Junjana IJajkocka, Ilpunen
IMOJIMMHNHA 1N NOBPU IMPABOATOJ/HUIIN

Bo oBaa CTaTI/Ija Ke I pasriaeaamMe nojanHuMarTra n IIOGpI/ITe IpaBOaroJHunu,
Kon HOKpaj TOa OITO C€ BaXHU 3a pa3BUBAakE Ha MUCJIOBHUOT NpoLeC Kaj YYE€HUIIUTE
nMaaT 1 Hu3a HHTEPECHU U IPAKTUYIHA CBOjCTBa.

1. IlenTomuna

IToumoT 3a mMONMHMMO 32 NPB MaT BO MaTeMaTHKaTa ce jaByBa Bo 1954 ro-
[MHA ¥ UCTUOT ro Bosea Solomon W. Golomb, npodecop Ha YHUBEP3UTETOT BO JyxKHa
Kaponuna. Orroram fo feHec THe He ja rybaT cBojaTa HNPUBJIEYHOCT, A HE CAMO
HITO Ce PElIEHH HU3a MaTEMaTHUKU 3araTKh, TYKy ce O0jacHETM M MHOTY KOH-
¢urypanun. Cnegnara guckycuja Ha Golomb € e[HO Off MOHOBUTE OTKPUTHja BO OBaa
o0Jracr.

dopmuTe KOU MOKPUBAAT NET CBP3aHU KBAJIpaTU C€ HAPEKYBAAT UEHIUMOHUMA.
ITocTojaT gBaHaceT BaKBH (DOPMHU, KOU Ce AafieHN HA pTex 1.
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Lpi. 1

Co oBme 12 meHTOHMMA, KOM BKyMmHO mMaat 60 kBagpaTu, Moxe fma ce gop-
MHUpaaT MOCTpPH Ha MpaBoaroiHuk co guMensun: 3 u 20; 4 u 15; 5 u 12; 6 u 10. o ce
offHECYBa J10 (POPMUPAKETO HAa MPABOATOJIHUIM CO TMOMOII HAa OBHWE [IBaHAeCeT
MEHTOHMMA f1a 3abelleXXuMe JieKa MCTUTE MOXKAT jla ce MOfeliaT BO /[BE I'PYNHU U CO
ceKoja rpyna IeHTOHMMaA fia ce hopMupa MpaBOATOIHUK CO AUMEH3uu S5 u 6. MHTe-
pecHo, 3ap He? O0uau ce fa T'M HapaBUIll CIOMEHATUTE MOCTPH HA MPaBOATOTHUIIN.

Hcro Taka e WHTEpeCcHO JieKa 3a [afiecHO MEeHTOHMMO, CEKOTalll MOXarT Jia ce
u3bepaT 9 of OCTaHATHTE CO KOM MOXKe fla ce o0pa3yBa MOfiell KOj € TpH IaTh
MOTOJIEM BO MOJKWHA W TPHW TMATH MOToJIeM BO ImmpwHAa. Ha umraTenoT My mpe-
mopadyBaMe CaMOCTOJHO jla TH HAallpaBy OBUE MOCTPH.

Bo HaTamoiHUTE pasriefyBama Ke JajfieMe YeTHpU MHTEPECHU 3aaull MOBP-
3aHU CO IEHTOMUHATA.

~

N

3apaga 1. [lopenu rm 12-Te meHTOHWMAa BO TpW T'pymH, 1O 4 BO ceKoja Tpyna,
TaKa IITO OJf CeKOja rpyma IMeHTOHNMA Jla MOXKeE J]a Ce COCTaBH UCTa MOCTPA.

EE
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Lpi. 2

Pemenne. [TocrojaT noBeke BakBu nofen6dbu. EnqHa o HUB e lafgeHa Ha IPTeK

2. ¢
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3apgauga 2. [Togenu ru 12-Te neHTOMUHA BO TpH Ipym, o 4 BO cekoja, a Mo-
TOa CeKoja rpyIa NojieNuja Ha IBe FPYIHU TaKa IITO CEKOU JBE HOBOJOOUEHH IPYIH Aa
NOKpHBaaT UCTA MOBPILIUHA Of AeCET EIUHEYHN KBaJPaTH.

