Mynpensr n masnbI

Bagauay npejacrasisiior Bypenan O., Koxacs K., Jlareimes A., Pernnckwnit B.

1 3HakOMBTECH: UTPA B IMLJIATIHI

ITycts mam HeopuenTUpOBaHHLIM rpad G, B KayKI0i BEPITHHE KOTOPOTO HAXOIUTCS OIUH MYIPEIl U OIWH CYHIYK CO TILISI-
maMu pasHoro nserta. Mymapensl 3HAKOMBI IPYT ¢ ApyroM, rpad G, pacmosokeHne My IpPeroB Mo BepiinHaM rpada u Bce
[[BETA IS B CYHIyKaX 3a(bUKCHPOBAHBI U U3BECTHBI BCeM. B 9acTHOCTH, KaxKIblil My/Iper; MOHUMAET, B KAKOH BEPIINHE
HAXOIUTCS KaxKIbIil u3 ero coceneil. Cyabst MPOBOIUT ¢ MyapenamMu ciaeayomwit rect. OH HAJEBAET KaXKIOMY MYIpery
MIJISITTY W3 ero CyHayKa. KaxKaprii Myapel BUIUT TOJIBKO IIISIBI MYAPENOB, HAXOAIINXCS B COCEIHIX BEPITHHAX Tpada,
HO HE BUIUT CBOEH TLIATBI U He 3HAeT ee 1Bera. Mymapensr He obmatorcs. [1o KoMamge cyabu MyIperbl OTHOBPEMEHHO
Ha3bIBaOT 1BeT. CUuTaercs, 9T0 MyIperbl YCIENHO MPOILIH TECT = «BBIUTPAJIN», €CITH XOTs Obl OIWH U3 HUX YraJIal.

IMepen TecToM MyzpenaM COOOIIMIN MPABHIIA TECTA W JATH BO3MOKHOCTH YCTPOUTH COBEIAHWE, Ha KOTOPOM OHH
JTOJIZKHBI OTMPEIETUTD MyOIMaHy o crpareruio. [lybIuaHoCTh 03HAYALT, 9TO BCE, BKI0Yas Cyabio, 3HalOT ee. Crparerus
MYZIPEIIOB TOJIYKHA ObITH JETEPMUHUPOBAHHON — KAXKIBIA MYIpeI] JOJIXKEeH Ha3BATh IIBET, MCXOIs TOJIHKO M3 TOTO, KAKNe
[[BETa, OH BUIUT y coceneii. Bymem roBopuTh, YTO CTpaTerusi BHIMTPHINIHAS, €CIN TPH JIF000H PACKIIAIKe IS XOTs Obl
OIMH MYJIpEeI] yraaaeT [BeT HAJIEeTOl Ha Hero Muisnbl. Takyke OyIeM rOBOPHUTH, YTO MYAPENbl BHIUTPBHIBAIOT, €CJIU OHU
HUMEIOT BBIMTPBIMIHYIO CTPATETHIO, U TIPOUTPLIBAIOT, ECTH HE UMEIOT.

Bor napa 3a7a4 Ha 3TOT CIOXKeT.

1.1. Kaskjomy u3 JIBYX MYIPEIOB HaAeBAIOT TSIy O€I0r0, CAHEro MJIM KPACHOTO I[BeTa, U COOOIIAIOT,
9TO IBETa WX MIIAT pasHbie. KaKablit 13 HUX BUANT ILISAILY APYTOro, HO He BUANT ¢BOK. OHM JTOTKHBI
OJTHOBPEMEHHO TIONMBITAThCA YTaJdaTh BET CBOEH HLILAIBI, HAMCAB ero Ha OyMaxKkax. /lokazKkure, 9TO
MY/IpeIrbl MOTYT 3apaHee JTOTOBOPHUTHCS JAEHCTBOBATH TaK, YTOOBI XOTd OBl OJWH U3 HUX yraaaJ.

1.2. Cynran ycrpomt sk3amed 11 npuaBopabim myapernam. [To mpaBumiry sK3amMeHa CyJaTaH pa3Merniaer
10 myapenoB B 10 gM, pacmoIoXKeHHBIX IO KPYTY, U ellle OJJHOTO MY/Ipera CayKaeT Ha BBHIMIKY B MEeHTpe
kpyra. Ha 0y y kaxkaoro u3 nepBbix 10 MyJIperioB CyaTaH OUTIET YUCI0 1 Win 2; Ha J6y y MEeHTPaTb-
HOTO Mypena cyaTaH mumer qncyao ot 1 g0 1024. Myaper Ha BBITIIKe BUAAT YUCIA HA BCEX OCTAJIBHBIX
MyJIperax, a Te BHIAT ero 4ucjao (HO He BHIAST JAPYT Apyra). Bee Myapenbl JOJKHBI OJHOBPEMEHHO
MOTMBITATHCST yraaaTh ¢cBon uucaa. CynraH 3apanee 00bSICHUI MyIpernaM MpaBuIa dK3aMeHa W JAJT UM
BpeMsI IIOCOBEIAThCS 10 Havdasa dK3aMeHa. MoryT Jin Myapenbl 1eiicTBOBAThH TaK, YTOOBI XOTSA ObI OJUH
13 HUX 3aBEIOMO YTaJajl CBOe YUCTI0?

Msr 6yzmem oTOXKIecTBIIATH BepinuHy rpada G u Myapena, KOTOPBIA B Hell HaxoauTcsa. Bymem caurarh, 9T0 mBETa
npoHyMepoBaHbl wucaamu 0, 1, 2, 3, ..., ¥ 9TO B CyHIyKe Myaperna X Jexar MIAnsl ¢ meeraMu or () 10 HEKOTOPOTO
uncna h(X) — 1, MHOXKecTBO (I[BETOB) MIIAT B CyHIyKe Myapena X Gymxem oboszunauars Col X .

Hepoti 6 wasnv, nazosem napy (G, h), rne G = (V, E) — rpad, h: V — N — dyHKIHSA, CONOCTABILIONAs BEPIIUHE
KOJINYeCTBO (IBETOB) IILJISAI, JIEXKAIIUMX B CyHAyKe B 910l BepimHe. Dyukimio h Mbl GyneM HA3bIBATH <«IILIAITHOCTHIOY.
Buecro h(A) Mbi Gynem HHOTIA THCATH A. Ecu nau u3BeCTHO, 4TO B urpe (G, h) Myapensl BBIUrPHIBAIOT, Gy/1eM FOBOPUTD,
aro (G, h) evuepviunsiil epag.

Brmrpoimasrit rpad 6y1em HasbIBaThL NpocmbLM, €CIIN O He COIePyKUT BhmrphimHoro moarpada (G', h'), tne G’ S G,

h=h

V(G")

1.3. Jokaxkure, uTo Ha rpade Ha puc. 1 Myaperbl BHIUTPHIBAIOT.
1.4. {Basgerca mu BLIMTPBIMIHLIA rpad Ha puc. 1 mpocThim?

1.5. Jlokaxkure, uto Ha rpade «myTh A;As...A,», Tme n > 2, a NUIAIHOCTH YKAa3aHBI Ha PHC. 2,
MY/IpeIbl BLIUTPLIBAIOT.

1.6. ¢{Bastercst in BRIMTPHIIHBIN Tpad HA pUC. 2 TPOCTHIM !
1.7. Hokaxkure, ato ma rpade Ks3 ¢ yKa3aHHBIME MUISITHOCTSMHA (PHC. 3) MYy/JIPENbl BHIUTPBIBAIOT.

1.8. MoryT st Myzpens! BHUrparsh Ha rpade K3 ¢ yKa3aHHBIME TUISITHOCTAME (puc. 4)?
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1.9. JTokazkure, uro Ha mukae Cy,, n > 4 ¢ yKa3aHHBIMHA MIIATHOCTAME (PUC. ) MY/IPEIbl BHIUTPHIBAOT.
1.10. Ha umkie Cy, n > 4 ¢ yKa3aHHBIME TUISITTHOCTSIMA (PUC. 6) My/IPeIibl BHIUTPBIBAIOT.

1.11. CymrecTByer Jin MPOCTOH BRIUTPHITITHEI rpad, Ha KOTOPOM TIPH JTFOOOM PACK/IajIe ML He MeHee
JIBYX MYJPEIOB yTrabBAIOT CBOI 1BET?

1.12. /JokakuTe, 9TO Ha MOTHOM ABYAOIHHOM Tpade Koy 50 MyApeIbl TPONTPHIBAIOT, €CIH TIISTTHOCTD
Bcex MyapernoB pasaa 100.

1.13. Myapensr pacnosioxkenbl Ha rpade «nyrs AB» (puc. 7, n > 4). Tlepex coBermanuem cymubsi mo-
obema Myapenam, 9to A u B moaydar MUIanbl 0JHHAKOBBIX BeTOB. CMOTYT JIH MYIpernbl BHINTPATDH !

2 2
R I I
o o o o o
3 3 3 4 A C D B
Pwuc. 5. lukn w3 n BepmmH Puc. 6. luka w3 n BepiinH Puc. 7. Ilyts AB w3 n Bepimu

1.14. Ilycts myapens urpatoT Ha rpade G ¢ dpyHKIHeH TMLISTHOCTH h, HO CyAbd 3apaHee IMOOOEIAT
UM, YTO B TOT MOMEHT, KOTJa OH HaJeHeT NIy Ha Myapena A, oH IIeNHET eMy Ha yXO HCTHHHOEe
yTBEpyKJIeHNne BHJIA «s Tebe TOJHbKO YTO HaJesl TLISIY OJHOTO W3 JIBYX IBETOB: C; WIH Co». TaKum
0bpa3oM, MyJIperlbl BO BpeMsi COBEIaHUsT 3HAIOT O TOM, 9TO Cy/Jbs CIeIaeT MOJCKA3KY, HO HE 3HAIOT,
KaKne MMEHHO I[BeTa OH Ha30BeT. [[09ToMy Myapers! OmpeIe/siioT CTpaTerni Beex, Kpome A, Kak 00bIt-
HO, a Myaperl A moaydaer Habop u3 C,?L( ) CTpaTeruit — o OXHOI Ha KazKyI0 BO3SMOXKHYIO IIOJCKa3Ky

CY/IbU.
Jlokaxkure, 9TO 3Ta MOJCKA3KA HE TOBJIUIET HA WCXOJ UT'PHI.

2 Urpsl Ha KJIUKaX

2.1. CymiecTByeT i BRIUTPHIIIHBI Ipad, He comep:Kalnii B KadecTBe noarpada 4-KJIuKu, Ha KOTOPOM
ILISIHOCTH BCEX MYJIPeNoB paBHBI 47

2.2. Myaperbl HAXOASITCS B BepHUIMHAX MOJTHOTO Tpada K, Vv i-ro Myapena B CYHAYKE a; LTI Pa3HBIX
nBeTOB. /[oKaKnuTe, YTO MYJApenbl BHIUTPBHIBAIOT B TOM W TOJBKO TOM CJyYae, eCan

1 1 1
—+— 4. +—>1
aq a9 Ay,

2.3. HazoBewm cTpaTeruto MyaperoB mouHotl, e Ha KaXKI0M PacKIae LISl YraJIblBaeT POBHO OINH
Mmyjpert. Haiiiure Bce urpbl, B KOTOPHIX BO3MOYKHA TOYHAsI CTPATErUs.

2.4. I'pad G — 3710 mosHLIN rpad HA N BepHIMHAX, U3 KOTOPOTO VAAJIHIN OJXHO pebpo. IlasnaocTn
BCEX MYPeroB paBHBI 1. MOryT jim My/iperbl BHINTPATh Ha TakoM rpade?

2.5. I'padp G — 3ro mommwiii rpad ua 4 Bepmunax A, B, C', D, u3 koroporo ynanunu peopo C'D. Ilpu
srom h(A) =6, h(B) = 6, h(C) = 2, h(D) = 3. MoryT Jiu Myaperpl BHIUTPATh Ha TakKoM rpade?

2.6. I'pad G — sr10 nomwwil rpad Ha n BepmmuHax A, As, ..., A,, U3 KOTOPOTrO YIAJIUIN PEOPO
A,_1A,. IliganHoCTH BEPIIWH PABHBI A1, - . ., A,. OKA3aJ0Ch, 9TO Tpad BHIUIPHINIHBI U IPH STOM

1 1 1 1

—t—+.. .+ ———=1

a1 a2 Qp, Qp—10p

Jlokaxkure, 9TO G10Q3 . .. Ay _o JAEJUTCT HA Gy 10y,
2.7. MoryT sin myzpersl Boiurparh Ha rpade «Cpennnii 6antuks (puc. 8)7
2.8. MoryT sin myzpersl BeiurpaTh Ha rpade «Bosbmoii 6antuks (puc. 9)7
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3 Omneparuu ¢ rpacdamn

Iycrs (Gy, h1), (Ga, he) — nBe urper Takue, aro Vi NV, = {v}. Ilycrs G = Gy + G2 — obbenunenne rpados Gy u Ga,
B KOTOPOM 00€e BepIuHbL U 00bequHeHbl B onHy Bepiuuny. [lycrs dbyukuus h: V3 U Ve — N coBnanaer ¢ h; ua V; \ {v}
(1 =1, 2) u h(v) = h1(v)he(v). Urpy (G, h) 6ynem obosuadars G X, G (puc. 10).

hi(v) - ha(u)
hl(v) hg(u)
> 9 B v

Pwuc. 10. Urpa Gy x, G2

3.1. Teopema o mpousBegennn. Ecau Myaperbl BHIUTpeIBaOT Ha rpadax G u GG, TO OHH BBIUTPHIBAIOT
u Ha rpade G X, Ga.

IMycrs G1 u G2 — nBa rpada, He numeronue oomux Bepiut. ITodecmanoskoti epaga Go 6 2padh G Ha mecmo sepusuHsL v
Ha3oBeM rpad, nosyuaronmiicss oobeauaernem rpabor G1 \ v n Ga ¢ mobasieHneM pedep, KOTOPhIe COTUHSIOT KA IYI0
BepiuHy G2 € KasKIbIM cocenoM v. Takyo MomcTaHoBKy OymeMm obosHadaTh Gilv := Gal.

N PN

Puc. 11. Tloncranoska rpada Ha MECTO BEPITHHBI

3.2. Teopema o mozpcranoBke. [lycts Myapersl BeIurpsiBatorT B urpel (G, hi) u (Ga, he). Ilycts G —
510 rpad noxcranoBku Gi[v := Gy, rie v € G; — npoussosbHast Bepmaa. Torma urpa (G, h) Bbur-
pBINTHASA, TIe

hi(u u € Gy,

iy = { ™1 '

hQ(U) . hl(’U) u € G2.

3.3. Ilycrs (G, h) — urpa, B Koropoii Myapenpl Beiurpeisator, BC' — pebpo rpada G. Pacemorpum
rpad G' = (V' E'), noxyuatonuiics nobasiennem k rpady G noboii Bepmmubst A: V' = V U {A},
E' = EU{AB, AC}. Torga myapens! seiurpbisaior B urpe (G', ') (em. puc. 12), vie

2, u==A,
2h(B =B
h/(u) — ( )7 U_ Y
2h(C), u=C,

h(u),  mas ocTaJbHBIX BepiimH u € V.
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Puc. 12. Jlobasnenue sepuiuabl A nunamnaocru 2 K pedbpy BC

3.4. Tlycre (G, h1), (G2, he) — ABe Wrpbl, B KOTOPBIX MYJApENbl BHIMTPBIBAIOT. [lycth Ay, Ay, ...,
A, € Vi; By, B, ..., By, € Vi Pacemorpum rpad G' = (V') E'), nomyuatonuiicst nobaBiennem
k rpady G U Gs Beex pebep A;B;: V! = ViUV, B = By UE,U{A;B;,i=1,...,k;j=1,...,m}
(puc. 13). Torma myapensl BuiurpeiBaior B urpe (G, '), vie

hl(u), UEGl\{Al,AQ,...,Ak},
hl<u) _ hQ(U), UEGQ\{Bl,BQ,...,Bm}7
hl(u)+1, UG{Al,AQ,...,Ak},
hg(U)"‘l, u € {Bl,BQ,...,Bm}.
hl(Ak) h2(Bm) hl(Ak) +1 hZ(Bm)+1
. . = X
hai(A1)  hy(By) hi(A) +1 1By +1

Puc. 13. Ckaneiika asyx rpados, k =2, m = 3

3.5. Ilycres (G, h) — wrpa, B KOTOpO#t Myapernpl BeiurpbiBaior, Z, C' € V — ape sepmunbl rpada G.
Pacemorpum rpad G = (V| E'), norxyaatomuiicst jobasiennem k rpady G wooro nytn ZABC: V' =
VU{A, B}, E' = EU{ZA, AB, BC'}. Torga myapens! Beiurpeisaiot B urpe (G', h'), e h'(Z) = 2h(Z),
R(C)=h(C)+1, W(A) =2wu h(B) =3, g ocranbubix Bepima h' copnagaer ¢ h (puc. 14).

h(Z) h(Z)x 24
. 2
. = ::I 3
h(C) h(C)+1B

Puc. 14. JlobaBjenwe AByX BEPINUH MLIATHOCTEN 2 ¥ 3 COEIMHEHHBIX PEOPOM

3.6. Ilycres rpad (G, 1) seurpeimmsiii, V(G) = {Aq, ..., A,}. Bosbmem n Boiurpbimabix rpadon
(G, h;) m ormernM B KazkI0M u3 Hux oy Beprrnny A;. [Tocrponm na ormedenusix Beprnaax rpad G.
B srom «cymeprpades 3amaanm musimaocts h(A;) = h'(A;)hi(A;) (a y mpouux BepIIHH MUISIITHOCTH Ta
Ke, 9TO U B poaHbIX rpadax). Torma Myapens BEINTPLIBAIOT.

3.7. Jlobannenue k rpady G Bucsdeit Bepmunbl A, rae A > 2, He BIUsIET HA BBIUTPHINITHOCTb.

3.8. a) [lo6asnenne k rpady G ¢ Bepuunoii A nuisnHocTH 2 AByX HOBBIX Beprind B u C' NLIAMHOCTH
5 u pedep AB, AC, BC He BiIusger Ha BBIUTPHIITHOCTD.

b) Hobasnenue k rpady G ¢ BeprmHoii A muignHocTH 3 ABYX HOBBIX BepiuH B u C' nuisimHOCTH
7ubupedep AB, AC', BC e BIHsieT Ha BBIUTPHITNITHOCTD.
3.9. Ilycte Gy u Gy — rpadwl ¢ BepmmHOil A, Ha KOTOPBIX MYJIPeIbl TPOUTPBIBAIOT B CIydae, KOT/a
A = 2. Torma myzapens! npourpsiBaior Ha rpade G = G + G, B KoTopom A = 2.
3.10. Ilycrs H = (G, h) — mpourpsinaast urpa, B — mobast BepmmHa rpada G. Pacemorpum rpad
G' = (V'  E'), nonyuaromuiics nobasiennem K rpady G HOBOI Bucsueit Bepmmant A: V! =V U {A},
E' = EU{AB}. Torna myapenst npourpsiBaior B urpe (G', h'), tne h(A) =2, h'(B) =2h(B) —1n
R (u) = h(u) aast ocraabubIx BepruH u € V.
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4 IITaxmMaTbl BCJIEITYIO

Nrpa «IIlax aadveti». dpa maxvarucra £ m R CHIAT HATPOTHB APYT ApyTa, HA CTEHE 33 CIMMHON y KasKIOro
3aKpeIIeHa «ero» IaxMaTHasd JOCKA TaK, 9TO KAXKIBIA IMAXMATHCT He BHIAT CBOIO JOCKY, HO BUIAT JOCKY COIEPHHUKA.
Cynpa BBICTABIAET HA KAXKAYIO U3 JOCOK OJHOrO KOpoJid. Ilocie 3Toro maxmarncThl HE3aBECAMO IPYT OT IPyTa JOJIKHEI
HA3BaTh OJHY KJIETKY Ha CBOEH IMaXMATHOH TOCKE I CyIbs CTABUT HA 3Ty KJIETKY Jalbio. Ecnm xord 661 ONUH U3 KOPOIei
okaszaJicd Tom 60oeM Jaabu (UM JIaIbs TTOCTABICHA HA Ty YK€ KJIETKY, TIe CTOUT KOPOJIb), MIAXMATUCTHI BHIUTPAJIN, B
MPOTUBHOM CiIydae oun mponrpain. [IlaxmaTHbe T0CKH HTPOKOB MOTYT OBITH TPOW3BOILHOTO ¥ HEOAWHAKOBOTO pa3Mepa.
Kaxk u B urpe «Hats», maxmarncThl 3apanee BIPabaTHIBAIOT IIyOJIHYHYIO JeTePMIHAPOBAHHYIO cTpareruio. Cyabsa 3HaeT
3Ty CTPATETHIO W UTPAET NPOTHB MAXMATHCTOB.

IMycts rpad G — o uksn ABC DA, a mutsinHocTs 3agaercsa ¢yuknueii h. Ha camom gene rpad G — 3T0 TOMHBIH
OBy IONbHLIN rpad Ko 2, 13-3a dero myapenst A u C' BUAST ORHO U TO Xe, 1 Myapensl B u D Takke BUAAT OIHO U TO Ke.
Torma Mbr HazoBeM mapy urpokos A u C' maxmarucTom £ 1 GyIeM CIuTaTh, 9To ero nocka nmeet pasmepst h(A) x h(C),
amapy B u D — maxmarncrom R u GyaeM CYuTaTh, 9TO ero Jocka nmeer pasmepb A(B) x h(D). Takum o6pa3om nrpa
«Hats» na mukne ABCDA ¢ byukuueit msnaoctn h sxsusasentHa urpe «Ilax magpeits va mockax L(h(A) x h(C))
u R(h(B) x h(D)).

Kpecmom B KIETIATOM MPSIMOYTOIBLHUKE Oy/IeM HA3LIBATH O0HEIUHEHHE JTIOO0TO BEPTUKAJIBLHOTO U JIIOOOT0 TOPU30H-
TAJILHOTO pATA KJIETOK. KpecT oqHO3HAYHO 3a0aeTCs KIeTKOM, HAXOIAIIEHCsT Ha TIepeCeIeHnr STUX PSIOB, OHA HA3hIBA-
eTcA YeHmPoM KPecTa. JIambsa, CTOAmAs B IEHTPe KPecTa, JEp>KAT nof, 60eM B TOYHOCTH BCE KJIETKW KPECTa.

B 3amaue 4.1 MOXKHO ¢IaBaTh MYHKTHI TIO OTAETHHOCTH.

4.1. B urpe «Illax magpeii» MIaxMaTHCTBI BLIUTPHIBAIOT HA CACAYIOMMUX HApaX TOCOK:
W1) omma u3 mocok mmeer pasmep 1 X k, k — 0060e HATYpaIbHOE YHCIIO;
W2) L(2 x k) u R(2 x m), tae k n m — jg00ble HATYpAIbHBIE THCIIA;

W3) L(3 x 3), R(3 x 3); W4) L(2 x 3), R(3 x 4);

W5) L(2 x 4), R(3 x 3); W6) L(2 x 2), R(k x m), vae min(k,m) < 4.
Ha caemyiomux mapax J0COK IMAXMATHCTHI MPOUTPHIBAIOT:

L1) L(2 x 3), R(4 x 4); L2) L(2 x 3), R(3 x 5);

L3) L(2 x 4), R(3 x 4); L4) L(3 x 3), R(3 x 4);

L5) L(2 x 2), R(5 x 5); L6) L(2 x 5), R(3 x 3).

JI719 mpounxX pa3MepoB JOCOK MPUMEHHMA, JIOTHKA, «MarKopu3anuns. HampumMep, MaxMaTHCTLI TPOUTPLIBAIOT Ha, JOC-
kax L(3 x 4), R(3 X 4), mOTOMY YTO OHW TPOMTIPHIBAIOT Jaxke B Gosee mpocrom caydae L3. ITTaxMaTHCTHI BHIMTPHIBAIOT
Ha mockax L(2 x 3), R(3 x 3), mOTOMy 4TO OHM BBINTPHIBAIOT Jayke, KOTJA OIHA W3 JOCOK KpyIHee, kKak B W3.

IITax dep3em. PaccmoTpny BapmaHT UTPHI, B KOTOPOM 062, IMaXMAaTHCTa BHICTABIAIOT Ha, JOCKY He Taapio, a dhepss.
Bynem nazwiBarh aty urpy «Illax dpepzems.

4.2. B urpe «IMlax depsems L(4 x 5), R(4 X 5) mMaxMaTHCTBl BEINTPBIBAIOT.

4.4. B urpe «ITlax depsems L(7 x 8

)

4.3. B urpe «Illax depzem» L(4 x 4), R(5 X 5) MaXMATHCTHI BEIUTPHIBAIOT.
)

4.5. B urpe «Illax depsems L(3 x 4), R(7 X 7) maxMaTucThl TPOUTPHIBAIOT.

( )
( )

, R(7 X T) maxmMaTucThl MpOUTrPhIBAOT.
( )

4.6. B urpe «Illax depzem» L(4 x 5), R(5 X 5) MaXMATHCTBI TPOUTPHIBAIOT.

4.7. Paccmorpum BapuanT urpsl «IIlax depzems», B KoTOpom 5 MaxMaTuCTOB PACIOJIOKEHBI TaK, U4TO
KazKJIblil U3 HUX BUJUT JIOCKU BCEX OCTAJILHBIX, HO HE BUJIUT CBOIO COOCTBeHHYIO. Bce J0CKM MMeOT
pazmep 11 x 11 Kak m B MCXOMHOI WTpe, CYIbs CTABUT Ha KaxKIYIO JOCKY KOPOJS, a IMaxXMaTHCTHI
HE3aBUCUMO YKa3bIBAIOT, KYyIa MOCTABUTH (bep3sd. CMOryT JI MIAXMATUCTBI BHINTPATD !

5 Eme HeckoabKo 3aga4

5.1. [Tycts G — rpad ¢ Beprmmmaavu B u C. [lycth GyHKIMS TUISATTHOCTH TAKOBA, ITO B=C=2u pu
sTom rpad npourpeimubtii. Jlo6apum x rpady moByio Bepmmmy A, KoTopas coeJMHEHa TOMBKO ¢ B
u C'. Torma Myapersl TPpOUTPHIBAIOT Ha TOMyUYeHHOM rpade, ectn A =2, B = 3, C' = 7, a nuiganaocTu
OCTAJTBHBIX BEPINUH HE W3MEHUJIUCH.

5.2. BepHo /11, 9TO CYIECTBYET TaKOe «DOJIBIIOe» YnuCI0 k, 9To 1000t rpad G, B KOTOPOM CTEreHn
BCEX BEPINUH He MPEBOCXOIST 3, & MIISITHOCTA BCEX BEPIMUH PABHBI K, TPOUTPBITITHBI !

5.3. BepHo /1, 9TO CYIIECTBYeT TaKoe «OOJbIIOe» YHucao d, uTo a000it rpad G, B KOTOPOM CTeleHn
BCEX BEPINUH PABHBI d, a MIISITHOCTH BCEX BEPITUH PaBHBI 4, BHINTPHITITHBIN?
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PEINIEHN A

1.1. OHE MOTYT pa3MecTuTh IBeTa IO MUKy, HAIIPAMED, OeTblii—CHHui—KpaCHBIH—0e/bli, 1 Jasee
MyCTh Ka}K,Z[be/'I N3 HUX, YBUIEB IIBET NIJIANIBI IDUATE]IA, 3allUIleT IIBET, C.He,ZLyIOI_[[I/Iﬁ 3a HUM I10 OUKJITY.

1.2. OTBeT: 1a.

MoOKHO CYHTATh, YTO YHCJIO HA BBIMKE 3aIHCAHO B JIBOMYHON CHCTeMe CUHMCICHHUS, a MYIpernam
B gaMax nuinyT Ha a0y uncaa 0 wan 1. [IycTs k-it Myapell B ssMe OTBITPBIBAET CTPATETHIO «MOil OUT He
COBIIaJ1a€eT C k—M 6I/ITOM Ha BBITIIKE», a MYJIPEI] Ha BBINIKE ITPOCTO COCTaBJIACT YUCJIO U3 6I/ITOB B dMaX.

1.3. Cumuraem, uTo mBera — 310 ducaa ot 0 g0 3. IlycTh BepxHMit Myapell HA3bIBAET YeTHOCTb CYMMBI
[[BETOB IILJIAI ABYX APYTHX MYIPEIOB. A IBOE OCTAJBHBIX HA3LIBAIOT IBET, MCXOISA U3 THIOTE3 «CYMMA
IIBETOB BCEX TS JaeT OCTATOK 1 Mo MOAYII0 4» W «CyMMa IIBETOB BCEX TJIAT JaeT OCTATOK 3 TIO
MOJLYJTIO 4.

1.4. OTBeT: 1a.

JlocTaTovHO TPOBEPUTH, YTO NMPH YIAJEHUU OJHOTO pedbpa MoJIydaeTcss TPOUTPHITHBIA rpad, T.e.
49TO Tpad «IMyTh U3 JIBYX 3BEHBEBY €O NMUIAMHOCTIME 2, 4, 4 wym 4, 2, 4 NPOUTPHITITHII.

[TpumennM BepOSITHOCTHBIE COODPaYKeHUsI: TaK, st caydas 2, 4, 4, 10m obIEero Yuc/ia packJiaion,
Ha KOTOPBIX BBIUTPBIBAIOT MYJIPEIbl, PABHBI COOTBETCTBEHHO 1/2,1/4,1/4, uTo B cymMmMe cocTaBsieT Kak
pa3 1. Ho ciyuan, B KOTOPBIX YTaJbIBAIOT MYJAPEIbl B KpAWHUX BEpIINHAX, HE3aBUCUMBL: Ha 1/8 mose
BCEX PACKJIAJIOB yTraJbIBalOT 00a KpaitHuX My/apena. Takum o6pa3om, cyMMapHasi J0JIsI BCeX PACcK/IaJI0B,
Ha KOTOPBIX YraJbIBalOT MYJpPEIbl, PaBHa % + i + i — % < 1.

Anajioruaso pazdbupaercss Apyroi ciaydaii.

1.5. To, 9TO MyApersl BLIMTPHIBAIOT TTPU 11 = 2, KOTJIa MBI BCErO MBYX IBETOB, MUPOKO N3BECTHO:
MepPBBIN MYJpeI] OTHITPBIBAET TUITOTE3Y «Yy HAC OAWHAKOBBIE TISIBI», a BTOPOW — «y HAC pa3HbIe
by, Heckoibko pa3 npumensiss yTBeprKieHne 3aja49u 3.1, mojaydaeM OTCIO/Ia YTBEPK/IEHUE JIJIst
OCTAJTBbHBIX 7.

1.6. OrseT: na.

Hocratouno mpoBepuTh, 9T0 rpad «uyTh Pp» co numsmaocTavu 2, 4, . . ., 4 npourpsimiasiii. C momo-
b0 KOHCTPYKTOPA 3313491 3.7 9TO YTBEPKACHUE JIerKO CBOIUTCS K MPOBEPKE MPOUTPHITTHOCTH UIPHI
JIBYX YEIOBEK CO MLIAMHOCTAME 2 1 4.

Ho MOKHO 3aTesTh paccyzKaeHue mo uHAyKiu. [lycts A — myapert masimaocta 2, B — ero coce.
[To crparernu myzapenr A B 3aBucuMocTH OT nBeta B (4eThipe BapWaHTa) Ha3bIBAeT OJWH W3 JIBYX
[BETOB, CKaykKeM, KpacHblii u cunnii. [lycrs B aByx miam Gosee caydasx myapen A naswiBaer cunmit
BT («IIOXMe» PACKJIAJbI), & B OCTATBHBIX CIydasiX — KPacHbIii («xopormmnes packiaaapr). [lycts cyaps
JacT Myapeny A KpacHyio NUTANy, U 0ObABUT, 9TO MyJpeity B OyayT BBIIABATHCS MLISANBl KAKAX-TO
JIBYX IIBETOB, COOTBETCTBYONINX TLIOXOMY packKjaiay. Torma myaper, A 3aBeoMO He YyraJaer, a My/Iperr
B wmoxker cauraTh ero maannocth papua 2. rpa cenach kK 60s1ee KOPOTKOMY TTyTH TOTO »Ke BUJA.

1.7. IlycTb B OfHO# jo71e HAXOAATCA JiBe BepmuHBl X 1 Y, a B JAPYyroi jose — BepIIHHbI A, B, C,
mpuuemM Y = 2, X = A = B = (' = 4. OnumieM BBIUTPBHIIHYIO CTPATErHIO0 MyIpenoB. Kaxkmprii
13 YeThIpeX IBETOB MOYKHO MCTOJKOBBIBATH KaK IBYXOMTHOE IBOMIHOE UUCTIO, COCTOMIIEE U3 AE6020
u npasozo d6uta. Myaper, cobuparoiuiicss Ha3BaTh IBET OINPEJIEIeHHON YeTHOCTH, Y7Ke OTPeIeIHICS
¢ TpaBbIM OUTOM W JOJI’KEH BBHIOpATh OAHO W3 JBYX 3HadeHuil jgeoro dOurta. LIBer musner Y — oxwn
OUT — MBI TaK:Ke OyIeM HHTePIpPeTHPOBATH KaK YeTHOCTD.

[Tycts Myaperr Y Ha30BeT Ty 4eTHOCTH Y, KOTOpas mpeobdaagaer cpean msan A, B, C.

Kaxkmerit u3 myapernos A, B, C suaut mrany Y. [losToMy oHM HOHEMAIOT, 9YTO eCIi OOJTBLITHHCTBO
musn A, B, C' uMeroT Ty »Ke 9eTHOCTh, YTO W MLIANa Y, TO Myaper, Y yraJaeT IBeT CBOEil IIsIIb.
3HAUNT, UM HAIO MCXOANTH U3 MPEIMOI0KEHNS, YTO OOBITHHCTBO UX TLIS NMEOT YeTHOCTh Y. I1o-
9TOMY, Ha3bIBast CBOM OTBETHI, KayKIblii W3 HUX OYIAET BRIONPATH U3 IBYX BO3MOYKHBIX I[BETOB, MMEIOIINX
4eTHOCTD Y .

C npyroit croponbl, myaperr X Tak »Ke, KaK W Y, BUIUT, KaKas YeTHOCTL MpeodIagaeT Cpean
misn A, B, C', u 3naer, demy paBuo y. Takum obpaszom, myaper; X 3HaeT, 9TO ecjJd Ha Myjaperne Y
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HaJleTa MIsa MBeTa Y, To ToT yrajgaja. [losromy mympern X [10JKEeH UCXOAUTH U3 MPEIMOJIOKEHUS,
9TO Ha Myapere Y HajaeTa Muisina nsera y. Ho Torga oH 3HaeT, 9To B 3TOM ciaydae myapenst A, B, C
UCXOIAT U3 TIPEIIOTOKEeHHsI, YTO OOJTBIINHCTBO UX HLILAN HUMeeT YeTHOCTh y. Tax, myapert X BHIHUT,
KaKas JYeTHOCTDL JoMuHupyer cpemu mseroB A, B, C, u 3maer, uro myapenst A, B, C' ucxoggar us
IPEINOT0KEHNd, UYTO ¥ HUX HMEHHO dTa YeTHOCTh U AoMmuHupyeT. [lycth myaperr X BweiOGeper cpean
myapernoB A, B, C' 1Boux co MuIsAmamMu JOMAHUPYIOIIEH TeTHOCTH, HA30BEM STUX MYIPEIOB 24468HbLMU.

Teneps mokakem, KakK «IPEIMOJIOKEHUsT» MPEeBPaTHTh B cTpareruto. CTodmp! ciaeayomneit Tabm-
IIbI COOTBETCTBYIOT I[BeTaM nuianbl X, a ctpokn — myapenam A, B, C. [lycth Kaxkaplii U3 MyIperon
A, B, C' BO3bMeT JIJIsl CBOETO OTBETA JIEBbIH OUT U3 CBOEil CTPOKM TabJIUIb! (a TpaBblii GUT OIpe/IeIeH
«TIPEJIITOIOYKEHUEM » ).

01 2 3
A0 0 1 1
B0 1 0 1
ci0 1 1 0

Mynapen X BugwuT, yrajgaj Ju KTO-TO W3 TJIaBHBIX Myapernon cpean A, B, C' nBer cBoeii MBI O
yKazaHHoW crparernu. Ecian oba riiaBHBIX MyApela He yraJiajii, TO 3TO 3HAYHUT, 9TO OHW 00a yKa3aJIu
HEBEPHBIH JIeBBIiT OUT IBETa CBOEil ILISIIHI.

[Iycrh, HAampuMep, MIaBHBIE MyIpernsl — 3T0 A u B, mycTh OHH yKa3aJHi COOTBETCTBEHHO OuTHI ()
u 1 u we yragamm. Mynpen A ykassiBaer 6ut 0, TOMBKO ecau 1Ber muianbl X pased 0 mwin 1; Mmymperr
B ykaszwiBaer 6ut 1, TOJNIbKO ecyu nper muisanbl X pasern 1 wiam 3. Takum obpasom, oba coObITHS
MMPOUCXOIST TOJHKO B CAydae, KOrJAa IBEeT MLINbl X paBeH 1, IMEHHO 3TOT IBET W J0JKEeH Ha3BaTh
myaper X.

Ananorngmslie neicTBus myaper, X BBIIOJHSIET BO BCEX OCTAJBHBIX CaydasX. Ero ycmex rapanTu-
pyerca ciaeayiomuM Boawebrvm ceoticmeom TaOIUIIHL.

Ecau 6 mabauue ewbpams 06e Npoussosvhuie Cmpoky U 6 Kaxrcdol us HUT (He3asucumo om

dpyeoti) saxpacums dee KaemKu, codepiHcauLue 00UHAKOBHLE CUMBOADL, MO POEHO 00UH CMOoAbeY

codeporcum 0ee 3aKpauLeHHvle KAemK.
Bosme6HOe CBORCTBO poBepsteTcst (0UeBUIHBIM) Tepe6opoM. OTMETHM, YTO /I BBIUTPHIITHOCTH CTPa-
Teruu XBaATUIO ObI OoJiee caboro TpeboBaHUs «He 0OJee YeM OAUH CTOJI0eI] TAOIUIBI CONEPXKUT IBE
3aKpallleHHble KJTeTKH ».

1.8. JlomycTuM, 9TO Yy MYyApeNoB eCTh BBIUTPBINIHAS cTpaTerusd. [lycTh v — BeplInHa CTemeHu 3, uq,
U9, U3 — BHUCIYNE BepIIUHb. Hasnaumm Bepimmme v mepBulii iBer. [lycTh Mymapenst uy, Us, U3 COMTACHO
CTpaTeruyd HA3BIBAIOT IBeTa hi, ho, hs.

Tenepnb 1poBesieM BTOPOI SKCIEPUMEHT: Ha3HAYUM BeprinHe v BTopoit mset. [lycth myapenst uq,
Ug, U3 COTJIACHO CTPATErWH HA3BIBAIOT IBETA €1, €3, €3.

Hakonen, nposemeMm ¢puHAIBHBIN 3KcmepuMeHT. g kaxkmoro ¢ = 1, 2, 3 obo3HauuMm depes d;
IIBET, KOTOPBI He OBLT HA3BAH MYJPEINOM u; B MEPBHIX JBYX 3KCIEPHMEHTaX (€CTH eCTh BBIOOp —
GepeM JI06OI BT U3 JBYX BO3MOXKHBIX). [l KAyKIOrO i HA3HAYNM BHUCSYedl BepiiumHe u; user d;.
[pera s y cocesieit Mmyapena v y»ke 3aJaHbl, 3HAYAT, W3BECTEH €ro OTBeT Mo crparernn. Hasnadnm
BepIlUHE ¥ TOT W3 IIBETOB — MEPBbBI WM BTOPOIl, KOTOPHIN HE COBIAJaeT ¢ 3TUM oTBeToM. Mypernpbt
ITPONTPAJIN.

D10 paccyxKaeHne paboraer, 1axKe ecian v = 2.

1.9. D710 yTBep:K/eHUe TOJYyIAeTCs MPUMEHEeHneM KOHCTPYKTOpa u3 3ajadn 3.4, rae B kadecTBe (o
bepercs rpad, cocTosinuii u3 ofHOI BepuuHbl nLIsiHoCTH 1! JlelicTBUTEIHHO, MYApeIhl BRIUTPHIBAIOT
Ha MyTH, N300paKeHHOM Ha PHC. 2, a ONUCAHHBIN B 3ajade rpad momydaerca mo00aBIeHHEM K STOMY
IyTH OJHOBEPIIHHHOTO I'pada G, IPU STOM B MeCTe CKJICHKHU IMLISIIHOCTH YBEIUINBAIOTCS Ha 1.

1.10. D70 yTBep:KAeHWe MOIy9YaeTcss MPUMEeHEeHHeM KOHCTPYKTopa u3 3ajgaun 3.5. [leiicTBUTEIHHO,
MY/IpeIbl BHIUTPHIBAIOT Ha MYTH, N300paskeHHOM Ha PHC. 2, a ONUCAHHBLIN B 3ajade rpad momydaerca
J06aBIeHHEeM K 3TOMY IIYTH HOBOTO pebpa cO MIIAMHOCTIME BEPIIHH 2 U 3 U HOAXOISIINIM H3MEeHEeHTeM
MIJISMTHOCTEW BEPITNH, K KOTOPHIM OHU TPUKPETITIOTCS.
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1.11. OrBeT: HeT.

[Tycrs (G, a) — npocroii Bemrpeimbii rpad, A € V(G).

Hamnm mynpery A munsmy nsera 0. Torma 11 ocTaIbHBIX MYIPEIOB 3a(bUKCHPOBATIACH CTPATEI U
Ha npourpsimaoM rpade G\ A. Buaunt, myapernam Ha rpade G\ A MOXKHO pa3faTh MUISIIBL TAK, ITO
HUKTO W3 HUX He yrajaer. B momydeHHOM packiaje ILIAn Ha BceM rpade G yragaTh MOMXKET TOJIBKO
mypen A.
1.12. IlpuBenem crpareruio cyapu. CHadamsa paccMoTpuM Ha moie A, cocrosmeir n3 50 MyIaperos,
51 packmaj ILIAI, KOLIa Bee MyApenbl u3 A MoIydaroT MIISobl OJHOTO IIBeTa, W 3TOT I[BET OIWH U3
mepBbIX 51. Ha Kaxkmoro u3 MyaperoB BTOpOil 1o B HajgeHeM Ty HLILIY, KOTOPYIO OH He Ha30BET 10
cBOEil crparernu HEU st OgHOrO 3 H1 packiagos. 3aduKcupyem MOCTPOEHHBIH Ha mdoje B packian
1 TOCMOTPUM, 9TO MO CTPATEruu CKAaXKyT st Hero myapersl w3 A. Vx 50, 3Ha9nT, KaKoi-To 1BeT u3
mepBbIX 51 He Ha30BeT HUKTO. HajeneMm IIIANBI 3TOroO IMBeTa Ha BCeX MyaperoB mou A. B pesynbrare
HUKTO U3 MYJPeroB He yraaaJ.

[IpuBemenHoe paccyzkaeHne padboTaeT A1 BCeX ABYIOJIbHBIX IpadoB, ¥ KOTOPHIX B MUHUMAJIbHOM
noJie He Oojee k — 2 BepmuH, rae k — MLISITHOCTH MyapenoB. Ecian oxna u3 mosieit comepxkut k — 1
BEPIINHY, TO MY/IPellbl BBIUTPHIBAIOT B CJIyyae, KOTJ[a pa3Mep BTOPOIl J0JId OYeHb BEJIUK.

1.13. OTBeT: ga, MyIpenbl BRIUTPBHIBAIOT.

[Tycts myaper; A urpaer mo crpareruun «Buky 2 — roBopio 2, uaade roopio 0», a myaper; B — 1o
crparernn «Buxky 2 — roBopio 2, uHade ropopio 1», Myapersr C' u D, ecin BUAAT HA CBOEM OJMHOKOM
(A wim B) cocene nuisimy 1pera 0 wim 1, ropopsar 2. B mpoTHBHOM ciiydae OHH MOJAraioT, 9TO Y HHUX
He 2, 1 UTPAIOT ¢ OCTATHHBIMHA MYJApPEaMu B UTPYy U3 3ajadn 1.5.

[To sToit cTparernu MyApersl AeiicTBUTETbHO BhIUTpatoT. [loTomy uto mubo y myapernos A u B
nsna meera 0 win 1 w0 Torga KTo-TO W3 3TUX YeThIPEX BBIMTPAET cpaly, JUbO y HUX ILIsdIa I[BeTa, 2
u torga y myapenos C' u D touno e 2 (nuade A nam B yragamm), u torga C' u D BBIUTPHIBAIOT HA
MyTH MEKJy HUMHU.

1.14. JlomycTum, 9TO MyIpenbl BBIMIPHIBAIOT ¢ TMOACKA3KOl. 3aduKcupyeM I BCeX MYIpernoB, Kpo-
Me A, crparerun, KOTOpbIe OHW UCIOJB3YIOT NMPU UI'PE ¢ MOACKA3KOH, M MOKAarKeM, KaK MOXKHO 3a1aTh
crparernio mMyapena A, 9ToObl ¢ 3TUM HAOOPOM CTPATETrHii MyApenbl BHIUTPHIBAIN 0e3 MOICKA3KHY.

JomycTum, 9T0 NMpu HA3HAYEHUN MyApeny A MUIATLI IBeTa T HAINEJCH PACKIa] MUIAN HA BCEM Tpa-
e, B koTopoMm myzapern A HOTYYHI IBET X, COCEIN MyApena A MOTyduIn MBeTa U, v, W, . . ., OCTAJbHBIE
MY/IPEITbl TOKe MOJIYUNIN KAKHe-TO [[BeTa, U MPU STOM HUKTO U3 MYJAPeNoB (Hckiaodas A) He yraiai.
Torma MbI XOTUM, 9TOOBI B 9TOW cUTyanuu Myzaper A yragas cBOii IBET, T. €. ero crparerus J0JKHA
VIOBJIETBOPATH TpeboBanuio fa(u,v,w,...) = x.

Drn TpebOBaHNU, TTOJIYYEHHBIE JJIsi PA3HBIX PACK/IAI0B, HEe MpPOTHBOpedaT Apyr apyry. deiicreu-
TeJILHO, eCH Obl CYIIECTBOBAJ €INe OJMH PACKIAd, TAe y cocemeil Mmo-IpexkKHeMy LBeTa u,v,w, . ..,
a Myzpen A HOJyduI Apyroii IBeT Y, TO MYApeIbl He MOLIH Obl BLIMIPATh C MOJACKA3KOH A* | IOCKOIDb-
Ky, Mest 9TU JIBa PacKJIaga, MOKHO COOOMMTH Myapemy A, 9TO HBET ero NUIANbI & WA ¥, MOCJIe 9ero
peasm3oBaTh TOT U3 PACKIAIOB, /I KOTOPOTO OH HE YraJbIBACT IBET CBOECH MLIAIDI.

Urpa va kauke

2.1. OrBeT: na.
Hanpumep «6antuks (puc. 15). C moMoImbio KOHCTPYKTOpa U3 3a1aud 3.4 MOKHO CTPOUTH MOI00-

HbIe TIPUMEpPHI /I JTI000TO 7N.
4I I4
4 4 4

Puc. 15. Bantuk

2.2. Tak Kax i-it Myaper yrajpBaeT Ha i—ﬁ JT0JIe BCeX pacKIaJ0B, TO eC CyMMa MeHbITe 1, HaliaeTcs
T
pacKa, e HUKTO He yrajaerT.
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Jlokaxkem, 9To ecam cymma 0oJiblie JIuOO paBHA 1, MyJperbl BHIUTPhIBAIOT. Mbl npe/jiaraeM JBa
pernenus.

Pemenue 1 (teopema Xosra). Sadurcupyem i (HOMep KAKOTO-TO My/JIpena) u pa3obbeM MHOKe-
CTBO BCeX PACKIAJIOB ILILAN Ha MOAMHOMKECTBA MO @; SJIEMEHTOB. B KaykKI0M pacK/aje OUIAI YIaIiM
IBET ¢; U JIJIF OCTABIIErocs Habopa ¢ = (C1,...,Ci 1, Ci, Cit1, - - -, Cy) (IUISITIKA O3HAYAET, YTO IBET MPO-
IYIIEH) MOJOK M

AZ = {(Cl, ey G, X,Cig 1y - - .7Cn) X e COI(AZ)}

mesa B BuLy mpuMeHeHHe TeopeMbl X0JTa O MapoCcOYeTaHUIX, HaA30BeM MHOZKECTBA Af: «IIeBYIITKAMU »,
a caMH pacKJaJbl MIISIN — <«IOHOMAaMUy. BymaeM roBOpHTH, UTO IOHOIMA U JIEBYITKA 3HAKOMBI, €CTH
PaCKJIa MIIAN ABJAACTCA 3JIEMEHTOM MHOXKECTBA Aé. Kaxkaprit 1oHOIIA 3HAKOM C 1 JIEBYIITIKAMHU, TTPHU
3TOM I KayKJA0TO ¢ KayKJbIM IOHOIIA 3HAKOM POBHO C OIHOW JAEBYITKOUW BHUIA Ai. Kaxnast neBytika
A! 3HAKOMa POBHO C @; IOHOMIAMH.

JTokazkeM, ITO CYIMIECTBYET MapoCOUYeTaHUe, COMOCTABIAIONIEe KayKIOMY IOHOTIe AeBYIIKY. /s 3T0-
0 JIOCTATOYHO IPOBEPUTH YCJIOBUE TEOPeMbl, YTBEpPXKIAIolee, 4TO KaxKIble 171 IOHOIIeil 3HAKOMBI BMe-
cTe ¢ He MeHee UeM m JeBYIIKaMHu. PaccMOTpuM HMpoOM3BOJIbHBIN HAOOP uU3 m oHOIeH. Tak Kak mpu
KaXKJIOM ¢ JIEeBYTITKA, Ai 3HAKOMa POBHO C @; IOHOTITAMU, 1 IOHOMIEH IJII KaXKI0TO ¢ 3HAKOMBI B CyMMe
He MeHee 4eM ¢ m/a; AeBYNIKaMH BHJIA Ai. CyMmmupyst 1o 4, moJIydaeM, 9To o0IIee IUCI0 3HAKOMBIX
JIEBYTIIEK He MeHbIITe % + % + ...+ % > m. YcaoBue TeopeMbl X0JLIa BHITTOJIHEHO.

NTak, cymecTByeT mapocodeTanne, KOTOpoe KaxK/IOMY pacKJIa Iy IS CTABUT B COOTBETCTBHE MHO-
KeCTBO BH/IA Ai. OTmeTnM, 9TO TPHU BHITIOJTHEHHH PaBEHCTBA i + é +...+ i = 1 3T0 MmapocodeTaHnEe
daKTHIECKH OTMeYaeT OJUH SJIEeMEHT B KarKJI0M MHOZXKECTBE Ai. Ecnm ke BuIOTHSIETCS HEPABEHCTBO
i + é + ...+ i > 1, TO «OCTaHYTCS OJIMHOKWE JEBYIIKU», T. €. B HEKOTOPHIX MHOXKeCTBaX Aé MOYKeT
HE 0Ka3aThCd HU OJHOTO OTMEYEHHOTO 3JIEMEHTA.

[TocTpoennoe napocoveranue mMO3BOJIIET 3a/1aTh CTpaTernio Mmyapenos. [IycTs j-it mymaper aeiicTBy-
eT 10 MPABIUJTY: YBUJEB ILISIbI APYTHX MYIPEIoB, T. €. Habop nBeToB ¢ = (cq, .. ., Cj—1,Cjq1y -+, Cp), OH
OJTHO3HAYHO BOCCTAHABJINBACT MHOXKECTBO AZ, KOTOpoe (PaKTUIECKH COCTOUT U3 BCEBO3MOYKHBIX CIIO-
co0OB JIOMOTHUTH HAOOP ¢ 10 packaaga MLidn. [Ipun 3ToM TeKynumit pacKIal LTI sIBJASeTCS OJHUM U3
9JIEMEHTOB 3TOr0 MHOYKecTBa. My/per 10/7KeH Ha3BaTh TOT I[BET, KOTOPHI B MHOYKECTBE Ag OTMEYeH
HAIITMM MapocodeTanneM (a eci OTMEYEeHHOIO JIeMEHTa HeT, HAa3bIBAaeT IBET MPOU3BOIBHO).

[TocKobKY KazKAbIil pacKaa LIS 0TOOparKaeTcsd HAITIM HapocovYeTaHneM KaK OTMEUeHHBIN d1e-
MEHT OJHOTO U3 MHOYKECTB Ai, JI7IS 3TOTO pacKiajia MUIST ¢-if MyJIper] yrajgaeT IBeT.

Pemenue 2 (aBuag crparerus). [lycrb N = HOK(ay, as, . .., ay), st k ot 1 10 n nonoxum dj, =
N/ayj. Bymem OTOXIECTBISITH MHOYKECTBO BO3MOXKHBIX IBETOB TLIAMBl k-TO MYJpENna ¢ MHOKECTBOM
0oCTaTKOB dy, 2dg, ..., apdy 1o Momymio N.

[TycTs MyapernaM JaHbl MUISITTBE: k=it Myaper noydaer nuisny usera rydy, rae xy € {1,2,...,ax}.
[Monoxkum S = x1dy + xads + ... + xpdy, (mod N). Kaxasrii Myapen, BuIs OKPY’KaroIINX, MOXKET
HAIIICATH BCE CJIaraeMble 3TOH CYMMBI KPOME CBOEro COOCTBEHHOro. Jlesiasg IpeamosiokeHne o IBeTe
CBOEIl ILIANEL, OH MOJIYYaeT MpeamnoaraeMoe 3HaueHne Beeil cymMmMmbl. I1yeTh mepBbiii Myapen npoBepsier
runore3y S € {1,2,...,d;}; Bropoii mynpen nposepsiet rumoresy S € {d1+1,d1+2,...,di+dy} u T 1.,
n-it myaper nposepsier runoresy S € {dy +do+...+dp1+1,...,dy+do+...+d,_1 +d,}. Tunoresa
k-ro myapena 3arparnsaet dj, HOCIeI0BATSIBHBIX OCTATKOB, CPEIN KOTOPLIX POBHO OJWH JEJIUTCH Ha, dj.
IMeHHO 3TOT OCTATOK M OHpeje/seT IBeT NLIAIB, KOTOPHI JT0JKeH Ha3BaTh k- Myaper.

2.3. OrBeT: TOYHBIC CTpaTernnm CymecTBYIOT TOJIBKO Ha KJIWKaX W TOJBKO B TOM CJIy4Ya€, KOTI'la BbI-
MMOJIHAETCA PaBEHCTBO

1 1 1
—+ —+...+4—=1. (1)

a Q2 an
[Tycts B rpade nmerorcst nBe Hecmexkubie Bepmuabl A u B. Torna BeigaanmM mpon3BOILHBIN pac-
KJIaT, TSI BceM Mmyapenam, kpome A u B. Teneps orBerst MyipenoB A u B ornpejieieHs! Mo CTpaTernn.
Borgaanm mM Takue MLIAbL, 9T0Ob OHI yragaan. Ha noctpoenHoM packiaase muistn A, B u, BO3MOXKHO,
KTO-TO eme yragaior. CaegoBaTenbHO, CTpaTerus He aBjsgercd TouHoit. To, 9To B cydyae KJIUKH CYIIe-

CTBOBaHME TOYHOI CTpaTerny SKBHBAJEHTHO paBeHCTBY (1), cieayer w3 goKa3aTeahcTBa 3a1a9n 2.2.
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2.4. OTBeT: HET, MyJIpEIHl TPOUTPHIBAOT.

[Tapy myapemoB A, B MO0XKHO WHTEPHPETHPOBATH KaK MIAXMATHUCTA C JIOCKOI n X n. Herpymno
BHJIETh, YTO JOJIS OOIIEro YHMCJa PACKIaJ0B, HA KOTOPBIX OH BBIUTPHIBAET, PABHA % — # Yro Ka-
caeTcs OCTATBHBIX MY/PENOB, KayK/Iblii BHINTPHIBAET HA %—171 JaCcTH BCEX PACKIAIOB. Takum obpazom,

cyMMapHas 079 pacKaal0oB, Ha KOTOPBIX KTO-TO BRIUTPHIBAET, MeHbIIe 1.

2.5. OTBeT: 1a, MyIpenbl BEIUTPBIBAIOT.

Bynem nnteprnperuposats npera nuisint A u B kak Beraersl 1o Moy o 6, mBeT €' — Kak BBIYET 110
MOJLYJIIO 2, TiBeT [) — Kak BbIdeT mo Moay o 3. Obo3HaunM mpera muisan myapenos A u B depes a u b.
[Iycts C' mazwiBaer mser ¢ = (a + b) mod 2, D — uBet d = (a + b) mod 3. Eciu myapenst C u D ue
YTAJIaJIH, BBIIOJHAIOTC paBeHCTBO a+b = c+1 mod 2 u (a+b = d+1 mod 3 win a+b = d+2 mod 3).
Torna mycth A BBIMHCISET CBOil IBET B Mpeanoaokennax a +b=c+1mod2u a+b=d+ 1 mod 3;
a B — B npeanonoxenusax a +b=c+1mod2wn a+b=d+ 2 mod 3.

[TpennaraeM 9uTaTel0o B KadeCcTBe YIPAYKHEHWs MOJYUYUTH ITOT Ke Pe3yJbTaT, WCIOJIb3Yysl KOH-
CTPYKTOp 3aJ1a4ud 3.3.

2.6. [Iycts X — MHOXKECTBO PACKIAIOB MLIAMN I IEPBLIX 7 — 2 MYAPeINoB, T. €., HHaue TOBOPS, 3TO
MHOZKECTBO HaOOPOB U3 1 — 2 IBETOB, IIe MePBBIil IBET — 3TO BO3MOXKHBIN IBET IILIANB Myapena Aj,
BTOPOIi 1BeT — Myapena As u T 1., (n — 2)-if uBer — myzapena A, o. [Tycrb oo = aqas . . . a,_o, TOrIA

| X | = a. O6osnaunm wepes L; (i =1, 2, ..., a,_1) — mogMHOKecTBa X, TAKHe 9TO €Cau Myaper A, 1

BIJINT KOMOMHATINIO W3 L;, TO OH Ha3BBaeT IBeT ¢. AHAJOTHIHO ONpeJe/ MM MHOXKeCTBa R (7=1,2,

., ) anas myapena A,. Ilycrs Ly — MHOXKecTBO L; MUHUMAIbHOI MomuocTH, |Ly| = M < — -

e
Tenepn paccmorpnm muOokectBa R; \ Ly (7 = 1, 2, ..., a,). B #nx cymmapuo a — M sremenTos,
mostomy ecau R, \ Lp — MHHEMAIbHOE MO MOMHOCTH, TO |R,, \ Li| < O‘;M . CemoBaTeIbHO,

a—M Q 1 « Q 1

|LkURm|<M+7:—+M(1——)<—+ (1——): (1)
ap Ay, ap ap, Ap—1 Qp,

n—2
1 1 1 1 o o
= ———— ) =a(1-)Y ) =a-—— .. - —.
a(an—l * ap an—lan) a( - ai) “ ai Ap—2

Taxum obpa3om, Korma Ha Mmyzapene A, _; HageTa mursana nsera k, a Ha Mmyzapene A, — mpera m, BLIUT-
pbIBaTh HOJIZKEH KTO-TO W3 MyapenoB Aq, As, ... A,_9, 1 9UCI0 PACKIAIOB, JIsT KOTOPHIX MTPOUCXOIUT
9TO COOBITHE, COCTABJISIET JI0JIFO i + é +.. .+ﬁ ot obmero ynciia pack/aaoB. Ho kak MbI 3HaeM, yKa-
3aHHAS JOJIsT OTPAHUYUBAET CBEPXY UHCJIO PACKJIAI0B, HA KOTOPBIX MOTYT BBIUTPATh MyApersl Ay, Ag,
.. A, . CrieioBaresibho, 06a HepaseHcTBa (1) MOTKHBI 00pAIATHCST B paBeHCTBO. Torma |Ly| = —2

An—1
(n BOOOMIE |L;| = S8 ISt BCex i) u |Ry \ Li| = -
Ananormano |R;| = o, 3HAMNT, | Ry N Ly | = o, O JIRTIATCS HA Qg1 Gy

2.7. OrBeT: 72, MyJpEIbl BHINTPHIBAOT.

[Tycts G u G — 4-KIUKHU, U3 KOTOPHIX CKJeeH OAHTUK, A — o0Imast BepIIMHa, KUK, [[BeTa, MY/I-
pPeroB — OCTATKH IO MOJYIIO 5.

Myapenst G\ A MOACIATHIBAIOT CYMMY OCTATKOB-TIBETOB Ha (7] M Pa3BITPHIBAIOT THIIOTE3bI JJIST TPEX
MOCTIeIOBATE/ILHBIX 3HAYEHHH OCTATKA ITOIl CyMMBI, cKaykeM, 1id 2, 3 U 4. AHAJTOTHIHO MOCTYTAIOT
myaperpl Ha G \ A.

Yro ke genars myapeiy A? OH H0/KeH YXUTPUTHCS OTHITPATh Cpaly JBe rumore3sl Ha (G U ABe
runoTe3sl Ha (5. CrmacaeTr ero TOJIbLKO TO, IYTO 00e THIIOTe3bl — 00 OIHOI 1 TOii »Ke ero HecYaCTHOI TLIs-
ne! YToOwl cTpaTerus cpaboraia, HAJIO0 MO PA3HOMY KOHBEPTHPOBATH IBeTa A B OCTATKY IO MOJIY/IIO 5,
HAIpUMeED, TaK:

[IBeT Kpacubrit  Cunnit  Benwrit  2Kenrorit  Yepnsbrii
Ero kox B Gy 0 1 2 3 4
Ero xoxn B Gy 0 2 4 1 3
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VkazanHast KoAupoBKa 006Jia1aeT TeM CBOWCTBOM, UTO JiI0bast apa, COCTOSIIIAs W3 1MOC/Ie0BaATE b
HBIX OCTATKOB B cTpoke (31, mepecekaercs ¢ JII0OOH mapoil moc/ieI0BaTeTbHBIX OCTATKOB B CTpOKe (o
He OoJiee YeM 10 OZHOMY 3j1eMeHTy. Mymapen A BBIUHCISIET ABa IMOCTEeI0BATEILHBIX OCTATKA, COOTBET-
CTBYIOIIUX THIIOTE3aM «CyMMa Bcex ocTaTKoB Ha (G paBHa (0 mwiam 1» m «cymMMa Bcex ocTaTKoB Ha (o
paBHa 0 win 1», U Ha3BIBAET IBET IEepPeCevYeHns STUX Iap, eCJH OH €CTh.

2.8. OTBeT: 1a, Myapenbl U 37eCh BBIUTPBHIBAIOT.

Pacemorpum BbraeTsr mo mMomymio 740 = 4 -5 - 37. Ilycre nBeta muisdn Myapena MLIATTHOCTH k —
BBIYETHI, JIC/ISIIIeCs Ha 7:—0. Torma paccmorpum S; u Sy — CyMMBI BHIYETOB-TIBETOB B JIEBOI U MPABOi
5-xmukax. [1ycThb JIeBbIil My Iperr MUISITHOCTH 4 Mpe/InoIaraetT, 9To S, JeKuT B MaoxKkectBe {1,2, ..., 185}.
On nony4daer 185 mMoApsa UAYNINX BBIYETOB, CPeIU KOTOPBIX POBHO OAMH AeauTcs Ha 185. Llset, co-
OTBETCTBYIOIIU STOMY BBIYETY, MYJIpel U HAa3bIBaeT. AHAJTOTUYIHO TPHU JIEBBIX MYApPENa MUIATHOCTH
5 mpesmoaaraioT, ato S; JexxuT B MHOKecTBax {186, ... 333}, {334, ... 481}, {482,... 629} coorser-
ctBeHHO. Tak ke, HO TOJBKO paboTast ¢ Sy, MOCTYMAIOT MPaBble My/IpeIhbl. Eciu ene HUKTO He BBINTPAJI,
10 A (Myzpert co musITHOCTBIO 37) mornMaet, 9ro Sy texkut B {630, ... 720}, Tak 9T0 eMy HYKHO BBIOH-
paTh u3 He 6osee YeM 6 MOAPL HAYIIHX BeTOB. To Ke MOXKHO cKazaThb 1Ipo Sy. YToOBI Bee cpaboTaio,
JaBaiiTe MyJIpersl JIeBOil U MpaBoil KANKU OYIYT MO-pa3HOMY TEepeBOIUTH IBeTa Mynaperna A B BbIve-
tol. [lo mamemy mpaBu/y IBeTa LIS Myjapena A — 3TO BBIYETH IO MOMY/0 740, mensiimuecst Ha
20, 1.e. (pbakTHUECKH ITO BBIUETHI MO MOAYJIIO 37. Ecim Mymapernl jieBoil KJIMKU COMOCTABISIOT HEKO-
TOPOMY IIBETY BBIUET X, TO MYCTh MYJIPEIbl MTPaBOil KJAUKHA COMOCTABJISIOT 3TOMY Ke IBETY BbiueT 6x
(mod 37) (oTobpazkenune x — 6z B3aNMHO OJHO3HAYHO HA MHOYKECTBE OCTATKOB MpPHU JeJeHun Ha 37).
Kak HeTpyHO poBepuTH, MOOBIE ABa MHOXKecTBa Buia {z,x+1,..., x+5} u {6y,6y+6,...,6y+ 30}
nepecekalTcss He OoJjiee deM IO OJHOMY 3JIeMeHTy. 3HA4uT, A HA30BET IBET W3 MepecedeHusl ITUX
MHOKECTB, JITOO HA30BET MTPOU3BOJIbHBIN IBET, €CJAN MEePecevdeHune mycTo.
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KoHCcTpyKTOpPBI

3.1. IIper mngamer myapena v B rpade G X, Gy MOKHO HHTEPIPETHPOBATH KAK Mapy IBETOB (C1, Cs),
e ¢; — nuper nLiAnel v B rpade G;. [lycTh 3aduKcupoBaHbl BRIUTPHINIHBIE CTpaTeruun s rpadon
G1 u Go. [loctpoum crpateruio Ha GG X, Go: MyCTh BCe MYpeIbl, KpOMe v, HTPAIOT O BBIUTPHIITHOM
cTpaTerun JJisi COOTBeTCTRyomero rpada. Yro kacaercst myapena v, oH OyaeT urparth cpasy 1mo obenm
CTpaTerudmM: MyCTb OH HE3aBUCUMO JaCT ABa OTBETa C; U Cg — OTBET C; COOTBETCTBYET €ro BbII/IprIHIHOﬁ
crpareruu s rpada G (17151 BBIYUCIEHHST 9TOTO OTBETA MY/IPEI] ¥ CMOTPUT TOJHKO Ha CBOUX COCEei
u3 rpada G;). Tapa (¢1,¢2) — 9T0 KOPpPEKTHBI MBeT NUIANB My/apena v Ha rpade Gy X, G, 310 1
€CThb OTBET MyJpelna v B KOHCTPYHPYEMOii CTpaTeruu.

[TocTpoenHast crpaTerusi BBIMTPHINTHAS, TOTOMY 9TO JuO0 KTO-TO n3 (G mian u3 (G yragaer IBer,
b0 v yrajaer obe KOMIIOHEHTHI CBOEro I[BETa.

3.2. [Iycte fi m fo — BBIUTpHINIHBIE cTpaTerun urp Ha rpadax G; u G COOTBETCTBEHHO.

Takzke mycTh Kaxkabiii Myaper u u3 noarpada Gy rpada G moaydaeT KOMIO3UTHBI BT (¢, Cs),
e 0 < c; < hi(v)—1,0 < ¢ < he(u)—1. Torma Bee «1eBbIe MOTOBUHBI» STUX MYJ/IPENOB OTHITPHIBAIOT
crpareruto fi(v), a «paBble TOJOBUHBI» STHX MYJPENOB OTHIIPHIBAIOT CcTpaTernio f. B wacTHOCTH 5TO
O3HaYaeT, 9YTO Bce Myapennl u3 moarpada (G OYIAyT HA3BIBATH IIBETA, Y KOTOPHIX MEepBasg KOMIIOHEHTA,
OJTHA U Ta, Ke.

Yro Kacaercs OCTATbHBIX MyIpernoB u3 (7, Te W3 HHUX, KTO He SBJISIETCS COCEIOM U, UTPAOT II0
crparerun fi. Mynapenst u3 (G, IBASIOMMECS COCEIIMI MYIpeIa v, HOCTe MOJACTAHOBKH OOHAPY AKILIH,
9TO BMECTO OJHOTO COCe/ia ¥y HUX Terephb nmeercs |Va| cocemeii (mpudem, BoobIe roBopsi, ¢ pa3HbIMI
MUIATAMA). DTH MyJApPernbl MOCTYTA0T CJIeAYIONINM 00pa30M: BCe OHM BMECTO OIHOf MIJISABl U BUISAT
BCe MUIsnbl Ha moarpade G 1 3HAIOT CTpATErnyu MyIPEoB Ha 3TOM Toarpade. 3HAYUT, OHU TOHUMAIOT,
KTO BBIUTPBIBAET B UTpe Ha moArpade Go, 0603HATUM ITOTO UTPOKA Uney (€CIIH MOGEIUTETEH HECKOTBKO,
OHH BBIOMPAIOT B KAUECTBE Upey OTHOTO U3 MOOEIUTENEi, HAIIPUMEp, TOTO, KTO HIET IePBLIM B 3apaHee
COCTABJIEHHOM cIHcKe). B pesyibrare, KazKabiii (OBIBIIHIIT) COCEN U CMOTPHT TOJBKO HA Upew, TOUHEE,
Ha MEePBYIO0 KOMIIOHEHTY €ro I[BeTa, W TOXKEe WTPaeT 10 cTparernn fi.

B pesyabrare 6o yragaer kro-to u3 moarpada Gy \ {v}, 1160 Uney yragaer JeByr0 KOMIOHEHTY
CBOErO IBeTa, a MPaBY0 KOMIIOHEHTY OH yTraJbIBAeT IO CBOEMY OINpeIeTeHni0. TakmM 0O6pa3oM, BCeraa
KTO-HHOYIb yTraJaeT CBOil IBeT.

3.3. IIsera nuisn urpokos B u C' MOKHO MHTEPIPETHPOBATH Kak Maphl BUJA (¢, €), e ¢ — BO3MOKHbIIT
uper nutsinel B urpe (G, h), € € {0, 1}. [Tycrs myaper; A orbirpsiBaer rumnoresy ¢(A) = eg+¢ec (mod 2).
Mynpensr B u C' Bugsat cBoux cocefeit B rpade G u 3nawor, kakue 1npeta c(B), ¢(C) oHu 10IKHBI
HA3BATh IO BBIUIPHINIHON cTparernu B urpe (G, h). Buus muismy myapena A, a Takyke HUTANBL APYT
napyra, myapensl B 1 C' MOTYT BBLIUHC/IATH, KAKHE 3HAUCHHS €5 U €0 UM CJICAYeT B3ATh B JOMOJTHEHIE

K ¢(B), ¢(C).

3.4. ITo cpasrennio ¢ ucxogubvMu rpadamvn y myapenos A; n B; gobasuiics oanH HOBBIT IBeT, OyaemMm
CYUTATh, 9TO ITOT NBeT — Kpacubiit. [IycTh «Meramyapeny A roBoput, 9T0 y HETO BCE MLISIIHI KPACHBIE,
eCJIM BUJUT XOTh OJTHY KPACHYIO MIIANY Vv My/Aperna B, B IpOTHBHOM CIy4ae MycTh A urpaet mo oObIvHOi
crparernu B rpade G1. Ecau «meramyapery B BUIUT XOTh OJIHY KPACHYIO TLISITY V A, TO OH TOHUMAET,
aro A BemMTpas, ecim y B ecTh XOTh OJHA KpacHas Tuisna. lorga B Ao/KeH M03aD0THTHCA O TeX
packJjajiax, rjie y Hero HeT HHU OJHOW KPacHOl MIJISIbI, U MPOCTO OTHIIPHIBATH CBOIO CTPATETHIO HA
rpade G5. Ecim ke «meramyapeny B He BUINT HU OJHOW KPACHOI MUISIIBI y A, TO OH MOHUMAET, 9TO
A BBIUTPAJT, TOJBKO €CJIA Y B TOXKe HeT KPACHBIX NI, TOTAA, YTOOBI IPOKOHTPOJIUPOBATH OCTABIITHECS
packJaael, B TOBOPUT, UYTO Y HETO BCe MBI KPACHBIE.

3.5. MbI yKazkeMm CTpaTeruio JijIsi HOBBIX BEPIIUH W YaCTHIHO JIJIsSI CTaphIX, 3aTeM pa3dbepeM HEeCKOJIbKO
PacKJIaI0B, Ha KOTOPHIX OHU BBIUT'PAIOT «CPaA3y», a 3aTeM CKayKeM, UTO Ha OCTAJbHBIX OHU BHIUTPAIOT
npu momoInu crparerun s rpada G.

OmnuireM BBIUTPBHIIIHYIO CTpaTeruio. byaem obo3HAYaTh ¢, IMBET ILISHbI, KOTOPYIO MOJYUHT M-
per x. IlBer BepmuHbl Z OyaeM CYATATH «KOMIO3UTHBIM»: ¢z = (€, ('), T1e mepBbIii «OUT» € MOKET
npuanMaTh 3nadenns 0 u 1, a Bropoii et C' — e h(Z) nupeTos, KoTopbie GbLIN H3HAYATLHO B rpade G.
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e Mympern A, B cirygae ecin BuauT Ha Myjperne B nursmy nsera 0 wan 1, TOBOPAT TO, 9TO BHIUT
Ha HEeM, WHa4Ye TOBOPUT TEPBbI OUT IBeTa Cy.

e Mympern B, B ciydae ecim BuauT Ha Myaperie C' NIy HOBOTO IBETa, TOBOPUT «2», 8 WHAYE OH
TOBOPUT 3HAYEHNE PA3HOCTH 1 — C4.

Pasz6epem Bce BapuaHThl nap (c4, Cp) W ONWIIEM OCTATBHYIO YaCTh CTPATErHH, 3a0/HO 0Ka3aB,
4TO OHA BHIMTpEIMIHAS. B caygasx (0,0) u (1, 1) myaper A cpasy yragsiBaet. B cryqasx (0,1) u (1,0),
ecau He naTh Myaperty C ISy HOBOTO mBeTa, To yragaeT myzaper B. ITostomy myapen C, Bugs Ha
Myzpene B ILIgmy [BeTa OTIHYHOrO OT 2, MOYKET CMeJIO HA3BbIBATH ILIAIY HOBOIO IBETA M KTO-TO U3 A,
B, C yragaer. Ocrasmcn Bapuantsl (0,2) u (1,2). B Hux Myzapen A yrajaer, ecjin ero mper cOBIaJeT
C TEPBBIM OUTOM Cyz, TIO3TOMY Z MOKET CUATAThH, YTO y HEro HepBbiii OUT OTIMIAeTCs OT IBETA Ca,
TO €CTh €My HYYKHO yTaJIbIBATh TOJBKO BTOPOIl «6UT», TO ecTh h(Z) BO3MOXKHBIX 3HauUeHUii. B TO Ke
BpeMs MyJper B B 3THX JBYX CIydasX yrajaer TOJbKO B caydae, Korma y myapena C' HoBblit mBeT. To
ectb C, BUJg Ha Myjperne B IUIANy BeTa 2, MOXKET CYATATh, YTO HOBOTO I[BETAa Y HEro Her. Takmm
o6pa3oM, HYKHO BbIMIparh B urpy (G, h), 9T0 MBI yMeeM JeaTh M0 YCJIOBHUIO.

3.6. YTBep:KeHne HeloCPeICTBEHHO CJIeyeT W3 TeopeMbl 0 Npon3Beaennu (3amada 3.1).

3.7. Ilycrs A — HOBast Bucsiuas Bepimnaa, B — cocennsis ¢ Heit Bepmmna rpada (G, obosnaunm rpad
¢ mobaBieHHOI BepiuHOil 1epe3 G.

B onny cropony yrBepxKaenue odeBuaHO. Fcimm wrpa wa (G BRIMTDHINIHAS, TO uUrpa Ha (7 TOXKe
BBINTPHITTHAS. J[oKazKeM Ternepb, 9To ecjd Urpa Ha (G BHIUTPBINIHAL, TO U Ha (1 TOXKE BBIUTPHIIITHAS.

[Tycts Myapensr BRIOpaIn BRIMTPHITITHYIO cTpareruio vHa G. Hamomunwm, gro B 3aade 1.14 noka3za-
HO, 9TO €CJIM BO BPEMsl TECTa CY/bsl JAET OJHOMY W3 MYIPENoB, CKazxkKeM B, MOJICKa3Ky BUIA «y TeOst
MIJISATIA, OTHOTO U3 JIBYX IBETOB i WJIU Cg», TO 9TA MOJCKA3KA HE MOBJIUSET HA WCXOJ UTrphl. HazoBem
3Ty MOJCKA3Ky B*.

JlokazkeMm, 9TO eCJIi MyJApenbl BRIUTPHIBAIOT B UTPY Ha (71, TO OHU CMOTYT BBHIUTpaTh Ha rpade G
¢ mozackaskoit B*. Ilycrs dpukcupoBana Beiurpeinmaast crparerust f Ha rpade G1. [loctponm BeIArpsbIri-
Hyto crparernto Ha G ¢ mojgckaskoii B*. Tlycrs Bece myapenst u3 V(G) \ B nosib3ytorest crparerueii f.
st ka0t maper 1BetoB (by, be), by # by, KOTOpBIE MOXKHO BBIIATH Myjpeny B, Haiijem Takoii mper
a € Col A, ato fa(by) # a, fa(by) # a, Taxkoii MBeT HAAETCS, MOCKOIBKY A > 3.

Teneps 3agaauM cTparernio myapena B Ha rpade G ¢ y4eToM MOJACKA3KH, & UMEHHO, TYCTh B CJIY-
Jae, Korjia B BuauT y coceneit Ha rpade G KOMILIEKT IIBETOB € U TOJYYAeT MOACKA3KY «TBOS MLISINA
npera by win by», oH BbIIaeT orBetT fp(a,c), T.e. oTBedaeT Mo crparernu f, Kak ecau Obl OH BHIET HA
GGy uBer a y myaperna A u KOMIJIEKT IIBETOB € ¥ OCTAJIbHBIX cocefeil. [Ipu 5ToM MoXKeT 0Ka3aThest, 9TO
IIBET, KOTOPBIil Ha30BeT B, He coBImaJIeT HU ¢ by, HE C by.

DTa cTpaTerust BHIUTPHINIHAS, TOTOMY 9TO KOT/a B urpe Ha (G MBI 1aeM BO BpeMs TecTa Mmyapeity A
IUTAIY [BETa @ U CJICJUM, ITOOBI OH He yrajaas (He BbljaBas B KaKue-TO ML) TO JIg Myapena B
OCTAIOTCST BO3MOYKHBIMHU TTIOMUMO TpPOUYero 1msera by u by, u Ha rpade (G; KTO-TO yrajbpiBaeT. SHAUUT,
C TIOJICKA3KO# B* yraJibIiBaoT.

3.8. /lokaxxem OoJiee obmumii hpakT, U3 KOTOPOTO CJEAYIOT Cpa3y 00a yTBEPKICHUS.

Jobasnenne k rpady G ¢ Bepmmnoit A 1yx nosbix sepmut B u C'u pebep AB, BC', C'A ne puger
HA BBIUTPBINIHOCTD, €CTH ILIAMHOCTH HOBBIX BEPIIHH YIOBIETBOPSIOT YCIOBHIO 2(B + C) < B-C
(magnaocTn BepruH rpada G He W3MEHWIUCH).

[Tycrs G' — nomyuennstii rpad. Eciam myapenst BeurpbiBaroT Ha rpade (G, TO OHU BBIUTPHIBAIOT
u va G'. TlpoBepum, uTo U3 BeUrphIiHOCTH (G ClleyeT BBIMTPHINTHOCTH (.

[Tycrs f' — Bemurpeimnag crparerusa xa G'. Tloctpoum f — Beiurpeimmpyo crparernio na G. g
myapenos u3 G\ A crparerns octaerca npexueit. 3amaanm crparernto myapena A. [lycrs man packnan
nuran Ha rpadge G. Myapenm A BuauT mpeTa Bcex CBOHX coceneii B rpade G U paccMaTpuBaeT B.-C
criocoboB BeIOpaTh 1Bera jyit B u C. Jlamee myapern; A cMoTpuT, 9TO OH [OJI7KEH OTBEYATH HA BCE
9TU BapWaHTHI COTJIACHO cTparernu [/, M HA3LIBAET [BET, BCTPEYAIOIINIACS B €ro OTBeTaX Jallle BCEro
(Tounee, He pexe BCero).
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[Tokarkem, 9TO TMOJyUeHHAsT CTpaTernsi BHIUTphiBaeT Ha rpade G. 3aduKcupyeMm pacroioKeHne
st Ha rpade G U peanonoKuM, 9ro Hi oans Myapen u3 G\ A we yragan. Ecian va myzapernos B n
C' HAJIETD TLIATB MPOU3BOIBLHBIM 0OPA30M, TO MbI IMOJYYNM PACCTAHOBKY ILIsN Ha G, B KOTOpOi BCe
MYVIpeIbl 3 G \ A He yramaioT cBoil mper mo crparerun f’. 3HAYUT, €ro yraJgaer A, Bum C. Ho u3
MMEIOTITIXCS B.C caydaeB paccTaHOBKU 1Lian Ha B u C' myapen B yrajaer B C CITy9asx, a Myﬂpeu C—
5 B caydagx. 3HAUNUT, A JTOTKEH yrajaTh CBOW IBET He MeHee YeM B B-C— (B + C) > BY chyqagx.
Taxum obpazom, myapen A yrajgpiBaer cBoii 1BeT B OOJBITHHCTBE BAPDHAHTOB, U KaK pa3 STOT I[BET OH
yrajiaer mo crpareruu f.

3.9. O6o3uaunm depe3 N; MHOXKeCTBO coceneit myapena A B rpade G, a gepe3 S MHOKECTBO BCEBO3-
MOZKHBIX PaCKJIaJA0B MIJIAI y MYJAPEoB 13 NQ. EC.HI/I T — OAMH M3 JIBYX BO3MOXKHBIX I[BETOB MIJIATIHI
Myzaperna A, To BTOPOil IBeT MBI OyaeM 0003HAYATD .

BadukcupyeM a1 Myapenos Ha rpade G Ipou3BOJIBHYIO CTpATeruio f W OMHUIIEM CTPATerwio dep-
THKA, II0 KOTOPOil OH CMOXKET OOBIIPATh MYIPEIOB.

Bribepem mpon3BOIbHBI packaan s s € Sy coceneit A B moarpade Go. 10T packia OIHO-
3HAYHO 33/aeT crparernto f° myapernos B moarpade (G, KOTopasi, KaK Mbl 3HAEM, MTPOUTPHITITHAS HA
sToM nojarpade. BeibepeM mpou3BoIbHBIN OMPOBEPTAIONTII PACKIAT TILIA (o, Ha Tpade (G 11 cTpaTe-
run f°. Torma myapern A monyuaer mutsiny ¢4(A) u He yraapiBaet, 3T0 3HAYUT, YTO BEIOPAHHBIN PACKIAT
LIS g OTMPEIETTeT TAKOi PaCKIa LTSI { = gpS‘Nl mynapenam u3 Ny, ato fa(t,s) = f5(t) = ps(A).

[TycTh 9epTUK CTPOUT ONMPOBEPraloIie PaCcK/Ia bl MIIAN HA BeeM rpade G, mpuMeHsist CJIe Ty IOt
NPUHITAI: €CJIN B KOHCTPYUPYEMOM OTIPOBEPTAONIEM PACK/IAJIE LIS TPEII0IaraeTcs 1aTh MyIpernam
u3 Ny packjaj muIsin §, TO MPH 3TOM BceM wmyzapemam B moarpade G Oyaer BbIIaH DPACKIAT (.
[Ipu cobmogeHnn STOro NPUHIKIA, BO-TIEPBLIX, MyIpen A i Bce ocTaabHbIe Myapensl Ha moarpade G
3aBeIOMO He YraJaloT IBeT CBOeH IILISIBI, a BO-BTOPHIX, cTparerus Myapena A Temepb MOTHOCTBHIO
onpejiesisieTcst JINITb pacKaagaMu nuisim u3 S (moroMy d9to Ha KommoHeHTe (37 MBI Cpa3y Ke 3a7aeM
packiag hy 1 HUKAKAX JPYIUX BAPHAHTOB HE PACCMATDHBAEM ).

Nrak, wepruk Buaut, uro myzapeis w3 V(Gy) \ A npumensiior crparernto f, a myapen A dakru-
JEeCKHU MOJIB3YeTCsT CTpaTerneil «BuKy y coceneit u3 Ny packiaj s — Ha3siBawo mBeT pg(A)». [Tockonnb-
Ky rpad (G TPOUTPLIIIHBINA, IS 9TOH CTPATernu CYMECTBYET OIMPOBEPTaloIInil pacKaal ILII 1) Ha
noarpade Go. DTOT pacKJIal MU TO3BOISET YePTUKY KOPPEKTHO 3a1aTh OMPOBEPTAIOININI PACKIAT
s Ha BeceM rpade G. elcTBUTEIRHO PACKIIAL TSI 1) OmpeaessieT Habop s = w} N, [IBETOB TSI
y coceneit A B moarpade G, a HabOp $ 3a/1aeT OMpPOBEPraroNnii PacKaal MLIs ¢ Ha noarpade G,
IIPU STOM PACKJIAJBL 1) U (s COBMECTUMBI: 00a PAaCKIaaa Ha3HAYAT Myapery A mser ¢q(A), Torma kak
crparerust [ TpeOyeT Ha3BaTh MBET ps(A).

3.10. I[Iycrs myapens! 3acdukcuposain crpareruio f Ha rpade G'. [TocTporM TPOUTrPHINIHBI PACKIAT
JUTst 3TOM cTpareruu. st 3Toro mocMorpum Ha, crparernto myzapena A. OH kKakoif-To u3 JByX 1BETOB
rOBOPHUT peke, a MMeHHO He Oosiee, dem h(B) — 1 pa3. Beimaaum emy muismy storo mpeta. Temeps,
9T00bI OH He yraJaj, Mbl 00si3aHbl JaBaTh B muismy oxmoro m3 ocrasmuxcst h(B) nseros (ecan ux
ocTanoch bosbiie, ocraBuM poBHO h(B)). Hy u OTIHYHO, MBI Kak pa3 yMeeM BbIJABATh PACK/IAJ HA
octapmiemMcst Tpade, tae y B tonbko A(B) 1mBeToB. 9TO W OymeT OMpOBepraroniuii PacKIal HA BCEM

rpade.
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IITaxmaThl Beaemyo

4.1.

W1) Tpusnanbho. Ha si3bike mUIsin 910 Wrpa, rje KaKOMY-TO W3 MYJDENoOB BCerja JafoT ISy
OJIHOTO U TOTO K€ I[BeTa, KOHEYHO, OH ero yraJjaer, JazKe He TV Ha JIPYTUX.

W2) Ha s3pike 1UISIT B COOTBETCTBYIOMIEM 4-ITHKJIe TISTHOCTh JIBYX COCETHUX MYJPENOB DaBHA
JIBYM, 9TH JBa MyJpera U obecredaT BHIUTPHIII, He TSI Ha OCTaJIbHbIX.

W3) Dro yrBepxaeHne — nepeckas Ha si3bik Urpbl «I1lax jagbeiis yrBep:KIeHnsT 0 TOM, YTO My/Ipe-
IIbl BLIUTPLIBAIOT Ha 4-IUKJIe, eCIM BCeM JAloT ILIANbl TpeX IBeToB. Hampumep, cTparerns Myapenos,
onucaHHas B [1|, HA MAXMATHOM S3bIKE BBITJISIAT CJICAYIONUM 06pa3oM. ECIu MmaxMaTiHCT BHIUT, 9TO
KOPOJIb HallapHUKA CTOUT B IIeHTpe, OH CTABUT JabI0 B IIeHTP. B IPOTUBHOM C/Iydae OH CTABUT JIAIbIO
Ha Ty KJIETKY, Ky/Ja MOKa3bIBAET CTPeJIKa, BeAyInas OT KOPoJs (Ha BCIOMOTATeIbHON JuarpamMmve st
9TOroO TmaxMarncra), cM. puc. 16. KoopauHarhl KJIeToK Ha PHCYHKe COOTBETCTBYIOT HOMEDAM IIBETOB
nutsn u3 [1]. Tax, maxmarucr £, yBUIEB, 4TO KOPOJIb HAIAPHUKA CTOUT Ha KIeTKe (2,2), CTaBUT CBOIO
nanpio Ha KaeTky (1,0) (3ror caydail cooTBeTcTBYeT Gosiee JKUPHOI CTpesKe HA JIeBOM puc. 16).

LI} N
W0 0] ffei
9 | LN o | ety
2 01 2 01
Crparerus L Crparerust R
Puc. 16.

W4) Tlponymepyem KaeTku J0ckKu L(2 X 3) cieBa HAIPABO CBepXy BHU3, puc. 17a. IlycTh crparerus
maxmaTucTa R 3amaercs tabauneii Ha puc. 17b. 31ech B KiaeTkax gocku R(3 X 4) mocraBieHo 6 MEeTOK.
Metka r; o3HAYaET, UTO IMAXMATUCT R, YBHAEB, YTO KOPOJb HANAPHUKA CTOUT Ha i-i KJIETKe JTOCKU
L(2 x 3), moctaBuT 1310 Ha KJIETKY 10CKH R(3 X 4) ¢ MeTKoii 7.

Crparernto maxmarucTa L TOKe 3a1aJiM ¢ TTOMOIIBIO T0CKH 3 X 4, cM. puc. 17¢. 31ech B KaxK10ii
KJIeTke J10ocKn R(3 x 4) mocrasieno unciao or 1 1o 6 — momep Kakoif-to kiaerkn gocku L(2 x 3). Koraa
maxMaTucT £ BUINUT, YTO KOPOJIb CTOUT Ha JOocKe R(3 X 4) B KJIeTKe ¢ MeTKOii k, OH MOCTABUT JAIHIO HA
KJIeTKy HOMEp k mocku L(2 x 3). UtobOsl n3bekaTh HeOpa3yMeHuii B 0003HAYEHUAX, JIJTsI TMAXMATHCTA
R MBI HCTIOJIB3YEM METKH BHUIA «OYKBa 1 ¢ WHAEKCOM», a I MaxMarTucTa L — METKH BUIA «9HCJIO».

1]2]3 715 1[3]3]5
re] | |3 2[1]4]5
5 6 T2|T1 2 6 6 4:

a) Pasmerka nockn L b) Crparerns maxmarucra R c¢) Crparerus maxmarncra £

Puc. 17. Bemrpsimaas crparerust Jyist urpbl L(2 x 3), R(3 x 4)

OnurmreM, KaKuM 00pa3oM 3a1aI0TCSA BBIUTPBIIITHBIE CTPATETHH C TOMOIIBIO BBEIEHHBIX 0003HAUEHMIA.

Yreepxgenue. Crparernst MaxMaTHCTOB BRIUTPHITITHAS B TOM W TOJHKO TOM CJIyYae, KOTIa st
JIOOBIX TPeX Pa3INYHBIX KJIETOK a, b, ¢ mocku L(2 X 3), TAKUX UTO KJAETKH b U ¢ He JIeXKAT B KPeCcTe
KJIETKH @, BBIOJHAETCS CIEIYIONee CBOCTBO Ha mocke R: ece xkaemku docku R(3 X 4), nomeuwennvie
YUCAOM @, AEHCAM 8 NEPECEUEHUU KPECTNOB Ty U Te.

Hanpuwmep, ipu a = 1, b = 5, ¢ = 6 xerku ¢ MeTkoit 1 Ha qocke R(3 X 4) mexkar B mepecedeHnn
KpecToB 15 U rg. ([lepeceuenne KpecToB rs U rg MOJAKpAINIeHO HA puc. 17b.)
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JlokazareabcTBO yTBep:KaeHus. [lycTh cyapbsi mOCTaBUI KOPOJIs Ha KieTKy nocku R(3 X 4), rie
crouT MeTKa 1 (JJIsT JAPYIHX METOK DACCYKICHWsI aHAJOTHYHBI), TOT CJIydail 3aJaeT HaM TPOHKY
Kmetok a = 1, b = 5, ¢ = 6. Torga maxmaruct L 1Mo cBoeil cTpaTerny MOCTABUT JIaJbl0 HAa KJIETKY 1
nocku L(2 x 3). [Janee, mycTh Cyabs MOCTABAT KOPOJS Ha 5-10 Uin Ha 6-10 KIeTKy qocku L(2 X 3) —
TOJBKO B 3TUX CIydadX KOPOJb Ha JOCKe L OKaxKeTcs He MO MAXOM. SHAYUT, B STUX CUTYAIUIX TIMaxX
obecriednBaeT MAaXMaTUCT K. DTO 3HAYUT, YTO KJETKA C METKOH 1 JIOJI’KHA JieKaTh B KPeCTe KJIeTKH
T5 U aHAJIOTMIHO KJIeTKa C METKOi 1 JIO/I’KHA JIeYKaTh B KPECTe KJIETKU Tg. Y TBEPXK/IeHNE JTOKA3aHO.

Ocrasioch 3aMeTHTh (HEMOCPEeICTBEHHBIM TTepeGOPOM), 4TO B MPUBEIEHHOM IPUMEPEe yTBEePIKIeHHe
BBITIOJTHEHO.

W5) Crparerus 3agaercst aHajgorudno caydaio W4) (em. puc. 18).

5 Te 315 |4

T 816 |8

é 2 3 ;1 8| T4 | T7 2|71
a) Pasmerka mocku L b) Crparerns maxmarucra R c¢) Crparerus maxmarncra £

Puc. 18. Bemrpsimuas crparerust qyist urpbl L(2 x 4), R(3 X 3)

W6) Ha sa3bike muisin 9T70T ciydaii 03HaYaeT, 9TO MUK COAEPKHUT MyTh P3 CO MIJISITHOCTSME BePITHH
2, x, 2, tne x < 4. Ha TakoM myT MyJIpenbl BIUTPHIBAIOT.

L1) Kak s W4), nporymepyem kierkn 1ocku L(2x 3) cieBa Hanpaso ceepxy BHu3, puc. 19a. Torga
cTpaTerus maxMaTucTa R 3amaercsa tabauneil, Hamomobue Toii, 9To moka3ana Ha puc. 19b. Ormernwm,
YTO JJIS ITOTO CIOCODA 3aJaHMS CTPATErUU JOIMYCKAETCS, YTO HA OHON KJIETKe MOXKET CTOATH CPa3y
HECKOJTbKO MeTOK 7. CTparerusd maxmaTtucta L TOXKe MOXKeT ObITh 3aJaHa C TOMOIIBIO JTOCKH 4 X 4,
HampuMmep, Kak 3TO ¢/IeJano Ha puc. 19c¢.

1 2 3 s 16|26
1516 T3 513(1]2
T2 413(6]3
a) Pasmerka relri] | | 2011415
Jockn L b) c)

Pwuc. 19. /IBa cmocoba 3amaBaTh CTpaTernn

Kak n B 1. W4, nmeer MecTo ciieyioiiee yTBep:KIeHune.

YrBepxaenue. CTparerudg MaxMaTHCTOB BBIUTPHIITHAS B TOM U TOJBKO TOM CJIyYae, KOTJAA s
JEOOBIX TPeX Pa3JIM9IHBIX KJIETOK a, b, ¢ mocku L(2 X 3), TaKuX 4TO KJIETKH b W ¢ He JIeXKaT B KpecTe
KJIETKHU @, BBITIOJIHSIETCSI CJIeJIyolee CBOMCTBO Ha jocke R: ece kaemku docku R(4 X 4), nomeuernwvie
YUCAOM G, AEIAHCAM 8 NepeceueHul KPecmos 1y, U Te.

Hanpuwmep, st crpareruu, noka3anuoit Ha puc. 19¢, Tpoiika kjerok a = 1, b = 5, ¢ = 6 He
VJIOBJIETBOPSIET YMGEEPHCOEHUI0: U3 TPEX KJIETOK ¢ METKO 1 JINIIH 0/IHA KJIETKA JIEXKUT B MEePECeIeHnn
KpectoB 15 1 6. ([lepeceuenne KpectoB r5 u rg mojkparnieHo Ha puc. 195.)

Jlokarkem, 9TO y MaXMaTHCTOB HET BHIUTPHITITHON CTPATErnH.

[Tycts 3adukcupoana crparerus maxmaructa K. [Toas3ysics ymeeporcderuem, monpodyem mOHSITh,
rie Ha Jgocke R(4 x 4) moryT HaxomuThes Kiaerku ¢ merkamu 1, 2, u 3. [To ymeeporcdenuto kierkn
¢ MeTKO# 1 JeykaT B mepeceveHun KPECTOB T's U I's, KJIETKH ¢ METKOil 2 — B MepecedeHnr KPecToB 7y
U I', & KIETKH C METKOW 3 — B IIePEeCeYeHun 'y U 7.

Bamernm, 9T0 00bLeIMHEHNE TOMAPHBIX MepecevdeHnii TIOBIX TPeX KPecToB (BO3MOYKHO, COBIAIAI0-
mux) Ha gocke R(4 X 4) comepkut He Gosee 8 kiaeTok. /leiicTBuTebHO, pasbepem CJIydam.
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1. Eciu nmenTpbl KpecToB JieyKaT B Pa3HBIX BEPTHKAJISIX U TOPU3OHTAJIAX, TO KayKJ0€ MONapHOe
nepecevderHne COCTOUT U3 JIBYX KJETOK — CM. MpuMep Ha puc. 19b, rje 3akpallieHo nepecevenre KpecToB
rs U g — UTOro He Oosee 6 KJIETOK.

2. Ecnu meHTpbl HUKAKUX JIBYX KPECTOB He COBMAIAIOT W MPHU 3TOM JIBA IEHTpa JieXKaT Ha OTHOIM
TOPU3OHTAN WM BEPTUKAIN (KaK HAIIPUMED 74 U 75 Ha puc. 19h, To mepecederne STUX JBYX KPECTOB
COJIEPXKUT 4 KJIeTKU U J0OABJIEHHE TPEThero Kpecta MOXKeT JaTh B 00beJMHeHne TIOAPHBIX Tepecede-
HU ere 4 KJIETKHU, TOJIBKO eCJIM IMEHTP 9TOro KPecTa JIeYKUT Ha OJHOI JIUHUK C OJITHUM U3 MEePBBIX JIBYX
1eHTpoB (Kak 74 W ¢ Ha puc. 19b. B srom ciydae mosyvaercst 8 KJIeTOK, MPH 3TOM 7 W3 HUX JIeXKaT
B OJJHOM KpecTe (B PACCMATPHBAEMOM IIPUMEPE — B KPECTe 7).

3. Ecnu meHTphl ABYX KPECTOB COBMA/IAIOT, TO TlepecedeHrne KPeCTOB COMEPKUT 7 KiaeTok. [lpm
JIIOOOM TIOJIOYKEHUH TPETHEro MEeHTPa MHOYKECTBO MOTAPHBIX MEePeCeYeHuil He YBEJTUUUTCH.

Urak, 1ist kieTok ¢ Mmerkamu 1, 2, 3 Ha qocke R(4x4) umeercst He 6oJiee 8 MO3UIMi, AHAJOTHIHO JJIsT
KJIETOK ¢ MeTKamu 4, 5, 6 Toxke e Gosiee 8 mosurwmii. [Tockosrbky mocka R(4x4) comepkut 16 KJIeTOK, MBI
nMeeM 8 mo3unuit a7 MeTok 1, 2, 3 u 8 mo3unuii 119 MeTok 4, 5, 6. Ho kak ycTtanoBaeHO B mepebope,
8 mo3uIuit peaJu3yoTcsd TOJTBKO B BUJE MHOMXKECTBA <IEJbIH KpecT» ILTIOC OfHa KJeTkKa. OcTanoch
3aMeTUTh, YTO ABYMs KpPeCTaMU U JIBYMs JOTOJHUTETbHBIMU KJIETKAMH HEBO3MOYKHO HAKPBITH BCIO
nocky R(4 x 4).

L2) Kak u B . L1 mocka L(2 X 3) 371ech Ta ke camasi, a mpaBast J10CKa TOXKE «JIO0BOJBHO BOJIBINAS.
Ananornano ybexkpaemcst, 9To 00beIHHeHne TTOMAPHBIX MepecevdeHuil JTIOOBIX TPeX KPecToB (BO3MOXKHO,
coBmagamomux) Ha mocke R(3 X 5) comepkut He Hojiee 8 KIETOK; CIy9an, B KOTOPHIX 9TO MepecedeHme
COIEPKUT 7 WU 8 KJIeTOK, MOKA3aHbl Ha puc. 20, — 3TO cJaydad, KOrJa MEeHTPLI ABYX KPECTOB JexKaT
B OJIHO{T CTPOKE WM CTOMONE (B TOM YHCTIE, KOTJa OHU JIEZKAT B OJHON KIIETKe).

Bo Bcex BapmanTax oObeanHEHUE MOMAPHBIX MepecevdeHnii Tpex KPecToB 3aHUMAaeT OAHY NOPU30H-
TaJb JOCKU IMOJIHOCTHIO, a B Ka;)KILOﬁ n3 IBYX JApYyrux FOpHBOHTaﬂeﬁ OHO 3aHUMaET MEHBIIE TTOJIOBUHBI
KJIETOK. STO SHAQYIUT, 9TO O6'be,ZLI/IHeHI/Ie ABYX TaKUX MHOXKECTB HE MOXKET COCTaBJIATH BCIO JOCKY.

N

8 KIeTOK 8 KIIeToK 7 KIIeTOK
Ty — B JIIOOOM MecTe

Puc. 20. O6beaunenue monapHbIX nepecedeHuil Tpex Kpecros Ha qocke R(3 X 5)

L3) Sro paccyxaenne coodbuma Ham Ouer Yemoroc. 3adukcnpyem Kakne-HUOYIb CTPATETHH TAX-
MaTUCTOB £ ¥ R U TPOBEPHUM, UTO HAUIYTCS TOJOXKEHUS KOPOJIeil, B KOTOPBIX 00a KOPOJS M30eraioT
maxa. 3aMeTHM, ITO eCJIH KOPOJb CTOUT B KaKOH-1un00 KiaeTke mocku L(2 X 4), To Ha JOCKE HMeeTCsI
Tpu «cJaabble» KIeTKH (B JAPYroii CTPOKe), — KIETKH, ¢ KOTOPBIX JIa/lbst HE MOYKET MOOUTH ITOrO KOPO-
Jist. JI71s1 BRIMTPBITITHON CTPATErny Bee MOJIOKeHHsT KOpoJist Ha JocKe R(3 X 4), BBI3bIBAIOIIIe OTBETHBIH
X0/ maxmatucTa L B ¢j1abylo KJIeTKY, JOJKHbI HAXOJAUThCS B OlHOM Kpecte. [Ipu 3Tom B poJin ciabbix
KJIETOK MOTYT OKa3aThCs JIIOObIe TPU KJIETKHU OHONW CTPOKH — ITO MPOU30MIET, €CJU KOPOJIb HAXOIUTCSI
BO BTOPOIl CTPOKE B CTOJIOIE, COAEPZKAIIEM YeTBEPTYIO KIETKY.

Crparerng maxmarucrta £ — 310 otobpaxkenune ¢: R(3 X 4) — L(2 X 4), KoTOpoe ompeeser,
Ha Kakyiwo KJaerky ¢(Kg) maxmarncr £ MOCTaBUT JaJblo, €CJU YBUIAT KOPOJIs Ha KieTke Kpg JT0CKH
R(3x4). [Tokpacum kiaerkn gockn R(3x4) B aBa 1pera: KI€TKY &, st KOTOPOil KJIeTKa ¢() HAXOAUTCST
B 1mepBoil cTpoke jocku L(2 X 4) kpacum B Gesiblii mBeT, ocTaabHble B 4epHblil. He ymasss obmHocTH
MOZKEM CUHUTATh, YTO KJIETOK HEI0ro IBeTa Ha JOCKe He MeHbIe, ueM depHoro. Pazbepem nBa coydas,
OXBATBIBAIOIINX BCE BO3MOKHOCTH, KOTOPBIMU MOYKET OBITH PEAJTH30BAHO ITO «HE MEHbIIIes.
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1. Ogna w3 crpok jgocku R(3 X 4) comep:kut Tpu Geible KJIETKH 71, Te, 3 (GyJIeM Ha3bBaTh Ty
CTPOKY TepBoif) 1 elie ojiHa cTpoka (Bropast) — jBe Gesibie KJIeTKH 14 1 5. Torma B mepBoii CTpoKe JT0CKN
L(2 x 4) M0¥KHO BHLIGpaTh KAeTKy £, 171 KOTopoii mpoobpas ¢~ (£) — nubo mycToe MHOMKeCTBO, JH60
OJIHA KJIeTKa MePBOil CTPOKH, CKaxkeM, 1. B 3TOM ciiydae ocTaabHbIE KIETKH MePBOi CTPOKH ABJIAIOTCS
c1abbIM MHOXKECTBOM, & ero Ipoobpas COIep:KUT KJIeTKH Tq, I's, T4 U 75, He JIeJKAIIe B OJHOM KpecTe.

2. Kaxgas crpoka gocku R(3 x 4) comep:kut e Genbie Kierkn. Torma BeibepeM B mepBoii cTpoke
nocku L(2 x 4) kaerky £, njist Kotopoit npoobpas ¢~ (£) cocrout He Gojiee uem u3 oHOI KjaeTKu (st
ONPeJIeIEHHOCTH OHA HAXOJUTCS B TPeTheil cTpoke). B 3moM ciiydae ocTanbHble KJIETKH MEPBOil CTPOKH
nocku L(2 X 4) gaBasirorcsa c1abbIM MHOXKECTBOM, a UX 9YeThIpe mpoodpasa, JIeXKAIIne B MePBBIX IBYX
crpokax gocku R(3 X 4), 06pa3yiorT MHOKECTBO, He JIeJKallee B OJHOM KDECTe.

L4) omyctuM, 9TO y MAXMATUCTOB CYIIECTBYET BBHIUTPHINIHAS CTpaTerus. Bocmoib3yeMcs: 0003Ha-
YEeHUSIMHU JIJIsl ONUCAHUS BBIUTPHIIHBIX cTpareruii u3 n. W4). TIponymepyem kierku jgocku L(3 X 3)
guciamu or 1 1o 9. Torma crparerust maxmarticta R 3aJaeTcsi BBICTaBJIeHHeM Ha JTOCKY R(3 X 4)
JIEBATH CUMBOJIOB — T1, T, ..., I'g. LIpm 3TOM cTparernsi maxmaructa L 3a7aeTCsl BHIMUCHIBAHUEM B
Kayk10i KiaeTke qockn R(3 x 4) ancen or 1 10 9, KoTopsie MBI Oy/eM Ha3bIBATH METKAMH.

Kak u B mpepIIyIeM myHKTe, TIPU BBICTABIEHNN KOPOJIs B KIeTKY 4 Ha jocke L(3 X 3) umeercs 4
KJIeTKH, ¢ KOTOPBIX JIAJbs HE MOXKET OUTH 3TOr0 KOpOJsd. DTH KJAETKH U UX HOMepa OyaeM Ha3bIBaTh
i-cabpivu. [1J1st BBIMTPBITITHOCTH CTPATErHH HEOOXOAMMO, YTOOBI MPH BCeX i MeTKH Ha jocke R(3 X 4),
COBMAJIAIONINE C ¢-C/IAOBIME HOMepaMu, HaXOJIUJIUCh B KPEcTe C IeHTPOM B 7.

3amMeTnm, 9To CUMBOJIBI 71, T'5 U T9 JOJZKHBI HAXOANTHCSA B PA3HBIX cTpokax gocku R(3 x 4). [leii-
CTBUTEIHHO, HETPYIHO BUIETH, UTO KayKaasd KaeTka Jocku L(3 X 3) HaxoauTces B ¢aaboil MO3UIUH O
OTHOIIIEHUIO K OJIHOI u3 KieTok ¢ Homepamu 1, 5 win 9. (Hanpumep, 1 u 2 B c1aboii mosunnu k 9, 3
— B cy1aboii mozunuy K 5 u 1. 1.) CiieoBaresibHO, KaxK/as MeTKa Ha J0cke R(3 X 4) jexur B 11-, r5-
I Tg-KPecTe. DTO MOKET OBITh TOJBKO €CJIM CUMBOJBI 71, T's U T9 HAXOAATCSA B PA3HBIX CTPOKAX.

ARajornvno, CUMBOJIBI 75, Tj W T HAXOAATCS B PA3HBIX CTPOKAX, eCIN KJIETK! I, j, kK 3aHMMaIOT
TPH pa3Hble CTPOKH U TpH CTOIONA mocku L(3 X 3).

CnencrBue. /179 pacmoioKeHust CHMBOJIOB Tq, T'a, . . ., T'g HA JOCKe R(3 X 4) BO3MOKHBI 1BA CJIyJas:
1) u6o CUMBOJIBI 11, T9, T3 CTOAT B OJHOI cTpoKe qocku R(3 X 4), CUMBOJIBI 7y, T5, I'e CTOAT B APYTOIi
CTPOKEe, a CUMBOJIBI 17, T's, I'g — B TPETbHEIi;

2) b0 CUMBOJIBI T1, T4, T'7 CTOAT B OAHON cTpoke Hocku R(3 X 4), CHMBOJBI T9, T5, I's CTOSAT B
ApPYTOii CTPOKe, & CUMBOJIBL 13, T, 9 — B TPeTheil.

CrencTBue MOKa3bIBAETCI YMEPEHHO MPOTUBHBIM MEPEOOPOM.

JlokaxkeMm Tenepb, UTO BBIUT'PBHIIIHBIX CTpATEernii ¢ TAKUM OOIMIHPHBIM HAOGOPOM CBOHCTB He CyIIe-
crByer. [TocraBum Jazeii Ha Bece KaeTKu r; 10ckH R(3 X 4) (B KJIE€TKY CTaBUM CTOJBKO JIajieil, CKOJIBKO
B Heil cuvBosioB 1;). Ilo ciemcrBuio B mepBoii crpoke gocku R(3 X 4) mMeercst «mycrasiy KJIETKA,
T. €. KJIeTKa, He coaepzKaliasgd HA OJHOT'O CHMBOJIA 7;, HO COJAepIKaIas HEKOTOPYo MeTKy a. IlycTh oHa
JTsI OTIPEJIEIEHHOCTH HAXOIUTCS B ueTBepToM cTosione (puc. 21). Tlo yTBepKIeHuO Ha 3Ty KIeTKY Ha-
mpaBJieHo 4 JaJeiHBIX yaapa, IpudYeM JIBe U3 3TUX YeThIpex Jajeil HaXOo[sITCs B OJHOI CTpOKe, U elre
JIBe — B JIPYTOif. DTO 3HAYNT, 9TO B OJHOI U3 KJIETOK YETBEPTOrO CTO/IOMA 3aBEIOMO CTOST JBE JIa IbH.
[TycTh a/1st onpeaeIeHHOCTH 3TO KJIeTKa HAXOIMWTCS BO BTOPOil cTpoke. Termeph MBI 3HAEM, 9TO BCETO
BO BTOPOif CTPOKE MOCTaBJIEHO 3 JIaJbW, TPUYEM JBe W3 HUX HAXOISITCS B OIHOI KJIeTKe.
3HAYUT, BO BTOPOil CTPOKE €CTh JIBe «IIYCThie» KJIeTKH. BbibepeM Ty U3 HUX, HAJ KOTOPOil B mepBOit
CTPOKe CTOUT He OoJsiee oaHOi Jaapu. [IycTh 3Ta KmeTKa 1 OmpeaeeHHOCTH HAaXOMUTCS B IEPBOM

1121347 5
b T2 617(819]10 3 |4

rergl X X

a) Pasmerka mockm L b) Crparernst maxmarucra L

Puc. 21. Crparerus nas ciygas L3 Puc. 22. Nuiem crpareruto s urpsl L(2 X 5), R(3 x 3)
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cTosidme u cojepkuT MeTky b. Ha BbIOpaHHyIO KJIETKY TOXKe HampasJieHo 4 JlaJefiHbIX yaapa OT JIBYX
nap Jajeit, CTosmux B AByX cTpokax. OJiHa mapa jajieit pacnoiozKeHa, O9eBHIHO, BO BTOPOIi JKe CTPOKE,
a Jpyrag mapa — B TpeTbeil cTpoke (B mepBoil CTpoKe HaJ| KJIEeTKOH b He Gosee oHol nasabu). Temnepnb
MBI BHJUM, UTO OJHA U3 KJIETOK TPeThbeil CTPOKH — BO BTOPOM HJIH TPETHEM CTOJOIE — He MOMKET
cobpaTh Ha ceba 4 mameilHBIX yaapa U3 ABYX Pas3HbIX cTpok. [IpormBopedne.

L5) omyctuM, 9TO y MAXMATUCTOB CYIIECTBYET BBHIUTPHINIHAS CTpaTerus. Bocmoib3yeMcst 0003Ha-
YEeHUSIMU JIJIsl ONUCAHUS BBIUTPHIIHBIX cTpareruii u3 n. W4). TIponymepyem kierku jgocku L(2 X 2)
uyuciamu or 1 mo 4. Torma crparerusi maxmarticta R 3a1aerTcss BhICTaBIeHneM Ha J10CKy R(5 X 5)
YeThIPEX CHMBOJIOB — T, T, T'3, T4. Ha gocke R(5 X 5) waiigercss XoTst Gb 0iHA KJIETKa, HA30BEM ee
(2, He JexKkalas Hi B OJHOM U3 YeThIPeX KPeCTOB, OMpeaeseMbIX STUMI cuMBoIaMu. CTpaTerus max-
Matucta L 3a7aeTcs BBIMUCBIBAHUEM B KaK10il KiaeTke nocku R(5 X 5) umcma ot 1 10 4. Pacemorpnwm
THCII0, HAMMCAHHOE B KJIeTKe (), He ymasss obmuoctr 310 1. Pacemorpum wmceio vHa mocke L(2 X 2) |
CTOsIIEe O JUaroHa u ot 1, He ymassis odmuocTr, 310 4. [IycTh cyabs mocTaBUT KOPOJIeii: Ha JTOCKe
R(5 x 5) B kIeTky @, a Ha gocke L(2 x 2) — B kiaerky 4. Torga nrpok £ moctaBuT Jajpio HA KIETKY
1 pocku L(2 x 2), a urpok R mocTaBuT Jajbio Ha KIeTKy 74 mockn R(5 x 5). Hu oxna u3 nazeii ve
ctaBuT max. [TlaxMaTHCTB TPOUTPAJIH.

L6) Pasmernm nocky L, kak Ha puc. 22a). Kak u W4), crparerus maxmarucra £ 3a/1a€TCs BBIITH-
ChIBAHHEM B KayKIyI0 KAeTKy mockn R(3 x 3) umcma ot 1 mo 10 — nomepa ki1eTkn Ha mocke L(2 x 5).
[TockobKy Ha mocke L(2 X 5) Bcero aBe rOpu30HTATN, HAIETCS aBe CTPOKH T0cKu R(3 X 3), B KazxK10i
M3 KOTOPBIX HANMCAHBI HOMEPA JIBYX KJIETOK, TAKWX YTO BCE ITH YeThIPe KJIeTKH (BO3MOXKHO, CPeIn
HUX eCTh COBMAJAIONINE) JiesKaT B OfHON ropusonTasn gocku L(2 x 5). Tlycth j — HOMEp KJIeTKH 3
BTOPOil TOPU3OHTAIH, SIBJSIIONIUNACS -CTAOBIM CPa3y 10 OTHOIEHUIO KO BCEM STUM KJIETKAM.

Hanpumep, nycrs Ha gocke R(3 X 3) croat merku 1, 2, 3, 4, kak Ha puc. 22b). Torga 1-, 2-, 3-
1 4-c1abbIM OJJHOBPEMEHHO siBIsgeTcst HoMep 10. DTo 3HAYMT, TO JTaabs HA KIETKe 1y HocKu R(3 X 3)
JIEPKUT TOJ, OoeM KJaeTkn ¢ MeTkamu 1, 2, 3 u 4. DTO HEBO3MOXKHO: 4TOOBI OUTH MeTKH 1 m 2, oHA
JOJI’KHA, HAXOJUTHCST B BepXHeil cTpoke mocku R(3 X 3), a arober 6uTh 3 u 4 — B HIKHEI.

[To Toit »xe mpuuMHe HEBO3MOXKEH U OOIMuMil ciydail: KaeTKa r; JOJIZKHA OKa3aThCs CPasy B JBYX
crpokax R(3 x 3).

4.2. TTokpacuM KJIeTKH 06enX JO0COK, KaK MOKa3aHo Ha puc. 23, a). [IycTh 06a MaxMaTucTa BBICTABISIOT
cBouX (bepaeit TOMBKO Ha KIETKH, TOMeYeHHbIe (Dep3sIMU, IPHIYeM IYCTh MEePBBIil MaXMaTUCT JTeicTByeT
13 IpeanoJIOzKEeHn A «KOpOﬂI/I CTOAT Ha KJIeTKaX OJWHAaKOBOT'O IIBETa», a BTOpOfI — M3 MPEeaInoJIOKEeHUN A
«Koposn cTosiT Ha KJIeTKaxX pa3HOro IBeTas.

BupoueMm, Ha cT0/b HEOOIBIIONH T0CKe pabOTaeT HECKOJILKO HeOKHUTaHHBIH 3ddekT: depsb, cTos-
Uil Ha KJIeTKe ¢2, Jep:KHUT o1 H0eM Bce KJIeTKH TOTO Ke IBeTa B ImaxMaTHOil packpacke! IToaTomy
BMECTO «39K30TUYECKOI» PACKPACKH MOYXKHO HCIIOJBb30BATH OOBIYHYIO MAXMATHYIO, puc. 23, b).

HE R
= =

WS
e
) b)

Puc. 23. «IITax ¢dep3em» Ha mockax 4 X b

4.3. VTBep:KaeHne 3a/1a49n ObLIO HAllIeHO ¢ TTOMOIIHI0 KOMIbIOTEPA. Y 9acTHUKNA KOH(MEPEHINN MTPe/I-
JIOYKWJI CUMITATUYIHBIE JIOTHIECKNEe CTPATErnH.

Pemenwue 1 (Kononenko Hukoumait). 3agamum crparernio maxmarucros. Pasmernm mocky R(5x5)
KakK MOKAa3aHO Ha puc. 24a). YBUJEB KOPOJs HAa KJIETKe ¢ METKOH j, maxMaruct L CTaBUT JaJbi0 HA
KJIeTKY J0CKU L(4 X 4), moMedeHHy o aucaom j, puc. 24 b). Takum o6pazom, maxmatuct L UCIOIb3yeT
BCEro YeThipe MO3UIun 17151 cBoero dbepssi. [luist kaxkaoii kiaerkn qockn L(4 x 4) wa puc. 24 ¢) nokasaHo,
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¢ Kakux nosunuii pep3n maxmarncra L He ObeT 3Ty KaeTky. Hanpumep, anciaa 1 u 2 B J1eBOM HUKHEM
YIJIYy O3HAYAIOT, UTO JieBasi HUZKHss YraoBas Kaerka gocku L(4 x 4) we npobuBaercs depsem ¢ 1-it
1 co 2-if To3uNuii, MOKA3AHHBIX Ha puc. 24 b), a Tpouepk 03HAUYAET, UTO KJIETKA TPOOUBAETCS CO BCEX
MO3UIINIIL.

3|1(3]|1|3
1]3(3(3[4 2.4 4 12
313(3(|3|3

1 4 4
213|13|3|4
3/2[3]2]3 — |4
abc de 4 121313

a) Crparerns maxmarncra £ b) Kyna crasum dbep3sa ¢) Nucrpykuusa mus R

Puc. 24.

YBuaes kopoJst Ha jocke L(4 X 4), maxmarncr R ¢ TOMOIIbI0 puc. 24¢) cpa3y MOHWMAeT, ¢ Ka-
KX «HEBBITOIHBIX» MO3UINN (bep3b ero HamapHHKa He MOXKeT MOCTaBHThH Iiax. [loaTomy oH mo/zKeH
pasMecTuTh cBoero depssa Ha jocke R(5 X 5) Tak, 4TO6B TOT MPOOGUBAT BCE KIETKH, OTIIPABJISIOIINE
depas maxmaructa L Ha HEBBITOTHYIO MTO3UIIHIO.

J11st HEBBITOIHBIX TO3WIMIA 1, 2 MOKHO TOCTaBUThH dep3st Ha KaeTKy b3, misa 1, 4 — Ha KJIeTky c4,
i 2, 4 — Ha KJIeTKy ¢2, A 3 — Ha KJIeTKy ¢3.

Pemenue 2 (IIpecuosa Exarepuna, Pamneea Ousbra).

Pasmernm mocky L(4 X 4) kak mokaszano Ha puc. 25 a). Habmogenne 1: 11 9T0i pa3sMeTKH BBIIOJ-
HSETCs CBOMCTBO — s JIFODOOM Maphl METOK BCe KJIeTKHU, IIOMEUYEHHBIE 9TOI Mapoil METOK IPOOUBAIOTCSI
onuuM epzem. Hanpuwmep, Bce kirerku, momedennbie ) uan 1, mpobuBarOTCs ¢ KaeTku ad; Bce KIETKH,
nomedenubie () uan 2, MpodUBAIOTC C KJIETKU €2 U T. JI.

VBuaeB KOposisl Ha KJIeTKe ¢ METKOH j, MyCTh MAXMATHCT R CTABUT JaJbI0 HA KJIETKY “7; 10C-
ku R(5 x 5), puc. 25b). Habmonerne 2: mobas kiaerka qocku R(5 X 5) mpobuBaercs KaK MEHEMYM
C JIBYX Pa3HBIX MecT u3 3T1oro Habopa. Torma maxmaruct L, yBuaeB Kopos Ha mocke R(5 X 5) cpasy
MOHNMAET, ¢ KaKUX MO3UIMil (cpean yKasaHHBIX deThipex) dhep3b Nrpoka R He MOXKeT 00bsSBATH Iax.
B cuny mabmronerust 2 TaKUX «HEBBITOIHBIX» MO3UIMI He OOJee AByX, W MaxMaTucT L J0JKEeH MOCTa-
BUTH cBoero dep3st Ha mocke L(4 X 4) Tak, 9T06bl TOT TMPOOUBAJ BCe KJIETKH, OTHpaBJsionme dheps3s
maxMarucTa L Ha HEBBITOJHYIO IMO3UIIHNI0. DTO BO3MOXKHO, B CIIY HaOMOAeHuT 1.

= || =|O
Wi | o=
N|O || O
O|IN| N =

E

w

Sy

Puc. 25. Puc. 26.

4.4. Pemenue 1 (Kocruna Ekarepuna, Mupramumosa Posanuna, XamukoBa Mapuna). ITpusenem
JIOKA3aTeThCTBO GoJlee cHIbHOTO (bakTa — uto B urpe «Illax depsem» ua mockax L(4 x 6), R(7 x 7)
MYIPEIbl TTPOUTPHIBAOT.

[TycTh cymbsi mIaHUPYET MOCTABUTH KOPOJIst Ha ofHy u3 Kiaetok A, B, C' mockn L(4 x 6) (puc. 26).
JImg KazKI0ro W3 ITUX MOJIOXKeHU UTpoK R roToB mocTtaBuTh dep3s Ha gocky R(7 x 7). [lockombky
Tpu (bep3st He MOTYT JIep:KaTh MO/ 60eM Bce KJIeTKH JOCKH 7 X 7, Ha qocke R(7 X 7) Haiigercs Kiaerka,
KOTOpYIO He ObeT HU onuH u3 dep3eit. Eciu cyabpa mocTaBUT KOPOJId Ha 3TY KIETKY, UTPOK L TMOCTaBUT
B orBeT dep3st Ha 10cKy L(4 X 6). Tak kak kiaerkn A, B, C' He MoryT GbITH MOOGUTHI OmHUM (bep3em,
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XOTsl ObI OJIHA W3 HUX OKaKeTCsl He 1Mo, 60eM, U Cy/bsi, OKOHYATE/JIHLHO C(DOPMYJIMPYET CBOM ILIAHBI MO
MOBOJIY JIOCKW [B: OH MOCTaBUT KOPOJISI MMEHHO Ha 3Ty KjaeTky. [[laxMaructsl mpourpaJn.

Pemrenne 2 (0ObIYHBIE BEPOSITHOCTHBIE cooOpazkenwus ). Ho moganbl OHE Tak, 9TO MO3T He cpa3sy
rOTOB UX BOCIPUHUMATh.

Crparerng maxmarncra £ — 310 orobpazxkenune ¢: R(7 x 7) — L(7 X 8), KOTOpoe ompejienseT, Ha
Kakyto K1eTky ¢(Kg) maxmaruct £ moctaBut dhep3si, eCcln YBUIUT KOPOJIst Ha KieTke K p mocku R(7 X
7). Badukcupyem KakyO-HHOYIb CTPATErHIO MaXMATHCTa L U TPOBEPHM, UTO JIJIsI JTIOOON CTpaTerum
MAXMATUCTA, R, HAWIYTCS TOIOKEHHsST KOPOJIeid, /I/Ist KOTOPHIX OHU HEe OKAYKYTCS MO TTaXOM.

Jlnsa kaxkioro nosioxkenusi Ky KopoJsst Ha JOCKe L BBIYUCIUM CyMMY

S(Kr) = Z [0~ (QL)|-
Qr:
QLEC(KL)
31ech HHIEKC CyMMUpoBaHus ()7, MpoderaeT KJAeTKH J0CKH L, HaX0asICh Ha KOTOPHIX (bep3b IMaxMaTh-
cra L He 1aer max KOpPOJIo, crosmnemy Ha Kiaerke K. Takuv obpa3om, cyMMa MOACIUTHIBALT KOJTHIe-
CTBO BO3MOXKHBIX MOJIOYKEHWI KOPOJIs Ha JIOCKe R, //IsT KOTOPBIX UTPOK L, MOJIB3YsICh (DUKCUPOBAHHOMN

crparerueit ¢, He CMOYKeT CIAeaaTh IaxX.
Tenepsb mpocyMMUpyeM BCe STH BETUYUHBI 110 BCEM KJIETKAM TOCKHU L:

S= > SE)= > Y ls7Qu)l. (2)
K Q

Kp: L: L:
KLEeL(7,8) KLeL(7,8) Que¢C(KL)
Besmuanna S paBHa 9uC/Iy CIOCOOOB MOCTABUTH JBYX KOPOJIEil HA JTOCKHW TaK, YTOOBI TP ITOM MIaXMa-
TicT £ He TOCTaBHUII TMax CBOeMy KopoJsro. Ormernm, 9To WHAEKC K B mepBoii cymme mpobderaer 56
3HQUEHU — BCE KJIETKH JOCKU L.

OmnernM cymmy S ApyruM CIOCOOOM: MOCTABUM KOPOJIS Ha 0Oy 3 Kietok Kg mocku R(7 X 7)
(49 BapmanToB), Torma maxMaruct L mocraButr dep3sa Ha kaerky ¢(Kg). Ha mocke L(7 x 8) makcu-
MaJThbHOE YHCIO KJIETOK, KOTOPOe MOXKeT OMTh (bep3b, paBHO 26, modTomy mas oboit kierkn ¢(Kg)
Haiigercs ve Mmenbie 56 —26 = 30 kierok K, HAXOIAINUXCS BHE ee KpecTa. Taknm obpaszom, S > 49-30.

Bospparmasick K bopmyste (2), MbI MOKeM CJeTaTh BHIBOJI, YTO CYIIECTBYET KIeTKa K, st KoTopoif
S(Kp) > % = 26,25. lapiMu c10BaM|, €CJTU Ha J0CKe [, KOpOJb MOCTaBIeH Ha KIeTKY K, TO s
9TOI KIeTKM HaiijeTca 27 MOJIoXKeHH# KOpoJd Ha Jdocke R, J1d KOTOporo Mrpok L He CTaBHUT IMaX
cBOeMy Kopo.io. Bo Beex 3TuX ciydasx IMax J02KeH TOCTaBUTh UT'POK R, MpUIeM ero XoJ OJHO3HATHO
3a/aeTcs KoposieM Ha kiaetke K. Ho mo6oii dbepsn va gocke R(7X7) 6ber He Gostee 25 KI€TOK, 3HATNT,
Hali/IeTcsl TOJT0YKEHNe KOPOJIs Ha, JTI0CKe 1R He Mo/ Tmaxom.

Takum obpazom, Bceraa MOXKHO BBIOpPATH HMO3HUIMKA KOpOJeil Ha 00enx J0CKaX, /I KOTOPBIX 00a
IMaXMaTHCTa He TMOCTABAT IIaX.

4.5. Hano 651 9TO 10Ka3aTh
4.6. Hamo 651 5TO 10Ka3aTh

4.7. Orrer: ga. Ha mocke 11 x 11 moxkHO moctaButh 5 depaeil, KOTopbie AepzKaT Mo 60eM Bee KJIeTKn
(mampumep, b4, d10, f6, h2 u j8). Torna cKOMOMHUpYeM HIEI0 pelleHus 3agauu 4.2 U CTaHJAPTHYIO
U110 UTPHI B ILISIBI ISITH IIBETOB Ha H-KJIHKE.

5.1. Ilycts Myapens! 3adukcupoBaIn Kakyo-To cTpareruio Ha HoBoM rpade. Crparernio myapena A
MOZKHO 33JIaTh B BHUJE TaOJUIBI 3 X 7: CTPOKH COOTBETCTBYIOT IIBETAM ILISIN MyJperna B, cTOJOIb —
nBeram nuisin myzapera A. B kierke tabsuiel 3annckiBaor Homep nsera (0 win 1), KoTophiii Ha3biBaeT
myapent A, korga Bugut y B u C' COOTBETCTBYIONINE I[BETA TILISI.

B kazk10M cToJ101e Tabanibl 0anH n3 cuMBoJIoB — () wn 1 — BeTpedaercs aBa pas3a. OTMeTuM KJer-
KH, COJlepyKalie NoBTopstromuiics cuMBosl. (Ecau cuMBOI BCTPETHICS BO BCEX TPeX KJIETKaX CTOJIONA,
OTMeTHM JT00bIe JiBe n3 HuX.) OTMeueHHbIe KJIeTKH MOTYT HAXOIUTCS JINOO B TIEPBOH U BTOPO# CTPOKAX,
JinOO BO BTOPOIT U TpeTheil, b0 B nepBoit u Tperbeii. [lockoabky cTosibnos 7, mo npunnuny Iupuxie
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HAyTCs JIBE CTPOKH, B KOTOPBIX OTMEYEHHbIE KJIETKH 3aHUMAIOT TPU cToj01Ia. B oTMedeHHBIX KJIeT-
KaX OJIHOTO CTOJIOIA MOYKET HAXOJIUTHCS JIBA HYJIS WJIH JBE €JIMHUIBI, CJIe/IOBATE/IHHO, MOYKHO BHIOPATH
JIBa CTOJOIA U3 TPeX, TaK, YTO B YKA3AHHBIX CTOJIONAX B OTMEYEHHBIX KJIETKAX CTOUT OIHO U TO JKe
YUCTO.

Tak, Mbl BLIOpATH B TaOJUIE JBe CTPOKH (sl ONPEIeTeHHOCTH i-10 U j-10) U JABa CTOJIONA (J1Ist
onpeneneHHocTn k-it n (-if), Ha NepecedeHUn KOTOPHIX CTOMT OJHO W TO K€ YHCJIO, JJIsi ONpeeIeH-
noctu (). Terneps MbI 6€3 Mpob/IEM MOCTPOUM OITPOBEPTAIONINI PacKa/l LI Ha Bce rpade. lagnm
myapenty A nursmy niBera 1, myzapeny B Oyaem moaduparh MUIAIY -TO U j-r0 1BeTa, a myaperny C —
k-ro wiu {-ro. Ilpu TakoMm moaxoje K geny Myaper A 3aBe1oMo He yrajaaer CBOi 1BeT, TaK KAk B COOT-
BeTcTBUU ¢ Tabuuneit Hazoser 1BeT 0. UTo Ke KacaeTcs Ha3HAUEHWS KOHKPETHBIX I[BETOB MyapernaM B
n (', 1a v BceM OCTaJIbHBIM, 3alyCTUM Urpy Ha rpade G: mocie pukcamun mpeta myapena A crparerns
OCTATbHBIX MYIperoB Ha rpade G omnpeeneHa OJHO3HAYTHO, MPUHSITHIE OTPAHUYEHUST HA, [[BETA TILISII
B u C no3BosIf0T moJjiarath, 9TO WX MIISITHOCTH Ternephb paBHbI 2. [Tockombky rpad GG mpOUTPHITITHEIIT,
MBI CYMeeM TPeTbsIBUTh HA HEM ONPOBEPTAIONIHiT PACKTAT TILISII.

5.2. JlokaxkeM cieayromiee 4yTh 60Jee CHIbLHOE YTBEPKICHNUE.
CymectByer HarypaabHoe unciao N Takoe, uro Ha J000M Trpade (G, y KOTOPOro CTEIHeHH BCeX
BEPINHUH HE MPEBOCXOIAT 3, a (DYHKIUU MIISITHOCTH 337aeTcst (POPMYJIOi

3, ecmu dega =1,

)
Il

41, ecmu dega = 2,
N, ecmu dega = 3,

MY/IPeribl TPOUTPHIBAOT.

Hoxazamenavecmeo. Obo3HaIUM M = 80( ) + 1. ITokaxkem, aro N = 80( )(41) + 1 crogurcs.

Nuayknug no uucay BepmuH. Basa (rpad uz aByx BepHII/IH) oueBumHa. Ilepexon. Paccmorpum
BEpIINHY HaMMeHbIeil cremenn, obo3uaunM ee A.

Cnyuait 1. deg A = 1. Tlo yTBepxKenuio 3a1a4u 3.7 106aBIeHNe BEPITHHBI CTEIEHN 3 HE BJIUSIET HA
BBIMTPBITITHOCTH Tpada, a ec/ii B TPOUTPHITITHOM T'pade ele YBeJIUIUTh MIIAITHOCTH OJHOM U3 BEPIUH,
TO OH TaK W OCTAHETCA MPOUTPBITNITHBIM.

Cnyuait 2. deg A = 2. O6o3naunm coceseit A wepes B u C, deg B < deg C.

