTa f BO Taa TOYKA.
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Hecpunuyuja 8.3. Axo rpaHnIHATa BPETHOCT
S -1 (x,)
m
Ax—0 Ax

NOCTOM M € +oc WM —o< (He e KOHeUeH Opoj), Toram BeJuMe JeKa
¢yHKIMjaTa f ©Ma M3BOJ +oC WM —oc BO TOYKaTa Xxo. AKO TMaK IMOCTOjaT
COOJIBETHU €IHOCTPAHU F'PAHUYHU BPETHOCTH

S5 A0~ £ (x,)

lim
Ax—0-0 Ax
I
[ A £ (x)
lim
Ax—0+0 Ax

¥ Ce +oC MJTM —oC, TOTAIll THE Ce HapeKyBaaT eIHOCTpaHu OECKOHEYHU M3BOIH
(meB m meceH) Ha (pyHKIMjaTa f BO TOUKATA Xo.

Heunuyuja 8.4. Heka dpynkumjaTa f mmMa npB u3Boj / '(x) BO cekoja
Touka x € (a, b). Toram Mmoxeme f1a fecpuaupame Ha (a, b) HoBa pyHKIH]aA
f":x — f'(x) Kako u3BOHA (PYHKIIH]A.

IIpumep 8.1. Heka
filx)=c  (c e kKoHCTaHTa),

HEKa g € BHATpElIHa TOYKa of JAeduHHIMOHATa oOmacT R M HekKa Ax e
HapacHyBame Ha apryMEeHTOT X BO TOUYKaTa a. Torai

Ay 1 1
—=—[flat+Ax)-fla)]= — (c—¢c)=0
A A I ) —fa)] e (c=o)
u cnopeq aeuHunrjaTa
f'(a)=0.
IlIpumep 8.2. Heka
fx)=x",

HEeKa Xo € BHATpEIIHa TOYyka off AeuHUIMOHaTa obnacT R W Heka h e
HapacHyBamE€ Ha apryMEHTOT X BO TOUYKaTa Xxo. Toramn

%Ay - % [(ro+ A)" = x0"] =

% [Geo+ k) = xo]-[(xo+ A)"™ + (xo+ )" Pxo+ ... +x0"']=

-1 -2 —1
(xo+ A"+ (xo+h)" xot+ ... tx0",
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1 ,
1a rpaHuYHATa BPEIHOCT Of] KOJTUYHUKOT 7 Ay, xora h — 0, ke oune

n—1

nxo
3Haun,
(o) = n-xo" "
IIpumep 8.3. Heka
fx) = cosx,

HCKa Xp € BHATPCHIHA TOYKa OJf IIC(l)I/IHI/IHI/IOHaTa obmact R u Heka h e
HapaCHYBalkbC Ha apryMCHTOT X BO TOYKaATa Xp. Toram
1

7 Ay = % [cos(xo+ h) — cosxo] =

% {—=2[sin(xo + g)]-sing} =

h

2
Kopucrejkn egHa o cnenyjalHUTe TPaHWYHH BpPETHOCTH (mpumep 5.9,
. sinx .
lim =1) m HempekWMHaTOCTa Ha (yHKOWjaTa CHHYC, TpaHWYHATA
x>0 X

BPEMHOCT Of] KOJIMYHUKOT Kora & — 0 Ke Oupie —sinxy. 3Haum f'(xp) = —sinxy.

IIpumep 8.4. Heka
fx)=¢" (= expx),

HEKa Xo € BHATpEIIHa TOYyka off AeduHUIMOHaTa obOnacT R W Heka h e
HapacHyBamE€ Ha apryMEHTOT X BO TOUYKaTa Xxo. Toramn

h
1 1 -1
3 Ay = 3 [exp (xot+h) — exp xo] = (exp xo)

Kopucrejkn emna oj cnenyjalHuTe TPAaHUYHU BpegHOCTH (mpumep 5.12,
X

e

lim =1), TpaHUYHATa BPEAHOCT OfI KOJMYHUKOT Kora i — 0 Ke Oupie
x—>0 X
™ . 3Haum,

f'(x0) =exp xo= e™.
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IIpumep 8.5. Heka
f)=x,

HEKa Xo € BHATPEIIHA TOYKa Off AebruHUIMOHaTa obnacT R' U {0} u Heka h e
HapacHyBam€ Ha apryMEHTOT X BO TOUYKaTa Xo. Toramn

1, _1 B _ 1

Kopucrejkun coopBeTHH OCOOMHM M TEOPEMH 3a TPAHWYHHM BPEHOCTH W
HENPEKMHATOCT HA CTENeHCKa (yHKUWja, TIpaHU4YHaTa BPEJHOCT Off

1
KOJUYHHUKOT Kora 4 — 0 Ke oupe . 3Haun,

24)60

, 1
x =

S (xo) 2
IIpumep 8.6. Heka

Sx) =],

Heka xo= 0 ¥ HeKa & e HapacHyBambe Ha apryMeHTOT x Bo ToukaTa 0. Torarm
3ah>0:

L= -0)=1,

h
azah<o:
lAy= l (-h-0)=-1
h h '
Crnopeq Toa, Ke IOCTOjaT €MHOCTPAHU TPAHNIHY BPETHOCTH Off KOTUIHUKOT

1
Fh)=—A
()hy

Kora h— 0,n TOa
F(h-0)=-1= 1_(0);
F(h+0)=1=1.(0).

Bupejku neBaTta M fecHaTa IpaHMYHAa BPEJHOCT HAa KOJUYHUKOT F(h),
OJHOCHO JIEBUOT M [ECHHOT H3BOJ Ha (QyHKUMjaTa f, Ce pa3INyHHU,
3aKJIydyBaMe [ieKa He IOCTOM I'PaHWYHA BPEJHOCT Off KOJIMYHUKOT KOra /
— 0, IITO 3Ha4YM HE NOCTOU M3BOJ HAa OBaa (pyHKUHja /' BO TOUKaTa xo= 0.

IlIpumep 8.7. Hexa e gagena ¢gpyHkumja f co popmynnre
fix)=0 3a xeQ u fix)y=x* 3a xel.
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OBaa (pyHKIMja M PEKUH BO CUTE TOYKM X # 0, HO MMa U3BOJ BO TOYKATa
x=0.

Pewenue: HaBuctuHa, ako 4 € ( € HapacHyBamb¢€ Ha IIPOMEHIINBATA X
BO TOYKarta x = 0 ¥ ako 4 € Q, Torau NocToM rpaHUuYHATA BPETHOCT

lim LW=SO) _ 4 00 _,
h—0 h h—0 h

AKO IIaK h (S [, TOraml 1MToCtTonu n I'paHI/I‘IHaTa BpeHHOCT
po SO0 _ o B0
h—0 h h—0 h

IITO 3HAYM fleKa MOCTOU U3BOJ
1'(0)=0.

Co kopucremwe Ha fedUHUIMjaTa 32 TPaHNIHA BPETHOCT criopen XajHe (co

HH3M) ce TIOKaKyBa ieKa oBaa (pyHKIMja UMa MMPEKIH BO CUTE TOYKH x # 0.

Hecpunuyuja 8.5. Axo pyHkimjaTta f ”Ma KOHEYEH U3BOJl BO TOUKAaTa
X0, TOTAII BeJauMe ieka pyHKIMjaTa f'e fudepeHnujadbuiiHa BO TOUKaTa Xo.

Hexka dynkiujaTta f umMa KoHeueH u3Bof f'(xo). Toram

FO - (x,)

lim 0 = £'(x0),
h—0 h
OJHOCHO
h
lim {f(x ! 2 f(x ) — £/ (x0)} =0,
h—0

IITO 3HAYM fileKa pyHKIHUjaTa

h)—
oty = LD

e OeckoHeuHO Mana ¢yHKIuja kora 1 — 0.
Op nocneqHOTO PaBEHCTBO IO JOOMBAME PABEHCTBOTO

Sexo+ h) = fixo) = hifi (xo) + h-adh),

Koe BO  HeKoja  JuTepaTypa  IpeTcraByBa  jAeduHUIMja 34
nudpepeHnnjabuIHOCT, CTaBajK1

h-ah) = )
(f(h) =o(h)xkorah — 0 ) uf'(xo) = 4 (4 e KOHEUEH 6POj).
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Hecpunuyuja 8.5%. Hexa pynkuumjara f'e mageHa co popmyiara
y =),

I[e(l)I/IHI/IpaHa Ha MHOXKECTBO £ C R, HEKa Xy BHaAaTpClIHAa TOYKa OJf E um Heka

Ax # 0 e HapacHyBalke Ha apryMEHTOT €O 0COOUHa Xx( + Ax [ja mpumara Ha E.
AKO nmocTon KOHeUeH Opoj 4 TaKOB IITO

Sxo+ Ax) = flxo) = A-Ax + [(Ax)

(A(Ax) = o(Ax) kora Ax — 0), Toram BenwMme jeka QyHKIHWjaTa f €
nudpepeHnujadbuiIHa BO TOYKATA X

Bupnejkn necHo ce nmokaxysa jeka aepununuute 8.1 3a nNpB U3BOA U
8.5*% 3a mudepeHnjabMITHOCT ce €KBUBAJIEHTHU Kaj peanHa (PyHKIHUjA Of
e/lHa pealiHa MpOMeHInBa (6pojoT A Ke O6mjie BCYIIHOCT eTHaKOB Ha f'(x(), a
necpununmjata 8.5 Ke Oujge TBpjAcHeE), oBAe AudepeHIrjabuIHoCcTa ja
nedpuHUpaBMe co nedpuHUNMjaTa 8.5 mpeky u3Boj (IITO HeMa Ja BaXKH W 3a
Apyru (pyHKIMK KaKoO IITO ce, Ha IpUMep, peaaHu (PyHKIMK Of] ABE peajlHu
MPOMEHJIMBH ).

Teopema 8.1. Axo f e nudepenuujadbminHa PyHKIHja BO TOYKATA X,
TOrall € HeTpeKWHaTa BO TOUKaTa Xy.

Ilokas: Ke TpraeMe of] BeKe TOOMEHOTO paBeHCTBO
Sfxo+ h) = flxo) = hif '(xo) + h-a(h)

of1 Koe, kora h — 0, ja joOuBaMe rpaHUYHATa BPETHOCT

lim [f{xot+h) — f(x0)] =0,
h—0

LITO 3HAYM JieKa /'€ HEMPEeKUHATa BO X.
OGpaTHOTO TBpAICHEC HE MOpa Jia BasKd (BUM IO TPUMEPOT 8.6).

Teopema 8.2. Hexa ce pamenu paBe (¢GyHKUMU f u g,
f

nudepeHnnjabuIHn BO TOYKaTa xo. loram d¢yHkuuure f + g, fg, — ce
g

nudpepeHIMjaduaHn BO X9 (3a KONWYHUK-(PYHKIUjaTa ce€ TMOTPeOHW U
orpaHMuyBamaTa g(x)=03a cuTexoj HeKoja OKOJIMHA Ha Xo KOja ¥ mpunafa Ha
neduHUIMOHaTa o0macT Ha g U g'(xp)#0). [Ipu Toa BaxkaT cieJHATE npaBuia:

1% (f £ g)' (o) = f"(x0) £ g'(x0);
2°. (£g)'(x0) = £ '(x0)-g(x0) + flxo)-¢' (x0);
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30 (i)’(xo) _ S (x) - 8(x0) — f (xp) - &' (%x0) .
g [g(x )T
Hoxas: Heka h # 0 e HapacHyBambe Ha apryMEHTOT BO TOYKATA Xo.

1°. ®opMupame KOITMIHUK

FACEQ) = (Pt h) -~ (£ @] =

= foxo ) = )] = [+ ) — gl

Kopucrejku ru coogBeTHUTE OCOOMHM U TEOPEMU 3a TPAaHUYHU BPEIHOCTH,
KakKo M YCIOBOT Ha TeOopeMaBa, 'paHMYHATa BPEAHOCT Of] KOJTMYHUKOT KOra
h — 0 Ke moctou u Ke Ouje eqHaKkBa Ha f'(xo) £ g'(xo).

2°. dopMupamMe KOJIMIHUK

AR = L[+ ) - (Fg)xo)] =
% [f(xo+ 71)-g(xo+ 1) — flxo)-g(xo+ h) + flxo)-g(xo + h) — fixo)-g(x0)] =

[% 0+ W]+ [ flxo)

Kopucrejku rm coopBeTHUTE OCOOMHM M TEOPEMH 3a T'PaHUYHU
BPETHOCTH ¥ HENPEKWHATOCT Ha (YyHKIHMjaTa g, KaKO W YCIOBOT Ha
TeopeMaBa, FPaHUYHATa BPETHOCT Of] KOJMMYHUKOT Kora 4 — 0 Ke mocTou u
Ke Onje egqHaKBa Ha

S (x0)-g(xo) + flx0)-g' (x0)-
3°. ®opMupame KOJTMIHUK
Lacly= Lyt my - (Lo =
h g h g g
1 Af

= Ar ~ g
g(xp) - g(x +h)[ h 8(x0) h fxo)].

Kopucrejku ri coogBeTHUTE OCOOWHU ¥ TEOPEMU 32 TPAHUYHHA BPETHOCTH 1
HENMPEeKWHATOCT, KaKO W YCIIOBOT HAa TeopeMaBa, TpPaHMYHATa BPETHOCT Off
KOJIMYHHUKOT Kora 4 — 0 Ke mocTou 1 Ke Ouje eqHaKBa Ha

J'(xp) g(x) = f(x9) &' (Xo)
[g(xo)]2
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8.2.TEOMETPUCKO A IPYI'N TOJIKYBAIbA
HA ITPBHOT U3BOJ

Heka e nagena gynkumja f co gedpununpmona oonact Dy u rpacduk Gy
KOj MO>Ke T'€OMETPHUCKH fla ce IMPETCTaBU CO KPUBA BO [afi€H IIpaBOarojieH
KOOpPAMHATEH CUCTEM M HeKa € pudepeHnujabuiHa BO TOYKaTa xo € Dy
Heka / e HapacHyBame Ha apryMeHTOT. [lecpuHupame npaBa HU3 TOUKUTE
M(xo, fixo)) € Gru Mi(xo + h, fixo + h)) € G; Koja 3adpaka aroa ¢; co
MO3UTUBHATA HacoKa Ha ockaTta x. [Ipu rpaHnyHuOT nporec kora 7 — 0, a
r€OMETPUCKHU TIIeJaHO Kora Toukara M, € Gy ce npubanKyBa KOH TOYKaTa
M € Gj ocraHyBajKu Ha KpuBaTa cO Koja € IpeTrcraBeH rpapuxkor Gy,
npaBaTta MM,, HapeueHa ceuuna, Ke ce NMpuOIMXKyBa KOH IpaBa Koja ce
HapeKkyBa TaHIeHTa Ha KpuBaTa BO ToukaTa M. Heka co o ro o3naumme
aroyIoT WTO ro 3adaka TaHreHTaTa CO NMO3UTHBHATAa HAcOKa Ha OcKaTa X U
HEKa ro pasriefaMe TpuaroJdHukoT MM'M;, kage M'(xo+ h, f(xo)). Toram

1 S +h)=f(x) 1
tga= MM'=—2 7 ° :ZAf(xo),

1 .
ofl Kajie o = arctg[zAf(xo)], 1a 3Hay4d JIeKa ¢, 3aBUCH Of /A, T.e. € (pyHKIH]a

on h. Coopepn ycinoBoT ¢yHKUMjaTa f WMa W3BOJ BO TOYKaTa Xo W,
AQHAJIMTUYKM IIIEJaHO, Kora & — 0 rpaHMYHaTa BPEAHOCT Off IeCHAaTa CTpaHa
IIOCTOU M € elHAaKBa Ha arctg f'(xo) (CO KOpUCTEHE HA HEMPEKMHATOCTA HA
¢ynkupmjara arctg). ['eomeTpucku Taa rpaHMYHA BPEIHOCT Off ¢ Kora h — 0
€ BCYLIHOCT arojioT ¢, Taka IITO ce paoOuBa tga = f '(x9). 3Hauw,
reOMETPUCKHM NMPBUOT M3BOJI BO TOYKATa Xo € TAHT€HC Of] arojoT IITO IO
3acpaka TaHreHTaTa Ha KpUBaTa MOBJIeYeHa BO TOYKaTa M cO MO3UTHBHATA
HacoKa Ha OCKaTa X, OJHOCHO € KOEe(UIMEHT Ha MpaBELOT Ha TaHTeHTaTa
(upTex 26).

Y n t — Gy
M,
M M’
a |A a B C
0 Xo Xoth X
LpTex 26
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Bo cornacuoct co Toa paBCHKAaTa Ha TaHTCHTaTa €

¥ = Yo =f"(x0) (x — xo),
a paBeHKaTa Ha HOpMaJIaTa c

y=Yo=-— (x=x0), f'(x0) #0.

1
S'(x0)
Opn upTexoT 26 m O COOBETHUTE TPUATOJHULA ce NOoOMBaaT OpOjHUTE
KapaKTEepPUCTUKU:

MA=T= #{ym/l + (f'(xo))2 ] (MOJI>KMHA HA TaHTEHTA),

f'(x0)
MC =N=yp+/1+ (f'(xo))2 (moykWHA Ha HOpMaJa),
AB =S,= %-yo, f'(x0) # 0 (cybTanrenTa),

/' (x0)

BC =S8,=yof"(x0), Kaje mTo yo=f(xo) (cyGHOpMAIa).

l'eomeTpucku rnefaHo, ako He MOCTOM NPB U3BOJ BO COOABETHATA
TOYKa Off TpapuKOT Ha (PYHKIHUjaTa, a MOCTOjaT eTHOCTPaHU W3BOAM (JIeB
WIN JleceH), TOorall MMaMmMe eJHOCTPAaHM TaHTeHTH CO KOe(UIMEHT Ha
npaBel] eIHaKOB CO COOJIBETHUOT eHOCTpaH n3Boj (uprex 27). Mcro Taka
BO cJy4yaj KOra TIPBHOT W3BOJ € +o WM —oc, T€OMETPHUCKHU TJIEeJJaHo,
rpaukoT Ha (PyHKIHMjaTa BO COOfBETHATa TOYKa K& HMa TaHreHTa
napajieslHa co ockara y (mpresk 28). AKO Mak MOCTOjaT eTHOCTPaHHU MPBU
U3BOJIM KOU CE€ +oC WJIM —oC M HE C€ eJHAKBM Mef'yceOHO, TOTall FTeOMETPUCKHU
riaefgaHo rpauKoT Ha (PyHKIHUjaTa BO COOJBETHATa ToO4yKa Ke uMma
TaHTeHTa MapajeiiHa co ockarTa y (Iprex 29).

Lprex 27 0 Xo Xo X

Lprex 28

135



Tnasa 2

Lprex 29

Hecpunuyuja 8.6. Heka fu g ce nBe pyHKUMU 4nu rpaduiid MOXKaT
TEOMETPUCKH Jla Cce MPEeTCTaBaT BO MPaBOAroJieH KOOPAWHATEH CHCTEM W
HeKa ce audepeHnnjabuiIHl BO TOYKaTa Xo, IpU MITO flxo) = g(xp). Toram
nop aron mefy niBete kpuBH Gy u Gg, Kou ce rpacguny Ha pyHkuuuTe f 1 g,
ce mopipa3bmpa aroyioT ¢ Mely COONBETHHTE TAHIEHTH Ha KpPUBUTE
MOBJIEYEHNU BO TOYKaTa CO ammuca Xxp. ATOJIOT ¢ ce TpecMeTyBa co
dopmymara

tgp [g'(x0) —f " (x0)].

1
1+ /() &' (xp)

Heka eiHO Teno ce IBUXKY ¥ IOMUHYBA NaT YMja JOJIKUHA 3aBUCH Off
NOMMHATOTO BpeMe cO (PYHKIMOHAIIHA 3aBUCHOCT $(7) (3aKOH Ha JIBIKEH:E).
Heka BO MOMEHTOT ¢ = #; TEIOTO MMa IIOMUHATO IAT CO JOJIKUHA S(fH) U
HeKa 110 U3BECHO BpeMe Af (HapacHyBame) MOMHUHAJIO TIaT CO JTOJKUHA s(Z) +
Af) — s(tp). AKO IpUTOA JBUKEHETO € PAMHOMEPHO NMPAaBOJINHUCKO, TOTAIl

1 .
KOJINYHUKOT v [s(#o+ Af) — s(tp)] Ke mpeTcTaByBa €lHa KapaKTepUCTUKA Ha
t

IBIDKEHETO HapedeHa cpefHa Op3uHa 3a Bpeme At. I'paHmuyHaTa BPEIHOCT
O71 TOj KOJIMYHUK (aKo TocTon) Kora Atr — 0, IpH ABIZKEHE Koe He Mopa Aa
€ PaMHOMEPHO IIPABOJIMHUCKO, K€ fajie €Ha Apyra KapakTEepUCTHKA Ha
IBIDKEHETO BO MOMEHTOT ! = f), HAp€uYeHa MOMEHTajHa Op3uHa, Koja
QHAJIMTUYKU TJIelaHO € BCYHIHOCT NMPBUOT M3BOJ Ha MaTOT § BO ONHOC Ha
BpEMETO f, T.C.

S'(t()) = V(t()).

136



§8. U3600u u ougheperyujaru Ha peaira pyHxkyuja 00 eOHA Pearta upomMeHAUB8A

Heka e no3nara gpyHkuuja

Q=11
KOja ro HM3pa3yBa KOJIMYECTBOTO Ha EJIEKTPULUTET KOE€ NOMHUHAJIO HH3
(pbukceH HampeuyeH MpeceK Ha ajieH COPOBOIHMK 3a Bpeme f. 3a nepuop At

of f) A0 ty + At HM3 TpeceKOoT Ke NpoTeue KOJIMYECTBO EJIEKTPUIUTET
HaJeHo co

AQ = fto + A1) — fito).