Pemenne. ITocrojaT nmoBeKe BakBU NOMEI-
61, Off KOM efiHa € JlaficHa Ha [pTex 3. Of UpTexXoT ] ]
ce riiefia ieka 12-Te meHTOMUHA Cce TIOfEIEHH BO TpU | |
IpyIH Off IO 4 IEHTOMUHA, U TOA:
-so npBara rpyna: Uu I; Z u T, no naposuy;
-Bo Bropara rpyna: Xu L; Fu Y, no naposu; u
-Bo Tperara rpyna: W u V; N u P, o maposu. ¢ L 1

3apaua 3. [Togenu ru 12-Te neHTOMHUHA BO Lpu. 3

Tpu Tpymu, mo 4 Bo cekoja. Ha cekoja rpyma
[Ofafgy eIHO MOHOMHMHO (€IWHEYeH KBajpaT) u opMmupaj MpaBOATONHUK CO
ouMeH3uu 3 u 7.

Pemenne. Kao 1 BO mpeTxXofHUTE [IBE 3a/laud caMO Ke T'O NpuKaxeme pe-
LIEHNETO, LPTeX 4, KOe BO OBO]j CIyyaj € eqUHCTBEHO, CO 3a0esIelKa jeka BO IPBUOT
[IPaBOAroJiHUK Y HNEHTOMHUHOTO ¥ MOHOMUHOTO MOXaT fla ce IpeMecTaT, IpH IITO
MOBTOPHO Ke 3acpakaaT ucta 06yacT BO NIpaBoOaroJHUKOT.

Zoa) [J79) (B2 [2

Lpiu. 4 Lpiu. 5

3a ja ja mokaxeMe eIMHCTBEHOCTA, HAjIpPBO Aa 3abenexume feka X-MeH-
TOMHHOTO MOXe Jla Oufe ynoTpebGeHO camMoO BO KomOuHanuja co U-IEHTOMUHOTO,
nprex 5. [TonaTaMy, He MOXe Jla ce UCKOpHUCTAT HATY F, HuTy W-EHTOMUHOTO 32 fia
ce KOMIUJIETUPA OBOj IMpaBoaronHuk. Cera JIECHO ce riefia ieka eHHOT IpaBoaroJl-
HUK Ke T cofpXu U i X-TeHTOMUHATA, IPYTHOT Ke ro CORpXKH F-NeHTOMUHOTO, HO
He u U, a TpeTuoT Ke ro coppxu W-neHToMuHOTO, HO He U U. Co ucupnyBame Ha
CHTE MOKHOCTHU 3a pacnopefoT Ha NMEHTOMUHATa ce AOKaXyBa feKa IMpHKaXKaHaTO
pellIeHue € EANHCTBEHO. ¢

3apaua 4. Hajou HajMana o6nacT Ha Koja MOXe fia ce IIOCTaBH ceKoe off 12-Te
HNEHTOMUHA.

Pemenue. IIpBo Ke mokaxeme fiekKa He IOCTOM OOJacT cO MOManky of 9
KBajlpaTd Ha KOja MOXe Jla ce CMECTH ceKoe Off 12-Te MeHTOMHIHA. AKO ITOCTOU TaKBa
oOmact, Toram I, X u V neHToMnHaTa Ke ce cMecTaT Ha 00lacT co He moBeke of 8
kBasipaTu. IIpuroa nenromunara I u X Ke umaat 3 3aegHUUYKN KBagpaTu. OBa MOXe
7la ce HANpaBU HA J{Ba HAUMHMU, IPUKAKAHH Ha L[PTEX 6.

Cera nocraByBameTO Ha U-IIEHTOMHHOTO MOXKE J1a CE HallpaBU CaMO aKo Cce
UCKOPUCTH YUITE €fleH KBajparT, Ia 3aToa He € MOXHO cuTe 12 MEeHTOMHHA [la ce
HOCTaBaT Ha 06MACT Off caMo 8 KBajIpaTu.

Lpi. 6 Lpiu. 7
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Oo6macTtu o 9 KBaJipaT! Ha KOW MOXKAT Jla Cce TIOCcTaBaT cuTe 12 meHTOMrHA ce

OpUKaXKaHW Ha OPTEeX 7. ¢

ITo3HaTu ce moBeke OTBOPEHU HpO6JI€MI/I KaKO BO BpCKa CO HOJIeJI6I/IT6 Ha
IIEHTOMUHATA, TaKa U CO MOKPUBAKLETO Ha OAPENCHN obnacTv co momMomI Ha cute 12

IICHTOMMHA.
Hpen Ja HaBEJEME HEKOHM O] OBHUE Hp06ne-

.