JTemma. Tabmmma (2k — 1) x (2(¢ — 1)(% ") + 1) nokpamena B 2 nsera. Toraa MOKHO BHIGPATH
Takue k cTpok u £ cTOJOIOB, UYTO BCe KJIETKH Ha IMepecevdeHnH STHX CTPOK M CTOJIOIOB IMOKpAIIeHbl B
OVWH 1 TOT K€ IIBET.

Joxasamenrvcmeo. PaccMoTpuM MpoM3BOIBHELL cTosber, B HeM 2k — 1 kiaeTka. Torma mo mpuHIHITY
Jupuxye Haiimercsa k KaeTok omHoro msera. OrmeruMm 3Té k KiaeTok. CraemaeM 3TOTO IS KayKJI0TO
crosibma. Yucjio crnocoboB oTMeTuTh Kk KjaeTok u3 2k — 1 paBHO (%]; 1), 9TH KJETKH MOT'YT ObIThH OJIHOTO
u3 JIBYX MBETOB. 3HAYWT, 10 npuHnuny upuxse HaiigyTcs ¢ cTOIOIOB TAKUX, YTO OTMEYEHHbBIE KJIeTKI

HAXOJIATCS B OZHOM M TOM yKe HabOpe CTPOK M OHHW OZHOTO W TOTO YKe IBeTa. JTO W TpeboBagoch. [

_ Cayuait 2.1. deg B = degC' = 2. llokazem, 9T0 MyJpelnsl npourpaior B rpade G, naxe ecan
A = 2. Tlpeamnosao:kum, 9T0 CYIIECTBYET BHIMTPHINTHAS cTparerus myapenoB B (G. CTparerust Myapera
A — 310 Tabumia 41 X 41, B KOTOPOii KayKaas KJIeTKa MOKpalleHa B OJWH U3 JABYX IBeToB. OcTaBUB OT
Hee TOJBKO D CTPOK, BOCHOIb3yeMcs JieMMoit 1 k = ¢ = 3. V13 Tabaunpl MOKHO BBIOPAThb 3 CTPOKH
n 3 cToJOIA TaK, YTO MX IEepeceveHns IMOKPAIIeHbl B OIUH IBeT. 10raa cyabd HajeHer Ha A muramy
Apyroro npeta, a it B u C' Oyner BBIOHPATh TOTBKO TPeX IBETOB, COOTBETCTBYIOIIUX TPEM CTPOKaM
W TpeM CTOJIONAM COOTBETCTBEHHO. MBI MOIyYHM BBIUTPHINIHYIO cTparternto st G\ A, B=C= 3,
9TO MPOTUBOPEYUT WH/LYKITHOHHOMY IPE/IMOJIOKEHUIO.

Caywaii 2.2. deg B = 2, deg C' = 3. Tlokaxewm, 4To n 31ech Myapenpl npourpator B rpade G, naxe
ectn A =2. Jlna k = 3, { = 41 tabauna u3 JeMMBI UMeeT pas3Mepbl 5 X 801, a IMLISIHOCTH MYIpernoB
B u C cymectBenno 6ombine: onn paBubl 41 u N. [Ipumensas jteMMmy aHAJIOTHYHO caydaio 2.1, omdaTh
MOJIyIaeM MPOTHBOPEIHe.
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Coyuaait 2.3. deg B = degC' = 3. [leiictByeM aHaJOTWYHO ciay4aio 2.1, WCIOTB3yeM JIEMMY JIJTst
k = ¢ = 41. Eit MOXXHO TOJIB30BATHCS, TOCKOIBKY 1ipu k = { = 41 Tabauma nmeer pasmepst 81 X m,
00a U3 KOTOPBIX MEHbIIe NLIAMHOCTH MYIperoB N.

Cnyuait 3. deg A = 3. [lycts B, C u D — cocean myapena A. Torma deg B = deg C' = deg D = 3.
Badurcupyem Kakoii-unOyap nper myzaperna . Torma crparerus myzapena A — tabmmuka N X V.
OcraBuB 81 cTpOKy W m CTOJOOB, HCIOAB3yeM JemMmy, HaxoauMm 41 ctpoky m 41 crosbern, mepecede-
HUAST KOTOPBIX TMOKPAaIieHbl B OaWH HBeT. ducao crnocoboB BeiOpaTh 41 crpoky m 41 crosber paBHO
(Z) (i) [Ipomeraem >tu aeiicTBus st Kaykgaoro u3 N BO3MOXKHBIX IIBETOB Mmyaperna D). Tak kak
N =80 (Z) (iﬂ) + 1, To Haiimercs mBer Mymapena [, 1 KOTOPOTO HAOOPHI CTPOK, CTOJOIOB U IIBETA
mepecedeHnii copmagaoT. Hagenem na myapena A mpoTHBOMOMOXKHBIA BT, ocTaBuM Mo 41 BapuaHTy
nBeToB MyapenaMm B, C, D, u MOJyIuM DPOTHBOPEYNe ¢ WHIYKITHOHHBIM PO T0KEHIEM.

Crmcok aurepaTyphl

[1] Bamaun Caukr-TlerepOyprekoii oMMIHAIB IKOJBHUKOB M0 MaTeMaTuke 2016 roga. M.: MITHMO,
2017.



Sages and hats

Bursian O., Kokhas K., Latyshev A., Retinskiy V.

1 Get acquaintance: “Hats” game

Let undirected graph G be given, there is one sage and one chest with hats of different colors in each vertex of G. The
sages know each other. Graph G, location of the sages in graph vertices and colors of hats in the chests are fixed and
known to all. In particular, each sage understands, in which vertex each of his neighbours is situated. Judge conducts
the following test with the sages.

Judge places a hat on head of each sage from the corresponding chest. Each sage sees only the hats of sages in
neighbour graph vertices, but he does not see his own hat and does not know its color. The sages are not allowed
to communicate. By judge signal the sages name a color simultaneously. We say that the sages have passed the test
successfully = <have win», if at least one of them has named correct color of his own hat.

Rules were explained to the sages before the test and they had possibility to hold a discussion, in which they have
to determine a public strategy. Publicity means that everybody, including the judge, knows this strategy. The strategy
of sages should be deterministic, i.e. each sage decision is determined uniquely by the hats of other sages. We call a
strategy winning if for any hat placement at least one sage names correctly color of his own hat. Also we say that the
sages win if they have a winning strategy and loose if they have not.

Here is a pair of problems on this topic.

1.1. Each of two sages obtains a hat of white, blue or red color, placed on his head. The sages received
the message before the test that the colors of their hats are different. Each of them sees the hat of the
other sage but does not see his own hat. They must try to guess simultaneously colors of their hats
(each of them writes a color on piece of paper). Prove that the sages can come to agreement how to
act in advance so that at least one of them will guess the color correctly.

1.2. Sultan gives examination for 11 court sages (viziers). By examination rules sultan puts 10 sages
on 10 pits, located around a circle, and he imprisons one more sage to the tower in the centre of the
circle. On forehead of each of the first 10 sages sultan writes number 1 or 2; on forehead of the central
sage sultan writes a number from 1 to 1024. The sage in the tower sees numbers of all the others, and
they see his number (but do not see each other). All the sages must try to guess their own numbers
simultaneously. Sultan explained to the sages the rules of examination in advance and gave them time
for discussion before the examination starts. Can the sages act so that at least one of them certainly
guesses his number?

We will identify the vertex of graph G and the sage in it. We mean that colors are numbered by 0, 1, 2, 3, ..., and
that hats with colors from 0 to some number h(X) — 1 lie in the chest of sage X, the set of hat colors in the chest of
sage X is denoted by Col X.

We call a hats game a pair (G, h), where G = (V, E) is a graph, h: V — N is a function that shows how many hats

are in the chest in each vertex. We call function h <hatness». We will sometimes write A instead of h(A). If the sages
win in game (G, h), we say that (G, h) is a winning graph.

We call a winning graph simple, if it does not contain winning subgraph (G’, h'), where G’ & G, h/ = h @
V 7’

1.3. Prove that the sages win on the graph in fig. 1.

1.4. Is winning graph in fig. 1 simple?

1.5. Prove that the sages win on the graph «path A;As... A,», where n > 2 and hatnesses are given
in fig. 2.

1.6. Is winning graph in fig. 2 simple?

1.7. Prove that the sages win on graph K, 3 with given hatnesses (fig. 3).

1.8. Do the sages win on graph K 5 with given hatnesses (fig. 4)?

1.9. Prove that the sages win on the cycle C,,, n > 4, with given hatnesses (fig. 5).
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2 4 2 3
A 2 4 4 ... 4 4 2 M /k
4 4 4 4 4 3 3 3
Figure 1. Figure 2. Path with n vertices Figure 3. Graph K 3 Figure 4. Graph K 3

1.10. Prove that the sages win on the cycle C,, n > 4 with given hatnesses (fig. 6).

1.11. Does there exist a simple winning graph, on which at least two sages guess their own colors
correctly for any hats placement?

1.12. Prove that on complete bipartite graph Kgg 50 sages loose, if hatness of each sage equals 100.

1.13. Sages are on the graph «path AB» (fig. 7, n > 4). Before the discussion the judge promised to
the sages that A and B will get hats of the same color. Do the sages win?

2 2
T e
—o—0o ——— 00— 00— °
3 3 3 4 Yo D B
Figure 5. Cycle with n vertices Figure 6. Cycle with n vertices Figure 7. Path AB with n vertices

1.14. Let sages play on graph G with hatness function h. The judge promised them in advance that
during the test when he will put a hat on the sage A head he will whisper into his ear a true statement
of the form «I has placed on your head a hat of one of two colors ¢; or co». Therefore, in the discussion
the sages know that during the test the judge will give to a sage A a hint, but they do not know what
colors he will name. So the sages determine strategies for all the sages except A, as usual, and sage A
gets the set of (h(ZA)) strategies, one for each possible judge’s hint.

Prove that this hint does not affect the game result.

2 Games on cliques

2.1. Does there exist a winning graph not containing a 4-clique as subgraph, for which hatnesses of
all sages equal 47
2.2. Sages are in vertices of complete graph K, in the chest of -th sage there are a; hats of different
colors. Prove that the sages win if and only if

1 1 1

— 4 — 4+ ...+ —=1.
a1 a2 ap

2.3. We call a strategy of sages ezxact, if for each hats placement exactly one sage guesses his color
correctly. Find all games for which an exact strategy exists.

2.4. Graph G is obtained from complete graph on n vertices by removing one edge. The hatnesses of
all sages equal n. Do the sages win on such graph?

2.5. Graph G is complete graph with 4 vertices A, B, C', D, in which edge C'D has been removed.
And h(A) =6, h(B) =6, h(C) = 2, h(D) = 3. Do the sages win on such graph?

2.6. Graph G is complete graph with n vertices Ay, As, ..., A,, in which edge A,_1A, has been
removed. The hatnesses of vertices equal aq, ..., a,. It turned out that the graph is winning and

1 1 1 1

—F —+ .. 4+ — - =1.

ai (05} Qp, Ap—10n

Prove that aias ... a,_s is divisible by a,,_1a,.
2.7. Do the sages win on the graph «Medium bow» (fig. 8)7
2.8. Do the sages win on the graph «Big bow» (fig. 9)?
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5 5
5
5 5
5 5
Figure 8. Graph «Medium bow» Figure 9. Graph «Big bow»

3 Graph operations

Let (G1,h1), (G2, ha) be two games such that Vi N V2 = {v}. Let G = G + G2 be the union of graphs G; and Gs, in
which both vertices v are united into one vertex. Let function h: V3 U Vo — N coincide with h; on V; \ {v} (i =1, 2)
and h(v) = hi(v)ha(v). Denote the game (G, h) by G1 X, Gy (fig. 10).

hi(v) - ha(u)
hl(v) hg(u)

v v

Figure 10. Game G7 X, G2

3.1. Theorem about product. If sages win on graphs G; and G5, then they win also on graph G, X, G5.
Let G; and G2 be two graphs without common vertices. By the substitution of graph G2 to graph Gy on the place

of vertex v we call the graph obtained by union of graphs G \ v and G2 with adding of all edges, that connect each
vertex of G2 with each neighbour of v. We denote the substitution by G1[v := Ga].

>N A N

Figure 11. Substitution of graph on the place of vertex

3.2. Theorem about substitution. Let sages win in games (G1, hi) and (G, he). Let G be the graph
of substitution Gi[v := Gs], where v € G is an arbitrary vertex. Then game (G, h) is winning, where

h(u) _ h1<u) (IS Gl,
hz(u) . hl(’U) u € GQ.

3.3. Let (G,h) be a game, in which sages win, let BC' be an edge of graph G. Consider graph
G' = (V' E'), obtained by adding new vertex A to graph G: V' = V U {A}, and two edges: E' =
EU{AB, AC}. Then the sages win in the game (G, h') (see fig. 12), where

2, u=»A,
W) - ) 20B), w=B
2n(C), u=C,

h(u),  for other vertices u € V.
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h(C) 2. h(C)
2
| -0 >
h(B) 2. h(B)

Figure 12. Addition of vertex A of hatness 2 to edge BC

3.4. Let (G, h1), (Ga, he) be two games, in which sages win. Let Ay, Ay, ..., Ay € Vi; By, Ba, ...,
B,, € V5. Consider graph G’ = (V', E’), obtained by adding all the edges A;B; to graph G; U GJ:
V=WV uVW, Bl =E UE, U{A;Bj,i=1,...,k;j=1,...,m} (fig. 13). Then the sages win in game
(G', 1), where

hl(u), ueGl\{Al,AQ,...,Ak},
hl<u) _ hQ(U), UEGQ\{Bl,BQ,...,Bm},
hl(U)—Fl, UG{Al,AQ,...,Ak},
hQ(u)+17 ue{BlaB27"'7Bm}’
hi(Ar) ha(B,) hi(Ay) + 1 h2(Bm)+1
. . = X
hai(A1)  hy(By) ha(41) +1 py(By) +1

Figure 13. Gluing of two graphs, k =2, m =3

3.5. Let (G, h) be a game in which sages win, let Z, C' € V be two vertices of graph G. Consider
graph G' = (V' E’), obtained by adding new path ZABC' to graph G: V' = VU{A, B}, E' =
EU{ZA,AB, BC}. Then the sages win in game (G', '), where 1/(Z) = 2h(Z), I'(C) = h(C) + 1,
W(A) =2 and W(B) = 3 and h'(u) = h(u) for other vertices u € V' (fig. 14).

h(Z) h(Z) x 2 A
. 2
. = ::I 3
h(C) h(C)+1B

Figure 14. Addition of two vertices with hatnesses 2 and 3 connected by edge

3.6. Let graph (G, h') be winning, V(G) = {44, ..., A,,}. Take n winning graphs (G}, h;) and mark in
each of them one vertex A;. Construct graph GG on the set of marked vertices. For this «supergraph»
define hatness function as h(A;) = h'(A4;)h;(A4;) (and for the other vertices hatness is the same as in
the initial graphs). Then the sages win.
3.7. The addition to graph G a pendant vertex A, where A> 2, does not affect the result of the
game.
3.8. a) Addition of two new vertices B and C' of hatness 5 and edges AB, AC, BC to graph G with
vertex A of hatness 2 does not affect the result of the game.

b) Addition of two new vertices B and C of hatnesses 7 and 5 and edges AB, AC, BC to graph G
with vertex A of hatness 3 does not affect the result of the game.
3.9. Let G; and G5 be graphs with vertex A in which sages loose if A = 2. Then the sages loose on
graph G = Gy +, Gs, in which A = 2.
3.10. Let H = (G,h) be a loosing game, B be an arbitrary vertex of graph G. Consider graph
G’ = (V', E'), obtained by addition new pendant vertex A to graph G: V' =V U{A}, E' = FU{AB}.
Then the sages loose in game (G’, h'), where h(A) = 2, h'(B) = 2h(B) — 1 and h'(u) = h(u) for other
vertices u € V.
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4 Blind chess

Game «Check by rook». Two chess players £ and R are sitting opposite each other, there is a chessboard on
the wall behind of each of them. Each chess player does not see his own board but sees the board of the other chess
player. The judge puts one king on each of these boards. After that the chess players must to name one cell of his
chessboard independently of each other and the judge puts rook on this square. If at least one of the kings is in rook
check (under attack of rook) (or the rook has been put on the same cell, where king is), then the chess players win,
otherwise they lose.

Chessboards of the players can be different and of arbitrary sizes. As in the game «Hats», the chess players determine
public deterministic strategy in advance. The judge knows this strategy and plays against the chess players.

Let graph G be the cycle ABCDA with hatness function h. In fact, graph G is the complete bipartite graph K» »,
so sages A and C see the same, and sages B and D also see the same. Then a pair of players A and C we call chess
player £ and we will mean that his board has size h(A) x h(C), and a pair B and D we call chess player R and we will
mean that his board has size h(B) x h(D). Therefore game «Hats» on the cycle ABCDA with hatness function h is
equivalent to game «Rook check» on boards L(h(A) x h(C)) and R(h(B) x h(D)).

Union of any vertical and any horizontal row of chessboard we call cross. Cross is uniquely defined by the cell,
situated in the intersection of these rows, it is called the centre of the cross. The rook located in the centre of the cross,
holds in check exactly all cells of the cross.

In problem 4.1 you can submit items solutions separetaly.

4.1. In the game «Check by rooks the chess players win on the following pairs of board:
W1) one of the boards has size 1 x k, where k is an arbitrary positive integer;

W2) L(2 x k) and R(2 x m), where k and m are arbitrary positive integers;

W3)

L(3 x 3), R(3 x 3); W4) L(2 x 3), R(3 x 4);
W5) L(2 x 4), R(3 x 3); W6) L(2 x 2), R(k x m), where min(k, m) < 4.
The chess players lose on the following pairs of boards:
L1) L(2 x 3), R(4 x 4); L2) L(2 x 3), R(3 x 5);
L3) L(2 x 4), R(3 x 4); L4) L(3 x 3), R(3 x 4);
L5) L(2 x 2), R(5 x 5); L6) L(2 x 5), R(3 x 3).

For boards of other sizes the question if the sages win can be solved by comparing with these cases. For example,
the chess players lose on the boards L(3 x 4), R(3 x 4) because they lose even in simpler case L3. The chess players win
on the boards L(2 x 3), R(3 x 3) because they win even when one of the boards is larger (as in case W3).

Check by queen. Consider variant of the game when both chess players put on the board a queen instead of a
rook. We call this game «Check by queens.

4 x5
4 x4
7Tx8), R
3x4), R
4.6. In the game «Check by queen» L(4 x 5), R(5 x 5) the chess players lose.

4.2. In the game «Check by queens L , R

, R

4 x 5) the chess players win.
4.3. In the game «Check by queeny L 5 x 5) the chess players win.

4.4. In the game «Check by queens L

o~ o~~~
— — —— —
~—~~ I/~

4.5. In the game «Check by queeny L

)

)

7 x 7) the chess players lose.

7 x 7) the chess players lose.
)

4.7. Consider variant of the game «Check by queen», in which 5 chess players are situated so that
each of them sees the boards of the others but does not see his own board. All boards have size 11 x 11
As in the initial game, the judge puts one king on each board, and the chess players simultaneously
point to the cell, where the queen has to be put. Can the chess players win?

5 Several more problems

5.1. Let G be graph with vertices B and C. Let hatness function is such that B =C =2 and the
graph is losing. Add to the graph new vertex A, which is connected only with B and C. Then the
sages lose on the obtained graph, if A =2, B = 3, C = 7, and hatnesses of other vertices have not
changed.

5.2. Is it true that there exists such «larges number k that any graph G, in which degrees of all
vertices do not exceed 3, and hatnesses of all vertices equal k, is losing?

5.3. Is it true that there exists such «large» number d, that any graph G, in which degrees of all
vertices equal d, and hatnesses of all vertices equal 4, is winning?
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SOLUTIONS

1.1. They can arrange colors on cycle, for example, white—blue—red—white, and further let each of
them will write next color in order of the cycle, looking at the color of fellow’s hat.

1.2. Answer: yes.

Let the number on the tower be written in binary notation, and the numbers 0 or 1 be written
on the forehead of each of the sages in pits (instead of 1 and 2). Let the k-th sage in the pit play
according the strategy «my bit does not coincide with the k-th bit on the tower», and the sage in the
tower only compose his number from the bits in pits.

1.3. Let colors be numbers from 0 to 3. Let the upper sage call the parity of sum of hat colors on
two other sages. And the other two sages, since they see the third one and each other, can understand
what two colors they must exclude, and play as if they are on the graph-edge with two colors.

1.4. Answer: yes.

It is enough to check that after removing of one edge losing graph is obtained, i.e. that graph «path
with two edges» with hatnesses 2, 4, 4 or 4, 2, 4 is losing.

Apply probabilistic arguments: so, for the case 2, 4, 4, the fractions of the number of placements,
for which the sages win, equals 1/2, 1/4, 1/4 correspondingly, that is exactly 1 in total. But the cases,
in which the sages in outermost vertices guess correctly, are independent: on 1/8 part of all placements
both outermost sages guess correctly. Therefore, the total part of all placements, on which the sages
guess correctly, equals % + i + i — % < 1.

Another case is considered similarly.

1.5. It is well known that the sages win for n = 2, when hats can be one of two colors: the first plays
according the hypothesis «we have equal hats», and the second «we have different hats». Applying
the problem 3.1 several times, we obtain the statement for the other n.

1.6. Answer: yes.

It is enough to check that graph «path Py» with hatnesses 2, 4, ..., 4 is losing. Using the constructor
from problem 3.7 this statement is easily reduced to the checking whether the game of two persons
with hatnesses 2 and 4 is wining or not.

But it can be done also by induction. Let A be the sage with hatness 2, B be his neighbour. By
the strategy sage A depending on the color of B (four variants) says one of two colors, say, red or blue.
Let sage A say blue color in two or more cases («bad» placements), and say red in the other cases
(«good» placements). Let the judge give red hat to sage A and declares that sage B will get hats of
some two colors corresponding to bad placement. Then sage A will certainly guess incorrectly, and
sage B can consider that his hatness equals 2. The game is reduced to shorter path of the same kind.

1.7. Let X and Y be two vertices in the first part, and A, B, C be vertices in the second part, and
Y = 2, X = A= B =C = 4. Describe the winning strategy of the sages. Each of four colors can be
interpreted as 2-bit binary number consisting of the left and the right bits. If a sage is ready to say
color of defined parity, he already determined with right bit and must to choose one of two values of
left bit. The color of Y’s hat, one bit, we also will interpret as parity.

Let sage Y say the parity y that is dominant among hats A, B, C.

Each of sages A, B, C sees hat of Y. So they understand that if the most of hats A, B, C' have the
same parity as Y’s hat, then sage Y guesses correctly color of his hat. Therefore, they act assuming
that the most of hats has parity Y. Hence, in order to say their guesses each of them must choose a
color between two possible colors with parity Y.

From the other hand, sage X ( and sage Y too) sees, what parity is dominant among hats A, B,
C, and knows the value of y. Therefore, sage X knows that if the hat of color y is on sage Y, then Y
has guessed correctly. Hence sage X assumes that hat of color 7 is on sage Y. But then he knows that
in this case sages A, B, C proceed from the assumption that most of their hats have parity y. Thus,
sage X sees what is dominant parity among colors A, B, C, and he knows that sages A, B, C proceed
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from the assumption that this parity is really dominant among their hats. Let sage X choose the two
sages with hats of dominant parity among A, B, C, we call these sages main.

Now we show how the «assumptions» can be transformed into a strategy. Columns of the following
table correspond to colors of hat X, and rows correspond to sages A, B, C. Let each of sages A, B,
C' take left bit from his own row of table for his guess (and right bit is defined by the «assumption»).

0 1 2 3
A0 0 1 1
B0 1 0 1
cio 1 1 0

Sage X sees whether somebody of main sages among A, B, C has guessed correctly the color of
his own hat by the given strategy or not. If two main sages have guessed incorrectly then it means
that they both pointed wrong left bit of color of their own hats.

Let, for example, main sages be A and B, let they point to bits 0 and 1 correspondingly and have
not guessed correctly. Sage A points to bit 0, only if the color of hat X equals 0 or 1; sage B points
to bit 1, only if the color of hat X equals 1 or 3. Therefore, both events happen only in the case when
the color of hat X equals 1, and sage X must say exactly this color.

Sage X performs similar actions in all other cases. His success is guaranteed by the following magic
property of the table.

If two arbitrary rows are chosen in the table and two cells in each of them (independently of

the other), containing equal symbols are painted over , then exactly one column contains two

painted over cells.
Magic property is checked by (evident) considering of all the possible cases. Note that weaker require-
ment «no more than one column of the table contains two painted over cellss is enough to provide the
strategy to be winning.

1.8. Suppose that the sages have a winning strategy. Let v be the vertex of degree 3, uy, us, us be
pendant vertices. Will assign the first color to vertex v. Let sages ui, uo, uz say colors hy, ho, hs
according to the strategy.

Now conduct the second experiment: assign second color to vertex v. Let sages uy, ug, uz say colors
e1, €a, ez according to the strategy.

Finally, conduct the last experiment. For each ¢ = 1, 2, 3 denote by d; the color that has not been
said by sage u; in the first two experiments (if we have a choice, then we take any color of two possible
ones). For each i assign color d; to pendant vertex u;. The hat colors for neighbours of sage v are
already given, so, his answer by the strategy is known. Assign to vertex v first or second color that
does not coincide with this answer. The sages have lost.

1.9. This statement is obtained by applying the constructor from problem 3.4, where graph consisting
of one vertex with hatness 1 is taken as G5! Indeed, the sages win on the path drawn in fig. 2, and the
graph, described in the problem, is obtained by the addition of one-vertex graph G5 to this path, and
in the place of gluing the hatnesses increase by 1.

1.10. This statement is obtained by applying the constructor from problem 3.5, Indeed, the sages win
on the path drawn in fig. 2, and the graph, described in the problem, is obtained by addition new edge
with hatnesses of vertices 2 and 3 to this path and appropriate change of vertex hatnesses, to which
they are fastened.

1.11. Answer: no.

Let (G, a) be simple winning graph, A € V(G).

Give hat of color 0 to sage A. Then for the other sages strategy on a losing graph G \ A has been
fixed. So there is a losing hat placement for the sages on the graph G \ A, give it to them. In the
obtained hats placement on the whole graph G only sage A can guess correctly.

1.12. Present the judge’s strategy. First consider 51 hats placements on the part A, consisting of 50
sages, where all sages of A will obtain hats of the same color, and this color is one of the first 51 colors.
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Will put on each of the sages of the second part B the hat, that he will say by his strategy for no one
of 51 placements. Fix constructed on the part B placement and look what the sages of A will say by
their strategy. There are 50 sages, therefore, some color from the first 51 ones nobody says. Put hats
of this color on all the sages of part A. As a result nobody of the sages has guessed correctly.

The presented reasoning works for all bipartite graphs, in the smaller part of which there are no
more than k — 2 vertices, where k is hatness of the sages. If one of the parts contains k — 1 vertices,
then the sages win in the case, when the size of the second part is very large.

1.13. Answer: yes, the sages win.

Let sage A plays by the strategy «If I see 2, then I say 2, otherwise I say 0», and sage B by the
strategy «If T see 2, then I say 2, otherwise I say 1», Sages C' and D say 2, if they see hat of color 0
or 1 on their lonely neighbour (A or B). In the opposite case they assume that they have hats not of
color 2, and play the game from problem 1.5 with the other sages.

By this strategy the sages really win. Because either sages A u B have hat of color 0 or 1 and
then somebody of these four wins, or they have hat of color 2 and then sages C' and D have exactly
not 2 (otherwise A or B have guessed correctly), and therefore C' and D will win on the path between
them.

1.14. Suppose that the sages win with the hint. Fix strategies for all sages except A, that they use in
game with hint, and will show, how to give the strategy of sage A in order to the sages win without
hint.

Assume that if we assign hat of color x to sage A there exists the hats placement on the whole
graph, in which sage A has obtained color x, the neighbours of sage A have obtained colors u, v, w, ...,
the other sages have also obtained some colors, and nobody of the sages (excluding A) has guessed
correctly. Then we want sage A to guess his color correctly in this situation , i.e. his strategy must
satisfy the requirement fa(u,v,w,...) = z.

These requirements obtained for different placements, do not contradict to each other. Indeed, if
there exists another placement, where neighbours still have colors u,v,w, ..., and sage A obtained
another color y, then the sages could not win with hint A*, since, having these two placements in
mind, the judge can tell sage A, that the color of his hat is either x or y, and after that realize the
placement for which A’s guess is incorrect.

Game on clique

2.1. Answer: yes.
For example, «bow» (fig. 15). By the constructor from problem 3.4 one can to construct similar
examples for any n.

Figure 15. Bow

2.2. Since i-th sage guesses correctly on aii—th part of all placements, if the sum is less than 1, there
exists placement, where nobody guesses correctly.
Prove that if the sum is greater or equal to 1, then the sages win. We suggest two solutions.
Solution 1 (Hall’s theorem). Fix i (the number of some sage) and partition the set of all hats
placements into subsets of a; elements. In each hats placement we delete color ¢; and for the remaining
set ¢ =(c1,...,Ci—1,C, Cit1,-- -, Cy) (symbol “hat” means that this color is omitted) let

AZ = {(Cl, ey G, X,Cig 1y - - .7Cn) X e COI(AZ)}

Keeping in mind application of Hall’s marriage theorem, call the sets A’ «girls», and placements
themselves call «boys». Will say that boy s and girl A’ know each other, if the hats placement s is
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an element of the set AL. Each boy knows n girls, and for each i each boy knows exactly one girl of
type AL. Each girl A’ knows exactly a; boys.

Prove that there exists matching sending each boy to a girl. For this it is enough to check the
theorem condition that each m boys know together at least m girls. Consider an arbitrary set of m
boys. Since for each i girl A° knows exactly a; boys, then for each i m boys know in total at least
m/a; girls of kind A°. Summing over 4, obtain that the total number of girls which are familiar with
these m boys is not less than % + % + ...+ % > m. The condition of Hall’s theorem holds.

Thus, there exists a matching that put into correspondence to every hat placement a set of kind AZ.
Note that, when equality é + é +...+ i = 1 holds, this matching in fact selects one element in each
set AL. Otherwise, if inequality - 4 2= 4-... 4 ;= > 1 holds, then «there will be lonely girls», i.e. no
elements are selected in some sets A..

The constructed matching allows to define sages’ strategy. Let j-th sage acts by the rule: looking
at hats of the other sages, i.e. the set of colors ¢ = (c1,...,¢j-1,¢j41,...,¢n), he reconstructs the
set A7, which is really consists of all possible ways to supplement set ¢ to the hats placement on the
whole graph. Observe that the current hats placement is one of the elements of this set. The sage
must say the color that is marked in set AJ by our matching (if there is no marked element, he says
color arbitrarily).

Since each hats placement is mapped by our matching to the selected element of one of sets A’, for
this hats placement ¢-th sage will guess correctly his own color.

Solution 2 (explicit strategy). Let N = LCM(ay, as, . .., a,) and for k from 1 to n let dy, = N/a.
We identify the set of possible hat colors of k-th sage and the set of remainders dj, 2dg, ..., apdy
modulo N.

Let hats be given to the sages: k-th sage obtains hat of color zdy, where =, € {1,2,...,ax}.
Let S = z1dy + xods + ... + x1dy, (mod N). Each sage looking around can write all the summands
of this sum except his own one. Making assumption about the value of the sum, he can calculate
the color of his own hat. Let the first sage check hypothesis S € {1,2,...,d;}; the second sage
check hypothesis S € {d; + 1,d; + 2,...,d; + d2} and so on, the n-th sage check hypothesis S €
{dy+dy+...+dp1+1,...;dy +dy+ ...+ dp_1 + d,}. The hypothesis of k-th sage concerns dy,
consecutive remainders, exactly one among them is divisible by d,. This remainder defines the color
of hat that the k-th sage should say.

2.3. Answer: exact strategies exist only on cliques and only when the equality

iJrijt...jtizl (1)
ap  az Qn
holds.
If the graph contains two non adjacent vertices A and B, then put arbitrary hats to all sages except
A and B. Now the answers of A and B are defined by the strategy. Give them hats for which their
guesses are correctly. On the constructed hats placement A, B and, possibly, somebody else guesses
correctly. Therefore, the strategy is not exact. Hence the graph is a clique. It follows from the proof
of problem 2.2 that for cliques the existence of an exact strategy is equivalent to equality (1).

2.4. Answer: no, the sages lose.

A pair of sages A, B can be interpreted as a chess player with n x n board. It is easy to see that
the fraction of total number of placements, for which he wins, equals % — # As for the other sages,
each of them wins on %—th part of all placements. Therefore, the total fraction of all placements, on
which somebody wins, is not less than 1.

2.5. Answer: yes, the sages win.

We interpret hat colors of sages A and B as residues modulo 6, a color C' as a residue modulo 2, a
color D as a residue modulo 3. Denote hat colors of sages A and B by a and b. Let sage C' say color
¢ = (a+b) mod 2, sage D say color d = (a+b) mod 3. If sages C' and D have not guessed correctly, the
equality a + b = ¢+ 1 mod 2 holds and also one of the following equalities holds: a +b=d + 1 mod 3
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or a+b=d+2mod 3. Then let A compute his own color assuming that a +b = ¢+ 1 mod 2 and
a+b=d+1mod 3; and B compute assuming that a +b=c+ 1 mod 2 and a + b = d + 2 mod 3.

We offer to the reader obtain the same result as an exercise using the constructor from problem
3.3.

2.6. Let X be the set of hats placements for the first n — 2 sages, i.e., in other words, that is the
collection of sets of n — 2 colors, where the first color is a possible hat color of sage A;, the second color
is a possible hat color of sage As and so on, the (n — 2)-th color is a possible hat color of sage A,,_».
Let o = ajay...a, s, then |X| = a. Denote by L; (i =1, 2, ..., a,_1) the subsets of X, such that
if sage A,,_1 sees on his neighbours the set of colors from L;, then he says color i. Similarly define
sets R; (j=1,2,...,a,) for sage A,. Let Ly be the set L; of minimum cardinality, |L| = M < P—
Now consider sets R; \ Ly (j =1, 2, ..., a,). In these sets there are & — M elements in total, so if
R, \ Ly is the set of minimum cardinality, then |R,, \ Li| < a;f” Therefore,

a—M « 1 « Q 1
Ly U Ry < M+ :—+M(1——)<—+ (1——): (1)
n G, Qp, ap Ap—1 Ay,
n—2
1 1 1 1
:a( P ):a(l_z_):a_ﬁ_..._ o
Qp—1 Qp, (p—10n i1 a; aj Ap—2

Thus, when sage A, _; has hat of color k, and sage A, has hat of color m, somebody of sages A;, As,
... A,_o will win, and the number of placements, for which this event happens, equals the fraction
i + é +...+ anl_Q of total number of placements. But as we know, the indicated fraction bounds from

above the number of placements, for which sages Ay, Ay, ... A, win. Therefore, both inequalities (1)

must be equalities. Then |Lj| = %= (and in general |L;| = ;2= for all i), and R, \ Li| = & — —*—.
Analogously |R;| = . Therefore |R,, N Ly| = —*—, and « is divisible by a,_1a,.

n’ n—1an’

2.7. Answer: yes, the sages win.

Let G; and G4 be 4-cliques in the bow, A be their common vertex, colors of the sages be the
remainders modulo 5.

Let the sages on GG1\ A compute the sum of remainders-colors on GG; and play according hypotheses
that the sum has reminder, say, for 2, 3 and 4 modulo 5. The sages on G5 \ A play similarly.

What sage A have do? He should play checking two hypotheses on G; and two hypotheses on G,
at the same moment. The only that rescues him is that both hypotheses are about his unhappy hat!
The strategy will work if we could convert colors of A’s hat to remainders modulo 5 in different ways:

Color Red Blue White Yellow Black
His code in G4 0 1 2 3 4
His code in G5 | 0 2 4 1 3

The presented coding has the property that any pair consisting of successive remainders in row G,
intersects with any pair of successive remainders in row (G5 in no more than one element. Sage A
computes two successive remainders corresponding to the hypotheses “the sum of all remainders on G,
equals 0 or 1» and «the sum of all remainders on G5 equals 0 or 17, and says color of the intersection
of these pairs, if it exists.

2.8. Answer: yes, the sages win here too.

Consider residues modulo 740 = 4 - 5 - 37. Let hat colors of sage with hatness k& be the residues
divisible by %. Denote by S; and S5 the sums of residues-colors in the left and the right 5-cliques. Let
the left sage of hatness 4 suppose that S; belongs to the set {1,2,...,185}. He obtains 185 consecutive
residues, exactly one of them is divisible by 185. The sage says the color, corresponding to this residue.
Similarly three left sages with hatness 5 suppose that S; belongs to sets {186, ... 333}, {334, ... 481},
{482, ... 629} correspondingly. The right sages acts similarly, but working with S,. If now nobody
has won, then A (the sage with hatness 37) understands that S; belongs to {630, ...720}, so he needs

to choose from at most 6 consecutive colors. The same can be said about S;. Let the sages of left and
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right cliques convert the colors of sage A to the residues by different ways. By our rule the hat colors
of sage A are the residues modulo 740, divisible by 20, i.e. really this is the residues modulo 37. If the
sages of left clique convert a color to residue x, then the sages of right clique convert the same color
to residue 6z (mod 37) (the map = — 6z is 1-to-1 on the sets of residues modulo 37). As it is easy to
see, any two sets of the form {z,z + 1,..., 2z + 5} and {6y,6y + 6,...,6y + 30} intersect in at most
one one element. Then A calls the intersection color of these sets (or calls an arbitrary color if the
intersection is empty).
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Constructors

3.1. Hat color of sage v in the graph G; x, Gy can be interpreted as a pair of colors (¢, ¢y), where
¢; is the hat color of v in graph G;. Fix winning strategies for graphs G; and Gs. Construct strategy
on (7 X, Gy: let all sages except v, play by the winning strategy for the corresponding graph (the
neighbours of v in G; look only at the component ¢; of v’s composite color). As to sage v, he plays
by both strategies giving two answers c; and ¢y independently; answer ¢; corresponds to his winning
strategy for graph G; (for computing this answer sage v looks only on his neighbours from graph G;).
Pair (¢, ¢y) is concrete hat color of sage v on the graph Gy x, G9, that is the answer of sage v in the
constructing strategy.

The constructed strategy is winning because either somebody from G; or from G, will guess
correctly his own color, or v will guess correctly both components of his own color.

3.2. Let f; and f; be winning strategies from games on graphs G; and G5 correspondingly.

Let also each sage u of subgraph Gs of graph G obtain composite color (¢, ¢y), where 0 < ¢; <
hi(v) — 1, 0 < ¢o < he(u) — 1. Then all «left halvess of these sages play strategy fi(v), and «right
halvess of these sages play strategy f,. In particular it means that all sages from subgraph G5 name
colors, that have the same first component.

As for the other sages from G, those of them, who are not the neighbours of v, play by the strat-
egy fi. The sages from G, that are the neighbours of sage v, after the substitution discovered|found
out| that instead of one neighbour of v they had now |V5| neighbours (and, generally speaking, with
different hats). These sages act by the following way: all they instead of one hat of v see all the hats
on subgraph Gy and know the strategies of sages on that[this| graph. Therefore, they understand who
wins in the game on subgraph G, denote this player by vney (if there are several winners, then they
choose one of the winners as v,ey, for example, the winner that is in the first place in the list, drawn
up before). As a result, each former neighbour of v looks only at vy, precisely, on the first component
of his color, and also plays by the strategy f;.

As a result either somebody guesses correctly from subgraph G\ {v}, or vhey guesses correctly the
left component of his own color, and the right component he guesses by his definition. Thus, somebody
will guess correctly his own color.

3.3. Hat colors of players B and C' can be interpreted as pairs in the form (¢, €), where ¢ is possible
hat color in the game (G, h), € € {0,1}. Let sage A play according hypothesis ¢(A) = eg+¢ec (mod 2).
Sages B and C see their neighbours in graph G and know what colors ¢(B), ¢(C') they must name by
winning strategy in game (G, h). Looking at hat of sage A, and also the hats of each other, sages B
and C' can compute what values €5 and ec they must take in addition to ¢(B), ¢(C).

3.4. By comparison with initial graphs one new color has been added for sages A; and B;, we mean
that this color is red. Let «megasages A says that he has all hats red, if he sees at least one red hat
on sage B, in the opposite case let A play by usual strategy on graph G;. If «<megasage» B sees at
least one red hat on A, then he understands that A has won, if B has at least one red hat. Then B
must care about the placements, where he has no red hats, and simply plays his strategy on graph Gs.
If «<megasages B does not see red hats on A, then he understands that A has won, only if B does not
have red hats too, then, for checking the remained placements, B says that all his hats are red.

3.5. We show strategy for new vertices and partially for old ones, then consider several placements, on
which they win «immediately», and then say that on the other ones they win with the help of strategy
for graph G.

Describe a winning strategy. Denote by ¢, the hat color which sage x has obtained. The color of
vertex Z we will consider as «composites: ¢z = (¢,C), where the first «bit» € can take on values 0
and 1, and the second color C' can take on those h(Z) colors that were in graph G initially.

e Sage A, in the case when he sees hat of color 0 or 1 on sage B, says what he sees, otherwise he
says the first bit of color cy.
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e Sage B, in the case when he sees hat of new color on sage C, says 2, otherwise he says the value
of 1 —cy.

Consider all variants of pairs (¢4, Cp) and describe the other part of strategy, also proving that it
is winning. In the cases (0,0) and (1, 1) sage A immediately guesses correctly. In the cases (0,1) and
(1,0), if we will not give hat of new color to sage C, then sage B will guess correctly. So sage C, seeing
on sage B hat of color different from 2, can fearlessly name hat of new color and somebody of A, B,
C' will guess correctly. It remains to consider the cases (0,2) and (1,2). Sage A will guess correctly in
them, if his color coincides with the first bit of ¢z, therefore Z can mean that his first bit differs from
color c4, that is he needs to guess only the second «bity, i.e. h(Z) possible values. At the same time
sage B in these two cases will guess correctly only in the case, when sage C' has new color. That is C,
seeing hat of color 2 on sage B, can assume that his color is not new color. Thus, the sages need to
win in the game (G, h), that we are able to do by the condition.

3.6. The statement immediately follows from the theorem about product (product 3.1).

3.7. Let A be new pendant vertex, B be a neighbour to it vertex of graph GG, denote the graph with
added vertex by Gj.

In one direction the statement is evident. If the game on G is winning, then game on G, is also
winning. Prove now that if the game on G is winning, then the game on G is also winning.

Let the sages choose a winning strategy on (G;. Remind that in problem 1.14 it has been proved
that if during the test the judge gives to one of the sages, say B, hint in the form «you have hat of
one of two colors c; or co», then this hint does not affect the game result. Denote this hint by B*.

Prove that if the sages win in the game on Gy, then they can win on graph G with hint B*. Fix
a winning strategy f on graph ;. Construct a winning strategy on G with hint B*. Let all sages
from V(G) \ B use strategy f. For each pair of colors (by,by), by # by, that can be given to sage B,
find such a color a € Col A that fa(b1) # a, fa(bs) # a, there exists such color, since A>3

Now specify the strategy of sage B on graph G taking into account the hint, namely, let in the
case, when B sees the set of colors ¢ on the heads of his neighbours on graph GG and obtains the hint
«your hat is of color by or by», he gives the answer fg(a,c), i.e. answers by strategy f, as he saw on G
color a on the head of sage A and set of colors ¢ on the heads of other neighbours. And it can be
turned out that the color that B says, does not coincide with b; and with b,.

This strategy is winning because when in the game on GG; we give hat of color a to sage A during
the test and observe that he does not guess correctly (not giving some hats to B), then for sage B
colors b, and by are remained possible, and on graph G; somebody guesses correctly. Thus, the sages
win with hint B*.

3.8. Prove the more general case, from which both statements immediately follow.

The addition of two new vertices B and C' and edges AB, BC', C'A to graph G with vertex A does
not_affect whether graph is winning or not, if the hatnesses of new vertices satisfy to the condition
2(B+ C) < B-C (the hatnesses of vertices of graph G have not been changed).

Let G’ be the obtained graph. If the sages win on graph G, then they win on G’ too. Verify that
if G’ is winning, then G is winning.

Let f’ be a winning strategy on G’. Construct f, the winning strategy on G. For the sages
from G \ A the strategy remains the same. Set the strategy of sage A. Let a hats placement on
graph G be given. Sage A sees the colors of all his neighbours in graph GG and considers B-C ways to
choose colors for B and C'. Further sage A examines what he has to answer in all these cases according
to strategy f’, and calls the color that is the most common in his answers.

Show that the obtained strategy wins on graph . Fix a hats placement on graph G and suppose
that no one of the sages from G \ A has guessed correctly. If put hats on the heads of sages B and C
arbitrarily, then we will obtain a hats placement on G, in which all the sages from G\ A has not guessed
correctly their colors by strategy f’. Therefore, A, B or C' will guess correctly. But from available
B - C ways of hats placement on the heads of B and C sage B will guess correctly in C' cases, and
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sage C'in B cases. Therefore, A has to guess correctly his color in at least B-C — (§+6) > % cases.
Hence, sage A guesses his color in the most of cases, and he will guess just this color by strategy f.

3.9. Denote by N; the set of neighbours of sage A in graph G;, and by S the set of all possible hats
placements of the sages from N,. If = is one of two possible hat colors of sage A, then the second color
we will denote by 7.

Fix arbitrary strategy f for the sages on graph G and describe devil’s(sometimes we call the judge
so) strategy, by which he will can to outplay the sages.

Choose arbitrary hats placement s € S for the neighbours of A in subgraph G5. This placement is
uniquely sets strategy f¢ of the sages in subgraph G4, which is, as we know, losing on this subgraph.
Choose arbitrary disproving hats placement ¢, on graph G; for strategy f°. Then sage A obtains
hat ps(A) and has not guessed correctly, it means that the chosen hats ¢, defines such a hats placement
t= %}Nl for the sages from Ny, that fa(t,s) = fi(t) = ¢s(A).

Let the devil construct disproving hats placements on all graph G applying the following principle:
if in the constructing disproving hats placement it is assumed to give hats placement s to the sages
from N, then hats placement ¢, will be given to all the sages in subgraph G;. In the observance of
this principle, first, sage A and all the other sages on subgraph G have not certainly guessed correctly
colors of their own hats, and second, the strategy of sage A is now completely defined only by hats
placements from S (since on component GG; we immediately set placement hs and do not consider any
other variants|cases]).

So, the devil sees that the sages from V (G2)\ A apply strategy f, and sage A really use the strategy
«if T see placement s on the heads of my neighbours from Ny, then I say color ¢s(A)». Since graph G,
is losing, then there exists a disproving hats placement 1) on subgraph Gy for this strategy. This hats
placement allows to the devil to set correctly a disproving hats placement on all graph G. Indeed,
hats placement v defines the set s = w’NQ of hat colors for the neighbours of A in subgraph G5, and
set s defines a disproving hats placement ¢, on subgraph G, and placements ¥ and ¢ are compatible:
both placements assign color ¢4(A) to sage A, whereas strategy f requires to call color ¢, (A).

3.10. Let the sages fix strategy f on graph G’. Construct a losing placement for this strategy. Look
at the strategy of sage A for this. He says one of two colors less often, namely, no more than hA(B) — 1
times. Give the hat of this color to him. Now, in order to prevent him to guess correctly, we must
give to B the hat of one of the remaining h(B) colors (if more colors remain, select h(b) colors). That
is good, we just know how to give a placement on the remained graph, where B has only h(B) colors.
That is a disproving hats placement on the whole graph.
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Blind chess

4.1.

W1) Tt is trivial. In the language of hats it is a game, where some of the sages always obtains hat
of the same color, certainly, he will guess it correctly, even not looking at the others.

W2) In the language of hats in the corresponding 4-cycle the hatness of two neighbour sages equals
two, these two sages will provide win, even not looking at the others.

W3) This statement is a retelling to the language of the game «Check by rooks of the statement
that the sages win on 4-cycle, if they all obtain hats of three colors. For example, the strategy of the
sages, described in [1], in the chess language looks by the following way. If chess player sees that the
king of the fellow is located in the centre, he puts the rook to the centre. In the opposite case he puts
the rook to the cell, where the arrow points, leading from the king (on the auxiliary diagram for this
chess player), see fig. 16. The coordinates of cells in the figure correspond to the numbers of hat colors
from [1]. So, chess player L, seeing that the king of the fellow is located in cell (2, 2), puts his rook on
cell (1,0) (this case corresponds to bold arrow in left fig. 16).

H s L <
0 rx ° VJ 0 ﬁ ° ;(*

9 | LN o | ety
2 01 2 01
Strategy of L Strategy of R
Figure 16.

W4) Number the cells of board L(2 x 3) from left to right from top to bottom, fig. 17a. Let the
strategy of chess player R is given by the table in fig. 17b. Here six labels have been put in the cells
of board R(3 x 4). Label r; means that chess player R, seeing that the king of the fellow is located in
i-th cell of board L(2 x 3), puts the rook on the cell of board R(3 x 4) with label ;.

The strategy of chess player £ we also set with the help of board 3 x 4, see fig. 17¢c. Here there is
a number from 1 to 6 in each cell of board R(3 x 4), this number denotes some cell of board L(2 x 3).
When chess player £ sees that the king is located on board R(3 x 4) in the cell with label k, he puts
the rook on the cell with number & of board L(2 x 3). To avoid misunderstandings in the notations,
we use the labels of type «letter r with index» for chess player R, and the labels of type «numbers
for chess player L.

}1 ? 2 s 1B

r3 2[1]4[5

a) Labelling of board ra|r1 216164
L b) The strategy of chess player R c) The strategy of chess player £

Figure 17. The winning strategy for game L(2 x 3), R(3 x 4)

Describe how winning strategies can be set with the help of the introduced notations.

Statement. A strategy of chess players is winning if and only if for any three different cells a, b,
c of board L(2 x 3) such that cells b and ¢ do not belong to the cross of cell a, the following property
on board R holds: all the cells of board R(3 x 4), marked by number a, belong to the intersection of
the crosses ry and r..



Sages and hats. Solutions. Version 0.7 16

For example for a = 1, b = 5, ¢ = 6 the cells with label 1 on board R(3 x 4) are located in the
intersection of crosses 15 and rg. (The intersection of crosses 15 and rg is painted in fig. 17b.)

Proof of the statement. Let the judge put the king on the cell of board R(3 x 4) labeled by 1 (for
the other labels the reasoning are similar), this case specifies to us the triple of cells a = 1, b = 5,
¢ = 6. Then chess player L puts the rook on cell 1 of board L(2 x 3) by his strategy. Further, let the
judge put the king on 5-th or on 6-th cell of board L(2 x 3), only in these cases the king on board L
will not be in check. Therefore, in these situations check is provided by chess player R. It means that
the cell with label 1 must belong to the cross of cell r5 and similarly the cell with label 1 must belong
to the cross of cell rg. The statement is proved.

It remains to note (trying all possible cases) that the statement holds for the given example.

W5) The strategy is specified similarly to the case W4), see fig. 18.

Ts Te 3 5 4
1[2]3]4 "2 8168
516718 rg| ra| Ty 2 |71
a) Labelling of board
L b) The strategy of chess player R c) The strategy of chess player £

Figure 18. The winning strategy for the game L(2 x 4), R(3 x 3)

W6) In the language of hats this case means that the cycle contains path P; with hatnesses of
vertices 2, x, 2, where x < 4. The sages win on such path.

L1) Asinitem W4), number the cells of board L(2x 3) from left to right from top to bottom, fig. 19a.
Then the strategy of chess player R is specified by the table, similar to the one shown in fig. 195. Note
that for this way to specify the strategy it is allowed that several labels r; are on the same cell. The
strategy of chess player £ can also be specified with the help of board 4 x 4, for example, as it is done
in fig. 19c.

1 2 3 s 16|26
1516 r3 513112

2 413163
a) Labelling relr1] | | 2(1/41]5
of board L b) c)

Figure 19. Two ways to specify the strategies

As in item W4, the following statement holds.

Statement. Strategy of chess players is winning if and only if for any three different cells a, b, ¢
of board L(2 x 3), such that cells b and ¢ do not belong to the cross of cell a, the following property on
board R holds: all cells of board R(4 x 4), marked by number a, belong to the intersection of crosses
ry and .

For example, for the strategy shown in fig. 19¢, the triple of cells a = 1, b = 5, ¢ = 6 does not
satisfy to the statement: only one of the three cells with label 1 belongs to the intersection of crosses
r5 and rg. (The intersection of crosses 15 and rg is painted in fig. 195.)

Prove that the chess players have not a winning strategy.

Fix a strategy of chess player R. Using the statement, try to understand, where the cells with
labels 1, 2, and 3 can be located on board R(4 x 4). By the statement, the cells with label 1 belong to
the intersection of crosses r5 and rg, the cells with label 2 to the intersection of crosses r4 and rg, and
the cells with label 3 to the intersection of r, and rs.

Note that the union of pairwise intersection of any three crosses (possibly, coinciding) on board
R(4 x 4) contains at most 8 cells. Indeed, consider the cases.
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1. TIf the centres of the crosses belong to different verticals and horizontals, then each pairwise
intersection consists of two cells, see the example in fig. 195, where the intersection of crosses r; and
re is painted; there are not more than 6 cells.

2. If the centres of any two crosses do not coincide and two centres belong to one horizontal or
vertical (as for example r, and rj in fig. 195, then the intersection of these two crosses contains 4 cells
and adding of the third cross can give another 4 cells to the union of pairwise intersections, only if the
centre of this cross belongs to the same line as one of the first two centres (as r4 and ¢ in fig. 19b.
In this case there are 8 cells, and 7 of them belong to one cross (in the considered example in the
CTroSs 7).

3. If the centres of two crosses coincide, then the intersection of crosses contains 7 cells. For any
location of the third centre the set of pairwise intersection does not increase.

Thus, for cells with labels 1, 2, 3 on board R(4 x 4) there are at most 8 positions, similarly for the
cells with labels 4, 5, 6 there are at most 8 positions too. Since board R(4 x 4) contains 16 cells, we
have 8 positions for labels 1, 2, 3 and 8 positions for labels 4, 5, 6. But as it was established by trying
all possible cases, 8 positions can be realized only as the set «whole cross» plus one cell. It remains to
note that it is impossible to cover all the board R(4 x 4) by two crosses and two additional cells.

L2) Asinitem L1 board L(2 x 3) here is the same, and the right board is also «large enough». Sim-
ilarly we make sure that the union of pairwise intersections of any three crosses (possibly, coinciding)
on board R(3 x 5) contains no more than 8 cells; the cases, in which this intersection contains 7 or 8
cells, are shown in fig. 20, this are the cases, when the centres of two crosses belong to one row or one
column (including the case, when they are in one cell).

In all the cases the union of pairwise intersections of three crosses occupies one whole horizontal of
the board, and in each of two other horizontals it occupies less than a half of cells. It means that the
union of two such sets cannot cover the whole board.

v A
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8 cells 8 KIeToK 7 cells
Ty, in any place

Figure 20. The union of pairwise intersections of three crosses on board R(3 x 5)

L3) This reasoning is offered by Oleg Chemokos. Fix some strategies of chess players £ and R and
check that such positions of kings can be found that both kings will avoid a check. Note that if a king
is located in some cell of board L(2 x 4), then there are three «weaks cells (in another row) on the
board, the cells, from which rook cannot attack this king. For winning strategy all the positions of
king on board R(3 x 4), for which chess player L puts a rook to a weak cell, must be located in one
cross. And any three cells of one row can form the set of weak cells; it happens, if a king is located in
the second row in the column containing the fourth cell.

The strategy of chess player L is a mapping ¢: R(3x4) — L(2x4) that defines what cell ¢(Kp) for
putting the rook will be chosen by chess player L, if he will see the king in the cell K of board R(3 x4).
Paint the cells of board R(3 x 4) in two colors: cell x, for which cell ¢(z) is located in the first row of
board L(2 x 4) we paint in white color, the others into black. Without loss of generality we may think
that the number of white cells on the board is not less than the number of black cells. Consider two
cases, covered all the possibilities, describing how this «not less» can be realized.

1. One of the rows of the board R(3 x 4) contains three white cells ry, o, r3 (will call this row the
first) and another one row (the second) contains two white cells 74 and r5. Then cell £ can be chosen
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in the first row of the board L(2 x 4) such that preimage ¢~'(¢) is either empty set, or just one cell
of the first row, say, r1. In this case the other cells of the first row form a weak set, and its preimage
contains cells ro, r3, 74 and 75, not belonging to one cross.

2. Each row of board R(3 x 4) contains two white cells. Then choose in the first row of the
board L(2 x 4) a cell ¢, for which preimage ¢~!(¢) consists of at most one cell (for specificity, it is
located in the third row). In this case the other cells of the first row of the board L(2 x 4) form a
weak set, and their four preimages, belonging to the first two rows of board R(3 x 4), form a set that
cannot be covered by one cross.

L4) Suppose that the chess players have a winning strategy. Using the notations for describing
winning strategies from item W4). Number the cells of board L(3 x 3) by numbers from 1 to 9.
Then the strategy of chess player R is specified by a placement of nine symbols: ry, r9, ..., r9 on
board R(3 x 4). And the strategy of chess player L is specified by writing the numbers from 1 to 9 in
each cell of board R(3 x 4), which we call labels.

As in the previous item, when we put the king on cell i on board L(3 x 3) there are 4 cells, from
which the rook cannot attack this king. These cells and their numbers we call i-weak. If the strategy
is winning, then it is necessary that for all i the labels on board R(3 x 4), coinciding with i-weak
numbers, are located in the cross with centre in 7;.

Note that symbols 71, 75 and rg must be located in different rows of board R(3 x 4). Indeed, it is
easy to see that each cell of board L(3 x 3) is located in weak position with respect to one of the cells
with numbers 1, 5 or 9. (For example, 1 and 2 are in weak position with respect to 9, 3 is in weak
position with respect to 5 and so on). Therefore, each label on board R(3 x 4) is located in 71-, 5- or
rg-cross. It can be only if symbols rq, r5 and rg are located in different rows.

Similarly, symbols r;, r; and 7 are located in different rows, if cells ¢, j, k occupy three different
rows and three columns of board L(3 x 3).

Corollary. Two possible cases of placement of symbols 71, o, ..., r9 on board R(3x4)7 are possible:
1) either symbols 71, r9, r3 are located in one row of board R(3 x 4), symbols r4, 15, rg are located in
another row, and symbols 77, rg, 79 are in the third row;

2) or symbols rq, 74, 7 are located in one row of board R(3 x 4), symbols 7, r5, rg are located in
another row, and symbols r3, rg, 79 are in the third row.

The corollary is proved by gently nasty looking all the possible cases.

Prove that there are no winning strategies that have these properties. Put rooks on all cells r; of
board R(3 x 4) (we put on cell as many rooks as there are symbols r; in it). By the corollary in the
first row of board R(3 x 4) there is an «empty» cell, i.e. cell, containing no symbols r;, but containing
some label a. Let for the specificity it be located in the fourth column (fig. 21). By the statement, 4
rook’s attacks are directed to this cell, and two of these four rooks are located in one row, and another
two are in another row. It means that two rooks are certainly located in one of the cells of fourth
column. Let for the specificity this cell be located in the second row. Now we know that in the second
row 3 rooks have been put in total, and two of them are located in one cell.

Therefore, there are two «empty» cells in the second row. We choose one of them, above which in the
first row no more than one rook is located. Let this cell be located in the first column for the specificity
and contains label b. 4 rook’s attacks from two pairs of rooks, located in two rows, are directed to the
chosen cell. One pair of rooks is located, evidently, in the second row, and another pair is located in
the third row (there is no more than one rook in the first row above cell b). Now we see that one of

112
a 1123|415
b . 6|7|8]9]10 3 |4
a) Labelling of board
rrs X X L b) The strategy of chess player £

Figure 21. The strategy for the case L3 Figure 22. We find a strategy for the game L(2 x 5), R(3 x 3)



Sages and hats. Solutions. Version 0.7 19

the cells in the third row, in the second or in the third column, cannot gather 4 rook’s attacks from
two different rows. It is contradiction.

L5) Suppose that the chess players have a winning strategy. Use the notations for describing winning
strategies from item W4). Number the cells of board L(2 x 2) by numbers from 1 to 4. Then the
strategy of chess player R is specified by placement of four symbols ry, 79, 73, 4 on the board R(5 x 5).
On board R(5 x 5) at least one cell can be found, not belonging to any of four crosses, defined by
these symbols; call this cell (). The strategy of chess player L is specified by writing in each cell of
board R(5 x 5) the numbers from 1 to 4. Consider the number, written in cell @), without loss of
generality, it is 1. Consider the number on board L(2 x 2), located on the same diagonal as 1, without
loss of generality, it is 4. Let the judge put the kings: on cell @ on board R(5 x 5) and on cell 4 on
board L(2 x 2). Then player £ puts the rook on cell 1 of board L(2 x 2), and player R puts the rook
on cell 74 of board R(5 x 5). None of the rooks has a king in check. The chess players lost.

L6) Label board L, as in fig. 22a). As in W4), the strategy of chess player L is specified by writing
in each cell of board R(3 x 3) the numbers from 1 to 10, the numbers of cells on board L(2 x 5). Since
there are only two horizontals in board L(2 x 5), there exist two rows of board R(3 x 3), in each of
them the numbers of two cells are written, such that all these four cells (possibly, there are coinciding
among them) belong to one horizontal of board L(2 x 5). Let j be the number of the cell from the
second horizontal, that is :-weak with respect to all these cells.

For example, let labels 1, 2, 3, 4 are located on board R(3 X 3), as in fig. 22b). Then the number 10
is 1-, 2-, 3- and 4-weak simultaneously. It means that the rook on cell r15 of board R(3 x 3) attacks the
cells with labels 1, 2, 3 and 4. It is impossible: it must be located in the upper row of board R(3 x 3)
to attack labels 1 and 2, and in the bottom row to attack 3 and 4.

By the same reason the general case is also impossible: cell r; must be located in two rows of R(3x3)
simultaneously.

4.2. Paint the cells of both boards as shown in fig. 23, a). Let both chess players put their queens only
on the cells that occupied by the queens, and let the first chess player act according the assumption
«Kings are located in cells of the same colors, and the second from the assumption «The kings are
located in cells of different colors».

We can use the usual chess coloring instead of «exotic» coloring as above. Indeed, the queen,
located in cell ¢2, holds under attack all the cells of the same color in chessboard coloring! And the
same for ¢3, fig. 23, b).

Figure 23. «Check by queens on boards 4 x 5

4.3. Statement of the problem has been found with help of computer. The participants of our
conference suggest beautiful logical strategies.

Solution 1 (Kononenko Nukolay). Specify strategy of the chess players. Label board R(5 X 5)
as shown in fig. 24 a). Seeing the king on the cell with label j, chess player £ puts the rook on the cell
of board L(4 x 4), labelled by number j, fig. 24b). Therefore, chess player £ uses only four positions
for his queen. For each cell of board L(4 x 4) in fig. 24 ¢) it is shown, from which positions the queen
of chess player £ does not attack this cell. For example, the numbers 1 and 2 in the lower left corner
mean that the lower left corner cell of board L(4 x 4) is not under attack by the queen located at 1-th
and in 2-th positions, shown in fig. 24b), and “~” means that the cell is under attack from all positions.
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a) The strategy of chess player £ b) On which cell we put the queer) Instruction for R

Figure 24.

Seeing the king on board L(4 x 4), chess player R with help of fig. 24 ¢) immediately understands,
from which «unfavourable» positions the queen of his fellow cannot put the king in check. Therefore
he must to locate his queen on board R(5 x 5) so that it attacks all the cells, sending the queen of
chess player £ to a unfavourable position.

For unfavourable positions 1, 2 it is possible to put the queen on cell b3, for 1, 4 on cell ¢4, for 2,
4 on cell ¢2, for 3 on cell ¢3.

Solution 2 (Presnova Ekaterina, Raceeva Olga).

Label board L(4 x 4) as shown in fig. 25a). Observation 1: for this labelling the property holds:
for any pair of labels all the cells marked by this pair of labels, can be attacked by one queen. For
example, all the cells, marked by 0 or 1, can be attacked from cell a4; all the cells marked by 0 or 2,
can be attacked from cell ¢2 and so on.
board R(5 x 5), fig. 25b). Observation 2: any cell of board R(5 x 5) can be attacked from at least two
different positions from this set. Then chess player £, seeing the king on board R(5 x 5) immediately
understands, from which positions (among the indicated four positions) the queen of player R cannot
put the king in check. In view of observation 2 there are no more than 2 such «unfavourables positions,
and chess player £ should put his queen on board L(4 x 4) so that he attacks all the cells, sending the
queen of chess player £ on unfavourable position. It is possible, in view of observation 1.
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Figure 25. Figure 26.

4.4. Solution 1 (Kostina Ekaterina, Mirgalimova Rozalina, Hamikova Marina). We will prove the
stronger fact, that in the game «Check by queen» on boards L(4 x 6), R(7 x 7) the sages lose.

Let the judge plans to put the king on one of cells A, B, C of board L(4 x 6) (fig. 26). For each
of these positions player R is ready to put the queen on board R(7 x 7). Since three queens cannot
hold in check all the cells of board 7 x 7, there exists a cell on board R(7 x 7), which is attacked by
no one of the queens. If the judge puts the king on this cell, player £ answers putting the queen on
board L(4 x 6). Since cells A, B, C' cannot be attacked by one queen, at least one of them will be not
under attack, and the judge, finally will formulates his plans regards board B: he will pat the king
exactly on this cell. The chess players have lost.

4.5. The result is obtained by computer.
4.6. The result is obtained by computer.
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4.7. Answer: yes. 5 queens can be placed on 11 x 11 board, that attack all the cells (for example,
b4, d10, f6, h2 and j8). Then combine idea of the solution of problem 4.2 and standard idea of the
game with hats of five colors on 5-clique.

5.1. Let the sage fix some strategy on new graph. The strategy of sage A can be given in the form of
3 x 7 table: the rows correspond to the hat colors of sage B, the columns to the hat colors of sage A.
In cell of table number of color (0 or 1) will be written, that sage A calls, when he sees on B and C
the corresponding hat colors.

In each column of the table one of the symbols, 0 or 1, occurs two times. Mark the cells containing
repeated symbol. (If symbol occurs in all three cells of column, mark any two of them.) The marked
cells can be located either in the first and the second rows, or in the first and the third. Since there are
7 columns, by the pigeonhole principle there exist two rows, in which the marked cells occupy three
columns. In the marked cells of one column two zeroes and two ones can be, therefore, it is possible
to choose two columns of three so that in the indicated columns in the marked cells there is the same
number.

Thus, we have chosen in the table two rows (for the specificity i-th and j-th) and two columns (for
the specificity k-th and ¢-th), in the intersection of which there is the same number, for the specificity
it is 0. Now we without problem construct a disproving hats placement on all the graph. Give hat of
color 1 to sage A, will choose hat of i-th and j-th color to sage B, k-th or /-th to sage C. For this
approach sage A will certainly guessed incorrectly his own color, since in according to the table he will
call color 0. As to assignment of concrete colors to sages B and C, and also for the others, consider
game on graph G: after fixation of color of sage A the strategy of other sages on graph G is uniquely
defined, the accepted restrictions of hat colors of B and C' allow to suppose that their hatnesses now
equal 2. Since graph G is losing, we will can to present a disproving hats placement on it.

5.2. Prove the following a few more strong statement.
There exists positive integer N such as on any graph G, degrees of all vertices of which do not
exceed 3, and hatness function is given by formula

3, if dega =1,
a=141, if dega =2,
N, if dega = 3,

the sages lose.

Proof. Denote m = 80 (i) + 1. Show that N = 80 (Z{) (i}) + 1 is suitable.

Induction by the number of vertices. Basis (graph with two vertices) is evident. Induction step.
Consider the vertex of the least degree, denote it by A.

Case 1. deg A = 1. By the statement of problem 3.7 addition of vertex of degree 3 does not affect
the property of graph be winning or not, and if increase hatness of one of vertices much in losing graph,
then it remains losing.

Case 2. deg A = 2. Denote the neighbours of A by B and C, deg B < deg C'.

Lemma. Table (2k—1)x (2(¢—1) (Qkk_l) +1) is painted in 2 colors. Then it is possible to choose
such k£ rows and ¢ columns that all these cells in the intersection of these rows and columns have been

painted in the same color.

Proof. Consider arbitrary column, there are 2k — 1 cells in it. Then by the pigeonhole principle there
exist k cells of one color. Mark these k cells. Make this for each column. The number of ways to mark
k cells of 2k — 1 equals (Qkk_l) + 1, these cells can be of one of two colors. Therefore, by the pigeonhole
principle there exist ¢ columns such that the marked cells are located in the same set of rows and they
are of the same color. Q.E.D. O

Case 2.1. deg B = deg C' = 2. Show that the sages lose in graph G, even if A=2. Suppose that
there exists a winning strategy of the sages on G. The strategy of sage A is a 41 x 41 table, in which
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each cell is painted in one of two colors. Ocrtasus ot mee only 5 rows, apply the lemma for &k = ¢ = 3.
3 rows and 3 columns can be chosen from the table so that their intersections are painted in one color.
Then the judge will put hat of another color on A, and for B and C' will choose hats of only three
colors corresponding to three rows and three columns correspondingly[?]. We will obtain the winning
strategy for G \ A, B = C = 3 that contradict the induction hypothesis.

Case 2.2. deg B = 2, deg C' = 3. Show that here the sages lose too on graph G, even if A=2. For
k = 3, £ = 41 the table from the lemma has size 5 x 801, and the hatnesses of sages B and C' are much
larger: they equal 41 and N. Applying the lemma similarly to case 2.1, we obtain contradiction again.

Case 2.3. deg B = degC' = 3. Similarly to case 2.1, use the lemma for k£ = ¢ = 41. We can use
it because for k = ¢ = 41 the table has size 81 x N, both dimensions are less than hatnesses of sages
of N.

Case 3. deg A = 3. Let B, C'and D be the neighbours of sage A. Then deg B = degC = deg D = 3.
Fiix some color of sage D. Then the strategy of sage A is a N x N table. Taking 81 rows and m columns,
apply the lemma, find 41 rows and 41 columns, the intersections of which are painted in one color.
The number of ways to choose 41 rows and 41 columns equals (ﬁ) (i) Perform these actions for each
of N possible colors of sage D. Since N = 80 (Z{) (i}) + 1, there exists a color of sage D, for which the
sets of rows, columns and colors of intersections coincide. Put on sage A hat of the opposite color, take
41 colors for each of the sages B, C', D, and obtain the contradiction to the induction hypothesis.
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[HIamku Pelinmana

Benenne B ‘anropuTMudecKyo’ KBAaHTOBYIO TEOPUIO IO

E. Axmvemona, P. Banmunesa, A. Boponaes, M. Ckomenkos, A. Ycrumnos

Pezrome. OkaszbiBaercs, paJiy:KHble Pa3BOJbI HA MBIJIbHBIX ITy3bl-
PSIX U HEBEPOSITHBIE 3AKOHBI JBUZKEHUSI 3JIEKTPOHOB MOYKHO O0bSICHUTD
C TIOMOIIIHIO OJIHON OYeHh He3aTeWJIMBONH MOJe/J M. DTO Urpa, B KOTOPOH .,
[0 TPOCTHIM TPABUJIAM IO KJIETYATOIl JOCKe JIBUKETCS IIAIKa, a MbI
cJaeUM 3a ee TToBopoTaMu. DTH “marrkn Peiitnvana”, ¢ HEKOTOPBIMU Ce-
PBE3HBIMU OTOBOPKAMHU, MOI'YT OIMCATH BCE HA CBETE SIBJICHUS, KPOME
ATOMHOTO si/Ipa U TpaButaruu. Mbr OygeMm pemars 3a1a49u M0 MaTeMa-
THKEe W 00CYZK/IaTh X (DU3WIECKUN CMBICT; TTPEIBAPUTETHLHBIX 3HAHUIT
o ¢pusukKe He TpedyeTcs.

OcHoOBHBIE pPE3yJIbTATHI. = ;

e apHag (opMmysa st IO/ CBeTa JAHHOrO 11BeTa, OTpaxKaemoro Baszosas mozens u3 §l]

CTeKJISTHHOM MJIACTUHON JAHHON MupuHbI (3a1a9a ;
e sBHas (popmyJia JIJIsT BEPOSITHOCTH OOHAPYKEHUs B JJAHHON TOYKe
ssexrpona, ucnymennoro u3 (0,0) (3agawa 15} cm. puc. [I)). o

XoTg 3TH pe3yabTaThl ChOPMYTUPOBAHBI B TepMUHAX (DUIUKH, OHU SIB-
JISIIOTCS. MATEMATHIECKUME TEOPEMAMU, TAK KAK JIAJIe€ MPUBOIATCH Ma-
TeMATUIeCKUe MOJE/N HHTEPECYIONX HAC SIBJIEHUI, CO CTPOTUMU OTIpe-
neeHusIMU. TOUHee, MOC/Ie10BATETbHOCTh MOJIe e, OMUCHIBAIOIINX sIB-
JIeHUs €O BCé OOJIbINell TOYHOCTHIO.

Ilnan. Mbl nauném ¢ 6a30Boii Moge/n 1 OyieM yTOUHATD €€ B Kaxm-
JIOM 1iocJietytonieM paszene. [lepe kazxipiM yTOdHEHHEM Mbl yKayKem, °
JUIst OTBeTa Ha Kakoil (pU3MUeCKUil 60npoc OHO HY:KHO, Kakue yipoua- MO C Maccoii u3 8]
I0IIIHEe NPEINOA0NHCEHUA B HEM UCTIOIB3YIOTCS W KaKne dKcIepuMenTaib- Puc. 1: BepoarnocTsh HaxoxKie-
HBIE PEe3yAbmamo, OHO MO3BOJgeT OObACHUTD. Hamma meb — moJyduTh HUs 3JeKTPOHA B JAHHON TOUKe
TaK HA3BIBAECMYIO 06YMEPHYIO KEAHMOBYI0 IACKMPOIUHAMUKY, OTHAKO (GesbIM MOKA3AHBI CUIbHBIE KO-
(buHATBHBIE AT B 9TOM HANpPABICHUN (HAMEYEHHbIE B pa3jenax EJF JiebaHus)
noka He ciesnanbl. (Eé 4-mepubiit anagor cnocobeH, ¢ HEKOTOPbIMI
CePbE3HBIMEI OrOBOPKAMHE M MCKJIIOUEHUSIMHE, ONMCATH BCe sIBJIEHNUS, HO Mbl He OyjeM paccMaTpUBaTh ero.)

Cxema yTOYHEHUH MOYKET TOMOYh BaM B BBIOOpE TOPSIIKA PEIeHus 3a,/1a4:

100

0.00010
0.00008
0.00006
0.00004

0.00002

‘ Bazosast MO,ZLe.Hb‘ [6l Buemnee noue | ‘** BBaHMOﬂeﬁCTBHe‘

[l ToxnecrBenHbie gacTUIbI [[OF**. Kpanrosas

[ Vcrounuk
‘ ‘ U aHTHYIACTHUIIBL 3JIEKTPOMHAMIKA,

| | ] _——
Cpena

Coraamenus. Eciu B ycioBun 3aaun ¢chOpMyInpOBAHO YTBEPK/IEHNUE, TO €TI0 HAJI0 J0Ka3aTh. 3a-
2adka — 3TO 3aJa9a, B KOTOpOil Tpebyercsa u chopMy/IUpOBaTh yTBEpKIeHUE, U JI0Ka3aTh ero. T pyaHbie
3a/Ia4d OTMEYeHbl 3BE3J0YKAMU; 3a PellleHre OIHOI W3 HUX BBl IMOJYUUTE nepevili pazpAd IO IMIAITKAM
Qeiinmana, a 3a pernieHne TPEX U3 TPEX Pa3HbIX Pa3/le/iOB — cTaHere macmepom. PenieHns: npuHAMAIOTCS

‘EI*** Poxnenne n aHHI/II‘I/I,HSH_[I/IH‘

B IICHMEHHOM BH/Ie, HO Bbl MOZKeTe MOTPATHTh PENEHHYI0 3B€3/109Ky Ha 10 MONBITOK CAATh 33Ja9y yCTHO
(ycmenmubix wian Her). Ecsn He mostydaercst pemmTh 3a1a4y, NonpodyiiTe cjaepyoniie: B HUX MOTYT ObITh
no/IcKa3Ku. Jlake ecinm BBl He JOKazKeTe OCHOBHBIE De3yJbTaThl, BBl MHOroe y3HaerTe. lIpuBercrByrorcsa
HONBITKH c(HOPMYJIUPOBATH U /I0KA3aTh CBOM COOCTBEHHBIE I'MIOTE3bI; BBl MOJYUYHUTE PAHT 2poccmelicmepa
38 HETPUBUAJIBHOE OTKPbITUE (& MOXKET ObITh, JIAZKe HALMIIETe COOCTBEHHYIO HAYUYHYIO CTAThIO).
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1 bBbazoBag moaen

Bomnpoc: kakoBa BEpOATHOCTL OOHADYKEHUs 3JIEKTPOHA B KJIETKe (X,Yy), ecau oH Obur ucyter u3 kiaerku (0,0)7
IIpeanosioKeHus : 3JeKTPOH PABHOMEPHO JBUKETCS 110 OCH Y W HE JBUMKETCS 110 OCH Z, TOYEUHbIH UCTOYHHUK,

€JIMHUYHAA Macca M IIar PemeéTKy, HeT B3auMO1efiCTBUil, HET POXKJIEHNS] SJIEKTPOH-TIO3UTPOHHBIX I1ap.
Pe3yabTaThbl: 9KCIEPUMEHT Ha JIBYX IMEJIX, COXPAHEHUE 3aPAIa.

Ha 6eckoneunoii maxmMarHoil TOCKe MIAIIKa XOIUT Ha COCEIHIOI IO JTHATO-
HAJN KJIETKY, BJIEBO-BBEPX WJIHW BIIPAaBO-BBepX. KaKJIOMYy TMyTH S TIAMNIKH CO-
IIOCTABUM BEKTOD @(S) Ha IJIOCKOCTH CJeyfomum obpasom. B Havase jgBuzxe-
HUs 9TOT BEKTOP HalpaBjieH BBepx u umeer jjuny 1. [loka mramnka jaBuzkercs

BJI0JIb NIPAMOIi, BEKTOD He MeHsdeTcd, a Moc/e KayKJI0ro MOBOPOTa IMAITKKH OH
noBopaunBaercsa Ha 90° Mo 4acoBoil cTpeske (HE3aBHCHMO OT TOTO, B KAKYIO
CTOPOHY MOBepHYJIa TMAaKa). B KoHIe MBuZKeHns BeKTop cxmMaerca 2~1/2
pa3, rae y — o0lmee YHUCJI0 XOA0B MIAMIKK (T.€. 3aMEHseTCs Ha BEKTOP TaKOro
e Hanpasenns, Ho jymuabt 1/207D/2). Tlonyuennbiit B nTOre BEKTOP 1 €CTh
d(s). Hanpuuvep, nst Bepxuero mytn na puc. R|sexrop d(s) = (1/8,0).

O6osnaunm d(z,y) = Y. d(s), e CyMMUpOBaHHe BeJeTCs 1O BCEM IIy- 3 s s @(so)
tam mamky u3 kiaerku (0,0) B KIeTKY (X, ), HauUuHA0UuLes ¢ roda 6npaco- 2‘ ‘
ssepr. Ecin rakux myreir mer, to Oyjgem cuurarb d(z,y) = 0. Haupumep, a(s) i(1,3)
a(1,3) = (0,-1/2) +(1/2,0) = (1/2,—-1/2). Ksaapar mymuer BexTopa a(x,y)
HA3BIBACTCS sepo,ﬂmnocmb@ obHapyorcerus 6 mouke (r,y) 24eKMPOHA, UC- 01 2
nywennozo us mouku (0,0). Ona oboznauaerca P(x,y) = |d(z,y)|>. Puc. 2: IlyTn nramex

Ha puc. [l user toukn (z,y), tae x +y 1éTHO, MOKasbiBaer 3Havenue P(z,y). CTOPOHBI «yIia» HA STOM
PUCYHKE He IaPA/ICJIbHBL IPAMbBIM § = +2 (1 HUKTO HE 3Haer, nodemy!).

Bynem uazbiBaTh KaeTKu (Z,Yy) ¢ YETHBIMHA U HEYETHBIMU T + Y YEPHOIMU U DEABLMU COOTBETCTBEHHO.
1. Habaonenns aus manbix y. OrBerbre Ha BoOmpoch misg y = 1,2,3,4 (n chopmynupyiite cBon
cOOCTBEHHbBIE BOIPOCHI M MPEJINOI0KEHUs JJisl TIPOM3BOJIBHOrO ¥): Haiimure d(x,y) u P(z,y) ans Beex x;
xorga P(z,y) = 07 Yemy pasna ), P(z,y) ana duxcuposannoro y? Kak nanpasnensr a(1,y) n d(0,y)?

Beposmmnocmdf?| obnapyorcenus saexmpona a waemre (,y) npu nozaouse-
nuu 6 kaemke (x',y'") onpenessiercst anagornauo P(x,y), TOJBKO CyMMIPOBa-

HUe MPOM3BOIUTCS MO TMyTsIM S, He mpoxozasiumM depe3 (2,1y'). ObosHaunm ee
P(z,y munyst 2’,y'). o

2. DkcmepuMeHT Ha ABYX mieadx. Bepwo gm, uro P(x,y) =
P(x,y munys 0,2)+ P(x,y munys 2,2)? A uro P(z,y munys z',y') < P(x,y)?
3. Haiizure P(0, 12). [Tpuaymaiite 6uicTphiii cr1ocob cocTaBieHust TabInIbl 3Ha-
dennii d(x,y), He Tpebytommii mepebopa Beex myteit. (Komanma, neppoii npu- Puc. 3: as(x, 1000)
HECIIAs TPABUIBHOE DellleHne, MoIydaeT nepeoil paspao.)

O6o3uaunm uepes ai(x,y) u as(x,y) KOOpAUHATH BeKTOpa (T, y); CM. PUC.
4. Ypasuenue upaxka. Boipazure ai(x,y) u as(x,y) yepez aj(x £ 1,y — 1) u as(x £ 1,y — 1).
5. Coxpanenne BepoaTHOCTH/3apana. s kaxioro uejaoro y > 0 emosueno Y . P(z,y) = 1.
6. Cummerpus. Haiiaure dbopmyiy, koropast cBsasbiBaer Mexky coboii aq(z, 100) npu < 0 u ipu z > 0.
Tot ke Bonpoc npo ay(z, 100) + a(z, 100).
7. IIpunnun T'rofirerca. Kak 6victpo Haiitu d@(x, 199), 3uas d(z, 100) npu Beex nebix x?
8. Hcnonb3ys kommbioTep, mocrpoiite rpaduxu dyuxnuit f,(x) = P(r,y) ana pasHbx y (coeguHure
KaxKIyIo napy Touex (z, f,(z)) u (v + 2, fy(x +2)) orpeskom); cp. ¢ puc. 3| To xe mia byuxuun a1 (x,y).
9.* Haiinure siBuyto dopmyay 1uist BekTopa @(x,y) u Bepostoctu P(x,y) (B 0TBeTe MOKHO HCIOIH30BAThH
cymMMy He GoJiee y claraempix).
10.** (Baragka) Yragaiite mpoctyio “npubiuzxkennyto dopmyny” aist d(x,y) n P(z,y), paboraroliyo npu
|z] << y.

0.05

1000

-0.05

LVno6mo cunrars, uro 3Hadenue y dbukcnposano, a Kaetku (—y,y), (—y +2,9), ..., (¥,¥) — 3TO BCe BO3MOXKHBIE HCXOIbI
sKcrepumenTa. Hampumep, y-Tas ropu30HTaNb MOMKET ObITh (POTOILTACTHHON, TETEKTHPYIOIEH 3JIeKTPOH.

BHAKOMCTBO € Teopueil BepoaTHOCTEH He TpebyeTcs 1/id PeleHus IPeIIozKeHHbIX 3a1ad.

Ocropoxkno! Takoe npaBuio BBIYMCIEHUS BEPOATHOCTH FOJUTCS TOJLKO Jjisd 0A30BOI MOJEM; II032KE€ Mbl €r0 M3MEHUM,
KOTIa OyIeM yTOIHATH MOmEIh. MbI OymeM menaTh TMOmOoOHbIe 3aMedaHnus KaXKIbli pas, Korga OyZeM HapymaTh KaKoi-To
byHIaMEHTATBHBINH TIPUHIMTT PAJIA TPOCTOTHI.

23 nech moABIAETCS TOMOMHATETLHEIH HCXO, SKCIIEPIMEHTa, KOTAa 3JIeKTPOH IIOTTIOMAETCS I He JOCTHTaeT (POTOIIACTHHEL
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2 CnouH

Boupoc: kakoBa BEPOSITHOCTH OOHAPYKEHHUs [IPABOTO 3JEKTPOHA B KJIE€TKE (I,Y), eCJU HPaBblii 3JEKTPOH ObLI

uciynien u3 kiaerku (0,0)7?
IIpeanmosoxkeHusi: te xe.
Pe3ysnbrarsl: 1epeBOpOT COMHA.

TpIoK, UCIIOIL30BAHHBII [T PElIeHns MPeIbIIYIIHX 3a/1a9, uMeeT (hDU3UIeCKUil CMBICT: YI00HO CUU-
TATh, YTO JEKTPOH HAXOJUTCHA B OJHOM M3 JABYX BO3MOXKHBIX COCTOSHUIL: d8UMCYUUMCA 6Npaco WA J6u-
otcywgumcs 64e60. Mbl OyjieM 1ucarb mpocto ‘npasvili’ nin ‘Aeevili’ st KpaTKOCTl/IEI. D10 HE MPOCTO y100-
nast hOPMaIbHOCTb, HO HEOT'HEM/IEMOe CBOIICTBO 3/1eKTPOHA, HA3BIBACMOE CRUHOM] |

Obozna4nm qepes d(z,y,+) := Y a(s), Lae CyMMIPOBAHHE BeIeTCS O BCEM ITyTSM MIAINIKA U3 KJIeTKNI
(0,0) B kJIeTKY (Z, %), KOTOphIe HAYWHAIOTCS W 3aKAHIMBAIOTCST XOJ0M BIipaBo-BBepx. Onpenenny a(z,y, —)
KaK aHAJOTHYHYIO CyMMY 110 BeeM IyTawm mamku u3 kiaerku (0,0) B kiaerky (z,y), KOTOpble HAUXHAKTCSI
XOZIOM BIPABO-BBEPX, & 3aKAHUUBAIOTCS XOJOM BJIEBO-BBEPX.

Ksazapar jymusl Bektopa d(z,y, +) (coorBercrBenHo d(z,y, —)) Ha3blBaeTCs sepomrmocmbﬂf] obHapy-
orcumob npasvli (coomeememeenno aeeuil) anekmpon 6 kaemre (x,y), ecau npasvill IAeKMPOH Ovia UCTY-
wen uz waemru (0,0). Obosnaunm ux kaxk P(z,y,+) := |a(z,y, +)|*> v P(z,y,—) = |d(x,y, —)[>

11. Beipasure d(z,y,+) u d(x,y, —) depe3 a(z,y) u az(z,y); P(x,y) vepes P(z,y,+) u P(z,y, —).

12.* ITepesopor cnmua. Kaxosa Bepoarnocts P(yo, —) := > ., P(,y0, —) 0OHADYKUTD JIeBLIT 371K~
TPOH Ha IPAMON y = Yo (B OTBeTE MOXKHO HCIOJIB30BaTh CyMMy He GoJjiee 1y ciaraembix)? Haiigure mak-
CHMAJIBHBII 9J1eMeHT 1 Tipejiest nocaenosarenbnocrn P(1,—), P(2,—), P(3,—),....

JIuk6e3 mo ananusy. Chemyromme GOpMybl MOTYT OBITH MOJME3HBI JjIs pernenns 3aaqu (12| u mpoawnx 3a1a1
co 36€300uK01l.
HaHOMHI/IM aro Y o Qk = 2—57. OueBugnO, 40 yem GoJibine 1, TeM 6inzke cymma K 2. Ml xoTesn Obl nucarh
X = Jisi 9TOI'0 BBEJIEM OII JIeHHe TaKoi 6€CKOHETIHO! cCyMMbI. MBI TOBOPUM, UTO HOC/IEI0BATEIHHOCTD
k=0 3% = 2 9TOr0 BBEJEM OIpee/IeHne Takol 6eCKOHETHOH ¢ Mzg1 ToBO , 9TO MOCIEI0BATEIHHOC
ai,as,as, ... umeem npedes a, ecau aasg J0doOro geficreuTesbHOTO € > 0 Halinércs Takoe N, 910 s Jiroboro
HATypaabHOro 1 > N BepHO |a, — a| < . Oboznauenue: a = lim, o a,. B gacTHOCTH, lim, 00 (2 Qn) = 2.
0 6 > heo ok =1 >k T >0 oF = 2
upeJie/iuM GEeCKOHEUHYIO CyMMy KakK Y ;~ g g = liMy o0 ) p_gak- Toraa B camom nese ) o 5p = 2.
Crenytoriee 06001eHe, Ha3bIBaeMoe 6uHoMoM Hvtomona, pazpermaercs UCIoJIb30BaThH 6€3 J0Ka3aTeIbCTRA,:

. > rr=1)---(r—k+1)
(1+2) _z; K(k—1)---1 o

JJTsT BCEX KOMILIEKCHBIX &, JUTsl KOTOPBIX |z| < 1, m jyisa Bcex aeificTBUTe bHBIX r, Wi g ¢ = 1 u r > —1. B
HaCTHOCTH, A r = —1l u r = —% MOJTy9aeM:

S 2k:2k—1) (k+1) 2k
_kzxk u - Z — 1)1 4k

=0

C nomortpio gopmyave Cmupauras MOYXKHO OIIEHUTH cjaraemble B Ounome HproroHa:
V2 EFH12e7k <kl < e kR 207k,

rae e obosnauaer limy, oo (1 + 1/n)". Dro uppanuonanbroe aucao mexay 2.71 n 2.72.

306paTuTe BHUMaHUE, YTO B Pa3MEpPHOCTU 3 1 GOJIbIIE Npacvili U A€6bL( O3HAUAIOT HE HAIIPABJIEHHUE JIBUKEHUs], & HEUTO CO-
BCeM Apyroe. XOTs 9TO YaCTO MPEJICTARISIOT, KAK HATPABJIEHNE BPAIIEHWS SJIEKTPOHA, 9T COCTOSTHUS He MMEIOT HEKBAHTOBBIX
AHAJIOTOB.

N wupasvrocmuvio; GyabTe BHIMATETBHBL: TEPMUH CTUH OGBITHO OGO3HAMAET CBOCTBO, HE MMEOTIee HIKAKOTO OTHOTIEHIS
K HAIPABJICHUIO JIBHKEHUSL.

"Takum 06pa3oM, pe3y/IbTaTOM IKCIEPUMEHTa ABJfeTcs Iapa (KoHedHasg KOODIMHATA 10 &, HAIPABJIEHUE I1OCJIEHEr0
X071a), & KOHEYHAsi KOOPAMHATA 1o Y (buKcMpoBana.
VIMeHHO 3T BEpOSITHOCTH SIBASIOTCS (DyHIAMEHTATbHBIME, & P(x,y) B 0bleM ciaydae no onpedeaenuro PaBHA BBIPASKEHUIO
U3 PEIIeHns 33391 a He NpUBeJEHHOMY Bbinie Bbipaxkennio P(z,y) = |@(z,y)|? (koTopoe ciydaiiHo COBIAIO ¢ HYAKHBIM
B IIPOCTOM CJIYYae).



3 Macca

Boupoc: KakoBa BepogTHOCTb 00HAPYKEHU IPABOIO JIEKTPOHA MACCOl m B KjeTke (X, ), eCJIu OH ObLI UCIYIIEH

u3 kaerku (0,0)?
IIpenmosiosKeHnsi: Macca W ar PEIMmETKN Ternephb MPOU3BOJIbHBIE.
Pesynbrarst: dopMyta st BEPOSTHOCTH 7SI MATEHBKOTO IIIATA PEIETKH.

Y100BI IPOBECTH SKCIEPUMEHT, IPOBEPIONIAil HAILY MOJE/b, HaM HYZKHO CJeAyIolnee 0000ImeHme.

Badukcupyem &, m > 0, Ha3BIBAEMBIC WA20M PEULEMKU U MACCOT 4acmuYyb, COOTBETCTBeHHO. KaxKmo-
My TyTH § COMOCTABUM BEKTOD (S, me) cleayomuM obpa3oM. B Havame IBUKeHUs] Y HAC OYIeT BEKTOD
(0,1). TToka miamika JBUzKeTCS BJIOJIb IPAMOIl, BEKTOP HE MEHSETCsl, a MOCJIe KaxKJIOI0 H0BOPOTA OH 110BO-
pauuBaercsd Ha 90° 10 4acoOBOIl CTpesKe U YMHOXKaeTCsl Ha me. B KOHIle JIBUKEHUsI BEKTOD CXKUMaEeTCsl B
(1+m2e?)W=1/2 pas, e y — oburee umcI0 X008 MAMKH. [loSydenubIil B UTOTE BEKTOP 1 ecTh (s, me).
Bekropst d(x,y, me, +) u uucna P(z,y, me, £) onpenensiorcs anansoruduo da(x,y,+) u P(z,y,£), Toab-
KO BMecTo d($) mcmomaw3yercs d(s,me). B wactnocru, P(x,y,1,4+) = P(x,y,+). Ha auxnem rpaduke
pucyHka (1| uBer Touku (x,y) s 4éTHBIX T + Yy nokasbiBaer 3uadenue P(x,y,0.02,+) + P(x,y,0.02, —).

3. (Baragka) BeamaccoBsie u Tsaxkénbie yactunsl. Haiiaure P(x,y,0, +) n npuiymaiire onpe/ejienue
ancaa P(z,y,00,4) 11 Beex x, y.

14. Peumte anasnoru 3azxa4 4] p| u P| s me # 1.

B skcmepuMenTe MBI n3MepseM BepOITHOCTb HAUTH 3JIeKTPOH He B OT/IETbHBIX TOUYKAX, 4 HA UHIMEPBANLT
o < x < xg+ Az, y = yo. 37eCh T, Yo, AT — 3TO He Iesble YUCa, a JJAHBI, H3MepseMble B MeTpax.
Eciin Bce kileTKM MaJieHbKHE U MMEIOT pa3Mepbl % X %, TO TOT UHTEPBAJ MOXKHO HPUOJIU3UTH HAOOPOM
YEPHBIX KJIETOK (2 E%J ,2 [%J) ¢ x,Y, YIOBIETBOPSIOMUME (He)PaBeHCTBAM BBIIIE. DTO TMPUBOIUT HAC K
CJeYIONei 3amaae.

15.* (IlepBasi ocuoBHasi 3ama4da) HenpepswiBubiit mpenesi. Haiigure limnﬁoond’(Q L%J ,QL%J o —)

u limnﬁoonc‘i(Q L%J ,QL%J ;o ) JIJIsT BceX x,1y,m. B orBere pasperiaercs MCIOJIb30BaTh CJI€/LYIOIIne

o0 2/2) > Z/2)2k+1
Z% &z " Z k:' K(k+ 1)

=0

BbIpaKeHun

4 HWcToyHHUK

Bormpoc: KakoBa BEpOSITHOCTL OBHADYYKEHHsI IPABOIO JIEKTPOHA B KJEeTKe (X, %), eCJin OH ObLI UCIYIIEH UCTOYHMN-
KOM C JJIMHON BOJTHEI A7

IlpeanosioXkeHusi: Ternepb UCTOYHUK PEATUCTHIHBIA.

PesynbraTbl: pacupocTpaHeHne BOJIH.

Peajmuctuynblit HCTOYHUK UCIYCKAET 3JIEKTPOHBI HE TOYeYHO u3 x = () [— [ ] _|
(kak B HaIel urpe), a MUPOKUM BOJHOBBIM HMITYJIbCOM. B TepMuHax Ha- a(s) = ‘
el Urpel 3TO O3HAYAET, YTO IIAIIKA MOXKeT HauMHATDL U3 JIF000i 1€pHOil
KJIETKH Ha ropu3oHTanu y = 0 (He CJOUIIKOM JAJeKO 0T HAdaIa KOO/ IH- > 0 a(sy) = \
HAT), HO UCXOJHOE HAIIPABJIEHUE BEKTOpa @(S) HOBEPHYTO HA yroJl, HPO- | R g (50) = /A
IOPIMOHAJIBHBIN PACCTOSIHUIO OT cTapToBoil Kiaerku 10 (0,0); M. puc. [ ] Ay

Bosee crporo, 3adukcupyem neiicrsuresnsnnie €, A > 0 m HeuéTHOE () 7
A, Ha3BIBAEMBIE ULAZOM PEWEMKU, OAUHOT GOAHBL, T UWUPUHOT UMNYADCA
coorBercrBerHo. O6o3HaunM uepe3 R* @ moBopor BekTopa @ Ha yroa |a| Puc. 4: Ilytu mamex tenepb
HPOTHUB YacoBOil cTpesiku, ecan o > 0, u 10 9acoBoii, ecim o < 0. Onpe- MOTyT HAYMHATBCA C Pa3HBIX

AEeJIUM BEKTOD CTOTOK.
C?(ZL‘,y, )\/57A,+) = Z ZRQW&JOE/)\ ( )
zo=1-A s
o 98THO

606mnacanTs, OTKya B Mpeenax 6epéTcsa HOPMUPYIONIMi MHOKITEIb 7, HECKOILKO CJIOYKHEe; MBI He OYIeM 3TO Je/aTh.
"HazpBaemble gynxyuimyu Beccead, OHE TOYTH TaK YKe XOPOIIO HCCIETOBAHLI, KaK CHHYC W KOCHHYC; IpeIBapUTeIbHOe
3HAKOMCTBO C HUMH HE TPeOYeTCs.



rae BTOpas cy™MMa Oepércst 1o BceM MyTsM s u3 KiaeTkn (zo,0) B KiaeTky (x,y), KOTOpble HadnHa-

I0TCA U 3aKAHYUBAIOMCA XOAOM BIIPABO-BBepX. KBaapaT IJUHBI 3TOTO BEKTOPa HA30BEM GEPOAMHO-

cmwvio obnapyscums npasulli aaekmpon 6 Kaemke (x,y), ecau oH Obia UCNYWEH UCTOYHUKOM ¢ OAU-

notl 6oAHbL A U wupunol umnysvca A. Dra BeposTHOCTH obo3nadaercs P(z,y, /e, A, +). Oupemennm

a(x,y,N\e, A, =) u P(x,y,\/e, A, —) ananornano. B wacruocrn, P(x,y,\/e,1,4+) = P(x,y,+) nasa Beex
2maxe

Ne,mdlx+1,1,\e, A +) = \/LZ (— sin =5 cos 2”%) JUTst 98THBIX 2] < A.

16. Ilycts A = 3, A\/e = 4. Haiinure Bexkrop d(z,y,4,3,+) u Beposraocrs P(x,y,4,3,+) nasa y = 1,2,3
u Bcex x. Yemy pasmua » . . (P(x,y,4,3,+) + P(z,y,4,3,—)) ana dukcuposanunoro y = 1,2,37 Koraa
P(z,3,4,3,+) =07

17. CoxpaHeHne BeposiTHOCTH/3apsaa. Pemmre ananorn saxau [l u f| nna d(z, y, Ae, A, —),
a(x,y,\e,A,+), u P(xz,y,\e, A, +) + P(z,y, \/e, A, —) Bmecro a1(z,y), az(x,y) u P(z,y).

18. Ipumunanocts. I VAd(z,y,\e, A, +), u AP(z,y, /e, A, +) ne 3apucsr or A s A >y + |z,
O603Haq1/1 a(z,y, \e, £)=vVAd(x,y,\/e, A, £) u P(x,y,\e,£)=AP(x,y, \/e, A, £) mis A>y+|z].

19. Bouna. Kak naiitu d(x, 100, \/e, +) 15 Bcex 9€THBIX X, €CJH HAM M3BECTEH 9TOT BEKTOD JJIsl OTHOTO
4éTHOTO 7

20.F Pacupocrpanenue BoyH. |75 Beex x, Y, A, € Haiiaure d(z,y, \/e,—), P(x,y,\/e,—) u P(z,y, \/e,—)+
P(z,y,\/e,+).

5 Cpena

Bomnipoc: kakas 1015 cBeTa JaHHOTO ITBETA OTPAYKAETCS CTEKITHHOHN TLIACTHHON JAHHON IMAPUHDBI !
IIpeanosorkenusi: yros nagenns paped 90°, HET MOMAPU3AINNA CBETA; MACCa JACTUILI TEIEPDL 3aBUCAT OT X, HO
HE 3aBUCHUT OT IBETA.

Pe3yabTaTbl: oTpaykeHre 0T TOHKOM NJIEHKMH.

Hamry Momenb TakzKe MOKHO IPUMEHUTD /IS OMUCAHUS PACIpOCTpPaHeHUs cBeTa B MPO3pavyHoil cpeje,
HallpUMep B CTeKﬂeﬂ. Caer pacupocrpaHsgercsd Tak, Kak OyJITo OH HMeeT HEeHYJEBYI0 MacCy B Cpeje H
HYJIEBYIO BHE eéIE JliuHa BOJIHBI ONpesesisieT IBeT.

21. (Baragka) [Jaiite Takoe omnpe/esenne ananora @(s, me) I caydas, Korga Macca m = m(x) 3aBUCAT
or x, urobbl anasorn 3axa4 [ u ] ocranucs BepHbIMuE.

Js1 3amannoii macco, m = m(z) oupemenum Bektop d(x, y, m(x)e, A/e, £) u aucno P(x,y, m(x)e, A/e, £)
anasornvno a(x,y, /e, +) n P(x,y, A/, +), Toabko 3amennM B onpe/enennn d(s) Ha d(s,me). Iloka aro
OyjiemM cuuTaTh, 4TO € = 1.

22. Orpakenue ot oxHoit moBepxHoctu. Haiigure P(x,y, m(x),\,+) u P(z,y, m(x), A\, —) ajs

0.2, mpu z = 0;
m(z) = moy(z) =0 W m(z) =mq(z) = 0, mpma0

Qukcupyem HeuéTHOe L > 1, Ha3bIBaeMoe wWupuHot cmekssnnot naacmuns,., CHaYAIA TPEIITOT0KAM
JIJISl TPOCTOTHI, UYTO CBET OTPaZKAeTCs TOTBKO OT JABYX MOBEPXHOCTE IJIACTUHBI, U JIJIST 3TOTO paCCMOTpI/IME

—0.2, mpum x = 1;
may(x)=1 +0.2, 1wpn z = L;
0, WHaYe.

80603nagenne @(z,y, \/e, £) Hag0 HE MyTaTh C G(T,Yy, ME, &) BHITE.

90cropoxHo: Kak mpapuio, mamkn PeffHMaHa He TIOIXOAAT g OMHCAHASA CBETa; YaCTHIHOe OTPaXKeHHe — 3TO 3aMeda-
TEJIbHOE HCKJIIOYCHHE.

0Macca nponoprmonanbua (n — 1)/(24/n), rae n mokazares TpesoMyenus; y crekaa n ~ 1.5 u (n —1)/(2y/n) ~ 0.2.

1370 ynpomratomee Tpenooxkene TpebyeT OTpHUIaTeIbHON Macchl Ha JIeBOf MTOBEPXHOCTH; TPUYHHA 9TOTO CTAHeT ACHA
IOCTIE PEeIICHUs 3a1a4H @



Bepo,ﬂmnocmb ompamenuﬂ/npoxomdeuuﬂ ceema ¢ 0aunot GOAHBL X OM CMEKAAHHOU NAGCTUHDL ULU-
PuUHbL L — 5T0 cooTBETCTBEHHO

P()‘7 L7 _) - yEI—‘,l-’loo P(Ou Y, mQ(I)7 Aa _>a
Yy 4€THO

P\, L,+) = yEIJPoo P(L+1,y,ma(x),\, +).
Yy 4ETHO

23. Tlocrpoiire rpadux byuknun f(L) = P(0,2L, mq(z), 16, —).

24.* (Bropast ocHoBHas 3aja4a) Orpakenue ot aAByx nosepxuocreii. Haiigure P(\, L, —), P(\, L,+),
P(\,L,—)+ P(\, L,+) u max; P(\, L, —).

Ha camom jmeste, cBeT oTpazkaeTcst 6Hympu ILIACTHHBI; STUM HEJIb3s IpeHeOperaThb, eCii Mbl XOTHM
TOYHEe BBIUUCIUTH BEPOSTHOCTH OTPAYKEHUS (BBIUUCIUTH €€ TOUHO, Ge3 YIPOUAOIIUX MPe/I0JI0KeH I,
BUJIUMO, HEBO3MOZKHO JIjIsi TAKMX CJIOZKHBIX BEIECTB, KaK cTekJio). [Tosromy Mbl cymecrBeHHO Mo/ udu-
IMpyeM Halry Mojesb. Bo3bMmém mpoussosibhoe € > 0. 3adbukcupyem m > 0 u noaoxum mg(x) = m upu
0 <z < L/e n mg(x) = 0 nnage. Termephb 11 KazKI0r0 X0, HAYXHAIOIIETOCST B KJIETKe BHYTPH CTEKJIA,
HAIll BEKTOD Oy/JeT JOMOJHUTESHHO MOBOPAYMBATLCSA HA YrOJ arctgme Mo 4acoBOMl cTpeske (He3aBHCH-
MO OT TOTO, NOBOpAYMBaeT JH Iamka B 97oil kierke)[| Ipyrumu coBamu, MOMOKHUM G (s, m(z)e) =
Rkarctemeg(s m(x)e), rae k — 9TO KOMMYECTBO XOJOB Ha MyTH S, HAUMHAIOMUXCS B mosoce 0 < z <

A ) ananornuno P(z,y, m(z)e

2y —), TOJILKO 3aMEHHUM B OLIPE/Ie/IEHUN

A
) o

L/e. Oupenenum Py, (z,y, m(z)e
a(s,m(x)e) va dy(s, m(z)e).

25.* Orpaxkenme or TOHKOI miaénku. Haiijgure lim. o, limy 100 Prn(0,y, ms(z)e, %, —). Hns kakux
Yy 9€THO

M MAKCUMYyM 9TOr0 Bbipazkenus 110 L pasen maxy, P(\, L, —)? (Paspeuiaercs 6e3 jloka3are/ibCrBa UCIIOJIb-

30BaTh TO, 4TO mpejes im yoioo REZV/AG (2,1, ms(z)e, %, —) cyIecTByer sl Beex T.)
T4y 48THO

2Konuenryanbshee 6110 661 onpesgennrs P(A, L, —) = lim._,o ima o0 limy 400 Y ,c7 P, y, ms(2)e, %, A, —), HO MBI
He OyIeM Tak JIejaTh.
139T0T IOMOMHUTENLHLIH ITOBOPOT MOXKHO OOBACHATDL CJACAYIOMIM 00pa3oM. CBET MOMKET pacceaThesd B KaxKIoH KIeTKe

BHYTDH CTEKJIA HECKOJIBbKO pa3. Kaxmoe paccenBanue 106aBigeT MHOKUTEIb —iMmE K HAIEMY BEKTOPY (paccMarpuBaeMomy,

TEL

KAaK KOMILJIEKCHOE YKCJIO) U MOXKET [OMEHSATb UJIM He HOMEHSTh HAIPAaBJeHUe NBHMxKeHus namiku. [Ipeanonoxum, me < 1.
Takum obpazom, X0 6e3 u3MEeHEeHUsI HAIIPABJIECHUS JIBUXKEHUs 100aBJIsieT MHOXKUTEIb

1

1 (mer pacceusanmii) — ime (1 pacceusamue) + (—ime)? (2 paccenpamus) + - - - = TTime
ime

Bes paccemBanmit mammka amKercsa mpamMo. TakuMm o0pa3oM, ITOBOPOT B OMPEIEJTEHHON KJIETKE BHYTPH CTEKJa J100aBJIseT

MHOXKHUTEJTHh

. . 2 . 3 —ime

—ime (1 paccensanmne) + (—ime)® (2 paccensanms) + (—ime)” (3 paccemBanms) + -« - = TTime’
ime

OTO Te Ke MHOKWUTENH, 9T0 U B MOJEJU U3 §@ JOMOTHUTETHLHO TIOBEPHYTHIE HA YTOJI arctg me Mo JacoBOi CTPeJIKe.
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6 Bwxenrgee moJie

Boupoc: KakoBa BEpOATHOCTH OOHAPY2KEHUsI OPABOrO 3JIEKTPOHA B KJeTKe (X,Yy), eCJu OH JIBUTAETCI B JAHHOM
MarHATHOM IoJie u?

TIpeamnosioXKeHnsi: MATHUTHOE TTOJIE CYIIECTBYET TOJBKO B TIOCKOCTH Oy, 3JIEKTPOH HE BO3AEHCTRYET Ha HETO.
PesyabTaTbl: OTKJIOHEHNE 3JI€KTPOHA B MArHUTHOM II0Je, ‘Ipeleccust’ CIMHA, COXPaHeHne 3apsa.

Brerraee MarauTHoe 1oJie BIARSET Ha, JABHU2KEHHNEC T&KE * § i "

Obmast ToOYKa YETHIPEX KJIETOK JOCKH HA3BIBAETCS GePULUHOTL. 3+ S /NS0 (s0, u)
Mazrnummnoe no,/LeE] U 3TO (PUKCUPOBAHHBIT CMIOCOO COMOCTABATH Kaxk- 2| | |2 |
Joit Bepmune uucao +1 mimm —1. B wactmocru, Ha puc. | mar- i(1,3) a(s, u)
HATHOE MOJe paBHO —1 B BepxXHEM MNpPaBOM YIUIY KaxKIO#W KJIeTKH 0 I 7
(x,y), tae x u y 4érubl. V3meHuMm oupejejienue Bekropa d(s), me- it B

Hsil €ro HalpaB/IeHHe HA HPOTHBOIOJOXKHOE KaxKIblil pas, Koraa

IMAITKA TPOXOJUT Yepe3 BEpIINHY ¢ MarHuTHBIM mojiem —1. O6o3Ha- Puc. 5: Ilyru B moste

IUM TOJIy9eHHBIH BeKTOp 4epe3 d(s, u). Boaee dopmanbo, d(s,u) =

d(s)u(C)u(Cy) .. .u(Cy), toe Cy,Cy,...,Cy — 310 Bce Bepmuubl Ha myTn s. Oupegemum d(x,y,u,£) u
P(z,y,u,£) anamorunuuno d(x,y,+) u P(z,y,+), 3amenus B onpejenenun a(s) na d(s,u). B gacrnocru,
ecoim u(C) = +1 Toxaecrsenno, To P(x,y,u) = P(x,y).

26. Ogaopoanoe mode. Ilycrs u(C) = —1, ecoiu C' 910 BepxHuii upasbiii yroa kierku (z,y), rie T u y
aérubl, 1 u(C) = +1 nnage. Haiinure Bekrop d(x,y,u, +) u Bepositaocts P(x,y,u,+) masg y = 1,2,3,4 u
Beex neabix r. Yemy pasna ) . (P(z,y,u,+) + P(z,y,u, —)) a1a dukcnposanunoro y = 1,2, 3,47

27. ‘IIpeneccus’ cnmHa B MArHUTHOM mnoJie. llcnosib3ys KoMmibioTep, mnoctpoiite rpaduk dpyHKImn
f() =>,cz P(®,y,u,+) mis nois u u3 upeapiyiei 3a1a4m.

JL1s1 JIAaHHOTO MArHUTHOT'O T10JIsl % HA30BEM OeJIyIO KJIETKY OMpuuamesbHot, eciu U paBHO —1 POBHO B
1 mym 3 yrilax KJeTkKu.

28. KaaubpoBounbie npeobpazoBanuga. OIHOBPpEMEHHOE H3MEHEHHE 3HAKOB 3HadeHui u B 4 yriax
OJIHOTO Y€PHOro KBajpara He Mensier P(z,y,u, +).

29. KpuBu3zua. MaruurHoe 1oJjie % MOXKHO CJ€/1aTh TOXK/IECTBEHHO PaBHBbIM +1 B KjeT4aToM IPsiMO-
YIOJIbHUKE, UCIOJIb3Ysl MPeoOpa30BaHus U3 3aa49n TOTJa W TOJHKO TOT/Ja, KOT/Ja B MPAMOYTOJbHUKE
HET OTPHUIATEIbHBIX OEJIBIX KJIETOK.

30. 'omoaorum. Maruurhnoe nosie u paBHo +1 Ha rpaHuie KJIeT4aToro npsaMOyrojbHUKa m X n. demy
MOKeT OBITh PABHO KOJUYIECTBO OTPUNATETLHBIX OEJIBIX KJIETOK B MPSMOYTOJIbHUKE”?

31. CoxpaneHnne BepossiTHOCTH /3apsaaa. Pemure anasoru 3a1a4 @H JIJISI U, HE PABHOT'O TOXKIECTBEH-
o +1.

7 ToxkagecTBeHHBIE YaCTUNBI 1 AHTUYACTUIILI

Bonpoc: KakoBa BEpOATHOCTH OOHAPYZKEHUS 3JEKTPOHOB (MJIU 3JIEKTPOHA M IIO3UTPOHA) B KreTkax F u F) ecom
onm ObLIN Ucmymensl u3 A n A'?

IIpeanosoxkeHusi: Te ke, 9To u B 6a30B0# Momenw; KoopauHaTa 1m0 ocu Oy WHTEPIPETUPYETCs, KaK BPeMsl.
PesynbraTbi: npuniun 3ampeta [laymm.

JIBuzKeHne HeCKOMBKAX 3JTeKTPOHOB MOXKHO OMHCATH CJEIYIOIel MOJETbIO.

Kazk oit nape myreii s, s’ miaimku, COCTOSIIMX U3 Y XOJ0B KazK/blil, COMOCTABUM BEKTOD (S, s') cieyio-
mum obpasom. Haauém ¢ Bektopa (0, 1). Ilepeasunem mammky cHadasa BI0Jb OMHOTO MYTH, & IIOTOM BJOJIb
JIPYTOr0, MOBOPAYHBAsT IIPH STOM BEKTOD 110 TpaBuity u3 §[[] Kak st pa3, Korjia marka MeHsIeT HalpaBJie-
Hue, BeKTop moBopaunsaercs Ha 90° no wacosoti cmpeaxe. (To ectb, B uTore BekTOp noBepuéTest t(s)+t(s)

14O6paTI/ITe BHUMAHHE, YTO XOTHA 3TOT METO/ PaCCMOTPEHUA MAlHUTHOI'O 110JId XOPOILIO HM3BECTEH, OH CHUJIbHO OTJIMYa€TCA
OT MeTOJa, n3iIoxkeHHoro B [Feynman]|.

Y5Wnm, Tounee, anexmpomazrummviti nomenyuaa. Ilone ciegyer HHTEPIPETHPOBATL KAK MAZHUMHOE W IAEKMPUECKOE
B 3aBHCHMOCTH OT TOI'0O, HHTEPIPETUPYETCA JTU KOOPDAHNHATA II0 Y KAaK NOAOHCEHUE NI KaK 6PEeMA.
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pa3, ryie t(S) — 3To KosmuecTBo MoBOpoTOB Ha myTH S.) Kpome TOro, B KoHIE MBI e M BeKTOp Ha 2Y~L.

ITomyuennstit BekTop Gyzem 0603HaUaTh d(s,s'). B wacrroctn, Ha puc. | Bextop a(s, so) = (—1/4,0).
Badukcupyem kiaerkn A = (0,0), A" = (20,0), F = (x,y), F' = (2/,y) n ux AnaroHaJbHBIX coce/eii

B=(1,1), B =(xzg+1,1), E=(z—1,y—1), E' = (2’ — 1,y — 1), e p # 0. O6oznaunm uepes

i(AB,A'B' — EF,E'F") := g a(s,s’) — g (s, s,
s:AB—EF s:AB—E'F’'
s":A'B'—-E'F’ s":A'B'-EF

e ImepBas CyMMa, 110 BCEM HapaM, COCTOAIIMM U3 IIYTH §, HAYMHAIOIUMCA X040M A B 1 3aKaHYnBaIOIUMCH
xonoM FF, u nyrn s, naunnaomumcs xoaom A'B’' u 3akanuusaromumvcs xogoMm E'F’; Bo Bropoil cymme
HOCJICTHAE XOBI TIOMEHSHBI MECTAMM.

Kpaapar jgmnsl P(AB,A'B' — EF,E'F') = |@(AB,AB — EF,E'F")|* nasbiBaercs 6epoamo-
cmoidT| obnapyscumo npasvie aaexmponv, 6 F u F', ecau onu 6vwau uenywenv, us A u A'. B actHocTH,
P(AB,A'B" — EF,EF) = 0, 10 ecrb JiBa IPaBbIX 3JIEKTPOHA HE MOIYT ObITbH OJIHOBDEMEHHO B OJHOM
MeCTe; 3TO HA3BIBACTCA NPUHUUNOM 3ANPEMa.

32. HezaBucumocts. [lpu xy > 2y u ©/ > x Buipasure P(AB,A'B" — EF, E'F') uepes P(x,y,+) u
P(2" — zo,y,+).

33. IIpunnun 3anpera (AJisi MPOMEXKYTOYHbBIX cocTosiHuii) . [Tokaxkure, uro d(AB, A'B’ — EF, E'F’)
HE U3MEHUTCs, €CJIM CyMMbI B OIIPEJIeIeHUI Oy/IyT TOJIBKO 10 TE€M Iapam 1yTeil s, ', y KOTopbIX HeT 00ujus
20008.

Ompenennm P(AB, A'B’ — EF, EF'F') ananornuno nnga E = (v £ 1,y — 1), B/ = (¢/ £ 1,y — 1).

34. Coxpanenmne BeposiTHOCTH/3apazna. /s Kaxaoro GUKCHPOBAHHOIO Yy > 1 BBINOJHAETCS pa-
BEHCTBO Y oo pm P(AB,A'B" — EF, E'F') = 1, rae cymma Oepérest mo BceM dersépram I = (x,y),
Fr=y),E=(x+ly—1), F=(x"£1y—-1).

VY 371eKTpOHA ecTh AaHTUIACTHIIA, Ha3bIBaeMas no3umpon. MoKHO MpeacTaBIaTh cebe aHTHIACTUILY KaK
JACTHILY, JBUKYTIYIOCS HA3a BO BpeMeHHU. /[BUzKeHne MOYXKHO OMUCATH CJIEAYIONeil MOXoXKeil MOIeTbIO.

[TocTaBum Ha TOCKY €I OJHY MIANIKY, KOTOPasi CMOYKET JBUTATHCSA TOJHKO BIIPABO-BHU3 U B/I€BO-BHUS3.
Bynem naspiBaTh HOBYIO MIANIKY “4EpHOU, a cTapylo 0eaofl.

Jlnst Kazk 106t maphl myTeii s, s’ 6es10i 1 YépHOIl Marniek cooTBeTCTBEHHO, OTPEIeINM BEeKTOp (s, s') ana-
JIOTHYHO HANMCAHHOMY BBIIIE, TOJTHKO s KayKJIOT0 MOBOPOTA “E€pHot TIAIIKHA OyIeM MOBOPAYNBATH BEK-
TOP NPOMUE 4acosotli cmpeaky, a He O (HE3ABHCHMO OT HANpaBJIeHUs MOBOpOTa). B wactHocTH, d(s,s') =
(0,2'7Y), ecim 8’ — 910 TO Ke HyTh, YTO U S, HO IIPOXOAUMBIl B 0OPATHOM HallpaBJICHUH. O6OSH8HI/IM|E
Jepes

i(AB,B'A' — EF, F'E') := Y (s, s')
s,s’
CYMMY IO BCEM TIapaM, COCTOSIIUM W3 MyTH S OeJION IMIAITKN, HAYMHAIOMUMCA X010M AB u 3aKaHInBaro-
muMcest xoaoM EF, w nytu s’ uépHoil maimku, HaunHaommMes Xogom F'E' v 3akaHIMBaOMIMMCST XO0M
B'A'. Kpagpar gmunsl P(AB,B'A' — EF,F'E') = |@(AB, B'A' — EF,F'E')|” 6yaeM Ha3biBaTh 6epo-
AMHOCMBIO 0bHapysHcums asexmpon 6 kaemke F, a nosumpon 6 F', ecau onu Oviau ucnyuwernv, uz A

u A

35. HeszaBucumocts. Pemnre ananor sanaun 32| nis P(AB, B'A' — EF, F'E').

163 1ech BAyKHO, ITO 8 U §' — ITO IIYTH 00HOMUNHHLE TACTHIL, HATTPIMED JIBYX 3JeKTPOHOB. HatTe BTOpas CyMMa, OITyCKaeTCs.
3Hak 1mepe]; BTOpoil CyMMO MEHSIETCs Ha ILIIOC JJI HEKOTOPBIX YaCTHll, Haupumep @omonos (IacTui cBeTa).

1TV 10600 cunTaTh, 9TO 3HaUeHHe Y BUKCHpoBaHO, a deTsépku (F, F', E, E') — 3T0 BO3MOMKHbIE HCXOBI IKCTIEPUMEHTA.

18310 ompemenenne OCMBICIEHHO TOILKO IPH Zo > 2y; HHAaYe aHHUTHIANNCH JaCTHI Heab3s IpeHebpetdsb, I MOAeTb CTaHo-
BUTCsI HeaaeKBATHOM.



8 Bzaumogeiicrsue***

Bormpoc: Tot ke, uTo m B 6a30BO# MOIEIN, HO TEIEPh KOOPAWHATA 110 ocu Oy WHTEPIPETUPYETCd, KAK BPEMI.
IIpeanosokeHusi: 3JIEKTPOH CO3JAET MArHUTHOE TI0JIe, BJIUIIONIEe Ha IBUKEHNE; OTParkIeHre BOJTHOHEITPOHUTIA-
eMBIMHA CTEHKAMH.

Pe3ynbraThbl: B3aUMOJEHCTBIE CO CTEHKAMH BJNSIET Ha ABUXKEHHE DJIEKTPOHA.

Mpr1 jo1in 10 Heu3y YeHHoit obJtacTu: (pusrmueckn KOPPEKTHOE CTPOIoe Olpe/ieJIeHue CJIe/IyIONero yrod-
HeHus 1oKa Hen3BecTHO. B aToMm paszaesne mul jaém HEITPABUJIBHOE onpenenenme, mpuBoasIiee
K IapaJgoKCAJIbHBIM PE3yJIbTaTaM:

® YTOYHEHHUe ONMHNCHIBAET B3aMMOJIeiICTBIE SJIEKTPOHA CO CTEHKAMH, a He ¢ COOCTBEHHBIM IOJIEM;
e B3anMojeiicTBre (O CTeHKaMu) mepeaaércest ¢ 6eCKOHEYHOl CKOPOCThIO, & He CO CKOPOCTHIO CBeTa.

HO MbI HaJdeeMCd, 9TO IIpeaJjIoz2KeHHbIEe 31€Chb nAeu BCE PaBHO MOT'YT HPEACTABJIATH HHTEPEC.

JIBuyKeHne 371eKTpoHa camMo 10 cebe co3AaéT MarHUTHOE IMoJIe, KOTOPOE B CBOIO OY€peIb BJMSET Ha
nBuzkenne. Co3anHOe TOJIe CIYYailHO, ¢ BEPOSITHOCTBIO, TOJIYYAIOIIEiiCs CI0KEHIEeM [0 BCEM BO3MOZKHBIM
IPOMEKYTOIHBIM TOJISIM.

@ukcupyem g > 0, Ha3bIBAEMOE KOHCMAHMOT 63aumodeﬁcm6u;z|ﬂ (oHa CBsI3aHA ¢ 3aPs/IOM JIEKTPOHA).
Durcupyem 4€pHYIO KIE€TKY (X, Yy), HA3BIBAEMYIO KoHeuHvM nososiceruem. Pukcupyem npsamMoyroabHuk R,
COCTABJIEHHBI M3 BeeX Takux KiaeTok (z/,y'), uro 1 —y <2’ <y u 0 <y < y. Dra soanonenponeyaeman
kopobka R oxpyzxkaer Bce Bosmoxkubie mytu s u3 (0,0) B (x,y), KpoMe mepBoro u MmOCJIETHEr0 X0/a; OHA
HEeOOXOIUMA, JIJIst TOTO, YTOOBI IIPUBEIEHHAS] HUZKE CyMMa [0 BCeM IIPOMEZKYTOIHBIM MOJIsIM ObLTa KOHEYHOI.

BosbMéwm Jit060# Takoil 11yTh S M IPOU3BOJIbHYIO PACCTAHOBKY U 4uces +1 Ha BCceX BepHIMHAX 6 Nps-
moyzorvruke R. Obo3HaYMM depe3 n KOJIUIECTBO OTPUIATEIBHBIX OeJIbIX KJIeTOK B R J1j1s pacCTaHOBKH U
(oHu GymyT MrpaTh POJIb MOBOPOTOB Mmamiki). OGo3HAINM Yepe3

n

_ g —mn/2 >
a(S,U;g) - 2(y_2)2(1 +92)(y_1)2/2R a(S,u)

—

BeKTOﬂ d(s,u), MOBEpHYTHIH MO vacoBoil crpenke Ha n - 90°, YMHOXKEHHBIH Ha ¢" W MOJEJTEHHBIN Ha
(y—2)* 2)(y—1)?/2
207271 + ¢*)W¥ .

Obo3HauuM Yepe3 g, MPOU3BOJBHYIO PACCTAHOBKY 4YucesJ +1 Ha BCeX BEPIIMHAX GEPTHEL CMOPOHDLL
NPAMOY20AbHUKG R Takyio, 9TO ug, paBHO +1 Ha KOHIAX CTOPOHBI. OHA HAZBIBACTCS KOHEYHbIM MA2HUM-
Hotm nosem. ODO3HATNM depes

a(x7y7uﬁnaga+) = § G(S,U,g)
S,
cymmy 110 BeeM nyrsm S u3 (0,0) B (z,y), HAYMHAIOIMMCH ¥ 3aKAHYUBAIONIMMCS XOJ0M BIPABO-BBEPX, U
10 BCEM TaKUM pacCTaHOBKaM u 4uces £1 Ha BceX BeplIMHAX 6 Npamoyzosvhuke R, 910

Ug, Ha BepxHeil cTopone R;

+1 Ha BcexX OCTaTbHBIX CTOpOHAX K.

Ksajpar jminbl BekTopa @(T, Y, Ufin, g, +) HA3BIBAETCS GEPOAMHOCIDLIO MO20, 4MO KOHEYHOE MAZHUMHOE
noAe pasro Ugy, a npasvili aaexmpon obrapyscen 6 (x,y). Obosnauenne: P(x,y, ugy, g, +) = |a@(x,y, ugn, g, +)|?
P(z,y, ugn, g, —) ONpeIeaseTcs aHAJIOTUIHO.

36. Haiinure Bepositnoctn P(x,y, usn, 1,+) u P(x,y, ugn, 1, —) aas g=1, y=2,3 u Bcex BO3MOKHBIX T
n Ufn-

CyMMaE|
P('r7 y’ g’ +> = Z P(x7 y’ uﬁﬁ? g? +)

Ufin

YEcau mar permérkn € He (PUKCHPOBAH, TO ¢ MOXKET 3aBHCETh OT HEro. JTO HA3BIBACTCS NEPEeHOPMUPOsKoti; MBI He OyaeM
006CyzK/1aTh eé.

200m ompeneéH KOPPEKTHO, TaK KaK IMyTh § IMEJIMKOM COAEPKHTCA B R, He CUMTas MepBOro M MOCIETHEro Xomaa. Bymzem
cIuTaTh, 9T0 ¢" = 1 mpum g =n = 0.

213 1ech MBI CyMMUpYeM He BEKTOpa, a BeposTHocTH. He myTaiite obosnadenune P(x,vy,g,+) ¢ P(x,y, me,+).
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0 BCEM DACCTAHOBKAM Ug, umces +1 Ha BepImmHAX BepXHeil CTOPOHBI MPSMOYTOIbHNKA R — 3TO eepo-
AMHocMs 0bnapyscenus npacozo ssexmpona 6 (x,y). Onpenenum P(x,y, g, —) ananornano. B gacTrocTH,
P(x,y,0,+) = P(z,y,+) (mouemy?).

37.* Hna npoussossroro nmytu s u3 (0,0) B (x,y), paccMorpuM cymmy » | d(s,u,g) 10 BCEM TaKuHM
paccTaHoBKaM u uncea 1 Ha Bcex BepHIMHAX B MPAMOYTOIbHAKe R, 94T0 © = +1 Ha rpanune R. Beipasure
3Ty CyMMy vepe3 d(s) m KoJmuecTBa GebX KJIeTOK B 9acTsiX, Ha KOTOpPbIE yTh S jeant R.

38.* PaccTaHOBKH U4 paBHBI COOTBETCTBEHHO +1 B mpaBoM BepXHEM YTy KiaeTku (2 —y,y — 1), u paBHBI
+1 BO Bcex ocrajibHbIX BepilmHaxX BepxHeil croponbl R. Pemure anajiorn 3ajia4 1/1 ;LJIH a(z,y,us,g,t)
n P(l?, Y, 9, +) + P(Ia Y, 9, _) BMECTO al<x7y>7 a2(x7y) n P(xay)

9 Poxaenue u aHHurnjganug®**

Bormpoc: 10 ke, 9T0 U B MO C TOXK/IECTBEHHBIMU YACTUNIAMA U AHTUIACTUIIAMHA.

Ilpeanosoxkenusi: 37eKTPOH-TTO3NTPOHHBIE TAPHl TEMEPL POXKAAIOTCI W aHHUTWINPYIOT, HET B3aUMOIEHCTBUL,
OrpazkJeHne OTPAKAIIMMU CTEHKAMU.

Pe3yabTaThbl: HET; 9Ta MOJEIb — JIUIIH COCTABHAA YaCTh 00Jiee PEAJTUCTHIHON MOJIEIN CO B3AMMOIEHCTBUEM.

Hakownerr, Mbl 1011111 /10 HeU3yYeHHOM 00s1acTu: MbI c(hOpMyIupyeM npodjieMy, KOToOpas OCTaeTCHd
OTKPHBITOI yke moutu 40 ser. Hauném ¢ ynoMuHanus TOTO, 4ero Hem B 9TOM pasjielie:

® MbI He JaéM OIpeJIeJIeHIsT 0YePeTHOr0 YTOUHEHUS MO (OHO MOKA HEM3BECTHO);

e yTO4YHEHHE (JazKe eCJIU ero ONPEEJIUTh) He CMOKET 00bsICHUTH HUKAKUX HOBBIX 9KCIIEPUMEHTAIbHBIX
pe3yJIbTaTOB.

Ho

® MBI daém IETKYIO (DOPMYTUPOBKY 3aJa4i: KaKie UMEHHO CBOICTBA JIOJIZKHO UMETh YTOUYHEHUE;

® OTO YTOYHEHHE — BazKHad 9aCTh IMOCJIECAYIOIUX, 3aMedaTe/JIbHO COIJIaCYIOHNIUXCA C IKCHEPUMEHTOM.

Hedopmanpno, Ham niaH 3akmgodaeTcd B ciaeayiomeM. llyTn mamkwn, moBopadmBaromine BHU3 I
BBePX, WM 0OpA3yIolue MUKJIbI, 03HAYAIOT POXKIEHNEe W AaHHUTHUJIAINIO TeKTPOH-MTO3UTPOHHLIX map. Jla-
JKe ecJIi B Havase y HAac OBLTIM BCETO OJUH WM JBA JEKTPOHA, B KOHIE MBI MOYKEM TOTYyYUTb MHOTO
9JIEKTPOHOB U MO3UTPOHOB. Kazk 10ff BO3MOXKHON KOH(MUIYpAIMU TOJIYUYEHHBIX YaCTUIl Mbl XOTUM COIO-
CTaBUTH KOMILJIEKCHOE YHUCJI0, KBaJIpaT MOJYJs KOTOPOro OYIeT B KAKOM-TO CMBIC/IE BEPOSTHOCTHIO ITOM
KOH(UTYpaAUu. DTO YUCI0 OYJIeT CyMMOi MO BCEM BO3MOYKHBIM TPOMEYXKYTOYHBIM COCTOSHHUSIM MEZKTLY
Ha4YaJIbHOU KOHMUryparueil 1 KOHEYHOIl, TO eCTh MO BCEM <«IIYTAM», UX COeIUHIIONUM. UTOOBI creraTh
CYMMY KOHEYHOM, MBI OIPAHUYNBAEM TIPOCTPAHCTBO OTPAZKAIONIUMHU CTEHKAMHU.

Badukcupyem 1paMOyroJbHUK R, COCTOSIIM U3 BCEX TAKUX KJIETOK (T,Y), 4TO Tyin < & < Tpypax U
0 <Y < Ymax (JIUHUM T = Tpin U & = Tyax HA3BIBAIOTCS OMPANCAIOUUMY CMEHKAMUY). 3adbuKCHpyeM
m,e > 0, Ha3BIBAEMbIE MACCOT W WaAZOM PEULEMKU.

Havarvran xongueypayus — 310 paCCTaHOBKaH OJIHOT'O U3 3HAKOB “+” miH “—” B HEKOTOPBIX BePIITHHAX
BHYTpU R, jexkamux Mexxay juauavu y = 0 u y = 1. C dpusndeckoit TOUKN 3peHUs 3TU 3HAKU O3HATAIOT
HAYAJIBHOE [OJIOKEHUE TIO3UTPOHOB M JEKTPOHOB COOTBETCTBEHHO (a TOUKH 0e3 3Haka cBOOOjHBI). [liist
Hallleil UTPbl 3TO O3HAYAET, YTO IIAIIKA ITPOXOJIUT BEPIIMHBI CO 3HAKOM “ —| JIBUTasiCh BJIEBO-BBEDPX WJIH
BIIPABO-BBEPX, a BEPIIMHBI CO 3HAKOM “+” — BJIEBO-BHH3 WJIM BIPABO-BHU3 (M He MPOXOIUT Yepe3 BepIi-
Hbl 0e3 3HaKa). AHAJOTUYHO, KoHewHoU Konguzypayuell HA3BIBAETCS PACCTAHOBKA 3HAKOB HA BEDIINHAX,
JIEYKATIIX MEKTY JUHUIAMA Y = Ymax U Y = Ymax — 1. [Ipomesicymounas xonduayparyua — 3T0 paCCTAHOBKA
OJIHOT'O U3 3HAKOB “+" 1 “—" B HEKOTOPBIX BEPIIMHAX BHYTPHU [ Tak, 94T0 B KaxK/J0#l 4€PHON KJIETKE I10JI0CHI
1 <Y < Ymax — 1 pa3HOCTH MEXK/y KOJIMYeCTBOM “+7 1 “—" B 2 BepHUX BepIIMHAX PABHA COOTBETCTBYIOIIEH
Pa3HOCTH B 2 HUXKHUX BepminHax. /g Hameilt urpbl 370 03HAYAET, 9TO MIANTKA HAYUHAIOT U 3aKaHIMBAIOT
JIBI2KEHHE TOJBKO Ha JUHUAX Y = 0 U Y = Ypax. Apyrumnm cioBaMu, B KazK/I10il 9€PHON KJIETKe 3HAKH B
BEPIINHAX MOTYT OBITH PACCTaBJIEHBI OTHUM U3 19 Cnoco6oﬂ MOKA3aHHBIX B JIEBOW YaCTU PUCYHKA E Shuii
19 crtoco60oB HA30BEM 6a3068bLMU KOHPULYPAYUAMU.