IIpuToa cpegnata Op3MHa Ha NPOTOKOT Ke OWpe MajeHa CO KOJWYHUKOT

A
A—?. ITpu rpannuen npouec At — 0 ce foOuBa Op3uHaTa Ha MPOTOKOT BO

MOMEHTOT #), KOja AQHAJIUTUYKM TJIEJaHO € BCYLIHOCT HPBUOT W3BOJ Ha
¢pyHkumjaTa f BO OHOC HA BPEMETO #, T.€.

S (to) = 1(t0),

¥ KOja ja JjaBa jaurHaTa Ha eJIEKTpU4HaTa CTpyja.

Kaj peannute ¢yHKuMM oy egHa NPOMEHJMBA MOXEME Ja
KOHCTaTHpaMme AeKa U3BOJOT BO TOUKATa Xo MOXKE Jla ce pa3rieflyBa U Kako
Op3MHa Ha MPOMEHa Ha BPETHOCTUTE Ha (pyHKIIMjaTa BO HEKOja OKOJIMHA HA
Taa Touka. Toa 3HauM feKa IMpHU MOroJieM M3BOJ Kako Opoj Tpeba ga ce
o4yeKkyBa MOrojiemMa IpOMEHa Ha BpefHocTHTe Ha yHkuumjata. Cropep
F€OMETPUCKOTO TOJKyBalkhe Ha MPBHOT HM3BOJ, TO] MPETCTaByBa arioB
KoeurnueHT (kKoeHWIMEHT HaA TMpaBel]) Ha TaHreHTaTa Kako TIpaBa,
MmoBJIeYeHa BO TOYKa (xo, f{xo)) om rpadukoTr (KpuBaTa) Ha (PyHKIH]jaTa f.
Heka

ty = {cosa, cosf3}
€ €JUHUYHHAOT BEKTOP Ha TaHIE€HTaTa, IIPH IITO

tgea=1f"(x0), p= % - a.

Toram

to = {1, tgar} = {1, f'(x0)}.

OBa e reoMeTpUCKO TOJKYBalk€ U Ha FOJIEMUHATa HAa U3BOIOT KaKO Opoj H
OBO3MO>KYBa F€OMETPUCKO IuepeHIpame NpUKakaHo Ha uptexoT 30.
ITpuroa numame

A(xo, flxo)) € Gr; D(-1,0); OD =1, ZODB=«;

coSax

OB —
S =tga====08;  Cxo.f'(x0)) € G-
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B .
D.~ «a {
=10 Xo X
Lprex 30

3Haum, npum pgageH rpaduk (KpuBa) Ha efHa (QyHKUOHja f,
nudepeHnrjadbuIHa Ha UHTepBanoT (a, b), MoXXe reOMETPHUCKH fla ce fooue
rpa¥K Ha Hej3uHaTa U3BOfHA (PyHKIMja /' HA TO] HHTEpPBAJ.

8.3. U3BOJ O C10XEHA 1 UHBEP3HA ®YHKIINJA.
N3BOd O TAPAMETAPCKHU FAJAJJEHA ®YHKIIUMJA

Teopema 8.3. Hexa ce najgenu aBe (OYHKIMH f U g, IPU IITO g HE €
(pyHKIIMja-KOHCTAHTa W HEKa IOCTOM CIIOXKEHa (pyHKIuja i = gof. AKo fe
nudepeHnrjabuiIHa BO TOYKaTa xo M g € AudepeHjaduiHa BO TOUKaTa o=
fxo), TOram cinoxeHaTta pyHKuuja /s e qudpepeHnyjabuiHa BO TouKaTa xo 1
IpUTOA BaxK! MPaBUIOTO

h'«(x0) = g'y(v0).f "x(x0).

Jla 3abenexume fieka co y TO O3HAYMBME apTyMEHTOT 3a (PyHKIHjaTa
g, a4 CO X apryMeHToT 3a (pyHKIMjaTa f, KOU BO cioxKeHaTa (PyHKIH]ja & ce BO
¢yakumonamaa Bpcka y = f(x) (y e 3aBHCHa NMPOMEHJIWBA OJI HE3aBWCHO
NPOMEHJINBATA X).

,HOKCI&’: Heka Ax #0 e HapaCHyBalbC Ha MPOMEHIIMBATA X BO TOYKaTa
X0,

Ay = fixo+ Ax) — flxo)

COOJIBETHOTO HapacHyBame Ha (pyHKIHjaTa f, KOe UICTOBPEMEHO Ke Oupie u
HapacHyBamke Ha IPOMEHJIMBATA y BO TOYKara )y = flxg) CO COOJBETHO
HapacHyBam€ Ha (PyHKIIMjaTa g,

Ag = g(yo+ Ay) — g(o).
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3a cnoxeHaTa (pyHKIMja # Ke IMaMe COOJIBETHO HapacHyBamke
Ah = h(xo+ Ax) — h(xo).

Op ppyra crpaHa, BO corjlacHOCT co paeduHunmjata 8.5% 3a
nupepeHnnjabuITHOCT K€ BasKi paBEHCTBOTO

Ag = Ay-[g'y(vo) + aAy)]
3a Ay # 0, kajie wto oAy) e 6eckoHeyHO Mana pyHkuuja kora Ay — 0. Co
nonecuHUpame Ha 6eCKOHeYHO ManaTa pyHKnuja a(Ay), craBajku a(0) = 0,
MUCTOTO PaBEHCTBO Ke Baxku u 3a Ay = 0 (moTpe6HO, Ousiejku o Ax = 0 He e
OYEeBHMIHO fieKa caenyBa u Ay # 0). Toram Bo corslacHOCT co fiecpuHuIjaTa

: Ah
4.6 3a cinoxeHa (QyHKIOHja TO TpaHcopMHupaMe KOJIMYHUKOT ™ Ha

CJIEJHUOT HAYMH:

%’1 i [h(xo+ AX) — h(xo)] = — [(gOJ‘)(xO+ Ax) - (g0f)(xo)] =

i [5(flxo+ AX)) — ()] = —— - [g(flxo) + &) - )] =

1 1

= [g0ot Ay) — g(vo)] = E = EAy[g (o) + a(Ay)] =
i}t [€(0) + a(Ay)] = — [f(xo+ A%) — )] [500) + (&)

Heka Ax — 0. ®yukuuurte fu g ce nudepeHnujabuiiHe BO TOYKaTa X,
OJHOCHO BO TOYKaTa yo= f(xo) (IITO 3HaUM M HenpeKuHaTn). Toram Ay — 0
1 K€ MOCTOjaT FPAaHUYHUTE BPETHOCTHU Off U3pa3uTe

i Ao+ Ax) — fxo)]

g(vo) + aAy).
, Ah .
Cnopen TO4, K€ IOCTOU T'paHUYIHA BPEAHOCT OJ KOJUYHUKOT E, KQOja

cniopep necununyja 8.1 e U3Boj Ha cinoxkeHaTa (PyHKIHja & BO TOUKaTa X
BO OJIHOC Ha MPOMEHJIUBATA X.
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Co Toa € OOMEHO U COOIBETHOTO MPABUIIO
h'(xo0) = g'y(yo)'fIX(XO)-
OOWYHO TpPOMEHJIMBaTa )y ce HapeKyBa MPEHOCHAa MPOMEHJINBA, OJHOCHO
(pyHKkuMjaTa f ce HapeKyBa IPeHOCHA (PYHKIHja.
IlIpumep 8.8. Heka
h(x) = (2x + 1)

CraBajku

y=flx)=2x+1, g =",
goomnBame

J'x(x0) =2, £(v0) = 1000:5™”
1 CO IIpUMECHA Ha HO6I/I€HOTO IIpaBUIIO I_IOGI/IBaMe

' (x0) = 1000-y0°%°-2 = 2000-(2x0+ 1)°*°.

IIpumep 8.9. Heka

h(x) = In[x + Vx® +a° .

CraBajku

y=fx)= x+ Vx> +a*, g(y) = Iny,

noafame fo mpoOiieM 3a mMpuUMeHa Ha Teopemarta 8.3, Oupejku f,'(x) He e
U3BOJl Of] eleMeHTapHa (pyHKUumja. 3a fa ce Hajie TOj NMpB U3BOM, Ke ja
npUMEHNME HAjIIPBUH Teopemarta 8.3 camo Ha (pyHKIHjaTa

B (x) =% +d?

CTaBajKy CO NOMOUI Ha HOBa (pyHKIMja F HOBAa MPEHOCHA IPOMEHIINBA
t=F(x)=x"+d°

1 HOBa (pyHKIHja

G(1) =+t .
bunejkn

1
F'(x0) = 2xo, G'(t)) = ——

N

cnopep Teopemara 8.3 goOuBame
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1

1
2xp= —p=———Xo.
2\ \1x8+a2

Kopuctejku ro oBoj pesyiarar, ce joOuBa

By '(x0) =

1

flxo)=1+h "(xo) = 1+ xp————
q/xg +a?

1 CO IOBTOPHO KOPUCTEHE Ha Teopemara 8.3 ce JoouBa

1 1 1 1 1
hy' (x0) = — (1 +xo )= (1+xo )= :
Y0 \/x(%+a2 \/x§+a2 \/xg+a2 \/xg+a2

IIpuToa cekoram ce TpeTHocTaByBa JeKa CHUTe (QYHKIUH cCe
nupepeHnjabITHU BO COOJIBETHATA TOYKA.

On oBue mpuMepum MOXKe f1a ce coriefa rojeMara NpuMeHa Ha
PaBUJIOTO 32 U3BOJ Ha CJIOXKEeHa (PyHKIH]a.

Teopema 8.4. Heka e napena ¢ynkumja f nudpepeHnnjabuina BO
TOYKATA Xy, IPH LITO f,'(Xo) # 0, M HEKA IOCTOM HEj3MHA NHBEP3HA (PyHKIHja [
! Bo HEKOja OKOJIMHA HA TOYKATa X) BO KOja f € CTPOro MOHOTOHO pacTeduka
(omarauka). Toram wHBep3HaTa (yHKIMja /' e mucepeHnujabuIHa BO
TOUKaTa )= f(xo) 1 IpUTOA BaXKu MPaBUIOTO

S G0} ()0 = 1.

/[loxa3: HajnpBuH fa 3a0enexume aeka cnopej Teopemata 6.3 u
necdunnmmjata 4.7 3a nABep3Ha (yHKIHMja, pyHKIMjaTa /' € HelmpeKnHaTa
BO TOYKATa )y ¥ € CTPOr0 MOHOTOHO pacTeuka (omaradyka) (Bo 3aBHCHOCT Off
f) BO HeKoja OKOJIMHA Ha Todykarta ). [loHaTamy, co x Ke ja O3HadyyBame
IIpOMeH/IMBaTa 3a (PYHKIHjaTa f, a cO y MPOMEHIUBaTa 3a (pyHKImjaTa f .
Heka Ay # 0 e HapacHyBam€ Ha IPOMEHJIMBATA y BO TOUKATa Yy U

AT =00+ AY) =7 (00)
COOJIBETHOTO HapacHyBame Ha (pyHKImjaTa /. Bunejkn
S0 =x
aKo M caMo aKo

y =fx),

gooOmBame
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ST (o) + Ay) =xo+ AF T,
OJHOCHO
fxo) + Ay =flxo+ A7)
nan
Ay = flao+ A7) = flxo),

IITO 3HAUM ieKa Af ' = Ax e BCYIIHOCT HapacHYBake Ha MPOMEHIMBATA X BO
TOUKaTa Xy KOe OfroBapa Ha HapacHyBaweTo Ay. Ilopagu crporara
MOHOTOHOCT UMaMe

Ay#0=Ax#0
U TOorall Ke BaXKu
AT oA 1
Ay Ay Ay
Ax

Heka Ay — 0, mrTo moBnekyBa u Ax — 0 (Guuejkm f ~' e HempekmHaTa
¢ynkumja). Toram Ke mocTOM TpaHWYHA BPEHOCT Of JIeCHaTa CTpaHa Ha

MOCJIEJHOTO PaBEHCTBO Kora Ax — 0 egHakBa Ha — 1 (ipm ycoB £y’ (x0)#0),
/ X ()C()

Of LLITO cieflyBa ieKa MOCTOU FpaHUYHa BpeiHOCT Kora Ay — 0 u off 1eBaTa

ctpana. Cnopep necpununyjata 8.1 Taa rpaHMYHa BPEIHOCT Ke Oupie U3BOJ

Ha MHBEp3HATa (PYHKIHja /' BO TOUKATA o ¥ K€ BasKH MPABHIOTO

£ o) (F (o) = 1.

Ipumep 8.10. dyukuujara
f(x) = arcsinx
€ MHBep3Ha (pyHKIIKja Ha PyHKIMjaTa
S = siny
Ha COOJIBETEH CETMEHT, Kajie ITO )y = f(x), T.e. x = siny. Heka xy € Touka of
TOj CETMEHT, paznuyHa ofi 1. bugejku

(f "' () = cosy,

CIIopefi IpaBUJIOTO Ke UMaMe
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R
€08 )0 \/l—sin2y0 \/l—x(%

S (o) =

IIpumep 8.11. dynkuujara

flx) = arctgx
€ MHBep3Ha (PyHKIMja Ha (pyHKIHjaTa
) =ty
Ha COOJIBETEH UHTEPBAJL, IIPU IITO y = arctgx, T.e. x = tgy. bunejkn
1y, 1
(f 1))/ (VO) = 2 ’

cos” yg

CIIOpEN IPAaBUIOTO
1
1+tg’y,  1+x5

[ (x0) = cos2y0 =

Teopema 8.5. Hexka e pagena QyHKIMja f, 3ajajieHa Cco
napamMeTapcKuTe paBeHKN

x=¢), y=yo,
Kajie ITo y = f{x), Ipu ITO (PYHKIMUTE @ U ¥ C€ e(PUHUPAHNA HA CETMEHTOT
[, Al m nudpepennujabuan Ha MHTEPBANOT (@, f). AKO

@/ (to) # 0 (to € (o, P)),
TOrall BaXun HpaBI/UIOTO

' — l/’; (tO)
K= )

Kajie xo= o(t).
Hoxas: bupejkn

J00) = (D) = W™ () = (yop (),

3a JOKaXXyBamwe ce KOPHUCTU MPaBUIIOTO 3a M3BOJ Ha CIOXKEHA U MHBEP3HA
¢yHKIM]ja U ce oOUBa

£x0) = v (i)~ (x0) = it —— = Yelo)
¢t(t0) (pt(to)
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TABEJIA HA NU3BOJ1 HA HEKOM EJIEMEHTAPHU ®YHKIINN

dyHK1Mja M3BogHa yHKIMja 3abenenika
0
1 C 0 C—KoOHCTaHTa
2° X" nx""! neZ
3" a* a -Ina a>0
4 x? a-x*! x>0, ae R
5° log,x 1 x>0,a>0
—-log,e
6’ Inx 1 x>0
X
7! Inlx| 1 x#0
X
g0 sinx COSX
9° cosx — sinx
0
10 18 L x#= k)" ke z
cos” X 2
11° ctgx 1 xzkm keZ
sin? x
12° arcsinx 1 x| <1
1-x2
13° arccosx 1 x| <1
1-x2
14° arctgx 1
1+ x>
15° arcctgx 1
1+ x?
16° shx chx
17° chx shx
18’ thx 1
sh’x
19 cthx 1
ch’x
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8.4. IIPB JU®EPEHIINJAI HA ®YHKIINJA.
IT'EOMETPUCKO TOJIKYBAILE HA ITPBUOT JUPEPEHIINJAL
NHBAPUJAHTHOCT HA ®OPMATA

Heka d¢ynkumjata f, pgagena co ¢opmymata y = f(x), e
nugepeHnMjabuTHa BO TOYKaTa Xo M HeKa AX € HapacHyBambe Ha
apryMEHTOT X BO Xo. Toramr HapacHyBameTO Ay MOXKe Jla ce MPETCTaBU BO
BUJT

Ay = f'(X0)-AX + AX-(AX),

kage mTo «(AX) e OeckoHeuHa Mana ¢yHKmmja Kora AXx — 0. [la
3abenexxuMe Aeka Ay e mpeTcTaBeH Kako CyMa Off /Ba MPOU3BOfia Off KOU
NPBHOT Ce HapeKyBa IJIaBeH JIeN U € JInHeapHa XxoMoreHa ¢gyHkiuja o Ax (f
'(Xp) € KOCTaHTa).

bupnejkn

AX- a(AX) = 0(AX) (Alxi Eo i - [AX-a(AX)] = AlxiTm a(AXx) = 0),

Ke TO IMame BUTIOT
Ay = T'(Xg)-AX + 0(AX).

Crnopeqn Toa, mpu AX — 0 HapacHyBameTO Ay MOXKe Jla ce apOKCUMHUpa CO
nuHeapHa (yHKIHja of AX, omHOCHO Ay u f '(Xo)-AX ce GeCKOHEUHO Maju
¢yukmm ox uct pen kora AX — 0 (1.e. Ay = O(f ' (Xo)-AX).

Hepunuyuja 8.7. T'maBHWOT pen Ha HapacHyBameTO Ay Ha
¢pynkimjaTa f Koe oproBapa Ha HapacHyBameTO Ha apryMEHTOT AX ce
HapekyBa AudepeHnyjan Ha (yHKIHjaTa BO TOUKaTa Xg KOj OfroBapa Ha
COOIBETHOTO HapacHyBame AX.

IToumot pudpepenuyjan nps ro Bosen Jlajonun. dudepennujanor ce
O3HauyBa Cco

dy; df; df(xo)

1 BO TOj ciry4daj dy = f '(Xo)-AX.

Axo f '(Xo) = 0, Toram cnopen necdununyuja ce 3ema dy = 0 Bo Taa
Touka Xo. Bo ommT ciydyaj Ay m dy, Kom ofroBapaaT Ha €IHO WCTO
HapacHyBame AX, He ce eqHakBu. Cemnak 3a JJOBOJHO MaJId BPeTHOCTH Ha AX,
Ke BaxKdM amnpoKcMMaTHBHaTa penanuja Ay ~ dy, o Koja ce moOuBa
npuOIMKHATa (popMyia

f(xo + AX) = f(Xg) + f'(X0)-AX.
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Co Taa dopmyia MOXeMe [la ja HajaemMe NpuONMXKHATA BPEJHOCT Ha
(pbyHKIIMjaTa BO HEKOja TOYKA Of] JOBOJHO Majla OKOJIMHA HA TOYKaTa Xo CO
MOMOIII Ha €[THA eJHOCTaBHA JIMHeapHa pyHKIHja Bo oqHOC Ha AX (f(Xo) m
f’(Xo) ce KOHCTaHTH).

IIpumep 8.12. 3a
f(x) = "

BO Xg = 0 ce joOuBa npubnamxHata popmyia

eM~1+Ax.

Hexka e nagena ¢ynknuja f co rpaguk Gr. Cropen nprexor 31 NQ =

dy (om AMNP ce mobuBa tgep = f'(Xo) u MN = AX) u PN = Ay, mro
IpeTCcTaByBa TreOMeTpHCKa MHTepIpeTanuja Ha qudepenujaioT dy.

y P /t
Q
4
M N
Gy
@
0 Xo Xo+AX X
Lprex 31

IIo poroBop HapacHyBaweTO AX Kaj aAudepeHnujanror Ke TIo
Oo3HauyBaMe co OX kako mudpepenmmjan of X, T.e. AX = dx. OBoj goroBop
MOXKE Jla CE OMpaB/a aKo Ce 3eMe crenujanHa pyHKIyja

f(x) =x
U TOTalll
df(x) = 1-Ax
OJJHOCHO
dx = AX.
Cnopen T0j JoroBop augepeHnnjaaoT MOXKe [a Ce 3aMullle BO BUJ
dy = f'(xo)-dx,
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OJ1 Kajie foara u 03HaKaTa 3a IPBUOT U3BOJ
dy
f'(x0) = —,
dx
KaKO BUCTHUHCKA I[pOHKa.

Cera pa ro pasriefgamMe NOMMOT JudepeHurjad Of ABE CTPaHH.
I[IpBo, kKora apryMeHTOT € He3aBHCHAa NPOMEHJINBA M, BTOpPO, KOra
apryMEeHTOT ce jaByBa KakKo AudepeHnujaduiina (pyHKIja oy BUJ

X = @(t)
of HGKOja HOBa IIpOMEHJINBA KOja Ke ja CME€TaM€E 3a HE3aBUCHA IPOMCHJINBA
(kako kaj cnoxkenute pyHkuun). Bo npBroT cnyyaj umame

dy = fy'(Xo)-dx,
IPH IITO
' (Xo) # 0.

Bo BTOopumoT cnydaj Ke umame crnoxkena gynkiuja h = fop necpunupana co
dopmymarta

h(t) =y = f(e(1)),
3a Koja apryMeHT e t. Bo cormacHOCT co mpaBMIIOTO 3a U3BOJ Of] CIOXKEHa
¢yHk1HMja ce qo6uBa

dy = dh(to) = h'(to)dt = [f' (x0)- ' (to)]dt =

fi' (0)-[¢ (' (t)-dt] = £ (x0)-dx (Xo= ¢(to)),

6upejku oy cBoja cTpana dx = ¢ (tp)-dt.

ITpuToa dx e 3eMeH BO OJHOC Ha HapacHyBameTO dt, a dy BO offHOC
Ha HapacHyBameTO 0X, a CO Toa ¥ BO OTHOC Ha HapacHyBamweTO dt.

Co Toa nmokaxkaBMe JieKa ¥ BO JBaTa cily4aja ce joousa ucra popma
Ha U epeHnnjanoT, T.€. Taa € MHBAPHjaHTHA.