MH Ke Ipe3eHTHpaMe Be HHTEPECHU KOH(Urypalun

BO KOHU C€ UCKOPHUCTCHU CUTE 12 IICHTOMHMHA, KON CE

napfenu Ha nprexure 8 u 9. Ilpuroa npeata KoH(pu-
rypangja e “nmpamMua’” 3a Yue COCTaByBame € MCKO- ]_‘

PHCTEH U €fIeH KBaJIpaT Co CTpaHa 2, a BTopaTa KOH- |

(urypamnmja e KpcT Koj € opoOpMEH caMO €O TTOMOIIT
Ha 12-Te neHTOMuHA.

3abenekyBaMe QeKka KOH(WrypamyjaTa AajieHa Ha
Oprex 8 coapsku 64 MONMba, KOJKY IITO MMa M IIaXOBCKaTa
tabna. [IpuponHo e ga ce 3ampariame aiy [aXoBcKaTa Tabiia
MOXKeE Jla ce TOKpWe CO MOMOII Ha 12-Te MeHTOMWHA W efeH
KBazpaT co cTpaHa 2. OAroBOpOT Ha OBa Mpallame € MO3H-
tuBeH. [IpuToa, ako KBaJpaTOT 'O CMETUME BO IIEHTAPOT Ha
ImaxoBckaTa Tabja Toram 12-Te MeHTOMWHA MOKeMe 1a THh
pacriopeauMe IypH Ha 65 pa3iamyHu HauwHA. Ha unrarenor 3a
Bex0a My mpernopauyyBaMe Jla ce oOuje ja Hajie HEKOJKY Off
oBHE 65 MOXKHY KOH(pUTYpanuy.

Ha xpajot off 0BOj ient Ke mpe3eHTupaMe HEeKOJIKY He-
pelieHn Mpo6JieMH, BO BPCKa CO MOKPHBakhe Ha OONACTH CO
12-Te MeHTOMUHA.

Ipoénem 1. Jlamum Moxe o6jacra NpHKaskaHa Ha
nprex 10 pga ce mokpue co 12-Te meHTOMUHA.

L]

Lpiu. 9

Bo Bpcka co 0BOj mpoGiieM He € HajaieH HUTY MO3UTHBEH HUTY HETaTHBEH
OTOBOp, AYPH U KOra MOHOMHWHO-TIpa3HWHATA € MOMECTeHa Ha Apyra Jokanuja. Ha
nprex 11 e mameHo HAjOMMCKOTO MPUOIIKHO pEIleHre KOe jlocera € HajieHO BO

BpPCKa CO OBOj MpOGIIeM.

I

T

Lpiua. 10 Lpia. 11

Lpi. 12

IIpo6aem 2. 3a obnacra Ha Herbert Taylor, koja ITO e mpuKaxkaHa Ha LPTEXK
12 ce BepyBa ieka e HEBO3MOXHO Jia ce TToKpue co 12-Te menrommHa. MefyToa jjocera

OBa TBPJACHC HE € HUTY NOTBPJACHO, HUTY ITaK € HETUPAHO.
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2. KpaTtpomnna

ITonuMmuHaTa KoM MOKpUBAAT 4 KBaJpaTH I'M HapeKyBaMme KBarpomuHa. IToc-
TOjaT MeT pa3IN4YHU KBaTPOMUHA, KOU ce AafieHN Ha pTex 13.

g g g, g M A,

Lpw. 13 Lpiu. 14

3a pasnmKka Off MEeHTOMUHATA, IETTe KBAaTPOMMHA HeMa f1a MOKpUBaaT Ipa-
BOATOJIHUK cO cTpaHu 4 u 5, ogHocHO 2 u 10. HaBuctmHa, ako fjajleHnTe MpaBOaro-
HUIU ' 000MMe BO JiBe 60M, KaKoO INTO € MpUKaXaHO Ha HpTexX 14, Torair cekoj of
HuB Ke nMa 1o 10 upau u 10 6enm monuma. MefyToa, yeTupuTe KBATPOMUHA IMaaT 1o 2
[PHY 1 IO fIBe GeNy MOoNuba, a fofeka KBaTpOMHUHOTO co oomuKk T mMa 3 KBajpaT of
enHaTa 60ja U efieH KBajpaT off Apyrara 6oja. 3Haud, MeTTe KBATPOMUHA CeKorair Ke
MOKpWBaaT HemapeH Opoj Moimma Off cekoja 0o0ja, ma 3aToa MOKPHWBAKETO HA OBHE
MPaBOATOTHUIM CO KBATPOMUHATA HE € MOSKHO.