2231a, paccTaHOBKA HE MMeeT HHKAKOTO OTHOIIEHHS K MArHHTHOMY TOJIO T3 §E|
23MuI paccMaTpuBaeM IMEeHHO 3HAKH, a He BO3MOMKHBIE ITyTH MAITKH depe3 KOHKPEeTHYIO KJIeTKY, KaK Ha PUCYHKe E|cnpaBa.
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Puc. 6: Bazosbie kondurypanuu

[IpeAnooKuM, 4To KaxKa0ii 6a30BOii KOHMUIYpAINH COMOCTABUIN KOMILIEKCHOE YHCJIO0 (3aBUCAIIee
ot me). “IIpaBuibHbIN’ €110CO6 BBHIOPATH TH YUCJIA HEH3BECTEH; CUUTaiiTe, UTO OHU — (DUKCHUPOBAHHBIE
napaMeTpbl HalIeil MOJIe/Id.

Paccmorpum mpou3BoJibHYIO TTPOMEKYTOUHYIO KoHpurypamuio. B kax1yio 4€pHyio KjaeTky BuyTpu R,
HE UMEIOIILYIO OOIUX TOYEK C T'PAHUIICH, HATUIIIEM YHCJI0, COOTBETCTBYIONIEe 0a30B0il KOHMUTYpaIun IToi
kaeTKu. ComocTaBuM IPOMEKYTOUHOM KOHMDUTYpAIT ITPOU3BEIeHIe BCEX HAIUCAHHBIX UHUCE.

Teneppb a1 Kaxka0il mapbl U3 HAYATBHON M KOHEUHOU KOHMUTYpPAIUi CI0KUM KOMILTEKCHBIE UHC/IA,
COIOCTABIEHHDBIE BCEM BO3MOZKHBIM ITPOMEZKYTOIHBIM KOHMUIYpanusaM Mezk 1y Humu. ComoctaBuM Halei

Imape IMoJy4eHHO€ KOMIIJIEKCHOE YHCJIO.

39. (Baraaka) Paccmorpum koudurypamnuu copceMm 6e3 3uakoB “+7. Bospmém A, A’ B, B’ E,E' | F, F' —
4@pHbIE KJIETKH, OUUCAHHBIE B §[7} M NPOM3BOJIBHBIE Tyin < —Y U Tmax > Lo + Y. PUKCHPYeM HAYAIBHYIO
U KOHEYHYIO KOH(UTYpali ¢ POBHO JIByMsl 3HAKaMu *—", pacHOJIO)KEHHBIMU B HPABbIX BEPXHUX YIJIaX
kiaerok A, A’ u E, E' coorBercrBenno. ComocraBbre KazK10ii 13 6 6a30BbIX KOHMUTrYypanuii 63 3HaKOB “+”
KOMILJIEKCHOE 9HCJI0 TaK, YTOOBI CyMMa YHCEJI, COIOCTABICHHBIX BCEM MPOMEZKYTOUHBIM KOH(MDUTYPAIUIM
bes snaxos “+”, Gblna paua Bektopy d(AB, A'B' — EF, E'F’), onpenenénnomy B §7]

Oco0brit mHTEpEC MPEICTABISET CIyYail, KOTr1a HadaabHas KOH(MUTYPAIHst COCTOUT W3 OJHOTO 3HAKA * —”
B TpaBoil Bepxueii BeprmmHe kiaetku (0,0), a KoHedHass KOHMUTYpans — U3 OJHOrO 3HaKa “—" B JieBOii
HUKHEH WU IPABOil HUXKHEH BepIInHe IEPHON KIETKH (T, Ymax ) ICOMILIEKCHBIE YUCJIA, COOTBETCTBYOIINE
STUM mapam, 0003HAYAIOTCS COOTBETCTBEHHO (T, Ymax, TE, Tmin, Tmaxs +) A G(T, Ymax, ME, Trmins Tmax, — )-

HenpepbiBHbIii 11pejies1, KOTOPbIH Mbl 02KH/Ia€M TOJIYIUTh B 3TON Mojiesu, (hOPMYIupyeTcs B TEPMUHAX
moduduyuposannvir ynryut Becceas u pynrkuut Lanrean :

00 —at [e's] ixt
e 1) 2 e
K, = - dt H = — ——dt
@ = [ = Po-= [ A=
Ki(z) = m/ e "INt — 1dt H{l)(x) = __a:/ e INt2 — 1dt
1 T Jy

40.** HempepsoiBHbIN npeaes. ComocTaBbTe TaKue KOMILTEKCHBIE Uncaa 19 6a30BbIM KOHGMUTYPAIIHIM,
aro0bl Jyist Beex |y| < |z| 6bu10 BepHO

lim lim na (2 LEJ 72 L%J 5 m; —Tmaxs Tmax> _> - mKO(m 5132 - ?JQ);

N—>00 Tmax —>00 2 2 n
lim lim nd (2 L@J ,2{%J ,@, — Tmasx, Tmax +> = —imi Ki(ma/2? — y?);
N—$00 Tmax—00 2 2 n 22 — 92
a Juig Beex |y| > |x| 6b110 BepHO
. . . nx ny| m LT 1
tim i 0@ (2] 5] 2| 5| e e, =) = i HY (m/ i =2
lim lim nc_i <2 L@J 72 L%J ’ @7 —Zmax; Tmax, +> - mz : i Y Hfl)( y2 1’2)
N—$00 Tmax—+00 2 2 n 2 y? — a2
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O6cyaum dbusnaecknii cMbICI 5TOro yrounenns. s y >> |x| npasbie 9acTn AByX MOCIEIHUX DABEHCTR
O4eHb GIM3KHM K IIPABBIM YacTsIM OTBETa K 3ajade [To3TOMYy MOXKeT BOSHHKHYTDL KeJIaHHe MHTepIpe-
THPOBATL yTOUHEHHe, KaK 0oJiee TOUHOe TIPUOIHKeHHIE I BEPOATHOCTH OOHAPYZKATE 3JICKTPOH B KJIETKe
(x,y). Ho nporus 31010 €crb cepbé3Hble BO3PAKEHUSI.

Bo-NepBBIX, NpuHyUNUaAbHO HEBO3MOYKHO TOTHO U3MEPHTH KOOPAUHATH 31eKTpoHal | DTa anpuopHast
HeoIpe IeJIEHHOCThL UMeeT TOT »Ke MOPAI0K, YTO U MCHpaBJIeHne, BHOCUMOe yTouHenneM. TakuM o0pasom,
YTOUHEeHHe He 100aBjIgeT HHYero HOBOrO K OIMCAHMIO JIBUKEHUS 3JCKTPOHA.

Bo-BTOpBIX, g (PUKCHPOBAHHON HAYAILHON KOH(DUTYPAIUU CyMMa KBaJApaToOB MOJYJeil Juces, Ipu-
CBOEHHBIX BCEM BO3MOZKHBIM KOHEYHBIM KOHMUTypanusaMm, He paBHa 1 (Jake B HENPEPHIBHOM HPEJIEJIE).
[TpuunHOil 3TOro dBjgercs TO, YTO KOH(UIYypalUu He ABISIOTCS B3aUMOUCKJIIOYAIOIIAME: JIJIs JTAHHOMN
KOH(UTYPALUHI TI0JId CYIIECTBYET MOJIOKUTeIbHAs BEPOATHOCTh OOHAPYXKUTHL HPH U3MEPEHHU, 9TO OHO
HAXOAUTCA B Apyroii Kondurypanuu. Mpl He 3HaeM sCHOrO 00bACHCHHS STOMY.

B 061mmeM, 3T0 yTOYHeHHEe He NMeeT IpaAMOii (PU3HUeCKOil HHTepIpeTaIil, U €ro CJIe1yeT pacCMaTPUBATD,
KaK COCTaBHYIO 4aCTh OyIyIIUX YyTOYHEHHIL.

10 (1+ 1)-mepHas KBaHTOBas JIEKTPOAMHAMUKA***

Bormpoc: kakoBa BEpOATHOCTEL 0OHAPY KUTH 3JIEKTPOHBI (UM 3JIeKTPOH+TIO3UTPOH) ¢ MMITYJILCAMU ¢ U ¢ B JAJIEKOM
OyAyIIeM, eCiu OHM OBLIM MCILYIIEHBl ¢ AMIyJbCaMu P U P B JAJEKOM IMPOILIOM !

IlpeanosoxkeHusi: B3anMOIeiCTBUE TEIEPb €CTh; OCTAINCH TOJIBKO 0a30BbIE YIIPOIIAONINE IIPEIIOI02KEHIS:

HET SIIEPHBIX CUJI U TPABUTAIINH, SJIEKTPOH JBUZKETCA TOIBKO 10 ocu Oz (a och Oy HHTEPIPETUPYETC, KaK BPEMSI).
Pe3ynbraThbl: KBAHTOBLIE TIOTIPABKMH.

O0beunenne (MOKa HEU3BECTHBIX) YTOYHEHWH, 0OCYKIAEMbIX B JIBYX HPEIBLIYIHX pa3/esax JIacT
ssremerTapuoe ompeesenne (1 + 1)-mepuoit K91,

Bynyniue uncciegoBanus

Anzopummumeckas KBAHTOBasE TEOPHs OJIS TSI KazK/10il 9KCIIePpIMEHTAJIbHO HAOII0aeMOil BeTHINHEI
U TIOJTOKHUTETBHOTO YUCIa € TaéT TOYHYIO (DOPMYJIUPOBKY aJITOPUTMA, BBIIAIONIErO IpeIcKa3aHHOe 3HAUe-
HUE BEJMUYUHbI ¢ TOYHOCTBIO €. (Pasymeercs, upejickazannoe 3Hadenue He 0083aHO COBLAJATH € IKCHEPU-
MEHTOM JIJIsl € MEHBIIEro, YeM TOYHOCTh CaMOi TeOPHH.) DTO sIBISIETCs] TPOJOJIZKEHUEM KOHCMPYKMUESHOT
KBAHTOBOI TEOpHH TOJIsI, KOTOPasi eIlé AajeKka OT TOr0o, YTOObI CIUTATHCS AJITOPUTMHIECKO.

Duuior (IoABOIHbIE KAMHU)

Mpubr HateeMcst, 9TO 110 KpaifHeil Mepe HEKOTOpbIe U3 HAIIUX YduTaTe/Ieil 3aMHTePEeCOBAJINCH dJIeMEeHTAP-
HBIMU YaCTHIIAMHU U XOTST Y3HATH O HUX OoJibiiie. B KadyecTBe snuiora j1a/iiM HECKOJIBKO MPeI0CTeperKeHmit
TAKUM YUTATEIAM.

B mHayuHO-mOMy/ISpHOIl IUTEpaType TEOPUIO dTeMeHTapHBIX YACTHI] 9acTo mepeynpoinaioT. Ham mate-
pHaJ He gBJgeTcs HCKIoUeHneM. [IpocTeie Momen, mpeacTaBIeHHbIe 3/1eCh, OU€Hb IPYObI, U CJIEIo T0Be-
P4ATb UM HEJIb34. HpOCTOTa — UX €JIJUHCTBEHHOC JOCTOMHCTBO; €CJIM OTHOCUTBCA K HUM CJIMIIKOM Cepbé3HO,
9T MOJeJIN JazKe MOr'yT AJaThb HelIPaBUJIbHYIO (1)H3H“I€CKYIO UHTYUIUIO. HaCTOHH_[ee IIOHUMaHue TeOpHuun
qacTui] TpedyeT cephe3HbIX MO3HaHUI B (DU3NKE N MaTeMaTHKe.

Tax:ke MBI XOTUM OTMETHTD, UTO Ceifdac MpaKTHIeCKH HeT MAaTeMATHIeCKUX Pe3y/IbTaTOB B PEIIETOTHOI
KBAHTOBOW TEOPUHU IOJIS; MOYTH BCE, UTO MMEeTCs — BCEro JIMIIb KOMIbIOTepHBbIe cumy/siun. Hakomerr,
ectb “meopuu Hosoti Pusuru”, KOTOpBIE pa3padaTHIBAIOTCS 0€30 BCAKAX 00 beKTUBHBIX KPUTEPHEB HCTHHDL:
TaKue TeOpuru He HOJACP2KUBAIOTCA HU IKCIIEPUMEHTAJIbHBIMHA, HU MaTeMaTUYeCKHUMU AOKa3aTe/JIbCTBaAaMU
(I/I HEKOTOPbI€ U3 HUX UMEIOT IKCIIEPpUMEHTaJIbHOE OHpOBep)KeHI/Ie).

24He Hag0 ImyTaTb 3TO C NPUHUUNOM HEONPeJeAéHHOCMU, KOTOPHIH YCTAHABIHNBACT Hpee] TOYHOCTH OJHOBPEMEHHOTO
M3MepeHus KOOPANHAT U UMITYIbCA.
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YKka3aHus, OTBEThI, pelTeHUs

Jna kaxmoro BekTopa @ € R? o603HaumM wepes ap, ap KOOPAWHATHI BeKTOpa @. Hampmuep, @(x,y, me, —) =
(a1(z,y,me, —), a2(x,y,me, —)). HOTHA MBI BysemM CMOTPETh HA BEKTOP @, KaK Ha KOMILJIEKCHOE YNCJIO a1 + iag
(opu 3TOM /1715 perenue GOMBIIUHCTEA 33129 He TPeGyeTcs UCIOJIb30BaHNe KOMILIEKCHBIX JUCe)

B manbmeiiiem, eciu He CKa3aHO WHAYE, T U Y OAHON IETHOCTH.

Omeem. Bekrop B kierke (x,y) Tabauib — 310 d(T,y), a ecaun Kierka (x,y) uycra, to a(z,y) = (0,0).

1| (559) (0.-55) (55~ %) (0.55)
3 (2:0) (z.—3) (0. 3)
: () (0.35)
1 (0,1)
Y% —2 ~1 0 1 2 3 4

B Tabnure uuxke unciao B Kierke (x,y) pasao P(x,y), a ecan kierka (x,y) mycra, To P(z,y) = 0.

4 1/8 1/8 5/8 1/8
3 1/4 1/2 1/4
2 1/2 1/2
1 1
Yy % —2 -1 0 1 2 3 4
(BekTops! d(x,y) MOXKHO JIETKO BBIYUCIHTD TOCIEIOBATEIHLHO € TOMOIIBIO 3318491 ) CM. TakzKe CIeIyIOIyIo
TabIHUITY.
| A
4 Y \ | 575
p=1/8 p=1/8 p=5/8 p=1/8
3 ™ K ! | 3
p=1/4 p=1/2 p=1/4
2 ™ i | %
p=1/2 p=1/2
A
1 1
p=1
0 o
2 -1 0 1 2 3 4

st Bcex HaTYpadbHBIX Y BepHO » . P(z,y) = 1. (D10 Tpebyercs ToKa3aTh B 3a1a49e
TEL

Hug —4 < —y < z < y < 4 Bepoarnocts P(x,y) pasra 0 Torma u TOJBKO TOIJA, KO IHCIA X,y PA3HOMN
uérnoctu. s Beex ¢ > yu x < —y+1 Bepro P(x,y) = 0. (B obiuiem cirydae HEM3BECTHO, BO3ZMOYKHO JI PABEHCTBO

P(z,y) = 0 anst Kakux-1o 2,y oot yérnocrn npu —y + 1 <z < y.)
st Beex Heuérnbix y BepHo d(0,y) = 0. st secex n € NU {0} Bepno:

BEKTOD
BEKTOD
BEKTOD

BEKTOD

a(0,8n + 2
(0,8n + 4
(
(

HallpaBJieH BIIPaBO,
HallpaBJieH BHU3,

0,8n +6
0,8n 48

a
a HAIIPABJIEH BJIEBO,
a

~ — ~— ~—

HallpaBJleH BBepX.

Anasnornano, st Becex uérHbx y Bepro d(1,y) = 0. g scex n € NU {0} Bepno:

BEKTOD
BEKTOD
BEKTOD

BEKTOP

1.8n+3
1,8n+5
1,8n+7
1,8n+9

HaIlpaBJICH BIIPaBO-BHUS3,
HaIlpaBJICH BJIEBO-BHH3,

a
a
a HallpaBJleH BJIEBO-BBEPX,
a

—~ o~~~
~— — —

HallpaBJleH BIIPaBO-BBEpPX.

(Cm. samewanue mocse oreera K 3anade [0] )
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Bamenanue. B abmmre wa nepecewennu k-oro crobia n n-oi crpoxn crout 222G (k —n 4 1,n 4k —1):

0,1 (1 Oy (01 ©1 (01 (0,1) (0,1)
(170) (17_1) (17_2) (17_3) (1a_4) (17_5) (L_G) (17_7)
(1,0) (0,—-1) (=1,-1) (=2,0) (=3,2)  (—4,5) (=5,9)  (—6,14)
(170) (_L_l) (_an) (_272) (_174) (1a5) (474) (&0)
(1,0) (=2,-1) (=2,1) (0,3) (3,3 (6,0) (8,-6)  (8,—14)
(LO) (=3.-1) (-L2) (33) (6,00 (6,6  (2-12) (~6,~14)
(1,0) (-4,-1) (1,3)  (6,2) (6,—4) (0,-10) (—10,—10) (—20,0)
(1,0) (=5,—1) (4,4)  (8,0) (2,-8) (=10,—10) (=20,0)  (—20,20)

Omeem: Her Ha 0b6a Bompoca. Hampuwvep, P(2,4) =5/8 # 1/8 4+ 1/4 = P(2,4 munys 2,2) + P(2,4 munys 0, 2)
u P(0,4) =1/8 < 1/4 = P(0,4 munys 2,2).

Omeem: P(0,12) = 25/512. [Todckaska: OTBET MOXKHO MOJYyUUT CPA3y € IOMOIILIO 3aMEYaHUsI TTOCIEe OTBETA K
3aja4e [9) uam ero MoxKHO GBICTPO BBIYHCIUTH PEKYPCUBHO C HOMOIIBIO OTBETA K 3a/1ade

S {cn(x,y) - {@( 241y = 1)+ hor(e + 1y - 1)
ag(x,y) :\/5 ( _1ay_1)_ﬁal(x_1>y_1)

Pewenue. Boiseniem dbopmyny aus as(z,y); dopmyna aist ai(x,y) BEIBOAUTCS aHasornaHo. PaccMorpum mpo-
u3BobHbI myTh s u3 (0,0) B (z,y). Obo3naumm depes t(s) KoamdecTBO HOBOPOTOB y s. O6o3HatwmM d(s) =
(a1(s),az(s)). Bamernm, aro as(s) # 0 Torna m ToNBKO TOrAA, KOTAA t(s) wérHO, M ai(s) # 0 Torma m TOIBKO
torga, Korjaa t(s) meuéruo. Takum obpazom, az(x,y) = >,  az(s) uai(x,y) = > as(s).

s:t(s) uérHo s:t(s) Heu€THO

[ocnemuuit xon myTtn s caenan gubo u3 (v — 1,y), mbo u3 (x + 1,y). OueBnano, uro ecam t(s) 4é€rHO, TO
LOC/Ie{HUIT XO/| HALIPABJIEH BIIPABO-BBEPX, & €CJIM HEUYETHO — 10 BJeBo-BBepx. Tak Kak Hac uHTepecyer az(x,y), 10
BysieM TIpenoiaraTh, 9To MOCJAeJIHUN X0/ CJeJaH BIIPABO-BBEPX.

O6Gosuaunm uepes s’ myTh s 6e3 mocIeIHero Xoaa. Kcan HampaBIeHusl OCTEIHIX XOI0B § U 8’ COBIAIAIOT, TO

a(s) = %Ez’(s’), nHaYe d(s) = %(ag(s’), —a1(s")). Takmv obpaszom,

1 , , 1
as(z,y) = Z ag(s):ﬁ Z as(s’) — Z ai(s) :ﬁ(ag(az—l,y—l)—al(x—l,y—l)).

s:t(s) even s':t(s’) even s'it(s’) odd

Hokaxkem mHpyknueii no y, uro » . P(xz,y) = 1 gua seex y > 0. Ouesugno, > P(x,1) = 1. ITar unaykiun
T€EZ €L
HEITOCPEICTBEHHO CJIeJIyeT U3 CJCAYIOIINX BhIYUCICHMI:

S Play+1)=> [aw,y+1)* +ax(z,y+ 1% =D alz,y+1)°+ ) as(z,y+1)°
TEZ TEZ XEL XEL

- %Z(CH(H? +1,y) + as(z +1,y))* + % Y (az(x —1,y) —ai(z - 1,y))* =
veZ TEL

- %Z(Cﬁ(%,y) —|—a2(a:,y))2 + %Z(CQ(I‘,y) - a1($,y))2 = Z [al(x,y) + a2 x y ZP I‘ y

TEZL TEZL €L TEZL

Obobwenue 3akona coxpanenus, Hatidennoe Lnebom Munaesvm u Heanom Pyccerux.

Craemaem 3ameny koopauaat (z,y) — (t,u) = (%ﬂ’ —1,%5%), 10 ecTb MOBEPHEM KapTHHKY Ha 45° 0 9acoBoit
CTpesiKe u CJBuHEM Ha 1 10 ropu3oHTasu (4T0ObI HE YYUTHIBATH EPBBIi AT, KOTOPBIH BCErIa OJMH W TOT ¥Ke).

O6osmamny b(t,u) = d(t—u+1,t+u+1), Q(t,u) == P(t—u+1,t+u+1), B(t,u) := (1+m2e?)TW/2p(t,u).
Koopauuars: sexropos b(t, u) u B(t,u) 6yiem obosnauars depes by (t,u), ba(t, ), Bi(t,u), Ba(t, u).

BameTuM, 9TO B HOBOH CHCTEME KOODAMHAT MbI CJIBUIAEM IIAIIKY HE 110 JUArOHAIN MEXKTy Y6PHBIME KJIETKAME
JOCKH, & B COCEIHIOI TOYKY Ha IEJIOYUCIeHHON perméTke. Torga MoxKHO cautarh, uTo Mbl Hauumuaem B (0,0) u
MOKeM ToracTh B mobyto Touxy (NU{0})?, a «mymesoit mary u3 (—1,0) B (0,0) yauThIBaeTCA JTUTTH TIPW TOACTETE
KOJIIYECTBA TOBOPOTOB.

Tt mopMHOKecTBa Touek Hameii pemérkn M C (N U {0})? ompegenmy b(t, u munys M) =>. b(s), rae cym-
MupoBaHue BeéTcs no eeM nytam s u3 (0,0) B (¢, u), He TPOXOAAIIUM Yepe3 TOUKU MHOKecTBa M. AHAJIOrHYHBIM
obpazom onpegenum Q(t, u munys M), l;(t, u munys M, +), Q(t,u munysa M, +).
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Taxsxe mmst muoxkectsa M onpemennm

QM) := > Q(p vmmys M\ {p}).

pEM

Cuoreryer oTMETHUTD, UTO jJist HeCKOHETHOTO MHOXKecTBa M cymma cranoButca beckoneunoit. [lopgamok cymmn-
poBaHus 71 OeCKOHETHO! CyMMBI B JJAHHOM CJIyvae He BaXKeH, MOCKOJLKY BCe CjaraeMble MOJIOKNTETbHDI.

Teopema 1. Ilycmo dano maxoe xoneunoe mmosicecmeo M C (N U {0})2, wmo ne cywecmeyem 6eckoneurozo
nymu waewryu us (0;0), ne npoxodausezo uepes mouwru mnoocecmea M. Tozda Q(M) = 1.

Jlokasamenvcmeo. Jloxaxem yTsepikjenue WHAYKIUEH 10 m = max ,)ep(t + 1), TO ecTh 10 MAKCHMATBLHOMY
HOMEDY JMaroHaJIu, uiyIneil BIpaBo-BHU3, HA KOTOPOI JIEXKUT XOTd Obl 0/[Ha ToYKa MHOXKecTBa M (Gy1eM Ha3bIBATH
9TY JIMATOHAJD MAKCUMEALHOT ).

Basza: m = 0. B srom caygae M = (0,0), a Q(M) = Q(0,0) = 1.
ITar. Jokazkem JeMMy:

Jlemma 1. ITycmo danwe mouxa (t,u) € (NN {0})? u mnoocecmeo A C (NN {0})?2, ne codeporcawsee mouex (t,u),
(t,u+1) u(t+1,u). Toeda

Q(t,u munysa A) = Q(t,u+ 1 munya A, —) + Q(t + 1,u munya A, +).
Joxasamenvcmeo.
Q(t,u+ 1 munys A, —) + Q(t + 1,u munyst A, +) = by (t,u + 1 munys A)? + ba(t + 1,u munys A)? =
= %((bl(t, u vmnysa A) + bo(t, u vumyst A))? + (bo(t,u vunya A) — by (t, u MuHyst A))Q) =
= by (t,u munys A)% 4 by(t, u munys A)? = Q(t,u Munys A).
O

Paccmorpum kakyio-uubynb Touky (t,u) € M ¢ makcumanbabiM t + u. Ilycts B (¢, 4) cCHU3Y TPUXOIUT KAKOi-
6o myrs mwamku u3 (0,0), ne upoxonsmumit yepes M \ {(t,u)}. Torpa ecrb nyrs B (t,u — 1), e upoxousimit
gepes M\ {(t,u — 1)}. Bamernm, aro Torma (t,u — 1) ¢ M, rak kak nyTsh B (f;u) IPUXOANT CHU3Y. SHAUUT, €CThH
myTh u B (t + 1,u — 1), we mpoxomsmmit uepes M \ {(t + 1,u —1)}. Ecau (t +1,u — 1) ¢ M, To cyiecTByeT myTh,
NPUXOJAIIMH B 9Ty TOYKY W yXOJAMINH Ha GECKOHETHOCTH, TIPH 3TOM HE MPOXOJAIINH Yepe3 TOUKHM MHOKECTBA
M, manpuMmep, 1yTh, KOTODBIl T0CTe TOUKE (t,w) WIET TOJBKO BOPAaBO (OH JEHCTBUTENHHO HE POXOJUT Uepes3
TouKM MHOXKecTBa M, Tak Kak BbIOpaHHas JuaroHasb MakcumasbHa). 3Hauwut, (¢ + 1,u — 1) € M. Bamerum, 910
Q(a,b vmaya A) = Q(a,b vunys A, +) + Q(a,b vumysa A, —) axs moboro mmoxkectsa A C (NN {0})2. [Iycrs
K := M\ {(t,u); (t +1,u — 1)}. Torna MOKHO 3aIMCaTH CIEAYIOILYO IIEIIOYKY PABEHCTB Jist MHOXKecTBa A = K
(B Heit menonbsyercs semma [1):

QM) =Q(K) + Q(t,u munya M \ {(t,u)}) + Q(t +1,u — 1 munya M \ {(t +1,u—1)}) =
QUE) + Q(t, u vy M\ {(t, u)}, +) + Q(t, u munys M\ {(, u)}, —)+
+Qt+1,u—1yvumya M\ {(t+1,u—1)},+)+Q(t+1,u—1vunya M\ {(t+1,u—-1)},—) =
Q(K) + Q(t,u munyst M\ {(t,u)},+)+
+Q(t,u—1 munya M\ {(t,u—1})+Q(t+1,u—1mvunya M\ {(t+1u—1)},—) =

=Q(M U {(t,u—1)}).

[Mosromy, ecam mbl gobaBum TouKy (t,u—1) B MHOKecTBO M, BepositHocTh Q(M) He nzMennTcs. Ananornanoe
BEPHO W JIJIsI My Teil, Tpuxoaamux B (¢, u) ciesa.

3aMerTuM, 4TO KaXKIOH omeparueil Mbl CTAaBUM TOYKM Ha, JUATOHAIb ¢+ u = m — 1, a 3HAUUT, MAKCUMAJHHAS
JIMaroHaJb, 3aHdTasi ToukaMu MHOKecTBa M, He MeHsack. Tem caMbiM, 100aBUB HECKOJBKO TOUYEK B MHOYKECTBO
M, mbl cienaiv Tak, 9TOOBI B TOYKHW W3 MHOXKecTBa M, jexkaiine Ha MaKCHMAJILHON AMaroHa m, 00IbIe He TPHU-
xomuo myteit u3 (0,0), He mpoxomasmux depe3 apyrue To9kn MHOKecTBa M. CriemoBaTenbHO, TIpU yIAJeHHN BCEX
TOUEK ¢ MAKCUMAaJbHON auaronanu He mensercs (M) m me nogsisiercss GECKOHEIHOrO MyTH, HE MPOXOJISIIETO
gepes3 Touku M. Bamernm, aro Mbl u3Menun M takum obpazom, uro Q(M) He H3MEHHIOCH, & HOMED MaKCUMAaTh-
HOM 3aHaTOll guaronanu ymenbimics. [lo npeanonoxkenuto maayknun Hooe Q(M) pasuo 1, 3HauuT, n crapoe
PaBHSAIOCEH 1. [

15



6l Omeem. s Beex z Bepro a1 (z,y) = a1(—=z,y) w az(z,y) + a1 (z,y) = a2(2 — z,y) + a1(2 — z,y).

Pewenue. Jjist kKax0T0 yTH $ 0603HaanM depe3 f(s) orpaxkenne s ornocurensuo ocu Oy. Torma ecaun s BegéT
B (x,y), To f(s) Begér B (—x,y).

Hng kaxkgoro mytu s obozmaunm depe3 ¢(s) myTh, cocTodmuii w3 TeX K€ XOIOB, 9TO §, HO CIEJAHHBIX B
00paTHOM MOPSIIKE. 3aMEeTHM, YTO U3MEHEHNE MOPAIKA XOJ0B He BIUSIET HA TO, TJE MyTh 3aKOHUUTCS.

Terneps paceMoTpuM Takoit yTh s B (x,y), aro t(s) Heuérro. Ilocennuit X0/ s HAIIPaBJIEH BJIEBO-BBEpX. TakmmM
obpasom, mocaemanit xo/ f(S) HampaBjeH BHpaBo-BBepxX, 3HauMT epBbiil x01 ¢(f(s)) HampaBaeH BIpaBO-BBEDX.
Takum o6pasoMm, f o g — 370 GuUeKIUs MeX/y IMyTaMU B (£,y) C HEIETHBIM YUCIOM MOBOPOTOB, HAUMHAIOIIUXCS
XOJIOM BIPABO-BBEPX, U MyTSAMH B (—Z,y) ¢ HEIETHBIM YMC/IOM TOBOPOTOB, HAYMHAOIIMXCA XOIOM BIIPABO-BBEDX.

Bropoe paBeHCTBO MOXKHO JI0Ka3aTh C [OMOIIBIO pe3yibTara u3 3ajadu [

a1 (z,y) + az(x,y) = \/i-al(a:— Ly+1) :\/i-al(l—x,y—kl) =a1(2—x,9) + a2(2 — z,y).

3amenarue. DT pAaBEHCTBA TAKZKE MOKHO JJOKA3aTh MHJYKIIHEH 110 Y, ncnoab3yst 3anaqy [ Taxzke usz dopmysist
nns as(z,y) w3 sazaan [9] crexyer, uro ana Beex z,y Bepro: (y — x) as(z,y) = (y + = — 2) az(2 — z,y). Ecau Bo
HaliéTe KOMOMHATOPHOE JIOKA3ATeIBCTBO MOCTeHENH hOPMYIIBI, TO, TIOKATYHCTa, COOOIIUTE HAM.

Omeem: naya Beex 0 < i < y BepHO:

ar(z,y) = [aa(@,y)ar(@ —z+ 1Ly —y + 1) + ar(a,y)az(e — 2’ + Ly — ¢/ +1)] ,

I,

az(z,y) =Y [aa(@,y)ag(x — 2’ + Ly =y + 1) —ar(2’, g )ar(x — 2’ — Ly —y/ +1)].

x/

Uckomoe Buipazkenue nys a(z, 199) monyaaerca npu y = 199 u y' = 100.

Pewenue. 3adurcupyem narypaasroe y' < y. Pacemorpum myts s u3 (0,0) B (z,y). O6ozmaunm gepes (2/,y")
KJIETKY, TI0 KOTOPOH § TepeceKaeTcs o ¢Tpokoit y = y'. O603HaImM uepes $1 9acThb My TH S, Kotopad eaér u3 (0,0)
B (2/,y'), a 9epe3 sy 9acTh myTH S, KOTOpasg HAYMHAETCA B CTpoke y = y — 1 m 3akanumsaerca B (z,y). CasuHem
So TaK, 9Tobbl OH HaunHAsICA ¢ (0,0).

(xy)

(xy)

(0,0)

O6o3znaunm uepes d(s) = (ai(s), az(s)). Torna

(s) ai(s1)az(s2) ecom xom B (2/,y') HANpaBIEH BIEBO-BBEPX,
ai\s) =
az(s1)ai(s2) ecmu xon B (2,y) manpasien Bupaso-BBeEpX,
(s) —aq(s1)a1(s2), ecom xox B (2',y’) mampasyen BIeBO-BBEPX,
ag(s) =
as(s1)aa(s2),  ecom xon B (2',y') Hanpasien BIpaBo-BBEPX.

Takum obpazowm,

a(n,y) =) als)=)

x' s uepes (z/,y’)

ai(s) = Z

x/

>

s uepes (z',y'),
xox B (z',y)

HaIIPaBJI€H BIPABO-BBEPX

a2(81)a1(82) +

D

s through(z’,y’),
xon B (z',y’)
HAIIPABJIEH BJIEBO-BBEPX

= [aa(@ y)ar (@' =z + Ly —y + 1) + a1 (@, )as(@’ + 1 -2,y —y/ +1)] .

ZE’

Dopmyna 1ist ag(x,y) TOKA3BIBACTCA AHAJOTHIHO.

al (Sl)ag(SQ)

Sameugrue. PopMyJsIbl, UATOCTPUPYIOITTE TPUHIUN [ '10firenca, mMeroT Buj cBEpTKU. B KoMOuHATOPUKE C8EPM-
Kot 1ByX nocaenosarensHocteit {ax} u {b;} (k,l > 0) Ha3BIBaeTCS MMOC/IEI0BATENBHOCTE {Cy ) (0 > 0), 3a1aBaemas
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PaBeHCTBOM ¢, = Zk t=n apb;. CBEpTKe ABYX TOCIEIOBATENBHOCTEN COOTBETCTBYET MTPOU3BEIEHNE UX TPOU3BO/IsI-

mux (QYHKIWI: ecan
oo oo oo
=> apt,  B)y=> _btl, Ct)=> cnt",
k=0 =0 n=0

to C(t) = A(t)B(t). Tlosromy, npasuibHO 10106paB npousBosiie GYHKIUN, MOXKHO 3armucarh npuaiun [ofi-
rerca B 60jiee KOMIAaKTHOM dopme.

PaccMOTpuM JIBE MOCIEI0BATETHHOCTH MHOTOYICHOB JlopaHa (TO €CTh MHOTOY/ICHBI, B KOTOPBIX JOIYCKAIOTCS
TAKzKe OTPUIATE/ILHBIE CTEIEHH EePEeMEeHHO ¢):

n n

P,=P,(t) = Z ay(m,n)t", Qn =Qn(t) = Z az(m,n)t™

m=—n+2 m=—n+2

DT MHOTOYJIEHLI MOXKHO BOCIPUHAMATD, KaK IPOU3BOAANTHe (DYHKIHA IOCIeI0BATEILHOCTER a1 2(m, n) ¢ dukcu-
posaunbiM n. 13 orBeros x 3amadaM [6] u [7] Mmbr mmeem

az(w,y) =Y [aa(a’ .y )as(z —2' + Ly —y + 1) —ar(@,y )an (&) —w + Ly —¢/ +1)] =

1./

= aa(@,y)az(x — 2 + Ly —y + 1) — (2, )aa(w — 2’ — Ly — ¢/ +1)] .

"E/

Dra PopMyIa PAaBHOCHIbHA CIEIVIOMIEH meopeme CA0HCeHUA TSI MHOTOWIEHOB @y, :

1
Qn—i—m = ZQan—H - tPan—i-l-

Takzke u3 3aa4 [6] u [7] Mb1 momyaaem

ar(z,y) =Y [as(@’,y)ar(w — 2’ + Ly —y + 1) + a1 (2, ¢ )as(a =z + Ly —y/ +1)] =

x/

=Y las(e, ) ar(x — ' + 1Ly —y + 1)+

xl

+ar(@,y)(ax(z—a"+Ly—y + ) +az—2"+Ly—y +1) —a(z—2' - 1Ly —y +1))].

DTa GopMyIa PABHOCHIBHA CHEAYIONEH TeopemMe CIIOKEHUs i MHOTOWIEHOB Py :

1 1
Pn+m - ; (Qan—i-l + Pan—i—l) + (% - t) Pan+1-

B gactHocTH, ToncTaBuB m = 1, MBI OJyIuM ypapHenue Jlnpaka, 3a0ucaHHoe B TEpMUHAX MHOTOUWICHOB Py 1 Qy:
Poyi = {QuPr+ P (jQ2+ (P2 = tP2) = 5(Qn + Fu),
Qn—i—l = %QnQ2 - tPnPQ = \/LQ(Qn - Pn)

Otcro/ia, HEMOCPEICTBEHHO CIEYET, UTO
t\/§Pn+1_Qn :Pn:Qn_an—H:> Pn+1 :an_%
tV2P1 — Py =Qn =P, + @Qn—l—l Qni1 =12Pyi1 — V2P,
Pn+1 = (t+%)Pn_Pn—l
= 1 1
Qn—i—l = 2(t + E)Qn - Qn—l-

Mocnemuas dpopmysia maéT HaM eImié OJHO peKypCcuBHOE onpeaeneraue Py, u Q.

S-S

[Bl Omsem: rpaduku sasucumocru or z mns P(x,1000), aq(x, 1000), u az(z,1000) coorsercreenHo:
0.0030

0.0025 0.6
0.0020
0.0015
-1000 1000 —1000

0.0010 !

-0.04

-0.05
-0.06

-1000 -500 500 1000
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y)

o

0,030

0025

0015

0010

0,005

0,000

B rpadwuke miasi P(x,1000) Gosbine 3Hauenns He ObLan n300parkenbl, 4ToObI cuesnarh Kosebanus Gosee 3a-
merHbIMI. CpaBHHUTE ¢ pacmoyiokeHHbIMy Hizke rpadukamu P(xz,1000) u P(x,y), Ha KOTOPBIX GOJIBINNIE 3HAYEHUST
u300paxkenn! (r00e3r0 npegocraprerabivu A, Tanusapxomxkanoseiv u . Kysroseivm, yaacraukavu Jlerneit mko-
ael «Cospemennas Maremarnkay B Ly6re, 2019):

750 1000

nnnnn

[0l Omeem 1: nns Beex y > |z| BepHO:

. y—|z|—2
- y—z—2+2wsign(z) [ |T
N e (1 9

y—z—2 4
2

—x+42w-sign(x w
UQ(?L‘,?/) — 2(1—y)/2 Z (_1)?! +24 gn(x) (|Z']|) <yx22w>;

— y—x 4

w=2

na Bcex y = x > 0 BepHO:

al(y7 y) = 07
as(y,y) = 2179/,

auist Beex 0 < y < |z| mam y = —x > 0 BepHO:
ar(z,y) =0,
a2(x7y) =0.

Omeem 2: nyis Bcex y > |x| BepHO:

(o) — 210 %(—w ((w +y— 2)/2> <(y —z— 2)/2) _

as(z,y) = 20-9)/2 L%J(_l)r ((:c + yr— 2)/2) <(y —T:c_—12)/2>

r=0

JLts TpoumX Y BCE aHAJIOTUYHO OTBETY 1.
Omeem 3. llpu uétHom p+qu 2 —q<p<gq anOﬂHﬂeTc;ESl

q—2
k!
ar(pyg) = (1720792 . ]
e atlpl=2 (q—2—k)N(5L+1+k)(k— 22+ 1)
2
q—2
_ q—1 (¢-3)/2 k Bk +p+1)
as(p. q) = 2" q)/2'< 3 >_(—1)q2q (-2)7*- -
B k:; (¢ =1 =R+ 14 k)I(k - BFL +1)!

2

25ﬂ;ﬂﬂ 3HATOKOB: ,ILpO6I/I B 3TUX BBIPAXKEHUAX PABHBI COOTBETCTBEHHO
k k k+p+1
n .
q—2—k, L4 1+k k-2 41 q—2—k, L4 1+k k-2 41) g-1—k
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Sameuarue. U3 orsera 2 Buano, aro s Beex 1 < k < y — 1 uncna ai(—y + 2k,y) u a(—y + 2k, y) pasHbI
kosurmenram npu tYF 1 i t¥=F 5 pazmomennn 20-9)/2(1 4 )y —F=1(1 — t)*~1. B wacruocrm,

G0t n) a0 =0,
a1(0,4n+2)—w n) (-1 [(2n—1
a2<0’4”>=2<4n—1>/2< n >

Cymmbl B dopmynax mus a1(z,y) u ag(x,y) ajis y > || aBAA0TCH YaCTHBIME CJIydasiMU XOPOIIO W3BECTHBIX
eunepeeomempuueckus dynryut (HO 3HAKOMCTBO C HUMHU He Tpebyercd Ny JajibHelero):

az(0,4n +2) =0,

2

ag(x,y) = 207V (1— x;y) 2 Fy (2— x—gy71+ x;y72;_1>.

al(ﬁ,y) = 2(17y)/22F1 (1 - x+y71+ x;y717_1> )

Yrasanue. Cuauana nokaxkem Gopmysbl u3 orsera 2. Boeruucanm aq(z,y) aug y > |z|. Ham gocrarouno pac-
CMaTPUBATH TOJBKO TYTH C HEUETHBIM YHCJIOM MTOBOPOTOB (OCTAJbHBIE HE BAUSIOT Ha a1(x,y)). ObosHaunM gepes
R w L XKOIM4ecTBO XOJIOB BIPABO-BBEPX W BJIEBO-BBEPX COOTBETCTBEHHO. DTU UUC/IA OJHOZHATHO OMPEIAEIAIOTCS

yeaousivu L + R = y u R — L = x. Obo3naunm uvepe3 2r + 1 kosmdecTBO mOBOpoToB B myTu. ObozHadnm
uepes X1, X2, ..., Lrr1 KOJTHIECTBO XOJ0B BIPABO-BBEPX Neped TEPBBIM, TPETHUM, . .., TOCIETHIUM MTOBOPOTOM CO-
orBercTBeHHO. OBO3HAYUM YePe3 Y1, Y2, . . ., Yr4+1 KOJUUECTBO XOIOB BJIEBO-BBEPX NOCAE NEPBOIO, TPETHETO, ...,

TTOCJIETHETO TTOBOPOTA COOTBETCTBeHHO. Torma xk, yp > 1 mmaBcex 1 <k <r+1m

R=x1+ -+ w41
L=y + - +Yrs1.

C apyroit cTOpPOHBI, KaxKbli HAOOp HATYPAJBHBIX UHCE] (.1'1, Loy Tpg1, Y1, Y25 - - o Z/r+1)7 VA0BJICTBOPAIOIIUNA
MOJTIYYeHHBIM YPABHEHUSIM, OJHO3HAIHO ompeessier myTh u3 (0,0) B (x,y) ¢ HEYETHBIM YUCIOM TOBOPOTOB.

Mer cBesim 3339y K KOMOMHATOPHOM: HAWTH KOJMIECTBO HATYPAIbHBIX PEITEHUI IBYX MOy I€HHBIX YPABHEHUIH.
s iepBoro ypaBHEHUS TO KOJUYECTBO PABHO KOJUYECTBY CIIOCOO0OB MTOCTABUT T TIEPErOPOIOK MEXTy R apamu,

TO €CTh, (R;l). Torma
ly/2]
_ (R—1\(/L-1
atey) =202 3y (TN ().

r=0
Taxk kak L + R =y u R — L = x, Mbl BbIBeJIU UCKOMYIO (DOPMYJIY U3 OTBeTa 2.
@opwmyny ans aq(x,y) w3 orBeTa | MOXKHO BBIBECTH, TIOJIB3YSICh MHOTOYJIEHOM W3 3aMEYaHUsl MOCIe OTBeTa. B
3aBUCUMOCTH OT 3HAKA & MbI [TOJIydaeM:

2(1=9)/2(1 — t2)y_§_2 (1 —1t)*, mpu = > 0;
y+zx—2

2(1*y)/2(1 —t3) "2 (1+t)7%, mpu z < 0.

2(1—y)/2(1 + t)y—k—l(l - t)k_l _ {

g Beex |x| < y umena ai(z,y) u az(x,y) paBHbl KO3bUIMEHTAM TDH t7 5 ut? B PasIOKEHHH STHX
MHOTOUIeHOB. Paszbupasa caydan x > 0w x < 0 0 OTAEIBHOCTH, MBI CPa3y MOJIyIaeM UCKOMYIO (hopMyTy.

HokazarenscTBo dopmyn st ag(x,y) npu y > |x| anagorngno. Cayuait y < |x| oueBumes.

Pewenue Anexcandpa Kydpasuesa, ywacmuura Jemmnetd xondepenvuuu Typrupa 20p00os.

Hokazenm orser 3. O603uasum ¢, = a1(2p—q+1,q¢+1)-292 d, , = aa(2p—q-+1,¢+1)-29/2 (onn onpeesnensr
koppexrao mpu 0 < p < g — 1). O6o3uauum uepes C(z,y), D(z,y) npoussogsamue byHKIUM A1st Cpg 4 dp q. 13
oTBeTa K 3azate [ monydaem caeLyione ypaBHEeHNs:

C(z,y) — C(x,0)

= D(z,y) + C(z,y)

Y
D(z,y) -~ D(z,0) _ (D(z,y) — C(z,y))

Y

Tak kax C(z,0) =0 u D(x,0) =1, To



I—y
1—y—axy+ 2zy2

Permus cucremy, monyuaem C(z,y) = i u D(x,y) =

1—y—ay+ 2y

C D
(z,9) _ (,y) =14+y(l4+z—2zy) + 121 +z—2zy)° +...

Yy -y

. Torma

O6o3naunM 310 BhIpazkenue yepes F(x,y) u 3anumem ero koadgdunuent npu " - y™ (mpu n < m, uHade OH
pasen 0):

m . B
D Ay ST AT It

k=max(n,m—n)
JeCTBUTEILHO, I3 KazK10r0 ciaaraeMoro sua y* (1+2—2zy)F MoKHO B3ATh POBHO 0/IHY KOMOMHAIIIO MHOKHITEICH:
e uTOOBI CTENeHb TpHu Y ObLIA PaBHA M, MHOXKHUTETEH —2TY TOJXKHO ObITh M — k;
e uTOOBI CTEeneHsb npu = ObLIa PABHA N, MHOKUTENEH & MOJZKHO ObITh 1 — (m — k);
e uTOOBI BCETO MHOXKUTENE ObII0 k, MHOKHUTEMEH 1 M0KHO ObITh kK — (n — (m — k) — (m — k) =k — n.

Kommaectso ke cniocobos Beibpath m — k,k —n u n — (m — k) ckob6ok paBHO npobu crpasa.
Tenepsb uz coornomennii C(z,y) =y - E(z,y), D(z,y) = E(z,y) — C(z,y) HECJI0KHO BBIBECTH OTBET 3.

[0l Omeem:

3ameuwanue. Cpasuure rpadurn P(x,400), ai(x,400) u az(x,400) (cuHme) ¢ WX TPHUONMKEHUSIMHE B IPABOI

vqacru (opanzkesbie) mig y = 400:
0.007

0.10
0.006 010
0.005 0.05
0.05
0.004
0.003
- 0 —
: -0.05
i -0.05
-0.10
200 400

Pewenue: 3amernm, uro mo 3amade [

) i [2] = O (/5)

-400 -200

as(—n+2k+1,n+1) =272 (=D)* A + 2)" 11 — )k,
ar(—n+2k +1,n+1) = 2722 (= 1)* (1 + 2)"F 11 — )k,

[TosTomy

1
(ZQ(—’I’L +2k+1,n+ 1) — 2—n/2(_1)k/ (1 + eszt)n—k:—l(l _ GQWLt)ke_%m(k_l)tdt.
0

g HederHoro n onpeneaum [ = k — "T_l Torma

-k 1
o=+ 2%+ 1on 1) = T [ (sin(2nt)*F (tg(mt) e 2V
0

[MockoabKy | << m, ¢ XOpOIeil TOYHOCTHI) MOXKEM BbIUUC/ISITH MHTErPAJl TOJIBKO B OKpecTHOCTsx (1/4—0,1/4+0),
(3/4—16,3/4+9).

Onpenennm U < y/nlogn, |I| < U.

[Iycrs B okpecTrOCTH TouKH 1/4 nmepemennas t = 1/4 + 7, |7| < 0,

2.2

sin(27t) = cos(2n7) = 1 — 27272 + O(7%) = 7277 + O(r);

tg(nt) = 14 277 + O(12) = ¥ + O(7%);
6—27Ti(l—1)t — ,l-l—le—27ri(l—1)7'

TOTJa TTOJIY9INM
,L'k—l-l—l

NG /_Z(e—% ™4 0(74))"7_1(6%7 FO(r2)le 21T qr ()
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Tak xkak N7t < 1 u 72 < 1, To ectb nd? < 1w US? < 1, o

.ntl
1

§
(*) — / (6—(n—1)7r27—2 +O(T4))(627r7—l +O(72))6_2m(l_1)7—d7'.
-4

2
2
Eci pacKphITh cKo6KH, To moayunm caaraemoe O(nt4e? ™) = O(né*e?™V?) = O(n™2), ecm moTpeboBaTh

U§ < logn. CrenoBarenbHo,

1

() =

ntl .5
\/% / (6—(n—1)7r2T2+27rTl—2m'(l—1)T + O(n—A) + O(U(52))d7'
-4

Termepsb oMeHNM OCTATOK:

o o 1 l2 e} 7_2 2
/ o~ (n=D)m?r 427l g _ / e (VT R g « / o~ (=T I+ o < 1 e~ (n=18?
5 5 5 vn—1
IIOCKOJIBKY 7 > =

l
Tl)’ TO €CTb 52 U/(n—].)
BHaunT, HEOBXOAUMBIM ABJIgeTCA yeaoue nd? > logn. Tenepb BBIYHCIUM

.ntl
12

V2
e

_ ! 7(nf1)7r27'2+27r7l72m'(l71)7'd 2

= e 74+ O(log“n/n),
Y -

Tax Kak Ud® < logn - 02 < log? n/n.
B xonne xonmos, 1o dhopuymne [ e~ ot — /7 ae? /40 prrancmm

(x) =

/oo 6,(n—1)7r27-2+27r7l72m'(l71)7'd7_ + O(an) + O(U53) —

.n+1
72 (21—1)—2i(1—1)
#)=——e o1 +O(log?n/n).
(%) = (log®n/n)
ZJWTH (21—1)+2i(1—1) ntl — nal
B okpecrHocTr TOUKM 3/4 MHTErpas papeH 77 € n—1 u, TIOCKONIbKY 375~ = —"3= mod 4,
_ 2 mn+1) 20 21
—n + 2k +1 1) =e2! _ _ O(log? _
ax(—n+2k+1,n+1)=e ﬂ(n_l)cos 1 —at 1) (log”n/n)
_ 2 . (m(n—1) 2 21
20—1 2
== - O(l .
ety [ (T 2y 2 oo )
Ananorugno,
2 m(n—1) 20 5
— 2k+1 )=/ —— — O(1 )
ar(—n+2k+1,n+1) 7T(TL—1)COS< 1 —)t (log”n/n)

JIjist 1€THOTO N OTBET CJIEIYTOIITHA:

ag(—n+2k+1,n+1) =€

2 m(n+1) 2(* -1/4) oe?n/m).
2)cos< >—|—O(1g /n);

m(n — 4 n—2
2 1) 2(1+1/2)?
a(-n+2k+1,n+1)= ) sin (71‘(714—1— ) _ (7;'—_/2) >+O(log2n/n),

rnel =k —n/2.
Omesem: P(J,‘,y) = P(Jj‘,y,—l—) + P(I‘,y, _)a 6($)y7+) = (0,0,2(1‘,3/)); d(%,y, _) = (CLl(.T,y),O).

Pewenue. 3amernm, uro ecau myTh s u3 (0,0) B (x,y) 3akaHINBACTCS XOJOM BJIEBO-BBEPX, TO IIAIIKA MEHSIET
HampaBjenne HewuérHoe uncyio pad. Torma d(s) = (j:Z%,O). Amnanorndmo, ecau MyTh S 3aKAHIMBAETCS XOJOM
BIpaBo-BBepX, 10 d(s) = (0, j:QI_Ty). Taxkum obpazom, d(x,y, +) = (0,az(z,y)) n d(z,y, —) = (a1(z,y),0).

OTcrofla MOXKHO HAIPIMYIO [TOJIYIHTH (GOPMYJIY JJIsT BEPOSITHOCTH:

P(z,y) = |a(z,y, +) + d(z,y, -)* = ai(z,y) + a3 (2, y) = P(z,y. +) + P(z,y, -).
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Omeem: Jyist BCeX HATYpaabHBIX Yy > 2 Bepuo: P(y,—) = % ,E?i/ozj_l (—11)'@ (Qkk) Takke max, P(y,—) =

P(2,-)=P(3,-) =1/2 u limy_,o Py, —) = 2—\1/5
Sameuanue. ['padpuk nmocnenosareabHOCTH, JTH0O6E3HO TTpegocTaBaenHbIil [tebom Munaessim u UBanom Pycckux,
yaactaukamu Jlerneir koudepennun Typrupa I'opomos:

0.5 1

0.4

0.3

sum P(x, vy, -)

0.2

0.1 A

0.0 ‘|

T
0 20 40 60 80 100

Pewenue. Oboznagnm
=> ai(x,y); Saly Zag:ry S1a(y Zalxy@xy)
X

ITo 3amaqe ] ayis Beex y > 0 BepHO:
Si(y) + Sa(y) = 1.

113 orBetoB K 3amadam [ 0] u [7] crexyer:

a1(0,2y) = \fzal z,y)(az(z,y) — ar(z,y)) + az(z, y)(aa(z, y) + ar(z,y)) = ( 2(y) +2512(y) — S1(y))-

%\

ITo onpesgenenuio n orBeTy K 3ajade [ mosydaem:
S1(y+1) = Sa(y + 1) = 2S12(y).

Torna
Si(y+1) = Sa(y +1) = S1(y) — Sa(y) + a1(0, 2y)V2.

Tak xak S1(y) + S2(y) = 1, Ml mostyunau pekyppentayio dopmyry S1(y + 1) = S1(y) +
13 3ameuanus k pemenuto 3aa4u [J] L0 MHAYKIMY CIe/lyer, 4To

ai (07 2y)

Sl

N RO
=3 & (i)

Ocranock 3amernts, uro P(y, —) = Si(y) mo 3ayaqe [11]
Tak Kak mMOCIeI0BATETHHOCTD ( J )4% ybbIBatorasi, Ml iostygaem: P(y, —) < P(3,—) mis Bcex y > 3, Tak 9TO
maxXy, P(ya _) = P(27 _) = P(?’) _) = 1/2

IIo Gunomy HproroHa Mbl mostydaeM: » oo ( ) !

T 1 V14 BeEX ¥ S [—i, i) Hoacrapnss © = —5, MBI

: : 1 00 1
nosrygaem limy oo Py, —) = limy 500 5D 1y ( ) ( Z)
3ameuanue. C nomorpio dopmynsl Crupsuara ( m MO}KHO OTIEHUTH CKOPOCTb CXOIUMOCTI:

_ 1 2|k /2] e 1
[P(k, =) = lim Py, -)| < “w< /2] ) NI

Omesem:
1, mpuz=y;

P,y 0.4) = {O npu x £y
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1, mpuz =1, y=1 mod 2;
P(x,y,oo,+>:{ y i

0, wuHaue.

Pewenue. Ecnm Komm4aecTBO MOBOPOTOR Hy ITyTH $ HEHYJIEBOE, TO 1O onpeenennto d(s,0) = 0. Torma d(z,y,0,+) #
0 ecsim u TOTBKO ecu x = y. Crnyvait © = y oueBuIeH.

Orser nns P(x,y,00,+) Henb3ga 00ka3amb, TOCKOIBKY OH SBIAETCS onpeaeneanem. Ho Mbl MOxkeM 00bACHUTS,
mogeMy OBLTO BBIOPAHO MMEHHO Takoe ompezenenue. Kcau me ‘odens Goubimoit’; To d(s, me) Oymer ‘MajleHbKuM ',
€CJTM TOJIBKO IMIAINKA HE TIOBOPAYMBAET OCIE KAXKI0I0 XOJa.

Sameuanue. P(x,y,00,+) = limpe o0 P(x,y, me, +).

B camom mere,

lim |d(s,me)] = lim = lim

me—00 me—0o (/14 (me)2)y=1  me=oo (\/1+ (me)2)y—1-t0) 0, wunaue;

(mg)t(s) 1 B {1, upu t(s) =y — 1;

rae t(s) paBHO KOJMYECTBY MOBOPOTOB Ha myTn §. s Beruucienust P(z,y,me,+) TOCTATOUHO DACCMATPUBATDH
TobKO 1yTn § ¢ t(s) =0 mod 2, OTKyzia MBI U [OJIy4aeM OTBeT.

Omeem. O6osnauum dvepes ai(z,y, me, —), as(z,y, me,—) u ai1(z,y, me,+), as(x,y, me,+) UEPBYO U BTO-
DY KOODJIHHATBl BEKTOpPOB d(x,y,me,—) U a(x,y, me,+) COOTBETCTBEHHO (CM. COTJIAIIEHHE B HaJYaJe Da3fesia
«YKa3aHus, OTBETHI, pemennsdy ). Toraa:

1
ar(z,y,me,—) = ———=(a1(x + 1,y — I,me, —) + meaz(z + 1,y — 1, me, +)),

V1+m2e?
1
V1+m2e?

a2($’y7m57 _) = CLl(SC, Yy, me, +) =0.

a2(x7y7m67 +) = (aQ(x - 171/ - 17m€7+) - meal(x - 173/ - 17m€7 _))7

s Beex y > |z| BepHo:

ly/2]
a1<w7 v, ma) _ (1 + m2€2>(17y)/2 Z (_1)r ((m +y-— 2)/2> <(y - 2)/2> (m€)2r+1,

r T
r=0

ly/2]
QQ(JZ, Y, ms) _ (1 + m2€2)(1—y)/2 Z (_1)r <(.ZL‘ +y - 2)/2> <(y - - 2)/2> (m5)2r;

r
r=0

Jlta Bcex y = x > 0 BepHO:

a (ya Y, mg) - 0,
as(y,y, me) = (14 m2e2)1-v)/2;

Mg Beex 0 < y < |z| mnmu y = —z > 0 BepHO

ay (.ﬁl?, Y, ms) = 07

as(x,y,me) = 0.

Pewenue. Crauana permmmm anasor 3agaqn (4| gus nponssosaoro me. Beisegem dbopmyny s as(z, y, me, +).
Pacemorpum mponssosbbil myTh s u3 (0,0) B (,y).
[Mocaepuuit xox nytu s caeran 6o us (x—1,y), mbo uz (x+1,y). O6ozaauum uepes s’ myTh s 6€3 MOCIETHETO
! - _ 1 =7 - _
xozma. Ecsin nanpas/ieHus OCIeJHIX XOA0B Y S U 8 COBIIQJIAIOT, TO d(S, me) = W@(s ,me), nHade d(s, me) =
me

W(QQ(S/’ me), —a1(s’, me)).
Taxuwm o6pasom, as(z,y, me,+) = ﬁ (ag(x — 1,y — 1,me,+) — meay(z — 1,y — 1, me, —)). Popmyna ais
a1 (z,y, me, —) mokazeiBaercs anagorudno. To, aro az(x,y, me, —) = a1(z,y, me,+) = 0, ogeBUAHO.

Temeps pemmM axajor 3a1adn [5f MbI JoKaxkeM, aro »  P(z,y,me) = 1 mag Bcex y > 1 mamykmmeii mo y,
TEZL
UCITOJB3Y4 mosTydenHbie popmynbl. Ouesunno, », P(x,1,me) = 1. llar uaayKinu cpasdy CIeayer w3 CIeIyInX
TEL
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BBLIUMNCJIEHUINA:

ZP(x,y+ 1,me) =

TEL
=Y [ar(e.y + Lme, ) + anla,y + 1,me, 4)?] =
TEL
- Zal(az,y +1,me, —)* + Zag(x,y +1,me,+)? =
z€Z TEL
1
mz a1(z +1,y,me, =) + meaz(x +1,y,me, +))*+
TEL
1_|_m 522 (12 1ayam5>+)—mEal(l'—l’y’mg’_))Q:
TEL
! 1
mz (@4 me, =) + meoa(a, yme, +))° + mz az(z,y, me, +) — meay (z,y, me, +))? =
€L =
_Z ay(z,y, me, =) + ag(x,y, me, +)* Zny,mg
TEZL ez

Pemum amajior 3agadan @] NIt TPOM3BOBHOTO me. Haitném aj(x,y) ais seex y > |x|. Ham mocrarouno pac-
CMOTPETh TYTH C HEUETHBIM KOJUIECTBOM TOBOPOTOB. ObozHaumm uepes 2r 4+ 1 KOJUYIECTBO MOBOPOTOB B ITy-
. O603HaunM uepe3 R u L KoJM9eCcTBO XOJ0B BIPABO-BBEPX U BJIEBO-BBEPX COOTBeTCTBeHHO. O603HAUNM uepes
T1,%2,...,Tpy] KOTUIECTBO XOZOB BIIPABO-BBEPX Neped MEPBBIM, TPETBUM, ..., MOCJEJIHUM TOBOPOTOM COOTBET-
crerHo. OBO3HATUM YEPE3 Y1, Y2, - - - , Yp+1 KOJTHIECTBO XOJOB BICBO-BBEPX 7N0CAE TIEPBOTO, TPETHETO, . . . , TIOCTEI-
HEro 1moBopora coorsercrseHHo. Torna T,y > 1 pg Bcex 1 <k <r+1u

R=x1+ -+ ory1;
L=yi+-+yr1
Mpur cBesin 3384y K KOMOMHATODPHOM: HAWTH KOJIMYECTBO HATYPAJIbHBIX PEIIEeHWH JABYX MOJIYUYEHHBIX yDABHEHUIA.

L1 mepBoro ypaBHEHUS TO KOJUYIECTBO PABHO KOJUIECTBY CIIOCOOOB MTOCTABUTE T TIEPErOPOIOK MEXK Y R mapamu,
1
TO €CTh, (R ) Torna:

a1(z,y, me) = (1 + m2e2)(1-v)/2 L‘112/?(—1)7“ (R N 1) (L R 1) (me)**1,

r
r=0

Tak kak L+ R =y u R — L = x, MbI nosyunm uckomyto hopmyny. Jlokazarenbcrso dhopmymst anga as(x,y) npu
y > |z| aragormano. Cuywait y < |z| oueBnen.

Omeem: npu |x| < y BepHO

. o nT ny| m
Jim n (25 |22 5] ) = ond(m /= 2%),0)

i 0 (2] 2] 2| %2] 2, +) = (0, (= )
n—o00 2 2 n y2 _1.2

mpu |z| > y oba mpemena pasabl 0.

Sameuarue. DTOT TPeJIesl COBIaaeT C 3amasabBaoneM (hyHIaMeHTAJIbHBIM perienneM ypapHenus Jlupaxa,
OIUCHIBAIOIIETrO JIBUMKEHUE SJIEKTPOHA 110 TJIOCKOCTH.

Pewenue. Onpenennv moduduyuposartvie pynxuuy Becceas

o0 5 2k 0 Py 2k 1
Io(z):zz(/z) " Z (2/2)"

k!
— (k+1)!
Otger caepyer usz 6oJiee CUILHON TEOpeMbl
Teopema 2. Ecau 0 < g9 < 1/2, min{y + 2,y — 2} > e¢, 2 := my/y2 — 22, n > ng = no(z,20) = 4e3? /3, mo
2
nx ny| m m log“n
3] alg) )= (w0 ().
a (2|5 ] 2|52 o) +0 (= E ()

2

o] 2] 2 ) = (s w0 (H5ne))
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Joxasameavcmeo. OBo3HAUNM Yepe3 T, = 2 L%J, Yn = 2 L%J ITo 3amawe @

liyn [yn/2]

ar (0,0, ) = (1 N mj) m Z ( Y +:c; = 2)/2) ((;,n —on- 2)/2)
@ (200 ™ +) = (1 ; ’;g) m mf(—nr (@n #on 2)/2) ((yn —on= 2)/2)

r=1

)"
Ol

mZ (1—yn _ _
Tak xax 1 + %2 < em*/n* 1o (1-1—%22) o> en 2( 2 ), noromy uto y, > 1. Takxe 1 S > =, Orcroga
oIy 9aeM
2y 2 2
m m- (—yn m
1>(14— Zen2(5)>1_ Y
n2 2n

1-yn
2 2 2
Buauur, (1 + %) =1+0(%4).
Yr06b! HAfTH ACUMOTOTHKY a1 U a2, paccMoTpumM cymmy mepsbix T := |logn]| 4+ 1 craraembix. 113 HepaseHcTs
4 y ny
y>egoun> =3 CJICAYeT, ITO BCETO CaracMbix | %] > T, noromy uro % > +/n >logn + 1 npu n > 0.
[Ipu r > T oTHOIIIEHUE TOCIEIOBATENBHBIX CIAMAEMbIX B BhIPAKEHUSX Ui 4] ¥ A3 PABHBI COOTBETCTBEHHO

2

(m)Q ((n +an =2)/2 = 1) =20 = 2)/2 = 1) _ (@)2 ny+z) nly—=z) =

n (r+1)2 2T 2T  4AT?’
(@)2 (ot 20 =2)/2 =)o =20 =221+ 1) _ (@)2 nly+a) ny-z) 2
n (r—1)r n 2T 2T —2  AT(T —1)

Uz n > e3*H cnenyer, wro T = [logn|+1> 32+1u % < WQ—U < % 3HaguT, B 000UX CJIyUasTX OCTATOTHBIH

ieH (TO eCTh CyMMa 10 BeeM 1 > T') MeHbBINe CyMMBbI T€OMETPUYIECKOI POTPECCH CO 3HAMEHATEIEM % SunaqnT,
)= ro()
n n n
T-—1
) Z(_l)r (Yn + 2 —2)/2 ((yn — 0 — 2)/2 (@>2T 10 (y* — )T ] (@>2T
— r r n (T")? 2 ’

as (nx,ny, %,—l—) % <1 +0 <mny>> )
R (T G o (T )

r

Ocrarounblii 4ieH B mocaenHed (opMmyse MOXKHO OIEHHTH ciaeaytonmmM obpasom. Tak xkak 1! > (T/3)

T > = g2imfe _ 3,

— T m — T m =

Teneps peobpazyem GunomMuasbHbIe KOIMDMOUIMEHTH! CIEIYIONIUM 00pPa30M:

(om—l) _ (an—1)~r-!-(an—r) _ (a;”:)’" (1_;)...(1_0;),

r

Ecoma>egur<T, 0 = 7 npn

0 <z <1/2 cneayer, aro

o T Vo 1 e, 1 1 —2 _
an < an < neg = Jnzo <3 o = 2 3HAYUT, U3 HEPABEHCTBA € <l—-z<e

1 r —2 —4 —2r —r(r+1) —7? T2 T2
1 - — ---(1—7>>eomecrn cvean = an >ean >1——2>1— —.
an an an eon

Takmm obpasowm, (Cmr_l) = (a ) ( +0 <€O”>>
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(yn+$n—2)/2) I ((yn_xn_2)/2) B

Ob6o3nauum gepes R = eonIO( z). TlogcraBuB NosydeHHBIE BBIPAYKEHUST JJIsI ( "

BBIDAYKEHNE TS (1, MBI TIOJTyYaeM
2 T-1 o (212 2\r
m m mey m\2r (y* — x)
e ) =" (1o () —1"(—) W) L OR
al(xnynn ) n< * < n>> [_( ) 2 (r!)? +O(R)

_ 7: < +0 (mny)> : g(—w (?)2(92(;;;2) +oR)| == <1+0 (mny» - (Jo(2) + O(R)).

Temeps MBI MO2XKEM 3aMEHUTH CyMMYy C T’ craraeMbiMu HECKOHETHOW CYMMOIt, TaK KaK ‘XBOCT 3HAKOYEDEIYIOIMIETOCH
psfa ¢ yOBIBAIOIIUMHY IO MOMYJTIO CJIATaeMBbIMU MOXKHO OIEHUTH MEPBBIM CJIATaeMbIM:

o0

S (5 (yQ(;)fy

r—=

2/2)2T 1
<A <a

(mocsietHEE HEPABEHCTBO OBLIO JIOKA3AHO PaHee).
2

Tak kak m?yeg < m? - max{y + z,y — 2} - min{y + z,y — z} = m?(y* — 2?) = 22 < 922 < T? 10 "4 Jy(2) <
sTnIO( z), oty a1 (T, yn, 2, —) = 2(Jo(2) + O(R)), KaK MbI 1 XOTeJIH.
Ananorumgso,
m m m?y y+x — m\2r=1 (y* — 172)2r;1 T
) =™ (140 . ISy @yt @ )]

2 (mn I +> n ( * < n )) Y2 — 22 ;( ) 2 (r—1)lr! * (5071 1(2))

m +x T?

SO <J1(z) +0 <Il(z)>> :
n y2 — a2 eon
O

Pewenue Usana Iatidat- Typrosa, Tumopes Kosanésa u Anexcea JIveosa (yuacmmuukos Jlemnet xongepenyuu
Typrupa 20p0dos).
O6osmatmm T, = 2| % |, y, = 2| %], A= Tnfin B = In-tu

Jemma 2. lim (1 + (2)%) "2

n—oo

=1.

Jloxazamenvcmeo. Taxk xax 1 < (1 + (%)z)y";l < (14 ()2,
Yn

(L+ ()2 = /(14 (2)2)"*y — Vem*¥ — 1 upu n — oo. Hosromy lim (1 + (2)?) % =110 Teopeme o

n—oo
JIBYX TOJUTIENCKUX. L]
. m (ZEu)l (=) lgpn2i+1
Jemma 3. lim n(—1)'CY_,Ch_ (2)2+! = (-1 L2 lg,
Jloxasameavemeo. Umeen n - (—1)!CY_ Ol ()1 = (—1)!. (Afl)(A72)"'(Afgi)(ffl)(Bd)'"(B*l) - m2 Byaunr,
. nc ny nT ny o(n . _
A = lim 2 = lim 7L RS SR P s i O} n+ @ _ Z3Y . Amanormumo, lim 2= = ¥2F, BHatH/IT,
n—00 n—00 n—00 n—00 n—s00
, LA Mo J(A-1)(A-2)...(A-1)-(B-1)(B-2)...(B—1) m** _
Jim n(=1)'C4 1 Cp_y (7)™ = lim (1) (“)2 B

O

z+y )l(y;T )l-m21+1

IIpu stoM anst Beex n poutosmeno: |(—1)'CY_ CL_ ()21 < [(=1)! S OF |, Tak Kak An*i < %

<

ytx . B—i B y—z
2I/In<n<

o0
Jemma 4. Padn- Y (-1)!CY_ CL_ (2)2F cxodumea abeoarommo das ecex n.
1=0
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Lloxasameavcmeo. Nmveem

- 2041 #)l(%)l m2H
n- Z’ CA ICBl +’<Z‘ (l')2 |:
=0 .
00 (%ﬂ)l(¥)l.mzl 00 (L‘é’y)l(%)l m2l y27z2m2
= m- (l!2 <Zm (l') =m-e 4
=0 =0
O
Mosromy lim 35(—1)"CYy_Clp (7)) = ( lim Z Ch_1Cp1 (5?1 — (lim Z ChaCp1 (52,

n—00 | 1 n—o0; - 2|l

N0 1—0:241

JIemma 5. JJana makas nociedosamesvbnocmy nociedosamesbnocmel HeompPulyamesbHL GEUECNEEHHOT YUCEN
({ao(n)}, {a1(n)}, ...), wmo das ecex i € N sepno lim a;(n) = b;. IIpu omom a;(n) < b; daa ecex i,n. Tozda
n—oo

Jingoiaz(n) = ibi.
i=0 i=0

oo [e.e]
Joxasamesvemeo. Obozuauum b = > b;. Torga Y a;(n) < b aua seex n. Iycrs gano € > 0. Pacemorpum N
i=0 i=0
N
rakoe, uto »_ b; > b —¢e. lycrs M; ana 0 < i < N raxosbl, uro Vi > M; : ai(t) > b; — 557 Torya ansa Beex
i=0
o0 oo
n > max (Mo, M, ..., My) soimonreso ) | a;(n) > b—e. 3naunt, lim ) a;(n) =b. O
i=0 00—
00 YN (Y=2\I 0y 20+1
. ) 1 1 my\20+1 _ () () m
[Io leMMe u yTBEPKIEHUIO (3| TOTydaem 1111301071 l:%Q\l Cu_1Cr_1(F) = oy GE Buaunt, 1o
zazaue [I4] u yrBepxaenuo 2]
m o0
T}Lnolona<xn7yn7g7_) :nh*{lgon ( ) CA 1CB 1( )2l+1
1=0;2|1
©  czty m2+1 o0 cxtyNl y— 2+l
(=3 (T) (=2 (T) 72
1=0;2|l 1=0;2{1
it
Awnanornuano nosyuaaem nh_g)lo Na(Tn, Yn, 5, +) = —zm\/;‘ﬂ_iygc2 S Ji(ma/y? — 22).
Omeem: cMm. Tabnniy unxke; napa (c,d)y B kuerke (z,y) osnagaer, 9ro d(x,y,4,3,+) = %(c, d), a (c,d)-
osHavaer, 4o a(z,y,4,3,—) = %(c, d); ecnm kierka (x,y) mycra, to d(x,y,4,3,+) = d(z,y,4,3,—) = (0,0).
3 (0,0)+ (0,1)+ (0,-2)+ (0 2)+ (0,-1)+
(_170)— (070)— (070)— ( ) (070)—
2 (07 0)+ (07 _1>+ <O7 1)+ (07 _1>+
(_150)— (170)— (_150)— (070)—
1 (0,-1)+ (0, 1)+ (0,-1)+
(0,0) (0,0) (0,0)-
Yy % -3 -2 —1 0 1 2 3 4 )

Vkasanue. 3aMeTUM, UTO HAC HHTEPECYIOT TOJIbKO UETHBIC Lo, TAK 9TO 2mToe /A = 5% JeUTCA HALEIo Ha .
o amanoruu ¢ 3azaqeii [1 orcrona crenyer, uro d(z,y,4, 3, +) napanneren Oy, a d(z,y,4, 3, —) napamnenen Ox
(6yapTe BHIMATEIBHBI: 3TO HEBEPHO JUISL IIPOM3BOIBHOTO /).

Haiingm Gostee ob1ryto dopmyity; pelieHnemM 3Toi 3aaun Oyaer dacTHblil ciaydait me = 1. Oboznaaum

a—(x7 y) = 6(337 Yy, me, )\/67 A? _)a
at(z,y) == d(z,y,me, Ae, A, +),
IJIe BEKTODBI B IPABOIl 4acTn onpeaenaores aHaaornauo a(x,y, \/e, A, +) u d(x,y, me, £). (O6parure BHuManue,

910 a_(x,y) n a4 (z,y) 970 6exmMop-3HaATIHBIE DYHKINN; B OTININN OT a1(X,y) U az(T,y) OHN He ABIAIOTCS KOOP-
JTMHATAMH KaKoro-To BekTopa.) Torma mbl mosywgaem ypasnenue upara (vme i := R™? — 510 mOBOpOT Ha 90°
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MPOTUB YACOBOH CTPEJIKH )

a—(z,y) :ma,(qw—l,y )+\/;:L§a+(l‘+1>y—1);
ay(z,y) = Frpsma-(r—Ly— 1)+Wa+( r—1y—1).

N3 zamaan [14] Mt 3HaEM, 9T0 3TH paBeHcTBa BepHB pr A = 1. OHE 0CTAIOTCS BEPHBIMHA U TSI TPOU3BOJILHOTO A,
TMMOTOMY YTO He BaXXHO, B KAKOM TOPAIKE TPUMEHATH RZm@oe/A y j = R™/2,

C mOMOIIBIO STUX PABEHCTB MBI 10 AHAJOTHH ¢ 3ajadeil 14 moxygaem Y, P(x,y,\/e,A) =1 arsa Bcex y > 1
TEL
WHIYKIWeNR 110 Y.
Tax xax AP(z,y,\/e, A, +) = |[VAd(z,y, \e, A, +)|?, noctarouso noxasars, aro VAd(z,y, \/e, A, +) He
ro=A—1
sagucnt or A npu A > y + |z|. Tlo onpenenenmio vVAG(z,y, \/e,A,+) = S 3 R¥™0¢/AG(s). Ho nymeit s,

:EQZI—A S
xo IETHO

HaUMHAOMXC B (20,0) n 3akaHIuBaONUXC B (T,Yy), HE CYIIECTBYeT TPHU |T — Xg| > Yy, TAK UTO €CJIU THUCIO
A > y+ |x|, To ero yBesnuenue He MEHSET CYyMMY.

Omeem: eciu T1 u Ty 9ETHBL, TO
6('%.17 y’ )\/67 +) = R(xl_x2)2W€/Aa(x27 y7 A/5\7 +)

6(£17 Y, )‘/87 _) = R(II_IZ)zwa/Aa(x27 Y, )\/57 _)

xo 9ETHO S
IO BCEeM IIyTAM S M3 (mo,()) B (Z,y), KOTOpble HAYMHAIOTCA W 3aKAHYMBAKOTCS XOAOM BIPABO-BBEPX. Kaxkaomy

nyTta s1 u3 (ro,0) B (r1,y) COMOCTABIM €IMHCTBEHHBIH IyTh S2 n3 (T + (2 — 21),0) B (22,y), HOAyIeHHBIH U3 S|
HapaJiiesbHbIM [IepeHocoM Ha (21 —x2, 0). Takum 06pa3om, CyMMbl i & = X1 U T = T 6Py TCs 110 OJJHUM 1 TeM Ke
BEKTODPAM, TOJBKO [IPH & = x| OHU MOBEPHYTHI HA 2TT0E /A, & IPU & = X9 OHU MOBEPHYTHI HA 27 (o + (x2 —x1))e/ A,
OTKY/la CJIeJlyeT OTBET.

Pewenue. VI3 perrenns 3a1a4u E crenyer, aro a(z,y, \e,+) = 3. S R¥0¢/Ag(s), rme Bropas cymma

Haiiném Gostee obmiyro dpopMy/Ty; peleHneM 3Toii 3a1a4qn 0yaeT YacTHbIl cayydai me = 1.

Omeem. Obozaaunm F = arccos (%) Torma g 9étHOTO T + Y BEPHO:

me cos(2mex /) sin((y — 1)E) mesin(2rex /) sin((y — 1) E) >

V1+m2e2sin E ’ V14 m2e2sin F ’
cos(2me(x — 2)/N\) sin(yE) — cos(2mex/A) sin((y — 2)E)

lay. Ae, =) =(

a(z,y,\/e,+) =<

2cos(2me /) sin B )
—sin(2me(x — 2)/A) sin(yE) + sin(2rex/N) sin((y — 2)E) )
2cos(2me/A)sin E ;
m2e? sin? —
Py /e =)= m2; + Sl(n( (27;)/?))’
m2 2 cog? sin2(2m

P(J:) Y, )‘/57 —)—I—P(JZ‘, Y, >‘/€7 +) =1
Jameuanue. B xommiekcHoit dhopme,

. smesin((y —1)E)
alx,y,A/e,—)=r ;

(@, /&, =) V1+m2e2sin B
. _1/sin((y — 1)E) sin(27e/A)
a(z,y,\e,+)=r""t

(e e ) = (S s

rje r = cos(2me/N)+isin(2me/N). 1o pemenue ypasuenus lupaka (cm. perenue 3aaan (17)) ¢ (kBasu)nepnoguaeckum
HavabHBIM yeosueM a—(z,0) = 0 u aq(z,0) = (—sin 252 cos 2522). Yucao E umeer DU3HUECKHH CMBICT: 3TO
SHEPTUSL.

Yraszanue. opmyssl aia d(x,y, \/e,+) u d(x,y,\/e,—) MOTyT OBITH TOKAa3aHBI HHAYKIHEH 10 y. Basa ode-
BHJIHA; AT CJAEIYET U3 3318491 . IMocne sroro dopmynst s P(z,y, A/e,+) n P(x,y, \/e, —) MOXKHO BBIYUCIUTH

HAIPAMYIO.

+icos((y — 1)E)>,

ITyms % pewenuso. Byaem BOCIpUHUMATE BEKTOPBI, KAK KOMILIEKCHBbIE uncya. Torma RYd = (cos a + isin «v)a.
O60ozmaumm 1 = cos(2me/A)+isin(2re /N); rorma r—! = cos(2me/\)—isin(2me/N). Oboznaunm f(y) = r~Ya(y,y, Ne, +)
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me 1

u g(y) = rYa(y,y,\/e,—). Oboznaumm M = Tz 1 U = Wil N3 3amaan CIIEJyeT, 9TO TpH
qéTHOM = + y BeKTOp d(z,y,A/e,+) = r*f(y) n d(z,y,\/e,—) = r¥g(y). I3 3amaan caenyer ¥ f(y) =
Urt=Lf(y — 1) —iMr*lg(y — 1) uw r%g(y) = Ur*lg(y — 1) — iMr® 1 f(y — 1). Tak xax r # 0, TO MBI MOYKeM
nojeanTh 06e JacTu Ha 77 M MOJYYUTh CJIELYIOIIYI0 CHCTeMY:

f)=Ur"fly—1) —iMr~'g(y — 1) (1)
9(y) =Urg(y — 1) —iMrf(y — 1) (2)
fa)y=ir! (3)
g(1)=0 (4)

ECTb HECKOJBKO CIOCOOOB PEIIAThL 3Ty CECTEMY (MBI PACCMATPUBAIN BAPUAHTHI DENTEHUH Tepe3 TPOU3BOISAIIIE
byHKIMEM ¥ wepes IMArOHAIMBANNIO ‘MATPUIILI TTEpexo/a’), Ho Hanbosiee JOCTYIHBIM (/I MATITKOJILHUKOR), BY-
JIMMO, SIBJISIETCS TIPEOOPA30OBAHMI TON CHCTEMBI K BTy JMHEHHON pexyppeHTsl mopsiaka 2. U3 (1)) mbr nomysaem
gy —1) = Lirf(y) — Lif(y — 1). Orciona u uz [2) nomywaem g(y) = Lir?f(y) — &irf(y —1). Orciona n u3
moysaem f(y) = U(r+r~) fy —1) — f(y - 2).

Perneruen 310if pekyppents: assgerca f(n) = cid} + cpd”, rae

Ulr+r=Y+/U2(r+r1)2 -4

dy = 5 = U cos(2me/\) + i\/U2 sin?(2me /) + M2,
Ulr+r=t) = JU2(r+r1)2 -4 , 5
d_ = 5 :Ucos(27re€//\)—Z\/U2sm (2me /) + M?2.

o kopun ypasrennd t2 —U(r+7"1)t+1 =0, a ¢; 1 ¢y — 3T0 KOHCTAHTLI, KOTOPbIE MOYKHO HaiiTH, Hcronb3ys ([3)
u . Tak Kax MBI paboTaeM ¢ KOMIJIEKCHBIMI THCIAMU, 3aIIUCh \/ U2(r +r=1)? — 4 veopnoznauna. Ho MbI MokKeM

BRIGpPATH J1060i w3 1ByX Kopmeit; /U2(r +r—1)2 — 4 obosnagaer 2iy/U? sin?(2me/\) + M2. Mol nomy«aen

ol —Ud_ =t —Udy
Q=i——————— Uucg=1———.
L T
Bamernm, aro E = arccos(U cos(2me/A)). Mur nonyuaem dy = cosE +isinE n d_- = cosE — isin E. Torga
o . (rT =Udo)dY —(r~1=Udy.)dY. . p_1sin(yE . sin((y—1)E
Q(w,y, e, +) =17 f(y) = ir* Tma—— o =i gy — iU e,
Terreps Borancaam P(x,y, Me, +) = d(x,y, Ne, +) - @(x,y, \/e, +). U3 dboprmyn Beimre creayer, 910 7 = 71,
dy =d_,d_=d,, ¢ = z';ﬂjj ucy = iﬁ. Orcropa (€ MOMOIIBI0 HEKOTOPBIX YIPOIIEHWH) Mbl HAKOHET]
(dy—d_)2—M2(d4 " —d’"")? M2 sin2((y—1)E
HoJIyaeM P(.’L‘, Y, A/87 +) = (d+—djg2 =1- 511;11(2(32 ) )
- in((y—DE M2 sin?((y—1)E
AHanorudHo Mbl noJtyvaem, 9ro a(x,y, A/e, —) = T‘IM% u P(z,y,\/e,—) = %
Pewenue. ObozHaamM depe3 x; KoopauHary 110 ocu Ox y KIETKH, B KOTOPYIO IIAIIKa ITONAIAeT Ha i-M XOZe
mytn § (To ecrs, mamka naér no kaerkam (0,0), (1,1), (z2,2),- -, (zy,y)). UTobB maTh ONpeesenie BEKTOPA

d(s,m(x)e), naauém ¢ Bexkropa (0, 1). Iloxa rmrarmka JBuraeTcs mpsiMo, BEKTOP He MEHSIETCsI, HO €CJIH IIAITKA MEeHseT
HalpaBJIeHne MOCJe N-0ro X0/a, BeKTOp HoBopaumnsaerca Ha 90° 1o 4acoBoii cTpesike m yMHOMKaeTcs Ha m(Ty,)e.
Kpoe T0ro, B KOHIE Mbi ietuM BekTop Ha [ [V_] v/1 + m2(,)e2, rjiie y — 5T0 KOMIYecTBO X008 myTH §. [lostyden-
HBII BEKTOP MBI 0603HaUaeM yepes d(s, m(x)e). Yucna aq(x, y, m(x)e) u az(x, y, m(x)e) onpenensrorca aHAIOTUIHO
ai(z,y) n az(x,y), TonbKo d(s) 3ameHsiercs Ha a(s, m(z)e).

ITo anasioruu ¢ 3ajaqeit 4| Mmbl nosrydyaem GoOpMyJibl

a1 (zo,y, m(x)e) (a1(zo + 1,y,m(x)e) + m(xo + 1)e - az(xo + 1,y, m(x)e)),

1

B V14 m2(zg + 1)e2
1
(

as(zo,y, m(z)e) (ag(xo — 1,y,m(x)e) — m(xo — 1)e - ar(xo — 1,y, m(x)e)).

- V14 m2(zg — 1)e2
Omesem: J1na Bcex @,y OAHON 4ETHOCTH:
P(:Ea Y, m0($)> )\/6, +) =1
P(z,y,mo(x),\/e,—) =0.

1 25
P(z,y,mi(x), e, +) = {1.04 26 p Yy
1, HHave;
004 — L pn —y <z <0;

O

, WHAYE;

P(z,y,mi(z),Ne, —) = {
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Pewenue. Ananornuno 3aznade 13| Mot nosyuaem P(x,y, mo(z),A/e,+) = 1, P(z,y,mo(z),A\/e,—) = 0 mna
BCEX T, Y OTHOU IETHOCTH.

Yenosue d(s,my(z)) # 0 o3Hauaer, 94TO IMIAIIKA MOIVIA OBOPAYMBATHCA TOJIBKO B Kiaerkax (0,2), (0,4), ---,
(0,2 - [%]) [ToaTomMy KOIMYIECTBO TIOBOPOTOB B JIEOOOM TIyTH S, y KoTOporo d(s,my(x)) # 0, e 6osbiie 1.

Yro6el Bbrancauts P(z,y,mi(x),\/e,+), Hy>KHO paccMaTpUBaTh TOJBKO IYTH, 3aKAHIMBAIOIINECS XOJ0M
BIOPABO-BBEPX — TO €CThb Te, B KOTOPBLIX Her moBoporos. Ho Takoii myTh s, Bepymuili B KaeTky (,y), TOIbLKO

onua. Ecan on we npoxoaut no kiaerkam ¢ koopaunaramu (0,1), (0,2), ..., (0,y — 1) (ro ectb, x < 0 nan z > y)
- 1
to P(x,y,mi(z),\/e,+) = 1. Unaqe niuna Bekropa d(s, m(z)) paBHa NiETER
Yrob6b Beraucutb Pz, y, mi(x), A\/e,—), pacCMOTPUM TIyTH, KOTOPBIE TIOBOPAYNBAIOT POBHO B OJHOM MECTE:

Ha ocu Oy. Ecam Takoii myTh s cymecreyer (1o ecth, —y < x < 0), To jauHa BekTopa d(s, m(x)) pasHa \/1(12W'

Nuate ona pasna 0.

Pewenue. Ecnu d(s, ma(x)) # 0, To marika moBOpaInBaJIa TOJIBKO B KJIETKAX ¢ KOOPIUHATOI M0 OCH &, paBHOIT 1
win L. Yrobsr Beruncants P(0, 2L, ma(z), 16, —), 10CTaTOYHO PacCMOTPETh TOJIBKO IIYTH B HEYETHBIM KOJMYECTBOM
nosopotos. Tak kak mpu L > 1 Bepro mepasercTBo y = 2L < 3(L — 1), To KOIUIECTBO TIOBOPOTOB ¥ TaKUX IIyTeiH
pasto 1. Torpa 6o nyrs Haunuaercs B kiaerke (0,0) n nopopaunsaer B kinerke (L, L), imbo o HaunHaercs B
kjerke (2—2L,0) u mopopauusaer B (1,2L —1). BekTopbl 9THX ABYX 1MyTell OTANYIAIOTCA IOBOPOTOM HA 7T — %
u geneaneM Ha 1.04. Tak Kak KBajpar J/IMHBI BEKTOPA MEPBOrO MyTH PaBEH 2%, a KBaJpaT JIMHBI BTOPOrO paBeH

TO TIO0 TeopeMe KOCUHYCOB

1 1 2 L—1 L—1
P(072L,m2(w),16,—)=26<1+1.O42—1_04cosw( I )>%0.074<1—COS7T(4)>.

1
26-1.042°

Ipaduk sroit dbyurnnm n306paxkeén Ha ciegyioneM pucyHke (mobe3no mpepocrasiaennom Punnawith Thuwajit,
yuactHukom Jlerueit koudepennnn Typaupa ropoaos).

0.08 -

0.06 4

0.04 -

0.02 ~

0.00 4

Omeem:
.1664 .1664
P\ L,—) = 0 662 (L) mgxP()\,L, -)= (1) 1224 ~ 0.14;
1
P\ L,+) = P\ L,—)+ P\ L,+)=1.

1+ 0.1664 sin® Z7E=1
Yrazanue. Obo3uaaunm m = 0.2 u ¢ = QTW(L —1). ITpu wétHOM ¥y > 2L — 2 MBI TIOTyIaEM

P(OvyamQ(«T), A, —) =

' 2 2 A2 12(L-1)
= e%(Q—y)L —1+ 1 2% + L(egw)g N L m 20 [2(L 1)]
V1+m2 1+ m?2 (1 +m?2)2 m2 \ 1+ m2
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Torma, Tak Kak cos2¢ = 1 — 2sin? ¢, MBI moIyaaeM

P )\ L — ) = . ]_ — i . 5 frd
L) = T 1= e kzo<1+m26 )
2 .
m? 1 I 1 m? |1 — 2|2
= —— — e - pry . - pr
1+ m?2 14+ m? 1— 111;262@ 14+ m? 11— 111;262@’2
m?(1 +m?)(2 — 2cos(29))  Am*(1+m?) 0.1664

(1+m2)2 +m* —2m2(1 +m?) cos(2¢) (1 +2m?)2 + ctg? ¢ T 11664 + ctg? 2 (L —1)

Takum o6pasom, maxy, P(A, L, —) = %9882 ~ 0.14,

Ananoruano,
2 2
1 & m? L)\ 1 1
PONLA4) = |—— - ( em) _ _ | =
14+ m? ;) 14+ m? 14+ m? 1,112212621(;5
1 1 1

(1 4+m2)2 +mt —2(1 +m2)m?2 cos(2¢) 1y 4m2(1 + m?)sin® ¢ " 1+0.1664sin? Z(L-1)

3aMerum, 4To

1 0.1664 0.1664

1- = = :
1+0.1664sin? 25 (L — 1) —5p—— +0.1664  1.1664 + ctg? 2F(L — 1)

sin? 27" (L-1)

Torna P(\,L,—) + P(\,L,+) = 1.

25l Omesem:
(n? —1)? (0.3328 + 0.864v/1.04) -

u m = ,
(n? + 1)2 + 4n2 cot? 2tn A

rae n = /1 +m\/7 (Kosduyuernm npesomaenua; 3aMETHTE, UTO CBSI3b MEXKJLY 1 M 7. M3MEHUIACh, KO Mbl
MEPenIn K OTPazKEHnIo BHYTPH cTek1a). [l yKazaHHoro m npejesn paBex

0.1664

27 L(1.08+0.08v/1.04) °
1.1664 + cot? >\

Sameuarue. IlepBast popMysia U3 OTBETA XOPOIIO W3BECTHA U TIOATBEPKI€HA SKCIIepuMeHTaMu. [IpuMedaresib-
HOE Hay9IHO-TIOMYIAPHOEe 00CYKAeHUE 3129 moxkHo Hajitu B [Feynman|, a BeiBoj ypaBHenuii Ha dusnueckom
ypoere crporoctu — B [Landafshitz, rrasa X, §86, 3agaqa 4].

ITIymo % pewenuro. Paccmorpum ypasuenue /lupaka u3 pemenud 3a1a4uu Bynem nckars pemenune Buga

(at(z,y),a-(2,y)) = (a4 (@), a(x))e T/,
Ucnonbsyenm 3agaay 20] arober yragars a4 (x) no oraemsrocts s ¢ < 0,0 < < L/e n x > L/e. lpeanonoxnm
JUIst TPOCTOTHI, 9T0 1/ — neuérroe uucso. dus kparkoctu Oymem nucarb m(x) := ms(x).

Cuauayia paccMoTpuM moaymaockocth & < 0 (cieBa ot crekia). ChopMyIupyem, UTO TaKoe PEIIeHre ypaBHe-
nus Jdupaka B noaymaockocrn. [To amagornm ¢ 3amadeit 1o, ypasuenuem Jlupara 6 wéprol kaemxe (T,y) MbI
MOHUMAEM CHCTEMY

a(r—1Ly+1) = ma—(%y) + ;f:l((?;g ay(z,y);
—im(z)e 1

ar(z+1Ly+1) = Wa—(%y) + WCM(UC, Y).

Pewenuem ypasnenus Jupara 6 noaynaockocmu x < 0 vazwiBaercs napa (a4 (z,y),a—(x,y)), yA0BIETBOPSIOIIAS
YyPABHEHUsIM B KazK/JI0il 9€pHO#i KJIeTKe NoJymIockocTu. B wactaoctu, a—(x,y) onpeneneno npu & < 0, B TO BpeMst
Kak a (z,y) onpeneneno mpu & < 1. Bymem nckars pemenne suma (a4 (x), a_(x)) = (i e>™@/A r(g) e=2722/A) s
uexkoroporo r(e) € C, koropslit 6ymer Halinen no3nuee, riae dopmyabl mist a4 (z) u a_(x) Bepubt st x < luz <0
coorBercTBerno. (B repmunax dusuku, ay(z,y) — 310 nagaromasa BogHA, a_(x,y) — ITO OTPaKEHHAA BOJHA, A
| lim._,o 7(¢)|> — 3To BepoOATHOCTL OTparKeHus. )

st noaymwockocru = > L/e Boseménm (ay(x),a_(x)) = (t(e) €2™*/X 0) nus nexoroporo t(e) € C, KoTopsiit
Oymer Hafigen nosanee, rae dopmyiasl s ay(x) n a—(x) BepHbl mas © > L/e + 1w x > L/e coorsercrrento. (B
TepMEHAX GUIAKH, a4y (T) — 9TO MpOTTeamas BoHa, a | lim. o (£)|? — BepoATHOCTH MPOXOK TeHTHS.)
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Hast 0 < x < L/e 6ynem nckarth perienne BUga

a4 (:L‘) = CL(&S) 627Ti$€/>\/(€) + b(E) e—27riac6/>\’(s),

a_ (1;) = C(6> 627”335/)\/(5) + d(€> 6—27”'25/)\’(5).
JUId HEKOTOPbIX Ko3ddunmentos a,b,c,d € C u N> 0, 3aBUCAITNX OT € (STO KOMOMHAIMSA TTPEJTOMJIEHHON W
OTparKEHHOM BOJIH). B nambueiimiem a, b, ¢, d, N, r, t 0603HAYAIOT TIpEIE/bI COOTBETCTBYIOMUX (DyHKIWiA mpu € — 0.

Mpemen X (Qaunv, npesomaénnoti 6oamvt) MOKHO HANTH ¢ TOMOIIBIO ypasHerusa Tupaka. [1ofcTaBuB BhIpaske-
Hus st a4 (x) B ypasHenue lupaka, cCOKpaTus 00IMe MHOXKUTENN, U B3gB Opeest mpr € — 0, Mbl MOJyInuM

< 2 27‘(’)
ma=|m-——+—]c¢,

N A
n 2 n 2
mec=|m+—+—)a.
N A
TakzKe MBI MOJYYMM AHAJOTHIHOE PaBeHCTBO ¢ b m d BMecto ¢ u a. Orciona caenyer, uto N = \/n, toe n =

1+ m\/7 (koopPuyuenm npeaomaerua).

Crmsanue pemenniti (ay(x) Bx=1lux=L/e+1,aa_(z) B2 =0u = L/c) naér nam cucremy JUHEHHBIX
ypaBHeHu# ot a,b, c,d,r, t:

a—(0) =r(e) = c(e) + d(e), a_(L/e) =0 = c(e) ™/ 4 d(g) e 2LV
) —

CL+(1) _ ieQm‘L/A _ CL(E) €2m‘L/)\’ + b(€) e—27riL/)\” a+(L/5 +1 t(é:‘) e27ri(L+€)/>\ _ CL(€) e?m‘(L-ﬁ-a)/A’ + b(é—:) e—27ri(L+€)/>\’.

Ilepexoas x mpezesy upu € — 0 B pemao Moy deHHyo CUCTEMY JHHEHHbIX yPaBHeHuil, Mbl HAXoaAuM a, b, ¢, d,r,t.

Pasymeercs, HaJl0 TPOBEPUTH, UTO TPEKJIE, T€M MBI TEPEILIN K IPeIeTy, HAIN BEIPAYKEHNS I a4 (), IOy deH-

HbIE W3 9TUX YPaBHEHUIA, YIOBJIETBOPsM ypasHerwio Jlupaka B kaocdol 1épHoil KiieTke. Mbl OmmycKaeMm 3T10.
Ocrasiock goKazarsh, 910 (a4 (x),a—(x)) = lim RQ”ya/)‘d(:v,y,mg,(z:)e,%,—); Torma wmco |r|? aeagerca ncko-

Y—r—+00
y—+x even

MBIM TIpeesioM. Mbl He 3HAEM 9JIEMEHTaPHOr0 JOKa3aTeIbCTBa 9TOT0, U MOITOMY OIYCKAEM JIETAJIH.

Hecrporo, niest 3ak1i09aercst B TOM, 9TOObI TIOKA3aTh, UTO TIPEJIEJI He 3aBUCHT OT HAYaIbHbIX 3HaYeHni a (x,0)
mpu x > 0w a_(z,0) mpu x < L/e; mocjie 3T0ro MOKHO 3aMEHUTH 3TH HAYATbHBIC 3SHAUECHWS PEIICHUSIMU, TIOJTY I€H-
HBIMW BbIIlle, 9TO NpUBeAET K ycrexy. HesaBucumocts or ay (x,0) npu > L/e u ot a—_(z,0) upn z < 0 oueBnjHa.
HUrobbl 10Ka3aTh HE3aBUCHMOCTE OT a4 (x,0) mpu 0 < x < L/e, npeanonoxkumM, 910 a4 (x,0) CyIecTByeT TOJIbKO
Ha orpeske 0 < x < L/e, n paccmorpuM JinHefiHoe ipeobpasoBaHue

U: (a-(0,0),a-(2,0),...,a_(L/e —1,0),a4(0,0),...,a+(L/e — 1,0))
— (a—(0,2),a-(2,2),...,a_(L/e —1,2),a4(0,2),...,a+(L/e — 1,2)).

[Tokazkem, uro Momysu cobcrBennbix 3Havennt U menbine 1. PaccMoTpuM cobCTBEHHbINH BEKTOP ¥ C KOODIUHATAMU
v1 = a—(0,0),...,v5/c41 = ay(L/e — 1,0). Bes mapymenns o6mHEOCTH vy, — caMas JieBas HEHy/IeBas KOODIHHATA.
Ecau k > 1, to Uv numeer wenynesyio (k—1)-yio koopaunary; #0 Uv IPONOPIHOHATIEH v, TTOJTy9aeM IIPOTHBOPEYHE.
Tak aro k = 1. Orcropa a—(—2,2) # 0 u3 ypasrenus lupaka. 3Ha4UuT, 110 COXPAHEHUIO BEPOATHOCTH

loll = la—(0,0)* + |a—(2,0)* + -~ + |ar(L/e = 1,0)|?
=la-(=2,2) +|a-(0,2)* + -+ +Jas(L/e — 1,2)?
> [a-(0,2)] + -+ +lay(L/e — 1,2)
= [|U].

Orcrona MOAY/Ib cOOCTBEHHOrO 3HadeHUs v cTporo Menbine 1. [Mostomy [|[UY|| — 0 mpu y — 00, oTKyja cieiyer,
w70 3HadeHns a4 (z,0) upn 0 < z < L He BAUSAIOT Ha IPEJIE.

Omeem. Bekrtop B kierke (x,y) Tabaunb — 910 d(r,y,u, +), a ecan Kierka (z,y) mycra, 10 a(z,y,u, +) =
0,0).

CE5 N I BTN BB
0,—3 0,5

=N | W




B coenyromeii tabanie 9uciao B Kiaerke (z,y)
P(:E7 y? u7 +) = 0'

— 910 P(z,y,u,+), a nycrag kierka (z,y) o3HAYaeT, 94TO

1 1/8 0 1/8
3 1/4 1/4
2 1/2
1 1
Y % —2 —1 0 1 2 3 4

(Bekrops! d(x,y, u, +) MOXKHO JIETKO BBIYUCJIUTD, UCTIOIB3YST 3129y )

Jns Beex y > 1 Bepro Y, (P(z,y,u,+) + P(z,y,u,—)) = 1. (910 01O u3 yTBEpKJeHU 3a1a491 )
TEZ

Omeem (mobe3no npegocrasaennnii [nebom Munaessivm u MBanom Pycckux, yuactamkavm Jlerneit konde-
penrun TypHEpaA TOPOJIOB):

1.0 A

0.8

0.6

fly)

0.4

0.2

0.0

T T T T T
0 50 100 150 200 250 300
¥

Pewenue. Oboznaunm gepes v’ moJte, Oy Yaroneeca U3 U 3aMeHON 3HAKOB B BEpPITUHAX 96pHOil Kiaetku (a,b).
BaMeTuM, ITO €CJIM MyTh § He HAUMHACTCA U He 3aKAHIMBAETCS B KieTke (a,b), To oH Jaubo MPOXOIUT depe3 JBe
BEPIIUHDI, 3HAYEHUE U B KOTOPHIX H3MEHUJIOCH, JTUGO He TTPOXOIUT Hu uepes ofny. Takum obpaszom, d(s, u) = a(s,u’).
Ecau (a,b) # (0,0) u (a,b) # (z,y), To pasercrso P(z,y,u’,+) = P(x,y,u, +) CIeyeT U3 5TOr0 HAIPIMYIO.

Ocranock pacemorpers To16K0 ciaydau (a,b) = (0,0) u (a,b) = (x,y). Kaxapiit nyts s uz (0,0) B (z,y) Oyzer
IPOXOIATH POBHO 9€pEe3 OJIHY BEPIIUHY, 3HAYEHHE U B KOTOPOH M3MEHWI0ChH, mostomy d(s,u') = —d(s,u). Takum
00pa3oM, B 9THUX CJaydYagx Mbl Takxke noaydaem P(z,y,u',+) = P(x,y,u,+).

Pewenue. Hazosém obpaweruem 98pHOI KiaeTku (X, y) N3MeHeHNe 3HAYEHNTT U BO BCEX BEPIIMHAX ITOM KJIETKH.
Ob6o3HaumnM uepes BepinuHy (&, %y) BEPXHIOK TPABYIO BEPIINHY KIeTKHU (T,Y), a Yepe3 u(x,y) — 3HAUEHe U B ITOM
BEpIITHHE.

3amMerum, 9To obpalenne YEpHOI KJIETKN He MeHsieT 3HAK HU OJIHOH OeJsioil KIeTKH, Tak KakK B KaxKJ0#t Oesoit
KJIETKE KOJIUYECTBO M3MEHEHHBIX BepIimnmH 9ETHO. ECJTI/I BCE 3HAYCHUA TIOJIAd U B IIPAMOYTOJbHUKE TTOJTOXKUTEJIHHDBI,
TO ¥ BCe Heble KIETKH B TMPAMOYTOJLHUKE TTOMOKATEIBHBL. TakmM 06pa3oM, eclu B 4 U3HAYAIHHO OBLIN OTPHIa-
TeJabHBIE OesTble KIeTKH, TO HEMb3d CAEIaTh U TOXKIECTBEHHO PaBHBIM +1, obparmas 9€pHbIe KJIETKH.

[Ipeamooxum, B mpsamoyroabauke M X N, rae N — 3T0 BBICOTA, HET OTPHUIATEILHBIX O€IbIX KIeToK. bes orpa-
Huuennst 00mHocTn Oyaem canrars BepumHy (0, 0) J€BbIM HUZKHUM yTJIOM OPSIMOYTOIbHUKA. JIOKaKeM nHayKiue
1mo N, 94TO % MOXKHO CJIEJIATh TOXK/IECTBEHHO PAaBHBIM +1 ¢ moMOIIbI0 obpalrenns YEPHBIX KJIETOK.

Baza: N = 0. IIpuseném agropuTs™, TO3BOJISIIOMINAN CIEMATH U TOXKICCTBEHHO PABHBIM +1 B MPSIMOYTOJLHUKE
M x 0 (ro ectn, B Bepmnax (0,0), (1,0), ..., (M,0)).

BameruM, aTo mjis Jroboro k, obparus 6o kiaetky (k + 1,0), 6o kiaerky (k + 1,1), MBI MOXKeM U3MEHUTH
sHadenue u B BepimHax (k,0) u (k4 1,0). Byaem HaswiBars 31y onepanuto obpawenuenm k.

Asrropury Takoit. Haiiném manmenbiee takoe 0 < k < M, uro u(k,0) = —1, u npumennm obparenne k. Ecau
nocse npuMeHeHust 31oii oneparuu emgé ocrasuch takue 0 < k < M, uro u(k,0) = —1, To HanmeHbIee Takoe k
xorst 661 HA 1 HosIbINE, YeM JI0 TPUMEHEHUS Olepanun. 3HAYNT, He Gojibie ueM 3a M + 1 nmpuMeHeHuit oreparuu
MBI TIOJIY9UM U, TOXK/IECTBEHHO paBHoe +1 B npamoyroabuuke M X 0.

Tar: ITycte mam npavoyroabauk M X (N + 1). Crauana cresaeM w TOXKIECTBEHHO DaBHBIM +1 B HUXKHEM
npsimoyrosibiuke M X N (310 BO3MOXKHO 110 ITpenoIozkenuto naaykimn ). [locsre aroro ains kax ot 6eoit kaerkn
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(k, N+1) o6parum ierky (k, N+2), ecin B 06enx 06X BepIIMHAX STUX KJIETOK o€ u nMesio 3nadenne —1. Tak
Kak Bce Oesible KJIeTKH OBLIH MOJIOXKUTEJBHBIME, TO [OCJE 3TOrO0 TOJE % MOXKET UMeTh OTPUIATEIbHOE 3HAUECHUE
TOJILKO B OJIHOM MJIM JIBYX BEpIIMHAX B yriax npsimoyroabanka M x (N + 1) (1 ToJbKO ecin B COOTBETCTBEHHOM
yriIy crouT 4uépHast Kjaerka). Ho Torma smadenus B 060l U3 9THX BEPIIHH MOXKHO WCIPABUTH, 0OPATHUB JAPYTYIO
JEpHYIO KJIETKY, KOTopas K Hell mpusieraer. CIeaaB 3T0, MbI MTOJYYIUM WCKOMOE MOJIe U, TOXKJIECTBEHHO paBHOoe +1
BO BCEX BepIMHAX TpsiMoyrosbHuKa M x (N + 1).
Omeem: Eciu mupuHa win JJIMHA TPSIMOYTOJIBHUKA paBHA 1, TO TaKWX KJAETOK HOJb. Kenm xke oru 06e 6obIie
1, To sr0boe YéTHOE HEOTPHUIIATEIBHOE YHCJI0, He DosbIlee OBIIEro KOJMIecTBa OesbIX KJIETOK B MPIMOYTOJBHUKE.

Yxasanue. [loctpoum rpad: Bepmmaamu OynyT 6esibie KIeTKH TPIMOYTOIBHUKA, 8 PeOPO MEXK Iy IBYMsI BEPIIN-
HaMmu rpada 03HaYaeT, YTO COOTBETCTBYIOIINE KJIETKU CONMPUKACAIOTCS 110 BEPIIINHE, U B ITON BEPINKUHE 3HAYEHUE U
PaBHO +1 TOF,Z[& OTpHUIaTEC/IBHBIMA 6eJ'[I)IMI/I KJIETKaMU 6y,ﬂyT B TOYHOCTHU T€, KOTOPbIM COOTBETCTBYIOT BEPIIMHBL
neuérHo# crenenu B rpadpe. Ilo JemMme 0 pyKOTOKATHAX KOJTUIECTBO TAKUX BEPITUH YETHO.

[Tokazkem, aTo JTH0O6OE IETHOE HEOTPUIIATEIBHOE UUCI0, HE DOJIbINee OOITEr0 KOJUIECTBa OeThIX KJIETOK, MOXKHO
peanm30BaTh.

g mosig g, TOXKJIECTBEHHO PaBHOTO +1, oTpHIaTeNbHBIX Oebix KiaeTok He Oymer. llone wusgio ¢ 2k + 2
OTPHUIATEBHBIMYU OEIBIMY KIETKAMHU TTOJIYIaeTCA U3 OIS Uy 3AMEHON 3HAUEHUH Ug, HA —1 B 10001 00BEIEHHOM
00J1acTH HA PUCYHKE, B KOTOPOIi 9TO eIl He ClIeJIaHo.

AN A )
\\// N——1
D D /R AR N
N U/ 0/ NN ( >
N JR) JR) (D
N N N N
D /R N N
N 0/ U N

Omeem. Hanomunwm, uro u(z,y) — 970 3HaUeHUe u B IPaBOil BepxHell BepiiuHe kiaerku (z,y). Torma
1
al(x,y,u) = Eu(may - 1)(@1(.’13 + 17y - 17“’) + CLQ(JI + 17y - 17”))7

1
U(.I' - 17y - 1)(_011('%' - 17y - 1,U) +CL2((E - 17y - 17“’))

ag(m,y,u) = ﬁ

Ykasanue. Pemenne anasiora 3agadn [4 ormmdaercs oT pemnennst OpuruHalia TOJIbKO J00aBJIeHIeM MHOKHUTE el
w(z,y — 1) m u(zx — 1,y — 1), Tak KaK moCJAeTHAIN XOJ IyTH S HPOXOJAUT U€Pe3 MPABYI0 BEPXHIOW BEPIIUHY JH6O
kirerkn (x,y — 1), aubo (z — 1,y —1).

Awnasnor 3agaqn b moxkHO gokasars wHykImed o y. 1lar nHAyKIUYM Cregayer u3 CIeayomnX BbIYuC/IeHui:

ZP(m,y—i—l,u) :Z [a1(z,y + 1, u)* + az(z,y + 1,u)? Zal (z,y+1,u) —i—ZaQ (z,y +1,u)? =
TEL TE€EZL €L x€EZL

— %ZU(:L’,Z/)Q(@(:C +1,y,u) + az(z + 1,y,u))* + % Zu(l’ — Ly)*(az(z — Ly,u) —ar(z — 1y, u)’ =

TEZL €L
2 o 2
:Z (al(x,y,u)—;ag(x,y,u)) +Z (az(x,y,u) 2&1(I,y,U)) :Z[al(x,y,u)2+a2(aﬁ,y,u)2] :Zp(x7y,u
€L TEZL TEZL €L

P(x7y7_)P<x/_x07y7_)7 ecm B = ( +1 y) (33 +17y>7
P —)P(z' — E = 1 -1

32 Omeem: P(AB, A'B' — EF, B'F) = § LY =P = w0y, +), ecmn B = (w+ y) = @=Ly,
P(-'E»ZJHL)P(:U/*?CO»% 7)5 ecm B = (l‘ ) ($/+]—,y)7
P(z,y,+)P(z' — x0,y,+), ecmm E=(z—1,y),F = (2’ —1,y).



Pewenue. Bamernm, uro d(s,s’) = —id(s)d(s'), rae ¢ié obozHagaeT MPON3BEIEHNE KOMILIEKCHBIX TUCEN ¢ W
¢5. Pacemorpum caywait 2’ > x. Torga m3-3a Toro, uro xg > 2y, ecam cymectsyer myTh u3 A B F') To m3 A’ mer
nytn #u B F, #au B F'. Anajornuno npo cymectsoanue nytu u3 A’ B F. 3HaUuT, HAC MHTEPECYIOT TOJBKO Maphl
nyteil su s, rne s Benéruz A F,a s us A' s F'.

Taknm obpazom, ». d(s,s’) =0mn

s:AB—E'F’
s":A'B'»EF

i(AB,AB' - EF,E'F')= > d(s,s)= Y  —id(s)i(s') = —i( > a@)) ( > Ei(s’)),
s:AB—EF s:AB—EF s:AB—FEF s:A'B'—E'F’
s":A'B'—E'F' s":A'B'—-E'F'
oTkyna cpasy ciaeayer orser. Ciayuail ' < x pasbupaerca aHaJOrMygHO.

Vraszanue. TIpeanonoxkum, uro nytu s : AB — EF u s’ : A/B’ — E'F’ umetor o6muit xox. O6o3naunm depes
C'D nepsblit u3 06mux X008 y s 1 ', a yepes C' — KJI€TKy, u3 KOTOpOit on 6b11 caenan. O603HaAIMM U€pes § Iy Th,
copragaoiuii ¢ nyrém s 10 kiaerku C' u ¢ nyrém s’ nocae C, a uepes § 1yrThb, copuagaromuii ¢ ' 10 C' u ¢ s noce.
IIyrnu 3,5 maunnatorca xonamu AB, A’B’ n 3akanuusatorca xogamu E'F’ u EF cooTBeTCTBEHHO.

CyMMapHOe 4HCJI0 HOBOPOTOB Ha MyTAX § W 8 paBHO CyMMAapHOMY HYHCJIY HOBOPOTOB Ha IyTAX § B § IO
nocTpoenmnio. 3uaunr, d(s,s’) = d(§,§"). Samernm, uro f : (s,8") — (3,8) — sro 6mekma, Tak xkax C'D 3T0 MePBLIi
u3 copnajaromux xonos. Oxua u3 nap (s,s') u (8,§) maér @(EF, E'F') ¢ koabdunuenrom (+1), a apyras — ¢
ko3 durmenrom (—1). 3HAUNT, 9TU NAPHI COKPAIIAITCS JIPYT C JPYTOM.

a(E,E', ", +,+) a(E,E',T,+,—-) a(E,E',1,—,+) a(E,E',1,—, =) a(E,E', |, +,+) a(E,E', |, +,—) o(E, E', ]
)’ T +) a(Ev Elv 1=, _)

Yrasanue. Jokaxem Tpedyemoe nuaykiueit mo y. baza oueBugna.

Bamerum, uro no amanorun ¢ samadeii (11| d(AB, A’B’ — EF,E'F') napannenen oqHoil n3 ocell KOOPWHAT.
O6osuaunm uepes a1(AB,A'B" — EF,E'F') u a3(AB, A’B’ — EF, E'F’) KoopJjuHATbI 3TOr0 BEKTODA.

®ukcupyem craproseie xonsl AB uw A'B’. O6osmaunm uepes a(E,E', 1, +,—) = a1(AB,A'B’ — EF,E'F’),
rne EF — sro xopn Bupaso-seepx, E'F’ — xon Bneso-seepx a a1(AB,A’B’ — EF,E'F') — (B03M0XKHO) HeHyJIe-
Bast KOOPJMHATA COOTBeTCTBYIOmEero sekropa. a(E, E' 1, +,+), a(E, E',1,—,+) u a(E, E', 1, —, —) onpexgensorcs
anasorunyno. O6osuavem uepes a(E, E' |, +,—) = a1(AB,A'B’ — DE,D'E"), rne DE — 310 X071 BIPaBO-BBEPX,
a D'E’ — xon Bneso-seepx. a(E,E' |, +,+), a(E,E',|,—, +) u a(E, E', ], —, —) onpeaejgsiorcs aHaJ0rudHoO.

3ameruM, 9TO B IIare HHAYKIHUA JOCTATOYHO JOKAa3aTh PABEHCTBO

Z ((CL(E, Ela T+, +))2 + (G(E, Elv T+, _))2 + (a’(Ea E/a T =, +))2 + (G(E, El?T? I _)>2) =
E,E'

=> (@B, E |, +,+)* + (a(B, E' |, +,-))* + (a(E,E', |, -, +))* + (a(E, E', |, —, -))%).
E,E'

YT06BI JOKA3aTh 9TO PABEHCTBO, MBI JOKaXKeM, 4To st Kaxkaol naput (E, E'), tne E u E' nexar na ojxHoii
TOPU3OHTAJIBHON JIMHUH, BEPHO

(a’(Ev ElvT? =+, +))2 + (G(Ea ElaTa -+, _))2 + (CL(E, E,aTa ) +))2 + (CL(E,E,,T, ) _))2 =
=(a(E, E', |+, )" + (a(E, B, |, +,2))* + (a(B, E' |, -, +)) + (a(E, E', |, -, -))*".

Amnanormano PeIeHnIo 3aJa49m1 MBI TTOJTyYIa€M:

G(E,E/,T,+, +) :l(a(E7E/7\l/7+7 +) - CL(E,EI,\L, +7 _) - CL(E, E/7~L7 _7+) - CL(E, ElawLa ) _))7

=N

CL(E,E/7T7 +7 _) :*(G(EUE/,\I,,—F, +) - a(E,E',J,, +7 _) + a(E7 Elvav _7+) + a(E7 E/awLa ) _>)7

a(E7 E/7T7 R +) :*(G(E, El7\l/7 +7 +) + a(E7 Elv\La +7 _) - CL(E, Elv\l/v ] +) + G‘<E7 Ela\l/a ] _))7

N — DO

a(EaElaT> B _) :%(_G(Ev Elv\Lv +7+) - CL(E, E,a\l/v =+, _) - CL(E,E,,\L, ) +) + a(E>E/>\L7 B _))

N3 sToro MoxKHO ¢ IIOMOIIBIO IMIOACTAHOBKH M PAaCKPBLITHA CKODOK IIOJIYIUTE HCKOMOE PaBEHCTBO.

P(z,y,—)P(xo —2',y,—), ecmm E=(z+1,y),E = (2’ +1,y),
P —)P — FE = 1 E g

35. Omeem. P(AB,B,A/ s EF, F/E/) _ (.%',y, ) (:EO x 7y7+)7 ecm ($+ 7y)7 (.%' 7y)7
P(z,y,+)P(xo —2',y,—), ecm E = (z—1,9),E = (' +1,y),
P(z,y,+)P(xo —2',y,+), ecm E=(x—1,y),E = (' —1,y).
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Yrasanue. Bamernm, uro d(s,s’) = id(s)a*(s'), rme ¢i¢3 obo3HauaeT MPOM3BENEHNE KOMILIEKCHBIX YHCET ¢
" G5, a a° 0603HATAET CONMPAKEHUE.

Omeem: sl BCEX Ugy, NMEEM

P(2,2,ugy, 1,+) = 1/4, P(0,2,ugy, 1,—) = 1/4,
P(3,3,ugpn, 1,+) = 1/32, P(1,3,ugpn, 1, —) = 1/32,
P(1,3,ugp, 1,+) = 1/32, P(—1,3,ugy, 1,—) = 1/32;

BCE OCTABITINECS BEPOATHOCTHU BBIPOXKIAIOTCA NIPU Yy = 2, 3.
Omesem: S @(g, s,u) = 2V=4(1 + ¢2) 7" cos((r — 1) arctg(g))@(s).
u

Yxasanue. s kparkocTu BBeJIEM 0DO3HAUEHUE Z = 1

y—1)2 °
2(1/72>2(1+g2)(izi

Obo3nauuM 4depe3 r U | COOTBETCTBEHHO KOJUYECTBO OeJIbIX KJAETOK B R 110 MpaByio U IO JIEBYH CTOPOHBI
OTHOCHUTEJILHO §. 3aMeTuM, 4T0 T U | HEeYETHBI TOIHA ¥ TOJIBKO TOI/d, KOI'ZJd HEYETHO KOJAUYECTBO 3HAKOB “—" B
BEPIIIHAX, Yepe3 KOTOPBIe IPOXOIUT MyTh § (TO ecTh Korma d(s,u) = —d(s)).

IIpocmas aemma (6e3 doxaszameavemea): Ilycrb b - KOMMUECTBO YEPHBIX KJETOK, HE KACAIOIIUXCsI TDAHUILI B
npsimoyroabanke R. Torma kosmdecTBo mosieit w, TakuxX 910 BHyTpu R poBHO 2k OTPHUIIATETHHBIX DEJIBIX KIETOK,
PABHO KOJIMIECTBY CIIOCOGOB COMOCTABHTE 3HAKM “—” poBHO 2k GesbIM KieTkaM BHYTpH R, yMHOKeHHOMY Ha 20
(Muoxurenn 20 - 570 KOAMYECTBO KAJIHOPOBOUHBIX MpeobpasoBammit n3 3agatm )

N3 neMMBI ceryeT, 9To

Eu: 9,5, ) ZZ ig)hd(s,u) = 27 Z(—igwm(;)(rfl)—;(—ig)ﬂm(;)(;) a(s) =

k,m
=227 [(1+ig)" + (1= ig)) (L +ig)' + (1 —ig)!) = (1L +ig) — (1 - ig)") ((1 +ig) = (1—ig)!) | (s
= 2'7Re (1 +ig)"(1 ~ ig)!) a(s) = 2°(1+ )5 Z cos((r — 1) arcte(9))i(s).

Tak xak b = 7+1 = y? —y, HaII OTBET MOYKHO YIIPOCTUTH 710 Y (g, ,u) = 23Y=4(14g?%) e cos((r—1) arctg(g))d(s).

u

Omsem. Omupezgennm

CL,,(I‘, ?/) = CLZ(xv y,u—,g, _)7 CL,+([E, y) = al(‘r’ Yy, u—, g, +)a
(I+_(l', y) = CLl(I‘7 Yy, uy, 9, _)7 CL++([E, y) = CLQ(.T, Yy, u+, 9, +)
O6o3zmaunm 3a R(y) = R npgaMoyroibuuk, obpasosanublii Becemu kiaerkamu (z',1y’) takuvum, ato 1 —y < 2/ <y u

0 <y <uy. HOycrs a = a(z,y) = (Al — Ar)arctan g, tae Al mw Ar — 310 KonmmuecTBa Genbix kneTok B R(y) BHE
R(y — 1) pacmosioxkernbiMu JieBee u npasee Kajgpara (z + 1,y — 1). Ilyers f = a(x — 2,y). Torna

ari(@y) =S (as(z—Ly—-1)—ar(e-1Ly—1) - (as(z-Ly-1)—a_(z—-Ly-1);
ar—(z,y) =2 (aps(@+ly—1D+ar—(z+1Ly—1) =02 (ay(z+Ly—1)+a—_(z+1y-1);
a—i(zy) =T (are(w—Ly—1) —ap(z—Ly—- 1)+ (as(z-Ly-1)—a—(z—-1Ly-1);
a—(z,y) =22 (ar(z+ Ly -1 +ar—(e+1y—1)+ % (a—t(z+ Ly -1 +a_(z+1y-1).

Yxasanue. llocnenuss dbopmyta onpeaeaseT opTOroHATBHOE Tpeobpa3oBaHie, 3 KOTOPOro ClIeayer, 9to y . (P(x,y
P(x7y7gv _)> = 17 MHAYKIRE 1o Y.
Omeem. Hymeparust 6a30BbIX KOHMUTYpaInii TPUBEICHA HA KAPTUHKE HUXKE:

O O [ O o g

(1) 2) 3) (4) (5) (6)
1 —ime 1 1 —ime 1
V14+m2e2 V1+m2e2  /14+m2e2  /1+m2e2 ’

Yrasanue. Tokaxkem, uro cymma @(s,s’) mo Bcem myTsam S, s, TPOXOAAIIUM TOJBKO 9epe3 BEPITHHBI CO 3HA-
KoM “—", paBHO IIPOU3BEIECHUIO BCEX KOMILIEKCHBIX YUCEJI, COIIOCTABJIEHHBIX YEPHBIM KBaJpaTaM B IIPSIMOYTOJIbHUKE.
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Bamernm, 9To KBagparsl Thma (1) He BAMSIOT Ha OTBET, TaK KaK Yepe3 HUX He TMPOXOAWT HU OJWH TyTh. B

kBajipaTax Tunos (2) u (5) Bee MPOXOASINE Yepes3 HUX MyTH 00A3aTeLHO TIOBOPATINBAIOT, UTO JTOMHOXKAET d(S, s')
—ime . - ’

Ha —F/———. B KBa, aTaX TUIIOB 3 u(4) o OXOOAINNU YEPE3 HUX IIYTH ITIOBOPAYUBAThH HE MOZKET, ITO3TOMY al(s, S
—_— s1p (3) m (4) mpoxoagmmit 1ep y p , y (s, s')

JIOMHOXKaeTCs Ha ﬁ Yepes kBagparsl Tuma (6) myTw MOTYT TPOXOJWTH JBYMsi Criocobamu: 0b6a MoBOpa-
mee

YUBAIOT WK 06a He MOBOPAYMBAIOT. KCaM MyTH TOBOPAYMBAIOT, TO (S, s’) JTOMHOKAETCS HA (%) , HHade

JTOMHOXKAaeTCsT Ha B cymme kBagpar tuna (6) maét B mpousBe/ieHne BKJIA PaBHbI —1.

_ =1
1+m2e2-
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Feynman checkerboard

An intro to algorithmic quantum field theory

E. Akhmedova, M. Skopenkov, A. Ustinov, R. Valieva, A. Voropaev

Summary. It turns out that rainbow patterns on soapbubbles and
unbelievable laws of motion of electrons can be explained by means of
one simple-minded model. It is a game, in which a checker moves on a
checkerboard by certain simple rules, and we count the turnings. This
‘Feynman checkerboard’ can explain all phenomena in the world (with
a serious proviso) except atomic nuclei and gravitation. We are going
to solve mathematical problems related to the game and discuss their
physical meaning; no knowledge of physics is assumed.

Main results. The main results are explicit formulae for

0.006

-400 =200 0 200 400

e the percentage of light of given color reflected by a glass plate of Basic model from §1

given width (Problem 24);

e the probability to find an electron at a given point, if it was emit-
ted from the origin (Problem 15; see Figure 1).

Although the results are stated in physical terms, they are mathemati-
cal theorems, because we provide mathematical models of the physical
phenomena in question, with all the objects defined rigorously. More
precisely, a sequence of models with increasing precision.

Plan. We start with a basic model and upgrade it step by step
in each subsequent section. Before each upgrade, we summarize which
physical question does it address, which simplifying assumptions does = e ° 0 o
it resolve or impose additionally, and which experimental results does Model with mass from §3
it explain. Our aim is what is called 2-dimensional quantum electro-
dynamics but the last steps on this way (sketched in Sections 8-10)
still have not been done. (A j-dimensional one can already explain all
phenomena — with proviso and exceptions — but we do not discuss it.)

The scheme of upgrades dependence might help to choose your way:

0.00010
0.00008
0.00006
0.00004

0.00002

Figure 1: The probability to
find an electron at a given point
(white depicts large oscillations)

1. Basic model | (6. External field | ———[8***_ Interaction |
<— —>‘ 7. Identical particles & antiparticles ‘ ‘ 10***. QED ‘

Conventions. If a problem is a statement of an assertion, then it is requested to prove the assertion.
A puzzle is a problem, in which both a precise statement and a proof are requested. Hard problems are
marked with stars; you get first rank in Feynman checkerboard for solving one, and masters in Feynman
checkerboard for solving three from three different sections. Solutions are accepted in writing but you may
spend an earned star for 10 attempts to submit a solution in oral form (successful or not). If you cannot
solve a problem, proceed to the next ones: they may provide hints. Even if you do not reach the top
(the proofs of main results), you learn much. You are encouraged to state and try to prove also your own
observations and conjectures; you become a grand-master in Feynman checkerboard for discovering a new
nontrivial one (and maybe even write your own scientific paper).
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1 Basic model

Question: what is the probability to find an electron at the point (x,y), if it was emitted from the point (0,0)7
Assumptions: no self-interaction, no creation of electron-positron pairs, unit mass and lattice step, point source;
no nuclear forces, no gravitation, electron moves uniformly along the y-axis and does not move along the z-axis.
Results: double-slit experiment, charge conservation.

On an infinite checkerboard, a checker moves to the diagonal-
neighboring squares, either upwards-right or upwards-left. To each path
s of the checker, assign a vector d(s) as follows. Start with a vector of
length 1 directed upwards. While the checker moves straightly, the vector
is not changed, but each time when the checker changes the direction, the
vector is rotated through 90° clockwise (independently of the direction the
checker turns). In addition, at the very end the vector is divided by 2W=1/2,
where y is the total number of moves. The final position of the vector is
what we denote by d(s). For instance, for the path in Figure 2 to the top,
the vector d(s) = (1/8,0) is directed to the right and has length 1/8.

Denote @(x,y) := >, d(s), where the sum is over all the paths of the 3 |
checker from the square (0, 0) to the square (x,y), starting with the upwards- 2‘ ‘
right move. Set d(z,y) := 0, if there are no such paths. For instance, | a(s) d(1,3)
a(1,3) =(0,—1/2)+(1/2,0) = (1/2,—1/2). The length square of the vector OL J
a(x,y) is called the probability' to find an electron in the square (z,vy), if it 13
was emitted from the square (0,0). Notation: P(x,y) := |d(x,y)[*.

In Figure 1 to the top, the color of a point (z,y) with even = +y depicts
the value P(xz,y). The sides of the apparent angle are not the lines y = +x (and nobody knows why!).

In what follows squares (z,y) with even and odd = + y are called black and white respectively.

Figure 2: Checker paths

1. Observations for small y. Answer the following questions for each y = 1,2,3,4 (and state your own
questions and conjectures for arbitrary y): Find the vector @(z,y) and the probability P(z
When P(z,y) =07 What is > _, P(x,y) for fixed y? What are the directions of a(1,y

The probability* to find an electron in the square (x,y) subject to absorptio
defined analogously to P(z,y), only the summation is over those paths s that do not pass t
The probability is denoted by P(x,y bypass 2, 1/). o
2. Double-slit experiment. Is it true that P(x,y) = P(x,y bypass 0,2)+ Figure 3: ay(z, 1000)
P(x,y bypass 2,2)? Is it true that P(x,y) > P(x,y bypass z’,y')?

3. Find P(0,12). How to table the values d(z,y) quickly without exhaustion
of all paths? (The first solution grants first rank in Feynman checkers.)

Denote by a;(z,y) and as(z,y) the coordinates of d(x,y); see Figure 3.
4. Dirac’s equation. Express a;(z,y) and as(x,y) through a;(x =1,y — 1) and ax(x + 1,y — 1).
P(z,y) = 1.

6. Symmetry. How the values a,(z, 100) for x < 0 and for z > 0 are related with each other? The same
for the values a;(z, 100) + ay(z, 100).

5. Probability/charge conservation. For each positive integer y we have > _,

7. Huygens’ principle. What is a fast way to find d@(x,199), if we know d(x, 100) for all integers =7

8. Using a computer, plot the graphs of the functions f,(z) = P(z,y) for various y, joining each pair of
points (z, f,(z)) and (z + 2, f,(x + 2)) by a segment; cf. Figure 3. The same for the function a;(z,y).

9.* Find an explicit formula for the vector @(z,y) and the probability P(x,y) (it is allowed to use a sum
with at most y summands in the answer).

10.** (Skipable puzzle) Guess a simple “approximate formula” for @(z,y) and P(z,y), accurate for |z| < y.

1One should think of the value y as fixed, and the squares (—y,y),(—y +2,%),...,(y,y) as all the possible outcomes of
an experiment. For instance, the y-th horizontal might be a photoplate detecting the electron.
Familiarity with probability theory is not required for solving the presented problems.
Beware that our rule for the probability computation is valid only for the basic model in question; we are going to change
the rule slightly in the upgrades. We make similar remarks each time we break some fundamental principles for simplicity.
2Thus an additional outcome of the experiment is that the electron has been absorbed and has not reached the photoplate.
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2 Spin

Question: what is the probability to find a right electron at (x,y), if a right electron was emitted from (0,0)?7
Assumptions: the same.
Results: spin reversal.

