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Арифметические свойства биномиальных коэффициентов

На конференции Вам будет предложено несколько исследовательских проектов. Цель — как можно дальше продви-
нуться в каком-то из проектов. Задачи можно решать коллективно, объединившись в любые команды (члены команды
могут быть из разных городов). Вы можете решать задачи сразу из нескольких проектов, причем по разным проектам
Вы можете участвовать в разных командах. Единственное, чего не следует делать, — это присваивать себе чужие
результаты, такое случается, если команда слишком велика и не все из нее активно решают задачи данного проекта.

Это ознакомительная подборка задач по теме о биномиальных коэффициентах. Задачи следует решать письменно
и сдавать Кохасю К.П. (вагон 15, место 17). В Теберде набор задач будет существенно расширен и все задачи, кроме
задачи 1.2, можно будет сдавать и позже. По задаче 1.2 решения принимаются только в поезде, после этого задача
снимается с конкурса.

1 Задачи в поезд

1.1. Докажите, что а) Ck
p−1 ≡ (−1)k (mod p); б) Cn

2n ≡ (−4)nCn
p−1
2

(mod p) при n 6
p−1
2 .

1.2. Докажите, что количество нечетных биномиальных коэффициентов в n-й строке треугольника
Паскаля равно 2r, где r — количество единиц в двоичной записи числа n.

1.3. Зафиксируем натуральное число m. Назовем m-арифметическим треугольником Паскаля тре-
угольник, в котором вместо чисел Ck

n расставлены их остатки по модулю m. Кроме того, мы будем
рассматривать похожие треугольники из остатков, у которых вдоль боковых сторон вместо единиц
стоят одинаковые остатки a по модулю m. Такие треугольники можно умножать на число, а также
складывать (если размеры совпадают), причем будем считать, что операции тоже выполняются по
модулю m.
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Пусть в s-й строке m-арифметического треугольника Паскаля все элементы, кроме крайних, — нули.
Докажите, что тогда этот треугольник имеет вид, показанный на рис. 1. Заштрихованные треуголь-
ники состоят из нулей, а треугольники ∆k

n состоят из s строк и подчинены следующим соотношениям:
1) ∆k−1

n + ∆k
n = ∆k

n+1; 2) ∆k
n = Ck

n · ∆0
0 (mod m).

Головоломка Ханойская башня представляет собой три стержня, на которые надеваются диски разной величины.
Вначале все диски упорядочены по размеру (более крупные — ниже) и находятся на первом стержне. Разрешается
снять со стержня один верхний диск и переместить его на другой стержень. При этом запрещается более крупный
диск класть на диск меньшего размера. В головоломке требуется переложить все диски с первого стержня на второй.

Пусть количество дисков равно n. Рассмотрим граф THn, вершины которого — это всевозможные расположения
дисков Ханойской башни, а ребра соединяют те состояния головоломки, которые получаются друг из друга за один ход.
Рассмотрим также граф Pn, вершины которого — это единицы, расположенные в первых 2n строках 2-арифметического
треугольника Паскаля, а ребра соединяют соседние единицы (т.е. соседние в строке или в двух смежных строках по
диагонали).

1.4. Докажите, что графы THn и Pn изоморфны.

1.5. Докажите, что в первых 106 строках 2-арифметического треугольника Паскаля единицы состав-
ляют меньше 1%.

1.6. Докажите, что если n делится на p − 1, то Cp−1
n + C

2(p−1)
n + C

3(p−1)
n + . . . + Cn

n ≡ 1 (mod p).
Или лучше докажите в общем виде: если 1 6 j, k 6 p − 1 и n ≡ k (mod p − 1), то

Cj
n + C(p−1)+j

n + C2(p−1)+j
n + C3(p−1)+j

n + . . . ≡ Cj
k (mod p).
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Рис. 1. Рис. 2.
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Арифметические свойства биномиальных коэффициентов — 2

Официальным “теоретическим материалом” для этого цикла задач служит статья Э.Б. Винберга [1]. В частности,
считаются известными следующие теоремы.

1. Теорема Вильсона. Для всех простых p (и только для простых) выполнено сравнение (p − 1)! ≡ −1 (mod p).

2. Теорема Люка. Запишем числа n и k в системе счисления по основанию p:

n = ndpd + nd−1p
d−1 + . . . + n1p + n0, k = kdpd + kd−1p

d−1 + . . . + k1p + k0. (1)

Тогда Ck
n ≡ Ckd

nd
C

kd−1

nd−1
· . . . · Ck1

n1
Ck0

n0
(mod p) .

3. Теорема Куммера. Показатель ordp Ck
n равен числу переносов при сложении столбиком чисел k и ` = n − k в

p-ичной записи.

4. Теорема Волстенхолма. При p > 5 Cp
2p ≡ 2 (mod p3) или, что то же самое, Cp−1

2p−1 ≡ 1 (mod p3).

Напомним, что по определению C0
0 = 1, Ck

n = 0 при k > n и при k < 0.
Всюду буквой p мы обозначаем простое число. Для произвольного натурального числа n обозначим через (n!)p

произведение всех натуральных чисел от 1 до n, не делящихся на p. Если задано число p, то символами ni, mi и т. д.
обозначаются цифры p-ичной записи чисел n, m и т. д.

* * *

2 Арифметический треугольник и делимость

2.1. a) Докажите, что в первых 3k строках 3-арифметического треугольника Паскаля содержится
1
2 (6k + 4k) единиц и 1

2(6k − 4k) двоек.
b) Найдите число нулевых элементов в первых 5k строках 5-арифметического треугольника Пас-

каля.
c) Найдите число ненулевых элементов в первых pk строках p-арифметического треугольника

Паскаля.

2.2. Докажите, что количество единиц в первых m строках 2-арифметического треугольника Паскаля
равно

n−1
∑

i=0

mi · 2
�n−1

k=i+1 mk · 3i.

Полагая m = 2α1 + 2α2 + . . . + 2αr , где α1 > α2 > . . . > αr, можно то же выражение записать в виде

3α1 + 2 · 3α2 + 22 · 3α3 + . . . + 2r−1 · 3αr .

2.3. Рассмотрим n-ю строку 2-арифметического треугольника Паскаля как двоичную запись некото-
рого натурального числа Pn. Докажите, что

Pn = Fi1 · . . . · Fis ,

где i1, . . . , is — номера разрядов, в которых в двоичной записи числа n стоят единицы, и Fi = 22i
+ 1

— i-е число Ферма.

2.4. Докажите, что количество ненулевых элементов в n-й строке p-арифметического треугольника

Паскаля равно
d
∏

i=0
(ni + 1).

2.5. a) Для того чтобы все биномиальные коэффициенты Ck
n, где 0 < k < n, делились на p, необходимо

и достаточно, чтобы n было степенью числа p.
b) Для того чтобы все биномиальные коэффициенты Ck

n, где 0 6 k 6 n, не делились на p, необ-
ходимо и достаточно, чтобы n + 1 делилось на pd, иными словами, чтобы все цифры p-ичной записи
числа n, кроме старшей, были равны p − 1.

2.6. Пусть 0 < k < n + 1. Докажите, что если Ck−1
n 6 ... p и Ck

n 6 ... p, то Ck
n+1 6 ... p, кроме случая, когда

n + 1 делится на p.
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3 Обобщение теорем Вильсона и Люка

3.1. Докажите, что ordp(n!) =
n − (nd + . . . + n1 + n0)

p − 1
.

3.2. Докажите следующие обобщения теоремы Вильсона. a) (−1)[n/p](n!)p ≡ n0! (mod p);
b) При p > 3 выполнено сравнение

(pq!)p ≡ −1 (mod pq) ,

а при p = 2, q > 3 выполнено сравнение (pq!)p ≡ 1 (mod pq).

c)
n!

pµ
≡ (−1)µn0!n1! . . . nd! (mod p), где µ = ordp(n!)

3.3. Обобщенная теорема Люка. Пусть r = n − k, ` = ordp(C
k
n). Тогда

1

p`
Ck

n ≡ (−1)`
( n0!

k0!r0!

)( n1!

k1!r1!

)

. . .
( nd!

kd!rd!

)

(mod p)

3.4. a) Докажите, что (1 + x)p
d ≡ 1 + xpd

(mod p) при всех x = 0, 1, . . . , p − 1.
b) Докажите теорему Люка алгебраически.

3.5. a) Пусть m, n, k — натуральные числа, причем (n, k) = 1. Докажите, что Ck
mn ≡ 0 (mod n).

b) Если n
... pk, m 6 ... p, то Cm

n
... pk.

3.6. Пусть fn,a =
n
∑

k=0

(Ck
n)a. Докажите, что fn,a ≡

d
∏

i=0
fni,a (mod p).

4 Вариации на тему теоремы Волстенхолма

4.1. Докажите, что
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p2) при p > 5.

4.2. Пусть p = 4k + 3 — простое число. Найдите
1

02 + 1
+

1

12 + 1
+ . . . +

1

(p − 1)2 + 1
(mod p).

4.3. a) Пусть натуральное число k таково, что для каждого простого делителя p числа m k 6 ... (p−1).
Докажите, что

1

1k
+

1

2k
+ . . . +

1

(m − 1)k
≡ 0 (mod m).

Здесь суммирование распространяется на все слагаемые, знаменатели которых взаимно просты с m.

b) Пусть k нечетно и (k + 1) 6 ... (p − 1). Докажите, что
1

1k
+

1

2k
+ . . . +

1

(p − 1)k
≡ 0 (mod p2).

4.4. Докажите, что сравнение (12) из статьи Винберга выполнено по модулю p4.

4.5. Докажите эквивалентность следующих сравнений. 1) Cp−1
2p−1 ≡ 1 (mod p4);

2)
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p3); 3)

1

12
+

1

22
+ . . . +

1

(p − 1)2
≡ 0 (mod p2).

4.6. a) Докажите алгебраически, что для всякого простого p и произвольных k и n (Cpm
pk −Cm

k )
... p2.

В статье Винберга этот факт доказан комбинаторно.
b) Докажите утверждение (9) из статьи Винберга: для всякого простого p>5 и произвольных k и n
(Cpm

pk − Cm
k )

... p3.

4.7. Пусть p > 5. Докажите, что a) Cp
p2 ≡ C1

p (mod p5); b) Cp
ps+1 ≡ ps (mod p2s+3).

4.8. Докажите, что Cp2

p3 ≡ Cp
p2 (mod p8).
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Арифметические свойства биномиальных коэффициентов — 3

Дополнения к предыдущим темам

2.7. Докажите, что Ck
pn−1 ≡ (−1)Sk (mod p), где Sk — сумма цифр p-ичной записи числа k.

2.8. Докажите, что если биномиальный коэффициент Ck
n нечетен, (т. е. в обозначениях из (1) ki 6 ni

при всех i = 0, . . . , d), то

Ck
n ≡

d
∏

i=1

(−1)ki−1ni+kini−1 (mod 4) .

2.9. Докажите, что если в двоичной записи числа n нет двух единиц подряд, то все нечетные числа
в n-й строке треугольника Паскаля сравнимы с 1 по модулю 4, а в противном случае ровно половина
из них сравнима с 1 по модулю 4.

2.10. Докажите, что количество пятерок в каждой строке 8-арифметического треугольника Паскаля
равно степени двойки. То же касается единиц, троек и семерок.

2.11. Докажите, что если все элементы двух множеств

{C1
2n−1, C

3
2n−1, C

5
2n−1, . . . , C

2n−1
2n−1} и {1, 3, 5, . . . , 2n − 1}

рассматривать как остатки по модулю 2n, то эти множества совпадают.

2.12. Докажите, что элементы одной строки треугольника Паскаля не взаимно просты в следующем
довольно сильном смысле. Для каждого числа ε > 0 существует N , такое, что при всех натуральных
n > N и k1, k2, . . . , k100 < ε

√
n верно, что числа

Cn+k1
2n , Cn+k2

2n , . . . , Cn+k100
2n

имеют общий делитель.

2.13. a) Даны натуральные числа m > 1, n, k. Докажите, что хотя бы одно из чисел Ck
n, Ck

n+1, . . . ,
Ck

n+k не делится на m.

b) Докажите, что для любого k найдется бесконечно много таких n, что все числа Ck
n, Ck

n+1, . . . ,
Ck

n+k−1 делятся на m.

4.9. Докажите, что при n > 1 C2n

2n+1 − C2n−1

2n делится на 22n+2.

4.10. Докажите, что при p > 5 (−1)
p−1
2 C

p−1
2

p−1 ≡ 4p−1 (mod p3).
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Арифметические свойства биномиальных коэффициентов — 4

Дополнения к предыдущим темам

4.11. Пусть m — произвольное натуральное число, p > 5 — простое. Докажите, что

1

mp + 1
+

1

mp + 2
+ · · · + 1

mp + (p − 1)
≡ 0 (mod p2).

4.12. Пусть p и q — различные простые числа. Докажите, что сравнение Cpq−1
2pq−1 ≡ 1 (mod pq) выпол-

нено в том и только в том случае, когда Cp−1
2p−1 ≡ 1 (mod q) и Cq−1

2q−1 ≡ 1 (mod p).

5 Суммы биномиальных коэффициентов

5.1. a) Докажите, что
3a−1
∑

k=0

Ck
2k делится на 3; b) делится на 3a.

5.2. Пусть Ck = 1
k+1Ck

2k — последовательность чисел Каталана. Докажите, что
n
∑

k=1

Ck ≡ 1 (mod 3)

тогда и только тогда, когда троичное разложение числа n + 1 содержит хотя бы одну цифру 2.

5.3. Пусть p > 5, k = [2p/3]. Докажите, что сумма C1
p + C2

p + . . . + Ck
p делится на p2.

5.4. Если n
... (p − 1), где p — нечетное простое, то

Cp−1
n + C2(p−1)

n + C3(p−1)
n + . . . ≡ 1 + p(n + 1) (mod p2).

5.5. Докажите, что при 0 6 j 6 p − 1 < n и q = [n−1
p−1 ]

∑

m:m≡j (mod p)

(−1)mCm
n ≡ 0 (mod pq).

5.6. Докажите, что если p — нечетное простое, то n
... (p + 1) тогда и только тогда, когда

Cj
n − Cj+(p−1)

n + Cj+2(p−1)
n − Cj+3(p−1)

n + . . . ≡ 0 (mod p)

при всех j = 1, 3, . . . , p − 2.
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Решения

1 Задачи в поезд

1.1. a) Р еш ени е 1. Ck
p−1 =

(p − 1)(p − 2) . . . (p − k)

1 · 2 · · · k ≡ (−1)(−2) . . . (−k)

1 · 2 · · · k ≡ (−1)k (mod p).

Р еш ени е 2. По формуле для биномиальных коэффициентов очевидно, что Ci
p при 1 6 i 6 p− 1

делится на p. Кроме того, имеет место основное рекуррентное соотношение Ck−1
p−1 +Ck

p−1 = Ck
p . Так как

C0
p−1 = 1 ≡ 1 (mod p) и (C0

p−1 +C1
p−1)

... p, заключаем отсюда, что C1
p−1 ≡ −1 (mod p). Но C1

p−1 +C2
p−1

тоже делится на p, значит, C2
p−1 ≡ 1 (mod p) и т.д.

б) Это задача [3, задача 162]. Поскольку дроби Cn+1
2n+2/C

n
2n и Cn+1

p−1
2

/Cn
p−1
2

сильно сократимы, утвер-

ждение легко проверяется по индукции. Но мы предложим прямое вычисление из [3].
Как нетрудно видеть,

Cn
2n = 2n · 1 · 3 · · · (2n − 1)

n!
При этом

1 · 3 · · · (2n − 1) = (−1)n(−1)(−3) · · · (−2n + 1) ≡ (−1)n(p − 1)(p − 3) · · · (p − 2n + 1) =

= (−1)n2n
(p − 1

2

)(p − 3

2

)

· · ·
(p − 2n + 1

2

)

= (−1)n2n
(p − 1

2

)(p − 1

2
− 1
)

· · ·
(p − 1

2
− n + 1

)

=

= (−1)n2n (p−1
2 )!

(p−1
2 − n)!

(mod p).

Таким образом, Cn
2n ≡ (−1)n4n (p−1

2 )!

n!(p−1
2 − n)!

= (−4)nCn
p−1
2

(mod p).

1.2. Это непосредственно следует из самоподобной структуры арифметического треугольника Пас-
каля, описанной в следующих задачах. Это также сразу следует из теоремы Люка. Доказательство
можно прочесть в статье Винберга [1].

1.3. Мы ограничимся небольшим созерцанием, полное решение см. в [3, задача 133].
Поскольку в s-й строке расположен длинный ряд из нулей, в (s + 1)-й строке под этими нулями

также расположен ряд из нулей (на единицу короче), в (s + 2)-й строке — опять ряд из нулей (снова
на 1 короче) и т. д. Этим объясняется наличие серого треугольника снизу от ∆0

0 (рис. 1).
Далее, ненулевые элементы s-й строки равны 1, тогда ряды чисел, идущих вдоль наклонных

границ серого треугольника, состоящего из нулей, — это тоже всё сплошь единицы (по рекуррентному
правилу построения треугольника Паскаля). Таким образом, вдоль боковых сторон треугольников
∆0

1 и ∆1
1 расположены единицы, и значит, оба этих треугольника идентичны ∆0

0.
Теперь понятно, как выглядит 2s-я строка треугольника. Крайние элементы в ней — единицы,

остальные элементы — нули, кроме центрального элемента, который равен 2, как сумма двух вы-
шестоящих единиц. Отсюда получаем, что снизу от 2s-й строки находятся два серых нулевых тре-
угольника, по краям от них — треугольники ∆0

2 и ∆2
2, идентичные ∆0

0, а между ними — треугольник
∆1

2, у которого вдоль боковых сторон расположены двойки. Как нетрудно понять, это значит, что
∆1

2 = 2 · ∆0
0.

Ну и так далее.

1.4. Этот сюжет мы взяли в статье [21], где некоторые факты о биномиальных коэффициентов до-
казываются с помощью рассмотрения Ханойской башни и графа THn.

Пусть на первом стержне самый верхний диск имеет диаметр a, на втором — диаметр b, на
третьем — c, a < b < c, тогда в этом положении есть три возможных хода: с a на b или на c, либо
с b на c; аналогично имеется три хода, если диски занимают лишь два стержня. Если же все диски
находятся на одном стержне, возможных ходов только два, обозначим такие конфигурации A1, A2,
A3 по номеру стержня, на который нанизаны диски.

Заметим, что 2s-я строка треугольника Паскаля состоит из одних единиц — это следует из
задачи 1.2 или проверяется непосредственно с помощью формулы Лежандра (4). Отсюда следу-
ет, что граф Pn имеет поворотную симметрию третьего порядка, поскольку основное соотношение
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A3 A2

A2 A1

A3

A1 A3

A2

2

1

3

Рис. 3.

Ck−1
n + Ck

n = Ck
n+1, при помощи которого мы строим треугольник Паскаля “сверху вниз”, в арифме-

тике по модулю 2 равносильно соотношениям Ck−1
n = Ck

n + Ck
n+1 и Ck

n = Ck−1
n + Ck

n+1, с помощью
которых можно аналогично построить треугольник Паскаля “слева снизу — вправо вверх” и “справа
снизу — влево вверх”. Кроме того, отсюда следует (из предыдущей задачи), что треугольник Паскаля
в 2 раза большего размера содержит три копии исходного треугольника.

Докажем по индукции, что существует биекция между THn и Pn, при которой вершинам тре-
угольника Pn соответствуют конфигурации A1, A2, A3. База n = 1 очевидна.

Докажем переход. Пусть мы уже умеем строить биекцию между THn и Pn. Рассмотрим 2-арифме-
тический треугольник треугольник Паскаля со стороной 2n+1, он содержит три копии треугольника
со стороной 2n. Пронумеруем копии и разметим их вершины, как показано на рис. 3. Рассмотрим все
положения Ханойской башни, в которых самый крупный диск находится на стержне i. Если мы не
двигаем этот диск, то все эти положения и перекладывания остальных дисков задают граф, изоморф-
ный TPn. С помощью уже имеющейся биекции отождествим этот граф с графом Pn, расположенным
в i-й копии треугольника, причем потребуем, чтобы конфигурации Aj были отождествлены в соот-
ветствии с разметкой вершин. Перемещение самого крупного диска, скажем, с первого стержня на
второй возможно, только если все остальные диски находятся на третьем стержне. Это в точности
соответствует ребру, соединяющему соседние вершины A3 на левой боковой стороне треугольника,
аналогично обстоят дела с другими перемещениями самого большого диска. Таким образом, постро-
енное соответствие действительно дает изоморфизм графов TPn+1 и Pn.

1.5. Биекция с Ханойской башней дает простую явную формулу (когда число строк – степень двойки):
в первых 2k строках треугольника Паскаля содержится 3k единиц. Та же формула легко доказывается
по индукции из рекуррентности задачи 1.3. Пользуясь этим фактом легко получаем оценку. Так
как 106 < 220, количество элементов в этих строках равно 1

2 · 106(106 + 1), а количество единиц не

превосходит 320. Доля единиц не превосходит 2·320

106(106+1) � 0.01.

1.6. Мы взяли это утверждение в обзоре [18].
Р еш ени е 1 ([CSTTVZ]). При p = 2 утверждение задачи легко проверяется. Будем далее счи-

тать, что p — нечетное простое. Пусть n = x(p − 1) + k. Будем доказывать утверждение индукцией
по x.

База x = 0 тривиальна: Cj
k ≡ Cj

k (mod p).
Для доказательства перехода воспользуемся свойством биномиальных коэффициентов

Cs
a+b =

∑

i

Cs−i
a Ci

b (суммирование в естественных границах),

которое выражает два способа подсчета числа вариантов взять s шаров из коробки, в которой лежит
a черных и b белых шаров. Пусть n = m + (p − 1). Заметим, что

C`(p−1)+j
n = C

`(p−1)+j
m+(p−1) =

p−1
∑

i=0

C`(p−1)+j−i
m Ci

p−1 ≡
p−1
∑

i=0

(−1)iC`(p−1)+j−i
m (mod p)

(последнее сравнение — по утверждению задачи 1.1 a). Отметим, что в последней сумме первое и
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последнее слагаемое присутствуют со знаком плюс. Преобразуем теперь интересующую нас сумму.

∑

`

C`(p−1)+j
n ≡

≡
(

Cj
m − Cj−1

m + . . .
)

+
(

Cp−1+j
m − Cp−1+j−1

m +. . .+ Cj
m

)

+
(

C2(p−1)+j
m − C2(p−1)+j−1

m +. . .+ C(p−1)+j
m

)

+. . .

=

m
∑

i=0

(−1)iCi
m +

∑

`

C`(p−1)+j
m (mod p).

Здесь первая сумма равна нулю, а вторая по предположению индукции сравнима с Cj
k (mod p). чтд

Реш ени е 2 (основное рекуррентное тождество, [J], [T]). Утверждение доказывается индукцией
по n. База n 6 p − 1 тривиальна: левая часть содержит всего одно слагаемое — то же самое, что и в
правой части. Переход:

Cj
n + C(p−1)+j

n + . . . =
(

Cj
n−1 + Cj−1

n−1

)

+
(

C
(p−1)+j
n−1 + C

(p−1)+j−1
n−1

)

+ . . . =

=
(

Cj
n−1 + C

(p−1)+j
n−1 + . . .

)

+
(

Cj−1
n−1 + C

(p−1)+j−1
n−1 + . . .

)

≡ Cj
k−1 + Cj−1

k−1 = Cj
k (mod p).

Но тут следует иметь в виду, что в формулировке утверждения в случае, когда параметры j и k
делятся на p − 1, они приравниваются к p − 1, а не к 0. Таким образом, выписанное соотношение
требует отдельного рассмотрения при j = 1 или k = 1. Мы ограничимся рассмотрением частного
случая, которое проясняет ситуацию. Пусть p = 5, j = 1 и мы доказываем переход к n = 13. Имеем

C1
1

?≡ C1
13 + C6

13 + C11
13 =

(

C1
12 + C6

12 + C11
12

)

+
(

C0
12 + C5

12 + C10
12

)

Здесь первая скобка дает по индукционному предположению остаток C1
4 (а вовсе не C1

0 , как могло
показаться по предыдущему вычислению). Во второй скобке первое слагаемое не участвует в индук-
ционном предположении, а сумма остальных сравнима с C0

4 . Записывая для ясности p − 1 вместо 4,
получаем, что вся сумма сравнима с C0

n−1 + C1
p−1 + C0

p−1 ≡ C1
1 (mod p), что и требуется.

Р еш ени е 3 (алгебраическое рассуждение с теоремой Люка, [18]). Индукция по n. База n 6 p−1
тривиальна. Пусть теперь n > p, запишем все встречающиеся параметры в системе счисления по
основанию p, сумму цифр числа m будем обозначать σp(m). Очевидно, если m ≡ j (mod p), то
σp(m) ≡ j (mod p). Тогда по теореме Люка интересующая нас сумма равна

∑

Cm0
n0

Cm1
n1

. . . Cmd
nd

(mod p) ,

где суммирование распространяется на все m = md . . . m1m0 6 n, для которых σp(m) ≡ j (mod p).
Эта сумма в точности равна сумме коэффициентов при xj, xj+p−1, xj+2(p−1), . . . в выражении

(1 + x)n0(1 + x)n1 . . . (1 + x)nd = (1 + x)σp(n) .

Но очевидно, что указанная сумма коэффициентов равна

∑

16r6σp(n)
r≡j (mod p−1)

Cr
σp(n) ,

которая удовлетворяет индукционному предположению, так как 1 6 σp(n) 6 n − 1, и дает нужное
нам сравнение, поскольку σp(n) ≡ n ≡ j (mod p).

Р еш ени е 4 (немного здравого смысла и линейной алгебры, [Д]). Многочлены x, x2, . . . , xp−1

линейно независимы над Zp и образуют базис в пространстве функций f : Zp → Zp, f(0) = 0. По
малой теореме Ферма (1 + x)n ≡ (1 + x)k (mod p). Редуцируя левую часть с помощью соотношений
xi+a(p−1) ≡ xi, получаем, что интересующая нас сумма как элемент Zp равна коэффициенту при xj

в правой части, т. е. Cj
k.
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2 Арифметический треугольник и делимость

2.1. a) Это результат Робертса [27]. Обозначим количество единиц в первых 3k строках через ak,
а количество двоек bk — через bk. Пользуясь рекуррентностью из задачи 1.3, получаем соотношения:

ak+1 = 5ak + bk, bk+1 = 5bk + ak.

Отсюда утверждение задачи легко следует по индукции.

b) От в е т: 1
2 · 5k(5k + 1) − 15k. Обозначая искомую величину ak, аналогично предыдущей задаче

получаем соотношение

ak+1 = 15ak + 10 · 5k(5k − 1)

2
.

Поскольку в целом треугольник содержит 5k(5k+1)
2 элементов, естественно ввести замену переменных

ak = 5k(5k+1)
2 −bk. Тогда для переменной bk предыдущее соотношение записывается в виде bk+1 = 15bk.

c) О т в е т:
(p(p+1)

2

)k
. Это результат Файна [13]. Он аналогично предыдущим пунктам получается

по индукции из рекуррентности задачи 1.3.

2.2. Реш ени е 1. Индукция по α1. База для α1 = 0, 1 легко проверяется. Пусть для всех α1 < a
утверждение уже доказано. Докажем его для α1 = a. Очевидно, m̃−2α1 < 2α1 . Пусть в обозначениях
задачи 1.3 s = 2α1 . Числу m̃ = 2α2 + 2α3 + . . . + 2αr соответствует строчка в треугольнике ∆0

0. В этой
строке и в строках над ней по индукционному предположению содержится

3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr (2)

единиц. Тогда числу m = m̃+2α1 соответствует строчка, пересекающая треугольники ∆1
0 и ∆1

1 (иден-
тичные треугольнику ∆0

0, поскольку у нас 2-арифметика). В этой строке и выше находится целиком
треугольник ∆0

0 (в нем по предположению индукции 3α1 единиц) и два неполных треугольника ∆1
0 и

∆1
1, в каждом из которых число единиц задается формулой (2). В сумме получаем

3α1 + 2(3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr)

единиц, что и требуется.

Р еш ени е 2 (комбинаторный смысл коэффициентов — разбиваем на слои, [T]).

Л емма 1. Пусть число единиц в k-й строке равно 2r (или, что то же самое, бинарная запись
числа k содержит r единиц) и пусть α1 > α2 > · · · > αm, 2αm > k. Тогда число единиц в строке
с номером 2α1 + 2α2 + . . . + 2αm + k равно 2m+r.

Д о к а з а т е л ь с т в о. Очевидно, бинарная запись числа 2α1 + 2α2 + . . . + 2αm + k содержит m + r
единиц и тогда в строке треугольника Паскаля с этим номером 2m+r единиц.

Л емма 2. Суммарное количество единиц в строках с номерами

2α1 + 2α2 + . . . + 2αm−1 , 2α1 + 2α2 + . . . + 2αm−1 + 1, . . . , 2α1 + 2α2 + . . . + 2αm−1 + 2αm − 1,

равно 2k3αm .

Д о к а з а т е л ь с т в о. По лемме 1 количество единиц в строке с номером 2α1 +2α2 + . . . +2αm−1 + i
равно 2kxi, где xi — количество единиц в i-й строке. Тогда суммарное число единиц в упомянутых
строках равно 2k

∑

xi. Но
∑

xi — это число единиц в первых 2αm −1 строках треугольника Паскаля,
оно равно 3αm (это нам известно, например, из задачи 1.4).

Осталось просуммировать по m количества единиц из леммы 2.

2.3. Мы взяли утверждение задачи из статьи Винберга [1], а решение из статьи Гранвилля [18].
Утверждение выводится из теоремы Люка с помощью следующего наблюдения (тоже упомянутого
в [1]): биномиальный коэффициент Ck

n нечетен в том и только том случае, когда единицы в двоичном
разложении числа k могут стоять лишь в тех разрядах, где стоят единицы в записи числа n. Отсюда
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сразу следует, что Pn =
∑

2k, где суммирование распространяется на все числа k, описанные в
предыдущем предложении. В обозначениях формулы (1) при p = 2 положим Sn = {i : ni = 1}. Тогда

Pn =
∑

I⊆Sn

∏

i∈I

22i

=
∏

i∈Sn

Fi.

2.4. Этот результат Файна [13], 1947 г, — простое следствие теоремы Куммера. Чтобы биномиальный
коэффициент Ck

n не делился на p, не должно быть переносов при сложении чисел k и n−k, записанных
в системе счисления по основанию p. При фиксированном n это означает, что выбор i-й цифры
p-ичной записи числа k можно сделать ni + 1 способом.

2.5. a) Это сразу следует из формулы, доказанной в предыдущей задаче, поскольку речь идет о стро-
ке, в которой ровно два элемента не делятся на p.

b) [13]. Если (n + 1)
... pd, то n = a(p − 1)(p − 1) . . . (p − 1) в системе счисления по основанию p.

Тогда для каждого k, 0 6 k 6 n, каждая цифра числа k не превосходит соответствующей цифры
числа n. Тогда все биномиальные коэффициенты Cki

ni
не равны нулю (в том числе, по модулю p) и по

теореме Люка Ck
n не делится на p.

В обратную сторону. Пусть все биномиальные коэффициенты Ck
n не делятся на p, но число n

является числом вида a(p − 1)(p − 1) . . . (p − 1). Это значит, что одна из цифр, скажем ni, меньше
p− 1. Возьмем k = (p− 1) · pi. Тогда ki = p− 1, следовательно, Cki

ni
= 0 и по теореме Люка Ck

n делится
на p. Противоречие.

2.6. Это известное утверждение мы почерпнули в [12].
Р еш ени е 1. Допустим, что Ck−1

n 6 ... p и Ck
n 6 ... p, но при этом Ck

n+1 = (Ck−1
n + Ck

n)
... p. Тогда

Ck
n ≡ −Ck−1

n (mod p). Так как оба биномиальных коэффициента не делятся на p, мы можем сократить
правую и левую части. Получим n−k+1

k ≡ −1 (mod p), откуда n + 1 ≡ 0 (mod p).

Р еш ени е 2 ([К]). Хотя утверждение выглядит очень естественным, напоминая нам основное
тождество для биномиальных коэффициентов, часть “Ck−1

n 6 ... p” в нем лишняя. Действительно, если
(n + 1) 6 ... p, то 0 6 n0 6 p− 2. Поскольку Ck

n 6 ... p, то по теореме Куммера при всех i верно неравенство
ki 6 ni. Но тогда аналогичные неравенства верны и для пары чисел k и n + 1, поскольку у числа
n + 1 те же цифры, что и у n, кроме цифры в самом младшем разряде, которая у числа n + 1 на 1
больше. Следовательно, Ck

n+1 6 ... p.

2.7. [2]. Сразу следует из теоремы Люка и задачи 1.1.a)

2.8. Задача из статьи Винберга [1]. Индукция по числу цифр. База тривиальна. Для перехода до-
бавляем очередную цифру в конец числа. В силу нечетности биномиального коэффициента ni > ki.
Пользуясь рекуррентностью Ck

n = Ck−1
n−1+Ck

n−1, перебирая разные варианты четности n и k с помощью
теоремы Куммера и задачи 4.6a) сводим все к индукционному предположению.

Например, при нечетном n = 2` + 1 и четном k = 2m, если k1 = 1, то k = . . . 10, n = . . . 11
(двоичные записи), Тогда (n − k) = . . . 01 (потому что по теореме Куммера не должно было быть
переносов), (k − 1)2 = . . . 01, значит, по теореме Куммера при сложении (k− 1)2 + (n− k)2 есть ровно
1 перенос, т. е. Ck−1

n−1 ≡ 2 (mod 4), откуда

Ck
n = Ck−1

n−1 + Ck
n−1 ≡ −Ck

n−1 = −C2m
2` ≡ −Cm

` (mod 4) ,

последнее — по задаче 4.6a). Этот минус в точности соответствует множителю (−1)k0n1+k1n0 .

2.9. Задача из статьи Винберга [1]. Утверждение следует из результата предыдущей задачи. Если в
записи n нет двух единиц подряд, то все показатели ki−1ni + kini−1 равны нулю и все биномиальные
коэффициенты дают остаток 1 при делении на 4. Если же запись числа n содержит участок из
единиц, начинающийся с nj = 1, то у половины нечетных биномиальных коэффициентов kj = 0,
а у другой половины kj = 1 и, как нетрудно видеть по формуле из предыдущей задачи, по модулю 4
эти половины отличаются знаком.

2.10. Этому запутанному сюжету посвящены две статьи в Monthly [19, 20].

2.11. Эта задача Д.Джукича была в 2002 г. на олимпиаде 239 школы г. Санкт-Петербурга, а потом
засветилась в шорт-листе IMO-2008.



Арифметические свойства биномиальных коэффициентов. Версия 1.2 11

Поскольку все биномиальные коэффициенты из условия задачи нечетны (по теореме Люка), для
доказательства утверждения достаточно проверить, что все числа C1

2n−1, C3
2n−1, . . . , C2n−1

2n−1 дают
разные остатки при делении на 2n. Дальше можно действовать по-разному.

Р еш ени е 1 ([Д]). Предположим противное, пусть Ck
2n−1 ≡ Cm

2n−1 (mod 2n) при нечетных k и m,
k > m. Заметим, что

Ck
2n−1 = Ck

2n − Ck−1
2n−1 = Ck

2n − Ck−1
2n + Ck−2

2n−1 = · · · = Ck
2n − Ck−1

2n + Ck−2
2n − . . . − Cm+1

2n + Cm
2n−1 .

В частности,
Ck

2n − Ck−1
2n + Ck−2

2n − . . . − Cm+1
2n ≡ 0 (mod 2n) .

Теорема Куммера позволяет для каждого r легко вычислить показатель ord2 Cr
2n , а именно, если

ord2 r = a, то при сложении r и 2n − r произойдет n − a переносов (это очевидно из алгоритма
сложения столбиком), и значит, ord2 Cr

2n = n−a. В частности, Cr
2n делится на 2n при нечетном r, что

позволяет отбросить в последнем сравнении половину слагаемых:

Ck−1
2n + Ck−3

2n + . . . + Cm+1
2n ≡ 0 (mod 2n) .

Другое следствие из приведенных рассуждений состоит в том, что у всех слагаемых Ci
2n в левой

части параметр i четный и поэтому ord2 Cx
2n < n. Докажем теперь, что выполнение этого сравнения

невозможно. Выберем x, для которого ord2 Cx
2n имеет минимальное значение. Так как ord2 Cx

2n <n, но
при этом вся сумма делится на 2n, найдется y, для которого ord2 Cx

2n = ord2 Cy
2n . Но тогда бинарные

записи чисел x и y оканчиваются на одинаковое число нулей, поэтому между x и y найдется число z,
оканчивающееся на большее число нулей. Тогда ord2 Cz

2n < ord2 Cx
2n , что противоречит минимально-

сти.

Р еш ени е 2 ([CSTTVZ]). Предположим противное, пусть нашлись числа k и `, k 6= `, такие что
C2k+1

2n−1 ≡ C2`+1
2n−1 mod 2n, 0 6 k, ` 6 2n − 1. Кроме того, мы будем вести рассуждения по индукции,

считая, что для меньших значений n утверждение задачи уже доказано. Заметим, что

C2k+1
2n−1 =

(

2n

1
− 1

)(

2n

2
− 1

)

. . .

(

2n

2k + 1
− 1

)

=

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1

1
− 1

)(

2n−1

2
− 1

)

. . .

(

2n−1

k
− 1

)

= (3)

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

· Ck
2n−1−1 ≡

≡ (−1)k+1Ck
2n−1−1 (mod 2n) .

И аналогично C2`+1
2n−1 ≡ (−1)`+1C`

2n−1−1 (mod 2n). По индукционному предположению, отсюда следует,

что k и ` не могут быть оба нечетными. Кроме того, в силу симметрии Cr
2n−1 = C2n−1−r

2n−1 утверждение
задачи означает также, что все биномиальные коэффициенты с четными показателями — C2r

2n−1 —
тоже попарно различны и по модулю 2n образуют то же множество, что и биномиальные коэффици-
енты с нечетными показателями. Поэтому k и ` не могут быть оба четными.

Осталось разобрать случай, когда k и ` разной четности, пусть k = 2a + 1, ` = 2b. Тогда

C2a+1
2n−1−1

+ C2b
2n−1−1 ≡ 0 (mod 2n) .

При a = b это сравнение невозможно, так как C2a
2n−1−1 нечетно и

C2a+1
2n−1−1

+ C2a
2n−1−1 = C2a

2n−1−1

(

1 +
2n−1 − 1 − 2a

2a + 1

)

= C2a
2n−1−1 ·

2n−1

2a + 1
≡ 2n−1 (mod 2n) .

Если же b 6= a, то C2a
2n−1−1 6= C2b

2n−1−1 по индукционному предположению и так как C2a
2n−1−1 + C2a+1

2n−1−1

делится на 2n−1, сумма C2b
2n−1−1 + C2a+1

2n−1−1
не может делиться на 2n−1.

2.12. Эту задачу нам сообщил А.Белов. Заметим, что

Cn+k
2n = Cn

2n · n(n − 1) . . . (n − k + 1)

(n + 1)(n + 2) . . . (n + k)
,
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и таким образом, Cn+k
2n имеет много общих множителей с Cn

2n, кроме тех, которые сократились со зна-
менателем дроби. Заметим, что знаменатель не превосходит (2n)k. Напишем аналогичные равенства
для всех биномиальных коэффициентов Cn+k1

2n , Cn+k2
2n , . . . , Cn+k100

2n . Наибольший общий делитель всех
знаменателей в правых частях этих равенств не превосходит (n + 1)(n + 2) . . .

(

n + [ε
√

n ]
)

< (2n)ε
√

n.
Но при больших n биномиальный коэффициент Cn

2n — существенно более крупное число, поэтому да-
же если сократить его на наибольший общий делитель всех знаменателей, останется весьма крупное
частное, которое и будет общим делителем всех ста биномиальных коэффициентов.

Поясним последнее соображение с помощью оценки. Заметим, что

Cn
2n =

2n

n
· 2n − 1

n − 1
. . .

n + 1

1
> 2n.

При этом (2n)100ε
√

n = 2ε
√

n log2 n+ε
√

n. Очевидно, для каждого фиксированного ε существует N , такое
что при всех n > N будет выполнено неравенство

n

2
> ε

√
n log2 n + ε

√
n.

Если для таких n поделить Cn
2n на НОД всех знаменателей, частное будет не меньше 2n/2.

2.13. a) Задача предлагалась в 1977 г. на Ленинградской олимпиаде школьников.
Р еш ени е 1 (без теоремы Куммера). Мы приводим решение из замечательной книжки [4].
Допустим, что все эти числа делятся на m. Тогда числа

Ck−1
n+k−1 = Ck

n+k − Ck
n+k−1 ,

Ck−1
n+k−2 = Ck

n+k−1 − Ck
n+k−2 ,

. . .

Ck−1
n = Ck

n+1 − Ck
n

также делятся на m. Аналогично, на m делятся и все числа Cj
n+i, где i 6 j — произвольные неотри-

цательные целые числа. Но среди них есть число C0
n (i = j = 0), которое равно 1. Противоречие.

Р еш ени е 2 (теорема Куммера). Пусть p — простой множитель числа m. Проверим, что одно
из чисел Ck

n, Ck
n+1, . . . , Ck

n+k не делится на p. Запишем k в системе счисления по основанию p. По
теореме Куммера достаточно найти такое число ` (где n−k 6 ` 6 n), чтобы сложение k + ` в системе
счисления по основанию p выполнялось без переносов, тогда биномиальный коэффициент Ck

k+` не
будет делиться на p.

Это сделать совсем нетрудно. Мы ограничимся рассуждением на конкретном примере. Пусть
p = 7, k = 133 (здесь и далее числа записаны в семиричной системе счисления). Поскольку диапазон,
в котором мы ищем число `, содержит k + 1 число, нам всегда удастся выбрать ` так, чтобы число
k + ` было одним из чисел следующего вида

. . . 133, . . . 233, , . . . , . . . 633.

(Напомним, что цифра 6 в нашем примере самая старшая.) Тогда очевидно, что при сложении k + `
не было ни одного переноса.

b) Утверждение взято из [2]. Такие n нетрудно построить с помощью теоремы Куммера. Пусть
ordp m = s, и запись числа k в системе счисления по основанию p содержит d + 1 цифр. Пусть
n

... pd+s+1. Тогда числа n − k, n − k + 1, . . . , n − 1 содержат в разрядах с (d + 2)-го по (d + s + 2)-й
цифры (p−1), поэтому при сложении этих чисел с k в указанных разрядах будут возникать переносы.
Таким образом, по теореме Куммера получаем, что интересующие нас биномиальные коэффициенты
все делятся на ps.

Поскольку условия, наложенные на n, легко совмещаются для разных p, мы получаем отсюда
требуемое.
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3 Обобщение теорем Вильсона и Люка

3.1. Как известно, ordp(n!) =
∑

k

[

n
pk

]

. Если n = ndp
d + nd−1p

d−1 + . . . + n1p + n0 — запись в системе

счисления по основанию p, то
[

n
pk

]

= ndp
d−k + nd−1p

d−k−1 + . . . + nk+1p + nk и формулу для ordp(n!)
можно записать в виде

ordp(n!) =

d
∑

k=1

(

d
∑

i=k

nip
i−k

)

=

d
∑

i=1

ni(p
i−1 + pi−2 + . . . + p + 1) =

d
∑

i=1

ni
pi − 1

p − 1
=

d
∑

i=0
nip

i −
d
∑

i=0
ni

p − 1
.

Мы получили в точности требуемое выражение.

Утверждение задачи также нетрудно доказать индукцией по n, см. [5].

3.2. a) Разбивая множители, составляющие выражение n!, на группы по (p − 1) штук, получаем

(n!)p =

[ n
p
]−1
∏

k=0

(

(kp+1) · (kp+2) · · · (kp+p−1)
)

·
(

[np ]p+1
)(

[np ]p+2
)

. . .
(

[np ]p+n0

)

≡ (−1)
[ n
p
]
n0! (mod p) .

б) Это утверждение встречается у Гаусса [15]. В произведение (pq!)p вместе с каждым сомножи-
телем входит и его обратный по модулю pq, и произведение этой пары равно 1 по модулю pq. Таким
образом, нам следует лишь проследить за теми множителями m, которые совпадают со своими об-
ратными, т.е. удовлетворяют сравнению

m2 ≡ 1 (mod pq).

Для нечетного p сравнение имеет 2 решения: ±1. Для p = 2, q > 3 сравнение имеет еще пару решений:
2q−1 ± 1.

c) Так как n! = (n!)p · p[ n
p
](

[np ]
)

!, утверждение легко доказывается по индукции с помощью срав-
нения из п. a).

3.3. Мы взяли утверждение со странички Гранвилля [17]. Помимо теоремы Куммера, широко извест-
на прямая и не столь симпатичная формула для числа ` (формула Лежандра):

` = ordp(C
k
n) =

(

[n

p

]

−
[k

p

]

−
[r

p

]

)

+

(

[ n

p2

]

−
[ k

p2

]

−
[ r

p2

]

)

+ . . . (4)

Обозначим для краткости ñ = [n/p] и т. п. и напишем формулу для биномиального коэффициента,
собрав отдельно все множители, делящиеся на p:

Ck
n =

(n!)p
(k!)p(r!)p

· p[n/p]

p[k/p] · p[r/p]
· ñ!

k̃! · r̃!
.

Здесь первая дробь может быть преобразована по модулю p в соответствии с обобщенной теоремой
Вильсона (задача 3.2, б) к выражению n0!

k0!r0!
, третья дробь позволяет действовать по индукции, а сред-

няя дробь (и знак из обобщенной теоремы Вильсона, который мы не упомянули) по формуле (4) даст
все нужные выражения, содержащие `.

3.4. a) Раскрывая скобки в выражении (1+x)p
d
, мы можем воспользоваться тем, что при 1 6 k 6 pd−1

биномиальный коэффициент Ck
pd делится на p (аналогично задаче 1.1 или по теореме Куммера).

b) Положим n = n′p+n0, k = k′p+ k0. По утверждению п. a) (1+x)pn′ ≡ (1+xp)n
′

(mod p) Тогда

(1 + x)n = (1 + x)pn′

(1 + x)n0 ≡ (1 + xp)n
′

(1 + x)n0 (mod p).

Указанное сравнение надо понимать в том смысле, что мы преобразовываем коэффициенты много-
члена с целыми коэффициентами с точки зрения их делимоcти на p. Коэффициент при xk в левой
части равен Ck

n. При раскрытии скобок в правой части мы видим, что все показатели в первой
скобке делятся на p, поэтому единственный способ получить одночлен xpk′+k0 — это перемножить
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xpk′

из первой скобки и xk0 из второй. Итоговый коэффициент будет равен Ck′

n′Ck0
n0

. Таким образом,

Ck
n = Ck′

n′Ck0
n0

, откуда теорема Люка следует по индукции.

3.5. a, b) Простое следствие теоремы Куммера.

3.6. [9]. В следующем вычислении мы используем то, что Cki
ni

= 0 при ki > ni; это позволяет, применив
теорему Люка, отбросить при суммировании большое число слагаемых.

fn,a =
n
∑

k=0

(Ck
n)a ≡

nd
∑

kd=0

nd−1
∑

kd−1=0

· · ·
n0
∑

k0=0

d
∏

i=0

(Cki
ni

)a ≡
d
∏

i=0

ni
∑

ki=0

(Cki
ni

)a ≡
d
∏

i=0

fni,a (mod p).

4 Вариации на тему теоремы Волстенхолма

4.1. Это упражнение на чтение статьи. Утверждение доказано в статье Винберга, но доказательство
не выделено явно. Заметим, что

2

p−1
∑

i=1

1

i
=

p−1
∑

i=1

1

i
+

1

p − i
= p

p−1
∑

i=1

1

i(p − i)
.

Таким образом, рассматриваемая сумма делится на p. Так как по модулю p выражения 1
i и − 1

p−i
равны, нам остается проверить, что

p−1
∑

i=1

1

i2
≡ 0 (mod p).

Или, поскольку 1
12 , 1

22 , . . . , 1
(p−1)2

— это тот же набор остатков1, что и 12, 22, . . . , (p− 1)2, достаточно
проверить, что

p−1
∑

i=1

i2 ≡ 0 (mod p). (5)

Пусть
p−1
∑

i=1
i2 ≡ s (mod p). При p > 5 всегда можно выбрать остаток a, такой что a2 6≡ 1 (mod p).

Тогда множества {1, 2, . . . , p − 1} и {a, 2a, . . . , (p − 1)a} совпадают (доказательство как в сноске) и

s ≡
p−1
∑

i=1

i2 =

p−1
∑

i=1

(ai)2 = a2
p−1
∑

i=1

i2 ≡ a2s (mod p) .

Поэтому s ≡ 0 (mod p).

Разумеется, этот факт нетрудно доказать непосредственно, пользуясь соображением 1
x ≡ xϕ(m)−1

(mod m). Мы используем эту технику в третьем решении следующей задачи.

4.2. Ответ: 2k + 2. Эта задача А.С. Голованова предлагалась на олимпиаде Туймаада в 2012 г. Мы
приводим три решения. Отметим, что при p = 4k + 3 уравнение x2 + 1 = 0 не имеет решений в поле
остатков по модулю p, следовательно, знаменатели всех рассматриваемых дробей не равны нулю.

Р еш ени е 1. Обозначим ai = i2 +1, для i = 0, . . . , p−1. Тогда рассматриваемое выражение равно

σp−1(a0, a1, . . . , ap−1)

σp(a0, a1, . . . , ap−1)
,

где σi — основной симметрический многочлен степени i. Найдем многочлен, корнями которого явля-
ются числа ai, т. е.

p−1
∏

i=0

(x − 1 − i2).

1 Напомним доказательство: 1
1
, 1

2
, . . . , 1

(p−1)
и 1, 2, . . . , (p − 1) — это один и тот же набор остатков, потому что

и в том, и в другом наборе по p − 1 элементу, при этом очевидно, что в каждом наборе все остатки различны и не
равны нулю, значит, каждый набор содержит все ненулевые остатки по модулю p. Тогда для квадратов утверждение
очевидно.
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Сделав замену x − 1 = t2, получим многочлен

p−1
∏

i=0

(t2 − i2) =

p−1
∏

i=0

(t − i)

p−1
∏

i=0

(t + i) ≡ (tp − t)(tp − t) = t2p − 2tp+1 + t2.

Теперь, сделав обратную замену, получаем для p = 4k + 3

p−1
∏

i=0

(x − 1 − i2) ≡ (x − 1)p − 2(x − 1)
p+1
2 + (x − 1) = xp + . . . + (p + 2 · p+1

2 + 1)x − 4.

По теореме Виета, σp ≡ 4 (mod p), σp−1 ≡ 2 (mod p), поэтому
σp−1

σp
≡ 1

2 ≡ 2k + 2 (mod p).

Р еш ени е 2. Разобьем все ненулевые остатки по модулю p, кроме ±1, на пары взаимно обратных.
Тогда получится 2k пар и в каждой паре (i, j)

ij ≡ 1 ⇔ i2j2 ≡ 1 ⇔ (ij)2 + i2 + j2 + 1 ≡ i2 + j2 + 2 (mod p).

Следовательно,

1 ≡ (ij)2 + i2 + j2 + 1

(i2 + 1)(j2 + 1)
≡ i2 + j2 + 2

(i2 + 1)(j2 + 1)
=

1

i2 + 1
+

1

j2 + 1
(mod p).

Таким образом, наша сумма равна 1
02+1 + 1

12+1 + 1
(−1)2+1 + 2k ≡ 2k + 2.

Р еш ени е 3. Как мы знаем, благодаря малой теореме Ферма, при вычислении по модулю p
операции x 7→ x−1 и x 7→ xp−2 дают одинаковый результат. Таким образом, достаточно вычислить
сумму

p−1
∑

x=0

(x2 + 1)p−2 =

p−1
∑

x=0

p−2
∑

m=0

Cm
p−2x

2m =

p−2
∑

m=0

Cm
p−2S2m, (6)

где S2m =
p−1
∑

x=0
x2m. Очевидно, S2m ≡ −1 (mod p) при m = p−1

2 . Докажем, что S2m ≡ 0 (mod p)

при остальных значениях m, не превосходящих p − 1. Действительно, для каждого такого m можно
подобрать ненулевой остаток a, такой что a2m 6≡ 1 (mod p) и тогда можно провести рассуждение как
в (5). Возвращаясь к интересующей нас сумме (6), получаем

p−2
∑

m=0

Cm
p−2S2m ≡ −C

p−1
2

p−2 = −C2k+1
4k+1 = −(4k + 1) · 4k · . . . · (2k + 1)

1 · 2 · . . . · (2k + 1)
≡ −(−2) · (−3) . . . (2k + 2)

1 · 2 · . . . · (2k + 1)
≡ 2k + 2.

4.3. Мы нашли оба утверждения в [16].
a) Для каждого простого делителя p числа m подберем число ap, для которого (ak

p − 1) 6 ... p.
С помощью китайской теоремы об остатках выберем число a, такое что a ≡ ap (mod p) при всех p.
Теперь результат получается аналогично рассуждениям (5).

b) Заметим, что при нечетных k по формуле бинома ik + (p − ik) ≡ kik−1p (mod p2). Тогда

2

p−1
∑

i=1

1

ik
=

p−1
∑

i=1

(

1

ik
+

1

(p − i)k

)

=

p−1
∑

i=1

ik + (p − i)k

ik(p − i)k
≡

p−1
∑

i=1

kik−1p

ik(−i)k
≡ −kp

p−1
∑

i=1

1

ik+1
(mod p2).

Сумма в правой части сравнения делится на p в силу утверждения п. a).

4.4. Как доказывается в [24], сравнение выполнено даже по модулю p7, но мы не будем заходить так
далеко. Действуя как в статье Винберга [1], но следя за степенями до p4, получаем

C2p−1
p−1 =

(2p − 1)(2p − 2) · . . . · (p + 1)

p!
=

(

2p

1
− 1

)(

2p

2
− 1

)

· . . . ·
(

2p

p − 1
− 1

)

≡

≡ 1 − 2p

p−1
∑

i=1

1

i
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
− 8p3

p−1
∑

i,j,k=1
i<j<k

1

ijk
(mod p4). (7)
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Выразим последнюю сумму через степенные суммы:

p−1
∑

i,j,k=1
i<j<k

1

ijk
=

S3

3
− S1S2

2
+

S3
1

6
, где Sk =

p−1
∑

i=1

1

ik
.

Как мы знаем, S1 и S3 делятся на p2 (последнее — из задачи 4.3б). Поэтому последнее слагаемое в
формуле (7) можно отбросить.

4.5. Задача из [1], обсуждение вариаций на эту тему можно прочесть в [14].
Поскольку

2

p−1
∑

k=1

1

k2
=

p−1
∑

k=1

( 1

k2
+

1

(p − k)2

)

=

p−1
∑

k=1

k2 + (p − k)2

k2(p − k)2
≡ −2

p−1
∑

k=1

1

k(p − k)
(mod p2) ,

утверждение 3) эквивалентно соотношению

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2). Утверждение 2) тоже эквива-

лентно этому соотношению, так как 2

p−1
∑

k=1

1

k
= 2

p−1
∑

k=1

(1

k
+

1

p − k

)

= 2p

p−1
∑

k=1

1

k(p − k)
. Наконец, как мы

знаем из предыдущей задачи,

Cp−1
2p−1 ≡ 1 − p2

p−1
∑

i=1

1

i(p − i)
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
(mod p4).

Таким образом, утверждение 1) эквивалентно сравнению

p−1
∑

i=1

1

i(p − i)
≡ 4

p−1
∑

i,j=1
i<j

1

ij
(mod p2). (8)

Преобразуем выражение в правой части:

4

p−1
∑

i,j=1
i<j

1

ij
= 2

(p−1
∑

k=1

1

i

)2

− 2

p−1
∑

k=1

1

k2
≡ 2

(p−1
∑

k=1

1

i

)2

+ 2

p−1
∑

k=1

1

k(p − k)
.

Сумма в скобке делится на p, ее квадрат делится на p2 и это слагаемое можно отбросить. Подставляя

в (8), получаем, что и первое утверждение равносильно сравнению

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2).

4.6. a) Р еш ени е 1 ([5, предложение 2.12]). Индукция по n. Раскроем скобки в равенстве

(a + b)pn = (a + b)p(n−1)(a + b)p

Приравняем коэффициенты при apmbp(n−m):

Cpm
pn = Cpm

p(n−1)C
0
p + Cpm−1

p(n−1)C
1
p + . . . + Cpm−p+1

p(n−1) Cp−1
p + Cpm−p

p(n−1)C
p
p .

В правой части все слагаемые, кроме крайних, делятся на p2, потому что каждый биномиальный
коэффициент в них делится на p по теореме Люка. Следовательно,

Cpm
pn ≡ Cpm

p(n−1) + C
p(m−1)
p(n−1) (mod p2).

По предположению индукции

Cpm
p(n−1) + C

p(m−1)
p(n−1) ≡ Cm

n−1 + Cm−1
n−1 ≡ Cm

n (mod p2).
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Р еш ени е 2 ([Д]). Докажем, что Cmp
kp ≡ Cm

k (mod p2) индукцией по m.

База m = 1. Требуется проверить, что Cp
pk − C1

k ≡ 0 (mod p2). Преобразуем эту разность:

Cp
pk − C1

k =
pk(pk − 1) . . . (pk − p + 1)

p!
− k =

(

(pk − 1)(pk − 1) . . . (pk − p + 1)

(p − 1)!
− 1

)

. (9)

В числителе большой дроби четное число сомножителей. Разобьем их на пары:

(pk − i)(pk − p + i) ≡ pi2 − i2 (mod p2).

Как видим, по модулю p2 произведение чисел в парах не зависит от k. Поэтому вычисление разности
(9) по модулю p2 дает одинаковый результат при всех k. Но при k = 1 вычисляемое выражение
равно 0.

Переход. Пусть C
(m−1)p
kp ≡ Cm−1

k (mod p2).

Cmp
kp = C

(m−1)p
kp · (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p)

pm(pm − 1) . . . (pm − p + 1)
=

= C
(m−1)p
kp · (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p − 1)

(pm − 1) . . . (pm − p + 1)
· k − m + 1

m
(10)

Отметим, что обе дроби корректно определены по модулю p2. Как и в доказательстве базы, выра-
жение в числителе большой дроби по модулю p2 не зависит от k. Тогда для вычисления большой
дроби можно взять k = 0, и мы сразу получим, что по модулю p2 дробь равна 0. Пользуясь этим
соображением и предположением индукции, мы можем заменить правую часть (10) на

≡ Cm−1
k · k − m + 1

m
= Cm

k (mod p2).

b) Р еш ени е 1 (комбинаторное). Как и рекомендуется в [1], рассматриваем выборки kp предме-
тов из общего количества pn предметов. Полагаем, что исходное множество предметов разбито на
блоки по p штук. Количество блочных выборок равно Ck

n. Таким образом, остается проверить, что
количество неблочных выборок делится на p3. Как объясняется в статье, количество неблочных вы-
борок с тремя и более блоками делится на p3. Так как при k > 1 любая неблочная выборка содержит
не менее трех блоков, то в этом случае все доказано. Остается разобрать случай, когда k = 1 и мы
подсчитываем количество неблочных выборок p предметов из из общего множества в 2p предметов.
Это количество равно Cp

2p − 2, что по теореме Волстенхолма делится на p3.

Р еш ени е 2. Напишем формулу для биномиального коэффициента Cb
a = a(a−1)...(a−b+1)

b(b−1)...1 , разбив
числитель и знаменатель на блоки из p сомножителей, после чего сократим первые множители в каж-
дом блоке, а частные соберем в отдельное выражение:

Ckp
mp =

m 6p · (mp − 1) . . .
(

mp − (p−1)
)

k 6p · (kp − 1) . . .
(

kp − (p−1)
) · (m−1) 6p ·

(

(m−1)p − 1
)

. . .
(

(m−1)p − (p−1)
)

(k−1) 6p ·
(

(k−1)p − 1
)

. . .
(

(k−1)p − (p−1)
) · . . .×

× (m−k+1) 6p ·
(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

6p · (p − 1) . . . 1
=

= Ck
m · (mp − 1) . . .

(

mp − (p−1)
)

(kp − 1) . . .
(

kp − (p−1)
) · . . . ·

(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

(p − 1) . . . 1
.

Осталось проверить, что произведение дробей дает остаток 1 при делении на p3. Для этого достаточно
проверить сравнение

(np − 1) . . .
(

np − (p−1)
)

(rp − 1) . . .
(

rp − (p−1)
) ≡ 1 (mod p3)

или, лучше, вот такое сравнение

(np − 1) . . .
(

np − (p−1)
)

(p − 1)!
≡ (rp − 1) . . .

(

rp − (p−1)
)

(p − 1)!
(mod p3) .
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Это верно, так как обе части сравнимы с 1 по модулю p3, что устанавливается аналогично доказа-
тельству теоремы Волстенхолма.

4.7. a) [5, теорема 2.14]. Преобразуем разность

Cp
p2 −C1

p =
p2(p2 − 1) . . . (p2 − (p − 1))

1 · 2 · . . . · (p − 1)p
−p =

p

(p − 1)!

(

(1−p2)(2−p2) . . . ((p−1)−p2)−1 ·2 · . . . · (p−1)
)

.

Осталось проверить, что

(1 − p2)(2 − p2) . . . ((p − 1) − p2) ≡ 1 · 2 · . . . · (p − 1) (mod p4).

Раскроем скобки в левой части:

(1−p2)(2−p2) . . . ((p−1)−p2) = 1·2·. . . ·(p−1)+p2
(

1+
1

2
+. . .+

1

p − 1

)

(p−1)!+члены делящиеся на p4.

По утверждению задачи 4.1 второе слагаемое делится на p4.

b) Как нетрудно видеть, Cp
ps+1 = ps · Cp−1

ps+1−1
, поэтому достаточно проверить, что Cp−1

ps+1−1
≡ 1

(mod ps+3).

Cp−1
ps+1−1

=
(ps+1 − 1)(ps+1 − 2) . . . (ps+1 − (p − 1))

1 · 2 · · · (p − 1)
=

(

ps+1

1
− 1

)(

ps+1

2
− 1

)

. . .

(

ps+1

p − 1
− 1

)

≡

≡ (−1)p−1 + ps+1
(

1 +
1

2
+ . . . +

1

p − 1

)

(mod ps+3).

Это и есть то, что требуется, поскольку (−1)p−1 = 1 и 1 + 1
2 + . . . + 1

p−1 ≡ 0 mod p2.
В статье [14] доказывается чуть более общий факт.

4.8. Задача из статьи Винберга [1], решение [T].

Cp2

p3 − Cp
p2 = p

(

Cp2−1
p3−1

− Cp−1
p2−1

)

=

= p

((

p3

1
− 1

)(

p3

2
− 1

)

. . .

(

p3

p2 − 1
− 1

)

−
(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

))

=

= p

(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

)









p2−1
∏

k=1
p-k

(

p3

k
− 1

)

− 1









.

Достаточно проверить, что выражение в последней скобке делится на p7. Преобразуем произведение

p2−1
∏

k=1
p-k

(

p3

k
−1

)

=

p2
−1
2
∏

k=1
p-k

(

p3

k
−1

)(

p3

p2−k
−1

)

=

p2
−1
2
∏

k=1
p-k

(

p6 − p5

k(p2−k)
+1

)

≡ 1+p5(p−1)

p2
−1
2
∑

k=1
p-k

1

k(p2−k)
(mod p7).

Осталось проверить, что последняя сумма делится на p2. Это так, поскольку по задаче 4.3а)

p2
−1
2
∑

k=1
p-k

1

k(p2−k)
≡ −

p2
−1
2
∑

k=1
p-k

1

k2
≡ 0 (mod p2).

4.9. Это [6, теорема 5]. Более общий факт доказан в [7].

Р еш ени е 1 ([5, предложение 2.19]). Воспользуемся тем, что разность C2k

2k+1 − C2k−1

2k равна ко-

эффициенту при x2k
в многочлене

(1 + x)2
k+1 − (1 − x2)2

k

= (1 + x)2
k
(

(1 + x)2
k − (1 − x)2

k
)

=

=
(

1 + C1
2kx + C2

2kx2 + . . . + x2k
)

· 2
(

C1
2kx + C3

2kx3 + . . . + C2k−1
2k x2k−1

)

.
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Поскольку второй многочлен содержит только множители нечетной степени, коэффициент при x2k

в произведении равен

2
(

C1
2kC2k−1

2k + C3
2kC2k−3

2k + . . . + C2k−1
2k C1

2k

)

.

По утверждению задачи 3.5 б) каждый биномиальный коэффициент в этом выражении делится на 2k,
кроме того, каждое слагаемое в сумме встречается 2 раза, а перед суммой стоит коэффициент 2.
В итоге все выражение делится на 22k+2.

Решение 2 ([CSTTVZ]). Так как C2n

2n+1 = 2C2n−1
2n+1−1

, достаточно доказать соотношение

C2n−1
2n+1−1

≡ C2n−1−1
2n−1 (mod 22n+1).

Аналогично (3) получаем

C2n−1
2n+1−1

=

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

· C2n−1−1
2n−1 .

Достаточно проверить, что

L =

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

≡ 1 (mod 22n+1) .

Это так, поскольку

L ≡ (−1)2
n−1 − 2n+1

(

1

1
+

1

3
+

1

5
+ . . . +

1

2n − 1

)

≡

≡ 1 − 2n+1

(

2n

1 · (2n − 1)
+

2n

3 · (2n − 3)
+ . . . +

2n

(2n−1 − 1)(2n−1 + 1)

)

≡ 1 (mod 22n+1) .

4.10. Это теорема Морли [26].
Р еш ени е 1 (авторское решение из статьи 1895 года). Оно лишь чуть-чуть выходит за рамки

школьной программы.
Возьмем формулу, с помощью которой cos2n+1 x выражается через косинусы кратных углов,1 или,

как говорили в те времена, запишем cos2n+1 x в виде, удобном для интегрирования:

22ncos2n+1x = cos(2n+1)x+(2n+1) cos(2n−1)x+
(2n+1) · 2n

1 · 2 cos(2n−3)x+. . .+
(2n+1) · 2n . . . (n+2)

n!
cos x.

Ну, а раз этот вид удобен для интегрирования, то и проинтегрируем обе части2 по промежутку [0, π
2 ]:

22n

∫

cos2n+1 x dx =
sin(2n + 1)x

2n + 1
+

2n + 1

2n − 1
sin(2n − 1)x + . . . ,

22n

π/2
∫

0

cos2n+1 x dx = (−)n
(

1

2n + 1
− 2n + 1

2n − 1
+ . . .

)

.

Но любой первокурсник знает, что куда проще этот интеграл вычисляется с помощью формулы
понижения, для получения которой нужно всего лишь проинтегрировать по частям:

I2n+1 =

π/2
∫

0

cos2n+1 x dx =

π/2
∫

0

cos2n x cos x dx = cos2n x sin x

∣

∣

∣

∣

π/2

0

+2n

π/2
∫

0

cos2n−1 x sin2 x dx =

= 0 + 2n

π/2
∫

0

cos2n−1 x(1 − cos2 x) dx = 2n · I2n−1 − 2n · I2n+1 ,

1 Читатель, интересующийся вопросом “где мы ее возьмем” и не удовлетворенный ответом “в справочнике”, может
просто воспользоваться формулой Эйлера cos ϕ = 1

2
(eiϕ + e−iϕ) и возвести правую часть в степень 2n + 1 по формуле

бинома.
2 Когда мы учим правила умножения, мы запоминаем формулу “минус на минус будет плюс”. В этой формуле мы

перемножаем знаки. Значит, если нам нужно перемножить n минусов, кажется вполне уместной запись (−)n. Поэтому
мы оставляем старомодное обозначение (−)n, как у автора, вместо современного (−1)n.
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откуда находим, что I2n+1 =
2n

2n + 1
·I2n−1. Учитывая что I1 = 1, применяя эту формулу n раз подряд,

находим, что
π/2
∫

0

cos2n+1 x dx =
2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
.

Приравнивая эти два способа подсчета интеграла, мы получаем тождество

22n 2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
= (−)n

(

1

2n + 1
− 2n + 1

2n − 1
+ . . . +

(2n+1) · 2n . . . (n+2)

n!

)

.

Если взять p = 2n + 1 — простое число, то домножая на p, мы сразу получаем требуемое сравнение

22n 2n · (2n − 2) . . . 2

(2n − 1)(2n − 3) . . . 3
≡ (−)n (mod p2) .

Реш ени е 2 ([CSTTVZ]). Введем несколько обозначений. Пусть

A =

p−1
2
∑

i=1

1

i
, B =

∑

16i<j6p−1
2

1

ij
, C =

∑

16i6p−1
i нечетно

1

i
.

Очевидно, A2 =

p−1
2
∑

i=1

1
i2

+ 2B ≡ 2B (mod p) по задаче 4.3b). Итак, A2 ≡ 2B (mod p). Далее,

2C + A =
∑

16i6p−1
i нечетно

2

i
+

p−1
2
∑

i=1

2

2i
=

p−1
∑

i=1

2

i
≡ 0 (mod p2).

Таким образом, C ≡ −1
2A (mod p2).

Теперь преобразуем по модулю p3 правую и левую части доказываемого сравнения. Левая часть:

(−1)
p−1
2 C

p−1
2

p−1 ≡
(

1 − p

1

)(

1 − p

2

)

. . .
(

1 − p
p−1
2

)

≡ 1 − pA + p2B ≡ 1 − pA +
1

2
p2A2 (mod p3).

Для преобразования правой части заметим, что

2p−1 =
2 · 4 · · · (p − 1)

1 · 2 · · · p−1
2

· (p + 1) · · · (2p − 2)
p+1
2 · · · (p − 1)

=
(p + 1) · · · (2p − 2)

1 · 3 · 5 · · · (p − 2)
=

=
(p

1
+ 1
)(p

3
+ 1
)

. . .
( p

p − 1
+ 1
)

≡ 1 + pC +
1

2
p2C2 ≡ 1 − 1

2
pA +

1

8
p2A2 (mod p3) .

Отсюда получаем

4p−1 ≡
(

1 − 1

2
pA +

1

8
p2A2

)2
≡ 1 − pA +

1

4
p2A2 + 2 · 1

8
P 2A2 = 1 − pA +

1

2
p2A2 (mod p3).

Таким образом, левая часть эквивалентна правой.

4.11. Мы взяли утверждение в [10].

p−1
∑

k=1

1

mp + k
=

1

2

p−1
∑

k=1

( 1

mp + k
+

1

mp + p − k

)

=

= p · 2m + 1

2
·

p−1
∑

k=1

1

(mp + k)(mp + p − k)
≡ −p · 2m + 1

2
·

p−1
∑

k=1

1

k2
≡ 0 (mod p2).

4.12. Мы взяли утверждение в [8]. Так как 2pq−1 = (2q−1)p+p−1, у числа 2pq−1 последняя цифра
p-ичной записи — это p − 1, а остальные цифры образуют запись числа 2q − 1. Аналогично в записи
числа pq− 1 последняя цифра — p− 1, а остальные цифры образуют запись числа q− 1. По теоереме
Люка Cpq−1

2pq−1 ≡ Cq−1
2q−1C

p−1
p−1 ≡ Cq−1

2q−1 (mod p). С другой стороны, очевидно, что так как Cpq−1
2pq−1 ≡ 1

(mod pq), то Cpq−1
2pq−1 ≡ 1 (mod p). Таким образом, Cq−1

2q−1 ≡ 1 (mod p). Аналогично Cp−1
2p−1 ≡ 1 (mod q).

В обратную сторону утверждение очевидно.
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5 Суммы биномиальных коэффициентов

5.1. a) Это сразу следует из результата задачи 1.3. Если ∆0
0 — это треугольник из трех первых строк

3-арифметического треугольника Паскаля, то, как нетрудно видеть сумма центральных коэффици-
ентов в нем делится на 3. При произвольном a изучаемая сумма содержит элементы нескольких
центральных треугольников, кратных ∆0

0. Поэтому сумма тоже делится на 3.

Другое решение ([CSTTVZ]) получится, если мы воспользуемся тождеством Ck
2k =

k
∑

i=0
Ci

k
2
. Тогда

3a−1
∑

k=0

Ck
2k =

3a−1
∑

k=0

k
∑

i=0
Ci

k
2
. Поскольку 12 = 22 = 1, 02 = 0 по модулю 3, последняя сумма равна по моду-

лю 3 количеству ненулевых элементов в первых 3a строках треугольника Паскаля. Это количество
подсчитано в задаче 2.1a), оно делится на 3.

b) Приводим решение [Д]. Нужная нам сумма является коэффициентом при x3a−1 многочлена

x3a−1

(

1 +
(x + 1)2

x
+

(x + 1)4

x2
+ . . . +

(x + 1)2(3
a−1)

x3a−1

)

=

(x+1)2·3
a

x3a − 1

(x+1)2

x − 1
· x3a−1 =

(x + 1)2·3
a − x3a

x2 + x + 1
=

=
x2·3a

+ C1
2·3a · x2·3a−1 + C2

2·3a · x2·3a−2 + . . . + 1 − x3a

x3 − 1
· (x − 1) .

Чтобы найти нужный коэффициент, достаточно поделить числитель на знаменатель “в столбик”,
и потом домножить результат на (x− 1). Таким образом, не нужно даже доводить деление до конца,
достаточно довести его до нахождения коэффициента при x3a−2, кроме того, напомним, результат
нас интересует лишь по модулю 3a. Отметим, что при b 6 ... 3 все биномиальные коэффициенты Cb

2·3a

делятся на 3a по теореме Куммера. Сгруппируем слагаемые с этими коэффициентами и будем делить
их сумму на x3 − 1 отдельно. Очевидно, все коэффициенты частного будут тоже делиться на 3a,
поэтому все эти слагаемые можно отбросить. Остается выражение

x2·3a

+ C3
2·3a · x2·3a−3 + C6

2·3a · x2·3a−6 + . . . + 1 − x3a

x3 − 1
· (x − 1).

Здесь все показатели в числителе делятся на 3, после деления на x3−1 все показатели частного тоже
будут делиться на 3, а когда мы домножим частное на x− 1, у нас не появится ни одного показателя
вида 3k + 2. Таким образом, искомый коэффициент по модулю 3a равен 0.

5.2. Задача была опубликована в Monthly [25]. Так как

Cn+1
2n+2 − 4Cn

2n = 2 · 2n + 1

n + 1
Cn

2n − 4Cn
2n = −2Cn ,

то Cn ≡ Cn+1
2n+2 − Cn

2n (mod 3). Поэтому сумма по модулю 3 является телескопической,

n
∑

k=1

Ck ≡
(

Cn+1
2n+2 − Cn

2n

)

+
(

Cn
2n − Cn−1

2n−2 + . . .
)

= Cn+1
2n+2 + 1 (mod 3).

Таким образом, по теореме Куммера нам остается выяснить, в каком случае сложение числа (n + 1)
с самим собой в троичной системе счисления приводит к появлению хотя бы одного переноса. Оче-
видно, это может быть в том и только том случае, когда в записи n + 1 есть хотя бы одна двойка.

5.3. Это задача A5 Putnam Mathematical Competition, 1998. Поскольку 1
pCn

p ≡ (−1)n−1

n (mod p), по-
лучаем, что

k
∑

n=1

1

p
Cn

p ≡
k
∑

n=1

(−1)n−1

n
=

k
∑

n=1

1

n
− 2

[k/2]
∑

n=1

1

2n
≡

k
∑

n=1

1

n
+

p−1
∑

n=p−[ k
2
]

1

n

∗
=

p−1
∑

n=1

1

n
≡ 0 (mod p).



Арифметические свойства биномиальных коэффициентов. Версия 1.2 22

В сумме, расположенной непосредственно слева от равенства, помеченного звездочкой, на самом
деле суммирование ведется от n = k + 1 (в этом нетрудно убедиться: при p = 6r + 1 имеем k = 4r и
p − [k2 ] = 4r + 1 = k + 1, аналогично при p = 6r + 5).

5.4. Это утверждение из [11]. Решение [CSTTVZ]. Индукция по n. База тривиальна. Докажем переход
от n′ = n − (p − 1) к n. Пусть q = n

p−1 . Так как

C
x(p−1)
n′+p−1 =

p−1
∑

i=0

Ci
p−1C

x(p−1)−i
n′ ,

мы можем записать изучаемую сумму в виде

Cp−1
n + C2(p−1)

n + C3(p−1)
n + . . . =

q
∑

x=1

p−1
∑

i=0

Ci
p−1C

x(p−1)−i
n′ =

p−1
∑

i=0

(

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′

)

(11)

По утверждению задачи 1.1 a) Ci
p−1 ≡ (−1)i (mod p), пусть Ci

p−1 = ap + (−1)i. По утверждению

задачи 1.6 при i = 0, 1, . . . , p−2 выполнено сравнение
q
∑

x=1
C

x(p−1)−i
n′ ≡ Ci

p−1 ≡ (−1)i (mod p); пусть
q
∑

x=1
C

x(p−1)−i
n′ = bp + (−1)i. Тогда

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′ =

(

ap + (−1)i
)(

bp + (−1)i
)

≡ 1 + (−1)i(ap + bp) =

= 1 + (−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′ − 2 · (−1)i

)

= (−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′

)

− 1 (mod p2).

Напомним, что это преобразование верно при 0 6 i 6 p − 2. Мы можем продолжить равенство (11),
выделив отдельное слагаемое для i = p − 1:

p−1
∑

i=0

(

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′

)

≡
p−2
∑

i=0

(

(−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′

)

− 1

)

+

q−1
∑

x=0

C
x(p−1)
n′ =

=

p−2
∑

i=0

(−1)iCi
p−1 +

p−2
∑

i=0

(

(−1)i
q
∑

x=1

C
x(p−1)−i
n′

)

− (p − 1) + C0
n′ +

q−1
∑

x=1

C
x(p−1)
n′ .

Здесь первая сумма равна −1, так как знакопеременная сумма C0
p−1 − C1

p−1 + C2
p−1 + . . . равна 0. По

той же причине вторая (двойная) сумма вместе со слагаемым C0
n′ равна 0. Последняя же сумма по

предположению индукции равна 1+p(n′+1). Итого все выражение равно −1+0−p+1+1+p(n′+1) =
1+pn′. Это как раз то, что требуется, поскольку 1+p(n+1) = 1+p(n′ +p−1+1) ≡ 1+pn′ (mod p2).

5.5. Это результат Флека, 1913 г., мы узнали о нем из [18]. Решение [CSTTVZ].
При p = 2 сумма не знакопеременная и результат очевиден. Далее считаем, что p нечетно. Ин-

дукция по q. База следует из утверждения задачи 2.5 а). Докажем переход от n′ = n − (p−1) к n.
Ниже выражение

∑

x обозначает суммирование по x в естественных границах (т. е. в границах для
которых определены биномиальные коэффициенты под знаком суммирования).