HMuBapujanTHOCTa Ha opMaTa Ha NPBHOT [udepeHuujal HuMa
MpUMEHA NMPU Haofawe NPB M3BOJ HAa MMIUIMIMTHO 33jjajieHa (PYHKIH]a.
Heka ¢ynkiujaTa f e uMInmunuTHO 3a1ajieHa co paBeHKaTa

F(x,y) =0,
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Kajie mTo

y =f(x).
Co kopucTeme Ha OCOOMHUTE Ha TPBUOT Au(EPEeHIUjall U UHBApUjaHTHOCTA
Ha HeroBaTa (opMa, CMETajKu ja Yy Kako cjioXeHa (yHKIHUja of X, Of
paBeHKaTa

dF(x,y) =0
ce nobuBa
F1(x, y)dx + Fo(x, y)dy =0
o1 Kaje
dy _ R(WY)
dx  F(xy)’
IIOJ1 YCIIOB fia €
Fa(x,y) = 0.

IlIpumep 8.13. Heka
F(x,y) =x2= (¢ +y?)e?=0.
Toram
dF(x, y) = 3x%dx — (2xdx + 2ydy)e™ + (x* + y?)eYdy = 0,
OJ1 Kajie ce moOMBa MPBUOT U3BO]]
dy  3x®-2xe™Y
dx (x% +y%-2y)e”V

BO TOYKATE BO KOM
X* +y? -2y #0.
CuTe apuTMETHUKM ONEpalii CO W3BOAM Ke BaXaT WU 3a

nudepeHnrjanm, MTo JEeCHO Ce JJOKaxXkyBa COTJIacHO co AedHMHUILMjaTa 3a
1pB IuEepeHInjall 1 apUTMETUYKUTE ONlepaluy CO U3BOJIH T.€.

d(Cf(xo)) = Cd(f(xo)), (C—xoHcTaHTa);

d(f + g)(xo) = df(xo) + dg(xo);

d(f-g)(Xo) = 9g(Xo)-df(xo) + f(Xo)-dg(xo);
1

d(i)(Xo) = ———[9(x0)-df(Xo) —f(x0)-dg(xo)].
9 9°(xp)
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ITpuroa cure pudpepeHnmjanu ce BO OHOC Ha €JHO UCTO HAPACHYBAaKE.

8.5. U3BOIN 1 TNPEPEHIIUJAINA O ITIOBUCOK PE[

Hecunuyuja 8.8. Axo mocrou npB U3BOJ of] n3BOoAHATA (pyHKIH]jaA '
BO TOUKara Xp € (@, b), Toram Toj ce HapekyBa BTOp U3BOJ] Ha pyHKuujara f
BO TOYKaTa Xo U ce o3HauyBa co f "'(Xo) mm f x''(Xo). 3Hauwm,

f""(xo) = (f'(x)) (x0).

ITonekoraii ce KopucraT u o3HaKuTE Yy, y''(X0) ¥ APYTU BO 3aBUCHOCT
of] Toa flanu Tpeba J1a ce HOTEeHIMpa O3HaKaTa Ha He3aBHCHATa POMEHIINBA
BO OJIHOC Ha KoOja ce 0apa M3BOAOT WJM O3HAKaTa Ha TOYKaTa BO KOja ce
Oapa U3BOJIOT.

Hecunuyuja 8.9. 3a npupoaeH 6poj N oA N-TH W3BOJ (WA U3BOJ O
pen n) Ha pyrkumjaTa f Bo Toukara X € (a, b) ce mogpazbupa nmpBUOT N3BOJ
(ako mocrom) ox (N —1)-Ta u3BoAHa pyHKIM]ja Ha pyHKIHjaTa f, T.e.

f O (xo) = (f “Hx) (xo),

noj| MpeTnocTaBka fieka mocrou (N —1)-ta u3BogHa (PyHKIMja AeuHIpaHa
BO HEKOJja OKOJIMHA Ha Xp.

Hecunuyuja 8.10. [Tndpepeniujan o BTOp pef € npB AudepeHIjan
o npBuoT mudepennmjan Ha pyHKIUjaTa f Bo ToukaTta Xo co o3Haka d*f(xo)
wmn dy, ipu mTo ABaTa MudepeHIyjana eieH no APYr ce 3eMEHH BO OJHOC
Ha eJIHO MICTO HapacHyBamke Ha He3aBHCHATA IPOMEHIIUBA.

Bo ommT cnyuyaj 3a mpupopeH 6poj N N-TUOT audpepeHnujan ce
neduHUpa co

d"f(xo) = d(d"*f(x)) (xo),

npu MITO CUTC NPETXOOHU I[I/I(i)epeHHI/IjaIII/I C€ 3€CMCHHM BO OJHOC Ha C€JHO
HUCTO HapaCHyBambC.

BceymuocT, 3a ga ce poGue BTOpHMOT AudepeHIyjai, MpPBUOT
nucpepeHnjan ce 3emMa Kako (yHKIuja neduHUpaHa KakKo MPOU3BOJ Off
u3BopHaTa yHKuMja f ', redpmHMpaHa BO HEKOja OKOJIMHA HA TOYKaTa Xg, U
eIHO ucTO HapacHyBame dX. [IloToa ox Taa pynkumja
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f'(x)-dx,

KOja 3aBUCH Of] X U € ie(pMHIpaHa BO HEKOja OKOJMHA Ha TOYKaTa Xg (dx ce
TpeTHpa KaKO KOHCTaHTa), ce 3eMa JudepeHnnjad BO TOUKaTa Xg, HO BO
OHOC Ha WCTOTO HapacHyBame OX BO OJIHOC Ha KO€ € 3€MEH IMPBHOT
nucpepeHnumja.

3a BTopuoT audepeHuyjal ce Jo0uBa caegHata popma:

d*(x0) = d(d(f(x))) (x0) =
d(f(x)-dx)(xo) = d(f "(x))(X0)-dx + f '(x0)-d(dx) =

[ " (x0)-cx]-dx + f'(x0)-0 = f "' (Xo)-(cX)?

Kaje IITO
d(dx) = (dx)'xdx = 0,

O6uejkn dx Kako HapacHyBam€ Ha He3aBHCHATa MPOMEHJIMBA HE 3aBUCH Off
HE3aBHCHATa MPOMEHIIMBA X BO OTHOC HA KOja ce Oapa U3BOI.

Hcrata ¢opma ce pgobuBa M €O JAUPEKTHO KOPUCTEHE HaA
neduHUIMjaTa 3a fudepeHnujan T.e.

d*f(x0) = d(d(F(x)) (x0) =
d(f’(x)-dx)(xo) = (F'(x)-dx)'(xo)-dx =

[f ""(Xo)-dx + f "(Xo)-(dx)'x]-dx = f ""(Xo)-(dx)?.
Ha ucrt mauun 3a npupopeHn 6poj n ce goouBa popmara
d"f(x0) = £ © (x0)-(dx)",

Taka IITO 3a U3BOAUTE OJ1 TIOBUCOK PEJ CC I[OGI/IBaaT CIICJHUTC O3HAKM:

1 d"y
f ™ (xo); yV, = [d"f(xo)]; ——=,
° dx" ° dx"

a 4E€CTO CC KOpHUCTAT U O3HAKUTE

d" d"
o v); o (f(x0))-

Ke mokaxeme fieka Kaj BTOpHOT AuEpEeHIHja]l BO OMIIT CIy4aj
¢dopmara He e uaBapujanTHa. IMeHo, ako

X = ¢t),

TOoram
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o’y = (fx" (x0)-dX)-0x + ' (xo)-d(dx) =
fux'" (X0)-0X° + T/ (X0)-d[ 0 ¢ (t)-dt] (to) =
fx” (X0)-0x* + ' (x0)-{d[[ ¢ (D] (to) -t + ¢ (to)-d(dlt)} =
fio” (X0)-X* + ' (0)-{ [ ' (to)-dt]-dt + ' (to)-A(lt) (to)} =

fol'(X0)-OX% + £,/ (Xo)- @ 1" (to)-dt?,

Kajaec IITo

Xo = ¢(to), d(d)(to) = 0.

Ilpumep 8.14. Heka ¢pynkumjata f e 3agajieHa Bo mapaMeTapcKu BUj
co paBeHKHUTE X = ¢t), Y = y(t) m HeKa Xo = ¢(tp). Toramr

o 00) =y = L g = [Zfﬂ()-

1 v (t) | _
. LDyt =
@awdt(%aJto

[(Pt( )]3 [y (to) @1 (to) — wi(to) @+ (to)].
0

IIpp TOa ce KkopucTeHu TmpaBwiaTta 3a [AudEepeHIUpame U
nudepeHnjal U ce NPETIOCTaByBa JieKa IOCTOjaT NPBUTE W BTOPUTE
u3BoaM Ha (pyHkuuure f, ¢ U w Bo TOukara Xo, OGHOCHO BO ToukaTta fy, BO
OJIHOC Ha MPOMEHJIMBATA X OJJHOCHO t.

Hexka ce gafenu iBe (pyHKIUU U UV Of] HE3aBUCHATA MIPOMEHIINBA X,
neMHUPAHN HA UCTO MHOXKECTBO E ¥ Heka mocTojaT HUBHUTE N-TH U3BOU
BO TOouKaTa Xg € E. Toram Baxku popmymnara (JlajorunioBa popmysa) 3a n-
TH W3BOJ] O] HUBHUOT TIPOU3BOJI

n n n n
=] fu® | s+ TRV I RTRVAS
0 1 n- n
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MIpU IITO U3BOJIMTE CE€ 3eMaaT BO TOUYKATa Xo U BO OJHOC Ha MPOMEHJIMBATa
X.

OBaa ¢opmyna ce pokaXyBa CO MaTeMaTHYKa HMHAYKLIHJa U €
CIIM4YHa cO OMHOMHATa (popMyJjia CO TOA IITO MECTO CTENEHCKH MOKa3aTenn
ce ynoTpeOyBaaT U3BOJH, IIPH LITO HYJITH U3BOJ € camaTa (PyHKIH]a.

Bropuot n octaHaTuTe U3BOAM U AU(EPEHIINAJAIN HAaOaaT UCTO TaKa
IpakTH4YHa MPHMEHAa BO HCIHTYBAKETO HA HEKOM IPOLECH BO KOH CE
jaByBaaT (PYHKIMOHAJIHM 3aBUCHOCTH, Ha TMpHUMEp 3a0p3yBameTO BO
KWHEMaTuKara u fip.
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89. OCHOBHU TEOPEMU HA TM®EPEHIINJA/THOTO
CMETAIBE. TEOPEMU HA ®EPMA, POJI, TATPAHXK
N KOIIN. ITPUBUTHO HEOIIPEJIEJIEHU U3PA3MN.
JOIIMTAJ/IOBO ITPABNJIO

IIpu neduHMpameTO HAa MOMMOT U3BOJ Oellle HarjlaceHo eKa Toa €
KapakKTEepUCTUKAa HAa MpOMeHaTa Ha efHa (pyHKIuja. 3aToa Ke HMCKaxKeMe
HEKOJIIKy Teopem: (TBpieka) KOM Ke ja COuYMHyBaaT OCHOBaTa 3a
pOy4YyBamkEe Ha CBOjCTBATAa Ha (PYHKIMHUTE CO MOMOII Ha U3BOJIN.

9.1. TEOPEMA HA ®EPMA

Teopema 9.1. (Pepma). Heka e nanena ¢ynkumja f nepuHupana Ha
(a, b) m HEKa MMa JIOKaJIeH eKcTpeM (HajrojiemMa WM HajMalia BPETHOCT) BO
HEKoja Touka ¢ € (a, b). AKO BO TOUKaTa ¢ mocTom u3Bof f'(c), Toramr

f'(e)=0.
Hokaz: Jla mnpernoctaBume feka f(c) € JIOKaJleH MaKCUMyM

(aHamorHo ce mokaxkyBa M CIy4ajoT CO JIOKAJeH MHUHAMYM), IITO 3HAYM
JleKa TIOCTOM OKOJIMHA Ha ¢

(c=06,ctd)c(ab), 6>0,
Taka IITO 3a CUTE X Of] Taa OKOJIMHA KE& Baxku
fx) < fle).
Hexka Ax e HapacHyBamb€e Ha IPOMEHJIMBATA X BO TOUKATA ¢, TaKa IITO
ctAx e (c— 0 c+0).
Toraim KOMMYHUKOT

fe+Ax) - f(c)
Ax

Ke MMa HeHeraTHBHa BPeHOCT Kora Ax < 0 ¥ HEMO3WTHBHA BPETHOCT KOra
Ax > 0 (6bupejku flc + Ax) < f(c)). Cnopen TeopemaTta 5.2 rpaHMyHaTa
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BPENHOCT Off KOMIMYHUKOT Kora Ax — 0 — 0 ogHocHO Ax — 0 + 0, Ke Oupe
UCTO TaKa HEHEraTHBEH OJIHOCHO HEMO3UTWBEH Opoj KOj crmopeq
neduHumjaTa 8.2 Ke 6ue eMHaKOB Ha JIEBUOT OHOCHO JECHUOT M3BOJ Ha
¢yHK1MjaTa f BO TOUYKATA C.

3Hayu,

)20 m f.()<0.

Ersucrennujata Ha f'(c) moBiieKyBa

f- () =1+ ()
(Teopema 5.3). Cute ycnoBu (paBeHCTBa M HEpPaBEHCTBA ) CE 3aJOBOJICHU
ETUHCTBEHO JJOKOJIKY

/') =0,

CO IITO TeopeMaTa € NOoKaxXaHa.

9.2. TEOPEMA HA POJ

Teopema 9.2 (Pon). Hexka dyHkumjata [ e peduHupana u
HeNpeKuHaTa Ha CerMeHToT [a, b], Heka e paudepeHUjabUIHA Ha
uHTEepBAIOT (a, b) n HeKa fla) = f(b).

Toramr nocTou 6apeM egHa Touka ¢ € (a, b) Bo koja f'(c) = 0.

Hokasz: Hexa f He e KoHcTaHTa-QyHKIHWja (aKO € KOHCTaHTa-
(pyHk1Hja, Toram M3BOAOT € Hyjla BO CEKOja TOUKa Off MHTepBanor (a, b)).
Bupnejkn f copen yclioBOT € HempeKWHaTa Ha CerMeHTOT [a, b], cmopen

Teopemara 6.8 ja JoOuMBa cBOjaTa HajrojiemMa 1 cBojaTa HajMasa BPEIHOCT BO
TOYKH Off TOj cermMeHT. [lopagu ycmoBoT

fa) = f(b)
HajrojeMaTa ¥ HajMajaTa BPeJHOCT He MOXKe UCTOBPEMEHO fia TH lo0ue BO
KpajHUTE TOYKU a U b. HaBucTuHa, ako

m=fa) wu M=fb),

U oOpaTHO, 3a cuTe x €[a, b] Ke BaxKu HEpaBEHCTBOTO

fa) =m < f{x) <M =£b),
LITO € MOXHO €JUHCTBEHO 32 KOHCTaHTa-(PpyHKIK]a. 3HAUM, TOCTOU TOUKA ¢
€ (a, b) TaxkBa mrTo
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fley)=m wmmm  flc) = M.
M Bo nBara cnyyaja, cnopeg reopeMmata 9.1, Ke Baxu
/') =0,

CO IITO T€OpeEMaTa € NOoKaxaHa.

FeoMeTpucKaTa WHTEpIpeTandja Ha TBPAECHETO C€ COCTOM BO
KOHCTaTanujaTa jieka MpH aJicHuTe YCIOBH MOCTOM GapeM enHa Touka M(c,
f(¢)) on rpacdukoT Ha (pyHKIMjaTa TaKBa IITO TAaHT€HTAaTa MOBIEYCHA BO
Hea e mapajielTHa co ockarta x (mprex 32).

y M
0 a c b X
Lprex 32

9.3. TEOPEMA HA JIATPAHX

Teopema 9.3 (Jlarpanxk). Heka d¢ynkuumjara f e pecduHupanHa u
HENpeKnHaTa Ha CerMeHToT [a¢, b] m Heka e pudepeHuujabUIHa Ha
uHTepBaNOT (a, b). Toram nmocrou 6apem egHa Touyka ¢ € (a, b) TakBa IITO
BaXKM PaBEHCTBOTO

S (b)-f(a)
b—a '

Hoka3: [1a nepuanpame HoBa PyHKIMja F' cO paBeHKaTa

f'(e)=

Fx) = () — fla) - [f(”) f(“)]( )

Ha cerMeHTOT [a, b]. Taka aedwmHUpaHaTa (PyHKIWja € HEMpeKWHATa Ha
CerMeHTOT [a, b], mudepennmjabunna Ha (@, b) (BO COTIIACHOCT CO
TeopeMmaTa COOJ[BETHa Ha TeopeMmarta 5.5 3a apUTMETHUYKHUTE ONEpanuu CO
HeNpeKnHATH (PYHKIMK U CO TeopeMara 8.2) U 3a Hea Basku
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F(a) = F(b)

(mTo JIECHO ce MOKasKyBa CO IMPEKTHA 3aMeHa).

3Haum, F' T 3a0BOJIyBa CUTE yCJIOBU Ha Teopemarta 9.2 um crnopep
Hea Ke moctou 6apem emHa Toudka ¢ € (a, b) 3a koja Baxku F'(c) = 0, om mTo
clieyBa u 6apaHOTO PaBEHCTBO

: f(b)—fla) _
f'(e) - =0.
b—-a
I'eomeTpuckata wuHTEpHpeTanyja Ha TBPAEHETO CE COCTOM BO
KOHCTaTalyjaTa jieka IoJl AajJleHuTe yCIOBU IOCTOM OapeM efHa Touka M(c,
fc)) on rpadukoT Ha (pyHKIMjaTa, TaKBa IITO TAHTE€HTAaTa MOBJEYEHA BO
Taa TOYKa € mapaljejHa cO MpaBaTa WITO I'M cBp3yBa Toukute A(a, fla)) u

B(b, f(b)) (uprex 33).

y
B
M,
A
0 a ¢ ¢ b x
Lprex 33

OBaa Teopema e To3HaTa U KaKo TeopeMa 3a KOHEUYHO HapacHyBame
WIA TeopeMa 3a CpefiHa BPETHOCT. AKO ce CTaBU

a=x, b=x+Ax, c=x+ 6Ax,
Kajie IITo
0<6<1,
PABEHCTBOTO KE IO UMa CIAECTHUOT BU;

fx + Ax) — f(x) = Ax-f"(x + GAx).
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Iocaeouya 9.1. Hexa dynkumjata f e nepuHrpana u HepeKWHATA
Ha CerMEeHTOT [a, b] u HeKa e audpepeHnjabuTHa Ha UHTEPBANoOT (a, b). AKO
3a CUTE X Off UHTEPBAJIOT (@, b) BaxKu

/') =0,
Toraul (pyHKIjaTa € KOHCTaHTa-(pyHKIH]a.

Jokas: Heka x e mpowW3BOJIHA TOYKA Off MHTEepBaloT (a, b). Toram
ciopesi TeopeMara 9.3, mpuMeHeTa Ha CeTMEHTOT [a, x|, Ke moctou Gapem
e/lHa TOUKa ¢ Off UHTEPBAJIOT (g, X) 32 KOja Ke BasKu paBEeHCTBOTO

f'(C) — f(x.i_af(a)

O)l MMOCJIENHOTO PaBEHCTBO CE IIO6I/IB3

J&x) = fla)

(6unejkm criopen ycnoBoT f'(¢) = 0 1 x # a), a O MPOU3BOIHUOT U300 Ha
TOYKATa X CJIe/yBa JieKa 3a CUTE X Off HHTePBAJIOT (@, b) Ke BaKu

f&x) = fla),
IITO 3HAYM f € KOHCTaHTa-PYHKIIH]a.

Co oBaa mocrnepuia ce MAOKaKyBa U TBPACHETO JAeKa aKo [Be
(pbyHKIMHK /W g TM 3aJ0BOJIyBaaT yCIOBUTE Ha TeopemaTa 9.3 Ha CErMEHTOT
[a, b] m ako BO cuTe TOUKM Off (@, b) HUBHUTE W3BOJU CE€ €HAKBU, TOTAIIl 3a
cuTe Touku off (a, b) Baxkmn

f&x) = g(x) + K
(K e xoHCcTaHTa) (MOKaXyBameTO CE€ COCTOM Off Je(pUHHpame HOBa
¢ynkyja

F(x) = flx) - g(x)).

Ila 3a0enexxuMe fgeka ako u

Aa) = g(a),

TOrail f = g Ha CETMEHTOT [a, b].

IlIpumep 9.1. [1a ce nokaxke aeka 3a x<[0, 1] Basku paBeHCTBOTO

. T
arcsinx + arccosx = —.

Pewenue: Co pupekTHa 3aMeHa ce IMOKaXyBa JIeKa PaBEHCTBOTO
Baku 3a x = 0 u 3a x = 1. ®opmupame yHKIHTja
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f(x) = arcsinx + arccosx,

necpunupana Ha uaTepBanot (0, 1). 3a cekoe x € (0, 1) Baxknu

f'(x)=0
u cnopep nocnenunara 9.1 cnegysa
fx) =K.

1
Co AUPCKTHaA 3aMC€Ha Ha BPENHOCTA X = E 3a KOHCTaHTara K ce IIO6I/IB8.

BpeHOCTa % .

JIema 9.1. Hexa e gafgena gpynkuuja f co popmynara
= /),

neuHupana Ha WHTEpBaNOT (¢, b), HEKa MMa KOHEYEH M3BOJ| BO CeKoja
TOYKA Off UHTEPBAJIOT

(c,c+0)c(a,b) ((c =0, ¢) < (a, b)), 0>0,

1 HeKa mocTtou feceH u3Bofp f+'(c) (meB u3Box f-'(c)) BO ToukaTa ¢. AKO 3a
u3BofHaTa pyHKuyja f'(x), nepMHUpaHa Ha HHTEPBAJIOT

(c,c+9) ((c =36 ),

MOCTOM JiecHa (JIeBa) TPaHUYHA BPETHOCT

lim f"(x)=f"(c +0) ( lim f(x)=f"(c-0)),

x—c+0 x—>c—0
TOrall Ba>kXmn

J'(e+0)=£'(c) (f'(c = 0) =7 (c)).