The trick in the solution of the previous problems has a physical meaning: it is convenient to consider
an electron as being in one of the two states: right-moving or left-moving. We write just ‘right’ or ‘left’
for brevity®. This is not just a convenience but reflects an inalienable electron’s property called spin®.

Denote d(x,y,+) := >, d(s), where the sum is over only those paths from (0,0) to (z,y), which both
start and finish with an upwards-right move. Define @(z,y, —) to be an analogous sum over paths which
start with an upwards-right move but finish with an upwards-left move.

The length square of the vector @(x,y,+) (respectively, d(x,y,—)) is called the probability® to find a
right (respectively, left) electron in the square (x,vy), if a right electron was emitted from the square (0,0).
Denote by P(z,y,+) := |d(z,y,+)|* and P(z,y, —) := |d(x,y, —)|* these probabilities.

11. Express d(x,y, +) and d(z, y, —) through a,(z,y) and as(x,y); P(z,y) through P(z,y,+) and P(z,y, —).

12.* Spin reversal. What is the probability P(yo, —) := > ., P(, 140, —) to find a left electron on the
line y = yo (it is allowed to use a sum with at most yy summands in the answer)? Find the maximal
element and the limit of the sequence P(1,—), P(2,—), P(3,—),....

A crash-course in calculus. For this and other problems with stars, the following formuli might be useful.
Recall that >, 2%@ =2 - 2% Clearly, as n increases, the sum becomes closer and closer to 2. We would like
to write Y o, 2% = 2; let us give a definition of such an infinite sum. A sequence a1, a9, as,... has a limit a, if
for each real € > 0 there is N such that for each integer n > N we have |a, — a| < €. Notation: a = lim,_,o0 ay.
For instance, lim, o0 (2 — 3) = 2. By definition, put Y32 ax = limy 00 Y_p—o a%. Then indeed Y22 55 = 2.
The following generalization is called Newton’s binomial theorem (allowed to use without proof):

oo
r(r—=1)---(r—k+1) 4
1 "=
(1+2) Z k(k—1)---1
k=0
for each complex = with |z| < 1 and each real r, or for x = 1 and r > —1. In particular, for » = —1 and —% we get
1 = 1 2 2k(2k — 1) (k+ 1) 2F
11—z kZ_Ox an T—=z kz_o K(k—1)---1 4k

The following Stirling formula allows to estimate the summands in Newton’s binomial theorem:
Vo kR 26k < (k= 1)1 < e kFFY2e7F,

Here e denotes limy, oo (1 4+ 1/n)™. It is an irrational number between 2.71 and 2.72.

3 Mass

Question: what is the probability to find a right electron of mass m at (z,y), if it was emitted from (0, 0)7
Assumptions: the mass and the lattice step are now arbitrary.
Results: a formula for the probability for small lattice step.

To check our model against experiment we need the following generalization.

Fix e, m > 0 called lattice step and particle mass respectively. To each path s of the checker, assign
a vector d(s,me) as follows. Start with the vector (0,1). While the checker moves straightly, the vector
is not changed, but each time when the checker changes the direction, the vector is rotated through 90°

3Beware that in 3 or more dimensions ‘right’ and ‘left’ mean something very different from the movement direction.
Although often visualized as the direction of the electron rotation, these states cannot be explained in nonquantum terms.

4And chirality; beware that the term spin usually refers to a property, not related to the movement direction at all.

>Thus an experiment outcome is a pair (final z-coordinate, last-move direction), whereas the final y-coordinate is fixed.
These are the fundamental probabilities, whereas P(z,y) should in general be defined by the formula from the solution of
Problem 11 rather than the above formula P(z,y) = |@(x,y)|? (being a coincidence).
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clockwise and multiplied by me. In addition, at the very end the vector is divided by (1 + m?2e2)(=1/2,
where y is the total number of moves. The final position of the vector is what we denote by d(s, me). The
vectors d(x,y, me, £) and the numbers P(z,y, me,+) are defined analogously to d(z,y,+) and P(x,y,+),
only d(s) is replaced by d@(s, me). For instance, P(z,y,1,+) = P(z,y,+). In Figure 1 to the bottom, the
color of a point (z,y) with even = + y depicts the value P(z,y,0.02,4+) + P(z,y,0.02, —).

13. (Puzzle) Massless and heavy particles. Find P(z,y,0,+) and define P(z,y, oo, +) for each z,y.
14. Solve analogues of Problems 4, 5, and 9 for me # 1.

In an experiment, we measure the probabilities to find the electron in intervals o < x < z¢ + Ax,
y = yo rather than at particular pomts Here Zo, Yo, Ax are not integers but actual lengths measured in
meters. If all squares have small size = x +, then the interval is approximated by the collection of black

squares (2 L”;J , 2 L 5 J) with x,y satlsfylng the above (in)equalities. This leads to the following problem.®

15.* (First main problem) Continuum limit. For each z,y, m find lim,,_,.,, nd (2 [”—;J ,2 L%J o, —) and

lim, ,oona (2 \_%J , 2 \_”2—@’] o —I—) In the answer, it is allowed to use the following expressions’

00 2/9 2%k 0 2/9 2k+1
Jo(z) = ;(_1)k((//£!))2 and Ji(z) = z%(—l)k%.

4 Source

Question: what is the probability to find a right electron at (x,y), if it was emitted by a source of wave length A7
Assumptions: the source is now realistic.
Results: wave propagation.

A realistic source does not produce electrons localized at © =0 (as [ | [,]| [ ]
in our game) but a rather wide wave impulse instead. For our game, as) = ‘
this means that the checker can start from an arbitrary black square on | |
the horizontal line y = 0 (not too far from the origin), but the initial ° 0 a(sg) = \
direction of the vector @(s) is rotated through an angle proportional to | R g (s0) /A
the distance from the starting square to the origin; see Figure 4. 7] H - ;

Formally, fix real €, A > 0 and odd A called lattice step, wave length, =,
and tmpulse width respectively. Denote by R @ the rotation of a vector @
through the angle |«|, which is counterclockwise for @ > 0 and clockwise Figure 4: Checker paths may

for a < 0. Define the vector now start at distinct squares
e,y Mz A ) = Z > Rl
zo 1-A s
T even

where the second sum is over all checker paths s from the square (zg,0) to the square (x,y), starting and
ending with an upwards-right move. The length square of the vector is the probability to find a right electron
at (z,y), emitted by a source of wave length \ and impulse width A. It is denoted by P(z,y, \/e, A, +).
Define d(z,y, \/e, A, —) and P(z,y, /e, A, —) analogously. For instance, P(z,y,\/e,1,4+) = P(x,y,+)
for each A e, and d(z + 1,1, \/e, A, +) = «/LZ (— sin 2’2\“ cos 2”5) for even |z| < A.

16. Let A = 3, A\/e = 4. Find the vector @(z,y,4,3,+) and the probability P(z,y,4,3,+) fory =1,2,3
and each . Whatis ) _,(P(x,y,4,3,+)+P(x,y,4,3,—)) for fixed y = 1,2,3? When P(z,3,4,3,+) = 07
17. Probability /charge conservation. Solve analogues of Problems 4 and 5 for d(z,y, \/e, A, —),
a(xu Y, )‘/57 A’ +)7 and P((L’, Y, >‘/€7 Au +) + P(I, Y )‘/67 Au _) instead of (Il(l', y)a CLQ(ZE, y)a and P(I, y)

18. Causality. Both VAd(z,y, A/, A, +) and AP(z,y,\/e, A, +) do not depend on A for A > y + |z|.
Denote® d(z,y, e, ) =vVAd(x,y,\e, A, +) and P(x,y,\/e,+)=AP(z,y, \/s, A, %) for any A>y+|z|.

19. Wave. How to find d(z, 100, A/e, +) for all even z, if we know it for just one even 7

20 Wave propagation. For each z,y, \, € find d(z,y, \/e,—), P(z,y,\e,—), P(x,y, \/e,—)+P(x,y, \/e,+).

6Tn the limits, the normalization factor of n is a bit harder to explain; we not discuss it.
"Called Bessel functions, which are almost as well-studied as sine and cosine; but familiarity with them is not required.
8The notation @(x,y,\/e, %) should not be confused with a@(z,y, me, £).
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5 Medium

Question: which part of light of given color reflects from a glass plate of given width?
Assumptions: right angle of incidence, no polarization of light; the mass now depends on z but not on the color.
Results: thin-film reflection

Our model can be applied also to describe propagation of light in transparent media such as glass®.
Light propagates as if it had some nonzero mass inside the media, while the mass remains zero outside '°.
The wavelength determines the color of light.

21. (Puzzle) Define an analogue of @(s,me) in the case when the mass m = m(x) depends on x so that
analogues of Problems 4 and 5 remain true.

Given a mass m = m(x), define d(z,y,m(x)e,\/e,£) and P(x,y,m(x)e, \/e,£) analogously to
a(x,y,\/e,+) and P(x,y, A/, %), only replace d(s) by d(s, me) in the definition. First we take ¢ = 1.
22. One-surface reflection. Find P(z,y,m(z),\,+) and P(z,y, m(z),\,—) for
0.2, for x=0;

m(x) =mp(z) =0 and m(z) =my(z) = {0 for = % 0.

Now fix odd L > 1 called the width of a glass plate. First assume for simplicity that light is reflected
only by the two surfaces of the plate and thus take!!

—0.2, for z =1;
me(z)=4 +0.2, for x = L;
0, otherwise.

The reflection/transmission probabilities'? of light of wavelength X\ by glass plate of width L are respectively
P\, L,—) = lim P(0,y,ma(z), A, —);
Y even

P\, L,+) = yErJPoo P(L+1,y,ma(x), A\, +).
y even

23. Plot the graph of the function f(L) = P(0,2L, my(x), 16, —).

24.* (Second main problem) Two-surface reflection. Find P(\, L,—), P(\, L, +), P(\, L, —)+P(\, L, +),
and max; P(\, L, —).

In fact the light is reflected inside the plate; this should be taken into account for a more accurate
computation of the reflection probability (there is no hope for an exact solution for complicated matter such
as glass). For this purpose we need to modify the model essentially. Take arbitrary ¢ > 0. Fix m > 0 and
let ms(z) = m for 0 < z < L/e and ms(x) = 0 otherwise. Now for each move starting in a square inside
the glass, our vector is additionally rotated through the angle arctan me clockwise (independently on if the
checker does or does not turn in the square) 3. In other words, set @y (s, m(z)e) = R™Farctanmeg (s m(z)e),
where k is the number of moves starting in the strip 0 < < L/e in the path s. Define Py, (z,y, m(z)e, ?, -)
analogously to P(z,y,m(z)e, 2, =), only replace @(s,m(z)e) by @m(s, m(x)e) in the definition.

25.** Thin-film reflection. Find lim lim P, (0,y,ms(x)e,2,—). For which m maximum of the expres-
e—0+ y—+o0 &

Yy even
sion over L equals maxy P(\, L, —)? (Use existence of lirf R%ye/’\cf(x,y,mg,(x)e,%,—) without proof.)
y——+oo
y+x even

9Beware: in general Feynman checkerboard is inappropriate to describe light; partial reflection is a remarkable exception.

10The mass is proportional to (n — 1)/2/n, where n is the refractive index; for glass n ~ 1.5 and (n — 1)/2/n ~ 0.2.

1 This simplifying assumption requires negative mass for the left surface; the origin of that becomes clear after solving 25.

121t is more conceptual to define P(X, L, —) = lim._,0 ima 400 limy—s 100 >cp P2, y, ms(2)e, 2, A, —) but we do not.
13This additional rotation is explained as follows. The light can be scattered in each square inside the glass several times.

Each individual scattering gives a factor of —ime to our vector (viewed as a complex number) and may or may not change

the movement direction. Assume that me < 1. Thus a move without changing the direction contributes a factor of

1

1 (no scattering) — ime (1 scattering) + (—ime)? (2 scatterings) 4 --- = ————.
1+ime

Without a scattering, the checker moves straightly. Thus a turn in a particular square inside the glass contributes a factor
—ime
3 (3 scatterings) + - -- = =
1+ime

—ime (1 scattering) + (—ime)? (2 scatterings) + (—ime)

These are the same factors as in the model from §3 but additionally rotated through the angle arctanme clockwise.
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6 External field

Question: what is the probability to find a right electron at (x,y), if it moves in a given magnetic field u?
Assumptions: the magnetic field vanishes outside the zy-plane, it is not affected by the electron.
Results: deflection of electron and spin ‘precession’ in a magnetic field, charge conservation.

An external magnetic field changes the motion as follows .

A common point of 4 squares of the checkerboard is called a ver- 3 s N (s0, u)
tex. A magnetic field' is a fixed assignment u of numbers +1 and 2| {| |> |
—1 to all the vertices. For instance, in Figure 5, the magnetic field 1 a(1,3) (s, u)
is —1 at the top-right vertex of each square (z,y) with both x and 0 0 i
y even. Modify the definition of the vector @(s) by reversing the di- S

rection each time when the checker passes through a vertex with the

magnetic field —1. Denote by d(s,u) the resulting vector. Formally, Figure 5: Paths in a field

put d(s,u) = da(s)u(Cr)u(Cy)...u(Cy), where Cy,Cy,...,C, are all

the vertices passed by s. Define d(x,y,u,+) and P(z,y,u,+) analogously to d(z,y,+) and P(x,y,+) re-
placing d(s) by d(s,u) in the definition. For instance, if u(C) = +1 identically, then P(z,y,u) = P(z,y).
26. Homogeneous field. Let u(C) = —1, if C is the top-right vertex of a square (x,y) with both x
and y even, and u(C) = +1 otherwise. Find the vector d@(z,y,u,+) and the probability P(z,y,u,+) for
y =1,2,3,4 and each integer x. What is >, (P(z,y,u,+) + P(z,y,u, —)) for fixed y = 1,2,3, or 47
27. Spin ‘precession’ in a magnetic field. Plot the graph of the function f(y) = > ., P(x,y,u,+)
for the field v from the previous problem using a computer.

For a given magnetic field u, a white square is negative, if u equals —1 at 1 or 3 vertices of the square.

28. Gauge transformations. Changing the signs of the values of u at the 4 vertices of one black square
simultaneously does not change P(x,y,u,+).

29. Curvature. One can make u to be identically +1 in a rectangle formed by checkerboard squares using
the transformations from Problem 28, if and only if there are no negative white squares in the rectangle.

30. Homology. The magnetic field v equals +1 on the boundary of a rectangle m x n formed by
checkerboard squares. Which can be the number of negative white squares in the rectangle?

31. Probability /charge conservation. Solve analogues of Problems 4, 5 for u not being identically +1.

7 Identical particles and antiparticles

Question: what is the probability to find electrons (or electron+positron) at F and F”, emitted from A and A"?
Assumptions: the same as in the basic model; y-coordinate is interpreted as time.
Results: exclusion principle.

The motion of several electrons is described by a similar model as follows.

To each pair of paths s, s" of the checker, consisting of y moves each, assign a vector a(s, s’) as follows.
Start with the vector (0,1). Move the checker consecutively along both paths, and rotate the vector
according to the same rule as in §1: each time when the checker changes the direction, the vector is
rotated through 90° clockwise. (Thus the vector is rotated totally ¢(s) + ¢(s') times, where #(S) is the
number of turns in a path S.) In addition, at the very end the vector is divided by 2¥~1. The final position
of the vector is denoted by d@(s, s’). For instance, in Figure 2 we have d(s, sg) = (—1/4,0).

Fix squares A = (0,0), A’ = (20,0), F = (x,y), I’ = («/,y) and their diagonal neighbors B = (1,1),
B =(zg+1,1), E=(x—1,y—1), ' = (2/ — 1,y — 1), where z # 0. Denote'®

i(AB,A'B' — EF E'F') := 5 a(s,s") — 5 a(s, s,
s:AB—EF s:AB—E'F’
s":A'B'SEF s A'B'SEF

14Beware that this method of adding the magnetic field, although well-known, is very different from the one from [Feynman].

50r electromagnetic vector-potential, to be precise. The field is interpreted as magnetic or electric depending on if the
y-coordinate is interpreted as position or time.

16Here it is essential that s and s’ are paths of particles of the same sort, e.g., two electrons. Otherwise the 2nd sum is
omitted. The sign before the 2nd sum is changed to plus for some other sorts of particles, e.g., photons (particles of light).
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where the first sum is over all pairs consisting of a checker path s starting with the move AB and ending
with the move E'F, and a path s’ starting with the move A’B’ and ending with the move E’F’, whereas
in the second sum the final moves are interchanged.

The length square P(AB,A'B' — EF,E'F') = |d(AB,A'B' — EF, E'F")|* is called the probability'’
to find right electrons at F and F', if they are emitted from A and A’. In particular, P(AB, A'B’ —
EF,EF) =0, i.e., two right electrons cannot be found at the same point; this is called ezclusion principle.

32. Independence. For xy > 2y and =’ > x express P(AB, A'B’ — EF, E'F’) through P(z,y,+) and
P(a" — zo,y,+).

33. Exclusion principle (for intermediate states). Prove that @(AB,A’'B’ — EF,E'F’) is not
changed, if the sums in the definition are over only those pairs of paths s, 8" which have no common moves.

Define P(AB,A’B" — EF, E'F’) analogously also for E = (x + 1,y — 1), E' = (2’ £ 1,y — 1).

34. Probability /charge conservation. We have ), pp P(AB, A'B" — EF,E'F') = 1, where the
sum is over all quadruples F' = (z,y), F' = (/,y), E=(x+1,y—1), F' = (¢/ 1,y — 1) with fixed y > 1.

An electron has an antiparticle called positron. One can think of an antiparticle as a particle moving
backwards in time. The motion is described by a similar model as follows.

Add one more checker to the checkerboard, which now moves either downwards-right or downwards-left
to the diagonal neighbors. The added checker is called black, while the one studied before is called white.

For each pair of paths s, s” of the white and black checker respectively, define a vector @(s, s’) analogously
to the above, only for each turn of the black checker rotate the vector counterclockwise rather than clockwise
(independently of the direction the checker turns). For instance, d(s,s’) = (0,2'7Y), if s and s’ is the same
path with opposite directions. Denote!® by

i(AB,B'A' - EF F'E') := Y (s, s)

the sum is over all the pairs of a white-checker path s starting with the move AB and ending with the
move EF, and a black-checker path s starting with the move F'E’ and ending with the move B’A’. The
length square P(AB, B'A’ — EF,F'E') = |d(AB, B'A' — EF,F'E")| is called the probability to find an
electron at F' and a positron at F', if they are emitted from A and A’.

35. Independence. Solve analogue of Problem 32 for P(AB, B’A’ — EF, F'FE’).

8 Interaction®**

Question: the same as in the basic model but the y-coordinate is now interpreted as time.
Assumptions: the electron now generates a magnetic field affecting the motion; encircling by waveproof walls.
Results: interaction with the walls changes the motion of an electron.

We have reached an unexplored area: a physically correct rigorous definition of the next upgrade is
not yet known. In this section we give a WRONG definition leading to paradoxical results:

e the upgrades measures the interaction of the electron with the walls rather than self-interaction;
e the interaction (with the walls) propagates at infinite speed rather than the speed of light.

But we hope that the introduced ideas still might be of interest.

The moving electron itself generates an magnetic field, which in turn affects the motion. The generated
field is random, with the probability resulting from summation over all possible intermediate fields.

Fix g > 0 called the interaction constant'® (it is related to the electron charge). Fix a black square
(x,y) called the final position. Fix the rectangle R formed by all the squares (z/,y') such that 1—y < 2’ <y

70ne should think of the value y as fixed, and the quadruples (F, F', E, E') as the possible outcomes of an experiment.

18This definition makes sense only for zy > 2y; otherwise annihilation of particles cannot be ignored, and the model
becomes inappropruate.

19Tf the lattice step € is not fixed, then ¢ might depend on it. This is called renormalization; we do not discuss it.
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and 0 <y’ < y. This waveproof box R encircles any possible checker path s from (0,0) to (z,y) excluding
the first and the last move; it is required to make the sum over all intermediate fields below finite.

Take any such path s and any assignment v of the numbers +1 to all the vertices in the rectangle R.
Let n be the number of negative white squares in R for u (they play the role of turnings of the checker).
Denote by

n

a(s,u,g) = 7
» Q(y—2)2(1 + 92)(14—1)2/2

—

R™™/2G (s, u)

the vector? (s, u), rotated clockwise through n-90°, multiplied by ¢" and divided by 22" (14 ¢2)=1%/2,
Let ug, be any assignment of the numbers 41 to all the vertices on the top side of R such that ug,
equals +1 at the endpoints of the side. It is called the final magnetic field. Denote by

a(xayauﬁnaga +) = Za(s7u7g)

S,U

the sum over all the paths s from (0,0) to (z,y) starting and ending with an upwards-right move and over
all the assignments u of the numbers +1 to all the vertices in the rectangle R such that

_ Jugn on the top side of R;
" ] +1 on all the other sides of R.

The length square P(z,y, usn,g,+) = |d(z,y, ugn, g, +)|* is the probability that the final magnetic field
equals ug, and a right electron is found at (x,y). Define P(x,y, ug,, g, —) analogously.

36. Find the probabilities P(x,y, ugn, 1,+) and P(z,y, ug,, 1, —) for g=1, y=2, 3 and all possible x and ug,.

The sum?!
P(z,y,9,+) = > P(z,y,usn, g, +)
Ufin
over all assignments ug, of the numbers 41 to the vertices on the top side of R is the probability to find a
right electron at (x,y). Define P(z,y, g, —) analogously. For instance, P(z,y,0,4) = P(z,y,+) (why?).

37.* For a path s from (0,0) to (z,y), consider the sum ) (s, u,g) over all assignments u of £1 to all
the vertices in the rectangle R such that v = +1 on the boundary of R. Express the sum through a(s)
and the number of white squares in each of the two parts, into which R is divided by the path s.

38.* Let uy be equal to £1 respectively at the top-right corner of the square (2 —y,y — 1), and equal to
+1 at all the other vertices on the top side of R. Solve analogues of Problems 4 and 5 for d(z,y,u, g, %)
and P(z,y,9,+) + P(x,y, g, —) instead of a;(z,v), as(z,y), and P(z,y).

9 Creation and annihilation™***

Question: the same as in the model with identical particles and antiparticles.
Assumptions: electron-positron pairs now created and annihilated, no interaction, encircling by reflecting walls.
Results: no; this is only an ingredient for more realistic models with interaction.

Finally we have reached an unexplored area: we state an almost 40-years-old open problem.
Start with mentioning what is not done in this section:

e we do not give a definition of the new upgrade (it is unknown so far);
e the upgrade (even if defined) would not explain any new experimental results.
But

e we do give a precise statement of the problem: which exactly properties of the upgrade are requested;

20Tt is well-defined because the path s is contained in R except the first and the last move. We set g" =1 for g = n = 0.
21Here we sum probabilities rather than vectors. The notation P(z,y, g, +) should not be confused with P(z,y, me,+).
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e the upgrade is an important ingredient of further ones fantastically agreeing with experiment.

Informally, our plan is as follows. Checker paths turning downwards or upwards or forming cycles mean
creation and annihilation of electron-positron pairs. Even if we start with just one electron, we might end
up with many electrons and positrons. To each possible configuration of the resulting particles, we want
to assign a complex number so that its length square is the probability of the configuration in a sense. The
number itself is the sum over all possible transitions from the initial configuration to the final one, that is,
all possible paths configurations joining them. To make the sum finite, we put reflecting walls around.

Fix a rectangle R formed by all the squares (z,y) such that z,;, < © < Zpax and 0 < y < ypax (the
lines & = xyy, and z = x,y, are called reflecting walls). Fix m,e > 0 called mass and lattice step.

An initial configuration is any assignment?? of one of the signs “+” or “~” to some vertices inside R
lying between the lines y = 0 and y = 1. Physically the signs mean the initial positions of positrons and
electrons respectively (and points without a sign are vacant). For our game, this means that the checkers
pass the vertices with the “—" sign upwards-left or -right, and the vertices with the “+” sign — downwards-
left or -right (and do not pass through vertices without a sign). Analogously, a final configuration is an
assignment to vertices between the lines y = yax and y = Ymax — 1. An intermediate configuration is any
assignment of one of the signs “+” or “—” to some vertices inside R such that the difference between the
number of “4” and “—" signs on the 2 top vertices of each black square in the strip 1 <y < yna.x — 1 equals
the difference on the 2 bottom vertices. For our game, this means that the checkers start and finish motion
in the lines y = 0 or ¥ = ymax only. In other words, the signs at the vertices of each black square are in
one of the 19 positions?® shown in Figure 6 to the left. These 19 positions are called basic configurations.

R
I R I
O O O O O

+ - o+ - -+ - 4
L r
Figure 6: Basic configurations

Suppose that one has assigned a complex number (depending on me) to each of the 19 basic configu-
rations. A “right” choice of the numbers is unknown; think of them as fixed parameters of our model.

Then take any intermediate configuration. In each black square inside R not having common points
with the boundary, write the complex number assigned to the basic configuration in the black square.
Assign the product of all the written numbers to the intermediate configuration.

Now to any pair of initial and final configurations, sum the complex numbers assigned to all possible
intermediate configurations between them. Assign the resulting complex number to the pair.

39. (Puzzle) Restrict to configurations without “+” signs. Let A, A", B, B', E, E’, F, I’ be the black squares
defined in §7. Take any z,;, < —y and 2. > 9+ y. Fix the initial and final configurations with exactly
two “—" signs, located at the top-right vertices of the squares A, A’, and F, E’ respectively. Assign complex
numbers to the 6 basic configurations without “+” signs so that the sum of the numbers assigned to all
intermediate configurations without “+” signs equals to the vector @(AB, A'B’ — EF, E'F’) from §7.

A case of particular interest is when the initial configuration consists of just one “ —" sign at the top-
right vertex of the square (0,0) and the final configuration consists of just one “—" sign at the bottom-right

22The assignment has nothing to do with the magnetic field from §6.
23We consider positions of signs, but not possible checker paths in a particular black square like in Figure 6 to the right.



or bottom-left vertex of a black square (,ymax). The complex numbers assigned to the pairs in question
are denoted by @(, Ymax, ME, Tmin, Tmax, —) and @(Z, Ymax, ME, Tmin, Tmax, +) respectively.

The desired continuum limit of these complex numbers involves the following modified Bessel functions
and Hankel functions:

[e'e) —xt [e’¢) ixt
. (& (1) . 2 / (&
Ky(z) = —dt Hy (z) = — ——dt
@)= [ = Po-= [ A=
Ki(z) = x/ e V2 — 1dt Hfl)(w) = —g/ eINt2 — 1dt
1 1

40."* Continuum limit. Assign complex numbers to the 19 basic configurations so that for each |y| < |z|

llm hm nc_i (2 LyJ 72 L%J 5 T, —ZTmaxs Tmax; _> - mKO(m 1'2 - 92);

N—00 Tmax—>00 2 2 n

lim  lim na(2 L@J 2{@J o —xmax,a:max,Jr) — _im—Y K (/2 = ):

N—00 Tmax—00 2 2 n V2 — 2

and for each |y| > |z| we have

lim lim nad (2 LEJ ,2 L%J , E, — Tmasx, Tmaxs —> — im H((]l)(m\/y2 — z2);
N—+00 Tmax—>00 2 2 n 2
it 0 (2] | 2| 5] e b) =5 B,
max y:—x

Let us discuss the physical meaning of the upgrade. For y > |z| the right-hand sides of the latter
two equations are very close to the right-hand sides of the answer to Problem 10. Thus one may wish to
interpret the upgrade as a more accurate approximation for the probability to find the electron in a square
(x,y). But this faces serious objections.

First, it is in principle impossible to measure the coordinates of an electron exactly 2*. Such a priori
uncertainty has the same order of magnitude as the correction introduced by the upgrade. Thus the
upgrade does not actually add anything to description of the electron motion.

Second, for fixed initial configuration, the squares of the absolute values of the numbers assigned to
all the possible final configurations do not sum up to 1 (even in the continuum limit). The reason is that
distinct configurations are not mutually exclusive: for a field in a given configuration, there is a positive
probability to find it in a different configuration. We do not know any clear explanation of that.

To summarize, the upgrade lacks a direct physical interpretation, and should be considered as an
ingredient for further upgrades.

10 (1 + 1)-dimensional quantum electrodynamics™***

Question: what is the probability to find electrons (or electron-+positron) with momenta ¢ and ¢” in the far future,
if they were emitted with momenta p and p’ in the far past?

Assumptions: interaction now switched on; all simplifying assumptions removed except the default ones:

no nuclear forces, no gravitation, electron moves only along the z-axis (and y-coordinate is interpreted as time).
Results: quantum corrections.

Unifying the (so far unknown) upgrades discussed in the previous two sections would give an elementary
definition of (1 4 1)-dimensional QED.

Future research

An algorithmic quantum field theory is a one which for each experimentally observable quantity and a
positive number ¢ provides a precise statement of an algorithm giving the predicted value of the quantity
within accuracy e. (Surely, the predicted value does not have to agree with the experiment for € less than
accuracy of theory itself.) This is an extension of constructive quantum field theory, the latter currently
being far away from algorithmic one.

24This should not be confused with uncertainty principle, which does not allow simultaneous measurement of the coordi-
nates and momentuim.
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Epilogue (underwater rocks)

We hope that at least some of our readers have become interested in elementary particles and want to
learn more about them. As an epilogue, let us give a few warnings to such readers.

In popular science, theory of elementary particles is usually oversimplified. This sequence of problems
is not an exception. The toy models introduced here are very rough and should be considered with a
grain of salt. Simplicity is their only advantage; if taken too seriously, the models could even give a wrong
physical intuition. Real understanding of particles theory requires excellent knowledge of both physics and
mathematics.

We should also remark that nowadays there are almost no mathematical results in lattice quantum
field theory; what we have is usually just a numeric simulation. Finally, there are “theories of New
Physics” which are developed without any objective truth criterion: such theories are supported by neither
experimental nor mathematical proofs (and some of them have experimental disproofs).

11



Hints, solutions, answers

For any vector @ € R? denote by ay, as the coordinates of @. E.g., @(z,y, me, —) = (a1(x,y, me, —), az(x,y, me, —)).
Sometimes the vector @ is considered as a complex number a; + ias (although complex numbers are not required
for the solution of most problems). In what follows assume that x and y have the same parity unless the opposite
is indicated.

1. Answer. In the table, the vector in the cell (z,y) is d(z,y), and an empty cell (z,y) means that d(z,y) = (0,0).

t | (m9) (0.-55) (52 —4) (0.33)
3 (3.0) (3.—3) 0. 3)
! (52:9) (0.35)
1 (0,1)
Y —2 —1 0 1 2 3 4

In the following table, the number in the cell (z,y) is P(z,y), and an empty cell (z,y) means that P(z,y) = 0.

4 1/8 1/8 5/8 1/8
3 1/4 1/2 1/4
2 1/2 1/2
1 1
Y% —2 ~1 0 1 2 3 4

(The vectors d(x,y) can be easily computed consecutively using Problem 4.) See also the following figure.

A
i 1
4 ' | 2V2
p=1/8 p=1/8 p=5/8 p=1/8
A
3 ™ K 3
p=1/4 p=1/2 p=1/4
)
2 ™ | %
p=1/2 p=1/2
\
1 1
p=1
0 ()
-2 -1 0 1 2 3 4

For any positive y we have Y P(x,y) = 1. (This is Problem 5.)
TEZL
For —4 < —y < & < y < 4 the probability P(x,y) equals 0 if and only if one of the numbers x,y is odd and the

other one is even. For any x > y and = < —y + 1 we have P(z,y) = 0. (In general it is not known, if P(x,y) =0
can vanish for x and y of the same parity satisfying —y < = < y.)
For each odd y we have d(0,y) = 0. For each nonnegative integer n we have

the vector @(0,8n + 2) is directed to the right,
the vector @(0,8n + 4) is directed downwards,
the vector @(0,8n + 6) is directed to the left,
the vector d@(0,8n + 8) is directed upwards.

Analogously, for each even y we have d@(1,y) = 0. For each nonnegative integer n we have

the vector d@(1,8n + 3) is directed downwards-right,
the vector @(1,8n + 5) is directed downwards-left,
the vector @(1,8n + 7) is directed upwards-left,

the vector @(1,8n +9) is directed upwards-right.

(See the remark after the answer to Problem 9.)
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Remark. Tn the table, 2("*=2)/2g(k —n 41, n+k — 1) stands at the intersection of k-th column and n-th row:

0,1 (1 Oy (01 ©1 (01 (0,1) (0,1)
(170) (17_1) (17_2) (17_3) (1a_4) (17_5) (L_G) (17_7)
(1,0) (0,—-1) (=1,-1) (=2,0) (=3,2)  (—4,5) (=5,9)  (—6,14)
(170) (_L_l) (_an) (_272) (_174) (1a5) (474) (&0)
(1,0) (=2,-1) (=2,1) (0,3) (3,3 (6,0) (8,—6)  (8,—14)
(LO) (=3.-1) (-L2) (33) (6.0) (6,6  (2-12) (—6,~14)
(1,0) (-4,-1) (1,3)  (6,2) (6,—4) (0,-10) (—10,—10) (—20,0)
(1,0) (=5,—1) (4,4)  (8,0) (2,—-8) (=10,—10) (=20,0)  (—20,20)

2. Answer: no for both questions. For example, P(2,4) = 5/8 # 1/8+1/4 = P(2,4 bypass 2,2)+P(2,4 bypass 0, 2)
and P(0,4) =1/8 < 1/4 = P(0,4 bypass 2,2).

3. Answer: P(0,12) = 25/512. Hinl: the answer is obtained immediately by means of Remark after the answer
to Problem 9 or it can be quickly computed recursively by means of the answer to Problem 4.

a1($3y> :%CLQ(‘T_F]-??J_1)+%al(x+1ay_1)a

a2(£7y) :%GQ('%_LZ/_I)_%al(x_lvy_l)'

Solution. Let us derive the formula for as(z,y); the derivation for a;(x,y) is analogous. Consider any
path s from (0,0) to (x,y). Denote by t(s) the number of turnings in s. Denote @(s) = (a1(s),a2(s)). Notice
that the component as(s) # 0 if and only if ¢(s) is even and ai(s) # 0 if and only if ¢(s) is odd. Therefore,
az(z,y) = > ax(s)and ar(z,y) = >0 ai(s)

s:t(s) even s:t(s) odd

The last move in the path s is made either from (z — 1,y) or from (x 4 1,y). It is obvious that if #(s) is even,
then the last move is directed upwards-right, else it is directed upwards-left. Since we are interested in as(z,y),
assume that last move is directed upwards-right.

Denote by s’ the path s without the last move. If the directions of the last moves in s and s’ coincide, then

a(s) = %EL’(S’), otherwise d(s) = %(ag(s’), —a1(s")). Therefore,

4. Answer: {

1 , , 1
as(z,y) = Z ag(s):ﬁ Z as(s’) — Z ai(s') :ﬁ(ag(x—l,y—l)—al(x—l,y—l)).

s:t(s) even s':t(s’) even s'it(s’) odd

5. Let us prove by induction over y that »  P(z,y) = 1 for all y > 1: Obviously, >  P(z,1) = 1. The step of
€L TE€EZL
induction follows immediately from the following computation:

S Play+1)=> [ae,y+1)* +az(z,y+ 1% =D arlz,y+1)°+ > ag(e,y+1)°

TEZL TEZL TEZL TEZL
1 1
=5 Z(al(x + 1,y) 4+ as(z +1,9))* + 5 Z(ag(a: —1Ly) —a(z—1,9)* =
€L €L
1 2 1 2
=5 > (a1(z,y) + as(x,))* + 52(@(%1/) —ay(x,9))? = [ar(2,9)* + az(w,9)*] =Y P(x,y).
TEL TEZL TEL TEL

A generalization of conservation law by Gleb Minaev and Ivan Russkikh, participants of Summer conference of
Tournament of towns. Perform the change coordinates (z,y) — (t,u) = (x;y , 57), i.e., rotate the coordinate
system through 45 degrees clockwise and shift it by the vector (—1,0).

Denote b(t,u) = @(t — u+ 1, t +u+1), Q(t,u) := P(t —u+1,t+u+1), B(t,u) := (1 +m?e?) /2 b(t, u).
The coordinates of the vectors b(t u) and B(t,u) denote by by (¢, u) ba(t,u), By(t,u), Ba(t,u).

Remark. In the new coordinate system, a checker moves between neighbouring points of the integer lattice
rather than along the diagonals between black squares. Also we suppose that we start at (0,0) and move to any
point of (NU {0})2, and the additional “pre-move” from (—1,0) to (0,0) is taken into account only to compute the
number of turns.

For a subset M C (N U {0})? denote b(t,u bypass M) := Do b(s), where we sum is over all paths s from
(0,0) to (t,u), which bypass the points of the set M. Analogously, define Q(¢,u bypass M), g(t,u bypass M, +),
Q(t,u bypass M, +). Also for a set M denote

= > Q(p bypass M\ {p}).

peM
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Remark. Note that for an infinite set M the sum becomes infinite as well. The order of a summation is
irrelevant because all the summands are positive.

Theorem 1. For each finite set M C (N U {0})? such that there are no infinite paths from (0;0) bypassing the
points of M we have Q(M) = 1.

Proof. Prove the theorem by induction over m := max; ,)enr (t+u), i.e., the maximal number of a downwards-right
diagonal containing at least one point of the set M. The diagonal is called mazimal.

Base: m = 0. In this case M = (0,0) and Q(M) = Q(0,0) = 1.

Step. Let us prove a lemma.

Lemma 1. If a set A C (NN{0})?, which does not contain the points (t,u), (t,u+1),(t+1,u) € (NN{0})? , then
Q(t,u bypass A) = Q(t,u+ 1 bypass A,—) + Q(t + 1,u bypass A,+).
Proof. This is straightforward:
Q(t,u+ 1 bypass A, —) + Q(t + 1,u bypass A, +) = by (t,u + 1 bypass A)? + by(t + 1, u bypass A)? =
(b1(t,u bypass A) + ba(t, u bypass A))? + (ba(t,u bypass A) — by (t, u bypass A))? _
= by (t,u bypass A)? + by(t, u k2)ypass A)? = Q(t,u bypass A). O

Suppose that the point (f,u) € M is such that ¢ + u is maximal. Suppose that there is a checker path starting
at the point (0,0) and ending at (t,u) with the last move, say, in the upwards direction bypassing all the points
of the set M \ {(¢,u)}. Then there exists a path to the point (¢{,u — 1), bypassing all the points of the set
M\ {(t,u — 1)}. Notice that in this case (t,u — 1) ¢ M, because the move to (¢;u) is in the upwards direction.
Hence there exists a path to the point (¢ 4+ 1,u — 1), bypassing all the points of the set M \ {(t + 1,u — 1)}. If
(t+1,u— 1) ¢ M then there exists a path going to infinity passing through (¢ + 1,u — 1) and bypassing all the
points of the set M. For example, the path turning right at the point (¢,u) and only going right from there passes
through (¢,u) and bypasses all the points in M because the diagonal is maximal. Therefore (¢t + 1,u — 1) € M.
Notice that Q(a,b bypass A) = Q(a,b bypass A, +) + Q(a, b bypass A, —) for any set A C (NN {0})2. Denote
K := M\{(t,u); (t+1,u—1)}. Then we have the following chain of equalities (where we use 1 for the set A = K):

QM) =Q(K)+ Q(t,u bypass M\ {(t,u)}) + Q(t+ 1,u— 1 bypass M\ {(t+ 1,u—1)}) =
= Q(K) + Q(t,u bypass M \ {(t,u)},+) + Q(t,u bypass M \ {(t,u)}, —)+
+Q(t+1,u—1bypass M\ {(t+1,u—1)},+)+Q(t+1,u—1bypass M\ {(t+1,u—-1)},—) =
= Q(K) + Q(t,u bypass M \ {(t,u)},+)+
+ Q(t,u—1 bypass M\ {(t,u—1})+Q(t+1,u—1bypass M\ {(t+1,u—1)},—) =Q(MU{(t,u—1)}).

Thus if the point (t,u — 1) is added to the set M then the probability Q(M) is not changed.

This way we put new points onto the diagonal ¢ +u = m — 1, therefore, the maximal diagonal is not changed.
Thus if we add a few points to the set M, then the paths bypassing other points of the set M bypass the points of
M in the maximal diagonal as well. Therefore, if we remove all the points from the maximal diagonal, then Q(M)
is not changed and no infinite path bypassing the points of the set M appears. This way we change M keeping
Q(M) fixed but decreasing the number of a maximal diagonal. By the inductive hypothesis the new Q(M) equals
1, hence the old one also equals 1. O

6. Answer. For each z we have ai(x,y) = a1(—z,y) and az(z,y) + a1(x,y) = a2(2 — z,y) + a1(2 — z,y).

Solution. For each path s denote by f(s) the reflection of s with respect to the y axis. Then if s is a path to
(x,y), then f(s) is a path to (—z,y).

For each path s denote by g(s) the path consisting of the same moves as s, but in the opposite order. Notice
that reordering of moves does not affect the endpoint.

Now consider a path s to (z,y) such that ¢(s) is odd. Then the last move in s is upwards-left. Therefore,
the last move in f(s) is upwards-right, hence the first move in g(f(s)) is upwards-right. Thus f o g is a bijection
between paths to (x,y) with odd number of tunings beginning with an upwards-right move and paths to (—z,y)
with odd number of tunings beginning with an upwards-right move.

To prove the second equation use the result of Problem 4:

ar(z,y) +ax(z,y) =vV2-ai(z —Ly+1) =vV2-a1(1 —z,y+1) = a1(2 — 2,y) + a2(2 — z,y).
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Remark. These identities can also be proved simultaneously by induction over y using Problem 4. Also
Problem 9 implies another identity (y — x) az(x,y) = (y + = — 2) a2(2 — z,y).
7. Answer: for each 0 < 3y < y we have

ar(z,y) = |aa(@,y)ar(@ — 2"+ Ly —y + 1) + ar(a/,y)az(a’ =z + Ly -y +1)],

x/

ag(w,y) =Y as(a',y)as(w =2’ + L,y =/ + 1) —ar (2, ¢ )ar (@ —w + 1,y — o/ + 1)] .

.,1;/

The required expression for d(z,199) is obtained by taking y = 199 and 3’ = 100.

Solution. Fix any positive integer y' < y. Consider a path s from (0,0) to (x,y). Denote by (2/,4') the square
at which s intersects the line y = y’. Denote by s; the part of s that joins (0,0) with (2/,4') and by sy the part
starting at the intersection square of s with the line y = ' — 1 and ending at (x,y). Translate the path sy so that
it starts at (0,0).

(xy) (xy)
§32 ¢ §32
§ 51 2
(0,0) (0,0)

Denote d(s) = (a1(s), az2(s)). Then

/

(s) {a1(51)(12(82) if the move to (z,4') is upwards-left,
ai\s) =

as(s1)ai(sz) if the move to (2/,y') is upwards-right,

/

( {—a1(81)a1(32), if the move to (2,4') is upwards-left,
a9 =

az(s1)az(s2),  if the move to (2/,y’) is upwards-right.

Therefore,

ai(x,y) = Zch(s) = Z Z ai(s) = Z Z as(s1)aq(s2) + Z ai(si)az(s2)| =

2z’ s through (2/,y") z’ | s through (z’)y’), s through(z’,y"),
move to (z’,y") move to (z’,y")
L is upwards-right is upwards-left J

= Z lao(z/,y)ar(z — 2"+ Ly — oy + 1) + a1 (2, v )az(a’ — 2+ 1,y — ¢/ +1)] .

x/

The formula for as(x,y) is proven analogously.

Remark. Formulae illustrating the Huygens principle have the form of a convolution. In combinatorics the
convolution of two given sequences {a} and {b;} (k,I > 0) is the sequence {c¢,} (n > 0), defined by the equality
Cn = Y _jii—n @kb;. A convolution of two sequences corresponds to the product of their generating functions: if

Ay =D aptt,  B)=> bt',  C(t)=) cat"
k=0 =0 n=0

then C(t) = A(t)B(t). Therefore, choosing the generating functions in a right way, we can write down the Huygens
principle in a more compact form.
Define two series of Laurent polynomials (i.e., polynomials in variables ¢ and ¢~1):

n n

Po=Pyt)= >  a(mn)t™,  Qu=Qut)= Y a(m,n)t™

m=—n-+2 m=—n-+2
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These polynomials can be considered as generating fuctions of the sequences aj2(m,n) with fixed n. From the
answer to the Problems 6 and 7 we have

ag(w,y) =Y [as(a’,y)as(x =2’ + Ly —y/ + 1) — a1 (2, ¢y )ar (¢ =2+ Ly —y/ + 1)] =

CL'/

= aa(@,y)az(x —2' + Ly —y + 1) — a1 (2, )ar(w — 2’ — Ly — ¢/ +1)] .

.’,UI

This formula is equivalent to the following addition theorem for Q—polynomials:

1
Qn+m = ZQan—H - tPan—i-l-

Also from the Problems 6 and 7 we have

ar(z,y) =Y [as(@’,y)ar(w =2’ + Ly —y + 1) + a1 (2, ¢ )as(a' —z + Ly —y/ +1)] =

CEI

= Z[ag(:c',y’)al(x -2+ 1Ly—y +1)+

wl

+a1(@,y)(ax(z—a2"+Ly—y + D) +a(z—2"+Ly—y +1) —a(z—2' - 1L,y —y +1))].

This formula respectively is equivalent to the following addition theorem for P—polynomials:

1 1
Pn—|—m = Z (Qan—i—l + Pan—l—l) + (Z - t) Pan+1-
In particular substitution of m = 1 gives Dirac’s equation written in terms of P— and —polynomials:

Posi = (QuPr+ Py (jQ2 + P2 — tPy) = 715(Qn + o),
Qni1 = 1QnQ2 —tP, Py = \%(Qn - Py).

It follows immediately that

Sl

t\/QPnJrl_Qn :PTL:Qn_\/TiQnJrIZ> Pn+1 :an—Q*?F N Pn+1 = (t+%)Pn_Pn—1
t\/ﬁpn—l-l - Pn = Qn = Pn + @Qn—l—l Qn—l—l = tQPn—I—l - t\/ﬁpn Qn—i—l = 12 (t + %)Qn - Qn—l-

The latter formulae give us yet another recursive definitions for P, and Q.

Sl

8. Answer: the graphs of P(x,1000), ai(x,1000), and ag(x,1000) respectively as functions in x:

0.0030

0.0025 0.08
0.05
0.0020
0.0015
-1000 1000 -1000
0.0010
-0.05
) -0.06

-1000 -500 500 1000

In the above graph of P(z,1000), large values are cut out, to make the oscillations more visible. Compare with
the following graphs of P(z,1000) and P(z,y) without cutting (kindly provided by A. Daniyarkhodzhaev and
F. Kuyanov, participants of the Summer School in Contemporary Mathematics in Dubna, 2019):

77777
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9. Answer 1: for each y > |z| we have

. y—lz|-2
— y—z—2+2wsign(z) (|
ar(e,y) =200/ N (qytEEE <|w|> <H2_2w>

—z—2
w=o¥=2=< 4

2

. —|z[-2
_ y—z+2w-sign(x) ’x‘ yzizi=e
a(z,y) = 20792 E (=1) * <w> (yx22w>3
4

w=2 y;m
for each y = > 0 we have
ai(y,y) =0,
as(y,y) = 207973

for each 0 < y < |z| or y = —x > 0 we have

al(l‘, y) = 07
CLQ(IL', y) = 0.

Answer 2: for each y > |z| we have

a1 (z, y) = 20-9)/2 Lny(_l)r <(x +y-— 2)/2) ((y —r— 2)/2)7

long) = 2003 %Z/;:J(W <(x i yr_ 2)/2) ((y —T:c_—12)/2>;

For other y the answer is the same as Answer 1.
Answer 3. For even p+ q and 2 — ¢ < p < ¢ we have?®

q—2
k!
al(pa (J) - (—1)q2(q_3)/2 . (_2)_k ) _
o atlpl=2 (q—2— k)52 +1+k)(k— 22+ 1)
2
q—2
_ qg—1 (q—3)/2 _k BNk +p+1)
ax(p.q) = 21 M’( 2 )_(—1)‘12q (=2)7*- -
B k:%: (= 1=kt + 1+ k)l(k — P52 + 1)

2

Remark. Answer 2 shows that a1 (—y + 2k, y) and ao(—y + 2k, y) are the coefficients before t¥=%=1 and t¥=* in
the expansion of 2(1=%)/2(1 4 ¢)y=F=1(1 — #)*=! for 1 < k < y — 1. In particular,

B (_1)n n al(O, 4771) =0,
a1(0,4n +2) = 2un+1)/2\ n )7 and (=" (2n—1
a(0,4n) = W( n )

The sums in the expressions for ai(x,y) and as(z,y) for y > |z| are particular cases of well-known Gaussian
hypergeometric functions (but familiarity with them is not required for what follows):

az(0,4n +2) =0,

ai(z,y) = 2079725, (1 - x—;—y’1+ x;y71;1> ;

ap(z,y) = 2079/ (1 - x;”) By (2— x;y,u $;y,2;—1> :

Hint. Let us find ai(x,y) for y > |z|. Consider a path from the square (0,0) to the square (x,y) with an
odd number of turns (the others do not contribute to aj(z,y)). Denote by R and L the number of upwards-right

25Fractions in those equalities are respectively

k and k k+p+1
11 .
q—2—k, EL41+k k-2 41 q—2—k, B0 41+k k-2 41) g—1-k
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and upwards-left moves respectively. These numbers are uniquely determined by the conditions L + R = y and

R — L = z. Denote by 2r + 1 the number of turns in the path. Let x1,x9,..., 2,41 be the number of consecutive
upwards-right moves before the first, the third, ..., the last turn respectively. Let y1,4o,...,yr+1 be the number
of consecutive upwards-left moves after the first, the third, ..., the last turn respectively. Then xp,y; > 1 and

R=xz1 4+ zpy1;
L=yi+ "+ Yrt1.

Conversely, each collection (x1,x2,...,Zr41,Y1,Y2,---,Yr+1) satisfying the resulting equations determines a path
from (0,0) to (z,y) with an odd number of turns.

The problem now reduces to a combinatorial one: find the number of positive integer solutions of the resulting
equations. For the first equation, this number equals to the number of ways to put r sticks between R coins in a

row, that is, (R;l). Thus
Y ly/2] R—1\/L—1
=207v/2 N (1) :
ai(x,y) T:O( ) ( , >< . >

Since L + R =y and R — L = x, the required formula from Answer 2 follows.
The formula for a;(x,y) from Answer 1 can be derived using the polynomial from the remark after the answer.
Depending on the sign of x we get

2(1—y)/2(1 + t)y_k_l(l _ t)k—l —

ytx—2

2(1—y)/2(1 _ t2) 2 (1+1t)" % for x <O0.

{2(1y)/2(1 — t2)y7§72 (1 —=1¢)* for x > 0;

For each |z| < y the numbers a;(z,y) and ag(z,y) are equal to the coefficients before % and t"z" in the
expansion of the polynomials. Considering the cases x > 0 and = < 0 separately we get the required formula.
The proof of the formulae for ag(z,y) for y > |z| is analogous. The case y < |z| is obvious.

Solution by Alezander Kudryavtsev (participant of Summer conference of Tournament of Towns). Denote
pg=001(2p—q+1,q¢+1)- 2q/2,dp,q =as(2p—q+1,q+1) 292 (they are well-defined for 0 < p < g — 1). Let,
C(z,y), D(z,y) be generating functions of ¢, , and d, 4 respectively. From the answer to Problem 4 we obtain the
following equations:

C(I‘, y) — C($, 0)
Y
D(‘T7y) — D(:Ea 0)
Yy
Since C(z,0) = 0 and D(z,0) = 1, we get

= D(z,y) + C(z,y)

=z (D(z,y) — Cx,y))

{cu,y) =y - (D(z,y) + C(z,y))
1

The solution of this system is C'(z,y) = J and D(x,y) = 1=y . Denote
’ 1—y—zy+ 2xy? ’ 1—y—zy+ 2xy?
C(x, D(x,
E(z,y) = ( y): ( y):1+y(1+a:—2:vy)+y2(1+a:—2my)2+...

Y 1—y

The coefficient of =™ - y™ in the E(x,y) is equal to

o . k!
2. (= (m —k)(n —m + k)!(k —n)!’

k=max(n,m—n)
since from every summand of the form y*(1 4+ x — 22y)* we must take exactly one combination of factors:
e for the power of y to be equal to m, the number of factors —2xy must be exactly m — k;
e for the power of = to be equal to n, the number of factors x must be exactly n — (m — k);

e for the total number of factors to be k, the number of factors 1 must be k — (n— (m—k)) — (m—k) = k—n.
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And the number of ways to choose m — k, k —n and n — (m — k) factors (1 + = — 2zy) equals to the fraction in
the formula for E(z,y).
Now Answer 3 can be easily obtained from the equations C(z,y) = y- E(z,y) and D(z,y) = E(z,y) — C(x,y).

10. Answer:

V2 (sin (% _ %) ,e*/Y cos (% + z(22—;x)>) +0 (Ingy) for [z] = O (\/y) -
)

6($7y) =

N

Remark. Compare the graphs of P(x,400), a1(x,400), and az(x,400) (blue) with the graphs of their approxi-
mations in the right-hand side for y = 400 (orange):

0.007 010

0.006 010

0.05

-0.05

0.005

0.004

0.003

-0.10

-400 -200 200 400

Hint. Note that by Problem 9

as(—n+2k+ Ln+1) =27 (—DF 1+ 2)" F (1 -2
ar(—n+2k+1,n+1) = 2722 (= 1)* (1 + )" F 11 — )k

Thus

1
a2(_n +2k+1,n+ 1) _ 2—n/2(_1)k/ (1 + e2mt)n—k—1(1 - €2Mt)k6_2m(k_1)tdt.
0

For an odd n denote |l = k — ”T_l We have

kool B .
azg(-n+2k+1,n+1)= %/ (sin(27t)) "2 (tan(mt))le 20Dt gy,
0

Since [ << n, we can calculate the integral in the areas (1/4 —§,1/4 +9), (3/4 — 6,3/4 + §) with good accuracy.
Denote U < y/nlogn, |I| <U.
In (1/4—9,1/4+0) we have t =1/4+ 7, |7| <6,

Sin(27rt) = COS(27TT) =1— 271'2’7'2 + O(T4) _ 6_27‘—27—2

tan(nt) = 1 + 277 + O(72) = 2™ + O(7?);
e—27ri(l—1)t _ ,L-l—le—27ri(l—1)’r

+0(r);

and we get
k1=l o

V2 )

Asnrt < land 7?2 < 1,ie. nd* < 1 and U2 < 1,

(6—27r27—2 + 0(7_4))”7_1 (627rr + 0(7‘2))[6_27ri(l_1)Td7'. (*)

.n+1
7 2

V2

If we open the brackets we get the summand O(n7%e?™7) = O(nd*e?V%) = O(n=%), since we ask Ud < logn.
Then

(%) =

1
/ (e_(n_l)ﬂ—27—2+O(7—4))(€27r7—l+O(T2))€_2ﬂ—i(l_1)7—d7—.
-5

.ntl
172

() ="7%

1

/ (67(nfl)w2T2+27r'rl727ri(l71)T + O(an) + O(U&Q))dT
-0

Now estimate the error

00 00 ! 2 00 22 2
/ e—(n—l)ﬂ'272+27r7'ld7_ — / e_(”_l)”2(7_m)2+ﬁ dr < / e_(n_l)WZT'i'#dT < —1 e—(”—1)52’
é 1) 1)

since § > ﬁ, ie. d>U/(n—1).
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So the necessary condition is né? > logn. Then we can calculate

ntl g ndl
(*) _ Z\/} /oo 67(n71)7r27-2+2777l72m'(l71)TdT+O(n7A)+O(U53) _ 7/\/25 /Oo 67(nf1)7r27-2+27r7'lf27ri(l71)7d7_+0(IOgQ n/n)’

since U < logn - 62 < log?n/n.
Finally, from the formula [%_ e~ g — |\ /rJae? /e we get

n+1

72 (21—-1)—2i(1—1)
¥) = ——————¢ n=1 + O(log®n/n).
() T (log™n/n)
. . 3ntl  (21—1)42i(1—1) . 1 1
In the area of 3/4 the integral approximately equals ’76 n—1 and, since 3%+ = -2 mod 4,
2 1 2/ 21
ag(—n +2k+1,n+1) = 21 i =1) cos (W(HI ) _ p— + - 1) +O(log®n/n) =
_ 2 a(n—1) 202 21
21—1 : 2
= _ — O(l .
‘ 7r(n—1)5m< 4 n—1+n—1>+ (log”n/n)
Analogously,
2 -1 20
al(—n+2k+1,n+1)= mcos <7r(n4 ) _ — 1) + O(log?n/n).

For an even n the answer is

2 _
ag(—n+2k+1,n+1) = * 2 % cos (w(n 1) A1)

i 2 .
1 —" >—|—O(log n/n);

m(n 2
7r(n2— %) sin( ( 4+ D _ 2(17:!__1/22) ) + O(log®n/n),

a(-n+2k+1,n+1)=

where [ = k —n/2.
11. Answer: P(z,y) = P(z,y,+) + P(z,y,—); d(z,y,+) = (0,a2(z,y)); d(z,y,—) = (ai1(z,y),0).

Solution. Note that if a path s from (0,0) to (z, y) starts and finishes with an upward-left move, then the checker
changes the direction an odd number of times. Therefore, d(s) = (j:QPTy ,0). Analogously, if a path s finishes with
an upward-right move, then a(s) = (0, iQ%). Hence, d(z,y,+) = (0,az2(x,y)) and d(z,y, —) = (a1(z,y),0).

For the probability, the following formula comprehensively explains the answer:

P(z,y) = |d(z,y,+) + d(z,y, —)|* = ad(z,y) + a3(z,y) = P(z,y, +) + P(z,y, —).

12. Answer: for each integer y > 2 we have P(y,—) = 3 ]Ey:/gj—l ﬁ(i’“). We have also max, P(y, —) =
1

P(2,—) = P(3,~) = 1/2 and limy o P(y,~) = 55
T

Remark. The graph of the sequence kindly provided by Gleb Minaev and Ivan Russkikh, participants of
Summer Conference of Tournament of Towns:

05

0.4

0.0 1

0 20 40 60 80 100
1%

Solution. Denote
Si(y) =Y aj(x,y); Saly) =D as(w,y); Sia(y) =Y ai(x,y)as(z,y).

By Problem 5 for each y > 1 we have
S1(y) + Sa2(y) = 1.
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By the answers to Problem 4, Problem 6 and Problem 7 we have

a1(0,2y) = jﬁ S a1 () (0a(2,y) — ar(2,)) + as( 1) a2z, ) + ax(2,)) = \}5(52(3/) +2515(y) — S1(»)).

By definition and the answer to Problem 4 we have
Si(y+1) = Sa(y + 1) = 2512(y)-
Hence,
Si(y+1)— So(y+1) = Si(y) — S2(y) + a1(0,2y)V2.

Since Si(y) + Sa2(y) = 1, we have the recurrence relation Si(y +1) = Si(y) + %al(O, 2y).
The remark from the solution of Problem 9 implies by induction that

WY e
-3 % c(r)

k=0

It only remains to recall that P(y, —) = S1(y) by Problem 11.
Since the sequence (%])4% decreases, it follows that P(y, —) < P(3,—) for each y > 3, thus max, P(y, —) =
P(2,-)=P(3,—) =1/2.
By the Newton binomial theorem we get » 7, (%f)xk = \/11—W

for each z € [—%,i). Setting x = —% we

in i : 1 2k 1\k 1
obtain limy_o P(y, —) = limy—00 3 Y pep () (—3) = 55
Remark. Using the Stirling formula (see §2) one can estimate the convergence rate:

1 2\k/2 e 1
Pk, =) = i P(y, )| < 57 < &//ZJJ) < sy < E
13. Answer:
Pesan =g
1, forx=1,y=1 mod 2;
P(@,y,00,+) = {0, otherwise.y
Solution. By the definition, if the number of turns in a path s is nonzero then @(s,0) = 0. Therefore,

a(z,y,0,+) # 0 if and only if x = y. Hence, we get the answer for P(x,y,0,+). The case x = y is obvious.

One cannot prove the answer for P(x,y,00,+) because it is a definition; but let us provide a motivation for
the definition. If me is “very large”, then d(s, me) is “small” unless the checker turns at each move; this gives the
formula for P(x,y,00,+).

Remark. P(xz,y,00,4) = limyeoo Pz, y, me, +). Indeed,

¢ 1 1, fort(s) =y —1:
i [d(s,me) = lim M) :{’ or 1(s) =y — ;

me—00 me—=00 (/1 + (me)?)y—1  me—oo (v/1+ (m5)2)y—1—t(5) 0, otherwise;

where ¢(s) is the number of turns in the path s. To compute P(x,y, me, +), we take only paths with £ =0 mod 2,
hence we get the answer.

14. Answer. Recall the notation introduced at the beginning of section “Hints...”. We have
1
ay(x,y,me, —) = W(al(x +1,y—1,me,—)+meaz(x+ 1,y — 1,me, +)),
1
as(x,y,me,+) = W(ag(x —1,y—1,me,+) —meay(z — 1,y — 1,me, —)),

CLQ(%%mEa _) = CLl(.’E, Yy, me, +) =0.

For each y > |z| we have

ly/2]
ar(z,y,me) = (1 4+ m2e?)1-v)/2 S (-1 <($ +y- 2)/2) ((ZJ —T - 2)/2> (me)> 1,

o r r
ly/2]

an(y,me) = (1 4+ m2e2) 02 37 (—1y ((x + yT— 2)/2> <(y —::_—12)/2) (me)?r:
r=1
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For each y = x > 0 we have

a (yv Y, me) = O,
as(y,y,me) = (1 +m2e2)(1-9/2,

For each 0 < y < |z| or y = —z > 0 we have

ai(x,y,me) =0,

az(z,y, me) = 0.

Hint. First let us solve the analogue of Problem 4 for me # 1. Let us derive the formula for as(z,y, me, +).
Consider any path s from (0,0) to (z,y).
The last move in the path s is made either from (z — 1,y) or from (x + 1,y). Denote by s’ the path s without

the last move. If the dire/ctions of the ,last moves in s and s’ coincide, then @(s, me) = \/ﬁ&’(s’, me), otherwise
a(s,me) = %(ag(s ,me), —ai(s’,me)).
Therefore, as(x,y, me,+) = ﬁ (ag(x — 1,y — 1,me,+) —meai(x — 1,y — 1,me,—)). The formula for
a1 (x,y, me, —) is proved analogously.
Now let us solve the analogue of Problem 5: we prove that Y  P(z,y,me) =1 for all y > 1 by induction over
TEZ
y using these results. Obviously, > P(z,1,me) = 1. The step of induction follows immediately from the following

TEL
computation:

ZP(x,y—i—l,me) = Z [a1(z,y + 1, me, )%+ ag(z,y + 1, me, +)2] = Zal(x,y—i-l,ma, —)2+Z ag(x, y+1,me, +)°
€L TEZL TEZL €L

1 1
1+ m2e2 Z(a1<l’+ Y, me, )+m5a2(x+ Y, me, +)) +1 + m2e2 Z(GQ(Q' Y5 mg’—i—) mgal(x Y, me, ))
zEL T€EL
1 1
=1y m2e Z(al(% y,me, —) + meas(z,y, me, +))* + 11 m2e2 Z(az(%‘,y,mé‘a +) — meay (z,y,me, +))* =
TEL TEZ
= Z [al(x?y7m57 _)2 + a2(x7y7m€7 +)2] = Z P(‘T7 Y, mé‘).
rEZL TEZ

Let us now solve the analogue of Problem 9 for me # 1. Let us find a;(x,y) for y > |z|. We need to consider
paths with an odd number of turns only. Denote by 27 4+ 1 the number of turns in a path. Denote by R and L the

number of upwards-right and upwards-left moves respectively. Let 1, x2,...,z,+1 be the number of upwards-right
moves before the first, the third, ..., the last turn respectively. Let y1,vy2,...,%yr+1 be the number of upwards-left
moves after the first, the third, ..., the last turn respectively. Then zp,yp > 1for 1 <k <r+1 and

R=mz1+ 4+ xr41;
L=y + - +Yrs1-

The problem now reduces to a combinatorial one: find the number of positive integer solutions of the resulting
equations. For the first equation, this number equals to the number of ways to put r sticks between R coins in a
row, that is, (R;l). Thus

ly/2]
a1(z,y,me) = (1 + m2e2)1-)/2 Z (—1)" (R - 1) (L — 1) (me)? 1,

T T
r=0

Since L + R =y and R — L = x, the required formula follows. The proof of the formula for as(z,y) for y > |z| is
analogous. The case y < |z| is obvious.

15. Answer: for |x| < y we have

lim nd <2 L@J ,2 L%J

n—00 2 2
ny
2

(2% o2

for |z| > y both limits vanish.

=) = (mdo(m/y? = 22),0);

) = 0 /i)

y2_x2

m
, —
n
m
, —
n



Remark. The limit coincides with the retarded fundamental solution of Dirac’s equation, describing motion of
an electron in the plane.

Solution by Ivan Gaidai- Turlov, Timofey Kovalev and Alexey Lvov, participants of Summer conference of
Tournament of towns. Denote z,, := 2| %L |, y, := 2| |, A= Zofin B .= U on,

yn—1

m)2 -
Lemma 2. nh_>ncajo(1+(n)) 2 1.
Proof. We have 1 < (1+ ()27 < (14 ()2)", therefore if n — oo then (14 ()™ = /(1 + ()2 —
Vem*v — 1. Hence by the squeeze theorem we have lim (1 + (2)?)"z Y= O
n—oo

zty\l(y—z\l,,,20+1
Lemma 3. lim n(—1)'CYy_,CL_ ()2 = (—1). ) ((ﬁ)z) =

n—oo

Proof. Clearly, n - (—1)!CY,_,Cl,_ (m )2+ = (—1)L. (A—1)(A—Q)---(A—l&igf—1)(3—2)---(B—l) ) mjl;l
Thus nh_)rréo % = nh—>Holo% = 711520 s nh_)rrgo 7%-&751—#0(71) = IQﬂ Analogously, nh_{{)lo Bn_i =5
Therefore,
20+1 Y\l y—x\l 204+1
. 1 Al I Mioi+1 4 I (A=1)..(A=1)-(B=1)..(B=l) ™ _ l ( 2 )'( 2 ) - m
Jim - (=1) CA—1CB—1(g) = lim (=1)"- anz oA (=1 (11)2

Y\l (Yy—x 2l+1 .
For each n we have |(—1)'CY_,;CL_(Z)? 1 < |(-1)! - =D (il,)Q) | because Anﬂ < % < Y and

o0
Lemma 4. The series n- Y (—1)!CY_CL_ (2)%F1 converges absolutely for all n.

=0
Proof. We have
) ﬂ)l(ﬂ)l m2i+1
e Z| )'Cia1Ch 21+1|<Z| : 2| 2 -
=0 ()
i~ 73/ L . Lﬂ/ l ﬂ)l . m2t 2 2
2 2 2 2 _ YT 2
Z (1?2 < Zm D =mee
1=0
O]
o0
. 1\l ! my\20+1 _ l m\20+1 ! m\20+1
Hence 7}1_{{.10[;)( 1)'Ch_1Cp_1 () (nh_{fc}ol %:2“0,4 1Cp ()77 = (7}1_{{)10[ %:WCA 1Cp_1 ().

Lemma 5. Suppose ({ao(n)},{a1(n)}...) is a sequence of nonnegative sequences such that lim a;(n) = b; and

n—oo
o0 o0
a;(n) < b; for each i,n. Then lim Y a;(n) = >_ b;.
N0 =0 i=0

N
Proof. Denote b := Z b;. Then for each n we have Z a;j(n) < b. Take any € > 0. Take such N that ) b, >b—e.
1=0 1=0 1=0

For each 0 < i < N take M; such that Vt > M; : a;(t) > b; — 557. Then for all n > max (Mo, My, ..., My) we
have Z a;j(n) > b—¢e. Therefore, lim Z i(n) =b. O
i=0 o0 =0

From Lemmas 5 and 3 it follows that

nh_{gOn Z CA 10[ )QH-I Z

1=0;2|l 1=0;2]l

Therefore, by Problem 14 and Lemma 2 we have

lim nd(x,, Yn,

m
n—oo n




It can be proven analogously that Lm na(zn, yn, 2, +) = —im—22 - Ji(my/y? — 22).
n—00 y -

Solution. Denote modified Bessel functions

i Z/2 and i 7/2 2k+1

k=0 k=0

The answer follows from the following stronger theorem.

Theorem 2. Let 0 < g9 < 1/2, min{y + z,y — x} > €0, 2 := m\/y? — 22, n > ng = ng(2,e0) = 4€3*/e2. Then

nx ny| m _m log?n
w2725 ) =5 <J°(z>+0< s >>)
nx ny| m o om y+z log?n
o (2|5 ) 2] ) = -2 (g0 (00 ).
Proof. Denote x,, = 2| % |, y, = 2| %4|. By Problem 9 we have
o\ 2 [yn/2] B o

r

- )
+)=(1+2) :[yn_/21<—1>r<<yn+f;—2)/2> (= )/2> (my,

1—yn 2
2

m 1—yn
Since 1 + 7;—22 < e™? /7% it follows that (1 + %) 2 > 672( =) because y, > 1. Also L

s13

SE

a2 (:Cnv Yn,

Jr > —I%. Hence,

1—yn
2

Thus (14 27) = 1+0("Y).
To find the asymptotic form for ay and ay consider the T-th partial sums with 7' = [log n | + 1 summands. The
inequalities y > g and n > = guarantee that the total number of summands [ % | > T because % > \/n > logn+1

for n > 0.
For r > T the ratios of consecutive summands in the expressions for a; and as equal respectively

2

() ot on =22 = = a =222 (my2 o) nly—s) _

n (r+1)2 2T 2T  AT?’
<T>2 ((yn + 20 —2)/2=7)((yn —xn — 2)/2 =1 + 1) - (@)2 n(y+z) nly—z) _ 22
n r—1)r n oT 2T —2  4T(T —1)

From the condition n > e3**1 it follows that T = [logn| + 1 > 3z + 1 and 4T2 < W21) < 1. Therefore, in

both cases the error term (i.e., the sum over r > T') is less then the sum of geometric series with ratio % Hence,
o) (o ()
| [T—l(_l)r <(yn + x: _ 2)/2) ((yn — x: — 2)/2> <%>27' Lo <(y2<;')x22)T ' (ZL)QT>] |
oo .0) - % (10(22))

| !Tll(—l)r ((yn T xZ — 2)/2) ((yn —rxiz )/2> (n )27" 1 o ((y +(:;2T_(y1)_!;!)T—1 | (?>2T1>] ‘

) . . T 3mye
3\[The error term in the latter formulae are estimated as follows. Since T! > (T/3)" and T > /y? — 22=5¥< =
e

2 ’

1
n’

— X m — X m T
(yQ(T!)j)T ' <5>2T = (yQ(T)ﬂQ)T ' (32> <es
24



Now transform binomial coefficients in the following way:

(omr— 1) _ (an - 1)-7”-!- (an —1) _ (a:!L)’" (1_ a1n> (-1,

If « >epand r < T then = < L < i L e, L % Hence from the inequalities e™2* < 1 —z < e

an an neg — \/neg — 2 €0

for 0 <z < 1/2 it follows that

1 r —2 -4 —or —r(7+1) 12 T2 T2
1— — ...(1_7>Zeanean---ean = e >eom >1—7>1—7

an an an egn

Therefore, (Cmr_l) = (a ) ( + O <50n>>

Denote R = %Io(z). Replacing ((y"+x:_2)/2) and ((yn—x:—z)/z) in the previous expression for a; we get

ar (wn,gm, =) = <1+o <mny>) - [Z_:(—l)r (Z‘)QW +O(R)

_ ’: ( 40 (mny» . 2(1)7" (%)QT W +O(R)| = % <1 +0 (”?)) - (Jo(2) + O(R)).

Here we can replace the sum with 7" summands by an infinite sum because the “tail” of alternating series with
decreasing absolute value of the summands can be estimated by the first summand:

> m\2r (y? — z2)" 2/2)?T 1
E;(_l)r (5) . (7“!)2) = ((/T!;Q =4

(the latter inequality has been proved before).
We have m?ysg < m? - max{y + z,y — o} - min{y + 2,y — 2} = m?(y? — 2?) = 22 < 922 < T?, thus

mT%/JO( ) < 2 nlg( z), hence ay (@n, yn, 2, —) = 2(Jo(z) + O(R)) as required.
Analogously,
m m ( Omy y+x — 1,ﬂm?7’—1(y—gc)r21 OTQI
a2($n,yn,g,+> n( + ( n )) 2—902. ;(—) <5> W+ (E(Tn 1(2)) | =

= v (he o (Gne)
t

16. Answer: see the following table, where the pair (¢, d)+ in the cell (z,y) means that d(x,y,4,3,+) = 7( e, d),
, 3,

-)=

and (¢, d)_ means that d(z,y,4,3,—) = ﬁ(c, d); an empty cell (z,y) means that d(z,y,4,3,+) = d(z,y,4
(0,0).

3 (070)+ (07 1)+ (07_2)+ (072)+ (O’_l)Jr
(—1,0)_ (0,0)_ (0,0)_ (—1,0)_ (0,0)_
2 (070)+ (07_1)+ (07 1)+ (07_1)+
(—1,0)_ (1,0)_ (—1,0)_ (0,0)_
1 (07 _1)+ (07 1)-0— (07 _1)4—
(0,0)_ (0,0)_ (0,0)_
v%| -3 —2 —1 0 1 2 3 4 5

0

Hint. Note that we are interested only in even xg, thus 2mzoe/A = 5% is a multiple of 7. Analogously to

Problem 1, that means that d(z,y,4,3,+) is parallel to Oy and d(z,y, 4,3, —) is parallel to Oz (be careful: this is
not true for an arbitrary ¢/A).

17. Let us give a more general formula; the solution of the problem is the particular case me = 1. Denote

a—(v,y) = d(z,y,me, /e, A, —);
aJr(‘T’y) 6(.18 Yy, me, )‘/6 A +)
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where the vectors in the right-hand side are defined analogously to a@(x,y, A/e, A, £+) and d(x,y, me,+). (Beware
that a_(x,y) and a4 (z,y) are vector-valued functions; unlike a1 (z,y) and aq(x,y) they are not coordinates of any
vector.) Then we have the Dirac equation (where i := R™/? is the counterclockwise rotation through 90°)

—1ime

a-(2,9) = Fymma-(@+Lly— D+ FEar(r+ Ly - 1);
at(z,y) :Waf(ﬂf*layfl)ﬁL\/ﬁmr(l‘*17y*1)~

From Problem 14 we know that this equation holds for A = 1. It can be generalised for any greater A because
one can change the order of rotations R?™#/A and i = R™/2.

Using this equation, analogously to Problem 14 we get Y. P(z,y,A/e, A) =1 for y > 1 by induction over y.
€L

18. Since AP(x,y,\/e,A,+) = |[VAd(x,y, N e, A, +)|?, it suffices to prove that vVAd(x,y, A/e, A, +) does not

To=A—1
depend on A for A > y+|z|. By definition VA@(z,y, \/e, A, +) = 3. 3 R*™05/Ag(s). But there are no paths

To=1—-A s
To even

s starting at (xo,0) and ending at (x,y) for |x — xo| > y, thus increasing A over y + |x| does not change the sum.

19. Answer: if 1 and x5 are both even, then

(w1, e, +) = ROT22 (35 g, Ne, +),
6(1‘17 Y, )‘/57 _) = R(xl—x2)27r£/)\c—i($27 Y, )‘/Ea _)'

Solution. From the solution of Problem 18 it follows that @(z,y, \/e,+) = 3. 3 R>™0%/AG(s), where the

To even s
second sum is over those paths from (z¢,0) to (z,y), which both start and finish with an upwards-right move. To

each path s; from (z¢,0) to (x1,y) assign the unique path sg from (xo + (x2 — 1),0) to (z2,y), obtained from s;
by translation by (1 — x2,0) and vice versa. Thus we sum over the same vectors, but for z = x; they are rotated
through 2mwxoe/A while for x = x9 they are rotated through 27 (xg + (z2 — x1))e/A, and we are done.

20. Let us give a more general formula; the solution of the problem is the particular case me = 1.

. cos(2me /) .
Answer. Denote E = arccos <7m ) Then for even x + y we have:

G,y M e —) :<m5 cos(2mex /A) sin((y — 1)E) mesin(2rex /) sin((y — 1)E));

V1+m2e2sin E ’ V1+m2e2sin E
. cos(2me(x — 2)/A) sin(yE) — cos(2mex /) sin((y — 2)E)

a(z,y, Me, +) :< 2cos(2me/A)sin E ’

—sin(2me(x — 2)/A) sin(yE) + sin(2rex /) sin((y — 2)E) )
2 cos(2me/A) sin E ’

m2e?sin?((y — 1)E

P(@,y,Me -) = m2e? + Si(n(2y(27ra>//\)) ;

Py Ao, 4) :m252 cos?((y — 1) E) + sin2(27r5/)\);

m2e2 + sin?(2me/\)
P(z,y,Me, =) + P(x,y,\/e,+) =L.

Remark. In complex form,

Lmesin((y — 1)E)
V1+m2e2sinE’
. _1/sin((y — 1)E) sin(27e/A)
alx,y,N\e,+)=1r" 1(
(3, A/, +) V1+m2e2sin E

where r = cos(2me/A) + isin(2me/A). This is the solution of the Dirac equation (see the solution of Problem 17)
with the (quasi)periodic initial condition a_(z,0) = 0 and ay(z,0) = (—sin 2Z2, cos 2Z22). The number E has
physical meaning of energy.

Hint. Formulas for d(x,y,\/e,+) and d(x,y, \/e, —) can be proven by induction over y. The base is obvious;
the inductive step follows from Problem 17. Then P(z,y,A/e,+) and P(x,y, /e, —) are computed directly.

Path to solution. Let us view vectors as complex numbers. Then R*d@ = (cosa + isina)d. Denote r =
cos(2me/A) + isin(2we/N); then r~! = cos(2me/\) — isin(2me/N). Denote f(y) = r~Ya(y,y,\/e,+) and g(y) =

a(x,y,\e,—)=r

+icos((y — 1)E)>,

r~Yd(y,y,\/e,—). Denote M = \/% and U = \/ﬁ By Problem 19 for even z+y we have d(z,y, A\/e,+) =

r* f(y) and d@(z,y,\/e,—) = r%g(y). By Problem 17 we have r*f(y) = Ur* ' f(y — 1) — iMr® 'g(y — 1) and
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rtg(y) = Urttlg(y — 1) —iMr*+t1f(y — 1). Since r # 0, we can divide each side by r* and obtain the following
system:

fy)=Ur ' fly—1) —iMr~'g(y — 1) (1)
9(y) =Urg(y —1) —iMrf(y —1) (2)
f)y =ir ! (3)
g(1)=0 (4)

There are multiple ways of solving this system (we have thought about generating functions and about diagonalising
the ‘transfer matrix’) but the one which is probably most accessible (to math high-school students in Russia) is
transforming this system into a linear recurrence relation of degree 2. From (1) we have g(y — 1) = +7irf(y) —
Yif(y —1). From this and (2) we have g(y) = %i'er(y) — &irf(y — 1). From this and (1) we have f(y) =
Ulr+r="fly—1)— fly—2).

The solution of this recurrence equation is f(n) = c1d’} + cod”™, where

U -1 U? -1\2 _ ¢y

dy = (rtr )+\/2 (rtr7) :Ucos(27r€/)\)+i\/U25in2(27T£/)\)+M2
Ulr+r=Y —/U2(r+r1)2 -4 , 5

d_ = 5 :Ucos(27rs/)\)—1\/U251n (2me/N) + M?

are the roots of the equation t2 — U (r +7r~1)t+1 = 0, and ¢; and c; are constants that are found using (3) and (4).
Since we are dealing with complex numbers, the notation \/UQ(T +r~1)2 — 4 is ambiguous. But we can choose
any of the two roots; \/U2(r + r—1)2 — 4 denotes 2i/U?sin?(2me/)\) + M2. It follows that

c1 = iii —Ud- and ¢ 7Ud+
YT —d 2T —dy
Note that E = arccos(U cos(2me/)\)). We have dy = cosE + isinFE and d_ = cos E — isin E. Thus we have
r~1-Ud_)d% —(r—'— Y in in
d(z,y, N e, +) = o f(y) = e T —TIIE T TOGIE  ja-tsnyl) _ ppasin@Go)E),

d+ —d_ - sin B sin £
Now we compute P(z,y, /\/a +d) =d(z,y, \/e, +) a(x,y, \/e,+). It follows from formulas above that 7 = r~1,
dy =d_,d =d,, ¢ = i i dj and & = i —4, - From this (with some simplification) we finally have
(dy—d-)? M2(dy t—av!)? M?sin?((y—1)E)
P(x,y,Me,+) = @=d)? =1-—0F

sin((y—1)E

Analogously we get d@(x,y,\/e, —) = rzMW) and P(z,y,\e,—) = w

sin? E
21. Solution. Let (0,0), (1,1), (x2,2),---,(xy,y) be the squares passed by the path s. To define the vector

a(s,m(x)e), start with the vector (0,1). While the checker moves straightly, the vector is not changed, but if the
checker changes the direction after the n-th move, the vector is rotated through 90° clockwise and multiplied by
m(zy)e. In addition, at the very end the vector is divided by HZ; 1+ m?2(xy,)e2, where y is the total number
of moves. The final position of the vector is what we denote by d(s,m(x)e). The numbers a;(x,y, m(x)e) and
as(x,y, m(x)e) are defined analogously to a1 (z,y) and as(z,y), only d(s) is replaced by d(s, m(x)e).

The formulas analogous to the ones from Problem 4 are the following:

ax(zo, y, m(x)e) = (a1 (o + Ly, m(z)e) +m(zo + 1)e - az(wo + 1,5, m(x)e)),

as(zo,y, m(z)e) = (a2(zo — 1,y,m(x)e) — m(xog — 1)e - a1(xo — 1,y, m(z)e)).

1

\/1 + m?2(xg + 1)e2
1
(

V14 m2(zg — 1)e2

22. Answer: For each z,y we have
P(xay7m0( ) )‘/5 +) 1

P(%?/,mo( )‘/5 =0.
=2 for0<z<uy;

P(z,y,mi(2), Ae, +) = § 10T~ 200 200 = F S8

1 otherwise;

0 1

Toi = 250 for —y<x<0;
Pa,yoma(e), Ve, ) = | 101 = 20 for “y <

0, otherwise;

Solution. Analogously to Problem 13 we have P(z,y, mo(z),\/e,+) = 1, P(z,y,mo(x),\/e,—) = 0 for each
x,y.
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The condition d(s,mi(z)) # 0 means that the checker, if at all changed the direction, turned in one of
the squares with the coordinates (0,2),(0,4),---,(0,2 - [4]). Thus the number of turns in any path s with
d(s,my(z)) # 0 is not greater than 1.

To compute P(z,y,mi(z), A\/e,+) we need to consider only the paths ending with an upwards-right move —
i.e. without turns. If the path s does not contain any of the squares with coordinates (0,1), (0,2), ..., (0,y — 1)
(amounting to x < 0 or > y) then P(x,y,mi(z),\/e,+) = 1. Otherwise, the length of the vector d(s, m(x))
equals ﬁ.

To compute P(z,y, mi(x), \/e, —), consider paths having exactly one turn in the square with zero z-coordinate.
If there is such a path s (i.e. —y < x < 0), then the length of the vector d(s, m(z)) equals Jl()fW' Otherwise, it

equals zero.

23. Solution. If d(s,ma(x)) # 0 then the checker changed the direction only in the squares with the z-coordinate
equal to 1 or L. To compute P(0,2L, ma(x),16,—) we need to consider only the paths with an odd number of
turns. Since for L > 1 we have y = 2L < 3(L — 1) (for L = 1 the function f(L) is undefined), it follows that the
number of turns must be exactly 1. Therefore, either the path starts in the square (0,0) and changes the direction
in the square (L, L), or the path starts in the square (2 — 2L,0) and changes the direction in (1,2L — 1). The
vectors for these two paths are related by the rotation through the angle m — w and division by 1.04. Since
the vector for the latter path has square 2% and the one for the former one has square m, by the law of cosines

we get

1 1 2 L—-1 L—1

The graph of this function is shown in the following figure (kindly provided by Punnawith Thuwajit, a participant
of Summer Conference of Tournament of Towns).

24. Answer:
0.1664 0.1664
P\ L,—) = ; max P(\, L, —) = ~ 0.14;
1.1664 + cot2 24~ L 1.1664
1
P\ L, +) = P\ L,—)+ P\ L,+)=1.

1+ 0.1664 sin® ZE=1
Hint. Denote m = 0.2 and ¢ = ZX(L — 1). For y > 2L — 2 we have

P(0,y,ma(x),\, =) =

. 2 2 A== 12(L-1)
= e%@—y)L 14 1 o2 4 L(egw)z P 1 m 26 [2(1: 1)] |
V1 4+ m?2 1 +m? (1 4+m?)? m? \ 1+ m?
Then, since cos 2¢ = 1 — 2sin? ¢, we have
2 o0 2 k|2
m 1 . m .
P)\L—: ]__ 2Z¢, 727@) _
( s 5 ) 1+m2 1+m2€ kzo<1—|—m26
2 .
_omt L g 1 I | Sl i
R R el B e T
m?(1 +m?)(2 — 2cos(29)) o AmP(1+m?) 0.1664

(1 +m2)2 +m* —2m2(1+ m2)cos(29) (1 +2m2)2 +cot?¢  1.1664 + cot® ZE (L — 1)
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Therefore, maxy, P(\, L, —) = giiggi ~ 0.14. Analogously,

1S m2 N\ 1 1 ’
P\ L,4)=|——- ew) = : —| =
( +) 1+ m2 ;(H,mz 1+ m2 l_ljrnizezws
B 1 B 1 B 1

(1+m2)2 +m? —2(1+m?)m?cos(2¢)  1+4m2(1+m?)sin®¢ 1+ 0.1664sin> Z(L — 1)
Note that

- 1 _ 0.1664 _ 0.1664

1+0.1664sin? 28 (L — 1)  —552—— +0.1664  1.1664 + cot? 2*(L — 1)’

sin? 2T (L—1)

Hence, P(\,L,—) + P(\,L,+) = 1.

25. Answer:

(n? —1)? (0.3328 4 0.864v/1.04) -
and m = ,

(n2 + 1)2 + 4n2 cot? Zxln A

where n = /1 4+ mA/7 (the refractive index; notice that the relation between m and n has changed when we
passed to reflection inside the glass). For the latter m the limit equals

0.1664

o 2wL(1.084-0.08v1.04) °
1.1664 + cot )

Remark. The first formula in the answer is well-known and confirmed by experiment. A remarkable detailed
popular science discussion of Problems 23-25 can be found in [Feynman|, and a derivation of the equations on a
physical level of rigor — in [Landafshitz, Chapter X, §86, Problem 4].

Path to solution. Consider Dirac’s equation from the solution of Problem 17. Search for a solution of the form

(as(z,y),a—(2,y)) = (a4 (2), a—(z))e TV,
Use Problem 20 to guess a4 (x) separately for x < 0,0 < 2 < L/e, and > L/e. Assume for simplicity that 1/e
is an odd integer. Abbreviate ms(z) =: m(z).

First consider the half-plane = < 0 (to the left from glass). We need to specify what is meant by a solution
of Dirac’s equation in the half-plane. Analogously to Problem 17, by Dirac’s equation in a black square (x,y) we
mean the system

a(r—1y+1) = W@f(%y) + %GH%@/);

ar(z+1y+1) = 7%@7(%?/) + 7ma+(% Y)-
A solution of Dirac’s equation in the half-plane x < 0 is a pair (ay(z,y),a—(x,y)) satisfying the equation in each
black square in the half-plane. In particular, a_(x,y) is defined for x < 0, whereas a4 (x,y) is defined for z < 1.
Search for a solution of the form (ai(z),a_(z)) = (i e2™/A r(g) e=27%¢/}) for some r(e) € C to be determined
later, where the formulae for a4 (x) and a_(z) hold for x < 1 and x < 0 respectively. (Physically, a4 (x,y) is the
incident wave, a_(z,y) is the reflected wave, and |lim._,o(¢)|? is the reflection probability.)

For the half-plane 2 > L/e take (ay(x),a_(z)) = (t(c) €2™*/*,0) for some t(¢) € C to be determined later,
where the formulae for ay(x) and a_(z) hold for x > L/e + 1 and « > L/e respectively. (Physically, a4 (z) is the
transmitted wave, and |lim._,o¢(¢)|? is the transmission probability.)

For 0 < z < L/e search for a solution of the form

a+(x) = a(g) eQﬂixa//\/(E) + b(&‘) e—?ﬂ'ixa/)\'(a)’

a— (x) = c(g) e27riw5/)‘,(5) + d(E) e—?ﬂil‘e/)\’(a)‘
for some coefficients a,b,¢,d € C and X' > 0 depending on ¢ (we have a combination of refracted and reflected
waves). In what follows a, b, c,d, N, r,t denote the limits of the above numbers as € — 0.

The limit X' (wavelength of refracted wave) is determined by Dirac’s equation as follows. Substituting the
expressions for a4 (x) into Dirac’s equation, canceling common factors, and taking the limit ¢ — 0 we get

< 27 27r>
ma=|({m——+—]¢

N A
2r 2w
mc = m+7+7 a.
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We also get an analogous equation with b and d instead of ¢ and a. This implies that X = \/n, where n =

1+ mA/7m (refractive index).

Sewing together the solutions (namely, a4 (z) at z =1 and x = L/e + 1, whereas a_(z) at z = 0 and x = L/e)
gives a system of linear equations in a, b, c,d, r,t:

a_(L/e) = 0= c(e) ™ 4 d(e) e 2N,
CL(&) 627Ti(L+€)/)\/ + b(&) 6—27ri(L+s)/>\"

a_(0) =r(e) = c(e) + d(e),

a (1) = ie?™ N = a(e) 2T LN b(e) e N ay (Lfe + 1) = t(e) M/ =

Passing to the limit € — 0 and solving the resulting system of linear equations we find a, b, ¢, d, r, t Surely, one still
needs to check that even before passing to the limit, the expressions for a4 (z) determined by our equations indeed
satisfy Dirac’s equation in each black square. We omit that.

It remains to prove that (a4 (z),a—(z)) = , lim RQﬂyE/)‘C_I:<l',y,TfL3(.’L')E,%,—); then the number |r|? is the required

—+00
y+x even

limit. We do not know any elementary proof of that assertion and thus omit the details.

Informally, the idea is to show that the limit does not depend on the initial values a4 (z,0) for x > 0 and
a—(xz,0) for < L/e; then one can replace these initial values by the solution we have found above and get the
result. Independence on a4 (z,0) for x > L/e and a_(x,0) for z < 0 is obvious. To prove independence on
a4 (z,0) for 0 <z < L/e, assume that ay(z,0) vanishes outside the segment 0 < z < L/e and consider the linear
transformation

U: (Cl_(O, 0)7 a—(27 0)7 SRR (l_(L/E - 17 0)7a+<07 O)a s 7a‘+(L/€ - 170))
= (a—(()? 2)7 CL_(Q, 2)7 tee 7a—(L/€ -1, 2)7 a+(07 2)7 T a-l-(L/E -1, 2))
Let us show that the absolute values of all the eigenvalues of U are less than 1. Consider an eigenvector v with
the coordinates v1 = a_(0,0),...,vp/.41 = ay(L/e —1,0). Let vy be the leftmost nonzero coordinate. If k > 1

then Uv has nonzero (k — 1)-th coordinate; but Uwv is proportional to v, a contradiction. Thus k¥ = 1. Hence
a_(—2,2) # 0 by Dirac’s equation. Then by the probability conservation

[o[l = a—(0,0)[* + [a—(2,0)[* + - - + |ay.(L/e = 1,0)[?

=la-(=2,2)]" +1a-(0,2)]* + -+ + |a(L/e — 1,2)|”

>0 (0,22 4+ las (L — 1,2)

= [|[Uwl.
Thus the absolute value of the eigenvalue v is strictly less than 1. Thus ||[UY|| — 0 as y — oo, which proves that
the values a+(x,0) for 0 < z < L do not affect the limit.
26. Answer: In the table, the vector in the cell (z,y) is d(z,y,u,+), and an empty cell (z,y) means that
d(z,y,u,+) = (0,0).

1 1

1 (0.555) (0,0) (0.55)

3
z o)
1

y

X

-2

-1

0

4

In the following table the number in the cell (z,y) is P(z,y,u,+), and an empty cell (x,y) means that
P(z,y,u,+) =0.

4 1/8 0 1/8
3 1/4 1/4
2 1/2
1 1
Y% —2 ~1 0 1 2 3 4

(The vectors d(x,y,u,+) can be easily computed using Problem 31.)

For any positive y we have ) (P(z,y,u,+)+ P(z,y,u,—)) = 1. (This is one of the statements of Problem 31.)
TEZL

27. Answer (kindly provided by Gleb Minaev and Ivan Russkikh, participants of Summer Conference of Tourna-
ment of Towns):
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1.0

0.8

0.6

fly)

0.4

0.2

0.0

y
28. Solution. Suppose that u’ is the result of changing the values of w in all the vertices of a black square (a,b).
Notice that if a path s neither starts nor ends in the square (a,b), then it either passes through two vertices with
a changed value of u or does not pass through such vertices at all. Therefore, d(s,u) = d(s,u’). The equation
P(x,y,u,+) = P(x,y,u,+) for any (z,y) # (a,b) follows immediately.

The only case left to prove is (a,b) = (z,y) or (a,b) = (0,0). For each path s starting or ending in (a,b)
we have d(s,u’) = —d(s,u) because s passes through exactly one vertex with a changed value of u. Therefore,
P(a,b,v/,+) = P(a,b,u,+).

29. Solution. The top-right vertex of the square (z,y) is called vertex (z,y). Denote by u(z,y) the value of u at
the vertex (x,y). Reversing a black square (z,y) means changing the values of w at all the four vertices of the
square.

Notice that reversing a black square does not change the sign of any white squares, because the number of
changed vertices in each white square is even. If all values of a field in a rectangle are positive, then all the white
squares inside the rectangle are positive. Therefore, it is impossible to make w identically +1 by reversing black
squares, if initially there is a negative white square.

Suppose that there are no negative white squares in a rectangle M x N, where N is the height of the rectangle.
Let the vertex (0,0) be at the bottom-left of the rectangle. Let us prove that u can be made identically +1 through
reversal of black squares by induction over N.

Base: N = 0. Let us describe the algorithm for making u identically +1 in the rectangle M x 0 (i.e in vertices
(0,0), (1,0), ..., (M,0)).

Note that for all k£ we can reverse either square (k + 1,0) or square (k4 1,1), thereby we can change the signs
of the values of w in vertices (k,0) and (k + 1,0). Denote this operation reversing k.

The algorithm is as follows: Find the minimum 0 < k < M such that u(k,0) = —1, and reverse k. If after that
there still exists 0 < k < M such that u(k,0) = —1, than the minimum such k is at least 1 more than before using
the operation. Therefore, after at most M + 1 operations we make u to be identically +1 in the rectangle M x 0.

Step: Suppose that the statement is true for N and prove it for N 4+ 1 by giving an explicit algorithm.

First make v identically +1 in the lower rectangle M x N by applying the algorithm for N. Then for each
white square (k, N + 1) in the rectangle reverse the square (k, N +2) if u(k — 1,N +1) = u(k,N +1) = —1,
otherwise do nothing. Finally, if the square (0, N + 1) is black and u(—1, N + 1) = —1 then reverse the square
(—1, N +2), and if the square (M, N 4 1) is black and u(M, N 4+ 1) = —1 then reverse the square (M + 1, N + 2).
The result is a field, positive in the whole rectangle (M + 1) x N.

30. Answer: Zero, if one of the sides of the rectangle is 1, and any even number no greater than the number of
white squares in the rectangle, if both sides are greater than 1.

Hint. Denote by n(x,y,u) the number of vertices of the square (z,y) where the value of u is negative. Notice
that any vertex that is strictly inside the rectangle (not on the boundary) is a vertex of exactly four squares in
that rectangle, two of which are white. Therefore, the sum of n(z,y,u) over all white squares in the rectangle is
even. Hence the number of negative white squares is even.

Let us show that any even number no greater than the number of white squares in the rectangle is indeed
possible.

If both the length and the width of the rectangle are even, then for any field that is positive everywhere in the
rectangle except for n vertices with both coordinates even there are exactly 2n negative white squares.

For odd length or width (greater than 1) see the figure below. The identically +1 field has no negative white
squares. The field ug,1o with 2n + 2 negative white squares is obtained from the field wg, by changing all the
values of ug, to the opposite in any single encircled area where they have not been changed before.
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31. Answer. Recall that u(z,y) is the value of u in the top-right vertex of the square (z,y). Then

1
al(x,y,u) = ﬁu(‘ray - 1)(@1(1’ + 1ay - 17“’) + a2(x + 17y - 1,U)),

1
LZQ(l',y,U,) = ﬁu(m -lLy— 1)(_0’1('%. S 17”) +a2($ -ly— 17“’))

Hint. The solution of the analogue of Problem 4 is very similar to the original one, only the factors u(z,y — 1)
and u(z — 1,y — 1) are added due to the last step of the path s passing through the top-right vertex of either
(x,y—1)or (z — 1,y —1).

Let us prove the analogue of Problem 5 by induction over y. The step of induction follows immediately from
the following computation:

Z‘P(‘T’y'i_ 17“’) = Z [al(xuy + 1’u)2 +a2(xay + 1,U)2} = Zal(%y‘F 17u)2 + Z@(%?/‘F 17”)2 -
TEZ TEZ TEZ TEZ

- %ZU(x,y)Q(al(x +1,y,u) + az(z + 1,y,u))* + % Zu(ﬂf — Ly (az(z — Ly,u) —ar(z — 1y, u)? =

TE€EZ €L
(al(x,y,u) + CLQ(IE,?/,U))Q ((IQ(LEJJ,U) - al(az,y,u))2
:Z 2 +Z B :Z[al(:c,y, ) +a2«'17y, Z_ny7

€L TEZL TEZL €L
P mayv_)P(x/_x07y7 _)7 it B = (CC+1 y) (.’L’ +17y)7

P Pz if £ = 1 r_1
32. Answer: P(AB,A/B/ N EF, E/F/) — .’I},y, ) (.’L’/ xoay7+)7 1 (IE+ y) (x 7y)7
) (IL‘ — o, Y, _)7 it B = (J:_l y) (l’ +17y)a

)

, tE=(x—1,9),E = (' —1,y).
Solution. Notice that @(s,s') = —id(s)d(s"), where @ denotes the product of complex numbers @ and b.

Without loss of generality suppose that ' > x. Due to the condition xg > 2y there are no paths starting at A and
ending in F’ and no paths starting at A’ and ending in F.

Therefore > d(s,s’)=0and @d(AB,A'B’ — EF,E'F') = > a(s,s’).
s:AB—E'F' s:AB—EF
s":A'B'-EF s":A'B'—-E'F'

If E=(x—1,y) and E' = (2’ — 1,y) then @d(AB,A'B’ — EF,E'F') = —i ) d(s)d(s"), where the sum is over

s and s' ending with an upwards-right move. Therefore, G(AB, A’B’ — EF, E/F/) = —id(z,y,+)d(x — zo,y,+).
Hence P(AB,A'B' — EF,E'F') = P(z,y,+)P(2' — z0,y,+).
If E=(zx+1,y) and E' = (2’ —1,y) then d(AB,A’'B’ — EF,E'F’) = —i Y_ d(s)d(s’), where the sum is over s
s,s’

ending with an upwards-left move and s’ ending with an upwards right move. ‘Hence P(AB,A'B' — EF,E'F') =
P(l’, Y, _)P(wl — 20, Y, +)
If E=(x—1,y) and E' = (2’ +1,y) then @(AB,A'B’ - EF,E'F') = —i ) _ d(s)d(s"), where the sum is over s

ending with an upwards-right move and s’ ending with an upwards left move. ‘Hence P(AB,A'B" — EF,E'F') =
P(x7 Y, +)P($/ —Z0,Y, _)'

32



If E=(x+1,y) and E' = (2’ + 1,y) then d(AB,A'B’ — EF,E'F') = —i}_ d(s)d(s'), where the sum is over
s,s’

s and s’ ending with an upwards-left move. Hence P(AB,A’B’ — EF,E'F’) = P(x,y,—)P(2' — z¢,y, —).

33. Hint. Suppose that paths s : AB — EF and s’ : A’B’ — E’F’ have a common move. Suppose that C'D is the
first common move of s and s’. Denote by § the path that coincides with s up to the square C and with s’ after C.
and s the path that coincides with s’ before C' and with s after. The paths §,§ start with the moves AB, A’B’
and end with moves E'F’ and EF respectively.

The total number of turns in the paths s and s’ equals the total number of turns in § and §' , because CD is a
common move for all of them. Therefore, d(s,s’) = d(s,§"). Notice that f: (s,s") — (8,§) is a bijection, because
CD is exactly the first common move. One of (s,s") and (§,§") contributes to d(EF, E'F’) with the coefficient
(+1) and the other one with the the coefficient (—1). Therefore, these pairs cancel each other.

34. Hint. Let us prove this equality by induction over y. The base is obvious.

Note that by analogy with Problem 11, @(AB, A'B’ — EF, E'F") is parallel to either the line x = 0 or the line
y = 0. Denote by a1(AB,A’B" — EF,E'F’") and a2(AB, A'B’ — EF, E'F’) its coordinates.

Fix the starting moves AB and A’B’ of the paths. Denote by a(E,E’,T,+,—) = a1(AB,A'B’ — EF,E'F’),
where E'F is an upwards-right move, E'F” is an upwards-left move, and a1 (AB, A'B" — EF, E'F’) is the (possibly)
non-zero coordinate of the corresponding vector. a(E, E',1,+,+), a(E, E',1,—,+) and a(E, E', 1, —, —) are defined
analogously. Denote a(E, F',],+,—) = a1(AB,A’'B' — DE, D'E’), where DE is an upwards-right move and D'FE’
is an upwards-left move. a(E,E',|,+,+), a(E,E',|,—,+) and a(E, E’, ], —, —) are defined analogously.

Note that the induction step is a proof of the equality

> (@B, E' 1 +,+)% + (a(B,E' 1, +,-))? + (a(E, E' 1, =, 4)* + (w(B, B, 1, —,—))%) =
E,E'
= (@B, E |, +,+)* + (a(B, E' |, +,-)* + (a(E,E', |, -, +))* + (a(E, E', |, —,-))%).

E,E

We will prove this equation by proving that for every pair (E, E'), where E and E’ have the same y-coordinate,

(a(Ev ElvTa =+, +))2 + (G(Ev ElvTa -+, _)>2 + (G(E, E,aTa ) +))2 + (CL(E,E,,T, ) _))2 =
=(a(E, E', |+, ) + (a(B, B |, +,2))* + (B, E' |, -, +)) + (a(E, E', |, -, -))".

Analogously to Problem 4 we obtain
1
a(Ea E/7T> =+, +) :i(a(Ea El,\L, +, +) - a(Ea E/7~L7 +, _) - (I(E, Elaiv ] +) - CL(E, E,aiv ) _)))
1
CL(E, ElaTa +a —) :E(Q(Ea E/wl/? +a +) - CL(E, El,\l,, +7 _) + CL(E, Ela\La R +) + CL(E, E,a\La ] _))7

a(Ev E/7T7 B +) :%(Q(Ev Elv\lw +7 +) + CL(E, Elv\l/v +) _) - a(E7 Eluia ) +) + CL(E, E/awLa ) _))7

(],(E,E/,T, ™ _) :%(_G(Ea Elaiv +7+) - CL(E, ElawLa +7 _) - CL(E,E/,\L, R +) + Q(E, El7\1/7 ™ _))

With this, we can prove our equation by substitution and expansion.

P(z,y,—)P(zo—2',y,—), f E=(zx+1,y9),E = (2 +1,y),
P(z,y,—)P(xo — 2',y,+), if E=(x+1,y),E = (' —1,y),
P(z,y,+)P(xo —2',y,—), f E=(zx—1,9),F = +1,y),
P(z,y,+)P(xo — 2’ y,+), f E=(z—1,9),F = —1,y).

Hint. Notice that d(s,s’) = id(s)a*(s"), where @b denotes the product of complex numbers @ and b, and @*

denotes conjugation.
For the remaining problems, we only give preliminary draft solutions.

35. Answer: P(AB,B'A' — EF,F'E') =

36. Answer: for each ug, we have

P(2,2, ugn, 1, +) = 1/4, P(0,2, ugn, 1, —) = 1/4,
P(3,3, ugn, 1, +) = 1/32, P(1,3,ugn, 1,—) = 1/32,
P(1,3,ugn, 1, +) = 1/32, P(—1,3,ugn, 1, —) = 1/32;

all the other probabilities vanish for y = 2, 3.
37. Answer: Y. d(g,s,u) = 23741 + gz)% cos((r — 1) arctan(g))d(s).
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Hint. For brevity, denote Z = 1 — .
2(y72>2(1+g2)<yﬁzL

Suppose that r and [ are the numbers of white squares in R to the right and to the left from s respectively.
Notice that r and [ are odd if and only if the number of “—” signs on the path s is odd (that is, @(s,u) = —a(s)).

Easy-to-prove lemma: if b is the number of black squares in R not touching the boundary, then the number
of fields u with exactly 2k negative white squares equals 2° times the number of ways to assign “—” to 2k white
squares in R. The factor 2° is the number of gauge transformations from the Problem 28.

By the lemma we have

Yt n) = 23y ate) <22 | 3 <_¢g>k+m(;>(7;)—k;d;—ig)“m(;)(;) i(s) =

k,m even
_ b2y [((1 +ig)" + (1 — ig)") ((1 +ig) + (1 - ig)l) — (1 +ig)" = (1 —ig)") ((1 +ig)' = (1 - ig)lﬂ a(s) =

= 2" ZRe ((1 +ig)r(1— ig)l) d(s) = 2°(1 + ¢2)"% Z cos((r — 1) arctan(g))a(s).

Since b =1+ = y* — y, it follows that Y d(g, s,u) = 23¥=4(1 + g2)y2;1 cos((r — 1) arctan(g))d(s).
u
38. Answer. Denote
a——(xvy) = GQ(%%U—,!J, _)a (1_+(l‘,y) = CLl(fE,y, u_,g,+)7
a+—(I7y) = al(:zr,y,u+,g, _)7 (1++(l‘,y) = CLQ(.I,y, U+,g,+)-

Denote by R(y) = R the rectangle formed by all the squares (2/,y') such that 1 —y < 2/ <y and 0 < ¢/ < y.
Denote o = a(x,y) = (Al — Ar)arctan g, where Al and Ar are the numbers of white squares in R(y) outside
R(y — 1) lying to the left and to the right from the square (z + 1,y — 1). Denote § = a(z — 2,y). Then

ari(0,y) =22 (@ar(e - Ly—1) —as (@ —Ly—1) - 5 (a_s(o—Ly—1) —a__(z - Ly —1);
ar—(z,y) =2 (aps(@+ly—1D+ar—(z+1Ly—1) =02 (at(r+Ly—1)+a—_(z+1y-1);
a—i(zy) =T (are(w—Ly—1) —ap(z—Ly- 1)+ (as(z-Ly-1)—a—_(z—-Ly-1);

—(z,y) =2 (e (@t Ly tar(z+ 1Ly —1)+ 2 (as(@+ Ly —1) +a—(z+1Ly—1)).

Hint. The latter formula defines an orthogonal transformation, which implies that > _,(P(z,y,9,+) +
P(z,y,g9,—)) = 1 by induction over y.

39. Answer. The number assigned to a basis configuration is shown below it:
M ) ®3) 4) (5) (6)

1 —ime 1 1 —ime 1
V14+m2e2 V1+m2e2  /14+m2e2  /1+m2e2 ’

Hint. Let us prove that the sum over all pairs of paths passing through vertices with “—” signs only equals the
product of all the numbers assigned to the black squares in the rectangle.
Notice that the squares of type (1) do not contribute to the result at all. Squares of types (2) and (5) can

ime

only be passed through by a path with a turn in that square, which means contributing a factor of \/ﬁ to

d(s,s’). Squares of types (3) and (4) can only be passed through by a path with a turn in that square which means

contributing a factor of ﬁ to d(s,s’). Squares of type (6) can be passed through in two different ways: by

, 2
two turning or two not turning paths. When the paths do turn, the square contributes (%) and when they

do not, it contributes which sums up to —1.

s
14+m?2e2>
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Teopus y310B U 3allelJICHAI 715 OJIB30BATEIT

upeacrapiasaior A. I'ebos, . Emucees, A. Enns, P. 2Kusanesua, E. Mopozos,
A. Ckornterkos, M. ®éopos, H. Xopomaskuna |

AnHOTaIu.

MpbrI onpejiesinM IpocThie MHBAPUAHTHI Y3JI0B U 3areliieHuii (KoabdUIMeHT 3alerieHnsi, THBAPHU-
auTbl Apda u Ksccona, nommuomer Atekcanjiepa- Kousest), MOTUBUPOBAHHBIE MHTEPECHBIMU PE3YJThb-
TaramMu, (GOPMYJIUPOBKHA KOTOPBIX JIOCTYIHBI HECIIEIUAINCTAM WU [IKOJbHUKAM (HAIIPUMED, Teope-
Mol 1.1.3 u 1.2.2). MbI nmokazkeM Kak [IpOCTeIIne MHBAPUAHTBI MOSBJISTIOTCST €CTECTBEHHBIM 06pa30M
B pe3ysIbTaTe MOMBITOK Pa3BA3aTh y3€/I WU PACIENNTh 3allelljIeHre. 3aTeM MbI IPeJICTaBUM HEKOTO-
pble PEKYPCUBHBIE CKEHH-COOTHOIIEHUS JIJIs ITPOCTEHIINX HHBAPUAHTOB, KOTOPbBIE TIO3BOJIAIOT BBECTU
boJiee cubHBIE HHBapuaHThl. Mbl cchopmysnpyem Teopemy BacuibeBa-Koniesudaa criocobom, ymoo-
HBIM JIJIS TIOJICYETa CAMUX MHBAPUAHTOB, & HE TOJBKO pa3MEPHOCTH IPOCTPAHCTBA MHBAPUAHTOB. MbI
TaKKe IPEeJICTAaBUM UHBAPUAHTBI PACKPACOK, JIJI OIPE/IC/ICHIA KOTOPBIX MBI HE 3HAEM 3JIEMEHTaPHOI
MOTHBAITUN.

Mpb1 1a/iiM CTpOTHe OIpeJie/ieHusl OCHOBHBIX IMOHATHH, HE MPENATCTBYIOMNE UX UHTYUTUBHOMY
noHuMaHuo. [l u3ydeHns 3Toro TeKcTa He TpedyeTcs HUKAKUX IIPeIBapuTe/IbHBIX 3HAHMIA.

PexkomMmenganum ydacTHUKaM.

Ecim ycnoBue 3aa4un siBysieTcst (popMYIUPOBKON yTBEP:KIEHN, TO B 3a/1a4e TPeOYeTCsI 3TO yTBEP-
JKJIeHNe JIOKa3aTh. Fcam 3a/1ava BblIeeHa CIOBOM «TeopeMay («JIeMMay, «CJIeJICTBUE» U T.JI.), TO eé
yTBep:KIeHne 6osee Bazkuoe. Kak mpasmio, Mbl IpUBOIUM (B BHJIE 3a/a491) HoPMYAUPOSKY KPACHBO-
IO WJIM BaXKHOTO YTBEPXKJIEHUsT neped ero dokasamenvbcmseom. B Takux caydasx s J0Ka3aTeTbCTBA
YTBEPKIEHUsT MOT'YT ITOTPEOOBATHCs TIOC/IeAyomue 3aa4qu. Mbl He jnmaeM Bac ymoBoibcTBHSI caMo-
CTOSATEIbHO HANTH MOMEHT, Korda Bbl HAKOHEI-TO cMOXKeTe JoKa3aTh TakKoe yTBepzaeHne. Boobie,
ecim BbI 3acTpsiiin Ha KakKoW-TO 3ajade, TOMpoOy#iTe epeidTi K CJIEIYIONIIM, OHI MOTYT OKa3aThCs
MOJIE3HBIMU. ZameyaHusa (POPMaTIbHO He UCIOIb3YIOTCS B TAIbHEHTIIEM.

B Tekcre omnpeesieHnst BayKHBIX IMOHATHN IOMEYEHbI >KUPHBIM IHPU@TOM, UTOOBI 3aTeM OBLIO
mnpoirne nx HailTu. Mbl peKOMeHIyeM BCeM yYaCTHHUKOM, PabOTAIOMIMM HAJl IIPOEKTOM, KOHCYALIMU-
POBAMBCA C KIOPHU IO JIFOOBIM BOIIPOCAM, KAaCAIOIMIUMCsI IpoeKkTa. Te, KTO yCIIenHO paboTaioT HaJl
[IPOEKTOM, MOJIyYIaT UHTEPECHBIE JONOAHUMENLHVLE 300a4YU (NYHKMDL, NOMEYeHHbE 36€3004KAMU).

YdaacTHUK (MJIH TPYIIIA yIaCTHIUKOB) KOH(MEPEHINH, PEIIAOIII 3a1a11 TPOEKTa, TToJIydaer «600»
3a KarkJI0€ 3allMCAHHOe peIlleHre, OIeHEHHOe B «+» min «+.». JlomosanTenbabie 6006 MOTYT BbIIa-
BAThCsI 38 KPACHUBBIE PEIeHUs], PEIIeHns CJIOXKHBIX 3aJad Wi opopMIIeHIEe HEKOTOPBIX pEelIeHui B

*Met 6staronapunt A. Psaouuaey, A. Cocunckomy u C. UmyToBy 3a mojie3ubie o0cyxkaenus, a takxke B. [IpacosoBy u
uznareabersy MITHMO 3a BO3MOXKHOCTD UCIIOJIB30BATH HEKOTOPBIE 33/a49n U pucyHku u3 [Pr95]. Dror rekcr ocnoBan
Ha Kypce Jgekiuit A. Ckonenkosa, npountanHoM B HeszaBucumom MockosckoM YHuBepcureTe (BKIIO9asi IPOrPaMMy
Math in Moscow) u Mockosckom Pusnko-Texuuaeckom NucTuryTe.

tA. I'me6os: HoBocubupckuit ['ocynapcTBeHHBI yHIBEPCHTET.

. Enucees: CamMapcKkuii yHUBEPCUTET.

A. Enns: Ilerposasojckuii ['ocymapcTBeHHBIN YHUBEPCUTET.

P. 2Kusasesua: http://www.rade-zivaljevic.appspot.com/, Macturyr maremarnku 8 CAHY, Benrpas.

E. Mopo3zos, M. ®énopos, H. Xopomaskuna: Beicmas [Ilkosra 9xonomuku, Mocksa.

A. CkonenkoB: http://www.mccme . ru/~skopenko, MockoBckuit @usuko-Texunveckuit Uucturyt, HezaBucumbrit Moc-
KOBCKUI YHHUBEPCUTET.



cucreme TEX. VY Kiopu OeCKOHEYHO MHOTO 0000B. Perennss MOXKHO caBaTh U yCTHO, OT/aBas OJIH
6006 3a KazKJ[ple MATh MOMBITOK (HE BayKHO, yJAYHBIX UM HET).

[Toxkauyiicra, coobruTe HaM, ecu Bbl 3Haere perrenus KAaKUX-TO U3 IPEJJIOXKEHHBIX 3a/1a4. Ecim
Bbl nojirBep/iuTe cBoM 3HaHM:A, COOOIIMB HAM DEIeHHs HEKOTOPBIX n3 Hux, Bam Gyzer pasperieno
IIOJIb30BATHCS MU [IPU PEIEeHUN OCTAIbHBIX, He HOJIy4asi 10 HUM ILJTFOCHI.

1 3Bagaum 10 IPOMexKyTOYHOro (bUHUIIA

1.1 OcHoBHBIe onipe/ieJIeHUs U Pe3yJabTaThbl 00 y3Jiax

Haunem ¢ HedhopMaIbHOTO ONMCAHUsT OCHOBHBIX TOHSITHIT (CTPOrHe OIpeIe/IeHUs IAHBI [TOCIe 3a,/1a4H
1.1.1). Vsea MoxkHO TpeicTaBUTh cebe Kak TOHKYIO 9JACTHYHYIO BEPEBKY, KOHIIBI KOTOPOH CKJI€EHBI
— cM. puc. 1. Kak u Ha 9ToM pUCyHKe, Y3JIbI OOBIYHO N300ParKaloTcsl ¢ IOMOIIBIO UX «YA00HO#» TIPO-
eKITMHU Ha IIJIOCKOCTh, KOTOpas Ha3bIlBaeTCs auarpaMmMoit yaia. IlpeacraBpre, 910 BBI pacK/ia biBaeTe
BEPEBKY Ha CTOJIe, TINATE/IbHO 3aIlNChIBasl KAK OHA Tepecekaer cebst (T.e. KaKas 4aCTh BEPEBKU JIEZKUT
cBepxy). HeobxomMo MOMHUTD, 9TO TPOEKIUU OJJHOTO M TOTO YK€ y3/1a HA PasHble MJIOCKOCTU MOTYT
UMETh PA3HBIA BUI.
TpuBuanabHblii y3ea — 570 KOHTYD (IpaHuIa) TPeyroJbHUKA.

GHOICEHO®

HD o9 TE D

Puc. 1: ¥V35bl, n30TONHBIE TPUIUCTHUKY (BEPXHUIT PsIJjl) U BOCbMepKe (HUKHUIL PsiJT)

A

HO,IL U30MONUET Y3Jla IIOHUMaE€TCiA €0 HEeIIpEePbIBHaA ,ZLerOpMaHI/IH B IIPOCTPAHCTBE KaK TOHKOM
9JIACTUIHON HUTH. B mupornecce ,ZLeCI)OpMaILI/II/I caMoIliepecedeHnsd He JOITyCKalOTCHd. ,HB& y3J1a Ha3bIBa-
IOTCA U30MONHBIMU, €CJIIN OJUH N3 HUX MO2KHO Hpeo6pa3013aTb B ,ZprFOfI C IIOMOIIBIO M3O0TOIINHU. B
Ka4deCcTBe JOKa3aTe/IbCTBa U30TOITHOCTU KOHKPETHBIX y3JI0B 2KIOpU IIPUHUMAET 60HbLHyIO 1 IIOHATHYIO
KapTUHKY HJIA 9KCIIEPUMEHT C BepeBKOﬁ, BOCHpOI/ISBO,ZLI/IMbIﬁ TJICHOM 2KIOpH.

Bamaua 1.1.1. (a) Hekoropbie j1Ba y37a n3 BEpXHETO Psijia PUC. | H30TOIMHbBI CAMOMY JIEBOMY Y3JIY.
J71s1 0iHOTO U3 9THX JIBYX Y3JI0B IPEJICTaBbTe M30TOIHIO C TIOMOIIBIO JABuKenuii Peitemaiicrepa (cM.
puc. 5).

(b)* Bee y3ibl, pejicTaBIeHHBIE B BEDXHEM Dsijly PUC. | U30TOIHBI JAPYT JAPYTY.

(c,d*) To ke BepHO jjisi y3/I0B B HUZKHEM DsijLy PHC. 1.

(e) Bce y3/bl ¢ OJIMHAKOBBIMU JIarPaMMaMU H30TOIHBL.

3ameuanune. 3eCh Mbl TIOKaXKeM HEOOXOMMOCTH CTPOIOTO OIPEJIe/IeHUsT U30TOINH.

Ha puc. 2 nokazana n3oTonust MezK 1y TPUJIUCTHUKOM U TPUBUAILHBIM y3JI0M. /lelicTBUTETHHO Jin
9TO M30TONHUSA! DTO TaK HA3BIBAEMAasi «KyCOUHO-JTUHeHHasd HeoObeMieMas U30TOMUI», KOTOPAd OMm-
AUMGEMCA OT «KYCOIHO-JIUMHEHHON 00beMIeMOil M30TONNNY, OIPEIECJICHHON W UCIIOJIb3yeMoil 1aJiee.
(ITepBoe monsiTHE JTydIlle OTPAYKAET UICIO0 HEIPEPLIBHOI JedopMmaryu 6e3 caMmorepecedenuii, Ho Ma-

[\]



DH-OH-O-D

Puc. 2: HeobbemiiemMasa nmzoronns MeEXKAYy TPUJINCTHUKOM U TPUBHUAJIbHBIM Y3JIOM

JIOOCTYIIHO JIJIsI CTAapINeKIacCHUKOB, cp. [Sk16i].) Ha camom meste, robble j1Ba y3/1a KyCOTHO-THHEHHO
HEOOHEMJIEMO U30TOITHbI!

O6bruHast mpobseMa ¢ HHTYUTUBHO MOHSTHBLIMU OIIPEIE/IEHUSIMI HEe B TOM, 9TO MX TPYIHO (Hop-
MaJIM30BaTh, & B TOM, YTO 3TO MOYKHO CJIeJIaTh HECKOJBLKUME CIIOCODAMHU.

¥Y3eJ1 — 370 IPOCTpaHCTBEHHAS 3aMKHYTasl HECAMOIIEPECEKAIOMIAICS JIOMAaHAS.

JuarpamMma y3aa — 9TO ero MpOeKIHs OOIIero MoJIoyKeHns ! Ha MIOCKOCTL2, BMecTe ¢ HHhOopMa-
1ueli, Kakas 9acTh y3J1a «IIPOXOIUT T0/l» (IPOXOJ), a KaKash — «IPOXOJUT HaJjly (Iepexojr) B KazKI0M

KOHKPETHOM IIEPEKPECTKE.

Samaua 1.1.2. /[ 110060t guarpaMMbl y3/1a CyIIECTBYET Y3eJI, TPOCHUPYIONINiica Ha 3Ty Jna-
rpammy. (Taxoit yzen He 00si3aTeIbHO €IMHCTBEHHBIN; M. BipodeM 3ajady 1.1.1.e.)

c c

A B A B
Puc. 3: Diemenraphoe JBuKeHnE

[Ipeamonoxum, aro cropousl AC' u C'B tpeyronpauka ABC — pebpa HekoToporo y3ia. Kpome
TOr'0, IIPEJIIIOJIOKIM, YTO y3€/I U 9acTh IJIOCKOCTH, OrpaHndeHHast TpeyrojbHukoM ABC, HI B KAKuX
JIPYIUX TOYKAaX He IepeceKaiorcs. djeMeHTapHoe aBmkeHne ACB — AB — 310 3aMeHa IBYX
peep AC u OB pebpom AB, mmbo obparnas onepaiua AB — ACB (puc. 3).2 Jla yzna K, L
HA3bIBAIOTCsI (KYCOUHO-JIMHENHO 06beMIEMO) N30TOMHBIMHY, €CJIU CYIIECTBYET MOCJIeI0BATETHHOCTh
ysnoB K, ..., K, Ttakada, uro K| = K, K,, = L, n Kax/Jiplil y3seJ nociegosaTeabiocTu K| moxyden
U3 IpeJbLIyIIero y3ia K sjleMeHTapHbIM JIBUKEHUEM.

Teopema 1.1.3. (a) Tpusuarvrviii yzea ne u30monen MPUIUCTIHUKY.
(b) Tpusuasrvrwl yzea e u3oMoOnNeH 80CbLMeEPKE.

(c) Tpusucmnur ne uzomonen 8ocoLMeEpPKe.

(d) Cywecmeyem beckonenwnoe 4ucA0 NONAPHO HE USOMONHHLT Y3A06.

DTa TeopeMa JOKA3BIBAETCS C MCIOIb30BaHmeM uHeapuarmos Apga n Ksccona, cm. §1.4 m §2.1,
WJIN C UCTIOJIE30BAHUEM NPAGUALHBIT PACKPACOK, CM. §2.2 (TaK 9TO HET HEOOXOAMMOCTH TPATUTH MHOT'O
BPEMEHH, JIOKa3bIBasl 9TH PE3YJILTATHI IPSIMO ceiidac).

3amMmeudaHue. ITo 3aMedaHne MOKET OBITH IIOJIE3HBIM B KAUECTBE IOICKA3KH U IIPEIOCTEPEsKEHUST
K 3amadaMm 1.1.4 m 1.1.5.

! JloMamas Ha IJIOCKOCTH HA3LIBACTCS JIOMAHON 06U4€20 NOA0JICENUA, eCIH CYIIeCTBYeT JoMaHas L ¢ TeM ke 00b-
eMHEHNEM pedep Takas, 9TO HUKAKWE TPU BEPIIUHBL JIOMAHON L He JjieyKaT Ha OHOU MPsIMOil U HUKAKWEe TPU OTPE3KAa,
COEIMHSIONTNE HEKOTOPBIE BEPIIUHBL JJOMAaHOH L, He UMeT 00Ieil BHy TPEHHEH TOYKM.

2 TepMUHOJIOrNA YHUBEPCUTETCKOM MATEMATHKH — «06pa3 OOIMIEero MoJIOKeH sl P MTPOEKIIHH Ha, IJIOCKOCTHS.

3Ecsun tpeyromsank ABC BBIPOXKIEHHBIH, TO 3I€MEHTAPHOE JIBIKEHIE sIBJIAeTCs b0 pasbueHmeM pebpa, Jubo
0OpaTHOI 9TOMY OIlepaIneii.



B cnemxytomem abzarie Mbl JIOKAXKEM, UTO €CAU Y3eA AEHCUM 6 NAOCKOCTU, MO OH U30MONEH
MPUBUANDHOMY Y3AY.

Obosznagum y3eJ, jgexkaluit B miockoctu, aepe3 My M, ... M,,. BosbmeM TOUKy Z BHE 3TOil ILJIOC-
koctu. [lepesenem MM, ... M, B TpuBnanbubiii y3en My Z M, ciemyiomeii 1mMoc/e0BaTe/IbHOCTHIO
9JIEMEHTaPHBIX JIBUKEHUIL:

M1M2 — M1ZM2, ZM2M3 — ZM3, ZM3M4 — ZM4, cey ZMn_an — ZMn

Cretytommuii pe3yabTaT MOKa3bIBAeT, IYTO IMPOMEKYTOIHBIE Y3/IbI M30TOINH, TTEePEBOISINel y3eT,
JIEZKAIIHUHI B IIJIOCKOCTU, B TPUBUAJILHBIN y3€JI, MOYKHO BBIOPATH TAKXKE JICZKAIIUMU B ILJIOCKOCTH.

Teopema Illéngauca. Jlrobas momanas 6e3 camoriepecevdennii B JI0CKOCTH U30TOIMHA (B 9TOi 1110~
KOCTHU) TPEYrOJIbHUKY.

DTO yCHIeHHasT BEPCHUsI CJIEIYIOIIEr0 BBIIAIONIETOCT Pe3YIbTATa.

Teopema XKopdana. JTiobas 3aMKHyTas HecaMoIlepeceKalonascs JoManas L B mockoctn R? pas-
OMBAET 3Ty IJIOCKOCTh B TOYHOCTH Ha JIBE JacTH, T.e. R? — L — He cBA3HOE MHOYKECTBO, ABJIAIONICECS
00beUHEHNEM JIBYX CBS3HBIX MHOYKECTB.

[ToaMHOXKECTBO IJIOCKOCTH HA3BIBACTCA CBA3HbILM, €C/IA JIOOBIE IBE TOYKU ITOIO IOJIMHOXKECTBA
MOXKHO COCJIMHUTL JIOMAHOU, B HEM JICZKAIIICH.

Anropurmudeckoe obbsicaerne modemy Teopema Kopmana (a smadur u teopema I1éndica)
HETPUBHAJIbHA, U JI0Ka3aTebCTBO TeopeMmbl 2ZKopmana cm. B §1.3 ‘Intersection number for polygonal

lines in the plane’ [Sk18], [Sk]|.

Samaua 1.1.4. [Ipeanosokum, 9TO CyMIECTBYET TaKasl TOYKa y3Ja, 9TO €CJIU MbI HJIEM BJIOJIb
y3J1a, HAaUnHAas ¢ 9TOU TOYKM, TO Ha HEKOTOPOI AuarpamMMe Mbl CHadaJa BCTpedaeM TOJTbKO TTePeX0/Ibl,
a 3aTeM TOJILKO IIPOXOJILL. Tora 9TOT y3es H30TOIeH TPUBHAILHOMY y3i1y.?
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Puc. 4: lzmenenne mepekpecTka

N3menenune nmepekpecTka — TakKoe U3MEHEHUE HEKOTOPOI'O IePEeKPecTKa, ITO MPOXO/Ibl CTaHO-
BATCS IIEPEXOJaMU U HA0OOPOT, ¢M. puc. 4.

OueBniHO, TOCTE JTIOOOTO M3MEHEHUs MePeKPecTKa B JuarpaMMax TPUJINCTHUKA W BOCHMEPKH,
MMOKA3aHHBIX Ha PUC. 1 MBI MOJYIUM JIHArpaMMy y37a, T30TOTTHOTO TPUBUATIHHOMY.

Jlemma 1.1.5. Jliobas nuarpaMma y3sJjia MOXKET OBITH IIpeoOpa3oBaHa U3MEHEHUSIMU TIEPEKPEeCT-
KOB B JIIarpaMMy y3/a, H30TOIHOTO TPUBHATILHOMY.?

B 3TOM TeKcTe BMECTO M3yHUeHHs Y3JI0B ¢ TOYHOCTBIO JO M30TOINU, MBI OyIeM U3ydaTh JHarpaM-
MBI Y3JIOB ¢ TOYHOCTBIO JI0 SKBUBAJEHTHOCTH, MOPOXKICHHON aBuKeHusimu Peilinemeiicrepa (cM.
puc. 55) u deusrcenuamu usomonuu naockocmu (cMm. puc. 6 B cepequne n crupasa). T.e. Mbl Gyaem
HCIOIL30BAaTh 0e3 J0Ka3aTeIbCTBa CICAYIONUIT Pe3yIbTaT.

4Jra 3a1a1a Gyer MOTHBHPOBKOIL /is BBeienus Apd-unsapuanta (§1.4). lokazaTebCTBO HLTIOCTPUPYET B MAJIBIX
Pa3MEpPHOCTSIX OCHOBHBIE HJIEH BBLIAIOMIErOC JOKA3ATEIbCTBA 3UMAaHA MHOTOMEPHO} TEOPEMBI 0 He3ay3JIeHHOCTH cdep,
cM. 0630p [Sk16c, Theorem 2.3].

5Jta npocrast Jsemma GyjeT UCIOIb30BAHA [l UHLyKTUBHOTO MOCTPOEHHUS UHBAPUAHTOB, HCHOJIL3YIONHUX CKefiH-
COOTHOIIIEHUsI, CM. JIAJIee.

SCrporoe onpesienienne nepsoro JpuzKenus Pefizemeficrepa jierko Jaercs ¢ nomonipio puc. 6 (ciesa). Y apyrux
nBrKennit Peiinemeiicrepa ectb anamormanbie crporue onpeesenus. OT y9acTHHKOB He TPeOYeTCs UCIOJIb30BAHUE
9TUX CTPOTHX OIpPeJeJIeHNil B PeleHnn 3aad. Bbl MoKeTe HCHOIb30BaTh HepOpMaIbHOE OlucaHne JBuzKeHnii Peiie-
MeficTepa Ha PUC. 5 U HPOIYCTHTH JIBHKEHNS] U30TOLNH ILIOCKOCTH.
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Puc. 5: JIpuxenna Peitnemeiicrepa.
JlarpaMMbI y3J10B COBIAIAIOT BHE KPYTI'OB, OrpaHUYEHHBIX IIyHKTHpoM. Hukakume npyrue dactu ana-

rpaMM, KpOMe HapUCOBaHHBIX, He TepecekaroTcst ¢ atuMu kKpyramu. (To ke BepHo st puc. 6, 4, 9 u

10.)

Puc. 6: (CieBa) K crporomy ompejesenuto nepBoro Jsuzkenus Peiigemeiicrepa
(B cepenune, cupasa) [IBurkeHnsi H30TOMMN MLJIOCKOCTH

Teopema 1.1.6 (Peiinemeiicrepa). * Jlsa ysaa uzomonnv, mozda u moavko moezda, kozda HeKo-
mopasa uazpamma NePeo2o Y3aa ModHcem Obimyv NOAYYEHE U3 HEKOMOPOT Juazpammsl 6MoPo20 Y340
¢ nomouywpro dsusicenuli Petidemeticmepa u dsusicenuti uaomonuu naockocmu.

1.2 OcHoBHBbIE omnpeaeJsieHnud U pe3yJ/ibTaTbl O 3alCIlJICHNAX

3ariernyieHne — 3T0 HaOOP TOMapHO HENEPeCEKAIOMNXCA Y3JI0B. Y OPsI0UeHHbIe HADOPhI HA3bIBA-
I0TCSI YTIOPSIOYEHHBIMU WM PACKPAITEHHBIMI 3allelJIEHUsIMIA, B TO BpeMsl KaK HEeYIIOPsI0YeHHbIe
HaOOPBHI HA3BIBAIOTCS HEYHOPSIOYCHHBIMI WM HEPACKPAIIeHHBIME 3allellIeHusIMUA. B 3ToM Tekcre
II0JI CJIOBOM <«3allellJICHIe» MTOHMMAETCs «YIIOPSAI0YeHHOE 3allellIeHIe .

© oodDb
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Puc. 7: 3anennenne Xorda, TpuBuaIbHOE 3alleIlJICHIE U ellle TPHU 3allellIeHns

TpuBuanbHoe 3anerieHue (¢ JIOObIM YUCIOM KOMIIOHEHT) — 3allellJIeHne, COCTOSIIee 13 Tpe-
YTOJIbHUKOB, JIEZKAIIKUX B IMapaJIIeIbHBIX IIJIOCKOCTSIX.
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Puc. 8: Kombia Boppomeo, 3arenienune Yaiirxega 1 TPUITUCTHAK

JInarpaMMbl, U30TONNSA U T.JI. JIJIS 3aIICIJICHUI OIPEIEIAI0TCS aHAJIOTUIHO Y3JIaM.
Amnasorn stemm 1.1.6 u 1.1.5 1714 3anerienuii BEpHbI.

Bamaua 1.2.1. (a) 3anermrenne Xorda H30TOMHO 3aIEIUIEHAIO, OJIYIeHHOMY U3 HEro mepecra-
HOBKOH KOMIIOHEHT.

