Problems and Solutions, JBMO 2014

Problem 1. Find all distinct prime numbers p, ¢ and r such that

3p' —5q' —4r? = 26.

Solution. First notice that if both primes ¢ and 7 differ from 3, then ¢* =7’ = 1(mod 3),

hence the left hand side of the given equation is congruent to zero modulo 3, which is

impossible since 26 is not divisible by 3. Thus, ¢ =3 or r =3 . We consider two cases.

Case 1. ¢ = 3.

The equation reduces to 3p* — 4r® = 431 (1)

If p=5, by Fermat’s little theorem, p'=1(mod5), which yields
3—4r* =1 (mod 5), or equivalently, 7°+2=0(mod5). The last congruence is
impossible in view of the fact that a residue of a square of a positive integer belongs to the
set {0, 1,4}. Therefore p =5 and =19 .

Case 2. 7= 3.

The equation becomes 3p* — bg' = 62 (2)

Obviously p = 5. Hence, Fermat’s little theorem gives p* =1 (mod 5). But then
5¢" =1 (mod 5), which is impossible .

Hence, the only solution of the given equation is p=5, ¢=3, r=19.



Problem 2. Consider an acute triangle ABC with area S. Let CD 1 AB (D e AB),
DM 1 AC (MeAC) and DN L BC (Ne€BC). Denote by H and H,  the

orthocentres of the triangles MNC and MND respectively. Find the area of the
quadrilateral AH BH, in terms of S.

Solution 1. Let O, P, K, R and T be the
mid-points of the segments CD, MN,
CN, CH, and MH , respectively. From

AMNC we have that ﬁ = %MrO and

PK || MC . Analogously, from AMHC

we have  that T_ = %% and

TR || MC . Consequently, PK = EE and

PK | TR. Also OK || DN (from
ACDN ) and since DN | BC and MH 1 BC, it follows that TH || OK. Since O is the
circumcenter of ACMN, OP 1. MN . Thus, CH, 1. MN implies OP || CH,. We conclude

ATRH, = AKPO (they have parallel sides and TR = PK), hence RH = %, ie.
CH, = 2P0 and CH, | PO .

H,

Analogously, DH, —92PO and DH, || PO . From 0_13'1:2%:DH2 and

CH, | PO || DH, the quadrilateral CH H,D is a parallelogram, thus H H,6 = OD and

HH,|CD. Therefore  the  area  of  the  quadrilateral AH BH, is

AB-HH, AB-CD
2 2

Solution 2. Since MH ||DN and NH |DM, MDNH is a parallelogram. Similarly,

NH, ||CM and MH, | CN imply MCNH, is a parallelogram . Let P be the midpoint of
the segment MN . Then g, (D) =H and o, (0) = H,, thus CD || HH, and CD = HH, .

From CD | AB we deduce A = %AB . E =5,

AH,BH,



Problem 3. Let a.b,c be positive real numbers such that abc = 1. Prove that
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When does equality hold?

Solution 1. By using AM-GM (2° +* + 2* > 2y + yz + 2z ) we have

1) 1) 1) 1 1 1 1 1 1
at+—=| +b+~=| +|lect+—| Zlat+=||b+—-|F+|b+~]||lc+—|F+|c+—|la+ =
b c a b c c @ a b

- ab+1+3+a]+[bc+1+£+b]+[ca+1+§+c}
a

C

:ab+bc—|—ca+g—|—%—|—£+3+a+b+c.
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Notice that by AM-GM we have ab+ E > 2b, be + % > 2¢, and ca + @ > 2a.
a c

Thus ,

> ab+£]+[bc+g]+[ca—I—E]+3+a+b+c23(a—|—b+c—|—1).
C

a

The equality holds if and only if a =b=c=1.

Solution 2. From QM-AM we obtain

\/(a+é)g+(b+if+(c+if Jaibbrlbett

3 3 ,
2 2 2 ;
[a+1] +[b+1] +[c+l Z(a+§+b+§,+c+i) )
b c a 3
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From AM-GM we have 1 + 1 + B > 3%}% = 3 , and substituting in (1) we get
abe
2 2
(a+itb+idc+l) (atb+c+3)
=

a b ¢
1) 1)
at—| +|b+=| +
b c 3 3

(a,+b+c)(a+b+c)+6(a+b+c)+9 (a+b+c)3%+6(a+b+c)+9
N 3 = 3

>

=9(a+b;c)+9=3(a+b+c+1).

The equality holds if and only if a =b=¢=1.

Solution 3.

