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Problem 1. Find all prime numbers a, b, ¢ and positive integers k which satisfy the
equation
a®+b*+16-c* =9-k* +1.
Solution:
The relation 9-k? +1=1(mod 3) implies
a’+b?+16-c*=1(mod 3) < a’+b*+c?=1(mod 3).
Since a*=0,1(mod 3), b>=0, 1(mod 3), ¢c*=0, 1(mod 3) , we have:

0 0 0
b? 0 0 1
0 1 0
0 1 1

Nl || O

1 1 1 1
0 0 1 1
0 1 0 1
1 2 2 0

a’+b%+c?

From the previous table it follows that two of three prime numbers a, b, care equal to 3.
Casel. a=b=3
We have

a’+b?+16-c* =9-k? +1 < 9-k?>-16-¢c* =17 < (3k—4c)-(3k +4c)=17,

3k—-4c=1 c=2,
= = and (a,b,c,k)=(33273).
3k +4c =17, k=3
Case2. c=3

If (3,b,,c,k) isa solution of the given equation, then (b,,3,c,k) is a solution too.

Let a=3. We have

a’ +b?+16-c>=9-k*> +1 < 9-k®>-b* =152 < (3k—b)-(3k+b)=152.
Both factors shall have the same parity and we obtain only 2 cases:

3k - b = 2, b = 371
. =N and (a,b,c,k)=(337,313);
3k +b =76, k =13,

3k —b=4, b=17,
. PN and (a,b,c,k) = (317,3,7).
3k +b =38, k=17,

So, the given equation has 5 solutions:
{(37,3,3,13), @7,33,7), (3,37,313), (317,3,7), (3,3,2,3)}.

Problem 2. Let a,b,c be positive real numbers such that a-+b-+c=3. Find the minimum
value of the expression
2-a® 2-p* 2-¢?
+ + .
a b c

A=
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Solution:
We can rewrite A as follows:

_3 _3 _3
pn2of 20 20 fL L) e
a b ¢

(a“b”caj (a2 +b? +¢?) = Z(Wj—((ajtbjtc)z—2(ab+bc+ca))=
abc
(ab””caj (9—2(ab +bc + ca)) = Z($j+2(ab+bc+ca)—9:
1
2(ab +bc + ca)(— + 1)
abc
Recall now well-known inequality — (x+y+2z)*>3(xy+yz+zx) and set

x=ab,y=bc,z=ca, to obtain (ab+bc+ca)® >3abc(a+b+c)=9abc, where we have
used a+b+c=3. By taking the square roots on both sides of the last one we obtain:

ab-+bc+ca>3vabc. Q)
Also by using AM-GM inequality we get that
i+1> 2 1 (2)
abc abc

Multiplication of (1) and (2) gives:

(ab+bc+ca)(—+1}>3\/ab 2‘/i =6.
abc

So A>2-6—9=3and the equality holds if and only if a=b=c=1, so the minimum value is
3.

Problem 3. Let AABC be an acute triangle. The lines I, I, are perpendicular to AB at the
points A, B respectively. The perpendicular lines from the midpoint M of AB to the sides of
the triangle AC, BC intersect the lines Iy, I, at the points E, F, respectively. If D is the
intersection point of EF and MC, prove that

Z/ADB = ZEMF.
Solution:
Let H, G be the points of intersection of ME, MF with AC, BC respectively. From the
MH MA

similarity of triangles AMHA and AMAE we get —— = ——, thus
MA ME’

MA> =MH-ME. (1)

Similarly, from the similarity of triangles AMBG and AMFB we get %zﬁ thus

MB
MB? = MF - MG. (2)
Since MA=MB, from (1), (2), we conclude that the points E, H, G, F are concyclic.
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Therefore, we get that £/FEH = ZFEM = ZHGM . Also, the quadrilateral CHMG is
cyclic, so ZCMH = ZHGC. We have
/FEH + Z/CMH = ZHGM + Z/HGC =90°

thusCM L EF . Now, from the cyclic quadrilaterals FDMB and EAMD, we get that
/DFM = #DBM and ZDEM = ZDAM . Therefore, the triangles AEMF and AADB are
similar, so Z/ADB = Z/EMF .

Problem 4.
An L-figure is one of the following four pieces, each consisting of three unit squares:

A 5x5 board, consisting of 25 unit squares, a positive integer k < 25 and an unlimited supply
L-figures are given. Two players, A and B, play the following game: starting with A they
alternatively mark a previously unmarked unit square until they marked a total of k unit
squares.