(b) 3amnererne Xorda U30TOMHO HEKOTOPOMY 3aIlEIJIEHIIO, KOMIIOHEHTHI KOTOPOI'O CHMMETPUY-
HbI OTHOCHTEILHO HEKOTOPOIA IIPSIMOIA.

(c) HerBeproe 3arerienne Ha PUC. 7 W30TOIHO 3alEIUIEHUIO YaiiTXea Ha pucC. 8.w.

(d,e*) Toxe, aro u B mynkTax (a,b) mrsa 3anemrenus Yaiirxena.

(f)* Kosba Boppomeo u30TOIHBI 3aIEIIEHI0, KOMIIOHEHTBI KOTOPOTO MEPECTABIISIFOTCS TI0 TIUKJTY
[IPU [TOBOPOTE HA YrOJl 27 /3 OTHOCUTEIHLHO HEKOTOPOM MPSIMOii.

Teopema 1.2.2. (a) 3ayenaenue Xonga ne uzomonto mpusuasvHomy 3aUuenieHu0.
(b) Bauenaenue Yatimzeda ne u3o0monmno mpusuaibHOMY 3AUENACHUIO.

(c) Bauenaenue Xonga ne usomonno sayenseruro Yatumaxeda.

(d) Koavya Boppomeo 1e u3zomonmv, mpusuaisvromy 36UenieHU0.

[Tyukrer (a) 1 (¢) IOKA3BIBAIOTCS C UCHOJIB30BAHUEM KOIPHUUUEHMA 3AUENACHUA NO MOOYAIO 2,
npuyMaiite ero camocrositesibio win M. §1.3. [lynkrer (b) u (d) moKa3bIBAIOTCS € UCHOTB30BAHUEM
b0 noauromos Anexcandepa-Konses, cm. §2.3, mubo ¢ MOMOIIBIO «TPOiHOrO KO3 duimenTa 3a-
nertennst» (naBapuanTa Maccn-Mumropa) u «Bbiciiero KosdbddurmenTta 3alerieHns» (MHBAPHAHTA
Caro-Jlesuna) [Sk, §4.4-84.6]. ITynkr (d) Takxke MOXKeT OBITH JIOKA3aH C MCIIOJL30BAHUEM NPAGUNAL-
HOLT PACKPacor, cM. §2.2.

1.3 TayccoB ko3ddunueHT 3arienjaeHns M0 MOAYJIIO 2 JIJisd JuarpaMm

Bagaua 1.3.1. Ilycte A, B,C,D,E, F,O — 3T0 TOYKM B NIPOCTPAHCTBE, HUKAKHE YEThIpe U3
KOTOPBIX He JieXKaT B OJHO# 1miockocTu. Cremayrolue Tpru yCJIOBHSI SKBUBAJIEHTHBI.

(i) Kouryp tpeyrosbauka DEF niepecekaer dactb mwiockoctu ABC', OrpaHUYeHHYIO TPEYroJib-
uukoM ABC, poBHO B 0OJIHO#l TOYKe.

(ii) Orpesok BC npoxoauT HuKe (B CMBICJIE KOHCTPYKIIH JUAIPAMMBI 3aIIeIIJIEHNsT) DOBHO OJTHOM
u3 croporn DEF tpu B3rsiae u3 Todku A.

(iii) Konryp Tpeyrosbunka ABC' mpoXoauT HUXKe HEYeTHOro uncia cropoH DEF npu B3msije
u3 Toukn O.

[IpemoioKuM, 9TO CYIIECTBYET M30TOIUS MEXKTY JBYMS JIBYXKOMIIOHEHTHBIME 3aIlCIIICHUSIMU,
U BTOpas KOMIIOHEHTa (pUKCUPOBaHa B Iporecce n30Tonuu. Torga ciesr nepBoil KOMIIOHEHTHI — ca-
MOIIEPECEKAIOMINICS IINHID, He UMEOIIHi O0IUX TOYeK CO BTOPOil KOMITIOHEHTOM. Eciu mocye nszo-
TOINK KOMITOHEHTBI PACIEILIEHbI, TO MUJIUHIP MOYKHO JOIOJHUATDH JI0 CAMOIIEPECEKAIOIIErocs IUCKa,
HE MMEIONero oOIMuX TOYeK CO BTOPOIl KOMIIOHEHTOH. DTo HabuogeHne, BmecTe ¢ 3agadeir 1.3.1 u
[Sk, Projection lemma 4.2.4] MoTuBHpYIOT CIIe/yIOIEe OMpeIeeHue.

Kosddurimenrom 3anensienust mo Moyt 2 lky 1mockoit guarpaMMbl JIBYXKOMIIOHEHTHOT'O
3alleIIeHIsT Ha3bIBACTCS B3ATOE 110 MOYJ/IIO 2 YHC/I0 TAaKUX IHEPEKPECTKOB JIHarpaMMBbl, IS KOTOPBIX



1epBasi KOMIIOHEHTa, IIPOXO/IUT HAJ BTOPOU KOMIIOHEHTOM.

Bagaga 1.3.2. (a) Haiigure koaddunuent 3anemiennst mo MOIYI0 2 Jijis JuarpaMM Ha puc. 7,
1ytst iap KoJier, boppomeo u jyist 3aneruienns Yaiitxena (puc. 8).
(b) Koaddurnuent 3arerienns mo MO0 2 cOXpaHsieTcsl IPU JIBUKeHMsX Pefiiemeiicrepa.

Cormacro (b) koadduIMEHT 3allenIeHus 10 MOZLYIIO 2 [BYXKOMIIOHCHTHOTO 3allCIICHUS
(a TakzKe ero Kjacca M30TOINH) MOXKHO KOPPEKTHO OIPEIeNTh Kak KOIhDQUIMEHT 3anelieHust 10
MO0 2 110607 uarpaMMbl 3TOIO 3allellIeH sl

Bynem ucnosb3oBarh 63 10Ka3aTeIbCTBA CAEYIONLYIO ACMMY 0 YeMHOCTU: JIO0bIE JIBE 3aMKHY-
ThIE JIOMaHbIE Ha [JIOCKOCTHU, BEPIINHBI KOTOPBIX HAXOJATCS B OOIIEM IIOJIOKEHUH, II€PECeKalOTCs B
geTHOM uncie Touek. O6CyKeHre 1 JOKa3aTeIbCTBO 9TOM JIeMMbl MOXKHO HaiiTu B §1.3 ‘Intersection
number for polygonal lines in the plane’ [Sk18]|, [Sk].

Bagaga 1.3.3. (a) Kosdpdunuen 3arensenus: o MOmy/io 2 He U3MEHSETCsI TIPU TIEPECTAHOBKE
KOMIIOHEHT 3alleIl/IeHUA.

(b) CyrmmecTByeT ABYXKOMIOHEHTHOE 3allellJIEHNe, He M30TOIHOE TPUBHAJILHOMY, § KOTOPOIO KO-
3 DUIMEHT 3aleIJIEHUs 110 MOJLYJIIO 2 PaBEH HYJIIO.
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Puc. 9: ¥3met K, K_, Ky

O6oznaunm vepes D, D_, Dy nobble Tpu auarpaMMbl OPHEHTUPOBAHHBIX (y3JI0B WJIH) 3allellie-
HUI, OTJIMYAIONIecs, KaK MOKa3aHo Ha puc. 9 (CM. coryaiieHusi O PUCYHKaX B MPUMEYAHUNUN K DHC.
5). Takzke oboznaunm depe3 K, K_, Ky mobbie Tpu 3anemienus ¢ guarpavMvamu Dy, D Dy. Ecim
HEKOTOPBIA mHBapuaHT (Harnpumep, lks) ompejiesien Jijisi HEOPUEHTUPOBAHHBIX 3allelyieHuit (uim y3-
JIOB), TOTJIA €r0 3HAYEHWE JIJIsI 3aIlelJIeHIs] TIPUCBAMBAETCS STOMY 3AIICIICHUIO C JII0O0N OpUEHTAIIHEH].

Teopema 1.3.4. Cywecmsyem eduncmseenmnuiti uzomonuveckut unsapuanm lks co snauernuamu 0
u 1 (meopuenmuposannbir) 06YTKOMNOHEHNMHLLT 3aUeNnAeHUT, NPUHUMAIOWUT 3Haverue () Ha mpueu-
ANBHOM 3QUENAECHUL U MaKol, wmo (das Nobvx deyx sauensenut K, u K_ | umerowur duazpammol,
OMAUNAIOUWUECH KAK NOKA3AHO Ha puc. 9)

1 6 TMoYKe NEPECUHEHUA (?ny PaA3AUHYHBLT KOMNOHEHN,;
koK, — 1k, K_ = )
0 6 mouke camonepecederHuA OdHOU U3 KOMNOHEM.

Bagaga 1.3.5. * Eciu kosddunuent 3anemienust mo MoIy/o 2 1ByX (HeIepeceKaronuxcs KOH-
TYPOB) TPEYTOJIbHUKOB B IIPOCTPAHCTBE PABEH HYJIIO, TO 3allellJIeHne, 00Pa30BAHHOE STUMU TPEYTOJIb-
HUKaMM, U30TOIIHO TPUBUAJIBLHOMY.

Teopema 1.3.6 (Conway—Gordon—Sachs). * Ecau nukaxue 4 u3 6 mouex 6 mpexmeprom npo-
CMPaHCmMee He AeHcam 6 00HOT NAOCKOCU, MO CYWECEYEM NaAPa 3GUENACHHLLT MPEY20AbHUKOS C
sepwuHaMy 6 amux 6 moukar. mo 03navaem, ¥mo HYMPEHHOCMb NEPE020 MPEY20AbHUKA NePe-
CEKaem KoNmyp 6mopo2o mpey2oibHUKa POSHO 6 00HOT MoYKe.

1.4 Apd-naBapuant

PaccmoTpuM m1ocKyto auarpaMmy HEKOTOPOTO y3J7a U ee TOUKY P, He dBJISIONIYIOCs TEPEKPECTKOM.
Hazoem P omwmeuennoti mowkot. Heymopsimodaennast mapa mepekpectkoB A, B Ha3bIBaeTcsi CKpe-
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muBarorneiics (1 P-cKpenuBaoreiics ), ecm, 00Xo/Is JuarpaMmy B KaKOM-HUOY/ b HATIPABJIEHNH,
HaunHasg ¢ P, 1 orMedast TOJILKO IepeKpecTK B A 1 B B, MBI cHadaJj1a BCTPETUM Iepexol B A, 3arem
npoxo B B, 3aTeM Ipoxojl B A 1, HaKOHEIl, Ilepexon B B.

P-Apgp-unsapuarmonm arf p 1mmockoii quarpaMMbl Ha3bIBAETCS Y€THOCTD YNCIA €€ P-CKpeIBaiommuxcst
rap IePeKpPecTKOB.

Bamaua 1.4.1. (a) Eciu P-Apd-unBapuanT n10CKoi [uarpaMMbl He paBEH HYJII0, TO P He MOXKeT
OLITHL TOYKOI1, pacCMOTPeHHOIT B 3amade 1.1.4.

(b,c,d) Haitaure P-Apd-unBapuant (Kakoil-HHOY/IH IIOCKOI JHarpaMMbl) TPUBHAJIBHOTO Y3iIa,
TPUJIMCTHUKA ¥ BOCbMEPKH (IIPK BalleM BBIOOPE OTMEUEHHO Toukn P).

(e) P-Apd-unBapuanT He 3aBUCAT OT BBIOOpA OTMEUYEHHO TOUYKHU P.

Cornacuo (e) App-unsapuarm NIOCKON JUArpPaMMbl MOXKHO KOPPEKTHO OIIPEJIE/IUTh Kak ee P-
Apd-nnBapuanT 11 NpOU3BOJILHON OTMEYeHHOI Toukn P.

(f) Apd-unrBapuanT IOCKOH JAuAarpaMMbl COXPAHAETCS NPU JIBHKEHUAX Peiiemeiicrepa.

Cornacuo (f) Apg-unsapuanm arf yzna (umm jJazke U30TOMUYECKOTO KJIacCa Y3JI0B) MOKHO KOP-
PEKTHO OIpesieuTh Kak Apd-nHBapHaHT TPOU3BOJIBHOM IIJIOCKOM JIHArpAMMbI 9TOTO Y3JIA.

Bagava 1.4.2. (a) Eciu va puc. 9 K, u K_ — 370 miockue juarpaMMbl y3j0B, 10 Ky — 310
IJIOCKAs JuarpamMma JiByxkoMionenTHoro 3arnerienus u arf K, — arf K = lky K.
(b) CyrmecrByer y3es1, He U30TOMHBIH TPUBUAJIBHOMY, Apd-MHBAPDHAHT KOTOPOTO PABEH HYJIIO.

Teopema 1.4.3. /lra (Heopuenmuposaumm) Y3006 CYwWecmsyem eJuHCmMEEeHHvIT U30Mmonuve-
ckuti unsapuanm arf co snwavenuamu 0 u 1, npunumarowuts snaverue 0 Ha MPUBUANLHOM Y3Ae U
maxot 4¥mo

arf K_|_ —arf K_ = lkgKo.

Puc. 10: IIponoc

Bagaua 1.4.4. JIpa y3ma HasbBaOTCsI App-5K6UBaseHMHbILMU, €CTTH KaKasg-HUOYIb AuarpamMMa
[ePBOTO y371a (¢ HEKOTOPOI OpHeHTaIlrel) MoKeT OBbITh IPeodpa3oBaHa B KaKy-HUOY/Ib THATDAMMY
BTOPOIO y3Jsa (¢ HEKOTOpOil opueHTarmeii) apukennsMu Peiiemeiicrepa U ¢ HOMOIIBIO NPOHOCOS,
IoKaszaHHBbIMU Ha puc. 10.

(a) Eciu nBa y3ina Apd-skBuBajeHTHBI, TO UX Apd-UHBAPHAHTHI COBIAIATOT.

(b)* Bocbmepka Apd-sKBHBaIeHTHA TPUIUCTHUKY.

(¢)* Eciu y nByx y3708 Apd-uHBApUAHTHI COBIAJAIOT, TO 3TU y3Jbl ApQh-IKBIUBAJIECHTHBI.

Teopema 1.4.5. * Paccmompum 7 mouex 6 npocmpancmee, HUKAKUE 4 U3 KOMOPOIT HE AEHCAM,
6 001OT naoCcKoCTU, U (;) = 21 ompeskos, ux coedunmouwuzr. Tozda cyuecmeyem 3amMKHYMAA NO-
MAHGA, COCMABAEHHAA U3 IMUT OMPE3IKOE U HE USOMONHAA KOHMYDPY MPEY20A0HUKA.

1.5 OpueHTUpPOBaAHHbBIE Y3Jbl U 3aIlCIJICHUS

BuI 3HaeTe, 94TO TaKOoe OPUEHTHPOBAaHHAs JOMaHasd, TaK 9TO BBl TakyKe 3HaeTe, 9TO TaKOe OPUEHTH-
poBaHHBI y3es (puc. 11).
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Puc. 11: /IBa TpuincTHUKA ¢ TPOTUBOIIOJIOXKHBIMU OPUCHTAIIAAMEI

HedopmanbHoe moHATHE W CTPOroe OIPENesICHAE U30MONUL OPHEHTHPOBAHHBIX y3/I0B JIAIOTCS
AHAJIOTHYIHO M30TONUH y3JIOB.

Bamaua 1.5.1. V3oTomnmbie opueHTHPOBAHHbBIEC JIOMAaHble 6€3 caMolepecedeHnil Ha MII0CKOCTH 1
Ha cdepe OIpeeIATCs aHAJOMMIHO H30TOMHBIM OPUEHTHPOBAHHBIM y3/IaM B IPOCTPAHCTBE.

(a) OpuenTupoBaHHBI chepuIecKuil TPEYTOIBHIK H30TOIEH Ha cdepe TOMY XKe TPEYTOJbHUKY
C TIPOTUBONOJOKHONA OPUEHTAITUCH.

(b) Anasor mynkTa (a) /s IIIOCKOCTH HEBEPEH.

Bamaua 1.5.2. (a) /Ipa TpuBnasnbubix y3ma; (b) Ipa tpuauctauka; (c) JIBe BochMepKn

C MIPOTUBOMOJIOKHBIMI OPUEHTAIINSIMA U30TOIHBHI.

Teopema 1.5.3. (H. Trotter, 1964) Cywecmeyem opuenmuposannviii yse, e u3omonmuil ma-
KOMY otCe Y3AY C NPOMUBONOA0AHCHOT opuermayued.

1ot GaKkT JOKA3BIBAETCSI C UCIIOIB30BAHIEM NoAUuHoM08 [oconca [PS96], [CDM12|; nokazaresinb-
CTBO BBIXOJIUT 33 PAMKU JTAHHOTO TEKCTA.

Puc. 12: Csasnag cymma y370B

CasI3HAsI CyMMa # 0puenmuposantvls Y3108 onpeseaeHa Ha puc. 12.7
DTa oreparys He ABJISIeTCsd KOPPEKTHO OIPE/Ie/IEHHOM /I OPUEHTUPOBAHHBIX y3JI0B. TaK ITO MbI
oboznaunm uepe3 K# L yobyio cBazuyio cymmy K u L.

"BoJiee TOYHO, PACCMOTPHM HEHePECEeKaIOIHecs OPUEHTHPOBAHHBIC IHATDAMMBI JIBYX OPHEHTHPOBAHHBIX y3JIOB.
Haiimem B miockocTr mpsiMOyTOJIBHUK, OJHA TIapa CTOPOH KOTOPOT'O COBIAIAET C HEKOTOPBHIMH PeOpaMU 3TUX y3JI0B, a
oCTaJIbHAsT 9aCTh TPAMOYTOJbHUKA C y3JAMHU HE IePEeCeKaeTCsi, U 9TU pedpa MMEIOT OIMHAKOBYIO OPHUEHTAINIO BIOJIb
KOHTYDa IPSMOYTOJIbHUKA. 1€reph COeIUHUM JIB€ IUATPDAMMBI, YIAJUB 3T pedpa uU3 y3JI0B U H00ABUB B KadeCTBE
pebep oTpe3ku, oOpa3yIoliye APYrylo Hapy CTOPOH NIpsAMOYyrojbHUKA. llosyumBinascs guarpaMma CBS3HON CyMMBI
HAMeIOT OPUEHTAINIO, COIVIACYIONLYIOCd C OpUEeHTAalMell MCXOAHBIX JIUarPaMM.



Samaua 1.5.4. Jlyis 1oO6bIX OPUEHTUPOBAHHBIX y3/10B K, L, M u TpUBHAIBLHOIO OPUEHTHUPOBAH-
Horo ysia O uMeem

(a) K#0 = K. (b) K#L = L#K. (¢) (K#L)#M = K#(L#M).

(d) arf(K#L) = arf K + arf L (31ech y3mibl K, L HeOpHEHTHPOBAHHBIE).

(Crporuit cMbicst myHKTa (a) — «cymectByer csa3Hast cymma K u O, usoronnast K». Crporoe
embicst yHKTOB (b) u (¢) anasormaen. CM. 3aMevyaHue HUKE. )

Bameuanne. Kiacc u3omonuu y3ja — 3TO MHOMKECTBO y3JI0B, €My H30TOIIHDIX.

OpueHTHpOBaHHbI Kiace uzoronun [K#L| CBI3HOH CyMMBI JIByX OPHEHTHPOBAHHBIX KJIACCOB
uzoronuu [K|, [L] opuentupoBanHbix y37108 K, L He 3aBUCAT OT BBIGOPOB, CJIEJAHHBIX B IPOIECCE TI0-
crpoeHust, 1 or Beibopa npescrasuresteii K, L kinaccos [K], [L]. CiemoBaresbHO, CBsi3Has CyMMa OpH-
EHTHPOBAHHBIX KJIACCOB M30TOINI OPUEHTHPOBAHHBIX y3JI0B KOPPEKTHO onpesesneHa Kak [K|#[L] :=
[K#L], cm. [Sk15p, Remark 2.3.a]. Ijis KiaccoB ©30TONMN HEOPHEHTUPOBAHHBIX Y3/I0B CBSA3HAS CYM-
Ma HE gBJAETCA KOPPEKTHO ONPEACTCHHON ONeparnei.

Y.
GO

Puc. 13: Cpaznasa cymma 3alierjieHui

Cesi3Hast cymMMa # 3arerieHuii (yrnopsiIoYeHHbIX W HET, OPUCHTUPOBAHHBIX WJIM HET) OIpe-
JIeJIAeTCs aHAJIOTUYIHO CBSI3HOM CyMMe y3JI0B, CM. puc. 13. DTo omepalus He SABJIsIeTCsT KOPPEKTHO
oTpeIeICHHOM JIjI 3alelieHnii n 3a1ada 1.5.6 oKa3bIBaeT, YTO Olepalus TaKxKe He SIBJIACTCA KOp-
PEKTHO OIIpeIeeHHON /I KJIacCOB M30TONUU 3alleriennii. Tak 4ro Mbl obo3HaunMm depe3 K #L
Jo0y10 cBaznyio cymmy K u L.

Bamaua 1.5.5. (a,b,c,d) Jokaxkure anamoru yreep:xaennii u3 sagaqn 1.5.4.a,b,c,d s 3amermne-
HUI.

Bamaua 1.5.6. Cymecrsyer jBe m3oronnsle napsl (K, L) u (K', L)

(a) meymopsimovennbix;  (b)* ymopsimouenubx

JIBYXKOMIIOHCHTHBIX 3aICIUICHIH (OPUEHTHPOBAHHBIX NMJIN HET) TaKHX, 9TO HEKOTOPBIC CBS3HBIE
cymMmbl K#L n K'#L' ne u3oTonusl.

1.6 TayccoB ko3ddunmeHT 3arienjaeHnus JIJIs MJIOCKAX JUarpaMm

[Tycrn (ﬁ, @) — YHOPsII0YeHHast Tapa BEKTOPOB (OPUEHTUPOBAHHBIX OTPE3KOB) HA IJIOCKOCTH, I1e-
pecekaomuxcst B Touke P. Omupenennm 3HaK Toukn P kKak +1 ecoim ABC opueHTHpOBaH 10 9acOoBOA
crpesike n Kak —1 mnade (puc. 14).

Kosdpdunuenr sauermnenus lk quarpamMmbl OpUEeHTHPOBAHHOIO JBYXKOMIIOHEHTHOIO 3allell-
JICHHsI — CyMMa 3HAKOB BCEX TOYEK IepecedeHusl Ha JIuarpaMMe, B KOTOPBIX IIepBas KOMIIOHEHTA
[POXOJIUT HaJ, BTOPOH KOMIOHEHTOM. B KaxK0M mepekpecTke nepsvidl (6mopoti) BEKTOP — 3TO 3BEHO
epBoii (BTOPOIi) KOMIIOHEHTHI.
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+1 -1

Puc. 14: 3nak TouKu mepecedennst

Bagaga 1.6.1. (a,b) Haiinure koaddurment 3anemienns jijis (HEKOTOPOR JMarpaMMbl) 3alleli-
Jieanst Xonda 1 mapbl Kojell boppoMeo, BRIOpaB OpHEHTAIINI0 KOMIIOHEHT CaMOCTOSITeIbHO.
(c) Koapdunment zanemienus: coxpansiercsi Mpu JIBUKeHUsX Peiiemeiicrepa.

Us (c) caenyer, ur0 K03 DUIUEHT 3aEIIEHUs] OPUEHTUPOBAHHOTO JBYXKOMIIOHEHTHOTO 3a~
Heriennst (MM ero KJIacca M30TOINH) — KOPPEKTHO ONpeJIeseTcss Kak KodMMUIMeHT 3alerieHust
JIFOOOM TIJIOCKOI JrarpaMMbl 3allellIeHHsI.

Modyav woaduyuenma 3auenaenus (HEOPHEHTUPOBAHHOIO) JIBYXKOMIIOHEHTHOIO 3aIlCILICHUS
(nm ero Kjiacca M30TONUM ) KOPPEKTHO OIPEJIeIeH He 3aBUCUMO OT OPHEHTAINN KOMIIOHEHT.

Bynem ucnosibzoBaTh 6€3 0Ka3aTEILCTBA CJAEIYIONIYIO AEMMY 0 MPUSUAALHOCNU: I JTIOOBIX
JIBYX 3aMKHYTBIX JIOMAHBIX B INIOCKOCTH, BEPITUHBI KOTOPBIX HAXOIATCS B OOIIEM MTOJIOKEHNN, CyMMa
3HAKOB MX TOYEK Iepecedenus pasHa nHymo. Obcyxiaenne u jgokazareabctBo oM. §1.3 ‘Intersection
number for polygonal lines in the plane’ B [Sk18], [Sk].

Bamaua 1.6.2. (a) [lepecranoBKa KOMIIOHEHT COXpaHseT KOI(DMOUIMEHT 3aIeIICHNsT I MEHsIeT
€r0 3HaK Ha MTPOTHBOIIOIOKHBIH?

(b) Usmenenne opuenrtaiuu 000 KOMIIOHEHTHI MEHSIET 3HAK KOY(DUIMEHTA 3allelieHus Ha
IIPOTUBOIIOJIOXKHBIA.

(c) Hapucyiite oprenTHpOBaHHOE JIByXKOMIIOHEHTHOE 3allelieHne ¢ KO3 MUITMEHTOM 3alleIICHUST
—5.

(d) dmst si060it cBsizHO# cymMbl K # L OpUeHTHPOBAHHBIX JIBYXKOMIOHEHTHBIX 3arerienuii K, L
nmeem Ik(K#L) =1k K + 1k L.

(e) CyrmecTByer JBYXKOMIIOHEHTHOE 3allellJIeHNe, He W30TOIHOe TPUBUAJIBHOMY 3allellIEHIIO, KO-
> dUIMeHT 3alerieHns KOTOPOro paBeH HYJIIO.

Teopema 1.6.3. Cywecmeyem eduncmeertvili UesoUUCAEHHIT U3omonuveckut uneapuarm 1k
OPUEHMUPOBAHHVIT IBYTKOMNOHEHMHBLT 3aUenseHUL, KOMOput paser 0 Oaf MPUBUALbHO20 3AUEN-
ACHUA, MAKOT, 4MO

Ik K Ik K 1 daa nepexpecmkos, 6 KOMOPHIT NEPECEKAIOMCA PA3HBLE KOMNOHEHMDL;
+ _— J—

0 oJan nepexpecmroes, 6 KOmopuvlxr 00HA KOMNOHEHMA nepecexaem cebs.

Bamaua 1.6.4. /Ipa 3anensenusi (OpHEHTHPOBAHHbIE WM HET) HA3BIBAIOTCS CUH2YAAPHO 20MO-
MONHBLMU, €CIH OTHO 3allellJIeHne MOXKHO HEIPEPBIBHO MPOAedOPMHUPOBATH B APYroe TakK, ITO BO
BpeMst JiechOpMAIiK Pa3Hble KOMIIOHEHTBI HE MEPECEKAIOTCsT (HO MOTYT HOSBJISITCS CAMOTIEPECEIECHUST
KOMITOHEHT). VT, SKBUBaJIEHTHO, HEKOTOpAasl TJIOCKAsI MarpaMMa IIepBOro 3allellJIeHIsT MOYKET ObITh
npeobpa3oBaHa B HEKOTOPYIO ILJIOCKYIO JUATPAMMY BTOPOI'O 3aIlCIJICHUS € UCIOJIH30BAHUEM JIBUZKE-
unit Pefinemeiicrepa 1 m3mMeHeHuil mepeKpecTKa st OJHON KOMIIOHEHTHI.

(a) Bamemienne YaiTxea CHHIYJISPHO TOMOTOITHO TPHBUATBLHOMY 3aleIIIEHHIO.

(b) Eciii 1Ba OpHEeHTHPOBAHHBIX JBYXKOMIIOHEHTHBIX 3allelJIEHNs] CUHTY/IIPHO TOMOTOIIHBI, TOTJIA
X KO3(pDUIMEHTHI 3aleIl/IEHUsT PaBHbI.

(¢)* Eciu koddduripenTsl 3alenieHnit IByX JBYXKOMIIOHEHTHBIX 3allelIeHni paBHBI, TO 3TH
3aTlelJIeHns CUHTYISPHO TOMOTOITHBI.

(d)* Koabia Boppomeo CHHIYJISIpHO He TOMOTOITHBI TPUBHAIBHOMY 3aIlEILIEHUIO.

11



2 3ajadm mocJe MPOMeXKyTOYHOTO (PUHUIIIA

2.1 HWNaBapuant Ksccona

3HaK nepekpecTKa OPUEHTHPOBAHHOMN IJIOCKOH JuarpaMMbl y3Ja OIlIpeIe/ieH Iocie pucyHKa 14; mep-
BbIii (BTOpOIt) BEKTOP — 9TO BEKTOP Tepexojia (mpoxosa). OUeBuIHO, 3HAK HE 3aBUCUT OT OPUEHTAIIUH
JMarpaMMBbl U TAKAM 00Pa30M OIpeJiesieH JIjIsi HEOPUEHTUPOBAHHBIX JIHArPAMM.

Buak P-ckpermuBarolreiicss mapbl MepeKpecTKOB Ha MJIOCKON uarpamme yaia (Jiis o6oit oTme-
YeHHOI TOUKHM P) — 9T0 NpOou3BejieHne 3HAKOB COOTBETCTBYIONIIX EPEKPECTKOB.

P-unsapuanm Kasccona II0CKO# auarpaMMbl — 9TO CyMMa, 3HAKOB BCEX P-CKPeNnBaOIIIXCs Tap
IIEPEKPECTKOB.

Bagaga 2.1.1. (a) HapucyiiTe miockyio auarpaMMmy y3Jja ¥ OTMEYEHHYIO TOUKy P Takue, 910
P-unsapunant Ksccona 1miockoil guarpaMMbl paBeH —5.

(b,c,d,e,f) To xe, uro u B 33magax 1.4.1.b,c,d,e,f qyst uaBapuanra Kaccona.

(g) Chopmymupyiite n mokazkure aHasior 3agaqdu 1.4.2.a mis unsapuanta Ksccona.

(h,i) To ke, ato u B 3amauax 1.4.2.b u 1.5.4.d gy uaBapuanta Ksccona.

Us (e,f) ciaemyer, uro maBapmant Kaccona (umcio Kaccona) c¢p 1mrockoit guarpaMmbl y3ja
(nm mazke M30TOMMYIECKOTO KJacca y3ja) siBIseTCss KOPPEKTHO OIpeIeJIeHHBIM HHBAPUAHTOM, eCIIH
MOJIOYKUTH €ro paBHBIM P-unBapuanty Ksccona o000t TIOCKON JuarpaMMbl 3TOTO y3Ja ¢ JI000M
OTMEYEHHOI TOUYKO# P.

Teopema 2.1.2. Cywecmsyem eduHcmMEeHHBLT UEAOUUCACHHDIT U3OMONUYECKUTT UHBAPUAHM, Co
0ns (HEOPUEHMUDPOBAHHDIT) Y3408, Komopul pasen 0 OAA MPUBUANLHO20 Y3AG U OAA KOMOPO20

CQ(K+> — CQ(K_) = leo

(Hucao Ik Ky onpedenero, nockoavky udmenenue 0pueHmayut, 06eus KoMnonewm opueHmuposaHHo20
3auenaenus ne Menaem xodpduyuenm sauenienus. )

2.2 IIpaBujbHbIEe pacKpacKu

/lyeoti Ha TIOCKOM Juarpame (y3/a WM 3allellJIeHnsT) HA3bIBAeTCsl CBI3HBIN (DparMeHT, uayIuii or
oJiHOTO TIpoxojia 1o Apyroro. IIpaBuiabHas packpacka IUIOCKOil JuarpaMMbl (y37a WK 3arierie-
HIsI) — 9TO TaKasi PACKPACKa ee JIyT' B TPH I[BETa, UTO MO KpailHeil Mepe JIBa I[BeTa UCIIOJIb30BAHO, U B
KazKJI0M IIePEKPECTKe BCTPEIaroTcs JIub0 Bce TpH IBeTa, JIMOO TOJIBKO OMH IBeT. [[mocKast auarpam-
Ma (y3J1a Wi 3alelIeHns ) Ha3blBaeTCs PACKPAIIINBAEMOil B TPU IBETA €CJIU €€ MOYKHO IIPABUIIBHO
PacKpacuTh.

Bamaga 2.2.1. Jljist KaxKJI0ro U3 CJAEJYIONUX y3JI0B UM 3alleIVIeHU BOSbMUTE JIHOOYIO IJIOCKYTO
JArpaMMy ¥ ONIPEJIEIINTE, sIBJISIeTCS JIN OHA PACKPAIMBACMOIl B TPH IIBETA:

(a) rpuBmasbHbii y3en;, (b)) TpummcTHUK; () BOCbMEpKA.

(d-j) sanertenns wa puc. 7 u 8.

Bamaga 2.2.2. (a) PackpammBaeMocTs B TpH IBeTa IIJIOCKOI THATDAMMBI COXPAHSETCS [IPU JBU-
)kenngx Peiimemeiicrepa.

(b) Hu ommo u3 sanensennit na puc. 7 n 8 (KpoMe TPUBHAJIBHOIO 3AllClJICHUS) HE H30TOIHO
TPUBHAJILHOMY 3allCIJICHHUIO.

Sagaua 2.2.3. ¥Y3esn 5; He U30TONEH TPUBUAIBLHOMY Y3JIY.
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Puc. 15: ¥Vzen 5,

2.3 Iloamaombl Anekcanaepa-KomuBes

Bagadga 2.3.1. * (a) CymecrByer eIMHCTBEHHbI H30TONMMYIECKUN MHBAPUAHT TPEXKOMIIOHEHTHBIX
OPMEHTHPOBAHHBIX 3arerieHnii arf co 3aadennavu 0 n 1, npuHIMAaromuii 3HaveHne () Ha TPUBUATIHLHOM
3aICIJICHUA U TAKOUW, 4TO

lk oKy B TOUKe mepecedeHns Pa3JIUIHBIX KOMIIOHEHT;
arf(K,) —arf(K_) =

0 B TOYKE CaMOIlepeCeqdCHU A O,ZLHOfI 13 KOMIIOHEHT.

(3mech lky Ky onpeesieno, tak kak Ky — JBYXKOMIOHEHTHOE BaLLenﬂeHI/Ie.)8

(b) CyiecTByeT €MHCTBEHHBIN M30TONMNIECKUN MHBAPUAHT JIBYXKOMIIOHEHTHBIX OPUEHTUPOBAH-
HBIX 3aIlelieHnit ag co 3nadennamu 0 n 1, npuanMatomuii 3nadenne ) Ha TPUBUAJILHOM 3allellJIEHUN
U TaKOM, 4TO

CL3(K+> — Clg(K_) = arf Ko.

(3mecw arf K onpeneneno, Tak kak Ky aubo y3es, ub0 TPEXKOMIIOHEHTHOE 3allellIeHuHe. )

(c) CymecTByer eJMHCTBEHHBIl H30TONMUYECKIH WHBAPHAHT Y€THIPEXKOMIIOHEHTHBIX OPUEHTHPO-
BaHHBIX 3allell/IeHnii az co 3HadeHusMu 0 u 1, npunnmalomuii 3uadenue ) Ha TPUBUAILHOM 3alleILie-
HUAM U TaKOM, 4TO

( ) ( ) arf K() B TOYKe IlepecedeHrud pa3/IMIHbIX KOMIIOHEHT,
as l§+ — as K_ )=
0 B TOYKE CaMOIlepeCeYeHUs OIHON M3 KOMIIOHECHT.

(Bnech arf Ky onpegiesiero, Tak Kak Ky — TPEXKOMIIOHEHTHOE 3alleIl/ICHIHE. )

JlokazaTebCTBO CyIIECTBOBAHUA B 3a/a4ax 2.3.1 u Teopeme 2.3.3 He IPUBOIUTCI B 9TOM TEKCTE.
[Ipocroe mokazarenaberBo MoxkuO Haiiti B [Ka06’, §2-85|, [Ka06]. Ber moxkere 3apaborars 1toc, 10-
Ka3aB eIUHCTBEHHOCTD, U PEHIATH JIPYTUe 3a/1a4u, IIPe/Iroaras CyIecTBoBanme JJoKa3auubiM. CBsA3b
C IpaBWJIBHBIMU pacKpackamu cM. B §6 [Ka06’].

Bagaga 2.3.2. Haiijure (camu BBIOpAB OPHEHTAIINIO KOMIIOHEHT )

(a) arf uaBapuanT KoJsierr Boppomeo;

(b,c,d*) a3 maBapmanT 3anemenus Xorda, 3aleieHnst YalTxemga U 4emulperkomMnoneHmmo20
sauenaenus Boppomeo, T.e. TAKOrO I€THIPEXKOMIIOHEHTHOI'O 3alleIlJIeHNsI, JJIsi KOTOPOT'O JII000e TpexX-
KOMITOHEHTHOE TTOJ3ATIEI/IEHNe N30TOIMTHO TPUBUAJIHLHOMY 3allellJIEHNIO, HO caMo 3alleljieHne He U30-
TOTTHO TPUBUAJIHLHOMY.

Teopema 2.3.3. * (a) Cywecmeyem eduncmeennan 6eCKOHEUHAA NOCALIOBAMEALHOCTL C_1 =
0, co, €1, Ca, - . . YLAOUUCAEHHBLT USOMONUMECKUT UHBAPUGHMOE OPUEHMUPOSAHHLT HEYTIOPATOTEHHBIX
3ayennenutl, NPUHUMAIOWAs 3Haverus co = 1 u c; = cp = ... = 0 Ha MPUBUALLHOM 3aUENAEHUL, U

mawas, 41mo
cn(Ky) — cn(K-) = cno1(Ko)

8TeopeMa 1.4.3 siBystercst anasoroM 3aja4n 2.3.1 1yist OJIHOKOMIIOHEHTHBIX 3arieriennii (y3aos). Onpenesnenne arf,
snanHOoe B §1.4 IPpUMEHUMO TOJIBKO K y3JIaM, M HAIIA EeJIb 37eCh — 0DODIIUTD ero Ha TPEXKOMIIOHEHTHBIE 3AIleILICHUS.
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oas abozo n > 0.

(b) Cywecmsyem eduncmeennas beckoneunas nocaedosamesvhocms ¢y = 0, ¢, C1, Ca, ... UEAO-
YUCAEHHDBLT U3OMONUNECKUT UHBAPUAGHMOE OPUEHMUPOBAHHDIT YIOPAIOUCHHDBIX 3aUenAeHUtl, NPUHU-
Ma0OWaA 3Havenus ¢og = 1 u ¢ = ¢ = ... = 0 Ha MPUBUAALHOM 3AUENACHUL, U MAKAA, YN0 O

Mo0bo20 n > 0 umeem

Cn(Ky) = en(K-) = a1 (Ko),

2de Kg — amo Kqy ¢ puc. 9 ¢ nexkomopvim ynopadoveHuem KOMNOHEHM.

Boobie-To s1Be Bepcun TeopeMbl 2.3.3 9KBUBAJICHTHBI. BBl MoxkeTe ncrosib3oBarh Teopemy 2.3.3.b
6e3 nokazaTeabeTBa.”

Muorounen C(K)(t) := co(K) + c1(K)t + co(K)t? + ... nasbisaercss muozouaenom Konees, cum.
zasa4dy 2.3.5.e. BBemenue 3Toro MHOTOYIEHA IO3BOJISIET HAXOAUTD BCE MHBAPUAHTHI ¢, TaK YK€ OLICTPO,
Kak 1 ofuH u3 HuxX. Popmysa u3 TeopeMbl 2.3.3 SKBUBAJIEHTHA CJIEILYIONIEMY PaBEHCTBY

O(K.) — C(K_) = tC(K,).

Bamava 2.3.4. Haiigure muorouenst Kongesi cieyromux sanemienuii (Bibepure caMu OpueH-
TAIIMIO JJTs KaKI0i KOMITOHEHTDI).

(a) TpEBHAJIBHOE 3AICIVICHAE C JIBYMs KOMIIOHCHTAMI;

(b) TpuBHAIbHOE 3allEIJIEHIE C 1 KOMIIOHEHTAMI;

(c) zanemenne Xonda; (d) rpmmernuk;  (€) BOChbMeEpKa,

(f) samemienue Vaiitxena;  (g) xosmbua Boppomeo;  (h) yser 5.

Bamava 2.3.5. (a) meer mecto paserctBo ¢o(K) = 1 ecnn K y3en, u ¢o(K) = 0 B mpoTuBHOM
ciaydae (r.e. ecsim K umeer 6oJiee 0jIHOM KOMIIOHEHTBI).

(b) Ectu K — y3em, 10 ¢9j41(K) = 0, 1 ¢o 510 HuBapuant Ksccona.

(c) Ecm K — nByXKOMIIOHEHTHOE 3alenienne, 1o coj(K) = 0, u ¢; 970 ko3 duImenT 3aremneHns.

(d) Ecrm K — k-romnomnenTtHoe 3arerienne, 1o ¢;(K) = 0, ecin wm j < k — 2, wm j — k 1étHo.

(e) st KaxK0T0 y3/1a WK 3allellJIcHNAs BCe HHBAPUAHTDI C;,, KDOME KOHETHOTO UHCJIa, HYJICBBIE.

Bamaua 2.3.6. (a) l3menenne opreHTAINN BCeX KOMIIOHEHT 3alleljieHusl (B 9aCTHOCTH, U3MEHe-
HUe OPHEeHTAINH y3J1a) coxpaHsier Muorowien Konsest.

(b) CymiecTByeT JABYXKOMIIOHEHTHOE 3allellJICHAE TAKOoe, UTO M3MEHEHHEC OPHEHTAINH OJHON €ro
KOMIIOHEHTBI MeHseT crereHb MHorodaeHa Konpesi (B 4acTHOCTH, TaKoe M3MEHEHHE HU COXPaHseT
muorouwen KoHBest, HU MeHsieT ero 3Hak).

(c) Hust mioboit csiznoit cymmsl K# L y3nos K, L sepro C(K#L) = C(K)C(L).

BaremieHne Ha3bIBACTCS PA30EAACMbIM, €CIIA OHO M30TOIHO 3AICIVIEHUIO, KOMIIOHEHTBI KOTOPOI'O
COJIEPKATCS B HEIIEPECEKAIOIINXCs TIapax.

Bagaga 2.3.7. (a,b,c) Hu omgno 3anerienne u3 reopeMbr 1.2.2 He SIBJISIETCST Pa3/IE/IsIeMbIM.
(d) Muorounen Konest paszjiesisieMoro sarerieHns TPHBUAJICH.

9He BrosiHe sicHO, KOTOpas U3 JABYX Bepcuit chopmymposana B [CDM12, §2.3.1], Tak 4T0o MbI IPHBOIAM 06 BepCun
7 BBIBOIUM 00Jjiee CTPOTYIO Bepcuio u3 6ojiee craboii.
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2.4 Vassiliev-Goussarov invariants (sketch)*

Denote by

e X the set of isotopy classes of singular knots [PS96, 4.1],

e ), the set of all chord diagrams that have n chords [PS96, 4.8];

e 0(K) the chord diagram of a singular knot K [PS96, 4.8], [CDM12, 3.4.1] (not to be confused
with Gauss diagrams for a non-singular knot K [CDM12, 1.8.4]).

Teopema 2.4.1 (Vassiliev-Kontsevich, [PS96], [CDM12]). For any map X : 6, — R there exists a
map v : X — R having properties (1)-(3) below if and only if X satisfies to the 1-term and the 4-term
relations [PS96, (4.5),(4.6)].

(1) For any singular knots K., K_ and K° from [PS96, (4.1)] (notice the difference with fig. 9)
we have

v(Ky) —v(K-) = o(K"),

(2,,) v(K) =0 for each singular knot that has more than n double points, and
(3) v(K) = Mo (K)) for each singular knot that has exactly n double points.

A map v : 3 — R such that (1) holds is called a Vassiliev-Goussarov invariant.
A map v : 3 — R such that (2,) holds is called a map of order at most n.

Bagaga 2.4.2. (a) The map v of theorem 2.4.1 is unique up to Vassiliev-Goussarov invariant of
order at most n — 1. More precisely, the difference between maps v,v’ : ¥ — R satisfying to (1), (2,)
and (3), satisfies to (1) and (2,-1).

(b) Prove the ‘only if’ part of theorem 2.4.1.

(0),(1),(2),(3)* Prove the ‘if” part of theorem 2.4.1 for n = 0,1, 2, 3.

Hint: for n = 2 use theorem 2.1.2, for n = 3 use the coefficient of k% in J(e”), where J is the
Jones polynomial in ¢-parametrization [CDM12, 2.4.2, 2.4.3].

In the remaining problems theorem 2.4.1 can be used without proof. Assertion ‘v(K) = x for any
singular knot K whose chord diagram is a’ is shortened to ‘v(a) = z’.

Bamaua 2.4.3. (a) There exists a unique Vassiliev-Goussarov invariant v, : ¥ — R of order at
most 2 such that

e v5(0) = 0 for the trivial knot O, and

e 1,(1212) =1 ((1212) is the ‘non-trivial diagram with 2 chords’ [PS96, Figure 4.4], 3rd diagram
of the first line).

Warning: in this problem it is allowed to use theorem 2.4.1 but not theorem 2.1.2.

(b,b’,c,d) Calculate vy for the right trefoil, left trefoil, figure eight knot and the 5; knot.

Bamava 2.4.4. (a) There exists a unique Vassiliev-Goussarov invariant vs : ¥ — R of order at
most 3 such that

e v3(0) = 0 for the trivial knot O and for the left trefoil O, and

e v3(123123) = 1 ((123123) is the ‘non-trivial most symmetric diagram with 3 chords’, [PS96,
Figure 4.4], 5th diagram of the second line).

(b,c,d*) Calculate vs for the right trefoil, figure eight knot and the 5; knot.

Hints: Problems 2, 3, 4ab, Results/Theorems 11, 13, 14 from [PS96, §4].

Banmaua 2.4.5. (a) There exists a unique Vassiliev-Goussarov invariant v4 : ¥ — R of order at
most 4 such that

e v4(0) = 0 for the trivial knot O, for the left trefoil O, and for the right trefoil O,

o v,(12341234) = 2, v4(12341432) = 3 and v,4(12341423) = 5 [PS96, Problem 4.4.b|.

(c*,d*) Calculate v, for the figure eight knot and the 5; knot.
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YKazaHus 1 pelneHnsd K 3aJiladaM 10 IPOMexKyTOYHOro (pMHUIIA

1.1.1. (a,b,c,d) Cm. [Pr95]. IIpore Bcero m3roroBUTH TPUJIMCTHUK W BOCHBMEDKY M3 BEPEBKU WJIN
ITHYPKa, a 3aTeM IOMBITATHCA MOJIYYATh U3 ITUX Y3JI0B BCE Y3JIbl, M300pakeHHble HA pUCYHKe 1.
BpImoTHUTS HEKOTOPBIE TPpeoOpa30BaHMs y3J/1a BOCbMEPKa BaM MTOMOXKeT puc. 16.

)&

Puc. 16: N3oTomnust BocbMepKu

(e) Paccemorpnm [1Ba y371a ¢ COBIAJAIONNMHA IVIOCKAME JAAarpaMMaMi B TOPH30HTAJBHOMN ILIOC-
kocru 7. st Kaxkzoit Toukn X B npocrpancTse 1mycTh p(X) — mpsimMasi, poxojsiinas depe3 X u
neprienkyaspraas . [Tycrs h(X) — Beicota X orHocuTesnsHo 7, nosoxurenbHas (h(X) > 0) ec-
X HAXOIUTC B BEpXHEM HoJiynpocrpaHcTse u orpuraresibhas (h(X) < 0) ecom X Haxomurcs
B HIDKHEM MOJIyIpocTpancTBe. Kakmoit Touke A 1mepBoro ysia IOCTaBUM B COOTBETCTBHE TOUKY A’
BTOPOTO y3JI1a ¢ HOMOIIBIO CJIe/yIomeli mponeaypsl. PacemoTpnm nBa corydast:

Cayuati 1: Ipoekyua mouku A 1a T 1e ABAACMCA NEPEKPECTIROM 1A NAOCKOT duazpamme. B aTom
ciygae npsiMast p(A) nepecekaer IepBblil y3es TobKo B Touke A. Tak Kak IJI0CKUe JinarpaMMbl y3jI0B
COBIAIAIOT, TO mpsiMast p(A) 1epecekaeT BTOPOi y3es TaKzKe TOJIbKO B OHON Touke. OGO3HAYUM Ty
Touky 4epes A’

Cayuati 2: npoexyus mouku A na T AGAAECMCA NEPEKPECTNKOM Ha NAOCKOUT duazpamme. B sToM
caydae npsivast p(A) mepecekaeT mepBblit y3er erme B o/Hoi Touke B # A. Tak Kak 1m1ockne gparpam-
MBI Y3JI0B COBIaJIAOT, To npaMas p(A) nepecekaer Bropoii y3es toxe B nByx Toukax: C' u D. Bes
orpaHmdeHus ooIHocTH MOXKHO cuautarh 9o h(C) > h(D). Torma ecim h(A) > h(B), To m0710KIM
A'=C, unaue A’ = D.

st kazk1oit Toukn A mepBoro ysia u kazxkaoro uncia t € [0, 1] mycers A(t) — Touka Ha MpsaMoif
p(A) na Beicote h(A(t)) = (1 — t)h(A) + th(A’). Ilo nocrpoernio A(0) = A, A(1) = A’, u npeobpa-
30BaHKe MepBoro yaia, jasuraoriee Touky A(0) kK Touke A(1l) ¢ OCTOSIHHOl CKOPOCTBIO TaK, YTO B
MOMEHT BpEMeHH ¢ OHa HAXOJUTCsI B HosioxkeHun A(t), sBjigeTcss HCKOMOi u30Tonueii.

e

Puc. 17: MocTuk 1epes mepekpecTox

1.1.2. /I KaxkI0T0 1mepekpecTka Ha IJIOCKON JuarpaMe BhIOepeM Ha yuacTKe MEePeKPeCTKa, sB-
JISIIOIIEMCS  TIEPEXOJIOM, JIBe TOUKHU, OJIM3KHE K IEPECEUYCHUI0 M HAXOJANINECH 10 Pa3Hble CTOPOHBI
OT HEro. 3aMEeHUM OTPE30K MEXKJY JIBYMsI BHIODAHHBIMU TOUYKAME «MOCTHUKOM>», COCJIMHSAIONIUM BbI-
OpaHHBIE TOUYKH U «ITOJBIMAIOIINMCI» HaJT IUIOCKO# muarpamoii (em. puc. 17.). Tloce 3amenbr Beex
IIEPEKPECTKOB TAKUMHU «MOCTHUKAMU» Mbl IOJyIUM HCKOMBII y3esl.
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1.1.3. (a) Ucnonssyiite pesyabrarst 3agad 1.4.1, 2.1.1, win 2.2.1.
(b) Ucnonbayiire pesyabrars! 3agad 1.4.1 wim 2.1.1.
(c) Ucnonbayiire pesyibrar 3agaqan 2.2.1.

(d) Paccmorpum j1t06yt0 cBsi3HY10 CyMMy 1 Korwil Tpusnctaruka. CoracHo yreepxKaerusim 2.1.1.¢,i
naBapuaHT Ksccona takoro ysia pasen n. CleoBaTe/bHO, JJIsi PA3IMIHBIX 3HAYEHUIT 1 COOTBET-
CTBYIOIIHE Y3JIbl HEe M30TOITHBI.

1.1.4. Boibepem y3es1, TpoenupyoIuiics Ha JAHHYIO IJIOCKYIO JUAarpaMMy TeM Ke CIIOCOOOM, UTO
n B yrBepKaeann 1.1.2. Bymem cunmrarh, 9TO BCe «MOCTHKH» JIeXKAT B BEPXHEM IIOJIYIIPOCTPAHCTBE
OTHOCHTEJIHLHO TIOCKOCTH mpoektmu. [lo mpesmooxkennio cymectByor Touku X n Y y3/1a, KOTOpble
pa30uBaIOT y3eJ Ha JBE JIOMAHbIE P U ¢ TaKue, ITO

® (¢ JIEXKUT Ha IJIOCKOCTU IIPOEKIIUU U IPOXOIUT TOJIBKO Uepe3 IPOXOIbI;

® p IIPOCHUPYETCA Ha JIOMaHYIO P/, KOTOpas MPOXOIUT TOJILKO Uepe3 IePexO/Ibl.

BosbMem TOUKy Z B BepxHEM TOJIYIIPOCTPAHCTBE M TOUKY 1’ B HUKHEM MOJIyIpocTpaHcTie. [1o-
CTPOMM M30TOIHIO MEKTy 3aJJaHHBIM Y3JI0M U 3aMKHYTOI joMmanoit X ZY T, KoTopast W30TOITHA, TPH-
BHaJbHOMY y3i1y. [locTpoerne n30Tonmm COCTONT U3 TPEX IMIAroB, B KarKJIOM U3 KOTOPBIX TOUYKH X, Y
OCTAIOTCA (PUKCHPOBAHHBIMIU.

Hlaz 1. Uzomonus meocdy q uw XTY . Ilpeanonoxkum, uro ¢ = AgA;...A,, tne Ay = X n
A, =Y. Torna nzoronmst moJIyIaeTcs MOCIEI0BATETHHOCTHIO 3JIEMEHTAPHBIX JIBUZKEHUI

A(]Al — A(]TAl, TAlAg — TAQ, TA2A3 — TAg, R TAn_lAn — TAn

IIlaz 2. Hzomonus meoscdy p u p'. YoepeMm Bce «MOCTUKH» C IIOMOIIBIO 3JIeMEHTAPHDBIX JIBUKCHUIA.
Ilaz 3. Uzomonus meoncdy p' v X ZY . Crponrcest aHAJIOMUIHO miary 1.

1.1.5. Caemyer u3 yrBepxKaenus 1.1.4.

Jlpyeas udes dokazameavcmea (cm. meopemy 3.8 6 [PS96]). Obo3naunm depes m ropu30HTATBHY O
IJIOCKOCTh, cojiepzKaliyto auarpammy. Tns kaxaoit toukn X B mpocrpancrse p(X) u h(X) ompese-
JIeAIOTC Kak B pemennn 3aga4an 1.1.1.e. Ilycrs [ — npsiMast Ha IJIOCKOCTH, KOTOPAas IIPOXOIUT UePes3
Bepmuny Ay IJIOCKOIT a@arpaMbl, U IIyCTh BCS JUArPaMMa JICXKUT 110 OJHY CTOPOHY OT IIPSMOIi [.
IIycts Ag, Ay, ..., A, — BCe BEpHIMHBI IJIOCKON AMarpaMbl B HOPSAIKE UX IIOAB/ICHUS [IPU JIBUKCHUH
BJIOJIb IHArpaMMbl B HEKOTOPOM Harpasjennu. Boibepem Touku By, ..., B, Tak, aro A; € p(B;) ajst
i=1,...,n,u h(B;) < h(B;) nna i < j. llycts B, 41 — TOUKa, HPOEKIHs KOTOPOit Ha 7 OIM3Ka K
Ag u h(Byy1) > h(B,). Torna y3en By... B, B,11 u30T0N€H TpUBHAILHOMY y3iy. JleiicTBuTebHO,
10 [IOCTPOEHUIO IPAMOIl [, IPOEKIUs y3/1a Ha JI00YIO IIOCKOCTD, HepIeHIUKYIAPHYIO [, aBJIsgeTcs
3aMKHYTOIl JJoMaHOil 6e3 camonepecedennii. OcTaercs TOJIBKO U3MEHHUTD IIePEKPECTKU ILIOCKOI 1ua-
IpaMMBl TaK, YTOObI OHHM COIIACOBLIBAIMCH C MPOEKIUel MOCTPOEHHOrO Y3714 Ha IJIOCKOCTD 7.

1.1.6. Cwm. §1.7 B [PS96|.
Bameuarue. Tak xkak B §1.6 [PS96| Her Takoro ke cTpororo onpejesienus s JABuzkeHnii Peii-
neMeiicTepa Kak [yl JBUzKeHuil mzotonun 1miockoetu,'’ paccyxkiaenus B §1.7 [PS96]| ne apnsiorcs

109310 Taxike MOKa3bIBAET, UTO HAIMYHUE JBUKEHHI M30TOIMNH IJIOCKOCTH B yTBep:Kaenun u3 §1.7 [PS96| e memaer

CaMO yTBEP2KIE€HUE CTPOIUM, TOITOMY ITOTO ciefyer n3deratb. Ha MHTYyNTHBHOM ypOBHE NBUKEHUSI U30TOINN ILJIOC-
KOCTH cJjiefyeT npomnyckarb. C aJbTepHATUBHBIM CTPOTUM OIPEIEJICHUEM HUYKE JBUKEHUS U30TOIMNN IIOCKOCTHA MOTYT
OBITH BBIPAXKEHBI C TIOMOIIBIO JIBUKEeHUI PeliemeiicTepa 1 IOITOMY MX CJIELYET OIyCTUTh B YTBPEXKICHUM.
MsI 1pejjiozKuM aJbTepHATUBHOE CTPOTOE OIpe/lesIeHre IIepBOro JIBUKeHUs Peiinemeiicrepa. ¥ Ipyrux JIBUKEHUI
PeiinemeiicTepa ecTb aHAJIOrUYHBIE CTPOTHE OLpese/eHns. Bo3bMeM Ha IJIOCKOCTH 3aMKHYTYIO HECaMOIIEPECEKAIOITY-
10csl JIOMaHyIo L, BHyTpeHHOCTb KOTOpOil (cM. Teopemy 2Kopmana B 3amedanun mocie Teopemsl 1.1.3) mepecekaer
auarpaMMy D 1o HecaMonepecekalomeiics: jomanoit M, coequusiomeit ase Touku Ha L. [Iycte N — 3amkHyTas Heca-
MoIlepeceKalomascs JoMaHasa BO BHyTpeHHocTH L Takas, 9to N N L = (), N N M — oxna touka, u M U N MOXKHO
crenaTh (HecaMomepeceKaromeiicsi) JoMaHoi obiero nosoxkenust. [lepsoe dsusicerue Petidemeticrnepa — 3T0 3aMeHa
M va M UN B D c coxpanenneMm «uHMOPMAIUN» B COOTBETCTBYIONIEM ITEPEKPECTKE.
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CTPOrUM JI0Ka3aTebcTBOM. [lo-BuamMoMy, cTporoe J10Ka3aTeIbCTBO MOMKET OBITH IMOJIYYEHO C HC-
II0JIb30BAHUEM CTPOI'OTO ONpejie/ieHus JBuzKeHnit Peiiiemeiicrepa.

1.2.1. (a) CneﬂyeT 1/13 (b) (mmm MOXKeT OBITH JOKA3AHO HE3ABHCHMO).
(d) Caemyer u3 (e) (mmm MoxkeT OBITH JTOKA3AHO HE3ABHCIMO).

YHE

Puc. 18: N3oronng 3anensenus yailrxeaa

(e) Cm. puc.18.
(f) BosbMmeM Tpu 3/uIHIICA, 3aaHHBIX CUCTEMAMU yPABHEHUI

=0 y=20 z=0
Y 422 =1" 2422 =1 " 2?4+ 2% = 1.

Cwm. puc. 19. BosbMeMm 9eThIpexyroJbHIKH, OMMCAHHBIE OKOJIO 9TUX SJIIUICOB M CUMMETPUIHBIE OT-
HOCHTE/ILHO KOOPJMHATHBIX Oceil. VMckoMas mpsMas 3a/1aeTcsd ypaBHEHUEM T = Y = 2.

Puc. 19: Koabsma Boppomeo

1.2.2. (a,c) Vcnomnbayiire pesyasrars! 3agadn 1.3.2.

(b,d) Vcnmonw3yiire, Hanpumep, pesysabrarel 3a1aun 2.2.1 u 2.2.2.

1.3.1. O6o3naunm uepes (ABC') BayTpenHocts Tpeyrosbanka ABC.

(i<ii) Orpesok XY mpoxoaut Hal orpeskoM BC' mpu B3Misije u3 TOYKU A, ecim u TOJBKO ecyin
XY nepecekaer (ABC).

Konrtyp tpeyronbauka DFEF — 310 oobeaunenune orpe3koB DE EF u DF'. Ilostomy i<ii.
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(i<iil) Konryp tpeyrompanka DEF mubo He mepecekaercs ¢ MOBEPXHOCTHIO Terpasdipa OABC,
JmbO Iepecekaercs ¢ Heil POBHO B JIBYX TOYKAX. DTO BJIEYET SKBUBAJEHTHOCTL CJIEAYIONIUX TPEX
CBOICTB:

e koHTYp Tpeyrosbauka DEF nepecekaer (ABC') poBHO B OJHOl TOYKE;

e KOHTYD Tpeyrosibanka DFEF niepecekaeT B TOYHOCTH OfH u3 Tpeyroiabaukos (OAB), (OBC)
win (OAC).

e KOHTYD TpeyroyibaHuKa ABC' MpOoXOAUT B TOYHOCTH 0T OAHON 13 cTopoH D EF' tipu B3T/Isiie u3
toukn O.

1.3.2. (a) Omsemw (cresa nampaso): 1, 0, 0, 0.

(b) Hdokazkure yTBepKIeHIE OTJIEIBHO JIJIst KazKJI0ro JBuzKenns Peitgemeiicrepa. [lpu nBuzkenusix
[ u IIT gucsio nepekpecTKoB, B KOTOPBIX I€pBasi KOMIIOHEHTa IIPOXOIUT HaJ| BTOPOl, HE U3MEHSIETCH.
[Ipn geuxkenun II 3ro yncino mamenserca wa 0 mwim +2.

1.3.3. (a) Paccmorpum twrockyto auarpammy 3arteriernsi. [1o jgemme o werHocru (cdopmymnpo-
BaHHOIl mepes 3ajadeit 1.3.3) 9MCIO TAKUX IEPEKPECTKOB, TJe TepBasi KOMIIOHEHTA TPOXOUT HAaJ|
BTOPOIi, IMEET Ty K€ YeTHOCTb 4TO U UUCI0 IEePEKPECTKOB, IJIe BTOPasd KOMIIOHEHTa ITPOXOIUT HAaI
epBOii. DTO 3aBepIAeT JTOKA3aTETbCTBO.

(b) ITpumepowm siBjsieTcst YeTBepTOe 3arierienne Ha puc. 7. Vcrnob3yst KoadduimenT sarerienus,
MOXKHO JIOKa3aTh, 9YTO 9TO 3allellIeHne He W30TOITHO TPUBHAIBLHOMY, cM. §1.6.

1.3.4. Ilpeamosoxum, aro f — npyroit nunBapuanT, OTIUIHBIN OT 1Ky 1 yI0BIETBOPSIONTHIT TIPE/IITO-
soxerusm. Torma f—lky — m30TOIMYIECK NIt MHBAPUAHT, PABHBIN HYJIIO HA TPUBUAJIHHOM 3aIEIIJICHIH 1
MHBAPUAHTHBIN OTHOCUTEILHO M3MeHeHul mepekpectkoB. CoriacHo anajory jgemmbl 1.1.5 s 3arern-
JieHuit J1iobas IJIOCKasl rarpaMma 3alellICHIs MOYXKeT OBbITh MOJIyYeHa U3 JUATPAMMbI 3alleIICHI,
M30TOITHOIO TPUBUAJIBLHOMY, IIPU IIOMOIIM U3MeHeHuil nepekpectkoB. Caemnoparesnbho, f — lky = 0.

1.3.5. ,HOKaBaTeJIbCTBO HE JOJIZKHO IIPpEACTAaBJIATL TPYJAHOCTU, U Mbl PEKOMCH/IyEM BaM BOCCTaHO-
BHUTDL €ro A€TaJIld CaMOCTOATE/ILHO.

1.3.6. Cm. Teopemy 1.1 B §1 [Sk14].

1.4.1. (a) Eciim P — Takag ToduKa Ha ILUIOCKOIl jJmarpamme, Kak ommcaHo B 3agade 1.1.4, 1o
He CyIIecTByeT P-cKpernuBaromuxcs nap mnepekpectkoB. CienoBarenbuo, P-Apd-nHBapuadT paBeH
HYJTIO.

(b) Omeem 0. TpuBnaibHbBI y3es1 He UMeEeT MEePEeKPECTKOB U CKPEIUBAOIINXCS T1ap TEePEKPecT-
KoB. [losTomy Apd-uHBapranT 3TOro y3ja paBeH HyJIIO IPU JI0O0M BHIOOPE OTMEYEHHONR TOYKH.

(¢) Omeem: 1. Tpuiucrauk umeer 3 mepekpectka. s 1060l orMedeHHOl ToUKr P POBHO OjHA
mapa ImepeKpecTKoB siBisieTcst P-ckpemupatomieiics. CiaenoBarenbio, P-Apd-nHBapraHT TPUIMNCTHH-
Ka paBeH 1.

(d) Omeem: 1.

(e) Hocrarouno mokasarh, uro Apd-UHBaApUAHT HE U3MEHSETCsI, KOTJa OTMEYEHHAs] TOYKA, JIBU-
rasichb BJIOJIb ILJIOCKOM JuarpaMMbl, IIepecekaeT oauH mnepekpectok. Ilycrs P u P, — JiBe oTMeueHHbIe
TOYKH TaKue, YTO OTPe30K P Py COMep:KUT B TOYHOCTH OJIMH IepekpecTok X . PacemorpuMm jiBa ciy-
Jas.

Cayuati 1: Py Py yuacmeyem 6 npoxode. Torma X He obpasyer nu Pj-ckpernusarorieiics, HUu Po-
CKPeIIUBaoeiics mapbl HU ¢ OJHUM JIPYIUM IepekpecTKoM. ITostomy Pi- u Pr-Apd-unBapuanrs
JrarpaMMbl PaBHBL.

Cayuat 2: Py Py yuacmeyem 6 nepexode. Torma X menmT quarpaMmy Ha JBe 3aMKHYTBIE JIOMAHbBIE
(1 ¥ @ Takue, 9T0 P jexur Ha ¢, a P jgexur Ha ¢o. O603HaUNM 4Yepe3 ny (COOTBETCTBEHHO, M)
YHUCJIO BCEX TAKUX MEPEKPECTKOB HA ¢ M (2, B KOTOPBIX ¢1 IMPOXOJUT HAJ g2 (COOTBETCTBEHHO, (o
npoxoaut HaJl ¢p). Ob6osnaunm depes Ni (coorBercTBeHHO, N3) KOJIMYIECTBO Pj-CKpENnmBaonmxcst
(COOTBETCTBEHHO, P)-CKPEIUBAIOIINXCsI) T1ap, 00pa30BaHHBIX X U HEKOTOPBIM EPECEUCHUEM (1 U Go.
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Torna
aI'fplD — aI'fpzD = Nl — N2 = N1 — N2 % Ny + No % 0,

e D — maHHas IJIocKas auarpamma. B mocienneit hopmyire

® TIepBOE PABEHCTBO BBIMIOJIHEHO MTOCKOJIBKY Tapa MepeKpecTKoB B D aBjisieTcsa Pj-ckpemuBatomeiicst
i Ps-ckperuBarorieiicst (HO He OTHOBPEMEHHO!) TOr/ia U TOJBKO TOrIa Korja oHa obpasoBaHa X u
HEKOTOPBIM IIEPECEIeHNEeM 1 U (o;

® BTOPOE PABEHCTBO BBINMOJIHEHO MOCKOJNBKY N7 = ny u Ny = ng; AeHCTBUTENHHO, TOUYKA IIepe-
CEUYEHUs ¢ U @o 00pa3yer Pj-CKpemuBakoIyocs (COOTBETCTBEHHO, Po-CKPEIUBAIOILYOcs) mapy ¢ X
TOIJIA ¥ TOJILKO TOIJIA KOTJIa B 9TON TOUKE ¢ MPOXOIUT HaJl (COOTBETCTBEHHO, TIOJ) ¢a;

°= obo3Ha9aeT cpaBHEHUE 110 MOJIY/IIO 2;

e 110C/Ie/IHee CpABHEHNE BBITTOJTHEHO BBU/LY JIEMMbBI O 9€THOCTHU, IIPUMEHEHHON K JIOMaHBIM ¢ 1 (.

(f) JdokaxkeM yTBepxKJeHIEe OTJEJbHO JIJIs KAXKI0ro JBIzKeHust Peiiemeiicrepa. OcHoBHas wjiest
COCTOUT B yJIATHOM BBIOOPE OTMEUEHHOIN TOUKH.

Zsuotcenue muna I. Beibepem oTMedeHHBIE TOUKH JI0 U IIOCJIe IBUKEHN, KaK IM0Ka3aHo Ha puc. 20
(cema). IIpoBepbre, uro nepekpecTok A He obpasyer P-CKPEIUBAOILYIOCs apy HU ¢ OJHUM JPYTHM
MIEPEKPECTKOM.

Ieuotcenue muna I1. Bpibepem oTmMedeHHBIE TOYKH 0 W IIOC/I€ JIBUKEHUS, KaK ITOKA3aHO Ha
puc. 20 (8 ienpe). [IpoBepbre, uTo HI O/IMH U3 IepeKPecTKOB A u B He 06pa3yeT P-CKpeIuBatoIyocs
1mapy HU C OJHUM JPYTUM IIEPEKPECTKOM.

Jleuotcenue muna I111. Beibepem oTMmedeHHBIE TOYKH 0 U IIOCJIE JIBUXKEHHSI, KaK IIOKa3aHO Ha
puc. 20 (cupasa). [IpoBepbre, uTo HE OfUH U3 TepeKpecTKOB A, B He 06pa3yer P-CKPeIuBaroLyocs
napy HU C OJHUM JPYIUM [EPEKPECTKOM, W 4TO HU OauH u3 nepekpectkoB A’, B’ ne obpasyer P’-
CKPEITUBAIOILYIOCS TIapy HU ¢ OJHUM APYTHUM IIEPEKPECTKOM. 3aTeM IIPOBEPHTE, UTO MePEeKPecToK X,
ormmunbtit or A, B, C, obpasyer P-ckpemuaomiyiocs mnapy ¢ C', eciim u Tobko ecaun X obpasyer
P’-ckpemusarontyiocs mapy ¢ C.

-

Puc. 20: Arf-unBapuanT He MeHsIeTCS IPHU JIBIXKEHUAX Peiiemeiicrepa

1.4.2. (a) Beibepem ormeduennbie Toukn P, P_, kak mokaszano Ha puc. 21. IIpoepwre, uTo TIe-
pekpectok A_ He obpadyer P_-CKPEIMBAIONLYIOCA Tapy HU C OJHUM JIPDYTUM TepeKpecTKoM B K _.
3aTem MpoBepbTe, YTO YUCTIO0 TAKUX MIEPEKPECTKOB, KOTOPbIe 00pa3yioT Py-CKpemuBaioniyocs mapy
¢ Ay B K., cpasanmo ¢ lk o Ky o mosysto 2.

Puc. 21: Ckaiin-coorHomenns st Arf-unBapranra
(b) Pacemorpum Jsiiobyo cBA3HYIO CyMMy JBYX TpuincTHUKOB. CoryacHo yrep:kaenusm 1.4.1.c

n 1.5.4.d Apd-maBapmanT 3Toro y3ja paBeH Hy/10. B To ke Bpems 1o yrBepxKaenusam 2.1.1.c,i uH-
BapuanT Kaccona sroro yaia pasen 2. CiegoBaTebHO, STOT y3€JI HEe H30TOIEH TPUBUAJIBLHOMY Y3JIY.
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1.4.3. Cywecmsosanue. Crenayer w3 yreepxaenuit 1.4.1.b u 1.4.2.a.
Eoduncmeennocms. JlokazaTebCTBO OCHOBAHO Ha TeX 2Ke HIEdAX, YTO U JIOKA3ATEJIHLCTBO TEope-
™Mbl 1.3.4. Ucnowayiite camy jemmy 1.1.5, a He ee aHajor Jjisd 3allelICHM.

1.4.4. Cm. crp. 75-78 B |[Ka87]|.
1.4.5. Cm. teopemy 2 B [CG83].

1.5.1. (b) Ilepsoe pewenue. HazoBem opueHTHPOBAHHYIO JIOMAHYIO NOAOHCUMEALHOU, €CTTH OTPa~
HUYEHHAsI €0 YaCTh IJIOCKOCTU JIEXKUT CIpaBa OT JIFOOOTO ee 3BeHa (3J1eCh UCIOJIB3YeTCsl TeopeMa
ZKopnana, chopmynuposannast B 3aMedanun nocie teopeMbl 1.1.3). Tlokaxkure, 9T0 MOJIOKUTETb-
HOCTDb JIOMAaHO# COXpaHSIETCS IPU SJIEMEHTAPHBIX IBUKEHUIX.

Vrazanue xo emopomy pewenuro. [1010KNTETBHOCTD JJOMAHON U3 TPEJIBIIYIIEero PereHnst MOKHO
9KBHUBAJICHTHO OIPEIC/IATh CJICAYIONNM 00pa3oM. ByaeM roBopuTh, YTO0 OpUeHTUPOBAHHAS JIOMAHA
Ay ... A, noarosicumenvha, eciim i Jioboi ee BHyTpenneil Touku O cyMMa OpUEeHTHPOBAHHBIX YIJIOB
LA1OAy+ LAOA3+ ...+ LA, 10A, + LA, O A; nonoxuresbaa (T. €. undexc BCIKON BHYTPEHHEH
TOYKHU JIOMAHONH OTHOCHUTEJIHHO CaMOii JIOMAHOM MOJIOXKUTETIEH ).

1.5.2. (a), (b), (¢) Kaxkmplii u3 Tpex yKasaHHBIX OPHEHTHPOBAHHBIX Y3JIOB IIEPEBOJIUTCS B OPU-
eHTHPOBAHHBIN y3eJI ¢ MPOTUBOIOJIOXKHON OpUEeHTaIlnell BPAIIeHHeM Ha yTOJI T OTHOCUTETHHO «Bep-
TUKAJIBHON» OCH, TIPOXOJISIIIE Yepes3 «CaMylo BEPXHIO» TOUKY y3/a (CM. caMyto JIEBYIO JHATPAMMY
Ha puc. 1 B IepBOM ¥ BTOPOM Dsijly JIJIsi TPUJIMCTHUKA U BOCBMEPKH COOTBETCTBEHHO). DTO BpallleHIe
BXOJIUT B HEIPEPBIBHOE ceMeiicTBO Bparennit Ha yro nt,t € [0, 1] orHOCHTENIbHO TOM 2Ke MPSIMOIA.
9T0 U ecTh Tpebyemasi U30TOIHUS.

1.5.4. (a) Cm. puc. 22.

12

7

Puc. 22: K nokasarenbcrBy m3oromHoctn K#0 n K

(b) HocTaTodHo B34Th «MaJCHBKUIT» y3€s U3 KJlacca N30TOMNN L] U «IIPOBECTH» €ro depes y3ei
kyacca uzororuu [K|, em. puc. 23.

(¢) Kiracesl n3oronuu y3/10B U3 JIEBOM U MIPaBOil YacTeii paBeHCTBA MMEIOT O0IIEro MpeCcTaBuTes,
ITOKa3aHHOrO Ha puc. 24.

(d) Beibepure ormedenHy0 TOUKY P 6JIM3KO K «MECTY COSIMHEHHs» Y3JI0B. 3aTe€M [IPOBEPHTE, UTO
BCsiKagd P-cKpeluBaionasics mapa mepekpecTtkoB B K# L mosydaeTcs U3 CKpeIuBalomeics mapbl B
K wmm u3 ckperuBaroleiicss mapol B L.

1.5.5. (d) IIpoBepbre, UTO BCsiKasi TOUKA MepecedeHrsl Pa3HbIX KOMIIOHEHT B K# L nosydaercs
U3 TOYKU IepecedeHns Pa3HbIX KOMIIOHEHT B /' WM TOYKU NepecedeHns Pa3sHbIX KOMIIOHEHT B L.

1.5.6. (a) B kauecrBe mpuMepa MOXKHO B3STh OJIMHAKOBBIE 3AICIICHUS COCTOMAIINE U3 TPUTHCT-
HIKa U TPUBHAJBLHOTO y3Jia B Hemepecekarommxcsd Kybax. Cm. puc. 3.16 B [PS96].
(b) Cwm. |As|. Ha puc. 25 anbrepHaTuBHBIN IpuMep, TpeioyKeHHbin A. PabudeBbim.
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Puc. 23: K nokazarenbcrBy mzoronnoctu K#L u L#K

1.6.1. Omeemuwi: (a) 1; (b) 0.
(c) HokazarenbcrBo anajorndHo 1.3.2. JlocTaTodHo IPOBEPUTH, YTO 3HAKU BCEX TOUEK Iepecede-
HUs He MEHSIOTCA NpH JIBUXKeHusx Pemgemeiicrepa.

1.6.2. (a) JokazaresnbcrBo anagornduo 1.3.2.b. Pacemorpum miockyro auarpaMmy 3arierieHusl.
U3 nemmbl 0 TpuBnasbaocTH (chOpMyTHPOBAHHON mocse 3ajgaqn 1.6.2) ciemyer, 9To cyMMa 3HAKOB
TOYEK IIepecedeHnsi, B KOTOPBIX IepBasi KOMIIOHEHTa BBIIIE BTOPOIi, IPOTUBOIOJJIOXKHA CyMMe 3HAKOB
TOYEK IepeceveHsi, B KOTOPBIX BTOpast KOMIIOHEHTa KOMIIOHEHTA BhIIle mepBoil. [locko/bKy mepecrta-
HOBKA&, KOMIIOHEHT 3allellJICHIs MEHsIeT 3HaKH BCEX TOYEK IIepecedeHrsl KOMIIOHEHT, TO KO3 (MUINEHT
3alleIIEHUsT He MEHSIeTCS.

(b) Cmena opuenTanuu 060 KOMIOHEHTHI MEHSIET 3HAKH BCEX TOYEK II€PECEeUeHNUSI.

(c) Hdocrarouno paceMoTpeTh JIOOYIO CBSI3HYIO CyMMY ITH 3atierienuii Xorda, y KOTOPBIX OpH-
eHTaIlil Ha KOMIIOHEHTaX BBIOpAHBI TaKUM 00pa30M, 9T0ObI X KOI(MMUIMEHT 3allellileHns ObLIT pa-
BeH —1.

(d) JokazarenncrBo anagorudso 1.5.4.
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Puc. 24: K nokazarenscrBy uzoronnocru (K#L)#M uw K#(L#M)
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Puc. 25: CBaznast cymMMa H30TOMHYECKUX KJIACCOB YIIOPSIOYEHHBIX 3allelJIeHUil He SBJISIETCH KOD-
PEKTHO OIpeeIcHHON ollepalyei

(e) IIpumepom siBrsieTes 3anemienue Yaiitxe/1a (OHO He H30TONHO TPUBHAILHOMY 1O Teopeme 1.2.2).

1.6.3. okazarenbcTBO aHagorudHo teopeme 1.3.4.
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YKazaHus U pelieHns K 3aJadaM IIocJje IIPoMexKyTodHoro pu-
HUIIA

2.1.1. Omsemuwi: (b) 0; (c) 1; (d) —1.

(a) Pacemorpum sio0yI0 CBsI3HYIO cymMMy st BocbMepok. U3 1. (d) u zamaqm 2.1.1.j cremyer,
4yT0 nHBapuanT Ksccona jgaHHOrO y3/ia paBeH —b.

(b) TpuBHaAIBLHbIN y3€JI HE UMEET MEPEKPECTKOB U MOTOMY CKPENMBAIOIIUXCS T1aD HEPEKPECTKOB.
[MTosTomy unBapuant Ksccona 9Toro ysia paBen HyJIo.

(c) Bee Tpu mepekpecTka TPUJIMCTHUKA UMEIOT OJMHAKOBBINA 3HAK. [[0CKOJIbKY TPUJIMCTHUK MMe-
eT TOJIbKO OJIHY CKPEIUBAIOILYIOCs Mapy MepeKPecTKOB (BHE 3aBHCHMOCTH OT BBIGOpa OTMEYEHHOM
To4KN), TO uaBapuanT Ksccona 3toro ysia pasex 1.

(e) HokazarenbcTBo anajorndno 3agade 1.4.1.e. Vcnonbayiite jieMMy 0 TPpUBHATLHOCTH, ¢HOp-
MyJIMPOBaHHYIO Hoce 3agaqan 1.6.1. 3mech u masee BaxKHO CICIUTH 3a 3HAKAMHU TOYEK IIepecedeHust!

(f) HokazarenbcTBo aHajsorndHo yreep:kaernio 1.4.1.f.

(g) JdokazaresbCcTBO aHAIOIUYIHO yTBepXKIeHNo 1.4.2.a.

(h) Paccmorpum ji06y10 CBSI3HYIO CyMMy TPHJIHCTHHKA U BochMepku. V3 3amaa 2.1.1.c,d m 2.1.1.1
caemyet, uro uaBapuanT Ksccona storo y3mia pasen 0. C apyroit croponsr, u3 3aja4 2.3.4.d,e u 2.3.6.b
ciejyer, uro Muorousien Konses storo yaia pasen (12 + 1)(t* — 1) # 1. CremoBaTesibHO, 3TOT y3eil
He M30TONEH TPUBUAJIBLHOMY.

(i) JokazaresbcTBO aHAJIOTHYHO yTBep:KaeHnio 1.5.4.d.

2.1.2. /lokazaTe/jibcTBO aHAJIOITIHO Teopeme 1.4.3.

2.2.1. Omesemui: b,e — packpamubaemsbl, a,c,d,f,g h;ij — me packpamusaembl. [Ipumep packpa-
IIIEHHOTO B TPU IBeTa TPUJMCTHUKA CM. B mpukperuiennoit kornuu [Pr95, crp. 35, Puc. 4.3]. Ilpa-
BUJIBHYIO PACKPACKY ITIOC/IEIHEN JuarpaMMbl ¢ puc. 7 cM. Ha puc. 26 cieBa. (dra auarpammva ObLia
omubOYHO Ha3BaHa HepackparBaeMoii B Tpu 1sera B [Pro5, §4]|. Dra Hebosbinas omubka Oblia
naiigena JI. Bannopom, C. Borosoit u JI. Kpasropoii.)

2.2.2. (a) Cm. npukperiernyio konuto [Pr95, crp. 34, Teopema 4.1|

(b) Cienyer u3 (a) u yreepxkaennit 2.2.1.d-j (cm. Takzke [Pr95, crp. 30]). [ocaenuss quarpamma ¢
puc. 7 OTINYHA OT TPUBUAJIBHOTO 3alleIUICHUs YUCJIOM TIPABUIIBHBIX PACKPACOK IJIOCKOM JMArPAMMBI.
JlokazkuTre, 94TO 9TO UHUCIIO COXPAHsIeTCs TIPU JIBUKeHUsX Pefinemeiicrepa.

[Inockast marpamMMa Ha3bIBACTCA PACKPAULUBAEMOT 6 § 1UBEMOB, €CIU CYIIECTBYET pacKpacKa ee
ayr B 1iBeTa 0, 1,2, 3,4 mpu KoTOpOit

® XOTs1 OBl JIBa I[BETa UCIIOIH30BAHbI;

® B KaXKJIOl TOYUKE IepecedeHnsl eCIu BEepPXHss Jiyra UMeeT IIBET a, a JIBe HUXKHUE JIyTU — I[BEeTa
buc, to2a=0b+c (mod 5).

Anayormano 3aaade 2.2.2.a MOKHO ITOKA3aTh, YTO PACKPAIIUBAEMOCTH B D I[BETOB COXPAHSIETCS
npu JaBrmKenugx Peiinemeiicrepa. s 3aBepiiienns J0Ka3aTeIbCTBA JOCTATOIHO 3aMETHTD, UTO Y3€JI
51 sIBJIsIeTCsl pacKpalnBaeMbiM B 5 1iBeTOB (CM. puc. 26 crpaBa), a TPUBHAJBHBIN y3e1 — HeT.

2.3.1. D10 YacTHBIE CJIydan TeOPeMbl 2.3.3 110 MOJYJIIO 2.

2.3.2. Omesemuwi: (a, b) 0; (¢) 1 (He3aBHCHMO OT BBHIOOPA OPUECHTAIINH).

Sameuanue. nBapuantst arf u ag /11 3a1erieHuit MOryT 3aBUCETh OT BHIOOPA OPUEHTAIIUN KOM-
HOHEHT (JUIsT a3 9TO MOXKHO HOCMOTPETh B HpuKperviennoil komnn [CDM12, 2.3.4]).

2.3.3. ExucrBeHHOCTD JIOKa3bIBaeTCA aHAJOTHIHO TeopemaM 2.1.2 m 1.4.3; cHadasia perure 3a-
naay 2.3.4.

Buwisod (a) us (b). JocrarodHo mokasaTh, 9TO BCe MHBAPUAHTHI ¢, omnpeeientbie B (b), coxpa-
HATOTCS TIPU M3MEHEHNN MOPAIKAa KOMIIOHEHT.
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Puc. 26: Packpacka B 3 11BeTa 3allellyieHds U pacKpacka B D IIBETOB y3Jia 5y

f\\
(5)

Puc. 27: YerbipexkoMmionenTHoe 3arensenue boppomeo

[Iycts D — mtockasi auarpaMMa HEKOTOPOT'O 3allellJIeHns C JIBYMs WM 00jiee KOMIIOHEHTAMU 1
nycth D' — miockas auarpamMma, IoJydeHHas u3 [ m3MeHeHueM IIOpsgjka KoMIoHeHT. epes cr D
0603HaUNM YKCyI0 TIepekpecTkoB B D. Yepes u(D) 0603HAYMM MUHUMAJIBLHO BO3MOXKHOE YUCJIO H3Me-
HEHUI MePeKPecTKOB, HeOOXOIMMOe JIJIsI TTOJTYIeHUsT TUarpaMMBbl 3aIleIJIEHUsI, N30TOITHOTO TPUBUAb-
HOMY, U3 D (Takas MOCIeI0BATEIHLHOCTh N3MEHEHHH TePEKPECTKOB CYIECTBYET TI0 AHAJIOTY JIEMMbI
1.1.5 ms sanerennii).

Hoxkaxkem unaykimeir o cr D. Ecim cr D = 0, Torga D — jauarpaMma 3allellyieHust, N30TOITHOTO
TPUBHAJILHOMY, U 110 yTBepKIeHuto 2.3.4.b umeem C'(D) = 0 mist siioboro mopsijika Kommonent. [Ipes-
HOJIOZKUM, 9TO cr D > (; Torja mpoio/izKuM JoKa3are beTBo unayKnueid no u(D). Ecim u(D) = 0,
10 D — amarpamma 3alerjieHns, H30TOTHOI0 TPUBUAIBLHOMY; 3TOT CJIydail paccMoTpeH Boire. [1pes-
nostoxkuM, aro u(D) > 0 u mycrs D, — 3areruienne, nojaydeHHoe u3 [ U3MeHEHHEM IepeKpecTKa
takuM, 910 u(D,) < w(D). Ilpeanonoxkum, aro D, — 3arerenne, noxydentnoe n3 D' u3aMeHeHuem
TOI'O K€ IEePEKPECTKa; TOrIa

+(C(D) — C(D.)) = C(Dyo) and £ (C(D') — C(D;)) = C(Dy),

rje

e Dy — nuarpamma 3anemieans Ky (¢ HEKOTOPBIM MOPSITKOM KOMIIOHEHT) ¢ puc. 9 u D, D, —
910 Dy, D_ B HEKOTOPOM ITOPSIIKE;

e D} — muarpamma 3aremienns Ky (¢ HEKOTOPBIM HOPSIKOM KOMIOHEHT) ¢ puc. 9 u D', D! —
910 D, D_ B HEKOTOPOM IOPSIJIKE.

Bamerbre, uro juarpammbl D, u D) coBmajamoT ¢ TOYHOCTBHIO JI0 HOPsKa KOMIOHEHT. To ke
BepHO 1t umarpamm Dy n Dy, Tak kax u(D,) < u(D) u cr Dy < cr D, U3 WHAYKTUBHO TUIOTE3bI
mveem C(D,) = C(DY,) and C(Dy) = C(Dy). Torna, C(D) = C(D’).

2.3.4. Omeemuwi: (a, b) 0; (c) £t; (d) 1+¢% (e) 1 — % (f) £¢3; (g) £t (h) 1+ 3t + ¢4
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Samevanue. 3Haku oTBeTOB K IyHKTaM (c), (f), (g) 3aBuCAT OT BEIOOPA OPHEHTAIIMN KOMITOHCHT.

Ykasanue. [Tpumeps! Borancienuii 1y nynkTos (a), (¢) u (d) ects B npukperutennoit kornu [CDM12,
2.3.2.

2.3.5. [lycte D — mjiockas juarpamMMa JJaHHOTO 3alleryieHus K .

(a) Hust smoboit quarpamsl D, mosydennoit u3 D u3MeHeHHeM IepeKpecTka, umeeM co(D) —
co(Dy) = 0. T. e. ¢y He Mensiercss npu m3MeHeHusIX mepekpectkos. [lo amasory jmemmbr 1.1.5 s
3alelyieHuil uarpamMmma ) MOXKeT ObITh MOJIyYeHA U3MEHEHHSAME MEPEKPECTKOB U3 JIMarpaMMbl 3a-
TETJIeHNs, N30TOITHOTO TPUBUATIBLHOMY . Y TBEPKJIEHNE CIIelyeT U3 ONpeseseHns ¢y Ha TPUBUAJIHHOM
y3Je u yTBep:xKienus 2.3.4.b.

(b) IlepBas wactb ciemyer u3 (d). Bropast yacTs cieayer u3 onpejenenus ¢ u Teopems 2.1.1.g.

(c) Ilepsas gacts cieayer u3 (d). Bropas yacts cieryer us onpejeeHunii ¢y, ¢; 1 reopeMbr 1.6.3.

(d) Hokazarenbcrso unykinueit o cr D. Ecim cr D = 0, 7o K W30TONHO TPUBUAJIBLHOMY 3allelLie-
muio. Eciim K — y3en, ro C(D) = 1. Unave, C(D) = 0 no yrepxkaernto 2.3.4.b. IIpeanonoxum, ato
cr D > 0; Torja mpoo/iKuM JoKa3aTeabeTBo nHayKiueit mo u(D). Ecin u(D) = 0, to K u3oTomHo
TPUBHATBHOMY 3alleIIEHUIO; STOT cyiydail paccMorpen Bhie. [Ipeamonoxkum, aro w(D) > 0 u mycTsh
D, — zarnerutenne, mosrydenHoe u3 D U3MEHEHUSIMU IePEKPECTKOB, 1 Takoe, 9To u(D,) < u(D). Torma
uMeeM

+(cj(D) = ¢;(Dy)) = ¢j-1(Dy),

e Dy — auarpamma c puc. 9, coorBercreerro D, D, —3to D, D_ B HEKOTOPOM TOPsJIKE. 3aMeThTe,
qro 3anemienne D, cocrout u3 k kommnonent. CiegoBaresbHo, ecim j < k— 2, 10 j — 1 < k' u ecimm
j — k gerno, To (j — 1) — k' werno. Tak kak u(D,) < u(D) u cr Dy < cr D, 110 npe/IIosIoxRKeHIIO
unaykiun mveeM ¢;(D.) = ¢;j_1(Dg) = 0. Torma ¢;(D) = 0.

(e) Hokazkem Gosee obimee yTBepKIaeHuE: 0as naockol duaezpammor D umeem deg C(D) < cr D.
JlokazaTebCTBO aHAJIOTUIHO pelreHuto 3aaaqu 2.3.5.d.

2.3.6. (a) JokasaresbcTBO aHATIOTUYHO pereHnio 3ajadn 2.3.5.d.

(b) Cm. npukpemiennayio kommo [CDM12, 2.3.4].

(c) dokazareabcTBo HOHAET B yxe perterns 3agaun 2.3.5.d. [lyecrs D u G — mtockue auarpaMybl
K n L. Badukcupyem quarpammy G u nokaxkeM, ato C'(D#G) = C(D)C(G) nuayknueit no cr D.

K. K,=L

I————-. j=——=-= jm——== l————-. l————-.

(eI eS I leN I Qe Igleant

|_____ | |_____ |_____

Puc. 28: [JokazarenscrBo Toro, uro C'(pasmessiemoe 3arerienne) = ()

2.3.7. (b,c,d) Cremyer u3 BoienpuseieHubix 2.3.4.c,f,g u HuKenpusegenHoro 2.3.7.e.

(e) Eciiu L — pasznesnsiemoe 3arerienne, To Haiigyres takue 3anemienns K, K| Ky, aro
® X IJIOCKHE JTUarpaMMbl OTJIMYAIOTCA Kak Ha puc. 9;

e zarnemiennsd K, u K_ M30TONIHBI,

e sanemienne Ko msoromno L.

Vyeen C(L) = C(Kp) = H(C(K,) — C(K_)) = 0.
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presented by D. Eliseev, A. Enne, M. Fedorov, A. Glebov,
N. Khoroshavkina, E. Morozov, A. Skopenkov, R. Zivaljevié T

Abstract.

We define simple invariants of knots or links (linking number, Arf-Casson invariants and
Alexander-Conway polynomials) motivated by interesting results whose statements are accessi-
ble to a non-specialist or a student (e.g. Theorems 1.1.3 and 1.2.2). We show how the simplest
invariants naturally appear in an attempt to unknot a knot or unlink a link. Then we present
certain ‘skein’ recursive relations for the simplest invariants, which allow to introduce stronger
invariants. We state the Vassiliev-Kontsevich theorem in a way convenient for calculating the
invariants themselves, not only the dimension of the space of the invariants. We also present
coloring invariants although we cannot explain in an elementary way how they appear.

We give rigorous definitions of the main notions in a way not obstructing intuitive understand-
ing. No prerequisites are required for this text.

Recommendations for participants.

If a mathematical statement is formulated as a problem, then the objective is to prove this
statement. If such a problem is labeled ‘theorem’ (‘lemma’; ‘corollary’, etc.), then this statement is
considered more important. Usually we formulate as a problem a beautiful or important statement
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solutions of hard problems, or solutions typeset in TEX. The jury has infinitely many beans. One
may submit a solution in oral form, but one loses a bean with each 5 attempts (successful or not).
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1 Problems before the semifinal

1.1 Main definitions and results on knots

We start with informal description of the main notions (rigorous definitions are given after Problem
1.1.1). You can imagine a knot as a thin elastic string whose ends have been glued together, see
fig. 1. As in this figure, knots are usually represented by their ‘nice’ plane projections called knot
diagrams. Imagine laying down the rope on a table and carefully recording how it crosses itself
(i.e. which part lies on top of the other). It should be kept in mind that the projections of the
same knot on different planes can look quite dissimilar.

A trivial knot is the outline (the boundary) of a triangle.

SHO2CHO®
@)@ o O

Figure 1: Knots isotopic to the trefoil knot (top row) and to the figure eight knot (bottom row)

By an isotopy of a knot we mean its continuous deformation in space as a thin elastic string;
no self-intersections are allowed throughout the deformation. Two knots are isotopic if one can
be transformed to the other by an isotopy. As a proof that specific knots are isotopic we accept
a big clear picture, or an experiment with rope that can be repeated by a Jury member.

Problem 1.1.1. (a) Some two knots represented in the top row of fig. 1 are isotopic to the
leftmost knot in this row. For one of these two knots decompose your isotopy into Reidemeister
moves shown in fig. 5.

(b)* All the knots represented in the top row of fig. 1 are isotopic to each other.

(c,d*) The same is true for the knots represented in the bottom row of fig. 1.

(e) All knots with the same knot diagram are isotopic.

Remark. Here we justify the necessity of a rigorous definition of isotopy.

DH-COH-COO-O

Figure 2: A (non-ambient) isotopy between the trefoil knot and the trivial knot

In fig. 2 we see an isotopy between the trefoil knot and the trivial knot. Is it indeed an
isotopy? This is the so called ‘piecewise linear non-ambient isotopy’ which is different from the
‘piecewise linear ambient isotopy’ defined and used later. (The first notion better reflects the
idea of continuous deformation without self-intersections, but is hardly accessible to high school
students, cf. [Sk16i].) In fact, any two knots are piecewise linear non-ambient isotopic!

The usual problem with intuitive definitions is not that it is hard to make them rigorous, but
that this can be done in several ways.



A knot is a spatial closed non-self-intersecting polygonal line.

A plane diagram of a knot is its generic’ projection onto a plane?, together with the infor-
mation which part of the knot ‘goes under’ and which part ‘goes over’ at any given crossing.

Problem 1.1.2. For any knot diagram there is a knot projected to this diagram. (Such a knot
need not be unique; see though problem 1.1.1.e.)

Figure 3: Elementary move

Suppose that two sides AC' and CB of a triangle ABC' are edges of a knot. Moreover, assume
that the knot and (the part of the plane bounded by) the triangle ABC do not intersect at
any other points. An elementary move ACB — AB is the replacement of the two edges AC
and C'B by the edge AB, or the inverse operation AB — ACB (fig. 3).> Two knots K, L are
called (piecewise linearly ambiently) isotopic if there is a sequence of knots K7, ..., K, such that
K, = K, K,, = L and every subsequent knot Kj; is obtained from the previous one K; by an
elementary move.

Theorem 1.1.3. (a) The trivial knot is not isotopic to the trefoil knot.
(b) The trivial knot is not isotopic to the figure eight knot.

(c) The trefoil knot is not isotopic to the figure eight knot.

(d) There is an infinite number of pairwise non-isotopic knots.

This is proved using Arf and Casson invariants, see §1.4 and §2.1, or using proper colorings,
see §2.2 (so you need not spend much time on proving this result right now).

Remark. This remark might be useful as both a hint and a warning to problems 1.1.4 and
1.1.5.

In the following paragraph we prove that if a knot lies in a plane, then the knot is isotopic to
the trivial knot.

Denote the knot in a plane by M;M,...M,. Take a point Z outside the plane. Then
MiMs ... M, is transformed to the trivial knot M;Z M, by the following sequence of elementary
moves:

M1M2 — MleQ, ZM2M3 — ZMg, ZM3M4 — ZM4, RN ZMn_an — ZMn

The following result shows that intermediate knots of an isotopy from a knot lying in a plane
to the trivial knot can be chosen also to lie in this plane.

Schoenflies Theorem. Any closed polygonal line without self-intersections in the plane is iso-
topic (in the plane) to a triangle.

This is a stronger version of the following celebrated result.

Jordan Theorem. Every closed non-self-intersecting polygonal line L in the plane R? splits the
plane into exactly two parts, i.e. R? — L is not connected and is a union of two connected sets.

A subset of the plane is called connected, if every two points of this subset can be connected
by a polygonal line lying in this subset.

LA polygonal line in the plane is generic if there is a polygonal line L with the same union of edges such that
no three vertices of L belong to any line and no three segments joining some vertices of L have a common interior
point.

2A university-mathematics terminology is ‘a generic image under projection onto a plane’.

3If the triangle ABC is degenerate, then elementary move is either subdivision of an edge or inverse operation.



For an algorithmic explanation why the Jordan Theorem (and so the Schoenflies Theorem) is
non-trivial, and for a proof of the Jordan Theorem, see §1.3 ‘Intersection number for polygonal
lines in the plane’ of [Sk18], [Sk].

Problem 1.1.4. Suppose that there is a point on a knot such that if we go around the knot
starting from this point, then on some plane diagram we first meet only overcrossings, and then
only undercrossings. Then the knot is isotopic to the trivial knot.*

-
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Figure 4: Crossing change

A crossing change is change of overcrossing to undercrossing or vise versa, see fig. 4.
Clearly, after any crossing change on the diagrams of the trefoil knot and the figure eight shown
in fig. 1 we obtain a diagram of a knot isotopic to the trivial knot.

Lemma 1.1.5. Every plane diagram of a knot can be transformed by crossing changes to a
plane diagram of a knot isotopic to the trivial knot.?

R0 (0 Q-1

Figure 5: Reidemeister moves.
The plane diagrams are identical outside the disks bounded by dashed circles. No other sides of
the plane diagrams except for the pictured ones intersect the disks. (Same for fig. 6, 4, 9 and 10.)
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Figure 6: (Left) To a rigorous definition of the first Reidemeister move
(Middle, right) Plane isotopy moves

In this text instead of knots up to isotopy we shall study plane diagrams of knots up to
(equivalence generated by) Reidemeister moves shown in fig. 5% and plane isotopy moves
shown in fig. 6 (middle, right). L.e. we shall use without proof the following result.

Theorem 1.1.6 (Reidemeister). * Two knots are isotopic if and only if some plane diagram of
the first knot can be obtained from some plane diagram of the second one by Reidemeister moves
and plane isotopy mowves.

4This problem would be a motivation for introduction of the Arf invariant (§1.4). The proof illustrates in low
dimensions one of the main ideas of the celebrated Zeeman’s proof of the higher-dimensional Unknotting Spheres
Theorem, see survey [Sk16c, Theorem 2.3].

5This simple lemma will be used for inductive construction of invariants using skein relations, see below.

6A rigorous definition of the first Reidemeister move is easily given using fig. 6 (left). The other Reidemeister
moves have analogous rigorous definitions. The participants are not required to use these rigorous definitions in
solutions. You can use informal description of Reidemeister moves in fig. 5 and so ignore plane isotopy moves.

4



1.2 Main definitions and results on links

A link is a collection of pairwise disjoint knots, which are called the components of the link.
Ordered collections are called ordered or colored links, while non-ordered collections are called
non-ordered or non-colored links. In this text we abbreviate ‘ordered link’ to just ‘link’.

© oodDb

O4f

Figure 7: The Hopf link, the trivial link and another three links

(t)
Figure 8: The Borromean rings, the Whitehead link and the trefoil knot

A trivial link (with any number of components) is a link formed by triangles in parallel
planes.

Plane diagram, isotopy, etc. for links are defined analogously to knots.

The analogues of Lemmas 1.1.6 and 1.1.5 for links are correct.

Problem 1.2.1. (a) The Hopf link is isotopic to the link obtained from the Hopf link by
switching the components.

(b) The Hopf link is isotopic to some link whose components are symmetric with respect to
some straight line.

(c) The fourth link in fig. 7 is isotopic to the Whitehead link in fig. 8.w.

(d,e*) The same as in (a,b) for the Whitehead link.

(f)* The Borromean rings link is isotopic to a link whose components are permuted in a cyclic
way under the rotation by angle 27/3 with respect to some straight line.

Theorem 1.2.2. (a) The Hopf link is not isotopic to the trivial link.

(b) The Whitehead link is not isotopic to the trivial link.

(¢) The Hopf link is not isotopic to the Whitehead link.

(d) The Borromean rings link is not isotopic to the trivial link.
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Parts (a) and (c) are proved using linking number modulo 2, invent it yourself or see §1.3.
Parts (b) and (d) are proved using either the Alexander-Conway polynomials, see §2.3, or ‘triple
linking” (Massey-Milnor) number and ‘higher linking’ (Sato-Levine) number [Sk, §4.4-§4.6]. Part
(d) can also be proved using proper colorings, see §2.2.

1.3 The Gauss linking number modulo 2 via plane diagrams

Problem 1.3.1. Let A, B,C, D, E, F, O be points in space, no four of which lie in one plane.
The following three conditions are equivalent.

(i) The outline of DEF intersects the part of the plane ABC bounded by the triangle ABC
at exactly one point.

(ii) The segment BC' passes below (like in the construction of link diagram) exactly one side
of DEF as seen from A.

(iii) The outline of ABC passes below an odd number of sides of DEF" as seen from O.

Suppose that there is an isotopy between two 2-component links, and the second component is
fixed throughout the isotopy. Then the trace of the first component is a self-intersecting cylinder
disjoint from the second component. If after the isotopy the components are unlinked, then the
cylinder can be completed to a self-intersecting disk disjoint from the second component. This
observation, together with problem 1.3.1 and [Sk, the Projection lemma 4.2.4], motivates the
following definition.

The linking number modulo 2 1k, of the plane diagram of a 2-component link is the number
modulo 2 of crossing points on the diagram at which the first component passes above the second
component.

Problem 1.3.2. (a) Find the linking number modulo 2 for the plane diagrams in fig. 7, for
pairs of Borromean rings and for the Whitehead link (fig. 8).
(b) The linking number modulo 2 is preserved under Reidemeister moves.

By (b) the linking number modulo 2 of a 2-component link (or even of its isotopy class) is
well-defined by setting it to be the linking number modulo 2 of any plane diagram of the link.

We shall use without proof the following Parity lemma: any two closed polygonal lines in the
plane whose vertices are in general position intersect at an even number of points. For a discussion
and a proof see §1.3 ‘Intersection number for polygonal lines in the plane’ of [Sk18], [Sk].

Problem 1.3.3. (a) Switching the components of a link preserves the linking number modulo
2.

(b) There is a 2-component link which is not isotopic to the trivial link but which has zero
linking number modulo 2.

~ = ~ = ~ =
‘/\ | ‘/ /\‘ ‘/ <\|
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Figure 9: Knots K, K_, K

Denote by D.,D_, Dy any three diagrams of oriented (knots or) links differing as shown in
fig. 9 (for a convention on figures see caption to fig. 5). We also denote by K, K_, Ky any three
links who have diagrams D, D_, Dy. If an invariant (like lks) is defined for non-oriented links (or
knots), then its value on a link is assigned to the link with any orientation.



Theorem 1.3.4. There is a unique mod2-valued isotopy invariant ke of (non-oriented) 2-
component links that assumes value 0 on the trivial link and such that (for any links Ky and K_
having plane diagrams differing as shown in fig. 9)

1 if at the crossing point different components cross each other;
lk2K+—lk2K_:{ / 7P I b

0 if at the crossing point one component crosses itself.

Problem 1.3.5. * If the linking number modulo 2 of two (disjoint outlines of) triangles in
space is zero, then the link formed by the triangles is isotopic to the trivial link.

Theorem 1.3.6 (Conway—Gordon—Sachs). * If no 4/ of 6 points in 3-space lie in the same
plane, then there are two linked triangles with vertices at these 6 points. That is, the part of the
plane bounded by the first triangle intersects the outline of the second triangle exactly at one point.

1.4 The Arf invariant

Take a plane diagram of a knot and a point P on the diagram different from crossing points. Call
P a basepoint. A non-ordered pair of crossing points A and B is called skew (or P-skew) if going
around the diagram in some direction starting from P and marking only crossings at A and B,
we first mark overcrossing at A, then undercrossing at B, then undercrossing at A, and at last
overcrossing at B.

The P-Arf invariant arfp of the plane diagram is the parity of the number of all skew pairs of
crossing points.

Problem 1.4.1. (a) If the P-Arf invariant of a plane diagram is non-zero, then P is not a
point as in problem 1.1.4.

(b,c,d) Find the P-Arf invariant (of some plane diagram) of the trivial, the trefoil and the
figure eight knots (for your choice of a basepoint P).

(e) The P-Arf invariant is independent of the choice of a basepoint P.

By (e) the Arf invariant of a plane diagram is well-defined by setting it to be the P-Arf
invariant for any basepoint P.

(f) The Arf invariant of a plane diagram is preserved under Reidemeister moves.

By (f) the Arf invariant (Arf number) arf of a knot (or even of isotopy class of a knot) is
well-defined by setting it to be the Arf invariant of any plane diagram of the knot.

Problem 1.4.2. (a) If in fig. 9 K,, K_ are plane diagrams of knots, then Kj is a plane
diagram of 2-component link and arf K, — arf K_ = lky K.
(b) There is a knot which is not isotopic to the trivial knot but which has zero Arf invariant.

Theorem 1.4.3. There is a unique mod2-valued isotopy invariant arf of (non-oriented) knots
that assumes value 0 on the trivial knot and such that

aer+ —arf K_ = lkgK(].
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Figure 10: Pass move



Problem 1.4.4. Two knots are called pass equivalent if some plane diagram of the first knot
(with some orientation) can be transformed to some plane diagram of the second knot (with some
orientation) using Reidemeister moves and pass moves of fig. 10.

(a) If two knots are pass equivalent, then their Arf invariants are equal.

(b)* The eight figure knot is pass equivalent to the trefoil knot.

(c)* If the Arf invariants of two knots are equal, then the knots are pass equivalent.

Theorem 1.4.5. * Take any 7 points in space, no four of which belong to any plane. Take
(;) = 21 segments joining them. Then there is a closed polygonal line formed by taken segments
and non-isotopic to the boundary of a triangle.

1.5 Oriented knots and links

You know what is oriented polygonal line, so you know what is oriented knot (fig. 11).

CO X

Figure 11: Two trefoil knots with the opposite orientations

Both the informal notion and rigorous definition of isotopic oriented knots are given analogously
to isotopic knots.

Problem 1.5.1. Isotopic oriented polygonal lines without self-intersections on the plane and
on the sphere are defined analogously to isotopic oriented knots in space.

(a) An oriented spherical triangle is isotopic on the sphere to the same triangle with the
opposite orientation.

(b) The analogue of (a) for the plane is false.

Problem 1.5.2. (a) Two trivial; (b) Two trefoil;  (c) Two figure eight
knots with the opposite orientations are isotopic.

Theorem 1.5.3. (H. Trotter, 1964) There exists an oriented knot which is not isotopic to the
same knot with the opposite orientation.

This is proved using the Jones poynomial [PS96], [CDM12]; the proof is outside the scope of
this text.

The connected sum # of oriented knots is defined in fig. 12.7

This is not a well-defined operation on oriented knots. So we denote by K#L any of the
connected sums of K and L.

Problem 1.5.4. For any oriented knots K, L, M and the trivial oriented knot O we have

(a) K#O =K. (b) K#L =L#K. (c) (K#L)#M = K#(L#M).

(d) arf(K#L) = arf K + arf L (here knots K, L are non-oriented).

(The rigorous meaning of (a) is ‘there is a connected sum of K and O isotopic to K’. Analogous
rigorous meanings have (b) and (c). See though Remark below.)

"More precisely, consider disjoint oriented plane diagrams of the two oriented knots. Find a rectangle in the
plane where one pair of sides are edges of each knot, but the rectangle is otherwise disjoint from the knots, and the
edges are oriented around the outline of the rectangle in the same direction. Now join the two diagrams together
by deleting these edges from the knots and adding the edges that form the other pair of sides of the rectangle.
The resulting connected sum diagram inherits an orientation consistent with the orientations of the two original
diagrams.



Figure 12: Connected sum of knots

Remark. An isotopy class of a knot is the set of knots isotopic to this knot. The oriented
isotopy class [K# L] of the connected sum of two oriented isotopy classes [K], [L] of oriented knots
K, L is independent of the choices used in the construction, and of the representatives K, L of
[K],[L]. Hence the connected sum of oriented isotopy classes of oriented knots is well-defined
by [K#[L] := [K#L], see [Sk15p, Remark 2.3.a]. For isotopy classes of non-oriented knots the
connected sum is not well-defined.

Y.
o

Figure 13: Connected sum of links

The connected sum # of links (ordered or not, oriented or not) is defined analogously to the
connected sum of knots, see fig. 13. This is not a well-defined operation on links, and problem
1.5.6 shows that this does not give a well-defined operation on their isotopy classes. So we denote
by K#L any of the connected sums of K and L.

Problem 1.5.5. (a,b,c,d) Prove the analogues of problem 1.5.4.a,b,c,d for links.

Problem 1.5.6. There are two isotopic pairs (K, L) and (K’, L") of

(a) non-ordered; (b)* ordered

2-component links (oriented or not) such that some connected sums K#L and K'#L" are not
isotopic.



1.6 The Gauss linking number via plane diagrams

Let (E , @) be ordered pair of vectors (oriented segments) in the plane intersecting at a point
P. Define the sign of P to be +1 if ABC is oriented clockwise and to be —1 otherwise (fig. 14).

D B C
+1 ~1
c A D
Figure 14: The sign of intersection point

The linking number lk of the plane diagram of an oriented 2-component link is the sum of
signs of all those crossing points on the diagram at which the first component passes above the
second component. At every crossing point the first (the second) vector is the oriented edge of
the first (the second) component.

Problem 1.6.1. (a,b) Find the linking number for (some plane diagram of) the Hopf link and
pairs of Borromean rings, for your choice of orientation on the components.
(¢) The linking number is preserved under Reidemeister moves.

By (c) the linking number of an oriented 2-component link (or of its isotopy class) is well-
defined by setting it to be the linking number of any plane diagram of the link.

The absolute value of the linking number of a (non-oriented) 2-component link (or of its isotopy
class) is well-defined by taking any orientations on the components.

We shall use without proof the following Triviality lemma: for any two closed oriented polyg-
onal lines in the plane whose vertices are in general position the sum of signs of their intersection
points is zero. For a discussion and a proof see §1.3 ‘Intersection number for polygonal lines in
the plane’ of [Sk18], [Sk].

Problem 1.6.2. (a) Does switching the components of a link preserve or negate the linking
number?

(b) Reversing the orientation of either of the components negates the linking number.

(c¢) Draw an oriented 2-component link whose linking number is —5.

(d) For any of the connected sums K# L of oriented 2-component links K, L we have Ik(K#L) =
Ik K 41k L.

(e) There is a 2-component link which is not isotopic to the trivial link but which has zero
linking number.

Theorem 1.6.3. There is a unique integer-valued isotopy invariant 1k of oriented 2-component
links that assumes value 0 on the trivial link and and such that

1 if at the crossing point different components cross each other;
kK, —lkK_= . , . ,
0 if at the crossing point one component crosses itself.

Problem 1.6.4. Two links (oriented or not) are called link homotopic if one link can be contin-
uously deformed to the other so that no intersections of different components appear throughout
the deformation (but self-intersections of the components may appear). Or, equivalently, some
plane diagram of the first link can be transformed to some plane diagram of the second link using
Reidemeister moves and crossing changes of one component.

(a) The Whitehead link is link homotopic to the trivial link.

(b) If two oriented 2-component links are link homotopic, then their linking numbers are equal.

(c)* If the linking numbers of two 2-component links are equal, then the links are link homo-
topic.

(d)* The Borromean rings link is not link homotopic to the trivial link.
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2 Problems after the semifinal

Subsection 2.2 only use the material of §§1.1 and 1.2. Subsection 2.3 only use the material of
§61.1, 1.2 and 1.5.

2.1 The Casson invariant

The sign of a crossing point of an oriented plane diagram of a knot is defined after figure 14;
the first (the second) vector is the vector of overcrossing (of undercrossing). Clearly, the sign is
independent of the orientation of the diagram, and so is defined for non-oriented diagram.

The sign of a P-skew pair of crossing points in a plane diagram of a knot (for any basepoint
P) is the product of the signs of the two crossing points.

The P-Casson invariant of a plane diagram is the sum of signs over all P-skew pairs of crossing
points.

Problem 2.1.1. (a) Draw a plane diagram of a knot and a basepoint P such that P-Casson
invariant is —5.

(b,c,d,e,f) Same as problems 1.4.1.b,c,d,e,f for the Casson invariant.

(g) Find and prove the analogue of problem 1.4.2.a for the Casson invariant.

(h,i) Same as problems 1.4.2.b and 1.5.4.d for the Casson invariant.

By (e,f) the Casson invariant (Casson number) ¢y of a plane diagram, of a knot, or even
of isotopy class of a knot, is well-defined by setting it to be the P-Casson invariant of any plane
diagram of the knot for any basepoint P.

Theorem 2.1.2. There is a unique integer-valued isotopy invariant co of (non-oriented) knots
that assumes value 0 on the trivial knot and for which

eo(KL) — eo( K_) = Ik K.

(The number 1k Kq is well-defined because change of the orientation on both components of an
oriented link does not change the linking number.)

2.2 Proper colorings

A strand in a plane diagram (of a knot or link) is a connected piece that goes from one undercrossing
to the next. A proper coloring of a plane diagram (of a knot or link) is a coloring of its strands
in one of three colors so that at least two colors are used, and at each crossing, either all three
colors are present or only one color is present. A plane diagram (of a knot or link) is 3-colorable
if it has a proper coloring.

Problem 2.2.1. For each of the following knots or links take any diagram and decide if it is
3-colorable.

(a) the trivial knot.  (b) the trefoil knot.  (c) the figure eight knot.

(d-j) links in fig. 7 and 8.

Problem 2.2.2. (a) The 3-colorability of a plane diagram is preserved under the Reidemeister

moves.
(b) Neither of links in fig. 7 and 8 (except the trivial link) is isotopic to the trivial link.

Problem 2.2.3. * The 5; knot is not isotopic to the trivial knot.
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Figure 15: The 5; knot

2.3 Alexander-Conway polynomials

Problem 2.3.1. * (a) There is a unique mod2-valued isotopy invariant arf of oriented 3-
component links that assumes value 0 on the trivial link and for which

arf(K,) — arf(K_) = {lk oKy at the crossing point different components cross each other;

0 at the crossing point one component crosses itself.

(Here 1k, Ky is defined because K is a 2-component link.)®
(b) There is a unique mod2-valued isotopy invariant as of oriented 2-component links that
assumes value 0 on the trivial link and for which

a3(K+) - CL3<K_) = arf K(].

(Here arf K is defined because K is either a knot or a 3-component link.)
(c¢) There is a unique mod2-valued isotopy invariant as of oriented 4-component links that
assumes value 0 on the trivial link and for which

arf Ky at the crossing point different components cross each other;

az(Ky) — as(K-) = {

0 at the crossing point one component crosses itself.

(Here arf K is defined because Kj is a 3-component link.)

Proof of the existence in problems 2.3.1 and theorem 2.3.3 is outside the scope of this text. See
an elementary proof in [Ka06’, §2-§5], [Ka06]. You can earn a plus-mark (plus-sign) for proving the
uniqueness, and solve other problems assuming the existence. For a relation to proper colorings
see [Ka06’, §6.

Problem 2.3.2. Calculate (for your choice of orientation on the components)

(a) the arf invariant of the Borromean rings;

(b,c,d*) the a3 invariant of the Hopf link, of the Whitehead link, and of 4-Borromean rings,
i.e. of any link of your choice for which every 3-component sublinks are isotopic to the trivial link,
but the entire link is not isotopic to the trivial link.

Theorem 2.3.3. * (a) There is a unique infinite sequence c_y = 0, ¢y, ¢1,Ca, . .. of Z-valued
isotopy tnvariants of oriented non-ordered links that assume values co =1 and ¢y =co = ... =0
on the trivial knot and for which

Cn(Ky) = en(K-) = ¢ (Ko)

whenever n > 0.

8Theorem 1.4.3 is the analogue of problem 2.3.1 for 1-component links (knots). The definition of arf given in
81.4 applies to knots only and here the point is to extend it to 3-component links.
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(b) There is a unique infinite sequence c_1 = 0,¢g, ¢1,Ca, - .. of Z-valued isotopy invariants of
oriented ordered links that assume values co = 1 and ¢; = ¢ = ... = 0 on the trivial knot and
such that for any n > 0 we have

en(K4) — en(K2) = cno1(Ko),

where Ko 1s Ky from fig. 9 with some ordering of the components.

Actually two versions of theorem 2.3.3 are equivalent. You can use theorem 2.3.3.b without
proof.?

The polynomial C(K)(t) := co(K) + c1(K)t + co( K)t? + ... is called the Conway polynomial,
see problem 2.3.5.e. Introduction of this polynomial allows to calculate all the invariants ¢, as
quickly as one of them. The formula in theorem 2.3.3 is equivalent to

O(K,) — O(K_) = tC(Ky).

The polynomial C(K)(t) := co(K) + c1(K)t + co(K)t* + ... is called the Conway polynomial,
see problem 2.3.5.e. Introduction of this polynomial allows to calculate all the invariants ¢, as
quickly as one of them. The formula in theorem 2.3.3 is equivalent to

C(K,) — C(K_) = tO(Ky).

Problem 2.3.4. Calculate the Conway polynomial of the following links (for your choice of
orientation on the components).

(a) the trivial link with 2 components;  (b) the trivial link with n components;

(c) the Hopf link;  (d) the trefoil knot; (e) the figure eight knot;

(f) the Whitehead link;  (g) the Borromean rings;  (h) the 5; knot.

Problem 2.3.5. (a) We have ¢o(K) = 1 if K is a knot and ¢o(K) = 0 otherwise (i.e. if K has
more than one component).

(b) For a knot K we have ¢y;+1(K) = 0 and ¢, is the Casson invariant.

(c) For a 2-component link K we have ¢y;(K) = 0 and ¢; is the linking coefficient.

(d) For a k-component link K we have ¢;(K) = 0 if either j <k —2 or j — k is even.

(e) For every knot or link all but a finitely many of the invariants ¢, are zeroes.

Problem 2.3.6. (a) Change of the orientations of all components of a link (in particular,
change of the orientation of a knot) preserves the Conway polynomial.

(b) There is a 2-component link such that change of the orientation of its one component
changes the degree of the Conway polynomial (so this change neither preserves nor negates the

Conway polynomial).
(c) For any of the connected sums K#L of knots K, L we have C(K#L) = C(K)C(L).

A link is split if it is isotopic to a link whose components are contained in disjoint balls.

Problem 2.3.7. (a,b,c) No link of theorem 1.2.2 is split.
(d) The Conway polynomial of a split link is trivial.

Tt is not clear which of the two versions is stated in [CDM12, §2.3.1], so we present both versions and deduce
the stronger version from the weaker version.
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2.4 Vassiliev-Goussarov invariants (sketch) *

Denote by

e 3 the set of isotopy classes of singular knots [PS96, 4.1],

e ), the set of all chord diagrams that have n chords [PS96, 4.8];

e 0(K) the chord diagram of a singular knot K [PS96, 4.8], [CDM12, 3.4.1] (not to be confused
with Gauss diagrams for a non-singular knot KX [CDM12, 1.8.4]).

Theorem 2.4.1 (Vassiliev-Kontsevich, [PS96], [CDM12]). For any map A : 6, — R there
exists a map v : ¥ — R having properties (1)-(3) below if and only if A satisfies to the 1-term and
the 4-term relations [PS96, (4.5),(4.6)].

(1) For any singular knots Ky, K_ and K° from [PS96, (4.1)] (notice the difference with fig.

9) we have
v(EL) = v(K-) = v(K"),

(2,,) v(K) =0 for each singular knot that has more than n double points, and
(3) v(K) = Mo(K)) for each singular knot that has exactly n double points.

A map v : ¥ — R such that (1) holds is called a Vassiliev-Goussarov invariant.
A map v : ¥ — R such that (2,) holds is called a map of order at most n.

Problem 2.4.2. (a) The map v of theorem 2.4.1 is unique up to Vassiliev-Goussarov invariant
of order at most n — 1. More precisely, the difference between maps v,v" : ¥ — R satisfying to
(1), (2,) and (3), satisfies to (1) and (2,,-1).

(b) Prove the ‘only if’ part of theorem 2.4.1.

(0),(1),(2),(3)* Prove the ‘if” part of theorem 2.4.1 for n =0, 1,2, 3.

Hint: for n = 2 use theorem 2.1.2, for n = 3 use the coefficient of k3 in J(e"), where J is the
Jones polynomial in t-parametrization [CDM12, 2.4.2; 2.4.3].

In the remaining problems theorem 2.4.1 can be used without proof. Assertion ‘v(K) = x for
any singular knot K whose chord diagram is a’ is shortened to ‘v(a) = x’.

Problem 2.4.3. (a) There exists a unique Vassiliev-Goussarov invariant vy : ¥ — R of order
at most 2 such that

e v5(0) = 0 for the trivial knot O, and

e 15(1212) = 1 ((1212) is the ‘non-trivial diagram with 2 chords’ [PS96, Figure 4.4], 3rd
diagram of the first line).

Warning: in this problem it is allowed to use theorem 2.4.1 but not theorem 2.1.2.

(b,b’,c,d) Calculate vy for the right trefoil, left trefoil, figure eight knot and the 5; knot.

Problem 2.4.4. (a) There exists a unique Vassiliev-Goussarov invariant vs : 3 — R of order
at most 3 such that

e v3(0) = 0 for the trivial knot O and for the left trefoil O, and

e v3(123123) = 1 ((123123) is the ‘non-trivial most symmetric diagram with 3 chords’, [PS96,
Figure 4.4], 5th diagram of the second line).

(b,c,d*) Calculate vs for the right trefoil, figure eight knot and the 5; knot.

Hints: Problems 2, 3, 4ab, Results/Theorems 11, 13, 14 from [PS96, §4].

Problem 2.4.5. (a) There exists a unique Vassiliev-Goussarov invariant vy : ¥ — R of order
at most 4 such that

e v4(0) = 0 for the trivial knot O, for the left trefoil O, and for the right trefoil O,

o 04(12341234) = 2, v,(12341432) = 3 and v4(12341423) = 5 [PS96, Problem 4.4.b).

(c*,d*) Calculate v, for the figure eight knot and the 5; knot.
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Hints and solutions for problems before the semifinal

1.1.1. (a,b,c,d) ‘Probably the best way of solving this problem is to make a model of the trefoil
knot and the figure eight knot by using a shoelace and then move it around from one position to
the other. Fig. 16 gives some hints concerning transformations of the figure eight knot.” [Pr95,

O%

Figure 16: Isotopy of the figure eight knot

(e) Let us consider two knots with coinciding plane diagrams, in a horizontal plane 7. For
each point X in the space let p(X) be the line containing X, perpendicular to 7. Let h(X) be
the height of X, relative to 7, which is positive (h(X) > 0) if X is in the upper half-space and
negative (h(X) < 0) if X is in the lower half-space. To each point A of the first knot associate a
point A of the second knot by the following procedure. There are two cases:

Case 1: The projection of the point A on 7 is not a crossing point on the plane diagram. In
this case p(A) intersects the first knot only at the point A. Since the plane diagrams coincide, the
line p(A) intersects the second knot also at a single point. Define A’ to be this point.

Case 2: The projection of the point A on 7 is a crossing point of the plane diagram. In this
case the line p(A) intersects the first knot in an additional point B. Since the plane diagrams
coincide, the line p(A) intersects the second knot in two points C' and D, where we assume that
h(C) > h(D). If h(A) > h(B), we define A’ = C, and in the opposite case A" = D.

For each point A of the first knot and each number ¢ € [0,1] let A(¢) be the point on the
line p(A) with the height h(A(t)) = (1 — t)h(A) + th(A’). By construction A(0) = A, A(1) = A’
and the transformation of the first knot, which moves A(0) in the direction of A(1) with constant
speed, so that at the time ¢ it occupies the position A(t), is the required isotopy.

e

e

Figure 17: The bridge over some crossing point

1.1.2. See fig. 17. For each crossing point of the plane diagram, on the upper edge of the
crossing, choose two points, close to the intersection and on the opposite sides of the intersection.
Replace the line segment between the two chosen points by a ‘bridge’ rising above the plane
diagram, which connects these two points. After replacing all crossing points by the corresponding
bridges, we obtain the required knot.

1.1.3. (a) Use the results of problems 1.4.1, 2.1.1, or 2.2.1.
(b) Use the results of problems 1.4.1 or 2.1.1.
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(c) Use the result of problem 2.2.1.

(d) Take any of the connected sums of n trefoil knots. By assertions 2.1.1.c,i the Casson
invariant of this knot is n. It follows that for different values of n the corresponding knots are not
isotopic.

1.1.4. Choose a knot projected to the given plane diagram in the same way as in assertion 1.1.2.
Suppose that all ‘bridges’ lie in the upper half-space w.r.t. the projection plane. By the assumption
there are points X and Y on the knot which divide the knot into two polygonal lines p and ¢ such
that

e ¢ lies in the projection plane and passes only through undercrossings;

e p is projected to polygonal line p’ which passes only through overcrossings.

Take a point Z in the upper half-space, and a point 7" in the lower half-space. Let us construct
an isotopy between the given knot and the closed polygonal line X ZY T, which is isotopic to the
trivial knot. The isotopy consists of 3 steps, all of them keeping X, Y fixed.

Step 1. An isotopy between q and XTY . Suppose that ¢ = AgA;... A,, where Ag = X and
A, =Y. Then the isotopy is given by

A()Al — AoTAl, TA1A2 — TAQ, TA2A3 — TA3, A TAn_lAn — TAn

Step 2. An isotopy between p and p’. Remove all the ‘bridges’ by elementary moves.
Step 3. An isotopy between p’' and X ZY . This is done analogously to step 1.

1.1.5. Follows by assertion 1.1.4.

Another idea of the proof (cf. [PS96, Theorem 3.8]). Denote by m the horizontal plane con-
taining the plane diagram. For each point X in the space, p(X) and h(X) are defined in the
solution of the problem 1.1.1.e. Let [ be a line in the plane, which passes through a vertex A, of
the plane diagram, while the whole diagram is contained in one of the two half-planes determined
by [. Let Ag, Ay, ... A, be all vertices of the plane diagram, in the order of their appearance, while
we move along the diagram in some direction. Choose points By, ..., B, so that A; € p(B;) for
i=1,...,n,and h(B;) < h(Bj) for i < j. Let B,4+; be a point, whose projection on  is close to
Ap and h(B,41) > h(B,). We claim that the knot By ... B,B,.1 is isotopic to the trivial knot.
Indeed, by the choice of the line [, the projection of the knot onto any plane, perpendicular to the
line [, is a closed polygonal line without self-intersections. It remains to modify crossing in the
plane diagram so that they are in agreement with the projection of the constructed knot to the
plane 7.

1.1.6. See [PS96, §1.7].

Remark. Since [PS96, §1.6] does not contain as rigorous definition of Reidemeister moves as
that of plane isotopies,'? the argument in [PS96, §1.7] does not constitute a rigorous proof. We
believe that a rigorous proof can be recovered using rigorous definition of Reidemeister moves.

1.2.1. (a) This follows by (b) (or can be proved independently).

(d) This follows by (e) (or can be proved independently).
(e) See figure 18.

10This also shows that having plane isotopy in the statement [PS96, §1.7] does not make the statement rigorous,
and thus should be avoided. On an intuitive level, plane isotopies should better be ignored. With the alternative
rigorous definition below, plane isotopies can be expressed via Reidemeister moves and so should better be ignored
in the statement.
Let us present an alternative rigorous definition of the first Reidemeister move. The other Reidemeister moves
have analogous rigorous definitions. On the plane take a closed non-self-intersecting polygonal line L whose interior
(see the Jordan Theorem in remark after theorem 1.1.3) intersects a knot diagram D by a non-self-intersecting
polygonal line M joining two points on L. Let N be a closed non-self-intersecting polygonal line in the interior of
L such that NN L =0, NN M is one point and M U N cam be made a generic (self-intersecting) polygonal line.
The first Reidemeister move is replacement of M to M UN in D, with any ‘information’ at the appearing crossing.
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Figure 18: Isotopy of the Whitehead link
(f) Take three ellipses given by the following three systems of equations:

=0 y=20 nd z=0
P22 =1" 24222 =1 a 224+ 2% = 1.

See figure 19. Take the quadrilaterals circumscribed around these ellipses and symmetric w.r.t.
the coordinate axes. Then the straight line is given by x =y = 2.

z2=(z1...24)

Figure 19: Borromean rings

1.2.2. (a,c) Use results of problem 1.3.2.
(b,d) Use, for example, results of problems 2.2.1 and 2.2.2.

1.3.1. In the plane passing through A, B, C denote by (ABC) the part bounded by the triangle
ABC.

(i<ii) A segment XY passes above the segment BC' as seen from A if and only if XY intersects
(ABC).

The outline of DEF' is the union of segments DE, FF and DF'. Hence i<ii.

(ieiii) The outline of DEF is either disjoint from the surface of tetrahedron OABC or inter-
sects the surface at exactly two points. Hence the following three properties are equivalent:

e the outline of DEF intersects (ABC') at exactly one point;

e the outline of DEF intersects exactly one of the triangles (OAB), (OBC) and (OAC).

e the outline of ABC passes below exactly one side of DEF' as seen from O.

1.3.2. (a) Answers (from left to right): 1, 0, 0, 0.
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(b) Prove the statement separately for every Reidemeister move. For moves I and III the
number of crossing points where the first component passes above the second one does not change.
For move II this number changes by 0 or +2.

1.3.3. (a) Take a plane diagram of a link. By the Parity lemma (stated before problem 1.3.3)
the number of crossing points where the first component passes above the second one has the same
parity as the number of crossing points where the second component passes above the first one.
This completes the proof.

(b) An example is the fourth link in fig. 7. One can prove that this link is not isotopic to the
trivial one using linking number, see §1.6.

1.3.4. Suppose that f is another invariant aside from lks satisfying the assumptions. Then
f — 1k, is an isotopy invariant assuming zero value on the trivial link and invariant under crossing
changes. By the analogue of lemma 1.1.5 for links any plane diagram of a link can be obtained
from the diagram of a link isotopic to the trivial link by some crossing changes. Hence f —lky = 0.

1.3.5. The proof should not be hard, and we encourage you to supply the details.
1.3.6. See [Sk14, §1, Theorem 1.1].

1.4.1. (a) If P is a point on the plane diagram as in problem 1.1.4, then there are no P-skew
pairs of crossings. Hence the P-Arf invariant is zero.

(b) Answer: 0. The trivial knot has no crossings and no skew pairs of crossings. Therefore the
Arf invariant of this knot is 0 for any choice of the basepoint.

(¢) Answer: 1. The trefoil knot has 3 crossings. For any basepoint P exactly one pair of
crossings is P-skew. Hence P-Arf invariant of the trefoil knot is 1.

(d) Answer: 1.

(e) It suffices to show that the Arf invariant remains unchanged when the basepoint moves
through one crossing on the plane diagram. Let P; and P, be two basepoints such that the segment
P, P, contains exactly one crossing point X. Consider two cases.

Case 1: Py P, passes through undercrossing. Then X does not form either P;-skew or P-skew
pair with any other crossing. Hence P;- and P»-Arf invariants of the diagram are equal.

Case 2: P, Py passes through overcrossing. Then X divides the diagram into two closed polyg-
onal lines ¢; and ¢» such that P; lies on ¢; and P, lies on go. Denote by n; (respectively, ny) the
number of intersections of ¢; and ¢o for which ¢; passes above go (respectively, ¢» passes above
¢1). Denote by Nj (respectively, Ny) the number of Pj-skew (respectively, P,-skew) pairs formed
by X and some intersection of ¢; and ¢. Then

al"fplD — al"fp2D = Nl — N2 = N1 — Ny % 1y + No % O,

where D is the given plane diagram. Here

e the first equality holds because a pair of crossings is either Pj-skew or Pa-skew (but not both)
if and only if the pair is formed by X and some intersection of ¢; and ¢s;

e the second equality holds because N; = ny and Ny = nsy; indeed, an intersection of ¢; and
qo forms a Pj-skew (respectively, P,-skew) pair with X if and only if at this intersection ¢; passes
above (respectively, below) go;

°= is congruence modulo 2;

e the last congruence follows by Parity lemma for ¢; and gs.

(f) Prove the statement for each Reidemeister move separately. The common idea is to cleverly
choose a basepoint.