Hokaz: Op yclOBOT Ha JjemaTa MpPOM3JeryBa €r3ucTeHlrja Ha
FPAaHUYHUTE BPETHOCTH

lim /) =/() f(c) = £(c) ( lim

x—c+0 X — x—c-0

f(X) f(C) _£1(0))

OJI ITO ce ToOuBa

xﬂrcnw[f (x)-f()]1=0 (xﬂrcn_o[f (x)-f(©)]=0)

(ce mokaskyBa Ha CIMYEH Ha4YMH Kako AOKa3oT Ha Teopemarta 8.1). Co Toa e
NOKaXkaHo Jeka (yHKIWjaTa f € HempeKuHaTa OffecHO (OiJeBO) BO
Toukara c. Heka
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xe€(c,ct o) (X X9)]

Crnopenr Teopemara 9.3 3a ¢ynknmjata f Ha cermMeHTOT [c, x] ([x, c]) ke
nocrou Touka & € (¢, x) ((x, ¢)), Taka ITO K€ BaxK# PaBEHCTBOTO

f(x)—f(c) :fl(é).

ITpu rparamden nponec x — ¢ + 0 (x — ¢ — 0) Ke Baxkn
E—>c+0 (E>c-0)

1 O MOCJIEAHOTO paBEHCTBO CE IIO6I/IBa

lim f(x)—f(c) =f’(C+0) ( lim f(x)_f(c) :f’(C—O)),
x—c+0 xX—c x—c—0 xX—c
OIHOCHO 6apaHOTO PaBEHCTBO.

Jla 3a0enexuMe feKa BO ONIIT CIy4yaj MOCTOM pa3iiuka Mery JieB U
[IeCeH U3BOJ] KaKO JIeBa U JIeCHA TPAaHUYHA BPETHOCT Off KOTUYHUKOT

S(x)-f()

X—C

U JIeBa U IECHA TPAaHWYHA BPEIHOCT HA U3BOIHATA (PyHKIH]ja [ (x).

IIocaeouya 9.2. Axo ¢yHKIMjaTa f IMa KOHEUYEH M3BOJ BO CEKOja
TOYKa Off MHTepBaNoT (a, b), Toraul Hej3uHaTa U3BOAHA (pyHKIM]ja /' HeMa
TOYKM Ha IPEKUH Of] IPB pefi, OAHOCHO WM € HelpeKnHara Ha [a, b] unn
MMa caMO TOYKH Ha IIPEKUH Off BTOP pef.

IlIpumep 9.2. Pynkumjara fepuHIpana Ha R co

1
fx) = x*-cos=
X
3a x # 0 u f{0) = 0 mma u3BOA BO ceKoja Touka of R.
Peuwienue: 3naun,
1 .1
f'(x) = 2x-cos= + sin—,
X X
3a x # 0 (mo6meHo co mpaBmiIaTa 3a U3BOAM)

f(O+h)-f(0)
h

=Iimh-cos£:0
h

'(0) = lim
/') Jim lim
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(mobumeHo Bo cormacHocT co paeduHunMjaTa 8.1 m cnopen Teopemara 5.7).

Opn nmpyra crpaHa, He TIOCTOM TpaHW4YHaTa BpegHocT lim f'(x), 6unejku He
x—0

. .1
nocrou limsin= (mpumep 5.2), mTo 3Hauum Touykata x = 0 e TOYKa Ha
x—0 X

MPEKUH Of] BTOP pel 3a u3BOiHATa (PYHKIH]a.

9.4. TEOPEMA HA KOIIIN

Teopema 9.4 (Komm). Heka ¢yukuuure f 1 g ce peduHupanud u
HENpeKWHATH Ha CerMeHTOT [a, b] W Heka ce audepeHnUjabuTHI Ha
UHTEPBAIOT (a, b), mpu mITO 3a cuTe X Off (@, b) BaKu

g'(x) #0.
Torai nocton 6apeM efHa To4Ka ¢ € (a, b) TakBa IITO Ba>K PaBEHCTBOTO

[ - SBO)~fla)
g‘(c) g(b)—g(a)

Hokaz: Popmupame noMoIrHa yHKyuja F co paBeHKaTa
0 = 100 - fla) — LB =@ 1oy o
F(x) = f{x) - fla) 2(b)—g(a) [g(x) - g(a)],

necuHUpaHa Ha CETMEHTOT [a, b]. JIecHO ce mokakyBa ieka oBaa (pyHKIHja
T' 33[J0OBOJIyBa CUTE YCIOBU Ha TeopemaTa 9.2 u cnopef Toa Ke II0CTOH

¢ € (a, b),
Taka IITo
F'(c) =0,

of Kajie IITO ce oOuBa U 6apaHOTO PABEHCTBO.

Jla 3a0enexuMme geka yciaoBOT

gla) = g(b)

g'(x)#0
(ce KOpHMCTH KOHTPAAMKTOPHOCT cOo Teopemata 9.2). Mcro Taka pa
3a0esiesknuMe Jieka CIielijaliHo 3a

glx) =x

€ COApzKaH BO yCIIOBOT
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ce moOuBa Teopemara 9.3, a ymre nocrneuujasHo 3a

fa) = 1(b)

TeopemaTa 9.2 (OTHOCHO HUBHUTE TBPJICHA).

9.5. MPUBUIHO HEOITPEAEJEHUN U3PA3M.
JOIINTAJ/IOBO ITPABUJIO

Hexka f u g ce pmamenu ¢yHkuuu nudepeHnnjabuiim BO HEKOoja
OKOJIMHA Ha TOYKaTa xo M HeKa pasriiename (pyHKuuja F peduHUpaHa co
paBeHKaTa

A= L9
g(x)
Axko
flxo) = g(x0) = 0,

TOraul BpeHOCTa Ha (pyHKIMjaTa F BO TOUKaTa xg K€ OUjie HEeOollpe/ieNeHa,
T.e. pyHKIMjaTa F He e fepuHUpaHa BO Toukara xo. Bo TOj ciydaj Mmoxe 1o
nepuHnnyja pa ce popeduHmpa QyHKOHMjatTa F BO TOoukara Xo CO
J(x)
g(x)
O] HAYMHHUTE 3a OIpEfiellyBalkbe¢ HAa Taa FPpaHUYHA BPEJHOCT € JaficH CO
JlonuTanoBOTO MpPaBUIIO.

rpaHrYHaTa BPEHOCT Of] KOJTUYHUKOT (axo mocton) kora x—xo. Enen

Teopema 9.5 (Jlomutanoso mpaBuio). Heka dpynkuuure f m g rm
3a/J0BOJIyBaaT YCIOBHUTE Ha TeopemaTta 9.4 BO CETMEHTOT [a, b] 1 Heka

Sfxo) = g(xo) =0,
Kaje€ IITO Xp € (a, b) AKO mIocrTon rpaHI/IqHaTa BpeHHOCT Ol KOJIMYHUKOT
/()
g (1)
TOramal n1oCtTom u FpaHI/I‘{HaTa BpeHHOCT Ol KOJIMYHUKOT

Jx)
g(x)

Kora ¢ — xo,

Kora x — xg

IIpA TITO THUE CE CTHAKBU.
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Hoka3z: Cnopen TeopemaTta Ha Koim npumeneTa 3a pyHKIuuTE f 11 g
Ha CEerMEHTOT [xo, x] ([x, x0]), Kame mTO x € (a, b), Ke MOCTON

t € (x0,x)  ((x, x0)),

Taka IITO Ke BaxKu PaBEHCTBOTO

@) _ f(x)-f(x)
g() g(x)-glxo)

OJTHOCHO PaBEHCTBOTO
£ - f)
g@) gl
AKO x — xp, TOTaII f —> X0, OUE]KU
t € (x0,x) (t€ (x,x0)).
Cropeqi yCIIOBOT TIOCTOW TPAaHWYHATA BPETHOCT Off KOJIMYHUKOT
S (@)
g ()

Kora f — xo.

Co KOPUCTCHEC Ha MOCICHHOTO PAaBCHCTBO CC IIO6I/IBa IIOCTOCHKHE M Ha
I'paHndHaTa BpCJHOCT O] KOJIMYHUKOT

f(x)
g(x)
1 HETOBa €AHAKBOCT CO FpaHI/I‘-IHaTa BpCIIHOCT Ol KOJIMYHUKOT
f (@)
g (1)

Kora x — Xxp

Kora ¢ —> Xxo.

Axko mak u f'(xg) = g'(xo) = 0, BO TOj ciayyaj IpaBWIOTO MOXKE
NOBTOPHO f1a ce NMpUMeHM (aKo ce 3a/[0BOJIEHM coofBeTHUTEe ycinosu). Ce
MOKaXKyBa jleKa OBa IIPaBWJIO MOKE fla ce NPUMEHH M BO ciydyaj Ha

rpaHudeH mporec x — o« (mpuroa lim f{x) =0wu lim g(x) = 0). Co paznuunu
X—>C X—>C

TpaHcopMauy OBa MPABUJIO HMCTO TaKa MOXKE fa ce NPUMEHU M Kaj
npyrute (popMu Ha HEONPEAEIECHN U3pas3H.
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IIpumep 9.3. Co npumeHa Ha JIonuTanoBOTO MPaBUJIO fla ce Hajfie

. ezx—l
lim ———
x—0 SIhx
2x 2x
. e -1 . 2e 2
Pewernue: lim — = lim =—_=2.
x—0 SInx x—0 COSx 1

IlIpumep 9.4. Co npumeHa Ha JIonuTaoBOTO MPaBUJIO fla ce Haje

lim [x? Inx].
x—0
1
- 2 - In.x - X - —.X'Z
Pewenue: lim [x“Inx] = lim [——]= lim [+ ]=Ilim — =0.
x—0 x—0 i x—0 ;2 x>0 2
x? X

Ipumep 9.5. JlonuTanoBOTO MPaBUJIO HE MOXE [a ce NMPUMEHHU 3a
Haorame Ha TpaHUYHATa BPEAHOCT

. x—sSinx
lim ———
X—>+00 X
OuyiejKu HEe TOCTOU
. 1-cosx
lim ———.
X—>+0

Cenak Taa TOCTOM CO JAMPEKTHO KOPHUCTEHE Ha IMO3HAaTa TI'paHUYHA
1

BpepHocT (mpumMep 5.8 3a x =-), T.e.
t

. x—sinx . sinx
lim — = lim (1-

X—>+00 X X—>+0

) =1.
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§10. TAJJIOPOBA ®OPMYIIA

YecromaTu BO MpUMEHaTa c€ jaByBa MoTpeda fia ce mpecMeTa eHa
UM NOBEKE BPEAHOCTH Ha HEKOja (PyHKIHMja 3a KOHKPETHU BPEJHOCTU Ha
apryMeHTOT. AKO aHaJUTHUYKHOT M3pa3 Ha camaTa (PyHKIHUja € AafieH CO
clioKeHa (opMylia, Torauml ce NpUMEHyBa IpecMeTyBame Ha OapaHaTa
BPEIHOCT CO COOABETHA NMpHOaMKHAa TOYHOCT. [lonnHOMHUTE (PyHKIMU ce
€[lHH Of] HajefITHOCTaBHUTE (PYHKIMM BO OJHOC Ha IpPecMeTyBame Ha
COOfIBETHA BPEHOCT M 3aTOa Of] FTOJIEMO TEOPETCKO M MPAKTUYHO 3HAUCHE
e TajnopoBara popmyia, co Koja € fafieHa MocTankaTa 3a NpPeTCTaByBambe
(ampokcmMmanuja) Ha effHa MPOU3BOTHA (PYHKIMjA CO MOJMHOMHA (PYHKIUja
(ToMMHOM) €O COOfBETHA MPUOJUKHA TOYHOCT M CEKAKO MOJ| ONpEeNeIIeHN
ycaoBu. Ha TOj] HaumH € co3pmajeHa MOXKHOCT OapaHHUTE BPEHOCTH Ha
nmpou3BoJHaTa (PyHKIHMja Ja ce IpecMeTaaT, co OlpefelieHa NMpUOIMKHA
TOYHOCT, IPEKY BPETHOCTUTE Ha COOJIBETHUOT MOJUHOM .

Heka f e monuHoMHa (pyHKIMja Off CTENEH N Off BUJ

f(X) = @0 + a1(X — Xo) + @2:(X — Xo)* + ... + an'(X — Xo)".

Co 3amena
X =Xo
ce nobuBa
ap= f(Xo).
bupejkn

f7(x) = @ + 2ax-(X — Xo) + 3a3-(X — Xo)? + ... + Nan-(X — Xo)"*,

Ke mobueme
a;= f'(Xo).

ITpopmomkyBajku ja McTaTa rmocramnka ce qoouna,
1
a = Ff ®xo), k=0,1,2,..,n.
3Hauu, KoepUIMEHTUTE Ha MOJMHOMHATA (PYHKIMja MOXKAT J1a ce u3pasar

NpeKy COOABETHU U3BOMAM Ha camaTa (PyHKIHja BO KOHKPETHa TOYKa, CO
IITO ce JoOuBa OOJIUKOT

0) = 10x0) + = (o)X = Xo) + = £ "(K0)(X — X0)?+ .. +— F Oxg) (X — xo)".
il 2! n!
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Hepunuyuja 10.1. Heka e magena ¢ynkimja f, HempeknHaTa Ha
CEerMEeHTOT [a, b], Heka MMa HempeKMHATH U3BOAHU CO N-TH pef 3aKIYYHO BO
CUTE TOUYKHU Off HHTepBaioT (4, b). [TonuHoMoT

Pna(X) = f(xo) + 1 '(Xo)(X — Xo) + Y "(Xo) (X — Xo)° +... A FV(x0) (X — Xo)"
1 2! n!

of N-TH CcTeleH ce BUKa TajiliopoB nmoauHoM 3a dyHKumjaTa f mo crenenure
Ha (X — Xo), Kaje Xo € (a, b).

Teopema 10.1 (TajnopoBa ¢opmyna). Heka e pagena ¢pynkuyja f,
HETpeKNHaTa Ha CETMEHTOT [a, b], Heka nmMa HenmpekuHaTU U3BOMU CO N-THU
pen 3aKIIyIHO BO CUTE TOYKH OJf MHTEPBAJIOT (a, b), Heka mocTon KoHeueH (N
+ 1)-Bu W3BO BO CHTE TOYKHM Off mHTepBayioT (a, b) m Heka X € (a, b).
Toramr 3a cute X o HTEpBANOT (8, b) Basku popmyara:

f(x) = f(xo) + %-[f ()] — Xo) +% )] = X0)? + .. +
% T O] = x0)" + Ra(x),

Kajie mTo Ry(X) ce HapeKyBa ocTaTOK (MM MaKCUMaJHa IPelika).

loka3: Heka f e ¢yHkumja Koja TW 3al0BOJyBa YCIOBUTE O]
teopemarta 10.1 3a mpercraByBame co TajmopoBara ¢dopmyna. Toram 3a
Hea nocton TajmopoB MOTUHOM:

Pa(X) = X)) + = F(0) (X X0) + = "(Xo) (X~ X0)? + oo + = O(xg) (X — x0)".
il 2! n!

Ia craBuMe
f(x) = Pn(x) + Rn(X),
OTHOCHO

f(x) = f(xo) + %-[f (k)X — %) + %-[f )K= X ... +

% [F P (xo)]- (X = X0)" + (X — X0)** -Q(x),

kagie mTo Q e Heompeynenena dynkmmja u p € N°. Jla ro pukcmpame X Taka
LITO

a<X<X<bh.
3a onpepenyBamwe Ha pyHKuujata Q necpuHnpame nomoiHa gpyskuyuja F ox
npoMeHniuBaTa t co popmynaTa
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FO =10 + 11 O}x -0 + A O (- 0+ .+

= OmI- 9"+ (x-97Q00)

3a cekoe t Bo cerMeHTOT [Xo, X] < (@, b). ®ynkimjaTa F e HempeknHaTa Ha [Xo,
X] (pynkumjaTa f 3aegHO co N-raTta W3BogHA (PyHKIMja Ce HENMPEKWHATH),
uMa TpB u3BOJ Ha (Xo, X) (pyHkumjaTa f mma n + 1-Bu u3Bom Ha (Xo, X)) U
F(xo) = F(x) = f(x). Copen Toa ¢yukuujata F T 3ai0BOIyBa YCIOBHUTE Of
teopeMata 9.2 Ha Pon u Ke nmocrou Touka € € (Xo, X) 3a Koja Baxu F'(c) = 0.
bunejku

F@)y="f'(t)—f'(t) + (x = t)f "(t) = (x = O)f "(t) +... -

L oo+ % TFODO1 - 9" = (p + 1)(x — P-Q(x),

(n=1)!

ce nobuBa
F'(c) E% (x = ¢)"f ™V(e) - (p+ 1)(x - ¢)°Q(X) = 0

O]l Kajie ce JoOuBa

QK = (x = 0)"PF " (c).

(p+D)n! .
Bupnejku ¢ € (Xo, X), MOXKEMe Jja 3anuiiemMe

C=Xo+ & (x—Xg), 0<@<1
¥ KOHEYHO ToOUBaMe

Q(X) = (paDn (X = Xo— O(X — X0))"PF D x0+ (X - Xp)),
OJTHOCHO
Q(x) = o +11)n! (X = %0)"™P (1 — O)"P-f ™ D(xg+ G(x - x)).
Cnopen Toa
Rk = (p +11)n! (X = x0)"* (L= O™ " Dxo + B(x - X0)),

CO LITO TBPAEHETO € JOKAKAHO 3a BPEJHOCTH Ha X AECHO Off TOuKaTa Xo. Ha
UCT HAauWMH € ¥ JO0KAa30T 3a BPEJHOCTH Ha X JIEBO Off TO4YKaTa Xo CO
neuHupame Ha MOMOIIHATa (PyHKIMja BO CETMEHTOT [X, Xo.

166



810. Tajroposa popmyaa

OcraTtokoT BO ¢opMyiaaTa MoxXe fAa Ouje JafieH BO HEKOja Of
ClieHUTE (popMUu:

Ra(X) = 1 IF ™ Pxo + 6(x — x0))]-(X — Xo)™™ 3a p = n (JTarpamx);
(n+1)!

Ra(X) = 1 [F ™ Pxo + (x — x0))]-(1 — O)™(x — Xo)™* 3a p = 0 (Koum);
(n+1)!

Rn(X) = o((X — X0)") (ITeano),

npu mto 0 < #< 1, fogeka 0 npeTcraByBa cuMOO0J Ha JlaHay KOj mMOKaxKyBa
JieKa OCTaTOKOT € OeCKOHEYHa Maja (pyHKIHja Off TIOBUCOK PE BO OJHOC
Ha pynkimjaTa (X — X)" Kora X — Xo.

AKO ce 3aMeHM X — Xp CO O3HakKaTa 3a HapacHyBame AX Ha
MPOMEHJIMBATa X BO TOUYKaTa Xo, a MOTOA U co AudpepeHuujanor dx, Toramn
¢opmynara Ke ro uma BUOT

M) = d(00) + —-100) + .+ (k) + o),
! n!
Kajie LITO OCTAaTOKOT BO JlarpaH:oB Buj Ke Oujie JajeH co u3pa3oT

1 n+1l
(n+1)! drCe).

Jla 3abenexume ymTe efgHaml fAeka ¢yHknujata f BcymHoOcT ce
arpOKCUMUPA CO MOJTUHOM Of CTETICH N O BU/

Py(X) = f(xo) + %-[f ()] (x — %o) + %-[f " xo)]- (¢~ Xg)? ... +

L0 x %0
n!

3Haun
f(x) = Pn(X) + Rn(X).

IIputoa 3a ¢ukcHo n rpemkara R,(X) e momana 3a BpPefHOCTH Ha X
NOOJIUCKU IO TOYKATa Xg, JOfeKa Taa € NorojeMa 3a BPeJHOCTU Ha X KOH ce
HOfAaNeKy Off ToYKaTa Xo.

CrnenujanHuoT OONMMK Ha KOE(PUIUEHTUTE HA IOJIUHOMOT IO
MOjaCHUBME CO CHEIHjaJTHUOT ciyyaj Kora f e mojmuHOMHa (yHKIMja Of
CTETIeH N.

3a Xo= 0 TajnopoBara popmyna e mo3HaTa noj MeTo MaknopeHoBa

dopmyia.
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s

Ke HaBegemMe HEKONIKY HajuecTo KopucteHu TajmopoBu
(MaxknopeHoBm) (popMyJu 3a COOIBETHN (PYHKIIUU.
Ilpumep 10.1. 3a pynkumjaTa
f(x) = €,

neduHrpaHa Ha R, 1 3a KOja mocTou U3BOJ Of KOj OMIIO pef 3a cekoe X € R,
goomBame

f0(x) = e*.
Crnopent Toa, TajmopoBara ¢opmyrna no creneHuTe Ha X (MakiopeHoBa) e
mageHa 3a cekoe X € R co

=1+ Leeles v 1oy Rn(X),
2 n!
Kajie IITO

Rn(X) = ! e x™  0<H<1.
(n+1)!