±
∑

m:m≡j (mod p)

(−1)mCm
n =

∑

x

(−1)xCxp+j
n′+p−1 =

∑

x

(−1)x
p−1
∑

i=0

Ci
p−1C

xp+j−i
n′ =

p−1
∑

i=0

Ci
p−1

∑

x

(−1)xCxp+j−i
n′

По предположению индукции
∑

x
(−1)xCxp+j−i

n′ делится на pq−1, по утверждению задачи 1.1 a) Ci
p−1 ≡

(−1)i (mod p), следовательно,

p−1
∑

i=0

Ci
p−1

∑

x

(−1)xCxp+j−i
n′ ≡

p−1
∑

i=0

(−1)i
∑

x

(−1)xCxp+j−i
n′ (mod pq) .

Внимательно посмотрев на последнюю двойную сумму, можно заметить, что это она равна C0
n′ −

C1
n′ + C2

n′ − C3
n′ + . . . = 0.

5.6. Это результат Баскарана (1965 г.), мы взяли его в [18], решение [CSTTVZ].
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Обозначим
f(n, j) = Cj

n − Cj+(p−1)
n + Cj+2(p−1)

n − Cj+3(p−1)
n + . . .

Индукция по n. База n = p+1 тривиальна, отметим лишь, что Ci
p+1 ≡ 1 (mod p) при i = 0, 1, p, p + 1,

а в остальных случаях этот биномиальный коэффициент делится на p. Докажем индукционный пе-
реход от n′ = n − (p + 1) к n. Благодаря сделанному замечанию,

C
j+(p−1)k
n′+(p+1) =

p+1
∑

i=0

C
j+(p−1)k−i
n′ Ci

p+1 ≡
∑

i∈{0,1,p,p+1}
C

j+(p−1)k−i
n′ =

= C
j+(p−1)k
n′ + C

j−1+(p−1)k
n′ + C

j−1+(p−1)(k−1)
n′ + C

j−2+(p−1)(k−1)
n′ (mod p) .

Поскольку f(n, j) =
∑

k(−1)kC
j+k(p−1)
n — знакочередующаяся сумма, при суммировании по k под-

черкнутые выражения сократятся в типовом слагаемом (а несократившиеся выражения в крайних
слагаемых равны 0 по причине некорректности биномиального коэффициента). Таким образом, мы
получаем соотношения

f(n, j) ≡ f(n′, j) − f(n′, j − 2) при j > 1 , f(n, 1) ≡ f(n′, 1) + f(n′, p − 2) .

Теперь часть “только тогда” доказываемого утверждения сразу следует из индукционного предполо-
жения, а часть “тогда” в общем-то тоже: если f(n, j) ≡ 0 (mod p) при j = 1, 3, . . . , p − 2, то

f(n′, p − 2) ≡ f(n′, p − 4) ≡ . . . ≡ f(n′, 1) ≡ −f(n′, p − 2) ,

откуда f(n′, j) ≡ 0 (mod p) при всех нужных j и тогда n′ ... (p + 1), а тогда и n
... (p + 1).
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Amazing properties of binomial coefficients

Several research topics will be set to you at the conference. Your aim is the maximal advance in one of these topics. You can
co-operate in the solving of problems, arbitrary teams are allowed (i.e. the team may consist of participants from different
cities). If you solve problems in different topics you may take part in different teams. The only thing you should avoid is to
sign up the solutions of those problems that you really were not solving (this may happen if the team is too big and not all
of its members solve the problems of some topic actively).

The following is the introductory set of problems about binomial coefficients. You may hand in the (written) solutions to
Kokahs K. (coach 15, seat 17) In Teberda the set of problems will be enlarged a lot and you may hand in your solutions of
this set of problems, except 1.2, in Teberda, too. You can hand in the solutions of the problem 1.2 in train only.

1 Problems for solving in train

1.1. Prove that a)
(p−1

k

)

≡ (−1)k (mod p); b)
(2n

n

)

≡ (−4)n
(p−1

2
n

)

(mod p) при n 6
p−1
2 .

1.2. Prove that the number of odd binomial coefficients in n-th row of Pascal triangle is equal to 2r, where
r is the number of 1’s in the binary expansion of n.

1.3. Fix a positive integer m. By a m-arithmetical Pascal triangle we mean a triangle in which binomial
coefficients are replaced by their residues modulo m. We will also consider similar triangles with the
arbitrary residues a instead of 1’s along the lateral sides of the triangle. The operation of the multiplying
by a number and addition of triangles of equal size are correctly defined. We will consider these operations
modulo m.

a
a a

a 2a a
a 3a 3a a

b
b b

b 2b b
b 3b 3b b

+

a+b
a+b a+b

a+b 2(a+b) a+b
a+b 3(a+b) 3(a+b) a+b

= x·

a
a a

a 2a a
a 3a 3a a

=

ax
ax ax

ax 2ax ax
ax 3ax 3ax ax

Let all the elements of s-th row of m-arithmetical Pascal triangle except the first and the last one be equal
to 0. Prove that the triangle has a form depicted on fig. 1. Shaded triangles consist of zeroes, triangles ∆k

n

consist of s rows and satisfy the following relations
1) ∆k−1

n + ∆k
n = ∆k

n+1; 2) ∆k
n = Ck

n · ∆0
0 (mod m).

The well known puzzle Tower of Hanoi consists of three rods, and a number of disks of different sizes which can slide onto
any rod. The puzzle starts with the disks in a neat stack in ascending order of size on one rod, the smallest at the top, thus
making a conical shape. The objective of the puzzle is to move the entire stack to another rod, obeying the following rules:
1) оnly one disk may be moved at a time; 2) each move consists of taking the upper disk from one of the rods and sliding it
onto another rod, on top of the other disks that may already be present on that rod; 3) no disk may be placed on top of a
smaller disk.

Let n be the number of disks. Let THn be a graph, whose vertices are all possible correct placements of disks onto 3 rods
and edges connect placements that can be obtained one from another by 1 move. Consider also graph Pn, whose vertices are
1’s located in the first 2n rows of the 2-arithmetical Pascal triangle and edges connect neighboring 1’s (i.e. two adjacent 1’s
in the same row or neighboring 1’s by a diagonal in two adjacent rows )

1.4. prove that graphs THn and Pn are isomorphic.

1.5. Prove that that first 106 rows of 2-arithmetical Pascal triangle contain less than 1% of 1’s.

1.6. Prove that if n is divisible by p − 1, then
( n
p−1

)

+
( n
2(p−1)

)

+
( n
3(p−1)

)

+ . . . +
(n
n

)

≡ 1 (mod p). Or,

even better prove the general statement: if 1 6 j, k 6 p − 1 и n ≡ k (mod p − 1), then
(

n

j

)

+

(

n

(p − 1) + j

)

+

(

n

2(p − 1) + j

)

+

(

n

3(p − 1) + j

)

+ . . . ≡
(

k

j

)

(mod p).

∆0
0

∆0
1 ∆1

1

∆0
2 ∆1

2 ∆2
2

∆0
3 ∆1

3 ∆2
3 ∆3

3

∆0
4 ∆1

4 ∆2
4 ∆3

4 ∆4
4

Рис. 1: Рис. 2:



Amazing properties of binomial coeffcients 2

Amazing properties of binomial coefficients — 2

“The official theoretical source” for this set of problems is Vinberg’s article [1]. Particularly the following theorems are
considered to be known.

1. Wilson’s theorem. For any prime p (and for primes only) the equivalence holds (p − 1)! ≡ −1 (mod p).

2. Lukas’ theorem. Write the numbers n and k in base p:

n = ndpd + nd−1p
d−1 + . . . + n1p + n0, k = kdpd + kd−1p

d−1 + . . . + k1p + k0. (1)

Then
�
n

k� ≡ �
nd

kd�
�
nd−1

kd−1� · . . . ·
�
n1

k1�
�
n0

k0� (mod p) .

3. Kummer’s theorem. The exponent ordp

�
n

k� is equal to the number of “carries” when we add k and ` = n − k in
base p.

4. Wolstenholme’s theorem. If p > 5 then
�
2p

p � ≡ 2 (mod p3), or, that is the same,
�
2p−1

p−1 � ≡ 1 (mod p3).

Remind that
�
0

0� = 1,
�
n

k� = 0 for k > n and for k < 0 by definition.
We denote by p a prime number. For any natural n denote by (n!)p the product of all integers from 1 to n not divisible

by p. If a number p is given the symbols ni, mi etc. denote the digits of numbers n, m etc. in base p.

* * *

2 Arithmetical triangle and divisibility

2.1. a) Prove that the first 3k rows of 3-arithmetical Pascal triangle contain 1
2(6k + 4k) residues “1” and

1
2 (6k − 4k) residues “2”.

b) Find the number of zero elements in the first 5k rows of 5-arithmetical Pascal triangle.
c) Find the number of non-zero elements in the first pk rows of p-arithmetical Pascal triangle.

2.2. Prove that the number of 1’s in the first m rows of 2-arithmetical Pascal triangle equals

n−1
∑

i=0

mi · 2�n−1

k=i+1
mk · 3i.

If m = 2α1 +2α2 + . . .+2αr , where α1 > α2 > . . . > αr, then we can rewrite the last expression in the form

3α1 + 2 · 3α2 + 22 · 3α3 + . . . + 2r−1 · 3αr .

2.3. Consider n-th row of Pascal triangle modulo 2 as binary expansion of some integer Pn. Prove that

Pn = Fi1 · . . . · Fis ,

where i1, . . . , is are numbers of positions where 1’s occur in the binary expansion of n, and Fi = 22i
+ 1 is

i-th Fermat number.

2.4. Prove that the number of non-zero elements in n-th row of p-arithmetical Pascal triangle equals
d
∏

i=0
(ni + 1).

2.5. a) All the binomial coefficients
(n
k

)

, where 0 < k < n, are divisible by p if and only if n is a power of p.
b) All the binomial coefficients

(n
k

)

, where 0 6 k 6 n, are not divisible by p if and only if n + 1 is
divisible by pd, in other words, all the digits of n, except the leftmost, in base p are equal to p − 1.

2.6. Let 0 < k < n + 1. Prove that if
( n
k−1

)

6 ... p and
(n
k

)

6 ... p, then
(n+1

k

)

6 ... p, except the case, when n + 1 is
divisible by p.
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3 Generalization of Wilson’s and Lukas’ theorems

3.1. Prove that ordp(n!) =
n − (nd + . . . + n1 + n0)

p − 1
.

3.2. Prove the following generalizations of Wilson’s theorem. a) (−1)[n/p](n!)p ≡ n0! (mod p);
b) Prove that for p > 3

(pq!)p ≡ −1 (mod pq) ,

and for p = 2, q > 3 (pq!)p ≡ 1 (mod pq).

c)
n!

pµ
≡ (−1)µn0!n1! . . . nd! (mod p), where µ = ordp(n!)

3.3. Generalized Lukas’ theorem. Let r = n − k, ` = ordp(
(n
k

)

). Then

1

p`

(

n

k

)

≡ (−1)`
( n0!

k0!r0!

)( n1!

k1!r1!

)

. . .
( nd!

kd!rd!

)

(mod p)

3.4. a) Prove that (1 + x)p
d ≡ 1 + xpd

(mod p) for all x = 0, 1, . . . , p − 1.
b) Prove Laukas’ theorem algebraically.

3.5. a) Let m, n, k be nonnegative integers, and (n, k) = 1. Prove that Ck
mn ≡ 0 (mod n).

b) Prove that if n
... pk, m 6 ... p, then

(n
m

) ... pk.

3.6. Let fn,a =
n
∑

k=0

(
(

n
k

)

)a. Prove that fn,a ≡
d
∏

i=0
fni,a (mod p).

4 Variations on Wolstenholme’s theorem

4.1. Prove that
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p2).

4.2. Let p = 4k + 3 be a prime number. Find
1

02 + 1
+

1

12 + 1
+ . . . +

1

(p − 1)2 + 1
(mod p).

4.3. a) Let k be a nonnegative integer such that for any prime divisor p of the number m k is not

divisible by (p−1). Prove that
1

1k
+

1

2k
+ . . .+

1

(p − 1)k
≡ 0 (mod m) (summation over all fractions whose

denominators are coprime to m).

b) Let k be odd and (k + 1) 6 ... (p − 1). Prove that
1

1k
+

1

2k
+ . . . +

1

(p − 1)k
≡ 0 (mod p2).

4.4. Prove that the equivalence (12) from Vinberg’s article holds in fact modulo p4.

4.5. Prove that the following properties are equivalent 1)
(2p−1

p−1

)

≡ 1 (mod p4);

2)
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p3); 3)

1

12
+

1

22
+ . . . +

1

(p − 1)2
≡ 0 (mod p2).

4.6. a) Prove algebraically that for any prime p and arbitrary k and n (
(

pk
pm

)

−
(

k
m

)

)
... p2. (In Vinberg’s

article this fact is proven combinatorially.
b) Prove the statement (9) form Vinberg’s article: for any prime p > 5 and arbitrary k and n (

( pk
pm

)

−
( k
m

)

)
... p3.

4.7. Let p > 5. Prove that a)
(p2

p

)

≡
(p
1

)

(mod p5); b)
(ps+1

p

)

≡ ps (mod p2s+3).

4.8. Prove that
(p3

p2

)

≡
(p2

p

)

(mod p8).
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Amazing properties of binomial coefficients — 3

Additional problems to previous topics

2.7. Prove that
(pn−1

k

)

≡ (−1)Sk (mod p), where Sk is the sum of digits of k in base p.

2.8. Prove that if the binomial coefficient
(n
k

)

is odd i.e. ki 6 ni for all i = 0, 1, . . . , d in the notations of
(1), then

(

n

k

)

≡
d
∏

i=1

(−1)ki−1ni+kini−1 (mod 4).

2.9. Prove that if there are no two consecutive 1’s in the binary expansion of n then all the odd entries in
n-th row ≡ 1 (mod 4), otherwise the number of entries ≡ 1 (mod 4) equals the number of entries ≡ −1
(mod 4).

2.10. Prove that the number of 5’s in each row of 8-arithmetical Pascal triangle is a power of 2. Prove the
same for 1’s, 3’s and 7’s.

2.11. Prove that if we consider all the elements of the two sets
{(

2n − 1

1

)

,

(

2n − 1

3

)

,

(

2n − 1

5

)

, . . . ,

(

2n − 1

2n − 1

)}

and {1, 3, 5, . . . , 2n − 1}

as a reminders modulo 2n, then these sets coincide.

2.12. Prove that elements of a row of Pascal triangle are not coprime in the following sence. For any ε > 0
there exists N , such that for all integer n > N and k1, k2, . . . , k100 < ε

√
n the numbers

(

2n

n + k1

)

,

(

2n

n + k2

)

, . . . ,

(

2n

n + k100

)

have a common divisor.

2.13. a) The non negative numbers m > 1, n, k are given. Prove that at least one of the numbers
(n
k

)

,
(n+1

k

)

, . . . ,
(n+k

k

)

is not divisible by m.

b) Prove that for each k there exist infinite set of numbers n, such that all the numbers
(

n
k

)

,
(

n+1
k

)

, . . . ,
(n+k−1

k

)

are divisible by m.

4.9. Prove that for n > 1
(2n+1

2n

)

−
( 2n

2n−1

)

is divisible by 22n+2.

4.10. Prove that for p > 5 (−1)
p−1

2

(p−1
p−1

2

)

≡ 4p−1 (mod p3).
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Amazing properties of binomial coefficients — 4

Additional problems to previous topics

4.11. Let m be a non negative integer, p > 5 be a prime. Prove that

1

mp + 1
+

1

mp + 2
+ · · · + 1

mp + (p − 1)
≡ 0 (mod p2).

4.12. Let p and q be primes. Prove that
(

2pq−1
pq−1

)

≡ 1 (mod pq) if and only if
(

2p−1
p−1

)

≡ 1 (mod q) and
(2q−1

q−1

)

≡ 1 (mod p).

5 Sums of binomial coefficients

5.1. a) Prove that the sum
3a−1
∑

k=0

(2k
k

)

is divisible by 3; b) is divisible by 3a.

5.2. Let Ck = 1
k+1

(

2k
k

)

be Catalan numbers. Prove that
n
∑

k=1

Ck ≡ 1 (mod 3) if and only if the number n+1

contains at least one digit “2” in base 3.

5.3. Let p > 3, k = [2p/3]. Prove that the sum
(p
1

)

+
(p
2

)

+ . . . +
(p
k

)

is divisible by p2.

5.4. Let n
... (p − 1), where p is an odd prime. Prove that

(

n

p − 1

)

+

(

n

2(p − 1)

)

+

(

n

3(p − 1)

)

+ . . . ≡ 1 + p(n + 1) (mod p2).

5.5. Prove that if 0 6 j 6 p − 1 < n and q = n−1
p−1 ] then

∑

m:m≡j (mod p)

(−1)m
(

n

m

)

≡ 0 (mod pq).

5.6. Let p be an odd roime. Prove that n
... (p + 1) if and only if

(

n

j

)

−
(

n

j + (p − 1)

)

+

(

n

j + 2(p − 1)

)

−
(

n

j + 3(p − 1)

)

+ . . . ≡ 0 (mod p)

for all j = 1, 3, . . . , p − 2.
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Solutions

1 Problems for solving in train

1.1. a) S o l u t i o n 1.
(p−1

k

)

=
(p − 1)(p − 2) . . . (p − k)

1 · 2 · · · k ≡ (−1)(−2) . . . (−k)

1 · 2 · · · k ≡ (−1)k (mod p).

S o l u t i o n 2. It is evident by the formula for binomial coefficients that
(p

i

)

is divisible by p when

1 6 i 6 p−1. Since
(p−1
k−1

)

+
(p−1

k

)

=
(p
k

)

and
(p−1

0

)

= 1 ≡ 1 (mod p), then (
(p−1

0

)

+
(p−1

1

)

)
... p, and therefore

(p−1
1

)

≡ −1 (mod p). But
(p−1

1

)

+
(p−1

2

)

is divisible by p also, hence
(p−1

2

)

≡ 1 (mod p) etc.

б) This problem is taken from [3, problem 162]. Since the fractions
(

2n+2
n+1

)

/
(

2n
n

)

and
( p−1

2

n+1

)

/
( p−1

2
n

)

are
highly reducible, the statement can be easily proven by induction. But we suggest a direct calculation
from [3].

It easy to see that (

2n

n

)

= 2n · 1 · 3 · · · (2n − 1)

n!
and

1 · 3 · · · (2n − 1) = (−1)n(−1)(−3) · · · (−2n + 1) ≡ (−1)n(p − 1)(p − 3) · · · (p − 2n + 1) =

= (−1)n2n
(p − 1

2

)(p − 3

2

)

· · ·
(p − 2n + 1

2

)

= (−1)n2n
(p − 1

2

)(p − 1

2
− 1
)

· · ·
(p − 1

2
− n + 1

)

=

= (−1)n2n (p−1
2 )!

(p−1
2 − n)!

(mod p).

Therefore

(

2n

n

)

≡ (−1)n4n (p−1
2 )!

n!(p−1
2 − n)!

= (−4)n
(p−1

2

n

)

(mod p).

1.2. It follows directly from self-similar structure of an arithmetical Pascal triangle, that is described in
the next problems. It follows from Lucas’ theorem also, you can read the proof in [1].

1.3. We restrict ourselves with small contemplation, the full solution can be found in [3, problem 133].
Since the s-th row contains a long sequence of zeroes, then below these zeroes in (s+1)-th row we have

the sequence of zeroes, too, (it is one element shorter than the upper sequence); in (s + 2)-th row there are
the sequence of zeroes also (it is one element shorter again) and so on. This explains the presence of the
grey triangle below ∆0

0 (fig. 1).
Further, the non-zero elements of the s-th row are equal to 1, hence the numbers situated along the

sloped sides of the grey triangle all are 1’s (due to the recurrence for binomial coefficients). So all the
numbers along the sloped sides of the triangles ∆0

1 and ∆1
1 are 1’s, and therefore both triangles are identical

to ∆0
0.

Now it is clear, what is the (2s)-th row of the triangle. The left- and the rightmost elements are 1’s, all
other elements equal 0, except the central element that is equal to 2, because it is a sum of the two upper
1’s. Thus we obtain that two grey triangles are situated below 2s-th row, the triangles ∆0

2 and ∆2
2 to the

left and to the right of them are identical to ∆0
0, and the triangle ∆1

2 with 2’s along its sloped sides is equal
to 2 · ∆0

0.
And so on.

1.4. This statement we found in [21], several facts about binomial coefficients are proven there via Tower
of Hanoi and the graph THn.

Let a be the diameter of the upper disc on the first rod, b be the diameter of the upper disc on the
second rod and c be the diameter of the upper disc on the third rod. W.l.o.g. a < b < c, then we have 3
possible moves in this configuration: from a to b or c and from b to c, we analogously have 3 moves if one
rod is without discs. If all the discs are placed on one rod then we have 2 possible moves only; let A1, A2,
A3 denote the configurations of this type.

Observe that by the problem 1.2 all the elements of 2s-th row of Pascal triangle are 1’s. Therefore graph
Pn has the rotational symmetry of the third order, because the recurrence

( n
k−1

)

+
(n
k

)

=
(n+1

k

)

, that allows
us to construct the triangle from top to bottom, is equivalent in arithmetic modulo 2 to the recurrences
( n
k−1

)

=
(n
k

)

+
(n+1

k

)

and
(n
k

)

=
( n
k−1

)

+
(n+1

k

)

, that allows us to construct the triangle from the low left
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A1

A3 A2

A2 A1

A3

A1 A3

A2

2

1

3

Рис. 3:

corner in the upper right direction and from the low right corner in the upper left direction. It follows also
that the triangle of the double size contains 3 copies of the initial triangle.

Now let us prove by induction that there exists a bijection between THn and Pn, such that the vertices
of the triangle Pn correspond to the configurations A1, A2, A3. The base n = 1 is evident.

Proof of the step of induction. Assume that the bijection between THn and Pn has been constructed.
The 2-arithmetical Pascal triangle with the side length 2n+1 contains 3 copies of the triangle with the side
length 2n. Number the copies and mark its vertices as shown on fig.3. Consider all the configurations of
the Tower of Hanoi for which the (n+1)-th (biggest) disc is placed on rod i. If we fix the placement of this
disc then displacements of other discs correspond to the graph that is isomorphic to TPn. By induction
hypothesis we can choose a bijection between this graph and the graph Pn in the i-th copy of the triangle,
such that the configurations Aj correspond to the vertices of the triangles with the same marks. When we
move the biggest disc, say, from the first rod to the second, all other discs must be on the 3rd rod. This
move correspond to the edge connecting two neighboring vertices A3 on the left sloped side of big triangle.
The same reasons concern other moves of the biggest disc. Therefore we obtain an isomorphism between
TPn+1 and Pn.

1.5. The bijection with Tower of Hanoi gives us a formula (when the number of rows is a power of 2): the
first 2k rows of 2-arithmetical Pascal triangle contain 3k 1’s. The formula can be also proved by induction
via recurrence from the problem 1.3. Using this formula we can obtain an estimation. Since 106 < 220, the
total number of elements in these rows equals 1

2 · 106(106 + 1), and the number of 1’s is at most 320. The

proportion does not exceed 2·320

106(106+1) � 0.01.

1.6. We found this statement in [18].
S o l u t i o n 1 ([CSTTVZ]). For p = 2 the statement can be easily checked. So we can assume that p is

odd prime. Let n = x(p − 1) + k. We use induction on x.
The base x = 0 is trivial:

(

k
j

)

≡
(

k
j

)

(mod p).
To prove the step of induction we need the following property of binomial coefficients:

(

a + b

s

)

=
∑

i

(

a

s − i

)(

b

i

)

(summation in natural bounds),

both sides of which calculate in how many ways we can choose s balls in the box that contains a black and
b white balls. Let n = m + (p − 1). Observe that

(

n

`(p−1) + j

)

=

(

m + (p−1)

`(p−1) + j

)

=

p−1
∑

i=0

(

m

`(p−1) + j − i

)(

p − 1

i

)

≡
p−1
∑

i=0

(−1)i
(

m

`(p−1) + j − i

)

(mod p)

(the last equivalence is due to problem 1.1 a). Remark that the sign of the first and last terms in the last
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sum is “plus” . Now transform the sum from the problem statement:

∑

`

(

n

`(p − 1) + j

)

≡

≡
((

m

j

)

−
(

m

j − 1

)

+ . . .

)

+

((

m

p − 1 + j

)

−
(

m

p − 1 + j − 1

)

+. . .+

(

m

j

))

+

+

((

m

2(p−1) + j

)

−
(

m

2(p−1) + j − 1

)

+. . .+

(

m

2(p−1) + j

))

+ . . .

=
m
∑

i=0

(−1)i
(

m

i

)

+
∑

`

(

m

`(p−1) + j

)

(mod p).

the first sum is equal to 0, the second sum is equivalent
(

k
j

)

(mod p) by the induction hypothesis.

S o l u t i o n 2 ([J], [T]). Induction by n. The base n 6 p − 1 is trivial: both sides contain the same
term. Prove the step of induction.
(

n

j

)

+

(

n

(p − 1) + j

)

+ . . . =

((

n − 1

j

)

+

(

n − 1

j − 1

))

+

((

n − 1

(p − 1) + j

)

+

(

n − 1

(p − 1) + j − 1

))

+ . . . =

=

((

n − 1

j

)

+

(

n − 1

(p − 1) + j

)

+ . . .

)

+

((

n − 1

j − 1

)

+

(

n − 1

(p − 1) + j − 1

)

+ . . .

)

≡

≡
(

k − 1

j

)

+

(

k − 1

j − 1

)

=

(

k

j

)

(mod p).

But it should be accurate in cases when p − 1 divides j or k, because the induction hypothesis does not
hold for j = 0 or k = 0 (it uses the value p − 1 instead of 0). Therefore we must consider more carefully
the cases when j = 1 or k = 1. We restrict ourselves by consideration of one partial case only. Let p = 5,
j = 1 and we fulfill step to n = 13. Then we have

(

1

1

)

?≡
(

13

1

)

+

(

13

6

)

+

(

13

11

)

=

((

12

1

)

+

(

12

6

)

+

(

12

11

))

+

((

12

0

)

+

(

12

5

)

+

(

12

10

))

.

By induction hypothesis the sum in the first parentheses has a residue
(

4
1

)

(and not
(

0
1

)

as the previous
calculation shows). In the second parentheses the induction hypothesis covers all the terms except the first
one, so the sum has residue

(

12
0

)

+
(

4
0

)

. Writing p− 1 instead of 4 for clarity, we obtain that the whole sum

is equivalent to
(

n−1
0

)

+
(

p−1
1

)

+
(

p−1
0

)

≡
(

1
1

)

(mod p), as required.

S o l u t i o n 3 (algebraical reasoning with Luka’s theorem, [18]). Induction by n. Base n 6 p − 1 is
trivial. Now let n > p, write all parameters in base p, let σp(m) denotes the sum of digits of m. It is clear
that if m ≡ j (mod p), then σp(m) ≡ j (mod p). The sum under consideration is equal by Luka’s theorem
to

∑

(

n0

m0

)(

n1

m1

)

. . .

(

nd

md

)

(mod p) ,

where the summation is over all m = md . . . m1m0 6 n, for which σp(m) ≡ j (mod p). This sum is equal
to the sum of coefficients of xj , xj+p−1, xj+2(p−1), . . . in the expression

(1 + x)n0(1 + x)n1 . . . (1 + x)nd = (1 + x)σp(n) .

But it is evident that this sum of coefficients equals

∑

16r6σp(n)
r≡j (mod p−1)

(

σp(n)

r

)

,

which satisfy the induction hypothesis because 1 6 σp(n) 6 n−1, and supply the desired equivalence since
σp(n) ≡ n ≡ j (mod p).

S o l u t i o n 4 (linear algebra, [D]). The polynomials x, x2, . . . , xp−1 are linearly independent over Zp

and form a basis in the space of functions f : Zp → Zp, f(0) = 0. By Fermat’s little theorem (1 + x)n ≡
(1 + x)k (mod p). Applying the relations xi+a(p−1) ≡ xi to the left hand side, we obtain that our sum as
an element of Zp is equal to the coefficient of xj in the right hand side, i. e.

(

k
j

)

.
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2 Arithmetical triangle and divisibility

2.1. a) This result is due to Roberts [27]. By ak denote the number of 1’s in the first 3k rows, and by bk

denote the number of 2’s. Due to the recurrence from problem 1.3 we obtain

ak+1 = 5ak + bk, bk+1 = 5bk + ak.

Now the statement of problem follows by induction.

b) A n s w e r: 1
2 · 5k(5k + 1) − 15k. By ak denote the number of nonzero elements in the first 5k rows.

As in previous problem we have a recurrence

ak+1 = 15ak + 10 · 5k(5k − 1)

2
.

Since the whole triangle consists of 5k(5k+1)
2 elements, it is natural to change variables ak = 5k(5k+1)

2 − bk.
Then we can rewrite the previous relation in terms of bk as bk+1 = 15bk.

c) A n s w e r:
(p(p+1)

2

)k
. This is Fine’s result [13]. It can be obtained by induction by means of recurrence

of the problem 1.3.

2.2. S o l u t i o n 1. Induction by α1. The base α1 = 0, 1 can be easily checked. Let the statement has
been proven for all α1 < a. Prove it for α1 = a. Evedently m̃ − 2α1 < 2α1 . Let s = 2α1 (in notations of
problem 1.3). Consider the m̃-th row in the triangle ∆0

0, where m̃ = 2α2 +2α3 + . . .+2αr . By the induction
hypothesis the number of 1’s in this row and above it equals

3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr . (2)

Then for the number m = m̃ + 2α1 we have a row that intersects the triangles ∆1
0 and ∆1

1 (due to
2-arithmetics they are both identical to triangle ∆0

0). The part of Pascal triangle from top to this row
contains triangle ∆0

0 (containing 3α1 1’s by induction hypothesis) and partially triangles ∆1
0 and ∆1

1 (the
number of 1’s in them is given by (2)). So the total number of 1’s is

3α1 + 2(3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr ).

S o l u t i o n 2 (combinatorial sense of coefficients, [T]).

L emma 1. Let the k-th row contains 2r 1’s (or, equivalently, k contains r 1’s in base 2) and let
α1 > α2 > · · · > αm, 2αm > k. Then the row with number 2α1 + 2α2 + . . . + 2αm + k contains 2m+r 1’s.

P r o o f. It is clear that the number 2α1 + 2α2 + . . . + 2αm + k in base 2 contains m + r 1’s and hence
the corresponding row contains 2m+r 1’s.

L emma 2. The rows with the following numbers

2α1 + 2α2 + . . . + 2αm−1 , 2α1 + 2α2 + . . . + 2αm−1 + 1, . . . , 2α1 + 2α2 + . . . + 2αm−1 + 2αm − 1,

contain 2k3αm 1’s.

P r o o f. By lemma 1 the row with number 2α1 + 2α2 + . . . + 2αm−1 + i contains 2kxi 1’s, where xi is
the number of 1’s in i-th row. Then the total number of 1’s in these rows equals 2k

∑

xi. But
∑

xi is the
number of 1’s in the first 2αm − 1 rows of Pascal triangle, this number is equal to 3αm (it is known, for
example, by problem 1.4).

The statement of problem follows from lemma 2.

2.3. The problem is from [1], the solution is from [18]. The problem statement follows from Luka’s theorem
due to the following observation (it is also mentioned in [1]): a binomial coefficient

(

n
k

)

is odd if and only
if the set of 1’s in the binary expansion of k is the subset of the set of 1’s in the binary expansion of n.
Therefore Pn =

∑

2k, where the summation is over all k described in the previous phrase. For p = 2 let
Sn = {i : ni = 1} in notations of formula (1). Then

Pn =
∑

I⊆Sn

∏

i∈I

22i

=
∏

i∈Sn

Fi.
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2.4. This result of Fine [13] (1947) is an easy corollary of Kummer’s theorem. If p does not divide
(

n
k

)

,
then there are no carries when we add k and n − k in base p. For a fixed n it means that we can choose
i-th digit of k in base p by ni + 1 ways.

2.5. a) It follows from the formula proven in the previous problem because here we have a row with 2
elements only not divisible by p.

b) [13]. If Если pd | (n + 1), then n = a(p − 1)(p − 1) . . . (p − 1) in base p. Then for any k, 0 6 k 6 n,
each digit of k does not exceed the corresponding digit of n. Therefore all the binomial coefficients

(ni

ki

)

are

not equal to 0 and 6≡ 0 (mod p). By Lukas’ theorem
(n
k

)

is not divisible by p.
The reverse statement. Assume that all the coefficients

(n
k

)

are not divisible by p, but n is not the

number of the form a(p − 1)(p − 1) . . . (p − 1). Therefore one of its digits, say, ni is less than p− 1. Choose
k = (p − 1) · pi. Then ki = p − 1 and hence

(ni

ki

)

= 0, and p |
(n
k

)

by Lukas’ theorem. A contradicition.

2.6. This problem we found in [12].

S o l u t i o n 1. Assume that
( n
k−1

)

6 ... p and
(n
k

)

6 ... p, but
(n+1

k

)

=
(

( n
k−1

)

+
(n
k

)

)

... p. Then
(n
k

)

≡ −
( n
k−1

)

(mod p). Since both binomial coefficients are not divisible by p, we can reduce the equivalence and obtain
n−k+1

k ≡ −1 (mod p). Therefore n + 1 ≡ 0 (mod p).

S o l u t i o n 2 ([K]). Though the statement remind us the main recurrence for binomial coefficients, the
part “

( n
k−1

)

6 ... p” is unnecessary. Indeed, if (n+1) 6 ... p, then 0 6 n0 6 p−2. Since
(n
k

)

6 ... p, then by Kummer’s
theorem ki 6 ni for all i But analogous inequalities hold also for the pair k and n + 1, because n and n + 1
have the same digits except the lower ones that differs by 1. Hence

(

n+1
k

)

6 ... p.

2.7. [2]. It follows from Lukas’ theorem and problem 1.1.a).

2.8. The problem is from [1]. Induction by number of digits. The base is trivial. For the proof of induction
step add one more digit to the rightmost position. Since the binomial coefficient is odd we have the
inequalities ni > ki. Now we will use the recurrence

(

n
k

)

=
(

n−1
k−1

)

+
(

n−1
k

)

and consider distinct variants
of parity n и k. Applying Kummer’s theorem and the problem 4.6a) we will reduce the question to the
induction hypothesis.

For example, let n = 2` + 1 be odd and k = 2m be even. Consider a subcase k1 = 1. Then we have
binary representations k = . . . 10, n = . . . 11, k − 1 = . . . 01 and n − k = . . . 01 (the latter because by
Kummer’s theorem there are no carries when we add k and n− k). Now when we add k − 1 and n− k we
have 1 carry, i.e.

(n−1
k−1

)

≡ 2 (mod 4), and hence
(

n

k

)

=

(

n − 1

k − 1

)

+

(

n − 1

k

)

≡ −
(

n − 1

k

)

= −
(

2`

2m

)

≡ −
(

`

m

)

(mod 4) ,

the latter equivalence is by problem 4.6a). The minus sign in it corresponds to the multiplier (−1)k0n1+k1n0 .

2.9. The problem is from [1]. The statement follows from the previous problem. If the binary representation
of n does not contains two consecutive 1’s, then for all k all the exponents ki−1ni+kini−1 are equal to 0 and
all the binomial coefficients in n-th row have are equivalent 1 modulo 4. But if the binary representation
of n contains several consecutive 1’s starting from nj = 1 then the one half of all coefficients have kj = 0,
and one half of them have kj = 1. By the formula of previous problem these two halves differ by a sign.

2.10. Two articles in Monthly [19, 20] discuss this dark problem.

2.11. This is a problem of D.Dzhukich was presented at the olympiad of 239 school of St.-Petersburg,
2002, and after that appeared at short-list of IMO-2008.

All the binomial coefficients in the problem statement are odd by Lukas’ theorem, therefore, it is
sufficient to check that all the numbers

(2n−1
1

)

,
(2n−1

3

)

, . . . ,
(2n−1
2n−1

)

have distinct reminders modulo 2n.

S o l u t i o n 1 ([D]). Assume by the contrary that
(2n−1

k

)

≡
(2n−1

m

)

(mod 2n) for odd k and m, k > m.
Observe that
(

2n − 1

k

)

=

(

2n

k

)

−
(

2n − 1

k − 1

)

=

(

2n

k

)

−
(

2n

k − 1

)

+

(

2n − 1

k − 2

)

= · · · =

=

(

2n

k

)

−
(

2n

k − 1

)

+

(

2n

k − 2

)

− . . . −
(

2n

m + 1

)

+

(

2n − 1

m

)

.
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In particular
(

2n

k

)

−
(

2n

k − 1

)

+

(

2n

k − 2

)

− . . . −
(

2n

m + 1

)

≡ 0 (mod 2n) .

Calculate the exponent ord2

(2n

r

)

by Kummer’s theorem. If ord2 r = a then we have n−a carries in addition

r and 2n − r (it is clear by the standard algorithm of addition), hence ord2

(2n

r

)

= n − a. In particular

2n |
(

2n

r

)

for odd r, that allows us to consider only one half of summands:

(

2n

k − 1

)

+

(

2n

k − 3

)

+ . . . +

(

2n

m + 1

)

≡ 0 (mod 2n) .

Now all the
(2n

i

)

in the left hand side have even parameter i, therefore ord2

(2n

x

)

< n.
We will prove that this congruence is impossible and obtain a contradiction. Choose x with minimal

ord2

(2n

x

)

. Since ord2

(2n

x

)

< n and the whole sum is divisible by 2n, there exists y, for which ord2

(2n

x

)

=

ord2

(2n

y

)

. Then the binary representations of x and y end with equal number of 0’s, and hence there exists

z between x and y which binary representation ends with bigger number of 0’s. Then ord2

(2n

z

)

< ord2

(2n

x

)

,
a contradiction.

S o l u t i o n 2 ([CSTTVZ]). Induction by n. We prove the step of induction. Let the statement be proven
for all numbers less than n. Assume by the contrary that there exist k and `, k 6= `, 0 6 k, ` 6 2n − 1, such
that

(

2n−1
2k+1

)

≡
(

2n−1
2`+1

)

mod 2n. Observe that

(

2n − 1

2k + 1

)

=

(

2n

1
− 1

)(

2n

2
− 1

)

. . .

(

2n

2k + 1
− 1

)

=

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1

1
− 1

)(

2n−1

2
− 1

)

. . .

(

2n−1

k
− 1

)

= (3)

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1 − 1

k

)

≡

≡ (−1)k+1

(

2n−1 − 1

k

)

(mod 2n)

and analogously
(

2n−1
2`+1

)

≡ (−1)`+1
(

2n−1−1
`

)

(mod 2n). It follows by induction hypothesis that both k and

` can not be odd. Besides, due to the symmetry
(

2n−1
r

)

=
(

2n−1
2n−1−r

)

the problem statement means that all

the “even” binomial coefficients
(2n−1

2r

)

are pairwise distinct modulo 2n and form the same set of residues

as “odd” binomial coefficients
(

2n−1
2r+1

)

. Therefore k and ` can not be even simultaneously.
It remains to consider a case when k and ` have distinct parity, say k = 2a + 1, ` = 2b. Then

(

2n−1 − 1

2a + 1

)

+

(

2n−1 − 1

2b

)

≡ 0 (mod 2n) .

If a = b the congruence is impossible because
(2n−1−1

2a

)

is odd and

(

2n−1 − 1

2a + 1

)

+

(

2n−1 − 1

2a

)

=

(

2n−1 − 1

2a

)(

1+
2n−1 − 1 − 2a

2a + 1

)

=

(

2n−1 − 1

2a

)

· 2n−1

2a + 1
≡ 2n−1 (mod 2n) .

If b 6= a, then
(

2n−1−1
2a

)

6=
(

2n−1−1
2b

)

by the induction hypothesis, Since
(

2n−1−1
2a

)

+
(

2n−1−1
2a+1

)

is divisible by

2n−1, the sum
(2n−1−1

2b

)

+
(2n−1−1

2a+1

)

can not be divisible by 2n−1.

2.12. The author of this problem is A.Belov. Observe that

(

2n

n + k

)

=

(

2n

n

)

· n(n − 1) . . . (n − k + 1)

(n + 1)(n + 2) . . . (n + k)
,

and therefore
( 2n
n+k

)

have many common divisors with
(2n

n

)

, because the denominator is not very big,

more precisely, it does not exceed (2n)k. Write the analogous equalities for all binomial coefficients
( 2n
n+k1

)

,
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( 2n
n+k2

)

, . . . ,
( 2n
n+k100

)

. Then GCD of all denominators in the right hand sides of the equalities does not

exceed (n+1)(n+2) . . .
(

n+[ε
√

n ]
)

< (2n)ε
√

n. But for big n the binomial coefficient
(2n

n

)

is much greater,
so after reducing by GCD the quotient is very big, and it divides all 100 binomial coefficients.

Explain more accurate the last reasoning. Observe that
(

2n

n

)

=
2n

n
· 2n − 1

n − 1
. . .

n + 1

1
> 2n and (2n)100ε

√
n = 2ε

√
n log2 n+ε

√
n.

For each ε there exists N such that for all n > N we have the equality n
2 > ε

√
n log2 n + ε

√
n. If we reduce

(

2n
n

)

by GCD for these n, the quotient is at least 2n/2.

2.13. a) The problem was presented at Leningrad olympiad, 1977.
S o l u t i o n 1 (without Kummer’s theorem). This is solution from the excellent book [4]. Assume that

all these numbers are divisible by m. Then the numbers
(

n + k − 1

k − 1

)

=

(

n + k

k

)

−
(

n + k − 1

k

)

,

(

n + k − 2

k − 1

)

=

(

n + k − 1

k

)

−
(

n + k − 2

k

)

,

. . .
(

n

k − 1

)

=

(

n + 1

k

)

−
(

n

k

)

are also divisible by m. Then analogously m divides all the numbers
(n+i

j

)

, where i 6 j are arbitrary

nonnegative integers. But
(n
0

)

(i = j = 0) is not divisible by m. A contradiction.

S o l u t i o n 2 (Kummer’s theorem). Let p be a prime divisor of m. Prove that at least one of the
numbers

(n
k

)

,
(n+1

k

)

, . . . ,
(n+k

k

)

is not divisible by p. By Kummer’s theorem if we choose ` (n− k 6 ` 6 n)

such that the addition k + ` fulfills in base p without carries then the binomial coefficient
(k+`

k

)

is not
divisible by p.

We will explain how to choose ` by giving a concrete example. Let p = 7, k = 133. We will write all
the numbers in base 7. Since we try to choose ` in the set of k + 1 numbers, we can always choose ` such
that k + ` to be one of the following numbers

. . . 133, . . . 233, , . . . , . . . 633.

(Remind that 6 is the greatest digit in our example.) It is clear that the addition k + ` fulfills without
carries.

b) We found this problem in [2]. It is not difficult to construct n by Kummer’s theorem. Let ordp m = s,
and k have d+1 digits in base p. Let n

... pd+s+1. Then the representations of numbers n−k, n−k +1, . . . ,
n − 1 contain digits (p − 1) in positions from (d + 2) to (d + s + 2). When we add k to these numbers we
have carries in these positions. Therefore by Kummer’s theorem all the corresponding binomial coefficients
are divisible by ps.

Since it is not difficult to combine our reasoning for distinct p, the statemetn is proven.

3 Generalizations of Wilson’s and Lukas’ theorems

3.1. It is well known that ordp(n!) =
∑

k

[

n
pk

]

. If n = ndp
d + nd−1p

d−1 + . . . + n1p + n0 (representation in

base p), then
[

n
pk

]

= ndp
d−k + nd−1p

d−k−1 + . . . + nk+1p + nk and we can rewrite the formula for ordp(n!)
in the form

ordp(n!) =
d
∑

k=1

(

d
∑

i=k

nip
i−k

)

=
d
∑

i=1

ni(p
i−1 + pi−2 + . . . + p + 1) =

d
∑

i=1

ni
pi − 1

p − 1
=

d
∑

i=0
nip

i −
d
∑

i=0
ni

p − 1
.

This is exactly what we need.
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3.2. a) Split the factors of n! on groups of (p − 1) factors:

(n!)p =

[ n
p
]−1
∏

k=0

(

(kp+1) · (kp+2) · · · (kp+p−1)
)

·
(

[np ]p+1
)(

[np ]p+2
)

. . .
(

[np ]p+n0

)

≡ (−1)[
n
p
]n0! (mod p) .

б) This statement can be found in Gauss works [15]. The product (pq!)p contains factors in pairs: a
factor and its inverse modulo pq, the product of each pair is 1 modulo pq. So we need to watch on those
factors m which equals to its inverse, this factors satisfy the congruence

m2 ≡ 1 (mod pq).

For odd prime p the congruence has 2 solutions: ±1. For p = 2, q > 3 the congruence has two more
solutions: 2q−1 ± 1.

c) Since n! = (n!)p · p[ n
p
]([np ]

)

!, the statement can be proven by induction by means of the congruence
of statement a) of this problem.

3.3. We found this problem on the web-page of A.Granville [17]. It well known Legendre’s formula for the
number ` is that

` = ordp

(

n

k

)

=

(

[n

p

]

−
[k

p

]

−
[r

p

]

)

+

(

[ n

p2

]

−
[ k

p2

]

−
[ r

p2

]

)

+ . . . (4)

Denote ñ = [n/p] for brevity and so forth, and collect all terms divisible by p in the the formula for
a binomial coefficient:

(

n

k

)

=
(n!)p

(k!)p(r!)p
· p[n/p]

p[k/p] · p[r/p]
· ñ!

k̃! · r̃!
.

By generalized Wilson’s theorem (problem 3.2, b) the first fraction equals ± n0!
k0!r0!

(mod p), the third fraction
allows us to apply induction, and the middle fraction (together with the sign of the first fraction) supply
all the expressions containing ` by the formula (4).

3.4. a) Expand brackets in (1 + x)p
d

use the fact that p |
(

pd

k

)

for 1 6 k 6 pd − 1 by Kummer’s theorem.

b) Let n = n′p + n0, k = k′p + k0. By the previous statement (1 + x)pn′ ≡ (1 + xp)n
′

(mod p). Then

(1 + x)n = (1 + x)pn′

(1 + x)n0 ≡ (1 + xp)n
′

(1 + x)n0 (mod p).

This congruence means that we transform the coefficients of the polynomial modulo p. The coefficient of
xk at the l.h.s. equals

(n
k

)

. All the exponents in the first brackets at the r.h.s. are divisible by p, hence the

only way to obtain the term xpk′+k0 is multiplying the xpk′

from the first bracket and xk0 from the second.
Thus we obtain

(n′

k′

)(n0

k0

)

and so
(n
k

)

=
(n′

k′

)(n0

k0

)

. Now Lukas’ theorem follows by induction.

3.5. a, b) It follows from Kummer’s theorem.

3.6. [9]. In the following calculation we use that
(ni

ki

)

= 0 for ki > ni; this allows us to apply Lukas’ theorem
and truncate a lot of summands:

fn,a =

n
∑

k=0

(

n

k

)a

≡
nd
∑

kd=0

nd−1
∑

kd−1=0

· · ·
n0
∑

k0=0

d
∏

i=0

(

ni

ki

)a

≡
d
∏

i=0

ni
∑

ki=0

(

ni

ki

)a

≡
d
∏

i=0

fni,a (mod p).

4 Variations on Wolstenholme’s theorem

4.1. This is an exercise on reading an article. The statement is proven in article [1]. Observe that

2

p−1
∑

i=1

1

i
=

p−1
∑

i=1

1

i
+

1

p − i
= p

p−1
∑

i=1

1

i(p − i)
.
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Hence the sum under consideration is divisible by p. Since 1
i ≡ − 1

p−i (mod p), it remains to check that
p−1
∑

i=1

1

i2
≡ 0 (mod p).

But 1
12 , 1

22 , . . . , 1
(p−1)2

modulo p is the same set as1, что 12, 22, . . . , (p − 1)2. Therefore it is sufficient to

prove that
p−1
∑

i=1

i2 ≡ 0 (mod p). (5)

Let
p−1
∑

i=1
i2 ≡ s (mod p). It p > 5 we can always choose a, such that a2 6≡ 1 (mod p). Then the sets

{1, 2, . . . , p − 1} and {a, 2a, . . . , (p − 1)a} coincide (the proof is the same as in the footnote) and

s ≡
p−1
∑

i=1

i2 =

p−1
∑

i=1

(ai)2 = a2
p−1
∑

i=1

i2 ≡ a2s (mod p) .

Thus s ≡ 0 (mod p).

4.2. A n s w e r: 2k + 2. This problem of A.Golovanov was presented at Tuimaada-2012 olympiad. Observe
that for p = 4k + 3 the equation x2 + 1 = 0 has no solutions in the set of residues modulo p, and hence the
denominators of all fractions are non zero.

S o l u t i o n 1. Let ai = i2 + 1, i = 0, . . . , p − 1. Then the expression equals

σp−1(a0, a1, . . . , ap−1)

σp(a0, a1, . . . , ap−1)
,

where σi is an elementary symmetrical polynomial of degree i. Find the polynomial for which the numbers
ai are its roots:

p−1
∏

i=0

(x − 1 − i2).

Change the variable x − 1 = t2 and obtain

p−1
∏

i=0

(t2 − i2) =

p−1
∏

i=0

(t − i)

p−1
∏

i=0

(t + i) ≡ (tp − t)(tp − t) = t2p − 2tp+1 + t2.

Now apply the inverse change of variables and obtain for p = 4k + 3

p−1
∏

i=0

(x − 1 − i2) ≡ (x − 1)p − 2(x − 1)
p+1

2 + (x − 1) = xp + . . . + (p + 2 · p+1
2 + 1)x − 4.

By Viete’s theorem σp ≡ 4 (mod p), σp−1 ≡ 2 (mod p), therefore
σp−1

σp
≡ 1

2 ≡ 2k + 2 (mod p).

S o l u t i o n 2. Split all nonzero residues modulo p, except ±1, on pairs of reciprocal. We obtain 2k
pairs and in each pair (i, j)

ij ≡ 1 ⇔ i2j2 ≡ 1 ⇔ (ij)2 + i2 + j2 + 1 ≡ i2 + j2 + 2 (mod p).

Therefore,

1 ≡ (ij)2 + i2 + j2 + 1

(i2 + 1)(j2 + 1)
≡ i2 + j2 + 2

(i2 + 1)(j2 + 1)
=

1

i2 + 1
+

1

j2 + 1
(mod p).

So, the sum is equal to 1
02+1 + 1

12+1 + 1
(−1)2+1 + 2k ≡ 2k + 2.

1 These sets coincide because they contain p − 1 element each, and it is clear that all the reminders in each set are non
zero and pairwise distinct.
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S o l u t i o n 3. By Fermat’s little theorem the operations x 7→ x−1 and x 7→ xp−2 modulo p coincide.
So it is sufficient to calculate the sum

p−1
∑

x=0

(x2 + 1)p−2 =

p−1
∑

x=0

p−2
∑

m=0

(

p − 2

m

)

x2m =

p−2
∑

m=0

(

p − 2

m

)

S2m, (6)

where S2m =
p−1
∑

x=0
x2m. Evidently S2m ≡ −1 (mod p) for m = p−1

2 . Prove that S2m ≡ 0 (mod p) for all

other m 6 p − 1. Indeed, for each m we can choose a non zero residue a such that a2m 6≡ 1 (mod p) and
after that we can reason as in (5). For the sum (6) we have

p−2
∑

m=0

(

p − 2

m

)

S2m ≡ −
(

p − 2
p−1
2

)

= −
(

4k + 1

2k + 1

)

= −(4k + 1) · 4k · . . . · (2k + 1)

1 · 2 · . . . · (2k + 1)
≡

≡ −(−2) · (−3) . . . (2k + 2)

1 · 2 · . . . · (2k + 1)
≡ 2k + 2 (mod p).

4.3. We found these statements in [16].
a) For each prime divisor p | m choose ap such that p - (ak

p − 1). By the Chinese reminder theorem
choose a such that a ≡ ap (mod p) for all p. Then the result can be proven by reasoning as in (5).

b) Observe that for odd k by the binomial formula we have ik + (p − ik) ≡ kik−1p (mod p2). Then

2

p−1
∑

i=1

1

ik
=

p−1
∑

i=1

(

1

ik
+

1

(p − i)k

)

=

p−1
∑

i=1

ik + (p − i)k

ik(p − i)k
≡

p−1
∑

i=1

kik−1p

ik(−i)k
≡ −kp

p−1
∑

i=1

1

ik+1
(mod p2).

The sum in the r.h.s is divisible by p by the statement a).

4.4. The congruence holds even modulo p7 (see [24]), but it goes a bit strong. We can reason as in [1],
tracing all powers till p4, and obtain
(

p − 1

2p − 1

)

=
(2p − 1)(2p − 2) · . . . · (p + 1)

p!
=

(

2p

1
− 1

)(

2p

2
− 1

)

· . . . ·
(

2p

p − 1
− 1

)

≡

≡ 1 − 2p

p−1
∑

i=1

1

i
+4p2

p−1
∑

i,j=1
i<j

1

ij
− 8p3

p−1
∑

i,j,k=1
i<j<k

1

ijk
(mod p4). (7)

The last sum can be expressed via power sums:

p−1
∑

i,j,k=1
i<j<k

1

ijk
=

S3

3
− S1S2

2
+

S3
1

6
, where Sk =

p−1
∑

i=1

1

ik
.

We now that S1 and S3 are divisible by p2 (the latter due to problem 4.3b). Therefore the last term in the
formula (7) can be omitted.

4.5. The problem is from [1], variations can be found in [14]. Since

2

p−1
∑

k=1

1

k2
=

p−1
∑

k=1

( 1

k2
+

1

(p − k)2

)

=

p−1
∑

k=1

k2 + (p − k)2

k2(p − k)2
≡ −2

p−1
∑

k=1

1

k(p − k)
(mod p2) ,

the statement 3) is equivalent to the congruence

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2). The statement 2) is equivalent

to the same congruence, because 2

p−1
∑

k=1

1

k
= 2

p−1
∑

k=1

(1

k
+

1

p − k

)

= 2p

p−1
∑

k=1

1

k(p − k)
. Finally we know from the

previous problem that

(

2p − 1

p − 1

)

≡ 1 − p2
p−1
∑

i=1

1

i(p − i)
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
(mod p4).
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So the statement 1) is equivalent to the congruence

p−1
∑

i=1

1

i(p − i)
≡ 4

p−1
∑

i,j=1
i<j

1

ij
(mod p2). (8)

Rewrite the expression in the r.h.s.:

4

p−1
∑

i,j=1
i<j

1

ij
= 2

(p−1
∑

k=1

1

i

)2

− 2

p−1
∑

k=1

1

k2
≡ 2

(p−1
∑

k=1

1

i

)2

+ 2

p−1
∑

k=1

1

k(p − k)
.

The sum in brackets is divisible by p, its square is divisible by p2, and we can omit this term. Then from

(8) we see that the statement 1) is equivalent to the congruence

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2).

4.6. a) S o l u t i o n 1 ([5, proposition 2.12]). Induction on n. Expand brackets in the equality

(a + b)pn = (a + b)p(n−1)(a + b)p

Equate the coefficients of apmbp(n−m):

(

pn

pm

)

=

(

p(n − 1)

pm

)(

p

0

)

+

(

p(n − 1)

pm − 1

)(

p

1

)

+ . . . +

(

p(n − 1)

pm − p + 1

)(

p

p − 1

)

+

(

p(n − 1)

pm − p

)(

p

p

)

.

All summands except first and last are divisible by p2, because by Lucas’ theorem each binomial coefficient
is divisible by p. Hence

(

pn

pm

)

≡
(

p(n − 1)

pm

)

+

(

p(n − 1)

p(m − 1)

)

(mod p2).

By the induction hypothesis

(

p(n − 1)

pm

)

+

(

p(n − 1)

p(m − 1)

)

≡
(

n − 1

m

)

+

(

n − 1

m − 1

)

≡
(

n

m

)

(mod p2).

S o l u t i o n 2 ([D]). Prove that
( kp
mp

)

≡
( k
m

)

(mod p2) by induction on m.

To prove the base m = 1 we have to check that
(pk

p

)

−
(k
1

)

≡ 0 (mod p2). We have

(

pk

p

)

−
(

k

1

)

=
pk(pk − 1) . . . (pk − p + 1)

p!
− k =

(

(pk − 1)(pk − 1) . . . (pk − p + 1)

(p − 1)!
− 1

)

. (9)

Split the multipliers in the numerator onto pairs:

(pk − i)(pk − p + i) ≡ pi2 − i2 (mod p2).

We see that the product modulo p2 of each pair does not depend on k. Therefore the difference (9) modulo p2

does not depend on k, too. Since it is equal to 0 for k = 1, it is equal to 0 for all k.
The step of induction. Let

( kp
(m−1)p

)

≡
( k
m−1

)

(mod p2). We have

(

kp

mp

)

=

(

kp

(m − 1)p

)

· (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p)

pm(pm − 1) . . . (pm − p + 1)
=

=

(

kp

(m − 1)p

)

· (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p − 1)

(pm − 1) . . . (pm − p + 1)
· k − m + 1

m
. (10)

Remark that both fractions are correctly defined modulo p2. As in the proof of base, the expression in the
numerator of big fraction does not depend (modulo p2) on k. Then we can put k = 0 for the calculating
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the fraction modulo p2 and obtain that it is congruent to 0. For the remaining part of the expression we
can apply the induction hypothesis and obtain

≡
(

k

m − 1

)

· k − m + 1

m
=

(

k

m

)

(mod p2).

b) S o l u t i o n 1 (combinatorial). As it has been suggested in [1], consider samples of kp objects from
the set of pn objects. Let the initial set be split on blocks of p objects. The number of block samples equals
(

n
k

)

. Hence it remains to check that non block samples is divisible by p3. But the number of non block
samples with 3 or more blocks is divisible by p3 (see [1]). For k > 1 every non block sample consists of at
least 3 blocks, so in this case the statement is true. It remains to consider a case when k = 1 and we count
the number of non block samples of p objects from the set of 2p objects. This number equals

(2p
p

)

− 2, by

Wolstenholme’s theorem it is divisible by p3.

S o l u t i o n 2. In the formula
(a

b

)

= a(a−1)...(a−b+1)
b(b−1)...1 split the numerator and the denominator onto blocks

of p terms, reduce the first terms in each block, and collect the quotients in a separate expression:

(

mp

kp

)

=
m 6p · (mp − 1) . . .

(

mp − (p−1)
)

k 6p · (kp − 1) . . .
(

kp − (p−1)
) · (m−1) 6p ·

(

(m−1)p − 1
)

. . .
(

(m−1)p − (p−1)
)

(k−1) 6p ·
(

(k−1)p − 1
)

. . .
(

(k−1)p − (p−1)
) · . . .×

× (m−k+1) 6p ·
(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

6p · (p − 1) . . . 1
=

=

(

m

k

)

· (mp − 1) . . .
(

mp − (p−1)
)

(kp − 1) . . .
(

kp − (p−1)
) · . . . ·

(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

(p − 1) . . . 1
.

It remains to check that the product of fractions is congruent to 1 (mod p3). For this prove the congruence

(np − 1) . . .
(

np − (p−1)
)

(rp − 1) . . .
(

rp − (p−1)
) ≡ 1 (mod p3)

or, even, it would be better to prove the following congruence

(np − 1) . . .
(

np − (p−1)
)

(p − 1)!
≡ (rp − 1) . . .

(

rp − (p−1)
)

(p − 1)!
(mod p3) .

This is true because both parts are congruent to 1 (mod p3), that can be shown analogously to the proof
of Wolstenholme’s theorem.

4.7. a) [5, theorem 2.14]. Transform the difference
(

p2

p

)

−
(

p

1

)

=
p2(p2 − 1) . . . (p2 − (p − 1))

1 · 2 · . . . · (p − 1)p
−p =

p

(p − 1)!

(

(1−p2)(2−p2) . . . ((p−1)−p2)−1·2·. . . ·(p−1)
)

.

It remains to check that

(1 − p2)(2 − p2) . . . ((p − 1) − p2) ≡ 1 · 2 · . . . · (p − 1) (mod p4).

Expand brackets in the l.h.s.:

(1−p2)(2−p2) . . . ((p−1)−p2) = 1 ·2 · . . . ·(p−1)+p2
(

1 +
1

2
+ . . . +

1

p − 1

)

(p−1)!+terms divisible by p4.

By the problem 4.1 the second summand is divisible by p4.

b) Observe that
(ps+1

p

)

= ps ·
(ps+1−1

p−1

)

, hence it is sufficient to prove that
(ps+1−1

p−1

)

≡ 1 (mod ps+3).

(

ps+1 − 1

p − 1

)

=
(ps+1 − 1)(ps+1 − 2) . . . (ps+1 − (p − 1))

1 · 2 · · · (p − 1)
=

(

ps+1

1
− 1

)(

ps+1

2
− 1

)

. . .

(

ps+1

p − 1
− 1

)

≡

≡ (−1)p−1 + ps+1
(

1 +
1

2
+ . . . +

1

p − 1

)

(mod ps+3).

Since (−1)p−1 = 1 and 1 + 1
2 + . . . + 1

p−1 ≡ 0 (mod p2) we are done.
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4.8. The problem is from [1], we present solution [T].

(

p3

p2

)

−
(

p2

p

)

= p

((

p3 − 1

p2 − 1

)

−
(

p2 − 1

p − 1

))

=

= p

((

p3

1
− 1

)(

p3

2
− 1

)

. . .

(

p3

p2 − 1
− 1

)

−
(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

))

=

= p

(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

)









p2−1
∏

k=1
p-k

(

p3

k
− 1

)

− 1









.

It is sufficient to prove that the last bracket is divisible by p7. Transform the product:

p2−1
∏

k=1
p-k

(

p3

k
−1

)

=

p2
−1

2
∏

k=1
p-k

(

p3

k
−1

)(

p3

p2−k
−1

)

=

p2
−1

2
∏

k=1
p-k

(

p6 − p5

k(p2−k)
+1

)

≡ 1+p5(p−1)

p2
−1

2
∑

k=1
p-k

1

k(p2−k)
(mod p7).

Now we have to check that the last sum is divisible by p2. This is true because by problem 4.3a)

p2
−1

2
∑

k=1
p-k

1

k(p2−k)
≡ −

p2
−1

2
∑

k=1
p-k

1

k2
≡ 0 (mod p2).

4.9. The statement is taken from [6, theorem 5], its generalization can be found in [7].

S o l u t i o n 1 ([5, proposition 2.19]). Use the fact that the difference
(

2k+1

2k

)

−
(

2k

2k−1

)

is equal to the

coefficient of x2k
in the polynomial

(1 + x)2
k+1 − (1 − x2)2

k

= (1 + x)2
k
(

(1 + x)2
k − (1 − x)2

k
)

=

=

(

1 +

(

2k

1

)

x +

(

2k

2

)

x2 + . . . + x2k

)

· 2
(

(

2k

1

)

x +

(

2k

3

)

x3 + . . . +

(

2k

2k − 1

)

x2k−1

)

.

Since the second polynomial contains odd exponents only, the coefficient of x2k

in the product equals

2

(

(

2k

1

)(

2k

2k − 1

)

+

(

2k

3

)(

2k

2k − 3

)

+ . . . +

(

2k

2k − 1

)(

2k

1

)

)

.

By problem 3.5 b) 2k divides each binomial coefficient in this expression, moreover each term occurs twice
in the sum, and the sum itself is multiplied by 2. Thus all the expression is divisible by 22k+2.

S o l u t i o n 2 ([CSTTVZ]). Since
(

2n+1

2n

)

= 2
(

2n+1−1
2n−1

)

, it is sufficient to prove that

(

2n+1 − 1

2n − 1

)

≡
(

2n − 1

2n−1 − 1

)

(mod 22n+1).

Similarly to (3) we obtain

(

2n+1 − 1

2n − 1

)

=

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

·
(

2n − 1

2n−1 − 1

)

.

It is sufficient to prove that

L =

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

≡ 1 (mod 22n+1) .
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This is true because

L ≡ (−1)2
n−1 − 2n+1

(

1

1
+

1

3
+

1

5
+ . . . +

1

2n − 1

)

≡

≡ 1 − 2n+1

(

2n

1 · (2n − 1)
+

2n

3 · (2n − 3)
+ . . . +

2n

(2n−1 − 1)(2n−1 + 1)

)

≡ 1 (mod 22n+1) .

4.10. This is theorem of Morley [26].
S o l u t i o n 1 (author’s proof, 1895). It goes a bit beyond the school curriculum.
Take the formula which expresses cos2n+1 x via cosines of multiple angles,1 or, as they were saying in

that times, write cos2n+1 x in the form handy for integrating:

22ncos2n+1x = cos(2n+1)x+(2n+1) cos(2n−1)x+
(2n+1) · 2n

1 · 2 cos(2n−3)x+. . .+
(2n+1) · 2n . . . (n+2)

n!
cos x.

Now integrate it2 over the interval [0, π
2 ]:

22n

∫

cos2n+1 x dx =
sin(2n + 1)x

2n + 1
+

2n + 1

2n − 1
sin(2n − 1)x + . . . ,

22n

π/2
∫

0

cos2n+1 x dx = (−)n
(

1

2n + 1
− 2n + 1

2n − 1
+ . . .

)

.

Every first grade student of university knows that it is convenient to use integration by parts for calculating
this integral:

I2n+1 =

π/2
∫

0

cos2n+1 x dx =

π/2
∫

0

cos2n x cos x dx = cos2n x sin x

∣

∣

∣

∣

π/2

0

+2n

π/2
∫

0

cos2n−1 x sin2 x dx =

= 0 + 2n

π/2
∫

0

cos2n−1 x(1 − cos2 x) dx = 2n · I2n−1 − 2n · I2n+1 ,

therefore I2n+1 = 2n
2n+1 · I2n−1. Since I1 = 1, we can apply the formula n times and obtain

π/2
∫

0

cos2n+1 x dx =
2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
.

Equating of these two results give us the formula

22n 2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
= (−)n

(

1

2n + 1
− 2n + 1

2n − 1
+ . . . +

(2n+1) · 2n . . . (n+2)

n!

)

.

Let p = 2n+1 be a prime number. We obtain the desired congruence by multiplying the last formula by p:

22n 2n · (2n − 2) . . . 2

(2n − 1)(2n − 3) . . . 3
≡ (−)n (mod p2) .

S o l u t i o n 2 ([CSTTVZ]). We will use the following notations:

A =

p−1

2
∑

i=1

1

i
, B =

∑

16i<j6p−1

2

1

ij
, C =

∑

16i6p−1
i is odd

1

i
.

1 The reader who is interested in question “from where do we take it” and not satisfied by the answer “from some text-book”
may wish to use the Euler’s formula cos ϕ = 1

2
(eiϕ + e−iϕ) and raise its r.h.s in power 2n + 1 by the binomial formula.

2 When we were learning the rules of multiplication, we just memorized that “minus by minus equals plus”. In this formula
we multiply signs. If we need to multiply n minuses, the record (−)n seems to be appropriate. So we leave the old-fashioned
notation (−)n, used by the author, instead of the modern one (−1)n.
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Then A2 =

p−1

2
∑

i=1

1
i2 + 2B ≡ 2B (mod p) by the problem 4.3b). So A2 ≡ 2B (mod p). Further,

2C + A =
∑

16i6p−1
i нечетно

2

i
+

p−1

2
∑

i=1

2

2i
=

p−1
∑

i=1

2

i
≡ 0 (mod p2).

So C ≡ −1
2A (mod p2).

Now transform modulo p3 the parts of the given congruence. The l.h.s. is

(−1)
p−1

2

(

p − 1
p−1
2

)

≡
(

1 − p

1

)(

1 − p

2

)

. . .
(

1 − p
p−1
2

)

≡ 1 − pA + p2B ≡ 1 − pA +
1

2
p2A2 (mod p3).

For transforming the r.h.d observe that

2p−1 =
2 · 4 · · · (p − 1)

1 · 2 · · · p−1
2

· (p + 1) · · · (2p − 2)
p+1
2 · · · (p − 1)

=
(p + 1) · · · (2p − 2)

1 · 3 · 5 · · · (p − 2)
=

=
(p

1
+ 1
)(p

3
+ 1
)

. . .
( p

p − 1
+ 1
)

≡ 1 + pC +
1

2
p2C2 ≡ 1 − 1

2
pA +

1

8
p2A2 (mod p3) .

Then we have

4p−1 ≡
(

1 − 1

2
pA +

1

8
p2A2

)2
≡ 1 − pA +

1

4
p2A2 + 2 · 1

8
P 2A2 = 1 − pA +

1

2
p2A2 (mod p3).

So the l.h.s. is congruent to the r.h.s.

4.11. We found this statement in [10].

p−1
∑

k=1

1

mp + k
=

1

2

p−1
∑

k=1

( 1

mp + k
+

1

mp + p − k

)

=

= p · 2m + 1

2
·

p−1
∑

k=1

1

(mp + k)(mp + p − k)
≡ −p · 2m + 1

2
·

p−1
∑

k=1

1

k2
≡ 0 (mod p2).

4.12. We found this statement in [8]. Since 2pq − 1 = (2q − 1)p + p − 1, the last digit of the number
2pq − 1 in base p is p − 1, and the remaining digits form the number 2q − 1. Similarly the last digit of
the number pq − 1 in base p is p − 1, and the remaining part forms the number q − 1. By Lukas’ theorem
(2pq−1

pq−1

)

≡
(2q−1

q−1

)(p−1
p−1

)

≡
(2q−1

q−1

)

(mod p). On the other hand since
(2pq−1

pq−1

)

≡ 1 (mod pq), then
(2pq−1

pq−1

)

≡ 1

(mod p). So
(

2q−1
q−1

)

≡ 1 (mod p). Analogously
(

2p−1
p−1

)

≡ 1 (mod q).
The inverse statement is trivial.

5 Sums of binomial coefficients

5.1. a) It follows from problem 1.3. If ∆0
0 is a triangle consisting of the first 3 rows of the 3-arithmetical

Pascal triangle, then the sum of its central binomial coefficients is divisible by 3. For arbitrary a the sum
under consideration contains elements of several central triangles, which are multiples of ∆0

0. So the total
sum is divisible by 3, too.

Another solution ([CSTTVZ]) we can derive from the identity
(

2k
k

)

=
k
∑

i=0

(

k
i

)2
. Then

3a−1
∑

k=0

Ck
2k =

3a−1
∑

k=0

k
∑

i=0

(

k
i

)2
. Since 12 = 22 = 1, 02 = 0 (mod 3), the last sum modulo 3 equals the number of nonzero

elements in the first 3a rows of the Pascal triangle. This number is calculated in the problem 2.1a), it is
divisible by 3.
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b) Solution of [D]. The sum is a coefficient of x3a−1 in the polynomial

x3a−1

(

1 +
(x + 1)2

x
+

(x + 1)4

x2
+ . . . +

(x + 1)2(3
a−1)

x3a−1

)

=

(x+1)2·3
a

x3a − 1

(x+1)2

x − 1
· x3a−1 =

(x + 1)2·3
a − x3a

x2 + x + 1
=

=
x2·3a

+
(2·3a

1

)

· x2·3a−1 +
(2·3a

2

)

· x2·3a−2 + . . . + 1 − x3a

x3 − 1
· (x − 1) .

In order to find this coefficient we will perform the long division of the numerator by the denominator
and then multiply the result by (x − 1). We do not need to find the quotient at whole, it is sufficient to
perform the division till the moment when the coefficient of x3a−2 will be found, remind that we are trying
to find this coefficient modulo 3a only. Since for b 6 ... 3 all the binomial coefficient

(2·3a

b

)

are divisible by 3a

(by Kummer’s theorem), we can collect all these coefficient in a separate sum. When we divide this sum
by x3 − 1 all the coefficients of the quotient are divisible by 3a therefore we can discard this sum. The
remaining expression is

x2·3a
+
(2·3a

3

)

· x2·3a−3 +
(2·3a

6

)

· x2·3a−6 + . . . + 1 − x3a

x3 − 1
· (x − 1).

All the exponents in the numerator are divisible by 3, hence after division by x3 − 1 all the exponents of
the quotient are divisible by 3, too, and after the multiplying it by x− 1, there will be no exponents of the
form 3k + 2. So the coefficient that we seek equals 0 (mod 3a).

5.2. This problem was published in Monthly [25]. Since

(

2n + 2

n + 1

)

− 4

(

2n

n

)

= 2 · 2n + 1

n + 1

(

2n

n

)

− 4

(

2n

n

)

= −2Cn ,

then Cn ≡
(2n+2

n+1

)

−
(2n

n

)

(mod 3). Therefore this sum is telescopic modulo 3:

n
∑

k=1

Ck ≡
((

2n + 2

n + 1

)

−
(

2n

n

))

+

((

2n

n

)

−
(

2n − 2

n − 1

)

+ . . .

)

=

(

2n + 2

n + 1

)

+ 1 (mod 3).

So by Kummer’s theorem we have to clarify when we have at least one carry in the addition of the number
(n + 1) with itself in base 3. It it clear that it happens only if n + 1 contains at least one 2 in base 2.

5.3. This is problem A5 of Putnam Math. Competition, 1998. Since 1
p

(p
n

)

≡ (−1)n−1

n (mod p), we have

k
∑

n=1

1

p

(

p

n

)

≡
k
∑

n=1

(−1)n−1

n
=

k
∑

n=1

1

n
− 2

[k/2]
∑

n=1

1

2n
≡

k
∑

n=1

1

n
+

p−1
∑

n=p−[ k
2
]

1

n

∗
=

p−1
∑

n=1

1

n
≡ 0 (mod p).

The summation in the sum to the left of asterisk really starts from n = k + 1 (it is easy to check: for
p = 6r + 1 we have k = 4r and p − [k2 ] = 4r + 1 = k + 1, similarly for p = 6r + 5).

5.4. This statement is from [11]. Solution [CSTTVZ]. Induction on n. The base is trivial. Prove the
induction step from n′ = n − (p − 1) to n. Let q = n

p−1 . Since

(

n′ + p − 1

x(p − 1)

)

=

p−1
∑

i=0

(

p − 1

i

)(

n′

x(p − 1) − i

)

,

we can rewrite the sum under consideration in the form

(

n

p−1

)

+

(

n

2(p−1)

)

+

(

n

3(p−1)

)

+ . . . =

q
∑

x=1

p−1
∑

i=0

(

p−1

i

)(

n′

x(p−1) − i

)

=

=

p−1
∑

i=0

(

(

p−1

i

) q
∑

x=1

(

n′

x(p−1) − i

)

)

. (11)
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By the problem 1.1 a) we have
(p−1

i

)

≡ (−1)i (mod p); let
(p−1

i

)

= ap+(−1)i. By the problem 1.6 we have
q
∑

x=1

( n′

x(p−1)−i

)

≡
(p−1

i

)

≡ (−1)i (mod p) for i = 0, 1, . . . , p−2; let
q
∑

x=1

( n′

x(p−1)−i

)

= bp + (−1)i. Then

(

p−1

i

) q
∑

x=1

(

n′

x(p−1) − i

)

=
(

ap + (−1)i
)(

bp + (−1)i
)

≡ 1 + (−1)i(ap + bp) =

= 1+(−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

− 2 · (−1)i

)

= (−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

)

−1 (mod p2).

Remind that these transformations hold for 0 6 i 6 p − 2. We can continue equality (11), by separating
the summand for i = p − 1:

p−1
∑

i=0

(

(

p−1

i

) q
∑

x=1

(

n′

x(p−1)−i

)

)

≡
p−2
∑

i=0

(

(−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

)

− 1

)

+

q−1
∑

x=0

(

n′

x(p−1)

)

=

=

p−2
∑

i=0

(−1)i
(

p−1

i

)

+

p−2
∑

i=0

(

(−1)i
q
∑

x=1

(

n′

x(p−1) − i

)

)

− (p − 1) +

(

n′

0

)

+

q−1
∑

x=1

(

n′

x(p−1)

)

.

The first sum here equals −1, because
(

p−1
0

)

−
(

p−1
1

)

+
(

p−1
2

)

+ . . . = 0. By the same reasons the second

(double) sum together with the summand
(n′

0

)

equals 0. The last sum equals 1+ p(n′ +1) by the induction
hypothesis. Therefore the whole expression equals −1 + 0− p + 1 + 1 + p(n′ + 1) = 1 + pn′. This is exactly
what we need because 1 + p(n + 1) = 1 + p(n′ + p − 1 + 1) ≡ 1 + pn′ (mod p2).

5.5. This is result of Fleck, 1913, it is cited in [18]. Solution [CSTTVZ].
For p = 2 the sum is not alternating and the result is trivial. Let p be odd. We use the induction

on q. The base follows from the statement 2.5 a). Prove the induction step from n′ = n − (p−1) to n. The
expression

∑

x below denotes the summation over x in natural bounds (i.e. in bounds for which all the
binomial coefficients are correctly defined). We have

±
∑

m:m≡j (mod p)

(−1)m
(

n

m

)

=
∑

x

(−1)x
(

n′ + p − 1

xp + j

)

=
∑

x

(−1)x
p−1
∑

i=0

(

p − 1

i

)(

n′

xp + j − i

)

=

=

p−1
∑

i=0

(

p − 1

i

)

∑

x

(−1)x
(

n′

xp + j − i

)

.

By the induction hypothesis pq−1
∣

∣

∑

x
(−1)x

( n′

xp+j−i

)

; by the problem 1.1 a)
(p−1

i

)

≡ (−1)i (mod p). Therefore

p−1
∑

i=0

(

p − 1

i

)

∑

x

(−1)x
(

n′

xp + j − i

)

≡
p−1
∑

i=0

(−1)i
∑

x

(−1)x
(

n′

xp + j − i

)

(mod pq) .

The last (double sum equals
(n′

0

)

−
(n′

1

)

+
(n′

2

)

−
(n′

3

)

+ . . . = 0.

5.6. The result of Bhaskaran (1965), it is cited in [18], solution [CSTTVZ].
Induction on n. Let

f(n, j) =

(

n

j

)

−
(

n

j + (p − 1)

)

+

(

n

j + 2(p − 1)

)

−
(

n

j + 3(p − 1)

)

+ . . .

The base n = p + 1 is trivial, but observe that
(p+1

i

)

≡ 1 (mod p) for i = 0, 1, p, p + 1, otherwise this
binomial coefficient is divisible by p. Prove the step of induction from n′ = n − (p + 1) to n. By the
observation above we have

(

n′ + (p + 1)

j + (p − 1)k

)

=

p+1
∑

i=0

(

n′

j + (p − 1)k − i

)(

p + 1

i

)

≡
∑

i∈{0,1,p,p+1}

(

n′

j + (p − 1)k − i

)

=

=

(

n′

j + (p − 1)k

)

+

(

n′

j − 1 + (p − 1)k

)

+

(

n′

j − 1 + (p − 1)(k − 1)

)

+

(

n′

j − 2 + (p − 1)(k − 1)

)

(mod p) .
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Since f(n, j) =
∑

k(−1)k
( n
j+k(p−1)

)

is an alternating sum, the underlined summands cancel (except the

first and the last, but these summands are equal to 0 due to incorrect binomial coefficietns). So we obtain
the equalities

f(n, j) ≡ f(n′, j) − f(n′, j − 2) при j > 1 , f(n, 1) ≡ f(n′, 1) + f(n′, p − 2) .