Type I move. Take basepoints before and after the move as in fig. 20 (left). Check that the
crossing A does not form a P-skew pair with any other crossing.

Type 11 move. Take basepoints before and after the move as in fig. 20 (middle). Check that
neither of the crossings A and B forms a P-skew pair with any other crossing.
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Type 111 move. Take basepoints before and after the move as in fig. 20 (right). Check that
neither of the crossings A, B forms a P-skew pair with any other crossing and that neither of
the crossings A’, B’ forms a P’-skew pair with any other crossing. Then check that a crossing X
distinct from A, B, C forms P-skew pair with C if and only if X forms P’-skew pair with C".

/\ - . 3 PR
- ~ ~ ’ ~
\ ’ ‘ . N ’ \C /’ N
A \ ’ \ ’ \ ’ A \
\ I' pr \ ! \ ! / \
| —> 1 - r
1 ' 1 v P# B 1 ' P4 B 1
B l “ U ‘ ] “ I
AY

R . . N/ . .

\ - NN . N . N .

Figure 20: Arf-invariant does not change under Reidemeister moves

1.4.2. (a) Take basepoints P,, P_ as in fig. 21. Check that the crossing A_ does not form a
P_-skew pair with any other crossing in K_. Then check that the number of crossings which form
a P-skew pair with A, in K, equals lk 3 Ky modulo 2.

Figure 21: To the proof of skein relation for Arf invariant

(b) Take any of the connected sums of the two trefoil knots. By assertions 1.4.1.c and 1.5.4.d
the Arf invariant of this knot is 0. However by assertions 2.1.1.c,i the Casson invariant of this
knot is 2, hence this knot is not isotopic to the trivial knot.

1.4.3. FEuxistence. Follows from assertions 1.4.1.b and 1.4.2.a.
Uniqueness. The proof goes along the lines of the proof of theorem 1.3.4. Use lemma 1.1.5
itself instead of its analogue for links.

1.4.4. See [Ka87, pp. 75-78].
1.4.5. See [CG83, Theorem 2.

1.5.1. (b) First solution. An oriented polygonal line is called positive if the bounded part of
the plane is always on the right side of each of its oriented segments (see the Jordan theorem in
remark after theorem 1.1.3). Prove that the positivity of an oriented polygonal line is preserved
by elementary moves.

Hint to the second solution. The positivity can be equivalently defined as follows. We say that
an oriented polygonal line A; ... A, is positive if for each of its inner (interior) points O the sum
of oriented angles ZA10Ay + LA30A; + ...+ LA, 10A, + LA,OA; is always positive (i.e. the

winding number of the oriented polygonal line around any interior point is positive).

/D —

i

12

Figure 22: Proof of K#0 = K
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1.5.4. (a) See fig. 22.

(b) It is sufficient to take a small knot of the class L and push it through a knot from the class
K, see fig. 24.

(c) Isotopic classes of both the left hand and the right hand side of the equality have a common

Figure 23: Proof of (K#L)#M = K#(L#M)

1.5.2. (a), (b), (c) Each of the three indicated oriented knots is transformed into the oriented
knot with the opposite orientation by the rotation through the angle m around the ‘vertical’ axis
passing through the ‘upper’ point of the knot (see the leftmost diagram in fig. 1, the first and the
second row for the trefoil and the figure eight knot, respectively). This rotation is included into a
continuous family of rotations through the angle 7t, t € [0, 1], with respect to the same line. This
is the required isotopy.

0D
=

Figure 24: Proof of K#L = L#K

representative exhibited in fig. 23.

(d) Choose basepoint close to the ‘place of connection’. Check that all skew pairs of crossings
in K#L are obtained from the skew pairs of crossings in K and in L.

1.5.5. (d) Check that all crossings of different components in K#L are obtained from such
crossings in K and in L.
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1.5.6. (a) As an example we can take equal links consisting of a trefoil and an unknot in
disjoint cubes. Cf. [PS96, Figure 3.16].
(b) See [As]. Fig. 25 presents an alternative example suggested by A. Ryabichev.

o g

ap
B @ Wégf)

Figure 25: Connected sum of isotopy classes of ordered links is not well-defined

1.6.1. Answers: (a) 1; (b) 0.
(c) The proof is analogous to assertion 1.3.2. It suffices to check that the signs of all crossing
points does not change.

1.6.2. (a) The proof is analogous to assertion 1.3.2.b. Take a plane diagram of a link. By the
Triviality lemma (stated before problem 1.6.2) the sum of signs of crossing points where the first
component passes above the second one has opposite sign to the sum of signs of crossing points
where the second component passes above the first one. Switching the components negates the
sign of every crossing point. This completes the proof.

(b) Reversing the orientation of either of the components negates the sign of every crossing
point.

(c) Take the connected sum of 5 Hopf links oriented so that their linking numbers equal to —1.

(d) The proof is analogous to assertion 1.5.4. The signed set of crossing points of plane diagram
of K#1L is the union of the signed sets of crossing points of plane diagrams of links K and L.

(e) An example is the Whitehead link. The Whitehead link is not isotopic to the trivial link
by theorem 1.2.2.

1.6.3. The proof is analogous to theorem 1.3.4.
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Hints and solutions for some problems after the semifinal

2.1.1. Answers: (b) 0; (c) 1; (d) —1.

(a) Take any connected sum of five figure eight knots. By (d) and assertion 2.1.1.i below the
Casson invariant of this knot is —5.

(b) The trivial knot has no crossings, and so no skew pairs of crossings. Therefore the Casson
invariant of this knot is 0.

(c) All three crossings of the trefoil knot have the same sign. Since the trefoil knot has exactly
one linked pair of crossings (regardless the choice of the base-point), we obtain that the Casson
invariant of this knot is 1.

(e) The proof is analogous to assertion 1.4.1.e. Use the Triviality lemma stated after prob-
lem 1.6.1. Here and below keep in mind the signs of intersection points!

(f) The proof is analogous to assertion 1.4.1.f.

(g) The proof is analogous to assertion 1.4.2.a.

(h) Take any connected sum of the trefoil knot and the figure eight knot. By assertions 2.1.1.c,d
and 2.1.1.i the Casson invariant of this knot is 0. However, by assertions 2.3.4.d,e and 2.3.6.b the
Conway polynomial of this knot is (> + 1)(#> — 1) # 1. Hence this knot is not isotopic to the
trivial knot.

(i) The proof is analogous to assertion 1.5.4.d.

2.1.2. The proof is analogous to theorem 1.4.3.

Figure 26: A 3-coloring of a link and 5-coloring of the 5; knot

2.2.1. Answers: b,e,h — 3-colorable, a,c,d.f,g,i,j — not 3-colorable. For a proper coloring of
a diagram of trefoil knot see the attached copy of [Pr95, p. 30, figure 4.3]. For a proper coloring
of the last diagram from fig. 7 see fig. 26 left. (This diagram was erroneously stated to be
not 3-colorable in [Pr95, §4]. This minor mistake was found by L.M. Bannohr, S. Zotova and L.
Kravtsova.)

2.2.2. (a) See the attached copy of [Pr95, pp. 29-30, Theorem 4.1].

(b) Follows from (a) and assertions 2.2.1.d-j (see the attached copy of [Pr95, p. 30]). The last
diagram from fig. 7 is distinguished from the trivial link by the number of proper colorings of a
plane diagram. Prove that this number is preserved under the Reidemeister moves.

2.2.3. A plane diagram is 5-colorable if there exists a coloring of its strands in five colors
0,1,2,3,4 so that

e at least two colors are used;

e at each crossing if the upper strand has color a and two lower strands have colors b and c,
then 2a = b+ ¢ (mod 5).

Similarly to assertion 2.2.2.a one can prove that the 5-colorability of a plane diagram is pre-
served under Redemeister moves. The 5; knot is 5-colorable, see fig. 26, right. The trivial knot is
not. This completes the proof.
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2.3.1. These are particular cases of mod2 version of theorem 2.3.3.
2.3.2. Answers: (a, b) 0; (¢) 1 (independently of the choice of orientation).

:
5)

Figure 27: 4-Borromean rings

Remark. The invariants arf, as for links may depend on the orientation on the components
(for asz see the attached copy of [CDM12, 2.3.4]).

2.3.3. The uniqueness is analogous to theorems 2.1.2 and 1.4.3; solve first problem 2.3.4.

Deduction of (a) from (b). It suffices to show that all invariants ¢, defined in (b) are preserved
under changes of the order of the components.

Let D be a plane diagram of some link with two or more components and let D’ be a plane
diagram obtained from D by a change of the components’ order. By cr D denote the number of
crossings in D. By u(D) denote the minimal possible number of crossing changes needed to obtain
a diagram of a link which is isotopic to the trivial one from D (such sequence of crossing changes
exists by the analogue of lemma 1.1.5 for links).

The proof is by induction on cr D. If cr D = 0, then D is a diagram of a link which is isotopic
to the trivial one and by assertion 2.3.4.b we have C'(D) = 0 for any ordering of the components.
Suppose that cr D > 0; then continue the proof by induction on u(D). If u(D) = 0, then D is a
diagram of a link which is isotopic to the trivial one; this case is considered above. Suppose that
u(D) > 0 and let D, be a link obtained from D by a crossing change and such that u(D.) < u(D).
Suppose D’ is a link obtained from D’ by the change of the same crossing; then

+(C(D) - C(D.)) = C(Dg) and + (C(D') — C(DL)) = C(Dy),

where

e D is a diagram of a link K (with some ordering of the components) from fig. 9 for D, D,
being D, , D_ in some order;

e D| is a diagram of a link Ky (with some ordering of the components) from fig. 9 for D', D!,
being D, , D_ in some order.

Note that the diagrams D, and D’ coincide up to the order of the components. The same is
true for the diagrams Dy and Dj). Since u(D,) < u(D) and cr Dy < cr D, by inductive hypotheses
we have C(D,) = C(D,) and C(Dy) = C(Dj}). Then C(D) = C(D’).

2.3.4. Answers: (a, b) 0; (c) £t; (d) 1 +¢% (e) 1 — % (f) £t (g) £t (h) 1+ 3¢2 + 4.

Remark. The signs in the answers to (c), (f), (g) depend on the orientation on the components.

Hint. For examples of such calculations for (a), (c), and (d) see the attached copy of [CDM12,
2.3.2].

2.3.5. Let D be a plane diagram of the given link K.

(a) For any diagram D, obtained from D by a crossing change we have cy(D) — ¢o(D,) = 0.
[. e. ¢y is invariant of crossing changes. By the analogue of lemma 1.1.5 for links the diagram
D can be obtained by crossing changes from a diagram of a link isotopic to the trivial one. The
assertion follows from the definition of ¢y on the trivial knot and assertion 2.3.4.b.

(b) The first part follows from (d). The second part follows from the definition of ¢y and
theorem 2.1.1.g.

23



(c) The first part follows from (d). The second part follows from the definitions of ¢y, ¢; and
theorem 1.6.3.

(d) The proof is by induction on cr D. If cr D = 0, then K is isotopic to the trivial link. If
K is a knot, then C'(D) = 1. Otherwise C(D) = 0 by assertion 2.3.4.b. Suppose that cr D > 0;
then continue the proof by induction on u(D). If u(D) = 0, then K is isotopic to the trivial link;
this case is considered above. Suppose that u(D) > 0 and let D, be a link obtained from D by a
crossing change and such that u(D,) < u(D). Then we have

+(¢;(D) = ¢j(D)) = ¢j-1(Do),

where Dy is the diagram from fig. 9 corresponding to D, D, being D,, D_ in some order. Note
that the link D, consists of k components and the link Dy consists of ¥ = k + 1 components.
Therefore if j < k — 2, then 7 — 1 < k' and if j — k is even, then (j — 1) — £’ is even. Since
uw(D,) < u(D) and cr Dy < cr D, by inductive hypothesis we have ¢;(D,) = ¢j_1(Dy) = 0. Then
c;(D) =0.

(e) Prove more general statement: for a plane diagram D we have deg C(D) < cr D. The
proof is analogous to problem 2.3.5.d.

2.3.6. (a) The proof is analogous to problem 2.3.5.d.

(b) See the attached copy of [CDM12, 2.3.4].

(c¢) The proof goes along the lines of problem 2.3.5.d. Let D and G be plane diagrams of K
and L. Fix the diagram G and prove that C(D#G) = C(D)C(G) by induction on cr D.

K_ K0=L

I————-. I————-. I————-. I————-.

~Q>' /\Q/ LLV ~C,x'

I_____ I_____ I_____

Figure 28: Proof that C(split link) = 0

2.3.7. (b,c,d) Follows from 2.3.4.c,f,g above and 2.3.7.e below.

(e) If L is a split link, then there exist links K, K_, Ky such that
e their plane diagrams differ like in fig. 9;

e the links A, and K _ are isotopic;

e the link K is isotopic to L.

We have C(L) = C(K,) = $(C(K;) — C(K-)) = 0.
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ypaBHeHI/IEI Ilenns AJ1dd MHOI'OY1JI€EHOB

WNnbsa Nsanos-Ilorogaes, Asekceit Kanens-Besos, Poman Kpyrosckuii, Uropb
Menbuaukos, Bopuc @penkun, Asekceit Hunmmukos

A. BBOHAA CEPUs. KJIACCUYECKOE YPABHEHUE ITEJIJIS.

Bsosnas cepust A oTHOCHTCH K KiaccmaeckKuM daxTam o6 ypashernuu Ileans x? — Dy? =
1 ayia uesbix aucest. Pemenue (£1,0) HA3BIBACTCS MPUBUAADHBLM, & OCTATBHBIE — HEMPU-
BUANDHOLMU
Bagaga A.1. ITycmo (21,y1) — pewenue ypasnernua Ileans, m.e. x5 — Dy? = 1. ITycmo
(z1 +VDy1)" = z + V' Dy,. Jokasicume, wmo moeda (x,,y,) — mosice pewienue ypas-
nenus IHeans (ommemum, “mo T—_, = Tpn,Y—n = —Yn). Pewenue (z,,yn) Haswsaemes
cmenenvro pewenua (x1,y1). Beedume nonamue npousseedenus pewenu.

Bamaua A.2. Joxasicume, wmo 6ce HEMPUGSUAALHBIE DEWEHUA (E€CAU CYUECTEYIOM,) A6-
AAIOMCHA cmenensbro 00no20 pewenus (T1,Yy1) (¢ mownocmoio do 3naka npu ).

Bamaya A.3. Jloxaosicume, wmo ecau D ecmv Keadpam ueaozo, mo HempusuaAbHbLL De-
wenul y ypasnenus Ieana nem.

B cremyiomux myHKTax cepun cantaeM, uro D # m? VYm € Z, D € Z.

Bagaua A.4. [loxaoicume, wmo cywecmeyrom M > 0 u mouka (x,y) ¢ HeHysesbMU
UENDIMU KOOPOUHATAMU, 4IMO \xz — Dy2| <M.

Bamavya A.5. C nomowpwro semmor Munkosckozo doxaostcume, wmo cyuecmseyem M > 0,
0AA KOMOPO20 MAKUT MOYEK 6eCKOHEWHO MHO20.

Bagaua A.6. Jokxasicume, 4mo cywecmseyem makoe Uesoe NosoHCUmesvhoe 4ucao k <
M, wmo ypasnenue |x> — Dy?| = k umeem beckoneuno mMno20 pewienudi.

Bagaua A.7. C nomouwpio npedvidyuur nyHkmos Jdokasrcume, 4mo HempusuaisbHoe pe-
wenue ypaskenusa Ileana cyuiecmeyem.

Bagaua A.8. Onuwume 6ce payuonasvhove pewenus ypasrnenus Ileanrs 6 obwem sude.

B. YpABHEHUSA TIEJUIA AJ1d MHOTOYJIEHOB.
Sagaua B.1. Hatdume sce napo (P(x), Q(x)) mrozousenos nad R maxue, wmo
P%(z) — (2* = 1)Q*(x) = 1.
Bapaua B.2. Pewume ypasnenue Ileans 0as payuoHaivHoll Gyrkyud.

Banaua B.3. Pewume ypasnenus a) P2+ Q? = R?, 6) P2+ Q% = 1 daa mHoz0urenos
€ KOMNAEKCHBIMU KOIPPHUUUEHTAMU.

Bagaua B.4. Jloxaoswcume, umo oas n > 2 u daa mmozousenos P, Q cywecmsyrom
KOMNAEKCHBIE WUCAQ Y1, P2, P, makue, wmo Y = —1 u P™ + Q™ deaumca na (P —

1Q)(P — 12Q) (P — 43Q).

3amaya B.5. I[Iycmv P" + Q"™ = R™. B ycaosusax n. B4 dokascume, umo cywecmeyrom
makue muozounens, Ry, Ra, R, wmo P — ;Q) = R}.

Banmaya B.6. /Jloxaosicume, umo das n > 2 ypasnenue Pepma x™ + y™ = 2™ das mHozo-

YAEHO8 U OAA PAUUOHAALHULEL PYHKUUT He UMEETN HEMPUBUANDHBIT PeUeHU.

C. TIPUMEHEHUS TEOPEMBI KOJIJIAPA.

HO,IL HEMPUBUANDHOIM DEUEHUEM 30ECH IIOHUMaCTCA HEKOHCTaAHTHOE pelIeHune.

Bamaua C.1. Pewume ypasuenue Ileanrs, xozda D ecmov keadpam mmozousena.
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Bagaua C.2. Paccmompum ypasherue nHad MHONCECTNBOM MHO204ACH068 u3 Z[x]:

2 2 2 _

(1) P(z) — (R (x) - 1)Q°(z) = 1.
3060?3 R - yotce TLpOUSBOJL’beL’(j HEKOHCMAHMHBLU MHO20YNEH, G HE NPOCINO NEPEMEHHAA.
Lloxastcume, wmo MHOAHCECTNBO pewerull cCocmoum u3 cmenexer 001020 HEMPUBUANL-

noeo: (R, 1).

3agada C.3. Teopema Kosmapa *** Ananozuunoe ymeepocoenue 6epro 0Af MHO20-
waenos us Clx]

Bagaua C.4. Pewume ypashenue (1) dan cayuas, xozda R — xoncmarnma. Omdeavho
pacemompems cayuati, Koeda R? =1 u xoeda R? # 1.

Hagee B cepun C npeanosiaraercs, 4ro R # const. Kpome TOro, MOxKHO MOJIb30BATHCS
teopemoit Konnapa.

[n/2]

Bagaua C.5. Jokaorcume, wmo Q umeem 6ud Q, = >, ( )(R2 — 1)]€R”*1*2’C ons

n
2k+1
HEKOMOP020 Ueao20 n. Bunuwume anarozuyunyto gopmyay ois P.

Bagaua C.6. Joxasicume, wmo @, =n mod R — 1, mo ecmv Q,, —n = (R —1)S, dan
HEKOMOPO20 MHO204AEHA S.

Bapaua C.7. Pewume cucmemy ypaghenuts das mrozounrenos u3 Clz]

X2 - (RZP-1)Y?2=1
(2) Y- (R-1)Z=V
V.-U=1

3agaua C.8. OcHoBHas 3ama4a. /fokxasrcume, wmo 0as npousdeosvrozo ypasrernus W e
P
UCADLT YUCAGT MOHCHO NOCTRPOUMD cucmemy ypasherutd das muozouseros usd Clz], umero-

WYI0 HEMPUBUAABHOE DEWEHUE 0204 U MOALKO Mo20a, K020a umeem pewenue Yypasrenue
wW.

D. Ao®MHHBIE MHOI'OBPA3HA.

Bamaya D.1. 3adatime caedyrowue mMHosHcecmea YpasHEHUAMU UMY HAOOPAMU YPasHe-
nud:
(1) sanunc;
(2) napy npamouxr na naockocmu;
(3) oxpyotcrocmv u anaunc;
(4) oxpystcrocmod u napabosy, NPOTOOAULUE YEPES HAUAAO KOOPOUHAM U KACAOULUECH
6 aMolt MouKe, NPUYEM 0CH OPOUHAIM, - 0CH NAPAOOADL;
(5) axsamopuasviyo okpysdcHocMd 1A eQunuwHol chepe 68 MPETMEPHOM NPOCTNPAt-
cmee;
(6) n-meproiii mop (mo ecmv dexapmoso npoussederue n oKPYIHCHOCTMED).

Ompenenenne 1. Uneanom 6 xoavue R nazvieaemes maxoe mmoscecmeo I, wmo
(1) I-RCI;
(2) I+1cClI.

Hoean nasvisaemes TJIaBHBIM, €CAU OH nopomcdaemca 00HUM INEMEHTOM.

Onpenenenune 2. Ilycmv R mexomopoe xoavuyo. Bydem masvieamv adUHHBIM MHOIO-
obpasmeMm wad R mmoocecmeo X pewenutll KOHEUHO020 YUCAL AA2EOPAUMECKUT YPABHE-
HUT 0OM HECKONDKUT NEPEMEHHBLT, MO eCMb MET, KOMOoPvle MONCHO 3aNUcAmsd 6 6ude
P(x1,...,xz,) =0, 2de P — mnoz0uaen.

Ounpegnenenne 3. ITycmov X 3adano neckorvkumu ypashenusmu 6 R[xq, ..., x,]. Jesbie
wacmu amuz ypasrerud nopoocdarom udeas 6 koavue R[xy, ..., xy], Komopoii mol 6ydem
o6osnaamo I(X). Kombuom bynkimit R[X| na X 6ydem nasveams koavyo Ry, ..., x,]/1(X).



Bapauga D.2. Y6edumecv 6 mom, wmo das kaoicdozo ssemenma usd R[X] 6 xaoicdot mouxe
MH02000pasus X MONHCHO 00HO3HAYHO ONPedeaumb 3HAUEHUE.

Bamava D.3. Ilokascume, umo xoavuo gyHryul noJIyKyoudeckoil napabossl, aadarHol
ypasrenuem y> = x3 6 C2, usomopgro xoavuy C[t?,t3] C C[t].

Bapauga D.4. [Tyemo X uY agipunnvie mnozoobpasus u 3adaro omobpascenue ¢: R[Y] —
R[X]. Hocmpotime no ¢ omobpastcenue f: X — Y, komopoe 6v. undyyuposaro .

ameuanue 4. Hac 6y0ym urnmepecosamsv moavko 0mobparcenus Mearcoy mHo2000pasu-
AMU, KOMOPBIE NPOUCTOOAM U3 OMOOPANCEHUA COOMBEMCMBYIOWUT Korey. Tarxue omob-
pastcerus bydem Ha3vi8aMb AJIredPANIECKIMU.

Bagaua D.5. Paccmompum na C? deticmeue epynno, Z,/27 makoe, 4mo HempueuasvHvil
anemenm epynnv. nepesodum (x,y) 6 (—x,—y). Omo deticmsue uHIyyupyem asmomop-
Pusm xoavya Clz, y]. Hoxascume, ¥mo nodkossvyo, UHEAPUAHIMHOE OMHOCUMEALHO IMO20
deticmeus, usomopgdro Clu, v, w]/(uv — w?).

Iocmpotime usomopdusm mescdy apdurtvim MHo2000pasuem, 3a40GHHIM IMUM KOND-
uom, u gaxmopom C? no deticmeuro Z/2 (xkax monosro2umeckumu npocmpaHcmeamu,).

ITycrs I HexoTopblii neas B Koablie R[x1, ..., 2,]. MHOroo6pasue, cooTBeTCTBYyIOIIEE
KOJIbIy R[T1,...,2,]/I Gynem obosHauars V(I). Pagukanom mnieana I Gylem Ha3biBaTh
MHOKecTBO r'ad(]) Bcex TaKnX 3JeMEeHTOB Kosiblia R[T1, ..., T,], 9TO HEKOTOPasi X CTEIeHb
comepkuTcs B 1.

Teopema 5 (Teopema 'miisbepra o nynsax). [Hycms k nexomopoe anzebpausecku 3amKHy-
moe nose. Tozda das mobozo udeara I C k[xy,...,z,] 6vimosnero

I(V(I)) = rad(I).

Bama4va D.6. Hcnoavays meopemy, noxaxcume, 4mo mouwku a@ddurrozo mMHo2000pa3us
X nad C 83auMH000H03HANHO COOMBEMCMEYIOM MAKCUMAALHOM Udeanam koavya ClX].

Bamavya D.7. ITycmo X uY — addurnve mrozoo06pasus nad C. I[Tycmov 3adaro omob-
pasicenue ¢: C[Y] — C[X]. Hocmpotime no wemy omobpancenue u3 MHOMCECTNEA MAKCU-
manvrux udearos koavua C[X| 6 mmoorcecmeo makcumarvror udeanros xoavua C[Y], ne
ucnoavays meopemy Luavbepma o wyssazx. Yoedumeco, wmo amo omobpasicenue cosnada-
em ¢ omobpasiceruem, NOCMPoeHHbM 6 3adave 4.

Onpepgenenne 6. Omobpasicenue 1: X — Y wmeocdy addunmnvimu mH02000pa3uimu
6ydem Hasvieamb 3aMKHYTHIM BioxkenueM, ecau R[X] = R[Y]/I u omobpascenue xo-
aey Pynkyul, coomsememsyrouee L A6AAEMCA omobparcenuem garmopusayuy R[Y] —

R[Y]/I.
3ameuanmue 7. Jleeko 3amemumsb, wmo arboe agunroe mrozo06pasue nad C xarnonuue-
CKU 3aMKHYMO 8a00iceno 6 nexomopoe C™.

Bagaua D.8. 3adaiime dsyxpammyro 06mMomMKY KK 3GMEHYMOE BAOHCEHUE OKDYHCHOCTIU
8 mop.

Bagaua D.9. Paccmompum ecmecmeennoe eaoocenue (C\ 0)" e C™. Ioxaocume, wmo
MO 6A0JICEHUE ABAAEMCA anzebpaureckum omobpasiceruem. Jloxadicume, wmo ono e
ABAAEMCA 3AMEHYMOM BAOHCEHUEM.

Bamaua D.10. oxasicume, wmo cmandapmmoe eaosicenue p: C[t?, 3] < C[t] ne sadaem
3aMENYMOE BA0IICENUE NPAMOT 8 NOAYKYOUNECKYIO NAPabONY.

E. OTOBPAYKEHUA A®O®UHHBIX MHOT'OOBPA3UIL.
He 3zabwsatime nodrodumsv ¢ sonpocamu u 3a nodckaskamu!

Onpenenenune 8. Mnoowcecmeo R ¢ 08yma accouuamusHmmMy KOMMYMAGMUSHMY Ou-
HAPHOMU ONEPAUUAMY + U + (YMHONCEHUEM U CAONCEHUEM) HAZDIBAETNCA KOADUOM, €CAU
BHINONHEHBL CAEYIOUWUE COTCMEA:

(1) 30 € R:0+a=a+0=a Ya € R;



(2) Vac RIbeER:a+b=b+a=0;
(83) 31eR:1-a=a-1=a Ya€R;
(4) a-(b+c)=a-b+a-c;
(5) (a+b)-c=a-c+b-ec.
Sameuanue 9. OcHoBHLMU KOADUAMU (KPOME MHONCECTNG UCAVT, PAUUOHAADHIT, GeUle-

CMBEHHBIT U KOMNACKCHBLT YUCEA), KOMOPbIE HAC UHMEPECYIOM, ABAAOMCA KOADUL MHO-
20MN€H08, 4 MaK otce KOoJbla OyHKII Ha addUHHBIX MHOrOOOPa3UIX.

Sameuanne 10. Mwuozousernor Pi(x1,...,2%0), .. Pu(x1,...,2,), xomopwe 3adarom agh-
Ppurmoe mmozo0bpasue X, nopootcdarom maxotce nexomopoe noommoscecmseo I = Py -
Rlxy,...,zp]+.. .+ Pp-Rlz1,...,2,]) C Rlz1,...,2,]. Bee anemenmo, 3mozo mmodrcecmea

BAHYAAIOMCA HOG MOUKAT MHO2000PA3UA.
Taxoe MHONHCECTBO ABAAEMCA UCAAOM 8 Koadbue Pynkuyul na X .

Bapaua E.1. ITyemo I nexomopu udean 8 xoavue muozousenos Clay, ..., x,]. epes X
0603Ha¥UM MHO2000pa3UE, coomeememeyowee dannomy udeanry. Joxascume caedyrowsue
ceoticmsa:

(1) ICJ= X;CXy;

(2) XUX;y=Xr.5=XrnJ;

(8) ecxu I+ J=R, mol-J=1INJ;

(4) udeanw I = (z) u Iy = (2%) 6 woavue R[z] 3adarom odunaxosvie muooicecmea

Hyaet.

3amaua E.2. (1) Hoxaotcume, wmo ece udeanss KOAGUQ MHO20UACHOE 0T 00HOT Nepe-
mennott Rlz] saeasomes eaasnomu. Tarxue K0avua Ha3vi6a10mes KOJIbIAMU TJIaB-
HBIX uneasnos (KI'H).
(2) Ipusedume npumep rKoavya, ne aeasowezocs KI'H.

Onpepenenue 11. Jan udean I C R. @axropkoabiiom R/I nasvieaemes MHoHCECMBO
KAGCCO8 IKBUBANEHMHOCTNU IAEMEHMOE Koavua R no modyao I:a ~ b < a—b € 1.
Ymmoorcenue u caoocerue na Gaxmoprosvue 3a0a0mces cAeOYOUUM 00PA30M:

(1) (a+I)+ (b+1)=(a+b)+1;

(2) (a+1I)-(b+1)=(a-b+1).

Bagaua E.3. IIposepvme xoppexmmuocms dannozo onpedeaenus. okasicume, wmo Pax-
MOPKOADLUO ABAAEMCA KONDUOM.

Bameuanne 12. B sadave 2 ud aucmoura "Mroz006pasus u ypasHeHus "moi yorce Hess-
HO pabomany ¢ Paxmoprosvouom. A umenHo, Mol NOKA3aAU, YMO OAf MHO2000pasus X
nad C, sadannozo udeanom I (X; — amo mmoocecmso obwuxr wyseli 6CET ALMEHMOB
uz I), ece snauenus noaunomuasvror gynkyut na X; onpedeastomesn Gaxmoprosvbyom

Clzy, ..., zn]/I.

Ounpepenenne 13. ITycmo mmozoobpasue X nad R sadano udearom I(X) (3decv mol
nodpasymesaem, ¥mo wabop ypasrerul noposcoaem wexkomopuil udean). Tozda KOIBIIOM
dbyuxuuit R[X] mrozoobpasus X wnasveaemes daxmoprosvuo Ry, ... x,]/I1(X).

3ameuanue 14. B sadave 5 us npedvdywed cepuu 6v.00 NOKA3GHO, ¥MO 410000 udeas
I C Clzy,...,z,) umeem xoneuwnoils nabop noposcoarouur I' = {g1,..., gk}
Pacemompum udean G, noposrcdenvili HOUBONDWUMU MOHOMAMYU BCEX IAEMEHMOE U3
1. B 3adaue 5 mol doxasanru, wmo cmapwue MoHomo, ssemenmos I maxorce nopoostcdarom
udean G. Taxot nabop obpasyrowur udeara I npunsamo naswseams 6aszucom I'pébuepa.

Paccemorpum na C? seficrsue mnpomoruu ¢: (z,y) — (—z, —y)(re. p? = Id). dra
UHBOJIIONMSI 3a7aeT oroOpaxkenne ¢* u3 koubia Clz,y] B cebs. Tlokaxkure, 9T0 MHO-
JKEeCTBO MHBAPUAHTHBIX JIEMEHTOB OTHOCHTENILHO (* 00pasyeT IMOJIKOJIBI0 M30MOPGdHOE
Clu, v, w]/(uv — w?).

Onpenenenune 15. Omobpasicerue t: X — Y wmeocdy afdurnvimu mHo2000pasuimu
bydem na3vi6amMb 3aMKHYTBHIM BioxkeHueM, ecau R[X] = R[Y]/I u omobpasicerue, coom-
semcmsyrowee L asasemces omobpasiceruem gaxmopusayuu R[Y]| — R[Y]/I.



3ameuanune 16. Jleexo 3amemums, wmo aoboe apunnoe mrozoobpasue nad C xarnoru-
YECKU 3aMKEHYMO 8.a001ceno 6 nekomopoe C™.

Banava E.4. Paccmompum ecmecmeennoe saooicernue (C\ 0)" ¢ C™. Ilokasrcume, wmo
MO BA0IHCEHUE ABAAEMCA anzebpaureckum omobpasiceruem. oxasxcume, wmo oHO He
ABAACTNCA 3AMEHYMOM BAOHCEHUEM.

Banaua E.5. Iloxascume, wmo cmandapmmoe eroocenue @: C[t2 3] < C[t] ne sadaem
3AMENYMOE BA02ICEHUE NPAMOT 6 NOAYKYOUNECKYI0 Napabony.

Bagaua E.6. B omot 3adayue Mbl nOCMPOUM HEMPUBUANLHOE AA2E0PAUHECKOE BA0IHCEHUE
npamott R e R3. Jrs nauara paccmompunm omobpasrcenue

©: R — R*: t e (3 = 3t,t* — 4t7)

Yéedumecn, wmo o6pas smozo omobpasicenus 6 R? saeasemca npoexyuets na naockocmo
Y340 MPUAUCTIHUKG, U3 KOMOPO20 SLIKUHYAU 00HY MOYKY (OHa aescum Ha 6eCKOHewHOo-
cmu,).

IHpudymaiime marot muozouaer h(t), wmo omobpastcerue

t = (o(t), h(t))
nepecodum NPAMYI0 6 mpuaucmHuk 6 R>, us xomopozo evkunyau 00ny mouxy (ona
max oice Gydem aesrcamov 1a OECKOHEWHOCTU,).

3ameuganme 17. Ouesudno, wmo we Yy A100600 CUCNEMbL NOAUHOMUANDHOIL YPaSHEHU
ecmo pewenue. Hanpumep, y cuememov. {x—y = 0, z—y+1 = 0} nem pewenuti. 3amemunm,
ymo udean, KOMOPuLl NOporcdarom amu 064 MHO20UAEHA COBNAJGETM CO BCEM KOALUOM
R[z,y] max xax 1 € I.

Toxum obpasom, ecau udean I nopoosicdaemca INEMERMAMY 1, . . ., J U CYWELCTBYIOM,
anemenmul by, ..., hi € R[x1,...,x,], maxue, wmo
grh1+ .. grh =1,
mo I coenadaem co ecem R[xy ..., 2,]. B caedyrowets 3adaue mol dokasvisaem, ¥mo ecau

1 ¢ I, mo natidemes obwee pewerue 0z ecex aremenmos I.

Sagaua E.7 (Cnabas teopema I'mibbepra o Hyssx). Jo6otl cobemeennvil udean I C
Clxy, ..., xn] 3adaem nenycmoe muodtcecmeo pewenud.

Lokaorcem amy meopemy 6 Heckoavko wazos. Beedem omobpasicenue nodcmanosku
vwucaa a € C na mecmo nepsoti koopouramaot:

evg: Clzy, ... zn] = Clag, ... x,]: f(z1,...,20) — fla,z2,...,2p).
(1) Hycmo I NClx1] = (p(z1)), degp > 0. Tozda cywecmsyem a € C maxoe, wmo
eve(I) € Clza, ..., zp].
(2) IIpednoaootcum, wmo I N Clz1] = 0. Hoxascume, wmo natidemes maroe a € C

umo, sunosneno evy(l) C Clas].

(8) IIpednosaooicum, wmo I N Clxq] = 0. Joxascume, wmo natidemes maxoe a € C |
wmo svinoarero evg(I) C Clza, ..., xy]

(4) Hoxaorcume meopemy.

F. KOMIIJIEKCHBIN CJIVUAIA.

Hawm morpebyercst ciemyrorast TeopemMa, KOTOPO#l OBLT TMOCBSIIEH TPOEKT
https://www.turgor.ru/lktg/2007/2/index.php .

Teopema MatusiceBu4a. He cywecmsyem aas20pumma, no360AM0WE20 NO HAOOPY
KoaPPuLuenmos MHo2ouaena om Heckoavkur nepemennvir H(x1, ..., xm) yemanosume,
UMEETN, AU 0N UCAOYUCAEHNOE PEULEHUE U HET. *

Mpr paccMOTpUM KOMILIEKCHBIN CIy9ail, U3 KOTOPOTO BBITEKAET W CAyUail IMTPOU3BOIb-
HOT'O IIOJISI.
Cepus F1. PasjioxkeHne MHOIOWIEHOB U ITOJCTAHOBKH.

Ha camom JteJie MOXKHO TIOJIOKUTh m = 11



Bagaua F.1. Jlokaowcume, wmo P(x + P(x)) deaumcs na P(x).

Bagaua F.2. Jlan xeadpammusii mpexuaen P(x) # const ¢ ueavimu koapduyuenmami.
Hoxaorcume, wmo cywecmsyem ueaoe n maxoe, 4mo ece npocmoie deaument, wucaa P(n)
menvue n/2019.

3ameuanne. AHaJOrUUIHBIH (haKT gaxe Jist KyOHIECKOrO0 MHOTOWIEHA HAM HEH3BECT-
H0. MBI MOKeM JIOKa3aTh 9TO JJIst AByUIeHOB azr”™ + b.

Bapaua F.3. ITycmv P(xy,...,2,), Q(z1,...,Tn) — NPOUSBOALHBIE NOAUHOMbL O, T NE-
pemennvir. ITycmo

~

P(x1,...,zn,u) = P(xy + uQ(z1, .., &n), ..y T +uQ(z1,...,24))
Tozda cywecmeyem R(x1, ..., Ty, u), makxod, wmo
ﬁ(mla" .,xn,u) = P(Z‘l,...,ﬂ?n) +Q(.T1,.. .7$n)R(.T1,.. .,xn,u).

Bagaua F.4. Cywecmeyem mnozounen H(xy,...,x,) makol, wmo npu ecex ueavir k
maxuz, wmo 1 < k < 2019 ece mnozounenv, H(xq,...,x,) — k umerom nempusuasvroe
PA3NOAHCEHUE HA MHOACUMEAU.

Bapaua F.5. B npedudywets sadave moorcro evbpamo H(x1,...,x,) 6 sude PrQy + k,
20e Qi aA2EOPAUMECKU HE3ABUCUMDBL (M.€. HEM HEHYALB020 MHo20uAeHa R makoeo, wmo

R(Q1,...,Q2019) =0).

Bagaua F.6. Cywecmsyrom maxue cemeticmsa noaunomos Hy, (1, ..., Tm), Pn(x1,. .., Tm)
0 KOMOPBIT 00HOBDEMEHHO GBINOAHAIOMCA YCAOCUA 0EAUMOCTIU

Hy(z1,...,zk) | (Po(z1,. .. 2m) — k)

npu ecex k € {1,...,m}, npuuem Hy,, u P, cywecmsenno 3a6ucam om Tp, U npu 3mom
H, npu s < m om x,, He 3as8ucam.

Cepust F2. Koncrpykiust cucreM.

Banaua F.7. 3adadum mmnozoobpasue Bg ey npu nomousu cucmemuv 06pasyrousux u co-
OMHOUWEHU.

X2 — (T2~ 1)Y2 =

(3

Yij = (T3 —1)Zi; = Vij

(3)

J s
Tj+1 = H ((TkZ - 1)Wk) I/V]'Jrjl+1

T = P(Wi,..., W)
2del1 <i<d,1<j<e, {mj}§:1 docmamouno 6blempo pacmyuw,as nocaedosamens-

HOCMD yeavix wucer. Ilpu smom nosurom P svibepem maxum obpazom, wmobv, W; 6via
deaumenem P(Wl,...,Wn) — 3i. (9mom noaurom modcho nocmpoumsv AeHo (cm. .6
npedudyweti cepuu).

Hocaedosamenvrocmv {m;}5_; evbupaemea mark, wmo 6 cayuae, x02da 6ce nepemen-
note, exodawue 6 T1, npunumaiom pasausmvie snauenus, mrozouieno, 1 areebpauvecku
HE3ABUCUMDL.

Banaua F.8. ITycmo das nexomopozo N ewvinoaneno Ty = Cn # 0 (m.e. Ty — neny-
aesas wonemarma). Toeda ece Wy, npu k < N wu ece T, npu npu k < N — 1 asasomes
KOHCTNAHMAMU.

Bagaua F.9. 3adaua o a0stcumocmu npoussosvrozo aszebpauteckozo muozobpasus A
nad C 6 npousdsorvroe anzebpauneckue mHozodpasue B arzopummuiecku Hepa3pewiuma.



Pell equations for polynomials
Alexey Chilikov, Boris Frenkin, Ilya Ivanov-Pogodayev, Alexey Kanel-Belov,

Roman Krutovsky, Igor Melnikov
A. INTRODUCTORY CYCLE. THE CLASSICAL PELL EQUATION.

The introductory cycle A deals with some classical facts regarding the Pell equation
22— Dy? = 1 for integers. The solution (41, 0) is called trivial, and all the others nontrivial.
Problem A.l1. Let (x1,y1) be a solution of a Pell equation: x3 — Dy} = 1. Let (z1 +
\/Eyl)” = 2, +VDy,. Prove that (Zn,Yn) also is a solution of the Pell equation (observe
that t_p, = T, Y—n = —Yn ). The solution (x,,y,) is called a power of the solution (x1,y1).
Define the notion of the product of solutions.

Problem A.2. Prove that all nontrivial solutions (if any) are powers of a single solution
(z1,y1) (up to the sign of x).

Problem A.3. Prove that if D is a square of an integer then the Pell equation has no
nontrivial solutions.

Up to the end of the cycle we suppose D # m? VYm € Z,D € Z.

Problem A.4. Prove that there exist M > 0 and a point with integer nonzero coordinates
(x,y) such that |x? — Dy?| < M.

Problem A.5. Using Minkowski lemma, prove that there exists M > 0 such that there
is an infinite number of such points.

Problem A.6. Prove that there exists a positive integer k < M such that the equation
|22 — Dy?| = k has infinitely many solutions.

Problem A.7. Using the above items, prove that there exists a nontrivial solution of the
Pell equation.

Problem A.8. Describe all rational solutions of a Pell equation in a general way.

B. PELL EQUATIONS FOR POLYNOMIALS.
Problem B.1. Describe all pairs of polynomials (P(x),Q(x)) over R, such that
P2a) — (2~ )Q3(a) = 1.
Problem B.2. Solve the Pell equation for rational functions.

Problem B.3. Solve the equations a) P? + Q* = R?, b) P2+ Q% = 1 for polynomials
with complex coefficients.

Problem B.4. Prove that for n > 2 and for polynomials P, Q there exist complex numbers
1, 12,13 such that Y = —1 and P™"+ Q™ is a multiple of (P —11Q)(P —12Q)(P —13Q).

Problem B.5. Suppose P"™ + Q" = R™. In the conditions of item B4, prove that there
exist polynomials R1, Ry, R3 such that P —¢,;QQ = R}.

Problem B.6. Prove that for n > 2 the Fermat equation for polynomials and for rational
functions 2™ 4+ y™ = 2™ has no nontrivial solutions.

C. APPLICATIONS OF KOLLAR THEOREM
Here a nontrivial solution means a non-constant solution.
Problem C.1. Solve the Pell equation if D is the square of a polynomial.

Problem C.2. Consider the following equation over polynomials from Z[z|:

(1) P(z) = (R* —1)Q*(z) = L.
Here R is an arbitrary non-constant polynomial, not necessarily a variable.
Prove that the set of the solutions consists of the powers of a single nontrivial solution

(R,1).



Problem C.3. The theorem of J.Kollar***. The similar statement is valid for polynomials

from Clx].

Problem C.4. Solve the equation (1) for a constant R. Consider cases R*> = 1 and
R2 #£ 1 separately.

Up to the end of cycle C we assume R # const. Furthermore Kollar theorem may be
used.

[n/2]

Problem C.5. Prove that Q is of the form Q, = > ( )(T2 - 1)kT”’172’c for some
k=0

n
2k+1
integer n. Find the similar formula for P.

Problem C.6. Prove that Q,, = n modulo R? — 1, that is, Q, —n = (R?> —1)S for some
polynomial S.

Problem C.7. Solve the following system of equations for polynomials from Clz]:

X?—(R?-1)Y?=1
(2) Y- (RP-1)Z=V
V.-U=1.

Problem C.8. Main problem. Prove that for an arbitrary equation W for integers
there exists a system of equations for polynomials from Clz], which has a solution iff W
has a solution.

D. AFFINE VARIETIES

Problem D.1. Define the following sets by equations or systems of equations:

(1) an ellips;

(2) a pair of lines in the plane;

(3) a circle and an ellips;

(4) a circle and a parabola both containing the origin and touching in this point, Y-axis
being the axis of the parabola;

(5) the equatorial circle on the unit sphere in the space;

(6) the n-dimensional torus (the Cartesian product of n circles).

Definition 1. Let S be a ring. An affine variety over R is a set X of the solutions of a
finite system of algebraic equations in several variables, that is, the equations of the form
P(zxq,...,z,) = 0 for some polynomial P.

Definition 2. Let X be determined by some equations over R[xy,...,xy,]. The left parts
of these equations generate an ideal in R[x1,...,x,], in the sequel denoted by I(X). The
ring of functions R[X] on X will mean the ring R[x1,...,z,]/1(X).

Problem D.2. Ensure that in every point of X the value of every element from R[X]
can be uniquely determined.

Problem D.3. Show that the ring of functions on the semicubic parabola determined by
the equation y* = x3 over C is isomorphic to C[t?,t3] C Clt].

Problem D.4. Let X and Y be affine varieties, and let : R[Y] — R[X] be an arbitrary
map. Construct the corresponding map f: X — 'Y that induces .

Remark 1. We are interested only in those maps between varieties that stem from maps
of the corresponding rings. Such maps will be called algebraic. Investigation of these maps
enables us to get information about varieties from the algebraic structure of rings of
functions.

Problem D.5. Consider the action of Z./27 on C? such that the nontrivial element of the
group takes (z,y) to (—x,—y). This action induces an automorphism of the ring Clz,y].
Show that the subring invariant under this action is isomorphic to Clu,v,w]/(uv — w?).

Construct an isomorphism (of topological spaces) between the affine variety determined
by this ring, and the quotient space of C* modulo Z./2.



Let I be an ideal in R[zq,...,x,]. The variety corresponding to Rlxq,...,x,]/I will
be denoted by V(I). The radical of I is the set rad(I) consisting of all elements from
Rx1,...,xy] such that some their power belongs to I.

Theorem 2 (Hilbert Nullstellensatz). Let k be an algebraically closed field. Then for
every ideal I C k[z1, ..., x,] we have

I(V(I)) = rad(I).

Problem D.6. Using the above theorem, show that there is a bijection between the points
of an affine variety X over C and the mazximal ideals of the ring C[X].

Problem D.7. Let X andY be two affine varieties over C. Given a map ¢: C[Y] — C[X],
construct a map from the set of mazimal ideals of C[X] to the set of mazimal ideals of
C[Y] not using Nullstellensatz. Ensure that this map is identical to the map constructed
in Problem 4.

Definition 3. A map t: X — Y between affine varieties will be called a closed embedding
if R[X] = R[Y]/I and the map of the rings of functions, corresponding to v is the
factorization map R[Y] — R[Y]/I.

Remark 4. Clearly every affine variety over C is canonically embedded into some C™.
Problem D.8. Define a twofold cable as a closed embedding of a circle into a torus.

Problem D.9. Consider the natural embedding (C \ 0)™ ¢ C". Show that this is an
algebraic map. Prove that it is not a closed embedding.

Problem D.10. Show that the standard embedding ¢: C[t?,t3] < CIt] does not determine
a closed embedding of a line into a semicubic parabola.

E. MAPS OF AFFINE VARIETIES
Don’t forget to apply with questions and for hints!

Definition 5. A set R with two associative commutative binary operations - and +
(multiplication and addition) is called a (commutative associative) ring if the following
conditions are fulfilled:

(1) 30 € R:0+a=a+0=a Ya € R;

(2) Vae RAbE R:a+b=b+a=0;

(8) 31e€R:1-a=a-1=a Ya€R;

(4) a-(b+c)=a-b+a-c;

(5) (a+b)-c=a-c+b-ec.

Remark 6. We will be interested mainly (except the rings of integers, rational, real and
complex numbers)in rings of polynomials as well as rings of functions on affine varieties.

Remark 7. Polynomials Py(x1,...,xy), ... Pe(21,...,z,) that determine an affine variety
X, also generate the set of functions I = Py - Rlxy,...,2p] + ...+ Px - R[z1,...,2,] C
Rlz1,...,xy,). All these functions vanish at the points of the variety.

Such a subset is an ideal in the ring of functions on X.

Definition 8. An ideal of a ring R is a set I such that
(1) I-RCI;
(2) I+1IcClI.
An ideal is called principal if it is generated by a single element.

Problem E.1. Let I be an ideal of the polynomial ring Clz1, ..., x,]. Let X1 be the variety
corresponding to this ideal. Prove the following properties:
(1) IgJﬁXJgXI;
(2) XUX;=Xr5=XrnJs;
(3) if I+ J=RthenI-J=1INJ;
(4) the ideals I = (z) and Iy = (z?) of the ring Rlx] determine the same set of
zeroes.



Problem E.2. (1) Prove that in the ring R[x] of polynomials in a single variable,
all ideals are principal. Such rings are called rings of principal ideals (RPI).
(2) Give an example of a ring which is not a RPI.

Definition 9. Given an ideal I C R. The quotient ring R/I is the set of equivalence
classes of elements from R modulo I: a ~ b < a—b € I. Multiplication and addition in
the quotient ring are defined by the following formulas:

(1) (a+I)+(b+1)=(a+b)+1;

(2) (a+1I)-(b+1)=(a-b+1).

Problem E.3. Check correctness of the above definition. Prove that the quotient ring is
a Ting.

Remark 10. In Problem 2 from the cycle “Varieties and equations” we already did
implicitly use a quotient ring. Namely we have shown that for a wvariety X; over C
determined by the ideal I (X1 is the set of common zeroes for all elements from I) the
values of the polynomial functions over X1 are determined by the quotient ring Clxy, ..., x,]/1.

Definition 11. Let a variety X over R be determined by an ideal I(X) (here we assume
that a set of equations determines an ideal). Then the ring of (polynomial) functions R[X]
over X is the quotient ring Rlxy, ..., 2n]/I1(X).

Remark 12. In Problem 5 of the preceding cycle it was shown that any ideal I C
Clxy, ..., xy,] is generated by some finite set of elements T' = {g1,..., gk}

Consider the ideal G generated by the leading monomials of all elements from I. In
Problem 5 we have proved that the leading monomials of the elements from I' also generate
G. Such a set of generators for I is called a Groebner basis.

Definition 13. A map v: X — Y between affine varieties is called a closed embedding
if R[X] = R[Y]/I and the map corresponding to ¢ is the map of factorization R[Y] —
R[Y]/I.

Remark 14. Clearly any affine variety over C has a canonical closed embedding to some
cn.

Problem E.4. Here we construct a nontrivial algebraic embedding of a line R into R3.
To begin with, consider the map

©: R — R*:t e (13— 3t,t* — 412).
Ensure that its image in R? is the projection to the plane from a trefoil with a single point

removed (to infinity).
Find a polynomial h(t) such that the map

t = (p(t), h(t))
transforms a line to a trefoil in R3 with a single point removed (also to infinity).

Remark 15. Obviously not every system of polynomial equations has a solution. For
instance, the system {x —y = 0,2 —y + 1 = 0} has no solution. Observe that the ideal
generated by these two polynomials coincides with the whole ring R[x,y] because 1 € I.
So if an ideal I is generated by elements g1, ..., gr and for some hy, ..., hy € Rlx1,. .., Ty]
we have
glhl +-~~gkhk =1

then I coincides with Rz ..., 2y,]. In the next problem we prove that if 1 ¢ I then there
exists a solution common for all elements of I.

Problem E.5 (Weak Hilbert Nullstellensatz). Fvery proper ideal I C Clzy,...,2y]
determines a nonempty set of solutions.

The proof consists of several steps. Consider the map which replaces the first coordinate
by some number a € C:

evg: Clay, ... zn] = Clag, ... 20 f(21,...,20) = fla,z2,...,2y).



(1) Suppose INC[z1] = (p(x1)), degp > 0. Then there exists a € C such that ev,(I) C
Clza, ..., Tn].

(2) Suppose I N Clz1] = B. Prove that for some a € C we have evg(I) C Clxa].

(3) Suppose I NClx1] = 0. Prove that for some a € C we have ev,(I) C Clza, ..., x,]

(4) Prove the theorem.

F. THE COMPLEX CASE.

We require the following theorem that was the subject of the project
https:/ /www.turgor.ru/lktg/2007/2/indez.php .

Matiyasevich theorem. There is no algorithm to check existence of an integer root
for a polynomial H(zy,...,2.,) in several variables, using the set of its coefficients. !

We will consider the complex case which implies the case of an arbitrary field.
Cycle F1. Decomposition of polynomials, and substitutions.

Problem F.1. Prove that P(x + P(z)) is a multiple of P(z).

Problem F.2. Given a square trinomial P(x) # const with integer coefficients. Prove
that there exists an integer n such that all prime divisors of P(n) are less than n/2019.

Remark. The similar fact is unknown even for cubic polynomials. We can prove it for
binomials ax™ + b.

Problem F.3.
Let P(x1,...,2,), Q(x1,...,2,) be arbitrary polynomials in n variables. Suppose
ﬁ(ml, cooyTp,u) = Pl +uQ(z1, ..oy 2n), ooy Zn FuQ(z1, .. 2y))
Then there exists R(x1,...,Tn,u) such that
ﬁ(xl, coy Ty ) = P(xy, . ) + Q21 - -y R(21, .. T, 1),
Problem F.4. There exists a polynomial H(x1,...,x,) such that for all integer k with

1 <k <2019 all polynomials H(x1,...,x,) — k have a nontrivial factor decomposition.

Problem F.5. In the above problem we can choose H(x1,...,x,) in the form PpQy +
k where Q; are algebraically independent (there is no nonzero polynomial R such that

R(Q1,...,Q2019) =0).

Problem F.6.
There exist families of polynomials Hy, (21, ..., 2Zm), Pn(T1,...,Tm) which both fulfil the
conditions of divisibility

Hi(x1,...,28) | (Pm(z1,. .. 2m) — k)

for allk € {1,...,m}, and furthermore H,, and P,, essentially depend on x,, but Hs for
s < m don’t depend on x,,.

Cycle F2. Construction of systems.

Problem F.7. Let us determine the variety By by the system of generators and
relations:

2 2 2 _
X% — (T2 - 1)Y2 =

Yij = (T3 —1)Zi; = Vi;
VijUij =1
(3) J ’ QJ miaq
Tjp = H ((Tk - 1)Wk) VV]‘JrJl+

T = P(Wh,..., W)
where 1 <1 <d, 1 <5 <e, {mj}§:1 is a sequence of integers with rather fast growth.

The polynomial P is to be chosen so that W; is a divisor of P(Wy,...,W,) — 3i. (This
polynomial can be constructed explicitly, see item 6 of the preceding cycle.)

Un fact it suffices to take m = 11.



The sequence {mj}§:1 is to be chosen so that if all variables in T1 are different then
the polynomials T; are algebraically independent.

Problem F.8. Suppose we have Ty = Cn # 0 for some N (so Ty is a nonzero constant).
Then all Wy, for k < N and all Ty, for k < N — 1 are constant.

Problem F.9. The problem of embeddability of an arbitrary algebraic variety A over C
into an arbitrary algebraic variety B is algorithmically unsolvable.
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OO0 aJITOpUTMUYECKOIT Hepa3pelnmMOCTH
IpoOJIeMbl BJIOKIMOCTH ajiredOpaniecKux
MHOrooOpasuii Ha/l I10JIeM HYJIeBOi
XapaKTepUCTUKH
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AnHoTaus

MpbI mokasbIBaeM, 4TO I JABYX ahd@UHHBIX MHOTrOOOpaswii Hal
[TPOM3BOJIBHBIM IT0JIEM XapaKTEPUCTUKHU HOJIb He CYIIEeCTBYeT B OOIIeM
BHUJE AJITOPUTMa IPOBEPKU HAJUYMSA BJIOXKEHHS OIHOTO ajrebpamde-
CKOI'0 MHOrooOpasusi B Jpyroe. bojiee Toro, Mbl yCTaHABIHMBAEM 3TO
11s1 apPUHHBIX MHOr00Opas3uil, Ybi KOOPAMHATHBIE KOJIbIA 3aIaHbl
00pasyIoIIIMI ¥ OIPEIEISIIOIIMI COOTHOIIeHUsiMUA. BoJjiee Toro, oj-
HO U3 3TUX MHOrooOpasnii MOXKHO B3ATh ad@dUHHBIM IIPOCTPAHCTBOM,
a B CJIydae IOJIsT BeIleCTBEHHBIX dnces — adpDUHHON IPIMOii.

1 Bsenenne

Bajada kiaccnuKamu ajredpandecknx MHOTOOOpa3uil ¢ TOYHOCTHIO 10
n30MOpGU3Ma MPEICTABIISIETCS OHON M3 MEHTPAIbHBIX 3ajad ajaredpantde-
CKOIT reomeTprr. Upe3BbIYaitHO MHTEPECHOH U (PYHIAMEHTAJILHON SBJISETCS
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3aa4a 00 aJITOPUTMUIECKON Pa3PeIImMOCTU ITPOBEPKU HAJTHINS H30MOPPU3-
Ma.

bauskoit 3agatueit sipsiercd 3ajada O BIOXKUMOCTH MHOrooopasuii. B o0-
ImeM BUJe 9Ta 3aj1a9a (hopMyInpyercs Tak:

Iycmo A u B — dsa anzebpauneckuxr mrozo006pasus. Onpedeaumsv, cyuie-
cmeyem au eaoscenue A 6 B.

B caydae, korma MHoroobpasusi 3aJaHbl KAKUM-JIU00 KOHCTPYKTHBHBIM
crrocoboM (HarpuMep, CHCTeMaMy YPaBHEHUIT U 06pa3yoMu ), ITa 3a/1a9a
€CTeCTBEHHBIM 00pa30M TPHUBOJUT K CJIEAYIONel — IPUAyMaTh aJrOpUTM,
MTO3BOJIIONINI IO 3aJaHHBIM MHOTOOOpPa3UsSIM YCTAHOBUTH CYIIECTBOBAHIE
BJIOXKeHUsI (J1azke 6e3 ero sIBHOrO MOCTPOEHNUST) UK YK€ OTCYTCTBUE TAKOBOTO.
WNubiMu csioBaMu, K BOIIPOCY 00 aJITOPUTMUIECKON PA3PETInMOCTH IIPOOIEMbI
BJIO>KIMOCTH.

Bompocsr 06 aaropuTMmdeckoil paspernimMOoCTd Pa3IuIHbIX KJIACCOB 3a-
Jlad B HesiBHOI (hopme craBusuch erte B XIX Beke (Hampumep, [Jecaras mpo-
6aema ['mibbepra o quodaHTOBBIX ypaBHeHUsiX). PopMasuzarys MOHITH
aJITOPUTMa, IPpoBeieHHas B paborax Triopuara, Yepua, I'eesns u uHbIX aBTO-
poB B 30-e rogpr XX Beka, Jajia TOJTIOK K AKTUBHOMY UCCJIEIOBAHIIO JAHHBIX
BOIIPOCOB, HO K COXKAJIEHUIO 3TO HE OTPA3WIOCh B JOJIKHON Mepe Ha aJjred-
pamdeckoit reomerpun. OHIM 13 HanboJIee MpUMedaTe/TbHBIX Pe3yIbTATOB,
JIOCTUTHYTBIX B 9TOH obsractu, crajo mosaydennoe FO. B. MarusiceBudyem or-
punarenbaoe pemtenne decaroit mpobievbr ['nibbepra ([1]). Uccrenosamust
B 9TOil 00/1aCTH aKTHBHO MPOJIOJIKAIOTCS U B Hamu Jau (cM. Hampumep [2],
41, 51, (6], [7], 18], [9]).

B manHOi#t paboTe MBI PACCMOTPHUM BOIIPOC 00 aJITOPUTMHUYIECKON paspe-
IMIIMOCTH 3349 BJIOKUMOCTH MHOroobpasmit Ha 1 mosamu R u C.

WNupiMu cjioBaMu, O CYyIIECTBOBAHUE aJITOPUTMA, ITO3BOJISIIONIEr0 OIIpe/Ie-
JIUTH 110 YpaBHEHUsIM, 3aj1atoum A u B, cyIiecTByer Jiu HCKOMOE BJIOXKEHHE.

[Tosryuennbie pe3yabTaThl €CTECTBEHHBIM 00pa3soM OOODIAIOTCS Ha MHO-
rue JIpyrue IMoJjis HYJIeBOH XapaKTePUCTUKH.

Mpb1 mokasbiBaeM, 9To s JBYX ad@UHHBIX MHOI0OOpa3nii HaJI ITPOU3-
BOJIBHBIM IT0JIEM XapaKTEePUCTUKN HOJIb HE CYIeCTBYeT B OOIEeM BHUJE ajIro-
pUTMa IIPOBEPKU HAJIMIUS BJIOXKCHUS.

Mpsr1 510 npoBepsieM it adpDUHHBIX MHOIOOOPa3nii, YbM KOOPIMHATHHIE
KOJIBI[A 3aJIaHBI 00PA3YIOMIMMUI U OIIPEIEISTIONTIMI COOTHOITEHUSIMU.

B wacraom ciydgae, korma A = A — addunnas npsiMast, COOTBETCTBYIO-
Iee BJIOYKEHUE 3a/1aeTCs TOJTMHOMAMU OT OJTHOM TIepeMeHHON. DTH MOJTMHOMBI



JIOJIZKHBI yJIOBJIETBOPATL ypaBHeHusiM, 3ajaomum B. [Ipu stom orobpazke-
HUsI He JIOJIKHBI ObITh KOHCTaHTHBIMU (mHaue Bce A oTobpaykaercs: B OJHY
TouKy B, 4T0 He siBysiercsi BiaoxkeHueM). COOTBETCTBEHHO, BOIIPOC O CYIIe-
CTBOBaHUU BJIOYKEHUsT SKBUBAJEHTEH BOIIPOCY O CYIIECTBOBAHUU Y CHCTEMBI
ypaBHeHWI, 3a1a01uX [, HEKOHCTAHTHBIX PeIeHni B KOJIbIle MHOTOYJIEHOB
[F[t] nag ocnoBubiM mosteM F.

B 6osiee obmem ciayuae, korma A = A™ — m-mepHast adpduHHAST TLTI0C-
KOCTh, OTOOparkeHne 3a7aeTcs MOJTMHOMaMU OT M MepeMeHHbIX. [[js1 Toro,
9T00BI OHO OBLIO BJIOYKEHHEM, HEOOXOIUMO YITOOBI STHU ITOJHMHOMBI ObLIH aJl-
rebpaniecKn He3aBUCUMBIMHE (T.€. COOTBETCTBYIOIIEEe PACIINPEHIEe UMEJIO CTe-
[EeHb TPAHCIEHJIEHTHOCTH 1M).

B nameit pabore ycranosyieHo, 4T0O npod/eMa BIOXKUMOCTU aJrOPUTMU-
JeCcKW Hepa3pelmMa I CJIydasi, KOTJa OCHOBHBIM IIOJIEM SIBJISIETCS TIOJIe
BeIeCTBEHHBIX urcel R mim moste KomrtekcHbix ducest C.

Aptopsr BeIpazkator Osraromgapuoctsb J. Kollar 3a mpemocraBiennble nm
HOBBIE pe3y/IbTAThl 00 ypaBHenusx llesisg u neHHble 3aMedaHus.

Jlannast pabora ObLia IpoBeieHa ¢ moMoIibio Poccutickoro Hayunoro
Qonya 'pant N 17-11-01377.

2 IlpeaBapuresbHble CBeIEHNUS

2.1 VYpasaennd llemnsa aias MHOro4/jieHoOB

Ypaeﬂeﬁuem Ieans HaJ KOJIBIIOM ‘R HasbIBaeTcd YpaBHEHUE BUIQ
X2 -AY?=1 (1)

rae A € R — napamerp, a X u Y — Heu3BecTHBIe. Peltennst Tak:Ke UIMYTCA B
KoJiblle K.

Onmcanne MHOXKeCTBa peleHuil ypaBHeHus llests Hasl pasinaHbIMI
KOJIbIIAMU SIBJISIETCSI MHTEePecHOi m c/IoXKHOI 3amadeil. B manHoMm pasieste
MbI IIPUBEJIEM HEKOTOPBIE CBeJleHUsl 00 ypaBHeHUsx [lesiist, MoCKOoIbKY OHHI
OyIyT UrpaTh HEHTPAJIbHYIO POJIb B HAINMKUX JAJbHEHIINX KOHCTPYKInAX. JI st
HaIUX Iejeil OyayT WHTepecHbl ypaBHeHus [lesis Hal KOJIbIOM MHOIOYIe-
HOB OT OJIHOIl MJIM HECKOJIbKHUX IIepeMeHHbIX HaJ 1mojeM [F, a Takke oauH U3
YaCTHBIX CJIydaeB ypaBHenus llesis — ypaBuenue

X2 (T*-1)Y?*=1 (2)



e 1" € R — HEeKOTOPBIN 33/ IaHHbIN [TapaMeTp.
Pemenns ypasaenuss X2 — \Y? = 1 s OpousBoILHOIO A 0OPasyioT
abeJIeBy T'DYIILY OTHOCUTEIHHO OIIE€PAIAN

o (X,Y)o (X, Y') = (XX +AYVY, XY+ X'Y)

B smro60oM pernrenny MOXKHO ITOMEHSITH 3HaK Kak npu X, Tak u npu Y. Cmena
3HaKa Opu Y NPHUBOAUT K IMOJIyYEHHIO OGPATHOTO 3jIeMeHTa (OTHOCHTEIHHO
OIlepaIin ©), a OJHOBPEMCHHAasi cMeHa 3Haka Ipu X U Y — K yMHOMKEHHIO
Ha pemienne (—1,0), KOTOpoe caMo SIBJISIETCS 9JIEMEHTOM IOPSAIKa 2 B 9TOM
rpymme. EquHuansiv s1eMeHToM B 9T0it rpymie sBisiercs (1,0).

Haa coygag A\ = T? — 1, tne T — mmorodsen naf [F, cymecTByeT Takzke
ouesngroe perrenne (7', 1). Ilpuvenss K HeMy OHEPAIHIo O, TOJIyIaeM IEIyIo
ceputo pertenuii. Ecm T' — MHOTOUJIEH, OTJIMYHBIN OT KOHCTAHTHI, TO BCE TH
perenus OyLyT Pa3IUnIHBIMI.

SHa4YNTEIHLHO MEHEee TPUBHAJIBLHBIM SIBJISETCS BOIIPOC O TOYHOI CTPYKTYpe
rpynnsl perrennit. OKa3bIBaeTCsd, 9TO B MHTEPECHBIX HAM CJIydasX BCs OHA
(C TOYHOCTBIO JI0 YIOMSHYTO} BBIIIE 3aMEHBI 3HAKOB) MOPOXKIACTCS OJTHIM
eJINHCTBEHHBIM 3JIEMEHTOM ( «[IPUMHUTUBHBIMY» DEIeHIEM ).

[Toxoxkme yTBEPKJICHUA [T PA3IMIHBIX CiydaeB jokaszanel B [2], [3].
OkoHYaTe/IbHOE PEIeHne I BaxKHOro Ham ciaydas R = F[t u A = T2 — 1,
rae T € F[t]\F 6but0 motyueno J. Kollar u coobreno aBropam B 4acTHO
neperucke (pe3yabTar TOTOBUTCS K ITyOTHKATINH).

NmeeT MecTO BecbMa HeTPHBHAJIBHAST

Teopema 1 (J. Kollar) EcauT — mnozouren nad F, ne asaaowuiicsa KoH-
cmanmot, mo epynna (omuocumenvro onepayuu o pewenutd (3) (kax u 6
KAGCCUMECKOM UYEAOHUCAEHHOM CAYHae) noposcdena sremernmom (T, 1).

Hrvimu crosamu, MHOHCECTNEO DEULEHUT YPABHEHUSA (12) npedcmasumo 6
[V/2]
sude {+1,0} U {(£Xn, YN}, 2de Xy = > (M)(T2 — 1) TN, vy =

[N/2]

2 1\kpN—1-2k
(e (T? = 1)°T 0NA HEKOMOPO20 14eN020 NoA0HCUMEeNbH020 N .

=0

2.2 DMHoOro4jieHbI U JeJNMOCTb

Ham norpebyetcst ere HECKOJIBKO BCIIOMOTATE/ILHBIX YTBEPKJICHUI, CBA3aH-
HBIX C JEJIMMOCTBIO MHOTOWIEHOB OT MHOTHX II€pEMEHHDIX.



OCHOBHBIM Pe3yJILTATOM JIAHHOTO pazjesa OyIeT MOCTPOCHUE MOJTHHOMA,
P u cemeiicrBa momuoMoB W, OT HECKOJIBKHX IICPEMEHHBIX, YIOBJICTBODS-
oIux yeaosuam desumocmu Wy, | (P — 3k). D1y nommmoMsl GyyT cylie-
CTBEHHO HCIOJIb30BAHbI B MOCTPOeHUsX 13 pasjena [ (u me Tpebyrorcs st
CJIydast BEleCTBEHHBIX IHCe).

[TpuBoMMBIE 3/16Ch PACCYKJICHUS B 1EJI0M OCHOBAHBI HA UJEIX, 00CY K-
nasimxced B [10], 3amada 2. [Ipoekr Ha KoH]EpeHINN MIKOJBHIUKOB ObLIT 0C-
HOBaH Ha 3aade, nocraientoii C. B. Konsarunbim: Jlan muozouaen P(x)
C UEAOYUCAEHHBMUYU KOIPOUUUEHMAMY. BEPHO AU “MO Haldemcs makoe n,
umo ece npocmuie deaumenn P(n) menvwe n. C. B. Konsirun perm 3a1aqy
JIUIsE MHOTOWIeHa Bujia ax™ + b. Vlmest, m3/1oKeHHas HUKE TTO3BOJISAET PEITUTh
ee JIsd KBaJpaTHOro Tpexdiena. Obiiee perreHne HaM He U3BECTHO.

Haunem ¢ nabironenud:

Jlemma 1 ITycmo P(zq,...,x,), Q(x1,...,T,) — NPoussosvHvie NOAUHOMDL
om n nepemennoix nad nosem F. Iycmo

PY(zy, . . ap,u) = Play +uQ(zy, ... ), .o T + uQ (1, . .., 2))
Tozda cywecmsyem R(xq, ..., Ty, u), maxod, 4mo
PM(zy, . xp,u) = P(ay, ..., 20) + Q1. .., xn)R(x1, ..., Ty, 1)
13 maHHOM JIeMMbI BbITEKaeT

Teopema 2 ITycmv Cy,...,C,, — HEKOMOPBIE KOHCTMAHMDBL U3 NPOUS-
6oavho20 noas F. Tozda cywecmeyrom makue cemelicmsen NOAUHOMOS
Hy(x1, .. 2m), Pu(z1,...,20) ¢ xospduyuenmamu us F, das womo-
PULT  OOHOBPEMEHHO BVINOAHAIOMCA Ycaosus deaumocmu Hy(xq, ..., xg) |
(Po(z1, ... xm) — Ck) npu scex k € {1,...,m}, npuuem H,, u P, cywe-
CMBEHHO 3ABUCAM OM, Ty U NPU dmom Hy npu s < m om x,, He 3asucsam.
06a amu cemeticmsea mo2ym 6vims IPPHEeKMUBHO NOCMPOEHDL.

> MHayKius 1o m — 9ucily HepeMeHHbIX, T 0003HauaeT Habop (1, ..., Ty ).

Baza naaykiuu. /Ins m = 1 yreepxkaenne odeBuno. Hampumep, Moxk-
HO moyioxkuTh Hy(x1) = x1, Pi(x1) = 21 + 1.
NunykTuBHbI 1tepexo/. [lycrs /st HEKOTOPOTo M COOTBETCTBYIOIIHE
. 1
cemeiicTBa yzKe mocTpoenbl. [lotoxkum Pygl,]c =P,—Cyn

m m

Qu(@) = [[ Poi@ =[] (Pu() — C2) (3)



PaCCMOTpI/IM IIOJIMHOM

Pm(zla s >$mau) = P(xl + uQm(f)> cey T uQm(f)) (4)

B cuy siemmnt [Il P, (%, ) nipejcraiisiercs: B Buje

Po() + Quu(T) Run(7, 1) (5)
0603Ha‘{aﬂ P[l;€ Ok, HOJIy‘IaeM ,ILJIH HEIr'o aHaJIOT'n4YHoOoe Hpe,ZLCTaBJ'IeHI/Ie
PEL@, u) = P (Z) + Qu(Z) Ron (T, 1) (6)

[To mpeanoioyKeHn0 WHIAYKIUU JUId P, BBIIIOJHEHBI YCJIOBUS JIETUMOCTH:
(1] (1]
Hy. | P .. HockombKy (), Takxke jpesurcsd Ha P, nMeeM

Pz u) = PULRAR. (21, ..., T, ) (7)
o On(@)
(T, 1) = 14 R (T,0) - P ) (8)

9T0 O3Ha4YaeT, 9TO IIOJIMHOM P (ZL’ u) JCJINTCA Ha P[ ]L, a cjie10BaTeJIbHO, 1

uHa Hj, (upu Beex k € {1,...,m}).
Takum 0O6pa30M, CKOHCTPYUPOBAHHBINA HAME TOJTHHOM = (or m + 1 me-
PEMEHHOIT) BBITJISIUT HOAXOSIINM KAHIUIATOM B KadecTBe HOBOTO P, 1.
OcTayioch JUITh BHIOPATH MOAXOISINH H,y, 1, U TOOUTHCS J1JTsT BBITOJTHEHUST
YCJIOBHSI JAETUMOCTH it k = m + 1.
Bamuiem UCKOMOe yCJIoBUe JAeuMocTu: Hoy, iy | pl

- mm+1- B CHITY opmyst
OJTy IaeM

1 5 1 o -
Pt (Fu) = Pyl (8) Ry (7, 0) (9)
rie
. . Qum(T)
mmi1 (T, ) = 1+ Ry (T, u) - ———— (10)
Pm,m-l—l(x)

JL71s1 BBITTOJTHEHUST YCJIOBHH JICTMMOCTHU JIOCTATOYHO TIOJIOYKUTH
{ Hm+1(ZL’1, RN ) zm-ﬁ-l) = R;%m_i_l(l’l, N ) l’m+1) (11>

Pm+1(LU1, B ) xm—i—l) = Pm(l'l, SN xm—i—l)



U3 nocrpoenust sicio, uto H,,yq u Py (B ovimaun ot Hg ipu s < m + 1)
CYIIECTBEHHO 3aBUCAT OT IIEPEMEHHON T4 1.

Jononnennnie ceMeiicTBa IIOJMHOMOB OYIyT yIOBJICTBOPATD YCJIOBHAM 16
muMocty npu Beex k € {1,...,m+ 1}, 9ro u goKa3bBaeT yTBEPKICHAE JIEM-
MbI. O
Terepb MbI MOZKEM JIEFKO MOCTPOUTH HCKOMBIE HOTHHOMBI P 1 Wi, yioBie-
rBopsomue yeaosmo Wy, | (P — 3k) upu seex k € {1,...,n}. Helicrsures-
HO, JIJIsL 3TOrO JIOCTATOYHO MONoKNATE C), = 3k, IOCTPONUTH 1O TeopeMe
cemeiicta Py, Hy mmunbl n, u nonoxutb Wy(xy, ..., xr) = Hi(xy, ..., z5) 1

P(ml,...,xn) :Pn(flfl,...,l’n).

3 Cuay4aii BenieCTBEeHHBIX YHCEJI

Haumeit 6mzkaiiimeii nespio Oymer yCTaHOBJIEHHE aJlrOPUTMUYECKO Hepa3pe-
IIIMOCTH 3aJa9i O BJIOKUMOCTH MHOTrooOpasuil HaJ mojem R. st sToro
MbI PACCMOTPHUM 00JIee JacTHBIN BOIPOC O BIOXKUMOCTU adOUHHON HIpsMOii
B 3a/[aHHOEe MHOT000Opas3ne,  CKOHCTPYUPYEM CIEIUAIbHBIN KIacc MHOrOOpa-
3Uil, J1J1s IpeAcTaBUTe el KOTOPOTO HEBO3MOXKHO YCTAHOBUTD CYIIIECTBOBAHNE
BJIOXKEHUSI 110 OIPEIEISIIOIIIM COOTHOIIEHISIM.

Pesynbrarer pannoro naparpada copMyJInpOBaHbL I CJIydas OCHOB-
Horo 1oJjig R, Ho ecTecTBEHHBIM 00pa30M 0000IIAIOTCA Ha CIyYaii IPOU3BO/Ib-
HOTO YIOPSITIOYEHHOTO TIOJIsT HYJIeBOI XapaKTePUCTHKH.

3necb um gmajee MBI OyJeM CYIIECTBEHHO ONUPATHCA Ha KJIACCH-
YecKue Pe3yJbTaThl O Hepas3pemuMocTd auodaHToBbix ypasrenuit [I].
HaszoBem cemeticmeom noaurnomos Mamuscesura CceMeRTBO IIOJIUHOMOB
Q(o1,...,0.,21,...,Zs) I KOTOPOTO 3ajada O CYIIIECTBOBAHUY DeIeHHUsI
IIpU JTaHHOM HabOpe mapaMeTpoB IMOJNHOMA aJTOPUTMIIECKN Hepa3pernMa.
Kaxk ycranosseno B [1], Takoe cemeificTBO TOJHMHOMOB CYIIECTBYET.

Tenepsb nepeiiieM HEIIOCPEACTBEHHO K IIOCTPOEHUIO HCKOMOIO KJIACCa MHO-
roobpasmii. JIjis1 3T0ro HaM moTpebyeTcss HECKOJILKO BCIOMOIaTe/IbHBIX KOH-
CTPYKIIHUA.

Pacemorpum adbdunnoe npocrpancTso pasmepaoctu Hd—+ 1. KoopauHaTsr
B 9TOM mnpoctpancTBe HazoBeM X;, Y, Z;, U;, W; (1 < i < d) u T. 3anamum
MHoroobpasue B4y Ipu HOMOIY CHCTEMBI 00pPa3yIOMUX U COOTHOIIECHHMIL.

X —(T? = 1)Y?
Yi—(T-1)Z =V, (12)
ViU =1

7



roe 1 <3 <d.

Wccntenyem pereHnst 9T0il CHCTEMBL.

OueBnIHO, YTO MPH (GUKCUPOBAHHOM 3HATEHUU ¢ JOMYCTUMbIE 3HATEHUST
koopaunat X;, Y;, Z;, U;, W; onpenensiorcs oJiHUM U TeM ke 3Hadenuem 1.
Takum obpazom, MHOTOOOpa3Me MpeacTaBiasaer coboil 0ObeINHeHnEe «CJI0EBY,
COOTBETCTBYIONINX pa3audHbIM 3HadeHusM 1. IIpu 5ToM KaxKIaplil u3 sTux
CJIOEB SIBJIIETCs HMPSIMOM cyMMOi#l d OIMHAKOBBIX MHOT0OOpa3uil, a MMEHHO,
JOILyCTUMBIX PEIIeHU «KOPOTKOI» CUCTEMBI:

X2 (T2—1)Y?=1
Y- (T-1)Z=V (13)
VU =1

Pemenusa ke cucreMbl (DE) IIOJIHOCTBIO OIIMCBIBaAIOTCHA CJIEAYIOIMUM YTBED-
2KJICHUEM:

Jlemma 2 /Jlaa a0b6oz0 pewenus cucmemv, (13) evinoansemesn:
1. U u'V — nenyaesvie koncmanmo: ¢ Flt] (degU = degV =0);
2. InaT, X uY 603mooicho, mpu cayyuas:

(a) T = =£1, npu omom X = £1 u'Y - moboe;

(b) T — xoncmanma, omavunas om £1, npu omom X u'Y — makorce
nexomopwie nodrodsuue Konemanmu, ud F (npu amom snauenue
X onpedeasem snavenue Y ¢ mownocmviro do 3naka, u Haobopom);

(c) T — nosunom, omauunwiii om xKoncmarmaol, u npu amom X = +1,

Y =0 UAuX:iXN, Y::EYN, 2de

/2] N 2 kN —2k
Xn(T) = 3 ()@ =17
[N/2]

YN(T) _ Z (25\4/_1) (T2 N l)kTN—l—zk

0N HEKOMOPO20 1UeA020 NONOHCUMENLHO20 N .

> IlepBas 4acTb OUeBHIHA.

Bropas 4acTb yTBepzKjeHus B ciaydae [2¢ HelmocpeJcTBeHHO CleyeT U3
TeopeMsl [I1



B ciayuae T = +1 nepBoe ypaBHeHHEe CHCTEMbI He HAKJIAIbIBACT BOOOIIE
HUKaKUX orpaHuuenuit Ha Y. Bropoe ypaBHeHue, B CBOIO 04epeib, BjeUET
Y =(T'—1)Z+ V. Ilpn mo6om Buibope V € F\ {0} u Z € F[t] coorBercTBy-
IOITlee PEIeHNe CYIIECTBYET U ¢ANHCTBEHHO.

Ecmn xxe T — KoHCTaHTa, OTJINYHAA OT +1 TO IMpsMOe BBIYHUCIEHNE ITOKa~
spiBaet, 9T0 Y u Z = (Y — V) /(T — 1) TakKe ABISIOTCS KOHCTAHTAMH.

Bostee Toro, momycrumoe MHOXKecTBO 3Hadenuit X u Y B 9TOM ciydae
OIMCBHIBACTCST paHee Hafl/ICHHON [OCIe10BaTeIbHOCTBI0. OIHAKO Tereph 3Ha-
qeHnst Oy/IyT yKe He MOJNHOMAMM, & KOHCTAHTAML.

]

TakuM 00pa3oM, CTPYKTypa LOJIYyYEHHOIO MHOXKECTBA, CYIIECTBEHHO 3a-
Bucut ot 1.
Jns cnyuast 2d 3amernm ere ofuH BaXKHBIA (DaKT.

JIlemma 3 Ecau degT > 0, mo V =Y mod (T'— 1) = N dasa nexomopozo
uyeaoeo N u Z = (Y — N)/(T —1).

> Ilpu degT > 0 ypasuenue Y — (T'— 1)Z = V B cOBOKymHOCTH C DPa-
Hee ToKazaHHbIM ycjoBueM degV = ( o3Havaer, 9YTO OCTATOK OT JICJICHUS
MHOTOUYJIeHa Y Ha MHOrowieH 1’ ecThb B TOYHOCTH KoHcTaHTa V € [F. Jlerko
BUJIETh, YTO B BBIPAKEHWM 7 Y Bce ciaraemble Jenarcd Ha 1' — 1 6e3
ocTaTKa, 3a HCKJIIOYeHHeM cjaraeMoro, oredaroiiero k& = 0. Ono pasHO
(]Y) TN=1 = N mod (T — 1). Takum o6pazom, 3nauenue V B IIOGOM pelleHUN
UCXOJTHOM CUCTEMBI JIOJIZKHO OBITH 11eibiM aucsiom V. IIpsmoit mosgcuer moka-
spiBaer, uro Z = (Y — N) /(T —1). O

Takum 06pasoM, ClIOM IOCTPOEHHOrO MHOXKecTBa B(g) 00/1a1ai0T IOHATHOI
cTpyKTypoit. BoaMoxKHBI Tpu ciiydas.

1. Ilpu degT' > 0 kaxkjgomy HabOpy HeabX ducea N; COOTBETCTBYIOT pe-
meHust Y; u X;, ABJISIIONINECST MHOTOUJIEHAMU, U OIpPeIeeHbIe ¢ TOY-
HOCTBIO JIO 3HaKa, a Takxke KOoHCTaHTel V; = N; u U; = 1/V; u

Zi=(Yi=V)/(T =1).

2. llpu degT = 0 u T # +1 umeeMm KOHCTAHTHBIE PENIEHUs JJIst Y;, BBIOU-
paeMble U3 3aJaHHOI Ioc/IenoBaTesbHOCTH. 3Hadenus X;, Z;, V; u U;
TaKKe SIBJIAIOTCA KOHCTAHTAMU U OIIPEJIESIOTCS BBIODAHHBIMU 3HAYe-
HUAMHA Y.



3. lIpu T' = +£1 nonyuaem X; = +1, jiyisi IPOU3BOJILHO BHIOPAHHBIX KOH-
crant V; u noguuaomos Z; onpenensiem U; = 1/V,uY; = (T —1)Z;+ V.

Bce BbIIenpuBeieHABIE PACCYZK/IEHNS CIIPABEJIUBBI 71 TPOM3BOJIBHOTO
ocuoBuoro noJjig F. Tereps ucniob3yem crenuduky ciaydas F = R.

[Tepeitnem K mpocTpaHcTBY pasmepHOCTH 5d + 2, 0003HAYUM HOBYIO KO-
opauHaTy depe3 S, u jonojHuM ocHoBHYIO cucremy (I2) ypaBaeHuem

T=5"+2 (14)

JHamee zamermm, ato n3 T = S? + 2 caemyer, uto caydait T = +1 nesosmo-
xkeH. Takum o6pasom, Bce obmrue perernst cucreM (I2) u (I4) subo sBisirores
koucranTamu (ciaydait deg T = 0, T # £1), b0 0TBEYAIOT HEKOTOPOMY IIe-
JouncaeHHoMy Habopy nmapamerpos (Ni, ..., N;). HazoBeMm niepBbie perienust
«IJIOXUMH», & BTOPBIE — «XOPOIIIMU .

Paccmorpum ceMeicTBO ITOJIMHOMOB MarusiceBu1a
Q(o1,...,00,11,...,25). llyerb d < s. Torma, mobaBuB HOBOe ypaBHe-
Hue

Qo(Var-. Vi) =0 (15)

k cucremam ([I2) u (I4]), Mbl moygaem cucreMy, 3aJIa10ILYI0 HOBOE MHOT0O00-
paszue. OBO3HAYMM €ro Bzd),o'

Ecmu QQ, = 0 e uMeeT 1e/109uCIeHHbIX PEIIEHUi, TO y UCXO/IHOM CHCTEMbI
HeT «xopimux» perrennii. Torma Mmroroobpasne BE d),0 HY/IEMEPHO, 11 BJIOKEHHH
u3 A B BE 4) HE CYIIECTBYET.

B mporuBHOM citydae jijisi Kaxkoro perreHust Ny, ... Ng CTPOSITCS SIBHO
Hekomncranubie osunomst S(t), T'(t), Y;(t), Xi(t) u Z;(t), asasonmecs pere-
musavu. Hanpumep, Moxkuo nosoxkuth S(t) = t, T(t) = t* + 2, u onpeeuTh
X;, Y; u Z; no dopmynam musa caydas 2d uz nemmbr Pl Takeke ommnosmad-
HO ompejesisitorcst Kouctautel V; = N; uw U; = 1/N;. B coBokynrocTH 311
dyHKIMN 33/1a10T BJIOYKEHHE MPSIMOI B MHOTOOOpa3ne BE Do

[TockobKY 3ajia4a 0 CyIIEeCTBOBAHUU IEJIOYUCIEHHBIX peIteHuil Jis (),
AJITOPUTMUYIECKN HEPA3PEINMa, TO JITOPUTMIICCKH HePa3pernMa u 3a1a9a
o iozxnmoctn A B B, (B wacrnoctn, B BES)J). Bxo/1oM pu 9TOM SABJISIOTCS
yPaBHEHUS, 3a/IA0IIIe BE )0

Takum 06paszom, HAMU JJOKA3aHA

Teopema 3 3adaua o sroocumocmu apdunroti npamot nad R 6 npoussosn-
Hoe anzebpauveckue mrozobpasue BB (3adarnoe obpasyrouumu u coommouse-
HUAMU) AA2OPUMMUNECKY, HEPA3PEUUMA.
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Otcroza cpasy ciejyer:

Teopema 4 3adava 0 6.402CUMOCTIU NPOUBONLHOZ0 GA2EOPAUUECKO20 MHO-
200pasus A nad R 6 npoussosvhoe arzebpauveckue mrozobpasue B arzopum-
MUYECKU HEPA3PEULUMA.

4 Ciy4Jaii KOMIIIEKCHBIX YHCeJI

B kowmiuiekcHOM cilydae cHTyalndsl CJIOKHee, UeM B BelmecTBeHHOM. B ca-
MOM JIeJie, paccyzKjeHue Jiid R CyIiecTBeHHO onupaeTcs Ha TOT (PaKT, dTo
ypasuenue S? + a nHe mmMeer pemennit npu a > 0 (oTioga cieyer, uTO
T = S?+2 # 41). OmHako B 1H0JIe KOMILIEKCHBIX YHCEN 3TO HeBepHo. TakumM
obpazoM, MbI HEe MOXKeM uckjounTh ciaydait T = +£1 u X; = +1. B stom
caydae Y; MOxKeT ObITh 3aJ1aHO, BOOOIIE TOBOPsI, IIPOU3BOJIBHBIM 0OPA30M.

[TosTomy B cayaae ocaoBHOTO 110J1s1 C MBI HEMHOTO YCJIOXKHIM PACCy 7K Ie-
Hre. A UMEHHO, PacCMOTPUM BOIIPOC O BJIOXKUMOCTH ah@OUHHOTO MPOCTPaH-
ctBa A™ B 3asanHOe MHOTOOOpasue B. Harmreit miesbio Oy1er, Kak 1 paHbIIe,
CKOHCTPYHPOBATh TAKOH KJIacc MHOIr0OOpas3nii, sl IpeIcTaBUTe/Iel KOTOPO-
ro (IIpu HEKOTOPOM MOJXOJISIIEM M) HEBO3MOXKHO YCTAHOBUTDH CYIIECTBOBA-
HIE UCKOMOT'O BJIOZKEHUS IO OIPEJIEISIIONINM COOTHOIIICHUSIM.

Pesynbrarer jgannoro naparpada chopMyIupoBaHbl JIId ciydas OCHOB-
moro nosig C, HO MPOXOIAT U /I TTPOU3BOIBLHOTO TIOJIsSI HYJIEBOI XapaKTepu-
CTHUKH, IIOCKOJIBKY BCe KOI(PMUIMEHTHI Y HAIIUX ITOJIUHOMOB IIEJIbIE.

Bagamum anrebpandeckoe MHOroodbpasue B(g q) P HOMOIIU CUCTEMbI 00-
Pa3yonux 1 COOTHOIICHU.

(X5 (TF-DYj=1
Yij— (T; —1)Zi; = Vy

VigUy = 1
i 7 ; (16)
Tj = kljl (T — DWi) Wi
\ Ty = P(Wy,...,W,)

e 1 <i<d, 1 <5 < ellpu srom nosmmHOM P BbIOEpEM TaKuM 00pa3oM,
4gT00b1 W) OB lemTeseM P (W1, ..., W,)—3j. [lomuHOMBI ¢ HY?KHBIMU CBOTi-
cTBaMu ObLIH TOCTPOeHBI B paszese 22 (em. gemmy ).

Uubivu ciioBaMu, Mbl «KJIOHUpYeM» ocHoBHYIO cucremy (I2) u3 mpebi-
ayirero naparpada B 60JIBIIOM YHC/IE 9K3EMILIAPOB, U JIOIOJIHIEM €€ «CBS-
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3YIOIIUMI» COOTHOIICHUAMNU Mezkay napamerpamu 1;. Hceremyem perienns
sroit cucremst B Clty, ..., t,].

CoBepImenno 04eBHHO, 9TO cooTHOmenud nuaa Xi;, Yij, Zij, Ui;, Vi; npn
cdbuxcuposannom T aHaJIOTHYHEl paHee paccMOTpeHHBIM. VIHBIME croBaMy,
npu ¢ukrcnpopannoM Habope T MHOXKECTBO pEIIeHHil ecTh IIpAMas CyMMa
cioes B(gy, panee yxe uzydennbix. OHaKko npu pasindubix T cOOTBETCTBY-
IoIUe CJI0M BedyT cebd no-pasuoMmy. IIpum stom mammdme cBaseit mexnay 71
TOBOPUT O TOM, YTO BO3MOXKHO, HE BCE BAPUAHTHI JOIMYCTHMBI.

Kak mokasbiBaloT pe3ysbTraThl MPEIbIIYINEro pasjesa, /Ui KaxKJIoro j
UMEIOT MECTO CJIEIYIOIIIe BayKHBIE CJIYUAM:

1. T; = £1;
2. degT; =0,T; # +£1,
3. degT}; > 0.

Jlasee B TekcTe MBI OyeM obo3HadaTh depe3 C; KOHCTAHTHI 13 OCHOBHOI'O
nossg C (B wacTHOCTH, 1TOJMHOMBI cTerieHn ().

Jlns mabHeRImux paccykJaeHnil yji00Ho chopMyTMpoOBaTh U J0Ka3aThb
eIle OJTHO BCIIOMOTATETHLHOE YTBEPIKICHIE:

Jlemma 4 [lycmo das nexomopozo N ewvnoaneno Ty = Cy # 0. Tozeda ece
Wi npu k < N u ece T, npu npu k < N — 1 asaaromces KoOHCMAHMAMA.

> 3aMeThM, 9TO HPOU3BEICHAE HECKOILKUX MHOrowieHoB u3 F[t] saBis-
eTcsd HEHyJIeBOIl KOHCTAaHTOIl B TOM M TOJILKO B TOM CjIydae, KOTJa BCe CO-
MHOKUTEIH ABJIAIOTCA TaKyKe HEeHyJIEBLIMU KOHCTaHTaMu. Telepb JoKarkeM
yTBepzKJIeHue 110 UHIyKINN.

Baza uaayknun. [Ipu N = 0 umeem 17 = Wy = C # 0 u yTBepKIeHne
OYEBUJTHO.
NunykTuBsblil niepexoxn. llycts nisa N — 1 yTBep:Kjienne BepHO, U
N-1
nycrs Ty = Cy # 0. Hockomnky Ty = [ ((TF — 1)W,,) Wy = Cx # 0, cpa-
k=1
3y TostydaeM 4to Wy — HeHyseBas KoHnctanTa. Takske Bee (T2 — 1) apisiorcs
HeHyseBbiMu KoHCcTaunTaMu. CreoBaresnbio, n Bee Ty — ToKe KOHCTAHTHI. B
qactHOCTH, TNy_1 — KOoHCTaHTa. Ecmm mpu stom Tv_1 # 0, TO yTBep:KIeHUe
JeMMbl it N crieryer u3 yrBepKaenus jieMMbl it N — 1. Takum obpaszowm,
0CTAJIOCH TTOKa3aTh, 9To Ty_1 # 0.

12



Ho eciu Tiy_1 = 0, o nockonbky Ty = Tv_1(T%_; —1)Wy, Tou Ty = 0,
9TO HeBO3MOKHO. Takum obpasoM, semma [ nokazana. O

Tenepb HEOOXOIUMO PACCMOTPETH HECKOJIBKO CJIyYaCB.

Ilepsolii ciryuaii: cpeju T; HeT KOHCTaHT. B aTOM citydae, Bce KOMIOHEH-
TBI CJIOsl COOTBETCTBYIOT paHee M3YUCHHBIM MHOKecTBaM B(q) (1s mepBoro
cirydasi U3 npejpyero naparpada). OHu mapaMeTpusyoTcs eI0UnC/IeH-
HBIMI Habopamu [NV;; He3aBHcuMO ApYyTr oT apyra. Coil daBigercda mpaMoit
CYMMOI COOTBETCTBYIONTUX KOMITOHEHT.

Bropoii cityuaii: cpeau T ecTh HeHyJleBble KOHCTaHTDBI, HU OJIHA U3 KO-
TopbIx He pasha £1. I[IycTb j — MAKCHMAJIBHDI U3 HHIEKCOB STHX KOHCTAHT.
Torna B cuity JemMbl Al ipu j < j MBI HMeeM T; = C;. Uupimu citoBaMu, Bce
npeaputympe T; — rakzke KoHcTaHThL. OHOBpeMeHHO ¢ o1uM u W npu j < J
TaKkzKe OyAyT KOHCTAHTaMHU.

B gacrnoctu, T, = P(Wl, ..., W,) Takxke GyJeT HEHYJIEBOH KOHCTAHTOM
C1. Iockonbky mpu 3ToM Bee W) ABISAIOTCS AeJIUTEISIMI P(Wl, N
3k = Cy — 3k, TO BCe OHH, 3a MCKJIIOUCHHEM, BO3MOXKHO, OJHOIO 3HAYCHUSI,
TaKzKe ABJIAIOTCA HEHYJICBLIMU KOHCTAHTAM.

DTUM eIUHCTBEHHBIM 3HAYCHIEM, OYEBH/IHO, JIOJIZKHO OBITh j+ 1 (pasyme-
ercst, ipit J < €). JleficTBUTENBHO, eC/it | < €’ W5, | — HenyseBas KOHCTaHTa,

rounTy, | = TJ(TJ2 —1)W;,, Taxxke Gyzer nenysesoit koncrantoit (15 # £1),

UTO IPOTUBOPEIUT BbIOODY j. [lasee BOSMOXKHLL eme jBa ciaydas: Wi, =0
um ke Wi | — HeKOHCTaHTHBI moJmHOM. B 11epBoM ciryuae Bee 1oCsIe/1yio-
mue T OyayT HyIAMH, a BO BTOPOM OHH OyAyT OZHO3HAYHO OIPEIe/IATHCH
3HaYeHUAMHU KoHCTaHT W) 1 moamnoMom VV] 41

Tperunii ciryuaii: cpeju T ecTb KOHCTaHTDI, XOTd Obl OJIHa U3 KOTOPBIX

pasaa +1. O603Ha9NM COOTBETCTBYIOMUN WHJEKC 4Yepe3 j. B sTtom ciyuae
. i1
2 _ S G _ 2 _
T? —1= 0w npu Beex j > j nonydaem Tj = kH1 (T —1)W,) W; = 0.

B cuy memmnt Ml pu j < 7 mbt nmeem 1; = C;. [Ipu stom C; # +1 (uma-
qe Cj41 = 0). Anasmormano u Bce W), 3a HCKIIIOYEHnEM, BO3MOYKHO, OJIHOTO
3HAYEHNS], TAKKe SIBJIAIOTCS HEHYJIeBBIMU KOHCTAHTAMHU.

Pacemorpum cemeiictBo noaurnomos Mamuacesuva Q(o, 1, . .., zs). [Ipo-
6s1eMa cyiecTBoBaHus pertenust nuodainrosa ypasuenus Q(o, Vij, ..., V) =
0 anropurmudeckn HepaszperuMa. [Iycts d < s. Torna, 106aBuB HOBBIE ypaB-
nenust Q(o, Viq,...,Vis) = 0 x cucreme ([6]), MbI momydaem cucremy, 3a1a10-
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Y10 HOBOe MHOTOooOpaszue. O603HaINM €ro Bz de)o

Jlemma 5 Ecau Q, = 0 ne umeem yeaouucareHnvix pewenuti, mo npu m >
J— m /

d + 2 ne cywecmeyem enoocenus A = A" 6 B(dﬁ)ﬁ.

> [IycTh nckomoe BJIOYKEHHE CYIecTBYeT. Torma oHo 3a/1aeTcsd HEKOTOPOi CH-
CTEeMO¥ TTOJIMHOMOB OT M TiepeMeHHbIX. COOTBETCTBYIONINE TTOJTUHOMBI OYIyT
pemenusyu cucreMs! ([L6]). 3uavenns koopaunar Uy, V;; Oy1LyT KOHCTaHTAMI.

[Tockosbky (), = 0 He MMeeT MEJIOYNCIEHHBIX PEIIeHHil, TO Y UCXOIHO
CUCTEMBI HeT perneHuii jajist Koropbix deg T > 0. Torma Bo3MoKHBIE pellleHnsT
COOTBETCTBYIOT BTOPOMY JINOO TPETHEMY U3 PACMOTPEHHBIX BBIIIE CJIyYACB.
Jlajiee paccMOTPUM UX OTJIETBHO.

Ecimm numeer mecto BTOpOii ciryuait, To Bce Wi, 3a uckiodenneM, ObITH MO-
JKeT, OJIHOTO, SIBJISTIOTCsSI KOHCTAHTaMu. 3HadeHus: W, 0IHO3HAYHO IapaMepu-
3yI0T Bee 3Hadenud 1. 3Hadenus 1) B 3TOM CJIydae OIHO3HAYHO OIIPEIEIAIOT
BCe OCTaJIbHbIe KOpAUHATHI. Takum oOpa3oM, 06pa3 cOOTBETCTBYIOIIETO OTOO-
paxkenusi umeeT pasmepHocThb 1. CrreoBaTelbHO, TP M > 2 OHO HE MOYKeT
OBITH BJIOZKEHUEM.

B tperbem ciiyaae takzke Bce Wi, 3a HCKIOUeHnEM, OBITH MOXKET, OJTHOTO,
SIBJISIIOTCsI KOHCTaHTaMu. 3HadeHnss W; CHOBa OIHO3HAYHO ITapaMepu3yioT
Bece 3nadennd 1. Oxmako npn Tj = 41 A7 KOMIIOHEHTHI ¢ HOMEPOM j MBI
HAXOJMMCsI B YCJIOBUSIX TPEThEro ciaydas u3 paszuesa Bl B srom ciayuae Zs
MOTYT OBITH BBIOPAHBI JIIOOBIME, OCTAJbHBIC K€ IEePEMEHHbBIC OIHO3HAYHO
umn onpejessiorcd. Eme onna csobojnnast nepemennas Wi, | mMoxer BO3-
HUKHYTDH II0 TeM K€ COOOParKEHHMSM, YTO U B HPEAbIAYIIEeM ciIydae. Takum
obpa3om, o0pa3 COOTBETCTBYIONIEIO OTOOPAXKEHUS HUMEET Pa3sMEPHOCTD
< d+ 1. CregoBareabHo, mpu m > d + 2 OHO He MOKET OBITH BJIOXKeHHeM. [

Jlemma 6 Ecau Q, umeem uesouucieHHble PDEWEHUA, O CYUWELCMEYEM, 6A0-
otcernue agpunrnozo npocmparncmea A = A* 6 mHozoobpaszue Béd )0

> [TockosbKy (), UMEET IEeJIOUNCICHHBIE PENIeHIs, TO JIJIsi KazK/I0T0 TaKOTO
pemenud Ny, ..., Ny no jmobomy sajgannomy nHabopy 1, 1 < j < s, MoryT
Op1Th mocTpoenst sBuo dhyukuun Uy, (1), Vi (1), Yi; (1), X (1) n Zi;(15),
SIBJISTTOIITECs pereHnsiMu. [T OKOHIaHUs TOCTPOEHMsT HYyZKHO OCTAJIOCH T10-
Ka3aTh, ITO MOXKHO 110100parh nojaxossiue 1; (u W), 9To0bl BBIIOIHAINCD
CBSI3BIBAIOIINE WX YPABHEHUS.
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Bamernm, uro 7 ommosHauHo ompepessiores no W;. Camum xe W
HAMH y2Ke HOCTPOEHBI IpH Iomomy mnosuHoMoB H; n3 teopemsl 21 Ilpu
9TOM KazKJblit U3 H; 3aBHCUT OT IEpeMeHHBIX Z1,...,T;. Takum obpasom,
3a/aBast IPOU3BOJIBHYIO APAMETPU3AINIO JJIS £ MbI IOJIY UM [IOIXOAITHIT
noymaoM H; (a smaunt u W;). Takum obpasom, W, anrebpamdeckn Hesa-
pucuMbl. Cjie10BaTeIbHO, B COBOKYIIHOCTU C OCTAJILHBIMU KOODAMHATHBIMU
bYHKIMAMI, OHM 3aJaI0T HEKOTOpOe BjoxKeHne ad@UHHOrO IpOCTPAHCTBA,
A = A® B MHOrOOOpasue BZ 4o O

BameTum, 4TO IpH J0Ka3aTeILCTBE OTCYTCTBUS BJIOXKEHHS B jieMMe [0 MbI
HAJIOXKIJIH HEKOTOPOE JIOIIOJIHUTE/ILHOE YyCIoBre Ha d, HO He Ha e. Hamporus,
JUIS CYIECTBOBAHMSI BJIOYKEHUsI (IIPU HAJWYUU pelieHuit y (),) B jeMme
OrpaHMYeHIs HAKJIaIBIBAIOTCS Ha €, HO He Ha d. DTO JjaeT HaM BO3MOXKHOCTH
COIJIACOBATh MapaMeTpbl. JIJIst 9T0ro J0CTaToYHO MOJOKUTE M = € = S U d =
s—2. Barom ciryuae A® BIIOXKIMO B 825—2,5),07 ecn (), IMEET TeJI0UNCIeHHBIE
pEeIlleHns, U He BJIOXKUMO B IIPOTUBHOM CJIyYae.

[TockosbKy 3ajiada O CyIIeCTBOBAHUN ILIEJIOYMCICHHBIX PeIleHnii 1jisd (),
AJICOPUTMUYECKH HepaspellrMa, TO aJTOPUTMUYECKN Hepa3permMa 1 3a/1a-
qa o BaoxkuMoctn A° B 823—2,3),0 (BXOZIOM MIPH 9TOM SABJSAIOTCS YPaBHEHUS,
3a/1aI01IHe Bés—zs),a)'

Takum oOpa3oM, HAMU JOKa3aHa,

Teopema 5 Cywecmeyem ueaoe NoAOHCUMEALHOE S, OAA KOMOPO20 3400~
wa 0 eaootcumocmuy adgdunrozo npocmparcmea A* nad C 6 anzebpauveckue
MHO0200pasue BES_2 5o GN2OPUMMUMECKU HEPASPEUUMA.

,0
OTrcioa cpasy CJejyor:

Teopema 6 Cyuwecmeyem ueaoe nososcumesvHoe s, 0aa KOMOPozo 360a4a
0 eaoocumocmu apdunnozo npocmparncmea A° nad C 6 npoussoavroe an-

eebpauneckue mrozobpasue B (3adanmnoe 06pasyouumMu U cOOMHOWEHUAMU)
AN2OPUMMUYECKU HEPA3PEULUMA.

n

Teopema 7 3adaua o 6a00CUMOCTIU NPOUIBOALHO20 AN2EOPAUMECKO20 MHO-
200pasus A nad C 6 npousdsosvroe anrzebpauveckue mrozobpasue B arzopum-
MUMECKU HEPAZDEULUMA.
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5 3akJiroudeHue

B pabote mokazana aJropuTMuyecKasi HePas3peIrrmMOCTh IIPOOIeMbI BIOXKH-
MOCTH JIBYX ajreOpandecKux MHOTOOOpa3nit Hal MOJISIMU BENeCTBEHHBIX -
ce R u komiutekcubix unces1 C. IlocTtpoen kiaace MHOrooOpasuii, Jjist Mpei-
cTaBUTesel KOTOPOro aJrOpUTMHUYECKH HepaspelrrMa IpobdieMa CyIecTBO-
BaHus BaoxKeHUs addunHoi mpsamoit Haj R. [Toctpoen Kiacec MHOrooOpasmii,
JUTS TIpeJICTaBUTe el KOTOPOTO aJrOPUTMUIECKN Hepa3permMa mpodieMa cy-
IIeCTBOBAaHUS BJIOKeHUs adGUHHOTO mpocTpaHcTBa pasmeproctn m Hag C
JIJISE JIOCTATOYIHO OOJIBIIIOrO M.

Pesynbrarer amst C 060011eHbI Ha CIydail TPOU3BOIBHOIO 0/ HYJIEBO
XapaKTePUCTUKH, a i1 R — Ha caydail IPpOU3BOJIBHOIO YIIOPSIIOUEHHOTO 10~
JIsT HyJIeBOI XapaKTepPUCTUKH.
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Metoj nepepactpeeenust 3apsiioB”

Erop bakaes, Bepa bynanknna,
Anexkcannp Ilonsgrekuii, Angpeit Pssonues, I'puropnit Hesnokos

BMmecTo BBeneHud

JIaHHBII TPOEKT TOCBAIIEH OJTHOMY METOJLY, TPUMEHIIOIeMYycst B Teopur rpados. B qact-
HOCTHU, OH WCIOJIB3YeTCA JJIsd JIOKA3aTe/bCTBA MHOTHX <«CTPYKTYPHBIX» PE3YJILTATOB O
rpadax, n300paKEHHbIX Ha, IJIOCKOCTH, HO He 00g3aTe/IbHO Manapubix. CBoeil morysisip-
HOCTBIO OH 00si3aH TOMY (baKTy, YTO NPUMEHSJICH B JIOKA3aTETbCTBE TEOPEMBI O I€THIPEX
Kpackax'. Peub miér o Tak HazbBaeMoM Mmemode nepepacnpedesenus 3apados. Ilo cyTu
9T0 0000IIIeHrE TTOACYETA JIBYMs CIIOCOOAMU JIJTIs 3JIEMEHTOB rpadoB, M300pPaKeHHBIX Ha,
IJIOCKOCTH, OCHOBanHas Ha dhopmysie Jiiaepa.

Hamr mpoekT 1ocTaTOYHO HENMpPOCTOi: BaM MPEJICTOUT CaMOCTOSTETbHO MOHATH, KaK
paboTraeT Janublil moaxo 1. Huzke jyis o3HAKOMJIEHNS TPUBE/IEHBI TPU HHTEPECHDBIE 3a/1a4H,
KOTOPBIE TI03Ke BCTPETATCS B IIPOEKTE — OHM JIOBOJIBHO CJIOYKHBIE M WX PENIeHUEe MbI
PEKOMEH/IyeM OTJIOKUTH Ha ITOTOM.

1. Koneunasi kondurypalus TOYeK Ha ILIOCKOCTH Ha3bIBACTCS Ma2UYECKOU, €C/IA BbI-
TIOJTHAETCH CJIEIYIONEee yCJIOBAE: TOYKAM MOXKHO TaK IPUMMNCATH MOJIOKUTEJIbHBIE YNACTA,
9TO CyMMa YHCes] Ha TOYKaxX JII00OH IMPAMOIL, ITPOXOIIeil uepe3 XoTd Obl JIBe U3 TOYEK
koH(puryparuu, pasaa 1. Onumure Bce MarndeckKue KOH(PUTYpaIUn.

2. I'pad, n306pazkKeHHLIH Ha IJIOCKOCTH, HABBIBACTCS KEA3UNAGHAPHOLM, €CIN Yy Hero He

HaiijieTcss mpéxr pedep, IMOoIapHO IepeceKaloluxcsi BO BHYTPEHHUX To4KaxX. /lokaxkure,
9TO YUCJI0 PEOGEP B KBasUILIaHAPHOM r'padye Ha 1 BepIInHaX He mmpeBocxoauT 8n — 20.

3. 'pad mazbIBaeTcs cnuveurvim, €CJIM OH MOXKET OBITh M300pParKEH Ha IIJIOCKOCTU TaK,
4TOOBI BCe er0 Pedpa sBJISIINCH HellePeCeKAIOMIMUCH JIPYT ¢ IPYTOM OTpe3KaMu JTUHBI 1.
JlokaxkuTe, 94TO HE CYIIECTBYeT CIUYETHOro rpada, crerneHb KaxK 0l BEPIIMHB KOTOPOTr'O
paBHa 9.

Hakomerr, cTouT OTMETHTD, UTO B 3aK/TIOUUTEILHOM pasJie/ie MpoeKTa, KOTOPhIi Oy1eT
BBIJAH II0CJIe IIPOMEXKYTOUYHOIO (PUHUINA, MOXKHO HANTH OTKPBITHIE HCCJIEI0BATE/IHCKUE
3aJ1a41, KOTOPbIE, BEPOSTHO, PEIIAIOTCs C MMOMOIIBIO JIAHHOTO MeTo/ia. Perrenue jio60it n3
HUX ABJIAETCH PE3YJILTATOM, JOCTOWHBIM ITYOJIUKAIUN.

*3/1ech BBl MOXKeTe HafTH TeKyIue pe3yabTarsl: https://clck.ru/HMnm8

'OnHa U3 CIOKHBIX 3372 IPOEKTa OyIeT CBA3aHa ¢ PACKPACKOIl IIIIOCKIX TpadoB, HO CaMy TeopeMy
0 YeTHIPEX KPAaCKaxX MbI He OYIeM JI0Ka3bIBATH.

20TMeTHM, UTO €CIM B TOM OIpEJeJeHNH 3aMEHUTb “Tpex pebep’ Ha “AByX pebep’ — HOJYUIUTCS
0OBIYHOE OIpeesIeHre IIaHaAPHOIo rpada, 9To 1 00bsICHIeT BLIOOP TEpMUHA “KBa3UILIaHAPHBIN .


http://polyanskii.com/
https://clck.ru/HMnm8

YacrTo ncnojb3yemMblie 0003HAYUEHNUS

Yepes I’ o6oznaunm rpad?®. Yepes V(I') u E(T') 0603HAUUM, COOTBETCTBEHHO, MHOICE-
cmea eepwun u pebep rpada I'. Kpome Toro, ecam 3azano Broxkenne [' B I0CKOCTD, TO
F(I') obosnavaer mmootcecmeo eparetd, 3roro Biokenus 1. Takyke HAITOMHEUM, 9TO IS
cBA3HOrO 1I10cKOro rpada I' Bemosnsgerca gopmyaa Iisepa

VD) = [E@)]+ |FIT)] = 2.

O6osznaanm cmenens Bepimusl v € V(') wepes deg(v), a depe3 6(I') u A(I') mu-
HUMAALHYI0 1 makcumasonyto cretiedb Beprumael B V(I) coorBercrBenno. ['pad nazpl-
BaeTCs M-Pe2YAAPHBIM, €CTH CTEIEHDb KaXKJI0#1 BepIuHbl paBHa n. Becom pebpa HazoBeM
cyMMy crereHeil ero KoHIoB. Hazosem cmenenviro epanu deg(f) mmuny nukia, obpasyro-
IIEro rpaib (TakuM 06pa3oM, PebpPO CIUTACTCS JIBAXK/IBI, €CJIM TPAHD IIPOXOANUT IO HEMY
JIBa pasa).

Byniem roBoputs, uto rpad npaBmiIbHO packpawer 6 k 146emos, eciim KaxK10il BepIIiHe
[OCTABJIEHO B COOTBETCTBUE OJIHO U3 4uces oT 1 70 k (HA3BIBAEMBIX IIBETAME) TaK, UTO
COCEJIHME BEpINUHBI UMEIOT pasHble IBeTa. Munumasibnoe takoe k, ato rpad I' MoxkHO
[IPaBUJIBHO IOKPACHUTD B k IIBETOB, HA3BIBAECTCI TPOMAMUYECKUM YUCAOM T 0DO3HATAETCS
gepes (I).

[Moarpad I rpada I' HazbiBaeTcs uHOYUUPoSaHHBILM, €CIIN OH COJEPKUT BCe pedpa
rpada I', coeuusiontue Beprmus V (I7).

1 TIloacuér aBymMms crmocobamMm

1.1. B HEKOTOPBIX KJIETKaX MPIMOYTOJIbHOM TaOINIbl HAPUCOBAHBI 3B€3/109KNU. VI3BEeCTHO,
YTO JiIst JI00O# OTMeYeHHON KJIeTKM KOJIMYEeCTBO 3BE3JI04UeK B €€ CTOoJIOIe COBIAJIAeT C
KOJINYIEeCTBOM 3Be3/109€eK B eé cTpoke. /lokakuTe, 9T0 IMCI0 CTPOK B TaOJINIE, B KOTOPHIX
€CTh XOTh OJIHA 3BE3/0YKa, PABHO YHUCJIy CTOJIOIOB TAaOJIUIIBI, B KOTOPBIX €CTh XOTh OJIHA
3BE3I0YKA.

1.2. Ha decruBanb Sunantkon npuexayso FE sabdos u D raomos. [locie decrunasis
KaxKJIbIil THOM ITOPAJICs 110 KpaiiHeil Mepe ¢ OJHUM 3J1b(OM, a KazKIblii 3/1b6¢ — He Hojee
YeM C JIeCaThio THOMaMu. TakzKe M3BECTHO, U9TO Y KayKJO0TO THOMA COTEPHUKOB-3/IH(DOB
OBLI0 OOJIbINIE, YeM y JII0OOr0 U3 HUX — CONEPHUKOB-THOMOB. Jlokaxkute, aro D < %E .

1.3. B npsaMoyTo/ibHO# TabJIIIE m CTPOK U N CTOJIONOB, IJie m < n. B HEKOTOPBIX KJIeTKax
TaOJIUIIBI CTOST 3BE3JI0UKM, TaK 9TO B KaXKJOM CTOJIOIE CTOUT XOTd ObI OJIHA 3BE3/I0YKA.
JlokaxknTe, 9TO CyIIECTBYET XOTs Obl OJHa TaKas 3BE3/109Ka, 9TO B OJHOI CTPOKE C HEIO
HAXO/IUTCsI OOJIBIIIE 3BE3/I0UEK, YEM C HEIO B OJHOM CTOJIOIE.

1.4. B 6ubsmmoreke Ha TOJIKAX CTOST KHUI'M, POBHO Kk TIOJIOK IycThbl. KHUTH mepecTaBun
TakK, 4YTO TeIepb IYCTBIX MOJIOK HeT. Jlokaxkure, uTo Haiijiérca xotd Obl k + 1 Kawura,
KOTOpas Telepb CTOUT Ha IMOJIKE C MEHBIINM YHCJIOM KHUT, YeM CTOsJIa PaHbIIIE.

331ech u masee, ecam He OroBapHBaeTcs 06paTHOe, MEI OyIeM paccMaTpUBaTh Tpadbl 6e3 ImeTesnsb
KPaTHBIX pedep.



1.5. Tabuia n X n 3am0/iHeHa &) HyJISIMU ¥ €JJMHUIAME ) TIJIbIMU HEOTPUIATEIbHBIMU
YUCJAMU TAK, UTO €CJIU YUCJI0 B KAKON-TO KjeTke TabJiuiie paBHo (), TO CyMMa BCEX YUCET B
ee kpecre? ne menpire 1000. Haitne HauMEHBIIYIO BO3MOMKHYIO CyMMY UHCeJI B TabJIUIIe.

1.6. ITycTb ecThb BBIMYKJIBI N-yTOJBHUK U BBIOPAHO M KPACHBIX TOYEK, OTJIMIHBIX OT BEP-
IIIUH, TAKUX, 9TO JIFOOOI OTPE30K MEXK/Iy JBYMS BEPIIMHAMHU MHOTOYTOJILHUKA COJIEPIKUT
10 KpaiiHeit Mepe oJiHy KpacHyio Touky. Torma

I 1 1
m?n(1+§+§+---+m>.

1.7. Ha mtockocT JJAaHO N OKPYyKHOCTeil pajimyca 1, mpudeM W3BECTHO, YTO KaxKjas
repeceKkaeTcd XOTd Obl ¢ OJIHOW JIPYTOil OKPYKHOCTBIO, M HUKaKas Iapa He KacaeTCs.
Hokazkure, 4T0 BCe BMECTe OKPYKHOCTU 00pPa3yIOT He MeHbIle 1 TOUeK IepecedeHus (B
OJTHO¥ TOYKE MOTYT MepeceKaThesi 6oJiee JIBYX OKPYKHOCTEN ).

1.8. Ksajpar paspesan Ha HECKOJIBKO TPeyroJbHUKOB. /loKakure, 9T0 cpeau HUX Haii-
éTcst IBa ¢ o0Ieil CTOPOHOI.

1.9*. Ha myiocKoCTH HApUCOBAHO N MPSAMBIX B 0OIIEM HOJIOKeHNH (JII00bIe J[Be mepeceKka-
I0TCS M HUKAKWe TPU He MPOXOJIAT depe3 OJHy TOUKY ). JlokaxKkuTe, 94To cpeju dacreii, Ha
KOTOPBIE 9TH IPAMbIe pa3dUBAIOT ILJIOCKOCTh, HAWJAETCS HE MeHee N — 2 TPeyTroJIbHUKOB.

2 3agaun; o rpadax

IInanapubie rpadbl

B sTtom ImoJapasjaesie CO6paHI)I 3a/Ja491, UICTOPUYIECKH JJOKa3aHHbIE O6cy}K,ZLaeMI)IM METOJ0M.
Kak IIpaBnUJIO, 9TO JIEMMbI U3 BIIOJIHE CEPbE3HbLIX crarei. O,ZLHaKO II0 CJIOZKHOCTHU 3TH
3aa9d HE IIPEBOCXOAAT Td2KeJIbIe OJIMMIINaJHbIE, TaK 9TO MbI COYJIM BO3MO2KHBIM J1aTb
nx 6e3 JOITIOJIHUTEJIBHBIX IIOJICKA30K.

2.1. JlaH BBITYKJIbIE MHOIOIPAHHUK, Y KOTOPOT'O HET YETHIPEXYTOJIBHBIX U IIATUYTOJIBHBIX
rpaneii. Jlokaxkute, 9T0 y HEro 1Mo Kpaiineir Mepe 4 TpeyroJibHbIe I'PaHU.

2.2. Jan mwianapusiii rpad ¢ §(I') > 2, Bce nuKIIbI B KOTOPOM JIJTMHBI 110 KpaiiHeil mepe 7.
Hokaxkute, 9T0 Haiijerca pebpo Beca He OOJIBIIE 5.

2.3. Han wranapusrii rpad I' ¢ §(I") > 5, Bce rpanu KOTOPOro — TPEYTOJLHUKH, & TAKIKE
HET JIByX COCEJTHUX BEPIINH CTelleHu 5. /loKaxkute, 4TO HAMJIETCA Ipaib, CTEIIEHN BEPIITUH
KOTOPO# paBHBI 9, 6 1 6 COOTBETCTBEHHO.

2.4. Jlan mranapueiii rpad I' ¢ §(I') > 5. [dokaxkure, uro Haiimercss pebpo Beca He
6oJibie 11.

2.5. Jlan mianapubrit rpad I' ¢ 0(T) > 3. JTokaxkure, uro Haiijercs Takas mapa U3 rpaHu
f u Beprmusl v B Heit, uTo deg(v) = 3 u deg(f) < 5 mm deg(v) < 5 u deg(f) = 3.

2.6. Jlan mnanapueiit tpad I' ¢ 6(I') > 3. Jdokaxkure, uro y I' ectb He Gosiee dem
5-yrojbHasg I'pPaHb, B KOTOPOIl CTEIIeHM BCEX BEPIINH, KPOME BO3MOXKHO OJIHOM, He Ipe-
BocxoaT 11.

4KpecToM KJIeTKH HA3bIBAETCS OObEIIHEHIEe €6 CTOIONA U €6 CTPOKH



Jlerkue packpacku

B npeapiymux 3ajiagax 3Toro pasjesia Mbl BBIBOJIWIN JIOKAJbHBIE CBOMCTBa I'padoB U3
ux riaobabHBIX cBoiicTB. Hampumep, n3 nandopmalinu o0 HauMeHbIIell cTeleHn BepIuHbI B
rpade MbI Jiesiajid BBIBOJL O HAJIMYHUK Y HEro HEKOTOPBIX mojirpados. Takoro pojia yTBep-
JKJIEHUS OBIBAIOT TOJIE3HBI I JOKA3aTeIbCTBA OIEHKU CBEPXY XPOMATUYIECKOIO UUCJIa

rpada.

2.7. a) [okaxwure, 4ro J000ii IIaHApHBINA Tpad MOKHO pacKpacuTh B 6 I[BETOB mpa-
BUJIBHBIM 0OPa30M.

6) Ilycrs s smoboro nmoarpada HekoToporo rpada Haiiéres BepimHa rpada cre-
[IeHN He TMpeBocxojdieil d — 1 Wi MHIyIUPOBAHHBIA YETHBIN IUKJI, CTENEHb KaKJI0i
BEPIIUHBLI KOTOPOro He npeocxoautT d. Jokarxkure, 910 rpad MOXKHO IIPaBUILHO pacKpa-
CUTH B d IIBETOB.

Onpenenenue. VY rpada CyIecTBYET 0ueHb Ae2KaA Packpacka B d IIBETOB, ecJii U3 rpada
MOZKHO ITOJIYYHUTD IIyCTOI rpad, MOCIeI0BATEILHO YIAIAS BEPIINHLI CTEIIeHN He OOJIbIIe
d — 1. Takxke Takoe cBoiicTBO rpada Ha3bIBaeTCs d-pa3sdNBaEMOCTHIO.

KommenTapuii. Hanpumep, B 3ajade 2.7a Kak pa3 HY>KHO IIOKa3aTb, YTO y rpada
€CTh OYeHb JIeTKasl pacKpacka.

Omnpenenenne. ['pad HasbBaeTcss sepuunHo k-vibupaemvim, €CIA I JTFOOOr0 crrocoba
HPUIICATH KayKJI0i BEPIINHE CIHUCOK M3 k IBETOB (CIIUCKU Y PA3HBIX BEPINUHBI He 00si3a-
HBI COBIIAJIATH), HAWJIETCS CII0COO BBIOpATH Jisl KayKJI0#l BEPIIUHBI 110 OJHOMY IIBETY W3
CIICKA, TaK 9TO COCEIHUE BEPIINHBI NMEIOT PA3HbBIE IIBETA.

AnayornasHo onpezensercs pebepras k-svioupaemocmn.

Bepimuanyio k-BbIOMPAEMOCTh, KaK HAOO0JIee 9acTO UCIIOIb3YEeMYI0, MHOTIa HA3BIBAIOT
IpocTOo k-BbIOMpPaeMocThio. MuHuMaIbHOe Takoe k, aro rpad I' sBiasgercs k-BboiOMpaeMbIM
HA3BIBAETCS CNUCOYHHLM TPOMAMUYECKUM Yucaom u obosnadaercs depes ch(I).

Kak jierko BujieTh, u3 BepIimHHO# k-BbIOMpaeMocTu rpada cielyeT ero pacKpainBa-
eMocTh B k 1iBeToB. B camom JieJie, MOTJIO TaK CJIYUYUTHCS, YTO KAaXK 10N BEPIITUHE JOCTAJICS
CITUCOK U3 OJIHUX U TeX Ke 1BeTOB. OKa3bIBaeTCsI, 9TO 00PATHOE YTBEPXKICHIE HEBEPHO,
TO €CTh CYIIECTBYeT He k-BbIOMpaeMblii Ipad, KOTOPBI MOXKHO ITOKPACUTL B k IIBETOB.

2.8. a) Jlokaxkure, 94ro JyIsi JIIOOOTO 3aJ]AHHOTO k HaeTCsT TAKOe 1, YTO MOJIHBIHA JIBY-
nosbHbI rpad K, , He Oyaer k-BpiOupaeMbIM. XOTS U ABJIACTCH 2-PACKPAIINBAECMBIM,
Kak JItoOo#l ABYIOIbHBIN Tpad.

6) Jdokazkure, 4TO MUKJI 9€THOIT JJINHBI HE TOJBKO 2-PACKPAIIIBAEM, HO U 2-BBIOMPAEM.

2.9. a) [lan muranapublii rpad, BHEIIHSISI FPAHb KOTOPOT'O 9TO IUKJI VU] . . . UgV1, OCTATbHbBIE
IpaHK TPEyroJbHbIe. BepmmHuam vy 1 v COOTBETCTBYIOT CIMCKHU U3 JIBYX IIBETOB, KaxKI0M
JIpyToii BepInHe BHENIHEH IpaHy IIPUIMCAH CIIUCOK M3 TPEX I[BETOB, a KaXKJIOW BHYTPEH-
Hell BepIuHe MPUIKMCAH CHUCOK U3 H 1BeToB. JloKaykure, 9TO CyIIecTBYET MpaBUIbHASI
CIIMCOYHAs PacKpacKa, COOTBETCTBYIOIIAS STUM CIIHCKAM.

6) Hokaxkwure, aro st maanapaoro rpada I Bemosasercs ch(I') < 5.



Onpegesienne. Byiem rosoputh, uto y rpada [N cymecTByeT seekan d-6vibupaemocmo
10 OTHONICHUIO K MHIynupoBaHHbIM moarpadam Iy, ..., ', ecou n3 I’ MOXKHO 1OJIy9nTh
mycToil rpad, mocae0BaTeIbHO YAAJIAA 9TH UHIYIMPOBAHHbBIE TIOJIrPadbl TaK, YTOOLI Ha
MOMeHT yjasterns noarpada ['; u3 kax 1ot u3 ero eprn 1o we 6osee d — ch(l';) pebep
B BepIIMHBI, He BXojdmne B ;.

Ob6parure BHUMaHUe, 9TO y rpada u3 3a1a4un 2.80 eCThb Jerkasi d-BhIONPaeMOCTb.
[Tpuém, obobImatonumii JerKyo BhIONPpaeMOCTb, MOXKHO ITPUMEHHUTD U JIJI JTIOKa3aTe b=
CTBa TOTAJIbHOW pPaCKpPaCKH.

Omnpenenenne. [lpunmmem kak10if BeprmHe n Kaxk;omy pebpy rpada [ crmcok us
HECKOJIbKUX I[BETOB (CIUCKU MOIYT ObITh pa3HON jinHbI). Ternepbh mMpUCBOMM KazK ol
BepIINHE U KayKJIOMy PeOpy IBeT M3 COOTBETCBYIONIETO CIIMCKA TaK, YTOOLI JIIOOLIE JIBa
COCEIHUX 3JIeMeHTa’ UMe I pasHble nBera. TaKylo pacKpacKy HasoBeM MmomabHotl cnu-
counotl packpackoti 2paga, COOTBETCTBYIOIIEH STUM CIIICKAM.

2.10. IIycrs I' — mmanapustit rpad ¢ A(I') > 11. Kaxk1oii Bepiine Ha3HAYEH CIICOK U3
A(T), a kaxgomy peopy — u3 (A(I') 4 2). Torga MOKHO Tak BBIOPATH IBETA U3 CIHCKOB,
9TOOBI MOJIYIUTh TOTAJIBHYIO CIIHCOTHYIO MTOKPACKY.

3 Cepbe3Hnble 3a1a4n

B sToit rimaBe cobpaHbl ueThipe 3ajadu, PEHIEHHbIE METOIOM IIEPEepACIIPE/Ie/IeHUs 3apsi-
JIOB U CTABIIINE OCHOBHBIMU PE3y/IbTaTaMU OIyOJIMKOBAHHBIX cTaTeil. K HUM MbI cunTaem
YMECTHBIM HAMETUTH HECKOJIBKO MTPOMEYKYTOUHBIX ITaroB.

3.1 Chnun4yeunble rpadbl

Onpenenenne. 'pad HA3BIBACTC CNUYEUHDIM, €CJTH €70 BEPIITMHBI — 9TO TOYKU HA TLIOC-
KOCTH, a pedpa MOTYT COeJIMHATH TOJILKO Iapbl BEPIIUH HA PACCTOAHUN 1, 1 HUKAKHE JIBa
péGpa He mepecekaroTcst (y HUX MOXKET ObITh 00Iasi BepIuHa). (3aMeTuM, 9To JBe Bep-
IIMHBI HA PACCTOSHUU 1 MOIYT OBITH U He COeJIMHEHBI PeGPOM. )

KuroueBast 3agaga 1. /[okaxkure, 9TO HE CYIIECTBYET H-PEryISpPHOTrO CIUYCIHOTO I'Pa-

da.

3ameuanue. Ha camom jieste, B 1r000M crimdedHoM rpade HaiIeTcst BEPIINHA CTeIeHN
MEHBIIIE YeM D.

Onpenenenne. ['pad HA3BIBACTCH 2pAPYOM MUHUMAALHOIT PACCMOAHUL, €CTTU €r0 Bep-
MMIAHBI — 9TO TOYKHN HA TJIOCKOCTHU, CPEJIN KOTOPHIX HET JIByX HA PACCTOTHUN MEHBITIEM 1,
a pébpa — mapbl BEPIINH HA PACCTOSHUN 1.

5JlBe BepIINHBI HA3BIBAIOTCS COCETHMMH, €CAH y HIX eCTh obmee pebpo; aBa pebpa — eCId y HHX
ob1ast BepIHa; BEPITNHA U pedpo — eCii 9TO PedpO BLIXOAUT U3 ITON BEPIIHHEI.



3.1.1. [an rpacd MHUHUMAJILHBIX PACCTOAHUN Ha 7 BePIINHAX, BCE BEPIIUHLI KOTOPO-
ro HaxoAATca B obmeM nosoxkenun®. Jlokaxkure, 4ro a) uucyio pébep menbiie 5n/2; 6)
HAiJIETCS MOCTOsTHHASL ¢ MeHbIag 5/2 Takasi, 9T0 Inucyio pébep He GoJIbIIe Cn.

B) ['pad HazbIBaeTCs unmepechvim, ecim OH sBJIsieTcst rpadOoM MIUHIMATBHBIX PACCTO-
STHUIT 1 U151 110001 BepInHBI rpada OHa U BCe €8 CoCe Il HaXOIATCA B OOIIEM TTOJIOKEHIH .
Hokazkure, aro jjist jioboro ¢ < 5/2 Haiinercs unrepecusiit rpad ¢ ue metree dem c|V (T)|

pebpamu.
3.1.2. Pemmre ki104eByio 3a7a4y 1.

3.1.3*. Jlokaxkute, 9T0 B 4-peryagpHoM crumdednoM rpade e meree 20 BepIuH.

3.2 KBaasumiaHapHble rpadbl

Omnpenenenne. Byjiem roBoputh, 94To rpad HapucosaH Ha NAOCKOCMU €CJIA ero BepIiu-
HAM TIOCTABJIEHBI B COOTBETCTBUE PA3JIMIHBIE TOUKN IIJIOCKOCTH, a pebpam — (2Kopmano-
BbI) KPUBBIE, COEJIMHSIONIIE BEPIIUHBI (KOHIBI peOpa), 1 He MPOXO/IAIINe Yepe3 OCTATbHbIE
BEPIINHEL.

DTO ompejieIeHre HOCUT BCIIOMOTATEIbHBIN XapaKTep, C ero MOMOIIBIO OIPeIeIs0T-
cd pasHble TNl rpadoB. Hanpumep, mianapubie rpadbl — Te, KOTOPble MOYXKHO HapH-
COBAThb Ha ILJIOCKOCTH BOODINE 0e3 repecedenus pedep. MoxKHO 1o-paszHoMy ocC/Iab/IATh
TpeGoBaHue oTCyTCTBUs nepecedennit®. Kazkioe us atux ocsabaeHuil yeaoBus J1aeT cBoe
paciiupenne Kjacca IIaHAPHBIX IPadoOB.

Omnpenenenne. ['pad HasbIBaeTCI K68A3UNAAHAPHBIM, €CJIU €M0 MOXKHO HapHCOBATh Ha
IJIOCKOCTH TaK, YTOOBI JIFOOBIE JiBa pedpa mepecekasnch He Oojiee 9eM B OJHOI TOYKe, U
He OBLIO Tpex IOMapHO IePeceKaroIuxcs pedep.