We say that a placement of L-figures on unmarked unit squares is called good if the L-figure
do not overlap and each of them covers exactly three unmarked unit squares of the board.
B wins if every good placement of L-figures leaves uncovered at least three unmarked unit
squares. Determine the minimum value of k for which B has a winning strategy.

Solution:

We will show that player A wins if k =1, 2, 3, but player B wins if k =4. Thus the smallest
k for which B has a winning strategy exists and is equal to 4.

If k=1, player A marks the upper left corner of the square and then fills it as follows.
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If k=2, player A marks the upper left corner of the square. Whatever square player B marks,
then player A can fill in the square in exactly the same pattern as above except that he doesn't
put the L-figure which covers the marked square of B. Player A wins because he has left only
two unmarked squares uncovered.

For k =3, player A wins by following the same strategy. When he has to mark a square for
the second time, he marks any yet unmarked square of the L-figure that covers the marked
square of B.

Let us now show that for k=4 player B has a winning strategy. Since there will be 21
unmarked squares, player A will need to cover all of them with seven L-figures. We can
assume that in his first move, player A does not mark any square in the bottom two rows of
the chessboard (otherwise just rotate the chessboard). In his first move player B marks the
square labeled 1 in the following figure.

14
532

If player A in his next move does not mark any of the squares labeled 2, 3 and 4 then player B
marks the square labeled 3. Player B wins as the square labeled 2 is left unmarked but cannot
be covered with an L-figure.

If player A in his next move marks the square labeled 2, then player B marks the square
labeled 5. Player B wins as the square labeled 3 is left unmarked but cannot be covered with
an L-figure.

Finally, if player A in his next move marks one of the squares labeled 3 or 4, player B marks
the other of these two squares. Player B wins as the square labeled 2 is left unmarked but
cannot be covered with an L-figure.

Since we have covered all possible cases, player B wins whenk =4.




1. Omnpenenu ru cute npoctu OpoeBu a, b, C 1 npupoaHu OpoeBu K Kou miTo ja 3amo0BOITyBaaT
paBeHKarta

a’ +b? +16¢% =9k +1.
Pewenne. O 9k2 +1=1(mod3) crexysa
a® +b? +16c2 =1(mod3), T.c. a? +b? +c? =1(mod3).

bunejku a? =0, 1(mod3), b? =0, 1(mod3) u ¢ =0, 1(mod3) , nobuBame

a2 0o 0o [1 1|11
b2 0 [0 [1[1]0 o0 |11
o2 0 [1 [0 [1]0 |1 [0 |1
2.p2ic2 |0 [T [T (21 ]2 ]2 |0

Opn nperxoaHara Tabela ciaeayBa JeKa Ba o TPUTE MIPOCTH OpoeBH Tpeda J1a ce eIHAKBH Ha 3.
Ilps cayuaj. a=b=3. lobuBame

2 2 2 _qL2 2 2 _

a“+b“+16c“=9%“+1 << 9%k“-1l6c“ =17 <
{3k —-4c=1

3k —4¢)(3k +4¢) =17
( X ) 3k+4c=17

c=2,
k=3,

ma eaHo penieHue Ha 3anadata e (a,b,c k) =(3,3,2,3).

<

Bmop cayuaj. ¢=3. JacHo, ako (3,b,3,k) e pemienne na 3amauara, roram u (b,3,3,k) e pe-
meHue Ha 3agadara. Heka a=3. Mmame
a’+b%+16c? =9k’ +1 <
9k% —b? =153 SN
(3k —b)(3k +b) =152.
Bunejku opoeure 3k —b m 3k +b ce co ucra mapHocr, o mocieaHaTa paBeHka 1o00uBame
3k-b=2 b=37,
=
3k+b=76 k=13,
u pemrenue e (a,b,c, k) =(3,37,3,13), onHocHO
3k—b=4 b=17,
&
3k +b=238 k=7,
u pemrenue e (a,b,c,k)=(3,17,3,7) .

KoneuHo, fajeHaTa paBeHKa MMa MET PEIICHH]a U Toa:
(3,3,2,3), (3,37,313), (37,3,3,13), (3,17,3,7), (17,3,3,7) .