By using z° +y° + 2> > ay + yz + 2z



1) 1) i o, ., ., 1 1 1 2 2% 2
at—| +lb+—| t|c+t—| =a"+0 "+ S+ +5+—F+—+—=
b c a b c a b c a
V (‘) V
Eab+ac+bc+i+l+l+2—a+£+2—c.
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l-l—i-l—i:abc—l—abc—l-abcza—i-b—f—c,
bc  ca ab be ca ab
ab+ Lt bet 2 teat S>>+ 24+ 2
¢ @
2+E+£2342.E.£:3.
c a b ¢ a
Hence
1) 1) 1) b booc
at=| +b+=] Flet=| Zlab+ 2|+ lac+ S+ e+ 2| +at+btetr i 24 E>
b c a b a c b ¢ a

22a+25+2c+a+b+c+3:3(a+b+c+1).

The equality holds if and only if a =b=¢ =1,

Solui:i(mrl.oz=£,b=£_,(:=i
Yy z x
2 2 2
[f+3] +[ﬂ+5] +[5+2 >3 £+3+3+1]
vy z oz r x Yy oz

(z+2)2%2" + (y + 2V y’2" + (2 +y) 2"y > 3ayz(2’z + v’z + 2%y + 2y2)

zhy? + 953 —|—:1:2,z +:}32y4 + 2m3y3 +1E4’y2 + y2Z4 +2y323 +y422 > 3333:9'22 + 355‘23;32 +3:1:y2z3 + szyzzz
Dy’ +9°2° + 2% > 3%y

N’ + 2" + 2%y > 3%y

3Nz'y® +y'a® + 9y’ > 3yts

D'y + ' + 2% > 3%

Equality holds when z =y =2 ,ie, a=b=c=1.

Solution 5. Z(a + %)2 > 32& +3
cye

cyc

@2Z%+Z[ag+a—12—3a—l
cye cye

a abec
2 —>63i‘—__:6 1
;f) bca (1)

>0




Vn,>0,a,2+if3azéf4
a’ a
sa'—3"+4° —3a+1>0

<=>(a,—1)2(a2—a+1)20

1 f 1
>3 ——15>9)——15=—6
Z N %;n. — Yabe

eye

Using (1) and (2) we obtain

22::+§:F2+;;—3a—1

cye

‘ 1
af—i——g—‘da—l
(1

>6-6=0

Fquality holds when a =b=c=1.



Problem 4. For a positive integer n , two players A and B play the following game: Given
a pile of s stones, the players take turn alternatively with A going first. On each turn the
player is allowed to take either one stone, or a prime number of stones, or a multiple of n
stones. The winner is the one who takes the last stone. Assuming both A and B play

perfectly, for how many values of s the player A cannot win?

Solution. Denote by & the sought number and let {sl,sg,...,sk} be the corresponding values
for s. We call each s a losing number and every other nonnegative integer a winning

numbers.
Clearly every multiple of n is a winning number.

Suppose there are two different losing numbers s > S, which are congruent modulo n.
Then, on his first turn of play, player A may remove s, — s, stones (since n’si —sj),
leaving a pile with s, stones for B. This is in contradiction with both s and s being

losing numbers.
Hence, there are at most n —1 losing numbers, i.e. £ <n —1.

Suppose there exists an integer r € {1, 2,..,n— 1}, such that mn + r is a winning number
for every m € N . Let us denote by u the greatest losing number (if £>0) or 0 (if
k=0), and let s= LOM'(Q, 3., u+n+ 1). Note that all the numbers s+2, s+ 3, ...,
s+u+n+1 are composite. Let m'e N, be such that
s+u+2<m'n+r<s4+u+n-+1.In order for m'n +r to be a winning number, there
must exist an integer p, which is either one, or prime, or a positive multiple of n, such
that m'n+r—p is a losing number or 0, and hence lesser than or equal to wu. Since
s+2<m'n+r—u<p<m'n+r<s+u+n+1, p must be a composite, hence p is a
multiple of n (say p=g¢n). But then m'n+r—p= (m '— q)n +r must be a winning
number, according to our assumption. This contradicts our assumption that all numbers

mn+r, m &N are winning.
Hence, each nonzero residue class modulo 7 contains a loosing number.

There are exactly n —1 losing numbers .



Lemma: No pair (u,n) of positive integers satisfies the following property:
(*)  In Nexists an arithmetic progression (a,)7 with difference n such that each
segment

{a_i —u,a + uJ contains a prime.