KuroueBast 3amaua 2. a) Ksasumianapubeiii rpad Ha n BepImHaX COJEPKUT HE GoJiee
8n — 20 pebdep.

6) IlompobyiiTe ycHuTh yTBEpKICHUE MPEIBIAYINe 3a1adu. VIHTepecyoT Kak yiryd-
IIIeHUsT OTIEHKM, TaK 1 0DOOIIEHUsT I JIPYTUX KJIacCOB IpadoB.

3.2.1. Ilycrb rpad yaoBaeTBOpsIeT JOIOJHUTEIHHOMY YCIOBHIO: HE CYIIECTBYET TPOMKU
pebep e1, e, €3 TAKOI, ITO €1 U €3 BBIXOJAT U3 OJHOI BepIuHbI A, a pedpo e3 rmepecekaer
X BO BHYTPeHHNX To4Ykax B u ', mpudem HET JIPyrux TOYEK IepecevdeHns Ha yIacTKax
AB u AC. Jlokazkure, 9To 4ncjo pebep e 60sbire 4n — 8.

3.2.2. Bes J0M0HATETIHLHOTO YCJIOBUS U3 MPOIILION 3a/1a4N JOKAXKUTE OIEHKY Ha, IHCJIO0
pedep 10n — 20. Ckopee Bcero, Npu pemIeHUN MPEIbIIYIIEro MyHKTa Bbl UCIOIH30BAII
TaKyIO0 CHCTEMY 3apsiJIOB, KOTOpasi cpaboTaeT 1 3J1eCh.

3.2.3. Permmure xi1t04eByto 3a/1at1y 2a. CKopee BCero, Mpu PerieHun IPeIblIyIero myHKTa
BBI UCIOJIB30BaIN TaKyI0 CUCTEMY 3apsIOB, KOTOpas cpaboTaeT U 37eCh.

6To ecTb HUKAKIHE TpHU HE JiexKaT Ha OJHOI IIpAMOA.

"Ipu 3TOM BCe BepmmHBLI rpada He 00A3aHbI ObITH B OGIIEM MOJIOKEHNIH

8Hampumep, TpeboBanne, 9TOOBI KazK10e pebpo nMesio He 6ojee deM t Iepecedennit, nim 9To6bI Cpe/m
pebep 6110 He OoJtee d MOMapHO MEPECEKAIONINXCS U TaK Jajee.



3.3 CrnmcodHble TOKpPacKM pedep

B 9TOM Ppa3jejie Mbl BHOBb 3aTPOHEM IIOHATHE JIETKHX PaCKpPaCOK. HaHOI\IHI/IM, B UeM
COCTOUT KJIIOYEBas WJIesd: MbI JIOKA3bIBAE€M, YTO HAMJIETCAd HYKHBIN MoArpad, KOTOPbIii
MOKHO YJAJUTh W3 3aJaHHOTO I'pada, CBOJsS BOIPOC PacKpacKW JAHHOIO rpada K pac-
KpacKe MeHBIIEro.

Tpeyeorvrukrom B 3TOM pasjese OyieM Ha3blBaTh IUKJI IHHBL 3. Oupegenum [ kax
HHaHaprIfI Fpa(b C JOIIOJIHUTEJIbHBIM YCJIOBUEM: HUKaKHE J/IBa TPEYIr'OJIbHUKa HE MMCIOT
obrero peodpa.

OcHOBHas TIeJTh JAHHOTO pa3jesia — PEIThb CIeIYONyo 3a1ady.

KumroueBast 3amaga 3. Jlokaxure, uro I' asisiercs pebepro (A(I') + 1)-Bbibupaembim,
ecm A(T) > 6.

Sameuanne. Kiouesas 3ama4a 3 Bepra u upu A(I'), pasHoM 3 nim 4, mpuyem u He Jist
wranapubix rpados. [Ipu A(I') = 5 rpad asasgercsa pebepro (A(T') + 2)-BbibupaeMbim.

3.3.1. Jloxaxmure, uro npu A(I") > 7 rpad I' asrgerca pebepro (A(I')+1)-Beibupaembim.

Taxkum obpas3oM, BaMu peleHa KjodeBas 3ajada 3 B ciaydae A(T) > 7. Ciyuait
A(T") = 6 Tpebyer IOMOTHUTEIBHBIX YCUIIHIA.

3.3.2. B ciryuae A(I") = 6 nac unTepecyer erre oJ{Ha KOH(MDUTYpaIus: BepIrHa CTereHn 6,

BXOJIAINIAsI B TPU TPEYTOJBHIKA, JiBa U3 KOTOPBIX ¢ HAbopoM creneneii (6,6, 3), a Tperuii —
(6,6,3), (6,5,4) wiu (6, 6,4). Tokazkure, 4T0 MpU HAJTUYUE TaKOi KOHMDUI'Y AU, MOKHO
CBECTHU BOMPOC packpacku I’ K Bompocy pacKkpacku ero mnojrpada.

3.3.3. Haxownemn, mokaxkure, uro npu A(I') = 6 rpad I' comep:kur xoTsi ObI OJIUH U3
Tpex Tunos noarpacdos’, HO3BOJIAIONINX CBECTH BOIIPOC PACKpacKu rpada K pacKpacke
MeHbIIero rpada.

3.4 Maruveckne KOHPUTYpAIAN

Onpenenenune. Koneunasi KoHduryparusi TO9eK Ha ILJIOCKOCTH HA3BIBACTCS Ma2UuYe-
cKol, eCJIM BBITIOJIHAETCS CJeJIyIolNee yCaoBUe: KarKJIOH TOYKe MOXKHO TaK INPHUINACATH
MTOJIOZKATEIbHOE TUCJI0, UTO JII0Das MpsiMasi, POXOIIas yepe3 XoTd Obl JIBe TOYKU KOH-
durypanuu, mpoxoauT Yepe3 TOYKHU ¢ CYyMMOl TPUITUCAHHBIX YNCe PABHON B TOYHOCTH 1.

KuroueBast 3agaua 4. Onmcarh Bce Marndeckne KOH(PUTYPAIINN.
[TocTanoBka 3T0it 3a/1a41 OTIYACTH MOTUBUPOBaHA Teopemoii CusbBecTpa.

Teopema CuisbBecTpa. [lycmbv dano KoHneuHoe MHOMCECMB0 MOYEK Ha naockocmu. To-
20a AU 6CE MOYUKU AEHCAM HA 00HOT NPAMOT, U HATIEMCes makas napa movex A u B
U3 MHOHCECNBA, YMOo Ha npamot AB ne sestcam mouku muootcecmea, omauvtsie om A
u B.

Ham norpebyercs ciiejtytoriasi mHTEpeCHasT KOHMUTYPAITUS.

901uH NX HUX BBl HAILIM IPH pelleHuu 3a7a4n 3.3.1, 1pyroil mojickasan B 3a1a4e 3.3.2, 10 TPeThero
TUTA JOraJaliTeCh CAMOCTOSTEIHLHO.



Onpenenenune. Kongueypayuet nedo@aro Ha3bIBACTCA CJIEAYIONAas KOHMDUTY DAL 13
cemu Touek: Ay, As, A3, A4 B 00IIIEM TIOJIOXKEHUHU, OCTABIINECS TPH — TO TOYKHU Iepece-
qeHns nap npambix: By = A1 Ay N A3Ay, By = A1As N AsAym By = A1 Ay N Ay As.

OKaBbIBaeTCH, 9TO HaM 6y,ILeT yﬂo6Hee pacCcyKaaTb Ha ,HBOﬁCTBeHHOM A3BIKE.

3.4.0. a) Onuuonaavhas 3adaya, 0as MeT, KMO PabOmMaem ¢ NPOEKMUSHOT NAOCKO-
cmuto. TlepeBeure 3a1a41y Ha JBOMCTBEHHBIN s3bIK. Bo 9TO mepexouT KoHUryparmst
negodano?

6) Onyuonaavras 3adayua OAs MET, KMO HE UCTOAL3YEM NPOEKMUESHYI NAOCKOCTY.
[Iycrh HA TJIOCKOCTH HAPUCOBAHBI TOUKM U HpsMble. [Ipuaymaiite orobpazkenne 7, cra-
BdIllee B COOTBETCTBUE KAPTUHKE Ha IJIOCKOCTH KAPTUHKY Ha cdepe Tak, 9ToObl TOUKE Ha
IJIOCKOCTH COOTBeTCTBOBaJ 3KBaTopl? Ha cdepe, MpsiMoii Ha MIOCKOCTH COOTBETCTBOBAJIA
napa IPOTUBOIOJIOKHBIX TOYeK Ha cdepe (obparure BHEMaHWE: 06pa3 MpsAMOil 9T0 He
ob6pa3 Bcex ee To4ek!), 1 0TOOparKeHNe COXPaHsIIo Obl HHIMIEHTHOCTD: ecJin TouKa A jre-
JKUT Ha IpsiMoii ¢, 1o 06pas (¢) sexxut Ha s3xBaTope 7(A). BoiBeaure oTciona ocraibHble
ecTecTBeHHBIE CBOcTBa oTobpazkenus (o6pas mpsimoit AB 910 mapa To4Yek, 0 KOTOPBIM
nepecekatorcst SkBaTopbl m(A) u w(B); obpa3 nepecedenusi npsambix {1 u fo — 9TO K-
BATOD, COAEPIKAIINUIT ITAPBI IIPOTHBOLOIOKHBIX ToueK 7(f1) u 7(f2)). Bo uro mepexomut
kouduryparmusa zegodPano?

3.4.1. Jlokaxxute Teopemy CHabBecTpa, UCIOIB3Ys (hopMysy Ditiepa u JBOMNCTBEHHBII
SA3BIK.

Konduryparius npsMbIx Ha3bIBAETCA Ma2UYeCKkoT Konpuypayuedl, eciau OHa JTyaabHa
Marmdeckoit Kouguryparun Todek. Termepsb Mbl Oy/ieM paccMaTPUBATD TOJIBKO MATTIECKUE
KOH(pUTYpaIUN TPAMBIX.

3.4.2. Ilycts B Marmdeckoil KoHMUIYparmun HEKOTOPOIl TpsMOil (HEKOTOPOMY 9KBATO-
py) HPUIHCAHO YHCIO GOJIbIIee % Jokazkure, 9T0 BCe OCTabHbIE MPsIMble (IKBATODHI)
[epeceKalTCsi B OJIHOM TOUKe (JBYX aHTHIIOJAILHBIX TOYKAX ).

Tenepb paccMaTpuBaeM TOJBKO Te KOH(MDUTYpAIUU, B KOTOPBIX HET TOYKH, ITPOTHIKA-
foIIeil Bce IpsiMble KPOMeE, BO3MOYXKHO, OJIHOW. [IpsMble, KOTOPBIM HPUITUCAHBI YUC/IA %,
Oy/1eM HA3BIBATD KPACHHLMU, OCTAJILHBIE CUHUMU.

3.4.3. JIokazkuTe, 94TO €CTh TOYKA, B KOTOPOIl IIEPECEKAIOTCsS POBHO JIBE CUHUE U OJHA
KpacHasi mpsiMasi (9kBaTop). Hamomunm, aro KoHMUIYpalus COCTOUT U3 MPIMbIX (IKBa-
TOPOB), a He M3 TOUYEK.

3.4.4. Jlokaxkure, 9T0 B KOH(MUIYypaIlUUd €CTh CUHUI YeTbIPEXYTOJLHUK pa3OUeHUs C
KPACHBIMU JTUATOHAJISIMU.

[astee GyemM HA3bIBATb TAKOW Y€TYPEXYTOJTbHUX NAOLUM.

3.4.5. Jloxkaxkure, 4TO HaWJIETCAd CUHUNI TPEYrOJbHUK pa3bMeHus, UMEIONUil OOIIyIo
CTOPOHY C TIJIOXUM YeThIPEXYTOJTbHIKOM.

Jlajiee OyjieM Ha3BIBATH TaKOW TPEYTOJLHUK NAOLUM.

10 9ksamopom na chepe Ha3bIBaETCSH OKPYKHOCTD, HOJIYHUAIOIALACA KaK Iepecedenne cephl ¢ ILII0CKO-
CTBIO, IIPOXOIAIIell Yepe3 meHTp chepbl



3.4.6. JlokaxkuTe, YTO €CJIM IJIOXON TPEYroJIbHUK UMeeT ODIre CTOPOHBI Cpa3y C JABYMs
IJIOXUMU 9eTBIPEXyTOJbHIUKAMEI, TO HAIA KOH(PUTYPAIUs sBJISETCH JIBOUCTBEHHON KOH-
durypanueii nejoPano.

[amee OyseM mosraraTh, 9TO KaxK/IbIil IJIOXOW TPEYTOJIBHUK MMEET OOIIYI0 CTOPOHY C
POBHO OJTHUM TIJIOXUM YIETHIPEXYTOTHHUKOM.

3.4.7. JokaxkuTe, 9TO HalIyTCs TJIOXON TPEYTOJIbHUK ¢, €0 IJI0XON YeThIPEeXyTroJTbHUK
d 1 ux obmasa BepiHa A Takue, 4To KyCoK pasOueHns, BepTUKAILHLI L £ OTHOCHTeILHO
A, gBJISIeTCS YeTHIPEXYTOJIbHUKOM.

3.4.8. Paccmorpum pasbueHne MPOEKTHBHON ILJIOCKOCTH (Cdepbl) CHHUMH PSAMBIMU
(sxBaropamu). Jlokaxkure, 9T0 HaiiETCa Takas HpsMasi (9KBATOD), UTO CPETH dacTreil
pasbueHnsi, IPUMBIKAIONINX K 9TON MPAMOil (9KBATOpY), POBHO JiBe (UYeThIpe) sIBIISIOTCS
TPEYTOJIbHBIMH.

3.4.9. Ilokaxkure, 9TO c/Iydail, ONMUCAHHBIN B IMPEJIbIIYINEH 3a1a9e, TOKe HEBO3MOYKEH.

1 JTpa xycka pasbuenus c obineil BepHmHO A HA3BIBAIOTCS 6ePMUKAALHULMU OMmHocumenvro A, ecan
UX yriibl npu A BepTUKAIBHBI



4 OTKpBIThIEe HCCJIeJOoBaTeJIbCKIE 3041

1. I'pagor murumasvroix paccmoanuil.
IIpo rpadbr MUHUMAJIBHBIX PACCTOAHUI HaA N BEPIIMHAX U3BECTHO, YTO UHUCJIO0 PEOEP
He TpeBocxoauT (2 + %)n, a TaKyKe UTO CYIIECTBYIOT rpadbl MUHUMAJIbHBIX PACCTOSHUI
¢ 1o Kpaiiueit mepe (2 + 1%)n —104/n péGpamu. YTOUHEHHE KOHCTAHTBI IIEPEJL 1. B OIEHKE
cBepxy OylIeT pe3yabTaToM, KOTOPbI MOXKHO OIyOJIMKOBaTh B BHJE HAyIHON CTATHH.

2. J-pezyaaphvie cnudedHvle 2padol.

YTOoUHUTE ONEHKY CHU3Y Ha YMCJIO BEPIINH B 4-peryiagpHoMm crimdedHoMm rpade. Ha
CEeTOJTHAIITHUN JIEHb HAWTydIas OolleHKa cHu3y paBHa 34. lI3Becten nmpumep 4-peryJisipHoro
cmYevdHoro rpada Ha H2 BepIHImHAX. YIydIlleHue OIeHKH CHU3Y Oy/IeT OYeHb HHTEPECHO.

3. Jlunetnocmo wucaa pébep 6 epadar ¢ onpedesérrvimu nepeceteHuAMU.

Hazosem rpad H-ceobodrwvim, eciiu on He comepxkutT H B Kadecte mosgrpada. Ha
IJIOCKOCTH n300pakén rpad [’ Ha n Bepmmnax tak, 9To HUKaKHe JBa €ro pedpa He mepe-
cekatoTcst B bojiee yeM ojiHOiM Touke. Paccmorpum rpad [V, mocTpoeHHBI Ha MHOXKeCTBE
ero pébep cieyronumM obpasom: JiBa pedbpa rpada [ coeiuamm pedpomM Tor/Ia U TOJIBKO
TOIJIa, KOTJIa OHU IT€PECEKAIOTCS.

lNunoresa cocrout B TOM, 4TO i Jitoboro H Haiiiércs Takas KOHCTAHTA C, UTO €C-
mun rpad [V aeagercs H-cBobogubiM, To BeIosHseTcs HepasercTso |E ()| = |V(IV)] <
c|V ().

(Hanpuwmep, korna H — pebpo, To I' 9710 ruranapustiii rpad, a kormga H — TpeyroabHIK,
[' — kBasuIIaHAPHBIA.) DTa runoresa JoKazaHa jyis MOoJHbIX rpados K, rie n < 4,
k0B C)y,, e m < 6, 1 IOJIHOTO ABYI0JIBHOTO rpada Ky 3. O4eHb HHTEPECHO MOy IUTh
pesynbrar npo Ks 3, C7 mim jmoboro apyroro rpada He U3 JaHHOIO CIHCKA.

4. ['unomesa Cuaveecmpa.

[IycTh Ha TJIOCKOCTH OTMEYEHO HECKOJIBKO TOYEK, He JIeYKAIUX Ha, OJIHON IpPsIMOIl.
[Ipsimyto Ha30BEM 00bI4HOU, €CTN OHA COJEPKUT B TOYHOCTH JIBE OTMEUEHHBIE TOYKHU.
Touky HA30BEM 00bL4HOT, €CJIN Uepe3 Heé MPOXOANT OObIYHAs TIPAMas.

PaccmorpuMm rpad Ha MHOXKeCTBE OOBIYHBIX TOYEK. JIBe OOBIYHBIE TOYKHM COEIMHUM
pebpoM, ec/ii Yepe3 HUX IMPOXOANT OObITHAs IpsiMast. ['uiore3a cOCTOUT B TOM, UTO 3TOT
Fpa(b ABJIdeTCd IIOJIHBIM TOIJ/la WM TOJIBKO TOra, KOI'JJa OTME€YeHHBbIC TOYKH O6pa.3yIOT
koHpuryparuio HeoPaHO UK JIe)KAT B OOIIEM TTOJIOXKEHIH.

HauboJsree nnrepecHoii n BaXKHO# M3 yKa3aHHBIX BBIIIE 3a/1a4 sBJISETCA 3aja4a 3.

10



Metoj1 iepepacupe/iesieHust 3apsijioB”

Erop Bakaen, Bepa Bynankuna,
Anekcangp [lomsackuit, Auapeit Psouaes, ['puropuit Yennokon

1 Iloacuér aBymsi cmocobamMm

1.1. B HexoTOpBIX KJ€TKaX HIPSIMOYTOJbLHONU TabIUIbI HAPUCOBAHBI 3Be3/1049ku. M3BecTHO, 4TO
JUIs 000 OTMEUYeHHOH KJIETKH KOJMYECTBO 3BE3I0UYEK B €€ CTOJIOIE COBIAIAET ¢ KOJMIECTBOM
3Be304eK B €€ cTpoke. JloKarkuTe, 4TO YUCIO CTPOK B TAOJIMIE, B KOTOPBIX €CTh XOThb OIHA
3BE3/I0YKa, PABHO UMCJIY CTOJIOIOB TAOJMUIBI, B KOTOPBIX €CTh XOTh OJHA 3BE3I0YKA.

Pewerue. 3amMeHUM KaxKJyIO 3BE3/I0UKY uucjoM 1/k, rie k — KOJIM4ecTBO 3BE3/I0UEK B ee
crpoke (crosbne). Torga cymma dmces B KaxKIOM HEMyCTON CTpPOKe paBHa 1, CJIe0BaTENIBHO,
CyMMa BCEX 4HCesl B TabJIHMIle paBHA YHC/IY HEIYCThIX CTPOK. Ho, aHaJIOrm4HO, OHA paBHA M
YUCJTy HEIYCTBIX CTOJIOIOB.

1.2. Ha decruBaip 3unanTkon npuexaio F sab¢oB u D raomos. [loce dectuBasiss Kaxibiit
THOM TIOJIpAJICS 10 KpaiiHell Mepe C OJHUM JIb]pOM, a KazKIblil 971b¢ — He 0oJiee 9eM C JeCATHIO
rHoMamu. Tak»Ke M3BECTHO, UYTO y KaXKJOr0 THOMA COIEPHUKOB-3Jb(MOB OBLIO OOJIbINE, YeM ¥
JII00OTO U3 HUX — COMEePHUKOB-THOMOB. Jlokarkute, aro D < %E.

Pewenue. amnMm xkaxkaomy 37bdy 3apsan 1, Torma cyMMapHbiil 3apsy paser F. Ecau a1bd
royipaJics ¢ k THOMaMu, TO IIyCTb OT/IACT KaKJIOMY U3 HUX 3apsi] %

Ecsin raOM mogpadsicst ¢ m asibhaMu, To KaXKIplil U3 HUX OApaJics He OoJjibine ueM ¢ m — 1
raomamu (m < 11), a 3HAYUT OTAACT €My 3apsiji He MEeHbIIIe ﬁ SHAYNT KAYKIBIH THOM Oy IUAT

m 1
—9, YTO HE MEHbIIIE {5

3aps/]i He MEHbIIIe
Torma cyMMapHBI 3apsii THOMOB He MEHBIIIE %D, 1pu 3ToM oH paset E. Orciofa mosydaem

HEPaBEHCTBO %D < E, kotopoe Jerko npeobpasyercsa K TpeOyeMoMy BHUJLY.

1.3. B npsmoyrosbHOil TabJmie m CTPOK U 7, CTOJIOIOB, Tiae m < 1. B HEKOTOPBIX KJIETKax
TaOJINIBI CTOSIT 3BE3MOYKHI, TAK UTO B KaXKIOM CTOJIOIE CTOMUT XOTs ObI OfHAa 3BE3MouKa. Jloka-
JKUTE, 9TO CYIIECTBYET XOTsI ObI OJHA TaKas 3BE3/I0YKa, YTO B OJHON CTPOKE C HEIO HAXOIUTCS
0oJIbIIIe 3BE3I0UEK, YeM C HEIO B OJTHOM CTOJIOIIE.

Pewenue. Jlammm KazkI0My HEILyCTOMY CTOJIOIY 3apsam — 1, a KayKI0i HEIIyCTOM CTPOKE 3apsi
1. Torma cymma 3apsiioB oTpuriaresibHa. Tenepb MycTh KaxKblil psiyi (CTOIOEN UM CTPOKA)
pa3IacT CBOI 3apsi/i MOPOBHY BCEM 3BE3I0YKaM, KOTOPbIE B HEM CTOSAT. 1akK KaK CyMMapHBII
3apsj, OTPUIATEIbHBIA, TO HalIeTCs 3BE3/I0YKa C OTPUIATE/]bHBIM 3apsagoM. OHa U sIBJISIETCS
HMCKOMO#, BeJb ee cTOJI0eI] a1 eif OOJIBINIil TI0 MOJLYJIIO 3apsijl, UeM JIajia ee CTPOKA, a 3HAYUT, B
CTOJIOIIE MEHBIIIE 3BE310Y€K YeM B CTPOKE.

1.4. B 6ubimoreke Ha IOJKAX CTOAT KHUI'H, POBHO K IIOJIOK IycThbl. KHMIM mepecTraBu/iu Tax,
9TO TeIeph MyCThIX MOJIOK HeT. /lokaxkure, 4To HaiinéTcsa xoTs Obl k + 1 KHUTA, KOTOpas Terepb
CTOUT H& IOJIKE C MEHBIINM YHUCIOM KHHI, YeM CTOSIJI& PAHbIIIE.

Pewenue. B sTom pemerun OymeM ciieuTh TOIBKO 38 U3MeHeHneM 3apsijaa Kuur. [1ycts ecan
KHITa CHadaJa CTOUT Ha IIOJIKE C 7. KHUTAME, TO OHa 3a0UPaeT y 9TOH MOJIKH 3apsi %, 1 eCJIA B
KOHIIE CTOUT Ha IOJIKE C 1M KHUIaMH, TO OHa OTJAET IIOJIKE 3apsi]l % Torma cymMapHBIi 3apsi
KHUT yMeHbIIuICs Ha k. Ho 3apsin KHUMM He MOXKeT M3MEHHUTHCsI 0OJIbIe YeM Ha 1.

*Bonpocs! 1 3amedanus numute Ha alexander.polyanskii@yandex.ru
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3HaINT, ecThb MO0 Kpaiineir Mepe k + 1 KHUT, KOTOpbIE OTHAAJM OOJIBbIE 9eM IOy IU/IA. JTO
KakK pa3 Te KHUT'H, KOJUIECTBO KOTOPBIX TPeOOBaIOCH OLIEHUTD.

1.5. Tabumna n X n 3am0/HeHa a) HyJIsIMU U €JMHUIAME §) [eJbIMI HEOTPHUIATEbHBIMU TUCIIa~
MH TaK, ITO eCJIH INCIO B KAKOH-TO KJIeTKe Tab/mie paBHo 0, TO CyMMa BCEX 4YHces B ee KpecTe!
e menbinie 1000. Haiinre HanMeHbBITyI0 BO3MOXKHYIO CYMMY YHUCE B TaOJIAIIE.

Pewenue. a) Ilycrs B Tabaune crout x eaunuil. IlomecTnM B KazKIyio KJIeTKy ¢ ¢ 1 3apsi,
paBHbIil 2n. Pazmanum 3apsii n TOPOBHY MEXKIy HYJISIMU CTOJIOIA KJIETKHU C, & JPYTOil 3apsi n
— MeXK/Iy HyJSIMHU CTPOKHU KJjeTKu ¢. OTMETHM, 9TO CYMMAPHBIN 3apsiji paBeH 2Nn..

Hyueit Bcero n? — x. IlycTh cTosbIe ¢ Hy/I€BOi KIETKOH ¢ CTOUT S €IMHUIL, & B CTPOKE — ¢
enunut,. Torpa s + ¢ > 1000. Mroroseiit 3apsij, KOTOpLI noaydur kierka ¢, pasen sN/(N —
s) +tN/(N —t). lokaxkure caMocTosiTeIbHO, 4T0 OH He MeHbIne 1000n/(n — 500). 3uauur,

1000n(n? — z)

2nx >
~ n—500°
N3 nocnennero nepaBencTsa cienyetr, uyTto £ > 500n.

1.6. IlycTb ecThb BBIMYKJIBIH N-yTOJbHUK U BHIOPAHO 1M KPACHBIX TOYEK, OTJIMIHBIX OT BEPIIHUH,
TaKUX, 9TO JIOOOH OTPE30K MEXK/Iy JBYyMsi BEPIIMHAMUA MHOI'OYTOJIbHIKA COJIEPXKUT IO KpaiiHeil
Mepe OIHY KPacHYIO TOUKYy. Torma

3 [(n—1)/2]

Pewenue. B aToMm pemrenun OyjieM cIeIuTh TOJBKO 33 U3MeHEeHueM 3apsiga Kuur. IlycTs ecaun
KHUTa CHAYAJIA CTOUT Ha TOJIKE € 1 KHUTAMHE, TO OHA 3abUPAeT Y ITOH TOJKH 3apsiI %, 7 €CJIN B

1 1 1
mzn(l+o+g+t—rrr ).

KOHIIE CTOUT Ha IOJIKE C M KHUTAMU, TO OHA& OTJIAeT IOJIKE 3aps] % Torma cymMapHBIT 3apsT
KHUT yMeHbInuIcs Ha k. Ho 3apsi KHUTM He MOXKeT U3MEHUThCsT 0OJIbIlle ueM Ha 1. 3HAYNT, ecTh
1o Kpaiineit mepe k 4+ 1 KHUT, KOTOpbIE OTJAJH OOJIbIIIE YeM TOJIYIUIn. DTO KAK pa3 Te KHUIH,
KOJIUIECTBO KOTOPBIX TPEOOBAJIOCH OICHUT.

1.7. Ha miockocTu naHo n OKpy2KHOCTel pajmyca 1, TpudeM HU3BECTHO, UTO KaXKJas Iepece-
KaeTcsl XOTs ObI C OJHOM JAPyroit OKPYKHOCTBIO, U HUKaKas Iapa He Kacaercs. Jlokaxkure, 4To
BCE BMeCTe OKPYXKHOCTH 0Opa3yIOT He MEHbBIE 7 TOYEK HepecedeHus (B OTHOI TOYKE MOTYT
nepecekaTbest 6osiee JBYX OKPYKHOCTENH ).

Pewenue. Iamum kaxki0it Touke repecedenns 3apsa 1. Ecan ona B mepecevenun k oKpyK-
HocTeill, To mycTh oTjgact uM 10 1/k. Tlokaxkem, 4ro Tenepb y KaxKI0ii OKPY’KHOCTH 3apsijl HE
menee 1.

Bribepem Ha TTPOU3BOJIBHOI OKPYXKHOCTH § TOUYKY P, KOTOpas OTJaJja 3TO OKPY?KHOCTU He
Goubilie, YeM Jpyrue To4YkH, mycthb 1/m. Torma vepes P npoxomur m — 1 OKpy:KHOCTEI, iepece-
KAIOIIUXCsl C § B KAKUX-TO M — 1 Pa3/IMIHbIX TOYKaX, OmIMIHbIX 0T P. Takum obpazom, Ha s He
MEHee M TOYEK IePeCcevdeHns, U BCe OHU OTIAIM eii xorst Obl o 1/m. BHaunT, Kaxkaas OKpy K-
HOCTB MoJiydmia 3apsij He MeHee 1. CreqoBaTesibHO, KOJUIECTBO OKPY2KHOCTEN HE MPEBLIIIAET
KOJIUYIECTBO TOUEK II€PECEUCHHUS.

1.8. Ksazpar paspesanu Ha HECKOJBKO TPEYyroJbHUKOB. JloKakuTe, 9TO cpeanm HUX HANIETCS
IBa ¢ o0Ieit CTOPOHOI.

Pewenue. 1lpenmomoxkuM, HALIOCh pa3dUeHNe, B KOTOPOM HUKAKHUE JIBa TPEYTOJHHUKA HE
nMeroT obIeil croponsbl. IIprcBonM Kaxk10il BepImHe pa3pe3aHust 3apsijl, PABHBIA CyMMe CXOJIs-
IAXCs B HEl YIJIOB TPEYTOJIbHUKOB. TakuM 00pa30M, BEPIIUHBI OBIBAIOT TPEX BUIOB:

1. BepIIUHBI KBaJIpaTa — C 3apsiJIoM 5}

2. BepIIUHBI, JIeYKAIlUe Ha CTOPOHE KBaJIpaTa WU Ha CTOPOHE OJTHOTO U3 TPEYTOJbHUKOB — C
3apAIOM T;

! Kpecmoam KileTKY Ha3bIBaeTCsl O0beUHEHNe €6 CTOMIOIA U €6 CTPOKH.



3. BepINIWHBI, He JIeXKAIlle Ha CTOPOHE KBaJIpaTa WJIM TPEYTOJbHUKA — C 3apsIIoM 27T,

[Iycts ecTh @ BepiiuH BTOPOTO THIA U b BepImH TpeThbero tuma. Torma 3apsiibl B CyMMe Jai0T
(a 4 2b+ 2)7, ciaenoBaTEIBHO, YUCIO TPEYTOJBLHIKOB PABHO a + 2b + 2.

TToctpoum cirenyromuii mwiockuii rpad. Bo3bMEéM Bce BepmMHBI TPEYTOJLHUKOB B KAIeCTBE
BepimH. [TpoBeiéM B KayK10M TpeyrobHUKe 10 Tpu pebpa (cM. puc. 1) u mocajauM Ha, OJLy IHB-
IIYIOCsT TPEYTOJIBHYIO TpaHb 3apsit . OcTajibHble TPAHU UMEIOT He MeHee 3 BEpInH, pa3o0béM
X IUarOHAJISIMHA Ha TPEYTOJIBHUKH W ITOCANM Ha KaKIbIi n3 HUX 3apsy 0.

Puc. 1: Tlocrpoenue rpada 1o paspe3aHnio KBajpaTa Ha TPEyTOJbLHUKHI.

Urak, B momy4uerroM miockoM rpade I' Bce rpanm TpeyrojbHble U uMeroT 3apsag 0 mim .
[To nocrpoennto cymma 3apsiioB paBHa (a + 2b + 2)7 u HUKaKue JBe I'DAHU C 3apsIaMU T He
rpanuyar 110 pebpy. 13 pasencrsa 2E(I") = 3F (') u dopmyiibl Ditepa mosrydaeM COOTHOIIEHE

E(I) =3V()—6=3(a+b+4) — 6.

Temepp mycTh Kaxkjasi IpaHb OTHACT IO TPETH CBOETO 3apsijia CMEXKHBIM C HElo pEOpaM.

" " (a+2b+2)7
Cpennunit 3apsii pébep Oyuer paBeH 30130719—6
zapsan 0. VImenno, xorst 661 01HO peOpo OBLIO MTPOBEAEHO 3a IMpeaeiaMi KBaIpaTa, ero-To 3aps
TouHO HyJieBoil. CiegoBaTeIbHO, HAAETCsT pedpo, 110 KOTOPOMY I'DAHMYAT JBa TPEYTOJIbHUKA, C

3apsIOM T, IPOTUBOPETHE.

= %7‘(. Ho xak MuwHUMYM OJIHO pPebPO mMeeT

1.9*. Ha miocKoCTH HAPUCOBAHO N MIPSIMBIX B OOIIEM MOJIOXKEHUU (JII00BIE JIBE [EPeceKAIOTCs 1
HUKaK{e TPU He [POXOJSAT uepe3 OJHY TOUKy). Jokaxkure, 4TO cpeji dacTeil, Ha KOTOPbIE 3TU
psiMble pa30UBaIOT IJIOCKOCTh, HAWJIETCS HE MEHEEe N — 2 TPEeyroJIbHUKOB.

Pewerue. HerpyaHo ybeauThcss B TOM, 9TO HA TUX HPMBIX Oyzger obpasosaHo n(n — 2)
OTPE3KOB, a Ha IIJIOCKOCTH OyjieT m = %
HUKOB.

KOHeJHBbIX rpaHeil. [lycTs cpean nux ¢ Tpeyro/in-

Paccemorpum orpesok AB. IlycTh aBe npyrue jaHHBIE IpsiMble, KpoMme A B, Mpoxosiiiue de-
pe3 A u B, nepecekatorcst B Touke C. HazoBeM Ty HOJIyILIIOCKOCTH OTHOCUTENHHO A B, B KOTOpOIA
sexxut Touka C', eeprret] njs orpeska AB.

Hajum kaxjgomy orpesky AB 3apsiyi 1 u mepenajiuM STOT 3apsiji B TY CMEXKHYIO C HUM
IrpaHb, KOTOpas JEeXUT B BepxHel s AB nomymmockocrn. Kaskaplii TpeyroabHUK HOJIYdUT
sapsa 3. Jlokaxkem, 94To ocTajbHBbIE TPAHU MoJydar He Gosbine 2. Eciu rpanb mojydaer 3apsi
ot cropoubl AB, To BHemmue yriabl A u B 310ii rpann B cymme Gosbire 180°. CymMMa BHENTHEX
YIJIOB MHOTOYTOJIbHUKa paBHa 360°, Tak 4TO MOJYYUTH 3apsiji OT TPeX pebep MOXKHO, TOJBKO
KOTJIa BCE 3TH TPHU pedpa MOMapHO COCeHUE, TO €CTh TOJbKO B CIydae TPEyroJbHUKA.

Hcxonpas cyMMa 3apsijioB OTPE3KOB paBHA IIOJIyYHBIIEICS CyMMe 3apsiioB TpaHeii, OTKy1a
nostydaeM HepaseHcTso: n(n —2) < 3t + 2(m —t) = 2m + t. Ilpeobpaszosas, nomyunm n? — 2n <
n® —3n+2+t. Orciona n — 2 < t.

Hpyroe pertenne cm. crarbe |[1].

2 3agaum o rpadax

Ilmanapusbie rpadbl

Boigenum o611yio niero pemenns 3a1a9 9TOro pasiaesa.



Hanomumnm dopmysty Ditrepa mist mwiockoro rpada I's |V(I)| — |E(D)| + |F(T')| = 2. Jomuo-
KUB 00e JacTu Ha (—2) u y4uThIBast, 9TO

2|E(T Z degv = Z deg f,

veV (D) feF(rT

npeacraBuM €e B BUIE

Z (avdegv — 2) + Z (1 —a)degf—2) =—4. (1)

veV(T) fer(r)

Tenepn, BuIOUpast KaXKJIbIil pa3 MOAXOINee (v, OyIeM TOJIyIaTh pa3IndHbie TOXKAeCcTBa. Ha-
3HaYaeM BEpINMHAM U TPAHAM 3aPAIbl COTJIACHO TOXKIECTBY, IIPU 9TOM CYMMapPHBIN 3apsia Oy1er
OTpHIIATEIbHBIM. PerraeM 3a1a4dy oT IpOTUBHOTO. VcXomst u3 3aIaHHbIX Ha I'pad orpaHuYeHNnit,
YKa3bIBAEM IIPABUJIA IEPEPACIPEICICHU 3aPII0B TaK, YTOOBI B UTOre 3aPs/] KAXK 0 BEPIITHHBI
1 KaxKJOi I'paHU CTaJl HEOTPHUIATEIbHBIM. TaknM 06pa3oM MbI OyeM IoJIydaTh IPOTUBOPEUHE.

2.1. JlaH BBIIYKJIBIHI MHOIOT'PAHHUK, Y KOTOPOTO HET YEeTBIPEXYTOJbHBIX U IMSATHYTOJbHBIX
rpaneit. /lokaxkure, ITO y HEro 1mo Kpaiineit Mepe 4 TPEyroJbHbIE TPAHU.
Pewenue. CropoekTrpyeM MHOTOIPAHHUK Ha ILIOCKOCTb TaK, YTOOBI HOJIYUHJICA ILJIOCKHI

rpad. Ymuoxus (1) npu o = % Ha 3, moJIyvaem:

Z (2degv —6) + Z (deg f —6) = —

veV(T) fer(T)

JaumM BepImHAM U TPAHIM 3apsi/ibl COIVIACHO MTOJIY IUBIIIEMYCST TOXKJICCTBY: HA3HAYUM KaK-
Joit Bepumne v 3apsig (2degv — 6), a xkaxoit rpann f 3apsn (deg f — 6). Tak kak y Jt06oii
BEpINUHBI CTENEHb HE MeHee 3, TO 3apsiJi y Hee HeoTpunarebubiil. Eeim deg f = 3, To ee 3apsiy
—3, a npu deg f > 6 ee 3apsii HEOTPUIIATEIBHBIN. TaK Kak cyMMapHBIA 3apsisi paBeH —12, To
Hafijercs Xorsd Obl 4 rpaHu ¢ 3apsjaoM —3, TO €CTb 4 TPeyroJibHbIe IPAHU.

3aMeTuM, 9TO JOCTATOYHO OBLIO HA3HAYNTDL 3apPsJibl U IIPOBECTH IIOJCYET, a UX IIepepacipe-
JeJieHre He IIOHa1001I0Ch.

2.2. [an mnanapueiii rpad ¢ §(I') > 2, Bce UKJIBI B KOTOPOM JUIMHBI [0 KpaiiHeil mepe 7.
Hokaxkute, uTo HaligeTcs pebpo Beca He OOJIbIIE 5.

Pewenue. Ymuoxas ua 3 paBencrso (1) mpu o = %, OJTy IaeM

Z (degv — 6) + Z (2deg f —6) = —

veV (T feF(T)

Tak Kak Bce IpaHyu TPEYTrOJIbHbIE, TO BTOPOE CJIAraeMOe PABHO HYJIIO:

D (degv —6) = —12.

veV(T)

Hamum kaxkoit Bepriuae v 3apsiyt degv — 6. [lycTb KaxKjast BepIInHA CTEIEHU 10 KpaiiHei
Mepe 7 OTJIACT 3apsiJ PABHBIT % B KaXK/IyIO0 COCEJHIOIO C HEl BEPIIMHY CTEIEHU D.

[Tpeanonoxkum, uro Her rpanu (5,6,6). Torga y Bepiunbl crenenu 5 He 6oJiee 1ByX cocesieit
UMeIOT CTeleHb 6; T.e. y Hee 10 KpaiiHeil Mepe TpHU coceia cremeHn He Mmenbire 7. Ilpy n > 7
BEpIMHA CTENleHN 1 MHIU/ICHTHA He OoJjlee § BEPIIMHAM CTelleH’ 5, T.K. BCe I'PAHH TPeyTro/IbHbIe
u HeT pebép Buma 5-5.

Torma 3apsaa KaK/I0i BEPITUHBI CTEIIEHN O CTaHET He MeHee —1 4+ 3 - % = 0. 3aps/ BepIIUHbBI

=0.IIpun > 8

3apsiJl BEPIIMHLI CTEIICHN 7 OCTaHeTcs: He MeHee n — 6 — 5 - L= %n —-6> % -8—6>0.

crerrenn 6 ocranercst 0. 3apsiji BEPIIMHBI CTEIIEHN 7 OCTAHETCsT He MeHee 1 — 3 -

Wl

3
2.3. Han muanapusiii rpad I' ¢ §(I') > 5, Bce rpaHn KOTOPOro — TPEYTOJILHUKHU, & TaAKXKe HET
JBYX COCEIHUX BepInuH crerenu H. /lokaxKkure, 4T0 HAlIETCsA IpaHb, CTEIEHU BEPIIUH KOTOPOit
paBHEBI 5, 6 1 6 COOTBETCTBEHHO.



Pewenue.

=

Ioxcrasum o = 3 B pasencTso (1) 1 yMHOXKUM Ha 3, HOJLY UM

Z(degv —6) + Z(Qdegf —6) = —12.

veV fer

T.x. BCe I'PaHl TpEYTOJIbHbIEC, TO BTOPOE CJ/lara€MO€ PaBHO HYJIIO:

Z(degv —-6) = —12.

veV

Hannm kaxkoit Bepiune v 3apsiy degv — 6. [IycTb Karkjast BepInHa CTeleHu 1o KpaiHeit
Mepe 7 OTJIACT 3apsi/ PaBHBII % B KaXKJIyIO0 COCEJIHIOIO C Hell BEPIIUHY CTEIEHU 5.

[Tpeanomnoxkum, aro ner rpanu (5,6,6). Torga y Bepmunb! crenenu 5 He 60stee IBYX coceieit
UMEIOT CTelleHb 6; T.e. Yy Hee IO KpaiiHeil Mepe TpHU cocejia crereHu He Mmenbiie 7. Ilpy n > 7
BepIIIHA CTeNleHN 7 WHIUICHTHA He 6oJlee 5 BepIIMHAM CTeIeHH 5, T.K. BCe TPaHH TPeyTOIbHbIC
u HeT pebEp Buga 5-5.

Torma 3apsia KaxX10it BEPIUHBI CTEIIEHN b cTaHeT He MeHee —1 + 3 - % = 0. BapsiJ BepUINHbI
crerienn 6 ocranercs 0. 3apsiji BEPIIMHBL CTEIIEHN 7 OCTAHETCs He MeHee 1 — 3 - % =0.Ilpun > 8

1

3apsl]| BEPIIMHBI CTEIICHU 7 OCTAHeTCst He MeHee n — 6 — 5 - 3 = %n -6 % -8—6>0.

2.4. Han mnanapusiii rpad I' ¢ 6(I") > 5. Jokaxkure, aro Haiigercs: pebpo Beca ne 6osbie 11.

Pewerue. Ymuoxkas Ha 2 paBeHcTBo (1) npu o = %, [OJIy 9aeM

Z (degv —4) + Z (deg f —4) = —8.

veV(D) fEF(T)

Hamnm kazxnoit Beprimae v 3apsaf (degv — 4), a kaxgoit rpanu f 3aps (deg f — 4).

IlycTh Kaxkiasl BepIIMHA CTEHeHH D OTIJAeT BCeM I'DaHSM, KOTOPLIM IIPHHAIJIEIKUT, IO
crerienn 6 — 10 %, CTEINleHN He MeHbIIe 7 — II0 %

V Bepmmn crenenu 5 u 6 3apsan craner pasHbiM 0. [Ipy n > 7 y BepIIMHLI CTENEHN 1L 3apsiL
CTa.HeTpaBHbIMTL—4—%TL: %n—42%~7—4>0.

V Bcex rpaseii cremeHm Gosbhie 3 3aps] N3HAYAJLHO HEOTPHUIATEILHBIA W IIPH IIepepac-
Ipe/ie/IeHUN HE YMEHDIAeTCs. 1ernepb PACCMOTPUM TPEYTOJIbHYIO rpadb. [Ipesmnomoxum, ITo y
KaxkJ0ro pebpa Bec He Menbme 12. Torma Habop creneHell BepIIMH TPEYTOJBbHON I'DAHU MMEET
syt 6o (5, 7+, 7+), 6o (6+, 6+, 6+)2. B mepsom cirydae rpaHb TOJIy9aeT OT BePITHH 3apsil

% + % + % = 1, Bo BTOPpOM % + % + % =1, uTo menaeT ee 3apsa paBHBIM (.
2.5.
Han mnanapusiit rpad I' ¢ §(I") > 3. Jokaxure, 9ro Haiijercs Takas mapa u3 rpad f u

BepimHbl v B Heil, uro deg(v) = 3 u deg(f) < 5 mwim deg(v) < 5 u deg(f) = 3.
Pewenue. Ymuoxast na 3 pasercrso (1) upu a = 3, nomyuaenm

1
5

Z (degv —4) + Z (deg f —4) = —8.

veV (I) feF()

Hamnm kazxnoit Bepimmae v 3apsj (degv — 4), a kaxoit rpanu f 3apsig (deg f — 4).

[Tpeanoo:KumM, 9To y KaxKI0i IpaHu CTENeHH 3 BCe BEPIIMHBI UMEIOT CTEleHb He MeHbIe 6,
U BEPIIMHBI CTEIeHN 3 €CTh TOJLKO y IpaHeii cTereHu He MeHblie 6.

ITycTh Kazkaast BepIIMHA CTEIEHN He MeHbIIe 6 OTJaeT, rPaHsaM B KOTOPBIX OHA JIEXKUT, 110 %
Bapsiyi TaKUX BEPIIMH OCTAHETCsI HEOTPUIATEIHLHBIM, & y TPEYTrOJbHBIX I'DaHell CTaHeT PABHBIM
0. Takzke 1ycTh Kazkjasi TPaHb, Y KOTOPOil He MeHee 6 BEPIIUH, OTJAET CBOMM BEPIIMHAM 110 %
VY rakux rpaHeii 3apsiji OCTAHETCSI HEOTPUIATEIBHBIM, & Y BEPIIUH CTEIeHH 3 OH CTaHeT PaBHBIM
0. YV ocTraJbHBIX BEpIIMH U TpaHeii 3apsij] HeOTPUIATEIbLHBIA U3HAYAIBHO U OH HE YMEHBIITUTCS.

TTon k+ mompasyMeBaeM 4HCIIO, He MeHbIIee k.



2.6. lan wranapusriii rpad I' ¢ 6(I") > 3. Hokaxkure, ato y I' ectb He Gostee ueMm 5-yroabHast

rpalb, B KOTOPOI CTEIeHH BCEeX BEPIIUH, KPOME BO3MOXKHO OIHOM, He Ipesocxoadar 11.
Pewenue. Ymuoxast Ha 3 paBercTso (1) npu o = %, OJIy 9aeM

Z (2degv —6) + Z (deg f —6) = —12.

veV(I) fEF(T)

Jlanum BepminHe v 3apsia, paBHblil 2deg v — 6, a rpene f 3apsia, paBHblil deg f — 6.

IIpeamonokum TPOTUBHOE, TO €CTh Y KaXKIOH T'PAaHM CTENEHN MO KpaiiHeil Mepe 5 HalméTcs
X0Tst ObI 2 BEPIINHBI CTEIIEHU He MeHee 12.

Ilycrs xaxkmast Bepmnna creneHd N > 12 oTmact 3apspn % KaXKJ0if rpaHe, B KOTOPYIO OHA
BxoauT. Torma e€ 3apsi CTAHOBUTCSI pABHBIM 21 — 6 — %n = %n — 6 > 0. Kaxmast rpadb cTeneHn
He 6osiee 5 TOT A MOy YUT 3apsi/i OT 10 KpaifiHeit Mepe jiByx Bepiiud. [losTomy eé 3apsi Oyier He
MeHee —3 + % -2 = 0. Bce ocrayibHble BePIIUHBI U IPAHU U3HAYAJIBHO UMEJIM HEOTPUIATEIbHBIH
Bec, a B IPOIIECCE TEPEPACIIPE/IE/IHUS 3aPSAI0B UX 3aps L He yMenbinmicd. [Iporusopedne.

Jlerkme packpackm

2.7. a) Hokaxure, 9To j11000# IIaHAPHBIN Irpad MOKHO PACKPACATH B 6 1IBETOB NPABUJIBHBIM
00pa3oM.

6) Ilycrs miist sioboro noarpada mHekoroporo rpada Haiigérces BepuinHa rpada cTerneHn He
npeBocxosieit d — 1 mim wHIyIIUPOBAHHDBIN Y6THDBIN MK, CTEIIEHb KaXK 0 BEPIITUHBI KOTOPOTO
He npeBocxoiuT d. JJokaxkure, 94T0 rpad MOXKHO MPABUJIBHO PACKPACUTH B d I[BETOB.

Pewenue. a) B xaxoif rpanu He MeHee Tpex pebep, snauut, 3F < 2F. IloxcraBus 310
HepaBeHCTBO B (opmysy Ditnepa, moayuum: 6 = 3V —3E +3F < 3V —3E +2F =3V — E.
Orciona 0 < 3V — E u 2E < 6V. Takum obpa3oM, cymMMa cTeneHeil BepITHH MeHbIe dem 6V .
3HaYuT, B JIOOOM IIJIaHapHOM rpade HailJeTcs BepIInHa CO CTEleHbI0 MeHbIie 6.

JlokaxkeM 10 MHIYKIMH, ITO JIF00OOI TIJIaHAPHBII rpad Ha 1 BepIIMHAX MOXKHO IIPABUJIBHBIM
obpaszom packpacuthb B 6 1iBeTos. baza oueBnjina. /okarkem mepexo/i: mycTb 3TO BEPHO JIJIsT BCEX
rpacdos Ha k BeprmHax. Paccmorpum npoussosibHbIil rpad I #Ha k + 1 Bepmiune, myctb v — €ro
BepiuHa crenienn Menbiie 6. Packpacum rpad I'\ v B 6 11BeToB, 1ocjIe 4ero moKpacuM BepPIINHY
v — JIJIs Hee HARJIeTCs JIOCTYIHBIA 1IBET.

6) dokaxkem 510 yTBepK/eHue jiiis Beex moarpados I' o MHAYKIUN [0 KOJIMYeCTBY BEpIIUH
n. baza oueBumna. JlokaxkeM mepexoj: MycTb 3TO BEPHO JJjist Beex rpadoB Ha He Gosiee ueMm k
BepIumHax. Paccmorpum mpousBoibubiil mogrpad I' na k + 1 Bepmune rpada T

Ecsu B T Haiinércs BeprmHa v crenenu He npesocxofsiieit d — 1, o packpacum rpad I'\ v,
3aTe€M PACKPACHM BEPIIUHY V.

WNuadge B I' Haiiiércs 9€THBINA UK U102 . . . U, CTEIEHDb KaXKJOW BEPIITUHBI KOTOPOI'O HE IIpe-
BocxouT d. O6osnaunM kak C' MHOXKEeCTBO ero BepuinH. [IpaBusibao packpacum rpad '\ C.
Temepn mokaxkem, Kak mokpacuTb C. U3 kaxkjoit BepmmHbI MHOXKecTBa C' BBIXOAUT He OoJiee
d — 2 pebep B mHOKkecTBO [\ C'; 3HAUUT JIJIst 9TUX BEPIIMH OCTAETCS XOTsl ObI 110 2 BAPUAHTA, B
KaKWe I[BeTa UX MOYKHO IOKPACUTD.

JlokazkeM CJIe/IyIONIy 0 JIeMMYy.

Jlemma. Ecau kaorcdoti sepuiute 4emmo20 yukia Ha3HaveH CnUucox u3 2 u8emos, 6 Komopoie
€€ B03MOICHO NOKPACUMD, MO IMOM YUKA MONHCHO PACKPACUMD NPABUALHLM 00PA3OM CO2AACHO
CNUCKAM.

[Ipentonoxkum, 310 ciesiaTh HeJb3st. Kcim y Bcex BEpIINH CIUCKU OJUHAKOBBIE, TO IHKJI
MOYXKHO PACKPaCUTh, depelys nBera. B mpoTUBHOM ciiytae HaWIyTCs JIBE COCEIHUE BEPIIUHBI C
Pa3HBIME CIIUCKAMH, IIyCTh 3TO v1 U V. [lokpacum v B 1BET, KOTOPOIrO HET B crucke vg. s
BEPIIUHBI U9 OCTAHETCsT XOTs ObI OJINH JIOCTYIHBIN 1IBeT, moKpacuM ee. [loroMm mokpacum vs, vg u
Tak jlaJjee J10 vg. Takum o6pas3oMm, JTIo0bIe JIBe COCE/IHNE BEPIINHDBIT IIOKPAIIEHBI B pPa3HbIe IIBETA,
BKJIIOYAs Iapy U1 U V.



2.8. a) [okaxkure, uro Jyisi J060r0 3aJaHHOTO k HANIETCsS TAKOe M, UTO MOJIHBIH JIBYI0/Ib-
Helil rpad K, , He Oyuer k-BblOMpaeMbIM. XOTd 1 ABIAETCH 2-PaCKpPAIlINBAEMBIM, KaK JII000i
JBYJIOJBHBIN Tpad.

6) Jlokaxkure, 4TO UK/ YETHOMN JIJIMHBI HE TOJIBKO 2-pacKpaIluBaeM, HO U 2-BbIOUpaeM.

Pewenue. a) Ilycrs B 1epBoil Jjios1e GyyT BepIIMHBI ¢ HOMepamu OT 1 10 k, y BepIIUHbBI
HOMep i CIHCOK (i1, Ci2, - . ., Cik) JUI BCEX i, U IyCTh BCe 3TH k2 MBETOB Pa3/IM4HBL. A BO BTOpOIl
nosie — k¥ Beprium co BceMn BO3MOMKHBIME CIIUCKAMHI BUIRA (Clay s Congs - - - 5 Chay ), TAE Tj ITO TUCIIO
or 1 no k njiga Bcex i.

Toraa ayst 1I00601 pacKpacKy BEPIIUH [IePBOit TOJIU HANIeTCsI BEPITHHA BTOPOI TOJIH, CIIICOK
KOTOPO# COCTOUT KaK pa3 U3 ITUX I[BETOB, U €e He MOJyYUTCs pacKkpacuTsb. [lo ycimoBuio Tpebo-
BaJIOCh, 9TOOBI B JOJIsIX OBLIO MIOPOBHY BEPIIUH, HO 9TOI'O JIETKO JOCTHYb, JI006aB/Isisi BEPIIUHBI C
[IPOU3BOJIBHBIMU CIIUCKAMU B MEHBIIIYIO JIOJIIO.

6) Cwm. jilemMy u3 perenust 3aja49u 2.76.

2.9. a) [an mianapuelil rpad, BHEIIHssI I'PaHb KOTOPOIO 3TO IHUKJ Uj ...UkU1, OCTAJIbHbIE
IPaHK TPEYrobHble. BepmHaM v1 1 vy COOTBETCTBYIOT CIIMCKK U3 JBYX IIBETOB, KAXKJIOMH JIpyroi
BEPINIMHE BHENTHEN T'paHU MPUIHCAH CIIUCOK M3 TpeX IBETOB, a KaKJ0M BHYTPEHHEN BepIuHE
HPUITACAH CIIUCOK U3 b 1BeToB. JloKaxkuTe, 94TO CyNIeCTByeT IpaBujibHas CIIUCOYHAs PACKpacKa,
COOTBETCTBYIOIIAS 3TUM CIIUCKAM.

6) dokaxkure, uro mis mwranapuoro rpada I' Bemosasiercs ch(I') < 5.
Pewenue. Cwm. Teopemy 5.4.2 kuury ducress [2]

2.10. IIycrs I' — muranapubiii rpad ¢ A(T') > 11. Kaxmoil BepiinHe Ha3sHAUEH CIUCOK U3
A(T), a kaxxaomy peopy — u3 (A(T') +2). Torga MoXKHO Tak BBIOPATDH 1IBETA U3 CIIUCKOB, YTOOBI
[TOJIYIUTh TOTAJIBHYIO CIIMCOYHYIO ITOKPACKY.

Pewenue. Criepa JOKaxKeM CJIEAYIONLYIO JIEMMY':

Jlemma. B naanaprom epage I', y komopozo cmenenu 6cex sepuun ve memnee 3, ecmv pebpo
¢ 6ecom He boavwe 11 uau yuka us 4 eepwun, nporodaujull yepes 2 sepuuno, cmenenu 3 u
COCEOMI010 ¢ HUMYU BePULUHY cmenery e bosvwe 10.

Zoxazameavcmeo aemmor. HazoBem pebpo séekum, ecim ero Bec He 6osbine 11. Ilycrs B T
HeT JIETKUX pE0ep U CHeluaIbHbIX 4-1UKJIOB, OIMUCAHHBIX B YCJIOBUH.

Ecmm y kakoii-to rpann Gosbime 3 pebep, B Hell MOXKHO ITPOBECTH HEJIETKYIO JTHATOHAJID.
JleficTBUTEIEHO, CPEJIHUI BeC JMaroHajeil B I'PAHU PABEH CPeJIHEMY Becy pébep eé mepumerpa,
CJIeI0BATEIbHO HalIETCa AuaroHalib ¢ BeCOM XOTs Obl 12.

SameTnm, 9TO MOCe H00aB/IeHnsT pedpa clenuaibHble 4-1UKJIBl U3 YCJIOBUST JIEMMBI [TOSIBUTH-
cst ve moryT. [lobasnss nenerkue pébpa, nomyqamm rpad IV (BO3MOXKHO, MMeOIuil KpaTHbIe
pédpa), y KOTOPOro Bece rpanu Tpeyrobabie. 13 dopmyiier Ditnepa moaydaem

Z (degv — 6) + Z (2deg f — 6) = —12.

VeV (I7) fER(I)

Hasunauum kazjioii Bepimute v Bec (degv — 6), a rpann f Bec (2deg f — 6).

Ilycrs kaxkmast BepImmHA v CTelleHM He OOJibIle b 3abupaeT Bec %ge%” OT KazKIo# cocen-
Hell BepIINHBI CTEIEHU HE MEHBIIE 7, IOCe Yero BEC U CTAHOBUTCsS paBHBIM HYJO. [lokaxkem,
9TO TOCJIE Tepepacipeie/ieHus OCTAJIbHbIC Beca OCTaHyTCsl HEOTPHUIATE/bHBIME, U, ITOCKOJBKY
CyMMAapHBIl BeC OTPHUIATEJICH, [TOJIYIYUM [IPOTUBOPEUHE.

IV — 310 Tpuanrynsnusa 6e3 Jerkux pedep, TO Karkjad BeplluHa cTerneHn k mmeer He Gosiee
ng cocefieil, KOTOPBIM OHa OTIAET Bec. BeprumHa creneHu 7 OTJAeT BeC TOJIbBKO BEPIINHAM CTe-
IeHn 5, T03TOMY OHa OTJAeT Beca He OoJibIle 3 - % U ee BeC OCTaeTCs MOJOXKUTEeTbHbIM. BepmHa
CTeleHn 8 OTJAeT BEC TOJILKO BEPIIMHAM CTEIeHU He MeHbIe 4, I03TOMY BCEro OTIAeT Beca He
6outbItie 4 - % U ee BeC OCTAeTCs HEOTPHUIATEbHBIM. FKC/IN y BEepIIUMHLI W CTENEHb He MeHbIre 11,
degw ]

2

To He Gosee yem | eé cocemeit 3abuparoT He OOJIBINE YeM MO 1, M BeC w OCTAeTCsI He MeHee

[degw

b} -| — 6, TO €CTb OCTaeTCd HEeOTpUIlaTEJIbHbBIM.



Ocrajoch paccMOTpeTh Caydail, Korma cremneHb BepiinHbl w pasHa 9 mau 10. Tak Kak Bce
IPaHM TPEYTOJIbHBIE, TO COCENIN W OOPa3yIOT 3aMKHYTHI MapuipyT JauHbl deg w. Hu omnaa Bep-
IIIMHA CTEIEHN 3 HE BCTPEYAETCS B TAKOM MapIIpyTe IBaXKbI, IIOCKOJBKY KpaTHble PEOpa He
MOI'YT BBIXOJUTH U3 BEPIINHBI cTeneHr 3. Tak Kak HeT JIerKuX pebep W 3allpelieHbl HEKOTOPhIE
CITeNUAJIbHbIE 4-TIMKJ/IbI, TO B 9TOM MAPIIPyTe MEXKJy JABYMs BEPIIAHAMU CTEIEHU 3 IOJI2KHO
OBITH XOTsI ObI TpU pedbpa.

Wrak, y Bepiunbl w crenenu 9 He 60s1ee TpEX coceseil crernenu 3, U KOTIa UX POBHO 3, TO Y W
ocraerca Bec 0, T.K. OOJIbIIIe HUKAKNE BEPIIUHBI He OTAAIOT eff Bec. Ecm y Heé 2 cocena creneHun
3, To He OOJIBIIIE IBYX COCEIel cTemeHW 4 WM D, U CHOBA BEC OCTAHETCs] HEOTPUIATEHHBIM.
Ecmu y neé 1 cocen crenenn 3, To He bosibltie 3 coceneil crernenu 4 nim 5, 1 CHOBa BEC OCTAHETCS
rojtoxkuTe/IbHbIM. Cirydan Jjist BepInuHbl crerieHn 10 paccMaTpuBatOTCsl aHAJIOTUIHO.

Jlemma doxasana.

Bepremcst k perttennto 3aa4u. [Ipemoioxkum, 9To ecTb rpadbl, He YI0BIETBOPSIIONINAE YCJIO-
BUIO 3aJ1a4M, PACCMOTPUM MUHHMMAJbBHBIN (110 KoamdecTBy pebep) Takoii rpad I' u coorBercrBy-
OIIME CIIMCKHM BEPIIUH.

JInu6o y I' ecTtb Bepmuna cremeru me 00Jibine 2, b0 K HEMY NpuUMeHHMa JiemMa. Paccmar-
pUBas CTEIeHU BEPIINH y JErKuX pebep, nMeeM TPU BO3MOXKHBIX CJIyUasi:

1. BT ectb pebpo uv ¢ degu < 2.
2. BT ecrb pebpo uv ¢ degu = 3 u degv < 10.
3. BT ecrb pebpo uv ¢ degu < 5 u deg(u) < 7.

Tak kak I" MuHUMAJIBHBIN rpad, M/ KOTOPOro HET packpacku, To jJjst rpada I' — uv pac-
KpacKa eCcTh. BpeMeHHO yajiuM IIBET BEPIIMHBI U, Mbl BHOBb PACKPACHUM €€ IIOCJEe TOro, Kak
BBIOEpEM HBET pebpa uv.

PaccmoTrpum, B KaxKJIOM U3 CJIy4aeB BO CKOJILKO IIBETOB MOI'YT OBITH IOKPAIIEHBI 3JIEMEHTHI,
CcMeXHble ¢ pebpoMm uv (cuuTasi, 9YTO U He WMeeT IiBera). B mepBoM ciiydae oHO He GOJIbIIe
A(T) + 1, Bo Bropom — se Goubine 2 + 1+ 9, B rperbem — 4 + 1 + 6. ljnna ciriicka 1BeToB y
pebpa A(T') + 2 > 13, Tak uro Jyisi pebpa uv OCTAaHETCs CBOOOIHBIN I[BET.

Ocrajoch mokpacuTh BepmuHy 4. Tak Kak degu < 5, To HejocTymHO He 6ojiee 10 1BETOB, a
kosmmdecTBo 1BeToB B crimcke A(I') > 11, tak uro u it v Haiigercst CBOGOIHBII IIBeET.

3 Cepbesnbie 3a1a91

3.1 Cuowuuyeunsie rpadbl

KiroueBast 3agayua 1. Jlokaxkure, 9T0 HE CYIIECTBYET H-PEryJISPHOIO CIIMIETHOIO Ipada.

3.1.1. [lan rpad MUHEMAJBHBIX PACCTOSHUI Ha N BepIINHAX, BCe BEPIINHBI KOTOPOrO HAXOIAT-
cs1 B obieM nosoxenun® . JIokaxkuTe, 94To a) 4uc/I0 pébep Menbiue 5n/2; 6) HalIETCA TOCTOSHHAS
¢ MeHbIas 5/2 takasi, 9To dncyao pédep He GOIIbIIE CN.

B) ['pad HasbiBaeTCst unmepecHviMm, €Ciiu OH sBJIsieTcsl IpadOM MUHUMAJIBHBIX PACCTOSHUNA 1
15T I060it BepImHBI Tpada OHa I BCe e COCeIN HAXOISTCS B 0bIeM mostoxkennn’. Jlokazknre,
qT0 JyIst Joboro ¢ < 5/2 naiinercs naTepecusiii rpad ¢ ve Menee dem c|V (I')| pebpamu.

Pewenue. 6) Ha nporsizkenun sroro jokasaresnbersa ' Beerja obo3HauaeT Kakoil-1u60 rpad
MHUHMMAJILHBIX paccToguuii. [ToMecTuM 1o e JuHIIHOMY 3apsiy B KazKIyIO BEPIIMHY U KaXKIyIO
rpanb. Terepb 3apsi/i KaXkJI0if I'PaHN ITOPOBHY PAa3/IaJINM €€ BEPIIHHAM.

T.x. ' 370 rpad MUHUMAJIBHBIX PACCTOSHUI, TO CTEIEHb KarKJOW BEPIIUHBI HE OOJIbIIE 5.
Kpome Toro, B Takom rpade TpeyroJibHasi FpaHb He MOYKET I'PDAHUYNATH C JBYMsI JIPYTUMU TpPe-
YTOJBHBIME TPAHAMHA (B 9TO# KOHCTPYKIIUH TPH BEPIIUHBI JIEXKAT HA OJHON MPAMOii).

3To ecTh HUKAKWE TPH He JIEXKAT HA OJHON HPSIMOIL.
“11pu sTOM BCe BepumHbI rpada He 06s3aHbL GbITH B OOIIEM TOJIOXKEHUH



Takum 06pa3oM, HUKaKasl BEPIUHA He MOXKET MMeTh 3apsia bosbire 1 + % -3 = %, 1 3apsi

MOXKET OBITH TOJIBKO Y BEPIIUHDLI CTEIIEHH D, CMEXKHOI ¢ IpaHsIMU, CTelleHd KOTOPLIX 3T0 3, 3,
+, 3, 44+ ¢ TOYHOCTBIO JIO MIEPECTAHOBKHY 110 IuK,/1y. HazoBeMm Takyio BepmmHy pezyaapHo.
MaxkcuMaIbHbBIA U3 3apsiIOB HEPErY/SPHBIX BEPIIMH 0003HAYUM % — e. Kak yxke nokaszamno,

€ > 0. [anpueiinee perrenne Oy1eT 3aK/II0YATHCA B TOM, YTO MBI IPUMEHUM CJIELYIOILYIO JIEMMY

5
2
4

(mokaxkure ee).

Jlemma 1. Ecsm js mekotoporo 6 > 0 B I' ectb xorst 661 0V (I') HeperyssipHBIX BepIuH, TO
ET) < (53 —6e)V(D).

Tenepp mokaxkem, 4aro I ymoBiieTBOpsieT yCJIOBHSIM JIeMMbI 1 jijisi HeKoToporo o > 0. Ilis
9TOr0 MOHAI00SITCSI eIlle HEKOTOPBIE OIPEeJIeIeHMSI.

HazoseMm k-oxpecmmnocmoio Bepruabl O Takoe MHOXKECTBO BepiiuH rpada I, 910 10 Kakmoit
n3 HUX ecTb myTh u3 O He Gojiee yem u3 k pebep. KoyimuecTBO BepiinH B 5TOM MHOXKECTBE
oboznaunm s(I', O, k). HazoBem Takyio OKpecTHOCTb docmamowno 60abwotl, ecin B Hell ecThb
HepEeryasapHas BePIIHHA.

JIlemMma 2. [lokaxKuTe, 9TO CYIIECTBYET OIEHKA CBEPXY KOJMYECTBA BEPIINH B k-OKPECTHOCTH,
He 3aBucsias or Beibopa Bepumubl O rpada I'. UabivMu cioBamu, ectb dyukims S(k) Takasi,

qro s(I', O, k) < S(k) ms mobsix I' n O.

Jokaxkure 3Ty JeMMy caMocTosTeIbHO. [locKkasKa: cTeleHr BePIINH OrPpaHuYEHbl CBEPXY.

Tenepb Bo3bMeM Takoe k, ITO JjisI KaXKI0H peryaspHoil BEPITUHLI ee k-OKPECTHOCTD ABJISI€TCS
JIOCTATOYHO OOJIBIION. B KaxK 10l U3 HUX eCTh HeperyJspHasl BepiiuHa. TakuM 06pa3oM, KaxKk 10l
perysspHoii BepinuHe X COIOCTaBJIEHa HEpery/sipHasl BepIiinHa Y Takasl, 94TO IyTh XY couep-
xKuT He bostee k pebep. Torma kaxkaas Hepery/sipHas BepiImHa Y COIIOCTaBJeHa He OoJiee TeM
S (k) perymnsipubiM BepimuHam. TakuMm 06pa3oM, OTHOIIEHHE KOJTMYECTBa PEryJIsiPHBIX BEPIIUH K
KOJIMYIECTBY HEPEryIsipHbIX He Gosibine S(k), 1 MOXKHO IPUMEHHUTH JeMMy 1 st § = W

OcraJjioch J0Ka3aTh, YTO Takoe k, He 3aBUCIIIEe OT rpada, JAeHCTBUTEILHO MOXKHO PAaCCMOT-
peTsb:

Jlemma 3. okaxkuTe, 9TO CyIecTByeT Takoe k, 9To Jirobasi k-OKpeCcTHOCThH J000T0 rpada
MHUHUMAJIbHBIX PACCTOSTHUN SIBJISIETCS JTOCTATOYHO OOJIBIION.

B) Vkaszanue: Cobepure rpad u3 KOHCTPYKIWA 13 3.

3.1.2. Pemmre KiI09€BYIO 33039y 1.
Pewenue. lamnnoe pemienne B34T0 U3 CTaThu |3].
[Tpenosiokum IpOTUBHOE, IyCTh Takoi rpad I cyriecTByer.
YMHO)Kast Ha 3 paBeHCTBO (1) Ipy o = %, [OJTy 9aeM

—-12= Z (degv — 6) + Z (2degf —6) = Z (—1) + Z (2degf—6). (2)

veV(T) feFr(T) veV(T) feF ()

Paznammv kazkmoit Beprimne 3apsif (—1), a Kaxoit rpaan f — 3apsi, pasaslii (2 deg f —6).
U3 (2) caemayer, 90 cyMMapHBIil 3apsiJi 10 BCEM BEPIIMHAM M TPAHSM OTPUIATE/IbHBIIA.

Ilepepactpenenenue 3apsiioB OyaeT ciemyomum PacemorpuMm rpanb f € F u Bepmuay & €
V', npunajiexkarnyto 3toii rpanu. [lycrs o — Mepa BHYTpeHHero yriia rpanu f Ipu BepIluHE .
Ecm o > % MbI 3a0upaeM y rpanu [ 3apsij, paBHbIl min{l, %a — 1} u oraem ero BepiiuHe .
[Tokazkem, ITO TOCJ/IE TAKOTO MMEPEPACIIPEIETECHUs 3apsiIbl KAXK/I0M I'PAHU U KaXKION BEePIIUHBI
OylyT HEOTPUIATEILHBI.

Pacemorpum Bepruny & € V. O6o3HatuM depe3 ¢ KOJTUYECTBO BHYTPEHHUX YIVIOB IpaHeii
IIpu 3TO#l BepiuHe, KOTOPbIe OOJIBIIE, YeM %, 0003HAYMNM UX BEJUIUHBI U€PE3 V1, V2, . . . , Q.
Tax kak degx = 5, To £ > 0. Eciiu gepe3 Kakoli-To U3 3TUX YIJIOB OT I'DAHM €r0 COJEPKAIIei
BepIiHE X MepesiacTcst 3apsij 1, To 3apsij B & yke Oymer Heorpunaresjer. C JIpyroit CTOpOHBI,
€CJIU Yepe3 KarKJblil U3 9TUX YIJIOB BEPIIUHE X IEPEIAJICH 3apsi %ai —Lreit=1,...,¢, 10



o 3 l
oOmumit 3apsJ| BEPIIMHBI YBEJTUIUICT Ha = > iq & — L. Ilpu sTOM CyMMa yIVIOB IIPU BEPIIUHE &

pasHa 27 < Zle a; + (5 — £)§, oTKy/ia ciejyer, 4o
‘ T T
> a2 - (6-07=3(+1).
i=1

Ho Torma 3apsiz, mostydeHHbI# BEepIIMHON & 110 Kpaiineir mepe %%(E +1) —¢ = 1. Takum o6paszom
3apsiJi B BEPIIUHE T [OCJIE TIepepacipeie/ieHnsi HeOTPUIIATE IbHBIA.

Tenepnb m0KaYkeM HEOTPHUIATEILHOCTE 3apsioB rpaHeit. CHava a pacCMOTPHUM CIydan Orpa-
HUYEHHBbIX rpaneil. Haganbubiit 3apsiy rpaau f € F 6bun pasen 2deg f — 3 > 0. Torna, ecom
IIocJIe MepepacIpeiesieHusl, 3apsi TPaHd CTaJ OTPUIATEJbHBIM, TO 3HAYUT IO KpaifHeil mepe
OJIMH U3 €€ BHYTPEHHUX YIJIOB OOJIbIIE, YeM F.

Ecmu deg f = 3, 1o rpanb f — paBHOCTOPOHHUI TPEYTOJHLHUKOM (B CUJIY CHUYEUTHOCTH IPa-
da), Bce yriIBl B KOTOpOM paBHBI 5. Ho Torma ee saps ocTaeTcs HEOTPUIATETHHDIM.

Ecmu deg f = 4, To rpanb f — pom6. Ecim TobKO JiBa €ro BHYTPEHHUX yTJia OOJIbIIe, YeM
T, TO TOTJIa OTJIAHHBIIl 3TOH IpaHblo 3apsi He OoJble 2, YTO ocTaB/deT obumit 3aps)| rpanu
neorpunarenbubiM. Ecin Bee deTnipe yriia Gosibine §,, TO 3apg/, OTJAHHBIN IPAHbIO, ONATH 2Ke
He DOJIbINe, YeM %2# — 4 = 2. Torma 3apsi CHOBa OCTAETCSI HEOTPUIATETHHBIM.

Cinyuait deg f = 5 pasbusaercs na jBa. Eciu ne 6ojiee yerbipex yrjios 6ojiblie, 4eM 5, TO
oT/aBaeMblIil 3aps/ He GoJtblie 4, TO eCTh CYMMAapHBIH OCTaeTCsl HEOTPUILIATEIbHBIM. Kcin e Bce
yribl GoJibIe, YeM g, TO, TaK KaK CyMMa yIJIOB B NATUYTOJIbHUKE PaBHa 37, OTJAaHHBIN 3apsi|
He bosee %377 — 5 = 4. Ougarnb ke 3apsij] TPAHU OCTAETCA HEOTPUIATEILHBIM.

Hakownerr, ectn deg f > 6, To oTmaBaemblil 3apsiy He 6ojiee, dem deg f u ocraBmmiics 3apsi
meorpuriaresen: 2deg f — 3 — deg f > 0.

Ocrajocs paccmorpers ciydait BHeraeii rpanu f € . Eciau deg f > 6, To on anasoruyden
ciydato orpanndennoit rpanu. Ciyuan, korjia deg f < 5, Takxke jierko uckrodatrcs. C apyroi
CTOPOHBI, Jla2Ke HE PACCMATPUBAs MX IOJPOOHO, MOYXKHO 3aMETUTH, YTO JJIs TAKUX CJIydaeB 00-
Uil OTJAHHBIN 3apsij] He IPEBOCXOIUT 5, TO €CTh, OCTABIIMNACS 3apsij] He MeHee —5 (a HA caMoM
Jlesie He MeHee —3), 9TO CO BCEMH OCTAJIbHBIMU HEOTPUIATEIbHBIMI 3apsi/laMi TDaHeil u Bep-
IIIUH, HUKAK HE JIACT B CYMMe U3HAYAJIBHO ITOCUUTAHHBIN 0bImit 3apsiy paBublit —12. [Tosryuaem
mporusopetne. Cre0BaTeNIbHO, TAKOTO CIIMIETHOTO Tpada He CYIecTBYeT.

3.1.3*. [okaxkure, 9TO B 4-pEryyisipHOM CclimIedHOM Tpade He menee 20 BepIIUH.
Pewenue. Cwm. pasgen 3 u teopemy 3.6 B crarne |3].

3.2 KBasurutanapubie rpadbl

KumroueBas 3agada 2. a) Ksasumianapusiii rpad Ha n BepimHax cogepkut He 6osee 8n — 20
pebep.

6) [ompobyiiTe ycniuTh yTBepK/IeHUE TpebLIyIeil 3aqaun. VHTepecyoT Kak yirydIeHust
OIIEHKHU, TaK U ODOOIIECHUS /I APYTUX KJIACCOB I'PadoB.

Pewerue. C moJHBIM pellleHre 33/1a91 MOYKHO TO3HAKOMUTLCS B cTaThe |4].

OcHoBHas Ujiest B TOM, 9TOOBI CBECTH 33181y K PACCMOTPEHUIO TLIIOCKOTO rpada, U IPUMEHUTD
K HEMY METOJI IIepEPACIIPEIE/IEHUsT 3aPsiIOB.

PaccmorpuMm ciepyromuii miaockuii rpad IV, Ero MHOXKeCTBO BepIIMH COCTOMT U3 BepIIMH
kBazuiianapHoro rpada I, a Takxke Touek mnepecedenus pebep I'. Péopamu I' OymyT mapsr
BEPIINH, SIBJISIONIAECS KOHIIAMHU yYaCTKOB KPHUBBIX, onpejesBiux péopa ['. ObosHaunMm 1uepes
V, E, F, V' E'S F' xomuuectBa BepmuH, pebep u rpaneii B rpadax I' u IV coorsercrBenno.
Beprmuabr V(I') Gyzem HasbBaTh Cmapuimu, & OCTaabHble — Ho6buMu. 110 creneHsiMu BepIIH
u rpameii 6yjieM MOHUMAaTh UX crernenn B HoBoM rpade IV.

Herpynno ybemurbes (qokazkure 310 camoctostenbuo), uro B — E = 2(V/ — V), r.e. uro
KOJITYECTBO pebep yBETUIUIOCh HA yJIBOEHHOE KOJUYIECTBO HOBBIX BeprinH. VTak,

9F' = 2E + A(V' — V). (3)
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VIMeHHO TocsIeiHee paBeHCTBO ABJIACTCH KIIOYEBBIM HOBBIM MOMEHTOM PEIICHUS.
Tenepn 3anumem gopmyrty Ditnepa st rpada IV, momuoxennyio ua (—2):

—2V' 4+ 2F — 2F' = —4. (4)

Torna, ncnionbsyst pasencrsa 2B = 37 oy pydegv, 2B = 37 oy deg f, a Taioxe (3) 1
(4), mosyunm (mofiMHUTE CAMOCTOSITEIBHO, KAK 9TO JICJIACTCS )

279E+ Y (adegv—2+4y)+ > (adegv—2)+ > (Bdegf—2)=-4, (5)
veV(I")\V (D) veV(T) feF(T)

rae o+ 3+ = 1.

Jlajtee B KaxKJI0M KOHKPETHOM CJiydae OyaeM IO-CBOEMY HOI0UPaTh KOI(P(MOUIMEHTHI v, [ U
. Bo Bcex Tpéx 3ajavuax HOBBIM BEPIIMHAM MbI Oy/IeM JlaBaTh HYJI€BOI 3apsij (1 OHE BOOOIIE HE
Oy/lyT y4acTBOBATH B IepEpPACIpeIeeHIN 3apsioB). L1 9Toro Ham noTpedyeTcs: BBIIOTHEHIE
pasencTBa 4o — 2 + 4y = 0, T.K. cTeneHb Kaxioi HoBoM BepmuHbl paBHa 4. Torpa 5= 0.5 u (5)
mpeobpaszyeTcst B

29E+ Y ((05—7)degv—2)+ Y  (0.5degf—2) = —4. (6)
veV(T) FEF(TY)

3.2.1. Ilycrts rpad ymoBaeTBOpsieT JOIOJTHUTEIHLHOMY YCAOBUIO: HE CYIIECTBYET TPOiiku pebep
€1, €2,€3 TaKOM, UTO €] W ey BBIXOAAT W3 ONHON BepmuHbl A, a pebpo es mepecekaeT WX BO
BHYTpeHHHUX TouKax B u (', npudeMm HeT JPYrux TOUYEK epecedenns: Ha yuactkax AB u AC.
Hokaxkute, aTo yucjo pebep we 6osbie 4n — 8.
Pewenue. B sToM ciayuae BozbMEM® v = 0.25. YuuThIBas, YTO HAM HYKHO JOKA3aTh, UTO
< 4V — 8, nmpeobpasyem (6) B

~E+4V -8= ) 05degv+ Y (degf—4).
veV(T) FEF(TY)

[Tokarkem, 4T0 TIpaBasi YacTh HeOTpULaTebHA. Jla M KaxKI0il cTapoil BepiinHe v 3apsiji, paB-
ubiii 0.5 degv, a kaxmoit rpanu IV — sapsn, passbii (deg f — 4). TlokaxkeM, Kak nepepacipe-
JICJIUTH 3aPsiJibl, 9TOOBI y KaXKJIOT'O JIEMEHTA OH CTaJl HeOTpUlATeIbHbIM. OT KaxK /101 BEPITUHBI
JanuM 3apsi, paBubiii 0.5, B KaXKIyI0 U3 rpaHeil, B KOTOPBIX OHA JIC2KUT.

OTrpunare/bHbIi 3apsi/i MOI' OCTATHCS TOJBKO Yy TPEYTOJLHUKOB C JABYMs MJIA TPEMsI HOBBIMU
Beprmaamu. Ho, Kax Hecj0yKHO yOeIUThCsl, BCIIOMHUB yCJIOBHUE 33J1a9U, TAKUX I'paHeil B rpade
I mer.

3.2.2. Be3 I0NOIHUTENIBHOIO YCIOBUS U3 IPOILIOH 3a1a49U JOKAXKHUTE OLEHKY Ha 4UcJIo pebep
10n — 20.

Pewenue. B stom ciydae BozpMéM® v = 0.1. YuureiBas, 4T0 HaM HYYKHO JIOKA3aTh, UTO
E < 10V — 20, npeobpasyem (6) B

—E+10V -20= > 2degv+ Y  (2.5degf —10).

vev(I) FEF(I)
[TokazkeM, 4TO mpaBasi 4acTh HeoTpHIaTe bHa. Jlaaum KaxK ioii crapoil BepiinHe v 3apsij, pas-
ubtit 2 deg v, a kaxoit rpann I — 3apsan, pasusiii (2.5 deg f —10). Ilepepacupeenenue 3apsjios
Oyzer caemyronmm. OT KayKI0il BEPIIMHBI JI3IUM 3apsijl, PABHbIH 2, B KaxK/Iyi0 U3 I'paHeil, B KO-
TOPBIX OHa JIEXKUT. TakuMm oOpas3oM, 3apsiji Becex Bepimi craner pasBHbiM 0. OT Kaxk10i rpann
f € F(I") ¢ deg f > 5 ormamum 3apsan, pasubrii 0.5, B KasKJIyl0 U3 CMEKHBIX 110 peOpy IpaHeii.
Eciin coceasist o pebpy I'paHb SIBJISIETCS Y€THIPEXYTOJLHIUKOM 6€3 CTapbIX BEPIIUH (Takue Je-
THIPEXYTOJIbHBIE IPAHU Oy/IeM Ha3bIBATH HOGLIMU, & IPYTUe — CIMAPbLMU), TO IEPeIAIM OT Heé
3apsiji Yepe3 IMPOTUBOIIOJIOKHOE PeOPO B CIIEYIONLYIO I'PaHb (pUC. 2), ec/iu CJIeyIoNnias BHOBb
HOBBII YeTBLIPEXYTOJILHUAK, TO Oy/leM IepeaBaTh 3aps/l JaJbIle 0 TeX 0P, HOKa HE BCTPETUM
IPaHb, OTJIMYHYIO OT HOBOI'O YeThIPEXYTOJIbHUKA (yOenuTech B TOM, 9TO 9TOT MIPOIECC 3aKOHIHUT-
csl).

5O6paruTe BHUMAHEE, YTO B HCKOMOIL OIICHKE CBOOOIHBII U/ICH PABEH —8§.
S06paruTe BHUMAHNE, UTO B MCKOMOMN OLIEHKe CBOGOLHBIH useH pasen —20.
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Puc. 2: Hepe,zgaqa 3apsdga 110 IMEIIOYKe HOBBIX YE€ThbIPEXYTI'OJIbHUKOB.

ITocite sTOrO MBI COBEpIINM BTOPYIO (ha3y mepepacupeaeeHnsa 3apsa 0B. 3aMeTUM, 9TO CTa-
pble YeThIPEXYTOJbLHUKKA OyIyT UMETh 3apsiiibl 10 KpaiiHeil Mepe 2, KOTOpbIe OHU IIOJIYYMJIA OT
MHIUACHTHBIX UM BepinuH. Torma pasaaaum ux 3apsapl noposny (o 0.5) Bo coceaue o cTOpoHe
rpanu. Eciin cocenfsss mo pebpy rpaHb sIBISIETCS HOBBIM YETBIPEXYTOJBLHUKOM, TO IIEPEIa M
OT Heé 3apsii Yepe3 IPOTUBOIOJIOKHOE Pebpo B CIAEIYIOIIYIO TPaHb, a eCIu CJAeAyolas I'PaHb
BHOBb HOBBII 9eTBIPEXYTOJIbHUK, TO MIEPEJAINM 3apsl JajbIle aHAJOIMYIHBIM 00pa3oM JI0 TeX
I10P, [TOKa BHOBB HE BCTPETUTCSI I'PaHb, OTIMIHAST OT HOBOIO UETHIPEXYTOJbHUKA.

Y rpameii creneHn He MEHBIIE 4 3apsiJl OKaXKeTCsd HeOTPHUIATeIbHBIM. PaccMOTpuM Tpeyroib-
HYIO I'paHb. Ecjin y Hee JBe cTapble BEPIIUHBI, TO B UTOTe y HUX ITOJIOXKUTEIbHBIN 3apsia. Tpe-
YIOJIBHUKOB 6€3 CTaphbIX BEPIIMH BOSHHKHYTH HE MOIVIO II0 OIPEeIeJIeHNI0 KBAa3UILIAHAPHBIX IPa-
doB. Ybeaurech caMOCTOATEIBHO, YTO y TPEYTOJbHUKOB C OJIHON CTapoil BepIimHOM OyreT B
UTOre TOXKE HEOTPHUIATEbHBIA 3apsiI.

3.2.3. Pemure kitoueByio 3aady 2a. Ckopee BCero, Ipu PEnieHnn MPebIIyIIero myHKTa Bb
HCIIOJIL30BAJIN TAKYIO CUCTEMY 3apsi/IOB, KOTOpas cpaboTaeT U 3/1€eCh.

Pewenue. IlonpobyiiTe caMOCTOSATENHLHO PEIIUTH 3Ty 3amady. s sToro Bocmosb3yiiTech
pererreM npeapyeil 3a1aqn. Kio4ueBoii MOMEHT, 38 CHET KOTOPOIO YIAAETCH PENIUTD 3aa4y:
cpeayu rpaHeill, IPUMBIKAIONUX K CTapbIM BEpIINHAM, UMeeTCsd 110 KpaiiHeil Mepe aBe I'paHu, He
ABJIAIONIYECHd TPEYrOJIbHUKAMU C B TOYHOCTU OJHOI CTapOil BEPIINHONA.

3.3 Coucounbie mokpacku pebep

KuroyeBas 3amaua 3. lokaxkure, uro I' siBiistercsi pebepro (A(T') + 1)-Bbibupaembim, eciiu

A(T) > 6.

Pewenue. C HOJHBIM JIOKA3aTEIHCTBOM MOXKHO [IO3HAKOMHUTLCS B cTaThe |5].

3.3.1.

Hoxkaxkure, aro npu A(T") > 7 rpad I' asasercs pebepro (A(T') + 1)-Bbibupaembim.

Pewenue. Jlocrarouno jpokasars 4ro Haiigercst pebpo ¢ Becom ue Gosbine A(IY) 4 2 (takue
pebpa OyjieM Ha3bIBATDH JIEPKUMH ), 9TO TIO3BOJIUT CJIEJIaTh JIETKYI DACKPACKy pedep.

Ecmn B rpade ects Bepmwmubl crenenu 1 win 2, TO pebpa u3 HUX aBTOMATUYECKU JIETKUE,
3HAYUT JIOCTATOYHO paccmorpersb ciaydait d(I') > 3. Ilpucsoum Kaxkj0ii BepiinHe v U KarKJI0i
rpann f 3apsaast (deg(v) —4) u (deg(f) —4) coorBercrsenno. Torga mo dhopmyie Dittepa cymma
Bcex 3apsiJioB paBHa —8. Hamr mian — npujiymMmaTh Takoe MpaBuiio epepacipesieieHus 3apsijioB,
4TOOBI U3 OTCYTCTBHS JIETKOTO pebpa ciiefoBaia HEOTPUIATEIbHOCTD 3aPAIOB ¥ BCEX JJIEMEHTOB,
YTO IIPUBEJIO ObI K ITPOTHBOPEYUUIO.

[Ipasuso caenytomee. IlycTh Kaxk/ias BepIIMHa CTEEHN HE MeHee 5 OT/IAacT % KayKJIOi Tpe-
YTOJIbHOI rpaHd, B KOTOPOil Haxoaurcs. Kpome toro, kaxaas sepmuna crernenn A(IY) ormacr
110 % 3apsijia BCEM BEPIIUHAM CTEIEeHU 3, ¢ KOTOPBIMU COE/INHEHA.

JlokaxkeMm, 9ITO BCe 3apsiabl HEOTPUIATENbHBI. JIJIsT rpaHeil 5TO 04YeBUIHO: 3apsia OBLI OT-
pHUIIATESIEH TOJBKO Y TPEYTOJbHBIX, HO B KaXKJIOH TPEYTroJIbHOW I'DAHU HAXOJSATCS XOTs Obl JiBe
BEPIIHBI CTEIIEHN He MEHbIMelH, YeM 5, mHate PIOM CTOSAT JIBE BEPIIUHBI cTereHn He Gosibie 4
— pebpo MeXKJly HUMH JIETKOE.

Teneps pazbepemcst ¢ BEPITUHAMI.
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e BepIIMHA CTeleHN 3 JOJKHA OBITH coenuHena ToIbKo ¢ Bepmmaamu crernean A(I), nnade
COOTBETCBYyIOIIee Pebpo JIErKoe. SHAYMT, 9Ta BEPIIHHA IOy YN8 TPUKIIBL 110 % — 3apsi
CTaJI HYJIEBBIM.

[ ] Bep]J_II/IHa cTeneHn 4 M3HaYaIbHO MMEJIa, 3apA] On HUKOMY HHUYEro HEe OTJaBaJla.

e Bepmmuna creneru t ot 5 10 A(T')—1 oTaeT 9T0-TO TOJBKO TPEYTOJBHBIM MPAHSIM, KOTOPHIX

t 11t
y Hee He GOJIbIIE YeM [5], JIErKO HPOBEPHTH UTO Ipu ¢ > 5 BhImomHseTCH t — 4 — 5[5] > 0.

e Bepumna crenenu A(T') ormaer 3apsiJy COCCIHUM BEpIIMHAM CTEHEHH 3 M TPEYTOJIbHU-
KaM, HO B KayKJIOM TPEyroJIbHUKE BEPIIUH cTernenu 3 He Oosbire oguoi. VIToro, BepmHb
9TOrO THIIA OTJAIOT MAKCHMYM 5 3apsijia 3a KazK/ylo lapy CBOMX peep, BXOJSIIUX B Tpe-
YTOJIbHUK, ¥ MaKCUMYM % 3a KaXkKJ0e He BXOJsINee B TPEyroJbHuK pebdbpo. Takxke jerko
IIPOBEPSIETCsI, UTO OCTABIIMICS 3apsijl moslozkuTeseH. KeraTn, 510 eJMHCTBEHHOE MECTO B
JIOKa3aTe/IbCTBE, IJie Hy’KHa cTporocTs Hepasencrsa A(T') > 6.

Taxum 06pa3oM, MOTyIUIM IPOTHBOPEIHE.

3.3.2. B cayuae A(I') = 6 nHac uHTepecyer elle OjHA KOH(MUIYpAIUs: BEpIINHA CTEIeHH
6, BXOZAIIAsl B TPH TPEYrOJbHUKA, /[BA U3 KOTOPBIX ¢ Habopom creneneit (6,6,3), a Tperwmii —
(6,6,3), (6,5,4) wmu (6,6, 4). Jokaxkure, 4T0 IPU HAJMIUN TAKON KOHMDUI'Y AN, MOYKHO CBECTH
BOTIPOC packpacku [' K BOTIPOCY pacKpacKu ero moarpada.

Pewenue. TlycTb onucanHas B yCJIOBUU KOH(MDUIYpaIUs HANLIACh (MOXKHO CUATATH, YTO Ha-
IJIACH BEPIIIHA, IPUHAJICXKAIAs TPEYTOIbHIKAM ¢ HabopoM crerereii (6, 6, 3), (6,6,3) u (6,6,4),
oCTaJIbHBIE SIBJISIOTCS €€ TIOJIMHOKecTBaMHK ). Boibpocum pebpa 91oii KoHIbUrypamum, nokpacum
OCTaJIbHBIE TI0 IPEIIOJIOKEHNI0 HHAYKIME 1 IOMpobyeM TOKPACUTh BHIOPOIIEHHBIE.

6 h|3 3 j|2 6

Puc. 3: Kouduryparms.

Ha pucynke pebpa KoHUTypaluyu MpOHYMEPOBAHbI JATHHCKUMHU OyKBaMU, U K KayKIOMY
pedpy NMPpUNHCAHO MUHUMAJIBHOE YUCJIO JOCTYIHBIX JJIs HEro 1BeToB. Kejm y Kakoro-to pebpa
JIOCTYIIHBIX [[BETOB HA CaMOM JieJie 6oJiblie — 3arnperuM Jjuiiauii (11060ii). Bygem kpacutsb pebpa,
[IPU 9TOM KarKJbIil pa3 Ha 1 yMeHbIast YUCJI0 JOCTYIHBIX I[BETOB Y COCEJIel, KPOME CIIEeIUAIBLHO
OTOBOPEHHBIX CJIydaeB. Kcim HE pa3y He OMyCTUINCH IO HYJIS — BCe CPabOTAJIO.

Pebpam g u j mocrynno 3 u 2 mnBeta cOOTBETCBEHHO, a pebpy h — TOJMbKO 3. 3HAYUT WM
€CTh IBET, JOCTYIHBIA 0bouM pebpaM ¢ W j, WIH eCThb I[BET, JIOCTYIHBI OMHOMY U3 g W j HO
HEJIOCTYIIHGBIHA h.

B nepBoMm ciydae mokpacum B TOT OOIImii 1BeT pebpa g U j, U Jiajbiie KpacuM pebpa B
nopsike ebda fcih.

Bo BTOpom ciydae B TOT IiBeT, KOTODBI HE JOCTYIIEH Jijisi h, KpacuMm TO u3 pebep g u j
JIUIST KOTOPOTO OH JIOCTYIEH, HOTOM OCTaBIIeecs U3 JBYX — B J1I000i (mocste 9Toro jyist h Bee erre
JIOCTYITHO MUHAMYM 2 I[BETA), JAJIBIIE TO YKe caMoe — KpacuM pebpa B mopsiike ebda fcih.

3.3.3. Hakownern, nokaxure, aro npu A(I') = 6 rpad I' cogepzut xoTst 661 OUH U3 TPEX TUIIOB
oArpadoB’, MO3BOJISIIONINX CBECTH BOIIPOC PACKPACKH Ipada K pacKpacKe MeHbIIero rpada.

7O,ELI/IH UX HUAX BbI HAIJIM IPU PelreHuu 3a7a4u 3.3.1, Ipyroit mojickazan B 3ajade 3.3.2, 70 TPEThero THUla
JorajaiiTech CAaMOCTOSITETBHO.
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Pewenue. lokaxkem, uro maanapuslii rpad I' ¢ A(I') = 6 u 6e3 TpeyroabHUKOB ¢ OOIIIM
pebpoM mMeeT OJHY U3 TPeX KOHMUrYpalluii:

(i) pebpo Beca me Gouiblie §;
(ii) memynupoBaHHbIi 4-nuKI uvwz, Takoil uro deg(u) = deg(w) = 3;

(iii) 6-BepruHy A BXOJMIIYI0 B TPH TPEYrojbHHUKa ¢ Habopamu creneneii sepmun (6,6, 3),

(6,6,3) m (6,67,47)8.

JoxazarenbcTBo. K B rpade ecTh BepnHbL cTenenn 1 win 2, To pedpa U3 HUX aBTOMAaTH-
YecKM He TsiKestee 8, nasee paccMarpusaeM ciaydait 6(I') > 3. Ham manpreiimmit ian geiicruit
— paz3liaTh 3apsIbl ¢ OTPUIATEILHON CYyMMON BEPITUHAM U I'PDAHSIM U IIOKA3aTh, YTO €CJIU 3allpe-
IIIEHHBIX KOH(MUTYPAIU HET, TO €CTh CIIOCO0 IMpepecpeie/uThb 3apsiabl TaK, ITO KaXKIbIH 3apsT
CTaHeT HEOTPUIATEIbHBIM. DTO IIPOTUBOPEUNE JTOKAYKET, 9TO 3aIPEIeHHbIE KOH(MUTY DAIIIH €CTh.
B nasbmeiimiem cjeayeTr MOMHUTDH, UTO BEPIIMHA CTEIEHU 3 CMEXKHA TOJIBKO C BEPIITUHAMU CTe-
renn 6, mHa4e, OUATH YK€, MOABJISIETCsI JIerKoe pebpo.

Paznaanm B Bepumtbl v u rpann f 3apsiiast deg(v) — 4 u deg(f) — 4 coorsercrsenno. Tenepnb
IIepepacIpeie/IiM UX 10 CJIeLYIONIUM [TPaBHIIAM:

e 5- u 6-TpaHU OTJAIOT IO % KaxKJIOU 3-BepInHEe, KOTOpas B HUX JIEYKUT;

® H-BepIIUHA OTIAET % KaKJIOMY TPEYTOJbHUKY, B KOTOPOM JIEXKUT;

e (-BepIMHa, BO-IIEPBBIX, OTJAET CMEXKHOI ¢ Heil 3-BeplinHe %, €CJI 3Ta 3-BepIINHA JIEKUAT
B O- uu 6-TpaHu, mHAYE OTIAET %, BO-BTOPBIX, OTJIAE€T KaXKJ/IOMy TPeyTOJIbHUKY, B KOTOPOM
JIEXKUT, % €CJIN 9TOT TPEYTOJbHUK He COIAEPKUT 3- WIN 4-BEPIINH, NHAYE OTIAEeT %

JlokazKkeM 4TO BCe IOJIYYMJIOCH.

e B TpeyroJibHEKE HE MOXKET OBITH JABYX 4~ -BepiuH, pedpo MeXKLy HUMHU OBLIO ObI JIETKUM.
TpeyrobHUK B KOTOPOM €CTh OjiHa 4 -BEpIIUHA C KAXKION U3 JABYX APYTHUX IOJYIaeT 10
%. TpeyrosbHUK, B KOTOPOM TOJILKO 5T -BepIIMHBI ¢ KayKI0H U3 HUX IOJydaeT MHHUMYM
o 1.

o YeTbIpexyro/JibHUK NMeeT M3HAYAJbHO HEOTPUIATE/bHBIN 3aps] U HUKOMY HUYEro He OT-
JaeT.

e t-rpanb mpu ¢t > 5 comepKuT He Gonbuie (5] 3-BepIINH, JIErKO IPOBEPUTD UTO

1 .t
t—4—=-[2]>0
> 13)

e 3-BepIIMHA WU JEKUT B 5T -TPaHU, U TOTJA MOJIydaeT % OT Hee U 110 % OT TPexX COCEeIHUX

6—BepIHI/IH, M He JIC2KUT, U TOr/la ITOJIydaeT II0 % OT TPEX COCEIHUX 6—BepIHI/IH.
[ ] 4—BepLHI/IHa nmMeeT nmsHa4daJibHO HeHyJ’IeBOfI 3apAd 1 HUKOMY HHUYEro He OTJaeT.
[ ] 5—BeleI/IHa OoTJaeT I10 % MaKCUMYM JABYM TPEyTroJbHUKaM, B KOTOPBIX JIC2KUT.

e YT00bI yOeuThest, 9TO HEKOTOpasl BepInnHa B crernenn 6 MMeeT IIOJIOXKUTEIbHDINA 3apsi,
IPUIETCS OTHAEIBHO PACCMOTPETH UeThIPE CAydasd YeMy MOXKeT ObIThb paBHO 4mcjIO k Tpe-
YTOJILHIKOB, KOTOPBIM IpHHaIekuT B. Bo Beex cirydasix mosie3HO HOMHHUTE, 9T0 B MoxkeT
6bITh cMexkHa He Gostee deM ¢ 6 — k BepmmHamu creneHn 3 (IOTOMY YTO B TPEYTOJIbHUKE
MAKCHMYM OJIHA).

— k = 0 — B otmaer MakCUMyM IECTU 3-BepIUHAM [0 HE Oojiee dem % — ocTaercsd
HEOTPUIIATEIbHBIN 3ap5{,u9.

83ammce k- 0603HAUAET «UHMCIIO, MEHbIIEE JIHO0 paBHOE k»
9Ha caMoM Jiejle MOJKHO HOKA3aTh, UTO B 9TOM CJIydae 3apsiji CTPOrO HOJIOXKUTENEH, HO 9TO He HyZKHO.
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— k =1. Ecin B coenunena ne 60j1€€ 9eM C I€THIPbMSI 3-BEPIITHHAMU, TO OHA OTIAET %
TPEYTOJIBHUKY U MAaKCUMyM 4 - % BEpIIUHAM CTEIEHU 3 — OCTAETCS MOJIOXKUTETbHBIN
sapsa. Ecam B coeamHeHa POBHO C ISTHIO, TO KaKHe-TO 1IBa pedpa B 3-BepITUHBI
WJLyT MOJPSIJL [0 YaCOBOM cTpesike (Ha caMoM jiejie, MUHIMYM 4 napbl pebep UiyIux
nozpsiz). Ilycrs 1o pebpa AB u BC'. Torga onu B ofiHOil rpanu, u, 9100bl 9TO HE
6bu1 corydait (i), mamo, 9T00BI rpanb, cogepxamas A, B u C, (Buga ... ABC ...)
coJieprKaJia elne KaKk MUHUMYM JiBe BepiuHbl. Ho Torma Bepiuaam A u B 1OJI03KEHO

oTJaBaTb TOJBKO % — CHOBa OCTAaJICS IOJIO?KUTEJIbHBII 3apA.

— k = 2 pazbupaeTrcs aHAJOTUYHO MPEJIBLIYIIEMY CJIyJalo.

— k = 3 Ecau u3 Tpex TpeyroibHUKOB He Oojiee deM JiBa UMEIOT 47 BepIIuHy — TO
B ornaer ne 60see yem 2 X % + % TpPeyroJbHUKaM, U MAKCUMYM JIBYM 3-BEPIITHAM
(TpeTheil HeT, HOTOMY YTO TOrJIa ObLI ObI TPETUTH TPEYTOIBHUK ¢ 4~ -BEPIIHHOMN) 110 %
— cyMMa HeoTpuriaTeabHa. MToro, eciu 3apsi oTpunaTe/bHbIN, TO B KaXKJI0M U3 TPEX
TPEYTOJILHUKOB €CTh 4™ -BepIIIHA — TPEYTOTbHUKN YTIHYJIN % 3apsijia. 3HAYUT, 9TOOBI
OCTABIIHUICS CTAJI OTPUIATEIHHBIM, MUHIMYM JIBE U3 4~ -BePIIUH JI0JI2KHBI OBITH POBHO

3-BepmmHaMH. DTO B TOUHOCTH KoHMbwuryparws (iii).

3.4 Maruveckue KoHUTYypaIAN

KiroueBas 3aga4ga 4. Onucarh Bce Marunvieckue KOH(MUIYparum.

Pewenue. OueHb HENPOCTO 3alMCAaTh KPATKO PEIeHre JaHHON 3a/aun (jaxe pasouToil Ha
GOJIBIIIOE KOJHMIECTBO BCIOMOTATEIBHBIX IIATOB), OITOMY HUXKE IPEJIAraloTCs, CKOpee, MOJI-
CKa3KH K PEIEHNIO, 1M CaMO DEIIeHNe.

JlokazaTesbCTBO OnMpaTaeTcst Ha Psijl BaXKHBIX (HO B TOXKEe BpPeMsl HECJIOXKHBIX) CBOICTB Ha-
6opa npsMbIX Ha maockoctu (Teopema Cusbsectpa, eé ycusenue, reopema Jlesn). Hekoropsle
13 HUX MBI OCTaBUM YUTaTE/JIIO HOJigd CAaMOCTOATE/IbHOT'O U3YyYCHU .

[MosHoe 0KA3aTEILCTBO MOXKHO HalTH B cTaThe [0].

3.4.1. Jloxaxkure Teopemy CHiIbBECTpa, UCIOJb3Ysl (bOpMyILy Diljiepa U JABONCTBEHHBIN S3bIK.

Pewenue. Ilpemamonoxum, 910 I JIOOBIX IBYX 9KBATOPOB HAMIETCS TPETHIL, TPOXO/ ST
Jepes X TOUKY Iepecevdernsi. PaccMOTpUM IIOCKHIA Ipad, ¢ BEPIIMHAMU B TOYKAX IepecedeHus
9KBATOPOB, a pédpamu Oy/IyT yYaCTKH YT MEXK/Iy COCEJHUMHU TOYKAMU Ha KaKOH-TO SKBaTODeE.
Torma y sToro miaockoro rpada cremeHb KaxKI0i BepIIuHbI OyAeT 1o KpaiiHeil Mepe 6, 4T0 BO3-
MOXKHO 110 popMyJie Diljiepa TOJIBKO, ecjid B rpade ecTb KpaTHble PEOpa. DTo 03HATAET, YTO BCE
9KBATOPBI [IPOXOIAT YEPe3 JABe JUAMETPAJLHO IIPOTUBOIOJIOXKHBIE TOUKK Ha cdepe.

3.4.2. Ilycrb B Marmueckoii KOH(MUIrypamun HEKOTOPO PsMO (HEKOTOPOMY 3KBATODY) MPH-
[MACAHO YHCJIO DOJIbIIEe % JlokazkuTre, 9TO BCe OCTAJIBHBIE IPSIMbIE (SKBATOPHI) TIEPECEKAIOTCS B
OJIHOM TOYKe (JBYX aHTHUIIOJAIBHBIX TOUYKAX).

Pewenue. Yepes e 0b03HAINM SKBATOP C MPUIMUCAHHBIM UNCJIOM OOIBITIM % 3aMeTnM, 4To
JPYTEM 5KBaTOpaM IMPHUIIUCAHDBI YNUC/1a MEHBIITHE %, TaK KaK HHAYE B TOYKE [I€PECEUEHUs JIPYTOro
9KBATOPA C € CyMMa 1uces1 Obuia 661 00JIbITe 1.

Yr06b! 3aBEPIINTDH JOKA3ATEIHLCTBO, HY?KHO IIOKA3aTh, 9TO HARIETCA IBa 9KBATOPA, OTJIMI-
HBIX OT €, TAKHX, YTO 4Yepe3 OJIHY U3 NX TOYEK IIepeCcedYeHUs HEe IPOXOAAT JPYIHhe 3KBATOPLI
(BKJIIOUAst €). DTO MOXKHO ClIeJIaTh, HAIIPUMED, CJIeyomuM obpasom. PaccmarpuBaeM pucyHOK
Ha IJIOCKOCTH, COOTBETCTBYIOIINN PUCYHKY M3 9KBATOPOB Ha cdepe, y KOTOPOro obpas e ObLI
ObI OECKOHEYHO yIaI6HHON mpsamoii. [lajtee mpuMensercsa moKa3aTeabCTBO TeopeMmbl CHyibBecTpa
4epe3 MUHUMAJIbHBIE PACCTOAHUS MEXK 1y TOYKON IepecedeHud U IIPAMON, He IIPOXOIsIeil uepes
9Ty TOUKy. llompobyiiTe caMOCTOATENEHO BOCCTABHOBHUTDH JIOKA3aTeLCTBO. Hampumep, MOKHO
[OCMOTPETh, KaK 3TO JEJIAeTCsl B JIoKa3aTe/bCTBe jJeMMbl 5.6 B kuure [7].

3.4.3. Jlokaxxure, 9TO €CTh TOYKA, B KOTOPOil ITepEeCeKAIOTCsI POBHO JIBe CHHUE U OJHA KPaCHAs
npsivast (skBaTop). HamoMmumm, uro KoHMUryparysi COCTOUT U3 MPSIMBIX (9KBATOPOB), & HE W3
TOYEK.
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Pewenue. Kax mbl 3HaeMm, mo Tteopeme CuibBecTpa i CHHUX SKBATOPOB HalIETCs JIBE
CHHMX 9KBaTOpa, 4epe3 TOYKY IIePEeCeUYeHMsI KOTOPBIX HE IPOXOJUT OOJIbIEe CUHUX SKBATOPOB.
CrenoBaTe/IbHO Yepe3 MX TOUYKY IepecevdeHusl JOJXKHA IMPOXOANTh KPACHBIA 5KBATOP, TaK Kak
CyMMa, BECOB I KaxKJIOW TOYKM IIePECEUYEeHMsI JOKHA PABHIATHCS 1.

3.4.4. JlokaxXute, 9TO B KOH(PUTYPAIIUN €CTh CHHUI I€THIPEXYTOJIbHUK Pa30ueHusl ¢ KPACHBIMU
JTUArOHAJIAMIA.

Pewenue. Paccmorpum 1mockunii rpad, 00pasoBaHHBI TOYKAME IEpPECeUeHnil CHHUX KB~
TOpBI, pEOpaMu KOTOPOIro OYIyT Iapbl BEPINUH, JIEXKAIIUX HA OIHOM CHHEM SKBATOPE, MEXKIy
KOTOPBIME Ha 9KBATOPE HET JIPYIrux BepimH. Bocmosbayemes: dbopmysioii (1) npu o = % Haaum
KaxK 101l Beprmme 3apsiy pasublii (degv — 6), a Kaxk/1o0it rpanu 3apsiz pasublii (2deg f — 6). Ba-
METHM, 9TO Jjisi KayKJI0# BepHInHbI crerern 4 (depe3 KOTOPYIO IPOXOJAT J[BE€ CUHUE IIPSIMBbIE),
HallIéTCsT KpacHas IPsIMas, MIPOXOAdAIas depe3 Heé, TaK KaK CyMMAapHBIN 3apsiii JOJI2KEH pPaB-
HATHCS 1.

Hauném nepepacipeiesisiTh 3apsijibl (9TO HPOIECC MbI IPOJOJIZKIM B IIOCIIEYOIINX 33/1a9aX ).
Ot Kax 10l rpaHu, JJjist KOTOPOil KAKOW-TO KPACHBIN 9KBATOD sIBJISETCs JIUATOHAJIBIO, TIEPeIaIuM
10 3apsijly, PABHOMY 1, B KOHIIbI 9TOI JUATOHAJIN.

Ybemurech CAMOCTOSITEJILHO, UYTO €CJIU HE HAWJIETCS CHHErO YeThIPEXYTOJbHUKA ¢ KPACHBIMU
JIMArOHAJISIMU, TO 3apsij] KayKJI0i I'PaHU U KaXKJIOH BEpIIUHBI OyIeT HEOTPHUIATEThHBIM. TaKmM
06pa3oM, MBI TOJIy9aeM ITPOTHBOPEYNE.

3.4.5. JlokaxkuTe, UTO HaJIETCA CUHUI TPEYTOJLHUK PA30MEHUsI, UMEIOIIUi OOIIYI0 CTOPOHY C
IIJTIOXUM YeTBIPEXyT'OJIbHUKOM.

Pewenue. Ha Tekymuit MOMEHT €IMHCTBEHHBIN I'paHell ¢ OTPUNATEIHHBIM 3aPSI0M — ILIO-
XO# 4YeThbIPpexXyToJIbHUK (HaHOMHI/IM7 9TO Yy BEPIINH 3apsiibl IOJYYaroTCd HeOTpI/H_LaTe.HI)HbIMI/I).
TouHee y MI0XOT0 YeTHIPEXYTOJbHIKA OyJIeT 3apsiyi paBHbI (—2).

Jlajee nepemaiuM OT KaKJIOf I'PAHU CMEYXKHOHN C IIJIOXUM YEeTBIPEXYTOJHHUKOM IO 3aPsTy
paBHOMY % Tak Kax CyMMapHBII 3apsi)i OTPUIATEJLHBINA, TO 00SI3aTEIbHO HAMIETCS IIJIOXOM
TPEYTOJIbHUK.

3.4.6. [JokarkurTe, 9TO €CJIM IJIOXO#l TPEyrOJbHUK UMEET ODOIIHEe CTOPOHBI CPasy C ABYMs ILIO-
XUMHU 9€ThIPEXyTOJbHUKAMUI, TO HAIla KOH(MUI'YPAIKs sIBJISIETCSI JIBOMCTBEHHON KOH(MUIY parueit
Hego®aHo.

Pewenue. Yoeaurech B 9TOM CaMOCTOSITEJILHO. DTO HETPYIHO CJIEAYET U3 TOrO, 9TO OJUH U3
KPACHBIX 9KBATOPOB OyJeT nepecekaTh CUHUIT 95KBATOP B JBYX TOYKaX (BEPIIUHBI JABYX ILIOXUX
YEeTHIPEXYTOJIbHUKOB).

3.4.7. Jlokaxxure, 9TO HAMIyTCs MJI0OXON TPEYTOJIBHUK ¢, €ro ILJIOXOM YeThIPEXYTOJbHUK d U UX
obmias Bepmuna A Takue, 9To KycoK paszbuenus, BepTHKAILHEITY ¢ oTHOCHTEIbHO A, ABadeTCs
YEeTBIPEXYTOJIbHUKOM.

Pewenue. Ha nanablii MOMEHT €IMHCTBEHHBIN THUI rpaHeil ¢ OTPUIATETbHBIM 3aPIIOM —
IJIOXUE TPEYTOJbHUKA. 3apsij] B KaXKJIOM U3 HUX OyJieT paBeH —%,
9TO IJIOXOI TPEYTOJBHUK COCEJACTBYET BCETO C OJHU INIOXAM YeTBhIPEYTOJIBHUKOM.

Tenepb oT KaxKIOI TPaHM CTENEHN IO KpaliHeil Mepe 5, KOTOpas BEPTUKAJILHA IJIOXOMY TpPe-
YTOJBHUKY M CMEXKHAa €ro IIJIOXOMY YeTBIPEYTOJbHUKY IepeIaanM 110 3apsl PABHBIA % B IJIOXOM
TPEYTOJIbHUK. ¥Y0eIuTeCh CAMOCTOATEIbHO, UYTO B 9TOM CJIydae KaKJas M3 IpaHefl CTeleHu Mo
Kpaiineit Mepe 5 OyJIeT ¢ MOJOKUTEILHBIM 3aPSIIOM.

W3 sroro 6yner ciaenoBarh Hasm4ane Tpedyemas KOHCTpyKIusi. Ha camom Jiesie Beerjia MOYKHO
HafTH IJIOXOH TPEYTOJIbHUK t CMEXKHBIN IIJIOXOMY UeTBIPEXYTOJIbHUKY d, KOTOPBIi jubo Oymer
CMeKeH OOBIYHBIM YEeThIPEXYTOJIbHUKAM, BEPTUKAJIBHBIM ¢, JUO0 OYJIET CMEXKEH IIJIOXOMY Tpe-
YTOJIBHUKY U OOBITHOMY YeThIPEXYTOJIbHUKY, KOTOPbIE BepTUKAJIbHBI t. TOJIbKO y TaKuX Tpe-
YTOJILHUKOB t OyJIyT OTPHUIATEIbHDBIE 3aPs/Ibl, PABHBIE —%. [Litoxue TpeyroJqbHUKH B IIOCTIETHEH
KOHCTPYKIMK OyJIeM HAa3bIBATH 04€Hb NAOTUMU, CMEXKHBIE UM ILJIOXHE IETHIPEXYTOJIbHUK OyjieM

TaK KaK MBbI IIPEAIIOJIO?KUJIN,

10 Mpa kycka pasbuenust ¢ 0bmIeil BePIIHHOI A HAZBIBAIOTCS 6EPMAUKAALHbLMU OTIHOCUMEALHO A, €CITH UX yTIbI
npu A BepTUKAIHHBI
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Ha3bIBATb O0Y€HbL NAOTUMU, & XOPOIIUM YETBIPEXYT'OJIbHUKOM 6y,ILeT Ha3bIBATHCA IE€TBIPEXYT'OJIb-
HHUK BepTHKaJIbeIfI OY€eHb IIJIOXOMY TPEYI'OJIbHUKY.

3.4.8. Paccmorpum pasbuenne npoeKTUBHOl 110cKOCTH (cepbl) CHHUMU TPSMBIME (9KBa-
rTopamu). [Jokaxkure, uro Haii¢Tcs Takas UpsiMasi (9KBATOD), UTO CPeIH dacTeil pasbmeHwus,
HIPUMBIKAIONIUX K 9TON IPSIMOi (9KBATOPY), POBHO JiBe (YeThIpe) SIBJISIIOTCS TPEYTOJIbHBIMHI.

Pewenue. Ntak, Ha TEKyIUil MOMEHT I'DAHSIMU C OTPHUIATEIBHBIM 3aPSI0M SIBJIAIOTCH OY€Hb
IJIOXUE TPEYTOJbHUKU. 3apsij] KaxKJIOr0 TAKOTO TPEyroJIbHUKA BCE emé —%. Jlajtee MBI XOTHM
[I0Ka3aTh, YTO 3apsi/ila B XOPOIIUX YETHIPEXYTOJbHUKAX JOCTATOYHO, YTOOBI KOMIIEHCUPOBATD
3apsiJi BO BCEX OYEHDb ILJIOXUX TPEYrOJIbHUKAX.

Temeps paccMoTpuM ABYAOJIBHBII IT'pad. Bepimmaamu mepBoit 1011 9TOTO ABYI0JIHHOTO rpada
6yayT mapsl (b, e), rje b — 3T0 OYeHb IJIOXOM YETHIPEXYTOJBHUK, a € — IKBATOD, 00pasyouii
CMEKHYIO CTOPOHY C €r0 O4YeHb IIJIOXUM TPEYTOJbHUKOM t. Bepmmubl Jpyroit posm OymnyT mnapsl
(g,€), ryie g — XOpoIuii 4eThIPEeXyroJbHIUK, a € — 9KBATOP, KOTOPbIi 0o6pa3yer CTOpOHY ¢ U
CTOPOHY OYeHb IIJIOXOIO YETBIPEXYTOJbHUKA (COOTBECTBYIOIIErO ¢), IPU ITOM ¢ W €ro O4YeHb
JIOXO#i YeTBIPEXYTOJIBHUK JIe’KAT TI0 OJIHY CTOPOHY OTHOCUTENbHO e. [Tapel Bepimns (13 pasHbIX
noseit) Buga (b,e) u (g,e) coeuuum pebpoM, ecsin b 1 g CMEXKHBIE U JIeXKaT 110 OJHY CTOPOHY
oTHOCUTEIHHO €. CTeneHb KayK/10#l BEPIIUHbI B OJIyduBIieMcs rpade paBHa 1 mwim 2.

Ecan B nonyuusiemcs rpade pédep 6oJibIie, KOJUIeCTBa BEPIINH B IIEPBOI JI0JI€, TO HECIOXK-
HO yOenuThest (9TO MpeIaraeTes ¢IeaaTh CAMOCTOSATEIBHO), ITO CyMMAPHBIil 3apsi/i HEOTPHIIA-
TEJIbHBIMA.

Ecin ke cymMapHbIil 3apsiji OTPUIATELHBIH, TO 00s3aTeIbHO HARJIETCS CJIeyIoIasi KOH-
cTpyKIust: uHynupoBanublii myts (by,e), (g1,€), ..., (gr,€), (bk+1,€), v1e b1, g1, Gk, bpr1 —
CMEKHBIE YEThIPEXYTOJIbHUKH, JIEYKAIUE OT OIPAHUYEBAIOIIETO UX IKBATOPA € C OJHOW CTOPOHBDI,
a TaKKe YeThIPEXYTOJLHUKA b1 U bpy] CMEXKHDI C TPEYTOJILHUKAMU.

Teneps MOKaxKUTE CAMOCTOSATETBHO, UTO HANRIETCS MCKOMAsl IIPSIMAsIIO

3.4.9. Ilokaxkure, 4TO CJIydaii, ONUCAHHBIA B MPEIbLIYINEH 3a1a49e, TOXKEe HEBO3MOXKEH.

Pewenue. JlokaxkuTe caMOCTOSTE/IHLHO TeopeMy JIeBu, yTBEepKIAIOINIyI0, UTO €CIU €CTh Ce-
MefiCTBO 9KBaTOpPOB Ha cdepe, TO K KaxKJIOMy M3 HAX IPUMBIKAET 110 KpaiHeil Mepe IecTh
TpeyroJbHUKOB (I/ICK.HIO‘{GHI/IQ COCTOUT B CJIy4dae, KOorJa BC€ IIpAMbIe KpOMe BO3MOXKHO O,ZLHOfI
HPOXOJAT 4Yepe3 oy Touky). Cum. mpemioxkenue 5.13 B [7].
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Discharging method”

Egor Bakaev, Vera Bulankina,
Grigory Chelnokov, Alexandr Polyanskii, Andrey Ryabichev

Introduction

This project is devoted to a certain classical idea in graph theory. It plays a crucial
role in the proofs of many “structural” results on graphs drawn in the plane that are not
necessarily planar. This idea became well-known because of its application in the proof
of the celebrated four color theorem. This idea is the so-called discharging method: it is
a certain form of double counting based on Euler’s Formula for a planar graph.

Our project is aimed at an experienced problem solver. We do not plan to show step-
by-step instructions and explain how considered method works. Instead, we are going to
provide sufficient amount of problems of gradually increasing difficulty, which will form
a ladder both to understanding the method and to the valued results achieved throw it.
Below you can find three interesting problems of the project, which are very difficult, and
so we recommend you to postpone solving them for now and to return to them only after
the semifinal.

1. Let P be a finite set of points in the plane. P is called a magical configuration if
there is an assignment of positive weights to the points of P such that, for every line ¢
containing at least two points of P, the sum of the weights of all points of P on ¢ equals
1. Describe all magical configurations.

2. We say that a graph I' is drawn in the plane if the vertices V(I') are represented
by distinct points and the edges E(I") are represented by (Jordan) arcs, each connecting
two vertices and containing no other vertex. We say a graph is quasi-planar if it can be
drawn in the plane in such a way that no 3 of its edges are pairwise crossing in their inner
points'. Prove that, for a quasi-planar graph T', the inequality |E(T)| < 8|V(T")] — 20
holds.

3. A graph I' is called a matchstick graph if I' can be drawn in the plane in such a way
that edges are represented by segments of length 1, and no two edges cross. Prove that
a matchstick graph must have a vertex of degree different from 5.

Also, it is worth mentioning that in the last section of our project (that will be given
to you after the semifinal) you can find some open research problems that probably could
be solved using this method. A solution of any of them is a publicable result.

*Here you can find the current results: https://clck.ru/HMnm8
I'Note that if one replaces 3 with 2 in the above definition, one gets the definition of a planar graph.
This explains the choice of the term “quasi-planar”.


http://polyanskii.com/
https://clck.ru/HMnm8

Useful notations

Denote by V(T') and E(T'), respectively, the sets of the vertices and the edges of a graph?
I'. Moreover, if an embedding of I" in the plane is given, then F(I") denotes the set of the
faces of the drawing of I'. Famous FEuler’s Formula states that, for a connected planar
graph I,

V(D) = |B(T)| + |F(T)| = 2

Denote the degree of the vertex v € V(I') by deg(v). Also, denote by §(I") and A(T")
the minimum and maximum degree of a vertex in V(I'), respectively. A graph is called
n-regular if the degree of any vertex is n. The weight of an edge wv is deg(u) + deg(v).
Call the degree deg(f) of a face f the number of edges along the boundary of f (that is
a cut-edge is counted twice).

Definition. We say that a graph has a proper coloring in k colors (or it is k-colorable) if
for each vertex one can assign one of the numbers 1,...,k (called colors) in such a way
that adjacent vertices are colored differently. The chromatic number x(I') is the least k
such that a graph G has a proper coloring in k£ colors.

A subgraph I" of a graph T is induced if E(I'"") contains all edges of E(T"), that connect
vertices of V(I).

1 Double counting

1.1. Some cells of a given table are marked. For every marked cell, the number of marked
cells in its column equals to the number of the marked cells in its row. Prove that the
number of rows with at least one marked cell is equal to the number of columns with at
least one marked cell.

1.2. F elves and D dwarfs arrived to the Zilantkon convention. It turns out that during
the convention every dwarf got into a fight with at least one elf and every elf got into a
fight with at most ten dwarfs. Also, it is known that every dwarf has more opponents-elves
than any of his opponents-elves has opponents-dwarfs. Prove that D < %E.

1.3. A table has m rows and n columns, where m < n. Some cells are marked in such a
way that every column contains at least one marked cell. Prove that there is a marked
cell such that the number of marked cells in its row is larger than the number of marked
cells in its column.

1.4. In a school library there were exactly & empty bookshelves yesterday. Today in
the morning, some books were rearranged in such a way that every shelf is not empty
anymore. A book is called boring if the number of books on its current shelf is less than
the number of books on its shelf before the rearrangement. Prove that there are at least
k + 1 boring books.

1.5. Suppose that an n x n table is filled a) with numbers 0 and 1 b) with non-negative
integers in such a way that if some cell of the table contains 0, then the sum of all numbers
in its cross® is at least 1000. Find the least possible sum of numbers in the table.

2From now on, we consider graphs without loops and multiple edges unless otherwise stated.
3A cross of a cell is the union of cells lying with it in the same row or the same column



1.6. Suppose that a convex n-gon and m red points distinct from the vertices of the
polygon are drawn on a blackboard. It turns out that each segment between two vertices
of the polygon contains at least one red point. Prove the inequality

1 1 1
mZn(1+§+§+---+m>.

1.7. Consider n unit circles drawn in the plane. It is known that each of them intersects
with at least one another circle and also there are no two touching circles. It is possible
that more than two circles pass through one point. Prove that there are at least n
intersection points.

1.8. A square is cut into several triangles. Prove that there are two triangles sharing a
common edge.

1.9*. There are n lines in general position in the plane, that is, no three of them share
a common point and no two are parallel. These lines split the plane into several parts.
Prove that there are at least n — 2 triangles among them.

2 Problems about graphs

Planar graphs

This subsection contains problems that historically were proven by the discharging method.
Most of them are lemmas in serious articles. However, these problems are not harder than
difficult olympiad ones. Thus, we find it reasonable to present them without extra hints.

2.1. Let V be a convex polyhedron without 4-gonal and 5-gonal faces. Prove that V'
has at least 4 triangular faces.

2.2. Let I" be a planar graph with §(I') > 2 and all cycles of length at least 7. Prove
that there is an edge of I' of weight at most 5.

2.3. Let I' be a planar graph with 6(I') > 5 such that all its faces are triangles, and
there is no two adjacent vertices of degree 5. Prove that there is a face with degrees of
vertices 5, 6 and 6, respectively.

2.4. Let I' be a planar graph with 6(I') > 5. Prove that there is an edge of weight at
most 11.

2.5. Let I' be a planar graph such that 6(I') > 3. Prove that there are a face f and a
vertex v € f such that either deg(v) = 3 and deg(f) < 5 or deg(v) < 5 and deg(f) = 3.

2.6. Let I' be a connected planar graph such that §(I') > 3. Prove that there is a face
of length at most 5 with the degrees of all its vertices but one do not exceed 11.

Light colorings

Every problem of the previous subsection states that a graph with some global property
satisfies some local property. For instance, an information about the minimal degree of



a graph implies that it contains a given subgraph. Analogous statements can be useful
for proving of upper bounds on the chromatic number of a graph.

2.7. a)Prove that any planar graph is 6-colorable.

b) Suppose that, for any subgraph of a given graph I', one of the following conditions
holds: 1) there is a vertex of degree at most d — 1; 2) there is an even induced cycle such
that the degree of every its vertex does not exceed d. Prove that the induced graph I' is
d-colorable.

Definition. We say that a graph has a wvery light coloring in d colors if one can conse-
quently delete all the vertices in such a way that, at each step one deletes a vertex of
degree at most d — 1.

Note. For instance, Problem 2.7a is about a very light coloring.

Definition. A graph is called k-choosable if for any assignment of sets (called lists) of
k colors to vertices (the lists are not necessary the same), there exists a proper coloring
according to the lists, that is, for each vertex one can choose a color from its list in such
a way that the colors of adjacent vertices are different.

Analogously we can define k-edge-choosability.

The list chromatic number of I, written ('), is the least k such that I" is k-choosable.

It is obvious that k-choosability of a graph implies its k-colorability. Indeed, it is
possible that all the lists assigned to the vertices are the same. It turns out that the
converse is false, that is, a graph can be k-colorable but not k-choosable.

2.8. a)Prove that for a given k there exists an integer n such that the complete bipartite
graph [, ,, is not k-choosable. Although it is 2-colorable as any bipartite graph.
b) Prove that any even cycle is not only 2-colorable but also 2-choosable.

2.9. a)Suppose that every inner face of a planar graph I' is a triangle and its outer face
is bounded by a cycle vy ... vgv,. Suppose further that with v; and v, lists of 2 colors are
associated, with every other vertex of the outer face a list of 3 colours, and with every
inner vertex a list of 5 colours. Then there exists a proper list coloring of I' for the given
lists.

b) Every planar graph is 5-choosable.

Definition. We say that a graph is lightly d-choosable with respect to its induced sub-
graphs I'y, ... I’} if one can consequently delete these induced subgraphs to get the empty
graph in such a way that, at i-th step the number of edges of every vertex of I'; connecting
it with the remaining vertices but V (I';) is at most d — (I';).

Notice that the graph in Problem 2.8b is lightly d-choosable.
It is possible to use the idea generalizing light choosability for proving the existence
of total coloring.

Definition. Given an assignment of lists of colors to vertices and edges of a given graph
[ (the sizes of lists are not necessary the same), we say that I' has a proper total list
coloring if for every vertex and every edge, one can choose a color from its list in such a
way that any two neighboring elements* receive different colors.

4Two vertices are called neighboring if they are connected by an edge, two edges are neighboring if
they share a common vertex, a vertex and an edge are neighboring if the vertex belongs to the edge.
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Consider a planar graph I' with A(I") > 11. Assign lists of size A(I") to the vertices
of I' and lists of size A(I") + 2 to the edges. Prove that I' has a proper total list coloring
for this set of lists.

3 Main problems

In this section, we present four problems proved by the discharging method that were
results of mathematical articles. We reveal a few intermediate steps of the solution.

3.1 Matchstick graphs

Definition. A matchstick graph is such a graph whose vertices are points in the plane,
edges are represented by segments of length 1, and no two edges cross. (Note that a pair
of vertices at distance 1 is not necessary an edge.)

Key Problem 1. Prove that a 5-regular matchstick graph does not exist.
Note. Actually, in any matchstick graph there is a vertex with degree less than 5.

Definition. A graph I' is called a graph of minimal distances, if I' can be drawn in the
plane in such a way that edges are pairs of points at distance 1, and no pair of vertices
are at distance less than 1.

3.1.1. Let I" be a graph of minimal distances on n vertices that are in general position®.
Prove that a) E(I') < 5n/2, b) there exists a constant ¢ < 5/2 such that E(I') < cn.

¢) An interesting graph is a graph of minimal distances such that, for every vertex,
it and its neighbors are in general position®. Prove that, for every ¢ < 5/2, there is an
interesting graph I' with at least ¢|V(I')| edges.

3.1.2. Solve Key Problem 1.

3.1.3*. Prove that a 4-regular matchstick graph contains at least 20 vertices.

3.2 Quasi-planar graphs

Definition. We say that a graph I' is drawn in the plane if the vertices V(I') are rep-
resented by distinct points and the edges E(I") are represented by (Jordan) arcs, each
connecting two vertices and containing no other vertex.

This definition is auxiliary, it is needed to define different classes of graphs. For in-
stance, prohibiting edge crossings, we obtain the definition of planar graphs. Considering
different relaxations of the crossing condition” we obtain different extensions of the class
of planar graphs.

Sthat is, no three of them are on the same line

6all vertices are not necessary in general position

"For example, the condition that each edge has at most ¢ inner crossings, or that there are at most d
edges pairwise crossing in inner points



Definition. A graph is called quasi-planar if it can be drawn in the plane in such a way
that each two edges intersect in at most one inner point and no three edges are pairwise
crossing in their inner points.

Key Problem 2. a) Prove that |E(I')] < 8n — 20 for a quasi-planar graph I'" on n
vertices.

b) Try to improve the statement of the previous problem. Both sharpening of the
inequality and its generalizations for other classes of graphs are interesting.

3.2.1. Suppose that the graph satisfies the following additional condition: There are no
three edges ey, e9, e3 such that e; and e, has the same end A, the edge ez intersects them
at interior points B and C, and there are no other intersections on the sections of the
arcs AB and AC'. Prove that the number of edges is at most 4n — 8.

3.2.2. (Ucnpasuts 661 dhopmymmposky) Without the additional condition in the last
problem, prove the bound for the number of edges 10n — 20. In the solution of the
previous problem you have found the initial distribution of charges that very likely also
works here.