IIpumep 10.2. 3a pysxkumjata
f(x) = In(1 + x),

neduHMpaHa 3a X > —1, 1 3a KOja MOCTOM U3BOJ Of] KOj OMJIO pefi 3a cexoe X >
-1, mtobuBame

1 -n"
n+1. (1+X)n+1 )

Cnopen Toa, TajmopoBara opmyna no creneHute Ha X (MakimopeHoBa) e
mageHa 3a cekoe X > —1 co

fO(x) =

In(1+x) =x— el Ly 42 (=1) "Ex "+ Ru(x),
2 3 4 n

Kane 1ro
_ n
Rn(X) = ! D x™ 0<@<1.
n+1 (1+ex)"*

3a oBaa ¢opMyira MOXKe Jla ce moKaxke faeka R,(x) — 0 kora n —»>+oc
camo 3a BPEIHOCTUTE Ha X 3a Kou Baxku —1 < x <1.
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Ilpumep 10.3. 3a pynxkumjaTa
f(x) = sinx,
neduHMpaHa 3a cekoe X € R, u 3a Koja mocTou U3BOJ Off KO OMIIO pef 3a
cekoe X € R, toOuBame
f0(x) = sin(x + n%).

Cnopen Toa, TajmopoBara opmyna no creneHute Ha X (MakiopeHoBa) e
mageHa 3a cekoe X € R co

Sinx=x— L ad+ Sod_ 4L (=2 + Ryea(x),
3" "Bl 2k —1)!
Kajae mTo
1 k1 - p/a
Roa(X) = ———x“~sin[&x+ (2k+1)—], keN,0<@<1.
2%-1(X) 2k ! [6x + ( )2] €

IIpumep 10.4. 3a pysxkumjara
f(x) = cosx,
neuHupaHa 3a cekoe X € R, u 3a Koja mocrou u3BOJ Off KOj OUJI0O peft 3a
cekoe X € R, roouBame
fM(x) = cos(x + n%).

Crnopent Toa, TajmopoBara ¢opmyrna no creneHute Ha X (MakmopeHoBa) e
lajeHa 3a cekoe X € R co

1 ,. 1 4 1 K o 2
cosX=1—- — X"+ =X —..+——-(-1) X + Ry(X),
TR (2k)!( ) 2dx)
Kaje 1ITo
1 k2 T
Rok(X) = Xecos[ox+ (2k+2) =1, ke N,0<@O<1.
T [o+ (2k+2) 71, ke

IlIpumep 10.5. 3a pynkumjaTa
fX)=(1+x)% aeR,

neduHMpaHa 3a cekoe X > —1, ¥ 3a Koja MOCTOM M3BOJ Of] KOj OUJIo pef 3a
cekoe X > —1, nobuBame

fOX) = [a(a—1)- ... (& —n+ 1)](L +x)*™.

Crnopen Toa, TajmopoBara ¢opmysna no creneHuTe Ha X (MakimopeHoBa) e
najeHa 3a cekoe X > -1 co
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a _ 1 1 2
1+x)“=1+ i-a-x+ E-[a-(a—l)]-x +..+

%'[a-(a— 1) . (@—n+1]X" + Ra(x),
Kajie IITOo -

Ri(X) = ——— [ar(@—1) ... (- W]+ BV 0< p< 1,
(n+1)!

IIpumep 10.6. [1a ce pa3Bue pyHKIHAjaTa
f(x) = &*
co MakiiopeHoBaTa popmyna, 3agpKyBajKu ce Ha IPBUTE YETUPHU YJI€HA U
[OTOA Jla ce IpecMeTa €~ U Jla ce OlleHH! rpemikara Ra.

Pewenue: Cnopen npumepor 10.1 Baxku popmymnara

x_q, 1 .1 o 1.3 _ 1 4w
e—1+ix+5x +§x + R3(x), R3(x)—mxe.

3ax=0,1 ce goOuBa
% =1,10516 + R3(0,1).

3a oleHa Ha rpenikara ce oomuBa
R3(0,1) = %(0.1)%90'1 < %(0.1)4 .3=0,0000125

mTo 3HauM feka 6pojor 1,10516 e BpegnocT Ha €' mpecMerana co 4 TounHn
NeIMaIIH.

IIpumep 10.7. [1a ce pa3Bue pyHKIHjaTa
f(x) = &*
co MakiopenoBara ¢opmyna. Kosnky uineHoBu Tpeba fa ce 3emMat 3a npu

npecMeTyBameTo Ha €2 rperkara ga ouge momaina of 107 (co gBe TOUHE
nenuMani)?

Pewenue: Cnopen npumepor 10.1 Baxku popmymnata
14 Sxti e+ s Rn(X),
n 2 n!

Kajaec ITo

Rn(X) = 1 oo X" 0<o<1.
(n+1)!

170



810. Tajroposa popmyaa

Cnopen YCJIOBOT Ha 3alladaTa 3a OIpCAcsiyBalbC Ha n ce KOpUCTH
HCEPAaBCHCTBOTO
Rn(X) __ 1 gom (0,1)™ < 1 .3-(0,1)™* < 0,001,
(n+1)! (n+1)!

IITO € TOYHO 3a N > 2, ITO 3Ha4yM fieKa Off pa3BOjOT Tpebda ja ce 3emar
MPBUTE 3 YJIEHA.

IlIpumep 10.8. I1Ipu npecMeTyBalkbETO HAa BPEJHOCTA Ha (PyHKIHjaTa
f(x) = &*

co MakiopeHoBaTta opMyJia ia ce 3eMat IpBUTE 4 WieHa off pa3BojoT. [la
ce OIlpefiesId MHTEPBAJIOT BO KOj Ke ce Haora X ako IpecMeTaHaTa BpeJHOCT
Ha (yHKO@jaTa 3a X O TO] MHTEpBaa cO TajllIopOBHOT NOJIMHOM Ousne
pas3nvyHa Offi BUCTHHCKAaTa BpegHOCT 3a rpemka nomana of 00,0001
(mpecMmeTaHaTa BpEIHOCT /1a UMa TPH TOYHU JCIIMAIIN ).

Pewenue: Cnopen npumep 10.1 Baku popmyiiata
x_q, 1, .1, 1.5 _ 1w
e—1+ix+5x +§x + R3(X), R3(X)—ZXG.

Bo cormacHoct co YCJIOBOT Ha 3agadaTa 3a OHNpEAcCIyBalkb€ Ha
HWHTEPBAJIOT CE€ KOPUCTHU HEPABEHCTBOTO

|1x4e9‘ | < |ix4-3 | < 0,0001
4 4

oy mTo ce goousa |X| < 0,00168.

IIpumep 10.9. [1a ce mokaxe geka 3a X > 0 BaxkaT HepaBEeHCTBATa
X2
x—7 <In(1+Xx)<x.

Pewenue: Ciopeg MaknopeHnoBaTa popmyia 3a pyHKIMjaTa

In(1 + x)
goomBame
X2
In(1+x)= x—7 + R,
bunejku
X3
Ro= —— >0, 3ax>0,
3(1+ 6x)
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ce IIO6I/IBa HEPaBEHCTBOTO
2

X - X? <In(L +x).

Opn dpopmyaTa
In(1+X)=x+Ry,
nopaju
— X2
Ri= —— <0 3ax>0,

2(1+ 6X)

ce o6MBa HEPaBEHCTBOTO
In(1 + x) <x.
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§11. UICIIMTYBAILE HA OCOBMHUTE HA ®YHKIINN
CO IOMOII HA 13BOIN

HcnutyBakeTOo Ha (PYHKIUUTE CE COCTOM BO IIPOy4YyBame Ha
HUBHUTE cBojcTBa. [log Toa ce moppa3bupa omnpejenyBamkbe Ha
neduHUIMOHAaTa O0JacT, MHTEpPBAJUTE BO KOW (pyHKIUjaTa MOHOTOHO
pacre wunm omnafa, EKCTPEMHUTE BpPEJHOCTH, HWHTEPBAJIUTE BO KOH
(pyHKIIMjaTa € KOHKaBHA WJIM KOHBEKCHA, IIPEBOJHUTE TOYKHU U AaCUMTOTHUTE
Ha rpaukoT Ha (pyHKIHjaTa, KAKO U APYIH CBOjCTBA KOM c€ NMOTPEOHM 3a
ucnuTyBamke. HaBefneHuTe cBojcTBa ce TECHO IMOBP3aHM CO M3BOJUTE Ha
(pyskumjaTa, na 3aTtoa OBfe K€ I'M IPOYYMME THE CBOJCTBA TOKMY Of TO]
acneKkT, IMpuW IITO Ha KpajoT Ke ogopMuMe Mocranka 3a rpaduyko
npercraByBame Ha yHknujata. Cekako, JOOUEHUTE KPUTEPUYMHU MOXKAT
fa ce ynoTpeOyBaaT ¥ 3a IPYTH UCIUTYBamwAa.

OsBpe ke ce 3agpKMMe camMO Ha KijacaTa (PyHKIUH 4YUU OCOOWHU
MOXaT Jla ce MpoydaT W CO TPaHWYHU Tpolecu (FpaHWuYHH BPETHOCTH,
M3BOJIH M JIP.).

HajnperuH Ke mokaxkeme jeKa MO3WTHBHOCTA (HEHETaTMBHOCTA) HA
U3BOJIOT € [IOBOJICH YCIOB 3a MOHOTOHO pacTeme (Heomarame) Ha
(pbyHKIIMjaTa Ha HEKO] UHTEPBAJL.

Teopema 11.1 (Kpurepuym 3a monHoTtoHOcT). Heka e pagena
¢pynkuyja f co popmynara
y =f(x),
necpunupana u audepeHujadbunna Bo mHTepBainor (a, b). dynkiujara f
MOHOTOHO pacTte (omafa) Ha MHTepBaJloT (8, b) ako M camMo aKo 3a cuTe X €
(a, b) Baskm
f'x)>0 (f'(x)<0).

Hoka3: Heka ¢ynkuujata f MOHOTOHO pacTe Ha mHTepBayoT (@, b),
Heka X € (@, b) u Heka AX e HapacHyBambe BO X, IPH LITO

X+ AXx € (a, b).

Op npeTnocraBkara ciefyBa ieka 3a cute AX > 0 Baxu
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f(x + Ax) > f(x),
a 3a cute AX < 0 Baxu
f(x + Ax) < f(x),
TakKa MITO KOJTUYHUKOT
f(x+Ax)— f(x)
AX

(kako ¢yHKIMja o AX) Ke noOMBa HEeHeraTMBHA BPEJHOCT W BO jBaTa
cnyyaja. 'pannynaTa BpefHOCT Of] TOj KOJMYHUK Kora AX — 0 BCyHIHOCT €
NPBUOT U3BOJ, T.€.
} f(x+Ax)— f(x
o FEA) 09 _ o,
AX—0 AX

).

[Mopagu Toa MTO KONMYHMKOT € HEHeraTWBeH (Kako (pyHKIHUja o AX),
rpaHMYHaTa BPENHOCT, OJHOCHO M3BOJOT, CHOpesl Teopemara 5.2 Ke mMa
HEHeTaTUBHA BPEIHOCT, T.€.

f'(x) > 0.

Op mpoun3BOTHOCTA Ha M300POT Ha TOYKATa X CIEyBa icKa 3a CUTe X
€ (a, b) ke Baku
f’'(x) > 0.

Jla mpeTmocTaBuMe cera 0OpaTHO, T.€. HeKa 3a cuTe X € (a, b) Baxku
f'(x) >0.

Heka x u x + AX ce Kou OWjo fiBe TOYKHU of MHTepBaIOT (a, b). Cnopen
teopemarta 9.3 Ha Jlarpanx, npuMeHeTa Ha pyHKuujara f Ha cerMeHToT [X, X
+ AX], omHOCHO [X + AX, X] (BO 3aBHCHOCT OJf 3HAKOT Ha AX), K& IocTon GapeM
e/lHa TOUYKa C Mef'y TOUKHTE X U X + AX 3a KOja Baxku

f(x + Ax) — f(x) = Ax-f'(c).
Bupnejku f'(c) > 0, ox mocnemHOTO paBEHCTBO ce T0OMBa
f(x + Ax) > f(x)
ako AX > 0, ODHOCHO aKO X + AX > X, "
f(x + Ax) < f(x)

ako Ax < 0, ogHocHO ako X + AX < X. Cnopepn Toa, ¢dyHkumjata f, BO
COTJIaCHOCT CO MPOM3BOJIHOCTA HA TOUKUTE X U X + AX, MOHOTOHO pacTe BO
uHTEepBaAJOT (8, b). AHATOTHO ce MOKaxXKyBa U BTOPOTO TBPACH-E.
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IIpumep 11.1. [1a ce nokaxe feka 3a cute X # 0 Baxku HEpaBEeHCTBOTO

e*>1+x.

Pewenue: ®opmupame pyHkInja

f(x) =e* -1 -x,
necdpuHupana Ha R. 3a u3BoHaTa (pyHKIMja
fr(x)=¢e"-1
BaXXH
f'x)>0

3a cekoe X > 0 um f '(X) < 0 3a cekoe x < 0. Cmopen Teopemara 11.1
¢pynkimjaTa f crporo MoHoToHO pacte Ha mHTepBaioT (0, +oc) U cTporo
MOHOTOHO omafa Ha uHTepBaioT (—oc, 0). bugejku f(0) = 0, 3a cexoe X of
uaTepBaiior (0, +oc) Ke Baxkm HepaBeHCTBOTO f(X) > 0 m 3a cekoe X of
uHTEepBaIOT (—oc, 0) Ke Baxkm HepaBeHCTBOTO f(X) > 0, co mTO € JoKaskaHO
HEPABEHCTBOTO.

Ilocaeouya 11.1. Heka ce napenu iBe pyHkuuu f u g co popmynure

y =f(x), y =g(x),

nepMHUpaHU Ha CeTMEHTOT [a, b] u gudepennujabunam Ha UHTEpBANIOT (A,
b). Ako

f(a) = g(a)
1 aKo 3a cute X € (@, b) Baxknm
f(x) <g'(x),
Torai 3a cute X € (a, b) Baxku HepaBEeHCTBOTO
f(x)<g (x).

oka3: Heka Ha cermeHTOT [a, b] necpunupame HoBa pynkimja F co
dopmymara

F(x) = (x) — 9(x),

KOja copey yclioBoT e audepeHnujabuiiaa Ha (a, b), mma Bpegnoct F(a) =0
u 3a cute X € (a, b) Baxkn
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F'(x) <0.

Cnopeqn teopemarta 11.1 ¢gynakumjata F MmoHOTOHO omafa Ha (a, b), T.e. 3a
cute X € (a, b) Baxkn

F(x)<F(a) =0,
OJIHOCHO

f(x) - 9(x) <0,

CO IITO TBPACHCTO € NOKA2KAaHO.

Co Teopemara 9.1 nHa Pepma Oelre JafgeH caMO MOTPEOHUOT YCIOB
npu Koj nucpepennujadbmiHa pyHKImja Ke uma jiokajeH ekcrpem. [Tocrojar
(pyHKIIMM KOU MMAAT JIOKATHU €KCTPEMH BO TOUKHU BO KOU MPBHUOT U3BOJ| HE
MOCTOM.

Ilpumep 11.2. dyuxkuujata
f(x) = Ix|

uMa JokajieH MuHIMYM BO Toukata X = 0 (x| > 0 3a cekoe x € R), Bo Koja
OPBUOT W3BOJ He TocTou (pumep 8.6).

ITocrojat mcro Taka (pyHKIMM Kaj KOM BO HEKOM TOYKHU H3BOJIOT €
HyJIa, HO CEeTaK BO THE TOYKHU (PyHKIMjaTa HEMA JIOKAIEH EKCTPEM.

Ipumep 11.3. f(x) = x* nma npB U3BOJ Hy/Ta BO TouKaTa X = 0, BO Koja
HEMa JIOKaJIeH EKCTPEM.

3aToa TOYKHATE BO KO IIPBUOT U3BOJ IMOCTOU U € HYyJA, a KON Ke r'u
Hap€dueME CTalMOHApPHU TOYKH, MOXKAT [a GHHaT caMO KaHauaaTHh 3a
CKCTPEMHHU TOYKHU. 3Haun CKCTPEMHHUTE TOYKH BO KOU U3BOJOT IMOCTOU U €
HyJla C€ U CTAlTUOHApPHU TOYKH, TOJCKaA HOCTOjaT CTallMOHAapHU TOYKHU KOH
HC MOpaart aa GI/II[aT CKCTPEMHHU TOYKH.

Cera ke ro mckaxeme IIPBOTO IIPpaBUJIO 3a Haorame CKCTPpEMHHN
TOYKH 3a (bYHKHI/II/I 3a KOM THUC TOYKHU CC CTalMOHApPHH, T.C. U3BOAOT BO HUB
nmocron m € HYyJla, WJIHW BO HHUB € toc, WX HE IIOCTOU, HO HOCTOjaT
CIHOCTPAHUTC U3BOIN.

Teopema 11.2 (Ilps kpurepuym 3a ekcrpemu). Heka e pagena

dyakmmja y = f(X), HeKa Xp € TOYKa BO KOja € MOKEH JIOKAJeH eKCTPEM H
HeKa MPEeTIOCTaBUME JieKa MOCTOM M3BOJ] (KOHEUYEeH) BO HEKOja Hej3MHA
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okosnHa (Xo — O, Xg + J), OCBEH MOXKeOu BO X, CO MPETIOCTaBKa U3BOAOT fia
“Ma HUCT 3HAK BO MHTEPBAJIOT (X0 — &, Xo), OTHOCHO BO HHTEPBAIOT (Xo, Xo + O).
Torar ce MOXHY TPH CITyJau:

a) aKo 3a
VX € (Xo— & %), T'(xX)>0
1 3a
VX € (Xo, Xo+ 0), f'(x) <0,

Torail (pyHKIMjaTa UMa JIOKAJIEH MaKCUMYM BO TOUKaTa Xo eqHaKOB Ha f(Xo);

0) aKko 3a
VX € (Xo— & %), f'(x)<0
u 3a
VX € (Xo, X0t 0), f'(x)>0,

toraii (pyHKIMjaTa UMa JIOKaJIeH MUHIMYM BO TOYKaTa Xo eqHaKkoB Ha f(Xg);

B) aKo 3a
VX € (Xo— 6, Xo) U (Xo, Xo+ 0), f'(X)>0 mmm f'(x) <O,
TOoraml (bYHKI_[I/IjaTa HEMa JIOKaJICH EKCTPEM BO TOUKATA Xo.

Hoxas: Hasuctuna, noj a) cnopep teopemara 11.1 dyHknujaTta
CTPOrO MOHOTOHO PacTe BO MHTEPBAJIOT (Xo — O, Xg) M CTPOrO MOHOTOHO
omafa BO MHTEPBAJOT (Xo, Xo + &) M BO coryacHOCT co AedununmjaTta 4.13 3a
JIOKaJIeH MakcuMyM (PYHKIjaTa UMa MaKCHUMajHa BPETHOCT BO TOUYKaTa Xg
emHakBa Ha f(Xg).

IMopaau ucture dakTé Ke Baxku U TBPACHETO 1O 6), HOoJeKa MOJ B)
nMaMe ciy4aj Kora (yHKIHUjaTa CTPOrO MOHOTOHO pacTe WU CTPOro
MOHOTOHO ofafa BO OKOJUHATa (Xo — O, Xo + ) Ha ToUKaTa Xo, IITO 3HAUM
lieKa BO TOYKaTa Xo (PyHKIEjaTa HE MOXKeE Jla MMa JIOKallHa eKCTPEeMHa
BPEITHOCT.

I'eomeTpucku OBHME ciydyam MOXKeMeE fa T'M INPETCTaBUME KaKO Ha
LPTEXKOT 34.

Bepnamn e oueBugHO jeka Kaj ciydyaute a) u 6) f'(xo) mocrowm, Kaj
ciyaante B) u T) f'(Xo), f-'(Xo0), f+'(Xo) ce toc, a kaj cygajot 1) f'(Xo) HE mocTom,
HO TIOCTOjaT KOHEUYEH JIeB W KOHEUYCH JieCeH M3BOJ| (KOW HE Ce ETHAKBH).
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Cemnak ymTe eqHall ga 3a0eexkume J€Ka BO CUTE ClIy4dau IIPpB U3BOJ ITOCTOU
BO CUTC TOYKH O[] HeKOja OKOJIMHA Ha TOYKaTa Xo, HCKHy‘IYBajKH ja BO HEKOHA
Ol HUB TOYKAaTa Xg, 1 I€Ka (bYHKHI/I] arafe He(bI/IHI/IpaHa BO TOYKaTa Xgp.

y

N ~

0 Xo Xo Xo Xo Xo X

a) 0) B) r) 1)
Lprex 34

ITocron m BTOpO mpaBWiio 3a Haofame HAa EKCTPEMHU TOUYKH KOe
MOXe Jla ce PUMEHHU 3a (PYHKIUHU 32 KOM MOCTOM BTOP M3BOJ BO MOXKHATa
eKCTpeMHa TOoYKa (IITO mofpa3bmpa MOCTOCHEe Ha MPB M3BOJ] BO TOYKH Off
HEeKOja Hej3WHa OKOJIMHA).

Teopema 11.3 (Brop kpurepuym 3a ekcrpemu). Heka e pgageHa
dyakmmja y = f(X), HEKa X € Hej3uHa cranmoHapHa Todka (T.e. f '(Xg) = 0) m
HEeKa BO HEKOja Hej3MHa OKOJIMHA MOCTOM MpB U3BOA. Ako mocrou f "'(Xo),
TOraii 3a

£"(xg) > 0
BO TOUYKaTa Xo pyHKIMjaTa f uMa ToKamHa MUHUMAJIHA BPEIHOCT, a 3a
f'"(x0) <0

BO TOuKaTta Xo pyHKIHjaTa f MMa JoKamHa MakcMMaliHa BPEIHOCT, AOfeKa
BO CITy4ajoT

f'(x0) = 0

178



811. Hcuiuiiysarbe Ha ocoOUHUille HA PYHKUUU CO TTOMOUL HA U3BOOU

OBa IIpaBWJIO HE [JaBa KOHKPETEH OATOBOp M 34TOa CC HOTpe6HI/I
JOIMOJTHUTCIHU UCITATYBamkha.