Now the part “only if” of the problem statement follows from the induction hypothesis, and the part “if”,
too: if f(n, j) ≡ 0 (mod p) for j = 1, 3, . . . , p − 2, then

f(n′, p − 2) ≡ f(n′, p − 4) ≡ . . . ≡ f(n′, 1) ≡ −f(n′, p − 2) ,

from where f(n′, j) ≡ 0 (mod p) for all required j, and then n′ ... (p + 1), hence n
... (p + 1).
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Арифметические свойства биномиальных коэффициентов. Версия 1.2 1

Арифметические свойства биномиальных коэффициентов

На конференции Вам будет предложено несколько исследовательских проектов. Цель — как можно дальше продви-
нуться в каком-то из проектов. Задачи можно решать коллективно, объединившись в любые команды (члены команды
могут быть из разных городов). Вы можете решать задачи сразу из нескольких проектов, причем по разным проектам
Вы можете участвовать в разных командах. Единственное, чего не следует делать, — это присваивать себе чужие
результаты, такое случается, если команда слишком велика и не все из нее активно решают задачи данного проекта.

Это ознакомительная подборка задач по теме о биномиальных коэффициентах. Задачи следует решать письменно
и сдавать Кохасю К.П. (вагон 15, место 17). В Теберде набор задач будет существенно расширен и все задачи, кроме
задачи 1.2, можно будет сдавать и позже. По задаче 1.2 решения принимаются только в поезде, после этого задача
снимается с конкурса.

1 Задачи в поезд

1.1. Докажите, что а) Ck
p−1 ≡ (−1)k (mod p); б) Cn

2n ≡ (−4)nCn
p−1
2

(mod p) при n 6
p−1
2 .

1.2. Докажите, что количество нечетных биномиальных коэффициентов в n-й строке треугольника
Паскаля равно 2r, где r — количество единиц в двоичной записи числа n.

1.3. Зафиксируем натуральное число m. Назовем m-арифметическим треугольником Паскаля тре-
угольник, в котором вместо чисел Ck

n расставлены их остатки по модулю m. Кроме того, мы будем
рассматривать похожие треугольники из остатков, у которых вдоль боковых сторон вместо единиц
стоят одинаковые остатки a по модулю m. Такие треугольники можно умножать на число, а также
складывать (если размеры совпадают), причем будем считать, что операции тоже выполняются по
модулю m.

a
a a

a 2a a
a 3a 3a a

b
b b

b 2b b
b 3b 3b b

+

a+b
a+b a+b

a+b 2(a+b) a+b
a+b 3(a+b) 3(a+b) a+b

= x·

a
a a

a 2a a
a 3a 3a a

=

ax
ax ax

ax 2ax ax
ax 3ax 3ax ax

Пусть в s-й строке m-арифметического треугольника Паскаля все элементы, кроме крайних, — нули.
Докажите, что тогда этот треугольник имеет вид, показанный на рис. 1. Заштрихованные треуголь-
ники состоят из нулей, а треугольники ∆k

n состоят из s строк и подчинены следующим соотношениям:
1) ∆k−1

n + ∆k
n = ∆k

n+1; 2) ∆k
n = Ck

n · ∆0
0 (mod m).

Головоломка Ханойская башня представляет собой три стержня, на которые надеваются диски разной величины.
Вначале все диски упорядочены по размеру (более крупные — ниже) и находятся на первом стержне. Разрешается
снять со стержня один верхний диск и переместить его на другой стержень. При этом запрещается более крупный
диск класть на диск меньшего размера. В головоломке требуется переложить все диски с первого стержня на второй.

Пусть количество дисков равно n. Рассмотрим граф THn, вершины которого — это всевозможные расположения
дисков Ханойской башни, а ребра соединяют те состояния головоломки, которые получаются друг из друга за один ход.
Рассмотрим также граф Pn, вершины которого — это единицы, расположенные в первых 2n строках 2-арифметического
треугольника Паскаля, а ребра соединяют соседние единицы (т.е. соседние в строке или в двух смежных строках по
диагонали).

1.4. Докажите, что графы THn и Pn изоморфны.

1.5. Докажите, что в первых 106 строках 2-арифметического треугольника Паскаля единицы состав-
ляют меньше 1%.

1.6. Докажите, что если n делится на p − 1, то Cp−1
n + C

2(p−1)
n + C

3(p−1)
n + . . . + Cn

n ≡ 1 (mod p).
Или лучше докажите в общем виде: если 1 6 j, k 6 p − 1 и n ≡ k (mod p − 1), то

Cj
n + C(p−1)+j

n + C2(p−1)+j
n + C3(p−1)+j

n + . . . ≡ Cj
k (mod p).

∆0
0

∆0
1 ∆1

1

∆0
2 ∆1

2 ∆2
2

∆0
3 ∆1

3 ∆2
3 ∆3

3

∆0
4 ∆1

4 ∆2
4 ∆3

4 ∆4
4

Рис. 1. Рис. 2.
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Арифметические свойства биномиальных коэффициентов — 2

Официальным “теоретическим материалом” для этого цикла задач служит статья Э.Б. Винберга [1]. В частности,
считаются известными следующие теоремы.

1. Теорема Вильсона. Для всех простых p (и только для простых) выполнено сравнение (p − 1)! ≡ −1 (mod p).

2. Теорема Люка. Запишем числа n и k в системе счисления по основанию p:

n = ndpd + nd−1p
d−1 + . . . + n1p + n0, k = kdpd + kd−1p

d−1 + . . . + k1p + k0. (1)

Тогда Ck
n ≡ Ckd

nd
C

kd−1

nd−1
· . . . · Ck1

n1
Ck0

n0
(mod p) .

3. Теорема Куммера. Показатель ordp Ck
n равен числу переносов при сложении столбиком чисел k и ` = n − k в

p-ичной записи.

4. Теорема Волстенхолма. При p > 5 Cp
2p ≡ 2 (mod p3) или, что то же самое, Cp−1

2p−1 ≡ 1 (mod p3).

Напомним, что по определению C0
0 = 1, Ck

n = 0 при k > n и при k < 0.
Всюду буквой p мы обозначаем простое число. Для произвольного натурального числа n обозначим через (n!)p

произведение всех натуральных чисел от 1 до n, не делящихся на p. Если задано число p, то символами ni, mi и т. д.
обозначаются цифры p-ичной записи чисел n, m и т. д.

* * *

2 Арифметический треугольник и делимость

2.1. a) Докажите, что в первых 3k строках 3-арифметического треугольника Паскаля содержится
1
2 (6k + 4k) единиц и 1

2(6k − 4k) двоек.
b) Найдите число нулевых элементов в первых 5k строках 5-арифметического треугольника Пас-

каля.
c) Найдите число ненулевых элементов в первых pk строках p-арифметического треугольника

Паскаля.

2.2. Докажите, что количество единиц в первых m строках 2-арифметического треугольника Паскаля
равно

n−1
∑

i=0

mi · 2
�n−1

k=i+1 mk · 3i.

Полагая m = 2α1 + 2α2 + . . . + 2αr , где α1 > α2 > . . . > αr, можно то же выражение записать в виде

3α1 + 2 · 3α2 + 22 · 3α3 + . . . + 2r−1 · 3αr .

2.3. Рассмотрим n-ю строку 2-арифметического треугольника Паскаля как двоичную запись некото-
рого натурального числа Pn. Докажите, что

Pn = Fi1 · . . . · Fis ,

где i1, . . . , is — номера разрядов, в которых в двоичной записи числа n стоят единицы, и Fi = 22i
+ 1

— i-е число Ферма.

2.4. Докажите, что количество ненулевых элементов в n-й строке p-арифметического треугольника

Паскаля равно
d
∏

i=0
(ni + 1).

2.5. a) Для того чтобы все биномиальные коэффициенты Ck
n, где 0 < k < n, делились на p, необходимо

и достаточно, чтобы n было степенью числа p.
b) Для того чтобы все биномиальные коэффициенты Ck

n, где 0 6 k 6 n, не делились на p, необ-
ходимо и достаточно, чтобы n + 1 делилось на pd, иными словами, чтобы все цифры p-ичной записи
числа n, кроме старшей, были равны p − 1.

2.6. Пусть 0 < k < n + 1. Докажите, что если Ck−1
n 6 ... p и Ck

n 6 ... p, то Ck
n+1 6 ... p, кроме случая, когда

n + 1 делится на p.
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3 Обобщение теорем Вильсона и Люка

3.1. Докажите, что ordp(n!) =
n − (nd + . . . + n1 + n0)

p − 1
.

3.2. Докажите следующие обобщения теоремы Вильсона. a) (−1)[n/p](n!)p ≡ n0! (mod p);
b) При p > 3 выполнено сравнение

(pq!)p ≡ −1 (mod pq) ,

а при p = 2, q > 3 выполнено сравнение (pq!)p ≡ 1 (mod pq).

c)
n!

pµ
≡ (−1)µn0!n1! . . . nd! (mod p), где µ = ordp(n!)

3.3. Обобщенная теорема Люка. Пусть r = n − k, ` = ordp(C
k
n). Тогда

1

p`
Ck

n ≡ (−1)`
( n0!

k0!r0!

)( n1!

k1!r1!

)

. . .
( nd!

kd!rd!

)

(mod p)

3.4. a) Докажите, что (1 + x)p
d ≡ 1 + xpd

(mod p) при всех x = 0, 1, . . . , p − 1.
b) Докажите теорему Люка алгебраически.

3.5. a) Пусть m, n, k — натуральные числа, причем (n, k) = 1. Докажите, что Ck
mn ≡ 0 (mod n).

b) Если n
... pk, m 6 ... p, то Cm

n
... pk.

3.6. Пусть fn,a =
n
∑

k=0

(Ck
n)a. Докажите, что fn,a ≡

d
∏

i=0
fni,a (mod p).

4 Вариации на тему теоремы Волстенхолма

4.1. Докажите, что
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p2) при p > 5.

4.2. Пусть p = 4k + 3 — простое число. Найдите
1

02 + 1
+

1

12 + 1
+ . . . +

1

(p − 1)2 + 1
(mod p).

4.3. a) Пусть натуральное число k таково, что для каждого простого делителя p числа m k 6 ... (p−1).
Докажите, что

1

1k
+

1

2k
+ . . . +

1

(m − 1)k
≡ 0 (mod m).

Здесь суммирование распространяется на все слагаемые, знаменатели которых взаимно просты с m.

b) Пусть k нечетно и (k + 1) 6 ... (p − 1). Докажите, что
1

1k
+

1

2k
+ . . . +

1

(p − 1)k
≡ 0 (mod p2).

4.4. Докажите, что сравнение (12) из статьи Винберга выполнено по модулю p4.

4.5. Докажите эквивалентность следующих сравнений. 1) Cp−1
2p−1 ≡ 1 (mod p4);

2)
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p3); 3)

1

12
+

1

22
+ . . . +

1

(p − 1)2
≡ 0 (mod p2).

4.6. a) Докажите алгебраически, что для всякого простого p и произвольных k и n (Cpm
pk −Cm

k )
... p2.

В статье Винберга этот факт доказан комбинаторно.
b) Докажите утверждение (9) из статьи Винберга: для всякого простого p>5 и произвольных k и n
(Cpm

pk − Cm
k )

... p3.

4.7. Пусть p > 5. Докажите, что a) Cp
p2 ≡ C1

p (mod p5); b) Cp
ps+1 ≡ ps (mod p2s+3).

4.8. Докажите, что Cp2

p3 ≡ Cp
p2 (mod p8).
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Арифметические свойства биномиальных коэффициентов — 3

Дополнения к предыдущим темам

2.7. Докажите, что Ck
pn−1 ≡ (−1)Sk (mod p), где Sk — сумма цифр p-ичной записи числа k.

2.8. Докажите, что если биномиальный коэффициент Ck
n нечетен, (т. е. в обозначениях из (1) ki 6 ni

при всех i = 0, . . . , d), то

Ck
n ≡

d
∏

i=1

(−1)ki−1ni+kini−1 (mod 4) .

2.9. Докажите, что если в двоичной записи числа n нет двух единиц подряд, то все нечетные числа
в n-й строке треугольника Паскаля сравнимы с 1 по модулю 4, а в противном случае ровно половина
из них сравнима с 1 по модулю 4.

2.10. Докажите, что количество пятерок в каждой строке 8-арифметического треугольника Паскаля
равно степени двойки. То же касается единиц, троек и семерок.

2.11. Докажите, что если все элементы двух множеств

{C1
2n−1, C

3
2n−1, C

5
2n−1, . . . , C

2n−1
2n−1} и {1, 3, 5, . . . , 2n − 1}

рассматривать как остатки по модулю 2n, то эти множества совпадают.

2.12. Докажите, что элементы одной строки треугольника Паскаля не взаимно просты в следующем
довольно сильном смысле. Для каждого числа ε > 0 существует N , такое, что при всех натуральных
n > N и k1, k2, . . . , k100 < ε

√
n верно, что числа

Cn+k1
2n , Cn+k2

2n , . . . , Cn+k100
2n

имеют общий делитель.

2.13. a) Даны натуральные числа m > 1, n, k. Докажите, что хотя бы одно из чисел Ck
n, Ck

n+1, . . . ,
Ck

n+k не делится на m.

b) Докажите, что для любого k найдется бесконечно много таких n, что все числа Ck
n, Ck

n+1, . . . ,
Ck

n+k−1 делятся на m.

4.9. Докажите, что при n > 1 C2n

2n+1 − C2n−1

2n делится на 22n+2.

4.10. Докажите, что при p > 5 (−1)
p−1
2 C

p−1
2

p−1 ≡ 4p−1 (mod p3).
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Дополнения к предыдущим темам

4.11. Пусть m — произвольное натуральное число, p > 5 — простое. Докажите, что

1

mp + 1
+

1

mp + 2
+ · · · + 1

mp + (p − 1)
≡ 0 (mod p2).

4.12. Пусть p и q — различные простые числа. Докажите, что сравнение Cpq−1
2pq−1 ≡ 1 (mod pq) выпол-

нено в том и только в том случае, когда Cp−1
2p−1 ≡ 1 (mod q) и Cq−1

2q−1 ≡ 1 (mod p).

5 Суммы биномиальных коэффициентов

5.1. a) Докажите, что
3a−1
∑

k=0

Ck
2k делится на 3; b) делится на 3a.

5.2. Пусть Ck = 1
k+1Ck

2k — последовательность чисел Каталана. Докажите, что
n
∑

k=1

Ck ≡ 1 (mod 3)

тогда и только тогда, когда троичное разложение числа n + 1 содержит хотя бы одну цифру 2.

5.3. Пусть p > 5, k = [2p/3]. Докажите, что сумма C1
p + C2

p + . . . + Ck
p делится на p2.

5.4. Если n
... (p − 1), где p — нечетное простое, то

Cp−1
n + C2(p−1)

n + C3(p−1)
n + . . . ≡ 1 + p(n + 1) (mod p2).

5.5. Докажите, что при 0 6 j 6 p − 1 < n и q = [n−1
p−1 ]

∑

m:m≡j (mod p)

(−1)mCm
n ≡ 0 (mod pq).

5.6. Докажите, что если p — нечетное простое, то n
... (p + 1) тогда и только тогда, когда

Cj
n − Cj+(p−1)

n + Cj+2(p−1)
n − Cj+3(p−1)

n + . . . ≡ 0 (mod p)

при всех j = 1, 3, . . . , p − 2.
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Решения

1 Задачи в поезд

1.1. a) Р еш ени е 1. Ck
p−1 =

(p − 1)(p − 2) . . . (p − k)

1 · 2 · · · k ≡ (−1)(−2) . . . (−k)

1 · 2 · · · k ≡ (−1)k (mod p).

Р еш ени е 2. По формуле для биномиальных коэффициентов очевидно, что Ci
p при 1 6 i 6 p− 1

делится на p. Кроме того, имеет место основное рекуррентное соотношение Ck−1
p−1 +Ck

p−1 = Ck
p . Так как

C0
p−1 = 1 ≡ 1 (mod p) и (C0

p−1 +C1
p−1)

... p, заключаем отсюда, что C1
p−1 ≡ −1 (mod p). Но C1

p−1 +C2
p−1

тоже делится на p, значит, C2
p−1 ≡ 1 (mod p) и т.д.

б) Это задача [3, задача 162]. Поскольку дроби Cn+1
2n+2/C

n
2n и Cn+1

p−1
2

/Cn
p−1
2

сильно сократимы, утвер-

ждение легко проверяется по индукции. Но мы предложим прямое вычисление из [3].
Как нетрудно видеть,

Cn
2n = 2n · 1 · 3 · · · (2n − 1)

n!
При этом

1 · 3 · · · (2n − 1) = (−1)n(−1)(−3) · · · (−2n + 1) ≡ (−1)n(p − 1)(p − 3) · · · (p − 2n + 1) =

= (−1)n2n
(p − 1

2

)(p − 3

2

)

· · ·
(p − 2n + 1

2

)

= (−1)n2n
(p − 1

2

)(p − 1

2
− 1
)

· · ·
(p − 1

2
− n + 1

)

=

= (−1)n2n (p−1
2 )!

(p−1
2 − n)!

(mod p).

Таким образом, Cn
2n ≡ (−1)n4n (p−1

2 )!

n!(p−1
2 − n)!

= (−4)nCn
p−1
2

(mod p).

1.2. Это непосредственно следует из самоподобной структуры арифметического треугольника Пас-
каля, описанной в следующих задачах. Это также сразу следует из теоремы Люка. Доказательство
можно прочесть в статье Винберга [1].

1.3. Мы ограничимся небольшим созерцанием, полное решение см. в [3, задача 133].
Поскольку в s-й строке расположен длинный ряд из нулей, в (s + 1)-й строке под этими нулями

также расположен ряд из нулей (на единицу короче), в (s + 2)-й строке — опять ряд из нулей (снова
на 1 короче) и т. д. Этим объясняется наличие серого треугольника снизу от ∆0

0 (рис. 1).
Далее, ненулевые элементы s-й строки равны 1, тогда ряды чисел, идущих вдоль наклонных

границ серого треугольника, состоящего из нулей, — это тоже всё сплошь единицы (по рекуррентному
правилу построения треугольника Паскаля). Таким образом, вдоль боковых сторон треугольников
∆0

1 и ∆1
1 расположены единицы, и значит, оба этих треугольника идентичны ∆0

0.
Теперь понятно, как выглядит 2s-я строка треугольника. Крайние элементы в ней — единицы,

остальные элементы — нули, кроме центрального элемента, который равен 2, как сумма двух вы-
шестоящих единиц. Отсюда получаем, что снизу от 2s-й строки находятся два серых нулевых тре-
угольника, по краям от них — треугольники ∆0

2 и ∆2
2, идентичные ∆0

0, а между ними — треугольник
∆1

2, у которого вдоль боковых сторон расположены двойки. Как нетрудно понять, это значит, что
∆1

2 = 2 · ∆0
0.

Ну и так далее.

1.4. Этот сюжет мы взяли в статье [21], где некоторые факты о биномиальных коэффициентов до-
казываются с помощью рассмотрения Ханойской башни и графа THn.

Пусть на первом стержне самый верхний диск имеет диаметр a, на втором — диаметр b, на
третьем — c, a < b < c, тогда в этом положении есть три возможных хода: с a на b или на c, либо
с b на c; аналогично имеется три хода, если диски занимают лишь два стержня. Если же все диски
находятся на одном стержне, возможных ходов только два, обозначим такие конфигурации A1, A2,
A3 по номеру стержня, на который нанизаны диски.

Заметим, что 2s-я строка треугольника Паскаля состоит из одних единиц — это следует из
задачи 1.2 или проверяется непосредственно с помощью формулы Лежандра (4). Отсюда следу-
ет, что граф Pn имеет поворотную симметрию третьего порядка, поскольку основное соотношение
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A3 A2

A2 A1

A3

A1 A3

A2

2

1

3

Рис. 3.

Ck−1
n + Ck

n = Ck
n+1, при помощи которого мы строим треугольник Паскаля “сверху вниз”, в арифме-

тике по модулю 2 равносильно соотношениям Ck−1
n = Ck

n + Ck
n+1 и Ck

n = Ck−1
n + Ck

n+1, с помощью
которых можно аналогично построить треугольник Паскаля “слева снизу — вправо вверх” и “справа
снизу — влево вверх”. Кроме того, отсюда следует (из предыдущей задачи), что треугольник Паскаля
в 2 раза большего размера содержит три копии исходного треугольника.

Докажем по индукции, что существует биекция между THn и Pn, при которой вершинам тре-
угольника Pn соответствуют конфигурации A1, A2, A3. База n = 1 очевидна.

Докажем переход. Пусть мы уже умеем строить биекцию между THn и Pn. Рассмотрим 2-арифме-
тический треугольник треугольник Паскаля со стороной 2n+1, он содержит три копии треугольника
со стороной 2n. Пронумеруем копии и разметим их вершины, как показано на рис. 3. Рассмотрим все
положения Ханойской башни, в которых самый крупный диск находится на стержне i. Если мы не
двигаем этот диск, то все эти положения и перекладывания остальных дисков задают граф, изоморф-
ный TPn. С помощью уже имеющейся биекции отождествим этот граф с графом Pn, расположенным
в i-й копии треугольника, причем потребуем, чтобы конфигурации Aj были отождествлены в соот-
ветствии с разметкой вершин. Перемещение самого крупного диска, скажем, с первого стержня на
второй возможно, только если все остальные диски находятся на третьем стержне. Это в точности
соответствует ребру, соединяющему соседние вершины A3 на левой боковой стороне треугольника,
аналогично обстоят дела с другими перемещениями самого большого диска. Таким образом, постро-
енное соответствие действительно дает изоморфизм графов TPn+1 и Pn.

1.5. Биекция с Ханойской башней дает простую явную формулу (когда число строк – степень двойки):
в первых 2k строках треугольника Паскаля содержится 3k единиц. Та же формула легко доказывается
по индукции из рекуррентности задачи 1.3. Пользуясь этим фактом легко получаем оценку. Так
как 106 < 220, количество элементов в этих строках равно 1

2 · 106(106 + 1), а количество единиц не

превосходит 320. Доля единиц не превосходит 2·320

106(106+1) � 0.01.

1.6. Мы взяли это утверждение в обзоре [18].
Р еш ени е 1 ([CSTTVZ]). При p = 2 утверждение задачи легко проверяется. Будем далее счи-

тать, что p — нечетное простое. Пусть n = x(p − 1) + k. Будем доказывать утверждение индукцией
по x.

База x = 0 тривиальна: Cj
k ≡ Cj

k (mod p).
Для доказательства перехода воспользуемся свойством биномиальных коэффициентов

Cs
a+b =

∑

i

Cs−i
a Ci

b (суммирование в естественных границах),

которое выражает два способа подсчета числа вариантов взять s шаров из коробки, в которой лежит
a черных и b белых шаров. Пусть n = m + (p − 1). Заметим, что

C`(p−1)+j
n = C

`(p−1)+j
m+(p−1) =

p−1
∑

i=0

C`(p−1)+j−i
m Ci

p−1 ≡
p−1
∑

i=0

(−1)iC`(p−1)+j−i
m (mod p)

(последнее сравнение — по утверждению задачи 1.1 a). Отметим, что в последней сумме первое и
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последнее слагаемое присутствуют со знаком плюс. Преобразуем теперь интересующую нас сумму.

∑

`

C`(p−1)+j
n ≡

≡
(

Cj
m − Cj−1

m + . . .
)

+
(

Cp−1+j
m − Cp−1+j−1

m +. . .+ Cj
m

)

+
(

C2(p−1)+j
m − C2(p−1)+j−1

m +. . .+ C(p−1)+j
m

)

+. . .

=

m
∑

i=0

(−1)iCi
m +

∑

`

C`(p−1)+j
m (mod p).

Здесь первая сумма равна нулю, а вторая по предположению индукции сравнима с Cj
k (mod p). чтд

Реш ени е 2 (основное рекуррентное тождество, [J], [T]). Утверждение доказывается индукцией
по n. База n 6 p − 1 тривиальна: левая часть содержит всего одно слагаемое — то же самое, что и в
правой части. Переход:

Cj
n + C(p−1)+j

n + . . . =
(

Cj
n−1 + Cj−1

n−1

)

+
(

C
(p−1)+j
n−1 + C

(p−1)+j−1
n−1

)

+ . . . =

=
(

Cj
n−1 + C

(p−1)+j
n−1 + . . .

)

+
(

Cj−1
n−1 + C

(p−1)+j−1
n−1 + . . .

)

≡ Cj
k−1 + Cj−1

k−1 = Cj
k (mod p).

Но тут следует иметь в виду, что в формулировке утверждения в случае, когда параметры j и k
делятся на p − 1, они приравниваются к p − 1, а не к 0. Таким образом, выписанное соотношение
требует отдельного рассмотрения при j = 1 или k = 1. Мы ограничимся рассмотрением частного
случая, которое проясняет ситуацию. Пусть p = 5, j = 1 и мы доказываем переход к n = 13. Имеем

C1
1

?≡ C1
13 + C6

13 + C11
13 =

(

C1
12 + C6

12 + C11
12

)

+
(

C0
12 + C5

12 + C10
12

)

Здесь первая скобка дает по индукционному предположению остаток C1
4 (а вовсе не C1

0 , как могло
показаться по предыдущему вычислению). Во второй скобке первое слагаемое не участвует в индук-
ционном предположении, а сумма остальных сравнима с C0

4 . Записывая для ясности p − 1 вместо 4,
получаем, что вся сумма сравнима с C0

n−1 + C1
p−1 + C0

p−1 ≡ C1
1 (mod p), что и требуется.

Р еш ени е 3 (алгебраическое рассуждение с теоремой Люка, [18]). Индукция по n. База n 6 p−1
тривиальна. Пусть теперь n > p, запишем все встречающиеся параметры в системе счисления по
основанию p, сумму цифр числа m будем обозначать σp(m). Очевидно, если m ≡ j (mod p), то
σp(m) ≡ j (mod p). Тогда по теореме Люка интересующая нас сумма равна

∑

Cm0
n0

Cm1
n1

. . . Cmd
nd

(mod p) ,

где суммирование распространяется на все m = md . . . m1m0 6 n, для которых σp(m) ≡ j (mod p).
Эта сумма в точности равна сумме коэффициентов при xj, xj+p−1, xj+2(p−1), . . . в выражении

(1 + x)n0(1 + x)n1 . . . (1 + x)nd = (1 + x)σp(n) .

Но очевидно, что указанная сумма коэффициентов равна

∑

16r6σp(n)
r≡j (mod p−1)

Cr
σp(n) ,

которая удовлетворяет индукционному предположению, так как 1 6 σp(n) 6 n − 1, и дает нужное
нам сравнение, поскольку σp(n) ≡ n ≡ j (mod p).

Р еш ени е 4 (немного здравого смысла и линейной алгебры, [Д]). Многочлены x, x2, . . . , xp−1

линейно независимы над Zp и образуют базис в пространстве функций f : Zp → Zp, f(0) = 0. По
малой теореме Ферма (1 + x)n ≡ (1 + x)k (mod p). Редуцируя левую часть с помощью соотношений
xi+a(p−1) ≡ xi, получаем, что интересующая нас сумма как элемент Zp равна коэффициенту при xj

в правой части, т. е. Cj
k.
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2 Арифметический треугольник и делимость

2.1. a) Это результат Робертса [27]. Обозначим количество единиц в первых 3k строках через ak,
а количество двоек bk — через bk. Пользуясь рекуррентностью из задачи 1.3, получаем соотношения:

ak+1 = 5ak + bk, bk+1 = 5bk + ak.

Отсюда утверждение задачи легко следует по индукции.

b) От в е т: 1
2 · 5k(5k + 1) − 15k. Обозначая искомую величину ak, аналогично предыдущей задаче

получаем соотношение

ak+1 = 15ak + 10 · 5k(5k − 1)

2
.

Поскольку в целом треугольник содержит 5k(5k+1)
2 элементов, естественно ввести замену переменных

ak = 5k(5k+1)
2 −bk. Тогда для переменной bk предыдущее соотношение записывается в виде bk+1 = 15bk.

c) О т в е т:
(p(p+1)

2

)k
. Это результат Файна [13]. Он аналогично предыдущим пунктам получается

по индукции из рекуррентности задачи 1.3.

2.2. Реш ени е 1. Индукция по α1. База для α1 = 0, 1 легко проверяется. Пусть для всех α1 < a
утверждение уже доказано. Докажем его для α1 = a. Очевидно, m̃−2α1 < 2α1 . Пусть в обозначениях
задачи 1.3 s = 2α1 . Числу m̃ = 2α2 + 2α3 + . . . + 2αr соответствует строчка в треугольнике ∆0

0. В этой
строке и в строках над ней по индукционному предположению содержится

3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr (2)

единиц. Тогда числу m = m̃+2α1 соответствует строчка, пересекающая треугольники ∆1
0 и ∆1

1 (иден-
тичные треугольнику ∆0

0, поскольку у нас 2-арифметика). В этой строке и выше находится целиком
треугольник ∆0

0 (в нем по предположению индукции 3α1 единиц) и два неполных треугольника ∆1
0 и

∆1
1, в каждом из которых число единиц задается формулой (2). В сумме получаем

3α1 + 2(3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr)

единиц, что и требуется.

Р еш ени е 2 (комбинаторный смысл коэффициентов — разбиваем на слои, [T]).

Л емма 1. Пусть число единиц в k-й строке равно 2r (или, что то же самое, бинарная запись
числа k содержит r единиц) и пусть α1 > α2 > · · · > αm, 2αm > k. Тогда число единиц в строке
с номером 2α1 + 2α2 + . . . + 2αm + k равно 2m+r.

Д о к а з а т е л ь с т в о. Очевидно, бинарная запись числа 2α1 + 2α2 + . . . + 2αm + k содержит m + r
единиц и тогда в строке треугольника Паскаля с этим номером 2m+r единиц.

Л емма 2. Суммарное количество единиц в строках с номерами

2α1 + 2α2 + . . . + 2αm−1 , 2α1 + 2α2 + . . . + 2αm−1 + 1, . . . , 2α1 + 2α2 + . . . + 2αm−1 + 2αm − 1,

равно 2k3αm .

Д о к а з а т е л ь с т в о. По лемме 1 количество единиц в строке с номером 2α1 +2α2 + . . . +2αm−1 + i
равно 2kxi, где xi — количество единиц в i-й строке. Тогда суммарное число единиц в упомянутых
строках равно 2k

∑

xi. Но
∑

xi — это число единиц в первых 2αm −1 строках треугольника Паскаля,
оно равно 3αm (это нам известно, например, из задачи 1.4).

Осталось просуммировать по m количества единиц из леммы 2.

2.3. Мы взяли утверждение задачи из статьи Винберга [1], а решение из статьи Гранвилля [18].
Утверждение выводится из теоремы Люка с помощью следующего наблюдения (тоже упомянутого
в [1]): биномиальный коэффициент Ck

n нечетен в том и только том случае, когда единицы в двоичном
разложении числа k могут стоять лишь в тех разрядах, где стоят единицы в записи числа n. Отсюда
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сразу следует, что Pn =
∑

2k, где суммирование распространяется на все числа k, описанные в
предыдущем предложении. В обозначениях формулы (1) при p = 2 положим Sn = {i : ni = 1}. Тогда

Pn =
∑

I⊆Sn

∏

i∈I

22i

=
∏

i∈Sn

Fi.

2.4. Этот результат Файна [13], 1947 г, — простое следствие теоремы Куммера. Чтобы биномиальный
коэффициент Ck

n не делился на p, не должно быть переносов при сложении чисел k и n−k, записанных
в системе счисления по основанию p. При фиксированном n это означает, что выбор i-й цифры
p-ичной записи числа k можно сделать ni + 1 способом.

2.5. a) Это сразу следует из формулы, доказанной в предыдущей задаче, поскольку речь идет о стро-
ке, в которой ровно два элемента не делятся на p.

b) [13]. Если (n + 1)
... pd, то n = a(p − 1)(p − 1) . . . (p − 1) в системе счисления по основанию p.

Тогда для каждого k, 0 6 k 6 n, каждая цифра числа k не превосходит соответствующей цифры
числа n. Тогда все биномиальные коэффициенты Cki

ni
не равны нулю (в том числе, по модулю p) и по

теореме Люка Ck
n не делится на p.

В обратную сторону. Пусть все биномиальные коэффициенты Ck
n не делятся на p, но число n

является числом вида a(p − 1)(p − 1) . . . (p − 1). Это значит, что одна из цифр, скажем ni, меньше
p− 1. Возьмем k = (p− 1) · pi. Тогда ki = p− 1, следовательно, Cki

ni
= 0 и по теореме Люка Ck

n делится
на p. Противоречие.

2.6. Это известное утверждение мы почерпнули в [12].
Р еш ени е 1. Допустим, что Ck−1

n 6 ... p и Ck
n 6 ... p, но при этом Ck

n+1 = (Ck−1
n + Ck

n)
... p. Тогда

Ck
n ≡ −Ck−1

n (mod p). Так как оба биномиальных коэффициента не делятся на p, мы можем сократить
правую и левую части. Получим n−k+1

k ≡ −1 (mod p), откуда n + 1 ≡ 0 (mod p).

Р еш ени е 2 ([К]). Хотя утверждение выглядит очень естественным, напоминая нам основное
тождество для биномиальных коэффициентов, часть “Ck−1

n 6 ... p” в нем лишняя. Действительно, если
(n + 1) 6 ... p, то 0 6 n0 6 p− 2. Поскольку Ck

n 6 ... p, то по теореме Куммера при всех i верно неравенство
ki 6 ni. Но тогда аналогичные неравенства верны и для пары чисел k и n + 1, поскольку у числа
n + 1 те же цифры, что и у n, кроме цифры в самом младшем разряде, которая у числа n + 1 на 1
больше. Следовательно, Ck

n+1 6 ... p.

2.7. [2]. Сразу следует из теоремы Люка и задачи 1.1.a)

2.8. Задача из статьи Винберга [1]. Индукция по числу цифр. База тривиальна. Для перехода до-
бавляем очередную цифру в конец числа. В силу нечетности биномиального коэффициента ni > ki.
Пользуясь рекуррентностью Ck

n = Ck−1
n−1+Ck

n−1, перебирая разные варианты четности n и k с помощью
теоремы Куммера и задачи 4.6a) сводим все к индукционному предположению.

Например, при нечетном n = 2` + 1 и четном k = 2m, если k1 = 1, то k = . . . 10, n = . . . 11
(двоичные записи), Тогда (n − k) = . . . 01 (потому что по теореме Куммера не должно было быть
переносов), (k − 1)2 = . . . 01, значит, по теореме Куммера при сложении (k− 1)2 + (n− k)2 есть ровно
1 перенос, т. е. Ck−1

n−1 ≡ 2 (mod 4), откуда

Ck
n = Ck−1

n−1 + Ck
n−1 ≡ −Ck

n−1 = −C2m
2` ≡ −Cm

` (mod 4) ,

последнее — по задаче 4.6a). Этот минус в точности соответствует множителю (−1)k0n1+k1n0 .

2.9. Задача из статьи Винберга [1]. Утверждение следует из результата предыдущей задачи. Если в
записи n нет двух единиц подряд, то все показатели ki−1ni + kini−1 равны нулю и все биномиальные
коэффициенты дают остаток 1 при делении на 4. Если же запись числа n содержит участок из
единиц, начинающийся с nj = 1, то у половины нечетных биномиальных коэффициентов kj = 0,
а у другой половины kj = 1 и, как нетрудно видеть по формуле из предыдущей задачи, по модулю 4
эти половины отличаются знаком.

2.10. Этому запутанному сюжету посвящены две статьи в Monthly [19, 20].

2.11. Эта задача Д.Джукича была в 2002 г. на олимпиаде 239 школы г. Санкт-Петербурга, а потом
засветилась в шорт-листе IMO-2008.
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Поскольку все биномиальные коэффициенты из условия задачи нечетны (по теореме Люка), для
доказательства утверждения достаточно проверить, что все числа C1

2n−1, C3
2n−1, . . . , C2n−1

2n−1 дают
разные остатки при делении на 2n. Дальше можно действовать по-разному.

Р еш ени е 1 ([Д]). Предположим противное, пусть Ck
2n−1 ≡ Cm

2n−1 (mod 2n) при нечетных k и m,
k > m. Заметим, что

Ck
2n−1 = Ck

2n − Ck−1
2n−1 = Ck

2n − Ck−1
2n + Ck−2

2n−1 = · · · = Ck
2n − Ck−1

2n + Ck−2
2n − . . . − Cm+1

2n + Cm
2n−1 .

В частности,
Ck

2n − Ck−1
2n + Ck−2

2n − . . . − Cm+1
2n ≡ 0 (mod 2n) .

Теорема Куммера позволяет для каждого r легко вычислить показатель ord2 Cr
2n , а именно, если

ord2 r = a, то при сложении r и 2n − r произойдет n − a переносов (это очевидно из алгоритма
сложения столбиком), и значит, ord2 Cr

2n = n−a. В частности, Cr
2n делится на 2n при нечетном r, что

позволяет отбросить в последнем сравнении половину слагаемых:

Ck−1
2n + Ck−3

2n + . . . + Cm+1
2n ≡ 0 (mod 2n) .

Другое следствие из приведенных рассуждений состоит в том, что у всех слагаемых Ci
2n в левой

части параметр i четный и поэтому ord2 Cx
2n < n. Докажем теперь, что выполнение этого сравнения

невозможно. Выберем x, для которого ord2 Cx
2n имеет минимальное значение. Так как ord2 Cx

2n <n, но
при этом вся сумма делится на 2n, найдется y, для которого ord2 Cx

2n = ord2 Cy
2n . Но тогда бинарные

записи чисел x и y оканчиваются на одинаковое число нулей, поэтому между x и y найдется число z,
оканчивающееся на большее число нулей. Тогда ord2 Cz

2n < ord2 Cx
2n , что противоречит минимально-

сти.

Р еш ени е 2 ([CSTTVZ]). Предположим противное, пусть нашлись числа k и `, k 6= `, такие что
C2k+1

2n−1 ≡ C2`+1
2n−1 mod 2n, 0 6 k, ` 6 2n − 1. Кроме того, мы будем вести рассуждения по индукции,

считая, что для меньших значений n утверждение задачи уже доказано. Заметим, что

C2k+1
2n−1 =

(

2n

1
− 1

)(

2n

2
− 1

)

. . .

(

2n

2k + 1
− 1

)

=

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1

1
− 1

)(

2n−1

2
− 1

)

. . .

(

2n−1

k
− 1

)

= (3)

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

· Ck
2n−1−1 ≡

≡ (−1)k+1Ck
2n−1−1 (mod 2n) .

И аналогично C2`+1
2n−1 ≡ (−1)`+1C`

2n−1−1 (mod 2n). По индукционному предположению, отсюда следует,

что k и ` не могут быть оба нечетными. Кроме того, в силу симметрии Cr
2n−1 = C2n−1−r

2n−1 утверждение
задачи означает также, что все биномиальные коэффициенты с четными показателями — C2r

2n−1 —
тоже попарно различны и по модулю 2n образуют то же множество, что и биномиальные коэффици-
енты с нечетными показателями. Поэтому k и ` не могут быть оба четными.

Осталось разобрать случай, когда k и ` разной четности, пусть k = 2a + 1, ` = 2b. Тогда

C2a+1
2n−1−1

+ C2b
2n−1−1 ≡ 0 (mod 2n) .

При a = b это сравнение невозможно, так как C2a
2n−1−1 нечетно и

C2a+1
2n−1−1

+ C2a
2n−1−1 = C2a

2n−1−1

(

1 +
2n−1 − 1 − 2a

2a + 1

)

= C2a
2n−1−1 ·

2n−1

2a + 1
≡ 2n−1 (mod 2n) .

Если же b 6= a, то C2a
2n−1−1 6= C2b

2n−1−1 по индукционному предположению и так как C2a
2n−1−1 + C2a+1

2n−1−1

делится на 2n−1, сумма C2b
2n−1−1 + C2a+1

2n−1−1
не может делиться на 2n−1.

2.12. Эту задачу нам сообщил А.Белов. Заметим, что

Cn+k
2n = Cn

2n · n(n − 1) . . . (n − k + 1)

(n + 1)(n + 2) . . . (n + k)
,
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и таким образом, Cn+k
2n имеет много общих множителей с Cn

2n, кроме тех, которые сократились со зна-
менателем дроби. Заметим, что знаменатель не превосходит (2n)k. Напишем аналогичные равенства
для всех биномиальных коэффициентов Cn+k1

2n , Cn+k2
2n , . . . , Cn+k100

2n . Наибольший общий делитель всех
знаменателей в правых частях этих равенств не превосходит (n + 1)(n + 2) . . .

(

n + [ε
√

n ]
)

< (2n)ε
√

n.
Но при больших n биномиальный коэффициент Cn

2n — существенно более крупное число, поэтому да-
же если сократить его на наибольший общий делитель всех знаменателей, останется весьма крупное
частное, которое и будет общим делителем всех ста биномиальных коэффициентов.

Поясним последнее соображение с помощью оценки. Заметим, что

Cn
2n =

2n

n
· 2n − 1

n − 1
. . .

n + 1

1
> 2n.

При этом (2n)100ε
√

n = 2ε
√

n log2 n+ε
√

n. Очевидно, для каждого фиксированного ε существует N , такое
что при всех n > N будет выполнено неравенство

n

2
> ε

√
n log2 n + ε

√
n.

Если для таких n поделить Cn
2n на НОД всех знаменателей, частное будет не меньше 2n/2.

2.13. a) Задача предлагалась в 1977 г. на Ленинградской олимпиаде школьников.
Р еш ени е 1 (без теоремы Куммера). Мы приводим решение из замечательной книжки [4].
Допустим, что все эти числа делятся на m. Тогда числа

Ck−1
n+k−1 = Ck

n+k − Ck
n+k−1 ,

Ck−1
n+k−2 = Ck

n+k−1 − Ck
n+k−2 ,

. . .

Ck−1
n = Ck

n+1 − Ck
n

также делятся на m. Аналогично, на m делятся и все числа Cj
n+i, где i 6 j — произвольные неотри-

цательные целые числа. Но среди них есть число C0
n (i = j = 0), которое равно 1. Противоречие.

Р еш ени е 2 (теорема Куммера). Пусть p — простой множитель числа m. Проверим, что одно
из чисел Ck

n, Ck
n+1, . . . , Ck

n+k не делится на p. Запишем k в системе счисления по основанию p. По
теореме Куммера достаточно найти такое число ` (где n−k 6 ` 6 n), чтобы сложение k + ` в системе
счисления по основанию p выполнялось без переносов, тогда биномиальный коэффициент Ck

k+` не
будет делиться на p.

Это сделать совсем нетрудно. Мы ограничимся рассуждением на конкретном примере. Пусть
p = 7, k = 133 (здесь и далее числа записаны в семиричной системе счисления). Поскольку диапазон,
в котором мы ищем число `, содержит k + 1 число, нам всегда удастся выбрать ` так, чтобы число
k + ` было одним из чисел следующего вида

. . . 133, . . . 233, , . . . , . . . 633.

(Напомним, что цифра 6 в нашем примере самая старшая.) Тогда очевидно, что при сложении k + `
не было ни одного переноса.

b) Утверждение взято из [2]. Такие n нетрудно построить с помощью теоремы Куммера. Пусть
ordp m = s, и запись числа k в системе счисления по основанию p содержит d + 1 цифр. Пусть
n

... pd+s+1. Тогда числа n − k, n − k + 1, . . . , n − 1 содержат в разрядах с (d + 2)-го по (d + s + 2)-й
цифры (p−1), поэтому при сложении этих чисел с k в указанных разрядах будут возникать переносы.
Таким образом, по теореме Куммера получаем, что интересующие нас биномиальные коэффициенты
все делятся на ps.

Поскольку условия, наложенные на n, легко совмещаются для разных p, мы получаем отсюда
требуемое.
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3 Обобщение теорем Вильсона и Люка

3.1. Как известно, ordp(n!) =
∑

k

[

n
pk

]

. Если n = ndp
d + nd−1p

d−1 + . . . + n1p + n0 — запись в системе

счисления по основанию p, то
[

n
pk

]

= ndp
d−k + nd−1p

d−k−1 + . . . + nk+1p + nk и формулу для ordp(n!)
можно записать в виде

ordp(n!) =

d
∑

k=1

(

d
∑

i=k

nip
i−k

)

=

d
∑

i=1

ni(p
i−1 + pi−2 + . . . + p + 1) =

d
∑

i=1

ni
pi − 1

p − 1
=

d
∑

i=0
nip

i −
d
∑

i=0
ni

p − 1
.

Мы получили в точности требуемое выражение.

Утверждение задачи также нетрудно доказать индукцией по n, см. [5].

3.2. a) Разбивая множители, составляющие выражение n!, на группы по (p − 1) штук, получаем

(n!)p =

[ n
p
]−1
∏

k=0

(

(kp+1) · (kp+2) · · · (kp+p−1)
)

·
(

[np ]p+1
)(

[np ]p+2
)

. . .
(

[np ]p+n0

)

≡ (−1)
[ n
p
]
n0! (mod p) .

б) Это утверждение встречается у Гаусса [15]. В произведение (pq!)p вместе с каждым сомножи-
телем входит и его обратный по модулю pq, и произведение этой пары равно 1 по модулю pq. Таким
образом, нам следует лишь проследить за теми множителями m, которые совпадают со своими об-
ратными, т.е. удовлетворяют сравнению

m2 ≡ 1 (mod pq).

Для нечетного p сравнение имеет 2 решения: ±1. Для p = 2, q > 3 сравнение имеет еще пару решений:
2q−1 ± 1.

c) Так как n! = (n!)p · p[ n
p
](

[np ]
)

!, утверждение легко доказывается по индукции с помощью срав-
нения из п. a).

3.3. Мы взяли утверждение со странички Гранвилля [17]. Помимо теоремы Куммера, широко извест-
на прямая и не столь симпатичная формула для числа ` (формула Лежандра):

` = ordp(C
k
n) =

(

[n

p

]

−
[k

p

]

−
[r

p

]

)

+

(

[ n

p2

]

−
[ k

p2

]

−
[ r

p2

]

)

+ . . . (4)

Обозначим для краткости ñ = [n/p] и т. п. и напишем формулу для биномиального коэффициента,
собрав отдельно все множители, делящиеся на p:

Ck
n =

(n!)p
(k!)p(r!)p

· p[n/p]

p[k/p] · p[r/p]
· ñ!

k̃! · r̃!
.

Здесь первая дробь может быть преобразована по модулю p в соответствии с обобщенной теоремой
Вильсона (задача 3.2, б) к выражению n0!

k0!r0!
, третья дробь позволяет действовать по индукции, а сред-

няя дробь (и знак из обобщенной теоремы Вильсона, который мы не упомянули) по формуле (4) даст
все нужные выражения, содержащие `.

3.4. a) Раскрывая скобки в выражении (1+x)p
d
, мы можем воспользоваться тем, что при 1 6 k 6 pd−1

биномиальный коэффициент Ck
pd делится на p (аналогично задаче 1.1 или по теореме Куммера).

b) Положим n = n′p+n0, k = k′p+ k0. По утверждению п. a) (1+x)pn′ ≡ (1+xp)n
′

(mod p) Тогда

(1 + x)n = (1 + x)pn′

(1 + x)n0 ≡ (1 + xp)n
′

(1 + x)n0 (mod p).

Указанное сравнение надо понимать в том смысле, что мы преобразовываем коэффициенты много-
члена с целыми коэффициентами с точки зрения их делимоcти на p. Коэффициент при xk в левой
части равен Ck

n. При раскрытии скобок в правой части мы видим, что все показатели в первой
скобке делятся на p, поэтому единственный способ получить одночлен xpk′+k0 — это перемножить
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xpk′

из первой скобки и xk0 из второй. Итоговый коэффициент будет равен Ck′

n′Ck0
n0

. Таким образом,

Ck
n = Ck′

n′Ck0
n0

, откуда теорема Люка следует по индукции.

3.5. a, b) Простое следствие теоремы Куммера.

3.6. [9]. В следующем вычислении мы используем то, что Cki
ni

= 0 при ki > ni; это позволяет, применив
теорему Люка, отбросить при суммировании большое число слагаемых.

fn,a =
n
∑

k=0

(Ck
n)a ≡

nd
∑

kd=0

nd−1
∑

kd−1=0

· · ·
n0
∑

k0=0

d
∏

i=0

(Cki
ni

)a ≡
d
∏

i=0

ni
∑

ki=0

(Cki
ni

)a ≡
d
∏

i=0

fni,a (mod p).

4 Вариации на тему теоремы Волстенхолма

4.1. Это упражнение на чтение статьи. Утверждение доказано в статье Винберга, но доказательство
не выделено явно. Заметим, что

2

p−1
∑

i=1

1

i
=

p−1
∑

i=1

1

i
+

1

p − i
= p

p−1
∑

i=1

1

i(p − i)
.

Таким образом, рассматриваемая сумма делится на p. Так как по модулю p выражения 1
i и − 1

p−i
равны, нам остается проверить, что

p−1
∑

i=1

1

i2
≡ 0 (mod p).

Или, поскольку 1
12 , 1

22 , . . . , 1
(p−1)2

— это тот же набор остатков1, что и 12, 22, . . . , (p− 1)2, достаточно
проверить, что

p−1
∑

i=1

i2 ≡ 0 (mod p). (5)

Пусть
p−1
∑

i=1
i2 ≡ s (mod p). При p > 5 всегда можно выбрать остаток a, такой что a2 6≡ 1 (mod p).

Тогда множества {1, 2, . . . , p − 1} и {a, 2a, . . . , (p − 1)a} совпадают (доказательство как в сноске) и

s ≡
p−1
∑

i=1

i2 =

p−1
∑

i=1

(ai)2 = a2
p−1
∑

i=1

i2 ≡ a2s (mod p) .

Поэтому s ≡ 0 (mod p).

Разумеется, этот факт нетрудно доказать непосредственно, пользуясь соображением 1
x ≡ xϕ(m)−1

(mod m). Мы используем эту технику в третьем решении следующей задачи.

4.2. Ответ: 2k + 2. Эта задача А.С. Голованова предлагалась на олимпиаде Туймаада в 2012 г. Мы
приводим три решения. Отметим, что при p = 4k + 3 уравнение x2 + 1 = 0 не имеет решений в поле
остатков по модулю p, следовательно, знаменатели всех рассматриваемых дробей не равны нулю.

Р еш ени е 1. Обозначим ai = i2 +1, для i = 0, . . . , p−1. Тогда рассматриваемое выражение равно

σp−1(a0, a1, . . . , ap−1)

σp(a0, a1, . . . , ap−1)
,

где σi — основной симметрический многочлен степени i. Найдем многочлен, корнями которого явля-
ются числа ai, т. е.

p−1
∏

i=0

(x − 1 − i2).

1 Напомним доказательство: 1
1
, 1

2
, . . . , 1

(p−1)
и 1, 2, . . . , (p − 1) — это один и тот же набор остатков, потому что

и в том, и в другом наборе по p − 1 элементу, при этом очевидно, что в каждом наборе все остатки различны и не
равны нулю, значит, каждый набор содержит все ненулевые остатки по модулю p. Тогда для квадратов утверждение
очевидно.
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Сделав замену x − 1 = t2, получим многочлен

p−1
∏

i=0

(t2 − i2) =

p−1
∏

i=0

(t − i)

p−1
∏

i=0

(t + i) ≡ (tp − t)(tp − t) = t2p − 2tp+1 + t2.

Теперь, сделав обратную замену, получаем для p = 4k + 3

p−1
∏

i=0

(x − 1 − i2) ≡ (x − 1)p − 2(x − 1)
p+1
2 + (x − 1) = xp + . . . + (p + 2 · p+1

2 + 1)x − 4.

По теореме Виета, σp ≡ 4 (mod p), σp−1 ≡ 2 (mod p), поэтому
σp−1

σp
≡ 1

2 ≡ 2k + 2 (mod p).

Р еш ени е 2. Разобьем все ненулевые остатки по модулю p, кроме ±1, на пары взаимно обратных.
Тогда получится 2k пар и в каждой паре (i, j)

ij ≡ 1 ⇔ i2j2 ≡ 1 ⇔ (ij)2 + i2 + j2 + 1 ≡ i2 + j2 + 2 (mod p).

Следовательно,

1 ≡ (ij)2 + i2 + j2 + 1

(i2 + 1)(j2 + 1)
≡ i2 + j2 + 2

(i2 + 1)(j2 + 1)
=

1

i2 + 1
+

1

j2 + 1
(mod p).

Таким образом, наша сумма равна 1
02+1 + 1

12+1 + 1
(−1)2+1 + 2k ≡ 2k + 2.

Р еш ени е 3. Как мы знаем, благодаря малой теореме Ферма, при вычислении по модулю p
операции x 7→ x−1 и x 7→ xp−2 дают одинаковый результат. Таким образом, достаточно вычислить
сумму

p−1
∑

x=0

(x2 + 1)p−2 =

p−1
∑

x=0

p−2
∑

m=0

Cm
p−2x

2m =

p−2
∑

m=0

Cm
p−2S2m, (6)

где S2m =
p−1
∑

x=0
x2m. Очевидно, S2m ≡ −1 (mod p) при m = p−1

2 . Докажем, что S2m ≡ 0 (mod p)

при остальных значениях m, не превосходящих p − 1. Действительно, для каждого такого m можно
подобрать ненулевой остаток a, такой что a2m 6≡ 1 (mod p) и тогда можно провести рассуждение как
в (5). Возвращаясь к интересующей нас сумме (6), получаем

p−2
∑

m=0

Cm
p−2S2m ≡ −C

p−1
2

p−2 = −C2k+1
4k+1 = −(4k + 1) · 4k · . . . · (2k + 1)

1 · 2 · . . . · (2k + 1)
≡ −(−2) · (−3) . . . (2k + 2)

1 · 2 · . . . · (2k + 1)
≡ 2k + 2.

4.3. Мы нашли оба утверждения в [16].
a) Для каждого простого делителя p числа m подберем число ap, для которого (ak

p − 1) 6 ... p.
С помощью китайской теоремы об остатках выберем число a, такое что a ≡ ap (mod p) при всех p.
Теперь результат получается аналогично рассуждениям (5).

b) Заметим, что при нечетных k по формуле бинома ik + (p − ik) ≡ kik−1p (mod p2). Тогда

2

p−1
∑

i=1

1

ik
=

p−1
∑

i=1

(

1

ik
+

1

(p − i)k

)

=

p−1
∑

i=1

ik + (p − i)k

ik(p − i)k
≡

p−1
∑

i=1

kik−1p

ik(−i)k
≡ −kp

p−1
∑

i=1

1

ik+1
(mod p2).

Сумма в правой части сравнения делится на p в силу утверждения п. a).

4.4. Как доказывается в [24], сравнение выполнено даже по модулю p7, но мы не будем заходить так
далеко. Действуя как в статье Винберга [1], но следя за степенями до p4, получаем

C2p−1
p−1 =

(2p − 1)(2p − 2) · . . . · (p + 1)

p!
=

(

2p

1
− 1

)(

2p

2
− 1

)

· . . . ·
(

2p

p − 1
− 1

)

≡

≡ 1 − 2p

p−1
∑

i=1

1

i
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
− 8p3

p−1
∑

i,j,k=1
i<j<k

1

ijk
(mod p4). (7)
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Выразим последнюю сумму через степенные суммы:

p−1
∑

i,j,k=1
i<j<k

1

ijk
=

S3

3
− S1S2

2
+

S3
1

6
, где Sk =

p−1
∑

i=1

1

ik
.

Как мы знаем, S1 и S3 делятся на p2 (последнее — из задачи 4.3б). Поэтому последнее слагаемое в
формуле (7) можно отбросить.

4.5. Задача из [1], обсуждение вариаций на эту тему можно прочесть в [14].
Поскольку

2

p−1
∑

k=1

1

k2
=

p−1
∑

k=1

( 1

k2
+

1

(p − k)2

)

=

p−1
∑

k=1

k2 + (p − k)2

k2(p − k)2
≡ −2

p−1
∑

k=1

1

k(p − k)
(mod p2) ,

утверждение 3) эквивалентно соотношению

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2). Утверждение 2) тоже эквива-

лентно этому соотношению, так как 2

p−1
∑

k=1

1

k
= 2

p−1
∑

k=1

(1

k
+

1

p − k

)

= 2p

p−1
∑

k=1

1

k(p − k)
. Наконец, как мы

знаем из предыдущей задачи,

Cp−1
2p−1 ≡ 1 − p2

p−1
∑

i=1

1

i(p − i)
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
(mod p4).

Таким образом, утверждение 1) эквивалентно сравнению

p−1
∑

i=1

1

i(p − i)
≡ 4

p−1
∑

i,j=1
i<j

1

ij
(mod p2). (8)

Преобразуем выражение в правой части:

4

p−1
∑

i,j=1
i<j

1

ij
= 2

(p−1
∑

k=1

1

i

)2

− 2

p−1
∑

k=1

1

k2
≡ 2

(p−1
∑

k=1

1

i

)2

+ 2

p−1
∑

k=1

1

k(p − k)
.

Сумма в скобке делится на p, ее квадрат делится на p2 и это слагаемое можно отбросить. Подставляя

в (8), получаем, что и первое утверждение равносильно сравнению

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2).

4.6. a) Р еш ени е 1 ([5, предложение 2.12]). Индукция по n. Раскроем скобки в равенстве

(a + b)pn = (a + b)p(n−1)(a + b)p

Приравняем коэффициенты при apmbp(n−m):

Cpm
pn = Cpm

p(n−1)C
0
p + Cpm−1

p(n−1)C
1
p + . . . + Cpm−p+1

p(n−1) Cp−1
p + Cpm−p

p(n−1)C
p
p .

В правой части все слагаемые, кроме крайних, делятся на p2, потому что каждый биномиальный
коэффициент в них делится на p по теореме Люка. Следовательно,

Cpm
pn ≡ Cpm

p(n−1) + C
p(m−1)
p(n−1) (mod p2).

По предположению индукции

Cpm
p(n−1) + C

p(m−1)
p(n−1) ≡ Cm

n−1 + Cm−1
n−1 ≡ Cm

n (mod p2).
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Р еш ени е 2 ([Д]). Докажем, что Cmp
kp ≡ Cm

k (mod p2) индукцией по m.

База m = 1. Требуется проверить, что Cp
pk − C1

k ≡ 0 (mod p2). Преобразуем эту разность:

Cp
pk − C1

k =
pk(pk − 1) . . . (pk − p + 1)

p!
− k =

(

(pk − 1)(pk − 1) . . . (pk − p + 1)

(p − 1)!
− 1

)

. (9)

В числителе большой дроби четное число сомножителей. Разобьем их на пары:

(pk − i)(pk − p + i) ≡ pi2 − i2 (mod p2).

Как видим, по модулю p2 произведение чисел в парах не зависит от k. Поэтому вычисление разности
(9) по модулю p2 дает одинаковый результат при всех k. Но при k = 1 вычисляемое выражение
равно 0.

Переход. Пусть C
(m−1)p
kp ≡ Cm−1

k (mod p2).

Cmp
kp = C

(m−1)p
kp · (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p)

pm(pm − 1) . . . (pm − p + 1)
=

= C
(m−1)p
kp · (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p − 1)

(pm − 1) . . . (pm − p + 1)
· k − m + 1

m
(10)

Отметим, что обе дроби корректно определены по модулю p2. Как и в доказательстве базы, выра-
жение в числителе большой дроби по модулю p2 не зависит от k. Тогда для вычисления большой
дроби можно взять k = 0, и мы сразу получим, что по модулю p2 дробь равна 0. Пользуясь этим
соображением и предположением индукции, мы можем заменить правую часть (10) на

≡ Cm−1
k · k − m + 1

m
= Cm

k (mod p2).

b) Р еш ени е 1 (комбинаторное). Как и рекомендуется в [1], рассматриваем выборки kp предме-
тов из общего количества pn предметов. Полагаем, что исходное множество предметов разбито на
блоки по p штук. Количество блочных выборок равно Ck

n. Таким образом, остается проверить, что
количество неблочных выборок делится на p3. Как объясняется в статье, количество неблочных вы-
борок с тремя и более блоками делится на p3. Так как при k > 1 любая неблочная выборка содержит
не менее трех блоков, то в этом случае все доказано. Остается разобрать случай, когда k = 1 и мы
подсчитываем количество неблочных выборок p предметов из из общего множества в 2p предметов.
Это количество равно Cp

2p − 2, что по теореме Волстенхолма делится на p3.

Р еш ени е 2. Напишем формулу для биномиального коэффициента Cb
a = a(a−1)...(a−b+1)

b(b−1)...1 , разбив
числитель и знаменатель на блоки из p сомножителей, после чего сократим первые множители в каж-
дом блоке, а частные соберем в отдельное выражение:

Ckp
mp =

m 6p · (mp − 1) . . .
(

mp − (p−1)
)

k 6p · (kp − 1) . . .
(

kp − (p−1)
) · (m−1) 6p ·

(

(m−1)p − 1
)

. . .
(

(m−1)p − (p−1)
)

(k−1) 6p ·
(

(k−1)p − 1
)

. . .
(

(k−1)p − (p−1)
) · . . .×

× (m−k+1) 6p ·
(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

6p · (p − 1) . . . 1
=

= Ck
m · (mp − 1) . . .

(

mp − (p−1)
)

(kp − 1) . . .
(

kp − (p−1)
) · . . . ·

(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

(p − 1) . . . 1
.

Осталось проверить, что произведение дробей дает остаток 1 при делении на p3. Для этого достаточно
проверить сравнение

(np − 1) . . .
(

np − (p−1)
)

(rp − 1) . . .
(

rp − (p−1)
) ≡ 1 (mod p3)

или, лучше, вот такое сравнение

(np − 1) . . .
(

np − (p−1)
)

(p − 1)!
≡ (rp − 1) . . .

(

rp − (p−1)
)

(p − 1)!
(mod p3) .
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Это верно, так как обе части сравнимы с 1 по модулю p3, что устанавливается аналогично доказа-
тельству теоремы Волстенхолма.

4.7. a) [5, теорема 2.14]. Преобразуем разность

Cp
p2 −C1

p =
p2(p2 − 1) . . . (p2 − (p − 1))

1 · 2 · . . . · (p − 1)p
−p =

p

(p − 1)!

(

(1−p2)(2−p2) . . . ((p−1)−p2)−1 ·2 · . . . · (p−1)
)

.

Осталось проверить, что

(1 − p2)(2 − p2) . . . ((p − 1) − p2) ≡ 1 · 2 · . . . · (p − 1) (mod p4).

Раскроем скобки в левой части:

(1−p2)(2−p2) . . . ((p−1)−p2) = 1·2·. . . ·(p−1)+p2
(

1+
1

2
+. . .+

1

p − 1

)

(p−1)!+члены делящиеся на p4.

По утверждению задачи 4.1 второе слагаемое делится на p4.

b) Как нетрудно видеть, Cp
ps+1 = ps · Cp−1

ps+1−1
, поэтому достаточно проверить, что Cp−1

ps+1−1
≡ 1

(mod ps+3).

Cp−1
ps+1−1

=
(ps+1 − 1)(ps+1 − 2) . . . (ps+1 − (p − 1))

1 · 2 · · · (p − 1)
=

(

ps+1

1
− 1

)(

ps+1

2
− 1

)

. . .

(

ps+1

p − 1
− 1

)

≡

≡ (−1)p−1 + ps+1
(

1 +
1

2
+ . . . +

1

p − 1

)

(mod ps+3).

Это и есть то, что требуется, поскольку (−1)p−1 = 1 и 1 + 1
2 + . . . + 1

p−1 ≡ 0 mod p2.
В статье [14] доказывается чуть более общий факт.

4.8. Задача из статьи Винберга [1], решение [T].

Cp2

p3 − Cp
p2 = p

(

Cp2−1
p3−1

− Cp−1
p2−1

)

=

= p

((

p3

1
− 1

)(

p3

2
− 1

)

. . .

(

p3

p2 − 1
− 1

)

−
(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

))

=

= p

(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

)









p2−1
∏

k=1
p-k

(

p3

k
− 1

)

− 1









.

Достаточно проверить, что выражение в последней скобке делится на p7. Преобразуем произведение

p2−1
∏

k=1
p-k

(

p3

k
−1

)

=

p2
−1
2
∏

k=1
p-k

(

p3

k
−1

)(

p3

p2−k
−1

)

=

p2
−1
2
∏

k=1
p-k

(

p6 − p5

k(p2−k)
+1

)

≡ 1+p5(p−1)

p2
−1
2
∑

k=1
p-k

1

k(p2−k)
(mod p7).

Осталось проверить, что последняя сумма делится на p2. Это так, поскольку по задаче 4.3а)

p2
−1
2
∑

k=1
p-k

1

k(p2−k)
≡ −

p2
−1
2
∑

k=1
p-k

1

k2
≡ 0 (mod p2).

4.9. Это [6, теорема 5]. Более общий факт доказан в [7].

Р еш ени е 1 ([5, предложение 2.19]). Воспользуемся тем, что разность C2k

2k+1 − C2k−1

2k равна ко-

эффициенту при x2k
в многочлене

(1 + x)2
k+1 − (1 − x2)2

k

= (1 + x)2
k
(

(1 + x)2
k − (1 − x)2

k
)

=

=
(

1 + C1
2kx + C2

2kx2 + . . . + x2k
)

· 2
(

C1
2kx + C3

2kx3 + . . . + C2k−1
2k x2k−1

)

.
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Поскольку второй многочлен содержит только множители нечетной степени, коэффициент при x2k

в произведении равен

2
(

C1
2kC2k−1

2k + C3
2kC2k−3

2k + . . . + C2k−1
2k C1

2k

)

.

По утверждению задачи 3.5 б) каждый биномиальный коэффициент в этом выражении делится на 2k,
кроме того, каждое слагаемое в сумме встречается 2 раза, а перед суммой стоит коэффициент 2.
В итоге все выражение делится на 22k+2.

Решение 2 ([CSTTVZ]). Так как C2n

2n+1 = 2C2n−1
2n+1−1

, достаточно доказать соотношение

C2n−1
2n+1−1

≡ C2n−1−1
2n−1 (mod 22n+1).

Аналогично (3) получаем

C2n−1
2n+1−1

=

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

· C2n−1−1
2n−1 .

Достаточно проверить, что

L =

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

≡ 1 (mod 22n+1) .

Это так, поскольку

L ≡ (−1)2
n−1 − 2n+1

(

1

1
+

1

3
+

1

5
+ . . . +

1

2n − 1

)

≡

≡ 1 − 2n+1

(

2n

1 · (2n − 1)
+

2n

3 · (2n − 3)
+ . . . +

2n

(2n−1 − 1)(2n−1 + 1)

)

≡ 1 (mod 22n+1) .

4.10. Это теорема Морли [26].
Р еш ени е 1 (авторское решение из статьи 1895 года). Оно лишь чуть-чуть выходит за рамки

школьной программы.
Возьмем формулу, с помощью которой cos2n+1 x выражается через косинусы кратных углов,1 или,

как говорили в те времена, запишем cos2n+1 x в виде, удобном для интегрирования:

22ncos2n+1x = cos(2n+1)x+(2n+1) cos(2n−1)x+
(2n+1) · 2n

1 · 2 cos(2n−3)x+. . .+
(2n+1) · 2n . . . (n+2)

n!
cos x.

Ну, а раз этот вид удобен для интегрирования, то и проинтегрируем обе части2 по промежутку [0, π
2 ]:

22n

∫

cos2n+1 x dx =
sin(2n + 1)x

2n + 1
+

2n + 1

2n − 1
sin(2n − 1)x + . . . ,

22n

π/2
∫

0

cos2n+1 x dx = (−)n
(

1

2n + 1
− 2n + 1

2n − 1
+ . . .

)

.

Но любой первокурсник знает, что куда проще этот интеграл вычисляется с помощью формулы
понижения, для получения которой нужно всего лишь проинтегрировать по частям:

I2n+1 =

π/2
∫

0

cos2n+1 x dx =

π/2
∫

0

cos2n x cos x dx = cos2n x sin x

∣

∣

∣

∣

π/2

0

+2n

π/2
∫

0

cos2n−1 x sin2 x dx =

= 0 + 2n

π/2
∫

0

cos2n−1 x(1 − cos2 x) dx = 2n · I2n−1 − 2n · I2n+1 ,

1 Читатель, интересующийся вопросом “где мы ее возьмем” и не удовлетворенный ответом “в справочнике”, может
просто воспользоваться формулой Эйлера cos ϕ = 1

2
(eiϕ + e−iϕ) и возвести правую часть в степень 2n + 1 по формуле

бинома.
2 Когда мы учим правила умножения, мы запоминаем формулу “минус на минус будет плюс”. В этой формуле мы

перемножаем знаки. Значит, если нам нужно перемножить n минусов, кажется вполне уместной запись (−)n. Поэтому
мы оставляем старомодное обозначение (−)n, как у автора, вместо современного (−1)n.
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откуда находим, что I2n+1 =
2n

2n + 1
·I2n−1. Учитывая что I1 = 1, применяя эту формулу n раз подряд,

находим, что
π/2
∫

0

cos2n+1 x dx =
2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
.

Приравнивая эти два способа подсчета интеграла, мы получаем тождество

22n 2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
= (−)n

(

1

2n + 1
− 2n + 1

2n − 1
+ . . . +

(2n+1) · 2n . . . (n+2)

n!

)

.

Если взять p = 2n + 1 — простое число, то домножая на p, мы сразу получаем требуемое сравнение

22n 2n · (2n − 2) . . . 2

(2n − 1)(2n − 3) . . . 3
≡ (−)n (mod p2) .

Реш ени е 2 ([CSTTVZ]). Введем несколько обозначений. Пусть

A =

p−1
2
∑

i=1

1

i
, B =

∑

16i<j6p−1
2

1

ij
, C =

∑

16i6p−1
i нечетно

1

i
.

Очевидно, A2 =

p−1
2
∑

i=1

1
i2

+ 2B ≡ 2B (mod p) по задаче 4.3b). Итак, A2 ≡ 2B (mod p). Далее,

2C + A =
∑

16i6p−1
i нечетно

2

i
+

p−1
2
∑

i=1

2

2i
=

p−1
∑

i=1

2

i
≡ 0 (mod p2).

Таким образом, C ≡ −1
2A (mod p2).

Теперь преобразуем по модулю p3 правую и левую части доказываемого сравнения. Левая часть:

(−1)
p−1
2 C

p−1
2

p−1 ≡
(

1 − p

1

)(

1 − p

2

)

. . .
(

1 − p
p−1
2

)

≡ 1 − pA + p2B ≡ 1 − pA +
1

2
p2A2 (mod p3).

Для преобразования правой части заметим, что

2p−1 =
2 · 4 · · · (p − 1)

1 · 2 · · · p−1
2

· (p + 1) · · · (2p − 2)
p+1
2 · · · (p − 1)

=
(p + 1) · · · (2p − 2)

1 · 3 · 5 · · · (p − 2)
=

=
(p

1
+ 1
)(p

3
+ 1
)

. . .
( p

p − 1
+ 1
)

≡ 1 + pC +
1

2
p2C2 ≡ 1 − 1

2
pA +

1

8
p2A2 (mod p3) .

Отсюда получаем

4p−1 ≡
(

1 − 1

2
pA +

1

8
p2A2

)2
≡ 1 − pA +

1

4
p2A2 + 2 · 1

8
P 2A2 = 1 − pA +

1

2
p2A2 (mod p3).

Таким образом, левая часть эквивалентна правой.

4.11. Мы взяли утверждение в [10].

p−1
∑

k=1

1

mp + k
=

1

2

p−1
∑

k=1

( 1

mp + k
+

1

mp + p − k

)

=

= p · 2m + 1

2
·

p−1
∑

k=1

1

(mp + k)(mp + p − k)
≡ −p · 2m + 1

2
·

p−1
∑

k=1

1

k2
≡ 0 (mod p2).

4.12. Мы взяли утверждение в [8]. Так как 2pq−1 = (2q−1)p+p−1, у числа 2pq−1 последняя цифра
p-ичной записи — это p − 1, а остальные цифры образуют запись числа 2q − 1. Аналогично в записи
числа pq− 1 последняя цифра — p− 1, а остальные цифры образуют запись числа q− 1. По теоереме
Люка Cpq−1

2pq−1 ≡ Cq−1
2q−1C

p−1
p−1 ≡ Cq−1

2q−1 (mod p). С другой стороны, очевидно, что так как Cpq−1
2pq−1 ≡ 1

(mod pq), то Cpq−1
2pq−1 ≡ 1 (mod p). Таким образом, Cq−1

2q−1 ≡ 1 (mod p). Аналогично Cp−1
2p−1 ≡ 1 (mod q).

В обратную сторону утверждение очевидно.
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5 Суммы биномиальных коэффициентов

5.1. a) Это сразу следует из результата задачи 1.3. Если ∆0
0 — это треугольник из трех первых строк

3-арифметического треугольника Паскаля, то, как нетрудно видеть сумма центральных коэффици-
ентов в нем делится на 3. При произвольном a изучаемая сумма содержит элементы нескольких
центральных треугольников, кратных ∆0

0. Поэтому сумма тоже делится на 3.

Другое решение ([CSTTVZ]) получится, если мы воспользуемся тождеством Ck
2k =

k
∑

i=0
Ci

k
2
. Тогда

3a−1
∑

k=0

Ck
2k =

3a−1
∑

k=0

k
∑

i=0
Ci

k
2
. Поскольку 12 = 22 = 1, 02 = 0 по модулю 3, последняя сумма равна по моду-

лю 3 количеству ненулевых элементов в первых 3a строках треугольника Паскаля. Это количество
подсчитано в задаче 2.1a), оно делится на 3.

b) Приводим решение [Д]. Нужная нам сумма является коэффициентом при x3a−1 многочлена

x3a−1

(

1 +
(x + 1)2

x
+

(x + 1)4

x2
+ . . . +

(x + 1)2(3
a−1)

x3a−1

)

=

(x+1)2·3
a

x3a − 1

(x+1)2

x − 1
· x3a−1 =

(x + 1)2·3
a − x3a

x2 + x + 1
=

=
x2·3a

+ C1
2·3a · x2·3a−1 + C2

2·3a · x2·3a−2 + . . . + 1 − x3a

x3 − 1
· (x − 1) .

Чтобы найти нужный коэффициент, достаточно поделить числитель на знаменатель “в столбик”,
и потом домножить результат на (x− 1). Таким образом, не нужно даже доводить деление до конца,
достаточно довести его до нахождения коэффициента при x3a−2, кроме того, напомним, результат
нас интересует лишь по модулю 3a. Отметим, что при b 6 ... 3 все биномиальные коэффициенты Cb

2·3a

делятся на 3a по теореме Куммера. Сгруппируем слагаемые с этими коэффициентами и будем делить
их сумму на x3 − 1 отдельно. Очевидно, все коэффициенты частного будут тоже делиться на 3a,
поэтому все эти слагаемые можно отбросить. Остается выражение

x2·3a

+ C3
2·3a · x2·3a−3 + C6

2·3a · x2·3a−6 + . . . + 1 − x3a

x3 − 1
· (x − 1).

Здесь все показатели в числителе делятся на 3, после деления на x3−1 все показатели частного тоже
будут делиться на 3, а когда мы домножим частное на x− 1, у нас не появится ни одного показателя
вида 3k + 2. Таким образом, искомый коэффициент по модулю 3a равен 0.

5.2. Задача была опубликована в Monthly [25]. Так как

Cn+1
2n+2 − 4Cn

2n = 2 · 2n + 1

n + 1
Cn

2n − 4Cn
2n = −2Cn ,

то Cn ≡ Cn+1
2n+2 − Cn

2n (mod 3). Поэтому сумма по модулю 3 является телескопической,

n
∑

k=1

Ck ≡
(

Cn+1
2n+2 − Cn

2n

)

+
(

Cn
2n − Cn−1

2n−2 + . . .
)

= Cn+1
2n+2 + 1 (mod 3).

Таким образом, по теореме Куммера нам остается выяснить, в каком случае сложение числа (n + 1)
с самим собой в троичной системе счисления приводит к появлению хотя бы одного переноса. Оче-
видно, это может быть в том и только том случае, когда в записи n + 1 есть хотя бы одна двойка.

5.3. Это задача A5 Putnam Mathematical Competition, 1998. Поскольку 1
pCn

p ≡ (−1)n−1

n (mod p), по-
лучаем, что

k
∑

n=1

1

p
Cn

p ≡
k
∑

n=1

(−1)n−1

n
=

k
∑

n=1

1

n
− 2

[k/2]
∑

n=1

1

2n
≡

k
∑

n=1

1

n
+

p−1
∑

n=p−[ k
2
]

1

n

∗
=

p−1
∑

n=1

1

n
≡ 0 (mod p).
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В сумме, расположенной непосредственно слева от равенства, помеченного звездочкой, на самом
деле суммирование ведется от n = k + 1 (в этом нетрудно убедиться: при p = 6r + 1 имеем k = 4r и
p − [k2 ] = 4r + 1 = k + 1, аналогично при p = 6r + 5).

5.4. Это утверждение из [11]. Решение [CSTTVZ]. Индукция по n. База тривиальна. Докажем переход
от n′ = n − (p − 1) к n. Пусть q = n

p−1 . Так как

C
x(p−1)
n′+p−1 =

p−1
∑

i=0

Ci
p−1C

x(p−1)−i
n′ ,

мы можем записать изучаемую сумму в виде

Cp−1
n + C2(p−1)

n + C3(p−1)
n + . . . =

q
∑

x=1

p−1
∑

i=0

Ci
p−1C

x(p−1)−i
n′ =

p−1
∑

i=0

(

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′

)

(11)

По утверждению задачи 1.1 a) Ci
p−1 ≡ (−1)i (mod p), пусть Ci

p−1 = ap + (−1)i. По утверждению

задачи 1.6 при i = 0, 1, . . . , p−2 выполнено сравнение
q
∑

x=1
C

x(p−1)−i
n′ ≡ Ci

p−1 ≡ (−1)i (mod p); пусть
q
∑

x=1
C

x(p−1)−i
n′ = bp + (−1)i. Тогда

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′ =

(

ap + (−1)i
)(

bp + (−1)i
)

≡ 1 + (−1)i(ap + bp) =

= 1 + (−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′ − 2 · (−1)i

)

= (−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′

)

− 1 (mod p2).