3.2.3. Finally, solve Key Problem 2a. In the solution of the previous problem you have
found the initial distribution of charges that very likely also works here.

3.3 List edge coloring

Here, we use the concept of light coloring in a new setting. Recall that the idea is to
show that it is possible to delete a part of a given graph, and thus to reduce the question
of coloring of the graph to the same question for the remaining subgraph.

In this section, by triangle we denote a 3-cycle. Denote by I' a planar graph with an
extra condition: There are no two triangles sharing an edge.

The main goal of this section is to solve the following problem.

Key Problem 3. Prove that if A(I') > 6, then I' is (A(T") + 1)-edge-choosable.

Note. The statement of Key Problem 3 holds in the case 3 < A(I') < 4, even for
non-planar graphs. If A(T') =5, then I' is (A(T") 4 2)-edge-choosable.

3.3.1. Prove that if A(I') > 7, then I' is (A(T") 4+ 1)-edge-choosable.

You solved Key Problem 3.3.1 in the case A(I') > 7. To solve the case A(I') = 6,
additional efforts are required.

3.3.2. There is an extra configuration that is special for the case A(I') = 6: A 6-vertex
that is incident to three triangles, two of these triangles are of type (6, 6,3) and the third
one is of type (6,6,3), (6,5,4), or (6,6,4). Prove that if I" contains such a configuration,
then it is possible to reduce the question on coloring of I' to the same question for its
subgraph.

3.3.3. Finally, prove that if A(T') = 6, then I" contains one of some three configurations®
each of those allows to reduce the question on coloring of I' to the same question for its
subgraph.

8Solving problem 3.3.1, you found the first configuration, another one is defined in problem 3.3.2. Try
to figure out what is the third one.



3.4 Magical configurations

Definition. A finite planar point set P is called a magical configuration if there is an
assignment of positive weights to the points of P such that, for every line ¢ containing at
least two points of P, the sum of the weights of all points of P on ¢ equals 1.

Key Problem 4. Describe all magical configurations.
This problem is partially motivated by famous Silvester’s Theorem.

Sylvester’s Theorem. If P is a finite set of points in the plane, then either P is a
subset of a line, or there exist two points A, B € P, such that the line AB contains no
other points of P.

We need the following interesting configuration.

Definition. A Failed Fano configuration is the following configuration of 7 points in
the plane: Points A;, As, A3, A4 that are in general position, and the other three are
intersections of lines: Bl = A1A2 N A3A4, B2 = A1A3 N A2A4, and B3 = A1A4 N A2A3.

It turns out that the dual language is more convenient to solve Key Problem 4.

3.4.0. a) Optional problem for those who use the language of projective geometry. Con-
sider a duel configuration to a magical configuration of points in the projective plane (that
is a configuration of lines). Describe a configuration dual to a Failed Fano configuration.

b) Optional problem for those who do not use the language of projective geometry.
Suppose that points and lines are drawn in the plane. Find a correspondence 7 that
associate a drawing in the plane with a drawing on a unit sphere such that the image of
a point is an equator? of the sphere, the image of a line in the plane is a pair of antipodal
points on the sphere (note that the image of a line is not the union of the images of its
points!), and the correspondence preserves the incidence relation, that is, if a point A lies
on a line ¢, then m(¢) belongs to the equator m(A). Prove other natural properties of the
correspondence:

e The image of a line AB is a pair of the intersections of equators m(A) and 7(B).

e The image of the intersection of lines ¢; and /5 is an equator containing pairs of
antipodal points 7(¢;) and 7 ({s).
Also, find the image of a Failed Fano configuration.
3.4.1. Using dual terms and Euler’s Formula, prove Silvester’s Theorem.

A configuration of lines (equators) is magical if it is dual to a magical configuration
of points. From now on, we consider only magical configurations of lines.

3.4.2. Suppose that, in a magical configuration P, the assigned weight to a line
(equator) is greater than £. Prove that all the rest lines (equators) of P share a common
point (pair of antipodal points).

From now on, we suppose that there is no point A belonging to all lines but, maybe,
one. A red line is a line with assigned number % All the rest lines are called blue.

9An equator is the intersection of a sphere with a plane passing through its center.
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3.4.3. Prove that there exists a point A that belongs to exactly two blue and one red
lines (equators). Recall that the configuration consists of lines (equators).

3.4.4. Prove that there is a blue quadrilateral with red diagonals.
From now on, we call such a quadrilateral bad.

3.4.5. Prove that there is a blue triangle sharing a common edge with a bad quadrilat-
eral.

From now on, we call such a triangle bad.

3.4.6. Prove that if a bad triangle shares two edges with bad quadrilaterals, then the
configuration is the configuration dual to a failed Fano configuration.

From now on, we suppose that each bad triangle shares an edge with exactly one bad
quadrilateral.

3.4.7. Prove that there are a bad triangle ¢, its bad quadrilateral d, and one of their
common vertices denoted A such that the cell, vertical'® to ¢ with respect to A, is a
quadrilateral.

3.4.8.  Consider the partition of the projective plane (the sphere) by the blue lines
(equators). Prove that there is a blue line (a blue equator) bounding exactly two (four)
triangles.

3.4.9. Prove that the case described in the previous problem is also impossible.

0Two cells containing a vertex A are vertical with respect to A if their angles A are vertical.



Discharging method”

Egor Bakaev, Vera Bulankina,
Grigory Chelnokov, Alexandr Polyanskii, Andrey Ryabichev

1 Double counting

1.1. Some cells of a given table are marked. For every marked cell, the number of marked
cells in its column equals to the number of the marked cells in its row. Prove that the
number of rows with at least one marked cell is equal to the number of columns with at
least one marked cell.

Solution. Let us put in every marked cell ¢ the number %, where k is the number
of marked cells in the column (the row) of ¢. Clearly, the sum of numbers in each non-
empty row is 1, and so the total sum of all numbers in the table equals the number of
non-empty rows. Analogously the total sum of all numbers in the table equals the number
of non-empty columns.

1.2. FE elves and D dwarfs arrived to the Zilantkon convention. It turns out that during
the convention every dwarf got into a fight with at least one elf and every elf got into a
fight with at most ten dwarfs. Also, it is known that every dwarf has more opponents-elves
than any of his opponents-elves has opponents-dwarfs. Prove that D < %E .

Solution. Let us asing charge 1 to every elf, then the total charge is equal to E. If an
elf has k opponents-dwarfs, then he gives the charge % to each of those.

If an dwarf Duda has m opponents-elfs, then each of those has at most m—1 opponents-
dwarf, where m < 11, and thus give Duda a charge at least ﬁ Therefore, each dwarf

- 11
obtains charge at least -5 > 4.

prra
Thus, the final charge of dwarfs is at least %D. Hence, %D <FE.
1.3. A table has m rows and n columns, where m < n. Some cells are marked in such
a way that every column contains at least one marked cell. Prove that there is a marked
cell such that the number of marked cells in its row is larger than the number of marked
cells in its column.
Solution. Let us give to every column a charge (—1) and to every row a charge 1.
Clearly, the total charge is negative. Let every row or column distribute its charge evenly
to each of its marked cells. Since the total charge is negative there is a cell with a negative

charge. It is easy to see that this is a desired cell.

1.4. In a school library there were exactly k empty bookshelves yesterday. Today in
the morning, some books were rearranged in such a way that every shelf is not empty
anymore. A book is called boring if the number of books on its current shelf is less than

*Here you can find the current results: https://clck.ru/HMnm8
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the number of books on its shelf before the rearrangement. Prove that there are at least
k + 1 boring books.

Solution. In the solution of this problem we are interested only in the change of
charges of books.

First, if a book initially lied on a shelf with n other books, then it take a charge %
from its shelf. If a book after rearrangement lies on a shelf with m other books, then it
gives a charge % to its shelf.

Then the total change of charges of books decreases by k. But the change of a charge
of one book is less than 1. Therefore, there are k 4+ 1 desired books.

1.5. Suppose that an n x n table is filled a) with numbers 0 and 1 b) with non-negative

integers in such a way that if some cell of the table contains 0, then the sum of all numbers

in its cross! is at least 1000. Find the least possible sum of numbers in the table.
Solution.

1.6. Suppose that a convex n-gon and m red points distinct from the vertices of the
polygon are drawn on a blackboard. It turns out that each segment between two vertices
of the polygon contains at least one red point. Prove the inequality

1 1 1
Sn(l4-godgoit—— ).
mz (L )
Solution. See the proof of Theorem 3 in | |.

1.7. Consider n unit circles drawn in the plane. It is known that each of them intersects
with at least one another circle and also there are no two touching circles. It is possible
that more than two circles pass through one point. Prove that there are at least n
intersection points.

Solution. See the proof of Theorem 1 in | |-

1.8. A square is cut into several triangles. Prove that there are two triangles sharing a
common edge.
Solution. See the proof of Theorem 6 in | .

1.9*. There are n lines in general position in the plane, that is, no three of them share
a common point and no two are parallel. These lines split the plane into several parts.
Prove that there are at least n — 2 triangles among them.

Solution. See the proof of Theorem 5.15 in | .

2 Problems about graphs

Planar graphs

Here, we present the common idea of the proofs given in this subsection.
For a connected planar graph I', consider Euler’s Formula

V(') — E(I) 4+ F(T) = 2.

LA cross of a cell is the union of cells lying with it in the same row or the same column



Multiplying the equality by (—2) and using 2E(T") = 3 ., degv = > ;- deg f, we can
rewrite Euler’s Formula in the following way

> (adegv—2)+ Y ((1—a)degf—2)=—4. (1)

veV (D) fer(r)

Choosing different values of «, we obtain different equalities. Let us assign charges to
the vertices and the faces of I' according to the left-hand side of (1). Of course, the total
charge is negative. Then we suppose the contrary to the desired statement of the problem.
Using that and the properties of the graph given in a problem, we rearrange the charges
in a way that the final charge of every element (a vertex or a face) becomes non-negative.
Usually, this contradiction finishes the proof.

2.1. Let V be a convex polyhedron without 4-gonal and 5-gonal faces. Prove that V'
has at least 4 triangular faces.

Solution. Let us project the polyhedron on the plane in a way we obtain a plane
graph. Choosing a = % in (1) and multiplying it by 3, we have

Z(Qdegv —6) + Z(degf —6) = —12.

veV fer

Let us assign charges in the following way: a vertex v obtains a charge (2degv — 6)
and a face f gets a charge (deg f — 6). Since every vertex has degree at least 3, its charge
is non-negative. If deg f = 3, then its charges is (—3); if deg f > 6, then its charge is
non-negative. Since the total charge equals (—12), then there are 4 at least 4 faces with
the charge (—3), that is, 4 triangular faces.

Note that in this proof we did not rearrange the charges between faces and vertices.

2.2. Let I' be a planar graph with §(I') > 2 and all cycles of length at least 7. Prove
that there is an edge of I" of weight at most 5.
Solution. See the proof of Lemma 6.11 in | .

2.3. Let I' be a planar graph with 6(I') > 5 such that all its faces are triangles, and
there is no two adjacent vertices of degree 5. Prove that there is a face with degrees of
vertices 5, 6 and 6, respectively.

Solution. Consider (1) for o = % and multiply by 2. Thus, we obtain

Z(degv —4)+ Z(degf —4)=-8.

veV fer

Assign to a vertex v the charge degv — 4 and to a face f a charge deg f — 4.

Then every vertex of degree 5 gives to each of its faces a charge %, every vertex 6 gives
charge % and every vertex of degree at least gives charge %

Then the charges of vertices of degree 5 or 6 became equal to 0. For vertices of degree
n, where n > 7, the charge becomes equal to n — 4 — %n = %n —4 > g -7 —4>0.

Initially every vertex of degree at least 4 was non-negative and after rearrangement
of charges it is still non-negative. Now consider a triangular face. Suppose the contrary

the charge of every edge is at least 12. Then the set of degrees of every face must be



(5,7+,7+) or (6+,6+,6+4)%. It is easy to see in both cases the charge of every face is
non-negative.

2.4. Let I' be a planar graph with 6(I') > 5. Prove that there is an edge of weight at
most 11.

Solution. See the subsection ’An easy example’ on the webpage https://en.wikipedia.
org/wiki/Discharging_method_(discrete_mathematics)

2.5. Let I' be a planar graph such that §(I') > 3. Prove that there are a face f and a
vertex v € f such that either deg(v) = 3 and deg(f) <5 or deg(v) < 5 and deg(f) = 3.
Solution.
Multiplying the equality (1) for v = 3 and multiply, we have

Z(degv —4)+ Z(degf —4)=-8.

veV fer

Assign to a vertex v a charge degv — 4 and to a face f a charge deg f — 4.

Suppose the contrary that every face of degree 3 does not have vertices of degree less
than 6 and every vertex of degree 3 is not incident to a face of degree at less than 6.

Then every vertex of degree at least 6 gives to every incident face a charge % Therefore,
the charge of such a vertex is non-negative and every triangular face has charge equal to
0.

Also, every face of degree at least 6 gives to its vertices the charge % Therefore, the
charges of such faces are non-negative and every triangular face has a charge equal to 0.
A contradiction.

2.6. Let I" be a connected planar graph such that 6(I') > 3. Prove that there is a face
of length at most 5 with the degrees of all its vertices but one do not exceed 11.
Solution. Multiplying the equality (1) for a = % by 3, we have

Z (2degv —6) + Z (deg f — 6) = —12.

veV(T) feF(T)

Assign to a vertex v a charge 2degv — 6 and to a face f charge deg f — 6.

Suppose the contrary, that is, every face of degree at most 5 has at least two vertices
of degree at least 12.

Let every vertex of degree n, where n > 12, give to every incident face a charge 3.
Then its charge becomes equal to 2n — 6 — %n = %n —6 > 0. Every face of degree at most
5 will obtain charge from at least two vertices, and so its charge is at least —3 + % -2 =0.
All the rest vertices and faces initially had non-negative charges and these charges do not

decrease.

3

Light colorings

2.7. a)Prove that any planar graph is 6-colorable.
b) Suppose that, for any subgraph of a given graph I', one of the following conditions
holds: 1) there is a vertex of degree at most d — 1; 2) there is an even induced cycle such

2Here, we denote by k+ a number that is at least k.
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that the degree of every its vertex does not exceed d. Prove that the induced graph I' is
d-colorable.

Solution. a) Every face of a planar graph I' has at least 3 edges, thus, 3|F(I')| <
2|E(T")|. Substituting this inequality in Euler’s Formula, we obtain

6 = 3[V(D)| = 3[E(D)| + 3|F(I)| < 3[V(I')| — [E(T)].

It means 3V > F, and so there is a vertex of degree at less than 6.

Now, it is easy to finish the proof using induction. We leave it as an exercise for the
reader.

b) Prove this statement for all subgraphs of T' by induction on the number n of
vertices.

If in " there is a vertex v of degree at most d — 1, then color I"\ {v} in d colors (by
induction) and then choose the proper color for v.

Otherwise, in I' there is an even induced cycle v ... v, such that the degree of each
vertex is at most d. Denote by C' the set of its vertices. By the induction hypothesis, we
color I'\ C' in a proper way. Now, let us show how we can color vertices of C. For every
vertex in C', there is at most d — 2 edges connecting it with vertices in I' \ C', and thus
for each vertex in C' there are at least 2 possible colors.

Let us show the following Lemma.

Lemma. If, to every vertex of an even cycle, a list of 2 colors is assigned, then it is
possible to color it in proper way choosing colors from the corresponding list.

If lists of the vertices of the cycle are the same, then, clearly, it is possible to color it
alternatively. Otherwise, there are two neighbouring vertices with distinct lists, say, the
vertices v, u vi. Color v; in a color that is not in the list of v;. Then there is a choice for
coloring v9, and so we can color it. Analogously, we can color v, ..., vg. Thus, all vertices
are colored in the proper way, including v, and vy.

2.8. a)Prove that for a given k there exists an integer n such that the complete bipartite
graph K, , is not k-choosable. Although it is 2-colorable as any bipartite graph.

b) Prove that any even cycle is not only 2-colorable but also 2-choosable.

Solution. a) Let the first part of the graph has vertices, indexed by numbers 1, ... k.
Also, assume that the vertex ¢ has list (¢;1, ¢, - . ., ¢i), here we assume that all these k2
colors are distinct. In the second part there are k¥ vertices with all possible lists of the
form (ciz,, Couys - -+, Cay ), Where z; € {1,... Kk} for all i.

Then for any coloring of the first part there is a vertex of the second part, whose
list coinside with the coloring of the first part, and therefore it is impossible to color it
properly. Since we are going to construct an example with the same number of vertices
in both parts, we add extra vertices to the first part (with arbitrary lists).

b) See the lemma in the proof of Problem 2.7b.

2.9. a)Suppose that every inner face of a planar graph I is a triangle and its outer face
is bounded by a cycle vy ... vgv,. Suppose further that with v; and vy lists of 2 colors are
associated, with every other vertex of the outer face a list of 3 colours, and with every
inner vertex a list of 5 colours. Then there exists a proper list coloring of I' for the given
lists.

b) Every planar graph is 5-choosable.

Solution. See the proof of Theorem 5.4.2 in | .

b}



2.10. Consider a planar graph I" with A(I') > 11. Assign lists of size A(I") to the
vertices of I' and lists of size A(I") + 2 to the edges. Prove that I' has a proper total list
coloring for this set of lists.

Solution. See the proof of Theorem 6.3 (and the proof of Lemma 6.1) in | |.

3 Main problems

3.1 Matchstick graphs
Key Problem 1. Prove that a 5-regular matchstick graph does not exist.

Note. Actually, in any matchstick graph, there is a vertex with degree less than 5.

3.1.1. Let I be a graph of minimal distances on n vertices that are in general position®.
Prove that a) E(I') < 5n/2, b) there exists a constant ¢ < 5/2 such that E(I') < cn.

¢) An interesting graph is a graph of minimal distances such that, for every vertex,
it and its neighbors are in general position®. Prove that, for every ¢ < 5/2, there is an
interesting graph I' with at least ¢|V(I")| edges.

Solution. See | |.

3.1.2. Solve Key Problem 1.
Solution. See | .

3.1.3*. Prove that a 4-regular matchstick graph contains at least 20 vertices.
Solution. See Section 3 and Theorem 3.6 in | .

3.2 Quasi-planar graphs

Key Problem 2. a) Prove that |E(I')] < 8n — 20 for a quasi-planar graph I" on n
vertices.

b) Try to improve the statement of the previous problem. Both sharpening of the
inequality and its generalizations for other classes of graphs are interesting.

Solution. See | .

3.3 List edge coloring
Key Problem 3.

Solution. See the proof of Theorem 12 in | |-

3.4 Magical configurations

Key Problem 4. Describe all magical configurations.

Solution. See | .

3that is, no three of them are on the same line
4all vertices are not necessary in general position
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OO0 wnHBepcHbix oOpa3ax Toukn Peiepbaxa,
nositocax TpeyrosibHuka n teopeme KynaHuHa

. B. bubukos, M. . bugea, B. 1. lMonoe, A. A. LLlesLoB
[MpoekT npeactaenstot A. A. 3acnaeckuii, O. A. 3acnasckuii, 1. A. KoxxeBHukos,
. N. ®ponos

BBenenue

Touka Deitepbaxa dABJsIETCS OIHON M3 HaMOOJEE M3BECTHLIX 3aMevYaTe/IbHBIX TOYEK TPEYroJbHUKA.
Omna ormpejienisieTcss KaK TOYKa KacaHUsl BIUCAHHOW OKPYKHOCTH U OKPYzKHOCTH Dityiepa. CooTBer-
cTByIOIIYI0 Teopemy jokasa Kaps Busbrensm @eitepbax B 1822 romy. C Tex mop ObLIO TPHIYMAHO
cebirie 300 Ipyrux JOKa3aTeIbCTB 9TONH TeOpeMbl, IPUYeM MHOTUE U3 HUX UCIHOJIB3YIOT WHBEPCUIO.
MHOro4mc/IeHHOCTh TaKUX JIOKA3ATEILCTB CBUJETEILCTBYET O TOM, UTO IPU U3YUEHUU NeOMeTPHUde-
ckux cBoiicTB Touku Peitepdbaxa MHBEPCUsT ABJISETCH JOBOJIBHO MMOJIE3HBIM HHCTPYMEHTOM. B 1iepBoii
YaCTU MPOEKTA MbI IIpeJijlaraeM HOBBIN criocod m3ydenus Todku Peitepbaxa, OCHOBAHHBIN Ha pac-
CMOTPEHUH €€ UHBEPCHBIX 00Pa30B OTHOCUTEIHLHO HEKOTOPBIX OKPYKHOCTEH. DTOT MOIXOJ, TO3BOAT
HAM He TOJIBKO IMOJIYYUTH PsJl HOBBIX KPACUBBIX PE3Y/IbTATOB, HO U 3HAYUTEIHLHO YIPOCTHTH JOKA3a-
TEJILCTBA HEKOTOPBIX YK€ M3BECTHBIX (PAKTOB.

Bo Bropoit wactu mpoekTa OyJeT IpeioyKeH crocod 00OOIUTE MHOTHE YTBEPIK/I€HUS, TTOJTy ICH-
Hble B IIepBOil YacTu, Ha Oojiee obiue KoHuUrypaiun. I'pybo ropops, Mbl yTBEp:K/IaeM, YTO MHOT'HE
cBoiicTBa Touku Deitepbaxa ABIAIOTCA JIUIIb YGCMHOIMU CAYYAAMYU ZHATUTEIHHO 0oJiee OOIUX TeOo-
peM, CBA3AHHBIX C COBEPINIEHHO MHBIMU KOHCTPYKIIUSMHE, paHee 0co00 He TTPUBJIEKABIIIMICS JIJIs ee
nccsegoBanus. CTapTyst ¢ OJHONO KPACHBOTO YTBEPXK/IeHUs (TaK Ha3blBaeMoil Teopembl Kymanuna),
MBI TIOCJICOBATE/IHLHO TIOCTPOUM TEOPUI0, 0OODIIAIOIIYIO pa3/indHbie cBoiicTBa Toukun Deitepbaxa.

Texnuka, Tpedyromasics s pereHns 3a/1a4 JaHHOTO MPOEKTa, BeCbMa pa3HooOpasHa, MO3TOMY
OT perrareseil mpenoaraeTcss 3HAKOMCTBO CO CJICIYIOIIMMU METOJAMU U KOHCTPYKITUAMU:

® UHBEpPCULA U €€ CBOICTBA;

® I1I0JTIOCHI ¥ TIOJIAPBI, FAPMOHUYECKNE YETBEPKIH;

® JIMHEHHDIC IBUKCHUS TOYUCK;

® CBeJIeHMsI O KPHUBBIX BTOPOT'O TOPsIIKA (HEOOA3aTETHHO);
® KOMILJIEKCHBIE YHCIa (HeOOA3aTe IHHO).

Taxkxke 3adurcupyeM 0003HAUEHUsI, KOTOPbIE OY/IyT UCIIOJIb30BATHCA HA MPOTIKEHUU BCErO ITPO-
EKTa.

e A B, C — BepmuHBI TPEYTOJbHUKA;
o M,, My, M. — cepenunni cropon BC, AC', AB cOOTBETCTBEHHO;

e H, H, H.— ocunoanusi BbicoT Tpeyroyibiuka ABC, onymennbix u3 sepima A, B, C' coor-
BETCTBEHHO;

e L., Ly, L. — ocnoBanus oOuccekrpuc tpeyrojabanka ABC, nposenenabix u3 Bepmun A, B, C
COOTBETCTBEHHO;



® (W — BIIMCAHHAs OKPYKHOCTH Tpeyroibauka ABC' ¢ nearpom [;

o G,, Gy, G, — TOUKHN KacaHUs BIMCAHHON OKpYyzKHOCTH Tpeyroibauka ABC' co cropornamu BC,

AC, AB;

e GG/, G, G — TOYKHN KacaHWs BHEBIIMCAHHBIX OKPY2KHOCTH TpeyrosbHuka ABC' co ctopoHaMu

BC, AC, AB;

o K,, Ky, K. — 1ouku, cummerpudnbie Toukam G, Gy, G, ornocurenbno npsambix Al, BI, C'1
COOTBETCTBEHHO;

® )\, — OKPYKHOCTB, IIOCTpOeHHas Ha cropone BC' Kak Ha JHaMeTpe;

® Sy, Suc — Toukn Illapeirnba, T.e. TOYKHN TepecevdeHnst OKPYKHOCTH A, CO CPETHUMUI JTHHUSTMUI
M My, n M,M,. cooTBETCTBEHHO;

® £, £, — OKPYKHOCTH JIeBATH To4ueK Tpeyroiabanka ABC u tpeyronbanka [ BC' cOOTBETCTBEHHO;

e F'— TouKa KacaHWs BIIMCAHHOW OKPY?KHOCTHU U OKPY2KHOCTHU JIEBATH TOUeK Tpeyrojbunka A BC
(Touka Deitepbaxa).

0. Bcrmomorareabibie (paKThI

Bajiaam 5TOro pasiesa CoaeprKar J0CTATOTHO U3BEeCTHBIE (DaKThl, I CAaBaTh UX Heobs3aTeabHO. Tem
He MeHee, eCJIM KaKhe-TO M3 3ajad BaM HEM3BECTHBI, PEKOMEH/IyeM UX PEIUTh. JTO ITOMOYKET BaM
IIPU PEIIEHUN TTOCIeYIONUX 3324 IIPOEKTA.

0.1 (OkpyxkHuoctb Ditepa) lokaxkuTe, 9T0 CepeMHbI CTOPOH TPEYTOJTHHUKA, OCHOBAHMUST €r0 BBICOT
1 CepeJInHbl OTPE3KOB, COEJINHSIONINX BEPIIUHBI C OPTOIEHTPOM, JIEYKAT HA OJHONU OKPYKHOCTH.

0.2 (Ilpsmas Ditnepa) dokaxkure, uro neHTp E stoit okpyxuoctn, Toukn O, H u M jexar Ha
ojtHO# Tipstmoit, pudeM HE : EM : MO =3 :1: 2.

0.3 (Touka Mukessi) PaccMoTpuM geThIpe mpsiMble 0OIIEro MOJIOXKEH s, KOTOPbIe 06pa3yioT deThpe
TpeyrojbHuka. /lokaxKure, 4TO ONUCAHHBIE OKPY?KHOCTH STHX TPEYTOJbHUKOB ITPOXOJIAT Yepe3 OJIHY
TOYKY.

0.4 okakure, uTo npsiMas ditaepa Tpeyronbanka G,G,G. mpoxoaut depe3 Touky O.

0.5 (IIpsimasi Cumcona) Jlokazkure, 9T0 OCHOBaHUS MEPIEHIUKYJISIPOB, OIYIIEHHBIX U3 TOYKHU, Jie-
JKalleil Ha onucaHHoil okpyxkHoctr ) Tpeyrojbauka ABC', Ha ero cTOPOHBI (UM UX IPOJIOJIZKEHS ),
JezKaT Ha OJIHOU IIPAMON.

0.6 Jloxkaxkure, aro npsimast Cumcona Toukn P pemut orpe3ok PH momosam.

0.7 (Mzoronamnbhoe compsizkerne) Pacemorpum tpeyrosbauk ABC u TouKy P, OTJIHYHYIO OT €ro
BeprmH. Jlokaxkure, 910 mpsiMbie, cuMMeTpudHblie TpsiMbiM AP, BP u C' P oTHOCHTEIEHO OUCCEKTPUC
Al, BI, C'I cooTBETCTBEHHO, TIEPECEKAIOTCA B OJHOM TouKe P’.

0.8 ,HOK&)KI/ITG, cjleayromnme CBOICTBa U30IOHAJIBHOI'O COIIPA2KEHUA:

e 1oukr O u H M30rOHAJILHO COIPSIYKEHBI;



e 1lejasIbHBIE OKPYZKHOCTH (T.€. OKPY’KHOCTH, TIPOXOJISIIIe Yepe3 OCHOBAHMUSI TePIIEH IUKYISIPOB,
OIYIIEHHBIX U3 JAHHBIX TOYEK HA CTOPOHDLI TPEYTOJIbHUKA) N30TOHAIBHO COMPSI?KEHHBIX TOYEK
P u P’ coBuajaior, npudemM IEeHTp 3TO# OKPY’KHOCTH JIEXKUT B cepeuie orpeska PP’;

® TOYKHU, M30IOHAJIHLHO COIPSI’KEHHbIE TOYKAM OIUCAHHOW OKPY?KHOCTH, SBJIAIOTCH OECKOHEYHO
yJIaJIEHHBIME, IIPUYEM OHM JIEXKAT B HAIPABJICHUSX, IMEPIEHIUK/IAPHBIX psaMoit CuMmcona, j1aH-
HOW TOYKU;

e ToUKa A M30rOHAJBLHO compsizkeHa ToukaM mpsaMoit BC', ormuanbiM ot B u C.

0.9 Jlokaxkute, 9To ecau TOYKU P u () M30TrOHAIBHO CONpPsI?KEHbI, a Touku by, P., @, Q). — ux
npoeknun Ha ctopoubl AC' m AB cooTBercTBeHHO, TO mpsiMbie P,Q)., P.QQp n P() mepecekaiorcs B
OHON TOYKE.

0.10 dokaxkure, 910 KOHHKa, poxosdimast dyepe3 Touku A, B, C'u H, sBisgercss paBHOOOKO# rumep-
60101.

0.11 /lokazkuTe, YTO M30TNOHAJBHBIN 00pa3 MPsIMOil ABJIAETCA KOHUKOIA.

1. Teopema Peiiepbaxa

1.1 (Bagaga 255) Jlokaxkure, uro tpoitku npsambix (GyG., BI, M, M) u (G,G.,CI, M,M,) nepece-
KAIOTCS B TOUKAX Sgp U Sge. ITU TOUKH JIEZKAT HA OKPYXKHOCTHU \,, IOCTPOEHHOI Ha cropoHe BC' Kak
Ha JaMeTpe

1.2 Jlokazkure, aro yros Mexy npamoit BC' n okpyKHOCTbIO Ditsiepa € pasen |/B — ZC|.
1.3 [okazkure, 9to yerBepka To4uek (H,, Ly, G4, G!) 06pasyer rapMOHHYECKYIO YE€TBEPKY.

1.4 Jlokaxkute Teopemy Deitepbaxa, T.e. (paKT KacaHUs BIIMCAHHON OKPYYKHOCTU W U OKPYZKHOCTH
Ditnepa ¢

1.5 O6obmuTe M0Ka3aTeJbCTBO U3 MPEIbLIAYINEll 3a1ad9u Ha Caydail BHEBIMCAHHBIX OKPYZKHOCTEId.
JlokazkuTe, 9TO TPEYroJIbHUK C BEPIIMHAMHI B TOYKAX KACAHWS OKPYKHOCTH ODiljepa ¢ BHEBIINCAH-
HBIMU OKPYKHOCTAMU MTePCIEKTUBEH TPeYTOJbHUKY L, Ly L. ¢ ilenTpoM B TOUke F'.

1.6 (*) Haiizure napyrue 3amedarebHble OKPYKHOCTH, KACAOIIHeCcs OKPYZKHOCTH Ditaepa. Kaxnvm
UHTEPECHBIMU CBOHCTBAME 00J1a/1a10T TOYKH KACAHWS !

1.7 Jokaxkure, uro upsmasa F G, sBasercs ouccekrpucoit yria /H,FM,.

1.8 Jlokazkure, 9TO JijIst IPOM3BOJILHOIO Y€THIPEXBEPIIMHHIKA, (T.€. YeTBEPKU TOUEK ODIIIEro MOJI0XKe-
HUSI, COEIMHEHHBIME MIPSIMBIMU ) OKPY?KHOCTH Diijiepa BOSHUKAIOIIUX TPEYTOJbHIUKOB C BEPIIIMHAME B
BEpIINHAX YeThIPEXCTOPOHHUKA MepeceKaroTcs B ojiHoi Touke (Touke Iloncere).

1.9 Ilycts P — npousBosibhas Touka, otinddas ot O u H. Jlokaxkure, 9T0 11e/1abHast OKPYKHOCTh
toukn P npoxomut depe3 Touky I[loncenre yerbipexcroponnunka ABCP.

1.10 [dokaxkure, uTo Tpeyroabuuk K, K, K. romoretnden tpeyroabauky M, My M. c IeHTpoM B TOUKe

F



1.11 /loxaxkure, 910 TOUKa F' JIeXKUT Ha OKpPYKHOCTH Jitytepa £, Tpeyroibanka BIC

1.12 Ilycrs G, — TouKa, AuaMeTpajbHO HPOTHBOIOJIOXKHAA TOUKe (7, OTHOCUTEIHLHO BIIMCAHHON
okpykHOCTH w. Jlokaxkure, uro npsimast F'G, nmepecekaer orpe3ok Al B ero cepejnue

2. laBepcubie obpa3nl Touku Peiiepdbaxa

Tenepnb mepeiiieM K cojiepKaTeIbHON YacTU MPOrpaMMBbl, KOTOpPas, HaKOHeIl, OyJIeT HCIIOJIH30BaTh
Y Y )
nHBepcnio. PaccMoTpuM y2Ke 3HAKOMYIO HAM OKPYZKHOCTH A, MOCTPOEHHYIO Ha oTpe3ke BC Kak Ha
jnuamerpe. Pacemorpum touky F, — obpas Touku F' IIpu MHBEPCUU OTHOCHUTEIBHO OKPYKHOCTH A,.
Touka F! OyneT 0OCHOBHBIM O0HEKTOM HAIIMX JAJIbHEHININX PACCYKICHUI B 9TOM pasjeiie.
Tax>ke B 3TOI cepun 3aj1a4 OYJyT aKTUBHO UCHOIb30BaThCcA Touku K, Ky u K., cuMMeTpuvHbIe
toukaM G, Gy 1 G. OTHOCUTETLHO OUCCEKTPHUC COOTBETCTBYIONINX YIJIOB.

2.1 okaxxwure, 4To ToUKa F! dBIIsieTCs PaJMKAJIbLHBIM IIEHTPOM OKDYKHOCTEH Ay, € 1 &,

2.2 Ilycrs K| u K. — touku nepeceuenus aydeit K, K, u K,K. ¢ upsmoit HyH.. [lokaxure, 9ro
uarepkn Touek (F, Fl Ky, K|, Sap) u (F, F, K., K., Syc) m€Kar Ha OKPYKHOCTAX Yap U Vg

2.3 Jloxkaxkure, uro npsamas M,S,, Kacaercs OKPYKHOCTH Y yp,.
2.4 JlokazKkuTe, 9T0 UpAMad SqpSge ABIseTC OnccekTpucoit yrina LK, F. Hy.
2.5 Touka F) mexutr ua upsmeix K, K., LyL. n G,G".

2.6 Ilycrs T, — Touka mnepecederust psMbix F'Gy u SypSa.. Torma yersepku tovek (F,T,, My, Sqp)
u (F,T,, M., S,) j1ezkar Ha OKPY’KHOCTIX ), u ¢

2.7 Jloxkaxkure, uro F' gpisercsa Toukoirt Mukess st tpeyrosbuuka M, My M, n ipamoit SqpSge.

2.8 [lokaxkure, aro Touku 1,, T, u T, nexar ua cpeauux jauausax MyM., M.M, w M,M, coorBer-
CTBEHHO

2.9 Paccmorpum 1pou3BoJibHBI TpeyroibHuK A = P, P, P., TOMOTeTHIHBINH CepeIMHHOMY TPEYTOJIb-
. A
nuxky M, MM, ¢ nenrpom B Touke Peiiepbaxa F'. PaccMoTpuM OKpyzKHOCTH ¥, 1 Y% mpoxongIe

gepe3 Tpoiiku Touek (F, Py, Sy) u (F, P.,S,.) coorBercrBerno. JlokaxKuTe, 4T0 TOYKA UX Hepecede-
HUs, OTIIMYHAsA 0T F, coBHaaer ¢ Toukoil nepecedenns A npambix PyP. 1 SqpSae

2.10 JlokazknTe, 4TO B CIydae, KOra Todka A coBmaaer ¢ Toukoil G, OKPYsKHOCTb 1&@ MTPOXO/IUT
gepe3 Touku F', Hy, Gy, Sqey, Seq ¥ TOUIKY, CAMMETPUIHYIO [ OTHOCUTETBHO SgeSeq-

2.11 (*) [okaxkure, 9TO MEPIEH/UKYIISPI, BoccTaHOBIeHHbIe K TpsiMbiM BC', CA u AB B TouKax
WX THepecedeHnus ¢ npambivu FA®, FB®, FC”®, coOTBETCTBEHHO, IIEPECEKAIOTCA B OJIHON TOUKE,
IpuveM 3Ta TO4YKa JieyKuT Ha npsamoit O1. Bojee Toro, oKpyKHOCTD, TPOXOJIAIIAs Ye€Pe3 ITU TOUKH
nepecevenus, NpoxoauT depe3 Touky Deitepbaxa F'.

[Ipu xakom moJI0KEHUU TpeyTroabHUKA A\ KoHpUTryparus u3 3auadn 2.9 1mepexouT B KOHMUry-
parun u3 3a71a49 2.2 u 2.6 7

[ocoemuss 3amada sBisgercd odeHb ciaoxkHoil. Cremyronumii pa3es OyIer MOCBAIEH KOHCTPYK-
IIIU, TTO3BOJIAIONIEH HE TOJIBLKO PEIIUTh €€, HO U 00OOIIUTL Ha JPyTrue aHAJOTMYHbIe KOH(UTYPAIUN.



3. O6001menHbIe TOJIIOCHI TPEyTroJibHUKA 1 TeopeMa KyanuHa

[lenbio sTOro pazjena sBisgercs obobiieHue mnmouaTus Toukn Peitepbaxa M JOKA3aTEHCTBO IIPEJI-
CTaBJIEHHBIX BBIIle yTBep:KIeHuil (B acTHoCTH, 3aa4qu 2.11 ) B Gosee obriem ciaydae. Mbr Gyaem
JIONIOJTHUTEIBHO MCIOJIB30BATD CJIEIyIONne 0003HAYEHUS.

e O — mneHTp onmcaHHON OKpyzkHOCTH §) Tpeyronbanka ABC,

e ( — mpoOW3BOJIbHAS TPsiMast, IPOXO/sinas depe3 Touky O

Ay, By, Cp — touknu nepecedenus mnpsimoii £ ¢ npambeivu BC, CA u AB cOOTBETCTBEHHO;

P,P, P, — neiaibHBII TPEYTOIBHUK TOYKN P oTHOCHTEBbHO Tpeyronbauka ABC, a (0p — ero
nejaabHast OKPY>KHOCTD;

e F, — obobmennas rouka Deitepbaxa (cm. Teopemy Kyrnanuna).

st Toro, aToObI ChOPMYIUPOBATH HEOOXOMMbBIE TIOHATHS, HAM [TOTPEOYETCs CJIE/IYIOIIAas Teope-
Ma. B janbheiieM ee MOYKHO HCIIOJIB30BATH 0€3 JI0KA3aTEIbCTBA.

Teopema 1 (Kynanun). Ilycts P — npousBosibHast TouKa mpsiMoii ¢, mpoxojsiieii dyepe3 Touky O.
Torna Bce nemaabHbIe OKPYKHOCTH ()p TMPOXOIAT Y€pe3 OJHY TOUKY.

3.1 (*) Jdokaxure 5Ty T€OpeMy.

O061y10 TOUKY BCeX Ie/1aIbHBIX OKPYZKHOCTEI {2 p ToUeK mpsamoii £ Mbl OyieM obo3HaIaTh Uepes Fy
U Ha3bIBATL 0000uienHoti moukot Petiepbara. Ta TOUKA 3aBUCUT OT MPAMON £, IPOXOIAIIEH depes
1eHTp ommcanHoi okpyxkHocTtu O Tpeyroibuuka ABC. B ciayuae ¢ = OI Touka F, coBmaiaer c
obbruHOi TouKOit Peitepbaxa F'. OTMeTnM Tak»Ke, UTO Bee TOUKU F) jteskaT Ha OKPYKHOCTH Ditaepa
¢ tpeyrosibarka ABC' (OCKOJIbKY OKDYKHOCTH Diiiepa siBIseTCs TeIaJbHOM OKPYKHOCTBIO TOYKI

0).

3.2 Pacemorpum mpousBosibHbIit Tpeyroibauk ABC, npsamyto ¢, nmpoxoggmntyio depe3s O, u Touky P
Ha Heil. Obo3naumM gepe3 A, TouKy nepecedenns npaMeix B, P, u My M.. Torna roukn F,, Ay, u Fy
JIeXKaT Ha OJHON IIPAMOM.

3.3 (*) (OcnoBhas teopema) PaccMoTpuM HpOM3BOJIBHYIO MPAMYIO ¢, TPOXOJSIIYIO Yepe3 MEeHTP
O ommcannoit okpyx)Hoctu Tpeyroibuanka ABC. Ilycrs P u () — mpowWs3BOJIbHBIE TOYKH Ha ITOMN
npsamoit. Obo3naunm yepes A,, TOUKy nepecedennsd npambix PP, n Fy(),. AHaj0rmaHO onpeaeanm
toukn By, u C),. BosbMem nponsBosbHyto TouKy R Ha IpsgMoil ¢ n nposeseM depe3 ToUKHU Ay, By,
Cpq IpsAMBIe, Tapasiiesnsusle By R, R.R,, R, R, coorBercrBenno. Torna Moy duBmmiica TpeyroJbHIK
OyJeT roMoTeTHuYeH TpeyroiabHuky R, RyR. ¢ menTpoM B TOuke Fj.

3.4 BoiBeuTe U3 OCHOBHOI TeOpeMbI Pe3y/IbTaThl 3a7a4 2.5 , 2.8 | 2.11 .

3.5 [lokazkure, 9T0 ONMCaHHaA OKPYKHOCTH TPEYTOIBHIKA, 00PA30BaAHHOIO IPAMBIME A,q Agp,, BpgBep,
CpgCoqp, TPOXOIUT uepe3 TOUKY Fy.

3.6 Jlokazkure, 94TO MPAMbIe, CAMMETPUIHBIE TIPAMOii £ OTHOCUTEILHO CPEIHUX JIMHAN TPEYTrOJIbHIKA
ABC, nepecekaiorcs B Touke Fy.



3.7 Ilycre Ay, By u C; Toukn nepecedenns: npsimoit £ ¢ npambivu BC', CA nu AB cooTBeTCTBEHHO.
JlokazkuTe, 9T0 OKPY?KHOCTH, TIOCTpOeHHbIe Ha orpe3kax AA,, BBy, CC, Kak Ha JuaMerpax, mepece-
KaIOTCS B JIBYX TOUKax: Fy u F), uputdeMm Touka Fy JIe;KUT HA ONMCAHHOM OKPYKHOCTH §) TPEyTroJbHIKA
ABC, a oproreutp H 5TOro TpeyrosbHUKa OIPUHAICKAT IpAMoit FyF).

3.8 Ilycrb OH — upsvas Ditnepa tpeyrosnbauka ABC. Jlokaxwure, aro mosockl Apn, Bun, Chn
00pa3yioT aBTONOJIAPHBIH TPEYTrOJbHUK OTHOCUTEIHLHO OKPYKHOCTH Jitjgepa &, MPUIeM BEPIITHHbI
tpeyroabauka ABC' jexkar Ha cropoHax TpeyroabHuka App BuyChy.

3.9 Ilycte tpeyronvuuku P, PP, u (Q,Q,Q). iepcriekTuBHbI TpeyroibHuky ABC, a ux BepIIUHBI Jie-
JKaT Ha COOTBETCTBYOMUX croponax Tpeyroibuuka ABC. Ilycrs Ay, By,, Cpg — TOUKH IepecedeHus
COOTBETCTBYIOIINX CTOPOH TpeyroJbHukoB P, PP, n (Q,QyQ.. Torna:

a) Bepmuner tpeyroisnuka ABC sexkar na croponax Tpeyronbauka A,y By,Cpg;

b) Tpeyronbuuk A,,B,,Cp, aBTOLOISPEH OTHOCUTEILHO KOHUKH §), IPOXOAIIeil depe3 Touku L,
Pb? Pcu Qau Qba Qm

c¢) Tpeyromsuux A,,B,,C,, nepcuexrusen TpeyroasHukam P, PP, n QqQp()., IpUUeM HeHTPLI
MIEePCIIEKTUBDI JIe2KaT Ha KOHUKe ().

3.10 Ilycts X, — npousBosbHasi Touka Ha npsamoit BC'. Obo3naunm depe3 X, TOUKY Ie€pecevueHust
upsMbix X, By, u AC, a gepes X, — Touky nepecedenns: upambix X,Ch, 1 AB. Jlokaxkure, 910

o mpsmMast XX, IpPoXoauT depe3 ToUKy App;
e upsmbie AX,, BX, n CX. nepecekaiorcst B 0JIHOit Touke X ;

e ommcaHHag OKPYKHOCTb Tpeyrojbuuka X,X, X, mpoxoaut 4depe3 Touky Fpr, e L — Todka
Jlemyana Tpeyronpauka ABC.

B zakouenne copmyupyem psij BOIIPOCOB, OTBETHI HA KOTOPBIE MOJIYIUTh MOKA HE YIAJIOCH.

3.11 Omnpenenenne nomocos A,,, By, Cpy 3aBUCUT OT mopsaAiKa BbiOOpa Todek P u () Ha mpsamoit £.
BosnukaeT BOIIpoc: KakK CBA3aHBI IIOJIIOCHL A, 11 Ay, T.€. HOIIOCHI, COOTBETCTBYIOIIIE OHUM U TE€M K€
TOYKaM, B3ATBIM B pa3HoM mopsake? Vimeer mecTo cirenyromast Tunoresa. 1ouku nepeceverusn Ly, Ly,
Z. coomeemcmsyrouur cmopor mpey2osorukos Ap,BpaCpy U AgpBgpCqp 00pasyrom mpeyzoivrux,
2omomemuunoil mpeyzosvhuky ABC' ¢ uenmpom 6 mouke Fy.

3.12 CyrmecTBeHHBI UHTEPEC TPeCTaBIsgeT TaKoi BbIOOp ToueK P u () Ha mpsMoii £, Ipu KOTOPOM
BepIIMHEI TpeyroiabHuKa ABC jexkar Ha cTOpoHax TpeyroabHuka A,,B,,C,,. Beerna im Ha npamoit
¢ MOXKHO BBIOpATh TAKYIO IMapy TOYEK! DKCIEPUMEHTHI TOKA3BIBAIOT, YTO TaAKHE TOUYKU CYIECTBYIOT
BCErjia, OJIHAKO OHM HEe MOTYT PacIoJiaraTbCs CIUIMKOM jajeko oT Touku (. Kak MOXKHO TOUHO
OIUCATH MOJIOKEeHUsT ToUeK P u (), Ipu KOTOPBIX BepIUHBI Tpeyroibanka ABC' jexar Ha CTOpOHAX
tpeyronbauKa Ay, BgCpe?



OO0 wnHBepcHbix oOpa3ax Toukn Peiepbaxa,
nositocax TpeyrosibHuka n teopeme KynaHuHa
PeweHnus

0. BcnomorareiabHble baKThI

0.1 Tlockombky /BHC = 180° — ZBAC, To touku, cummvmerpudabie H oraOocuTenbao BC u ce-
peaunbl BC', jiexkarT Ha ONMMCAHHON OKPYXKHOCTH TpeyroJibHuKa. IIpm romorerun ¢ mentpom H u
ko3 dunmenrom 1/2 onmcannas OKpYKHOCTh MEPEXOJIUT B OKPYKHOCTH Ditepa.

0.2 CepenuHHble TEPIEHUKYIAPbI UCXOIHOIO TPEYTOJIbHUKA SBJISIOTCA BBICOTAMHU CEPEIUHHOIO, a
zaaunT ) — OPTOIEHTD CepeIMHHOrO Tpeyrojbunka. [omorerns ¢ meatpom M u KosdduimenTom
—1/2 nepeBojuT MCXO/HBIA TPEYTOJIBHUK B cepelunnbiil, u H nepexomut B O. Orcroga M jexur
Ha orpeske HO u HM : MO = 2. U3 pemenus upeapiayieit 3ajgaan E jgexur na orpeske HO u
HE : EO =1:1. Papencteo HE : EM : MO = 3 :1: 2 ciemyer u3 AByX JOKA3aHHBIX.

0.3 Ilycts Tpu m3 upsiMbix obpasytor TpeyroibHuk ABC u nycrs npsambie AB, AC, BC' nepece-
KAIOT 9eTBepTyIo npsamyio B Toukax D, F. F' coorBercTrBerro. O6o3HaunM depes P TOUKy mepece-
YeHUsI ONMMCAHHBIX OKpYy:KHOCTEH TpeyroabaukoB ABC u CEF, orimanyio ot toukn C'. Jlokaxkem,
qT0 P NUpUHAUIEKHUT OIMUCAHHOW OKPYXKHOCTH TpeyrojbHuka BDF. g 5Toro jgocTaTovHo IIpo-
Beputh, uro Z(BP,PF) = Z(BD,DF). fcuno, uro Z(BP,PF) = Z(BP,PC) + Z(PC,PF) =
Z(BA,AC) + L(EC,EF) = £(BD,AC) + Z(AC,DF) = Z(BD, DF). Auajoruvno 10Ka3blBaeTCs,

4T0 P NpuHA/IE’KUT ONMUCAHHON OKPYKHOCTH TpeyrojibHuka ADFE.

0.4 Ilycrs 1,, Iy, I. — eHTPBI BHEBIMCAHHBIX OKPY:KHOCTEl Tpeyroibauka ABC. 3amernm, aro [, A,
I,B, I.C' — Boicotnl Tpeyroibuuka I,Iy1.. Cropousl Tpeyroabaukos I, Iy1. u G,GyG . napajuieibHbl,
T.e. 9TU TPEYTOJbHUKNA TOMOTeTUYIHBI. [loaToMy nx mpsimble Dityiepa napasuieabubl. Touka [ sBiser-
¢ TIEHTPOM OIMCAHHOW OKpyzKHOCTH Tpeyroybauka G,GpG,. u opTonenTpoM Tpeyroabauka I,[,1,.
[Tosromy mpsimble Ditiepa STUX TPEYTOILHUKOB POXOIAT Yepe3 [ U mapaJsijie/ibHbl, T.€. COBIAJIAIOT.
Touka O sBisiercs TMEHTPOM OKPYKHOCTHU Ditjepa TpeyroybHuka [,Ilyl., a 3HAYUT JIEXKUT HA €ro
npsMoit Jitepa.

0.5 Ciresyer u3 perienus cieyonei 3aga4qu (I U3 JIEFKOIO CUeTa YIJIOB).

0.6 Cuenaem romoreruto ¢ nearpom P u kosdduimenrom 2. [lycrs P, P/, P! w H),, H], H, — Touku,
cumMerpudHble P 1 H OTHOCHTENbHO COOTBETCTBYIOIIMX CTOPOH TpeyrojbHuKa. JlocTarodno moka-
3arb, uro P}, H, P, nexar nHa ojHOil npsmoii (joka3areascrso Toro, uro Pl H, P! jexar Ha 0JHOI
upsiMoit, anasorndno). M3 cummerpun oraocurensino AB umeem Z(P.H,HB) = Z(BH.,H!P) n
Z(CH,HP)) = Z(PH;, H,C). Ucnionbsy= To, aro P, H;, H! nexaT Ha ONUCAHHON OKPY’KHOCTH, IO-
ayqaem Z(P.H,HP]) = Z(P.H,HB)+/Z(HB,CH)+ Z(CH,HP)) = Z(BH!,H.P)+ Z(HB,CH) +
Z(PH,,H|C) = Z(BA,AP) + Z(HB,CH) + Z(PA,AC) = Z(BA,AC) + Z(HB,CH) = 0, re.

P/, H, P! nexaT Ha OJHON HIPSIMOI.

0.7 Ilycrs P, P}, P! — To4KH, CHMMeTPHYIHBIE PP OTHOCHTEIBHO COOTBETCTBYIONIUX CTOPOH TPEYTOJIb-

nuka. HectoxkHo nipoBeputsb, 9o npsamast, cummerpudias AP oraocurenbiao Al — cepeuHHBIN T1ep-

nerukyasp Kk Py P.. Ilostomy mckomasi Touka P’ — IEHTD OIMCAHHON OKPY’KHOCTH TPEYTOJIbHUKA
! DI D/

P B P..



0.8 JlokarkeM CBO#CTBa M30TOHAJIBLHOTIO COPAXKEHUA:

e Ciesryer u3 pereHns IpeIbAyIneil 3a1a91 U TOT0, YTO TOYKH, CHMMeTPUYIHble H OTHOCUTEIHHO
CTOPOH TPEYTIOJIbHUKA, JIEXKAT Ha OIMMCAHHON OKPY2KHOCTH.

e [Ipumensst K romoreTHio ¢ eHTpoM P 1 koadduenTom 1/2 K yTBEPK IEHUTO U3 PEIIeHNUST TIPE/ThI-
JLyTHeit 3aa9u, oIy YuM, 9To cepeuna PP’ gaBjisieTcs EHTPOM T1eJIaIbHON OKPYKHOCTH TOYKHI
P. TTockosbKy paccrostausi oT cepeunbl PP’ o npoekiuii P u P’ Ha J106yI0 IPsMYIO PaBHbI,
TO HeJlaJIbHasg OKPYKHOCTh TOYKK P’ coBnajiaer ¢ mnejaaabHOil OKPY?KHOCTbIO TOUKHU P.

e I3 npeapayeil 3aja9u TOYKa, U30IOHAJLHO CONpsizKeHHast P, Jo/KHa ObITh lepecedenneM
CePeJIMHHBIX HepIeHnKyapoB K P! P/ P/ P! P'P!. Ho Bce 9Tu cepeIMHHbBIEC TIEPIICH/UKYISIPbI
nepreHuKyagapubl upsamoit Cumcona Touxku P.

e Ycuo

0.9 Ilo npenpbiaytmeit 3agade Toaku By, P., Qy, (). JiezKaT Ha OKPY’KHOCTU C IEHTPOM B CEperHe
PQ. Tlycts Toukn X u Y cummerpudnbl P, u P. COOTBETCTBEHHO OTHOCHUTEIBHO IEHTPA OKPYK-
noctu. Torma X sexur na QQp, a Y snexur na QQ.. I[lo reopeme Ilackas s mecTuyroabHuKa
P,Q.Y P.QyX cepenuna PQ), Touka () u Touka nepecedenus: P,Q),. ¢ P.Q)p Jie:kaT Ha OTHON TPSIMOIL.
Buaunt, npsaveie PQ., P.Q, P() nepecekaroTcs B OJHON TOUKE.

0.10 Ilockonbky ABCH — HEBBIIYKJIbIH YETHIPEXYTOJHHUK, TO KOHHUKA, ITPOXOJAIIAs Yepe3 ero
BEPIUHBI siBjisieTcs rutiepbosioit. [lycrs P, () — ee beckonedHo ynajeHHbie TOUKH. HyKHO 1TOKa3aTh,
ITO HANpBJIeHUs Ha P u () nepneH uKy/asapHbL. 3anuiieMm Teopemy llackais s mecTuyroabHIKa
ABCHPQ. Ilycrs X — Touka nepecedennst AB u HP, a' Y — touka nepecedenns C'H u QA. Torna
XY upoxomur depes Touky nepecederusst BC' u PQ, re. XY || BC, r.e. XY | AH. 3uauur, Y —
oprorenTp tpeyrosbauka AH X, orkyma AY 1| HX. T.e. AQ L HP, ato u TpeboBaIOCH.

0.11 Ilycre mana npsamas £. Beibepem na Heit Tpu Touku P, (), R. IIpoBeeM depes nx n30roHabHbIe
obpasel P, Q)', R' u sepmunbl B, C' kouuky. PaccMorpuM jiBa nipeobpasoBaHus MpsMoii £ Ha KOHUKY,
cOXpaHsIoNuX JiBoitnbie orHorrenus. [lepsoe conocrasiisier Touke X mpsmoit ¢ npsmyo BX, 3arem
OTPaskaeT Ty HPSIMYI0 OTHOCUTETHLHO OUCCEKTPUCHI yTiia B, U mepecekaeT MOIyIeHHYI0 MPSMYIO C
KOHUKOM. Bropoe mpeobpazoBanne aHaJIOTHYIHO, TOJBKO BepimuHa B 3aMenena wa C. D1u mpeobpa-
30BaHMs COBIAJAIOT B TpexX Toukax P, (), R, a 3HaunT, coBnaaaroT Bcioay. 1losroMy m3oronabHBIM
obpa3 ¢ — KoHuKa, npoxojgdiias depe3 Bepimabl B u C. flcHo, 94T0 OHA Tak:Ke MPOoXoauT depe3 A.

1. Teopema Peiiepbaxa

1.1 Tx. S,, — Touka mepecedenus: \, co cpeaueii quaueit M, M,, To Tpeyroabank BM,S,, paBHO-
oenpennsbiii, u £S,,BM, = %LSabMaC = %ZABC = /IBC'. Buaunr, Sy, ntexxut Ha Bl.

[Tockosbky BSy,C' npsimoii, 1o Touku I, Gy, Sqp, C' j1ekaT Ha OHON OKPYKHOCTH (C JAUAMETPOM
CI). Buauur, £S,;,GyC = LS 1C = 90° — %ZBAC’ = LAG,C. Tlostomy Sy, exkut Ha npsimoiit GG
(em. pume. 1).

1.2 Uckowmpbrit yroa mexiay npamoit H, M, n OKpyKHOCTBIO € paBeH mnojoBuHe jgyru H,M, oKpyxK-

Hoctu €, Te. pasen ZH,MyM, = |/CM,M, — ZCH,M| = |/CBA — /H,CM,| = |/B — £C).



Puc. 1.



1.3 Ilycts I, — 1meHTp BHEBIUCAHHOW OKpYyKHOCTH, Kacaroreiicss orpeska BC. Torna Bl n BI, —
brccekTpuChl BHyTpeHHero u BHemHero yria ABL,. ITostomy yerBepka touek A, I, Ly, I, — rapmo-
Hudeckasg. OPTOroHaabHO NpoeKTUpys Ha BC, mojiydaeM yTBep:KIeHUe 3a/1aqM.

1.4 U3 upeaplayiieii 3a/iaqu caejlyeT, 9To P UHBEPCHH OTHOCHTEIHHO OKPYKHOCTU C JIMAMETPOM
G oG, OKPY’KHOCTD JIEBATH TOYEK € MEPEXOJUT B MpsaMyto ¢, mpoxoidryio depe3 L,. C apyroii cTo-
POHBI, 9Ta WHBEPCHUSA OCTaB/IsIeT BIMCAHHYIO M BHEBIIMCAHHYIO OKPY:KHOCTH W U W, HA MeCTe, T.K.
obe OHU OPTOTOHAJILHBI OKPY?KHOCTU MHBepcuu. Tak Kak MHBepCcHUs — KOH(POPMHOE 1Ipeodpa3oBaHue,
yros mexk ity upsivbivu £ u BC' paBeH yrity Mexky oKpy:kHOCTBIO w u BC| Te. |/B — ZC/|. lIpsmas,
cumMeTpuaHa npssmoit BC' otHocuTebHO OnccekTpuckl Al obpasyer Takoii xke yros ¢ BC'. [TosTtomy
¢ cummverpuana npsimoit BC' orHocuTeIbHO OnccekTpuchl Al, a 3Ha4UT, { KacaeTcd OKPY:KHOCTEH w
u w, (eM. puc. 2).

Puc. 2.

1.5 Kacanme okpyzKHOCTH Diljlepa U BHEBIIUCAHHON OKPYKHOCTU W, B HEKOTOPOil Touke F, ciiejlyeT
u3 peleHud npeabliyieit 3ajgaun. Touka L, — IEHTP OTPUIATEHLHON TOMOTETUH OKPYZKHOCTEH w
n W,. [{o9TOMY IEepCIIeKTUBHOCTD CJIE/IyET U3 TEOPEMbI O TPEX IEHTPaxX FOMOTETHUH Jjis BITMCAHHOM,
BHEBIMCAHHOW OKPYKHOCTEHl 1 OKPYKHOCTU Diljtepa.

1.7 CuemaeM TOMOTETHIO C IIEHTPOM F', TIepeBOIAIY 0 BIIMCAHHYIO OKPY?KHOCTD B OKPYZKHOCTH Jiijre-
pa. llpamas H, M, nepeiizer B npsiMmyto, napasienbayo H, M, n KacarIryocs OKPYKHOCTH Diljiepa
B HEKOTOPOIT Touke X . I3 cuMMeTpun OTHOCUTEILHO CepeIMHHOTO TeprieHuKyagapa Kk H, M, Touka X
— cepenuna ayru H, M, okpyx)HocTtu Ditiepa. 3uaqunt, F' X gaBisercsa ouccekrpucoit yria £ H,F M,
VTBep:KIeHue 3aa491 CIelyeT U3 TOro, 94To npu romorerun (G, nepexoaur B X.

1.8 Byuem obosznadarh cepeauny orpeska XY depes Mxy. Ilycrs maner Touku A, B, C, P. Ilycrs
X — TouKa mepecedeHusi oKpy:KHocTeil Ditepa rpeyrosbaukoB ABP u BCP, orauunas or Mpgp.
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TOI‘,ZL& Z(MAPX, XMCP> = Z(MAPX, XMBP) + Z(MBPX, XMCP) = Z(MAPMAB, MABMBP> +
Z(MgpMpe, MpcMcp) = Z(BP,AP) + Z(CP,BP) = Z(CP,AP) = Z(MapMac, MacMcp).

T.e. X nexkut Ha OKpy2KHOCTH Ditsiepa Tpeyroibauka AC' P. Anajoruano, X JIeXKUT HA OKPYKHOCTH
Ditnepa tpeyrosbauka ABC cMm. puc. 3).

Puc. 3.

1.9 Ilycrs P,, Py, P. — npoextuu P Ha cOOTBeTCTBYyOIINE CTOpOHBI Tpeyroibauka ABC. B 0bo3Ha-
YEHHUAX U3 PEMICHUs IPEIbLIYIIeH 3a/1a1u

L(P.X,XP,) = ZL(P.X,XMgp)+Z(MppX,XP,) = L(P.Mup, MapMpp)+Z(MppMpc, MpcP,) =
L(P. A, AP)+ £(PC,CP,) = L(P.P,, PB,P) + £(PP,, B,FP,) = Z(P.P,, B,P,).

1.10 Cuadaja JIoKazKeM, 9TO COOTBETCTBYIOIIHE CTOPOHBI Tpeyroabunkos K, K, K. u M,M,M,. na-
pasutenbabl. Xopabl G, Ky, n GG, cuMMeTpuIHbIl OTHOCUTEIbHO B, 103TOMY OHM paBHBI. AHAIOrTY-
1o, xopabl GG u G, K, cumMerpudnbl orHOCHTEAbHO C'] 1 IOTOMY TaK»Ke paBHBI. Torga TpeyroJib-
mnk K.G,K, paBHOOeapeHHbI, OTKyda caexyer, aro LG K. K, = /G, K K, = ZCG K. Orciona
odeBHIHA TapasiiebHOCTh TpaMbix BC' u Ky K. JIasa aByx ocTaBIIIXCsS TAp CTOPOH PAaCCyKe-
nug anasiorndnbl. [lo Teopeme [leszapra Tpeyrombuuku K, K, K. u M,M,M. romorernanbl. Touka
nepeceuenud npambix M, K,, MyK, n M. K. sBjsercs IIeHTPOM 3TOI I'OMOTETUH, 8 3HAYUT U II€H-
TPOM T'OMOTETUH BIIMCAHHOW OKPY?KHOCTHU M OKPY2KHOCTH Ditjepa, To ecTb Toukoit Peitepbaxa F (M.
puc. 4).

1.11 Cuenyer u3 reopembl Deitepbaxa u 3a7a4d 1.8, 1.9 jqys gersipexyronbauka ABCT (em. puc. 5).



Puc. 4.

Puc. 5.



1.12 U3 npenpiayteit 3agaan Touka PDeitepbaxa [’ j1e:KuT Ha OKPYKHOCTH Ditjepa TpPEyTOJbHU-
ka AIC. Cepemuna X orpeska Al tam toxe Jexut. Jlocrarouno jnokasarb, uro Z(GyF, FX) =
Z(GyF, FG,). Umeem

L(GyF, FX) = L(GyMy, MyX) = £(GyC,CI) = £(GyGa, Gol) = L(GyGa, GuGa) = L(GyF, FG,)
(em. puc. 6).




2. aBepcubie obpa3nl Touku Peiiepdaxa

2.1 Ilpu wHBEpCHM OTHOCUTEBHO A\, OKPY>KHOCTH Jiljiepa £ repeiijier B upsamyio HyH., OKpYKHOCTH
€, Tepeiiier B NpaMyro SqpSe.. [lockonbKy Touka F' siBIsieTcss TOYKON IepecedeHusi OKPYKHOCTE
€ U €4, TO TOUKA F) aBiIsieTcss TOUKOI nepecedenus UpAMbIX HyH. n SqpSse, KOTOPBIE SIBIAIOTCS
PaJIMKAJILHBIME OCSIMU A\, U €, A\, U &, (CM. puc. 7).

Puc. 7.

2.2 Cravaja jokazkeM, 9T0 deTbipe Toukn F, F! K, K| mexar Ha oJHON OKPYZKHOCTH (paccyik-
Jenns st yerBepku touek F, F! . K., K/ anamorudnst). Paccmorpum nnsepcuio Invg, ¢ mieHTpoM B
touke K,, mepesosntyio Touky F! B Touky F. Torma komnosunus nasepceuii Invg, oInv), mepesoxnt
OKPYZKHOCTBL Diijiepa € B HEKOTOPYIO OKPYXKHOCTHL W', mpoxoadmiyio depe3 rouku F u K,. B cuiy
TOr0, UTO MHBEpPCHUSA — KOH(MOPMHOe IIpeobpa3oBaHme, 9Ta KOMIIOUINSA COXPAHSIET YIVIbI MEXK Iy Ipsi-
MBIMH 1 OKPY?KHOCTAMH. Pa3 neHTpol obenx nuBepcenit jgexkar na upsamoii FF) | 1o okpyRHocTs € n w’
obpasyioT ¢ npsamoit F'F. pasabie yrubsl. Ho 910 03HaTaeT, 9T0 OKPYKHOCTH £ U W' KAcaloTcsd B TOU-
ke I'. Orciona ciemyer, 9To OKPYKHOCTH W ¥ W' COBIAJIAIOT, IOCKOJILKY CYIIECTBYET €IUHCTBEHHAS
OKPY2KHOCTD, IIPOXOJIdAIas depe3 TOUKy K, U Kacarlasics OKPY:KHOCTH € B TOUKe [,

Hasee, 3amernm, uto Touka K nepecedenns jy4a K, K ¢ upsmvoit HyH. — 910 0bpas Touku K,
upnu nusepcnn Invy, . Suauut, Toukn F, F), K, u K} jnear Ha OJHOIl OKPYZKHOCTH.

Ocrajioch 3arHaTh Ha OKPYXKHOCTHA TOYKHU S,y 1 Sye. L1 3TOT0 Mcmob3yeM BIMCaHHBIE YT Bo-
nepsoix, /K, F K, = /K,K.Kj. Bo-BTopbIX, 11ycTh Iipsimasi F' K, BTOPHYIHO IIepeceKaeT OKPYKHOCTD
g, B Touke R. Torma /M,S,.R = 2/M,FR. llpsambie M,S,. n K, K. napaJuejbHbl, IO3TOMY BTOPbIE
JAy9r paBHBIX yrioB £M,S,.R nw ZM,F R Takxke mapasuenbubl, T.e. SR || KK, || BC. Otciona
cpasy cieqyer paBeHCTBO yriioB LMy FR u £5,.S.:4G,. 3naunt, Touku F, F, K, K; u Sy, nexar
Ha OJIHOI OKpyzKHOCTH. [J1sT TOUKM S, pACCY’KIEHNs AHAJIOTHYHBI (CM. puc. 8).

2.3 U3 perenust mpeabIyIeil 3aa9u OKPYKHOCTH Vg U A, OPTOTOHAJIBHBL. [losToMmy mpsimast M, Sy
KacaeTcsl OKPYZKHOCTH Y gp.






2.4 Tlockosbky tpsmbie M, Sy, 1 M,S,. KacaoTcst OKPYyKHOCTEH Vg, 1 Yy, COOTBETCTBEHHO, U TAPHI
upaMbIX (M Sap, Ko Kp) 1 (MySae, K. K.) mapamnensusl, 10 KpSqy = K[Sep 1 KoS,e = K.S,. (na-
paJuIesIbHBIE IIPSIMbIe BBICEKAIOT Ha OKPYKHOCTH paBHbIe Xop/ibl). Torna LKy F. Sy, = LK F) Sap, 11O
1 TpebOBaJIOCh.

2.5 Touka F! mexur na K, K, cregyer 3 npeabliyIeii 3a/1adm.
Bamerum, uto upsmbie L, K, n L.K,. Kacaiorcs BIUCAHHON OKPYKHOCTHA B Toukax K, u K. cooT-
BercTBeHHO. Clle/yroliee yTBEPKIACHUE SIBJISI€TCS BBIPOXKIEHHBIM CJIydaeM TeopeMbl bpuaHImoHa:
[Iycrs wernipexyronbank K .Gy Kp(G. BIIcaH B OKPY>KHOCTh, KacaTeJIbHbIE K KOTOPOl B BEPIINHAX
YeTBIPEXYTOJbHIKA 00Pa3yIoT JAPYToil YeThIPeXyroJbHUK. Tor/ma y 9THX JIBYX YeThIPEXYTOJIbHUKOB
TOYKU IIepecedeHns JruaroHajeil coBIaIaior.
[Ipumensis ero, mosydaem, ato npsimbie Ky K., GG, LyL. nepecekaioTcss B OIHON TOUKE.
[Ipsivast G G., poxouT Yepe3 3Ty TOUKy u3 3a1adn 1.3.

2.6 IlpuBe/ieM JT0Ka3aTeILCTBO Uit OKPYKHOCTH ), | /ISt OKPYZKHOCTH 1)), DACCY?KI€HNST AHaIOT Y-

uel. LM FMy, = LM MM, = LZACB = £G ST, (nocienaee paBeHCTBO CJIJyeT U3 TOro, 9TO TOU-
kit C, Gy, Gy, Sqp exxar za okpyzuocru ¢ quamerpom CT). [To samave 1.11 LG, FM, = £G S M,.
Torna LT, FMy, = ZMFMy, + LG, FM, = ZG. STy + £GoSapMy = LTS My (em. puc. 9).

2.7 Touka ' jiez2KUT Ha OIMUCAHHON OKPYKHOCTU TPeyrobHUKOB M, MyM. u Sy M, Sq..

2.8 Cuieptyer u3 mpeblIymux JIByX 3ajad (em. puc. 10).
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Puc. 11.
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2.9 Vcromnb3yst OKpY?KHOCTB 1)), 13 33141 2.6 nmeeM: LAPPF = /T,MyF = /T, S, F = LA2 S, F.
Orciona cieyer, 9To TouKa A® JIesKUT Ha OKPY?KHOCTH 1/@- AHajIoruaHoO J10Ka3bIBAETCS, UTO TOUKA
A% nexkur Ha oKpyzHOCTH 15 (em. puc. 11).

2.10 Buauase jokaxem, 910 derBepka Touek (Hy, Gy, Saey Seq) JEKUT HA OJHON OKPYKHOCTH. 3a-
MeTHUM, 4TO Mpsambie BS., u H,S,. mapajiieabHbl, T.K. 00e OHI MEPIEHINKY/IsIPHBI ONCCEKTPHUCE yIJa
/BAC. Ananornuno, npsmbie BS,. u G,S.,. [losromy derbipexyronbauk BS,.HyS,, gBjsgercs na-
pasneaorpammom u HyS,. = BS., = GuSeq. 3uaunt, S, HyGyS., — paBHOOOKAST TpaleIusi, I IIOTOMY
BOKDYT Hee MOXKHO OIIMCATh OKPY?KHOCTH (CM. puc. 8).

Teneps mokaxkem, aro Touka Peitepbaxa TakKe JEKUT Ha ITON OKpyxkHOCTH. [To Temme Apxu-
Megna caenyer, uto LHy,FG, = 1/H,FM, = 1|ZA — £C|. Nanee, LHpSacSeq = £5:,GpC = Z — £

2 2
1 LGySacSea = LAGYSye = 5 — %, IO3TOMY

1
LHySuGy = |LHpSaeSea — £GpSacSeal = §|AA — LC| = LHyFGy,

OTKY/Ia CJICIYET, ITO TOUKa F' jiexkuT Ha ommcaHHol okpyzkHocTu Tpatenun HyGyS.qSq..
Hecoxxuo Busiers, 910 ToUKa I SBJISIETCS OPTOIMEHTPOM TPEYTOMBHUKA SqeSeq Gp. 3HAUNUT, TOUKA,
cuMMeTpudHas [ OTHOCUTETBHO SgeSe, JIEKUAT Ha OMUCAHHON OKPYZKHOCTU TPEYTOIBHUKA SgeSeq G-

2.11 Bynewm gsurars Tpeyronbiuk P, P, P, nmuneitno. Touku A2, B2, C® nsuraiorcs 1po6GHO-IHHEHHO.
Touxka X, nepeceuenns F'A> ¢ BC (1 aHATIOTUYHO oIpeesisieMble TOIKU Xy, X ) IBUTAIOTCS POOHO-
mmHeiino. ToUKY TepecedeHns IepIeHuKyIApoB K CTOPOHAM TpPEeyrobHIKa B Toukax A%, B2, C4
¢ OI Oyuer aBurarbesd JIPOOHO-TUHEHHO. YTOOBI JI0Ka3aTh, YTO OHU BCE COBIIQJIAIOT, JIOCTATOIHO 3
nosioxkenuit. /Isa nonoxenunsa P,P,P, = K, KyK. nw P,P,P. = M,M,M,. ciieayior u3 MIpeblIyImx
3ajia4. I'perbe MmoJioykeHne — Korja TpeyrojabHuk P, P, P. BbIpOXKIaeTcsd B 3 HPsMbIC, ITPOXOJIAIIIIE
gepes F mapaJiie;lbHO CTOPOHAM MCXOTHOTO TPEYTOJIbHUKA. B 9TOM 110J102KeHUN BCe TIEPIIeH UK YJIsIPhI
YXOJAT Ha OECKOHEYHOCTh. Y TBEPKJICHUE TIPO OKPYKHOCTL OyJIeT cJie/ioBaTh U3 3aja49u 3.1.
Win 7ke MOXKHO BBIBECTH BCE Cpasy U3 OCHOBHOI TeopeMbl (CM. 3ajady 3.4).

3. O6001menHbIe NOJIIOCHI TPEYTOJIbHUKA 1 TeopeMa KynanumHa

3.1 Uz zama1 0.11 u 0.10 (u mepBoro myrkTa 0.8) Touka P’ H30roHAJIBHO CONPsTZKEHHAsT TOUKe P,
JIBUZKETCSI TI0 PABHOOOKOI ruttepboJie, mpoxo/isiei depe3 Bepinabl Tpeyroiabanka ABC'. I1o Bropomy
nyHKTy 3aja49u 0.8 J0CTaTOYHO J10KA3aTh, 9TO TeJATbHbIe OKPYZKHOCTH TOYKH P’ mpoxosar depes
IEeHTpP 9Toil rurepbosbl. Vcnonn3ys 3agaun 1.9 u 1.8, cBogUM K CJIeIYIONEMY XOPOIIIO U3BECTHOMY
YTBEPKJIEHUIO: €CJIM TPEYTrOJIbHUK BIIMCAH B PAaBHOOOKYIO TUIepOoIy, TO ero OKPYKHOCTH Jiljiepa
IPOXOJIUT Yepe3 MeHTp ruepbosibt (cMm. puc. 12).

3.2 Ilyctp Touka P jBuraercs juHeiino 1o npsimoit £. Torma Touku P,, Py, P. ABUXKYTCsI TMHEHHO 110
CTOPOHAM TPEYrOJIbHUKA. SHAYUT, TOUKa A,, nepeceuenus Fy P, co cpenueit munueit My M., nuraercs
mureitao o M, M.. Hyxno nokazars, 9ro Touku P, P, A, nexkar Ha onHOil npamoiil. JloctarouHo
npoBepuTh Tpu nojsioxkenus toukn P. Chyuait P = O oueBupen. /Ipa ciyuas, xorjga P jtexkur
Ha ONUCAHHOW OKDPYKHOCTH, CJEJIYIOT U3 TeopeMbl Kynanuua (megajibHasi OKPY’KHOCTb TOYKU P
BbIpOZKIaercs B npsamyio Cumcona) (em. puc. 13).
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3.3 Byuewm jsmmueiino gBurath ToUKy P 1o mnpsimoit £. Obo3HadnM depe3 t OpUeHTHPOBAHHYIO JTHHY
orpeska OP (T.e. BBIOEpEM TOJIOKUTEbHOE HAIIPaBJIeHne Ha TpAMOil ¢ u GyjeM cauTarTh JJuHY
orpeska O P 1oJI0KUTETbHON, eCI TOYKa P HaXo[MuTCs Ha MOJIOKUTETBHOM JIyde, U OTPHUIATeIbHOI
B IIPOTHBHOM cJiydae). BBejem JilekapToBy cucTeMy KOODJIMHAT C HAYAJIOM B TOuke Fy u 0603HAUUM
qepes (X, (1), Ya(t)), (Xo(t),Ys(t)), (Xc(t), Ye(t)) xkoOpmunarer Touex A,,, By, Cpy COOTBETCTBEHHO.
JlokarkeM, 4TO KaxKJasd U3 3TUX KOOPJUHATHBIX (DYHKIIMNA ABJISAETCS PAIMOHAJILHOMN 110 TIepeMeHHOit
t, mpuYdeM cTeleHb YuC/IUTeNell paBHa 2, a cTeleHb 3HaMeHaTe el paBHa 1.

J1s1 onipejiesieHHOCTH PACCMOTPUM TOUKY A, (paccyxaenus st Touek By, u Cp, aHaJOIUYHEL).
fcno, aro Touku P, P, OyayT JABUTraThCdA JUHEHHO, IIO9TOMY UX KOOPJIUHATHI SIBJIAIOTCS JIMHEHHBIMI

) by L¢ s
dyHKIMIMEI OT 1epeMenHoii t. Jlajee, 3amuieM siBHBIM BUJI ypaBHEHUS IIPAMOil, IIPOXOISINEil uepes
TOUKH (71,y1) 1 (T2, o)
(v —y)(@2 —21) = (. — 21)(y2 — 1)

Orcrona cireyet, 910 KO3 UIMEHTHI TPU & U Y YpaBHeHUs IpsiMoii P, P, Tak»Ke JIMHEIHO 3aBUCST OT
t, a cBOOOJIHBII YJIEH 9TOr0 YpaBHEHUS dABJIAeTCS KBaJpaTUIHbIM 110 t. HakoHer, epecekast IpsMyro
P, P, c HenoABMKHOM IpaMoit F(),, MoIyIaeM UCKOMBIE KOOPIUHATEI TOUKH A, IepecedeHns 9TUX
IPAMBIX. AHAJIOTUYHO JIOKA3BIBAETCS, UTO KOOPIAUHATHI ToYeK Bpy 1 Cpy NMEIOT aHAJIOIHIHBII BH/I.

Teneps mokazkeM, 4TO IpH JHHEHHOM JIBUzKeHHN ToYKN P npamere A, Byq, BpoCpq, CpgApg OymyT
JIBUTATHCS TAPAJIIEJIbHO (HO He JIMHEHHO). DTO yCJIOBHE PABHOCHIBHO PABEHCTBAM

Fgqu:Oé'Fngq u Fngqzﬁ'Fngq,

rae « u 3 — HEKOTOpble KOHCTAHTBI, He 3aBUCHINUE OT ¢ (HAIPUMED, MOXKHO BBIYUCJIUTL WX JIJIsi
HEKOTOPOr0 KOHKPETHOI'O MOMEHTa BPEMEHN tg, a 3aTeM JIOKA3aTh, YTO OHU OCTAIOTCS HEHM3MEHHDLIMU
B JIIO0O#1 IPYTOii MOMEHT BPEMEHN).

Byzem mokasbiBaTh TOJILKO IIEpBOE PABEHCTBO, MOCKOIBKY BTOPOE JIOKA3bIBAETC aDCOIIOTHO aHa-
JoruaHo. ITo0BI J0Ka3aTh NCTUHHOCTD MEPBOIO PABEHCTBA, IIEPEINIIEM €ro B KOOPAMHATHOM BHJIE:

Xo(t) = ar - Xo(t) u Yi(t) = Y,(t)

(3mech oy m ay — UKCHPOBAHHBIE KOHCTAHTHI). Bemomunm, ato Kaxkas u3 dyHKImit, burypupy-
IOIMUX B 9TUX COOTHOIIEHUSX, SIBJISETCS OTHOIIEHNEeM MHOTOUIeHOB crereneil 2 u 1. Ilosromy, mo-
MHOXKasl KarKJ[0e U3 PABEHCTB Ha 3HAMEHATEeN COOTBETCTBYIOMNX (DYHKITUI, TOIydaeM, YTO JTaHHbIe
paBeHCTBa PaBHOCWILHBI oOparieHuio B 0 JByX KyOMUeCKHMX MHOTOYJIEHOB, 3aBUCAIUX OT t. fcHo,
YTO JIJIsI TPOBEPKH 3TOTO YCJOBUS HEOOXOIMMO HANTU Y€ThIPE PA3JIMIHBIX 3HAUCHUS t, WU, IYTO TO
JKe caMoe, 9eThIpe Pa3JIMIHBIX MOJIOKEHUs TOUYKHU P, mpu KOTOpbIe YTBEPK/ICHUE TeOPeMbl (paBHO-
CUJTHHOE 3aHYJIEHUIO STUX KyOMIeCKUX MHOTOUJIEHOB) BEPHO (IIOCKOJIbKY €CJIH Y MHOTOUYJIEHA CTeleHn
He BbIE 3 ecTh 4 PasJMYHBIX KOPHsI, TO 3TOT MHOIOWIEH TOXKJeCcTBeHHO paBeH ). YKaxKeM 3Tu
MIOJIOXKEHUS.

Bo-1iepBbix, paccMOTpuM J[Ba MOMEHTa BPEMEHH, B KOTOpbie Touka P coBnasaer ¢ O (3Tor cirydaii
coorsercTByer t = 0) u ¢ (). U3 npeapiyimeit 3agaxu ciaeayer, 1ro Touku { Ay, Cp,} coBmasaior B 911
JIBa MOMEHTa BpeMeHH, IPUIeM OHU OTJIUYIHBI OT Hadasa koopauHat Fy. [losromy, eciim onpeenTs
KOHCTAHTBI (] U iy 110 popmyrmam oy = X,(0)/X.(0) m e = Y,(0)/Y.(0), To paBencraa

Xo(t)=ar-Xo(t) u Yi(t) =as-Yi(t)

BEPHBI 1IPU JIByX MOMEHTAX BPEMEHH .

Bo-BTOpBIX, paccMOTpUM JIBa TOJIOXKEHUS TOYKHU P, SBJIAIONINXCS KOHIIAMU JIHaMeTpa OIMICAHHON
okpyzkHocTH ) Tpeyrosbiuka ABC, comeprkaimerocs Ha npamoit £. B sto ciaydae Toukn A,, n Cpy,
COBIAQIAIOT ¢ Fy, a moToMy MX KOOpJnHATHI paBHBI () 1 TpebyeMble paBEHCTBA TAKyKe BEPHHI.

Taxum 06pa30M, MBI HAILIN Ye€ThIPE MOMEHTa BPEMEHU, IPU KOTOPBIX COOTHOIIEHUST MEXKTy KO-
opauHaTaMu TodeK A,, u (), BepHBI. SHAYNT, STH COOTHOIIEHUS BEPHBI B OO0 MOMEHT BpEMEHH
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t, OTKyza cjelyeT HapajulebHOCTh IpAMBIX Buaa A,,Cp,. AHAJIOIMYHO J10Ka3bIBAETCS Iapasljie/lb-
HOCTDb IPAMBIX A, By, 1 B,yCpy. Taxum obpasom, Bce TpeyroabHukn Buia Ay, BpCpg TOMOTETHIHBI
¢ TIEHTPOM B TOYKe F) MPU BCEBO3ZMOXKHBIX IMOJIOKEHUSIX TOUYKHU P .

Puc. 14.

Ocrasiock MOHATH, OYeMy IPH IPOBEJCHUH depe3 TOUKU A,,, B,q, Cpy IPAMBIX, HapaJlebHBIX
RyR., R.R,, R,R, coOTBETCTBEHHO, TPEYTOJbHUK, OOPA30BAHHBIN ITUMU MPSIMBIMU, OyI€T TOMOTE-
TUYEH TPeyroJbHuKy R,RyR. ¢ neaTpoMm B Touke Fy. [y 9TOro paccMOTpuM MOMEHT BPEMEHU, B
KOTOpHI Touka P coBnanaer ¢ R. Torma Touku A,, = Ay, By = Byg u Cpy = C,y OyIyT J1€2KaTh Ha
npambix RyR., R.R, n R, R, coorBercTBeHHO. /[/IsT TPON3BOIBLHOIO IOJIOXKEHUST TOYKH P paccMoT-
PHM IOMOTETHIO ¢ IEHTPOM B Fy, KoTopad nepeseneT A,, B A,,. Torna mo goxkaszaHHOMy BBIIIE 3Ta
JKe ToMoTeTus nepesesier B,y B By, u C,, B Cp,. [losTomy npamas R, R, nepeiizer B npsaMyo, Ipo-
XOZAILYI0 depe3 Ay, IMapasulesbao eif. AHaJorudHoe MPOU30iIeT ¢ ABYM:A OCTABIIMMUCA HPAMBIMI

R.R, u R, Ry, (cMm. puc. 14).
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3.4 3ajaqan 2.5 n 2.8 HECJIOKHO JIOKA3BIBAIOTCS U 03 UCIOIb30BaHUS OCHOBHOI TEOPEMBI, TIO9TOMY
MBI TOJIBKO YIIOMSIHEM, 9TO KOHCTPYKIWs 3ajadn 2.5 — cay4ait P = I, () = O B 0CHOBHO{1 Teopeme,
a KOHCTPYKIW 3aja4un 2.8 — cay4uait P = Q) = I, R = O. Boisegem 3amaay 2.11. Ilycrs nepnen-
nukyngp K npsmoit BC' B Touke ee nepecedenns ¢ FA® nepecekaer OI B touke Q. Ilpsivmas PP,
npoxo/muT wepes Touky A2 = A;,. lpumennum ocnopmyio Teopemy K I, Q, R = O. Iomyuamm, |ato
upamsle P, P, n P, P, npoxonar depe3 Touku Cj, n B;, coorBercTBenHo. Cle10BaTeIbHO, B% = B,
u C® = Cy,. llosTomy ocHobamnue neprenuKkysipos u3 @ na AB u AC' — Touku nepeceyenuss AB un
AC ¢ FC*® u FB* coorsercTBeHHO. YTBEpZKICHHE IIPO OKPYKHOCTD CJIe/IyeT u3 TeopeMbl Kymanuna.
(cm. puc. 15, 16, 17).

i PN N

Puc. 15. Cayqait P=Q =1, R=0

N

Puc. 16. Cayyaii P=1, ) =R =0
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Bl

Puc. 17. Ciayyqait P=1, R= 0

3.5 OcnoBuasi TeopeMa paBHOCWIBHO pasenctsy FA,,/FA,, = FB,,/FB,, = FC,,/FC,,. Anaio-
IUYHO, BBIIOJHEHO pasencrso F'A,,/FA, = FB,,/FB,, = FC,,/FC,,. Ilycts Touka R Taxosa,
aro Ry R, || ApgAgp. Torma cymecrsyer romorerust ¢ nentpoM F', nepesogsamast RyR. B Ay A,,. D1a
romMoTeTnd nepesonut A, B Ap, 1 A,, B Ayp. VI3 IpuBeieHHBIX BBIIIE PABEHCTB CJIEAYET, UTO 3Ta I'o-
MOTETH IIEPEBOIUT TPEYTOJIbHUK R, ) R, B TPeyrobHUK, 00pa3oBanHHblil IpAMbIMA ApyAgp, BpgBgp,
CpgCgp, OTKYTIA CIleIIyeT yTBEPKICHNE 3a/1a4M.

3.6 XopoIlo M3BeCTHO, 9TO HPsIMbIe, CUMMETPUYIHBIE { OTHOCUTEIHHO CPEJIHUX JIMHUI TPEeyroJib-
HUKa TIepecekaioTcsd B HeKoTopoit Touke X. [Ipm srom touka P, cummerpudnas X OTHOCHUTE/IHHO
My M., nexxur wa npsmoii £ u #va okpyzkuoctu (AM,M.). (Eciau npsimas mpoxouT depe3 OpToIeHTD
TPEyroJIbHUKA, TO MPSMble, CHMMETPUYHbIE €l OTHOCUTEIHLHO CTOPOH, IMePeCeKaIoTCs Ha OMUCAHHOM
okpykuocTH). Ucnons3ys 3agady 3.2 u npsmyo CumcoHa TOYKE P OTHOCHTEJIBHO TPEYrOJIbHU-
ka AM,M,., nonyaaem PF; 1 BC. dcno, uro PX 1 B(C. Anajoruvsble yTBEpP:K/ICHUsI BEPHBI
JUIT TOYEK, CUMMETPUIHBIX X OTHOCUTE/NBHO JAPYTruX cpeguunx juHuit. 3uaunt, F), coBnamaer ¢ X
(em.puc. 18).

3.7 Touka F) JIe2KUT Ha 3TUX OKPYKHOCTAX 110 TeopeMe Kyranuna s ciydas, Korja P coBIaJiaeT ¢
Ay, By, Cy. Ilyers A', B', C" — rouku, cummerpudnbie A, B, C' ornocurenbao O. ITo reopeme [Tackaist
rouka nepeceuenuss A'’A, u B' B, nexXuT Ha ONMCAHHON OKpyxKHOCTH TpeyrojbHuka ABC. 3Haqur,
upsimeie A’A,, B'By, C'C, nepecekaiorcs B HEKOTOPOiT Touke F, Ha omucaHHoit okpyzknocru. T..
LAFJA = LZA'FJA = 90°, 1o TouKa [ JIe?KUT Ha HY’KHBIX OKpy2KHOCTAX. Touka H nexur ma FyF),
HOCKOJIBKY cTerienn H orHocuTe/bHO OKpy2KHOCTel pasubt HH,- HA = HH,- HB = HH.- HC' (cwm.
puc. 19).
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3.8 Paccmorpum gerwipexyronbauk H,HyH.Fy, Buucanublii B OKPYKHOCTH Ditepa €. Ero mporuso-
noJyioxkuble cropounbl H,H,. n FyH, nepecexkarorca B Touke By, a cropounsl H,H, u FyH, — B TouKe
Chn, B TO Bpems kak juaronanun H,F, w HyH, nepecekatorcs B Touke Ap,. OTCofa ciieyer, 9To
TpeyrobHUK App BppChy ABIISI€TCS ABTOMOJISPHBIM OTHOCUTEILHO OKPYKHOCTH Diijiepa €.

Teneps 10KaKeM, ITO CTOPOHBI HTOTO TPEYTOJBHUKA COJEPKAT BepIIuHbI Tpeyroyibanka ABC. B
caMoM JieJie, paccMOTpuM UeTwbipexyroiabuuk H.M.HyM,, TakxKe BIUCAHHBIA B OKPYKHOCTDb €. Kro
JINarOHAJ N [I€PECEeKAIOTCA B TOUKe App, a BOKOBbIE CTOPOHBI — B TOUKe A, mosToMy Touka A jexkut
Ha oJisgpe Touku Ap,. Ho mosspoit Touku Ay, siBisierces upsimast By, Chy, o3TOMy TOUKa A JIEXKHUT
Ha By, Chy,. Paccykiaenust jijisi OCTaJIbHBIX BEPIITUH abCOTIOTHO aHaJIOruaHbl (cM. puc. 20).

Kpowme toro, sra 3aj1a4a gaBJigeTcsa YaCTHBIM CJIydaeM CJIe Ty IOMIei.

Puc. 20.

3.9 a) /Isoitnoe oruomrenne npsmoix P, B, P, P,., P,A, P, P, pasno —1. Ilepecekasi ¢ upsmoit AB,,
nosydaeM, uro touku AB,, N BC, B,,, A, AB,, N P, P, 06pa3yoT rapMOHUYeCKYyIO 4eTBEpKy. AHa-
aornuno, Touku AB,, N BC, B,,, A, AB,; N Q,Q 00pa3yioT rapMoHIYecKyIo 4eTBepKy. 1losromy
AB,,, PoPy, Q.Qp mepecekaroTcss B OHOI TouKe, T.e. A jexxuT Ha npaMoit B, Cpy.

b,c) ITo Teopeme Ilanmna Touka nepecevenust PyQ). ¢ P.Qp nexut Ha P(Q). AHAJIOTHYHO Jjist TOYEK
nepeceuenus P,Q). ¢ P.QQ, n P,Q, ¢ P,Q,. Ilo Teopeme Ilackassa mectuyronbauk P,QyP.Q,PyQ.
Buucad B KoHuky (2. Ilycrs F' — Touka nepeceuenus By, Py, ¢ CpqF.. 1o Teopeme Ilackamna n myHkTy
a) mectuyroabuuk F P,QyQ Q. P, Brincan B KOHUKY (). AHAJIOrMYHOE yTBEPKICHUE BEPHO /IS TOUKH
nepeceuennd A,,P, ¢ CpP., otkyna upsmsie Ay, FP,, By P, Cp,P. nepecekarorcsa Ha KoHHKe (2. 91O
JIOKa3bIBaeT MyHKT ¢). Tenepb myHKT b) moKa3bIBaeTCsl AaHAJIOTHYHO MPEBLIYIIeR 3a1ade.

3.10 Ilycts Touka X, mBuzkercs apobno-ymHeitno mo BC'. Torma X, u X, ToxKe aBurarorcst 1poOHO-
smueitno o AC' n1 AB cOOTBETCTBEHHO.

® JIOCTATOYHO JI0Ka3aTh Jid Tpex nojoxkennit Toukn X,. Caoyaan X, = B, C, M, cirenyior u3
HpeIbLLY e 3a/1a9u;

e Touka X mepeceuenus BX, u C' X, aBuraercs ApoOHO-TMHEHHO 110 HEKOTOPOI KOHUKE, ITPO-
xozsmeit vepes B u C' (10Ka3aTeIbCTBO aHAJOMMIHO pernernio 3adadn 0.11). Dra KoHWMKA
npoxomuT 4depe3 A, T.k. X coBmamaer ¢ A, korma X, — mouka nepecedennss BC ¢ Bp,Chy,.
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[TosTomy mocrarouno moka3biBaTh, 9To AX mpoxoant depes X, Jijist Tpex MOJIOXKEHUN TOUKN
X4 Omno monoxenne — X, = X = B, Bropoe — X, = X = C, tperbe — X, = M,, X = M
(u werBeproe — X, = H,, X = H).

e Touka X jBmkercs 1o paBHOOOKO# rurepbosie ABCH M. N3BecTHO, 9TO OonmMcaHHAasT OKPY K-
HOCTH TpeyroibauKa X, X, X, MPOXOANUT depe3 MEHTP ITOoi rurepOosIbl (IPOCTOTO JOKA3ATEb-
cTBa 9TOr0 (hakTa HaM He W3BeCTHO; cM. KHUTY A.Akonsn, A.3acimasckuit "l'eomerpuueckue
cBoiicTBa KpuBbIX Broporo nopsiika', Teopema 4.3). IlenTp sroit runepbosibl coBagaer ¢ 0600-
meHnoit Toukoit Peitepdbaxa JiId MPAMOI, N30MOHAJILHO COIPSZKEHHON JIaHHOM THIepbdosie, T.e.
¢ Toukoit Fpy (em. puc. 21).

Puc. 21.

3.11 Tlpusesem mIaH JI0Ka3aTEIbCTBA TOTO, YTO TPEYTOJIbHUKU Z, 2y, 7, TOMOTeTHIHBI (MHMOPMAIN
PO HEHTP FOMOTETUH He OyJer).

Hyxno nokaszars, uro BC, Z,Z., Ay,A,, Dapasienss! (ucnonssyeM 3agady 3.2: A,,A,, — cpen-
Hest uaus ). CBOJMM K ITPOEKTHBHOMY YTBEDKICHUIO:

Haner Tpeyronmsaukn P,P, P, n QQ,Qp(Q). 1 Touka F. Ilycte A,, — Touka nepecedenns PP, c
FP,, toukn A,q, Byp, ... onpezensiorcs anajgornduo (kaxk B 3agade 3.3). Ilycrs Z, u Z, — Toukn
nepecedeHus A, Cpy ¢ AgpyCqp 11 ApyBpy ¢ AgpBy,. Torna npamsie Py Py, ApyAqq n ZyZ, nepeceKkatoTcs
B OJIHOH TOYKE.

[Boitaple orHOmeHns NpAMBIX AgpQe, AgpBop, Agpl', AgpQa 1 mpaMbix Ap Py, ApgChryy ApgF,
A, P, pasubr — npoenupyeM u3 Ay, Ha npamyio Q.Q,, norom u3 F na npamyio P, P,, motom u3 Ay, (u
MEHsIeM HOPSIJIOK, He MEeHsIsI JTBOMHOE OTHOIICHHE). AHAIOTUIHO, TBONHHDIE OTHOIIECHNST TPAMBIX Agy,Q.,
ApCop, AppF', AgpQq 1 mpambix A, Py, ApgBpg, Apgl’, ApgP, paBubL. IlosTOMY MOXKHO IPHMEHHUTH
caemyomuii paxT:

[Iycts f — coxpamsitoiiee JIBOMHBIE OTHOIIIEHUST IPEOOPA30BAHNE, COIIOCTAB/ISIONIEEe KAXKION MPsi-
Moit [ gepe3 Touky A, npsamyio f(l) gepe3 Touky A,,. Ilycrs m n n — mobble 1Be HpsiMble depes
A,p. PaccMoTpuM psMyIo, COeIMHSIONIYIO TOUKY Iepecedenus m u f(n) ¢ TOUKOf mepecedeHns n u
f(m). Torma sra npsiMast TPOXOAUT Yepe3 (PUKCUPOBAHHYIO TOUYKY, He 3aBUCSIILYIO OT BHIOOPA MPSAMBIX
mun.

20



22,

Puc.

21



Inversions of the Feuerbach point,
the poles of triangle and the Kulanin theorem

P.V.Bibikov, M. . Bidva, V. D. Popov, A. A. Shevtsov
The project is presented by P. A. Kozhevnikov, I.1. Frolov, A. A. Zaslavsky, O. A. Zaslavsky

Introduction

The Feuerbach point is one of well known triangle centers. It is defined as a tangency point of the
incircle of triangle and its nine-points circle. The corresponding theorem was proved by Karl Wilgelm
Feuerbach in 1822. After this more than 300 another proofs of this theorem were found, many of them
use the inversion. The plurality of such proofs shows that the inversion is very useful instrument for
analysis of properties of the Feuerbach point. In the first part of the project we propose new method
of analysis of the Feuerbach point based on the considering of its reflections about several circles.
This approach allows us to obtain several new nice results and to simplify the proofs of some known
facts.

In the second part of the project we propose a method extending the obtaining results to more
general configurations. We can say that several properties of the Feuerbach point are partial cases of
general theorems, concerning absolutely distinct constructions which were not be used for its study.
Starting from one nice assertion (the Kulanin theorem) we construct a theory generalizing different
properties of the Feuerbach point.

The technic for solving the problems of the project is very manifold, thus we suppose that the
following methods and constructions are known to the participants:

e inversion and its properties;

poles and polars, harmonic quadruples;

linear moving of points;

properties of conics (not necessary);

e complex numbers (not necessary).

Fix the notations which will be used in all problems of the project.

e A, B, C'— the vertices of triangle;

e M,, My, M.— the midpoints of segments BC', AC', AB respectively;

e H, Hy,, H.— the feet of altitudes of triangle ABC' from A, B, C' respectively;
o L,, Ly, L.— the feet of bisectors of triangle ABC' from A, B, C' respectively;
e w — the incircle of triangle ABC' centered at I;

e GG,, Gy, G. — the tangency points of the incircle of triangle ABC with sides BC, AC, AB
respectively;

o G/, G}, G — the tangency points of the excircles of triangle ABC with sides BC, AC, AB
respectively;



o K,, K, K.— the reflections of G, Gy, G, about lines AI, BI, CI respectively;
e )\, — the circle with diameter BC'

e S., Suc — the Sharygin points, i.e. the common points of A\, with medial lines M, M, and M, M.
respectively;

e ¢, £, — the nine-points circles of triangles ABC' and I BC respectively;

e F'— the tangency point of the incircle and the nine-points circle of triangle ABC' (the Feuerbach
point).

0. Auxiliary facts

The problems of this section contain known facts and it is not necessary to present their solutions.
But we recommend to solve the problems unknown to you. This will help to solve the remaining
problems of the project.

0.1 (The nine-points circle) Prove that the midpoints of sides of triangle, the feet of its altitudes,
and tyhe midpoints of segments joining its vertices with the orthocenter are concyclic.

0.2 (The Euler line) Prove that the center E of the nine-points circle, the circumcenter O, the
orthocenter H, and the centroid M are collinear, and HE : EM : MO =3 :1: 2.

0.3 (The Mickel point) Consider four lines in general position forming four triangles. Prove that the
circumcircles of these triangles have a common point.

0.4 Prove that the Euler line of triangle G,G,G. passes through O.

0.5 (The Simson line) Prove that the projections of a point lying on the circumcircle € of triangle
ABC to its sidelines are collinear.

0.6 Prove that the Simson line of point P bisects segment PH.

0.7 (Isogonal conjugation) Consider a triangle ABC' and a point P distinct from its vertices. Prove
that the reflections of lines AP, BP, and C'P about the bisectors AI, BI, CI respectively concur at
a point P’

0.8 Prove the following properties of isogonal conjugation:
e the points O and H are isogonally conjugated;

e the pedal circles (i.e. the circles passing passing through the projections of the given points to
the sidelines of triangle) of isogonally conjugated points P and P’ coincide, and this circle is
centered at the midpoint of segment PP,

e the point isiogonally conjugated to a point P of the circumcircle is the infinite point of the
perpendicular to the Simson line of P;

e the point A is isogonally conjugate to points of line BC' distinct from B and C'.



0.9 Let P and @ be isogonally conjugated, and P,, P., (), Q. be their projections to AC' and AB
respectively. Prove that P,Q., P.Q),, and P() concur.

0.10 Prove that any conic passing through A, B, C, and H is an equilateral hyperbola.

0.11 Prove that the isogonal image of a line is a conic.

1. The Feuerbach theorem

1.1 Prove that the triplets of lines (G,G., BI, M,M,) and (G,G.,CI, M,M,) concur at points Sg
and S,. repectively. These points lie on the circle A\, with diameter BC.

1.2 Prove that the angle between the line BC' and the nine-points circle ¢ equals to |£B — ZC/|.
1.3 Prove that the quadruple (H,, Ly, G4, G) is harmonic.
1.4 Prove the Feuerbach theorem, i.e. the tangency of the incircle w and the nine-points circle ¢

1.5 Generalize the proof from the previous problem to the case of the excircles. Prove that the
triangle formed by the tangency points of the nine-points circle with the excircles is perspective to
the triangle L, Ly L. with center at F'.

1.6 (*) Find another remarkable circles tangent to the nine-points circle. Which interesting properties
of tangency points can be noted?

1.7 Prove that the line F'G, bisects angle H,F'M,.

1.8 Prove that the nine-points circles of four triangles formed by arbitrary four points in general
position have a common point (the Poncelet point).

1.9 Let P be an arbitrary point distinct from O and H. Prove that the pedal circle of P passes
through the Poncelet point of ABC'P.

1.10 Prove that the triangles K,K, K. and M,M,M,. are homothetic with center F'.
1.11 Prove that F' lies on the nine-points circle ¢, of triangle BIC'.

1.12 Let G, be the point of w opposite to G,. Prove that the line F@, bisects segment Al.

2. Inversion images of the Feuerbach point

Now pass to the substantial part using the inversion. Consider again the circle A\, with diameter BC'.
Let F! be the reflection of F' about \,. The point F! will be the main object of studying in this
section.

Also we will actively use in the problems of this part the points K,, K, and K. symmetric to
G., Gy, and G, with respect to the bisectors of the corresponding angles.

2.1 Prove that F is the radical center of circles A, €, and &,.



2.2 Let K} and K! be the common points of rays K,K}; and K,K, respectively with the line H,H..
Prove that the fives of points (F, F., Ky, K}, Sqe) and (F, F., K., K., S,.) are concyclic on circles 14,
and ,. respectively.

2.3 Prove that the line M,S,;, touches the circle 14.
2.4 Prove that the line S,,S,. bisects the angle K, F, Hy.
2.5 Prove that F is the common point of lines Ky K., LyL., and G}G".

2.6 Let T, be the common point of lines FG, and Su,S,.. Then the quadruples (F,T,, My, S,) and
(F,T,, M., S,.) are concyclic on circles !, and 1} respectively.

2.7 Prove that F' is the Mickel point for the triangle M, M, M. and the line S,;S,e.
2.8 Prove that T,, T}, and T, lie on medial lines M, M., M.M,, and M,M, respectively.

2.9 Consider an arbitrary triangle A = P, P,P. homothetic to the triangle M,M,M, with center at
F. Consider circles wﬁ, and 9% passing through (F, P,, Sy) and (F, P,, S,.) respectively. Prove that
their common point distinct from F coincides with the common point A® of lines P, P, and Sy Sae.

2.10 Prove that when A® coincides with G, the circle waﬁc passes through F', Hy, Gy, Sac, Seq, and
the reflection of I about S,.S,.

2.11 (*) Prove that the perpendiculars to lines BC, C'A, and AB from their common points with
FA®, FB®, FC* respectively concur at point lying on OI. Also the circle passing through these
common points passes through F'.

For which triangle A the configuration of problem 2.9 passes to the configurations of problems 2.2
and 2.6 ?

The last problem is very difficult. The following section is dedicated to the construction allowing
not only to solve this problem but to generalize it to similar configurations.



3. General poles of triangle and the Kulanin theorem

In this section we generalize the notion of Feuerbach point and prove the assertions presented above
(partially in problem 2.11 ) for general cases. We will use next additional notations.

e O — the center of circumcircle €2 of triangle ABC;

e / — an arbitrary line passing through O;

e Ay, By, C;y — the common points of ¢ with BC', C'A, and AB respectively;

e P,P,P. — the pedal triangle of P with respect to triangle ABC', and Q2p — its pedal circle;
e F, — general Feuerbach point (see. the Kulanin theorem).

To formulate the necessary notions we use the following theorem. Now it can be used without
proof.

Theorem 1 (Kulanin). Let P be an arbitrary point of line ¢ passing through O. Then all pedal
circles 2p have a common point.

3.1 (*) Prove this theorem.

Denote by F; the common point of pedal circles 2p of points lying on £. We will call F} the general
Feuerbach point. This point depends on line ¢ passing through the circumcenter O of triangle ABC.
In the case ¢ = OI the point Fj coincides with the Feuerbach point F'. Note also that all points F}
lie on the nine-points circle € of triangle ABC' (because the nine-points circle is the pedal circle of

0).

3.2 Consider a triangle ABC, a line ¢ passing through O, and a point P on it. Denote by A,, the
common point of lines B, P, and M,M,. Prove that P,, A,,, and F} are collinear.

3.3 (*) (Main theorem) Consider an arbitrary line ¢ passing through the circumcenter O of triangle
ABC'. Let P and @ be arbitrary points of this line. Note as A,, the common point of lines F, P, and
F;Q,. Define points B,,, and C,, similarly. Take an arbitrary point R on ¢ and draw the lines through
Apqs Bpg, Cpq parallel to RyR., R.R,, R, Ry respectively. Then the obtained triangle is homothetic to
triangle R, Ry R, with homothety center Fj.

3.4 Using the main theorem prove the results of problems 2.5 , 2.8 , 2.11 .

3.5 Prove that the circumcircle of triangle formed by the lines A,; Ay, BpgBgp, CpgCyp Passes through
Fy.

3.6 Prove that the reflections of ¢ about the medial lines of triangle ABC' concur at point Fj.

3.7 Let Ay, By, and C; be the common points of ¢ with BC, C'A, and AB respectively. Prove that the
circles with diameters AA,, BB;, C'C, have two common points F; and F}, F} lies on the circumcircle
Q2 of triangle ABC, and the orthocenter H of this triangle lies on the line F,F}.

3.8 Let OH be the Euler line of triangle ABC'. Prove that the triangle formed by the poles Ay, Bpn,
Chy is autopolar with respect to the nine-points circle €, in such a way that the vertices of ABC' lie
on the sidelines of Ay, ByrnChi.



3.9 Let triangles P, P, P, and Q),Q,Q. be perspective to ABC' and their vertices lie on the corresponding
sidelines of ABC'. Let A,q, B,4, Cp, be the common points of the corresponding sidelines of triangles
P,P,P,. and Q,Q,Q).. Prove that:

a) The vertices of ABC' lie on the sidelines of triangle A,,B,,Cpq;

b) Triangle A,,B,,C,, is autopolar ith respect to conic €2 passing through P,, Py, P., Qu, Qp, Qc;

c) Triangle Ap,B,,Cyy is perspective to triangles P,P,P. and Q,QpQ. and the corresponding
perspective centers lie on the conic €.

3.10 Let X, be an arbitrary point of line BC. Denote by X}, the common point of lines X, By, and
AC', note as X, the common point of lines X,C}, and AB. Prove that

e the line X, X, passes through Ay;

e the lines AX,, BX,, and C'X, concur at point X;

e the circumcircle X, X, X, passes through Fy;, where L is the Lemoine point of ABC'.
Finally formulate several open problems.

3.11 The definition of poles A,,, B,,, Cpq depends on the order of choosing of points P and () lying on
¢. The question: how the poles A,, and A, i.e. the points of the same points taken in different order
are correlated? We have the following hypothesis. The common points Z,, Zy,, Z. of the corresponding
sidelines of triangles ApyBpeCpq and AgpyBg,Cop form a triangle homothetic to ABC with center Fy.

3.12 It is interesting to find such pair of points P and @ of line ¢ that the vertices of ABC' lie on
the sidelines of triangle A,,B,,C,,. Is always possible to choose such pair of points of £? Experiments
show that such points always exist, but they can not lie too far from O. How can we describe such
positions of P and () that the vertices of ABC' lie on the sidelines of triangle A,,B,,Cpq?



On inverse images of the Feuerbach point,
poles of a triangle, and Kulanin’s theorem
Solutions

0. Auxiliary facts

0.1 Since Z/BHC = 180° — ZBAC, points symmetric to H in BC' and in the midpoint of BC, lie
on the circumcircle. Homothety with center H and ratio 1/2 maps the circumcircle to Euler circle.

0.2 Perpendicular bisectors of the original triangle are the altitudes for the medial triangle, hence O
is its orthocenter. Homothety with center M and ratio —1/2 maps the original triangle to the medial
one, hence it maps H to O. Hence M belongs to the segment HO and HM : MO = 2. By the previous
problem, F belons to the segment HO and HE : EO = 1: 1. Theequality HE : EM : MO =3:1:2
follows.

0.3 Let theee lines form a traingle ABC, while the fourth line intersects AB, AC, BC at D, E, F,
respectively. Let the circles (ABC) and (CEF') intersect at # C. Further, we prove that P lies on the
circle (BDF'). It is sufficient to prove that Z(BP, PF) = Z(BD, DF). It is clear that Z(BP, PF') =
Z(BP,PC)+ Z(PC,PF) = Z(BA,AC)+ L(EC,EF) = £(BD,AC) + £(AC,DF) = Z(BD, DF).
Similarly, P lies on the circle (ADE).

0.4 Let I,, I, I. be the centers of the excircles of ABC'. Note that I, A, I,B, 1.C are the altitudes in
1,1,1.. The corresponding sides of I,I,I. and G,G,G,. are parallel, i.e. these triangles are homothetic.
Hence, their Euler lines are parallel. Note that [ is the circumcenter of G,G,G .. and the orthocenter
of I,1y1.. Hence both Euler lines pass through I, and therefore, coincide. O is the center of Euler
circle in triangle I,1,1., hence O belongs to its Euler line.

0.5 By angle chasing, follows from the solution of the next problem.

0.6 Consider the homothety with center P and ratio 2. Let P, P;, P., H., H], H, be points symmet-

ric to P and H in the corresponding sidelines. It suffices to prove that P, H, P. are collinear (the
proof of collinearity of P., H, P! is analogous). By symmetry in AB, Z(P.H,HB) = Z(BH., H.P)
Z(CH,HP)) = Z(PH], H,C). Since P, H], H! are concyclic, we have Z(P.H, HP]) = Z(P.H, HB) +
Z(HB,CH)+/Z(CH,HP)) = Z(BH', H'P)+/(HB,CH)+/(PH,, H\C) = Z(BA, AP)+/(HB,CH)+
L(PA,AC) = Z(BA,AC) + Z(HB,CH) = 0, therefore, P}, H, P! are collinear.

0.7 Let P/, P/, P! be points symmetric to P in the corresponding sidelines. It is easy to check that the
line symmetric to AP in Al is the perpendicular bisector of P/P.. Therefre, P’ is the circumcenter
of P.PP..

0.8 We prove the following properties of isogonal conjugacy:

e Follows from the previous problem and the fact that the reflections of H in the sidelines lie on
the circumcircle.

e Using the previous and applying homothety with center P and ratio 1/2, we obtain that the
midpoint of PP’ is the center if the pedal circle of P. The midpoint of PP’ is equidistant from
the projections of P and P’ onto any sideline. It follows that the pedal circles of P’ and P
coincide.



e By the previous problem, the isogonal conjugate of P is the intersection of the perpendicular
bisectors of PP/, PP!. P!P!. Note that each perpendicular bisector is perpendicular to Simson
line of P.

e Clear.

0.9 By the previous problem, P,, P., (Qy, Q). lie on a circle centered at the midpoint of PQ. Let X
and Y be reflections of P, and P, in the center, respectively. Hence X lies on QQ);, while Y lies on @)..
By Pascal theorem for P,Q).Y P.(QQ, X, the midpoint of PQ, the point (), and the point P,Q. N P.Q,
are collinear. This means that P,Q)., P.QQy, P() are concurrent.

0.10 Since ABCH is non-convex, each its circumconic is a hyperbola. Let P, () be its points at infinity.
It suffices to prove that the directions defined by P and () are perpendicular. Use pascal theorem
for ABCHPQ. Let X = ABNHP,Y = CHNQA. XY passes through BC' N PQ, i.e. XY || BC,
or, equivalently, XY | AH. Hence Y is the orthocenter of AH X, and it follows AY | HX. Thus
AQ 1L HP, QED.

0.11 Choose points P, @, R on a line ¢. Take a conic ¢ through its isogonal conjugates P’, ', R’ and
through B, C'. Consider two maps ¢ — ¢ keeping cross-ratios. The first map to each X € /¢ assings
the intersection of ¢ with the reflection of BX in the bisector of the angle B. The second map is
the same with B replaced by C. These two maps coincide at P, @, R, hence in fact they coincide.
Therefore, the image of ¢ under isogonal conjugacy is a conicn through B and C'. It is clear that this
conic also passes through A.

1. Feuerbach theorem

1.1 Since S, is the intersection point of A\, and the midline M, M,, triangle BM,S,;, is isosceles. We
have £S,,BM, = %éSabMaC = %AABC’ = /IBC'". Hence Sy, lies on BI.

Since ZBS,,C' = 90°, I,Gy, Sap, C are concyclic (lie on the circle with diameter CT). Hence
LS GO = LS, 1C = 90° — %ABAC = LAG,C'. Therefore, S, lies on the line G,G,. (see fig. 1).

1.2 The angle between H,M, and ¢ is equal to the half of arc H,M, in ¢, hence it is equal to
ZH MM, =|£CM M, — LZCH,M,| = |£LCBA — ZH,CM,| = |£B — ZC|.

1.3 Note that BI and BI, are internal and external bisectors of the angle ABL,. Hence A, I, L,, I,
is a harmonic quadruple. The required statement follows from projection onto BC'

1.4 By the previous problem, the inversion in the circle with diameter G,G’, takes the nine-point
circle € to the line ¢ passing through L,. On the other hand, w and w, are invariant under this
inversion, since each of them is orthogonal to circle of inversion. Therefore, the angle between ¢ and
BC equals |£B — ZC/, that is the angle between w BC'. The line symmetric to BC' in Al forms the
same angle with BC'. Therefore, ¢ is symmetric to BC' in AI, hecne ¢ is tangent to w and w, (see
fig. 2).

1.5 The fact of tangency of Eulaer circle with the excircle w, at some point F, follows from the
solution of the previous problem. L, is the center of homothety with a negative ratio. The required
perspectivity follows from Monge theorem for the incircle, the excircle, and Euler circle.



Figure 2.



1.7 Consider the homothety with center F' taking the incircle to the Euler circle. The line H, M, maps
to the line parallel to H,M, and touching the Euler circle at X. By symmetry in the perpendicular
bisector of H,M,, X is the midpoint of the arc H,M, of Euler circle. Hence F.X is the bisector of
/H,FM,. Now the statement follows, since the homothety maps G, to X.

1.8 By Mxy denote the midpoint of XY Let A, B,C, P be points, and let X # Mpgp be the com-
mon point of the Euler circles of ABP and BC'P. We have Z(MapX, XMcp) = Z(MapX, X Mpp)+
L(MppX, XMcp) = ZL(MapMap, MapMpp)+Z(MppMpe, MpcMcp) = Z(BP, AP)+Z(CP,BP) =
L(CP,AP) = Z(MapMac, MacMcp).

This means that X lies on the Euler circle of AC'P. Similarly, X lies on the Euler circle of ABC' (see
fig. 3).

Figure 3.

1.9 Let P,, P,, P. be P projections of P to the sides of the triangle ABC. We use notation from the
solution to the previous problem.

L(P.X,XP,) = L(P.X,XMgp)+Z(MppX,XP,) = L(P.Mup, MapMpp)+Z(MppMpc, Mpc P,) =
Z(P.A AP) + Z(PC,CP,) = £(P.P,, P,P) + Z(PPB,, P,P,) = Z(P.Py, B, F,).

1.10 First, let us prive that the corresponding sides of K,K,K. and M,M,M, are parallel. Chords
G.K, and GG, are symmetric in BI, hence they are equal. The similar is true for chords G,G.
and G,K.. Therefore, K.G,K, is isosceles, which implies /G, K. K, = /G, K, K. = ZCG, K. Hence
BC' || KyK,. For the other pairs the proof is similar. Now by Desargues, K,K,K. are M,M,M.
homothetic. The common point of lines M,K,, M,K,, and M.K. is the center of this homothety,
and moreover, the center of homothety taking the incircle to the Euler circle, that is the Feuerbach
point F' (see fig. 4).

1.11 Follows from the Feuerbach theorem and problems 1.8, 1.9 for quadrilateral ABCT (see fig. 5).



Figure 4.
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1.12 By the previous problem, the point F' lies on the Euler circle of AIC. The midpoint X of Al
also lies on this circle. It suffices to prove that Z(G,F, FX) = Z(GyF, FG,). We have _
L(GyF,FX) = L(GyMy, My X) = £(GyC,CI) = L(GyGo, G 1) = L(GpyGa, G.Go) = ZL(GyF, FG,,)
(see fig. 6).




2. The inverse images of the Feuerbach points

2.1 The inversion in A, takes the Euler circle ¢ to HyH,., while takes ¢, to S;;Sq.. Since F' is a
common point of € and ,, F! is the common point of lines H,H. and Sz, S,., which are radical axis
of A\, and €, A\, and ¢, (see fig. 7).

Figure 7.

2.2 First, we prove that F', F! K,, K, are concyclic (similarly, for F', F! K., K!). Consider the
inversion Invy, with center K, taking F! to F. Hence Invg, o Inv,, takes € to a circle w’ passingh
through F' and K,. This transformation preserves angles between lines and circles. Note that the
centers of both inversions lie on F'F,. Therefore, circles ¢ and w’ form equal angles with FF!. This
means that ¢ and w’ touch at F. It follows that w and w’ coincide, sine there exists a unique circle
passing through K, and touching ¢ at F.

Further, note that K that is the point of intersection of ray K,K, with H,H, is the image of K
under Invg,. Hence F, F!, K, and KJ are concyclic.

To complete with S, and S,. use inscribed angles. First, /K, FK, = /K,K.K,. Further, let
F K, meet ¢, again at R. We have /M,S,.R = ZM,FR. Lines M,S,. and K,K,. are parallel. Since
LMS..R = ZM,FR, we have S, .R || K, K. || BC. it follows ZM,FR = /£5,.5.4G,, which means
that F, F, K, K, Sa are concyclic. For S, the proof is analogous (see fig. 8).

2.3 From the solution of the previous problem ., and A, are orthogonal. Therefore, M,S,;, touches

wab .

2.4 Since M, Sy, and M, S,. touch ¢4, and 1,., respectively, and M,Sqp || KoKy MySac || Ko K., we
have KpSap = K Sa and K.S,. = K.S,. (equal chords between parallel lines). Hence ZK,F! S, =
/K F'Sa, QED.

2.5 F! lies on KK, by the previous problem.






Note that LK, and L.K, are tangent to the incircle at points K, and K, respectively. We use
the following claim, which is a degenerate case of Brianchon’s theorem:

Let K.GyKpG,. be a cyclic quadrilateral. Tangents to its circumcircle through its vertices form
another quadrilateral. Then the diagonals of these quadrilaterals have a common point.

So the lines Ky K., GG, LyL. are concurrent.

By problem 1.3 the line GG, passes through their common point.

2.6 Let us prove for ¢/,; for ¢/ . the proof is similar. ZM,FM, = ZM,M.M, = ZACB = £G,SuT,
(the last equality follows since C, G,, Gy, Sqp lie on the circle with diameter CT). By the problem
1.11, /G, FM, = /G,SqyM,. Hence Z/T,F My, = /M, FMy,+ /G, FM, = /G, ST, + ZG ¢Sy M, =
LT, SwM, (see fig. 9).

Figure 9.

2.7 F lies on circles (M, MyM,.) and (SupMySac)-
2.8 Follows from two previous problems (see fig. 10).

2.9 Using the circle v}, from the problem 2.6 we have: LASPF = /T,M,F = /T,SupF =
LAPSF. Tt follows that A® lies on the circle 1/1@. Similarly, prove that A® lies on 9% (see fig. 11).



Figure 10.

Figure 11.
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2.10 First, we prove that Hy, Gy, See, Seq are concyclic. Note that BS., and H,S,. are parallel,
since both these lines are perpendicular to the bisector of ZBAC. Similarly, BS,. | GySc,. Hence
BS,.HyS,., is a parallelogram, and H,S,. = BS., = G,S.,. Hence S,.H,GpS,., is an isosceles trape-
zoid, thus it is inscribed (see fig. 8).

Now let us prove that the Feuerbach point also lies on this circle. By Archimedes lemma,
LH PGy = %AHbFMb = %\AA — ZC|. Further, ZHpSycSca = £5:aGvC = 5§ — %, and £GpSaeSeq =
LAGYS,. = 5 — %, hence

1
LHySucGy = |£HySucSea = £GySacSeal = 5|24 = £O| = LH,F G,

which imples that F' lies on the circumcircle of the trapezoid HyGpSeqSae
It is easy to see that the point [ is the orthocenter of the triangle S,.S..Gp. It follows that the
reflection of I in the line S,.S., lies on the circle (S,.S..Gp), QED.

2.11 Let us move P,P,P, linearly. Points A%, B®,C® move keeping cross-ratio. X, = FA® N BC
(and similarly, X3, X.) move keeping cross-ratio. The intersection points of perpendiculars to the
sidelines through A%, B®, C* with OI also move keeping cross-ratio. To prove that they coincide,
it suffices to find 3 particular positions. Two positions: P,P,P. = K,K,K. and P,P,P. = M,M,M.
follow from the previous problems. The third position is a case, where P, P, P. degenerates to 3 lines
passing through F' parallel to the sidelines. In this position all perpendiculars are lines at infinity.
The statement on a circle follows from the problem 3.1.
Alternatively, one could derive all the statements from the main theorem (see problem 3.4).

3. Generalized poles of a triangle and Kulanin’s theorem

3.1 From problems 0.11, 0.10, and the first statement of the problem 0.8, it follows that the isogonal
conjugate P’ of P traces along a rectangular hyperbola passing through the vertices of ABC'. By the
second statement of the problem 0.8, it suffices to prove that the pedal circles of P’ pass through
the center of this hyperbola. Using problems 1.9 and 1.8, reduce to the known statement: the Euler
circle of a triangle inscribed into a rectangular hyperbola passes through the center of this hyperbola
(see fig. 12).

3.2 Let P move linearly along the line ¢. Then P,, P,, P. move linearly along the sidelines. Hence
Ay = Fo P, N My M. moves linearly along M, M,. It suffices to prove that B, P., A,, are collinear. For
this purpose we check 3 positions of P. The case P = O is trivial. Two cases, where P lie on the
circumcircle, follow from Kulanon’s theorem (the pedal circle of P degenerates to the Simson line)
(see fig. 13).
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3.3 Let P move linearly along the line £. Let ¢ be the length of the oriented segment OP. Introduce
the Cartesian coordinates with origin Fy, and by (X,(t), Ya(t)), (Xp(t),Ys(t)), (X.(2), Y.(t)) denote
coordinates of Ay, By, Cp, respectively. We show that each of coordinate functions is a rational
function of the form f(t)/g(t) with degf = 2, and degg = 1.

For instance, consider A,, (similar reasoning for points By, and C,,). It is clear that P, and P,
move linearly, i.e. its coordinates are linear functions of ¢. The line through the points Py,(x1, ;) and
P.(z2,y2) is (y —y1)(za — 1) = (x — 1) (y2 — y1). It is of the form ax + Sy + v = 0, where @ and 3
are linear in t, while ~ is quadratic in . Finally, intersect P, P, with the constant line Fy(),, find the
coordinates of A,,.

Now let us prove that the directions of A,,B,q, Bp,Cpqs CpgApg are constant (though these lines
do not move linearly). This condition is equivalent to equalities

Fgqu = - chpq and Fngq = ﬂ ' FZCpqv

where « and [ are some constants.
Let us prove the first equalilty (similarly, for the second one) in coordinates:

Xo(t) = a1 - Xu(t)  Ya(t) = ag - Ya(t)

(where ay and ay are constants). Recall that each function in these relation has the form f(¢)/g(t)
with degf = 2, and degg = 1. Multiplying by denominators, we obtain cubic equations in ¢. Thus
it suffices to find 4 different values of ¢, or, equivalently, 4 different positions of P, for which the
condition holds

First, consider cases P = O and P = (). the previous problem implies that { 4,,, Cy, } coincide, and
do not coincide with Fy. Defining constants oy and as by oy = X,(0)/X.(0) and ay = Y,(0)/Y.(0),
we have equalities

Xo(t) =a;- X(t) and Y,(t) = as - Y(t)

which are true for two distinct values of ¢.

Secondly, consider two positions of P that are antipodal points of the the circumcircle €2 of ABC),
lying on /. In this case A,, = C),, = F}, i.e. their coordinates are 0, and required equalities hold.

Thus we have proved that all lines A,,C),, are parallel, and the same is true for lines A,,B,, and
B, C,q. Hence, while P is moving, A,,B,,Cy, traces a family of triangles homothetic with center F.

Now it remains to show that the triangles formed by limes through A,,, B,,, C,, parallel to R, R,
R.R,, R,Ry, respectively, is homothetic to R,R,R. with homothety center Fj. For this purpose,
consider the case P = R. We have A,, = A,,, B,y = By, and C,, = C,, lying on the lines R, R.,
R.R,, and R,R,, respectively. For an arbitrary position of P consider the homothety with center F
taking A,, to A,,. By the arguments above, this homothety takes B,, to B,,, and it takes Cy, to Cp,.
Hence R,RR. maps to the line through A,, parallel to R,R.. Similarly, for the lines R.R, and R, R,
(see fig. 14).
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Figure 14.

14



3.4 The problems 2.5 and 2.8 could be proved without using the main theorem, thus we just mention
that the construction in the problem 2.5 is the case P = I, () = O of the main theorem, while the
construction in the problem 2.8 is the case P = Q = I, R = O. Now derive the problem 2.11.
Let the perpendicular to BC through its intersection point with FA® meets OI at Q. The line
P,P, passes through A® = A;,. Applying the mein theorem to I, Q, R = O. obtain that P,P, and
P, P, pass through Cj, and B;,, respectively. Therefore, B% = B;, and ch = Ciq. Hence the feet of
perpendiculars from @ onto AB and AC are the intersection points of AB and AC with FC* and
FB?”, respectively. The statement about the circle follows from Kulanin’s theorem. (see fig. 15, 16,
17).

Figure 15. P=Q =1, R=0

AN

Figure 16. P=1,QQ=R=0
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Figure 17. P=1, R=0

3.5 The main theorem is equivalent to the equality F'A,,/FA,, = FB,,/FB,, = FC,,/FC,,. Simi-
larly, we have FA,,/FA,, = FB,,/FB,, = FC,,/FC,. Let R be a point such that RyR. || Ap;As-
Then there exists a homothety with center F' taking Ry R, to ApgAgy. This homothety takes A,, to
A,q, and takes A,, to Agyy. From the equalities above it follows that this homothety takes R, [, R. to
the triangle formed by A,;Aqp, BpyBgp, CpgCqp, and the required statement follows.

3.6 It is known that the lines symmetric to ¢ in the midlines of the triangle intersect at some point
X. The point P symmetric to X in M, M, lies on ¢ and on the circle (AM,M.). (Since the reflections
in the sidelines of a line through the orthocenter meet on the circumcircle). Using the problem 3.2
and the Simson line of P with respect to AM,M,., we have PF, 1. BC. It is clear that PX 1 BC.
Similarly, for the other reflections of X in the midlines. Hence F; = X (see fig. 18).

Figure 18.

3.7 If P coincides to one of the points A,, By, Cy, then Fy lies on these circles, by Kulanin’s theorem.
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Let A’, B', C" be reflections of A, B, C'in O. By Pascal theorem, A’A,N B’ By lies on the circle (ABC).
Hence, lines A’A,, B'B;, C'Cy meet at some point Fj of the circumcircle. As LA FjA = LA'FjJA =
90°, the point Fj lies on the required circles. H lies on FyF}, since the powers of H with respect to
these circles are equal to HH,- HA= HH,- HB = HH,.- HC (see fig. 19).

Figure 19.
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3.8 Consider the quadrilateral H,Hy,H_.F, inscribed in the Euler circle e. We set H,H.N F;Hy, = B,

HaHb N FgHC = Chh; HaFg N HbHC = Ahh- It follws that Aththhh is an autopolar traingle for e.
Now let us show that the sidelines of Ay, BpuyChy, contain A, B, C'. Indeed, consider H .M . H,M,

that is a quadrilateral inscribed in €. By the construction, A lies on the polar line of Ay;,. But the

polar line of Ay, is BppChp, hence A lies on By, Cpy,. Similarly, for the other vertices (see fig. 20).
Moreover, this problem is a particular case of the next one.

Figure 20.

3.9 a) the cross-ratio of the lines P,B, P,P,, P, A, P,P, equals —1. Projecting otno the line AB,,,
we get the harmonic quadruple AB,, N BC, B,,, A, AB,, N P,P,. Similarly, AB,, N BC, B,,, A,
AB,; N Q@ is a harmonic quadruple. Hence AB,,, P,F;, Q,Q, are collinear, i.e. A lies on B,,Cyy,.

b,c) By Pappus theorem, P,Q.N P.Qy lies on PQ). Similarly, for P,Q.N P.Q, and P,Q,N P,Q,. By
Pascal theorem, P,Q,P.Q.F,(Q). is inscribed into a conic Q2. Let F' = B,,,P,NC,, P.. by Pascal theorem
and the item a), F'P,QyQ,Q.P. is inscribed into €. Analogous statement is true for A,, P, N Cpy P
it follows that Ay, P, Bp,Ds, CpeP. meet on ), and c) follows. Now be could be proved similarly to
the previous problem.

3.10 Let X, move along BC' linearly. Then X, and X. move along AC' and AB, respectively,
preserving cross-ratio.

e [t suffices to prove for 3 positions of X,. Cases X, = B, C, M, follow from the previous problem,;

e X = BX, N CX, moves along some conic passing through B and C' preserving cross-ratio
(the proof is analogous to one for the problem 0.11). This conic also passes through A, since
X = A, for X, = BC N BpChy,. Thus it suffices to prove that AX passes through X,, for some
3 positions of X,. The first position is X, = X = B, the second is X, = X = C, the third is
X, = M,, X =M (and the fourth is X, = H,, X = H).

e X moves along a rectangular hyperbola ABC'HM. Tt is known that the circle (X, X, X.) passes
through the center of this hyperbola (we do not know an easy proof of this fact; see A. Akopyan,
A.Zaslavsky ” Geometrical properties of conics”, Theorem 4.3). The center of this hyperbola is

18



For, that is the generalized Feuerbach point for the isogonal conjugate on this hyperbola (see
fig. 21).

]

Figure 21.

3.11 We present a sketch of the proof that all traingles Z,7,Z. are homothetic (though we do not
specify the center of homothety).

We need to prove that BC' || ZyZ, || AppAqq (here we use the problem 3.2: A,,A,, is the midline).
Reduce it to a statement of projective geometry:

Assume that traingles P, PP, and Q,QyQ. are given, and let F' be an arbitrary point. Let A,, =
P,P.NFP,, while A,,, By, ... are defined similarly, like in the problem 3.3. Let Z, = A,,C,; N A4, Coyp
and Z, = AygBpq N AgpBgp. Hence P, Py, Ap,Aqq, and Z,Z, are concurrent.

Note that cross-ratios of quadruples A,,Q¢, AgpBqp, AgpF', AgpQa and Ay By, ApyChg, ApgF, APy
are equal (project with center A,, onto Q.Qa, then prOJect with center F' onto P,P,, then with center
Ap,. Similarly, cross-ratios of quadruples A,,Q., AgpCqp, Agpl’, AgpQa and A,y Py, ApgBpg, ApgF', Apg P
are equal. Now one can apply the following fact:

Let f be a map | — f(I) from the band of lines through A,, to the band of lines through A,,
that preserves cross-ratio. Let m and n be arbitrary lines through A,,. Consider the line through
mN f(n) and nN f(m). Then this line passes through a fixed point, regardless of a choice of m and
n.
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Figure 22.
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