Hoxas: Heka X e craimonapna tTouka (T.e. f’(Xg) = 0) u Heka
f"(xo) > 0.
Toram Bo cornacHocT co fiecpununujata 8.1 Ke umame

f7() = lim - )= "(X0).

X—>X, X—=Xo
OHOCHO
. fY(x
f"(Xo) = lim (x) :
X=X, X—Xg

Cnopen Teopemara 5.2 moctou 6> (), Taka LITO 3a CEKOE
X € (Xo— &, Xo) U (Xo, X0+ 0)
BaXu

f'(x) >0,

OJTHOCHO 3a cekoe X € (Xo — &, Xo) Baxku f '(X) < 0 u 3a cekoe X € (Xg, Xo + O)
Baxu f'(x) > 0.

Crnopeny Teopemata 11.26 cnepiyBa geka BO ToukaTa Xo pyHKimjaTa f
uMa JIOKaJIeH MUHAMYM.

Ha uct HaumH ce mokaxysa u ciay4dajoT f "'(Xo) < 0.
Teopema 11.4. Heka 3a ¢yHkumjaTa f mocrojaT u3BOAM Off TOBUCOK

pex o n, n e N, meka f ™Y(x) e Hempekunara yHKIUja BO HEKOja OKOIHHA
Ha TOYKaTa Xo ¥ HeKa

f'(xo) =f"(Xo) =...=f (n>(x0) =0

f ™D(x0) = 0.
Toram pa3nuKyBaMe iBa ciydaja:
a) ako N e HemapeH Opoj, Toranr 3a
f ™D(x0) > 0

BO TOYKaTa Xo pyHKIMjaTa f ©Ma JJoKajieH MUHUMYM, a 3a
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f (n+1)(xo) < 0
BO TOUKaTa Xo (pyHKumjaTa f mma joKaJeH MakKCUMyM;

6) ako N e mapeH Opoj, Toram BO TodkaTa Xo f Hema JoKajieH
EKCTpeM.

Kpurepuymor gapen co treopemara 11.4 ce pokaxysa cO IIOMOII Ha
TajnopoBara popmyna.

Co teopemure 11.2, 11.3, 11.4 ce gaBaaT KpUTEpUymMHn 3a Haolfame
HAa MOXHU JIOKAJIHM €KCTPEMH, HO MOCTOjaT U MpoOJIeMu BO KoM ce Oapa
rino0ajeH €KCTPEM, T.e. EKCTPEMHa BPEJHOCT Ha (PyHKIMjaTa BO AANEHO
MHOXecTBO. Bo Toj ciyduaj HajIpBHH ce HaoraaT JIOKaJTHUTE eKcTpeMH (aKo
1ocTojaT), a TOoToAa CO CHOpeAyBake Ha THE BPEJHOCTH, KaKO W
BPEHOCTUTE HA (PYHKIMjaTa BO KPaJHUTE TOYKM Ha CETMEHTOT OJHOCHO
MHOXKECTBOTO (FpaHMYHHUTE TOYKHM) BO KOe ce Gapa IroOGaTHUOT eKCTpeM,
ce Jo0uBa 0ApaHUOT EKCTPEM.

Hecpunuyuja 11.1. Heka e papena ¢yskuyja f, HempekuHaTa Ha
uHTEepBaIIOT (8, b). AKO 3a KOM O6WIIO X1, X2 € (&, b) Basku HEpaBEeHCTBOTO

f(ﬂl'Xl + lz-Xz) < ll-f(Xl) + ﬂz-f(Xg),
Kajie IITO
A+ A=1, O0<A41<1, 0<A<1],

TOrall BeJuMe jieka (DyHKIMjaTa € KOHBeKCHa (MClaKHATa) Ha WHTEPBAJIOT
(a, b). Bo ciryuaj Ha 06paTHOTO HEPaBEHCTBO

f(ﬂyXl + ﬂz'Xz) > ﬂl'f(Xl) + /12'f(X2)

3a (pyHKIMjaTa ce BeJu JleKa ¢ KOHKaBHa (ByrabHaTa) Ha WHTepBayoT (a, b).
AKo ce 3eme

=1-4(=4),
HEPaBEHCTBOTO Ke IO MMa CJIEIHUOT BH/I
f(Axg + (1= )x2) < Af(xq) +(1 — A)f(x2), 0<A<1
(uprex 35).

Baka peduHMpaHaTa KOHBEKCHOCT (KOHKAaBHOCT) € OCOOMHA Ha
¢yakumjaTa mpm Koja wucnakHaTtocra (BmabHaTocTa) Ha (yHKIHUjaTa
reOMEeTPHCKH Ce IJlefia OiIoNy, T.e. Off HeraTUBHATa Hacoka Ha ockaTa y. Bo
auTepaTypaTa ce cpekKaBa U 00paTHO JjedHUHuUpaHa KOHKBEKCHOCT
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(KOHKaBHOCT) BO CMUCIIA Ha TOTJIE]l OTOpPe, T.€. Off MO3UTHBHATA HACOKA Ha
ockaray.

f(x2)
Aif(xe)+A2f(x2)

f(/11X1+/12X2) \

f(x)

0 a X1 A1Xq+AoXo Xo b x

Lprex 35

Hecgunuyuja 11.2. Heka 3a pyHknujaTa f mocTton KoOHeUeH U3BOJ] BO
HEKOja OKOJIMHA Ha TouyKaTa Xo. PyHKIHjaTa f € KOHBEKCHA BO Taa OKOJIMHA
aKo 3a CUTE X Of] Taa OKOJIMHA BasKu HEPABEHCTBOTO

f(x) = (o) + (X — Xo)-f '(Xo).

Co 00paTHOTO HEPABEHCTBO ce AepMHUPAa KOHKABHOCT Ha (pyHKIIHjaTa.

TpruyBajku o HEpaBEHCTBOTO

f(x) > f(xo) + (X — Xo)-f " (Xo),

reOMETPUCKHU TJIeJaHO MOXeE Jla 3aKJIy4nMe JieKa IpauKoT Ha (pyHKIHjaTa
ce Haora HaJ TaHreHTaTa Ha rpadukKoT Ha (pyHKLIHjaTa BO TOYKaTa Xo,
ounaejku

t(x) = f(xo) + (X — Xo)-f "(Xo)

e opauHaTaTa Ha Touka off TanrenTtara (y — f(Xo) = f '(Xo)-(X — Xo)), a f(X) e
opjMHaTaTa Ha TOYKa off rpadMKOT Ha (PpyHKIKjaTa, BO jiBaTa ciydaja co
ucta amniuca X (pTek36).
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f(x)
t(x)
f(xo) \

Lprex 36

Bo cornacHocT co oBaa 3a0enenika, reoMeTpuckara Ae(UHHALNAjA HA
KOHBEKCHOCT (KOHKaBHOCT) Ha wWHTepBaioT (a, b) Ke ce cocrom op
0apalkbeTO CHUTE TAHIEHTU TIIOBJI€YEeHHM BO TOYKM Off TpauKkoOT Ha
¢dyHkMjaTa co anmucu X € (@, b) ma 6mmar nop (Ham) rpacdukor. [TpurToa
Mopa Ja ce mpeTrnoctaBu AudEpeHIUjadMIHOCT Ha (yHKIMjaTa Ha
uHTEepBAIIOT (8, b) mTo He e cinyyaj co medumuunumjaTa 11.1 Koja e moomnmTa.

Teopema 11.5 (Kpurepuym 3a KoHBekcHOcT). Heka e pagena
¢dyakumja f m Heka n3BogHaTa pyHKnHMja f '(X) € HempeKuHaTa Ha HMHTEPAJIOT
(a, b). Ako 3a cute X € (a, b) Baxku

fr)>0  (f"(x)<0),

Torair (pyHKIHjaTa € KOHBeKCHa (KOHKaBHa) Ha (a, b).

Cnopeq oBaa Teopema KoOja Hema Jia ja JOKaxkyBaMme, € JacHO JeKa
pelieHujaTa Ha paBeHkarta f ”’(x) = 0 ce MOTeHIMjaIHA TOUYKU BO KOM MOXKe
lla ce MEHyBa KOHBEKCHOCTa (KOHKABHOCTA) Ha (PyHKIMjaTa U KOH BO TOj
Cllyyaj ce HapeKyBaaT TOYkKM Ha mnpeBoj. Cemak ¢yHKIMjaTa MOXe fAa ja
MeHyBa CBOjaTa KOHBEKCHOCT (KOHKABHOCT) M BO TOYKHM BO koM f "(X) mma
MPEeKNH WU He TIOCTOH, T1a [ypU U BO TOUKH BO KO camaTa (pyHKuuja f He e

necpurupana (mpumep: f(x) = % BO Toukata X = 0).
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3a wucnuTyBamke Ha TIpauKOT Ha (QYHKIMja MHOTY € BaXHO
HEj3MHOTO OJTHECYBame Kora X — +oc, KOra X — —oc WJIM BO MaJia OKOJIMHA Ha
TOYKH BO KOM Taa He € le(pMHUpaHa, IITO € PeryjJupaHo co er3ucTeHyjaTa
Ha Hej3uMHM acuMTOTH. [Ipuroa fma 3abenmexume geka MOXKe ja ce ClIydd
rpadukoT Ha (yHKOMjaTa [a ja cede cBojaTa Koca WM XOPU3OHTAJIHA
acUMTOTa. 3a UCHHUTYBamkhe U F€OMETPUCKO CKHULUpale Ha rpaduk Ha eHa
(pyskumja ce ynorpelyBa IeMa co COCTaByBamke Ha COOABETHA Talbena.

Ilpumep 11.4. [1a ce ucnura u HaupTa rpauKoOT Ha (PyHKIUjaTa
1
f(x) = xeX.
Pewenue: Jlepunnnmonata obGnact Ha ¢yskomjata ¢ R\{0}.
dynkupjaTa He e mapHa, HE € HelapHa, He € MepUOfUYHA U HEj3MHUOT

rpad¥K HeMa Mpeceny co KoopauHaTHUTE ocKu. Off paBeHKaTa
1

F/(x)= eX(1-3) =0
X

ce moOWBa cram@oHapHa Todka Xg = 1. Bo mHTepBamure (—oc, 0) m (1, +oc)

(¢yHKIIMjaTa € MOHOTOHO pacTeyka, a Bo mHTepBajoT (0, 1) MOHOTOHO

onafauka. Cnopep Teopemara 11.20 pyHKIIMjaTa UMa JOKaJIEH MUHUMYM BO
1

. . 1
ToukaTa Xo = 1. dynknmjata Hema npeBojuu Touku (f "'(x) = —3eX ), HO €
X

KOHKaBHa Ha MHTepBajoT (—oc, 0) m KoHBekcHa Ha uHTepanoT (0, +o).
bunejku
lim f(x) =+x
x—0+0

lim f(x) =0,
Xx—0-0
npaBata X = 0 e efHOCTpaHa BEepTUKAJIHA aCUMTOTa. busiejku
) f(x
lim Q =1
X—>to X

lim (f(x)—-x) =1,

X—>to0

mpaBaTa y = X + 1 e Koca acuMTOTa. Bp3 ocHOBa Ha OBHE HCHUTYBamba MOXKe
na ce popmupa Tabesna, a rpaduk € JafeH Ha IpTexXoT 37.
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X |- 0 1 +oc
1R

y' + + - - 0 + +

y"! - - + + + +

Lprex 37

M3BopuTe MOXaT Jjla ce KOPUCTAT BO pa3pellyBame Ha rojeM Opoj
po0OJeMH BO KOM ce OapaaT €eKCTPEMHM BPEAHOCTH Ha (DYHKIMH, CO KOH Ce
nepuHupaHn pa3HU MPOLECH Off MpakTuKara. Toa ce onTUMaldHU 3afadyu
KOM ce pelraBaaT cO METOAMTE Ha ONTHMHpame. TakBHM ce, Ha NPHUMED,
3a/launTe 3a ONTUMUpame Ha Op3uHa, 3a0p3yBame, IUIOLITHHA, BOJIYMEH,
IIPOTOK Ha EJIEKTPULMTET, EIEKTPOMOTOPHA CUJIa U CII.
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Ilpumep 11.5. Heka e gajieH efieH reHepaTop CO €JIeKTPOMOTOpHa
cuna £ m BHaTpewleH OTHop I, NOBP3aH CO HABOPEIIEH MOTPOIIyBayd CO
npomensiuB otnop R. Jla ce Hajme BpegHocTa R mpu Koja KOpucHaTa
MOKHOCT P Ke Oujie Hajroiema.

Pewenue: Crniopen LlysmoBuoT 3aKOH KOpuUcHaTa MOKHOCT P e majieHa
CO paBeHKaTa

P=RI?
Kaje IITo
= _E
R+r
3Haun,
RE?
P=—,
(R+r)

mTo 3HauM P e gpoOHOpanuoHanHa (pyHKIMja KOja 3aBUCH Off OTHOPOT R.
Bo cormacHoct co 6apameTo Ha 3agayata Tpeba fia ce Hajae MakcuMaaHaTa
BpeHOCT Ha oBaa pyHkumja. Cnopep Teopemara 11.3 noOuBame
2
E“(r-R
Pr(R) = E°(r=R) 3) =0.
(R+r1)

3Haun, R =r e craguoHapHa TOYKa BO KOja € MOXEH eKkcTpeM. bunejkn
—(r+R)-3(r-R)
(R+r1)*

P"(R) = E2

co 3aMeHa Ha R = r ce joOuBa HeraTUBHA BPEJHOCT
1
P"(r) = —E2-—3 <0.
(R+r)

Cnopen teopemarta 11.3 3aknyuyyBaMe jieKa €JIEKTPOMOTOpHAaTa CHJIa €
Hajronema 3a R = r. MlcToTo MOKe fia ce 3akiyud U caMo co Teopemata 11.2,
6uniejku 3a R <r mmame

Pr(R)>0
u 3a R > r umame

P'r(R) < 0.
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IIpumep 11.6. Heka e najeH mpaB KpyXeH KOHYC cO BucMHAa H u
paguyc Ha ocHoBaTa R. [la ce HajgaT AUMEH3MNATE HA LMJIMHAIEP BIMIIAH BO
KOHYCOT CO 3a€[IHAYKHU [JEHTap Ha OCHOBUTE, TaKa IITO HEroBaTa MJIOIITHHA
na Oupe HajroneMa.

Pewenue: Co r m h ke ru 03HaUMMeE pagnycoT Ha OCHOBATa M
BHCHHATa Ha uiauHaepoT. O upTexot 38 ce JoOuBa BpckaTa

h:R-r=H:R
(TpmaromaukoT B'BA e cnmuen co TpuaromHukot VOA), OTHOCHO BpcKaTa
h=RTy
R
[InomrTuHaTa Ha TMIMHAEPOT € ajieHa co popmynaTa
P=2r’z + 2rah,
Of] KOja co 3aMeHa Ha BpckaTa Mery I i h ce jo6uBa KBajipaTHaTa (pyHKIHja

R—r]

P(r)=2zr[r+H

co nepununmona ooaacr r € [0, R]. Hej3una cranmonapHa Touka e

RH
rh=——.
2(H -R)
bupejkn
P"(ro) = 47 R ;{H <0,

cnopen Teopemarta 11.3 dynknujata P(r) mma Hajrosema BpemHOCT P(ro).
[TpuToa ox mpupopaTa Ha MPOOIEMOT MPOU3IIETYBa OTPAHNIYBAKHETO

H-R>0 (ro > 0).
3Haum, OapaHUTE IUMEH3UU HA UAJIMHAEPOT Ce

RH

"°Z M -R)

_ H-2R
T 2(H-R)
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Ol Kajie MMpon3JjieryBa yuITe moCTporoTo OrpaHnv4yBambe
H-2R>0 (ho>0)

3a TMMCH3NUTEC Ha KOHYCOT.

A
@) B

OV =H, OA=R, OO =BB'=h, OB =r

Lprex 38
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il n’y a pas de “mathématiques modernes* s’opposant aux ‘“mathématiques
classiques* mais simplement une mathématique d’aujourd’hui qui continue celle d’hier
sons rupture profonde et s’attache avant tout a résoudre les grands problémes que nous
ont léqués nos prédécesseurs.
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Kaacu4Hawia maiuemaiiuka, TOCTOM CcaMO [eHelllHa MaTeMaThka, Koja ja
HaJOBp3yBa Ha BYepallHaTa 0e3 mojjIadboKu MPeKuau, 1 NPBEHCTBEHO HACTOjyBa
Jla T pely TOJIEeMUTE MPOOIeMA KOM HY T OCTaBUIIE HAIIIATE TIPETXOHUIIN. )
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NPUIOT 2

HEKOHN CUMBOJIN 1 O3HAKHN

O3Haka Cumbon | Ce ynta
HucjyHkiuja Y% Ann
Konjynkiuja A 171
Nmnmukanmja = crenyBa (OBJIEKYBa)
ExBuBanenuyja = IO 1 CaMo axo
(Torar u camo TOTaII)

Heranyja - HE

T TOYHO

L HETOYHO

€ nmpumara

¢ HE nmpunara
YHuBep3alieH KBaHTU(PUKATOP \ 3a cekoj ( 3a Koj 6uio)
Er3ucrennujanes KBaHTU(pUKATOP 3 MOCTOM HEKO]
YHuja Ha Be€ MHOXKECTBA ) yHH]ja
IIpecex Ha ABe MHOXKECTBA N npecek
BucTrHCKO MOAMHOXKECTBO c MOMHOYECTBO
ITogMHOXecTBO c MOMHOYECTBO
Paznuka Ha IBe MHOXKeCTBa \ pasnuka

OcCBeH HAUMHOT Ha YNTamke Ha COOJIBETHN CUMOOIIHM U O3HAKH JIJaJileH! BO TpeTaTa
KOJIOHA MOCTOjaT U Apyru hopMynanuy KOM ja Ofipa3yBaaT CylITHHATA Ha

cuMOOIINTE.
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I''TABA IIPBA

BOBEJlI BO TPAHUYHMU ITPOLECUA

§1. PEAJIHA BPOEBUA

IToumor Opoj e yHAaMEHT Ha KOj Ce 3acCHOBa Pa3BUTOKOT Ha
YOBELITBOTO Off MPBOOUTHATa 3aefHuLA [0 AcHec. [IpupopnuTte, nenure,
PALMOHAIHATE, PEATHUTE M KOMIUIEKCHUTE OpPOEBH M HEKOM peJaluu U
olnepanuy Mery HUB, KaKO U HEKOU OCOOMHHU, IEHEC Ce [IeJl Off COAPKUHUTE
HAa HACTaBHUTE NpPOrpaMM IO MaTeMaTHKa BO OCHOBHOTO M CPESHOTO
oOpa3oBaHne. MHOXecTBaTa Ha NPUPOAHHUTE, LEJIUTE, PALUOHAIHUTE,
peaNHUTE U KOMIUIEKCHUTE OpPOEBU C€ O3HauyBaaT CO CTAaHJApAHU O3HAKU
N, Z, O, R, C, coofiBETHO. 3a HEKOHU €JIEMEHTHU Of] TeopHjaTa Ha MHOXKECTBA
YATATENOT ce YymatyBa Ha Jwureparypa [8, 10, 11]. Peannute wun
KOMIUIEKCHUTE OpOEBHM Ceé OCHOBAa Ha MaTeMaTHuKaTa aHajin3a. 3aToa u
OBJie K& r0 CyMUpaMe HaKpaTKO CETO TOA CO aKLEHT Ha HEKOHU 10CTa BaKHU
MOMeHTH. [la KaxkeMme [eka MOocTojaT MOBEKEe HAYMHM 32 BOBEJyBambe Ha
MOUMOT peasieH 0poj.

IIpen ma mpemuHeMe Ha aKCMOMATCKOTO BOBElyBam€ Ha pEajHUTE
OpoeBH, 1a HaBeJleMe HEKOU CBOJCTBA KOM C€ KapaKTEPUCTUUHM CIIEIM(PUKI
3a OPUPOAHUTE, LENUTEe M pauroHanHUTe OpoeBu. Kaj mpupopHute u
genutre OpoeBM Mery fBa Opoja MOCTOjaT KOHEYHO MHOTY HpPUPOJHU
OJTHOCHO 1enu OpoeBHu, a Mely [Ba coceqHU Opoja HEe MOCTOU NPUPOAECH
OofHOCHO 1ie1 Opoj. Op ipyra cTpaHa Mef'y Kou OUJIO iBa pallMOHAIHMA Opoja
nocrojaT OECKOHEYHO MHOTY paluoHamHu Opoja (Hacekaje TyCTo
MHOXecTBO). Mako N — Z — Q, ce mokaxyBa JeKa CUTe Tpu OECKOHEUHU
MHOXeCTBa MMaaT €JHaKOB Opoj eleMeHTH (KapauHajeH Opoj HapeueH
aned Hyna co o3Haka ;). Jla 3abenekmMe neka MOUMOT ‘“Mefy” TO





Tnasa 1

KOpPHCTHME BO CMUCIA Ha JepuHULAjaTa JajjeHa BO CPEJHOTO 0Opa3oBaHue,
a KOj nofioliHa Ke Oujie NOBTOPHO JieprHUPaH CO pesanujaTa NopeyBambe.

1.1. TPUHIUII HA MATEMATUYKA NHAYKIINJA.
BUHOMHA ®OPMY!IA.

[MpuHIMIOT HAa MaTeMaTHYKa MHAYKIMjA, KOj € TMOCIenla Ha egHa
o IleanoBuTe akcmomu co Kou ce AeduHupa anredapckaTa CTpyKTypa Ha
NpUPOIHUTE GPOEeBHU, KaKO METOJ Ha JI0Ka3 JocTa YeCcTo ce ynoTpeOyBa BO
MaTeMaTHKaTa 3a JOKaXkKyBambe Ha HeKOe TBPAICHE UMja TOUHOCT 3aBHUCH O]
IpupofieH Opoj.