Proof of the lemma: Suppose such a pair (u,n) and a corresponding arithmetic

progression (a,)” exist. In N exist arbitrarily long patches of consecutive composites.

Take such a patch P of length 3un. Then, at least one segment [ai —wu,a, +u| is fully

contained in P, a contradiction.

Suppose such a nonzero residue class modulo n exists (hence n >1). Let uw € N be greater
than every loosing number. Consider the members of the supposed residue class which are
greater than w. They form an arithmetic progression with the property (*) , a

contradiction (by the lemma).



Jynuopcka bankancka Marematnuka Ojaumnujana,
21-26.06.2014 roquna, Oxpua, Makenonuja

1. Hajau tv cute pa3nuyHu IpocTu OpoeBru P, U I TakBH IITO
3p* -5q* —4r? =26.
Pemenne. [IpBo na 3abenexume jieka ako MpocTuTe OpoeBU (0 W I ce pa3IMyHH Of 3, TOTalll

q2 =2 =1(mod 3), ma neBara cTpaHa Ha paBeHKara ¢ KOHTpyeHTHa co 0 mo Moayn 3, MITO HE €

MOXHO Ouzejku 26 He ce aenu co 3. 3Haun, =3 wm I =3.
IpB cayuaj. Heka q=3. Toram naxeHara paBeHka ro 100MBa OOJUKOT
3p*—4r? =431. 1)
Axo p#5, ox manara Teopema Ha depma ciienysa p4 =1 (mod 5), mrro 3Haun 3-4r°=1 (mod 5) ,

oaHOCHO 2 +2=0 (mod 5) . TlocnennTa KOHrpyeHIMja HE € MOXHA, OWIEjKH OCTATOIMTE MPH
JeNICEhe CO 5 Ha KBaapaTHUTE Ha MPHUpOIHHTE OpoeBu mpumaraar Ha muokectBoTo {0,1,4}. 3atoa,
p=5mwu r=19.
Brop cnyuaj. Heka r=3. Toramr gageHara paBeHka ro J00HBa 00IUKOT
3p4 —5q4 =62. 2

Axo p #5, moBTopHO p4 =1(mod 5) u Torar 5q4 =1(mod 5), mTo He € MOXKHO.

KoHeuHo, eIMHCTBEHO pelieHre Ha JajieHaTa paBeHkae p=5, q=3, r=19.



2. JMagen e mpomsBomeH Ttpuaronuuk ABC co mmomruuna S. Heka CD L AB ( DeAB),
DM LAC (MeAC)u DN LBC (NeBC). Co Hy u H, nma ru o3Haunme OpTOLIEHTPHTE Ha

tpuaronauiure MNC u MND , coomBetHo. M3pasu ja mIIOMITHHATA HAa YETHPHATOJHHKOT
AH;BH, mpexky S.

Pemenne 1. Hexa O, P, K, R u T ce cpenunure Ha orceukure CD, MN, CN, CH; u MH,,
cooasetno. On AMNC umame neka W:%M_C u PK||MC. Ilo ananoruja, o AMH,C umame
neka TR :%M_C n TR||MC. Kako pe3ynrar Ha Toa, PK=TR u PK]|| TF. Ucto Taka OK || DN
(on ACDN ) u 6unejku DN L BC u MH; L BC, cnenysa nexka TH; ||OK . buznejku O e opTouen-
tap Ha ACMN , OP L MN . 3aroa, ox CH; L MN wumame neka OP||CH; . Ila moxeme na
saknmyanme neka ATRH; = AKPO (umaar mapajienHu cTpaHu U TR = W), OTTYyKa R_Hl =PO, Te.
CH; =2PO u CH,||PO.

AHaJIoTHO, D_H2 =2PO wu DH, || PO. Oxn

CH,=2PO=DH, u CH,| PO| DH,

yerupuarosnukor CH;H,D e mapamenorpaM, ma 3aroa

HH,=CD =u H{H5||CD . Orryka mnoBpumIMHaTa Ha
1772 112

yetupuaronnukor AH.BH, e

ABHH, _ABCD _g
2 2 !

Pemenue 2. bunejku MH;|[DN u NHq|[DM, MDNH;
e napanenorpaMm. Cimuuno, NH,||CM u MH, ||CN ummmunupaatr geka MCNH, e napaneno-

rpam. Heka P e cpesna Touka Ha orcedkara MN . Toram op(D)=H; u op(C)=H;, na 3aroa

CD||H{H, u CD=H;H,.0x CD L AB moxeMe j1a 3aKIydnme JeKa PAH,BH, :%EC_D =S.