Напомним, что это преобразование верно при 0 6 i 6 p − 2. Мы можем продолжить равенство (11),
выделив отдельное слагаемое для i = p − 1:

p−1
∑

i=0

(

Ci
p−1

q
∑

x=1

C
x(p−1)−i
n′

)

≡
p−2
∑

i=0

(

(−1)i

(

Ci
p−1 +

q
∑

x=1

C
x(p−1)−i
n′

)

− 1

)

+

q−1
∑

x=0

C
x(p−1)
n′ =

=

p−2
∑

i=0

(−1)iCi
p−1 +

p−2
∑

i=0

(

(−1)i
q
∑

x=1

C
x(p−1)−i
n′

)

− (p − 1) + C0
n′ +

q−1
∑

x=1

C
x(p−1)
n′ .

Здесь первая сумма равна −1, так как знакопеременная сумма C0
p−1 − C1

p−1 + C2
p−1 + . . . равна 0. По

той же причине вторая (двойная) сумма вместе со слагаемым C0
n′ равна 0. Последняя же сумма по

предположению индукции равна 1+p(n′+1). Итого все выражение равно −1+0−p+1+1+p(n′+1) =
1+pn′. Это как раз то, что требуется, поскольку 1+p(n+1) = 1+p(n′ +p−1+1) ≡ 1+pn′ (mod p2).

5.5. Это результат Флека, 1913 г., мы узнали о нем из [18]. Решение [CSTTVZ].
При p = 2 сумма не знакопеременная и результат очевиден. Далее считаем, что p нечетно. Ин-

дукция по q. База следует из утверждения задачи 2.5 а). Докажем переход от n′ = n − (p−1) к n.
Ниже выражение

∑

x обозначает суммирование по x в естественных границах (т. е. в границах для
которых определены биномиальные коэффициенты под знаком суммирования).

±
∑

m:m≡j (mod p)

(−1)mCm
n =

∑

x

(−1)xCxp+j
n′+p−1 =

∑

x

(−1)x
p−1
∑

i=0

Ci
p−1C

xp+j−i
n′ =

p−1
∑

i=0

Ci
p−1

∑

x

(−1)xCxp+j−i
n′

По предположению индукции
∑

x
(−1)xCxp+j−i

n′ делится на pq−1, по утверждению задачи 1.1 a) Ci
p−1 ≡

(−1)i (mod p), следовательно,

p−1
∑

i=0

Ci
p−1

∑

x

(−1)xCxp+j−i
n′ ≡

p−1
∑

i=0

(−1)i
∑

x

(−1)xCxp+j−i
n′ (mod pq) .

Внимательно посмотрев на последнюю двойную сумму, можно заметить, что это она равна C0
n′ −

C1
n′ + C2

n′ − C3
n′ + . . . = 0.

5.6. Это результат Баскарана (1965 г.), мы взяли его в [18], решение [CSTTVZ].
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Обозначим
f(n, j) = Cj

n − Cj+(p−1)
n + Cj+2(p−1)

n − Cj+3(p−1)
n + . . .

Индукция по n. База n = p+1 тривиальна, отметим лишь, что Ci
p+1 ≡ 1 (mod p) при i = 0, 1, p, p + 1,

а в остальных случаях этот биномиальный коэффициент делится на p. Докажем индукционный пе-
реход от n′ = n − (p + 1) к n. Благодаря сделанному замечанию,

C
j+(p−1)k
n′+(p+1) =

p+1
∑

i=0

C
j+(p−1)k−i
n′ Ci

p+1 ≡
∑

i∈{0,1,p,p+1}
C

j+(p−1)k−i
n′ =

= C
j+(p−1)k
n′ + C

j−1+(p−1)k
n′ + C

j−1+(p−1)(k−1)
n′ + C

j−2+(p−1)(k−1)
n′ (mod p) .

Поскольку f(n, j) =
∑

k(−1)kC
j+k(p−1)
n — знакочередующаяся сумма, при суммировании по k под-

черкнутые выражения сократятся в типовом слагаемом (а несократившиеся выражения в крайних
слагаемых равны 0 по причине некорректности биномиального коэффициента). Таким образом, мы
получаем соотношения

f(n, j) ≡ f(n′, j) − f(n′, j − 2) при j > 1 , f(n, 1) ≡ f(n′, 1) + f(n′, p − 2) .

Теперь часть “только тогда” доказываемого утверждения сразу следует из индукционного предполо-
жения, а часть “тогда” в общем-то тоже: если f(n, j) ≡ 0 (mod p) при j = 1, 3, . . . , p − 2, то

f(n′, p − 2) ≡ f(n′, p − 4) ≡ . . . ≡ f(n′, 1) ≡ −f(n′, p − 2) ,

откуда f(n′, j) ≡ 0 (mod p) при всех нужных j и тогда n′ ... (p + 1), а тогда и n
... (p + 1).
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Ïðèëîæåíèÿ ê òåîðèè êîëåö, íåìíîãî èñòîðèè

À. ß. Áåëîâ, Ì. È. Õàðèòîíîâ

2 àâãóñòà 2012 ã.

Ðàññìîòðèì ìíîæåñòâî, ñ ýëåìåíòàìè êîòîðîãî ìîæíî ïðîâîäèòü îïåðàöèè ñëî-
æåíèÿ, ïðè÷åì

1. äëÿ ëþáûõ ýëåìåíòîâ a, b, c, a+ b = b+ a, (a+ b) + c = a+ (b+ c);

2. åñòü ñïåöèàëüíûé ýëåìåíò 0 òàêîé, ÷òî a+ 0 = a äëÿ âñåõ a;

3. äëÿ êàæäîãî ýëåìåíòà a ñóùåñòâóåò ïðîòèâîïîëîæíûé (−a) òàêîé, ÷òî (−a) +
a = a+ (−a) = 0.

Ïðèìåðû: ðàçëè÷íûå îñòàòêè ïðè äåëåíèè íà n; ïîâîðîòû ïëîñêîñòè íà ðàç-
ëè÷íûå óãëû îòíîñèòåëüíî ôèêñèðîâàííîé òî÷êè è ò.ä.

Ìîæíî òàêæå äîáàâèòü åùå îäíó åñòåñòâåííóþ îïåðàöèþ, óìíîæåíèå, òàêæå
óäîâëåòâîðÿþùóþ àññîöèàòèâíîñòè:

4. a(bc) = (ab)c äëÿ âñåõ a, b, c.

Åñëè ïðè âñåõ ýòèõ ñâîéñòâàõ óìíîæåíèå è ñëîæåíèå óäîâëåòâîðÿþò óñëîâèþ
äèñòðèáóòèâíîñòè:

5. a(b+ c) = ab+ ac, (b+ c)a = ba+ ca äëÿ âñåõ a, b, c, òî ìíîæåñòâî ñ óêàçàííûìè
îïåðàöèÿìè íàçûâàåòñÿ êîëüöîì.

Ïðèìåðû: îïÿòü æå îñòàòêè (âû÷åòû ïî ìîäóëþ); ìíîãî÷ëåíû îò îäíîãî èëè
íåñêîëüêèõ ýëåìåíòîâ.

Çàäà÷à 0.1 Ïðèâåäèòå ïðèìåðû êîëåö ñ äåëèòåëÿìè íóëÿ, òî åñòü êîëåö, ãäå åñòü
ýëåìåíòû a, b òàêèå, ÷òî ab = 0;

Îïðåäåëåíèå 0.1 Åäèíèöåé êîëüöà èëè íåéòðàëüíûì ýëåìåíòîì íàçûâàåòñÿ ýëå-
ìåíò E òàêîé, ÷òî EA = AE = A äëÿ âñåõ A ∈ R. Îáðàòíûé ýëåìåíò A−1 îïðåäåëÿ-
åòñÿ ðàâåíñòâîì AA−1 = E.

Çàäà÷à 0.2 Äîêàæèòå, ÷òî â êîëüöå ñ åäèíèöåé àêñèîìà êîììóòàòèâíîñòè ñëî-
æåíèÿ âûòåêàåò èç äðóãèõ àêñèîì.

Çàäà÷à 0.3 Ïîñòðîéòå êîëüöî èç 4 ýëåìåíòîâ, êàæäûé íåíóëåâîé ýëåìåíò êîòî-
ðîãî îáðàòèì.

Çàäà÷à 0.4 Ïîñòðîéòå íåêîììóòàòèâíîå êîëüöî, òî åñòü òàêîå, ÷òî ñóùåñòâó-
þò a, b òàêèå, ÷òî ab ̸= ba;
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Çàäà÷à 0.5 Ïóñòü R êîëüöî, ãäå ëþáàÿ ñóììà íåñêîëüêèõ åäèíèö íå ðàâíà íóëþ.
ïóñòü ýëåìåíòû e, f, g òàêîâû, ÷òî ee = e, ff = f, gg = g è e+f+g = 0. Äîêàæèòå,
÷òî e = f = g = 0.

Îïðåäåëåíèå 0.2 Ìíîãî÷ëåí f = f(x1, . . . , xn) íàçûâàåòñÿ òîæäåñòâîì êîëüöà A,
åñëè îí òîæäåñòâåííî îáðàùàåòñÿ â íîëü íà A. Òîæäåñòâî f ñëåäóåò èç íàáîðà òîæ-
äåñòâ {gi}, åñëè âåçäå, ãäå âûïîëíÿåòñÿ íàáîð {gi}, òàêæå âûïîëíÿåòñÿ f . Èíîãäà
ïèøóò òîæäåñòâî â âèäå f = 0.

Çàäà÷à 0.6 Ñóùåñòâóþò ëè íåòðèâèàëüíûå êîëüöà, óäîâëåòâîðÿþùèå òîæäåñòâàì
x2 = 0; xy = yx?

Îïðåäåëåíèå 0.3 Åñëè êàæäûé íåíóëåâîé ýëåìåíò îáðàòèì, òî êîëüöî íàçûâàåòñÿ
òåëîì. Êîëüöî êîììóòàòèâíî, åñëè ab = ba äëÿ âñåõ a, b ∈ R. Êîììóòàòèâíîå òåëî
åñòü ïîëå.

Ïðèìåðû.

Ïîëå âåùåñòâåííûõ ÷èñåë, ïîëå êîìïëåêñíûõ ÷èñåë, êîëüöî ìíîãî÷ëåíîâ, êîëüöî
Zn îñòàòêîâ ïî ìîäóëþ n. Åñëè n ïðîñòîå, òî Zn � ïîëå.

Íåêîììóòàòèâíîå êîëüöî ìàòðèö: åñëè A = (aij) è B = (bij), òî A + B = A =
(aij + bij), AB = (

∑
j aijbjk). Òåëî êâàòåðíèîíîâ åñòü ìíîæåñòâî âûðàæåíèé âèäà

ai + bj + ck + d, ãäå a, b, c, d åñòü âåùåñòâåííûå ÷èñëà è ïðè ýòîì ij = −ji = k, ki =
−ik = j, jk = −kj = i, i2 = j2 = k2 = −1.

Çàäà÷à 0.7 Ïðîâåðüòå, ÷òî ïðèâåäåííûå âûøå îáúåêòû äåéñòâèòåëüíî ÿâëÿþòñÿ
êîëüöàìè.

Îïðåäåëåíèå 0.4 Ñâîáîäíàÿ àññîöèàòèâíàÿ àëãåáðà èëè êîëüöî íåêîììóòàòèâíûõ
ìíîãî÷ëåíîâ íàä êîëüöîì R: ýòî íàáîðû âûðàæåíèé âèäà

∑
i aivi, ai ∈ R, vi � ñëîâà.

Åñëè v =
∑

i aivi, u =
∑

i bivi, òî u + v =
∑

i(ai + bi)vi, uv =
∑

i,j aibjvivj. Ñâîáîäíàÿ
àññîöèàòèâíàÿ àëãåáðà ïåðåñòà¼ò áûòü ñâîáîäíîé, åñëè â íåé âûïîëíÿþòñÿ íåêîòîðûå
òîæäåñòâà. Ïîíÿòèå òîæäåñòâà àëãåáðû ïðèâåäåíî íèæå.

Çàìå÷àíèå 0.1 Äàëåå ïîä àëãåáðîé áóäåì ïîäðàçóìåâàòü àññîöèàòèâíóþ àëãåáðó.

Îïðåäåëåíèå 0.5 Ìíîãî÷ëåí f = f(x1, . . . , xn) íàçûâàåòñÿ òîæäåñòâîì àëãåáðû A,
åñëè îí òîæäåñòâåííî îáðàùàåòñÿ â íîëü íà A. Òîæäåñòâî f ñëåäóåò èç íàáîðà òîæ-
äåñòâ {gi}, åñëè âåçäå, ãäå âûïîëíÿåòñÿ íàáîð {gi}, òàêæå âûïîëíÿåòñÿ f . Èíîãäà
ïèøóò òîæäåñòâî â âèäå f = 0.

Ïðèìåðû. Òîæäåñòâî êîììóòàòèâíîñòè [a, b] = ab − ba âûïîëíÿåòñÿ íà âñåõ
êîììóòàòèâíûõ êîëüöàõ. Â ïîëå âû÷åòîâ ïî ïðîñòîìó p âûïîëíÿåòñÿ òîæäåñòâî xp−x
(ìàëàÿ òåîðåìà Ôåðìà). (a + b)2 = a2 + ab + ba + b2, ïîýòîìó èç òîæäåñòâà x2 = 0
ñëåäóåò òîæäåñòâî ab+ ba = 0.

Çàäà÷à 0.8 1. Äîêàæèòå, ÷òî â àëãåáðå ìàòðèö âòîðîãî ïîðÿäêà âûïîëíÿåòñÿ
òîæäåñòâî [[x, y]2, z] = 0 (òîæäåñòâî Õîëëà).

2. Äîêàæèòå, ÷òî â àëãåáðå ìàòðèö âòîðîãî ïîðÿäêà âûïîëíÿåòñÿ òîæäåñòâî∑
σ∈S4

(−1)σxσ(1) · · · xσ(4) = 0 (ñòàíäàðòíîå òîæäåñòâî ñòåïåíè 4).
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Çàìå÷àíèå. Â àëãåáðå ìàòðèö n-ãî ïîðÿäêà âûïîëíÿåòñÿ ñòàíäàðòíîå òîæäåñòâî
ñòåïåíè 2n (òåîðåìà Àìèöóðà-Ëåâèöêîãî). Èçâåñòíî, ÷òî âñå òîæäåñòâà àëãåáðû ìàò-
ðèö âòîðîãî ïîðÿäêà âûòåêàþò èç ñòàíäàðòíîãî òîæäåñòâà ñòåïåíè 4 è òîæäåñòâà
Õîëëà (ýòî äîâîëüíî òðóäíàÿ òåîðåìà, äîêàçàííàÿ Þ. Ï. Ðàçìûñëîâûì â 1973 ãî-
äó). Îäíàêî áàçèñ òîæäåñòâ íåèçâåñòåí äàæå äëÿ ìàòðèö òðåòüåãî ïîðÿäêà âïëîòü
äî íàñòîÿùåãî âðåìåíè.

Îïðåäåëåíèå 0.6 Àëãåáðà A íàçûâàåòñÿ íèëü-àëãåáðîé, åñëè åñòü ôóíêöèÿ n : A →
N òàêàÿ, ÷òî äëÿ ëþáîãî x ∈ A âûïîëíÿåòñÿ ðàâåíñòâî xn(x) = 0. Åñëè æå â íåé
âûïîëíÿåòñÿ òîæäåñòâî xn = 0, òî A íàçûâàåòñÿ íèëü-àëãåáðîé èíäåêñà n. A �
íèëüïîòåíòíà èíäåêñà k, åñëè â íåé âûïîëíÿåòñÿ òîæäåñòâî x1 · · · xk = 0, A � íèëü-
ïîòåíòíà, åñëè îíà íèëüïîòåíòíà èíäåêñà k ïðè íåêîòîðîì k. τ � ýëåìåíò àëãåáðû
A � íàçûâàåòñÿ àëãáðàè÷íûì èíäåêñà k, åñëè äëÿ íåêîòîðûõ ýëåìåíòîâ a1, a2, . . . , ak

èç àëãåáðû A âûïîëíÿåòñÿ ðàâåíñòâî
k∑

i=1

τ iai = 0. Àëãåáðà A àëãåáðàè÷íà èíäåêñà k,

åñëè êàæäûé åå ýëåìåíò àëãåáðàè÷åí èíäåêñà k íàä îñíîâíûì ïîëåì, è àëãåáðàè÷íà,
åñëè êàæäûé åå ýëåìåíò àëãåáðàè÷åí íåêîòîðîãî èíäåêñà (çàâèñÿùåãî îò ýëåìåíòà).

Çàäà÷à 0.9 1. Äîêàæèòå, ÷òî â àëãåáðå, àëãåáðàè÷íîé èíäåêñà k, âûïîëíÿåòñÿ
íåòðèâèàëüíîå òîæäåñòâî.

2. Äîêàæèòå, ÷òî àëãåáðà ìàòðèö n-ãî ïîðÿäêà àëãåáðàè÷íà èíäåêñà n.

3. Äîêàæèòå ðàâåíñòâî (ïîëÿðèçàöèþ)

(
n∑

i=1

xn
i

)n

−
∑
j

(x1 + · · ·+ x̂j + · · ·+ xn)
n+
∑
j<k

(x1 + · · ·+ x̂j + · · ·+ x̂k + · · ·+ xn)
n+· · ·+

+(−1)n−1
∑
i

xn
i =

∑
σ∈Sn

xσ(1) · · · xσ(n)

(Åñëè ïåðåìåííûå xi êîììóòèðóþò, òî â ðåçóëüòàòå ïîëó÷èòñÿ n!x1 · · · xn.)

4. Äîêàæèòå, ÷òî òîæäåñòâî xn âëå÷åò òîæäåñòâî
∑

σ∈Sn
xσ(1) · · · xσ(n).

5. Äîêàæèòå, ÷òî êàæäîå òîæäåñòâî èìååò ïîëèëèíåéíîå (ò.å. ëèíåéíîå ïî
êàæäîé ñâîåé ïåðåìåííîé) ñëåäñòâèå òîé æå ñòåïåíè.

Çàäà÷à 0.10 Ïóñòü â àëãåáðå A âûïîëíÿåòñÿ ïîëèëèíåéíîå òîæäåñòâî ñòåïåíè
n. Äîêàæèòå, ÷òî ñëîâî, ÿâëÿþùååñÿ n-ðàçáèâàåìûì, ìîæíî ïðåäñòàâèòü â âèäå
ëèíåéíîé êîìáèíàöèè ëåêñèêîãðàôè÷åñêè ìåíüøèõ ñëîâ.

À. Ã. Êóðîø â 1941 ãîäó ïîñòàâèë ñëåäóþùèé âîïðîñ.

Ïðîáëåìà À.Ã.Êóðîøà. Âåðíî ëè, ÷òî àëãåáðàè÷åñêàÿ êîíå÷íî-ïîðîæäåííàÿ
àëãåáðà, â êîòîðîé âûïîëíÿåòñÿ íåêîòîðîå òîæäåñòâî ñòåïåíè n, êîíå÷íîìåðíà?

Ïåðâîíà÷àëüíîå ðåøåíèå ïðîáëåìû Êóðîøà, ïîëó÷åííîå èçâåñòíûìè ìàòåìàòè-
êàìè Ëåâèöêèì è Êàïëàíñêèì äåñÿòüþ ãîäàìè ñïóñòÿ, áûëî äàëåêî íå ýëåìåíòàðíûì,
ïîêà À.È.Øèðøîâ íå ðàçðàáîòàë ïðèíöèïèàëüíî èíîé, ÷èñòî êîìáèíàòîðíûé ìåòîä,
ïîçâîëèâøèé ðåøèòü è ïðîáëåìó Êóðîøà, è âîïðîñû íèëüïîòåíòíîñòè.
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Çàäà÷à 0.11 Âîñïîëüçîâàâøèñü òåîðåìîé Øèðøîâà î âûñîòå, ðåøèòå ïðîáëåìó
Êóðîøà. Äîêàæèòå òàêæå, ÷òî l-ïîðîæäåííûå íèëü-àëãåáðû èíäåêñà n íèëüïî-
òåíòíû èíäåêñà k(n, l).

Íàøà äàëüíåéøàÿ öåëü � ïîëó÷åíèå îöåíîê íà ôóíêöèþ k(n, l).
Îöåíêè âûñîòû â êîìáèíàòîðèêå ñëîâ ïðèâîäÿò ê òàêèì æå îöåíêàì â òåîðèè

êîëåö. Ïåðâîíà÷àëüíàÿ îöåíêà À. È. Øèðøîâàáûëà î÷åíü çàâûøåííîé, îäíàêî åãî
ðàáîòû ñîäåðæàò ãëóáîêèå èäåè, èíòåðåñíûå äî ñèõ ïîð. À.Ò.Êîëîòîâ â 1982 ãîäó
ïîëó÷èë äâîéíóþ ýêñïîíåíòó (ll

n
), ãäå l � ÷èñëî îáðàçóþùèõ, n � ñòåïåíü òîæäåñòâà.

À. ß. Áåëîâ â 1990 ãîäó ïîëó÷èë ýêñïîíåíöèàëüíóþ îöåíêó ïîðÿäêà n3l3n, ýòà îöåíêà
óëó÷øàëàñü À.Êëåéíîì â 2000.

Â 1991 ãîäó Å. È. Çåëüìàíîâ ïîñòàâèë ñëåäóþùèé âîïðîñ.

�Ïóñòü F2,m � ñâîáîäíîå 2-ïîðîæä¼ííîå àññîöèàòèâíîå êîëüöî ñ òîæäåñòâîì
xm = 0. Âåðíî ëè, ÷òî êëàññ íèëüïîòåíòíîñòè êîëüöà F2,m ðàñò¼ò ýêñïîíåíöèàëü-
íî ïî m?”

Çàäà÷à 0.12 Äîêàæèòå, ÷òî çàêëþ÷èòåëüíàÿ çàäà÷à öèêëà �Ýêñïîíåíöèàëüíàÿ îöåí-
êà� ïðîåêòà �Ïåðèîäè÷íîñòü è ïîðÿäî÷íîñòü� äàåò ïîëîæèòåëüíûé îòâåò íà âî-
ïðîñ Çåëüìàíîâà.

Â 2010 ãîäó À. ß. Áåëîâ è Ì. È. Õàðèòîíîâ ïîëó÷èëè ñóáýêñïîíåíöèàëüíóþ îöåí-
êó.

Â ýòîé ñâÿçè âîçíèêàåò ñëåäóþùàÿ íåðåøåííàÿ çàäà÷à:

Çàäà÷à 0.13 Ïîëó÷èòü ïîëèíîìèàëüíóþ îöåíêó íà âûñîòó.

Áîëåå òîãî,

Çàäà÷à 0.14 Ñóùåñòâóåò ëè âåðõíÿÿ îöåíêà íà âûñîòó, ïîëèíîìèàëüíàÿ îòíîñè-
òåëüíî ñòåïåíè è ëèíåéíàÿ îòíîñèòåëüíî ÷èñëà áóêâ â àëôàâèòå?

È, íàêîíåö, âîçíèêàåò

Çàäà÷à 0.15 Ïîëó÷èòü êàê ìîæíî áîëåå òî÷íóþ íèæíþþ îöåíêó íà âûñîòó.
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ðÅÒÉÏÄÉÞÎÏÓÔØ É ÐÏÒÑÄÏÞÎÏÓÔØ
á. ñ. âÅÌÏ×, í. é. èÁÒÉÔÏÎÏ×

August 6, 2012

1. ðÒÅÄÉÓÌÏ×ÉÅ
òÁÓÓÍÏÔÒÉÍ ÐÒÏÉÚ×ÏÌØÎÏÅ ÓÌÏ×Ï. åÓÌÉ ÎÁÍ ÏÞÅÎØ ÐÏ×ÅÚ£Ô, ÔÏ ÏÎÏ ÂÕÄÅÔ \ÐÅÒÉÏÄÉÞÅ-
ÓËÉÍ", ÔÏ ÅÓÔØ ÍÁÌÅÎØËÉÍ ÓÌÏ×ÏÍ, ÐÏ×ÔÏÒ£ÎÎÙÍ ÍÎÏÇÏ ÒÁÚ ÐÏÄÒÑÄ. üÔÏ ÍÁÌÅÎØËÏÅ
ÓÌÏ×Ï ÎÁÚÙ×ÁÅÔÓÑ ÐÅÒÉÏÄÏÍ. ðÏÓÔÁ×ÉÍ ÔÅÐÅÒØ × ÎÁÛÅÍ ÓÌÏ×Å ÚÎÁËÉ ÕÍÎÏÖÅÎÉÑ ÍÅÖ-
ÄÕ ËÁÖÄÙÍÉ ÓÏÓÅÄÎÉÍÉ ÂÕË×ÁÍÉ (ÏÐÅÒÁÃÉÑ ÕÍÎÏÖÅÎÉÑ ÂÕË× | ÎÅËÏÍÍÕÔÁÔÉ×ÎÁ, ÔÏ
ÅÓÔØ ab 6= ba). ôÅÐÅÒØ Ï ÎÁÛÅÍ ÐÅÒÉÏÄÉÞÅÓËÏÍ ÓÌÏ×Å ÍÏÖÎÏ ÇÏ×ÏÒÉÔØ ËÁË Ï ÓÔÅÐÅÎÉ
ÐÅÒÉÏÄÁ.

ïÄÎÁËÏ ÐÒÏÉÚ×ÏÌØÎÙÅ ÓÌÏ×Á ÒÅÄËÏ ÂÙ×ÁÀÔ ÐÅÒÉÏÄÉÞÅÓËÉÍÉ. îÁÍÎÏÇÏ ÞÁÝÅ ÓÌÏ-
×Ï Ñ×ÌÑÅÔÓÑ ÐÒÏÉÚ×ÅÄÅÎÉÅÍ ÎÅÓËÏÌØËÉÈ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÓÌÏ×. îÁÚÏ×£Í ÔÁËÏÅ ÓÌÏ×Ï
ËÕÓÏÞÎÏ-ÐÅÒÉÏÄÉÞÅÓËÉÍ. ëÒÏÍÅ ÔÏÇÏ, ÌÀÂÏÅ ÓÌÏ×Ï ÍÏÖÎÏ ÐÒÅÄÓÔÁ×ÉÔØ ËÁË ÐÒÏÉÚ-
×ÅÄÅÎÉÅ ÐÅÒÉÏÄÉÞÅÓËÉÈ ÐÏÄÓÌÏ× É \ÐÒÏËÌÁÄÏË" ÍÅÖÄÕ ÎÉÍÉ.

òÁÓÓÍÏÔÒÉÍ ÍÎÏÖÅÓÔ×Ï ÓÌÏ× ÎÁÄ ÁÌÆÁ×ÉÔÏÍ A = {a1; : : : ; as}. ðÏÒÑÄÏË ÎÁ ÍÎÏÖÅ-
ÓÔ×Å ÂÕË× a1 ≺ a2 ≺ · · · ≺ as ÉÎÄÕÃÉÒÕÅÔ ÌÅËÓÉËÏÇÒÁÆÉÞÅÓËÉÊ ÐÏÒÑÄÏË ÎÁ ÍÎÏÖÅÓÔ×Å
ÓÌÏ×. ðÕÓÔØ U ≺ V , ÅÓÌÉ ÐÅÒ×ÁÑ ÂÕË×Á ÓÌÏ×Á U ÍÅÎØÛÅ ÐÅÒ×ÏÊ ÂÕË×Ù V , ÐÒÉ ÉÈ ÓÏ×ÐÁ-
ÄÅÎÉÉ ÓÍÏÔÒÉÍ ÎÁ ×ÔÏÒÙÅ ÂÕË×Ù É Ô.Ä. åÓÌÉ ÖÅ ÏÄÎÏ ÉÚ ÓÌÏ× ÅÓÔØ ÎÁÞÁÌØÎÁÑ ÞÁÓÔØ
ÄÒÕÇÏÇÏ, ÔÏ ÓÌÏ×Á U É V ÓÞÉÔÁÀÔÓÑ ÎÅÓÒÁ×ÎÉÍÙÍÉ. ðÒÉÍÅÒÎÏ ÔÁË ÒÁÓÐÏÌÏÖÅÎÙ ÓÌÏ×Á
× ÓÌÏ×ÁÒÅ (ÔÏÌØËÏ ÂÏÌÅÅ ËÏÒÏÔËÉÅ ÓÌÏ×Á ÉÚ ÎÅÓÒÁ×ÎÉÍÙÈ ÓÞÉÔÁÀÔÓÑ ÍÌÁÄÛÉÍÉ). ÷
ÓÌÏ×ÁÈ ÎÁÂÌÀÄÁÀÔÓÑ ÂÅÓÐÏÒÑÄËÉ { ËÏÇÄÁ ÓÔÁÒÛÁÑ ÂÕË×Á ÉÄÅÔ ÐÅÒÅÄ ÍÌÁÄÛÅÊ. âÙ×Á-
ÀÔ, ÏÄÎÁËÏ, ÂÅÓÐÏÒÑÄËÉ ÒÁÚÎÏÊ ÓÉÌÙ. îÁÚÏ×ÅÍ k-ÂÅÓÐÏÒÑÄËÏÍ ÎÁÂÏÒ ÉÚ k ÎÅÐÅÒÅËÒÙ-
×ÁÀÝÉÈÓÑ ÐÏÄÓÌÏ×, ÉÄÕÝÉÈ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ, Á ÓÌÏ×Ï, ÉÍÅÀÝÅÅ k-ÂÅÓÐÏÒÑÄÏË, |
k-ÒÁÚÂÉ×ÁÅÍÙÍ. óÌÏ×Ï ÎÁÚÙ×ÁÅÔÓÑ k-ÐÏÒÑÄÏÞÎÙÍ, ÅÓÌÉ ÏÎÏ k-ÒÁÚÂÉ×ÁÅÍÏ, ÎÏ ÎÅ (k+1)-
ÒÁÚÂÉ×ÁÅÍÏ. îÁÐÒÉÍÅÒ, ÓÌÏ×Ï aacbcbb | 3-ÐÏÒÑÄÏÞÎÏ, ÔÁË ËÁË × ÎÅÍ ÅÓÔØ 3 ÐÏÄÓÌÏ×Á,
ÉÄÕÝÉÅ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ, Á ÉÍÅÎÎÏ - c; bc; bb.

ïËÁÚÙ×ÁÅÔÓÑ, ÞÔÏ ÓÔÅÐÅÎØ ÒÁÚÂÉ×ÁÅÍÏÓÔÉ ÓÌÏ×Á É ËÏÌÉÞÅÓÔ×Ï ÐÅÒÉÏÄÉÞÅÓËÉÈ ÐÏÄ-
ÓÌÏ× ÔÅÓÎÏ Ó×ÑÚÁÎÙ. äÁÎÎÙÊ ÐÒÏÅËÔ ÐÏÓ×ÑÝ£Î Ó×ÑÚÉ ÍÅÖÄÕ ÕÐÏÒÑÄÏÞÅÎÎÏÓÔØÀ É ËÕ-
ÓÏÞÎÏÊ ÒÁÚÂÉ×ÁÅÍÏÓÔØÀ × ÓÌÏ×ÁÈ.

ôÅÏÒÅÍÁ ûÉÒÛÏ×Á Ï ×ÙÓÏÔÅ ÕÔ×ÅÒÖÄÁÅÔ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÎÅËÏÔÏÒÁÑ ÆÕÎË-
ÃÉÑ H(k; s) ÔÁËÁÑ, ÞÔÏ ×ÓÅ ÎÅ k-ÒÁÚÂÉ×ÁÅÍÙÅ ÓÌÏ×Á ÍÏÖÎÏ ÒÁÚÂÉÔØ ÎÁ H(k; s) ËÕÓËÏ×,
ËÁÖÄÙÊ ÉÚ ËÏÔÏÒÙÈ ÅÓÔØ ÐÏÄÓÌÏ×Ï ÐÅÒÉÏÄÉÞÅÓËÏÊ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ c ÄÌÉÎÏÊ ÐÅ-
ÒÉÏÄÁ ÍÅÎØÛÅ k.

çÌÁ×ÎÏÊ ÚÁÄÁÞÅÊ ÐÒÏÅËÔÁ Ñ×ÌÑÅÔÓÑ ÐÏÌÕÞÅÎÉÅ ÎÁÉÌÕÞÛÅÊ ÏÃÅÎËÉ ÎÁ H(k; s).ðÒÉ
ÐÏÌÕÞÅÎÉÉ ÔÁËÏÊ ÏÃÅÎËÉ ÍÙ ÂÕÄÅÍ ÉÓÐÏÌØÚÏ×ÁÔØ ÔÅÏÒÅÍÕ äÉÌÕÏÒÓÁ, ËÏÔÏÒÁÑ ÓÆÏÒ-
ÍÕÌÉÒÏ×ÁÎÁ × ÇÌÁ×Å 3.

ðÒÉ ÄÏËÁÚÁÔÅÌØÓÔ×Å ÔÅÏÒÅÍÙ ûÉÒÛÏ×Á ×ÁÖÎÁ ÌÅÍÍÁ, ÓÆÏÒÍÕÌÉÒÏ×ÁÎÎÁÑ ËÁË ÚÁ-
ÄÁÞÁ 2.10.
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ãÅÌØÀ ÐÒÏÅËÔÁ Ñ×ÌÑÅÔÓÑ ÐÏÌÕÞÅÎÉÅ ËÏÎÓÔÒÕËÔÉ×ÎÙÈ ÏÃÅÎÏË ÎÁ ÆÕÎËÃÉÀ H(k; S).
äÒÕÇÏÊ ÎÁÛÅÊ ÃÅÌØÀ Ñ×ÌÑÅÔÓÑ ÐÅÒÅÞÉÓÌÅÎÉÅ ÐÏÌÉÌÉÎÅÊÎÙÈ ÓÌÏ× (Ô.Å. ËÁÖÄÁÑ ÂÕË×Á
×ÈÏÄÉÔ × ÔÁËÏÅ ÓÌÏ×Ï ÔÏÌØËÏ ÏÄÉÎ ÒÁÚ), ÎÅ ÉÍÅÀÝÉÈ k-ÂÅÓÐÏÒÑÄËÏ×. ëÏÌÉÞÅÓÔ×Ï ÐÏ-
ÌÉÌÉÎÅÊÎÙÈ ÎÅ 3-ÒÁÚÂÉ×ÁÅÍÙÈ ÓÌÏ× ÅÓÔØ ÞÉÓÌÏ ëÁÔÁÌÁÎÁ.

íÙ ÉÚÕÞÁÅÍ ÔÁËÖÅ ËÏÌÉÞÅÓÔ×Ï ËÕÓËÏ× ÆÉËÓÉÒÏ×ÁÎÎÏÇÏ ÐÅÒÉÏÄÁ. ðÒÉ ÜÔÏÍ ×ÏÚÎÉ-
ËÁÀÔ ËÏÍÂÉÎÁÔÏÒÎÙÅ ×ÏÐÒÏÓÙ ÔÅÏÒÉÉ ÇÒÁÆÏ× ÔÉÐÁ ÔÅÏÒÉÉ òÁÍÓÅÑ.

ëÌÀÞÅ×ÙÍÉ ÚÁÄÁÞÁÍÉ ÄÏ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ Ñ×ÌÑÀÔÓÑ ÚÁÄÁÞÉ 2.10, 3.7, 4.11,
4.12.

ïÔÄÅÌØÎÏ ÏÔ ÐÒÏÅËÔÁ ÍÙ ÐÒÉ×ÏÄÉÍ ÔÁËÖÅ ÓÅÒÉÀ \ðÒÉÌÏÖÅÎÉÑ Ë ÔÅÏÒÉÉ ËÏÌÅÃ,
ÎÅÍÎÏÇÏ ÉÓÔÏÒÉÉ", ÐÏÓ×ÑÝÅÎÎÕÀ ÐÒÉÌÏÖÅÎÉÑÍ Ë ÔÅÏÒÉÉ ËÏÌÅÃ. óÁÍÁ ÜÔÁ ÓÅÒÉÑ ÎÅ-
ÚÁ×ÉÓÉÍÁ ÏÔ ÏÓÔÁÌØÎÏÇÏ ÍÁÔÅÒÉÁÌÁ, ÎÏ ÏÎÁ ÄÁÅÔ ÍÏÔÉ×ÉÒÏ×ËÕ, ÐÏËÁÚÙ×ÁÑ, ËÁË ÉÚ
ÔÅÏÒÅÍÙ Ï ×ÙÓÏÔÅ ×ÙÔÅËÁÅÔ ÒÅÛÅÎÉÅ ÒÑÄÁ ÄÏÌÇÏ ÓÔÏÑ×ÛÉÈ ÐÒÏÂÌÅÍ ÔÅÏÒÉÉ ËÏÌÅÃ.

2. ãÉËÌ \ëÏÍÂÉÎÁÔÏÒÉËÁ"
úÁÄÁÞÁ 2.1. ëÁÒÌÓÏÎ ÍÏÖÅÔ ÐÉÓÁÔØ ÔÏÌØËÏ ÔÅ ÓÌÏ×Á, ËÏÔÏÒÙÅ ÎÅ ÓÏÄÅÒÖÁÔ ÐÏÄ-
ÓÌÏ× ÉÚ Ä×ÕÈ ÒÁÚÌÉÞÎÙÈ ÂÕË×. óËÏÌØËÏ ÓÌÏ× ÄÌÉÎÙ n ÍÏÖÅÔ ÎÁÐÉÓÁÔØ ëÁÒÌÓÏÎ, ÅÓÌÉ
× ÓÌÏ×ÁÒÅ l ÂÕË×?

úÁÄÁÞÁ 2.2. ÷ ÓÌÏ×ÁÒÅ ÐÌÅÍÅÎÉ ÷ÉÎÎÉ{ðÕÈÏ× 20 ÓÌÏ×. ÷ ÆÒÁÚÁÈ ÉÈ ÑÚÙËÁ ×ÏÚÍÏÖ-
ÎÙ ÌÀÂÙÅ ÓÏÞÅÔÁÎÉÑ ÜÔÉÈ ÓÌÏ×. óÕÝÅÓÔ×ÕÀÔ Ä×Á ÍÁÇÉÞÅÓËÉÈ ÚÁËÌÉÎÁÎÉÑ, \úÅÍÌÑ
ÓÔÏÉÔ ÎÁ ×ÅÌÉËÏÍ ËÒÏËÏÄÉÌÅ" É \ëÁÖÄÙÊ ×ÅÞÅÒ ËÒÏËÏÄÉÌ ÇÌÏÔÁÅÔ ÓÏÌÎÃÅ", ËÏÔÏ-
ÒÙÅ ×ÙÚÙ×ÁÀÔ ÕÒÁÇÁÎ, É ÐÏÜÔÏÍÕ ×ÓÌÕÈ ÍÏÖÎÏ ÐÒÏÉÚÎÏÓÉÔØ ÔÏÌØËÏ ÔÁËÉÅ ÆÒÁÚÙ,
× ËÏÔÏÒÙÈ ÜÔÉ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÓÌÏ× ÎÅ ×ÓÔÒÅÞÁÀÔÓÑ1. óËÏÌØËÏ ×ÓÅÇÏ ÆÒÁÚ ÉÚ
ÄÅÓÑÔÉ ÓÌÏ× ÍÏÖÎÏ ÐÒÏÉÚÎÏÓÉÔØ ×ÓÌÕÈ?

úÁÄÁÞÁ 2.3. ÷ ÁÌÆÁ×ÉÔÅ ÓÍÅÛÁÒÉËÏ× l ÂÕË×. íÏÖÅÔ ÌÉ × ÉÈ ÓÌÏ×ÁÒÅ ÓÏÄÅÒÖÁÔØÓÑ
ÓÌÏ×Ï ÄÌÉÎÙ l, Õ ËÏÔÏÒÏÇÏ ÒÏ×ÎÏ

a) l + 1
b) l(l−1)

2 − 1
c) 2l
ÒÁÚÌÉÞÎÙÈ ÐÏÄÓÌÏ×.

úÁÄÁÞÁ 2.4. ÷ ÁÌÆÁ×ÉÔÅ ÉÎÄÅÊÃÅ× N ÂÕË×. éÚ ÎÉÈ ÉÎÄÅÊÃÙ ÓÏÓÔÁ×ÌÑÀÔ ÓÌÏ×Á. éÚ-
×ÅÓÔÎÏ, ÞÔÏ ÌÀÂÏÅ ÓÌÏ×Ï, ÐÏ×ÔÏÒÅÎÎÏÅ Ä×ÁÖÄÙ, ÏÚÎÁÞÁÅÔ ÔÏ ÖÅ ÓÁÍÏÅ, ÞÔÏ É ÓÁÍÏ
ÓÌÏ×Ï, Á ÚÁÍÅÎÁ ÐÏÄÓÌÏ×Á ÎÁ ÅÇÏ Ë×ÁÄÒÁÔ ÎÅ ÍÅÎÑÅÔ ÓÍÙÓÌÁ ×ÓÅÇÏ ÓÌÏ×Á. îÁÐÒÉÍÅÒ,
ÇÏÒÏÒÏÄ ÏÚÎÁÞÁÅÔ ÔÏ ÖÅ, ÞÔÏ É ÇÏÒÏÄ. äÏËÁÖÉÔÅ, ÞÔÏ × ÑÚÙËÅ ÉÎÄÅÊÃÅ× ËÏÎÅÞ-
ÎÏÅ ÞÉÓÌÏ ÐÏÎÑÔÉÊ, ÅÓÌÉ:

Á) N = 2;
b*) N = 3.
Ó**) äÌÑ ÐÒÏÉÚ×ÏÌØÎÏÇÏ N

úÁÄÁÞÁ 2.5. îÁÚÏ×£Í ÚÁÐÒÅÔÏÍ ÓÌÏ×Ï, ËÏÔÏÒÏÅ ÍÙ ÚÁÐÒÅÝÁÅÍ ÉÓÐÏÌØÚÏ×ÁÔØ × ËÁ-
ÞÅÓÔ×Å ÐÏÄÓÌÏ×Á. óÏÏÔ×ÅÔÓÔ×ÅÎÎÏ ÓÌÏ×Ï, ÎÅ ÓÏÄÅÒÖÁÝÅÅ ÚÁÐÒÅÔÏ×, ÎÁÚÙ×ÁÅÍ ÒÁÚ-
ÒÅÛ£ÎÎÙÍ. ëÁËÏÅ ÍÉÎÉÍÁÌØÎÏÅ ÞÉÓÌÏ ÚÁÐÒÅÔÏ× ÎÕÖÎÏ ÚÁÄÁÔØ, ÞÔÏÂÙ ÓÒÅÄÉ ÓÔÏÂÕ-
Ë×ÅÎÎÙÈ ÓÌÏ× ÒÏ×ÎÏ Ä×Á | (ab)50 É (ba)50 | ÂÙÌÉ ÒÁÚÒÅÛÅÎÙ?

1äÁÖÅ ÅÓÌÉ ÓÌÏ×Á × ÄÒÕÇÉÈ ÓÌÏ×ÁÒÎÙÈ ÆÏÒÍÁÈ.
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úÁÐÉÓØ ut ÏÚÎÁÞÁÅÔ ÓÌÏ×Ï u, ÎÁÐÉÓÁÎÎÏÅ t ÒÁÚ ÐÏÄÒÑÄ.

úÁÄÁÞÁ 2.6. ðÕÓÔØ k; t { ÎÅËÏÔÏÒÙÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ×
ÓÌÏ×Å V ÄÌÉÎÙ k · t ÎÅ ÂÏÌØÛÅ k ÒÁÚÌÉÞÎÙÈ ÐÏÄÓÌÏ× ÄÌÉÎÙ k, ÔÏ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ
ÓÌÏ×Á v ÓÌÏ×Ï V ×ËÌÀÞÁÅÔ × ÓÅÂÑ ÐÏÄÓÌÏ×Ï ×ÉÄÁ vt.

úÁÄÁÞÁ 2.7. õÓÔÁÎÏ×ÉÔÅ ÂÉÅËÃÉÀ ÍÅÖÄÕ ÓÌÅÄÕÀÝÉÍÉ Ä×ÕÍÑ ÍÎÏÖÅÓÔ×ÁÍÉ:

• ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ 1 6 a1 6 a2 6 : : : 6 an; ÇÄÅ ai 6 i;

• ÐÅÒÅÓÔÁÎÏ×ËÉ ÞÉÓÅÌ 1; 2; : : : ; n, Õ ËÏÔÏÒÙÈ ÄÌÉÎÁ ËÁÖÄÏÊ ÕÂÙ×ÁÀÝÅÊ ÐÏÓÌÅÄÏ-
×ÁÔÅÌØÎÏÓÔÉ ÎÅ ÂÏÌØÛÅ 2.

úÁÄÁÞÁ 2.8. óÔÏ ÌÀÄÏÅÄÏ× ÐÒÉÅÈÁÌÉ ÎÁ ÐÉÒ. ïÂÅÄÁÀÝÉÊ ÌÀÄÏÅÄ ÐÒÏÇÌÁÔÙ×ÁÅÔ
ÃÅÌÉËÏÍ ÓÅÂÅ ÐÏÄÏÂÎÏÇÏ. ðÏÏÂÅÄÁ×ÛÉÊ ÌÀÄÏÅÄ, ËÏÎÅÞÎÏ, ÍÏÖÅÔ É ÓÁÍ ÓÏÓÌÕÖÉÔØ
ÏÂÅÄÏÍ ÄÌÑ ÄÒÕÇÏÇÏ Ó×ÏÅÇÏ ÓÏÂÒÁÔÁ. ôÁË É ÓÏÓÔÁ×ÌÑÀÔÓÑ ÐÉÝÅ×ÙÅ ÃÅÐÏÞËÉ. äÌÉ-
ÎÏÊ ÃÅÐÏÞËÉ ÎÁÚÏ×ÅÍ ËÏÌÉÞÅÓÔ×Ï ÌÀÄÏÅÄÏ×, ×ÌÏÖÅÎÎÙÈ ÄÒÕÇ × ÄÒÕÇÁ. ÷ÏÐÒÏÓ: ËÁËÏÊ
ÍÁËÓÉÍÁÌØÎÏÊ ÄÌÉÎÙ ÃÅÐÏÞËÁ ÔÏÞÎÏ ÐÒÉÓÕÔÓÔ×ÕÅÔ, ÅÓÌÉ ÉÚ×ÅÓÔÎÏ, ÞÔÏ ËÁËÉÅ ÂÙ
ÄÅÓÑÔØ ÌÀÄÏÅÄÏ× ÍÙ ÎÅ ×ÚÑÌÉ, ÓÒÅÄÉ ÎÉÈ ÎÁÊÄÕÔÓÑ Ä×Á ÜËÚÅÍÐÌÑÒÁ, ÏÄÉÎ ÉÚ ËÏÔÏÒÙÈ
ÐÏËÏÉÔÓÑ × ÖÅÌÕÄËÅ ÄÒÕÇÏÇÏ?

úÁÄÁÞÉ ÔÉÐÁ 2.8 ÷Ù ÍÏÖÅÔÅ ÎÁÊÔÉ × ÃÉËÌÅ \ôÅÏÒÅÍÁ äÉÌÕÏÒÓÁ".

ïÐÒÅÄÅÌÅÎÉÅ 2.1. óÌÏ×Ï u ÎÁÚÏ×ÅÍ ÎÅÃÉËÌÉÞÅÓËÉÍ, ÅÓÌÉ u ÎÅÌØÚÑ ÐÒÅÄÓÔÁ×ÉÔØ ×
×ÉÄÅ vk, ÇÄÅ k > 1.

úÁÄÁÞÁ 2.9. ðÕÓÔØ u É v { ÒÁÚÌÉÞÎÙÅ ÎÅÃÉËÌÉÞÅÓËÉÅ ÓÌÏ×Á ÄÌÉÎÙ m É n ÓÏÏÔ×ÅÔ-
ÓÔ×ÅÎÎÏ. óÌÏ×Ï W ÓÏÄÅÒÖÉÔ ÐÏÄÓÌÏ×Á u′ = um·n É v′ = vm·n. äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÉÎÁ
ÏÂÝÅÊ ÞÁÓÔÉ Õ u′ É v′ ÎÅ ÂÏÌØÛÅ m+ n− 2.

úÁÄÁÞÁ 2.10. îÁ ÂÅÓËÏÎÅÞÎÏÊ ÌÅÎÔÅ × ËÁÖÄÏÊ ÑÞÅÊËÅ ÎÁÐÉÓÁÎÙ ÃÉÆÒÙ ÏÔ 1 ÄÏ 9.
äÏËÁÖÉÔÅ, ÞÔÏ ÔÏÇÄÁ ÌÉÂÏ ÉÚ ÎÅ£ ÍÏÖÎÏ ×ÙÒÅÚÁÔØ 10 ÎÅÐÅÒÅÓÅËÁÀÝÉÈÓÑ ÔÙÓÑ-
ÞÅÚÎÁÞÎÙÈ ÞÉÓÅÌ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ, ÌÉÂÏ ËÁËÏÅ-ÔÏ ÞÉÓÌÏ ÄÌÉÎÙ ÍÅÎØÛÅ 10 ÐÏ×ÔÏ-
ÒÉÔÓÑ 50 ÒÁÚ ÐÏÄÒÑÄ.

3. ãÉËÌ \ôÅÏÒÅÍÁ äÉÌÕÏÒÓÁ"
úÁÄÁÞÁ 3.1. éÚ ÌÀÂÙÈ ÌÉ ÐÑÔÉ ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ, ×ÙÐÉÓÁÎÎÙÈ × ÒÑÄ, ÍÏÖÎÏ ×Ù-
ÂÒÁÔØ ÔÒÉ, ÓÔÏÑÝÉÅ × ÜÔÏÍ ÒÑÄÕ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ ÉÌÉ × ÐÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ?

úÁÄÁÞÁ 3.2. éÚ ÌÀÂÙÈ ÌÉ ÄÅ×ÑÔÉ ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ, ×ÙÐÉÓÁÎÎÙÈ × ÒÑÄ, ÍÏÖÎÏ ×Ù-
ÂÒÁÔØ ÞÅÔÙÒÅ, ÓÔÏÑÝÉÅ × ÜÔÏÍ ÒÑÄÕ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ ÉÌÉ × ÐÏÒÑÄËÅ ×ÏÚÒÁÓÔÁ-
ÎÉÑ?

úÁÄÁÞÁ 3.3. äÏËÁÖÉÔÅ, ÞÔÏ ÉÚ ÌÀÂÙÈ ÄÅÓÑÔÉ ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ, ×ÙÐÉÓÁÎÎÙÈ × ÒÑÄ,
ÍÏÖÎÏ ×ÙÂÒÁÔØ ÞÅÔÙÒÅ, ÓÔÏÑÝÉÅ × ÜÔÏÍ ÒÑÄÕ × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ ÉÌÉ × ÐÏÒÑÄËÅ
×ÏÚÒÁÓÔÁÎÉÑ.

úÁÄÁÞÁ 3.4. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÌÀÂÙÈ mn + 1 ÒÁÚÌÉÞÎÙÈ ÞÉÓÅÌ ÎÁÊÄÕÔÓÑ ÌÉÂÏ
m+ 1 × ÐÏÒÑÄËÅ ÕÂÙ×ÁÎÉÑ, ÌÉÂÏ n+ 1 × ÐÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ.
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þÁÓÔÉÞÎÏ ÕÐÏÒÑÄÏÞÅÎÎÏÅ ÍÎÏÖÅÓÔ×Ï (þõí) M | ÜÔÏ ÍÎÏÖÅÓÔ×Ï, ÄÌÑ ÌÀÂÙÈ Ä×ÕÈ
ÜÌÅÍÅÎÔÏ× a, b ËÏÔÏÒÏÇÏ ÉÚ×ÅÓÔÎÏ, ÎÁÈÏÄÑÔÓÑ ÏÎÉ × ÎÅËÏÔÏÒÏÍ ÏÔÎÏÛÅÎÉÉ ≺ ÉÌÉ ÎÅÔ.
ðÒÉ ÜÔÏÍ ÄÏÌÖÎÙ ÂÙÔØ ×ÙÐÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅ ÁËÓÉÏÍÙ:

è ÅÓÌÉ a ≺ b É b ≺ c; ÔÏ a ≺ c;
è ÅÓÌÉ a ≺ b; ÔÏ a ÎÅ ÒÁ×ÎÏ b.

úÁÄÁÞÁ 3.5. ÷ÏÚÍÏÖÎÏ ÌÉ, ÞÔÏ ÎÅÒÁ×ÅÎÓÔ×Á a ≺ b É b ≺ a ×ÙÐÏÌÎÅÎÙ ÏÄÎÏ×ÒÅÍÅÎ-
ÎÏ?

úÁÄÁÞÁ 3.6. äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÏ×Á ÏÂÒÁÚÕÀÔ þõí ÐÒÉ ÏÔÎÏÛÅÎÉÉ, ÐÏÒÏÖÄ£ÎÎÏÍ
ÌÅËÓÉËÏÇÒÁÆÉÞÅÓËÉÍ ÐÏÒÑÄËÏÍ.

ïÐÒÅÄÅÌÅÎÉÅ 3.1. íÎÏÖÅÓÔ×Ï, ÌÀÂÙÅ Ä×Á ÜÌÅÍÅÎÔÁ ËÏÔÏÒÏÇÏ ÓÒÁ×ÎÉÍÙ, ÎÁÚÙ×ÁÀÔ
ÌÉÎÅÊÎÏ ÕÐÏÒÑÄÏÞÅÎÎÙÍ ÉÌÉ, ËÏÒÏÔËÏ, ÃÅÐØÀ.

úÁÄÁÞÁ 3.7. ðÕÓÔØ m;n { ÎÅËÏÔÏÒÙÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ. ÷ ÞÁÓÔÉÞÎÏ ÕÐÏÒÑÄÏÞÅÎ-
ÎÏÍ ÍÎÏÖÅÓÔ×Å ÉÚ mn+1 ÜÌÅÍÅÎÔÏ× ÅÓÔØ ÌÉÂÏ ÃÅÐØ ÉÚ ÉÄÕÝÉÈ × ÐÏÒÑÄËÅ ×ÏÚÒÁÓÔÁ-
ÎÉÑ m+ 1 ÜÌÅÍÅÎÔÏ×, ÌÉÂÏ n+ 1 ÐÏÐÁÒÎÏ ÎÅÓÒÁ×ÎÉÍÙÈ ÜÌÅÍÅÎÔÏ× (ÔÁË ÎÁÚÙ×ÁÅÍÁÑ
ÁÎÔÉÃÅÐØ).

úÁÄÁÞÁ 3.8. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ d ÎÁÉÂÏÌØÛÅÅ ËÏÌÉÞÅÓÔ×Ï ÜÌÅÍÅÎÔÏ× ÃÅÐÉ ÄÁÎÎÏÇÏ
ËÏÎÅÞÎÏÇÏ ÞÁÓÔÉÞÎÏ ÕÐÏÒÑÄÏÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á M. ôÏÇÄÁ M ÍÏÖÎÏ ÒÁÚÂÉÔØ ÎÁ d
ÁÎÔÉÃÅÐÅÊ.

âÏÌÅÅ ÔÏÇÏ, ×ÅÒÅÎ ÓÌÅÄÕÀÝÉÊ ÆÁËÔ, ËÏÔÏÒÙÊ ÏËÁÖÅÔ ÎÁÍ ÓÅÒØ£ÚÎÕÀ ÐÏÍÏÝØ ×
ÄÁÌØÎÅÊÛÅÍ:

ôÅÏÒÅÍÁ äÉÌÕÏÒÓÁ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ n ÎÁÉÂÏÌØÛÅÅ ËÏÌÉÞÅÓÔ×Ï ÜÌÅÍÅÎÔÏ× ÁÎ-
ÔÉÃÅÐÉ ÄÁÎÎÏÇÏ ËÏÎÅÞÎÏÇÏ ÞÁÓÔÉÞÎÏ ÕÐÏÒÑÄÏÞÅÎÎÏÇÏ ÍÎÏÖÅÓÔ×Á M . ôÏÇÄÁ M ÍÏÖÎÏ
ÒÁÚÂÉÔØ ÎÁ n ÃÅÐÅÊ.
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4. ãÉËÌ \üËÓÐÏÎÅÎÃÉÁÌØÎÁÑ ÏÃÅÎËÁ"
ðÕÓÔØ ÎÁÛ ÁÌÆÁ×ÉÔ ÓÏÓÔÏÉÔ ÉÚ ÂÕË× a1; a2; : : : ; as. âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ
a1 ≺ a2 ≺ · · · ≺ as. ôÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÕÐÏÒÑÄÏÞÉÌÉ ÂÕË×Ù ÁÌÆÁ×ÉÔÁ. òÁÓÓÍÏÔÒÉÍ
ÔÅÐÅÒØ Ä×Á ÓÌÏ×Á u É v. åÓÌÉ ÏÄÎÏ ÉÚ ÎÉÈ Ñ×ÌÑÅÔÓÑ ÎÁÞÁÌÏÍ ÄÒÕÇÏÇÏ, ÔÏ ÎÁÚÏ×£Í ÓÌÏ×Á
u É v ÎÅÓÒÁ×ÎÉÍÙÍÉ (ÐÏ ÏÔÎÏÛÅÎÉÀ ÄÒÕÇ Ë ÄÒÕÇÕ). ÷ ÐÒÏÔÉ×ÎÏÍ ÓÌÕÞÁÅ ÎÁÊÄÕÔÓÑ
ÓÌÏ×Á w; u′; v′ ÔÁËÉÅ, ÞÔÏ u = wu′, v = wv′, ÐÒÉÞ£Í ÐÅÒ×ÙÅ ÂÕË×Ù Õ ÓÌÏ× u′ É v′
{ ÒÁÚÌÉÞÎÙÅ (w ÍÏÖÅÔ ÂÙÔØ ÐÕÓÔÙÍ, u′ É v′ { ÎÅÔ). åÓÌÉ ÐÅÒ×ÁÑ ÂÕË×Á u′ ÂÏÌØÛÅ
ÐÅÒ×ÏÊ ÂÕË×Ù v′, ÔÏ ÓÞÉÔÁÅÍ ÓÌÏ×Ï u ÂÏÌØÛÅ ÓÌÏ×Á v, × ÏÂÒÁÔÎÏÍ ÓÌÕÞÁÅ ÓÞÉÔÁÅÍ u
ÍÅÎØÛÅ v. ôÁËÉÍ ÏÂÒÁÚÏÍ, ÍÙ ÞÁÓÔÉÞÎÏ ÕÐÏÒÑÄÏÞÉÌÉ ÓÌÏ×Á. ðÒÉ×ÅÄ£ÎÎÙÊ ÐÏÒÑÄÏË
ÎÁÚÙ×ÁÅÔÓÑ ÌÅËÓÉËÏÇÒÁÆÉÞÅÓËÉÍ (ÍÙ ÕÖÅ ÏÂÓÕÖÄÁÌÉ ÅÇÏ × ÐÒÅÄÉÓÌÏ×ÉÉ). îÅ ÓÔÏÉÔ
ÔÁËÖÅ ÚÁÂÙ×ÁÔØ, ÞÔÏ ÎÅËÏÔÏÒÙÅ ÓÌÏ×Á ÔÁË É ÏÓÔÁÌÉÓØ ÎÅÓÒÁ×ÎÉÍÙÍÉ.

úÁÄÁÞÁ 4.1. ðÕÓÔØ ÁÌÆÁ×ÉÔ ÓÏÓÔÏÉÔ ÉÚ ÔÒ£È ÂÕË×: a, b É c. ÷×ÅÄ£Í ÎÁ ÎÉÈ ÐÏ-
ÒÑÄÏË a < b < c. óÏÓÔÁ×ØÔÅ ÉÚ ÐÒÉ×ÅÄ£ÎÎÏÇÏ ÎÉÖÅ ÓÐÉÓËÁ ÓÌÏ× ÎÁÉÂÏÌÅÅ ÄÌÉÎÎÕÀ
×ÏÚÒÁÓÔÁÀÝÕÀ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ. ëÁËÉÅ ÐÁÒÙ ÓÌÏ× Ñ×ÌÑÀÔÓÑ ÎÅÓÒÁ×ÎÉÍÙÍÉ?

cb; abc; bac; abb; b; ccc; abc

äÌÑ ÄÁÌØÎÅÊÛÅÊ ÒÁÂÏÔÙ ÎÁÍ ÐÏÔÒÅÂÕÅÔÓÑ ××ÅÓÔÉ ÎÅÓËÏÌØËÏ ×ÓÐÏÍÏÇÁÔÅÌØÎÙÈ ÏÐÒÅ-
ÄÅÌÅÎÉÊ.

ïÐÒÅÄÅÌÅÎÉÅ 4.1. óÌÏ×Ï W { n-ÒÁÚÂÉ×ÁÅÍÏ, ÅÓÌÉ ÎÁÊÄÕÔÓÑ ÓÌÏ×Á u1; u2; : : : ; un ÔÁ-
ËÉÅ, ÞÔÏ W = v · u1 · · · un, ÐÒÉ ÜÔÏÍ u1 Â : : : Â un.

ïÐÒÅÄÅÌÅÎÉÅ 4.2. óÌÏ×Ï ÎÁÚÙ×ÁÅÔÓÑ k-ÐÏÒÑÄÏÞÎÙÍ, ÅÓÌÉ ÏÎÏ k-ÒÁÚÂÉ×ÁÅÍÏ, ÎÏ ÎÅ
(k + 1)-ÒÁÚÂÉ×ÁÅÍÏ.

úÁÄÁÞÁ 4.2. îÁÊÄÉÔÅ ÞÉÓÌÏ
a) 1-ÐÏÒÑÄÏÞÎÙÈ
b) 2-ÐÏÒÑÄÏÞÎÙÈ
ÓÌÏ× ÄÌÉÎÙ s, ×ÓÅ ÂÕË×Ù ËÏÔÏÒÙÈ ÒÁÚÌÉÞÎÙ;
c) 1-ÐÏÒÑÄÏÞÎÙÈ ÓÌÏ× ÄÌÉÎÙ s, ÂÕË×Ù ËÏÔÏÒÙÈ ÎÅÏÂÑÚÁÔÅÌØÎÏ ÒÁÚÌÉÞÎÙ.

úÁÄÁÞÁ 4.3. a) ðÕÓÔØ n { ÎÅËÏÔÏÒÏÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ, u { ÎÅÃÉËÌÉÞÅÓËÏÅ ÓÌÏ×Ï
ÄÌÉÎÙ ÎÅ ÍÅÎØÛÅ n. äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÏ×Ï u2n Ñ×ÌÑÅÔÓÑ n-ÒÁÚÂÉ×ÁÅÍÙÍ.

b) ðÕÓÔØ u | ÎÅËÏÔÏÒÏÅ ÓÌÏ×Ï ÄÌÉÎÙ (n − 1). äÏËÁÖÉÔÅ, ÞÔÏ ÓÌÏ×Ï u2n | ÎÅ
n-ÒÁÚÂÉ×ÁÅÍÏÅ.

ïÐÒÅÄÅÌÅÎÉÅ 4.3. Á) óÌÏ×Ï v | È×ÏÓÔ ÓÌÏ×Á u, ÅÓÌÉ ÎÁÊÄÅÔÓÑ ÓÌÏ×Ï w ÔÁËÏÅ, ÞÔÏ
u = wv.

Â) åÓÌÉ × ÓÌÏ×Å v ÓÏÄÅÒÖÉÔÓÑ ÐÏÄÓÌÏ×Ï ×ÉÄÁ ut; ÔÏ ÂÕÄÅÍ ÇÏ×ÏÒÉÔØ, ÞÔÏ × ÓÌÏ×Å v
ÓÏÄÅÒÖÉÔÓÑ ÐÅÒÉÏÄ ÃÉËÌÉÞÎÏÓÔÉ t:

úÁÄÁÞÁ 4.4. ðÕÓÔØ x, d | ÎÅËÏÔÏÒÙÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ. äÏËÁÖÉÔÅ, ÞÔÏ × ÓÌÏ×Å
W ÄÌÉÎÙ x ÌÉÂÏ ÐÅÒ×ÙÅ [x=d] È×ÏÓÔÏ× ÐÏÐÁÒÎÏ ÓÒÁ×ÎÉÍÙ, ÌÉÂÏ × ÓÌÏ×Å W ÎÁÊÄÅÔÓÑ
ÐÅÒÉÏÄ ÄÌÉÎÙ d.

úÄÅÓØ É ÄÁÌÅÅ: ÅÓÌÉ × ÆÏÒÍÕÌÉÒÏ×ËÅ ÚÁÄÁÞÉ ×ÓÔÒÅÞÁÀÔÓÑ ÞÉÓÌÁ n É d, ÔÏ ÓÞÉÔÁÅÍ,
ÞÔÏ n 6 d:
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ïÐÒÅÄÅÌÅÎÉÅ 4.4. óÌÏ×Ï W | (n; d)-ÓÏËÒÁÔÉÍÏÅ, ÅÓÌÉ ÏÎÏ ÌÉÂÏ n-ÒÁÚÂÉ×ÁÅÍÏ, ÌÉÂÏ
ÎÁÊÄÅÔÓÑ ud | ÐÏÄÓÌÏ×Ï ÓÌÏ×Á W .

úÁÄÁÞÁ 4.5. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ × ÓÌÏ×Å W ÎÁÊÄÕÔÓÑ n ÏÄÉÎÁËÏ×ÙÈ ÎÅÐÅÒÅÓÅËÁÀ-
ÝÉÈÓÑ ÐÏÄÓÌÏ× ÄÌÉÎÙ n, ÔÏ W | (n; n)-ÓÏËÒÁÔÉÍÏÅ.

ïÐÒÅÄÅÌÅÎÉÅ 4.5. óÌÏ×Ï W ÂÕÄÅÍ ÎÁÚÙ×ÁÔØ n-ÒÁÚÂÉ×ÁÅÍÙÍ × È×ÏÓÔÏ×ÏÍ ÓÍÙÓÌÅ,
ÅÓÌÉ ÎÁÊÄÕÔÓÑ È×ÏÓÔÙ u1; : : : ; un ÔÁËÉÅ, ÞÔÏ u1 Â u2 Â : : : Â un É ÄÌÑ ÌÀÂÏÇÏ i =
1; 2; : : : ; n− 1 ÎÁÞÁÌÏ ui ÓÌÅ×Á ÏÔ ÎÁÞÁÌÁ ui+1.

úÁÄÁÞÁ 4.6. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ÓÌÏ×Ï W Ñ×ÌÑÅÔÓÑ
a) n3d-ÒÁÚÂÉ×ÁÅÍÙÍ × È×ÏÓÔÏ×ÏÍ ÓÍÙÓÌÅ,
b) 3n2d-ÒÁÚÂÉ×ÁÅÍÙÍ × È×ÏÓÔÏ×ÏÍ ÓÍÙÓÌÅ,
c) 4nd-ÒÁÚÂÉ×ÁÅÍÙÍ × È×ÏÓÔÏ×ÏÍ ÓÍÙÓÌÅ,
ÔÏ ÏÎÏ | ÌÉÂÏ n-ÒÁÚÂÉ×ÁÅÍÏ, ÌÉÂÏ W ÓÏÄÅÒÖÉÔ ÐÏÄÓÌÏ×Ï × ÓÔÅÐÅÎÉ d.

úÁÄÁÞÁ 4.7. äÌÑ ËÁÖÄÏÊ ÐÁÒÙ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ (n; d) (ËÒÏÍÅ ÐÁÒÙ (1; 1)) ÐÒÉ×Å-
ÄÉÔÅ ÐÒÉÍÅÒ ÓÌÏ×Á W ÄÌÉÎÙ (nd − 1) ÔÁËÏÇÏ, ÞÔÏ W | ÎÅ (n + 1; d)-ÓÏËÒÁÔÉÍÏ É
ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔÉ ×ÏÚÒÁÓÔÁÀÝÉÈ È×ÏÓÔÏ× ÄÌÉÎÙ (n+ 1).

úÁÄÁÞÁ 4.8. ðÏÐÒÏÂÕÊÔÅ ÕÌÕÞÛÉÔØ ÏÃÅÎËÕ × ÚÁÄÁÞÅ 4.6.

æÉËÓÉÒÕÅÍ ÁÌÆÁ×ÉÔ ÉÚ s ÂÕË×, ÓÌÏ×Ï W ÄÌÉÎÙ r(W ) ÎÁÄ ÜÔÉÍ ÁÌÆÁ×ÉÔÏÍ É ÎÁÔÕ-
ÒÁÌØÎÙÅ ÞÉÓÌÁ n 6 d: äÁÌÅÅ ÂÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ W ÎÅ ÓÏÄÅÒÖÉÔ ÐÏÄÓÌÏ×Á × ÓÔÅÐÅÎÉ d
É ÓÌÏ×Ï W ÎÅ 4nd-ÒÁÚÂÉ×ÁÅÍÏ × È×ÏÓÔÏ×ÏÍ ÓÍÙÓÌÅ. òÁÓÓÍÏÔÒÉÍ ÅÇÏ ÐÅÒ×ÙÅ [r(W )=d]
È×ÏÓÔÏ× (ÄÁÌÅÅ ÂÕÄÅÍ ÏÂÏÚÎÁÞÁÔØ ÜÔÏ ÍÎÏÖÅÓÔ×Ï È×ÏÓÔÏ× ÚÁ 
). ôÏÇÄÁ ÐÏ ÔÅÏÒÅÍÅ
äÉÌÕÏÒÓÁ ÉÈ ÍÏÖÎÏ ÒÁÓËÒÁÓÉÔØ × (4nd − 1) Ã×ÅÔÏ× ÔÁË, ÞÔÏÂÙ È×ÏÓÔÙ ÏÄÎÏÇÏ Ã×Å-
ÔÁ ÛÌÉ × ÐÏÒÑÄËÅ ×ÏÚÒÁÓÔÁÎÉÑ. äÌÑ ÒÅÛÅÎÉÑ ÓÌÅÄÕÀÝÉÈ ÚÁÄÁÞ ÓÌÅÄÕÅÔ ÐÏÌØÚÏ×ÁÔØÓÑ
ÐÒÅÄÙÄÕÝÉÍÉ ÚÁÄÁÞÁÍÉ ÉÚ ÃÉËÌÁ.

úÁÄÁÞÁ 4.9. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÌÀÂÙÈ 4nd2 È×ÏÓÔÏ× ÉÚ 
 ÎÁÊÄÕÔÓÑ Ä×Á ÏÄÎÏ-
Ã×ÅÔÎÙÈ È×ÏÓÔÁ, Õ ËÏÔÏÒÙÈ ÏÔÌÉÞÁÀÔÓÑ ÎÁÞÁÌØÎÙÅ ÐÏÄÓÌÏ×Á ÄÌÉÎÙ 4nd.

úÁÄÁÞÁ 4.10. ÷ ÂÅÓËÏÎÅÞÎÏÍ ÐÁÒÌÁÍÅÎÔÅ Õ ËÁÖÄÏÇÏ ÎÅ ÂÏÌÅÅ 3 ×ÒÁÇÏ×. äÏËÁÚÁÔØ,
ÞÔÏ ÅÇÏ ÍÏÖÎÏ ÒÁÚÂÉÔØ ÎÁ 2 ÐÁÌÁÔÙ ÔÁË, ÞÔÏ Õ ËÁÖÄÏÇÏ ÂÕÄÅÔ ÎÅ ÂÏÌÅÅ ÏÄÎÏÇÏ
×ÒÁÇÁ × Ó×ÏÅÊ ÐÁÌÁÔÅ.

ôÅÐÅÒØ ÐÅÒÅÓÔÁÎÅÍ ÆÉËÓÉÒÏ×ÁÔØ ÞÉÓÌÁ s; n; d É ÓÌÏ×Ï W . âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ s; n; d
| ÎÅËÏÔÏÒÙÅ ÎÁÔÕÒÁÌØÎÙÅ ÞÉÓÌÁ ÔÁËÉÅ, ÞÔÏ n 6 d; Á ÓÌÏ×Ï W | ÎÅËÏÔÏÒÏÅ ÓÌÏ×Ï
ÎÁÄ ÁÌÆÁ×ÉÔÏÍ ÉÚ s ÂÕË×.

úÁÄÁÞÁ 4.11 (ìÅÍÍÁ ûÉÒÛÏ×Á). äÏËÁÖÉÔÅ, ÞÔÏ ÓÕÝÅÓÔ×ÕÅÔ ÆÕÎËÃÉÑ ÏÔ ÎÁ-
ÔÕÒÁÌØÎÙÈ ÁÒÇÕÍÅÎÔÏ× f(s; n; d) ÔÁËÁÑ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ÓÌÏ×Á W ÎÁÄ ÁÌÆÁ×ÉÔÏÍ
ÄÌÉÎÙ s, ÎÅ Ñ×ÌÑÀÝÅÇÏÓÑ (n; d)-ÓÏËÒÁÔÉÍÙÍ, r(W ) < f(s; n; d).

úÁÄÁÞÁ 4.12. äÏËÁÖÉÔÅ,ÞÔÏ f(s; n; d) < s(4nd)4nd+2:
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5. õÌÕÞÛÅÎÉÅ ÜËÓÐÏÎÅÎÃÉÁÌØÎÏÊ ÏÃÅÎËÉ
äÌÑ ÎÅËÏÔÏÒÙÈ ÎÁÔÕÒÁÌØÎÙÈ ÞÉÓÅÌ s; n; d ÔÁËÉÈ, ÞÔÏ d > n; ÐÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÓÌÏ×Ï
W ÎÁÄ ÁÌÆÁ×ÉÔÏÍ ÄÌÉÎÙ s | ÎÅ (n; d)-ÓÏËÒÁÔÉÍÏÅ (ÔÏ ÅÓÔØ ÌÉÂÏ n-ÒÁÚÂÉ×ÁÅÍÏÅ,
ÌÉÂÏ ÎÁÊÄÅÔÓÑ ud | ÐÏÄÓÌÏ×Ï ÓÌÏ×Á W ). ðÕÓÔØ 
 | ÍÎÏÖÅÓÔ×Ï È×ÏÓÔÏ× ÓÌÏ×Á W;
ËÏÔÏÒÙÅ ÎÁÞÉÎÁÀÔÓÑ Ó ÅÇÏ ÐÅÒ×ÙÈ [r(W )=d] ÂÕË×. îÁÐÏÍÎÉÍ ÞÔÏ È×ÏÓÔÙ ÒÁÓËÒÁÛÅÎÙ
× 4nd − 1 Ã×ÅÔÏ× (ÜÔÉ ÐÏÎÑÔÉÑ ÂÙÌÉ ××ÅÄÅÎÙ × ÃÉËÌÅ \üËÓÐÏÎÅÎÃÉÁÌØÎÁÑ ÏÃÅÎËÁ").
÷×ÅÄ£Í ÏÂÏÚÎÁÞÅÎÉÅ pn;d = 4nd: âÕÄÅÍ ÎÁÚÙ×ÁÔØ Pk-ÎÁÞÁÌÏÍ ÎÅËÏÔÏÒÏÇÏ cÌÏ×Á ÓÌÏ×Ï,
ÓÏÓÔÏÑÝÅÅ ÉÚ ÅÇÏ ÐÅÒ×ÙÈ k ÂÕË×.

úÁÄÁÞÁ 5.1. ðÕÓÔØ × ÍÎÏÖÅÓÔ×Å 
 ÎÁÛÌÏÓØ p2
n;d + pn;d + 1 È×ÏÓÔÏ× ÏÄÎÏÇÏ Ã×ÅÔÁ

Ó ÐÏÐÁÒÎÏ ÒÁÚÌÉÞÎÙÍÉ 2k-ÎÁÞÁÌÁÍÉ, ÇÄÅ k | ÎÅËÏÔÏÒÏÅ ÎÁÔÕÒÁÌØÎÏÅ ÞÉÓÌÏ. äÏËÁ-
ÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÜÔÉÈ È×ÏÓÔÏ× ÎÁÊÄÕÔÓÑ Ä×Á Ó ÒÁÚÌÉÞÎÙÍÉ k-ÎÁÞÁÌÁÍÉ.

úÁÄÁÞÁ 5.2. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÌÀÂÙÈ (d + 1)p4
n;d È×ÏÓÔÏ× ÉÚ 
 ÎÁÊÄÕÔÓÑ Ä×Á

ÏÄÎÏÃ×ÅÔÎÙÈ È×ÏÓÔÁ Ó ÒÁÚÎÙÍÉ pn;d=2-ÎÁÞÁÌÁÍÉ.

úÁÄÁÞÁ 5.3. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÌÀÂÙÈ (d + 1)p7
n;d È×ÏÓÔÏ× ÉÚ 
 ÎÁÊÄÕÔÓÑ Ä×Á

ÏÄÎÏÃ×ÅÔÎÙÈ È×ÏÓÔÁ Ó ÒÁÚÎÙÍÉ pn;d=4-ÎÁÞÁÌÁÍÉ.

âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ pn;d = 2t ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ t.

úÁÄÁÞÁ 5.4. äÏËÁÖÉÔÅ, ÞÔÏ ÓÒÅÄÉ ÌÀÂÙÈ (d + 1)p1+3t
n;d È×ÏÓÔÏ× ÉÚ ÍÎÏÖÅÓÔ×Á 


ÎÁÊÄÕÔÓÑ Ä×Á ÏÄÎÏÃ×ÅÔÎÙÈ È×ÏÓÔÁ Ó ÒÁÚÌÉÞÎÙÍÉ 1-ÎÁÞÁÌÁÍÉ.

úÁÄÁÞÁ 5.5. äÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ÄÌÉÎÁ ÓÌÏ×Á W ÂÏÌØÛÅ, ÞÅÍ (d+1)2p2+3t
n;d s, ÔÏ ÏÎÏ

ÌÉÂÏ n-ÒÁÚÂÉ×ÁÅÍÏÅ, ÌÉÂÏ ÌÉÂÏ ÎÁÊÄÅÔÓÑ ud | ÐÏÄÓÌÏ×Ï ÓÌÏ×Á W .

ðÏÌØÚÕÑÓØ ÐÏÎÑÔÉÑÍÉ ÌÉÓÔËÁ \ðÒÉÌÏÖÅÎÉÑ Ë ËÏÌØÃÁÍ, ÎÅÍÎÏÇÏ ÉÓÔÏÒÉÉ" É ÚÁÄÁ-
ÞÅÊ 5.5, ÍÏÖÎÏ ÐÏÌÕÞÉÔØ ÏÔÒÉÃÁÔÅÌØÎÙÊ ÏÔ×ÅÔ ÎÁ ×ÏÐÒÏÓ å. é. úÅÌØÍÁÎÏ×Á, ÐÏÓÔÁ-
×ÌÅÎÎÙÊ × 1991 ÇÏÄÕ:

\ðÕÓÔØ F2;m | Ó×ÏÂÏÄÎÏÅ 2-ÐÏÒÏÖÄ£ÎÎÏÅ ÁÓÓÏÃÉÁÔÉ×ÎÏÅ ËÏÌØÃÏ Ó ÔÏÖÄÅÓÔ×ÏÍ
xm = 0: ÷ÅÒÎÏ ÌÉ, ÞÔÏ ËÌÁÓÓ ÎÉÌØÐÏÔÅÎÔÎÏÓÔÉ ËÏÌØÃÁ F2;m ÒÁÓÔ£Ô ÜËÓÐÏÎÅÎÃÉÁÌØ-
ÎÏ ÐÏ m?"