3apgaua 5. Kopuctejku ru 4eTupu KBATpOMUHA U
Ef €IHO IIEHTOMUHO fla ce IOKpHe KBajpaT cO CTpaHa 5.

Pemenne. Cexako feka He € eJHOCTAaBHO Jia ce Haj-

Jie BaKBO TIOKpHUBambe, OMfiejKu pBo Tpeba a ce OAroBOpH Ha

MpallambeTo AU CEKOE IIEHTOMUHO MOXKE fla CE MICKOPUCTH 3a

Lpiu. 15 BaKBO IOKpHBamwe. 3aroa 6e3 fa HaBleryBaMe BO JeTanu Ke

JlajieMe JBe pellieHrja Ha IIOCTaBeHUOT mpobieM (mprex 15).
JIOKONKy cakaTe [a M HajAeTe U OCTaHATHTE MOKHHU MOKPHUBAaHKE Ha OBOj
KBaJ[paT CEKAaKO K& BH KOPHCTH CO3HAHUETO JeKa MOXaT Ja €€ MCKOPUCTAT OCyM
pa3nuyHy IEHTOMMHA, U Toa cute ocBeH I, T, X u V-nenromMunara.

3. [1oGpu npaBoaroIHuIM

Awmepukanckuor mMatematuyap Robert 1. Jewett mocraBun nmpo0OsieM, Koj e
HAMOJIHO pa3fuyeH Off IPETXOHO pa3riiefyBaHUTE U KOj IIaCH:

Co tiomoul Ha OomuHa Oa ce HAUpasu UPABOAZOAHUK 80 KOj He Hociiou
maxkamapedena Aoula AuHuja, 0OHOCHO Upasa dapaseana Ha clipaHuitie Ha Upaso-
AZOAHUKOI KOja He cede HUeOHO 00 OOMUHATHA.

ITocTaBeHHOT mpoGJEM € HHTepeceH caM 3a cebe, HO UCTUOT
UMa M OYHMIIIe[IHA NPAaKTHYHA cTpaHa. FMIMEHo, ako JJOMHHaTa ce 3a-
MHCJAT KakKo TYJIH, TOTall JollaTa JHHUja NPEeTCTaByBa ClaboCT BO
cTpykTypaTa Ha supoT. Crnopen Toa, mpobneMoT Ha Robert 1. Jewett
L MOXeMe fia TO TpeTupaMe Kako Haorame MpaBoarolHuny 6e3 cnaboct
Lpw. 16 g crpykrypaTta. Ha nprex 16 e majgeH npumep Ha IpaBOArojHUK CO
cnabocT BO cTpykTypaTa. CUTypHO NMOMHCIMBTE [€Ka IOCTa-BEHUOT MpOoOJIeEM HeMa
pemienne. MefyToa HUB 'l ©Ma OECKOHEYHO MHOTY. Bo cinegnuTe pasriefyBama Ke
fajeMe aazopuiliam 3a Haoéarbe Ha 00OpU UPA60AZOAHUYU, OHOCHO Ha IIPaBOArol-
HHIY KO HE COAPIKAT JIoUIa JINHHU]ja.