2. Hexka a, b, ¢ ce mo3uTuBHU peanHu OpoeBH, TakBU mTo a+b+ ¢ =3. Onpenenu ja Hajmazara

(MHHMMAaTHA) BPETHOCT IITO MOXKE Ja ja UMa U3pPazoT

A=2-ad  2-b°  2-c®

a b c

Pemenne. imame
22, 2-0°  2-c® o0l 1.1y (A2 . pn2 ., A2
A= TSt _2(a+b+c) (@ +b°+c”)
_ 2(ab+bc+ca)
- abc

=2(ab+bc+ ca)(ﬁ +1)-9.

—(a+b+c)?+2(ab+bc+ca)

[Tonaramy, ako BO 100po MO3HATOTO PaBEHCTBO (X+ Y + Z)2 >3(Xy +yz+2X) craBUMe

x=ab,y=Dbc, z=ca u uckpucrume neka a+b+c=3, robuBame:

(ab+bc+ ca)2 >3abc(a+b+c)=9abc, T.c.

ab+bc +ca>34/abc . @
Opn HepaBeHCTBOTO ef'y apUTMETHYKaTa U TeOMETpUCKaTa CpeinHa ClieyBa
1 1
——+1>2 . 2
abc Jabc )

KOHC‘IHO, on (1) u (2) I[O6I/IB8.M€
= 1 —9>2. o1 _g_—
A=2(ab+bc+ca)(5- +1)-922 3Jabc -2 N 9=3

T.c. HajMajaTa MOXkKHa BpeaHocT Ha A e 3 koja ce focTurayBa3a a=b=c=1.



Heka ABC e octpoaroneH tpuaronsuk. [Ipasure || u |, ce Hopmanu Ha AB Bo Toukute A 1

B, coomBetHo. Heka Toukara M e cpenwHa Ha orceukara AB. HopmamuTe TMOBIEUCHU Of
touykaTta M Ha npaBute AC u BC ru cedat || u |, Bo Toukute E n F, coonserno. Axko D e
npecek Ha ipaBute EF u MC, nokaxu nexka <ADB = XEMF .

Pemenne. Hexka F,G ce mnpeceununte
TOYKM  Ha ME, MF co AB,BC h
cooagetHo. Opn cimuynocta Ha aMHA u

MH _ MA

AaMAE cnenysa VA ME,O):[HOCHO
MA°=MH-ME. (1) ~k7-
On cmnunocra Ha AMBG u aAMFB
MB _ MG
cleayBa VE = MB , OIHOCHO A
_2 -
MB =MF-MG. 2

Ho, MA=MB, na 3atoa oz (1) u (2) nobuBame MH - ME = MF - MG , mto 3Hauu aeka
toukute E,H,G,F nexar na eqna xpyxuuia. 3atoa Baku XFEH = XFEM = XHGM .
HUcto Taka uernpuaroanukor CHMG e tertusen, ma Baxu XCMH = XHGC . Cnopen Toa,
AFEH + XCMH = XHGM + xHGC =90,

na 3atoa CM L EF . Cera, ox TeTuBHOCTa Ha uetupuaroanunure FDMB u EAMD
cnenyBa XDFM = XDBM u £XDEM = £DAM . 3atroa aEMF ¢ cinuen co aADB, ox
mro ciaexyBa XADB = <XEMF .



4.

L-tpumuHO € Gurypa Koja MOXKe J1a UMa €/IeH O YeTUPHUTE OOIHITN MPUKAKAHN Ha IIPTEKOT
(cexoj o1 HUB Ce COCTOU Of 3 CIMHEYHU KBaJ[paTH):

JHanena e tabna 5x5, koja ce cocron on 25 eNMHUYHU KBaJIpaTH M HEOTPaHUUYCH OpOj Ha
L-rpumuna. Heka K e nanen npuposen 0poj, Takos mro K <25.

HBajua urpaun, A u B, ja urpaar crnenarta urpa: urpata ja mouHyBa UrpadoT A 1 HAU3MEHUYHO
0ojat (co ucra 00ja) 1o €ICH IUMHUYCH KBaJIpaT, KOj IITO MPETXOHO He € 00oeH. Benume nexa
urparta e 3aBplieHa, Kora Ha TabjaTa ce 000€HH BKYIHO K eTMHEYHH KBaJAPaTH.