âÕÄÅÍ ÓÞÉÔÁÔØ, ÞÔÏ n = 2q ÄÌÑ ÎÅËÏÔÏÒÏÇÏ ÎÁÔÕÒÁÌØÎÏÇÏ ÞÉÓÌÁ q.

úÁÄÁÞÁ 5.6. ðÕÓÔØ � | (ÂÅÓËÏÎÅÞÎÏÅ) ÍÎÏÖÅÓÔ×Ï, ÓÏÓÔÏÑÝÅÅ ÉÚ ÓÌÏ× ÄÌÉÎÙ < n
ÎÁÄ ÁÌÆÁ×ÉÔÏÍ ÄÌÉÎÙ s É ÉÈ ×ÓÅ×ÏÚÍÏÖÎÙÈ ÓÔÅÐÅÎÅÊ. ðÏÌØÚÕÑÓØ ÚÁÄÁÞÁÍÉ 4.3a, 5.5,
ÄÏËÁÖÉÔÅ, ÞÔÏ ÅÓÌÉ ÓÌÏ×Ï W | ÎÅ n-ÒÁÚÂÉ×ÁÅÍÏÅ, ÔÏ ÅÇÏ ÍÏÖÎÏ ÐÒÅÄÓÔÁ×ÉÔØ ×
×ÉÄÅ ÐÒÏÉÚ×ÅÄÅÎÉÑ ÍÅÎÅÅ, ÞÅÍ n100qs ÓÌÏ× ÉÚ ÍÎÏÖÅÓÔ×Á Gamma.

7



Ïåðèîäè÷íîñòü è ïîðÿäî÷íîñòü ∗

À. ß. Áåëîâ, Ì. È. Õàðèòîíîâ, Ñ. Ã. Ãðèãîðüåâ, À. Â. Ïåòóõîâ

11 àâãóñòà 2012 ã.

Ðàññìîòðèì ìíîæåñòâî, ñ ýëåìåíòàìè êîòîðîãî ìîæíî ïðîâîäèòü îïåðàöèè ñëî-
æåíèÿ, ïðè÷åì

1. äëÿ ëþáûõ ýëåìåíòîâ a, b, c, a+ b = b+ a, (a+ b) + c = a+ (b+ c);

2. åñòü ñïåöèàëüíûé ýëåìåíò 0 òàêîé, ÷òî a+ 0 = a äëÿ âñåõ a;

3. äëÿ êàæäîãî ýëåìåíòà a ñóùåñòâóåò ïðîòèâîïîëîæíûé (−a) òàêîé, ÷òî (−a) +
a = a+ (−a) = 0.

Ìîæíî òàêæå äîáàâèòü åùå îäíó åñòåñòâåííóþ îïåðàöèþ, óìíîæåíèå, òàêæå
óäîâëåòâîðÿþùóþ óñëîâèþ àññîöèàòèâíîñòè:

4. a(bc) = (ab)c äëÿ âñåõ a, b, c.

Åñëè ïðè âñåõ ýòèõ ñâîéñòâàõ óìíîæåíèå è ñëîæåíèå óäîâëåòâîðÿþò óñëîâèþ
äèñòðèáóòèâíîñòè:

5. a(b+ c) = ab+ ac, (b+ c)a = ba+ ca äëÿ âñåõ a, b, c, òî ìíîæåñòâî ñ óêàçàííûìè
îïåðàöèÿìè íàçûâàåòñÿ êîëüöîì.

Çàäà÷à 0.1. Ïðèâåäèòå ïðèìåðû êîëåö ñ äåëèòåëÿìè íóëÿ, òî åñòü êîëåö, ãäå åñòü
ýëåìåíòû a, b òàêèå, ÷òî ab = 0;

Ðåøåíèå. Ðàññìîòðèì ìíîæåñòâî ïàð (a, b) öåëûõ ÷èñåë. Ñ ïîýëåìåíòíîé îïåðàöèåé
ñëîæåíèÿ è ïîýëåìåíòíîé îïåðàöèåé óìíîæåíèÿ. Î÷åâèäíî, ýòî êîëüöî. Åäèíèöà â
ýòîì êîëüöå ñîîòâåòñòâóåò ïàðå (1, 1), à íîëü � (0, 0). Òîãäà (1, 0) · (0, 1) = (0, 0), ò.å.
(1, 0) è (0, 1) � äåëèòåëè íóëÿ.

Îïðåäåëåíèå 0.1. Åäèíèöåé êîëüöà èëè íåéòðàëüíûì ýëåìåíòîì íàçûâàåòñÿ ýëå-
ìåíò E òàêîé, ÷òî EA = AE = A äëÿ âñåõ A ∈ R. Îáðàòíûé ýëåìåíò A−1 îïðåäåëÿ-
åòñÿ ðàâåíñòâîì AA−1 = E.

Çàäà÷à 0.2. Äîêàæèòå, ÷òî â êîëüöå ñ åäèíèöåé àêñèîìà êîììóòàòèâíîñòè ñëî-
æåíèÿ âûòåêàåò èç äðóãèõ àêñèîì.

Ðåøåíèå. Çàìåòèì, ÷òî

ab+ a+ b+ 1 = (a+ 1)(b+ 1) = ab+ b+ a+ 1.

∗Åñëè Âû çàìåòèòå îøèáêè â óñëîâèÿõ èëè ðåøåíèÿõ çàäà÷, ïèøèòå ïî àäðåñó

krab8nog@yandex.ru.
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Ñëåäîâàòåëüíî, a+ b = b+ a.

Çàäà÷à 0.3. Ïîñòðîéòå êîëüöî èç 4 ýëåìåíòîâ, êàæäûé íåíóëåâîé ýëåìåíò êîòî-
ðîãî îáðàòèì.

Ïðèìåð. Îáîçíà÷èì ýëåìåíòû êîëüöà çíàêàìè 0, 1, a, b. Âîçìîæíûå òàáëèöû ñëîæå-
íèÿ è óìíîæåíèÿ êîëüöà ïðèâåäåíû íèæå

+ 0 1 a b
0 0 1 a b
1 1 0 b a
a a b 0 1
b b a 1 0

× 0 1 a b
0 0 0 0 0
1 0 1 a b
a 0 a b 1
b 0 b 1 a

.

Ïðîâåðêà àññîöèàòèâíîñòè è êîììóòàòèâíîñòè ýòîãî ñëîæåíèÿ è óìíîæåíèÿ âûïîë-
íÿåòñÿ ïåðåáîðîì. Òàêæå êàê è ïðîâåðêà äèñòðèáóòèâíîñòè.

Çàäà÷à 0.4. Ïîñòðîéòå íåêîììóòàòèâíîå êîëüöî, òî åñòü òàêîå, ÷òî ñóùåñòâó-
þò a, b òàêèå, ÷òî ab ̸= ba.

Ïðèìåð. Êîëüöî ìàòðèö 2×2, ââîäèìîå ïîñëå îïðåäåëåíèÿ 0.3, ÿâëÿåòñÿ ïðèìåðîì
íåêîììóòàòèâíîãî êîëüöà.

Çàäà÷à 0.5. Ïóñòü R êîëüöî, ãäå ëþáàÿ ñóììà íåñêîëüêèõ åäèíèö íå ðàâíà íóëþ.
Ïóñòü ýëåìåíòû e, f, g òàêîâû, ÷òî ee = e, ff = f, gg = g è e + f + g = 0.
Äîêàæèòå, ÷òî e = f = g = 0.

Äîêàçàòåëüñòâî. Ïîñòðîèì êîëüöî, óäîâëåòâîðÿþùåå óñëîâèÿì çàäà÷è, äëÿ êîòîðî-
ãî e, f, g ̸= 0 â äâà øàãà.

Ïåðâûé øàã. Ïîëîæèì, ÷òî e, f, g ëåæàò â êîëüöå 2×2 ìàòðèö ñ êîýôôèöèåíòàìè
â Z2 è

e =

(
1 0
0 0

)
, f =

(
0 0
0 1

)
, f =

(
1 0
0 1

)
.

Ëåãêî âèäåòü, ÷òî e2 = e, f 2 = f, g2 = g, e + f + g = 0. Ê ñîæàëåíèþ, óäâîåííàÿ
åäèíèöà ýòîãî êîëüöà ðàâíà 0.

Ðàññìîòðèì àëãåáðó, ñîñòîÿùóþ èç ïàð (z,M), ãäå z � öåëîå ÷èñëî, à M � 2× 2
ìàòðèöà ñ êîýôôèöèåíòàìè â Z2. Ïîëîæèì

e = (0,

(
1 0
0 0

)
), f = (0,

(
0 0
0 1

)
), f = (0,

(
1 0
0 1

)
).

Ëåãêî âèäåòü, ÷òî e2 = e, f 2 = f, g2 = g, e + f + g = 0. Åäèíèöà ýòîãî êîëüöà (1,
1 0
0 1

), ñëîæåííàÿ ñ ñîáîé ëþáîå ÷èñëî ðàç äà¼ò íå íîëü.

Îïðåäåëåíèå 0.2. Ìíîãî÷ëåí f = f(x1, . . . , xn) íàçûâàåòñÿ òîæäåñòâîì êîëüöà A,
åñëè îí òîæäåñòâåííî îáðàùàåòñÿ â íîëü íà A. Òîæäåñòâî f ñëåäóåò èç íàáîðà òîæ-
äåñòâ {gi}, åñëè âåçäå, ãäå âûïîëíÿåòñÿ íàáîð {gi}, òàêæå âûïîëíÿåòñÿ f . Èíîãäà
ïèøóò òîæäåñòâî â âèäå f = 0.

Çàäà÷à 0.6. Ñóùåñòâóþò ëè íåòðèâèàëüíûå êîëüöà, óäîâëåòâîðÿþùèå òîæäå-
ñòâàì x2 = 0; xy = yx?
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Ïðèìåð. Ðàññìîòðèì âûðàæåíèÿ âèäà (a, b, c), ãäå a, b ∈ Z, à c � îñòàòîê ïðè äåëå-
íèè íà äâà (âû÷åò). Îïðåäåëèì ñëîæåíèå â ýòîì êîëüöå ïîòî÷å÷íî, à ïðîèçâåäåíèå
ôîðìóëîé

(a1, b1, c1) · (a2, b2, c2) := (0, 0, a1b2 + a2b1(mod2)).

Ëåãêî âèäåòü, ÷òî óêàçàííîå êîëüöî óäîâëåòâîðÿåò ñîîòíîøåíèÿì

xy = yx è x2 = 0.

Îïðåäåëåíèå 0.3. Åñëè êàæäûé íåíóëåâîé ýëåìåíò îáðàòèì, òî êîëüöî íàçûâàåòñÿ
òåëîì. Êîëüöî êîììóòàòèâíî, åñëè ab = ba äëÿ âñåõ a, b ∈ R. Êîììóòàòèâíîå òåëî
åñòü ïîëå.

Îïðåäåëåíèå 0.4. Ñâîáîäíàÿ àññîöèàòèâíàÿ àëãåáðà èëè êîëüöî íåêîììóòàòèâíûõ
ìíîãî÷ëåíîâ íàä êîëüöîì R: ýòî íàáîðû âûðàæåíèé âèäà

∑
i aivi, ai ∈ R, vi � ñëîâà.

Åñëè v =
∑

i aivi, u =
∑

i bivi, òî u + v =
∑

i(ai + bi)vi, uv =
∑

i,j aibjvivj. Ñâîáîäíàÿ
àññîöèàòèâíàÿ àëãåáðà ïåðåñòà¼ò áûòü ñâîáîäíîé, åñëè â íåé âûïîëíÿþòñÿ íåêîòîðûå
òîæäåñòâà. Ïîíÿòèå òîæäåñòâà àëãåáðû ïðèâåäåíî íèæå.

Îïðåäåëåíèå 0.5. Ìíîãî÷ëåí f = f(x1, . . . , xn) íàçûâàåòñÿ òîæäåñòâîì àëãåáðû
A, åñëè îí òîæäåñòâåííî îáðàùàåòñÿ â íîëü íà A. Òîæäåñòâî f ñëåäóåò èç íàáîðà
òîæäåñòâ {gi}, åñëè âåçäå, ãäå âûïîëíÿåòñÿ íàáîð {gi}, òàêæå âûïîëíÿåòñÿ f . Èíîãäà
ïèøóò òîæäåñòâî â âèäå f = 0.

Çàäà÷à 0.7. 1. Äîêàæèòå, ÷òî â àëãåáðå ìàòðèö âòîðîãî ïîðÿäêà âûïîëíÿåòñÿ
òîæäåñòâî [[x, y]2, z] = 0 (òîæäåñòâî Õîëëà).

2. Äîêàæèòå, ÷òî â àëãåáðå ìàòðèö âòîðîãî ïîðÿäêà âûïîëíÿåòñÿ òîæäåñòâî∑
σ∈S4

(−1)σxσ(1) · · · xσ(4) = 0 (ñòàíäàðòíîå òîæäåñòâî ñòåïåíè 4).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïóíêòà à) ðàñïàäàåòñÿ â òðè óòâåðæäåíèÿ, êàæäîå
èç êîòîðûõ ëåãêî äîêàçûâàåòñÿ íåïîñðåäñòâåííî.

1. Ñëåä êîììóòàòîðà äâóõ ìàòðèö ðàâåí íóëþ (ñëåä ìàòðèöû � ýòî ñóììà å¼
äèàãîíàëüíûõ ýëåìåíòîâ);

2. Êâàäðàò ìàòðèöû äâà íà äâà ñî ñëåäîì íîëü èìååò âèä

(
λ 0
0 λ

)
;

3. Êîììóòàòîð ëþáîé ìàòðèöû ñ ìàòðèöåé óêàçàííîãî âûøå âèäà ðàâåí 0.

Äëÿ ìàòðèöû A îáîçíà÷èì å¼ ñëåä ÷åðåç trA. Ïðÿìàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî

A2 − AtrA+ (trA)2−trA2

2
= 0

äëÿ âñÿêîé ìàòðèöû A (ìû ðåêîìåíäóåì íà÷àòü ñ ïðîâåðêè ýòîãî óòâåðæäåíèÿ äëÿ

ìàòðèö âèäà

(
λ1 0
0 λ2

)
). Ïîäñòàâëÿÿ âìåñòî A ìàòðèöó [X1, X2], èìååì

0 = A2 − AtrA+ (trA)2−trA2

2
= A2 − tr(A2)

2
.

Òî æå òîæäåñòâî áóäåò âûïîëíåíî, åñëè ìû ïîäñòàâèì âìåñòî A ìàòðèöû [X3, X4] è
[X1, X2] + [X3, X4]. Îòêóäà ñëåäóåò, ÷òî
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[X1, X2][X3, X4] + [X3, X4][X1, X2] =tr
[X1,X2][X3,X4]+[X3,X4][X1,X2]

2
(1).

Íàçîâ¼ì àëüòåðíèðîâàíèåì íåêîììóòàòèâíîãî ìíîãî÷ëåíà f(x1, ..., xn) îò n ïåðå-
ìåííûõ íåêîììóòàòèâíûé ìíîãî÷ëåí

Alt(f)(x1, ..., xn) :=
∑
σ∈Sn

sgn(σ)f(xσ(1), ..., xσ(n)).

Òîãäà 2n-ñòàíäàðòíîå òîæäåñòâî çàïèøåòñÿ êàê Alt(x1....x2n) = 0. Ïðèìåíÿÿ îïåðà-
öèþ Alt ê âûðàæåíèþ (1) èìååì,

Alt(X1X2X3X4) =
1
2
tr Alt(X1X2X3X4).

Ñòàíäàðòíîå òîæäåñòâî ñòåïåíè 4 ïåðåïèñûâàåòñÿ, êàê Alt(X1X2X3X4) = 0. Òàêèì
îáðàçîì, íàì äîñòàòî÷íî äîêàçàòü, ÷òî tr Alt(X1X2X3X4) = 0.

Ïðÿìàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî äëÿ âñÿêèõ ìàòðèö A è B èìååòñÿ òîæäåñòâî

tr(AB) =tr(BA).

Îòêóäà ëåãêî âèäåòü, ÷òî

tr(X1X2X3X4)=tr(X4X1X2X3)=tr(X3X4X1X2)=tr(X2X3X4X1),
tr(X1X2X4X3)=tr(X3X1X2X4)=tr(X4X3X1X2)=tr(X2X4X3X1),
tr(X1X3X2X4)=tr(X4X1X3X2)=tr(X2X4X1X3)=tr(X3X2X4X1),
tr(X1X3X4X2)=tr(X2X1X3X4)=tr(X4X2X1X3)=tr(X3X4X2X1),
tr(X1X4X2X3)=tr(X3X1X4X2)=tr(X2X3X1X4)=tr(X4X2X3X1),
tr(X1X4X3X2)=tr(X3X2X1X4)=tr(X3X2X1X4)=tr(X4X3X2X1).

È, ñëåäîâàòåëüíî, ÷òî Alt tr(X1X2X3X4) = 0.

Îïðåäåëåíèå 0.6. Àëãåáðà A íàçûâàåòñÿ íèëü-àëãåáðîé, åñëè åñòü ôóíêöèÿ n :
A → N òàêàÿ, ÷òî äëÿ ëþáîãî x ∈ A âûïîëíÿåòñÿ ðàâåíñòâî xn(x) = 0. Åñëè æå
â íåé âûïîëíÿåòñÿ òîæäåñòâî xn = 0, òî A íàçûâàåòñÿ íèëü-àëãåáðîé èíäåêñà n.
A � íèëüïîòåíòíà èíäåêñà k, åñëè â íåé âûïîëíÿåòñÿ òîæäåñòâî x1 · · · xk = 0, A
� íèëüïîòåíòíà, åñëè îíà íèëüïîòåíòíà èíäåêñà k ïðè íåêîòîðîì k. τ � ýëåìåíò
àëãåáðû A � íàçûâàåòñÿ àëãáðàè÷íûì èíäåêñà k, åñëè äëÿ íåêîòîðûõ ýëåìåíòîâ

a1, a2, . . . , ak èç àëãåáðû A âûïîëíÿåòñÿ ðàâåíñòâî
k∑

i=1

τ iai = 0. Àëãåáðà A àëãåáðàè÷íà

èíäåêñà k, åñëè êàæäûé åå ýëåìåíò àëãåáðàè÷åí èíäåêñà k íàä îñíîâíûì ïîëåì, è
àëãåáðàè÷íà, åñëè êàæäûé åå ýëåìåíò àëãåáðàè÷åí íåêîòîðîãî èíäåêñà (çàâèñÿùåãî
îò ýëåìåíòà).

Çàäà÷à 0.8. 1. Äîêàæèòå, ÷òî â àëãåáðå, àëãåáðàè÷íîé èíäåêñà k, âûïîëíÿåòñÿ
íåòðèâèàëüíîå òîæäåñòâî.

2. Äîêàæèòå, ÷òî àëãåáðà ìàòðèö n-ãî ïîðÿäêà àëãåáðàè÷íà èíäåêñà n.

3. Äîêàæèòå ðàâåíñòâî (ïîëÿðèçàöèþ)

(
n∑

i=1

xn
i

)n

−
∑
j

(x1 + · · ·+ x̂j + · · ·+ xn)
n+
∑
j<k

(x1 + · · ·+ x̂j + · · ·+ x̂k + · · ·+ xn)
n+· · ·+

+(−1)n−1
∑
i

xn
i =

∑
σ∈Sn

xσ(1) · · · xσ(n)
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(Åñëè ïåðåìåííûå xi êîììóòèðóþò, òî â ðåçóëüòàòå ïîëó÷èòñÿ n!x1 · · · xn.)

4. Äîêàæèòå, ÷òî òîæäåñòâî xn âëå÷åò òîæäåñòâî
∑

σ∈Sn
xσ(1) · · · xσ(n).

5. Äîêàæèòå, ÷òî êàæäîå òîæäåñòâî èìååò ïîëèëèíåéíîå (ò.å. ëèíåéíîå ïî
êàæäîé ñâîåé ïåðåìåííîé) ñëåäñòâèå òîé æå ñòåïåíè.

Çàäà÷à 0.9. Ïóñòü â àëãåáðå A âûïîëíÿåòñÿ ïîëèëèíåéíîå òîæäåñòâî ñòåïåíè
n. Äîêàæèòå, ÷òî ñëîâî, ÿâëÿþùååñÿ n-ðàçáèâàåìûì, ìîæíî ïðåäñòàâèòü â âèäå
ëèíåéíîé êîìáèíàöèè ëåêñèêîãðàôè÷åñêè ìåíüøèõ ñëîâ.

À. Ã. Êóðîø â 1941 ãîäó ïîñòàâèë ñëåäóþùèé âîïðîñ.

Ïðîáëåìà À.Ã.Êóðîøà. Âåðíî ëè, ÷òî àëãåáðàè÷åñêàÿ êîíå÷íî-ïîðîæäåííàÿ
àëãåáðà, â êîòîðîé âûïîëíÿåòñÿ íåêîòîðîå òîæäåñòâî ñòåïåíè n, êîíå÷íîìåðíà?

Ïåðâîíà÷àëüíîå ðåøåíèå ïðîáëåìû Êóðîøà, ïîëó÷åííîå èçâåñòíûìè ìàòåìàòè-
êàìè Ëåâèöêèì è Êàïëàíñêèì äåñÿòüþ ãîäàìè ñïóñòÿ, áûëî äàëåêî íå ýëåìåíòàðíûì,
ïîêà À.È.Øèðøîâ íå ðàçðàáîòàë ïðèíöèïèàëüíî èíîé, ÷èñòî êîìáèíàòîðíûé ìåòîä,
ïîçâîëèâøèé ðåøèòü è ïðîáëåìó Êóðîøà, è âîïðîñû íèëüïîòåíòíîñòè.

Çàäà÷à 0.10. Âîñïîëüçîâàâøèñü òåîðåìîé Øèðøîâà î âûñîòå, ðåøèòå ïðîáëåìó
Êóðîøà. Äîêàæèòå òàêæå, ÷òî l-ïîðîæäåííûå íèëü-àëãåáðû èíäåêñà n íèëüïî-
òåíòíû èíäåêñà k(n, l).

Íàøà äàëüíåéøàÿ öåëü � ïîëó÷åíèå îöåíîê íà ôóíêöèþ k(n, l).
Îöåíêè âûñîòû â êîìáèíàòîðèêå ñëîâ ïðèâîäÿò ê òàêèì æå îöåíêàì â òåîðèè

êîëåö. Ïåðâîíà÷àëüíàÿ îöåíêà À. È. Øèðøîâàáûëà î÷åíü çàâûøåííîé, îäíàêî åãî
ðàáîòû ñîäåðæàò ãëóáîêèå èäåè, èíòåðåñíûå äî ñèõ ïîð. À.Ò.Êîëîòîâ â 1982 ãîäó
ïîëó÷èë äâîéíóþ ýêñïîíåíòó (ll

n
), ãäå l � ÷èñëî îáðàçóþùèõ, n � ñòåïåíü òîæäåñòâà.

À. ß. Áåëîâ â 1990 ãîäó ïîëó÷èë ýêñïîíåíöèàëüíóþ îöåíêó ïîðÿäêà n3l3n, ýòà îöåíêà
óëó÷øàëàñü À.Êëåéíîì â 2000.

Â 1991 ãîäó Å. È. Çåëüìàíîâ ïîñòàâèë ñëåäóþùèé âîïðîñ.

�Ïóñòü F2,m � ñâîáîäíîå 2-ïîðîæä¼ííîå àññîöèàòèâíîå êîëüöî ñ òîæäåñòâîì
xm = 0. Âåðíî ëè, ÷òî êëàññ íèëüïîòåíòíîñòè êîëüöà F2,m ðàñò¼ò ýêñïîíåíöèàëü-
íî ïî m?”

Çàäà÷à 0.11. Äîêàæèòå, ÷òî çàêëþ÷èòåëüíàÿ çàäà÷à öèêëà �Ýêñïîíåíöèàëüíàÿ
îöåíêà� ïðîåêòà �Ïåðèîäè÷íîñòü è ïîðÿäî÷íîñòü� äàåò ïîëîæèòåëüíûé îòâåò íà
âîïðîñ Çåëüìàíîâà.

Â 2010 ãîäó À. ß. Áåëîâ è Ì. È. Õàðèòîíîâ ïîëó÷èëè ñóáýêñïîíåíöèàëüíóþ îöåí-
êó.

Â ýòîé ñâÿçè âîçíèêàåò ñëåäóþùàÿ íåðåøåííàÿ çàäà÷à:

Çàäà÷à 0.12. Ïîëó÷èòü ïîëèíîìèàëüíóþ îöåíêó íà âûñîòó.

Áîëåå òîãî,

Çàäà÷à 0.13. Ñóùåñòâóåò ëè âåðõíÿÿ îöåíêà íà âûñîòó, ïîëèíîìèàëüíàÿ îòíîñè-
òåëüíî ñòåïåíè è ëèíåéíàÿ îòíîñèòåëüíî ÷èñëà áóêâ â àëôàâèòå?

È, íàêîíåö, âîçíèêàåò

Çàäà÷à 0.14. Ïîëó÷èòü êàê ìîæíî áîëåå òî÷íóþ íèæíþþ îöåíêó íà âûñîòó.
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2 Öèêë �Êîìáèíàòîðèêà�

Â íåêîòîðûõ äîêàçàòåëüñòâàõ ïðèñóòñòâóåò òåðìèí � k−õâîñò�, êîòîðûé îçíà÷àåò òî
æå ñàìîå, ÷òî òåðìèí �k−íà÷àëî�.

Çàäà÷à 2.1. Êàðëñîí ìîæåò ïèñàòü òîëüêî òå ñëîâà, êîòîðûå íå ñîäåðæàò ïîä-
ñëîâ èç äâóõ ðàçëè÷íûõ áóêâ. Ñêîëüêî ñëîâ äëèíû n ìîæåò íàïèñàòü Êàðëñîí, åñëè
â ñëîâàðå l áóêâ?

Îòâåò. Êàðëñîí ìîæåò ïèñàòü ñëîâà, ñîñòîÿùèå èç âñåõ îäèíàêîâûõ áóêâ, à èõ ðîâ-
íî l.

Çàäà÷à 2.2. Â ñëîâàðå ïëåìåíè Âèííè�Ïóõîâ 20 ñëîâ. Â ôðàçàõ èõ ÿçûêà âîçìîæ-
íû ëþáûå ñî÷åòàíèÿ ýòèõ ñëîâ. Ñóùåñòâóþò äâà ìàãè÷åñêèõ çàêëèíàíèÿ, �Çåìëÿ
ñòîèò íà âåëèêîì êðîêîäèëå� è �Êàæäûé âå÷åð êðîêîäèë ãëîòàåò ñîëíöå�, êîòî-
ðûå âûçûâàþò óðàãàí, è ïîýòîìó âñëóõ ìîæíî ïðîèçíîñèòü òîëüêî òàêèå ôðàçû,
â êîòîðûõ ýòè ïîñëåäîâàòåëüíîñòè ñëîâ íå âñòðå÷àþòñÿ1. Ñêîëüêî âñåãî ôðàç èç
äåñÿòè ñëîâ ìîæíî ïðîèçíîñèòü âñëóõ?

Îòâåò. 2010 − 12 · 205 + 4.

Çàäà÷à 2.3. Â àëôàâèòå ñìåøàðèêîâ l áóêâ. Ìîæåò ëè â èõ ñëîâàðå ñîäåðæàòüñÿ
ñëîâî äëèíû l, ó êîòîðîãî ðîâíî

a) l + 1

b) l(l−1)
2

− 1
c*) 2l
ðàçëè÷íûõ ïîäñëîâ.

Ðåøåíèå. à) Äëÿ l = 1 òàêîãî ñëîâà, î÷åâèäíî, íå ñóùåñòâóåò. Äëÿ l = 2 òàêîå
ñëîâî ñóùåñòâóåò: ab. Äàëåå ìû ñ÷èòàåì, ÷òî l > 3. Ðàññìîòðèì ñëîâà, ñîñòîÿùèå
èç îäèíàêîâûõ áóêâ. Â íèõ ðîâíî l ðàçëè÷íûõ ïîäñëîâ. Åñëè â ñëîâå áóäåò õîòÿ áû 2
ðàçëè÷íûå áóêâû, òî òàì áóäåò êàê ìèíèìóì 2 ðàçëè÷íûõ ïîäñëîâà äëèíû 1 è õîòÿ
áû 2 äëèíû 2 (l > 3). Òîãäà âñåãî ïîäñëîâ áóäåò íå ìåíüøå, ÷åì l+2, ÷òî óæå áîëüøå,
÷åì íàì íóæíî.

b) Äëÿ l ≤ 4, âñå î÷åâèäíî. Äëÿ l = 5 ïðèìåð: ababa. Äëÿ l = 6: aaaabb. Äëÿ 7:
aabbabb.

Ïðèìåðû äëÿ âñåõ l ≥ 8 ñòðîÿòñÿ ïî èíäóêöèè: ê ñëîâó äëèíû l−3 ïðèïèñûâàåòñÿ
â êîíåö òðè áóêâû, îòëè÷àþùèåñÿ îò âñåõ ïðåäûäóùèõ.

ñ) Ñëó÷àé l ≤ 4 (êàê áîëåå ïðîñòîé) ìû îñòàâëÿåì ÷èòàòåëþ. Ðàññìîòðèì ñëó÷àé
l ≥ 5. Äëÿ òîãî ÷òîáû ñëîâî W èìåëî ðîâíî 2l ðàçëè÷íûõ ïîäñëîâ, òðåáóåòñÿ ÷òîáû
â í¼ì áûëî õîòÿ áû 2 ðàçëè÷íûå áóêâû. Ïðè ýòîì óñëîâèè, äëÿ ëþáîãî 1 ≤ k < l
ðàçëè÷íûõ ïîäñëîâ äëèíû k õîòÿ áû äâà (èíà÷å âñå áóêâû ïîäñëîâà áóäóò îäèíàêî-
âû). Ðàññìîòðèì ðàçëè÷íûå ïîäñëîâà äëèíû äâà . Åñëè èõ ðîâíî äâà, òî ñëîâî èìååò
âèä:

ababab...ab, èëè ababab...aba, èëè abbb...b, èëè aaa...ab.

Â ýòèõ ñëîâàõ ìåíüøå, ÷åì 2l ðàçëè÷íûõ ïîäñëîâ è, ñëåäîâàòåëüíî, îíè íå óäîâëå-
òâîðÿþò óñëîâèþ çàäà÷è. Ïî àíàëîãè÷íûì ñîîáðàæåíèÿì ïîäñëîâ äëèíû 3 õîòÿ áû

1Äàæå åñëè ñëîâà â äðóãèõ ñëîâàðíûõ ôîðìàõ.
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3. Â èòîãå, ðàçëè÷íûõ ïîäñëîâ W ïî êðàéíåé ìåðå 2 + 3 + 3 + ... + 2 + 1 (âñåãî l
ñëàãàåìûõ). Óêàçàííàÿ ñóììà ðàâíà 2l+ 1 è, ñëåäîâàòåëüíî, íå ñóùåñòâóåò ñëîâà W
äëèíû l ≥ 5, ñîäåðæàùåãî ðîâíî 2l ïîäñëîâ.

Çàäà÷à 2.4. Â àëôàâèòå èíäåéöåâ N áóêâ. Èç íèõ èíäåéöû ñîñòàâëÿþò ñëîâà. Èç-
âåñòíî, ÷òî ëþáîå ñëîâî, ïîâòîðåííîå äâàæäû, îçíà÷àåò òî æå ñàìîå, ÷òî è ñàìî
ñëîâî, à çàìåíà ïîäñëîâà íà åãî êâàäðàò íå ìåíÿåò ñìûñëà âñåãî ñëîâà. Íàïðèìåð,
ãîðîðîä îçíà÷àåò òî æå, ÷òî è ãîðîä. Äîêàæèòå, ÷òî â ÿçûêå èíäåéöåâ êîíå÷íîå
÷èñëî ïîíÿòèé, åñëè:

à) N = 2;
b) N = 3;
ñ) ïðîèçâîëüíîå N .

Äîêàçàòåëüñòâî. Ñíà÷àëà ââåäåì îäíî îáîçíà÷åíèå. Íàçîâåì ñëîâî íåñîêðàòèìûì,
åñëè íåò ñëîâà êîðî÷å ñ òàêèì æå ñìûñëîì. Äîêàçûâàòü óòâåðæäåíèå çàäà÷è áóäåì
ïî èíäóêöèè ïî N � ÷èñëó áóêâ â àëôàâèòå. Áàçà äëÿ N ðàâíîãî åäèíèöå î÷åâèäíà.
Äîêàæåì ïåðåõîä îò N ê N + 1. Ïî ïðåäïîëîæåíèþ èíäóêöèè íåñîêðàòèìûõ ñëîâ â
àëôàâèòå ñ N áóêâàìè êîíå÷íî. Îáîçíà÷èì çà d ïðîèçâîëüíîå ÷èñëî, áîëüøåå äëèíû
êàæäîãî èç íåñîêðàòèìûõ ñëîâ ýòîãî àëôàâèòà. Òåïåðü ðàññìîòðèì àëôàâèò èç N+1
áóêâû. Ïóñòü â í¼ì íàéäåòñÿ íåñîêðàòèìîå ñëîâî äëèíû õîòÿ áû (d+1)(N+1)d+2. Ýòî
ñëîâî ìîæíî ðàçáèòü íà (N + 1)d+2 áëîêîâ äëèíû d+ 1 ïëþñ, âîçìîæíî, åù¼ ÷òî-òî.
Ñðåäè ýòèõ áëîêîâ íàéäóòñÿ 2 îäèíàêîâûõ, ò.ê. âñåãî âîçìîæíûõ áëîêîâ äëèíû (d+1)
ðîâíî (N + 1)d+1, ÷òî ìåíüøå (N + 1)d+2. Îáîçíà÷èì äâà îäèíàêîâûõ áëîêà äëèíû
(d + 1) çà B (îíè íå ïåðåñåêàþòñÿ). Åñëè áû â B áûëî íå áîëåå, ÷åì N ðàçëè÷íûõ
áóêâ, òî ïî ïðåäïîëîæåíèþ èíäóêöèè ýòî ñëîâî áûëî áû ñîêðàòèìî. Ñëåäîâàòåëüíî,
â çàïèñè B ó÷àñòâóþò âñå áóêâû íàøåãî àëôàâèòà.

Ïîêàæåì, ÷òî åñëè ñëîâî B ñîäåðæèò âñå áóêâû àëôàâèòà, à C � ëþáîå ñëîâî,
òî çíà÷åíèå BCB ñîâïàäàåò ñî çíà÷åíèåì B (åñëè ýòî òàê, òî ñëîâî ïîëó÷åííîå â
ïðåäûäóùåì ïàðàãðàôå ñîêðàòèìî è çàäà÷à 2.4 ðåøåíà).

Ïîêàæåì, ÷òî ñóùåñòâóåò òàêîå Y , ÷òî ñëîâà B è BCY èìåþò îäèíàêîâûé ñìûñë
(åñëè ýòî òàê, òî ñëîâà

B ↔ BCY ↔ BCBCY ↔ BCB

èìåþò îäèí è òîò æå ñìûñë è çàäà÷à 2.4 ðåøåíà). Ïóñòü C = c1c2...ck. Òàê êàê c1
âõîäèò â B,

B = Sc1M.

Òîãäà B ñîâïàäàåò ïî ñìûñëó ñ Bc1M . Òàê êàê c2 âõîäèò â B, B = Ec2D è ñìûñë ñëîâ
B1M è Bc1c2Dc1M îäèíàêîâ. È òàê äàëåå. Òàêèì îáðàçîì, è Y èìåþò îäèíàêîâûé
ñìûñë äëÿ íåêîòîðîãî Y.

Çíà÷èò, â àëôàâèòå äëèíû N + 1 íå áûâàåò íåñîêðàòèìûõ ñëîâ äëèíû áîëüøåé,
÷åì (d+ 1)(N + 1)d+2, à, ñëåäîâàòåëüíî, ÷èñëî ñëîâ â ýòîì àëôàâèòå êîíå÷íî.

Çàäà÷à 2.5. Íàçîâ¼ì çàïðåòîì ñëîâî, êîòîðîå ìû çàïðåùàåì èñïîëüçîâàòü â êà÷å-
ñòâå ïîäñëîâà. Ñîîòâåòñòâåííî ñëîâî, íå ñîäåðæàùåå çàïðåòîâ, íàçûâàåì ðàçðå-
ø¼ííûì. Êàêîå ìèíèìàëüíîå ÷èñëî çàïðåòîâ íóæíî çàäàòü, ÷òîáû ñðåäè ñòîáóê-
âåííûõ ñëîâ ðîâíî äâà: (ab)50 è (ba)50 � áûëè ðàçðåøåíû?
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Ðåøåíèå. Ðàññìîòðèì âñå ñëîâà äëèíû 100, ñîñòîÿùèå èç îäèíàêîâûõ áóêâ. Èõ ðîâíî
l è ó íèõ íåò îáùèõ ïîäñëîâ. Çíà÷èò, íàì òðåáóåòñÿ êàê ìèíèìóì l çàïðåòîâ.

Ïîêàæåì, ÷òî l çàïðåòîâ õâàòàåò. Äåéñòâèòåëüíî, ñëîâà áåç çàïðåòîâ aa, bb, c, d
è âñåõ îñòàâøèõñÿ áóêâ � ýòî ðîâíî abab....ab è baba...ba.

Çàïèñü ut îçíà÷àåò ñëîâî u, íàïèñàííîå t ðàç ïîäðÿä.

Çàäà÷à 2.6. Ïóñòü k, t � íåêîòîðûå íàòóðàëüíûå ÷èñëà. Äîêàæèòå, ÷òî åñëè â
ñëîâå V äëèíû k · t íå áîëüøå k ðàçëè÷íûõ ïîäñëîâ äëèíû k, òî äëÿ íåêîòîðîãî
ñëîâà v ñëîâî V âêëþ÷àåò â ñåáÿ ïîäñëîâî âèäà vt.

Äîêàçàòåëüñòâî. Äîêàæåì ëåììó èíäóêöèåé ïî k. Áàçà ïðè k = 1 î÷åâèäíà. Îáî-
çíà÷èì ÷åðåç V − ñëîâî V , ñ âûáðîøåííîé ïîñëåäíåé áóêâîé. Åñëè â V − íàõîäèòñÿ íå
áîëüøå, ÷åì (k − 1) ðàçëè÷íîå ïîäñëîâî äëèíû (k − 1), òî ïðèìåíÿåì èíäóêöèîííîå
ïðåäïîëîæåíèå (äëèíà V − íå ìåíüøå, ÷åì (k − 1)t).

Ïóñòü V − ñîäåðæèò íå ìåíüøå, ÷åì k ïîäñëîâ äëèíû k− 1. Òàê êàê V − ñîäåðæèò
íå áîëüøå, ÷åì k ðàçëè÷íûõ ïîäñëîâ äëèíû k, òî â ïîäñëîâå V äëèíû k ïîñëåäíÿÿ
áóêâà îïðåäåëÿåòñÿ ïî (k−1) ïðåäûäóùåé. Òàêèì îáðàçîì, ñðåäè ïåðâûõ k+1 ïîäñëîâ
äëèíû (k − 1) åñòü íå ìåíüøå äâóõ îäèíàêîâûõ. Ïóñòü îíè èìåþò íîìåðà i, j è i > j
(îòìåòèì, ÷òî i-îå ïîäñëîâî è j-îå ïîäñëîâî äëèíû k òàêæå ñîâïàäàþò). Òîãäà i-àÿ
áóêâà ñîâïàäàåò ñ j-îé, (i+1)-àÿ ñ (j+1)-îé, (i+k)-àÿ c (j+k)-îé. Òàê êàê (i−j) ≤ k,
V åñòü ïîäñëîâî V1→(j−1)V

∞
j→(i−1), ãäå V1→(j−1) � ïîäñëîâî â V , íà÷èíàþùååñÿ â 1-îé

áóêâå, à êîí÷àþùååñÿ â j− 1, à Vj→(i−1) � ïîäñëîâî V , íà÷èíàþùååñÿ â j-îé áóêâå, à
êîí÷àþùååñÿ â (i− 1)-îé. Òàê êàê i− 1 6 k è i− j 6 k, V ñîäåðæèò íå ìåíüøå, ÷åì
t-óþ ñòåïåíü ïîäñëîâà Vj→(i−1). Çíà÷èò, V ñîäåðæèò ïîäñëîâî âèäà vt.

Çàäà÷à 2.7. Óñòàíîâèòå áèåêöèþ ìåæäó ñëåäóþùèìè äâóìÿ ìíîæåñòâàìè:

• ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë 1 6 a1 6 a2 6 . . . 6 an, ãäå ai 6 i;

• ïåðåñòàíîâêè ÷èñåë 1, 2, . . . , n, ó êîòîðûõ äëèíà êàæäîé óáûâàþùåé ïîñëåäî-
âàòåëüíîñòè íå áîëüøå 2.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ìíîæåñòâî ïåðåñòàíîâîê S∨
n ÷èñåë 1, 2, . . . , n, ó êîòî-

ðûõ äëèíà êàæäîé óáûâàþùåé ïîñëåäîâàòåëüíîñòè íå áîëüøå 2 (ìû ðàññìàòðèâàåì
ïåðåñòàíîâêè, êàê ïîäìíîæåñòâî ìíîæåñòâà ñëîâ). Äëÿ âñÿêîé ïåðåñòàíîâêè σ ∈ S∨

n

îáîçíà÷èì ÷åðåç b(σ) äëèíó ìàêñèìàëüíîé âîçðàñòàþùåé ïîäïîñëåäîâàòåëüíîñòè, êî-
íåö êîòîðîé ñîâïàäàåò ñ êîíöîì σ. Äëÿ âñÿêîãî m < n è äëÿ êàæäîé ïåðåñòàíîâêè
σ ∈ S∨

n îáîçíà÷èì ÷åðåç σ[m] ïåðåñòàíîâêó, ïîëó÷àåìóþ èç σ[m] âûáðàñûâàíèåì âñåõ
÷èñåë, áîëüøèõ m. Êàæäàÿ ïåðåñòàíîâêà σ ∈ S∨

n çàäà¼ò ïîñëåäîâàòåëüíîñòü ÷èñåë

b1 := b(σ[1]), b2 := b(σ[2]), ..., bn := b(σ[n]).

Çàìåòèì, ÷òî b1 = 1, bi+1 6 bi+1, 1 6 bi 6 i. Çàäàäèì òåïåðü ïîñëåäîâàòåëüíîñòü {ai}
ïðàâèëîì ai := i+ 1− bi. Çàìåòèì, ÷òî

a1 = 1, 1 6 ai 6 i, ai ≤ aj.

Òàêèì îáðàçîì, êàæäîé ïåðåñòàíîâêå σ ∈ S∨
n , â êîòîðîé íåò óáûâàþùåé ïîñëåäî-

âàòåëüíîñòè äëèíû 3, ìû ñîïîñòàâèëè âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü 1 6 a1 6
a2 6 ... 6 an, äëÿ êîòîðîé ai ≤ i.

Ëåãêî âèäåòü, ÷òî çàäàííîå ñîîòâåòñòâèå áèåêòèâíî. Ïîñòðîåíèå îáðàòíîé ôóíê-
öèè îñòàâëÿåòñÿ ÷èòàòåëþ â êà÷åñòâå óïðàæíåíèÿ.
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Ðåøåíèå ýòîé çàäà÷è òàêæå íàõîäèòñÿ â ïðîåêòå Äîöåíêî �×èñëà Êàòàëàíà è
åñòåñòâåííûå îòîáðàæåíèÿ� íà îäíîé èç ïðåäûäóùèõ êîíôåðåíöèé òóðíèðà ãîðîäîâ.

Çàäà÷à 2.8. Ñòî ëþäîåäîâ ïðèåõàëè íà ïèð. Îáåäàþùèé ëþäîåä ïðîãëàòûâàåò öå-
ëèêîì ñåáå ïîäîáíîãî. Ïîîáåäàâøèé ëþäîåä, êîíå÷íî, ìîæåò è ñàì ñîñëóæèòü îáå-
äîì äëÿ äðóãîãî ñâîåãî ñîáðàòà. Òàê è ñîñòàâëÿþòñÿ ïèùåâûå öåïî÷êè. Äëèíîé öå-
ïî÷êè íàçîâåì êîëè÷åñòâî ëþäîåäîâ, âëîæåííûõ äðóã â äðóãà. Âîïðîñ: êàêîé ìàêñè-
ìàëüíîé äëèíû öåïî÷êà òî÷íî ïðèñóòñòâóåò, åñëè èçâåñòíî, ÷òî êàêèå áû äåñÿòü
ëþäîåäîâ ìû íå âçÿëè, ñðåäè íèõ íàéäóòñÿ äâà ýêçåìïëÿðà, îäèí èç êîòîðûõ ïîêî-
èòñÿ â æåëóäêå äðóãîãî?

Äîêàçàòåëüñòâî. Ðàññìîòðèì âñåõ ýòèõ ëþäîåäîâ â âèäå ãðàôà: ñàìè ëþäîåäû - ýòî
âåðøèíû ãðàôà, à îðèåíòèðîâàííûå ðåáðà èäóò îò ïîîáåäàâøåãî ëþäîåäà êî âñåì
åãî æåðòâàì. Çàìåòèì, ÷òî ýòîò ãðàô ÿâëÿåòñÿ ëåñîì (ò.å. îáúåäèíåíèåì äåðåâüåâ).
Ïîäâåñèì ãðàô çà ëþäîåäîâ, êîòîðûõ íå ñúåëè. Ïî î÷åâèäíûì ñîîáðàæåíèÿì íà ïðî-
èçâîëüíîì óðîâíå ÷èñëî âåðøèí íå áîëåå äåâÿòè, à èç ýòîãî ÿñíî, ÷òî åñòü öåïî÷êà
äëèíû õîòÿ áû 12. À òåïåðü ïîêàæåì, ÷òî ìîæåò áûòü ðîâíî 12: äëÿ íà÷àëà ïîñàäèì
99 ëþäîåäîâ â 9 êîìíàò ïî 11 ëþäîåäîâ â êàæäîé, è ïóñòü îíè ïîîáåäàþò òàêèì îáðà-
çîì: âòîðîé ñúåäàåò ïåðâîãî, ïîòîì òðåòèé âòîðîãî è òàê äàëåå. À ïîòîì îñòàâøèéñÿ
ëþäîåä ñúåñò âñåõ âûæèâøèõ â êîìíàòàõ. Óðà.

Îïðåäåëåíèå 2.1. Ñëîâî u íàçîâåì íåöèêëè÷åñêèì, åñëè u íåëüçÿ ïðåäñòàâèòü â
âèäå vk, ãäå k > 1.

Çàäà÷à 2.9. Ïóñòü u è v � ðàçëè÷íûå íåöèêëè÷åñêèå ñëîâà äëèíû m è n ñîîòâåò-
ñòâåííî. Ñëîâî W ñîäåðæèò ïîäñëîâà u′ = um·n è v′ = vm·n. Äîêàæèòå, ÷òî äëèíà
îáùåé ÷àñòè ó u′ è v′ íå áîëüøå m+ n− 2.

Ðåøåíèå. Ïóñòü m > n è ïóñòü ïåðåñå÷åíèå äâóõ ïåðèîäè÷åñêèõ ïîäñëîâ umn è vmn

èìååò äëèíó õîòÿ áû m + n − 1. Îáîçíà÷èì èõ ïåðåñå÷åíèå çà S, à åãî áóêâû �
s1, ..., sl (l � äëèíà S). Ïîêàæåì, ÷òî â ýòîì ñëó÷àå ñëîâî u � ïåðèîäè÷íî ñ ïåðèîäîì
d :=ÍÎÄ(m,n).

Äîñòàòî÷íî ïîêàçàòü, ÷òî åñëè k = l(mod d) è 1 ≤ k, l < m+ n− 1, òî sk = sl.
Îáîçíà÷èì êàê r îñòàòîê ïðè äåëåíèè k íà d. Ïóñòü r ̸= 0. Òîãäà k− r = an− bm

äëÿ êàêèõ-òî ÷èñåë a, b ∈ Z≥0. Ïîñòðîèì ïîñëåäîâàòåëüíîñòè ki, ai, bi ïî ñëåäóþùèì
ïðàâèëàì:

1. k0 = k, a0 = a, b0 = b;

2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, åñëè ai > 0 è ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, åñëè ai = 0 è bi > 0

i− ûé ÷ëåí ïîñëåäîâàòåëüíîñòè � ïîñëåäíèé, åñëè ai = bi = 0

.

Èç îïðåäåëåíèÿ ýòîé ïîñëåäîâàòåëüíîñòè âèäíî, ÷òî
1. ki − r = ain− bim äëÿ âñåõ i ≥ 0;

2. d ̸ ... ki äëÿ âñåõ i ≥ 0;
3. 1 ≤ ki ≤ m+ n− 1 äëÿ âñåõ i ≥ 0.
4. Åñëè ki � ïîñëåäíèé ÷ëåí ïîñëåäîâàòåëüíîñòè, òî ki = r.
Èç ýòèõ ïðàâèë ñëåäóåò, ÷òî ski+1

= ski è, â ÷àñòíîñòè, sk = sl, åñëè k = l(mod d).
Ïóñòü r = 0. Ïîêàæåì, ÷òî sk = sn = sm. Äëÿ ýòîãî ïîñòðîèì ïîñëåäîâàòåëüíîñòè

ki, ai, bi, çàäàííûå ñëåäóþùèìè ïðàâèëàìè:
1. k0 = n, a0 = m/d− 1, b0 = n/d− 1;
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2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, åñëè ai > 0 è ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, åñëè ai = 0 è bi > 0

i− ûé ÷ëåí ïîñëåäîâàòåëüíîñòè � ïîñëåäíèé, åñëè ai = bi = 0

.

Îòìåòèì, ÷òî
1. ki − n = ain− bim äëÿ âñåõ i > 0;

2. ki
... d äëÿ âñåõ i > 0;

3. 1 ≤ ki ≤ m+ n− 1 äëÿ âñåõ i > 0.
Ïóñòü ki = n. Òîãäà nai = mbi è, â ÷àñòíîñòè, èëè ai = 0, èëè ai ≥ m/d. Òàê êàê

ïîñëåäíåå íåâîçìîæíî, òî ai = bi = 0. Íàîáîðîò, åñëè ai = bi = 0, òî ki = n. Òàêèì
îáðàçîì, â ïîñëåäîâàòåëüíîñòÿõ {ai}, {bi}, {ki} ðîâíî m/d + n/d − 1 ÷ëåí. Ïîêàæåì
òåïåðü, ÷òî ëþáûå äâà ÷ëåíà ïîñëåäîâàòåëüíîñòè {ki} ðàçëè÷íû. Äåéñòâèòåëüíî, åñëè
ki = kj, òî n(ai − aj) = m(bi − bj). Â ÷àñòíîñòè ai ≥ m/d. ×òî íåâîçìîæíî. Òàêèì
îáðàçîì, ëþáûå äâà ÷ëåíà ïîñëåäîâàòåëüíîñòè {ki} ïîïàðíî ðàçëè÷íû, ïðèíàäëåæàò
ìíîæåñòâó {d, ..., d(m/d+ n/d− 1)}, à âñåãî ýëåìåíòîâ â ýòîé ïîñëåäîâàòåëüíîñòè �
m/d+n/d−1. Îòêóäà ñëåäóåò, ÷òî ÷ëåíû ýòîé ïîñëåäîâàòåëüíîñòè èñ÷åðïûâàþò âñå
÷èñëà, äåëÿùèåñÿ íà d, îò d äî d(m/d+ n/d− 1), è, òàê êàê ski = ski+1

, sk = sn = sm.

Â ÷àñòíîñòè, îòñþäà ñëåäóåò, ÷òî åñëè k, l
... d è k = l (mod d), òî sk = sl. Òàê êàê

ïåðåñå÷åíèå äâóõ ïåðèîäè÷åñêèõ ìíîæåñòâ èìååò äëèíó m+n−1 è d-ïåðèîäè÷íî, òî
êàæäîå èç ñëîâ u, v (îíè èìåþò äëèíó ìåíüøóþ m+n−1!) ïåðèîäè÷íî. Ïðîòèâîðå÷èå.
Ñëåäîâàòåëüíî, ïåðåñå÷åíèå umn è vmn íå ìîæåò èìåòü äëèíó, áîëüøóþ m+n−2.

Çàäà÷à 2.10. Íà áåñêîíå÷íîé ëåíòå â êàæäîé ÿ÷åéêå íàïèñàíû öèôðû îò 1 äî 9.
Äîêàæèòå, ÷òî òîãäà ëèáî èç íå¼ ìîæíî âûðåçàòü 10 íåïåðåñåêàþùèõñÿ òûñÿ-
÷åçíà÷íûõ ÷èñåë â ïîðÿäêå óáûâàíèÿ, ëèáî êàêîå-òî ÷èñëî äëèíû ìåíüøå 10 ïîâòî-
ðèòñÿ 50 ðàç ïîäðÿä.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ìîìåíò, ñ êîòîðîãî âñå âñòðå÷àåìûå 1000-çíà÷íûå ÷èñ-
ëà ïîâòîðÿþòñÿ áåñêîíå÷íîå ÷èñëî ðàç. Åñëè èõ õîòÿ áû 10, òî íàéäåì íàèáîëüøåå,
çàòåì äàëåå íåãî íàéäåì âòîðîé ïî âåëè÷èíå è òàê äàëåå. À åñëè èõ ìåíåå 10, òî òîãäà
ñóùåñòâóåò 2 îäèíàêîâûõ 1000-çíà÷íûõ ñëîâà, ó êîòîðûõ ðàññòîÿíèå ìåæäó íà÷àëà-
ìè ìåíåå 10. Çíà÷èò, òàêîå ÷èñëî (÷àñòè÷íî) ïåðèîäè÷íî ñ ïåðèîäîì íå áîëåå 10. À,
çíà÷èò, ìû íàøëè òðåáóåìîå 50-òè ðàçîâîå ïîâòîðåíèå ñëîâà äëèíû ìåíåå 10.

3 Öèêë �Òåîðåìà Äèëóîðñà�

Çàäà÷à 3.1. Èç ëþáûõ ëè ïÿòè ðàçëè÷íûõ ÷èñåë, âûïèñàííûõ â ðÿä, ìîæíî âû-
áðàòü òðè, ñòîÿùèå â ýòîì ðÿäó â ïîðÿäêå óáûâàíèÿ èëè â ïîðÿäêå âîçðàñòàíèÿ?

Äîêàçàòåëüñòâî. ßâëÿåòñÿ ÷àñòíûì ñëó÷àåì çàäà÷è 3.4.

Çàäà÷à 3.2. Èç ëþáûõ ëè äåâÿòè ðàçëè÷íûõ ÷èñåë, âûïèñàííûõ â ðÿä, ìîæíî âû-
áðàòü ÷åòûðå, ñòîÿùèå â ýòîì ðÿäó â ïîðÿäêå óáûâàíèÿ èëè â ïîðÿäêå âîçðàñòà-
íèÿ?

Ðåøåíèå. Íåò, íå èç ëþáûõ. Íàïðèìåð, 3-2-1-6-5-4-9-8-7.

Çàäà÷à 3.3. Äîêàæèòå, ÷òî èç ëþáûõ äåñÿòè ðàçëè÷íûõ ÷èñåë, âûïèñàííûõ â ðÿä,
ìîæíî âûáðàòü ÷åòûðå, ñòîÿùèå â ýòîì ðÿäó â ïîðÿäêå óáûâàíèÿ èëè â ïîðÿäêå
âîçðàñòàíèÿ.
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Äîêàçàòåëüñòâî. ßâëÿåòñÿ ÷àñòíûì ñëó÷àåì çàäà÷è 3.4.

Çàäà÷à 3.4. Äîêàæèòå, ÷òî ñðåäè ëþáûõ mn + 1 ðàçëè÷íûõ ÷èñåë íàéäóòñÿ ëèáî
m+ 1 â ïîðÿäêå óáûâàíèÿ, ëèáî n+ 1 â ïîðÿäêå âîçðàñòàíèÿ.

Äîêàçàòåëüñòâî. Ïîëîæèì, ÷òî a ≻ b, åñëè a > b è a ñòîèò ïîñëå b. À âñå îñòàëü-
íûå ïàðû íàçîâåì íåñðàâíèìûìè. Èç çàäà÷è 3.7 ìû ìîæåì íàéòè ëèáî m + 1 öåïü
îòíîñèòåëüíî ≻ (÷òî ñîîòâåòñòâóåò m + 1 ýëåìåíòó â ïîðÿäêå âîçðàñòàíèÿ), ëèáî
n+ 1 ïîïàðíî íåñðàâíèìûé ýëåìåíò îòíîñèòåëüíî ≻, ÷òî ñîîòâåòñòâóåò óáûâàþùåé
ïîñëåäîâàòåëüíîñòè èç n+ 1 ýëåìåíòà.

×àñòè÷íî óïîðÿäî÷åííîå ìíîæåñòâî (×ÓÌ) M � ýòî ìíîæåñòâî, äëÿ ëþáûõ äâóõ
ýëåìåíòîâ a, b êîòîðîãî èçâåñòíî, íàõîäÿòñÿ îíè â íåêîòîðîì îòíîøåíèè ≺ èëè íåò.
Ïðè ýòîì äîëæíû áûòü âûïîëíåíû ñëåäóþùèå àêñèîìû:

Õ åñëè a ≺ b è b ≺ c, òî a ≺ c;
Õ åñëè a ≺ b, òî a íå ðàâíî b.

Çàäà÷à 3.5. Âîçìîæíî ëè, ÷òî íåðàâåíñòâà a ≺ b è b ≺ a âûïîëíåíû îäíîâðåìåííî?

Çàäà÷à 3.6. Äîêàæèòå, ÷òî ñëîâà îáðàçóþò ×ÓÌ ïðè îòíîøåíèè, ïîðîæä¼ííîì
ëåêñèêîãðàôè÷åñêèì ïîðÿäêîì.

Îïðåäåëåíèå 3.1. Ìíîæåñòâî, ëþáûå äâà ýëåìåíòà êîòîðîãî ñðàâíèìû, íàçûâàþò
ëèíåéíî óïîðÿäî÷åííûì èëè, êîðîòêî, öåïüþ.

Çàäà÷à 3.7. Ïóñòü m,n � íåêîòîðûå íàòóðàëüíûå ÷èñëà. Â ÷àñòè÷íî óïîðÿäî÷åí-
íîì ìíîæåñòâå èç mn+1 ýëåìåíòîâ åñòü ëèáî öåïü èç èäóùèõ â ïîðÿäêå âîçðàñòà-
íèÿ m+1 ýëåìåíòîâ, ëèáî n+1 ïîïàðíî íåñðàâíèìûõ ýëåìåíòîâ (òàê íàçûâàåìàÿ
àíòèöåïü).

Äîêàçàòåëüñòâî. Áóäåì äîêàçûâàòü ïî èíäóêöèè ïî ÷èñëó m. Áàçà äëÿ m = 0 î÷å-
âèäíà. Äîêàæåì ïåðåõîä. Ðàññìîòðèì íàø ×ÓÌ. Íàçîâåì ÷èñëî ìàêñèìàëüíûì, åñëè
íåò íèêàêîãî, áîëüøåãî åãî. Ðàññìîòðèì âñå ìàêñèìàëüíûå ÷èñëà. Èç îïðåäåëåíèÿ
âèäíî, ÷òî íèêàêèå 2 ìàêñèìàëüíûõ íå ÿâëÿþòñÿ ñðàâíèìûìè. Åñëè èõ õîòÿ áû n+1,
òî ìû íàøëè òðåáóåìóþ àíòèöåïü. Åñëè èç íå áîëåå, ÷åì n, òî çàáóäåì âðåìåííî ïðî
íèõ è íàéäåì ñðåäè îñòàâøèõñÿ (êîòîðûõ íå ìåíüøå, ÷åì n(m − 1) + 1 ëèáî àíòè-
öåïü äëèíû n + 1 (óæå ïîáåäà), ëèáî öåïü äëèíû m. Âî âòîðîì ñëó÷àå ðàññìîòðèì
ìàêñèìàëüíûé ýëåìåíò ýòîé öåïè. Ðàç îí íå çàáûò, òî åñòü çàáûòîå ÷èñëî, áîëüøåå
äàííîãî, à, ñîîòâåòñòâåííî, è âñåõ ýëåìåíòîâ öåïè. Äîáàâèì çàáûòîå ÷èñëî, è, òåì
ñàìûì, ïîñòðîèì òðåáóåìóþ öåïü äëèíû m+ 1.

Çàäà÷à 3.8. Îáîçíà÷èì ÷åðåç d íàèáîëüøåå êîëè÷åñòâî ýëåìåíòîâ öåïè äàííîãî
êîíå÷íîãî ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæåñòâà M . Òîãäà M ìîæíî ðàçáèòü íà d
àíòèöåïåé.

Ðåøåíèå. (Âñå íîâûå îïðåäåëåíèÿ åñòü â ðåøåíèè çàäà÷è 3.7) Ðàññìîòðèì âñå ìàê-
ñèìàëüíûå ýëåìåíòû è îáúåäèíèì èõ â îäíó àíòèöåïü. Çàáóäåì ïðî íèõ. Çàìåòèì,
÷òî íå îñòàëîñü öåïåé äëèíû n, òàê êàê èíà÷å âìåñòå ñ çàáûòûìè ìû ìîæåì íàéòè
öåïü äëèíû n+ 1. È áóäåì äåéñòâîâàòü òàêèì îáðàçîì è äàëüøå. Óðà.
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Áîëåå òîãî, âåðåí ñëåäóþùèé ôàêò, êîòîðûé îêàæåò íàì ñåðü¼çíóþ ïîìîùü â
äàëüíåéøåì:

Òåîðåìà Äèëóîðñà. Îáîçíà÷èì ÷åðåç n íàèáîëüøåå êîëè÷åñòâî ýëåìåíòîâ àí-
òèöåïè äàííîãî êîíå÷íîãî ÷àñòè÷íî óïîðÿäî÷åííîãî ìíîæåñòâà M . Òîãäà M ìîæíî
ðàçáèòü íà n öåïåé.

Äîêàçàòåëüñòâà òåîðåìû Äèëóîðñà è äðóãèõ çàäà÷ èç ïîñâÿù¼ííîãî åé öèêëà
ìîæíî ïðî÷èòàòü â [17].

4 Öèêë �Ýêñïîíåíöèàëüíàÿ îöåíêà�

Ïóñòü íàø àëôàâèò ñîñòîèò èç áóêâ a1, a2, . . . , al. Áóäåì ñ÷èòàòü, ÷òî

a1 ≺ a2 ≺ · · · ≺ al.

Òàêèì îáðàçîì, ìû óïîðÿäî÷èëè áóêâû àëôàâèòà. Ðàññìîòðèì òåïåðü äâà ñëîâà u è
v. Åñëè îäíî èç íèõ ÿâëÿåòñÿ íà÷àëîì äðóãîãî, òî íàçîâ¼ì ñëîâà u è v íåñðàâíèìûìè
(ïî îòíîøåíèþ äðóã ê äðóãó). Â ïðîòèâíîì ñëó÷àå íàéäóòñÿ ñëîâà w, u′, v′ òàêèå, ÷òî
u = wu′, v = wv′, ïðè÷¼ì ïåðâûå áóêâû ó ñëîâ u′ è v′ � ðàçëè÷íûå (w ìîæåò áûòü
ïóñòûì, u′ è v′ � íåò). Åñëè ïåðâàÿ áóêâà u′ áîëüøå ïåðâîé áóêâû v′, òî ñ÷èòàåì
ñëîâî u áîëüøå ñëîâà v, â îáðàòíîì ñëó÷àå ñ÷èòàåì u ìåíüøå v. Òàêèì îáðàçîì, ìû
÷àñòè÷íî óïîðÿäî÷èëè ñëîâà. Ïðèâåä¼ííûé ïîðÿäîê íàçûâàåòñÿ ëåêñèêîãðàôè÷åñêèì
(ìû óæå îáñóæäàëè åãî â ïðåäèñëîâèè). Íå ñòîèò òàêæå çàáûâàòü, ÷òî íåêîòîðûå
ñëîâà òàê è îñòàëèñü íåñðàâíèìûìè.

Ðåøåíèÿ áîëüøèíñòâà çàäà÷ ýòîãî ïàðàãðàôà ìîæíî íàéòè â ñòàòüå [15].

Çàäà÷à 4.1. Ïóñòü àëôàâèò ñîñòîèò èç òð¼õ áóêâ: a, b è c. Ââåä¼ì íà íèõ ïî-
ðÿäîê a < b < c. Ñîñòàâüòå èç ïðèâåä¼ííîãî íèæå ñïèñêà ñëîâ íàèáîëåå äëèííóþ
âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü. Êàêèå ïàðû ñëîâ ÿâëÿþòñÿ íåñðàâíèìûìè?

cb, abc, bac, abb, b, ccc, abc.

Ðåøåíèå. Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü: abb, abc, b, cb, ccc.
Ïàðû íåñðàâíèìûõ ñëîâ: b ↔ bac, abc ↔ abc.

Äëÿ äàëüíåéøåé ðàáîòû íàì ïîòðåáóåòñÿ ââåñòè íåñêîëüêî âñïîìîãàòåëüíûõ îïðå-
äåëåíèé.

Îïðåäåëåíèå 4.1. Ñëîâî W � n-ðàçáèâàåìî, åñëè íàéäóòñÿ ñëîâà u1, u2, . . . , un òà-
êèå, ÷òî W = v · u1 · · ·un, ïðè ýòîì u1 ≻ . . . ≻ un.

Îïðåäåëåíèå 4.2. Ñëîâî íàçûâàåòñÿ k-ïîðÿäî÷íûì, åñëè îíî k-ðàçáèâàåìî, íî íå
(k + 1)-ðàçáèâàåìî.

Çàäà÷à 4.2. Íàéäèòå ÷èñëî
a) 1-ïîðÿäî÷íûõ ñëîâ äëèíû s ñ ïîïàðíî ðàçëè÷íûìè áóêâàìè;
b) 2-ïîðÿäî÷íûõ ñëîâ, â êîòîðûõ èñïîëüçóåòñÿ ðîâíî l áóêâ.
c) 1-ïîðÿäî÷íûõ ñëîâ äëèíû s, áóêâû êîòîðûõ íåîáÿçàòåëüíî ðàçëè÷íû (ñ÷è-

òàòü, ÷òî â àëôàâèòå � l áóêâ).
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Ðåøåíèå. a) Îòâåò: Ñl
s.

b) Îòâåò: 1
l+1

Cl
2l.

Èç çàäà÷è 2.7 ñëåäóåò, ÷òî èñêîìîå ÷èñëî ñëîâ ðàâíî ÷èñëó ïîñëåäîâàòåëüíîñòåé
íàòóðàëüíûõ ÷èñåë 1 6 a1 6 a2 6 . . . 6 al, äëÿ êîòîðûõ ai 6 i. Òàêèå ïîñëåäîâàòåëü-
íîñòè áóäåì íàçûâàòü êîððåêòíûìè. Ïóñòü cn � ÷èñëî êîððåêòíûõ ïîñëåäîâàòåëü-
íîñòåé èç n ýëåìåíòîâ. Äëÿ êîððåêòíîé ïîñëåäîâàòåëüíîñòè {ai} ïîëîæèì

stup(a1, a2 . . . , an+1) = sup
16i6n+1

{ai = i}.

Î÷åâèäíî, ÷òî 1 6stup({ai}) 6 n. Òîãäà êîððåêòíûå ïîñëåäîâàòåëüíîñòè, çàäàííûå
äëÿ íåêîòîðîãî 1 6 j 6 n+1 óñëîâèåì stup(a1, a2 . . . , an+1) = j, ìîæíî çàäàòü òàêæå
ñëåäóþùèì íàáîðîì óñëîâèé:

ai 6 i äëÿ i < j; aj = j; ai 6 i− 1 äëÿ i > j.

Òàêèì îáðàçîì, ÷èñëî êîððåêòíûõ ïîñëåäîâàòåëüíîñòåé, äëÿ êîòîðûõ

stup(a1, a2 . . . , an+1) = j,

ðàâíî cj−1cn+1−j. Òàê êàê j ìîæåò ïðèíèìàòü âñå íàòóðàëüíûå çíà÷åíèÿ â äèàïàçîíå
1 6 j 6 n+ 1, à äðóãèõ çíà÷åíèé ïðèíèìàòü íå ìîæåò, òî ïîëó÷àåì, ÷òî

cn+1 = c0cn + c1cn−1 + . . .+ cnc0. (1)

Ïîêàæåì òåïåðü, ÷òî cn = 1
n+1

Cn
2n. Äëÿ ýòîãî ââåä¼ì ôóíêöèþ

f(x) = c0 + c1x+ c2x
2 + ...+ cnx

n + ....

Òîãäà èç ñîîòíîøåíèÿ (1) ñëåäóåò, ÷òî f(x) = c0 + xf 2(x). Îòêóäà

f(x) =
1±

√
1− 4c0x

2x
= 2

1±
√
1− 4x

2x
.

Òàê êàê f(x) íå èìååò ïîëþñà â 0,

f(x) = 1−(1−4x)
1
2

2x
=
∑
n≥0

1
2
(−1)n+24n+1C

1
2
n+1x

n =
∑
n≥0

4n+1 (2n−1)!!
3

2n+2 xn =
∑
n≥0

1
n+1

Cn
2nx

n.

Îòêóäà cl =
1

l+1
Cl

2l.
c) Â 1-ïîðÿäî÷íîì ñëîâå áóêâû èäóò ïî âîçðàñòàíèþ. Ñëåäîâàòåëüíî, 1-ïîðÿäî÷íûå

ñëîâà íàõîäÿòñÿ âî âçàèìíî îäíîçíà÷íîì ñîîòâåòñòâèè ñ óïîðÿäî÷åííûìè íàáîðàìè
íåîòðèöàòåëüíûõ öåëûõ ÷èñåë (k1, ..., kl), äëÿ êîòîðûõ k1 + ...+ kl = s. Êàê èçâåñòíî,
÷èñëî òàêèõ íàáîðîâ ðàâíî Cs

s+l−1.

Çàäà÷à 4.3. a) Ïóñòü n � íåêîòîðîå íàòóðàëüíîå ÷èñëî, u � íåöèêëè÷åñêîå ñëîâî
äëèíû íå ìåíüøå n. Äîêàæèòå, ÷òî ñëîâî u2n ÿâëÿåòñÿ n-ðàçáèâàåìûì.

b) Ïóñòü u � íåêîòîðîå ñëîâî äëèíû (n − 1). Äîêàæèòå, ÷òî ñëîâî u2n � íå
n-ðàçáèâàåìîå.

2Òî, ÷òî c0=1 ïðîâåðÿåòñÿ íåïîñðåäñòâåííî.
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Äîêàçàòåëüñòâî. a) Èç ñëîâà u äëèíû m > n ñ ïîìîùüþ öèêëè÷åñêèõ ïåðåñòàíîâîê
ìîæíî ïîëó÷èòü m ñëîâ: u0, u1, . . . , um−1. Òàê êàê ñëîâî u � íåöèêëè÷åñêîå, òî âñå
ñëîâà ui ïîïàðíî ðàçëè÷íû. Ïðåäïîëîæèì, ÷òî â ëåêñèêîãðàôè÷åñêîì ñìûñëå ui0 >
ui1 > . . . > uim−1 . Ïðåäñòàâèì êàæäîå ñëîâî ui â âèäå ui = viwi, ãäå u = wivi.
Ðàññìîòðèì òåïåðü ñëîâî

u2n = wi0vi0wi0vi0wi1vi1wi1vi1 . . . wim−1vim−1wim−1vim−1 .

Ïîëîæèì u′
ik
= vikwikvikwik+1

äëÿ k = 0, 1, . . . , n− 2;
u′
in−1

= vin−1win−1vin−1 ; γ = wi0 .
Òîãäà ñëîâî u2n ïðåäñòàâèòñÿ â âèäå u2n = γu′

i0
u′
i1
. . . u′

in−1
. Òàê êàê

u′
i0
> u′

i1
> . . . > u′

in−1
,

ïîëó÷àåì, ÷òî ñëîâî u2n ÿâëÿåòñÿ n-ðàçáèâàåìûì (ñì. òàêæå [18]).
b) Ïóñòü u = u1...us, ãäå s ≤ n − 1. Ïóñòü u2n � n-ðàçáèâàåìîå ñëîâî, òî åñòü

ñîäåðæèò íåïåðåñåêàþùèåñÿ ïîäñëîâà v1, ..., vn, èäóùèå â ïîðÿäêå óáûâàíèÿ. Ïóñòü
r1, ..., rn � íîìåðà, ñ÷èòàÿ ñ íà÷àëà ñëîâà u2n, ïåðâûõ áóêâ v1, ..., vn. Â ñèëó òîãî
÷òî s < n, ñóùåñòâóþò 1 6 i, j 6 n, äëÿ êîòîðûõ ri = rj(mod s). Òîãäà ëèáî vi
ïîäñëîâî vj, ëèáî vj ïîäñëîâî vi. Â ëþáîì ñëó÷àå, vi è vj íåñðàâíèìû ëèáî ðàâíû,
÷òî ïðîòèâîðå÷èò n-ðàçáèâàåìîñòè u2n.

Îïðåäåëåíèå 4.3. à) Ñëîâî v � õâîñò ñëîâà u, åñëè íàéäåòñÿ ñëîâî w òàêîå, ÷òî
u = wv.

á) Åñëè â ñëîâå v ñîäåðæèòñÿ ïîäñëîâî âèäà ut, òî áóäåì ãîâîðèòü, ÷òî â ñëîâå v
ñîäåðæèòñÿ ïåðèîä öèêëè÷íîñòè t.

Çàäà÷à 4.4. Ïóñòü x, d � íåêîòîðûå íàòóðàëüíûå ÷èñëà. Äîêàæèòå, ÷òî â ñëîâå
W äëèíû x ëèáî ïåðâûå [x/d] õâîñòîâ ïîïàðíî ñðàâíèìû, ëèáî â ñëîâå W íàéäåòñÿ
ïåðèîä äëèíû d.

Ðåøåíèå. Ïóñòü â ñëîâå W íå íàøëîñü ñëîâà âèäà ud. Ðàññìîòðèì ïåðâûå [x/d] õâî-
ñòîâ. Ïðåäïîëîæèì, ÷òî ñðåäè íèõ íàøëèñü 2 íåñðàâíèìûõ õâîñòà v1 è v2. Ïóñòü
v1 = u · v2. Òîãäà v2 = u · v3 äëÿ íåêîòîðîãî v3. Òîãäà v1 = u2 · v3. Ïðèìåíÿÿ òà-
êèå ðàññóæäåíèÿ, ïîëó÷èì, ÷òî v1 = ud · vd+1, òàê êàê |u| < x/d, |v2| > (d − 1)x/d.
Ïðîòèâîðå÷èå. Äîêàçàòåëüñòâî òàêæå íàïèñàíî â ðàáîòå [15, ëåììà 2.1].

Çäåñü è äàëåå: åñëè â ôîðìóëèðîâêå çàäà÷è âñòðå÷àþòñÿ ÷èñëà n è d, òî ñ÷èòàåì,
÷òî n 6 d.

Îïðåäåëåíèå 4.4. Ñëîâî W � (n, d)-ñîêðàòèìîå, åñëè îíî ëèáî n-ðàçáèâàåìî, ëèáî
íàéäåòñÿ ud � ïîäñëîâî ñëîâà W .

Çàäà÷à 4.5. Äîêàæèòå, ÷òî åñëè â ñëîâå W íàéäóòñÿ n îäèíàêîâûõ íåïåðåñåêàþ-
ùèõñÿ ïîäñëîâ äëèíû n, òî W � n-ðàçáèâàåìîå.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå. Ðàññìîòðèì õâîñòû u1, u2, . . . , un ñëîâà
u, êîòîðûå íà÷èíàþòñÿ ñ êàæäîé èç åãî ïåðâûõ n áóêâ. Ïåðåíóìåðóåì õâîñòû òàê,
÷òîáû âûïîëíÿëèñü íåðàâåíñòâà: u1 ≻ . . . ≻ un. Èç ëåììû 1 îíè íåñðàâíèìû.
Ðàññìîòðèì ïîäñëîâî u1, ëåæàùåå â ñàìîì ëåâîì ýêçåìïëÿðå ñëîâà u, ïîäñëîâî u2 �
âî âòîðîì ñëåâà,. . . , un � â n-îì ñëåâà. Ïîëó÷èëè n-ðàçáèåíèå ñëîâà W . Ïðîòèâîðå÷èå
(ñì. òàêæå [15, ëåììà 2.3]).
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Îïðåäåëåíèå 4.5. Ñëîâî W áóäåì íàçûâàòü n-ðàçáèâàåìûì â õâîñòîâîì ñìûñëå,
åñëè íàéäóòñÿ õâîñòû u1, . . . , un òàêèå, ÷òî u1 ≻ u2 ≻ . . . ≻ un è äëÿ ëþáîãî i =
1, 2, . . . , n− 1 íà÷àëî ui ñëåâà îò íà÷àëà ui+1.

Îáîçíà÷èì ÷åðåç |W | äëèíó ñëîâà W .

Çàäà÷à 4.6. Äîêàæèòå, ÷òî åñëè ñëîâî W ÿâëÿåòñÿ
a) n3d-ðàçáèâàåìûì â õâîñòîâîì ñìûñëå,
b) 3n2d-ðàçáèâàåìûì â õâîñòîâîì ñìûñëå,
c)∗∗ 4nd-ðàçáèâàåìûì â õâîñòîâîì ñìûñëå,

òî îíî � ëèáî n-ðàçáèâàåìî, ëèáî W ñîäåðæèò ïîäñëîâî â ñòåïåíè d.

Ðåøåíèå. Ìû äîêàæåì ïóíêò á) ïóíêò à) èç íåãî î÷åâèäíî ñëåäóåò.
Ïðåäïîëîæèì ïðîòèâíîå. Ðàññìîòðèì ïîðÿäêîâûå íîìåðà ïîçèöèé áóêâ ai, ãäå

a1 < a2 < . . . < a3n2d, ñ êîòîðûõ íà÷èíàþòñÿ õâîñòû ui, ðàçáèâàþùèå W . Ïóñòü

Xk = {nd− õâîñòû ui | i = 3knd+ 1, . . . , 3knd+ 2nd} .
Òîãäà äëÿ ïðîèçâîëüíûõ ðàçëè÷íûõ ÷èñåë i è j åñëè u ∈ χi, v ∈ Xj, òî u è

v íå ïåðåñåêàþòñÿ. Â ýòîì ñëó÷àå íàéäåòñÿ k òàêîå, ÷òî ëþáûå íåïåðåñåêàþùèåñÿ
ñëîâà u, v èç Xk íåñðàâíèìû. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî k = 1.
Ïóñòü ïîäñëîâî vi åñòü n ·d-õâîñò ui. Ïîäñëîâà v1 è vnd+c íå ïåðåñåêàþòñÿ äëÿ ëþáîãî
c ∈ [1, nd]. Çíà÷èò vnd+s = vnd+t äëÿ ëþáûõ 1 6 s 6 t 6 nd, à òàê êàê and+t−and+s > n,
òî ïîäñëîâà

u1, und+1, und+d+1, und+2d+1, . . . , u2nd−d+1

íå ïåðåñåêàþòñÿ. Ñëåäîâàòåëüíî, îíè íåñðàâíèìû, à, çíà÷èò, ñëîâî W ÿâëÿåòñÿ n-
ñîêðàòèìûì. Ïðîòèâîðå÷èå.