A. AUH.

Hajmanmot go6ap mpaBoarojHMK, IITO MOXe Jla ce HalpaBH Off HOMHHA, € CO
nuMeH3nja Sx6. Ha nprex 17 ce jagenu e pa3nuyHy pelieHnja.
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_{ L L [ JlecHO ce mOKaxXyBa JHeKa HajMaauoT fobap
MPaBOATOJHUK € co fuMeH3mja 5x6. Cera o 0Boj 5x6 f0-

l_ | T_ 0ap MpaBOAroJHKK MOXe fja ce pobue HOB podap

] I NIPaBOAroJIHUK, KOPUCTEJKU IO METOAOT Ha IPOLIUpPYBa-
Lpi. 17 b€ Ha JOJDKMHAaTa WIM IIMpUHAaTa 3a fABa. IIpuroa

XOPHU30HTAIHO JJOMUHO CE CTaBa 10 CEKOe XOPU3OHTA-
HO TOMHHO Ha CTapaTa T'paHWIa, JOfieKa BEepTUKAIHUTE JOMHUHA CE TIOMECTYBaaT Off
crapaTa Ji0o HoBaTa T'paHNIa, CO HaJIOTMIOIHYBamke Ha Mpa3HUTE MecTa MpH IITO Ce CTa-
BaaT J[BE XOPU3OHTAIIHYU OMMHA, (BUAM UPTEX 18, Ha KOj € JaleHO MPOIIAPYBAKHETO
o7 5x6 10 5x8 mo6ap MpaBOAroJIHUK. ).

=i SiE
= T
Lpin. 18

ITpomonKkyBajku ja mocTankaTa MoXKeMe fjla KOHCTpyupame O0eCKOHEYHO MHO-
ry goOpu npaBoarojHULMU Kaj KOM JOJKMHATa Ha eHaTa CTpaHa € IapHa, a Ha Jipy-
rara e HemapHa.

Bupejku npaBoarojHuK 4uM JOJDKMHUA Ha CTPaHU ce HemapHU OpoeBH UMa
HemnapeH Opoj euHeYHN KBaJpaTH, a CEKOe JOMUHO MOKPHBA JiBa eMHEYHU KBapaTu
3aKjIydyBaMe JeKa NOKPUBAaWKETO CO NOMHUHA Ha OBHE IPABOArOJHUIM HE € MOXHO.
Mefyroa, ako UMaMe NpPaBOATOJHMK YUU NOJKMHM Ha CTPaHM ce MapHU OpoeBH,
TOrall HMBHATA IUIOLITHHA € MapeH Opoj, Ma 3aToa MPUPOAHO € Ja ce 3ampaliame
fanu Mef'y HUB UMa OoOpH NTPaBOArOIHULY.

Co HemocpeHa MpoBepKa MOXKe fia ce BUAM [eKa CeKOj MPaBOAroJIHUK WU
MOJKVHY Ha CTPaHU ce MapHU OpPOEeBH MOMANM WIN €JHAKBU Ha 4, COAPKU JIOLIA JIN-
Hyja. Ke nokaxkeMe fieka cekoe MOKpHUBamhe Ha KBapaTOT 6x6 CONPKHU JIOLIa IMHY]a.

Heka mpeTnocTaBuMe jieKa CHTE€ MPEXKHH JIMHHE Ha 6x6
KBajIpaToT ce No6pu. Toram cekoja of HUB MOpa Jla cede HajMajKy
nBe gomuHa, (30mTo?). IlpuToa cekoe JAOMHMHO MOXKe fa Ouje
IpeceyeHo Oji caMoO eHa MpexkKHa JuHuja. Buuejku 6pojoT Ha
MpeKHATE JIMHAN BO OBOj KBajipaT e 10, JoGuBaMe JieKa THE ceyar
20 gomuna. ITocnegHOTO He € MOXKHO, 3aT0a IITO Pa3rieflyBaHHOT
KBajpar ce MokpuBa co 18 momumna. Cera TBPAEHETO CIElyBa Off
Lpi. 19 noOHEHATA TIPOTUBPEYHOCT.