Ipunyui Ha mawemaiuuyKkaia UHOyKyuja

TBpuewero (ucka3zor) I(n), YWja BUCTHHHTOCT 3aBUCH O
MPUPOTHUOT OpOj 1, € TOYHO 3a CEKO] NPUPOJIEH OPOj 1 aAKO:

1) I(1) e ToueH (BUCTHHUT) UCKA3.

2) opm mpeTnocTraBeHaTa TOYHOCT (BUCTHHHTOCT) Ha uckazor (k)
cleayBa TOYHOCT U 3a UCKA30T [(k+1).

IIpumep 1.1. [1a ce nokaxe jieKa 3a Ce€KOj NPUPOJEH OpOj # € TOUYHO

paBeHCTBOTO 1 +2 +3 + ...+ n= n(n2+ D .

. 1(1+1
Pewenue: 3a n =1 paBeHCTBOTO € TOYHO, Oujiejku 1 = (—+)

I[a MMPETIOCTAaBUME ICKA PABEHCTBOTO € TOYHO 3a n = k, T.C.

k(k+1
1+2+..+k= ( ).
2
Axko co L(k + 1) u D(k + 1) Tm 03HauMMe JieBaTa OJHOCHO JieCHaTa
CTpaHa O] aIeHOTO PaBEHCTBO BO KOE€ 3a n ce cTaBa k+1, Toram Ke
nooneme:

Lk+1)=1+2+3+. .. +k+(k+D)=[1+2+3+ .. +k]+(k+1)=

e+ 1)=

_ k(k+1) _
— D(k+ 1),

(k+1)(k+2)
2

CO IITO € IOKaXKaHo JI€Ka paBCHCTBOTO € TOYHO U 3a n = k+1.
HpI/ITOEl € UCKOPUCTCHA MHNYKTUBHA ITPCTIIOCTABKa.
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§1. Peaaru 6poesu

Bo Hekom cnyyam TBpPAEHETO MOXKE Ja € TOYHO IOYHYBAjKH Of
Hekoe n,> 1. Toram NpuHIUIOT UCTO TaKa MOXKe J1a ce KOPUCTH, NIPHU IITO
TOYHOCTA Ha TBPAECHETO K& Ouje BaIUHA 3a CUTE NMPUPOJHU OPOEBH OCBEH
3a KOHEYHO MHOTY, U Toa n, — 1. Jla 3a0enexume feka NOCTOjaT U APYrd
(hopmynanum Ha TPUHIMIIOT HA MaTeMaTUIKa UHAYKIIH]a.

Ilpen pma ja wmckaxeme TakaHapeyeHaTa OWHOMHa ¢opMmyna, Ke
BOBEJIeME HEKOH O3HaKM.

Hegpunuyuja 1.1. Tlpoussonor 1-2-3- ... -n ce o3HauyBa co n! (ce
yuTa eH pakropuen). [To pedpurnnmja ce 3ema 0! = 1.

Hecunuyuja 1.2. Bpojor

nn—-1)n-2)---(n—k+1)
k!

unu OpojoT
n!
kl(n—k)!

n
ce BUKa OMHOMEH KOe(PUIMEeHT U ce O3HadyBa CO (kj (ce unTa eH Haj Ka).

[IpuToa BO mpBHOT caydaj camo k e MmpupojeH Opoj, fofeKa BO BTOPHUOT
cJy4daj OCBEH k M n e mpupojieH 6poj u n > k. [1o pecpununmja ce 3ema

o)

Ocoo6una 1.1. 3a cexoj npupopeH 6poj k u cekoj mpupopaeH 6poj i (k >

i) € TOYHO PaBEHCTBOTO :
k k k+1
+ = :
i i+1 i+1

R (kYK k! KRG+ Rk -i)
i) i+1) ilk=i)! G+DIk—i=D!  G+DIk=i)

Jlokas:

B i+1

_ klk+1) (k+1)! k+1
DUk -0 G+D[k+1-G+D] '

11





Tnasa 1

Teopema 1.1 (bunomna d¢opmyra). Heka a m b ce peanHm
(kommiekcHM) 6poeBu. Torair 3a cekoj mpupojeH 6poj n Baxku popmyiiaTta

n ny o, ny ., 5, ny . .
(a+b)"=| |a"+| @b +| @b +..4+| |a"'b +..+
0 1 2 i
n 17.n-1 n n
+ ab”™ +| b".
n—1 n

Hoxas: Bo noka3oT ce npuMeHyBa MaTeMaTUyKa MHAYKIH]ja:

1 1
1. 3a n = 1 uMaMe TOYHO paBeHCTBO (a +b)' = (Ojal + {l]bl.

2. Heka e TOYHa MHAYKTHMBHATa IPETHOCTaBKa T.e. HEKAa € TOYHO
PaBEHCTBOTO

k k k k o
(a+b) = (Ojak +(1ja’”b1 +(2]ak2b2 +...+( Ja’”b’ +ot
1
k k
+ a'b* +| " |p".
k-1 k

TpruyBame oj jeBaTa cTpaHa Ha popMmysiaTa 3eMajku 3a n = k+1 u
OCBEH MHAYKTHBHaTa NpeTNocTaBka Ke ja Kopuctume ocobuHata 1.1 m

dakTorT gexka
k+1 1 kY (k) (k+1
o) (o) (k) k+1)
Toram umame
k k k kY .
(a+b)"" =(a+b) (a+b)= [(Oja" +(1Ja“b1 +(2ja“b2 +...+( ,Ja’”b’ +..
1
k 17, k-1 k k k k+1 k k kg1 k
+ ab” +| b Na+b)=| |la”" +][|  |+]| [lab +..+[ |+
k-1 k 0 1 0 i
k - k k k k+1 k+1
+ o {la™h 4+ |+ la'b" +| | = a™' + a'b' +
i—1 k k-1 k 0 1
k+1 k+1 o k+1 k+1
+ a“'b*+..+|  |a"h +.+ a'b* + b,
2 i k k+1

Bupnejku ja mobuBme fecHaTa crpaHa Ha dopmyrara 3a n = k + 1, cnegysa
JieKa PpaBEHCTBOTO € TOYHO 3a n = k + 1 W coopel NPUHIMIOT Ha
MaTeMaTU4yKa MHAYKIKja JOKA30T € 3aBpIIIEH.

12





§1. Peaaru 6poesu

3a OMHOMHHUTE KOE(UUUEHTH IOCTOM HEKOja CUMETPUYHOCT KOja
IIPOMU3JIETYBa Off WAEHTUTETOT
n n

k n—k)
co uyMja nomoul ce kKoHcTpyupa Ilackanos tpuarosnnuk. ITocrojaTt u gpyru
BPCKU M CBOJCTBA KOM ce€ M3y4yyBaaT BO MoceOHa MaTeMaTH4YKa JACHUIINHA

. n
Hapc4dcCHa KOM6I/IHaTOpI/IKa, BO KOQja OMHOMHHOT KOG(i)I/II_[I/ICHT K ce

O3HAYyBa " CO C,’f U TpeTcTaByBa OpoOj Ha KOMOMHAIUYU Off # €JIEMEHTH Off
KJacara k.

1.2. AKCMOMATCKO BOBEAYBAIBE
HA PEAJTHUTE BPOEBUA

Peannute OpoeBu ce ejleMEHTM Ha €IHO MHOXKECTBO BO KOe€
aKCHOMATCKHU ce JiepuHupaaT ABe OMHAPHU ONepalluyu HapedeHU coOOupame
U MHOXEHEe WU efHa OWHapHa peJanudja HapeuyeHa ToJfipeflyBame Cco
aKCHMOMATCKO 3aJI0BOJIyBal€ HAa HEKOW 3aKOHU, OJHOCHO OCOOWHH.
BeymHoct, Ha TOj HauWH ce AeduHupa egHa anaredapcka crpykrypa. MHaky
er3ucTeHIyjaTa Ha OBUE anrebapck CTPYKTYPH Ce 3aCHOBA Ha MPUPOHO
UCKYCTBO U €r3UCTEHIMjaTa Ha peayHuTe OpOEBH MOXKeE Jla ce MOKaxKe aKo
ce mpudaTH er3ucTeHInja caMO Ha MPUPOJHUTE OPOEBHU.

TounaTa fedununmja Ha anrebapckaTa CTPYKTypa YU €JIEMEHTHU Ke
Oupat peajiHUTE OpOEBU Ke Oufie JajgeHa H1u3 CUCTEMOT akcuomu off I o VI,
noafajku ojf HEMpa3HO MHOXKECTBO R UMMINTO €JIEMEHTU Ke T'M Hapeueme
OpoeBu.

|. AKkcuoma 3a peranmjaTta nogpeayBame co O3HaKara “‘<”

3a kou Ousio fiBa 6poja @ U b e 3aJloBOJIeHa €[lHa U CaMO €JHa Of
CJIE[THUTE TPU BPCKU:

1°a<b, 2°a=b, 3°b<a (penammjaTa < ce ynTa “HOMaio”).
I,. Akoa<bub<cToram a < c¢ (TPaH3UTUBHOCT).

AKO a < b unu a = b, Torau ckpaTeHo Ke numysame a < b. Yecro ce
ynorpeOyBa 03HaKaTa > AepruHUpaHa co b > a ako 1 caMo aKo a < b.

13





Tnasa 1

Il. AKkcuoma 3a onepanujata coonpame co 03HaKa “+

3a kou 6ui0 iBa 6poja ¢ U b MOCTOM €JHO3HAYHO OIpefiesieH 6poj ¢
HapeyeH 30up, Ipu WTO ¢ =a + b.

I1;. 3a xou 6umno aBa Opoja a u b Baxu a + b = b + a (KOMyTaTUBEH
3aKOH).

II,. ITocTon 6poj HapedeH Hyna co o3Haka (), TaKOB LITO 3a KOj OMIIO
6poj aBaxu a+0=a.

II5. 3a xou 6uno Tpu Opoja a, bu ¢ Baxu (a + b) +c=a + (b + ¢)
(acoumjaTUBEH 3aKOH).

I14. 3a cexoj 6poj a moctou 6POj HapeueH CIPOTUBEH Ha OpPOjOT a cO
O3HaKa —a, TaKOB IITO Baxu a + (—a) = 0.

e 7

I11. Akcuoma 3a onepanyjata MHOKeHh€ CO O3HAKATa

3a kou Ouno ABa 6poja a U b MOCTOU €JHO3HAYHO OIpefesieH Opoj ¢
Hapey4eH MPOU3BO/, IIPU IITO ¢ = a-b.

III,. 3a kom O6mio nBa 6poja a m b Baxku a-b = b-a (KOMyTaTUBEH
3aKOH).

Il,. 3a kom Owno Tpu Opoja a, b m ¢ Baxu (a-b)c = a(b-c)
(aconmjaTHBEH 3aKOH).

II1;. ITocTtom Opoj paznuuyeHn o 0, HapedyeH eguHUIA CO O3HaKa 1,
TaKOB IITO 3a MPOU3BOJICH OpOj a Baxku a-1 = a.

IIl4. 3a cekoj Opoj a paznuueH of 0 mocrou GpPOj KOj ce HapeKyBa

. 1 1
UHBEP3€H Ha OPOjoT @, CO O3HaKa —, TaKOB IITO BaxXu a-— = 1.
a a

IV. AKcoma 3a BpcKHuTe Mery onepanujara cooupame, onepanujara
MHOJKeH-€ U pejianujaTa nojpenysame.

IVi. Ako a < b, Toraui 3a Koj Ouito Opoj c Baxku a + ¢ <b + c.

IV,. Akoa<bwu 0<¢, Toram Baxu a-c < b-c.

IV;. 3a kou Ouno tpu Opoja a, b u ¢ Baxu (a + b)c = a-c + b-c
(mucTpuOyTUBEH 3aKOH).

V. Akcuoma Ha Apxumeq

3a k0j 6110 Opoj a NOCTOM NPUPOAIEH OPOj # TAKOB IITO BaXKU a < A.

14





§1. Peaaru 6poesu

VI. Akcuoma HA HENPEKHHATOCT

OsBaa akcmoma ce HapeKyBa U IPUHIUI Ha HETIPEKUHATOCT U € JOCTa
BakHa BO MaTeMaTWukaTa aHanu3a. [Ipen ma Oupe dopmynupana, Ke
najieMe HEKOJIKY HEONXOMHY IePUHUIUN.

Hecunuyuja 1.3. 3a TOTMHOXKECTBOTO A O MHOXKECTBOTO OpOeBU R
BeJIMMeE JleKa € OrpaHrYeHo ofrope (OoAaoy) ako moctou 6poj M (m) om R
TaKOB IIITO 32 KOj 6uyo 6poj a on A Baxku a < M (m < a). Bpojor M (m) ce
HapeKkyBa MajopaHTa (MUHOpaHTa) WM TopHa (moiHA) Mefa Ha
MHOXKECTBOTO 4.

Hegunuyuja 1.4. Betume neka MHOXECTBOTO A € OrpaHUUYEHO aKo €
OrPaHUYEHO U OOy U OArOpE.

Hecpunuyuja 1.5. Bpojor M (m) ce HapeKyBa cynpeMyM (MHPUMYM)
WM TopHa (J07THa) Mefa 3a MHOXKECTBOTO A TIOJIMHOKECTBO Off R aKko:

1° M (m) e majopanTa (MEHOpaHTa) 32 MHOXECTBOTO A.
2° 3a mpomssonen 6poj ¢ > 0 mocrom GapeM efeH Opoj x Of
MHOXKECTBOTO A €O 0ocoOMHa x> M —g(x <m + ¢).

Bpojor M (m) ce o3nauyBa co supA (inf4).

Jla 3alenexuMe JieKa € Ba*KHO Ja c€ pasrpaHuud (PakToOT JeKa
OpOjOT x HE € eUHCTBEH 3a ceKoj Opoj & TYKY 3a efleH Opoj & MOCTOU efieH
6poj x, 3a Apyr Opoj & (pa3imuueH oj MPBUOT) TOCTOU APYT (WJIM MCTHOT)
6poj x, U.T.H. (MOHEKOTralll HAMECTO M3Pa3oT “3a MPOU3BOJICH OPOj & “ MOKe
lla ce CpeTHe M3pa3oT “3a Koe Ouio ¢ mnm “3a cekoe ¢°). Bo Hekoja
nuTepatypa sup4 ce AeUHMpA W KaKO HajMalla MajopaHTa, a infA Kako
HajrojeMa MUHOpaHTa HO 3a TOa MPETXOAHO Tpeba J1a ce JofaaT yIITe JIBe
neduHUIMY 32 HajMaJl ¥ HAjTOJIEM €JIEMEHT Ha €IHO MHOKECTBO.

Hecpunuyuja 1.6. Axo sup4 (inf4) e Opoj koj My mpumara Ha
MHOXKECTBOTO A, TOTalll BEJIMME JieKa TOj Opoj € MaKCUMyM (MUHUMYM) WJTA
HajroseM (HajMal) eJIeMEeHT Ha MHOXKECTBOTO A.

AKCHOMA Ha HENPEKUHATOCT:

Cexkoe Hempas3HO Ofrope OrpaHMYeHO MOAMHOXKECTBO Off R mnMa
cynpemyM (TopHa Mera) Koj mpunara Ha R.

15





Tnasa 1

MmuoxecTBO R BO Koe ce 3ajoBoJieHn akcuomute I mo VI ce Buka
MOTHOJIHO TIOfIpefieHo MmoJjie (KaKo crenujajiHa anrebapcka CTpPyKTypa) Ha
peanan OpoeBu. Cekoj eleMeHT Ojf MHOXKECTBOTO R ce HapeKyBa peajieH
6poj. [la 3abenexunme ieka akcuomaTa V BCYILIHOCT € TeopeMa Koja MOxKe
la ce AoKaxke co akcuomara VI, HO mopajgM Hej3MHAaTa BaXXKHOCT ja
HaBeJlyBaMe MOCeOHO.

1.3. AIICOJYTHA BPEJHOCT HA PEAJIEH BPOJ

Hegunuyuja 1.7. AnconyTHaTa BpPEmHOCT Ha peajieH Opoj a ce
HapeKyBa peajieH Opoj, co o3Haka | al, 3a koj Baxu:

a, 3a a=>0
lal =
—a, 3a a<0

On camara neduHHIIAja € jacHO JieKa ancoJlyTHaTa BPEIHOCT (Kako
peasien Opoj) e ceKoraiml morojieMa WM e[lHaKBa Ha HyJja, T.e. CeKorall
Baxu | a| >0 3a koj 6Gurno peanen 6poj a.

Jema 1.1. Heka a € R. Toraiu Baxu:

a) |al =|-al; 6) a< lal; B) —a<|al.

Hoxas: a) Cnopep akcuoMara 3a moApefayBame 3a opoeBute a u 0
€IMHCTBEHO € MOXEH CaMO €JIeH Of CIETHUTE CIyJau:

1°a<0; 2°a=0; 3°a>o0.
Ke ' pa3rnenaMe CUTEC TpI/I Cﬂyan/I OE€JIHO.

1° Axko
a<0,

Toraul criopef efHa nocneguna Ha IV, Baxu
—a>0,
na crnopep neuHMIjaTa 3a arncojlyTHa BPEJHOCT UMaMe
lal =-a u |-al =—q,

CO ILITO I'o JOOMBME 0APaHOTO PABEHCTBO.
2° Ako
a=0,
TOrau u
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—a=0, lal=0, |-al=0,
CO IITO MOBTOPHO ce 0OMBa 6APaHOTO PABEHCTBO.
3% Ako
a>0,
TOTarl
—-a<0

U criopef fe(pruHUNMjaTa 3a alcojayTHa BPEAHOCT K& UMame
lal =a m | —al=—(-a)=a,
1a MOBTOPHO ce 1o01Ba 6apaHOTO PaBEHCTBO.
Co TOa 10Ka30T € 3aBpIIEH.
6) U oBae Ke ru pasriefaMme cuTe TPU MOXKHH CITyJam:

1° Ako
a>0,
TOorall
lal=a,

na ro fobuBamMe 0apaHOTO HEPABEHCTBO.

2" Ako
a=0,
TOranl
lal =0,
1a MOBTOPHO T'0 JoOMBaMe GapaHOTO HEPABEHCTBO.
3% Ako
a<(,
TOrall
lal=—a,

1a 3aMEHETO BO HEPABEHCTBOTO ce JOOMBa
a<-a,
mTo e TouHo (cmopen IV a + (—a) < 0 + (—a), omHOCcHO 0 < —a. Cnopen I; of
a<0u 0<-agcnenyBaa<-a).
Co Toa 10Ka30T € 3aBpIIIeH.

B) Jloka30T ce u3BeyBa Ha UCT HAYMH KaKo IMOJ a) 1 0).

Jlema 1.2. 3a kou 6uno0 peanHu OpoOeBH a U b € 3aI0BOJICHO

a) la+bl<|al+]bl

17





Tnasa 1

6) llal-Ibll<la-b
B) lal-lbl=la bl

P14 |a|

a
5 = ﬁ; CO TpeTnocTaBka jieka b = 0.
Hoxas: a) On Jlema 1 crenysa:

a<lal, (1)
b<|bl, ()
—a<|al s 3)
~b<|bl. 4)
Axo ru cobepeme (1) u (2), ke mobueme

(a+b)< lal+|bl. (5)

Axo nak ru cobepeme (3) u (4), Ke uMmame
—(a+b)< lal+lb]. (6)

On (5) u (6) ciopen necuHAUNIEjaTa 32 aICOTYTHA BpeHOCT (TJIeIaHa
HaHa3aj) ro nobmBame 6apaHOTO HEPABEHCTBO.

HepaBenctBoTo mop 6), KaKO W paBeHCTBaTa MOJ B) W T) ce
MIOKaXKyBaaT Ha CIIMYCH HAUWH.

1.4. HEKOM BAXKHHU INOC/IEIUALIN

Kako mTo Beke 3abenexaBMe, ToieM Opoj MOCHENUIA Of
akcuomute I o VI Beke ce mo3HaTu off cpeHo oOpa3oBanue. Cenak, OBje
K€ ce 33JJp>KNMe Ha HEKOU Of] HUB.

Iocaeouya 1.1. 3a xou 6mio ABa peanHu 6poja a u b, a > 0, mocTon
uen 0poj n > 0 TakoB WTO n- a > b.

/[loxa3: HaBuctuHa, o ApxuMmenoBaTa akCHMOMa CJIEeAyBa JieKa 3a
. b ) b

peanHuoT Opoj — TMOCTOM 1ea O6poj n > 0 TaKOB WITO 1 > —, Of] Kajie IITO
a a

crneqyBa 1 6apaHOTO HEPABEHCTBO.

Ilocaeouya 1.2. Ako 3a cexoj peajieH NO3UTUBEH OpOj & BaxKH

|a|<g,ToraLu a=0.

18





§1. Peaaru 6poesu

oxka3: [1a npeTnocraBuMe 0OpaTHO, T.€. HEKA

a+0,
OJ1 Kajie IITO ClIeiyBa
|a|¢0, Te. |al >0.

Heka 3a & ro 3eMeMe 6pojot | al .
bupnejku criopen yciaoBOT HEPABEHCTBOTO Tpeba 1a BaXKM! 3a CEKOE &,
Ke BaXu U 3a
e=lal,
T.€. K€ BaXu
lal<lal,

HITO € BO KOHTPAaAUKTOPHOCT co akcuomata I. Cropen Toa

a=0.

ITocaeouya 1.3. Hynarta e euHCTBEHA.
Loxa3: Heka 0, u 0, ce nynu u 0, # 0,. Toram
0,=0,+0, =0,+0,=0,,

LITO IPETCTaByBa KOHTPAAUKTOPHOCT. I1pu Toa e kopucrena ocoounara II;.