Çàäà÷à 4.7. Äëÿ êàæäîé ïàðû íàòóðàëüíûõ ÷èñåë n, d ïðèâåäèòå ïðèìåð íå (nd−
1)-ðàçáèâàåìîãî â õâîñòîâîì ñìûñëå ñëîâà W òàêîãî, ÷òî W � íå (n+1)-ðàçáèâàåìî
è íå ñîäåðæèò ïîäñëîâà â ñòåïåíè d.

Ðåøåíèå. Ïðèìåð, ïîñòðîåííûé êîìàíäàìè �Õàðüêîâ� è �Äåâóøêè�:
Ïóñòü â àëôàâèòå 2 áóêâû a < b. Èñêîìîå ñëîâî W ðàâíî

W = (an−1b)d−1an−1.

Çàäà÷à 4.8. Ïîïðîáóéòå óëó÷øèòü îöåíêó â çàäà÷å 4.6.

Êîììåíòàðèé. Åñëè òàêàÿ îöåíêà åñòü, òî îíà áîëüøå (n − 1)(d − 1), òàê êàê äëÿ
àëôàâèòà ñ áóêâàìè a1 ≺ a2 ≺ . . . ≺ an−1 ≺ . . . ≺ as ñëîâî ad−1

1 ad−1
2 . . . ad−1

n−1 ÿâëÿåòñÿ
(n−1)(d−1)-ðàçáèâàåìûì â õâîñòîâîì ñìûñëå, íî íå n-ðàçáèâàåìî â îáû÷íîì ñìûñëå
è íå ñîäåðæèò ïåðèîäà â ñòåïåíè d.

Ôèêñèðóåì àëôàâèò èç l áóêâ, ñëîâî W äëèíû r(W ) íàä ýòèì àëôàâèòîì è íàòó-
ðàëüíûå ÷èñëà n 6 d. Äàëåå áóäåì ñ÷èòàòü, ÷òî W íå ñîäåðæèò ïîäñëîâà â ñòåïåíè d
è ñëîâî W íå 4nd-ðàçáèâàåìî â õâîñòîâîì ñìûñëå. Ðàññìîòðèì åãî ïåðâûå [r(W )/d]
õâîñòîâ (äàëåå áóäåì îáîçíà÷àòü ýòî ìíîæåñòâî õâîñòîâ çà Ω). Òîãäà ïî òåîðåìå
Äèëóîðñà èõ ìîæíî ðàñêðàñèòü â (4nd − 1) öâåòîâ òàê, ÷òîáû õâîñòû îäíîãî öâåòà
øëè â ïîðÿäêå âîçðàñòàíèÿ. Äëÿ ðåøåíèÿ ñëåäóþùèõ çàäà÷ ñëåäóåò ïîëüçîâàòüñÿ
ïðåäûäóùèìè çàäà÷àìè èç öèêëà.
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Çàäà÷à 4.9. Äîêàæèòå, ÷òî ñðåäè ëþáûõ 4nd2 õâîñòîâ èç Ω íàéäóòñÿ äâà îäíî-
öâåòíûõ õâîñòà, ó êîòîðûõ îòëè÷àþòñÿ íà÷àëüíûå ïîäñëîâà äëèíû 4nd.

Ðåøåíèå. Äîêàçàòåëüñòâî íàïèñàíî â ðàáîòå [15, íà÷àëî �3].

Çàäà÷à 4.10. 4 Â áåñêîíå÷íîì ïàðëàìåíòå ó êàæäîãî íå áîëåå 3 âðàãîâ. Äîêàçàòü,
÷òî åãî ìîæíî ðàçáèòü íà 2 ïàëàòû òàê, ÷òî ó êàæäîãî áóäåò íå áîëåå îäíîãî
âðàãà â ñâîåé ïàëàòå.

Äîêàçàòåëüñòâî. Áóäåì ãîâîðèòü, ÷òî äâà ïàðëàìåíò¼ðà (äàëåå, äëÿ êðàòêîñòè, ï.)
A è B ñâÿçàíû äàë¼êîé âðàæäîé, åñëè ñóùåñòâóåò öåïî÷êà ï. A0, ..., An, äëÿ êîòîðûõ
A0 = A, An = B è Bi+1 âðàæäóåò ñ Bi äëÿ âñÿêîãî i < n. Î÷åâèäíî, ÷òî ýòî îòíîøåíèå
ñèììåòðè÷íî è òðàíçèòèâíî. Òàêæå î÷åâèäíî, ÷òî ÷èñëî ï., ñâÿçàííûõ ñ äàííûì ï.
äàë¼êîé âðàæäîé ñ÷¼òíî. Òàêèì îáðàçîì, âåñü ïàðëàìåíò ðàñïàäàåòñÿ íà ãðóïïû
òàêèå, ÷òî ÷ëåíû ðàçíûõ ãðóïï íå âðàæäóþò ìåæäó ñîáîé è ÷òî ÷èñëî ÷ëåíîâ â
ðàçíûõ ãðóïïàõ ñ÷¼òíî. Ïîíÿòíî 5, ÷òî äîñòàòî÷íî äîêàçàòü, ÷òî êàæäóþ òàêóþ
ãðóïïó ìîæíî ðàçáèòü íà äâå ïàëàòû òàê, ÷òîáû ó êàæäîãî å¼ ÷ëåíà áûë íå áîëåå,
÷åì îäèí âðàã.

Äàëåå ìû ñ÷èòàåì, ÷òî ÷èñëî ï. ñ÷¼òíî. Çàíóìåðóåì èõ íàòóðàëüíûìè ÷èñëàìè.
Áóäåì îáîçíà÷àòü ÷åðåç Pn ìíîæåñòâî èç ï. ñ íîìåðàìè 1,..., n. Ðàçáèåíèå íà ïàëàòû
ìû áóäåì ïîíèìàòü êàê ìíîæåñòâî ôóíêöèé f : Pn → {1, 2} (äëÿ êàæäîãî ï. ìû óêà-
çûâàåì îòíîñèòñÿ îí ê ïåðâîé ïàëàòå èëè âòîðîé). Ìíîæåñòâî ðàçáèåíèé íà ïàëàòû,
â êîòîðîì ó êàæäîãî ï. èç Pn íåáîëåå îäíîãî âðàãà â ñâîåé ïàëàòå îáîçíà÷èì Hn

(íàçîâ¼ì òàêèå ðàçáèåíèÿ äîïóñòèìûìè). Î÷åâèäíî, ÷òî îãðàíè÷åíèå äîïóñòèìîãî
ðàçáèåíèÿ ñ ìíîæåñòâà ï. Pn íà ìíîæåñòâî ï. Pm (m < n) � äîïóñòèìî. Ìû áóäåì
îáîçíà÷àòü ìíîæåñòâî îãðàíè÷åíèé Hn íà Hm êàê (Hn)|m.

Ïîêàæåì, ÷òî äëÿ êàæäîãî n ìíîæåñòâî Hn íå ïóñòî. Ðàçìåñòèì êàê-íèáóäü âñåõ
ï. â äâå ïàëàòû. Äàëåå, åñëè êàêîé-òî ï. èìååò äâóõ âðàãîâ â ñâîåé ïàëàòå, òî ìû
åãî ïåðåìåùàåì â äðóãóþ ïàëàòó. Ïðè ýòîì ÷èñëî ïàð âðàãîâ â ñóììå âíóòðè îáåèõ
ïàëàòàõ ïàäàåò. Òàê êàê âñåãî ÷èñëî ïàð âðàãîâ êîíå÷íî, òî ïîñëå êàêîãî-òî ÷èñëà
îïåðàöèé ó êàæäîãî ïàðëàìåíò¼ðà áóäåò íå áîëåå îäíîãî âðàãà â ñâîåé ïàëàòå. Ò.å.
ìû ïîêàçàëè, ÷òî äëÿ âñÿêîãî n ìíîæåñòâî Hn íåïóñòî.

Çàìåòèì òåïåðü, ÷òî åñëè m > n > k, òî ((Hm)|n)|k = (Hm)k, â ÷àñòíîñòè, (Hm)|k ⊂
(Hm)|n. Äëÿ âñÿêîãî n ïîëîæèì

(H∞)n := ∩m≥n((Hm)|n).

Ïîêàæåì, ÷òî äëÿ âñÿêîãî n ≥ 1 ìíîæåñòâî (H∞)n íåïóñòî. Íàïîìíèì, ÷òî åñëè
m1 > m2 > n, òî (Hm1)|n ⊂ (Hm2)n. Òàêèì îáðàçîì, åñëè (H∞)n = 0, òî (Hm)|n = 0
äëÿ êàêîãî-òî m > n. ×òî íåâîçìîæíî.

Çàìåòèì òàêæå, ÷òî åñëè m > n, òî

(H∞)n = ((H∞)m)|n. (2)

Òåïåðü ïîñòðîèì öåïî÷êó {fi}(fi ∈ (H∞)i) ïî ñëåäóþùåìó ïðàâèëó: fi+1|Pi
= fi (òà-

êàÿ ôóíêöèÿ fi+1 îáÿçàòåëüíî ñóùåñòâóåò äëÿ êàæäîé ôóíêöèè fi, òàê êàê ((H∞)i+1)|i =
(H∞)i). Ýòà öåïî÷êà çàäà¼ò ðàçáèåíèå âñåõ ï. íà äâà ïàðëàìåíòà: i-ûé ï. íàõîäèòñÿ
â fi(i) ïàëàòå.

4Ýòà çàäà÷à èìååò ìàëîå îòíîøåíèå ê òåìå ïðîåêòà. Îíà äîñòàòî÷íî èíòåðåñíà ñàìà ïî ñåáå è

âûçâàëà îæèâëåíèå ñðåäè ÷ëåíîâ æþðè.
5çäåñü ìû ïîëüçóåìñÿ àêñèîìîé âûáîðà
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Òåïåðü ïåðåñòàíåì ôèêñèðîâàòü ÷èñëà l, n, d è ñëîâî W . Áóäåì ñ÷èòàòü, ÷òî l, n, d
� íåêîòîðûå íàòóðàëüíûå ÷èñëà òàêèå, ÷òî n 6 d, à ñëîâî W � íåêîòîðîå ñëîâî íàä
àëôàâèòîì èç l áóêâ.

Çàäà÷à 4.11 (Ëåììà Øèðøîâà). Äîêàæèòå, ÷òî ñóùåñòâóåò ôóíêöèÿ îò íàòó-
ðàëüíûõ àðãóìåíòîâ f(l, n, d) òàêàÿ, ÷òî äëÿ ëþáîãî ñëîâà W íàä àëôàâèòîì äëèíû
l, íå ÿâëÿþùåãîñÿ (n, d)-ñîêðàòèìûì, r(W ) < f(l, n, d).

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû Øèðøîâà ñëåäóåò èç çàäà÷è 5.5. Îðèãè-
íàëüíîå äîêàçàòåëüñòâî Øèðøîâà ñîäåðæèòñÿ â ðàáîòå [18].

Çàäà÷à 4.12. Äîêàæèòå,÷òî f(l, n, d) < l(4nd)4nd+2.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû Øèðøîâà ñëåäóåò èç çàäà÷è 5.5.

5 Óëó÷øåíèå ýêñïîíåíöèàëüíîé îöåíêè

Ðåøåíèÿ çàäà÷ 5.1 � 5.5 íàõîäèòñÿ â ïàðàãðàôå 3 ðàáîòû [15], 5.6 ðåøåíà â ïàðàãðà-
ôàõ 4 è 5 òîé æå ñòàòüè.
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Amazing properties of binomial coeffcients 1

Amazing properties of binomial coefficients

Several research topics will be set to you at the conference. Your aim is the maximal advance in one of these topics. You can
co-operate in the solving of problems, arbitrary teams are allowed (i.e. the team may consist of participants from different
cities). If you solve problems in different topics you may take part in different teams. The only thing you should avoid is to
sign up the solutions of those problems that you really were not solving (this may happen if the team is too big and not all
of its members solve the problems of some topic actively).

The following is the introductory set of problems about binomial coefficients. You may hand in the (written) solutions to
Kokahs K. (coach 15, seat 17) In Teberda the set of problems will be enlarged a lot and you may hand in your solutions of
this set of problems, except 1.2, in Teberda, too. You can hand in the solutions of the problem 1.2 in train only.

1 Problems for solving in train

1.1. Prove that a)
(p−1

k

)

≡ (−1)k (mod p); b)
(2n

n

)

≡ (−4)n
(p−1

2
n

)

(mod p) при n 6
p−1
2 .

1.2. Prove that the number of odd binomial coefficients in n-th row of Pascal triangle is equal to 2r, where
r is the number of 1’s in the binary expansion of n.

1.3. Fix a positive integer m. By a m-arithmetical Pascal triangle we mean a triangle in which binomial
coefficients are replaced by their residues modulo m. We will also consider similar triangles with the
arbitrary residues a instead of 1’s along the lateral sides of the triangle. The operation of the multiplying
by a number and addition of triangles of equal size are correctly defined. We will consider these operations
modulo m.

a
a a

a 2a a
a 3a 3a a

b
b b

b 2b b
b 3b 3b b

+

a+b
a+b a+b

a+b 2(a+b) a+b
a+b 3(a+b) 3(a+b) a+b

= x·

a
a a

a 2a a
a 3a 3a a

=

ax
ax ax

ax 2ax ax
ax 3ax 3ax ax

Let all the elements of s-th row of m-arithmetical Pascal triangle except the first and the last one be equal
to 0. Prove that the triangle has a form depicted on fig. 1. Shaded triangles consist of zeroes, triangles ∆k

n

consist of s rows and satisfy the following relations
1) ∆k−1

n + ∆k
n = ∆k

n+1; 2) ∆k
n = Ck

n · ∆0
0 (mod m).

The well known puzzle Tower of Hanoi consists of three rods, and a number of disks of different sizes which can slide onto
any rod. The puzzle starts with the disks in a neat stack in ascending order of size on one rod, the smallest at the top, thus
making a conical shape. The objective of the puzzle is to move the entire stack to another rod, obeying the following rules:
1) оnly one disk may be moved at a time; 2) each move consists of taking the upper disk from one of the rods and sliding it
onto another rod, on top of the other disks that may already be present on that rod; 3) no disk may be placed on top of a
smaller disk.

Let n be the number of disks. Let THn be a graph, whose vertices are all possible correct placements of disks onto 3 rods
and edges connect placements that can be obtained one from another by 1 move. Consider also graph Pn, whose vertices are
1’s located in the first 2n rows of the 2-arithmetical Pascal triangle and edges connect neighboring 1’s (i.e. two adjacent 1’s
in the same row or neighboring 1’s by a diagonal in two adjacent rows )

1.4. prove that graphs THn and Pn are isomorphic.

1.5. Prove that that first 106 rows of 2-arithmetical Pascal triangle contain less than 1% of 1’s.

1.6. Prove that if n is divisible by p − 1, then
( n
p−1

)

+
( n
2(p−1)

)

+
( n
3(p−1)

)

+ . . . +
(n
n

)

≡ 1 (mod p). Or,

even better prove the general statement: if 1 6 j, k 6 p − 1 и n ≡ k (mod p − 1), then
(

n

j

)

+

(

n

(p − 1) + j

)

+

(

n

2(p − 1) + j

)

+

(

n

3(p − 1) + j

)

+ . . . ≡
(

k

j

)

(mod p).

∆0
0

∆0
1 ∆1

1

∆0
2 ∆1

2 ∆2
2

∆0
3 ∆1

3 ∆2
3 ∆3

3

∆0
4 ∆1

4 ∆2
4 ∆3

4 ∆4
4

Рис. 1: Рис. 2:



Amazing properties of binomial coeffcients 2

Amazing properties of binomial coefficients — 2

“The official theoretical source” for this set of problems is Vinberg’s article [1]. Particularly the following theorems are
considered to be known.

1. Wilson’s theorem. For any prime p (and for primes only) the equivalence holds (p − 1)! ≡ −1 (mod p).

2. Lukas’ theorem. Write the numbers n and k in base p:

n = ndpd + nd−1p
d−1 + . . . + n1p + n0, k = kdpd + kd−1p

d−1 + . . . + k1p + k0. (1)

Then
�
n

k� ≡ �
nd

kd�
�
nd−1

kd−1� · . . . ·
�
n1

k1�
�
n0

k0� (mod p) .

3. Kummer’s theorem. The exponent ordp

�
n

k� is equal to the number of “carries” when we add k and ` = n − k in
base p.

4. Wolstenholme’s theorem. If p > 5 then
�
2p

p � ≡ 2 (mod p3), or, that is the same,
�
2p−1

p−1 � ≡ 1 (mod p3).

Remind that
�
0

0� = 1,
�
n

k� = 0 for k > n and for k < 0 by definition.
We denote by p a prime number. For any natural n denote by (n!)p the product of all integers from 1 to n not divisible

by p. If a number p is given the symbols ni, mi etc. denote the digits of numbers n, m etc. in base p.

* * *

2 Arithmetical triangle and divisibility

2.1. a) Prove that the first 3k rows of 3-arithmetical Pascal triangle contain 1
2(6k + 4k) residues “1” and

1
2 (6k − 4k) residues “2”.

b) Find the number of zero elements in the first 5k rows of 5-arithmetical Pascal triangle.
c) Find the number of non-zero elements in the first pk rows of p-arithmetical Pascal triangle.

2.2. Prove that the number of 1’s in the first m rows of 2-arithmetical Pascal triangle equals

n−1
∑

i=0

mi · 2�n−1

k=i+1
mk · 3i.

If m = 2α1 +2α2 + . . .+2αr , where α1 > α2 > . . . > αr, then we can rewrite the last expression in the form

3α1 + 2 · 3α2 + 22 · 3α3 + . . . + 2r−1 · 3αr .

2.3. Consider n-th row of Pascal triangle modulo 2 as binary expansion of some integer Pn. Prove that

Pn = Fi1 · . . . · Fis ,

where i1, . . . , is are numbers of positions where 1’s occur in the binary expansion of n, and Fi = 22i
+ 1 is

i-th Fermat number.

2.4. Prove that the number of non-zero elements in n-th row of p-arithmetical Pascal triangle equals
d
∏

i=0
(ni + 1).

2.5. a) All the binomial coefficients
(n
k

)

, where 0 < k < n, are divisible by p if and only if n is a power of p.
b) All the binomial coefficients

(n
k

)

, where 0 6 k 6 n, are not divisible by p if and only if n + 1 is
divisible by pd, in other words, all the digits of n, except the leftmost, in base p are equal to p − 1.

2.6. Let 0 < k < n + 1. Prove that if
( n
k−1

)

6 ... p and
(n
k

)

6 ... p, then
(n+1

k

)

6 ... p, except the case, when n + 1 is
divisible by p.
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3 Generalization of Wilson’s and Lukas’ theorems

3.1. Prove that ordp(n!) =
n − (nd + . . . + n1 + n0)

p − 1
.

3.2. Prove the following generalizations of Wilson’s theorem. a) (−1)[n/p](n!)p ≡ n0! (mod p);
b) Prove that for p > 3

(pq!)p ≡ −1 (mod pq) ,

and for p = 2, q > 3 (pq!)p ≡ 1 (mod pq).

c)
n!

pµ
≡ (−1)µn0!n1! . . . nd! (mod p), where µ = ordp(n!)

3.3. Generalized Lukas’ theorem. Let r = n − k, ` = ordp(
(n
k

)

). Then

1

p`

(

n

k

)

≡ (−1)`
( n0!

k0!r0!

)( n1!

k1!r1!

)

. . .
( nd!

kd!rd!

)

(mod p)

3.4. a) Prove that (1 + x)p
d ≡ 1 + xpd

(mod p) for all x = 0, 1, . . . , p − 1.
b) Prove Laukas’ theorem algebraically.

3.5. a) Let m, n, k be nonnegative integers, and (n, k) = 1. Prove that Ck
mn ≡ 0 (mod n).

b) Prove that if n
... pk, m 6 ... p, then

(n
m

) ... pk.

3.6. Let fn,a =
n
∑

k=0

(
(

n
k

)

)a. Prove that fn,a ≡
d
∏

i=0
fni,a (mod p).

4 Variations on Wolstenholme’s theorem

4.1. Prove that
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p2).

4.2. Let p = 4k + 3 be a prime number. Find
1

02 + 1
+

1

12 + 1
+ . . . +

1

(p − 1)2 + 1
(mod p).

4.3. a) Let k be a nonnegative integer such that for any prime divisor p of the number m k is not

divisible by (p−1). Prove that
1

1k
+

1

2k
+ . . .+

1

(p − 1)k
≡ 0 (mod m) (summation over all fractions whose

denominators are coprime to m).

b) Let k be odd and (k + 1) 6 ... (p − 1). Prove that
1

1k
+

1

2k
+ . . . +

1

(p − 1)k
≡ 0 (mod p2).

4.4. Prove that the equivalence (12) from Vinberg’s article holds in fact modulo p4.

4.5. Prove that the following properties are equivalent 1)
(2p−1

p−1

)

≡ 1 (mod p4);

2)
1

1
+

1

2
+ . . . +

1

p − 1
≡ 0 (mod p3); 3)

1

12
+

1

22
+ . . . +

1

(p − 1)2
≡ 0 (mod p2).

4.6. a) Prove algebraically that for any prime p and arbitrary k and n (
(

pk
pm

)

−
(

k
m

)

)
... p2. (In Vinberg’s

article this fact is proven combinatorially.
b) Prove the statement (9) form Vinberg’s article: for any prime p > 5 and arbitrary k and n (

( pk
pm

)

−
( k
m

)

)
... p3.

4.7. Let p > 5. Prove that a)
(p2

p

)

≡
(p
1

)

(mod p5); b)
(ps+1

p

)

≡ ps (mod p2s+3).

4.8. Prove that
(p3

p2

)

≡
(p2

p

)

(mod p8).
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Amazing properties of binomial coefficients — 3

Additional problems to previous topics

2.7. Prove that
(pn−1

k

)

≡ (−1)Sk (mod p), where Sk is the sum of digits of k in base p.

2.8. Prove that if the binomial coefficient
(n
k

)

is odd i.e. ki 6 ni for all i = 0, 1, . . . , d in the notations of
(1), then

(

n

k

)

≡
d
∏

i=1

(−1)ki−1ni+kini−1 (mod 4).

2.9. Prove that if there are no two consecutive 1’s in the binary expansion of n then all the odd entries in
n-th row ≡ 1 (mod 4), otherwise the number of entries ≡ 1 (mod 4) equals the number of entries ≡ −1
(mod 4).

2.10. Prove that the number of 5’s in each row of 8-arithmetical Pascal triangle is a power of 2. Prove the
same for 1’s, 3’s and 7’s.

2.11. Prove that if we consider all the elements of the two sets
{(

2n − 1

1

)

,

(

2n − 1

3

)

,

(

2n − 1

5

)

, . . . ,

(

2n − 1

2n − 1

)}

and {1, 3, 5, . . . , 2n − 1}

as a reminders modulo 2n, then these sets coincide.

2.12. Prove that elements of a row of Pascal triangle are not coprime in the following sence. For any ε > 0
there exists N , such that for all integer n > N and k1, k2, . . . , k100 < ε

√
n the numbers

(

2n

n + k1

)

,

(

2n

n + k2

)

, . . . ,

(

2n

n + k100

)

have a common divisor.

2.13. a) The non negative numbers m > 1, n, k are given. Prove that at least one of the numbers
(n
k

)

,
(n+1

k

)

, . . . ,
(n+k

k

)

is not divisible by m.

b) Prove that for each k there exist infinite set of numbers n, such that all the numbers
(

n
k

)

,
(

n+1
k

)

, . . . ,
(n+k−1

k

)

are divisible by m.

4.9. Prove that for n > 1
(2n+1

2n

)

−
( 2n

2n−1

)

is divisible by 22n+2.

4.10. Prove that for p > 5 (−1)
p−1

2

(p−1
p−1

2

)

≡ 4p−1 (mod p3).
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Amazing properties of binomial coefficients — 4

Additional problems to previous topics

4.11. Let m be a non negative integer, p > 5 be a prime. Prove that

1

mp + 1
+

1

mp + 2
+ · · · + 1

mp + (p − 1)
≡ 0 (mod p2).

4.12. Let p and q be primes. Prove that
(

2pq−1
pq−1

)

≡ 1 (mod pq) if and only if
(

2p−1
p−1

)

≡ 1 (mod q) and
(2q−1

q−1

)

≡ 1 (mod p).

5 Sums of binomial coefficients

5.1. a) Prove that the sum
3a−1
∑

k=0

(2k
k

)

is divisible by 3; b) is divisible by 3a.

5.2. Let Ck = 1
k+1

(

2k
k

)

be Catalan numbers. Prove that
n
∑

k=1

Ck ≡ 1 (mod 3) if and only if the number n+1

contains at least one digit “2” in base 3.

5.3. Let p > 3, k = [2p/3]. Prove that the sum
(p
1

)

+
(p
2

)

+ . . . +
(p
k

)

is divisible by p2.

5.4. Let n
... (p − 1), where p is an odd prime. Prove that

(

n

p − 1

)

+

(

n

2(p − 1)

)

+

(

n

3(p − 1)

)

+ . . . ≡ 1 + p(n + 1) (mod p2).

5.5. Prove that if 0 6 j 6 p − 1 < n and q = n−1
p−1 ] then

∑

m:m≡j (mod p)

(−1)m
(

n

m

)

≡ 0 (mod pq).

5.6. Let p be an odd roime. Prove that n
... (p + 1) if and only if

(

n

j

)

−
(

n

j + (p − 1)

)

+

(

n

j + 2(p − 1)

)

−
(

n

j + 3(p − 1)

)

+ . . . ≡ 0 (mod p)

for all j = 1, 3, . . . , p − 2.
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Solutions

1 Problems for solving in train

1.1. a) S o l u t i o n 1.
(p−1

k

)

=
(p − 1)(p − 2) . . . (p − k)

1 · 2 · · · k ≡ (−1)(−2) . . . (−k)

1 · 2 · · · k ≡ (−1)k (mod p).

S o l u t i o n 2. It is evident by the formula for binomial coefficients that
(p

i

)

is divisible by p when

1 6 i 6 p−1. Since
(p−1
k−1

)

+
(p−1

k

)

=
(p
k

)

and
(p−1

0

)

= 1 ≡ 1 (mod p), then (
(p−1

0

)

+
(p−1

1

)

)
... p, and therefore

(p−1
1

)

≡ −1 (mod p). But
(p−1

1

)

+
(p−1

2

)

is divisible by p also, hence
(p−1

2

)

≡ 1 (mod p) etc.

б) This problem is taken from [3, problem 162]. Since the fractions
(

2n+2
n+1

)

/
(

2n
n

)

and
( p−1

2

n+1

)

/
( p−1

2
n

)

are
highly reducible, the statement can be easily proven by induction. But we suggest a direct calculation
from [3].

It easy to see that (

2n

n

)

= 2n · 1 · 3 · · · (2n − 1)

n!
and

1 · 3 · · · (2n − 1) = (−1)n(−1)(−3) · · · (−2n + 1) ≡ (−1)n(p − 1)(p − 3) · · · (p − 2n + 1) =

= (−1)n2n
(p − 1

2

)(p − 3

2

)

· · ·
(p − 2n + 1

2

)

= (−1)n2n
(p − 1

2

)(p − 1

2
− 1
)

· · ·
(p − 1

2
− n + 1

)

=

= (−1)n2n (p−1
2 )!

(p−1
2 − n)!

(mod p).

Therefore

(

2n

n

)

≡ (−1)n4n (p−1
2 )!

n!(p−1
2 − n)!

= (−4)n
(p−1

2

n

)

(mod p).

1.2. It follows directly from self-similar structure of an arithmetical Pascal triangle, that is described in
the next problems. It follows from Lucas’ theorem also, you can read the proof in [1].

1.3. We restrict ourselves with small contemplation, the full solution can be found in [3, problem 133].
Since the s-th row contains a long sequence of zeroes, then below these zeroes in (s+1)-th row we have

the sequence of zeroes, too, (it is one element shorter than the upper sequence); in (s + 2)-th row there are
the sequence of zeroes also (it is one element shorter again) and so on. This explains the presence of the
grey triangle below ∆0

0 (fig. 1).
Further, the non-zero elements of the s-th row are equal to 1, hence the numbers situated along the

sloped sides of the grey triangle all are 1’s (due to the recurrence for binomial coefficients). So all the
numbers along the sloped sides of the triangles ∆0

1 and ∆1
1 are 1’s, and therefore both triangles are identical

to ∆0
0.

Now it is clear, what is the (2s)-th row of the triangle. The left- and the rightmost elements are 1’s, all
other elements equal 0, except the central element that is equal to 2, because it is a sum of the two upper
1’s. Thus we obtain that two grey triangles are situated below 2s-th row, the triangles ∆0

2 and ∆2
2 to the

left and to the right of them are identical to ∆0
0, and the triangle ∆1

2 with 2’s along its sloped sides is equal
to 2 · ∆0

0.
And so on.

1.4. This statement we found in [21], several facts about binomial coefficients are proven there via Tower
of Hanoi and the graph THn.

Let a be the diameter of the upper disc on the first rod, b be the diameter of the upper disc on the
second rod and c be the diameter of the upper disc on the third rod. W.l.o.g. a < b < c, then we have 3
possible moves in this configuration: from a to b or c and from b to c, we analogously have 3 moves if one
rod is without discs. If all the discs are placed on one rod then we have 2 possible moves only; let A1, A2,
A3 denote the configurations of this type.

Observe that by the problem 1.2 all the elements of 2s-th row of Pascal triangle are 1’s. Therefore graph
Pn has the rotational symmetry of the third order, because the recurrence

( n
k−1

)

+
(n
k

)

=
(n+1

k

)

, that allows
us to construct the triangle from top to bottom, is equivalent in arithmetic modulo 2 to the recurrences
( n
k−1

)

=
(n
k

)

+
(n+1

k

)

and
(n
k

)

=
( n
k−1

)

+
(n+1

k

)

, that allows us to construct the triangle from the low left
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A1

A3 A2

A2 A1

A3

A1 A3

A2

2

1

3

Рис. 3:

corner in the upper right direction and from the low right corner in the upper left direction. It follows also
that the triangle of the double size contains 3 copies of the initial triangle.

Now let us prove by induction that there exists a bijection between THn and Pn, such that the vertices
of the triangle Pn correspond to the configurations A1, A2, A3. The base n = 1 is evident.

Proof of the step of induction. Assume that the bijection between THn and Pn has been constructed.
The 2-arithmetical Pascal triangle with the side length 2n+1 contains 3 copies of the triangle with the side
length 2n. Number the copies and mark its vertices as shown on fig.3. Consider all the configurations of
the Tower of Hanoi for which the (n+1)-th (biggest) disc is placed on rod i. If we fix the placement of this
disc then displacements of other discs correspond to the graph that is isomorphic to TPn. By induction
hypothesis we can choose a bijection between this graph and the graph Pn in the i-th copy of the triangle,
such that the configurations Aj correspond to the vertices of the triangles with the same marks. When we
move the biggest disc, say, from the first rod to the second, all other discs must be on the 3rd rod. This
move correspond to the edge connecting two neighboring vertices A3 on the left sloped side of big triangle.
The same reasons concern other moves of the biggest disc. Therefore we obtain an isomorphism between
TPn+1 and Pn.

1.5. The bijection with Tower of Hanoi gives us a formula (when the number of rows is a power of 2): the
first 2k rows of 2-arithmetical Pascal triangle contain 3k 1’s. The formula can be also proved by induction
via recurrence from the problem 1.3. Using this formula we can obtain an estimation. Since 106 < 220, the
total number of elements in these rows equals 1

2 · 106(106 + 1), and the number of 1’s is at most 320. The

proportion does not exceed 2·320

106(106+1) � 0.01.

1.6. We found this statement in [18].
S o l u t i o n 1 ([CSTTVZ]). For p = 2 the statement can be easily checked. So we can assume that p is

odd prime. Let n = x(p − 1) + k. We use induction on x.
The base x = 0 is trivial:

(

k
j

)

≡
(

k
j

)

(mod p).
To prove the step of induction we need the following property of binomial coefficients:

(

a + b

s

)

=
∑

i

(

a

s − i

)(

b

i

)

(summation in natural bounds),

both sides of which calculate in how many ways we can choose s balls in the box that contains a black and
b white balls. Let n = m + (p − 1). Observe that

(

n

`(p−1) + j

)

=

(

m + (p−1)

`(p−1) + j

)

=

p−1
∑

i=0

(

m

`(p−1) + j − i

)(

p − 1

i

)

≡
p−1
∑

i=0

(−1)i
(

m

`(p−1) + j − i

)

(mod p)

(the last equivalence is due to problem 1.1 a). Remark that the sign of the first and last terms in the last
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sum is “plus” . Now transform the sum from the problem statement:

∑

`

(

n

`(p − 1) + j

)

≡

≡
((

m

j

)

−
(

m

j − 1

)

+ . . .

)

+

((

m

p − 1 + j

)

−
(

m

p − 1 + j − 1

)

+. . .+

(

m

j

))

+

+

((

m

2(p−1) + j

)

−
(

m

2(p−1) + j − 1

)

+. . .+

(

m

2(p−1) + j

))

+ . . .

=
m
∑

i=0

(−1)i
(

m

i

)

+
∑

`

(

m

`(p−1) + j

)

(mod p).

the first sum is equal to 0, the second sum is equivalent
(

k
j

)

(mod p) by the induction hypothesis.

S o l u t i o n 2 ([J], [T]). Induction by n. The base n 6 p − 1 is trivial: both sides contain the same
term. Prove the step of induction.
(

n

j

)

+

(

n

(p − 1) + j

)

+ . . . =

((

n − 1

j

)

+

(

n − 1

j − 1

))

+

((

n − 1

(p − 1) + j

)

+

(

n − 1

(p − 1) + j − 1

))

+ . . . =

=

((

n − 1

j

)

+

(

n − 1

(p − 1) + j

)

+ . . .

)

+

((

n − 1

j − 1

)

+

(

n − 1

(p − 1) + j − 1

)

+ . . .

)

≡

≡
(

k − 1

j

)

+

(

k − 1

j − 1

)

=

(

k

j

)

(mod p).

But it should be accurate in cases when p − 1 divides j or k, because the induction hypothesis does not
hold for j = 0 or k = 0 (it uses the value p − 1 instead of 0). Therefore we must consider more carefully
the cases when j = 1 or k = 1. We restrict ourselves by consideration of one partial case only. Let p = 5,
j = 1 and we fulfill step to n = 13. Then we have

(

1

1

)

?≡
(

13

1

)

+

(

13

6

)

+

(

13

11

)

=

((

12

1

)

+

(

12

6

)

+

(

12

11

))

+

((

12

0

)

+

(

12

5

)

+

(

12

10

))

.

By induction hypothesis the sum in the first parentheses has a residue
(

4
1

)

(and not
(

0
1

)

as the previous
calculation shows). In the second parentheses the induction hypothesis covers all the terms except the first
one, so the sum has residue

(

12
0

)

+
(

4
0

)

. Writing p− 1 instead of 4 for clarity, we obtain that the whole sum

is equivalent to
(

n−1
0

)

+
(

p−1
1

)

+
(

p−1
0

)

≡
(

1
1

)

(mod p), as required.

S o l u t i o n 3 (algebraical reasoning with Luka’s theorem, [18]). Induction by n. Base n 6 p − 1 is
trivial. Now let n > p, write all parameters in base p, let σp(m) denotes the sum of digits of m. It is clear
that if m ≡ j (mod p), then σp(m) ≡ j (mod p). The sum under consideration is equal by Luka’s theorem
to

∑

(

n0

m0

)(

n1

m1

)

. . .

(

nd

md

)

(mod p) ,

where the summation is over all m = md . . . m1m0 6 n, for which σp(m) ≡ j (mod p). This sum is equal
to the sum of coefficients of xj , xj+p−1, xj+2(p−1), . . . in the expression

(1 + x)n0(1 + x)n1 . . . (1 + x)nd = (1 + x)σp(n) .

But it is evident that this sum of coefficients equals

∑

16r6σp(n)
r≡j (mod p−1)

(

σp(n)

r

)

,

which satisfy the induction hypothesis because 1 6 σp(n) 6 n−1, and supply the desired equivalence since
σp(n) ≡ n ≡ j (mod p).

S o l u t i o n 4 (linear algebra, [D]). The polynomials x, x2, . . . , xp−1 are linearly independent over Zp

and form a basis in the space of functions f : Zp → Zp, f(0) = 0. By Fermat’s little theorem (1 + x)n ≡
(1 + x)k (mod p). Applying the relations xi+a(p−1) ≡ xi to the left hand side, we obtain that our sum as
an element of Zp is equal to the coefficient of xj in the right hand side, i. e.

(

k
j

)

.
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2 Arithmetical triangle and divisibility

2.1. a) This result is due to Roberts [27]. By ak denote the number of 1’s in the first 3k rows, and by bk

denote the number of 2’s. Due to the recurrence from problem 1.3 we obtain

ak+1 = 5ak + bk, bk+1 = 5bk + ak.

Now the statement of problem follows by induction.

b) A n s w e r: 1
2 · 5k(5k + 1) − 15k. By ak denote the number of nonzero elements in the first 5k rows.

As in previous problem we have a recurrence

ak+1 = 15ak + 10 · 5k(5k − 1)

2
.

Since the whole triangle consists of 5k(5k+1)
2 elements, it is natural to change variables ak = 5k(5k+1)

2 − bk.
Then we can rewrite the previous relation in terms of bk as bk+1 = 15bk.

c) A n s w e r:
(p(p+1)

2

)k
. This is Fine’s result [13]. It can be obtained by induction by means of recurrence

of the problem 1.3.

2.2. S o l u t i o n 1. Induction by α1. The base α1 = 0, 1 can be easily checked. Let the statement has
been proven for all α1 < a. Prove it for α1 = a. Evedently m̃ − 2α1 < 2α1 . Let s = 2α1 (in notations of
problem 1.3). Consider the m̃-th row in the triangle ∆0

0, where m̃ = 2α2 +2α3 + . . .+2αr . By the induction
hypothesis the number of 1’s in this row and above it equals

3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr . (2)

Then for the number m = m̃ + 2α1 we have a row that intersects the triangles ∆1
0 and ∆1

1 (due to
2-arithmetics they are both identical to triangle ∆0

0). The part of Pascal triangle from top to this row
contains triangle ∆0

0 (containing 3α1 1’s by induction hypothesis) and partially triangles ∆1
0 and ∆1

1 (the
number of 1’s in them is given by (2)). So the total number of 1’s is

3α1 + 2(3α2 + 2 · 3α3 + . . . + 2r−2 · 3αr ).

S o l u t i o n 2 (combinatorial sense of coefficients, [T]).

L emma 1. Let the k-th row contains 2r 1’s (or, equivalently, k contains r 1’s in base 2) and let
α1 > α2 > · · · > αm, 2αm > k. Then the row with number 2α1 + 2α2 + . . . + 2αm + k contains 2m+r 1’s.

P r o o f. It is clear that the number 2α1 + 2α2 + . . . + 2αm + k in base 2 contains m + r 1’s and hence
the corresponding row contains 2m+r 1’s.

L emma 2. The rows with the following numbers

2α1 + 2α2 + . . . + 2αm−1 , 2α1 + 2α2 + . . . + 2αm−1 + 1, . . . , 2α1 + 2α2 + . . . + 2αm−1 + 2αm − 1,

contain 2k3αm 1’s.

P r o o f. By lemma 1 the row with number 2α1 + 2α2 + . . . + 2αm−1 + i contains 2kxi 1’s, where xi is
the number of 1’s in i-th row. Then the total number of 1’s in these rows equals 2k

∑

xi. But
∑

xi is the
number of 1’s in the first 2αm − 1 rows of Pascal triangle, this number is equal to 3αm (it is known, for
example, by problem 1.4).

The statement of problem follows from lemma 2.

2.3. The problem is from [1], the solution is from [18]. The problem statement follows from Luka’s theorem
due to the following observation (it is also mentioned in [1]): a binomial coefficient

(

n
k

)

is odd if and only
if the set of 1’s in the binary expansion of k is the subset of the set of 1’s in the binary expansion of n.
Therefore Pn =

∑

2k, where the summation is over all k described in the previous phrase. For p = 2 let
Sn = {i : ni = 1} in notations of formula (1). Then

Pn =
∑

I⊆Sn

∏

i∈I

22i

=
∏

i∈Sn

Fi.
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2.4. This result of Fine [13] (1947) is an easy corollary of Kummer’s theorem. If p does not divide
(

n
k

)

,
then there are no carries when we add k and n − k in base p. For a fixed n it means that we can choose
i-th digit of k in base p by ni + 1 ways.

2.5. a) It follows from the formula proven in the previous problem because here we have a row with 2
elements only not divisible by p.

b) [13]. If Если pd | (n + 1), then n = a(p − 1)(p − 1) . . . (p − 1) in base p. Then for any k, 0 6 k 6 n,
each digit of k does not exceed the corresponding digit of n. Therefore all the binomial coefficients

(ni

ki

)

are

not equal to 0 and 6≡ 0 (mod p). By Lukas’ theorem
(n
k

)

is not divisible by p.
The reverse statement. Assume that all the coefficients

(n
k

)

are not divisible by p, but n is not the

number of the form a(p − 1)(p − 1) . . . (p − 1). Therefore one of its digits, say, ni is less than p− 1. Choose
k = (p − 1) · pi. Then ki = p − 1 and hence

(ni

ki

)

= 0, and p |
(n
k

)

by Lukas’ theorem. A contradicition.

2.6. This problem we found in [12].

S o l u t i o n 1. Assume that
( n
k−1

)

6 ... p and
(n
k

)

6 ... p, but
(n+1

k

)

=
(

( n
k−1

)

+
(n
k

)

)

... p. Then
(n
k

)

≡ −
( n
k−1

)

(mod p). Since both binomial coefficients are not divisible by p, we can reduce the equivalence and obtain
n−k+1

k ≡ −1 (mod p). Therefore n + 1 ≡ 0 (mod p).

S o l u t i o n 2 ([K]). Though the statement remind us the main recurrence for binomial coefficients, the
part “

( n
k−1

)

6 ... p” is unnecessary. Indeed, if (n+1) 6 ... p, then 0 6 n0 6 p−2. Since
(n
k

)

6 ... p, then by Kummer’s
theorem ki 6 ni for all i But analogous inequalities hold also for the pair k and n + 1, because n and n + 1
have the same digits except the lower ones that differs by 1. Hence

(

n+1
k

)

6 ... p.

2.7. [2]. It follows from Lukas’ theorem and problem 1.1.a).

2.8. The problem is from [1]. Induction by number of digits. The base is trivial. For the proof of induction
step add one more digit to the rightmost position. Since the binomial coefficient is odd we have the
inequalities ni > ki. Now we will use the recurrence

(

n
k

)

=
(

n−1
k−1

)

+
(

n−1
k

)

and consider distinct variants
of parity n и k. Applying Kummer’s theorem and the problem 4.6a) we will reduce the question to the
induction hypothesis.

For example, let n = 2` + 1 be odd and k = 2m be even. Consider a subcase k1 = 1. Then we have
binary representations k = . . . 10, n = . . . 11, k − 1 = . . . 01 and n − k = . . . 01 (the latter because by
Kummer’s theorem there are no carries when we add k and n− k). Now when we add k − 1 and n− k we
have 1 carry, i.e.

(n−1
k−1

)

≡ 2 (mod 4), and hence
(

n

k

)

=

(

n − 1

k − 1

)

+

(

n − 1

k

)

≡ −
(

n − 1

k

)

= −
(

2`

2m

)

≡ −
(

`

m

)

(mod 4) ,

the latter equivalence is by problem 4.6a). The minus sign in it corresponds to the multiplier (−1)k0n1+k1n0 .

2.9. The problem is from [1]. The statement follows from the previous problem. If the binary representation
of n does not contains two consecutive 1’s, then for all k all the exponents ki−1ni+kini−1 are equal to 0 and
all the binomial coefficients in n-th row have are equivalent 1 modulo 4. But if the binary representation
of n contains several consecutive 1’s starting from nj = 1 then the one half of all coefficients have kj = 0,
and one half of them have kj = 1. By the formula of previous problem these two halves differ by a sign.

2.10. Two articles in Monthly [19, 20] discuss this dark problem.

2.11. This is a problem of D.Dzhukich was presented at the olympiad of 239 school of St.-Petersburg,
2002, and after that appeared at short-list of IMO-2008.

All the binomial coefficients in the problem statement are odd by Lukas’ theorem, therefore, it is
sufficient to check that all the numbers

(2n−1
1

)

,
(2n−1

3

)

, . . . ,
(2n−1
2n−1

)

have distinct reminders modulo 2n.

S o l u t i o n 1 ([D]). Assume by the contrary that
(2n−1

k

)

≡
(2n−1

m

)

(mod 2n) for odd k and m, k > m.
Observe that
(

2n − 1

k

)

=

(

2n

k

)

−
(

2n − 1

k − 1

)

=

(

2n

k

)

−
(

2n

k − 1

)

+

(

2n − 1

k − 2

)

= · · · =

=

(

2n

k

)

−
(

2n

k − 1

)

+

(

2n

k − 2

)

− . . . −
(

2n

m + 1

)

+

(

2n − 1

m

)

.
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In particular
(

2n

k

)

−
(

2n

k − 1

)

+

(

2n

k − 2

)

− . . . −
(

2n

m + 1

)

≡ 0 (mod 2n) .

Calculate the exponent ord2

(2n

r

)

by Kummer’s theorem. If ord2 r = a then we have n−a carries in addition

r and 2n − r (it is clear by the standard algorithm of addition), hence ord2

(2n

r

)

= n − a. In particular

2n |
(

2n

r

)

for odd r, that allows us to consider only one half of summands:

(

2n

k − 1

)

+

(

2n

k − 3

)

+ . . . +

(

2n

m + 1

)

≡ 0 (mod 2n) .

Now all the
(2n

i

)

in the left hand side have even parameter i, therefore ord2

(2n

x

)

< n.
We will prove that this congruence is impossible and obtain a contradiction. Choose x with minimal

ord2

(2n

x

)

. Since ord2

(2n

x

)

< n and the whole sum is divisible by 2n, there exists y, for which ord2

(2n

x

)

=

ord2

(2n

y

)

. Then the binary representations of x and y end with equal number of 0’s, and hence there exists

z between x and y which binary representation ends with bigger number of 0’s. Then ord2

(2n

z

)

< ord2

(2n

x

)

,
a contradiction.

S o l u t i o n 2 ([CSTTVZ]). Induction by n. We prove the step of induction. Let the statement be proven
for all numbers less than n. Assume by the contrary that there exist k and `, k 6= `, 0 6 k, ` 6 2n − 1, such
that

(

2n−1
2k+1

)

≡
(

2n−1
2`+1

)

mod 2n. Observe that

(

2n − 1

2k + 1

)

=

(

2n

1
− 1

)(

2n

2
− 1

)

. . .

(

2n

2k + 1
− 1

)

=

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1

1
− 1

)(

2n−1

2
− 1

)

. . .

(

2n−1

k
− 1

)

= (3)

=

(

2n

1
− 1

)(

2n

3
− 1

)

. . .

(

2n

2k + 1
− 1

)

·
(

2n−1 − 1

k

)

≡

≡ (−1)k+1

(

2n−1 − 1

k

)

(mod 2n)

and analogously
(

2n−1
2`+1

)

≡ (−1)`+1
(

2n−1−1
`

)

(mod 2n). It follows by induction hypothesis that both k and

` can not be odd. Besides, due to the symmetry
(

2n−1
r

)

=
(

2n−1
2n−1−r

)

the problem statement means that all

the “even” binomial coefficients
(2n−1

2r

)

are pairwise distinct modulo 2n and form the same set of residues

as “odd” binomial coefficients
(

2n−1
2r+1

)

. Therefore k and ` can not be even simultaneously.
It remains to consider a case when k and ` have distinct parity, say k = 2a + 1, ` = 2b. Then

(

2n−1 − 1

2a + 1

)

+

(

2n−1 − 1

2b

)

≡ 0 (mod 2n) .

If a = b the congruence is impossible because
(2n−1−1

2a

)

is odd and

(

2n−1 − 1

2a + 1

)

+

(

2n−1 − 1

2a

)

=

(

2n−1 − 1

2a

)(

1+
2n−1 − 1 − 2a

2a + 1

)

=

(

2n−1 − 1

2a

)

· 2n−1

2a + 1
≡ 2n−1 (mod 2n) .

If b 6= a, then
(

2n−1−1
2a

)

6=
(

2n−1−1
2b

)

by the induction hypothesis, Since
(

2n−1−1
2a

)

+
(

2n−1−1
2a+1

)

is divisible by

2n−1, the sum
(2n−1−1

2b

)

+
(2n−1−1

2a+1

)

can not be divisible by 2n−1.

2.12. The author of this problem is A.Belov. Observe that

(

2n

n + k

)

=

(

2n

n

)

· n(n − 1) . . . (n − k + 1)

(n + 1)(n + 2) . . . (n + k)
,

and therefore
( 2n
n+k

)

have many common divisors with
(2n

n

)

, because the denominator is not very big,

more precisely, it does not exceed (2n)k. Write the analogous equalities for all binomial coefficients
( 2n
n+k1

)

,
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( 2n
n+k2

)

, . . . ,
( 2n
n+k100

)

. Then GCD of all denominators in the right hand sides of the equalities does not

exceed (n+1)(n+2) . . .
(

n+[ε
√

n ]
)

< (2n)ε
√

n. But for big n the binomial coefficient
(2n

n

)

is much greater,
so after reducing by GCD the quotient is very big, and it divides all 100 binomial coefficients.

Explain more accurate the last reasoning. Observe that
(

2n

n

)

=
2n

n
· 2n − 1

n − 1
. . .

n + 1

1
> 2n and (2n)100ε

√
n = 2ε

√
n log2 n+ε

√
n.

For each ε there exists N such that for all n > N we have the equality n
2 > ε

√
n log2 n + ε

√
n. If we reduce

(

2n
n

)

by GCD for these n, the quotient is at least 2n/2.

2.13. a) The problem was presented at Leningrad olympiad, 1977.
S o l u t i o n 1 (without Kummer’s theorem). This is solution from the excellent book [4]. Assume that

all these numbers are divisible by m. Then the numbers
(

n + k − 1

k − 1

)

=

(

n + k

k

)

−
(

n + k − 1

k

)

,

(

n + k − 2

k − 1

)

=

(

n + k − 1

k

)

−
(

n + k − 2

k

)

,

. . .
(

n

k − 1

)

=

(

n + 1

k

)

−
(

n

k

)

are also divisible by m. Then analogously m divides all the numbers
(n+i

j

)

, where i 6 j are arbitrary

nonnegative integers. But
(n
0

)

(i = j = 0) is not divisible by m. A contradiction.

S o l u t i o n 2 (Kummer’s theorem). Let p be a prime divisor of m. Prove that at least one of the
numbers

(n
k

)

,
(n+1

k

)

, . . . ,
(n+k

k

)

is not divisible by p. By Kummer’s theorem if we choose ` (n− k 6 ` 6 n)

such that the addition k + ` fulfills in base p without carries then the binomial coefficient
(k+`

k

)

is not
divisible by p.

We will explain how to choose ` by giving a concrete example. Let p = 7, k = 133. We will write all
the numbers in base 7. Since we try to choose ` in the set of k + 1 numbers, we can always choose ` such
that k + ` to be one of the following numbers

. . . 133, . . . 233, , . . . , . . . 633.

(Remind that 6 is the greatest digit in our example.) It is clear that the addition k + ` fulfills without
carries.

b) We found this problem in [2]. It is not difficult to construct n by Kummer’s theorem. Let ordp m = s,
and k have d+1 digits in base p. Let n

... pd+s+1. Then the representations of numbers n−k, n−k +1, . . . ,
n − 1 contain digits (p − 1) in positions from (d + 2) to (d + s + 2). When we add k to these numbers we
have carries in these positions. Therefore by Kummer’s theorem all the corresponding binomial coefficients
are divisible by ps.

Since it is not difficult to combine our reasoning for distinct p, the statemetn is proven.

3 Generalizations of Wilson’s and Lukas’ theorems

3.1. It is well known that ordp(n!) =
∑

k

[

n
pk

]

. If n = ndp
d + nd−1p

d−1 + . . . + n1p + n0 (representation in

base p), then
[

n
pk

]

= ndp
d−k + nd−1p

d−k−1 + . . . + nk+1p + nk and we can rewrite the formula for ordp(n!)
in the form

ordp(n!) =
d
∑

k=1

(

d
∑

i=k

nip
i−k

)

=
d
∑

i=1

ni(p
i−1 + pi−2 + . . . + p + 1) =

d
∑

i=1

ni
pi − 1

p − 1
=

d
∑

i=0
nip

i −
d
∑

i=0
ni

p − 1
.

This is exactly what we need.
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3.2. a) Split the factors of n! on groups of (p − 1) factors:

(n!)p =

[ n
p
]−1
∏

k=0

(

(kp+1) · (kp+2) · · · (kp+p−1)
)

·
(

[np ]p+1
)(

[np ]p+2
)

. . .
(

[np ]p+n0

)

≡ (−1)[
n
p
]n0! (mod p) .

б) This statement can be found in Gauss works [15]. The product (pq!)p contains factors in pairs: a
factor and its inverse modulo pq, the product of each pair is 1 modulo pq. So we need to watch on those
factors m which equals to its inverse, this factors satisfy the congruence

m2 ≡ 1 (mod pq).

For odd prime p the congruence has 2 solutions: ±1. For p = 2, q > 3 the congruence has two more
solutions: 2q−1 ± 1.

c) Since n! = (n!)p · p[ n
p
]([np ]

)

!, the statement can be proven by induction by means of the congruence
of statement a) of this problem.

3.3. We found this problem on the web-page of A.Granville [17]. It well known Legendre’s formula for the
number ` is that

` = ordp

(

n

k

)

=

(

[n

p

]

−
[k

p

]

−
[r

p

]

)

+

(

[ n

p2

]

−
[ k

p2

]

−
[ r

p2

]

)

+ . . . (4)

Denote ñ = [n/p] for brevity and so forth, and collect all terms divisible by p in the the formula for
a binomial coefficient:

(

n

k

)

=
(n!)p

(k!)p(r!)p
· p[n/p]

p[k/p] · p[r/p]
· ñ!

k̃! · r̃!
.

By generalized Wilson’s theorem (problem 3.2, b) the first fraction equals ± n0!
k0!r0!

(mod p), the third fraction
allows us to apply induction, and the middle fraction (together with the sign of the first fraction) supply
all the expressions containing ` by the formula (4).

3.4. a) Expand brackets in (1 + x)p
d

use the fact that p |
(

pd

k

)

for 1 6 k 6 pd − 1 by Kummer’s theorem.

b) Let n = n′p + n0, k = k′p + k0. By the previous statement (1 + x)pn′ ≡ (1 + xp)n
′

(mod p). Then

(1 + x)n = (1 + x)pn′

(1 + x)n0 ≡ (1 + xp)n
′

(1 + x)n0 (mod p).

This congruence means that we transform the coefficients of the polynomial modulo p. The coefficient of
xk at the l.h.s. equals

(n
k

)

. All the exponents in the first brackets at the r.h.s. are divisible by p, hence the

only way to obtain the term xpk′+k0 is multiplying the xpk′

from the first bracket and xk0 from the second.
Thus we obtain

(n′

k′

)(n0

k0

)

and so
(n
k

)

=
(n′

k′

)(n0

k0

)

. Now Lukas’ theorem follows by induction.

3.5. a, b) It follows from Kummer’s theorem.

3.6. [9]. In the following calculation we use that
(ni

ki

)

= 0 for ki > ni; this allows us to apply Lukas’ theorem
and truncate a lot of summands:

fn,a =

n
∑

k=0

(

n

k

)a

≡
nd
∑

kd=0

nd−1
∑

kd−1=0

· · ·
n0
∑

k0=0

d
∏

i=0

(

ni

ki

)a

≡
d
∏

i=0

ni
∑

ki=0

(

ni

ki

)a

≡
d
∏

i=0

fni,a (mod p).

4 Variations on Wolstenholme’s theorem

4.1. This is an exercise on reading an article. The statement is proven in article [1]. Observe that

2

p−1
∑

i=1

1

i
=

p−1
∑

i=1

1

i
+

1

p − i
= p

p−1
∑

i=1

1

i(p − i)
.
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Hence the sum under consideration is divisible by p. Since 1
i ≡ − 1

p−i (mod p), it remains to check that
p−1
∑

i=1

1

i2
≡ 0 (mod p).

But 1
12 , 1

22 , . . . , 1
(p−1)2

modulo p is the same set as1, что 12, 22, . . . , (p − 1)2. Therefore it is sufficient to

prove that
p−1
∑

i=1

i2 ≡ 0 (mod p). (5)

Let
p−1
∑

i=1
i2 ≡ s (mod p). It p > 5 we can always choose a, such that a2 6≡ 1 (mod p). Then the sets

{1, 2, . . . , p − 1} and {a, 2a, . . . , (p − 1)a} coincide (the proof is the same as in the footnote) and

s ≡
p−1
∑

i=1

i2 =

p−1
∑

i=1

(ai)2 = a2
p−1
∑

i=1

i2 ≡ a2s (mod p) .

Thus s ≡ 0 (mod p).

4.2. A n s w e r: 2k + 2. This problem of A.Golovanov was presented at Tuimaada-2012 olympiad. Observe
that for p = 4k + 3 the equation x2 + 1 = 0 has no solutions in the set of residues modulo p, and hence the
denominators of all fractions are non zero.

S o l u t i o n 1. Let ai = i2 + 1, i = 0, . . . , p − 1. Then the expression equals

σp−1(a0, a1, . . . , ap−1)

σp(a0, a1, . . . , ap−1)
,

where σi is an elementary symmetrical polynomial of degree i. Find the polynomial for which the numbers
ai are its roots:

p−1
∏

i=0

(x − 1 − i2).

Change the variable x − 1 = t2 and obtain

p−1
∏

i=0

(t2 − i2) =

p−1
∏

i=0

(t − i)

p−1
∏

i=0

(t + i) ≡ (tp − t)(tp − t) = t2p − 2tp+1 + t2.

Now apply the inverse change of variables and obtain for p = 4k + 3

p−1
∏

i=0

(x − 1 − i2) ≡ (x − 1)p − 2(x − 1)
p+1

2 + (x − 1) = xp + . . . + (p + 2 · p+1
2 + 1)x − 4.

By Viete’s theorem σp ≡ 4 (mod p), σp−1 ≡ 2 (mod p), therefore
σp−1

σp
≡ 1

2 ≡ 2k + 2 (mod p).

S o l u t i o n 2. Split all nonzero residues modulo p, except ±1, on pairs of reciprocal. We obtain 2k
pairs and in each pair (i, j)

ij ≡ 1 ⇔ i2j2 ≡ 1 ⇔ (ij)2 + i2 + j2 + 1 ≡ i2 + j2 + 2 (mod p).

Therefore,

1 ≡ (ij)2 + i2 + j2 + 1

(i2 + 1)(j2 + 1)
≡ i2 + j2 + 2

(i2 + 1)(j2 + 1)
=

1

i2 + 1
+

1

j2 + 1
(mod p).

So, the sum is equal to 1
02+1 + 1

12+1 + 1
(−1)2+1 + 2k ≡ 2k + 2.

1 These sets coincide because they contain p − 1 element each, and it is clear that all the reminders in each set are non
zero and pairwise distinct.
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S o l u t i o n 3. By Fermat’s little theorem the operations x 7→ x−1 and x 7→ xp−2 modulo p coincide.
So it is sufficient to calculate the sum

p−1
∑

x=0

(x2 + 1)p−2 =

p−1
∑

x=0

p−2
∑

m=0

(

p − 2

m

)

x2m =

p−2
∑

m=0

(

p − 2

m

)

S2m, (6)

where S2m =
p−1
∑

x=0
x2m. Evidently S2m ≡ −1 (mod p) for m = p−1

2 . Prove that S2m ≡ 0 (mod p) for all

other m 6 p − 1. Indeed, for each m we can choose a non zero residue a such that a2m 6≡ 1 (mod p) and
after that we can reason as in (5). For the sum (6) we have

p−2
∑

m=0

(

p − 2

m

)

S2m ≡ −
(

p − 2
p−1
2

)

= −
(

4k + 1

2k + 1

)

= −(4k + 1) · 4k · . . . · (2k + 1)

1 · 2 · . . . · (2k + 1)
≡

≡ −(−2) · (−3) . . . (2k + 2)

1 · 2 · . . . · (2k + 1)
≡ 2k + 2 (mod p).

4.3. We found these statements in [16].
a) For each prime divisor p | m choose ap such that p - (ak

p − 1). By the Chinese reminder theorem
choose a such that a ≡ ap (mod p) for all p. Then the result can be proven by reasoning as in (5).

b) Observe that for odd k by the binomial formula we have ik + (p − ik) ≡ kik−1p (mod p2). Then

2

p−1
∑

i=1

1

ik
=

p−1
∑

i=1

(

1

ik
+

1

(p − i)k

)

=

p−1
∑

i=1

ik + (p − i)k

ik(p − i)k
≡

p−1
∑

i=1

kik−1p

ik(−i)k
≡ −kp

p−1
∑

i=1

1

ik+1
(mod p2).

The sum in the r.h.s is divisible by p by the statement a).

4.4. The congruence holds even modulo p7 (see [24]), but it goes a bit strong. We can reason as in [1],
tracing all powers till p4, and obtain
(

p − 1

2p − 1

)

=
(2p − 1)(2p − 2) · . . . · (p + 1)

p!
=

(

2p

1
− 1

)(

2p

2
− 1

)

· . . . ·
(

2p

p − 1
− 1

)

≡

≡ 1 − 2p

p−1
∑

i=1

1

i
+4p2

p−1
∑

i,j=1
i<j

1

ij
− 8p3

p−1
∑

i,j,k=1
i<j<k

1

ijk
(mod p4). (7)

The last sum can be expressed via power sums:

p−1
∑

i,j,k=1
i<j<k

1

ijk
=

S3

3
− S1S2

2
+

S3
1

6
, where Sk =

p−1
∑

i=1

1

ik
.

We now that S1 and S3 are divisible by p2 (the latter due to problem 4.3b). Therefore the last term in the
formula (7) can be omitted.

4.5. The problem is from [1], variations can be found in [14]. Since

2

p−1
∑

k=1

1

k2
=

p−1
∑

k=1

( 1

k2
+

1

(p − k)2

)

=

p−1
∑

k=1

k2 + (p − k)2

k2(p − k)2
≡ −2

p−1
∑

k=1

1

k(p − k)
(mod p2) ,

the statement 3) is equivalent to the congruence

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2). The statement 2) is equivalent

to the same congruence, because 2

p−1
∑

k=1

1

k
= 2

p−1
∑

k=1

(1

k
+

1

p − k

)

= 2p

p−1
∑

k=1

1

k(p − k)
. Finally we know from the

previous problem that

(

2p − 1

p − 1

)

≡ 1 − p2
p−1
∑

i=1

1

i(p − i)
+ 4p2

p−1
∑

i,j=1
i<j

1

ij
(mod p4).
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So the statement 1) is equivalent to the congruence

p−1
∑

i=1

1

i(p − i)
≡ 4

p−1
∑

i,j=1
i<j

1

ij
(mod p2). (8)

Rewrite the expression in the r.h.s.:

4

p−1
∑

i,j=1
i<j

1

ij
= 2

(p−1
∑

k=1

1

i

)2

− 2

p−1
∑

k=1

1

k2
≡ 2

(p−1
∑

k=1

1

i

)2

+ 2

p−1
∑

k=1

1

k(p − k)
.

The sum in brackets is divisible by p, its square is divisible by p2, and we can omit this term. Then from

(8) we see that the statement 1) is equivalent to the congruence

p−1
∑

k=1

1

k(p − k)
≡ 0 (mod p2).

4.6. a) S o l u t i o n 1 ([5, proposition 2.12]). Induction on n. Expand brackets in the equality

(a + b)pn = (a + b)p(n−1)(a + b)p

Equate the coefficients of apmbp(n−m):

(

pn

pm

)

=

(

p(n − 1)

pm

)(

p

0

)

+

(

p(n − 1)

pm − 1

)(

p

1

)

+ . . . +

(

p(n − 1)

pm − p + 1

)(

p

p − 1

)

+

(

p(n − 1)

pm − p

)(

p

p

)

.

All summands except first and last are divisible by p2, because by Lucas’ theorem each binomial coefficient
is divisible by p. Hence

(

pn

pm

)

≡
(

p(n − 1)

pm

)

+

(

p(n − 1)

p(m − 1)

)

(mod p2).

By the induction hypothesis

(

p(n − 1)

pm

)

+

(

p(n − 1)

p(m − 1)

)

≡
(

n − 1

m

)

+

(

n − 1

m − 1

)

≡
(

n

m

)

(mod p2).

S o l u t i o n 2 ([D]). Prove that
( kp
mp

)

≡
( k
m

)

(mod p2) by induction on m.

To prove the base m = 1 we have to check that
(pk

p

)

−
(k
1

)

≡ 0 (mod p2). We have

(

pk

p

)

−
(

k

1

)

=
pk(pk − 1) . . . (pk − p + 1)

p!
− k =

(

(pk − 1)(pk − 1) . . . (pk − p + 1)

(p − 1)!
− 1

)

. (9)

Split the multipliers in the numerator onto pairs:

(pk − i)(pk − p + i) ≡ pi2 − i2 (mod p2).

We see that the product modulo p2 of each pair does not depend on k. Therefore the difference (9) modulo p2

does not depend on k, too. Since it is equal to 0 for k = 1, it is equal to 0 for all k.
The step of induction. Let

( kp
(m−1)p

)

≡
( k
m−1

)

(mod p2). We have

(

kp

mp

)

=

(

kp

(m − 1)p

)

· (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p)

pm(pm − 1) . . . (pm − p + 1)
=

=

(

kp

(m − 1)p

)

· (p(k − m) + 1)(p(k − m) + 1) . . . (p(k − m) + p − 1)

(pm − 1) . . . (pm − p + 1)
· k − m + 1

m
. (10)

Remark that both fractions are correctly defined modulo p2. As in the proof of base, the expression in the
numerator of big fraction does not depend (modulo p2) on k. Then we can put k = 0 for the calculating
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the fraction modulo p2 and obtain that it is congruent to 0. For the remaining part of the expression we
can apply the induction hypothesis and obtain

≡
(

k

m − 1

)

· k − m + 1

m
=

(

k

m

)

(mod p2).

b) S o l u t i o n 1 (combinatorial). As it has been suggested in [1], consider samples of kp objects from
the set of pn objects. Let the initial set be split on blocks of p objects. The number of block samples equals
(

n
k

)

. Hence it remains to check that non block samples is divisible by p3. But the number of non block
samples with 3 or more blocks is divisible by p3 (see [1]). For k > 1 every non block sample consists of at
least 3 blocks, so in this case the statement is true. It remains to consider a case when k = 1 and we count
the number of non block samples of p objects from the set of 2p objects. This number equals

(2p
p

)

− 2, by

Wolstenholme’s theorem it is divisible by p3.

S o l u t i o n 2. In the formula
(a

b

)

= a(a−1)...(a−b+1)
b(b−1)...1 split the numerator and the denominator onto blocks

of p terms, reduce the first terms in each block, and collect the quotients in a separate expression:

(

mp

kp

)

=
m 6p · (mp − 1) . . .

(

mp − (p−1)
)

k 6p · (kp − 1) . . .
(

kp − (p−1)
) · (m−1) 6p ·

(

(m−1)p − 1
)

. . .
(

(m−1)p − (p−1)
)

(k−1) 6p ·
(

(k−1)p − 1
)

. . .
(

(k−1)p − (p−1)
) · . . .×

× (m−k+1) 6p ·
(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

6p · (p − 1) . . . 1
=

=

(

m

k

)

· (mp − 1) . . .
(

mp − (p−1)
)

(kp − 1) . . .
(

kp − (p−1)
) · . . . ·

(

(m−k+1)p − 1
)

. . .
(

(m−k+1)p − (p−1)
)

(p − 1) . . . 1
.

It remains to check that the product of fractions is congruent to 1 (mod p3). For this prove the congruence

(np − 1) . . .
(

np − (p−1)
)

(rp − 1) . . .
(

rp − (p−1)
) ≡ 1 (mod p3)

or, even, it would be better to prove the following congruence

(np − 1) . . .
(

np − (p−1)
)

(p − 1)!
≡ (rp − 1) . . .

(

rp − (p−1)
)

(p − 1)!
(mod p3) .

This is true because both parts are congruent to 1 (mod p3), that can be shown analogously to the proof
of Wolstenholme’s theorem.

4.7. a) [5, theorem 2.14]. Transform the difference
(

p2

p

)

−
(

p

1

)

=
p2(p2 − 1) . . . (p2 − (p − 1))

1 · 2 · . . . · (p − 1)p
−p =

p

(p − 1)!

(

(1−p2)(2−p2) . . . ((p−1)−p2)−1·2·. . . ·(p−1)
)

.

It remains to check that

(1 − p2)(2 − p2) . . . ((p − 1) − p2) ≡ 1 · 2 · . . . · (p − 1) (mod p4).

Expand brackets in the l.h.s.:

(1−p2)(2−p2) . . . ((p−1)−p2) = 1 ·2 · . . . ·(p−1)+p2
(

1 +
1

2
+ . . . +

1

p − 1

)

(p−1)!+terms divisible by p4.

By the problem 4.1 the second summand is divisible by p4.

b) Observe that
(ps+1

p

)

= ps ·
(ps+1−1

p−1

)

, hence it is sufficient to prove that
(ps+1−1

p−1

)

≡ 1 (mod ps+3).

(

ps+1 − 1

p − 1

)

=
(ps+1 − 1)(ps+1 − 2) . . . (ps+1 − (p − 1))

1 · 2 · · · (p − 1)
=

(

ps+1

1
− 1

)(

ps+1

2
− 1

)

. . .

(

ps+1

p − 1
− 1

)

≡

≡ (−1)p−1 + ps+1
(

1 +
1

2
+ . . . +

1

p − 1

)

(mod ps+3).

Since (−1)p−1 = 1 and 1 + 1
2 + . . . + 1

p−1 ≡ 0 (mod p2) we are done.
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4.8. The problem is from [1], we present solution [T].

(

p3

p2

)

−
(

p2

p

)

= p

((

p3 − 1

p2 − 1

)

−
(

p2 − 1

p − 1

))

=

= p

((

p3

1
− 1

)(

p3

2
− 1

)

. . .

(

p3

p2 − 1
− 1

)

−
(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

))

=

= p

(

p2

1
− 1

)(

p2

2
− 1

)

. . .

(

p2

p − 1
− 1

)









p2−1
∏

k=1
p-k

(

p3

k
− 1

)

− 1









.

It is sufficient to prove that the last bracket is divisible by p7. Transform the product:

p2−1
∏

k=1
p-k

(

p3

k
−1

)

=

p2
−1

2
∏

k=1
p-k

(

p3

k
−1

)(

p3

p2−k
−1

)

=

p2
−1

2
∏

k=1
p-k

(

p6 − p5

k(p2−k)
+1

)

≡ 1+p5(p−1)

p2
−1

2
∑

k=1
p-k

1

k(p2−k)
(mod p7).

Now we have to check that the last sum is divisible by p2. This is true because by problem 4.3a)

p2
−1

2
∑

k=1
p-k

1

k(p2−k)
≡ −

p2
−1

2
∑

k=1
p-k

1

k2
≡ 0 (mod p2).

4.9. The statement is taken from [6, theorem 5], its generalization can be found in [7].

S o l u t i o n 1 ([5, proposition 2.19]). Use the fact that the difference
(

2k+1

2k

)

−
(

2k

2k−1

)

is equal to the

coefficient of x2k
in the polynomial

(1 + x)2
k+1 − (1 − x2)2

k

= (1 + x)2
k
(

(1 + x)2
k − (1 − x)2

k
)

=

=

(

1 +

(

2k

1

)

x +

(

2k

2

)

x2 + . . . + x2k

)

· 2
(

(

2k

1

)

x +

(

2k

3

)

x3 + . . . +

(

2k

2k − 1

)

x2k−1

)

.

Since the second polynomial contains odd exponents only, the coefficient of x2k

in the product equals

2

(

(

2k

1

)(

2k

2k − 1

)

+

(

2k

3

)(

2k

2k − 3

)

+ . . . +

(

2k

2k − 1

)(

2k

1

)

)

.

By problem 3.5 b) 2k divides each binomial coefficient in this expression, moreover each term occurs twice
in the sum, and the sum itself is multiplied by 2. Thus all the expression is divisible by 22k+2.

S o l u t i o n 2 ([CSTTVZ]). Since
(

2n+1

2n

)

= 2
(

2n+1−1
2n−1

)

, it is sufficient to prove that

(

2n+1 − 1

2n − 1

)

≡
(

2n − 1

2n−1 − 1

)

(mod 22n+1).

Similarly to (3) we obtain

(

2n+1 − 1

2n − 1

)

=

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

·
(

2n − 1

2n−1 − 1

)

.

It is sufficient to prove that

L =

(

2n+1

1
− 1

)(

2n+1

3
− 1

)

. . .

(

2n+1

2n − 1
− 1

)

≡ 1 (mod 22n+1) .
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This is true because

L ≡ (−1)2
n−1 − 2n+1

(

1

1
+

1

3
+

1

5
+ . . . +

1

2n − 1

)

≡

≡ 1 − 2n+1

(

2n

1 · (2n − 1)
+

2n

3 · (2n − 3)
+ . . . +

2n

(2n−1 − 1)(2n−1 + 1)

)

≡ 1 (mod 22n+1) .

4.10. This is theorem of Morley [26].
S o l u t i o n 1 (author’s proof, 1895). It goes a bit beyond the school curriculum.
Take the formula which expresses cos2n+1 x via cosines of multiple angles,1 or, as they were saying in

that times, write cos2n+1 x in the form handy for integrating:

22ncos2n+1x = cos(2n+1)x+(2n+1) cos(2n−1)x+
(2n+1) · 2n

1 · 2 cos(2n−3)x+. . .+
(2n+1) · 2n . . . (n+2)

n!
cos x.

Now integrate it2 over the interval [0, π
2 ]:

22n

∫

cos2n+1 x dx =
sin(2n + 1)x

2n + 1
+

2n + 1

2n − 1
sin(2n − 1)x + . . . ,

22n

π/2
∫

0

cos2n+1 x dx = (−)n
(

1

2n + 1
− 2n + 1

2n − 1
+ . . .

)

.

Every first grade student of university knows that it is convenient to use integration by parts for calculating
this integral:

I2n+1 =

π/2
∫

0

cos2n+1 x dx =

π/2
∫

0

cos2n x cos x dx = cos2n x sin x

∣

∣

∣

∣

π/2

0

+2n

π/2
∫

0

cos2n−1 x sin2 x dx =

= 0 + 2n

π/2
∫

0

cos2n−1 x(1 − cos2 x) dx = 2n · I2n−1 − 2n · I2n+1 ,

therefore I2n+1 = 2n
2n+1 · I2n−1. Since I1 = 1, we can apply the formula n times and obtain

π/2
∫

0

cos2n+1 x dx =
2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
.

Equating of these two results give us the formula

22n 2n · (2n − 2) . . . 2

(2n + 1)(2n − 1) . . . 3
= (−)n

(

1

2n + 1
− 2n + 1

2n − 1
+ . . . +

(2n+1) · 2n . . . (n+2)

n!

)

.

Let p = 2n+1 be a prime number. We obtain the desired congruence by multiplying the last formula by p:

22n 2n · (2n − 2) . . . 2

(2n − 1)(2n − 3) . . . 3
≡ (−)n (mod p2) .

S o l u t i o n 2 ([CSTTVZ]). We will use the following notations:

A =

p−1

2
∑

i=1

1

i
, B =

∑

16i<j6p−1

2

1

ij
, C =

∑

16i6p−1
i is odd

1

i
.

1 The reader who is interested in question “from where do we take it” and not satisfied by the answer “from some text-book”
may wish to use the Euler’s formula cos ϕ = 1

2
(eiϕ + e−iϕ) and raise its r.h.s in power 2n + 1 by the binomial formula.

2 When we were learning the rules of multiplication, we just memorized that “minus by minus equals plus”. In this formula
we multiply signs. If we need to multiply n minuses, the record (−)n seems to be appropriate. So we leave the old-fashioned
notation (−)n, used by the author, instead of the modern one (−1)n.
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Then A2 =

p−1

2
∑

i=1

1
i2 + 2B ≡ 2B (mod p) by the problem 4.3b). So A2 ≡ 2B (mod p). Further,

2C + A =
∑

16i6p−1
i нечетно

2

i
+

p−1

2
∑

i=1

2

2i
=

p−1
∑

i=1

2

i
≡ 0 (mod p2).

So C ≡ −1
2A (mod p2).

Now transform modulo p3 the parts of the given congruence. The l.h.s. is

(−1)
p−1

2

(

p − 1
p−1
2

)

≡
(

1 − p

1

)(

1 − p

2

)

. . .
(

1 − p
p−1
2

)

≡ 1 − pA + p2B ≡ 1 − pA +
1

2
p2A2 (mod p3).

For transforming the r.h.d observe that

2p−1 =
2 · 4 · · · (p − 1)

1 · 2 · · · p−1
2

· (p + 1) · · · (2p − 2)
p+1
2 · · · (p − 1)

=
(p + 1) · · · (2p − 2)

1 · 3 · 5 · · · (p − 2)
=

=
(p

1
+ 1
)(p

3
+ 1
)

. . .
( p

p − 1
+ 1
)

≡ 1 + pC +
1

2
p2C2 ≡ 1 − 1

2
pA +

1

8
p2A2 (mod p3) .

Then we have

4p−1 ≡
(

1 − 1

2
pA +

1

8
p2A2

)2
≡ 1 − pA +

1

4
p2A2 + 2 · 1

8
P 2A2 = 1 − pA +

1

2
p2A2 (mod p3).

So the l.h.s. is congruent to the r.h.s.

4.11. We found this statement in [10].

p−1
∑

k=1

1

mp + k
=

1

2

p−1
∑

k=1

( 1

mp + k
+

1

mp + p − k

)

=

= p · 2m + 1

2
·

p−1
∑

k=1

1

(mp + k)(mp + p − k)
≡ −p · 2m + 1

2
·

p−1
∑

k=1

1

k2
≡ 0 (mod p2).