IIpeTXOnHO M3HECEHHOT J0Ka3 AeKa KBajpaToT 6x6 e
nomr, My mpunara Ha Solomon W. Golomb, Koj ro maBa u cnen- _{
HOTO TPOIIMPYBak€ HA MPABOATOIHUKOT S5x6 MO KBagpaT 8x8
KOj e gobap kBajpart, uprex 20. Ha uprex 21 Ke ro mpeseH- |
THpaMe MpOIINPYBAKETO Ha AOOPHOT S5x6 MPaBOArolHUK BO |
noGap 8x6 MpaBOAroyHUK, IIpU KOE OCEHYEHHUOT T € 3eMEH Off L
HOGPHOT SX6 MpaBOAroJIHUK, a MPU HATAMOIIHUOT pacrnopes Ha | I_
JIOMUHaTa ce KopucTuMe co (pakToT ieKa ceKoja modpa JHMHHUja
MoOpa Ja ceue HajMaJKy ABE JOMUHA.
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Cera, ako ja HUCKOpPHUCTHME NPETXOAHO HIyCTpUpaHaTa :r
Iocranka 3a INpoIIMpYBame Ha Jo0ap IpaBOarojHUK €O Mpo-
NOKyBake€ Ha HeroBaTa cTpaHa 3a faBa W (QaKTOT [eka
IIPaBOAroJIHUKOT 6x8 € modap, Torai MoXxeMe fia JoKaxkeMe JieKa
CEeKOj MPaBOaroJHUK CO MapHU JOJKMHU HA CTpaHu, a >6, b>6 l_

e moGap mpaBOaroJHuUK.
Lpiu. 21

OJI JOocera U3HECCHOTO cJielyBa I€Ka CeKOj IIpaBOAroJJIHUK CO MapHa MJIOIITH-
Ha 1 NMOJDKUMHHM Ha CTpaHU HOTroJIEMHU O] 4, OCBEH KBajgpaToT 6x6 € ]106311) mpaBo-
arOJIHUK.

3ad6enemka. KoHlenToT Ha JOGPUOT JOMUHO-TIPABOATOJHUK MHUIMpA HU3A
Opalama, Kako Ha IpuUMep, KOj € HajMaluoT Aobap MpaBOarojHUK cO UCT Opoj
XOPH30HTAJHO U BEPTUKAIHO MOcTaBeHH AoMHHA? OAroBOpPOT Ha OBa Mpallamke €
HO3HAT ¥ TOA € 5x8 MpaBOaroJHUKOT.

Hcro Taka, KOpHCTejKH Il fOOpUTE NMPAaBOArOIHUIY MOXE J1a Ce Urpa Clef-
HaTa urpa. Ha npousBonHa npasoarosHa Tabia co CTpaHu a > 6,b > 6 ABajua urpadu

nocraByBaaT gomuHa. [To6eHUK € OHOj KOj IIPB Ke Hampasy Jioma (1obpa JuHuja).
Ce HajeBaMe eKa BAaKBUTE U CIMYHU UIpU Ke MOMOTHAT fa TM pa3BUBATE CBOMTE
KpeaTHBHU CHOCOOHOCTH U MPABUTHOTO MAaTEMAaTUYKO PE30OHUPAE BOOIMIITO.

JIntepaTtypa

1. Orton J.: Algebra, pattern and motivation, University of Leeds
2. Joaquim Gimenez Rovira: Number and puzzles for compulsory school, Virgili
University, Taragona

JEBET KBAIPATH

Ha gacoBure nmo reomeTrpuja Ha npode-
copoT KocuHyc MoOxXe fia ce CIylIHAT UHTEPECHN
pabotu. EBe eHa of HUB:

- Ha qpTexxoT e majieH mpaBoarojiHOK CO
numensnn 15x 11, koj e mopenen Ha 165 enuHey-
HU KBafipaTu. [lanm mocrou mopenda Ha caMo 9
KBaJ[paTH, TP KOja IITO €AWHUYHUTE KBaJpaTH
HeMa Ja OupjaT omreTeHu?

- ITa Toa He e Temko! TakBa nmopenda e egeH KBagpaT co auMen3nu 11x 11,
nBa 4 x 4 kBagpaTH, Ba 2 x 2 KBafipat u yetrpu 1 x 1 KBagpaTu. - ce jaBu HAJlAPEHNOT
Cunyc.

- Touno. Ho npu oBaa nojen6a HEKONKY KBafgpaTu (popMupaar npaBoaro-
HUK KOj He e KBafipaT. [Jamm MoxeTte fa HajaeTe mopenda BO KOja TaKOB KBajpaT HE
nocrou? [1a BU MOMOTHAM, MOCTOM CaMO €[JHa TaKBa mopiesnda 1 ucrata € HeHTPaTHO
CUMEeTpHYHa . - oiroBopu npogecopot Kocunyc.

Cunyc ce 3amucnuil. [lanu Bue MOXKeTe Aa My TOMOTHeTe?
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