JlecHO ce foKaxkyBaaT CIEIHUTE MOCIECIUIIN.

ITocaeouya 1.4. Axo a +b=a + ¢, Toram b = c.

[YnatctBo: (a+b)+(-a)=..=b,(at+c)+ (-a)=..=c]

Ilocaeouya 1.5. Ya, b € R, mocTon eNUHCTBEH peasieH Opoj x, Taka
mTo a +x = b.
(EnmHCTBEHO pelieHre Ha IMHeapHa paBeHKa CO eJHa HEel03HaTa. )

ITocaeouya 1.6. Axo a- b= 0, Toram g =0 unu b = 0.
(Bo R HeMma fienuTesN Ha HyJIaTa).

Bp3 ocHoBa Ha akcmomuTe ce AeUHUpaaT U APYrd ONepaluu u
MOCJIeINIIN, Ha TIpUMEp olepanmjaTa og3eMame (a — b ce gepuHIpa KaKko a
+ (-b)), omepanujaTa feliewme, onepanujaTa CTENeHyBame, onepanujaTta
KOopeHyBame 1 Ap. Cenak, Kako HenocpegHa nocieauna of VI akcuoma Ke
ro HaBeJEMe YIITE CIEAHOTO TBPACH:E:
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Iocaeouya 1.7. Cexkoe Hempa3HO  OJlOJY  OTPaHUYEHO
MOIMHOKECTBO Of] R MMa JIoJIHa Mefa, OMHOCHO UH(pPUMYM, BO R.

Jlocera He ru cCIOMHaBMe UpalyoHanHuTe OpoeBu. BeymHocT Toa ce
peasiHu 6poeBU KOM HE ce PalMOHAIIHA ¥ HUBHOTO MHOYXKECTBO CE€ O3HauyBa
co 1. Moxe na ce mokaxke Jieka Mef'y iBa peajHu Opoja uMa OECKOHEYHO
MHOT'Y KaKO palluOHaJIHU, TaKa U UpalMOHAIHU OPOEBHU.

MHuoxkecTBOTO / HE € pa3Ho MHOKecTBO. Ha mpumep, 6pojoT x Koj e
pellleHne Ha paBeHKaTa x° = 2 My IpHIara Ha TOa MHOXECTBO. 3a Jla ro

MOKaxkeMe TOoa, Ke MPEeTIOoCcTaBUMe JieKa TOj Opoj € pallMOHaNIeH T.€. MOXe

Ja c€ MpETCTaB/U BO BU]] Ha IPOIIKa £ , Kai€e MITO p U g CC 3a€MHO IIPOCTU
q

nemu 6poesu. Co 3aMeHa BO paBeHKATa ce Jo6MBa p” = 2¢°, MITO 3HAYH p°
OJHOCHO p € TapeH Opoj M MOKe Jia ce 3amulie Bo BUf p = 2k, Kajie To keZ.
Co IOBTOpHA 3aMeHa Ha p ce JobmBa ¢~ = 2k*, IITO 3HAYM U ¢ € TapeH 6poj,
IITO € BO KOHTPAJUKTOPHOCT CO IMPETIOCTaBKaTa p U ¢ Ja Ce 3aeMHO
npoctu OpoeBu. Cnopep Toa Toj Opoj He € panroHaleH Opoj.

Ipumep 1.2. MHOXECTBOTO

A:{ﬁ | m,n e N,m<n)}
n

OJ] CUTE IIPABUJIHYU MMO3UTUBHU JAPONKHN HEMA HAjrOJIEM HU HajMal EJIEMEHT,
OJIHOCHO HeMa supA 1 HeMa inf4 Kou Ou npumnarane Ha Toa MHOXKECTBO.

Pewenue: Ke nokaxkeme geka 0 e infA.

1°0e MUHOpaHTa Ha A OupiejKu LS 0Vm,n e N.
n

2° Heka & e Ipon3BoJIeH MO3UTHBEH peanen 0poj. O ApxuMmenoBaTa
akcuoMa cJieJlyBa iekKa MOCTOU MPUPOJIeH Opoj 1y (32 TOA £) TAKOB IITO

1 1
ny> —, OMTHOCHO — < & (aKo e no= 1, Toram ce 3ema ng+ 1 > ng, T.e. 2>1).
e n,

| : .
bupejku — € A4, np# 1, mokaxkaBMe fieKa 3a CEKOj NO3UTUBEH peajieH Opoj
n
0

.1 . 1 .
gnocron 6poj — € A 3a Koj Baxku 0 < — < 0 + & ogHOCHO fAeka inf4 = 0.
ny ng

Ho 0 ¢ 4 mto 3Haunm 4 HemMa HajMaJll eJIEMEHT.

IIpumep 1.3. sup(4 + B) = supA + supB,
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Kajie MTo
A+B={a+b|aecA,be B}.

Pewenue: Hexka

ao= sup4, bo= supB,

1N HEKA O3HaA4YUME
Co= Ao + bo.

1°  (ap=supd = Va € 4, a < ap);
(bo=supB = Vb € B, b < by)
=>V(at+tb)e A+ B,a+b<ay+ by (=cp).

3Hauu, ¢y € MajopaHTa 3a 4 + B.

20 ay=supAd u by=supB=>Ve, da. €Aub.eB
Taka IITO BaxKu

£ €
ag >a — T bg >b - .
) )

3Haun, MoCTOn
c: = (ag +b;) € A+ B,
Taka IITo

Cg>((l()—§)+(bo—§)200—€,

CO IITO JOKA30T € 3aBpUICH.

1.5. TEOMETPUCKO ITPETCTABYBAILE HA PEA/THUTE
BPOEBU. IPOIMUPEHO MHOXKECTBO HA PEAJTHUTE BPOEBU

Peannute 6poeBr MOXKaT r€OMETPUCKH Jja C€ MPETCTaBaT CO TOYKHU
of] efiHa OpojHa Mpasa.

Hecunuyuja 1.8. BpojHa ocka ce HapeKyBa HacOueHa NpaBa Ha Koja ce
(pukcupanm aBe TOUKM Kou ce o3HauyBaat co 0 (moueTok) u co 1 u Ha Kou
UM ofiroBapaat peannute 6poesu 0 u 1.

Mozke fa ce mokaxe Aeka Ha ceKoj peajieH Opoj My OofiroBapa caMo
eflHa TOYKa of] OpojHaTa OcKa U 0OpaTHO.
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[To3uTuBHUTE peanHun GpoeBH (T.e. peaTHUTe OPOEBH ¢ 32 KOM BaXKH
0 < a) ce mpeTcTaBeHM CO TOYKHM OJf JIeCHaTa CTpaHa Ha HyjlaTa, a
HETaTUBHHUTE peajiHu OpoeBH (T.e. peaHUTe OGPOEBM a 3a Kom Baxku a < ()
ce IMPETCTaBEeHW €O TOYKM Of] JIeBaTa CTpaHa Ha HyJata. YecromaTtu
HaMecTo “a e momajio of b” (“b e morosemMo of a”’) ce Belu “a ce Haora
neBo of b” (“b ce Haora ecHo off a”).

Hecpunuyuja 1.9. Heka a u b ce agBe TOUku o GpojHaTa OCKa 332 KOU
BaXM a < b. MHOXECTBOTO TOYKM X Off OpojHaTa OCKa 3a KOM BaxKarT
HEpaBeHCTBaTa

a<x<b
ce HapeKyBa OTBOPEH MHTEPBAJI U CE€ O3HAUYBa CO

(a, b).
MmuosxkecTtBarta

{(xIxeRa<x<bl u f{xlxeRa<x<b}
ce HapeKyBaaT MOJIyOTBOPEHU UHTEPBAJIM U CE O3HAYYyBaaT CO
[a,b) m  (a,b]

COOJIBETHO.
3aTBOpPEH MHTEPBAJ WU CETMEHT Ce HapeKyBa MHOXKECTBOTO

{x| xeR a<x<b}

U ce 0O3HauyBa co
[a, b].
ITocneqHOTO MHOXKECTBO YECTO CE HapeKyBa U OTCeYKa CO JIOJKUHA
b—a.

Hecgunuyuja 1.10. Heka a, ¢ € R u & > 0 (wim 0 e momajo of &).
MHOKeCTBOTO TOYKH X Off OpOjHaTa OCKa 3a KOM Baxu |x — a |< ¢ ce
HapeKyBa £-OKOJIMHA Ha TOYKAaTa a ¥ ce 03HavyBa co V(a, &).

Mozke ma ce oKaske jleKa HepaBeHCTBOTO

|x—al <e
€ €KBUBAJICHTHO CO CUCTEMOT HEPaBEHCTBA

x—a <ég —(x—a)<e;
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OHOCHO
x<a-+eg xX>a-—- ¢,
OIHOCHO
a—&c<x<a-+te.

3Haun, TeOMETPUCKU £—-OKOJMHATA HA TOUKATA d € MHTEPBAJIOT
(a—¢ga+e).
Heunuyuja 1.11. Toukata a € R e TOUKa Ha HaTpynyBame (TOUKa

Ha 3TyCHYBam-€) 32 MHOXECTBOTO E C R aKo ceKkoja Hej3uHa okonmHa V(a, O)
cofipKu O0apeM efiHa TOYKa Ojf MHOXECTBOTO E pa3iinyHa of a.

Hepunuyuja 1.12. Toukata a € R e BHaTpemrHa TOYKa 3a
MHOXECTBOTO E < R akKo NOCTOM HE€j3WHa OKoauHa V(a, O) Koja €
MOJIMHOXECTBO Ha MHOXKECTBOTO E.

MHOKeCTBOTO Off peaqHUuTe OpOEBH MOXE Jla c€ MPOLIMPH CO YIITE
liBa elIeMEeHTa CO O3HAKU —oC M +oc, Taka IITO 3a CeKOj peaneH O6poj a ma
BaXaT (OpPMaJIHO BO MPOIIMPEHOTO MHUXKECTBO CIECTHUTE OCOOMHM:

a)—oc <+oc U —oc<a<+oc,
0) a+ (+x)=(+x)+a=+x; a+ (—x)=(-x)+a=—cx,

B) aKko a > 0, Torant a-(+oc) = (+oc)-a = +oc 1 a-(—oc) = (—oc)-a = —cc,
ako a <0, roram a-(+oc) = (+oc)-a = —oc ¥ a-(—oc) = (—oc)-a = +o,

nlo o
oC

— oC

OBa mpommupyBawme IO NpUMEHYBaMe€ U BO Ne(HUHUPABETO HA
UHTEpBAIM W TOJAyuHTepBaidu. VIMeHO, ce neduHUpaaT M CIETHHUTE
MHOKeCTBa (MHTEpBaJIn):

(x| xeR,x<a} = (-, a); (x| xe R, x<a}= (-, al;

(x| xeR,x>a}=(a,+x); {x| xeR x<a}=[a,+x); R=(—ox,+x).

+
Nzpasure mak (+oc) + (—oc), 0-(foc), ;—OC, He ce AeuHHMpaaT BO
T oC

MPOIIMPEHOTO MHOKECTBO U CE HAPEKyBaaT HEONPENEIEHN U3PA3H.
1.6. IENNMAIJIEH 3AIINC HA PEAJIEH BPOJ.
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BPOJHU CUCTEMU

Hexka a e mpou3sBosieH mo3utuBeH peajieH Opoj. Op akcmomaTta Ha
Apxumeq ciiefiyBa jieKa IOCTOU IPUPOAEH Opoj 1y TakoB IITO a < no. Heka
mo + 1 e HajManmoT (M e UHCTBEH) Off CHTE NPHUPOJHM OpOEBH CO Taa
ocobuHa (Toctou criopen nocieaunara 1.7 og akcuomara VI). Toram

mp<a<mp+1l m 0<a-my<l1, 0<10(a—-mp)<10.
ITonaTamy 3a peanHHOT O6POj
10(a — my)
MOCTOU MPUPOJEH OPOj 7] TaKa IITO
ni < (a—mp)l0.

Co m; Ke ro O3HauMMe HAJrOJIEMHUOT Off CUTE NPUPOAHHM OPOEBU CO Taa
ocobmHa (KOj € e uHCTBEeH W mocTom cropen akcmomata VI). Ilpuroa,
opajiu HePaBEHCTBOTO

a—-my<l,
Ke ouje
0<m; <10.
3Haun
my <(a—my)l0<m +1,
OTHOCHO

m
0<10%a—my— —1<10.
[ 0 10]

ITonaTamy, ciopes ucraTa mocTanka 3a peajgHuoT Opoj
m
10[a — mg — —
[ "~ o ]

K€ IOCTOM €IMHCTBEH MPUPOJIEH OPOj my TaKa IITO
m
0 < my < 10*[a — mo— 1—1] < mp+1

O]l Kajie IITO ClIelyBa eKa

0<m<10 u 0<10[a—m— = - 2]<10.
1010

Hapenen uyekop Ke Owuje ers3ucreHUujaTa M E€JUHCTBEHOCT Ha
NpUpOJIEH Opoj m3 3a peaJHuoT Opoj
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103[a—m -— - — WTH.

[MponmomkyBajku ja oBaa mpouenypa (aaropuram), Ke gobmeMe HHU3a Off
MIPUPOAHU OpPOEBU
mo, Mp, M2, ..., Migy M1, ...

YUY YJICHOBU I'M UMaaT CIICIHUTEC OCOOMHU:

k+1 m m m
0 < mpei< 105 fa—mo = T = 5 == o

0<m;<10, i=1,2,...k+1, keN°(=NuU{0}),

1 <myp +1,

m, m, m, . .
a>my+ — +—= +.+ —-, 3a CeKOj IPUPOJieH OpOj k.
10 10 10
I[Tonatramy ce moOKaxKyBa JeKa a BCYIIHOCT € CYNpPEeMyMOT Ha
MHOXECTBOTO Of] OpOEBUTE
m, m, m, m, m, m,
mo,mo+ —,1’1’10+ — + — ,...,1’Il0+ — + s + .t BV
10 10 10 10 10 10
HalWIIaHW BO HW3a TNO TOJEMUWHA W CHTEe TNoManu Of OpojoT a (BO
COTJIACHOCT CO CAaMHOT aJTOpUTaM).
3Haum, 3a CEKOj MO3UTHUBEH peajieH Opoj @ mocTon HU3a (6ecKoHeUHa
WV KOHEYHA) Of] MPUPOJHN OpOEBU

ceey

mo, mi, My, ..., Mg, ... ,0< mp<9, ke N,
Taka IITo:
m m
a=my+—+—= +..+—~
10 10 10
3anucor

a=momymyms... My...
C€ BUKa NCIMMAJICH 3alluC Ha pCaAJTHUOT 6p0] a1 € €EJUHCTBEH OCBECH 3a €JHa

Kjlaca panuoHajHU OpoeBW (IpuMep: % = 0,125000... = 0,124999...) yun

YJIEHOBU MMaaT TOYHO J[Ba AECIMMAaJIHM 3amuca. Toa € BCYIIHOCT KjacaTa
palnoHaIHA OPOEBU Kaj KOM UMEHUTEJIOT € JIEIUB CO MPOCT Opoj moMas of
10. Ce mokaxyBa jeka Ha NMEpUONUYHUTE ACUUMATHU 3alUCH OAroBapaar
panuoHanmHU OpOeBH, a Ha HENEepUONUYHHUTE [ACUUMATHH 3aluch
MpaAOHAIIHATE OPOEBH.
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Jla 3abenexxuMe feKa Mpu alirOPUTMOT TH KOPUCTEBME aKCHOMHTE V
n VI, OJHOCHO HHUBHUTE MOCIEAULM, CO IUTO € TrapaHTHpaHa camara
nocranka. MIcTo Taka, ceKOj HeraTuBeH Opoj MOXe Jla c€ UHTEPIpEeTUpa Ha
UCT HAayuMH CO ToOa IUTO CE 3eMa HeroBaTa alcoJlyTHa BPEJHOCT, a IO
nocrankata AOOMEeHWOT JeIMMAalIeH 3amuc ce MHOXH co —1 (OHOCHO ce
craBa MuHYyC Tipej; Hero). Cekoj palioHaJieH Opoj 3alMIlaH KakKo JpOIKa
MOXe Jla Cce 3amuile BO feluMalieH 3alHuc CO €JHOCTaBHO MeNeme Ha
OpOUTENIOT CO WMMEHHTEJOT, NMpPU IITO caMaTa IIOCTanka Ha [elemne
BCYIIHOCT € TMOEeJHOCTaBHa (popMa Ha BeKe W3HECEHHOT alrOpUTaM.
I[Iputoa e BaxkHO fAa ce 3abesekW fAeKa BO CaMHOT aJropuTam ce
KOpHCTEIIe AeceTKaTa, CO IITO BCYIIHOCT ce JoO0uBa Opoj 3amuiiaH BO
nekameH OpoeH cucreMm (Oeka [rpd.] = pmeceT) co ocHoBa pecer. Toa
BCYITHOCT 3HAYM JIeKa 3a 3aMUCOT ce KOPHUCTAT TOYHO JieceT 3HaIM (nudpn):
0,1,2,3,4,5,6,7,8,9. [IokOJKy ce KOPUCTH ipyra OCHOBA, JOOMEHUOT
3amuc Ke Oufie 3anuc BO MO3UIMOHEH OPOEH CUCTEM CO ApyraTa OCHOBA.

Op mo3unMoHNTEe OPOJHU CUCTEMH HAJUeCTO C€ KOPUCTH JCKAJTHUOT
OpOEH CHCTEM, a CeKaKO IMOTOoa EHTPAIHO MECTO 3a3eMa TaKaHapEUYeHHUOT
OMHapeH OpOeH CUCTEM CO OCHOBA ABa. [IpuunHaTa € YNUCTO MpakKTUYHA aKO
ce 3Hae JIeKa 3a 3alullyBamke Ha efleH Opoj BO IeKaJHUOT OPOEH CHUCTEM Ce
noTpeOHN feceT nudpu (3HANM), a BO OMHAPHUOT OPOEH CHCTEM CaMo JIBE.
[TpakTuyHOCTa MpOM3IEryBa Off TOA LITO 32 3aMUIIyBakETO HA OPOEBUTE U
3a W3BEAYBAamHETO HA apUTMETUUYKUTE ONepalu ce MOTPeOHH CTAOUITHH
cocTOjOH, a OOMYHO Kaj €NIEKTPOHCKUTE U eJIEKTPOMEXaHUUKUTE €JIEMEHTH
ce KapaKTepHCTUYHU JIBE PA3lIMYHH TNPHUPOJHU COCTOjOM (BKIYYEH WIIH
WCKJIy4YeH MpeKuaady, uMa Wi HeMa MpOTOK Ha crpyja u ci.). Cenak, 3a
CMETauyuTe € MHOTY BakHa M €KOHOMHYHOCTA Ha OpOjOT HA MO3UIMOHUTE
MecTa, Taka IITO MOKe Jia ce TMOoKaxKe Jieka OPOjHUOT CUCTEM CO OCHOBA TPHU
€ HajeKOHOMHUYeH, co 3alelemika jeka BO OMHAPHUOT CHUCTEM CHUTE
ApUTMETHUKU ONepalui ce CBeflyBaaT Ha olepalnyjaTa coOupame, IITO
TIOBEAyBa 10 MHOTY NTOMaJId MAIIIMHCKY TPEIIKH NPU 3a0KPYKYBabe.

Ha xpajor ga ro pasriefgamMe UCTOPUCKOTO U3TPaflyBambe HA MTOUMOT
peanex 6poj. Ilpupoguure, eaUTE U PaliOHAIIHATE OPOEBH, 32 KOU BasKaT
akcuomutTe off I mo V, Ouse mMo3HATU CO CHTE HUBHU CBOjCTBa YIITE BO
paHaTta aHTuKa. Toram 6miI Mo3HaT U MPOOIEMOT Ha NMOCTOEHE HEMEPINBU
OTCeYKM, Kako IITO €, Ha MpuMep, AOKMHATa Ha XWIIOTEHy3aTa Ha
IpaBOarojieH TPUAroJHUK YUU KaTeTh uMmaat foikuHa 1. Toj mpoGiem Ha
Oapame OpOj KOj Ke OiroBapa Ha JOJI>KMHATa Ha TaKBa OTCEYKa AOBEJ IO
MOMMOT HWpalyoHajieH 6poj, OMHOCHO OpoOj KOj HE € paloHalieH. 3Hauu,
MaKoO MHOXeCTBOTO () € Hacekajie rycro (Mefy fmBa palioHaJHH Opoja
ceKoraiml MoCTOM paiyoHajeH O6poj, HapuMep HUBHHUOT MONYy30Hup), cemak
Toa uma “pgynku”’. [IpoOmemMoT MOXe fga ce MocTaBM U CO CJegHaTa
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dopmynanuja. lanu mocrom O6poj umj KBagpaT (WM MOMHOXKEH CaM CO
cebe) e 2? 3Haum, HaCTaHaIa MPUPOIHA TOTpebda Off €THO MPOIINPYBahEe HA
MHOXECTBOTO palMOHAJHU OpOEBH, LITO € KOMIUJIETHO HalpaBeHO BO
BropaTa nonoBuHa Ha XIX Bek (Hemexunp (Dedekind), Kantop (Cantor),
Bonmnano (Bolzano), Baepmrpac (Weierstrass)), u Toa Ha pa3HW HAYHMHU:
Henexkwnn npeky T.H Jenexkunnosu npecenu (MHOXecTBa), KaHTop mpeky
IPUHLIUANOT 32 BIIOKEHU OTCEYKH UTH.

Ha cute HUB MM € 3a€HUYKO MOCTOEHETO WM HEMOCTOEHETO Ha
CyIpeMyM, OfTHOCHO UH(PUMYM, BO MOAMHOXKECTBO Of] palliOHAIHU OPOEBH.
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