4.12. We found this statement in [8]. Since 2pq − 1 = (2q − 1)p + p − 1, the last digit of the number
2pq − 1 in base p is p − 1, and the remaining digits form the number 2q − 1. Similarly the last digit of
the number pq − 1 in base p is p − 1, and the remaining part forms the number q − 1. By Lukas’ theorem
(2pq−1

pq−1

)

≡
(2q−1

q−1

)(p−1
p−1

)

≡
(2q−1

q−1

)

(mod p). On the other hand since
(2pq−1

pq−1

)

≡ 1 (mod pq), then
(2pq−1

pq−1

)

≡ 1

(mod p). So
(

2q−1
q−1

)

≡ 1 (mod p). Analogously
(

2p−1
p−1

)

≡ 1 (mod q).
The inverse statement is trivial.

5 Sums of binomial coefficients

5.1. a) It follows from problem 1.3. If ∆0
0 is a triangle consisting of the first 3 rows of the 3-arithmetical

Pascal triangle, then the sum of its central binomial coefficients is divisible by 3. For arbitrary a the sum
under consideration contains elements of several central triangles, which are multiples of ∆0

0. So the total
sum is divisible by 3, too.

Another solution ([CSTTVZ]) we can derive from the identity
(

2k
k

)

=
k
∑

i=0

(

k
i

)2
. Then

3a−1
∑

k=0

Ck
2k =

3a−1
∑

k=0

k
∑

i=0

(

k
i

)2
. Since 12 = 22 = 1, 02 = 0 (mod 3), the last sum modulo 3 equals the number of nonzero

elements in the first 3a rows of the Pascal triangle. This number is calculated in the problem 2.1a), it is
divisible by 3.
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b) Solution of [D]. The sum is a coefficient of x3a−1 in the polynomial

x3a−1

(

1 +
(x + 1)2

x
+

(x + 1)4

x2
+ . . . +

(x + 1)2(3
a−1)

x3a−1

)

=

(x+1)2·3
a

x3a − 1

(x+1)2

x − 1
· x3a−1 =

(x + 1)2·3
a − x3a

x2 + x + 1
=

=
x2·3a

+
(2·3a

1

)

· x2·3a−1 +
(2·3a

2

)

· x2·3a−2 + . . . + 1 − x3a

x3 − 1
· (x − 1) .

In order to find this coefficient we will perform the long division of the numerator by the denominator
and then multiply the result by (x − 1). We do not need to find the quotient at whole, it is sufficient to
perform the division till the moment when the coefficient of x3a−2 will be found, remind that we are trying
to find this coefficient modulo 3a only. Since for b 6 ... 3 all the binomial coefficient

(2·3a

b

)

are divisible by 3a

(by Kummer’s theorem), we can collect all these coefficient in a separate sum. When we divide this sum
by x3 − 1 all the coefficients of the quotient are divisible by 3a therefore we can discard this sum. The
remaining expression is

x2·3a
+
(2·3a

3

)

· x2·3a−3 +
(2·3a

6

)

· x2·3a−6 + . . . + 1 − x3a

x3 − 1
· (x − 1).

All the exponents in the numerator are divisible by 3, hence after division by x3 − 1 all the exponents of
the quotient are divisible by 3, too, and after the multiplying it by x− 1, there will be no exponents of the
form 3k + 2. So the coefficient that we seek equals 0 (mod 3a).

5.2. This problem was published in Monthly [25]. Since

(

2n + 2

n + 1

)

− 4

(

2n

n

)

= 2 · 2n + 1

n + 1

(

2n

n

)

− 4

(

2n

n

)

= −2Cn ,

then Cn ≡
(2n+2

n+1

)

−
(2n

n

)

(mod 3). Therefore this sum is telescopic modulo 3:

n
∑

k=1

Ck ≡
((

2n + 2

n + 1

)

−
(

2n

n

))

+

((

2n

n

)

−
(

2n − 2

n − 1

)

+ . . .

)

=

(

2n + 2

n + 1

)

+ 1 (mod 3).

So by Kummer’s theorem we have to clarify when we have at least one carry in the addition of the number
(n + 1) with itself in base 3. It it clear that it happens only if n + 1 contains at least one 2 in base 2.

5.3. This is problem A5 of Putnam Math. Competition, 1998. Since 1
p

(p
n

)

≡ (−1)n−1

n (mod p), we have

k
∑

n=1

1

p

(

p

n

)

≡
k
∑

n=1

(−1)n−1

n
=

k
∑

n=1

1

n
− 2

[k/2]
∑

n=1

1

2n
≡

k
∑

n=1

1

n
+

p−1
∑

n=p−[ k
2
]

1

n

∗
=

p−1
∑

n=1

1

n
≡ 0 (mod p).

The summation in the sum to the left of asterisk really starts from n = k + 1 (it is easy to check: for
p = 6r + 1 we have k = 4r and p − [k2 ] = 4r + 1 = k + 1, similarly for p = 6r + 5).

5.4. This statement is from [11]. Solution [CSTTVZ]. Induction on n. The base is trivial. Prove the
induction step from n′ = n − (p − 1) to n. Let q = n

p−1 . Since

(

n′ + p − 1

x(p − 1)

)

=

p−1
∑

i=0

(

p − 1

i

)(

n′

x(p − 1) − i

)

,

we can rewrite the sum under consideration in the form

(

n

p−1

)

+

(

n

2(p−1)

)

+

(

n

3(p−1)

)

+ . . . =

q
∑

x=1

p−1
∑

i=0

(

p−1

i

)(

n′

x(p−1) − i

)

=

=

p−1
∑

i=0

(

(

p−1

i

) q
∑

x=1

(

n′

x(p−1) − i

)

)

. (11)
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By the problem 1.1 a) we have
(p−1

i

)

≡ (−1)i (mod p); let
(p−1

i

)

= ap+(−1)i. By the problem 1.6 we have
q
∑

x=1

( n′

x(p−1)−i

)

≡
(p−1

i

)

≡ (−1)i (mod p) for i = 0, 1, . . . , p−2; let
q
∑

x=1

( n′

x(p−1)−i

)

= bp + (−1)i. Then

(

p−1

i

) q
∑

x=1

(

n′

x(p−1) − i

)

=
(

ap + (−1)i
)(

bp + (−1)i
)

≡ 1 + (−1)i(ap + bp) =

= 1+(−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

− 2 · (−1)i

)

= (−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

)

−1 (mod p2).

Remind that these transformations hold for 0 6 i 6 p − 2. We can continue equality (11), by separating
the summand for i = p − 1:

p−1
∑

i=0

(

(

p−1

i

) q
∑

x=1

(

n′

x(p−1)−i

)

)

≡
p−2
∑

i=0

(

(−1)i

(

(

p−1

i

)

+

q
∑

x=1

(

n′

x(p−1)−i

)

)

− 1

)

+

q−1
∑

x=0

(

n′

x(p−1)

)

=

=

p−2
∑

i=0

(−1)i
(

p−1

i

)

+

p−2
∑

i=0

(

(−1)i
q
∑

x=1

(

n′

x(p−1) − i

)

)

− (p − 1) +

(

n′

0

)

+

q−1
∑

x=1

(

n′

x(p−1)

)

.

The first sum here equals −1, because
(

p−1
0

)

−
(

p−1
1

)

+
(

p−1
2

)

+ . . . = 0. By the same reasons the second

(double) sum together with the summand
(n′

0

)

equals 0. The last sum equals 1+ p(n′ +1) by the induction
hypothesis. Therefore the whole expression equals −1 + 0− p + 1 + 1 + p(n′ + 1) = 1 + pn′. This is exactly
what we need because 1 + p(n + 1) = 1 + p(n′ + p − 1 + 1) ≡ 1 + pn′ (mod p2).

5.5. This is result of Fleck, 1913, it is cited in [18]. Solution [CSTTVZ].
For p = 2 the sum is not alternating and the result is trivial. Let p be odd. We use the induction

on q. The base follows from the statement 2.5 a). Prove the induction step from n′ = n − (p−1) to n. The
expression

∑

x below denotes the summation over x in natural bounds (i.e. in bounds for which all the
binomial coefficients are correctly defined). We have

±
∑

m:m≡j (mod p)

(−1)m
(

n

m

)

=
∑

x

(−1)x
(

n′ + p − 1

xp + j

)

=
∑

x

(−1)x
p−1
∑

i=0

(

p − 1

i

)(

n′

xp + j − i

)

=

=

p−1
∑

i=0

(

p − 1

i

)

∑

x

(−1)x
(

n′

xp + j − i

)

.

By the induction hypothesis pq−1
∣

∣

∑

x
(−1)x

( n′

xp+j−i

)

; by the problem 1.1 a)
(p−1

i

)

≡ (−1)i (mod p). Therefore

p−1
∑

i=0

(

p − 1

i

)

∑

x

(−1)x
(

n′

xp + j − i

)

≡
p−1
∑

i=0

(−1)i
∑

x

(−1)x
(

n′

xp + j − i

)

(mod pq) .

The last (double sum equals
(n′

0

)

−
(n′

1

)

+
(n′

2

)

−
(n′

3

)

+ . . . = 0.

5.6. The result of Bhaskaran (1965), it is cited in [18], solution [CSTTVZ].
Induction on n. Let

f(n, j) =

(

n

j

)

−
(

n

j + (p − 1)

)

+

(

n

j + 2(p − 1)

)

−
(

n

j + 3(p − 1)

)

+ . . .

The base n = p + 1 is trivial, but observe that
(p+1

i

)

≡ 1 (mod p) for i = 0, 1, p, p + 1, otherwise this
binomial coefficient is divisible by p. Prove the step of induction from n′ = n − (p + 1) to n. By the
observation above we have

(

n′ + (p + 1)

j + (p − 1)k

)

=

p+1
∑

i=0

(

n′

j + (p − 1)k − i

)(

p + 1

i

)

≡
∑

i∈{0,1,p,p+1}

(

n′

j + (p − 1)k − i

)

=

=

(

n′

j + (p − 1)k

)

+

(

n′

j − 1 + (p − 1)k

)

+

(

n′

j − 1 + (p − 1)(k − 1)

)

+

(

n′

j − 2 + (p − 1)(k − 1)

)

(mod p) .
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Since f(n, j) =
∑

k(−1)k
( n
j+k(p−1)

)

is an alternating sum, the underlined summands cancel (except the

first and the last, but these summands are equal to 0 due to incorrect binomial coefficietns). So we obtain
the equalities

f(n, j) ≡ f(n′, j) − f(n′, j − 2) при j > 1 , f(n, 1) ≡ f(n′, 1) + f(n′, p − 2) .

Now the part “only if” of the problem statement follows from the induction hypothesis, and the part “if”,
too: if f(n, j) ≡ 0 (mod p) for j = 1, 3, . . . , p − 2, then

f(n′, p − 2) ≡ f(n′, p − 4) ≡ . . . ≡ f(n′, 1) ≡ −f(n′, p − 2) ,

from where f(n′, j) ≡ 0 (mod p) for all required j, and then n′ ... (p + 1), hence n
... (p + 1).
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Applications to ring theory and some history

A. Belov, M. Kharitonov

August 2, 2012

We consider a set S with a binary operation �+� such that

1. for any a, b, c ∈ S, we have a+ b = b+ a, (a+ b) + c = a+ (b+ c);

2. there exists a special element 0 ∈ S such that a+ 0 = a for all a ∈ S;

3. for any a ∈ S, there exists an element, denoted by (−a), such that

(−a) + a = a+ (−a) = 0.

Examples: remainders modulo some number; rotations of a plane with a �xed point.
We say that a set with an addition is a ring, if it has a multiplication, i.e. a binary

operation which satis�es the following conditions
1. a(bc) = (ab)c for all a, b, c ∈ S (associativity);
2. a(b+ c) = ab+ ac, (b+ c)a = ba+ ca for all a, b, c ∈ S (distributivity).
Examples: remainders modulo some number; polynomials of one or more variables.

Problem 1.1. Provide an example of a ring with a zero-divisor, i.e. such ring that there
exists two non-zero elements a, b such that ab = 0.

De�nition 1.1. We call an element a unit of a ring R or a neutral element of R (and
denote it 1), if we have 1A = A1 = A for all A ∈ R. We say that an element of R is an
inverse to A (and denote it A−1), if AA−1 = A−1A = 1.

Problem 1.2. Prove that in a ring with a unit commutativity axiom for an operation
�+� follows from the other axioms.

Problem 1.3. Construct a ring R with 4 elements such that any non-zero element of R
has an inverse.

Problem 1.4. Construct a non-commutative ring R, i.e. such ring R that ab ̸= ba for
some a, b ∈ R.

Let R be a ring with a unit. Let n ∈ Z≥1 be the smallest number such that

1 + 1 + 1 + ...+ 1(n times)=0.

Then n is called the order of the unit of R. If such number n does not exist, we assume
that the order of the unit of R equals 0.
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Problem 1.5. Let R be a ring such that the order of the unit of R equals 0. Assume
that there exist elements e, f, g ∈ R such that e2 = e, f 2 = f, g2 = g and e + f + g = 0.
Prove that e = f = g = 0.

De�nition 1.2. A non-commutative polynomial f = f(x1, ..., xn) is called an identity of
a ring R, if f(x1, ..., xn) = 0 for any x1, ..., xn ∈ R. We say that the identity f(x1, ..., xn)
follows from a set of identities {gi}, if one can deduce f(x1, ..., xn) = 0 from gi(x1, ..., xn) =
0 algebraically.

Problem 1.6. Provide an example of a ring with a non-zero multiplication in which the
identities x2 = 0 and xy = yx are satis�ed.

De�nition 1.3. If any non-zero element of a ring R is invertible, then R is called a
skew-�eld. A ring R is called commutative, if R satis�es the identity xy − yx = 0. A
commutative skew-�eld is called a �eld.

Examples.

1. Field of real numbers, �eld of complex numbers, ring of polynomials, ring Zn of
remainders modulo n. If n is prime, then Zn is a �eld.

2. A fundamental example of a non-commutative ring is a ring of matrices. We
construct it now. The elements of this ring is n × n tables �lled by numbers. We use
index Aij to denote the number puted in i-th line and j-th column. We put

(A+B)ij = Aij +Bij (pointwise addition).

To de�ne multiplication we put

(AB)ik = (
∑

j AijBjk).

3. The skew-�eld of quaternions is a set of elements ai + bj + ck + d, where a, b, c, d
are real numbers, with a pointwise addition and multiplication de�ned by the following
relations:

ij = −ji = k, ki = −ik = j, jk = −kj = i, i2 = j2 = k2 = −1.

Problem 1.7. Check that all mentioned sets with addition and multiplication are rings.

De�nition 1.4. By de�nition, an N -free associative algebra over ring A (or the ring of
non-commutative polynomials of the ring R), is a set

∑
i aivi, where ai ∈ R, and vi are

words in alphabet {a1, ..., aN}. If v =
∑

i aivi, u =
∑

i bivi, then we set

u+ v =
∑

i(ai + bi)vi, uv =
∑

i,j(aibj)(vivj).

Remark 1.1. In the rest of the problem set any algebra considered is an associative
algebra with a unit.

We put [a, b] := ab− ba.
Examples.

1. Commutativity identity [a, b] = ab− ba is satis�ed by de�nition in all commutative
rings.

2. Let p be a prime number. Identity xp − x = 0 is satis�ed for a ring of remainders
modulo p (small Ferma's theorem).
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3. Hence ab+ ba = (a+ b)2− a2− b2, the identity ab+ ba = 0 follows from the identity
a2 = 0.

Problem 1.8. 1. Prove that Hall's identity [[x, y]2, z] = 0 holds for 2× 2 matrices.

2. Prove that standard identity of degree 4∑
σ∈S4

(−1)σxσ(1) · · · xσ(4) = 0

holds for 2× 2 matrices.

For any algebra for which some non-trivial identity is satis�ed, is satis�ed the standard
identity of some degree. An algebra of n × n matrices satis�es the standard identity of
degree 2n.

It is known that for algebra of 2 × 2 matrices all identities follows from the Hall's
identity and the standard identity of degree 4 (this is quite complicated theorem which is
proven by Yu. Razmislov in 1973). Even for 3 × 3-matrices the basis of identities is not
known yet.

De�nition 1.5. An algebra is called a nil-algebra, if there exist a function n : A → N
such that, for all x ∈ A, we have xn(x) = 0. If for some n the algebra satis�es identity xn,
then it is called a nil-algebra of index n.

De�nition 1.6. An algebra A is called nilpotent, if the identity x1...xk = 0 is satis�ed
for some k.

De�nition 1.7. An element τ ∈ A is called algebraic of index k, if
k∑

i=1

τ iai = 0 for some

a1, ..., ak ∈ Z. An algebra A is called algebraic of index k if any element of A is algebraic
of index k. An algebra A is called algebraic if any element of A is algebraic of some index
(depending on the element).

Problem 1.9. 1. Prove that any algebraic algebra of index k satis�es a non-trivial
identity.

2. ∗ Prove that algebra of n× n-matrices is algebraic of index n.

3. Fix n ∈ Z≥0. We denote by SSn the set of all subsets of {1, ..., n}. For a τ ∈SSn we
put Sτ :=

∑
i∈τ xi. Prove the following equation (is called polarization):∑

τ∈SSn
(−1)|τ |(Sτ )

n =
∑

σ∈Sn
xσ(1) · · · xσ(n).

(If we assume that xi commutes on with each other, then the right-hand side will
equal n!x1 · · · xn.)

4. Prove that from the identity xn follows the identity
∑

σ∈Sn
xσ(1) · · · xσ(n).

5. Prove that any identity has a polylinear (i.e. linear over any variable) analogue of
the same degree.
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Let a1, ..., al be some elements of some algebra A with a unit and w = ai1ai2 ...ais be a
word of alphabet with letters {a1, ..., al}. We denote by w(a) the element ai1 · ai2 · ... · ais
of A.

Problem 1.10. Let A be an algebra which satis�es an identity of degree n and a1, ..., al
be some elements of A. Let w be an n-divisible word of alphabet {a1, ..., al}. Prove that
w(a) =

∑
wi≺w

ciwi(a). For some �nite set of words wi and some ci ∈ Z 1.

A. Kurosh have posed in 1941 the following question.

Kurosh's problem. Is it true that any algebraic �nitely generated algebra, which

satis�es some identity of degree n, is �nite-dimensional?

First solution of Kurosh's problem, obtained by Levitskii and Kaplanskii in 1951, and
use highly non-elementary methods. In 1957, A. Shirshov develops purely combinatorial
technique, which provides another approach to Kurosh's and other nilpotency-related
problems.

Problem 1.11. a) Resolve Kurosh's problem using Shirshov's theorem of height.
b)∗ Prove that l-generated nil-algebras are n-nilpotent of index k(n, l).

Our next goal is to receive estimates for a function k(n, l). Estimates for height in
combinatorics of words straightforwardly leads to estimates of k(n, l). First estimate of
A. Shirshov are extremely overwhelming but his works contains deep ideas which still stay
in focus of researchers. A. Kolotov receives in 1982 twice exponential estimate for k(n, l)
of type (ll

n
), where l is a number of generators and n is a degree of identity. A. Belov

receives exponential estimate n3l3n in 1992, this estimate has been upgraded in works of
A. Klein in 2000.

E. Zelmanov have posed the following question in 1991.

Problem 1.12. Let F2,m be a free 2-generated associative ring with the identity xm = 0.
Is it true that the nilpotency class of F2,m depends exponentially on m?

Problem 1.13. Prove that the last problem from Section �Exponential estimates� pro-
vides a positive answer to Zelmanov's question.

A.Belov and M. Kharitonov receive in 2012 a subexponential estimate for a height. In
connection with these results appear the following problem:

Problem 1.14. Receive a polynomial estimate for height.

And another one.

Problem 1.15. Does there exist an estimate for a height which is polynomial with respect
to degree and linear with respect to the number of letters in an alphabet?

And the last one.

Problem 1.16. Receive lower height estimate.

1Âîîáùå ãîâîðÿ, àëãåáðà îïðåäåëåíà íàä ïîëåì è íàä íèì æå îïðåäåëåíû ñîîòíîøåíèÿ. Ó íàñ

îá ýòîì ðàçãîâîðà íåò è ïîòîìó âîïðîñ î òîì, ãäå æèâóò ci � ñëîæåí.
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Periodicity and order

A. Belov, M. Kharitonov
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1 Introduction

We consider words in some alphabet. We �x some word W . If we are very lucky, W is
periodic, i.e. it is some short word w repeated many times. This word w is called period of
W . We write c = ba, for words a, b, c, if c is obtained from b and a by gluing together (we
note that any word is a product of several letters an that this product is noncommutative,
i.e. ab ̸= ba, even if a, b are letters). From the point of view of this product, any periodic
word is a power of some (short) word.

An arbitrary word does not tend to be periodic. More often a word is a product of
several periodic words. We call such words piecewise-periodic. Any word can be expressed
as a product of several periodic words and some small pieces inbetween them.

Let now �x an alphabet A = {a1, . . . , as}. Order a1 ≺ a2 ≺ · · · ≺ as on the set of
letters induces a lexicographical order on the set of words. We write U ≺ V , whenever
the �rst letter of U is smaller than the �rst letter of V , if they coincide, if the second
letter of U is smaller than the second letter of V e.t.c.

If a word U starts from a word V , U and V are incomparable, i.e. neither U ≺ V ,
nor V ≺ U . Similarly words are ordered in a dictionary (in this case the shortest from
two incomparable words usually goes earlier). A given word A may have a property to be
lexicographically ordered: this means that a letter with a smaller index always goes earlier
than a letter with a bigger index. If a word W is not ordered, it has several disorders.
There are more powerful and less powerful disorders. We say that a word W has a k-
disorder if W contains k subwords W1, ...,Wk such that
1) Wi does not intersect Wj for i ̸= j;
2) if i < j, then Wi goes earlier than Wj;
3) if i < j, then Wi ≻ Wj.
By de�nition, a word W is k-divisible, if W has a k-disorder.

It appear so that the �degree of divisibility� of a word W and the number of periodic
subwords of W are closely related. In this project we convert this metamathematical
statement to a theorem and try to amuse participants by related facts. We present this
theorem right now.

Shirshov's Theorem of height. The set of non k-divisible words is piecewise-
periodic with period (k−1) or less, i.e. there exists a function H(k, s) such that any word
is either k-divisible, or can be splitted on H(k, s) pieces such that any piece is a subword
of a periodic word with a length of period (k − 1) or less.

The main goal of this project is to produce estimates for the function H(k, s) of type
H(k, s) ≤ skC ln k, where C is some constant, which does not depend on k and s. To
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achieve this goal we will need some deep combinatorial results, in particular Dilworth's
theorem. Another goal is to count polylinear 1 words, which have no k-disorders 2. We
also estimates the number of subwords with a given period, and here the graphs point of
view is useful, in particular we explain a connection with a Ramsey's theory.

The key problems in the �rst problem set are 2.10, 3.7, 4.11, 4.12.
We also attach to a project a problem set called �Application to ring theory and

some history�, which is dedicated to the mentioned topics. This problem set is completely
independent from all other problem sets, but it provides an area of mathematics, for which
the results of our project are also very interesting. It turn's out that the Shirshov's theorem
allows to solve some problems of this area, which seems to be completely nonrelated to it
and stay unsolved for more than 20 years.

2 De arte kombinatoria

Problem 2.1. Karlsson know how to write only words which does not contain subwords
with two or more di�erent letters. How many words of length n Karlsson know how to
write, if his alphabet contains l letters?

Problem 2.2. The dictionary of Winnie-the-Pooh tribe has 20 letters. The language of
this tribe consider as a phrase any combination of this words. There exists two verbal
spells �earth stay on Great Crocodile� and �every evening Crocodile eat Sun�, which
evoke an earthquake. How many phrases from 10 words does not provide the tribe with
an earthquake?

Problem 2.3. The alphabet of a small-wide-tribe �Smeshariki� consists of l letters. May
the language of this tribe contains a word of length l which contains precisely

a) l + 1

b) l(l−1)
2

− 1
c*) 2l

di�erent subwords?

Problem 2.4. An alphabet of Endeans has N letters, and any word of Endeans consists
of letters of their alphabet. It is known that a word W repeated twice means the same
with W , and that the meaning of a word W1W2W3 is the same with W1W2W2W3. For
example �BC� means the same with �BBC�. Prove that the number of words with di�erent
meanings is �nite if

à) N = 2;
b) N = 3.

By ut we denote t copies of a word u putted in one line.

Problem 2.5. Fix an alphabet A = {a, b}. What is the minimal number of words
{W1, ...,Wk} such that the set of all words of length 100, which does not contain {W1, ...,Wk}
as subwords, consists of (ab)50 and (ba)50?

Problem 2.6. Let k, t ∈ Z≥1. Prove that, if a word V of length k · t has not more than k
di�erent subwords of length k, then for some word v the word V contains a subword vt.

1i.e. such words W that any letter is used in W not more than once
2For example, the number of words which are not 3-divisible equals to a Catalan's number
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Problem 2.7. Provide a bijection between the following sets:

• sequences of natural numbers 1 6 a1 6 a2 6 . . . 6 an, where ai 6 i;

• transpositions of numbers 1, 2, . . . , n, such that the length of any decreasing sequence
is 2 or less.

Problem 2.8. Hundred man-eaters come to a feast. During a feast man-eaters eat
themselves. Therefore appear a sequences of man-eaters such that a man-eater eats a
man-eater which eats a man-eater which eats a man eater... What is the smallest possible
the longest such sequence of man-eaters with additional condition that from any 10 man-
eaters any one eats the other one?

Similar problems to Problem 2.8 appear in subsection �Dilworth's theorem�.

De�nition 2.1. We call a word u non-cyclic, if u is not equal to vk, for any word v and
any k > 1.

Problem 2.9. Let u, v be di�erent non-cyclic words of length m and n respectively.
Assume that a word W contains subwords u′ = um·n and v′ = vm·n. Prove that the length
of the common part of u′ and v′ does no exceed m+ n− 2.

Problem 2.10. An in�nite band is �lled by numbers {1,..., 9}. Prove that either one can
cut of from it 10 non-intersecting numbers with 1000 digits each, which form an increasing
sequence on a band, or there exists a number with 10 or less digits which repeats 50 times
in succession.

3 Dilworth's theorem

Problem 3.1. Is it true that, for any sequence of numbers of length 5, there exists a
subsequence of length 3 which is ordered (i.e. it is or increasing, or decreasing)?

Problem 3.2. Is it true that, for any sequence of numbers of length 9, there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing)?

Problem 3.3. Prove that that for any sequence of numbers of length 10 there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing).

Problem 3.4. Prove that that for any sequence of numbers of length mn+1 either there
exists a decreasing subsequence of length m + 1 or there is an increasing subsequence of
length n+ 1.

By de�nition a partially ordered set (POS) is a set M with a relation ≺ on it such
that, for any two elements a and b of M , or a ≺ b is true or is false. This relation should
satis�es the following axioms:

1. if a ≺ b and b ≺ c, then a ≺ c (transitivity);
2. if a ≺ b, then a is not b.

Problem 3.5. May a ≺ b and b ≺ a be true simultaneously?

Problem 3.6. Prove that the set of words with a lexicographical order is a POS.
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De�nition 3.1. A POS M , for any elements a, b ∈ A of which a = b, a ≺ b, b ≺ a, is
called linearly ordered. Such POS are also known as chains.

Problem 3.7. Letm,n be natural numbers. Prove that in any POS with mn+1 elements
there exists either a subset with m+1 elements which is a chain or there is a subset with
n + 1 elements which is an antichain (i.e. such that any two elements of which are
incomparable).

Problem 3.8. Let M be a POS and c(M) be the length of the longest chain of M . Then
M can be splitted on c(M) antichains.

The following theorem is in some sense dual to Problem 3.8.
Dilworth's theorem. Let M be a POS and ad(M) be the length of the longest

antichain of M . Then M can be splitted on ad(M) chains.

4 Exponential estimates

We �x an alphabet A = {a1, a2, . . . , al} and we �x a linear order on A : a1 ≺ a2 ≺ · · · ≺ al.
This order introduces a lexicographical order on the set of words of A. We consider two
words u and v. If u begins from v or v begins from u, we call u and v incomparable

(with respect to each other). Otherwise there exist words w, u′, v′ such that u = wu′,
v = wv′ and �rst letters of u′ and v′ are di�erent (w could be an empty word). If the
�rst letter of u′ is greater than the �rst letter of v′, we say that u is greater than v and
write v ≺ u, otherwise we say that v is greater than u and write v ≺ u. The set of
words of A with respect to ≺ is a POS. The order ≺ is called lexicographical (see also
Introduction). It would be signi�cant later that some words are incomparable with respect
to the lexicographical order ≺.

Problem 4.1. Let alphabet A consists of letters a, b, c. We introduce an order on them:
a ≺ b ≺ c. Find the longest increasing sequence from the following list of words. Which
pairs of these words are incomparable?

cb, abc, bac, abb, b, ccc, abc

The following de�nitions will be useful later.

De�nition 4.1. A word W is called n-divisible, if there exist words u1, ..., un such that
W = v · u1 · · ·un and u1 ≻ . . . ≻ un.

De�nition 4.2. A word W is called k-ordered, if W is k-divisible but not (k+1)-divisible.

Problem 4.2. Find a number of a) 1-ordered b) 2-ordered words of length l.

Problem 4.3. Let n be a natural number, u � noncyclic word of length n or less. Prove
that the word u2n is not n-divisible.

De�nition 4.3. a) A word v is called a tale of a word u if there exists a word w such
that u = vw.

b) If a word v has a subword ut we say that v has a period of cyclicity t

Problem 4.4. Let l, d be some natural numbers. Prove that, for a word W of length l,
or �rst [l/d] tales are pairwise incomparable, or W has a period of length d.
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Further we assume that n 6 d.

De�nition 4.4. A word W is called (n, d)-cancellable, either if W is n-divisible, or if
there exists a word u such that ud is a subword of W .

Problem 4.5. Prove that if a word W has n pairwise equal non-intersecting subwords of
length n, then W is (n, n)-cancellable.

De�nition 4.5. A word W is called n-divisible from tale, is there exists tales u1, . . . , un

such that u1 ≻ u2 ≻ . . . ≻ un, and, for any i = 1, 2, . . . , n− 1, ui begins earlier than ui+1.

Problem 4.6. Prove that if a word W is
a) n3d-divisible from tale,
b) 3n2d-divisible from tale,
c) 4nd-divisible from tale,

then W is either n-divisible, or W has a subword ud for some nontrivial word u.

Problem 4.7. For any pair of natural numbers (n, d) (except pair (1, 1)), provide an
example of a word W of length (nd− 1) such that any set of tales of W is not increasing
and W is not (n+ 1, d)-cancellable.

Problem 4.8. Try to enhance an estimate from Problem 4.6.

We �x an alphabet A of length l, a word W of this alphabet of length r(W ) and
natural numbers n 6 d.

Further we assume that, for all words u, W does not contain a subword ud and W is
not 4nd-divisible from tale. We consider �rst [r(W )/d] tales of W (further we denote this
set of words by Ω). Then by Dilworth's theorem we can split Ω on (4nd− 1) groups such
that tales in one group form a chain.

In solutions of the following problems we expect that you use previous ones.

Problem 4.9. Prove that, from any 4nd2 tales of Ω, there exists two tales, for which the
�rst subwords of length 4nd are pairwise di�erent.

Problem 4.10. In some in�nite parliament any member has not more than 3 enemies
among members. Prove that there is a way to divide this parliament into two houses
such that a member of any house has not more than 1 enemy among members of his own
house.

In the following problems we assume that l, n, d are variables and that W is some word
de�ned over alphabet of l-letters.

Problem 4.11 (Shirshov's lemma). Prove that there exists a function f(l, n, d) such that
for any subword W de�ned over alphabet of l-letters either W is (n, d)-cancellable, or
r(W ) < f(l, n, d).

Problem 4.12. Prove that f(l, n, d) < l(4nd)4nd+2.
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5 Advanced estimates

We �x natural numbers s, n, d such that d ≥ n. We also �x an alphabet A := {a1, ..., as}
and a word W of this alphabet of length r(W ) such that W is not (n, d)-cancellable (i.e.
either W is n-divisible or W has a subword ud for some non-zero word u). Let Ωd(W )
be the set of tales of W which begins from the �rst [r(W )/d]-letters of W . By text after
Problem 4.8 the tales of Ω are splitted on 4nd − 1 groups which we call colors. We set
pn,d := 4nd. By de�nition a k-start of a word W is a subword of W which consists from
the �rst k letters of W .

Problem 5.1. Assume that Ωd(W ) has a subset Ωc with p2n,d + pn,d + 1 elements such
that all elements of Ωc have the same color and such that any two elements of Ωc have
di�erent 2k-starts for some number k. Prove that there exist two subwords of Ωc which
have pairwise di�erent k-starts.

Problem 5.2. Prove that for any subset Ωc of Ωd(W ) with (d + 1)p4n,d elements there
exist two elements of Ωc which have the same color and have di�erent

pn,d

2
-starts.

Problem 5.3. Prove that for any subset Ωc of Ωd(W ) with (d + 1)p7n,d elements there
exist two elements of Ωc which have the same color and have di�erent

pn,d

4
-starts.

Assume that pn,d = 2t for some natural number t.

Problem 5.4. Prove that for any subset Ωc of Ωd(W ) with (d + 1)p1+3t
n,d elements there

exist two elements of Ωc which have di�erent 1-starts.

Problem 5.5. Prove that if the length of W is greater than (d + 1)p2+3t
n,d s, then W is

either n-divisible or has a subword ud for some non-zero word d.

Using terms of problem set �Application to ring theory and some history� and prob-
lem 5.5 one can solve the problem posed by E. Zelmanov in 1991:

Let F2,m be a free 2-generated associative ring with the identity xm = 0. Is it true that

the nilpotency class of F2,m depends exponentially on m?
Assume that n = 2q for some natural number q.

Problem 5.6. Let Γ1
n,s be a �nite set which consists from all words of length n or less

over alphabet A with s letters. Let Γn,s be an in�nite set which contains Γ1
n,s and all

powers of all elements of Γ1
n,s. Prove that if W is not n-divisible, then W is a product of

not more than n100q words from Γn,s.
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2 De arte kombinatoria

Problem 2.1. Karlsson know how to write only words which does not contain subwords
with two or more di�erent letters. How many words of length n Karlsson know how to
write, if his alphabet contains l letters?

Solution. Karlsson can write only words with one repeating letter. There are precisely l
such words.

Problem 2.2. The dictionary of Winnie-the-Pooh tribe has 20 letters. The language of
this tribe consider as a phrase any combination of this words. There exists two verbal
spells �earth stay on Great Crocodile� and �every evening Crocodile eat Sun�, which
evoke an earthquake. How many phrases from 10 words does not provide the tribe with
an earthquake?

Answer. 2010 − 12 · 205 + 4.

Problem 2.3. The alphabet of a small-wide-tribe �Smeshariki� consists of l letters. May
the language of this tribe contains a word of length l which contains precisely

a) l + 1

b) l(l−1)
2

− 1
c*) 2l

di�erent subwords?

Solution. a) There are no such words for l = 1. For l = 2 such word do exist: ab. Further
we assume that l > 3.

We consider words with one repeating letter. They have precisely l subwords. If a word
W contains at least two di�erent letters, then W contains at least 2 di�erent subwords of
length 1 and at least 2 di�erent subwords of length 2 (note that l > 3). Then the number
of subwords of W is greater or equal then l + 2.

b) We left this problem for l 6 4 as an exercise to a reader. We provide examples of
such words for l = 5, 6, 7;

ababa, aaaabb, aabbabb.

∗If you have any suggestations or �nd any bugs please write me on krab8nog@yandex.ru.
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If l > 8 we construct such word by induction: we add to the end of a word of this kind
of length l − 3 new letter, which is not used before, 3 times.

ñ) We left this problem for l 6 4 as an exercise to a reader. Further we assume that
l > 5.

We will prove that there are know such word W over alphabet of l-letters such that
W has precisely 2l subwords. Assume that such a word W exists. If the only one letter is
used in W , W can't contain 2l subwords. Therefore we assume that 2 or more letters are
used in W . This implies that for any 1 6 k < l there exist at least two di�erent subwords
of length k (otherwise the only one letter is used in W ). We consider subwords of W of
length 2. If only two such words exist, W is of one of the following types:

ababab...ab, or ababab...aba, or abbb...b, or aaa...ab.

All these words has 2l−1 subwords or less. Therefore words of these types does not satisfy
the conditions of problem. Further we assume that W has at least 3 di�erent subwords of
length 2. By the same arguments we assume W has at least 3 di�erent subwords of length
3. Hence the number of di�erent subwords of W is not smaller than 2+ 3+3+ ...+2+1
(l summands). This sum equals 2l+1 and therefore for l ≥ 5 there are no words of length
l with precisely 2l subwords.

Problem 2.4. An alphabet of Endeans has N letters, and any word of Endeans consists
of letters of their alphabet. It is known that a word W repeated twice means the same
with W , and that the meaning of a word W1W2W3 is the same with W1W2W2W3. For
example �BC� means the same with �BBC�. Prove that the number of words with di�erent
meanings is �nite if

à) N = 2;
b) N = 3;
c) N is arbitrary.

Proof. We start with a de�nition. We say that a word is uncancellable, if any word A′,
which smaller than A, has di�erent meaning with A.

We use induction by a number N of letters of an alphabet.
The base for N = 1 is obviously true.
We prove that from N -th statement follows (N + 1)-th statement. By the hypothesi

of induction the number of uncancellable words in alphabet of N letters is �nite. We
denote by d a number which is greater then the length of any uncancellable word of this
alphabet. Now we consider alphabet An+1 of n + 1 letters. Assume that there exists an
uncancellable word W of An+1 of length (d+1)(N +1)d+2 or more. This word is a union
of (N + 1)d+2 blocks of length (d + 1) with some other piece. Obviously, there are two
non-isomorphic non-intersecting blocks B among them. If N or less letters are used in B,
then B is cancellable by the induction hypothesi B and thus W is cancellable. Therefore
all letters of AN+1 are used in B.

We now show that if all letters of AN+1 are used in a word B and C is any word,
then B has the same meaning with BCB (if it is so, then the word W of the previous
paragraph is cancellable and we prove the induction hypothesi).

To prove this fact we have to prove that there exists a word Y such that B has the
same meaning with BCY (if it is so, then the words

B ↔ BCY ↔ BCBCY ↔ BCB
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have the same meaning and we prove the induction hypothesi). Assume that C = c1c2...ck.
As c1 is used in B,

B = Sc1M.

Then B has the same meaning with the word Bc1M . Hence c2 is used in B, B = Ec2D
and the words B1M and Bc1c2Dc1M have the same meaning. And so on. Therefore,
and Y have the same meaning for some word Y .

Thus there is no uncancellable words of length (d+1)(N+1)d+2 or greater over AN+1.
We �nish with induction.

As a corollary, the number of words over AN for any N is �nite.

Problem 2.5. We �x an alphabet Al and consider some set of words W1, ...,Ws, which
we call {ban-words}. We say that a word W is permitted, if W1, ...,Ws are not subwords
of W . What is the minimal number of ban-words W1, ...,Ws such that the only permitted
subwords with 100 letters are (ab)50 and (ba)50?

Solution. We consider all words over Al which are repetition of one letter of length 100.
There are precisely l of them and they do not share subwords. Therefore we have to use
at least l ban-words.

We show that it is enough to use l ban-words. Namely, the set of ban-words {aa, bb, c, d, ...}
permit precisely two words: abab....ab and baba...ba.

By ut we denote t copies of a word u putted in one line.

Problem 2.6. Let k, t ∈ Z≥1. Prove that, if a word V of length k · t has not more than k
di�erent subwords of length k, then for some word v the word V contains a subword vt.

Proof. We prove that problem by induction by k.
The base (k = 1) is obvious. We denote by V − a word V without the last letter. If

V − has (k − 1) or less subwords of length (k − 1), then by induction hypothesi V − has a
period with t repetitions (note that the length of V − is bigger or equal than (k − 1)t).

Assume that V − contains at least k subwords of length (k − 1). Hence V − has not
more than k subwords of length k, in any subword of V of length k, the last letter is
determined by the (k − 1) previous letters. As we have precisely k di�erent subwords of
length k, there are two equal subwords of length k among �rst (k+1) subwords of length
k. Let i, j be the �rst letters of such subwords. We assume that i > j. Then i-the letter
coincides with j-the letter, i+ 1-th letter coincides with j + 1-th letter,..., i+ k-th letter
coincides with l+k-th letter. Hence (i−j) ≤ k, V is a subword of V1→(j−1)V

∞
j→(i−1), where

V1→(j−1) is a subword of V which starts from the �rst letter and ends in the (j − 1)-th
letter, and Vj→(i−1) is a subword of V which starts from the j-th letter and ends in the
(i − 1)-th letter. As i − 1 6 k and i − j 6 k, V contains at least t-th power of Vj→(i−1).
Therefore V contains a subword of type vt.

Problem 2.7. Provide a bijection between the following sets:

• sequences of natural numbers 1 6 a1 6 a2 6 . . . 6 an, where ai 6 i;

• transpositions of numbers 1, 2, . . . , n, such that the length of any decreasing sequence
is 2 or less.
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Proof. We consider the set of transpositions S∨
n of numbers 1, ..., n which have no increas-

ing subsequences of length 3 (we consider transpositions as words in alphabet {1, ..., n}).
We denote by b(σ) the length of the longest increasing subsequence of σ which ends in
the end of σ for any σ ∈ S∨

n . We denote by σ[m] the transposition of 1, ...,m which is
obtained from σ by eliminating letters m+ 1, ..., n for any σ ∈ S∨

n and m 6 n.
We assign to any transposition σ ∈ S∨

n the sequence of numbers

b1 := b(σ[1]), b2 := b(σ[2]), ..., bn := b(σ[n]).

Note that b1 = 1, bi+1 6 bi + 1, 1 6 bi 6 i. Set ai := i+ 1− bi. Note that

a1 = 1, 1 6 ai 6 i, ai ≤ aj.

Therefore we assign to a transposition σ ∈ S∨
n , which have no increasing subsequences

of length 3, an increasing sequence of numbers 1 6 a1 6 a2 6 ... 6 an such that ai 6 i. It
is easy to see that this map is bijective. As an exercise, a reader can explicitly construct
an inverse map.

The solution of the previous problem is also presented in the project of V. Dotsenko
�Katalan's numbers and natural maps�.

Problem 2.8. Hundred man-eaters come to a feast. During a feast man-eaters eat
themselves. Therefore appear a sequences of man-eaters such that a man-eater eats a
man-eater which eats a man-eater which eats a man eater... What is the smallest possible
the longest such sequence of man-eaters with additional condition that from any 10 man-
eaters any one eats the other one?

Proof. We produce a graph from the set of man-eaters. We assume that two man-eaters
A,B are connected with an oriented edge, if A eats B. Note that this graph is a forest (i.e.
is a union of trees). We split man-eaters on the several groups. First group consists of
man-eaters which does not eat anyone on the feast. Second group consists of man-eaters
which eats only man-eaters from the �rst group. And so on. Obviously

1. All man-eaters are presented in these groups.
2. The man-eaters from one group does not contain themselves.

We know that from any 10 man-eaters one eat the other one. Therefore the number of
man-eaters in one group does not exceed 9. Hence the number of such groups is greater
or equal than [100

9
] = 12. Therefore there is a chain of �man-eaters which eats man-eaters�

of length 12 or more.
Now we provide an example of a feast where the longest such chain has length 12. We

divide man-eaters onto 9 groups of 11 man-eaters and 1 group of 1 man-eater. Let the
second man-eater in a any group eat the �rst one, let the third one eat the second one
and so on. At the end, the man eater from the 10-th group eat all other man-eaters.

Similar problems to Problem 2.8 appear in subsection �Dilworth's theorem�.

De�nition 2.1. We call a word u non-cyclic, if u is not equal to vk, for any word v and
any k > 1.

Problem 2.9. Let u, v be di�erent non-cyclic words of length m and n respectively.
Assume that a word W contains subwords u′ = um·n and v′ = vm·n. Prove that the length
of the common part of u′ and v′ does no exceed m+ n− 2.
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Solution. Let m > n and assume that the intersection of two periodic subwords umn and
vmn has length m+ n− 1 or more. We denote this intersection S. We denote the letters
of S by s1, ..., sl, where l is a length of S.

We prove that under these assumptions u is periodic with period d =GCD(m,n). It
is enough to prove that if k = l(mod d) and 1 6 k, l < m+ n− 1, then sk = sl.

We denote by r the remainder of k modulo d. Assume that r ̸= 0. Then k−r = an−bm
for some a, b ∈ Z≥0. We construct sequences ki, ai, bi by the following inductive rules:

1. k0 = k, a0 = a, b0 = b;

2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, if ai > 0 and ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, if ai = 0 and bi > 0

i− th element is the last, if ai = bi = 0

.

It is obvious from de�nition that
1. ki − r = ain− bim for all i ≥ 0;
2. d - ki for all i ≥ 0;
3. 1 ≤ ki ≤ m+ n− 1 for all i ≥ 0.
4. If ki is the last element of the sequence, then ki = r.
From these rules follows that ski+1

= ski , and in particular sk = sl, if k = l(mod d).
Assume that r = 0. We show that sk = sn = sm. To do this we construct sequences

ki, ai, bi by the following inductive rules:
1. k0 = n, a0 = m/d− 1, b0 = n/d− 1;

2.


ki+1 = ki + n, ai+1 = ai − 1, bi+1 = bi, if ai > 0 and ki < m

ki+1 = ki −m, ai+1 = ai, bi+1 = bi − 1, if ai = 0 and bi > 0

i− th element is the last, if ai = bi = 0

.

Note that
1. ki − n = ain− bim for all i > 0;
2. d - ki for all i > 0;
3. 1 ≤ ki ≤ m+ n− 1 for all i > 0.
Assume that ki = n. Then nai = mbi , and in particular either ai = 0, or ai ≥ m/d.

Hence the last statement is false, ai = bi = 0. On the other hand if ai = bi = 0, then
ki = n. Therefore the sequences {ai}, {bi}, {ki} has precisely m/d+ n/d− 1 elements.

Now we prove that these elements that the elements of {ki} are pairwise di�erent.
Namely if ki = kj, then n(ai − aj) = m(bi − bj). Thus ai ≥ m/d. This statement is false.
Therefore the elements {ki} are pairwise di�erent and belong to {d, ..., d(m/d+n/d−1)}.
The number of these elements equals m/d+n/d−1. Therefore the sequence {ki} consists
from numbers d, 2d, ..., (m+ n− 1)d. Hence ski = ski+1

, sk = sn = sm.
As a corollary, if d | k, l and k = l (mod d), then sk = sl. As S is lomger than both u

and v and is d-periodic, words u, v are periodic to. This is a contradiction.
Therefore the length of the intersection of two periodic words umn and vmn does not

exceed m+ n− 2.

Problem 2.10. An in�nite band is �lled by numbers {1,..., 9}. Prove that either one can
cut of from it 10 non-intersecting numbers with 1000 digits each, which form an increasing
sequence on a band, or there exists a number with 10 or less digits which repeats 50 times
in succession.

Proof. We move from left to right on the band and consider a moment from which all 1000-
digit numbers appear in�nitely many times. If the number of such 1000-digit numbers
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exceed 10, then there exists an increasing sequence of length 10 consisting from non-
intersecting 1000-digit numbers.

Further we assume that the number of such 1000-digit numbers is smaller than 10.
Then there exist equal 1000-digit numbers which intersect by more than 990 digits. Then
these numbers are periodic of period 9 or less. Then the period in these numbers repeats
at least [1000

9
] times (what is de�nitely more than 50 times).

3 Dilworth's theorem

Problem 3.1. Is it true that, for any sequence of numbers of length 5, there exists a
subsequence of length 3 which is ordered (i.e. it is or increasing, or decreasing)?

Proof. Is a particular case of Problem 3.4.

Problem 3.2. Is it true that, for any sequence of numbers of length 9, there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing)?

Solution. No, this is not true. The sequence 3-2-1-6-5-4-9-8-7 is a counterexample.

Problem 3.3. Prove that that for any sequence of numbers of length 10 there exists a
subsequence of length 4 which is ordered (i.e. it is or increasing, or decreasing).

Proof. Is a particular case of Problem 3.4.

Problem 3.4. Prove that that for any sequence of numbers of length mn+1 either there
exists a decreasing subsequence of length m + 1 or there is an increasing subsequence of
length n+ 1.

Proof. We write a ≻ b, whenever a > b and a goes earlier than b. All other pairs
of numbers are incomparable. There exists either a subsequence from these numbers
which is a chain with respect to ≻ of length n + 1 (a chain corresponds to an increasing
subsequence) or there exists an antichain, i.e. the set of pairwise incomparable numbers,
from these numbers with respect to ≻ of length m + 1 (an antichain corresponds to a
decreasing sequence) by Problem 3.7.

By de�nition a partially ordered set (POS) is a set M with a relation ≺ on it such
that, for any two elements a and b of M , or a ≺ b is true or is false. This relation should
satis�es the following axioms:

1. if a ≺ b and b ≺ c, then a ≺ c (transitivity);
2. if a ≺ b, then a is not b.

Problem 3.5. May a ≺ b and b ≺ a be true simultaneously?

Problem 3.6. Prove that the set of words with a lexicographical order is a POS.

De�nition 3.1. A POS M , for any elements a, b ∈ A of which a = b, a ≺ b, b ≺ a, is
called linearly ordered. Such POS are also known as chains.

Problem 3.7. Letm,n be natural numbers. Prove that in any POS with mn+1 elements
there exists either a subset with m+1 elements which is a chain or there is a subset with
n + 1 elements which is an antichain (i.e. such that any two elements of which are
incomparable).
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Proof. We will prove this statement by induction by m.
The base (m = 0) is obviously true.
Now we prove that from the m-th statement follows (m + 1)-th statement. We �x a

POS M with at least mn+ 1 element. We say that an element a of M is maximal if any
other element is smaller than m or is incomparable with m. We consider the set Max of
all maximal elements. By de�nition, any two maximal elements are incomparable. If the
number of elements |Max| in Max is greater or equal than n + 1, then M is a desired
antichain.

Further we assume that |Max| does not exceed n.
We denote M without |Max| as M̃ . Obviously, M̃ has at least n(m− 1) + 1 elements

and therefore has either a chain of length m or an antichain of length n+1 by the induction
hypothesi. If the second statement is true, we prove the induction hypothesi. Assume
that the �rst statement is true and M̃ has a chain C of length m+1. Then some element
a of Max is greater than the maximal element of C and therefore {a} ∪ C is a chain of
length m+ 1.

Problem 3.8. Let M be a POS and c(M) be the length of the longest chain of M . Then
M can be splitted on c(M) antichains.

Solution. (We use de�nitions of Problem 3.7)We prove the statement by induction by n.
The base (n = 0) is obviously true.
We denote by Max the maximal elements of M . Let M̃ be M without Max. As M

does not contain chains of n+ 1, M̃ does not contain chains of length n. Therefore M̃ is
a union of n antichains. As Max is an antichain, M is a union of n + 1 antichain. We
prove the induction hypothesi.

The following theorem is in some sense dual to Problem 3.8.
Dilworth's theorem. Let M be a POS and ad(M) be the length of the longest

antichain of M . Then M can be splitted on ad(M) chains.

4 Exponential estimates

We �x an alphabet A = {a1, a2, . . . , al} and we �x a linear order on A : a1 ≺ a2 ≺ · · · ≺ al.
This order introduces a lexicographical order on the set of words of A. We consider two
words u and v. If u begins from v or v begins from u, we call u and v incomparable

(with respect to each other). Otherwise there exist words w, u′, v′ such that u = wu′,
v = wv′ and �rst letters of u′ and v′ are di�erent (w could be an empty word). If the
�rst letter of u′ is greater than the �rst letter of v′, we say that u is greater than v and
write v ≺ u, otherwise we say that v is greater than u and write v ≺ u. The set of
words of A with respect to ≺ is a POS. The order ≺ is called lexicographical (see also
Introduction). It would be signi�cant later that some words are incomparable with respect
to the lexicographical order ≺.

Problem 4.1. Let alphabet A consists of letters a, b, c. We introduce an order on them:
a ≺ b ≺ c. Find the longest increasing sequence from the following list of words. Which
pairs of these words are incomparable?

cb, abc, bac, abb, b, ccc, abc
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Solution. The longest increasing sequence is: abb, abc, b, cb, ccc.
The pairs of incomparable elements: b ↔ bac, abc ↔ abc.

The following de�nitions will be useful later.

De�nition 4.1. A word W is called n-divisible, if there exist words u1, ..., un such that
W = v · u1 · · ·un and u1 ≻ . . . ≻ un.

De�nition 4.2. A word W is called k-ordered, if W is k-divisible but not (k+1)-divisible.

Problem 4.2. Find a number of
a) 1-ordered;
b) 2-ordered words

of length l with pairwise di�erent letters.
c) 1-ordered letters with not necessarily di�erent letters.

Solution. a) Answer: Cs
l .

b) The number of sequences of natural numbers 1 6 a1 6 a2 6 . . . 6 al such that
ai ≤ i by Problem 2.7. We call such a sequence a correct sequence. Let cn be the number
of correct sequences of length n. For a correct sequence {ai} we set

stup(a1, a2 . . . , an+1) = sup
16i6n+1

{ai = i}.

Obviously, 1 6stup({ai}) 6 n. Then correct sequences such that, for some 1 6 j 6 n+1,
stup(a1, a2 . . . , an+1) = j, can be described by the following conditions:

ai 6 i äëÿ i < j; aj = j; ai 6 i− 1 äëÿ i > j.

Therefore the number of the correct sequences such that

stup(a1, a2 . . . , an+1) = j,

equals cj−1cn+1−j. Thus we have

cn+1 = c0cn + c1cn−1 + . . .+ cnc0. (1)

Now we show that cn = 1
n+1

Cn
2n. To do this we de�ne a function

f(x) = c0 + c1x+ c2x
2 + ...+ cnx

n + ....

Then from the relation (1) follows that f(x) = c0 + xf 2(x). Therefore

f(x) =
1±

√
1− 4c0x

2x
= 1

1±
√
1− 4x

2x
.

Hence f(x) has no pole in 0,

f(x) = 1−(1−4x)
1
2

2x
=

∑
n≥0

1
2
(−1)n+24n+1C

1
2
n+1x

n =
∑
n≥0

4n+1 (2n−1)!!
2

2n+2 xn =
∑
n≥0

1
n+1

Cn
2nx

n.

Hence cl =
1

l+1
Cl

2l.
c) The letters in a 1-ordered word are ordered. Therefore 1-ordered words are one-to-

one correspondence with ordered sequences of nonnegative integers (k1, ..., kl) such that
k1 + ...+ kl = s. It is well known that the number of such sequences equals Cs

s+l−1.

1Obviously, c0=1.

8



Problem 4.3. a) Let n be a natural number, u � noncyclic word of length n or more.
Prove that the word u2n is n-divisible.
b) Let n be a natural number and u be a word of length n − 1 or less. Prove that the
word u2n is not n-divisible.

Proof. a) Let m be the length of u. Then there is m cyclic rotations of u:

u[0], u[1], ..., u[m− 1].

The word u is non-cyclic, and hence words u[i] are pairwise di�erent. Therefore the set
{u[i]} with respect to the lexicographical order. We reorder them so that

u[i0] ≻ u[i1] ≻ ... ≻ u[im−1].

For any i there exist words ui, wi such that u = uiwi and u[i] = wiui. Then

u2n = wi0vi0wi0vi0wi1vi1wi1vi1 . . . wim−1vim−1wim−1vim−1 .

Set {
u′
ik
= vikwikvikwik+1

k = 0, 1, . . . , n− 2

u′
ik
= vikwikvik k = n− 1

γ = wi0 . Then u2n = γu′
i0
u′
i1
. . . u′

in−1
. We have u′

i0
> u′

i1
> . . . > u′

in−1
, and therefore u2n

is n-divisible (see also [18]).
b) Let u = u1...us, where s ≤ n− 1 and ui are letters. Assume that u

2n is n-divisible,
i.e. u contains nonintersecting words v1, ..., vn such that vi goes before vj and v1, ..., vn is
a decreasing sequence. Let r1, ..., rn be the numbers of the �rst letters (we count from the
left side!) of vi in u2n. We have s < n, and hence there exist i, j such that 1 6 i < j 6 n
and ri = rj(mod s). Then either vi is a subword of vj, or vj is a subword of vi. Anyway
vi and vj are incomparable or equal one to each other. As vj ≻ vi, this is a contradiction.
Therefore u2n is not n-divisible.

De�nition 4.3. a) A word v is called a tale of a word u if there exists a word w such
that u = vw.

b) If a word v has a subword ut we say that v has a period of cyclicity t

Problem 4.4. Let l, d be some natural numbers. Prove that, for a word W of length l,
or �rst [l/d] tales are pairwise incomparable, or W has a period of length d.

Solution. Assume that W does not contain a subword ud for any non-zero u. Let Ωd be
the �rst [x/d] tales. Assume that v1, v2 ∈ Ωd are two incomparable tales. Without loss
of generality we assume that v1 = uv2. Then both v1, v2 are subwords of u

∞. As v2 ∈ Ωd

and the length of u does not exceed d, W contains ud (see also [15, lemma 2.1]).

Further we assume that n 6 d.

De�nition 4.4. A word W is called (n, d)-cancellable, either if W is n-divisible, or if
there exists a word u such that ud is a subword of W .

Problem 4.5. Prove that if a word W has n pairwise equal non-intersecting subwords of
length n, then W is (n, n)-cancellable.
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De�nition 4.5. A word W is called n-divisible from tale, is there exists tales u1, . . . , un

such that u1 ≻ u2 ≻ . . . ≻ un, and, for any i = 1, 2, . . . , n− 1, ui begins earlier than ui+1.

Problem 4.6. Prove that if a word W is
a) n3d-divisible from tale,
b) 3n2d-divisible from tale,
c)∗∗ 4nd-divisible from tale,

then W is either n-divisible, or W has a subword ud for some nontrivial word u.

Solution. Parts a), follows from b).
Assume on the contrary that such a word exists. We consider the numbers of the

positions of tales ai, where a1 < a2 < . . . < a3n2d, such that tales which starts from ui

divide W . Let

Xk = {nd− tales ui | i = 3knd+ 1, . . . , 3knd+ 2nd} .

Then for any numbers i and j, if u ∈ χi, v ∈ Xj, then u and v does not intersect.
Therefore there exists k such that, for any u, v ∈ Xk, if u ∩ v = 0, then u and v are
incomparable. Without loss of generality we assume that k = 1. Assume that a subword
vi is n · d-tale ui. The subwords v1 and vnd+c does not intersect for c ∈ [1, nd]. Thus
vnd+s = vnd+t for any 1 6 s 6 t 6 nd. As and+t − and+s > n, then the subwords

u1, und+1, und+d+1, und+2d+1, . . . , u2nd−d+1

does not intersect. Therefore they are incomparable, and hence a word W is n-divisible.
This is a contradiction.

Problem 4.7. For any pair of natural numbers (n, d) (except pair (1, 1)), provide an
example of a word W of length (nd− 1) such that any set of tales of W is not increasing
and W is not (n+ 1, d)-cancellable.

Solution. Two teams from four provide the following example:
Fix an alphabet A2 := {a < b}. The word

W = (an−1b)d−1an−1

has length (nd − 1), W is not (n + 1, d)-cancellable and any set of tales of W is not
increasing.

Problem 4.8. Try to enhance an estimate from Problem 4.6.

Comment. If such estimate exists, then it does not exceed (n− 1)(d− 1), because for an
alphabet As := {a1 ≺ a2 ≺ ... ≺ an−1 ≺ ... ≺ al the word ad−1

1 ad−1
2 ...ad−1

n−1 is (n−1)(d−1)-
divisible from tale, but is not n-divisible and has no subword of period d.

We �x an alphabet A of length l, a word W of this alphabet of length r(W ) and
natural numbers n 6 d.

Further we assume that, for all words u, W does not contain a subword ud and W is
not 4nd-divisible from tale. We consider �rst [r(W )/d] tales of W (further we denote this
set of words by Ω). Then by Dilworth's theorem we can split Ω on (4nd− 1) groups such
that tales in one group form a chain.

In solutions of the following problems we expect that you use previous ones.
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Problem 4.9. Prove that, from any 4nd2 tales of Ω, there exists two tales, for which the
�rst subwords of length 4nd are pairwise di�erent.

Solution. Proof is presented in [15, íà÷àëî �3].

Problem 4.10. In some in�nite parliament any member has not more than 3 enemies
among members. Prove that there is a way to divide this parliament into two houses
such that a member of any house has not more than 1 enemy among members of his own
house.

Proof. Without loss of generality 3 we assume that the number of memebers in a parlia-
ment is countable.

We enumerate the members of parliament by natural numbers. We denote by Pn

the set of members with numbers 1, ..., n. We understand these houses us a function
f : Pn → {1, 2} (any member of a parliament is a member of the �rst house or of the
second house). We denote the set of such functions with an additional condition that
any member has not more than 1 enemy in his own house by Hn (we call such maps
admissible).

Obviously, the restriction of any admissible function to a subset is admissible. We
denote these restriction from Pm to Pn(m > n) by |n.

First we show that Hn is nonempty for any n. We start with some function and if a
member has 2 or more enemies in his own house we move him to another house (then the
number of the pairs of enemies inside the houses decreases). As the number of the pairs
of enemies in Pn is �nite, after several such procedures we obtain an admissible function.
Therefore Hn is nonempty for any n.

Set (H∞)|n := ∩m≥n((Hm)|n). As,
1. for any m > n, (Hm)|n is a non-empty �nite subset of Pn, and
2. if m1 > m2 > n, we have (Hm1)|n ⊂ (Hm2)n,

the set (H∞)n is nonempty. We build a chain of functions {fi}(fi ∈ (H∞)i) by the
following rule: fi+1|Pi

= fi (for any fi ∈ (H∞)|i such a function fi+1 always exist, because
((H∞)i+1)|i = (H∞)i). This chain de�ne two houses: i-th memeber is a memeber of
fi(i)-th house.

In the following problems we assume that l, n, d are variables and that W is some word
de�ned over alphabet of l-letters.

Problem 4.11 (Shirshov's lemma). Prove that there exists a function f(l, n, d) such that
for any subword W de�ned over alphabet of l-letters either W is (n, d)-cancellable, or
r(W ) < f(l, n, d).

Proof. Proof of Shirshov's lemma follows from Problem ??. The original Shirshov's proof
was published in [18].

Problem 4.12. Prove that f(l, n, d) < l(4nd)4nd+2.

Proof. Proof of this problem follows from Problem 5.5.

Solutions of Problem's 5.1 � 5.5 are presented in [15, �3], problem 5.6 ðåøåíà â
ïàðàãðàôàõ 4 è 5 òîé æå ñòàòüè.

3Here we use an the axiom of choice
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PERSPECTIVES ON SHIRSHOV’S HEIGHT THEOREM

ALEXEI KANEL-BELOV AND LOUIS H. ROWEN

In this survey we consider the impact of Shirshov’s Height Theorem on algebra. In
order to avoid duplication, we often refer to Kemer’s survey article [Kem09] in this
volume for further details. Proofs of various quoted results are given in the book
[BBL97], and in the authors’ book [BR05].

1. Historical background to Shirshov’s Theorem

Let F denote a field. An F -algebra is called affine if it is finitely generated as an
algebra. An F -algebra is algebraic if each element a satisfies an algebraic equation
over F ; i.e., if the dimension [F [a] : F ] < ∞. We say that an algebra A has PI-degree n
if A satisfies a multilinear polynomial identity (PI) of degree n. One of the early tests
of the utility of PI-theory was whether it could provide a framework for a positive
solution of the following famous problem of Kurosh:

Are affine algebraic algebras necessarily finite dimensional?

Although now known to be false for associative algebras in general (cf. [Gol64]),
Kurosh’s problem was solved for associative PI-algebras by Kaplansky [Kap50], build-
ing on work of Jacobson and Levitzki, as described in [Kem09]. However, Kaplansky’s
elegant proof, relying on topology and structure theory, is not constructive.

Digression. In hindsight, Kurosh’s problem for PI-algebras has an easy solution
using standard results from structure theory. Here is a modification of the argument
given in [Pro73]. By [Pro73, Lemma 2.6], if A is not finite dimensional, there is a
prime ideal P maximal with respect to A/P not being finite dimensional, so we may
assume that A is a prime affine algebraic PI-algebra. But then the center C of A
is a field, so A is simple, by [Row88, Corollary 6.1.29], and thus finite dimensional
over C, by Kaplansky’s Theorem. Then a version of the Artin-Tate Lemma [Row88,
Proposition 6.2.5] says the field C is affine and thus finite dimensional over F , implying
R is finite dimensional over F . (This argument also works more generally for affine
algebras integral over a commutative Noetherian ring.)

A different approach to Kurosh’s problem, taken by A. I. Shirshov [Shir57a], [Shir57b],
involves the detailed analysis of words and their relations, as given in Shirshov’s
Height Theorem:

Let A be a finitely generated algebra of PI-degree d. Then there exists a finite set
Y ⊂ A and an integer H ∈ N such that A is linearly spanned by the set of elements of
the form

vk1
1 vk2

2 · · · vkh
h where h ≤ H, vi ∈ Y .

This research was supported by the Israel Science Foundation, grant #1178/06. The authors would
like to thank L. Bokut, A. Kemer, E. Zelmanov, and U. Vishne for helpful comments on drafts of this
survey.
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2 ALEXEI KANEL-BELOV AND LOUIS H. ROWEN

For Y we may take the set of words of length ≤ d. Such Y is called a Shirshov base of
the algebra A.

The object of this survey is to describe the impact of this pioneering theorem. Shir-
shov’s Theorem immediately yields an independent positive solution of Kurosh’s prob-
lem and of other related problems for PI-algebras. Specifically, if Y is a Shirshov
base consisting of algebraic elements, then the algebra A is finite-dimensional. Thus,
Shirshov’s theorem explicitly determines the set of elements whose algebraicity implies
algebraicity of the whole algebra. (It is worth noting that Procesi [Pro73] later discov-
ered a structural proof of Shirshov’s Theorem also, by means of reducing first to prime
rings and then utilizing traces). We also have

Corollary 1.1. If A is a PI-algebra of PI-degree d and all words in its generators of
length ≤ d are algebraic, then A is locally finite.

Let us briefly sketch the proof of Shirshov’s Theorem. Suppose that A = F{a1, . . . , a`}
is an affine algebra. Ordering the letters a1 < · · · < a` induces the lexicographic order
on the set Ω∗ of words in the generators {a1, . . . , a`}. We consider this as a total order,
where a proper subword v of a word w is defined to precede w. But note that this
order is not preserved under multiplication; for example a2 ≺ a2a1 but a2

2 Â (a2a1)
2. A

word w is reducible if it can be written as a linear combination of smaller words.

Definition 1.2. A word w is called d-decomposable if it contains a subword w1 · · ·wd

such that w1 · · ·wd Â wπ(1) · · ·wπ(d) for any permutation π of {1, . . . , d}.
A (multilinear) PI of degree d can be used to rewrite any d-decomposable word as

a sum of smaller words; thus, the irreducible words are d-indecomposable. Shirshov
proved Shirshov’s Lemma, which asserts that, for any given r > 0, any long enough
d-indecomposable word must contain a nonempty word ur where |u| ≤ d. Shirshov’s
height theorem follows from an algorithmic argument given in [BR05, p. 50].

Shirshov’s Height Theorem also yields a result about the Gelfand-Kirillov dimension
GK(A) of an affine algebra A. Recall that

GK(A) = lim
n→∞

ln dim(VA(n))

ln(n)
,

where VA(n) is the vector space generated by the words of length ≤ n in the generators
of A. A related concept is the (Poincaré-)Hilbert Series

HA = 1 +
∑

dnλn,

where dn = dim(VA(n)/VA(n − 1)), the number of irreducible words of length n.
(Strictly speaking, HA depends on the given set of generators of A, whereas GK(A) is
independent of the choice of generators.)

Corollary 1.3 (Berele [Ber93]). GK(A) < ∞, for any affine PI-algebra A.

To prove the corollary, it suffices to observe that the number of solutions of the
inequality k1|v1| + · · · + kh|vh| ≤ n with h ≤ H does not exceed NH , and therefore
GK(A) ≤ h(A).

Shirshov’s beautiful theorem, which also is formulated for algebras over arbitrary
commutative rings, opened the way to the combinatoric school of PI-theory, which has
led to many breakthroughs in recent years. (Ironically, Shirshov’s work was unknown
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in the West until 1973. Thus, for many years, there was a parallel development of PI-
theory on both sides of the former “iron curtain,” along mostly combinatoric lines in
the former Soviet Union and along structural lines in the West. Although our focus in
this survey is on Shirshov’s influence, and thus on the Russian school, we also describe
parallel results in the West.)

1.1. The radical of an affine PI-algebra and the Nagata-Higman Theorem.
One of the early applications of Shirshov’s Theorem was in a seemingly unrelated
direction. Using structure theory, Amitsur [Am57] showed that the Jacobson radical
J(A) of an affine PI-algebra is nil. This led to the question of whether J(A) is nilpotent,
which was formally raised by Latyshev in his dissertation. Shirshov’s Theorem is a key
tool in verifying this assertion when R satisfies the PI’s of n × n matrices, as shown
by Razmyslov [Raz74a], who also proved that a complete solution is equivalent to
the conjecture that every affine PI-algebra satisfies the standard PI. Kemer[Kem80]
verified this latter conjecture in characteristic 0. Braun [Br84] was the first to prove
the nilpotence of J(A) for arbitrary affine A, using the structure of Azumaya algebras.
A nice exposition of Braun’s theorem can also be found in Lvov[Lv83].

Incidentally, much earlier, Dubnov and Ivanov, and independently, Nagata and Hig-
man [Hig56] showed that in characteristic 0, any nil algebra of bounded index n is
nilpotent. The original bounds for the nilpotence index were exponential in n. Better
bounds have been obtained as an outgrowth of Shirshov’s work. Razmyslov [Raz74b]

showed that n2 is an upper bound, and Kuzmin obtained the lower bound n2+n−2
2

,
described in [BR05, p. 341].

1.2. Representable algebras. An F -algebra is called representable if it can be em-
bedded into Mn(K) for some field extension K ⊃ F and some n. (More generally,
we can take K commutative Noetherian, in view of [An92].) Shirshov’s Theorem im-
plies that for any representable affine PI-algebra A, one may adjoin the characteristic
coefficients of finitely many words of the generators, to obtain a PI-algebra Â, called
the trace ring or characteristic closure, which is finite over its center but also pos-
sesses a nonzero ideal contained in A. The use of this “conductor” ideal, discovered by
Razmyslov[Raz74a] (and later, independently, by Schelter [Sch76]) is one of the keys
to the structure of affine PI-algebras, and is used in Razmyslov’s work on the Jacobson
radical described above.

Another application of the characteristic closure is to the Hilbert series of an alge-
bra; Answering a question raised by Procesi [Pro73], Belov proved that any relatively
free, affine PI-algebra has a rational Hilbert series (with respect to a suitable set of
generators); cf. [BR05, Chapter 9] for this and related results. On the other hand, The-
orem 3.1 below provides examples of representable algebras with non-rational Hilbert
series.

1.3. Specht’s conjecture. One of the most famous problems in PI-theory was Specht’s
conjecture, that every set of identities is a consequence of a finite set of identities. (More
formally, every T -ideal of the free algebra is finitely generated as a T -ideal.) As de-
scribed in [Kem09], this question was settled affirmatively by Kemer [Kem87], [Kem90b]
whenever the base field F is infinite, and later by Belov for arbitrary affine PI-algebras.
The characteristic closure is one component of the proofs, and the nilpotence of the
radical is another important aspect, so Shirshov’s theorem plays an important role.
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The key step of Kemer’s theorem is that each affine PI-algebra over an infinite field
satisfies the same PI’s as a suitable finite dimensional algebra; it follows at once that
the corresponding relatively free algebra is representable. (Belov extended this fact to
arbitrary fields.)

2. Generalizations to nonassociative algebras

Shirshov’s Height Theorem has been extended to various classes of nonassociative
algebras. In his original paper, Shirshov applied his theorem to special Jordan algebras.
Zelmanov [Zel91] obtained the following analog for ad-identities of Lie algebras:

Say an associative word in X is special if it is the leading word appearing in
some Lie word (i.e., word with respect to the Lie multiplication). The word w is
Zelmanov d-decomposable if it can be written as a product of subwords w =
w′w1w

′
1w2w

′
2 · · ·wdw

′
dw

′′ with each wi special and w1 Â w2 · · · Â wd. Then, for any
`, k, d, there is β = β(`, k, d) such that any Zelmanov d-indecomposable word w of
length ≥ β in ` letters must contain a nonempty subword of the form uk, with u
special.

Zelmanov’s result is a major ingredient in his celebrated solution of the restricted
Burnside problem. S. P. Mishchenko [Mis90] obtained an analogue of Shirshov’s Height
Theorem for Lie algebras with a “sparse” identity. S. V. Pchelintsev [Pch84] proved an
analog for alternative and (−1, 1) cases. Belov [Bel88b] proved a version for a certain
class of rings asymptotically close to associative rings, including alternative and Jordan
PI-algebras.

3. Questions arising in connection with Shirshov’s Theorem

Shirshov’s Height Theorem also gives rise to various notions, which we examine in
turn.

3.1. d-decomposable words. We start with d-decomposable words; cf. Definiton 1.2.
An equivalent definition: A word w is d-decomposable if it has the form s0v1s1v2 . . . s−1vdsd

where v1 Â v2 Â · · · Â vd. The next proposition below demonstrates the importance
of the notion of d-decomposability.

Proposition 3.1 (A. I. Shirshov).
a) Suppose that a word w is d-decomposable. Then any word obtained from w by

means of a nonidentical permutation is lexicographically less than w.
b) If an algebra A satisfies a PI

x1 · · · xd =
∑

σ 6=id∈Sd

ασxσ(1) · · · xσ(d)

of degree d, then any d-decomposable word w can be written as a linear combination of
words of lower order.

Thus in an algebra of PI-degree d, any word not representable as a linear combination
of lower-order words is not d-decomposable, and it suffices to check that the set of d-
indecomposable words has bounded height.
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3.1.1. d-decomposable words and codimensions. Regev [Reg72] introduced the codimen-
sion sequence in order to prove that the tensor product of PI-algebras is a PI-algebra.
Namely, let Wn denote the F -space of multilinear polynomials in x1, . . . , xn, and

cn = dimF (Wn/(Wn ∩ id(A));

then cn is exponentially bounded, for any PI-degree n.
A theorem of Dilworth enables one to bound the number of d-indecomposable words

of length n by n2(d−1). Latyshev [Lat72] discovered a quicker proof of Regev’s tensor
product theorem by using Dilworth’s Theorem, and showing that cn(A) is bounded by
the number of d-indecomposable multilinear words. This estimate of the codimension
series led to the result of Kemer, Regev, and Amitsur that any polynomial identity
whose Young tableau contains a rectangle (whose size is a suitably large function of n)
is a consequence of any given polynomial identity of degree n. (This is the basis of
Kemer’s “super-trick” to pass from identities of nonaffine algebras to identities of affine
superalgebras.)

On the other hand, there is an interesting refinement of the Hilbert series. The
multivariate Poincaré-Hilbert series of an affine algebra A = F{a1, . . . , a`} is defined
as

H(A) =
∑

diλ
i1
1 · · ·λi`

` ,

where
di = dimF

(
V̄A(i));

here i = (i1, . . . , i`), and V̄A(i) is the vector space spanned by irreducible words of
length ≤ iu in the generator ai of A, for 1 ≤ u ≤ `.

Kemer [Kem95, §2] proved that the number of d-indecomposable multilinear words
of length n equals the codimension of the space of multilinear polynomials of degree n,
with traces, of Md(F ). By Formanek [For84], this codimension sequence can be calcu-
lated precisely, using the multivariate Hilbert series.

Thus, Shirshov’s approach motivates the use of combinatorics to compute codimen-
sions, and to introduce the use of invariants of matrices. In this regard, Razmyslov
[Raz74b], Helling[Hel74], and Procesi[Pro76], independently showed in characteristic 0
that every PI is a consequence of the Hamilton-Cayley equation (which can be written
as a trace identity). This follows from the two Fundamental Theorems of Invariant
Theory, which respectively are as follows:

• All invariants can be expressed in terms of traces.
• All relations between invariants are consequences of the Hamilton-Cayley trace

identity.

In characteristic p > 0 one must study all of the coefficients of the Hamilton-Cayley
equation as individual functions, arising from homogeneous forms (not necessarily lin-
ear), since they cannot be computed in terms of the trace. Kemer [Kem90b] developed
the theory of identities involving these forms. Donkin[Do94] proved the analog of the
First Fundamental Theorem of Invariant Theory, and Zubkov [Zubk96] proved the
analog of the Second Fundamental Theorem.

In a similar vein, Razmyslov’s student Zubrilin developed the technique of incor-
porating coefficients of the characteristic polynomial into Capelli polynomials, which
leads to a combinatoric proof of the Razmyslov-Kemer-Braun theorem, as exposed
in [BR05, §2.5].
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Kemer [Kem95] showed that, unlike the situation in characteristic 0, any PI-algebra A
(not necessarily affine) of characteristic p > 0 satisfies all the multilinear identities of
a finite dimensional algebra; combining this with the cited work of Donkin, Zubkov,
and Zubrilin, yields that A satisfies all PI’s of a finite dimensional algebra; cf. [Bel00].

3.2. Estimates of Shirshov height. Shirshov’s original proof was purely combina-
torial (based on an elimination technique he developed for Lie algebras), but did not
provide a reasonable estimate for the height. Kolotov [Kol81] obtained an estimate for
ht(A) ≤ ssm

(m = PI-deg(A), and s is the number of generators). In the Dniester
Notebook (most recent version [Dne93]), Zelmanov asked for an exponential bound,
which was obtained later by Belov [Bel88a]:

Theorem 3.1. Suppose A is a PI-algebra of PI-degree d, generated by ` elements.
Then the height of A over the set of words having length ≤ m is bounded by a function
H(m, `) where H(m, `) < 2m`m+1.

3.2.1. Burnside-type problems. A word w = uk, for k > 1, is called cyclic or periodic.
By problems of Burnside type, we mean problems related to periodic words. Combi-
natorics play an important role. The following basic lemma yields computational tools
involving subwords which are described in [Bel07] and provide the bounds given in
Theorem 3.1. The technique is illustrated in the slightly weaker result given in [BR05,
Theorem 2.74].

Lemma 3.2 (on overlapping). If two periodic words of respective periods m and n
contain identical subwords having length m + n − gcd(m,n) then they have identical
periods.

3.3. The essential height of an algebra.

Definition 3.3. An algebra A is said to have essential height ≤ h over a subset Y ,
if there is a finite set S ⊂ A (which may depend on Y ) such that A is spanned as a
vector space by

Y [h],S = {s0y
m1
1 s1 · · · st−1y

mt
t st : mi ∈ N, yi ∈ Y, si ∈ S, t ≤ h}.