3. Heka a,b,c ce mosuruBHu peannno 6poesu Taksu mro abc =1.J[okaxu aeka

(@a+1)+(0+1)%+(c+1)?=3(a+b+c+1).

Kora Baku 3HaK 3a paBEHCTBO?

Pemenne. IIpé nauun. On HepaBeHCTBOTO Mel'y apuTMmeTnukata (AC) U reoMeTpuckara cpeanHa

(I'C), ogHOCHO HEPABEHCTBOTO
X2 +y2 +2% > Xy + Yz +2X

noOuBame
142 12 142 1 1 1 1 1 1
(a+5) +(b+E) +(c+5) Z(a+5)(b+E)+(b+E)(C+§)+(C+§)(a+B)

=(ab+1+%+a)+(bc+1+§+b)+(ca+1+%+c)

—ab+bc+ca+2+E+0431a+brc.

[MoeTopHO o HepaBeHcTBOTO Mel'y AC n I'C nobuBame
ab+2>2b, bc+E>2c u ca+2>2a.

Taka,

@+3)?+(b+1)%+(c+1)? = (ab+L)+ (bc+E) + (ca+2)+3+a+b+c

>3(@a+b+c+1).

3HaK 3a PaBEHCTBO Ba)KH aKo U camo ako a=b=Cc=1.
Bmop nauun. On nepaBenctBoro Mefy AC u I'C cnenysa

\/ (a+%)2+(b+%)2+(c+%)2 . a+i+b+itcel
3 - 3

a+l+b+ltctl)?
(a+ 12+ (b+1)2 4 0+ )2 > TR

u %+%+% >33 ﬁ =3, na ako 3amenume Bo (1) Haorame
1ihilycsl)? 2
1,2 1\2 132 5 (a+b+b+c+c+a) > (a+b+c+3)

(@a+p) +b+)"+(c+5)" = 3 >

_ (a+b+c)(a+b+c)+6(a+b+c)+9
- 3

S (a+b+c)3¥abc+6(a+b+c)+9
= 3

_ 9(a+b+c)+9 _
—T—S(a+b+c+1).

3HaK 3a paBEHCTBO BaXKU aKo M camo ako a=b=c=1.

Tpem nauun. Kopucrejku ro HepaBeHCTBOTO X~ + y2 +2%> XY + YZ + ZX noOuBame

1\2 1)2 N2 _ 2, 2,02, 1,1, 1 ,2a,2b, 2
(@+p) +(b+)"+(c+5) =a"+b"+c +b—2+c—2+¥+T+?+?

>ab+ac+bc+ i +L14+1 423,20, 2%
bc ca ab b ¢ a

Jacno,
1,1 ,1_abc, abc, abc_
bc+ca+ab bc+ca+ab atb+c
ab+%+bc+%+ca+%22a+2b+2c
a;b,cs33abc _3
b ¢ a bca

3aroa

)



2 2 2
@+1)?+ 0+ +(c+d)* > (ab+2)+(bc+2) +(ca+ L) +a+b+c+2+04+ L
>2a+2b+2c+a+b+c+3=3(@+b+c+1).
3HaK 3a paBEHCTBO BA’KM aKo M caMo ako a=b=c=1

Yemepm nauun. Heka a =§ , b= % , C= % . Umame

X422 (Y x2 21 Yy253x Yz
(y+y) +(EZ+) T+ G+ 23(y+z+x+1)

(x+ z)zxzz2 +(y+ x)2 y2x2 +(z+ y)222y2 > 3xyz(x22 + y2x + 22y + Xyz)
2 12322 + X2 + x2y4 + 2x3y3 + x"’y2 + yzz4 + 2y3z3 + y4z2 >

> 3x3yz2 + 3x2y3z +3xy223 +3x2y222

X4Z

Ilocnennoto HCPABCHCTBO CJICAYyBa OJf OUUTTICAHUTC HCPABCHCTBA!

3 2,,2,2

1) x3y3+y3z3+z x5 > 3x yez©.