Benume nexa L-tpumuHata 0o6po ri NOKpruBaaT HEOOOCHUTE SIMHUYHH KBaIpaTH Ha Tabiara
aKo THE HE Ce IMPEKJIONyBaaT M CEKOE OJ HHUB IIOKpHBA TOYHO TPH HEOOOCHM €IMHWIHU
KBaJpaTH Ha Tabnara.

Urpavor B mobenyBa ako cexkoe 0oOpo TpEeKpuBame cO L-TpuMuHA ocTaBa HEMOKPHEHU
HajMaJIKy TP HEOOOCHH eIMHMYHU KBaapaTu. Hajau ja HajManmata MoxkHa BpeaHOCT 3a K 3a
Koja urpadot B nma nmoGenHuuka crpareruja.

Pemenne. Ke nokaxeme neka urpador A moGeaysa ako k=1,2,3, a X
urpauor B mobemysa3a k =4.Cnopen Toa, HajMamnoT K 3a KoOj

urpador B mobemysa mocrou u e enHaKoB Ha 4.

Axo k=1, roram urpador A ro OO TOPHHOT JICB aroj Ha Tabiara u —,—

1oToOa T36J13Taja IMMOKPHUBA KaKO ITO € NPHUKAXKAHO Ha PTEKOT JECHO. ,—

Axo k=2, toram urpador A ro OOM FOPHHOT JICB aroy Ha tabiara.
[Toroa 6e3 pazmnuka Koe mose ke ro 06ou urpador B, urpador A moxke 1a ja mokpue Tadnarta
Ha MCTHOT HAYHMH KaKO BO MPETXOJHUOT CIIy4aj, CO TOa MITO He MmocTaByBa L-TpumuHO Koe ro
MOKpHUBA IOJIETO Koe To obown urpador B. JacHo, urpador A mobemyBa Oupejku uma aBe
HEMoKpreOr HeOOOSHH IONTNhA.

3a k=3 wurpagor A ja cimenm ucrara crtpareruja. Kora mrpagor A Ttpeba nma ro obom
BTOPOTO TI0JIE, TOj TO OOM €JHO O AIBETE HEOOOCHH IMOJIMHA KOU T'H IMTOKpHBa L-TpUMHHOTO KO
T'0 TIOKPHBA MOETO KOe BeKe o 000WI Urpadot B.

Ke nokaxeme neka 3a k=4 wurpadyor B uma nobenHuuka crparteruja.

Bunejku uma 21 HeoOOEHO moJie, UTpayoT A MOpa CHTE Jia TH MOKPHUE
co ceaym L-tpumuna. be3 orpaHHHYyBame Ha OMIITOCTa MOXKEME Ja

MPeTHOCTaBUME JIeKa BO NPBUOT YEKOp WrpadoT A He 00O HHTY
€JIHO IT10JIe BO JTOJTHUTE JIBa peia Ha TabiaTa (BO CIIPOTUBHO €THOCTABHO 14

ke ja 3aBpTEMe TaOnarta). Bo mpBuoT wekop urpador B ro 00om 5/3|2

KBaJIpaTOT KOj Ha LPTEKOT JIECHO € 03HaueH co 1. Ako urpayor A BO

CJIETHUOT YEKOT He 000U HUTY €JIeH O] KBaJI[paTuTe 03HaueHH co 2, 3 u 4, Toram urpador B
ro 0ou kBajapatoT 3. JacHo, urpador B moOenyBa Ouiejku KBagpaToT 2 OCTaHyBa HEOOOEH,
HO MCTHOT HE MOXe Jia ce ToKpue co L-TpuMuHo0. AKO UrpadoT A BO CIEIHUOT YEKOp ro 000H
KBaJpaToT 2, Toraml urpador B ro O6oum kBagpatot 5. JacHo, urpador B mobemyBa Ounejku
KBaJ[paToT 3 OocTaHyBa HE00OEH, HO MICTHOT HE MOXe Jia ce mokpue co L-tpumuno. Koneuro,
aKo BO CIICHUOT YeKop urpador A obou eneH oj kBajaparute 3 wim 4, Toram urpadot B ro
0ou JpyruoT OJf OBHME JBa KBaJapaTd. JacHo, mrpador B mnobemysa Ounejku kBaapaTor 2
OCTaHyBa He00OEH, HO HCTHOT HE MOXKeE Jia ce MoKpue co L-rpumMuHo.

3abenemka. Bo mcoieqHuOT ciyyaj urpador B modke ga ro o6ou OMIiio Koj He0OOSH KBapaT
o Tabnara.