2) X222 + 2% + x?’y3 > 3x322y

3) x4y2 + y4x2 + y?’z3 > 3y3x22
4) z4y2 + y422 +x32% > 3z3y2x

3HaK 3a paBEHCTBO BaKHM aKO W caMo ako X=Yy=2,1.e. a=b=c=1.
Ilemmu nauun. Umame

Y(a+l)?23Ya+3 o2y 2+ ¥ (@2 +L-3a-1)=0
cyc cyc cycb cyc a

a abc _
cyc
IMonaTtamy, 3a cexkoj a>0 Baxu
a®+L-3a>3-4 o a'-3a%+4a°-3a+1>0
a
2,,2
< (a-D° (@ -a+1)=0
na 3aToa
2,1 35 1_ 31 _15-—_
> (a +23 3a-1)>33% +-15>93——-15=-6
cyc cyc
Cera on HepaBencTBarta (1) u (2) cnemxysa
25215 (@%+1 -3a-1)>6-6=0.
aeP eye a

3Hak 3a paBEHCTBO BaXKH aKO M CaMO ako a = b=c=1.

)

(2)



4. 3a mosuthBeH Opoj N, mBajua mrpaun A m B ja wrpaar cnegmara wrpa: Jlamen e xym ox S
KaM4Hliba, UIPAYNTe UrpaaT HaM3MEHHYHO, HO A urpa nps. [Ipu cekoe urpame UrpadyoT UMa MpaBo
Jla 3eMe WM €HO Kam4ye, WK MPOCT Opoj Ha kamuumba, i nhK, k >1 kamunma. [TobemHuK € 0HOj

KOj ke ro 3eme mocieaHoto kamue. [lox nmpernocraBka neka urpaunte A u B urpaat nepdekrtHo, 3a
KOJIKY BPEJIHOCTH Ha S UrpavdoT A He MoXe Ja modenu?

Pemrenne. Co Kk ke ro osmaumme Gapanuor Opoj u Heka {S,5,..,Sk} C€ COOIBETHHTE
BpeaHoctd Ha S . Cekoj Sj Ke ro HapeKyBaMe I'yOUTHUKH Opoj, a CEKOj Apyr HEHEraTHBEH Liel Opoj e
noOeTHIIKH Opoj.

JacHo, cexoj 6poj ox BumoT nK,k >1 e mobeannuku O6poj

Ma mpermocraBuMe JeKa IOCTOjaT JBa pasIMYHH TyOUTHHYKM OpoeBH Sj>Sj , Koum ce
KOHTYPEHTHH 110 Mozy:n N . IloToa, mpu CBOjOT NPB HOTEr, UrpavyoT A MOXKe 1a OCTPaHH Sj —Sj
xamunmba (Onnejku N[ (sj —Sj)), ocrasajku Kym co Sj kamuuma 3a B. [locnennoro npotnepeun Ha
daxToT nexa OpoeBure S U S j ce ryoutHnyku. Cera oJi IpUHIMIIOT Ha Jlupuxie ciemyBa Jieka
nocrojar HajmMHory N—1 ryGutHuuku 6poesu, T.e. K <n—1.

Jla mpetnoctaBuMe jaeka moctou 1en opoj re{l2,..,n—1}, TakoB mTo MN-+r e MoOCTHHIKU
6poj 3a cexkoj MeNj. Co U nma ro o3HaYnMMe HajroiaeMHoT ryOoutHH4kH Opoj (ako k>0) mmm 0
(ako k=0), m veka s=LCM(2,3,...,u+n+1). Jla 3a0enexxume aeka cure Opoesu S+2, S+3, ...,
S+U+n+1 ce croxenu. Heka sememe M'e Ny, Taka mro

S+u+2<m'n+r<s+u+n+1.
3aa M'N+r Ouae modeHUYKH OpOj, MOpa J1a TIOCTOH I1e Opoj P, KOj € WK e/IeH, HIH MPOCT Opoj
wii 0poj ox Bupor NK,K>1, TakoB mrTo M'N+r—p e ryourHuyku Opoj win 0, U mpuToa moMain
WM eHaKoB Ha U. buaejku
s+2<m'n+r—u<p<m'n+r<s+u+n+1,
nobuBaMe P Mopa Ja Ouie CIOXeH, OTTyka P ce Jend co N, Ha mpumep P=qn. Ho Ttora,
CTope/] MPeTIOoCTaBKara,
mn+r—p=(m'-q)n+r

Mopa ja Ouje nodeaHuuku 0poj. OBa € CIPOTHUBHO Ha IMPETIIOCTaBKaTa Jieka CUTE OpOeBH MN+r,
meNg ce nodeaunuku. On gocera U3HECEHOTO ClielyBa JieKa CUTE HEHYJITH KJIAacH 1Mo MOaya N

COJpKAT TyOUTHUYKH OpO].
On mpeTXxoTHO M3HECEHOTO CiIe/yBa JeKa I0CTojaT To4HO N —1 ryOuTHHYKH OpOeBH.