In this case, Y is called an essential Shirshov base, and S the supplementary set.

Essential height is an estimate for GK-dimension; also, the converse is true for rep-
resentable algebras.

Theorem 3.2 (A. Ya. Belov [BBL97]). Suppose A is a finitely generated representable
algebra and HEssY (A) < ∞. Then HEssY (A) = GK(A).

This equality is useful in both directions. First of all, it shows for a representable
algebra A that that HEssY (A) independent of the choice of Y . In the other direction,
since HEssY (A) must be an integer, one has:

Corollary 3.4 (V. T. Markov). The Gelfand-Kirillov dimension of a representable
affine algebra is an integer.

Due to the representability of relatively free affine algebras (noted above), the
Gelfand-Kirillov dimension of a relatively free algebra also equals the essential height.

Clearly, an s-base is a Shirshov base iff it generates A as an algebra. Boundedness of
essential height over Y implies a positive solution of “Kurosh’s problem over Y .” The
converse is much less trivial.
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Theorem 3.3 (A. Ya. Belov). Suppose A is a graded PI-algebra, and Y is a finite
set of homogeneous elements. Let Y (n) denote the ideal generated by all nth powers of
elements of Y . If the algebra A/Y (n) is nilpotent for each n, then Y is an s-base for A.
If in this situation Y generates A as an algebra, then Y is a Shirshov base for A.

We proceed to formulate a generalization of this theorem for the non-graded case. We
must confront the following counterexample to the straightforward converse of Kurosh’s
problem: Suppose A = Q[x, 1/x]. Each projection π such that π(x) is algebraic has
finite-dimensional image. Nevertheless the set {x} is not an s-base for A.

Thus we need a stronger definition:

Definition 3.5. A set M ⊂ A is called a Kurosh set if it satisfies the condition that
for any projection π : A ⊗ K[X] → A′, if the image π(M) is integral over π(K[X]),
then π(M) is finite over π(K[X]).

Theorem 3.4 (A. Ya. Belov). Let A be a PI-algebra, M ⊆ A a Kurosh subset in A.
Then M is an s-base for A.

Thus, boundedness of essential height is a non-commutative generalization of inte-
grality. The following proposition shows that Theorem 3.4 does generalize Theorem 3.3:

Proposition 3.6. Let A be a graded algebra, Y a set of homogeneous elements. If the
algebra A/Y (n) is locally nilpotent for all n, then Y is a Kurosh set.

3.4. Normal bases and monomial algebras. Shirshov’s combinatoric approach
leads us to the combinatoric study of bases. Let A = F{a1, . . . , a`} be an associative
affine algebra. A words is called reducible if it can be written as a linear combination
of lexicographically smaller words; the normal base of the algebra A is the set of all
irreducible words in the generators; cf. [BBL97], [BRV06], [Dr00], [Lat88], [Ufn85].

A monomial algebra is an algebra that can be described in terms of relations that
are monomials in the generators. Any affine algebra A has its associated monomial
algebra possessing the same Hilbert series; namely one factors the free algebra by the
set of reducible words in the generators of A, cf. [BR05, Proposition 9.8]. The associated
monomial algebra of an algebra A also has the same Shirshov base, although it may
not satisfy the same PI’s. Nevertheless, their easier relations make monomial algebras
a useful tool in studying Shirshov bases. This discussion follows [BRV06]; the reader
should also consult [BBL97].

In case an affine monomial algebra A is PI, it has bounded essential height over a
(finite) Shirshov base Y , which we may assume to be a set of words in the generators.
Take a supplementary set S as in Definition 3.3 that contains Y . Choose a subset of
Y [h],S that spans A. Given

w = s0y
m1
1 s1 · · · st−1y

mt
t st (1)

(with yi ∈ Y and si ∈ S, and t bounded by the height), we rewrite it in the same
manner with s0 ∈ S of maximal possible length, then with ym1

1 of maximal possible
length, and so on. (s0, y1, s1, . . . , st−1, yt, st) is called the type of w. The type of a
subword of a w of type θ is called a subtype of θ.

By an exponential polynomial in the variables m1, . . . , mt we mean an expression of
the form ∑

fj(m1, . . . , mt)α
m1
1j · · ·αmt

tj
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where fj are polynomials over a finite algebraic extension K of F , and αij ∈ K. For
example,

P (m1, . . . , mt) = (5−
√

2)m1 −m4
2 · 3m1

is an exponential polynomial over Q.

Theorem 3.1. A monomial algebra A over F is representable iff:

(1) A has essential height over a finite set Y (with a supplementary set S), such
that every word in the generators of A has a unique type, and there are finitely
many types.

(2) For each type θ = (s0, y1, s1, y2, . . . , yt, st), there is a finite system Pθ,j of expo-
nential equations over k, in the variables m1, . . . ,mt, such that

⋃

θ

{s0y
m1
1 s1 · · · ymt

t st : ∃j Pθ,j(m1, . . . , mt) 6= 0}

is a normal base.

The construction of monomial algebras is thus equivalent to the solution of arbitrary
exponential polynomials. But this is algorithmically unsolvable by the celebrated the-
orem of Davis-Putnam-Robinson [DPR61]. Thus there is no algorithm to determine
whether there is an isomorphism (given in terms of the generators) for two mono-
mial subalgebras of the matrix algebra over a polynomial ring of characteristic 0. On
the other hand, this isomorphism problem is algorithmically solvable in characteris-
tic p > 0. More precisely, Belov and Chilikov [BC00], [BRV06] proved over a field of
characteristic p that the set of p-adic representations of exponential equations (with
unknowns in N) forms a “regular language.” Thus, an inaccessible problem in charac-
teristic 0 becomes algorithmically solvable in positive characteristic.

3.5. The conjecture of Amitsur and Shestakov. S. Amitsur and I. P. Shestakov
conjectured that if the algebra A satisfies the identities of Mn(F ) and all words having
length not exceeding n are algebraic, then A is finite-dimensional. I. V. Lvov reduced
this assertion to the following:

Let A = F{a1, . . . , a`} be a finite-dimensional subalgebra (without 1) of a matrix
algebra of order n. If all words in a1, . . . , a` of length ≤ n are nilpotent, then the
algebra A is nilpotent.

Shestakov’s conjecture was proved by V. A. Ufnarovsky [Ufn85] and by G. P. Chekanu
[Che88]. Their Independence Theorem may be formulated as follows [Che88], [Ufn90]:

Theorem 3.5 (Independence Theorem). Suppose the following is true:

(1) a word w = ai1 · · · ain is minimal under the lexicographical order in the set of
all nonzero products of length n;

(2) all terminal subwords of w are nilpotent.

Then the initial subwords of w are linearly independent.

Here is a key step. A word is called extremal if it does not lexicographically precede
any nonzero word.

Lemma 3.7. Any set of pairwise incomparable subwords of an extremal word is inde-
pendent.
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To deduce I. P. Shestakov’s conjecture (or, equivalently, I. V. L’vov’s assertion) from
this theorem, we consider the following construction:

Remark 3.8. Given an algebra A and a right module V , the algebra Ã is defined
additively as A⊕ V , with multiplication defined as follows: V · V = A · V = 0, and the
product of elements from V and A is given by the module multiplication.

We take a faithful representation of A acting on an n-dimensional right vector
space V . Taking a base v1, . . . , vn of this space, then, for some vi we have viw 6= 0.
Viewing V as a right A-module, we form the algebra Ã of Remark 3.8, ordering the
generators by v1 Â · · · Â vn Â a1 Â · · · Â as, and apply the Independence Theorem.
Later, Belov and Chekanu showed that we may take the {vi} to be the set of words
from Shestakov’s conjecture. Another proof of this fact was obtained by V. Drensky.

The original proofs of the Independence Theorem were rather complicated. Appli-
cation of hyperwords, described below, allow a considerable simplification.

Subsequent papers of these authors contained various refinements and generalizations
of these theorems. Here is another elegant result of Chekanu [Che96]:

Theorem 3.6. Suppose a word w is extremal and non-periodic, of length n. If wn 6= 0,
then the algebra generated by the letters of w contains a nilpotent element of index
exactly n.

3.6. Hyperwords in algebras. Many of the combinatorial results in this survey are
most easily proved using infinite words, or hyperwords, so we conclude with a discussion
of basic auxiliary facts and constructions related to hyperwords in algebras.

Definition 3.9. A hyperword is a word infinite in both directions; a word infinite only
to the left (resp. right) is called a left (resp. right) hyperword.

u∞ denotes the hyperword having period u, and u∞/2 the left (resp. right) hyperword
having period u and terminal (resp. initial) subword u.

The context will always make clear whether we consider a left or right hyperword,
so we do not distinguish the notation between them. For example, the expression
u∞/2wv∞/2 indicates that u∞/2 is a left hyperword and v∞/2 is a right hyperword.

Right hyperwords form a linearly ordered set with respect to the lexicographical
order. For a right hyperword w, we let (w)k denote the initial subword of w having
length k.

Lemma 3.10 ([BBL97]). Let C be an arbitrary collection of words having unbounded
length. Then there exists a hyperword w such that each of its subwords is a subword of
a word from C.

Although evaluating a hyperword in an algebra does not make sense, we can define
whether or not it equals 0 (according to whether some subword equals 0), and this
leads to the notion of linear independence of hyperwords in A:

Definition 3.11. a) A hyperword w is called a zero hyperword if it includes a subword
of finite length equal to 0, and a nonzero hyperword otherwise.

b) A finite set of right hyperwords {wi} is called linearly dependent if there exist {αi}
such that some of them are not zero and for all sufficiently large k we have∑

αi(wi)k = 0.
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c) Suppose w is a right hyperword in an algebra A, M is a right A-module, and
m ∈ M . We say that mw 6= 0 if m(w)k 6= 0 for all k. Otherwise Mw = 0.

d) Suppose {w1, . . . , wn} is a set of right hyperwords in an algebra A, and M is
a right A-module. We say that

∑
miwi = 0 for mi ∈ M if

∑
mi(wi)k = 0 for all

sufficiently large k.

Proposition 3.12. a) A finitely generated non-nilpotent algebra A contains non-zero
hyperwords.

b) Suppose A is a finitely generated algebra, M is a finitely generated right A-module.
If MAk 6= 0 for all k > 0, then there exist m ∈ M and a right hyperword w such that
mw 6= 0.

The existence of a least upper bound and of a greatest lower bound for any set of
right hyperwords implies the following

Proposition 3.13. a) Let w be a hyperword. Then the set of right hyperwords whose
subwords are all subwords of w contains maximal and minimal hyperwords.

b) Suppose ∀k mAk 6= 0. Then the set of right hyperwords w such that mw 6= 0
contains a maximal and a minimal hyperword.

c) If A is non-nilpotent, then the set of nonzero right hyperwords in A contains a
maximal and a minimal hyperword.

Let u be the maximal word in an algebra A among all nonzero words in A having
length ≤ n. Unfortunately u may have no extension to a word of greater length. Thus,
to utilize hyperwords, we need the following construction:

Construction 1. Let A be an algebra having generators as Â · · · Â a1. Put a1 Â x
and consider the free product A′ = A ∗ F 〈x〉.

Each word u in A is an initial subword of some hyperword in A′. If u is the maximal
word in A among all words having length at most |u|, then the maximal hyperword
in A′ beginning with u is a hyperword in A. If ũ is a hyperword in A for which each
initial subword has this property, then the maximal hyperword in A′ is ũ.

The following construction is useful for treating modules.
Construction 2. Suppose A is an algebra having generators as Â · · · Â a1, and V is

a finitely generated right A-module having generators mk Â · · · Â m1. Put m1 Â as,

a1 Â x, and Ã as in Remark 3.8. Define A′′ = Ã∗F 〈x〉/I where the ideal I is generated
by elements of the form xmi.

In the algebra A′′, the maximal right hyperword begins with mk, and each word

in Ã may be extended to a hyperword in A′′; if MAk 6= 0 for all k, then the maximal

hyperword in Ã begins with some mi.
If u is the maximal word in A among all words having length at most |u| that act

nontrivially on the generators of the module, then after renumbering the mi suitably,

the maximal hyperword in A′′ is a hyperword in Ã. If u is a hyperword in Ã such that
each its initial subword has the above property then the maximal hyperword in A′′ is u.

Note that if an algebra has no nonzero nilpotent ideals, then any word may be
extended to a hyperword. The following observation is useful.

Proposition 3.14. If an algebra contains no nonzero periodic hyperword, then all of
its words are nilpotent.
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The technique of hyperwords seems to lie rather close to the lines of structure theory,
as illustrated in the following theorem and its proof, cf. [Bel07].

Theorem 3.7. The set of irreducible words in a PI-algebra A has bounded height over
the set of words whose degree does not exceed the PI-degree of A.

Proof. Suppose m is the minimal degree of identities holding in an algebra A of PI-
degree d. Since A has bounded height over the set of words having degree ≤ m, it
suffices to show that if |u| is a nonperiodic word of length > n then the word uk for
sufficiently large k is a linear combination of words of smaller lexicographic order.

Step 1. Consider the right A-module M defined by a generator v and by the relations
vw = 0 whenever w ≺ u∞/2. Our goal is to show that Muk = 0 for some k. Indeed,
some power uk is spanned by smaller lexicographic words. By virtue of Shirshov’s
Height Theorem, the set of irreducible words has bounded height over Ym, the set of
words of degree ≤ m. But if each sufficiently large power of a nonperiodic word having
length d may be linearly represented by smaller words, then the words having length
> d may be excluded from Ym.

Step 2. The correspondence λ : vs → vus defines a well-defined endomorphism of
the module M , hence M may be considered as an A[λ]-module. Our goal is to show
that Mλk = 0 for some k, or equivalently that M = M ⊗ F[λ, λ−1] = 0.

Step 3. If Mλk ∈ M · J(Ann M) where J(Ann M) is the Jacobson radical of the
annihilator of M , then Mλ`k ∈ M · J(Ann M)`, and by the nilpotence of the radical,
Mλ`k = 0 for sufficiently large `. Hence, we may assume that J(Ann M) = 0.

Step 4. Using primary decomposition, we reduce to the case for which M is a
faithful module over a primary ring B.

Step 5. Elements of the center Z(B) have trivial annihilator, so we may localize
relative to them; replacing Z(B) by an algebraic extension, we reduce to the case for
which B is the algebra of some dimension k ≤ n over a field, and M is a k-dimensional
vector space.

Step 6. Since M is a vector space of dimension < |u|, the vectors ~vu0, ~vu1, . . . , ~vun−1

are linearly dependent (where ui is the initial subword of length i in the word u, and
u0 = 1). Thus we have the equality

∑
i∈I

λi~viui = 0 (2)

where I ⊆ {0, . . . , n−1}, λi ∈ F\0. To each ui we attach a word u(i) so that uiu
(i) = u|u|.

Let u(j) be the least of those u(i) which are involved in the formula (2). Write the
equality 2 in the form

~vjuj =
∑

i∈I\{j}
βi~viui (3)

where βi = −αi/αj. But then

~vu|u| = ~vjuju
(j) =

∑

i∈I\{j}
βi~viuiu

(j). (4)

If i ∈ I\{j}, then u(j) ≺ u(i) and uiu
(j) ≺ uiu

(i) = u|u|; hence vuiu
(j) = 0. Thus all

terms in the right side of (4) are zero. Hence ~vu|u| = 0, as desired. ¤
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Hyperwords facilitate proofs of the Independence Theorem, Shirshov’s Height The-
orem, nilpotence of the Lie algebra generated by sandwiches [Ufn90], proof of the
Bergman Gap Theorem, (that any algebra of GK dimension greater than 1, has GK di-
mension at least 2, together with a description of the base having growth function

VA(n) = n(n+3)
2

), and also describe various properties of monomial algebras [BBL97] as
well as other combinatorial results for semigroups and rings.
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[Ufn80] Ufnarovski’i, V.A., On Poincaré series of graded algebras, Mat. Zametki 27 (1980),

no. 1, 21–32.
[Ufn85] Ufnarovski’i, V.A., The independency theorem and its consequences, Mat. Sb., 128

(1985), no. 1, 124–13.
[Ufn89] Ufnarovski’i, V.A., On regular words in Shirshov sense, In: Tez. Dokl. po Teorii Koletz,

Algebr i Modulei. Mezhd. Konf. po Algebre Pamyati A.I. Mal’tzeva, Novosibirsk (1989),
140.



PERSPECTIVES ON SHIRSHOV’S HEIGHT THEOREM 15

[Ufn90] Ufnarovski’i, V.A., On using graphs for computing bases, growth functions and Hilbert
series of associative algebras, Mat. Sb. 180 (1990), no. 11, 1548–1550.

[VaZel89] Vais, A.Ja., and Zelmanov, E.I., Kemer’s theorem for finitely generated Jordan algebras,
Izv. Vyssh. Uchebn. Zved. Mat. (1989), no. 6, 42–51; translation: Soviet Math. (Iz.
VUZ) 33 (1989), no. 6, 38–47.

[Zel91] Zelmanov, E.I., The solution of the restricted Burnside problem for groups of prime
power, Mimeographed notes, Yale University (1991)

[ZelKos88] Zelmanov, E.I., On nilpotence of nilalgebras, Lect. Notes Math. 1352 (1988), 227–240.
[Zubk96] Zubkov, A. N., On a generalization of the Razmyslov-Procesi theorem. (Russian) Alge-

bra i Logika 35 (1996), no. 4, 433–457, 498; translation in Algebra and Logic 35 (1996),
no. 4, 241–254.

[Zubk00] Zubkov, A. N., Modules with good filtration and invariant theory. Algebra—
representation theory (Constanta, 2000), 439–460, NATO Sci. Ser. II Math. Phys.
Chem. 28 Kluwer Acad. Publ., Dordrecht, 2001.

[Zubr97] Zubrilin, K.A., On the largest nilpotent ideal in algebras satisfying Capelli identities,
Sb. Math. 188 (1997), 1203–1211.

Deptartment of Mathematics, Bar Ilan University, Ramat Gan 52900, Israel
E-mail address: kanel@mccme.ru

Deptartment of Mathematics, Bar Ilan University, Ramat Gan 52900, Israel
E-mail address: rowen@math.biu.ac.il



Sbornik : Mathematics 203:4 534–553 c⃝ 2012 RAS(DoM) and LMS
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Subexponential estimates in Shirshov’s theorem on height

A. Ya. Belov and M. I. Kharitonov

Abstract. Suppose that F2,m is a free 2-generated associative ring with
the identity xm = 0. In 1993 Zelmanov put the following question: is it
true that the nilpotency degree of F2,m has exponential growth?

We give the definitive answer to Zelmanov’s question by showing that
the nilpotency class of an l-generated associative algebra with the identity
xd = 0 is smaller than Ψ(d, d, l), where

Ψ(n, d, l) = 218l(nd)3 log3(nd)+13d2.

This result is a consequence of the following fact based on combinatorics
of words. Let l, n and d > n be positive integers. Then all words over an
alphabet of cardinality l whose length is not less than Ψ(n, d, l) are either
n-divisible or contain xd; a word W is n-divisible if it can be represented in
the form W = W0W1 · · ·Wn so that W1, . . . , Wn are placed in lexicograph-
ically decreasing order. Our proof uses Dilworth’s theorem (according to
V.N. Latyshev’s idea). We show that the set of not n-divisible words over
an alphabet of cardinality l has height h < Φ(n, l) over the set of words of
degree 6 n − 1, where

Φ(n, l) = 287l · n12 log3 n+48.

Bibliography: 40 titles.

Keywords: Shirshov theorem on height, word combinatorics, n-divisibility,
Dilworth theorem, Burnside-type problems.

§ 1. Introduction

1.1. Shirshov theorem on height. In 1958 Shirshov proved his famous theorem
on height [1], [2].

Definition 1.1. A word W is called n-divisible if W can be represented in the
form W = vu1u2 · · ·un so that u1 ≻ u2 ≻ · · · ≻ un.

In this case any nonidentical permutation σ of subwords ui produces a word
Wσ = vuσ(1)uσ(2) · · ·uσ(n) that is lexicographically smaller than W . Some authors
take this feature as the definition of n-divisibility.
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Definition 1.2. A PI-algebra A is called an algebra of bounded height h = HtY (A)
over a set of words Y = {u1, u2, . . . } if h is the minimal integer such that any word
x from A can be represented in the form

x =
∑

i

αiu
k(i,1)
j(i,1)

u
k(i,2)
j(i,2)

· · ·uk(i,ri)

j(i,ri)
,

where the {ri} do not exceed h. The set Y is called a Shirshov basis for A.

If no misunderstanding can occur, we use h instead of HtY (A).

Shirshov Theorem on height ([1], [2]). The set of not n-divisible words in
a finitely generated algebra with an admissible polynomial identity has bounded
height H over the set of words of degree not exceeding n− 1.

The Burnside-type problems related to the height theorem are considered in [3].
The authors believe that the Shirshov theorem on height is a fundamental fact in
word combinatorics independently of its applications to PI-theory. (All our proofs
are elementary and fit in the framework of word combinatorics.) Unfortunately, the
experts in combinatorics have not sufficiently appraised this fact yet. As regards
the notion of n-divisibility itself, it seems to be fundamental as well. Latyshev’s
estimates on ξn(k), the number of non-n-divisible polylinear words in k symbols,
have led to fundamental results in PI-theory. At the same time, this number is
nothing but the number of arrangements of integers from 1 to k such that no n
integers (not necessarily consecutive) are placed in decreasing order. Furthermore
it is the number of permutationally ordered sets of diameter n consisting of k
elements. (A set is called permutationally ordered if its ordering is the intersection
of two linear orderings, the diameter of an ordered set is the length of its maximal
antichain.)

The height theorem implies the solution of a number of problems in ring the-
ory. Suppose an associative algebra over a field satisfies a polynomial identity
f(x1, . . . , xn) = 0. It is possible to prove that then it satisfies an admissible poly-
nomial identity (that is, a polynomial identity with coefficient 1 at some term of
higher degree):

x1x2 · · ·xn =
∑

σ

ασxσ(1)xσ(2) · · ·xσ(n),

where the ασ belong to the ground field. In this case, if W = vu1u2 · · ·un is
n-divisible then for any permutation σ the word Wσ = vuσ(1)uσ(2) · · ·uσ(n) is lex-
icographically smaller than W , and thus an n-divisible word can be represented
as a linear combination of lexicographically smaller words. Hence a PI-algebra
has a basis consisting of non-n-divisible words. By the Shirshov theorem on height,
a PI-algebra has bounded height. In particular, if a PI-algebra satisfies xn = 0 then
it is nilpotent, that is, all of its words of length exceeding some N are identically
zero. Surveys on the height theorem can be found in [4]–[8].

This theorem implies an affirmative solution of the Kurosh problem and of other
Burnside-type problems for PI-rings. Indeed, if Y is a Shirshov basis and all its
elements are algebraic, then the algebra A is finite-dimensional. Thus the Shirshov
theorem explicitly indicates a set of elements whose algebraicity makes the whole
algebra finite-dimensional. This theorem implies the following result.
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Corollary 1.1 (Berele). Let A be a finitely generated PI-algebra. Then

GK(A) <∞.

Here GK(A) is the Gelfand-Kirillov dimension of the algebra A, that is,

GK(A) = lim
n→∞

lnVA(n)
ln(n)

,

where VA(n) is the growth function of A, the dimension of the vector space gener-
ated by the words of degree not greater than n in the generators of A.

Indeed, it suffices to observe that the number of solutions for the inequality
k1|v1|+ · · ·+ kh|vh| 6 n with h 6 H exceeds NH , so that

GK(A) 6 Ht(A).

The number m = deg(A) will mean the degree of the algebra, or the minimal
degree of an identity valid in A. The number n = Pid(A) is the complexity of A,
or the maximal k such that Mk, the algebra of matrices of size k, belongs to the
variety Var(A) generated by A.

Instead of the notion of height, it is more suitable to use the close notion of
essential height.

Definition 1.3. An algebra A has essential height h = HEss(A) over a finite set Y ,
called an s-basis for A, if there exists a finite setD ⊂ A such that A is linearly repre-
sentable by elements of the form t1 · · · tl, where l 6 2h+1, and ∀ i (ti ∈ D∨ti = yki

i ;
yi ∈ Y ) and the set of i such that ti ̸∈ D contains at most h elements. The essential
height of a set of words is defined similarly.

Informally speaking, any long word is a product of periodic parts and ‘gaskets’
of restricted length. The essential height is the number of periodic parts, and the
ordinary height takes account of ‘gaskets’ as well.

The height theorem suggests the following questions.
1. To which classes of rings can the height theorem be extended?
2. Over which Y has the algebra A bounded height? In particular, what sets

of words can be taken for {vi}?
3. What is the structure of the degree vector (k1, . . . , kh)? First of all, what

sets of its components are essential, that is, what sets of ki can be unbounded
simultaneously? What is the value of essential height? Is it true that the
set of degree vectors has some regularity properties?

4. What estimates for the height are possible?
Let us discuss the above questions.

1.2. Nonassociative generalizations. The height theorem was extended to
some classes of near-associative rings. Pchelintsev [9] proved it for the alternative
and the (−1; 1) cases, Mishchenko [10] obtained an analogue of the height theorem
for Lie algebras with a sparse identity. Belov [11] proved the height theorem for
some class of rings asymptotically close to associative rings. In particular, this class
contains alternative and Jordan PI-algebras.
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1.3. Shirshov bases. Suppose A is a PI-algebra and a subset M ⊆ A is its
s-basis. If all elements of M are algebraic over K, then A is finite-dimensional
(the Kurosh problem). Boundedness of the essential height over Y implies ‘an
affirmative solution of the Kurosh problem over Y ’. The converse is less trivial.

Theorem 1 (Belov). a) Suppose A is a graded PI-algebra, Y is a finite set of
homogeneous elements. If for all n the algebra A/Y (n) is nilpotent, then Y is an
s-basis for A. Moreover, if Y generates A as an algebra, then Y is a Shirshov basis
for A.

b) Suppose A is a PI-algebra, M ⊆ A is a Kurosh subset in A. Then M is an
s-basis for A.

Let Y (n) denote the ideal generated by the nth powers of elements from Y .
A set M ⊂ A is called a Kurosh set if any projection π : A ⊗ K[X] → A′ such
that the image π(M) is entire over π(K[X]) is finite-dimensional over π(K[X]).
The following example motivates this definition. Suppose A = Q[x, 1/x]. Any
projection π such that π(x) is algebraic has a finite-dimensional image. However,
the set {x} is not an s-basis for Q[x, 1/x]. Thus boundedness of the essential height
is a noncommutative generalization of the property of entireness.

1.4. Shirshov bases consisting of words. The Shirshov bases consisting of
words are described by the following result.

Theorem 2 ([4], [12]). A set Y of words is a Shirshov basis for an algebra A if and
only if for any word u of length not exceeding m = Pid(A), the complexity of A,
the set Y contains a word cyclically conjugate to some power of u.

A similar result was obtained independently by Ciocanu and Drensky. Problems
related to local finiteness of algebras and to algebraic sets of words of degree not
exceeding the complexity of the algebra were investigated in [7], [13]–[18]. Questions
relating to generalization of the independence theorem were considered in these
papers as well.

1.5. Essential height. Clearly the Gelfand-Kirillov dimension is estimated by
the essential height. Furthermore an s-basis is a Shirshov basis if and only if it
generates A as an algebra. In the representable case the converse is also true.

Theorem 3 (Belov [4]). Suppose A is a finitely generated representable algebra and
HEssY (A) <∞. Then HEssY (A) = GK(A).

Corollary 1.2 (Markov). The Gelfand-Kirillov dimension of a finitely generated
representable algebra is an integer.

Corollary 1.3. If HEssY (A) < ∞ and A is representable then HEssY (A) is inde-
pendent of the choice of the s-basis Y .

In this case the Gelfand-Kirillov dimension also is equal to the essential height
by virtue of the local representability of relatively free algebras.

Structure of degree vectors. Although in the representable case the Gelfand-
Kirillov dimension and the essential height behave well, even in this case the set of
degree vectors may have a bad structure, namely, it can be the complement to the
set of solutions of a system of exponential-polynomial Diophantine equations [4].
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That is why there exists an instance of a representable algebra with a transcendent
Hilbert series. However for a relatively free algebra, the Hilbert series is ratio-
nal [19].

1.6. n-divisibility and the Dilworth theorem. The significance of the notion
of n-divisibility goes beyond the limits of Burnside-type problems. This notion also
plays a role in the investigation of polylinear words and the estimation of their num-
ber; a word is polylinear if each letter occurs in it at most once. Latyshev applied
the Dilworth theorem for the estimation of the number of not m-divisible polylinear
words of degree n over the alphabet {a1, . . . , an}. The estimate is (m− 1)2n and is
rather sharp. Let us recall this theorem.

Dilworth’s Theorem. Let n be the maximal number of elements in an antichain
of a given fixed partially ordered set M . Then M can be divided into n disjoint
chains.

Consider a polylinear word W consisting of n letters. Put ai ≻ aj if i > j and the
letter ai is located in W to the right of aj . The condition of not k-divisibility means
the absence of an antichain consisting of n elements. Then by Dilworth’s theorem all
positions (and the letters ai as well) split into n−1 chains. Attach a specific colour
to each chain. Then the colouring of positions and of letters uniquely determines
the word W . Furthermore, the number of these colourings does not exceed

(n− 1)k × (n− 1)k = (n− 1)2k.

The above estimate implies the validity of polylinear identities corresponding to
an irreducible module whose Young diagram includes the square of size n4. This in
turn enables one, firstly, to obtain a transparent proof for Regev’s theorem which
asserts that a tensor product of PI-algebras is a PI-algebra as well; secondly, to
establish the existence of a sparse identity in the general case and of a Capelli
identity in the finitely generated case (and thus to prove the theorem on nilpotency
of the radical); and thirdly, to realize Kemer’s ‘supertrick’ that reduces the study
of identities in general algebras to that of super-identities in finitely generated
superalgebras of zero characteristic. Close questions are considered in [20]–[22].

Problems related to the enumeration of polylinear words which are not n-divisible
are interesting in their own right. (For example, there exists a bijection between
not 3-divisible words and Catalan numbers.) On the one hand this is a purely
combinatorial problem, but on the other hand, it is related to the set of codimen-
sions for the general matrix algebra. The study of polylinear words seems to be
of great importance. Latyshev (see, for instance, [23]) has stated the problem of
finite-basedness of the set of leading polylinear words for a T -ideal with respect to
taking overwords and to isotonous substitutions. This problem implies the Specht
problem for polylinear polynomials and is closely related to the problem of the weak
Noetherian property for the group algebra of an infinite finitary symmetric group
over a field of positive characteristic (for zero characteristic this was established by
Zalessky). To solve the Latyshev problem it is necessary to translate properties of
T -ideals to the language of polylinear words. In [4], [11] an attempt was made to
realize a project of translation of structure properties of algebras to the language
of word combinatorics. Translation to the language of polylinear words is simpler
and enables one to get some information on words of a general form.
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In this paper we transfer Latyshev’s technique to the non-polylinear case, and
this enables us to obtain a subexponential estimate in the Shirshov-height theorem.
Chelnokov suggested the idea of this transfer in 1996.

1.7. Estimates for the height. The original Shirshov’s proof, being purely com-
binatorial (it was based on the technique of elimination developed by him for
Lie algebras, in particular in the proof of the theorem on freeness), nevertheless
implied only primitively recursive estimates. Later Kolotov [24] obtained an esti-
mate Ht(A) 6 ll

n

(n = deg(A), l is the number of generators). Belov in [25]
showed that Ht(n, l) < 2nln+1. The exponential estimate in the Shirshov height
theorem was also presented in [12], [26], [27]. The above estimates were sharpened
by Klein [28], [29]. In 2001, Chibrikov proved in [30] that Ht(4, l) > (7k2 − 2k).
Kharlamov in [27], [31], [32] obtained estimates for the structure of piecewise peri-
odicity. In 2011, Lopatin [33] obtained the following result.

Theorem 4. Let Cn,l be the nilpotency degree of a free l-generated algebra satisfy-
ing xn = 0, and let p be the characteristic of the ground field of the algebra, greater
than n

2 . Then
Cn,l < 4 · 2n/2l. (1)

By definition Cn,l 6 Ψ(n, n, l). Observe that for small n the estimate (1) is
smaller than the estimate Ψ(n, n, l) established in this paper but for growing n the
estimate Ψ(n, n, l) is asymptotically better than (1).

Zelmanov put the following question in the Dniester Notebook [34] in 1993:

Question 1.1. Let F2,m be the free 2-generated associative ring with identity
xm = 0. Is it true that the nilpotency class of F2,m grows exponentially in m?

Our paper answers Zelmanov’s question as follows: the nilpotency class in ques-
tion grows subexponentially.

1.8. The results obtained. The main result of the paper is as follows.

Theorem 5. The height of the set of not n-divisible words over an alphabet of
cardinality l relative to the set of words of length less than n does not exceed Φ(n, l),
where

Φ(n, l) = E1l · nE2+12 log3 n, E1 = 421 log3 4+17, E2 = 30 log3 4 + 10.

This theorem after some coarsening and simplification of the estimate implies
that for fixed l and n→∞ we have

Φ(n, l) < 287l · n12 log3 n+48 = n12(1+o(1)) log3 n,

and for fixed n and l→∞ we have

Φ(n, l) < C(n)l.

Corollary 1.4. The height of an l-generated PI-algebra with an admissible poly-
nomial identity of degree n over the set of words of length less than n does not
exceed Φ(n, l).
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Moreover we prove a subexponential estimate which is better for small n:

Theorem 6. The height of the set of not n-divisible words over an alphabet of
cardinality l relative to the set of words of length less than n does not exceed Φ(n, l),
where

Φ(n, l) = 240l · n38+8 log2 n.

In particular we obtain subexponential estimates for the nilpotency index of
l-generated nil-algebras of degree n for an arbitrary characteristic.

The second main result of our paper is the following theorem.

Theorem 7. Let l, n and d > n be positive integers. Then all l-generated words
of length not less than Ψ(n, d, l) either contain xd or are n-divisible. Here

Ψ(n, d, l) = 45+3 log3 4l(nd)3 log3(nd)+(5+6 log3 4)d2.

This theorem after some coarsening and simplification of the estimate implies
that for fixed l and nd→∞ we have

Ψ(n, d, l) < 218l(nd)3 log3(nd)+13d2 = (nd)3(1+o(1)) log3(nd),

and for fixed n and l→∞ we have

Ψ(n, d, l) < C(n, d)l.

Corollary 1.5. Let l, d be positive integers, and let an associative l-generated alge-
bra A satisfy xd = 0. Then its nilpotency index is less than Ψ(d, d, l).

Moreover we prove a subexponential estimate which is better for small n and d:

Theorem 8. Let l, n and d > n be positive integers. Then all l-generated words
of length not less than Ψ(n, d, l) either contain xd or are n-divisible. Here

Ψ(n, d, l) = 256l(nd)2 log2(nd)+10d2.

For a real number x put pxq := −[−x]. Thus we replace noninteger numbers by
the closest greater integers.

Proving Theorem 5 we also prove the following theorem on estimation of the
essential height:

Theorem 9. The essential height of an l-generated PI-algebra with an admissible
polynomial identity of degree n over the set of words of length less than n is less
than Υ(n, l), where

Υ(n, l) = 2n3plog3 nq+4l.

In [35] it is established that the nilpotency index of an l-generated nil-semiring
of degree n equals the nilpotency index of an l-generated nilring of degree n, where
addition is not necessarily commutative. (The paper also contains examples of non-
nilpotent nil-nearrings of index 2.) Thus our results extend to the case of semirings
as well.
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1.9. On estimates from below. Let us compare the results obtained with the
estimate for the height from below. The height of an algebra A is no less than its
Gelfand-Kirillov dimension GK(A). For the algebra of l-generated general matrices
of order n this dimension equals (l− 1)n2 +1 (see [36] as well as [37]). At the same
time, the minimal degree of an identity in this algebra is 2n by the Amitsur-Levitsky
theorem. We have the following result.

Proposition 1.1. The height of an l-generated PI-algebra of degree n and of
the set of not n-divisible words over an alphabet of cardinality l is no less than
(l − 1)n2/4 + 1.

Estimates from below for the nilpotency index were established by Kuzmin in
[38]. He gave an example of a 2-generated algebra with identity xn = 0, such that
its nilpotency index exceeds (n2 +n− 2)/2. The problem of finding estimates from
below is considered in [31].

At the same time, for zero characteristic and a countable set of generators,
Razmyslov (see for instance [39]) obtained an upper estimate for the nilpotency
index, namely n2.

First we will prove Theorem 7, and in the following section we will deal with
estimates for the essential height, that is, for the number of distinct periodic pieces
in a not n-divisible word.

The authors are grateful to V. N. Latyshev, A. V. Mikhalev and all participants
of the “Ring theory” seminar for their attention to our work, as well as to the
participants of the seminar at the Moscow Institute for Physics and Technology
under the supervision of A. M. Raigorodskǐı.

§ 2. Estimates on the occurrence of degrees of subwords

2.1. The outline of the proof for Theorem 7. Lemmas 2.1, 2.2 and 2.3
describe sufficient conditions for the presence of a period of length d in a not
n-divisible word W . Lemma 2.4 connects n-divisibility of a word W with the set
of its tails. Further we choose some specific subset in the set of tails of W , such
that we can apply Dilworth’s theorem. After that we colour the tails and their first
letters according to their location in chains obtained by an application of Dilworth’s
theorem.

We have to know the position in any chain where neighbouring tails begin to
differ. It is of interest what the ‘frequency’ of this position is in a p-tail for some
p 6 n. Further we somewhat generalize our reasoning dividing tails into segments
consisting of several letters each and determining the segment containing the posi-
tion where neighbouring tails begin to differ. Lemma 3.2 connects the ‘frequencies’
in question for p-tails and kp-tails for k = 3.

To complete the proof, we construct a hierarchical structure based on Lemma 3.2,
that is, we consecutively consider segments of n-tails, subsegments of these segments
and so on. Furthermore we consider the greatest possible number of tails in the
subset to which Dilworth’s theorem is applied, and then we estimate from above
the total number of tails and hence of the letters in the word W .
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2.2. Periodicity and n-divisibility properties. Let a1, . . . , al be the alphabet
used for constructing words. The ordering a1 ≺ a2 ≺ · · · ≺ al induces a lexico-
graphical ordering for words over the alphabet. For convenience, we introduce the
following definitions.

Definition 2.1. a) If a word v includes a subword of the form ut then we say that
v includes a period of length t.

b) If a word u is the beginning of a word v then these words are called incompa-
rable.

c) A word v is a tail of a word u if there exists a word w such that u = wv.
d) A word v is a k-tail of a word u if v consists of the first k letters of some

tail u.
d*) A k-beginning is the same as a k-tail.
e) A word u is to the left of a word v if u begins to the left of the beginning of v.

Let |u| denote the length of a word u.
The proof uses the following sufficient conditions for the presence of a period.

Lemma 2.1. In a word W of length x either the first [x/d] tails are pairwise com-
parable or W includes a period of length d.

Proof. Suppose W includes no word of the form ud. Consider the first [x/d] tails.
Suppose some two of them, say v1 and v2, are incomparable and v1 = u · v2. Then
v2 = u · v3 for some v3. Furthermore v1 = u2 · v3. Arguing in this way we obtain
that v1 = ud · vd+1 since |u| < x/d, |v2| > (d− 1)x/d. A contradiction.

Lemma 2.2. If a word V of length k · t includes no more than k different subwords
of length k then V includes a period of length t.

Proof. We use induction in k. The base k = 1 is obvious. If there are no more than
(k−1) different subwords of length (k−1) then we apply the induction assumption.
If there exist k different subwords of length (k− 1), then every subword of length k
is uniquely determined by its first (k − 1) letters. Thus V = vt where v is a k-tail
of V .

Definition 2.2. a) A word W is n-divisible in the ordinary sense if there exist
u1, u2, . . . , un such that W = v · u1 · · ·un and u1 ≻ · · · ≻ un.

b) In our proof we call a word W n-divisible in the tail sense if there exist
tails u1, . . . , un such that u1 ≻ u2 ≻ · · · ≻ un and for any i = 1, 2, . . . , n − 1 the
beginning of ui is to the left of the beginning of ui+1. If the contrary is not specified,
an n-divisible word means n-divisible in the tail sense.

c) A word W is n-cancellable if either it is n-divisible in the ordinary sense or
there exists a word of the form ud ⊆W .

Now we describe a sufficient condition for n-cancellability and its connection
with n-divisibility.

Lemma 2.3. If a word W includes n identical disjoint subwords u of length n · d
then W is n-cancellable.

Proof. Suppose the contrary. Consider the tails u1, u2, . . . , un of the word u which
begin from each of the first n letters of u. Renumber the tails to provide the
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inequalities u1 ≻ . . . ≻ un. By Lemma 2.1 the tails are incomparable. Consider
the subword u1 in the left-most copy of u, the subword u2 in the second copy
from the left, . . . , un in the nth copy from the left. We get an n-division of W .
A contradiction.

Lemma 2.4. If a word W is 4nd-divisible then it is n-cancellable.

Proof. Suppose the contrary. Consider the numbers of positions of letters ai, a1 <
a2 < · · · < a4nd that begin the tails ui dividing W . Set a4nd+1 = |W |. If W
is not n-cancellable then there exists i, 1 6 i 6 4(n − 1)d + 1, such that for any
i 6 b < c 6 d < e 6 i+4d the (ac−ab)-tail ub is incomparable with the (ae−ad)-tail
ud. Compare ai+2d − ai and ai+4d − ai+2d. We may assume that ai+4d − ai+2d >
ai+2d − ai. Let aj+1 − aj = infk (ak+1 − ak), 0 6 j < 2d. We may assume that
j < d. By assumption the (a2d − aj)-tail uj and the (a2d − aj+1)-tail uj+1 are
incomparable with the (a4d−a2d)-tail u2d. Since a4d−a2d > a2d−aj > a2d−aj+1,
the (a2d − aj)-tail uj and the (a2d − aj+1)-tail uj+1 are mutually incomparable.
Since

a2d − aj

a2d − aj+1
6
d+ 1
d

,

the (aj+1− aj)-tail uj in degree d is included into the (a2d− aj)-tail uj . A contra-
diction.

Corollary 2.1. If a word W is not n-divisible in the ordinary sense then W is not
4nd-divisible (in the tail sense).

Set pn,d := 4nd− 1.
Let W be a not n-cancellable word. Then W is not (pn,d +1)-divisible. Consider

U , the [|W |/d]-tail of W . Let Ω be the set of tails of W which begin in U . Then
by Lemma 2.1 any two elements of Ω are comparable. There is a natural bijection
between Ω, the letters of U and positive integers from 1 to |Ω| = |U |.

Let us introduce a word θ which is lexicographically less than any other word.

Remark 2.1. In the current proof of Theorem 7 all tails are assumed to belong to Ω.

§ 3. Estimates on the occurrence of periodic fragments

An application of Dilworth’s theorem. For tails u and v put u < v if u ≺ v and
u is to the left of v. Then by Dilworth’s theorem, Ω can be divided into pn,d chains
such that in each chain u ≺ v if u is to the left of v. Paint the initial positions of
the tails into pn,d colours according to their occurrence in the chains. Fix a positive
integer p. To each positive integer i from 1 to |Ω|, assign Bp(i), an ordered set of
pn,d words {f(i, j)} constructed as follows.

For each j = 1, 2, . . . , pn,d put

f(i, j) = {max f 6 i : f is painted into colour j}.

If there is no such f then the word from Bp(i) at position j is assumed to be
equal to θ, otherwise equal to the p-tail that begins from the f(i, j)th letter.

Informally speaking, we observe the speed of ‘evolution’ of tails in their chains
when the sequence of positions in W is considered as the time axis.



544 A.Ya. Belov and M. I. Kharitonov

3.1. The sets Bp(i), and the process at positions.

Lemma 3.1 (on the process). Given a sequence S of length |S| consisting of words
of length (k− 1). Each word consists of (k− 2) symbols ‘0’ and a single symbol ‘1’.
Let S satisfy the following condition :

if for some 0 < s 6 k − 1 there exist pn,d words such that ‘1’ occupies the sth
position, then between the first and the pn,dth of these words there exists a word
such that ‘1’ occupies a position with number strictly less than s.
Let L(k − 1) = sup |S|.

Then L(k − 1) 6 pk−1
n,d − 1.

Proof. We have L(1) 6 pn,d − 1. Let L(k − 1) 6 pk−1
n,d − 1. We will show that

L(k) 6 pk
n,d− 1. Consider the words such that ‘1’ occupies the first position. Their

number does not exceed pn,d−1. Between any two of them as well as before the first
one and after the last one, the number of words does not exceed L(k−1) 6 pk−1

n,d −1.
Hence

L(k) 6 pn,d − 1 + (pn,d)((pn,d)k−1 − 1) = (pn,d)k − 1,

as required.

We need a quantity which estimates the speed of ‘evolution’ of sets Bp(i). Set

ψ(p) := {max k : Bp(i) = Bp(i+ k − 1)}.

In particular, by Lemma 2.2 we have ψ(pn,d) 6 pn,dd.
For a given α we divide the sequence of the first |Ω| positions i of W into

equivalence classes ∼α as follows: i ∼α j if Bα(i) = Bα(j).

Proposition 3.1. For any positive integers a < b we have ψ(a) 6 ψ(b).

Lemma 3.2 (basic). For any positive integers a and k we have

ψ(a) 6 pk
n,dψ(k · a) + k · a.

Proof. Consider the least representative in each class of ∼k·a. We get a sequence
of positions {ij}. Now consider all ij and Bk·a(ij) from the same equivalence
class of ∼a. Suppose it consists of Bk·a(ij) for ij ∈ [b, c). Let {ij}′ denote the
segment of the sequence {ij} such that ij ∈ [b, c− k · a).

Fix a positive integer r, 1 6 r 6 pn,d. All k · a-beginnings of colour r that begin
from positions of the word W in {ij}′ will be called representatives of type r. All
representatives of type r are pairwise distinct because they begin from the least
positions in equivalence classes of ∼k·a. Divide each representative of type r into k
segments of length a. Enumerate segments inside each representative of type r from
left to right by integers from zero to (k−1). If there exist (pn,d+1) representatives of
type r with the same first (t−1) segments but with pairwise different tth segments,
where 1 6 t 6 k−1, then there are two tth segments such that their first letters are
of the same colour. Then the initial positions of these segments belong to different
equivalence classes of ∼a.

Now apply Lemma 3.1 as follows: in all representatives of type r except the
rightmost one we consider a segment as a unit segment if it contains the least
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position where this representative of type r differs from the preceding one. All
other segments are considered as zero segments.

Now we apply the process Lemma 3.1 for the values of parameters as given in
the condition of the lemma. We obtain that the sequence {ij}′ contains no more
than pk−1

n,d representatives of type r. Then the sequence {ij}′ contains no more than
pk

n,d terms. Thus c− b 6 pk
n,dψ(k · a) + k · a.

3.2. Completion of the proof for Theorems 7 and 8. Let

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1.

Then |W | 6 d|Ω|+ d by Lemma 2.1.
Since for the set B1(i) no more than 1 + pn,dl different values are possible, we

have |W | 6 d(1 + pn,dl)ψ(1) + d. By Lemma 3.2

ψ(1) < (p3
n,d + pn,d)ψ(3) < (p3

n,d + pn,d)2ψ(9)

< · · · < (p3
n,d + pn,d)plog3 pn,dqψ(pn,d) 6 (p3

n,d + pn,d)plog3 pn,dqpn,dd.

Take pn,d = 4nd− 1 to get

|W | < 45+3 log3 4l(nd)3 log3(nd)+(5+6 log3 4)d2.

This implies the assertion of Theorem 7.
The proof of Theorem 8 is completed similarly, but instead of the sequence

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1

we have to consider the sequence

a0 = 2plog2 pn,dq, a1 = 2plog2 pn,dq−1, . . . , aplog2 pn,dq = 1.

§ 4. An estimate for the essential height

In this section we proceed with the proof of the main Theorem 5. In passing, we
prove Theorem 9. We consider positions of letters in the word W as the time axis.
That is, a subword u occurs before a subword v if u is entirely to the left of v in W .

4.1. Isolation of distinct periodical fragments in the word W . Let s denote
the number of subwords in W such that each of them includes a period of length
less than n more than 2n times and each pair of them is separated by subwords of
length greater than n, by comparison with the preceding period. Enumerate these
from the beginning to the end of the word: x2n

1 , x2n
2 , . . . , x2n

s . Thus

W = y0x
2n
1 y1x

2n
2 · · ·x2n

s ys.

If there is i such that the word xi has length no less than n, then the word x2
i

includes n pairwise comparable tails, hence the word x2n
i is n-divisible. Then s is

no less than the essential height of W over the set of words of length less than n.

Definition 4.1. A word u will be called noncyclic if u is not representable in the
form vk where k > 1.
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Definition 4.2. A word cycle u is the set consisting of the word u and all its cyclic
shifts.

Definition 4.3. A word W is strongly n-divisible if it is representable in the form
W = W0W1 · · ·Wn where the subwords W1, . . . ,Wn are placed in the lexicograph-
ically decreasing order and each of the Wi, i = 1, 2, . . . , n, begins from some word
zk
i ∈ Z, where all the zi are distinct.

Lemma 4.1. If there is an integer m, 1 6 m < n, such that there exist 2n − 1
pairwise incomparable words of length m: xi1 , . . . , xi2n−1 , then W is n-divisible.

Proof. Put x := xi1 . Then W includes disjoint subwords xp1v′1, . . . , x
p2n−1v′2n−1,

where p1, . . . , p2n−1 are positive integers greater than n, and v′1, . . . , v
′
2n−1 are words

of length m comparable with x, v′1 = vi1 . Hence among the words v′1, . . . , v
′
2n−1

either there are n words lexicographically greater than x or there are n words lexi-
cographically smaller than x. We may assume that v′1, . . . , v

′
n are lexicographically

greater than x. Then W includes subwords v′1, xv
′
2, . . . , x

n−1v′n, which lexicograph-
ically decrease from left to right.

Consider an integer m, 1 6 n. Divide all xi of length m into equivalence classes
relative to strong incomparability and choose a single representative from each class.
Let these be xi1 , . . . , xi′s

, where s′ is a positive integer. Since the subwords xi are
periods, we consider them as word cycles.

We set vk := xik
.

Let v(k, i), where i is a positive integer, 1 6 i 6 m, be a cyclic shift of a word vk

by (k − 1) positions to the right, that is, v(k, 1) = vk and the first letter of v(k, 2)
is the second letter of vk. Thus {v(k, i)}m

i=1 is a word cycle of vk. Note that for
any 1 6 i1, i2 6 p, 1 6 j1, j2 6 m the word v(i1, j1) is strongly incomparable with
v(i2, j2).

Remark 4.1. The cases m = 2, 3, n− 1 were considered in [31], [27].

4.2. An application of Dilworth’s theorem. Consider a set Ω′ = {v(i, j)},
where 1 6 i 6 p, 1 6 j 6 m. Order the words v(i, j) as follows: v(i1, j1) ≻ v(i2, j2)
if v(i1, j1) > v(i2, j2) and i1 > i2.

Lemma 4.2. If in the set Ω′ with ordering ≻ there exists an antichain of length n
then W is n-divisible.

Proof. Suppose there exists an antichain consisting of n words

v(i1, j1), v(i2, j2), . . . , v(in, jn), i1 6 i2 6 · · · 6 in.

If all inequalities between ik are strict then W is n-divisible by definition.
Suppose that for some r there exist ir+1 = · · · = ir+k such that either r = 0

or ir < ir+1. Moreover the positive integer k is such that either k = n − r or
ir+k < ir+k+1.

The word sir+1 is periodic, hence it is representable as a product of n copies
of v2

ir+1
. The word v2

ir+1
includes a word cycle vir+1 . Hence in sir+1 there exist dis-

joint subwords placed in lexicographically decreasing order and equal to v(ir+1, jr+1),
. . . , v(ir+k, jr+k) respectively. Similarly we deal with all sets of equal indices in the
sequence {ir}n

r=1. The result is n-divisibility of W . A contradiction.
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Thus Ω′ can be divided into (n− 1) chains.
Put qn = n− 1.

4.3. The sets Cα(i), the process at positions. Paint the first letters of the
words from Ω′ into qn colours according to their occurrence in chains. Paint also
the integers from 1 to |Ω′| into the corresponding colours. Fix a positive integer
α 6 m. To each integer i from 1 to |Ω′| assign an ordered set Cα(i) of qn words in
the following way:

For each j = 1, 2, . . . , qn put f(i, j) = {max f 6 i : there exists k such that
v(f, k) is painted into colour j and the α-tail beginning from f consists only of
letters initial in some tails from Ω′}.

If there is no such f then a word from Cα(i) is assumed to be equal to θ, otherwise
we assume it to be equal to the α-tail of v(f, k).

Set ϕ(a) = {max k : for some i we have Ca(i) = Ca(i+ k − 1)}.
For a given a 6 m define a division of the sequence of word cycles {i} in W into

equivalence classes as follows: i ∼a j if Ca(i) = Ca(j).
Note that the above construction is rather similar to the construction from the

proof of Theorem 7. Observe that Ba(i) and Ca(i) are rather similar as are ψ(a)
and φ(a).

Lemma 4.3. ϕ(m) 6 qn/m.

Proof. In § 4.1 we have enumerated word cycles. Consider the word cycles with
numbers i, i + 1, . . . , i + [qn/m]. We have shown that each word cycle consists of
m distinct words. Now consider words in the word cycles i, i+ 1, . . . , i+ [qn/m] as
elements of the set Ω′. Then the first letter in each word cycle gets some position.
The total number of the positions in question is no less than n. Hence at least
two of these positions are of the same colour. Now strong incomparability of word
cycles implies the assertion of the lemma.

Proposition 4.1. For any positive integers a < b we have ϕ(a) 6 ϕ(b).

Lemma 4.4 (basic). For positive integers a, k such that ak 6 m we have

ϕ(a) 6 qk
nϕ(k · a).

Proof. Consider the minimal representative in each class of ∼k·a. We get a sequence
of positions {ij}. Now consider all ij and Ck·a(ij) from the same equivalence
class of ∼a. Suppose it consists of Ck·a(ij) for ij ∈ [b, c). Let {ij}′ denote the
segment of the sequence {ij} such that ij ∈ [b, c).

Fix a positive integer r, 1 6 r 6 qn. All k · a-beginnings of colour r that
begin from positions of W in {ij}′ will be called representatives of type r. All
representatives of type r are distinct because they begin at the least positions in
equivalence classes of ∼k·a. Divide each representative of type r into k segments
of length a. Enumerate the segments of each representative of type r from left to
right by integers from zero to (k − 1). If there exist (qn + 1) representatives of
type r with the same first (t − 1) segments but pairwise different tth segments,
where 1 6 t 6 k−1, then there are two tth segments such that their first letters are
of the same colour. Then the initial positions of these segments belong to different
equivalence classes of ∼a.
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Now apply Lemma 3.1 in the following way: in all representatives of type r
except the rightmost one we consider a segment as a unit segment if it contains the
least position where this representative of type r differs from the preceding one. All
other segments are considered as zero segments.

Now we can apply the process Lemma 3.1 for the values of parameters as given
in the condition of the lemma. We obtain that the sequence {ij}′ contains no more
than qk−1

n representatives of type r. Then the sequence {ij}′ contains no more than
qk
n terms. Thus c− b 6 qk

nϕ(k · a).

4.4. Completion of the proof for Theorem 9. Suppose

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1.

Substitute these ai into Lemmas 4.4 and 4.3 to obtain

ϕ(1) 6 q3nϕ(3) 6 q9nϕ(9) 6 · · · 6 q3plog3 mq
n ϕ(m) 6 q3plog3 mq+1

n .

Since C1
i takes no more than 1 + qnl distinct values, we have

|Ω′| < q3plog3 mq+1
n (1 + qnl) < n3plog3 nq+2l.

By virtue of Lemma 4.1 the number of subwords xi of length m is less than
2n3plog3 nq+3l. Thus the total number of subwords xi is less than 2n3plog3 nq+4l, so
s < 2n3plog3 nq+4l and Theorem 9 is proved.

§ 5. Proof of the main Theorem 5 and of Theorem 6

5.1. Outline of the proof. Now an n-divisible word will mean a word n-divisible
in the ordinary sense. To start with, we find the necessary number of fragments
in W with length of the period no less than 2n. For this, it suffices to divide
W into subwords of large length and to apply Theorem 7 to them. However the
estimate can be improved. For this, we find a periodic fragment u1 in W with the
period length no less than 4n. Removing u1, we obtain a word W1. In W1 we find
a fragment u2 with period length no less than 4n and remove it to get a word W2.
Now we again remove a periodic fragment and proceed in this way, as is described
in the algorithm below in more detail. Then we restore the original word W using
the removed fragments. Further we show that a subword ui in W usually is not
a product of a big number of non-neighbouring subwords. In Lemma 5.1 we prove
that an application of the algorithm enables us to find the necessary number of
removed subwords of W with period length no less than 2n.

5.2. Summing essential heights and nilpotency degrees. Let Ht(w) denote
the height of a word w over the set of words of degree not exceeding n. Consider
a word W of height Ht(W ) > Φ(n, l). Apply the following algorithm to it.

Algorithm. Step 1. By Theorem 7 the word W includes a subword with period
length 4n. Suppose W0 = W = u′1x

4n
1′ y

′
1 where the word x1′ is not cyclic. Represent

y′1 in the form y′1 = xr2
1′ y1 where r2 is maximal possible. Represent u′1 as u′1 = u1x

r1
1′

where r1 is maximal possible. Denote by f1 the word

W0 = u1x
4n+r1+r2
1′ y1 = u1f1y1.



Subexponential estimates in Shirshov’s theorem on height 549

In the sequel, the positions contained in f1 are called tedious, the last position of
u1 is called tedious of type 1 the second position from the end in u1 is called tedious
of type 2, . . . , the nth position from the end in u1 is called tedious of type n. Put
W1 = u1y1.

Step k. Consider the words uk−1, yk−1, Wk−1 = uk−1yk−1 constructed at the
preceding step. If |Wk−1| > Φ(n, l), then we apply Theorem 7 to W with the
restriction that the process in the main Lemma 3.2 is applied only to nontedious
positions and to tedious positions of type greater than ka where k and a are the
parameters from Lemma 3.2.

Thus Wk−1 includes a noncyclic subword with period length 4n such that

Wk−1 = u′kx
4n
k′ y

′
k.

Then put

r1 := sup{r : u′k = ukx
r
k′}, r2 := sup{r : y′k = xr

k′yk}.

(Note that the words involved may be empty.)
Define fk by the equation

Wk−1 = ukx
4n+r1+r2
k′ yk = ukfkyk.

In the sequel, the positions contained in fk are called tedious, the last position of
uk is called tedious of type 1 the second position from the end in uk is called tedious
of type 2, . . . , the nth position from the end in uk is called tedious of type n. If
a position occurs to be tedious of two types then the lesser type is chosen for it.
Put Wk = ukyk.

Perform 4t + 1 steps of the algorithm and consider the original word W . For
each integer i from the segment [1, 4t] we have

W = w0f
(1)
i w1f

(2)
i · · · f (ni)

i wni

for some subwords wj . Here fi = f
(1)
i · · · f (ni)

i . Moreover we assume that for
1 6 j 6 ni − 1 the subword wj is not empty. Let s(k) be the number of indices
i ∈ [1, 4t] such that ni = k.

To prove Theorem 7 we have to find as many long periodic fragments as possible.
For this, we can use the following lemma.

Lemma 5.1. s = s(1) + s(2) > 2t.

Proof. A subword U of the word W will be called monolithic if
1) U is a product of words of the form f

(j)
i ;

2) U is not a proper subword of a word which satisfies the above condition 1).
Suppose that after the (i− 1)th step of the algorithm the word W contains ki−1

monolithic subwords. Note that ki 6 ki−1 − ni + 2.
If ni > 3, then ki 6 ki−1− 1. If ni 6 2 then ki 6 ki−1 + 1. Furthermore, k1 = 1,

kt > 1 = k1. The lemma is proved.
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Corollary 5.1.
∞∑

k=1

k · s(k) 6 10t 6 5s.

Proof. From the proof of Lemma 5.1 we obtain∑
ni>3

(ni − 2) 6 2t.

By definition
∑∞

k=1 s(k) = 4t, that is,
∑∞

k=1 2s(k) = 8t. Summing these two
inequalities and applying Lemma 5.1 we obtain the required inequality.

Proposition 5.1. The height of W does not exceed

Ψ(n, 4n, l) +
∞∑

k=1

k · s(k) 6 Ψ(n, 4n, l) + 5s.

In the sequel we consider only fi with ni 6 2.
If ni = 1 then put f ′i := f

(j)
i , where f (j)

i is the word of maximal length between
f

(1)
i and f (2)

i .
Order the words f ′i according to their distance from the beginning of W . We

get a sequence f ′m1
, . . . , f ′ms

where s′ = s(1) + s(2). Put f ′′i := f ′mi
. Suppose

f ′′i = w′ix
pi′′
i′′ w

′′
i where at least one of the words w′i and w′′i is empty.

Remark 5.1. We may assume that at starting steps of the algorithm we have chosen
all fi such that ni = 1.

Now consider z′j , the subwords in W of the following form:

z′j = x
p(2j−1)′′+ג
(2j−1)′′ vj , ג > 0, |vj | = |x(2j−1)′′ |;

here vj is not equal to x(2j−1)′′ , and the beginning of z′j coincides with the beginning
of a periodic subword in f ′′2j−1. We will show that the z′j are disjoint.

Indeed, if f ′′2j−1 = fm2j−1 , then put z′j = fm2j−1vj .

If f ′′2j−1 = f
(k)
m2j−1 , k = 1, 2, and z′j intersects z′j+1 then f ′′2j ⊂ z′i. Since x(2j)′′ and

x(2j−1)′′ are noncyclic, we have |x(2j)′′ | = |x(2j−1)′′ |. But then the period length in
z′j is not less than 4n, which contradicts Remark 5.1.

Thus we have proved the following lemma.

Lemma 5.2. In a word W with height not greater than (Ψ(n, 4n, l)+5s′) there exist
at least s′ disjoint periodic subwords such that the period occurs in each of them
at least 2n times. Furthermore between any two elements of this set of periodic
subwords there is a subword with the same period length as the leftmost of these two
elements.

5.3. Completion of the proof for the main Theorem 5 and for Theorem 6.
Replace s′ in Lemma 5.2 by s from the proof of Theorem 9 to obtain that the height
of W does not exceed

Ψ(n, 4n, l) + 5s < E1l · nE2+12 log3 n,

where E1 = 421 log3 4+17, E2 = 30 log3 4 + 10.
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Thus we have obtained the assertion of the main Theorem 5.
The proof of Theorem 6 is completed similarly but we have to replace in § 4.4

the sequence

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1

by the sequence

a0 = 2plog2 pn,dq, a1 = 2plog2 pn,dq−1, . . . , aplog2 pn,dq = 1,

and to take the values of Ψ(n, 4n, l) from Theorem 8.

§ 6. Comments

The technique presented to the reader appears to enable one to improve the
estimate obtained in this paper. However this estimate will remain subexponential.
A polynomial estimate if it exists, requires new ideas and methods.

At the beginning of the solution presented, subwords of a large word in the appli-
cation of Shirshov’s theorem are used mainly as a set of independent elements, not
as a set of closely related words. Further we use a colouring of letters inside sub-
words. Account of colouring of first letters only leads to an exponential estimate.
Account of colouring of all letters in the subwords results in an exponent as well.
This fact is due to the construction of a hierarchical system of subwords. A detailed
investigation of the presented connection between subwords together with the solu-
tion presented above may improve the presented estimate up to a polynomial one.

It is also of interest to obtain estimates for the height of an algebra over the set of
words whose degrees do not exceed the complexity of the algebra (PI-degree in the
English literature). The paper [4] presents exponential estimates, and for words that
are not a linear combination of lexicographically smaller words, overexponential
estimates were obtained in [40].

The deep ideas of original works by Shirshov [1], [2], which stem from the elim-
ination technique in Lie algebras, may be highly useful, among other issues, for
improvement of estimates, despite the fact that the estimates for height in these
papers are only primitive recursive.
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А. Я. Белов, М.И. Харитонов

Субэкспоненциальные оценки
в теореме Ширшова о высоте

Пусть F2,m – свободное 2-порожденное ассоциативное кольцо с тожде-
ством xm = 0. В 1993 г. Е.И. Зельманов поставил вопрос об экспоненци-
альности роста класса нильпотентности кольца F2,m по m.

Мы отвечаем на вопрос Е. И. Зельманова, установив, что в l-порожден-
ной ассоциативной алгебре с тождеством xd = 0 класс нильпотентности
меньше, чем Ψ(d, d, l), где

Ψ(n, d, l) = 218l(nd)3 log3(nd)+13d2.

Данный результат является следствием следующего факта, относящего-
ся к комбинаторике слов. Пусть l, n и d > n – некоторые натураль-
ные числа. Тогда все слова над l-буквенным алфавитом длины не мень-
ше, чем Ψ(n, d, l), либо содержат xd, либо являются n-разбиваемыми, где
слово W называется n-разбиваемым, если его можно представить в виде
W = W0W1 · · ·Wn так, что подслова W1, . . . , Wn идут в порядке лекси-
кографического убывания. В доказательстве используется теорема Ди-
луорса (идея В.Н. Латышева). Мы показываем, что множество всех не
n-разбиваемых слов над l-буквенным алфавитом имеет высоту h < Φ(n, l)
над множеством слов степени не выше n − 1, где

Φ(n, l) = 287l · n12 log3 n+48.

Библиография: 40 названий.

Ключевые слова: теорема Ширшова о высоте, комбинаторика слов,
n-разбиваемость, теоремы Дилуорса, проблемы бернсайдовского типа.

§ 1. Введение

1.1. Теорема Ширшова о высоте. В 1958 г. А. И. Ширшов доказал свою
знаменитую теорему о высоте (см. [1], [2]).

Определение 1.1. Назовем слово W n-разбиваемым, если W можно пред-
ставить в виде W = vu1u2 · · ·un так, чтобы u1 ≻ u2 ≻ · · · ≻ un.

В этом случае при любой нетождественной перестановке σ подслов ui полу-
чается слово Wσ = vuσ(1)uσ(2) · · ·uσ(n), лексикографически меньшее W . Это
свойство некоторые авторы берут за основу определения понятия n-разбивае-
мости.

c⃝ А.Я. Белов, М.И. Харитонов, 2012
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Определение 1.2. Назовем PI-алгебру A алгеброй ограниченной высоты
h = HtY (A) над множеством слов Y = {u1, u2, . . . }, если h – минимальное
число такое, что любое слово x из A можно представить в виде

x =
∑

i

αiu
k(i,1)
j(i,1)

u
k(i,2)
j(i,2)

· · ·uk(i,ri)

j(i,ri)
,

причем {ri} не превосходят h. Множество Y называется базисом Ширшова
для A.

Там, где это не вызывает недоразумений, для обозначения высоты будем
использовать h вместо HtY (A).

Теорема Ширшова о высоте (см. [1], [2]). Множество всех не n-разби-
ваемых слов в конечно порожденной алгебре с допустимым полиномиальным
тождеством имеет ограниченную высоту H над множеством слов степени
не выше n− 1.

Проблемы бернсайдовского типа, связанные с теоремой о высоте, рассмот-
рены в обзоре [3]. Авторы убеждены, что теорема Ширшова о высоте является
фундаментальным фактом комбинаторики слов безотносительно приложений
к PI-теории. (Все наши доказательства не выходят за рамки работы со сло-
вами.) К сожалению, специалисты по комбинаторике данный факт должным
образом пока не оценили. Что касается самого понятия n-разбиваемости, то
оно также представляется фундаментальным. Оценки, полученные В.Н. Ла-
тышевым на ξn(k) – количество не n-разбиваемых полилинейных слов от k

символов, привели к фундаментальным результатам в PI-теории. Вместе с тем,
это количество есть не что иное, как количество расстановок чисел от 1 до k
таких, что никакие n из них (не обязательно стоящие подряд) не идут в поряд-
ке убывания. Этому же числу равно количество k-элементных перестановочно
упорядоченных множеств диаметра n (множество называется перестановочно
упорядоченным, если его порядок есть пересечение двух линейных порядков,
диаметр упорядоченного множества – длина его максимальной антицепи).

Из теоремы о высоте вытекает решение ряда проблем теории колец. В самом
деле, пусть в ассоциативной алгебре над полем выполняется полиномиальное
тождество f(x1, . . . , xn) = 0. Можно доказать, что тогда в ней выполняется и
допустимое полилинейное тождество (т.е. полиномиальное тождество, у кото-
рого хотя бы один коэффициент при членах высшей степени равен единице)

x1x2 · · ·xn =
∑

σ

ασxσ(1)xσ(2) · · ·xσ(n),

где ασ принадлежат основному полю. В этом случае, если W = vu1u2 · · ·un

является n-разбиваемым, то для любой перестановки σ слово Wσ = vuσ(1)uσ(2)

· · ·uσ(n) лексикографически меньше слова W , т.е. n-разбиваемое слово можно
представить в виде линейной комбинации лексикографически меньших слов.
Значит, PI-алгебра имеет базис из не n-разбиваемых слов. В силу теоремы
Ширшова о высоте PI-алгебра имеет ограниченную высоту. Как следствие
имеем, что если в PI-алгебре выполняется тождество xn = 0, то эта алгебра –
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нильпотентна, т.е. все ее слова длины больше, чем некоторое N , тождественно
равны 0. Обзоры, посвященные теореме о высоте, содержатся в работах [4]–[8].

Из теоремы о высоте вытекает положительное решение проблемы Куроша
и других проблем бернсайдовского типа для PI-колец. Ведь если Y – базис
Ширшова и все элементы из Y алгебраичны, то алгебра A конечномерна. Тем
самым теорема Ширшова дает явное указание множества элементов, алгеб-
раичность которых ведет к конечномерности всей алгебры. Из этой теоремы
вытекает

Следствие 1.1 (Берель). Пусть A – конечно порожденная PI-алгебра. То-
гда

GK(A) <∞.

Здесь GK(A) – это размерность Гельфанда–Кириллова алгебры A:

GK(A) = lim
n→∞

lnVA(n)
ln(n)

,

где VA(n) есть функция роста алгебры A, т.е. размерность векторного про-
странства, порожденного словами степени не выше n от образующих A.

В самом деле, достаточно заметить, что число решений неравенства k1|v1|+
· · ·+ kh|vh| 6 n, где h 6 H, превосходит NH , и потому

GK(A) 6 Ht(A).

Число m = deg(A) будет обозначать степень алгебры, или минимальную
степень тождества, которое в ней выполняется, число n = Pid(A) – сложность
алгебры A, или максимальное k такое, что Mk – алгебра матриц размера k,
принадлежит многообразию Var(A), порожденному алгеброй A.

Вместо понятия высоты удобнее пользоваться близким понятием сущест-
венной высоты.

Определение 1.3. Алгебра A имеет существенную высоту h = HEss(A)
над конечным множеством Y , называемым s-базисом алгебры A, если можно
выбрать такое конечное множество D ⊂ A, что A линейно представима эле-
ментами вида t1 · · · tl, где l 6 2h + 1, и ∀ i (ti ∈ D ∨ ti = yki

i ; yi ∈ Y ), причем
множество таких i, что ti ̸∈ D, содержит не более h элементов. Аналогично
определяется существенная высота множества слов.

Говоря неформально, любое длинное слово есть произведение периодических
частей и “прокладок” ограниченной длины. Существенная высота есть число
таких периодических кусков, а обычная еще учитывает “прокладки”.

В связи с теоремой о высоте возникли следующие вопросы.
1. На какие классы колец можно распространить теорему о высоте?
2. Над какими Y алгебра A имеет ограниченную высоту? В частности,

какие наборы слов можно взять в качестве {vi}?
3. Как устроен вектор степеней (k1, . . . , kh)? Прежде всего: какие мно-

жества компонент этого вектора являются существенными, т.е. какие
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наборы ki могут быть одновременно неограниченными? Какова суще-
ственная высота? Верно ли, что множество векторов степеней обладает
теми или иными свойствами регулярности?

4. Как оценить высоту?
Перейдем к обсуждению поставленных вопросов.

1.2. Неассоциативные обобщения. Теорема о высоте была распростра-
нена на некоторые классы колец, близких к ассоциативным. С. В. Пчелинцев
в [9] доказал ее для альтернативного и (−1, 1) случаев, С. П. Мищенко в [10]
получил аналог теоремы о высоте для алгебр Ли с разреженным тождеством.
В работе А. Я. Белова [11] теорема о высоте была доказана для некоторого клас-
са колец, асимптотически близких к ассоциативным, куда входят, в частности,
альтернативные и йордановы PI-алгебры.

1.3. Базисы Ширшова. Пусть A – PI-алгебра и подмножество M ⊆ A

является ее s-базисом. Тогда если все элементы множества M алгебраичны
над K, то алгебра A конечномерна (проблема Куроша). Ограниченность су-
щественной высоты над Y влечет “положительное решение проблемы Куроша
над Y ”. Обратное утверждение менее тривиально.

Теорема 1 (А. Я. Белов). а) Пусть A – градуированная PI-алгебра, Y –
конечное множество однородных элементов. Тогда если при всех n алгеб-
ра A/Y (n) нильпотентна, то Y есть s-базис A. Если при этом Y порожда-
ет A как алгебру, то Y – базис Ширшова алгебры A.

б) Пусть A – PI-алгебра, M ⊆ A – некоторое курошево подмножество в A.
Тогда M – s-базис алгебры A.

Y (n) обозначает идеал, порожденный n-ми степенями элементов из Y . Мно-
жество M ⊂ A называется курошевым, если любая проекция π : A⊗K[X] → A′,
в которой образ π(M) цел над π(K[X]), конечномерна над π(K[X]). Мотиви-
ровкой этого понятия служит следующий пример. Пусть A = Q[x, 1/x]. Любая
проекция π такая, что π(x) алгебраичен, имеет конечномерный образ. Однако
множество {x} не является s-базисом алгебры Q[x, 1/x]. Таким образом, огра-
ниченность существенной высоты есть некоммутативное обобщение свойства
целости.

1.4. Базисы Ширшова, состоящие из слов. Описание базисов Шир-
шова, состоящих из слов, дает следующая теорема.

Теорема 2 (см. [4], [12]). Множество слов Y является базисом Ширшова
алгебры A тогда и только тогда, когда для любого слова u длины не выше m =
Pid(A) – сложности алгебры A – множество Y содержит слово, циклически
сопряженное к некоторой степени слова u.

Аналогичный результат был независимо получен Г. П. Чекану и В. Дренски.
Вопросы, связанные с локальной конечностью алгебр, с алгебраическими мно-
жествами слов степени не выше сложности алгебры, исследовались в работах
[7], [13]–[18]. В этих же работах обсуждались вопросы, связанные с обобщением
теоремы о независимости.
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1.5. Существенная высота. Ясно, что размерность Гельфанда–Кирил-
лова оценивается существенной высотой и что s-базис является базисом Шир-
шова тогда и только тогда, когда он порождает A как алгебру. В представимом
случае имеет место и обратное утверждение.

Теорема 3 (А. Я. Белов; см. [4]). Пусть A – конечно порожденная пред-
ставимая алгебра и пусть HEssY (A) <∞. Тогда HEssY (A) = GK(A).

Следствие 1.2 (В. Т. Марков). Размерность Гельфанда–Кириллова конеч-
но порожденной представимой алгебры есть целое число.

Следствие 1.3. Если HEssY (A) < ∞ и алгебра A представима, то суще-
ственная высота HEssY (A) не зависит от выбора s-базиса Y .

В этом случае размерность Гельфанда–Кириллова также равна существен-
ной высоте в силу локальной представимости относительно свободных алгебр.

Строение векторов степеней. Хотя в представимом случае размерность Гель-
фанда–Кириллова и существенная высота ведут себя хорошо, даже тогда мно-
жество векторов степеней может быть устроено плохо, а именно может быть
дополнением к множеству решений системы экспоненциально-полиномиальных
диофантовых уравнений (см. [4]). Вот почему существует пример представи-
мой алгебры с трансцендентным рядом Гильберта. Однако для относительно
свободной алгебры ряд Гильберта рационален (см. [19]).

1.6. n-разбиваемость и теорема Дилуорса. Значение понятия n-разби-
ваемости выходит за рамки проблематики, относящейся к проблемам бернсай-
довского типа. Оно играет роль и при изучении полилинейных слов, в оценке
их количества, где полилинейным называется слово, в которое каждая буква
входит не более одного раза. В. Н. Латышев применил теорему Дилуорса для
получения оценки числа не m-разбиваемых полилинейных слов степени n над
алфавитом {a1, . . . , an}. Эта оценка – (m− 1)2n, и она близка к реальности.
Напомним теорему Дилуорса.

Теорема Дилуорса. Пусть n – наибольшее количество элементов анти-
цепи данного конечного частично упорядоченного множества M . Тогда M

можно разбить на n попарно непересекающихся цепей.

Рассмотрим полилинейное слово W из n букв. Положим ai ≻ aj , если i > j

и буква ai стоит в слове W правее aj . Условие не k-разбиваемости означает
отсутствие антицепи из n элементов. Тогда по теореме Дилуорса все позиции
(и, соответственно, буквы ai) разбиваются на n − 1 цепь. Сопоставим каж-
дой цепи свой цвет. Тогда раскраска позиций и раскраска букв однозначно
определяет слово W , а число таких раскрасок не превосходит

(n− 1)k × (n− 1)k = (n− 1)2k.

Из данной оценки следует, что выполняются полилинейные тождества, от-
вечающие неприводимому модулю, диаграмма Юнга которого содержит квад-
рат n4. Это, в свою очередь, во-первых, позволило получить прозрачное дока-
зательство теоремы Регева о том, что тензорное произведение PI-алгебр сно-
ва является PI-алгеброй, во-вторых, установить существование разреженного
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тождества в общем случае, а также тождества Капелли в конечно порожденном
случае (тем самым, в частности, доказать теорему о нильпотентности радика-
ла), и в-третьих, осуществить “супертрюк” А. Р. Кемера, сводящий изучение
тождеств общих алгебр к изучению супер-тождеств конечно порожденных су-
пералгебр в нулевой характеристике. Смежные вопросы рассмотрены в работах
[20]–[22].

Вопросы, связанные с перечислением полилинейных слов, не являющихся
n-разбиваемыми, имеют самостоятельный интерес. (Например, существует би-
екция между не 3-разбиваемыми словами и числами Каталана.) С одной сто-
роны, это чисто комбинаторная задача, с другой стороны, она связана с ря-
дом коразмерностей для алгебры общих матриц. Исследование полилинейных
слов представляется чрезвычайно важным. В.Н. Латышев (см., например, [23])
поставил проблему конечной базируемости множества старших полилинейных
слов для T -идеала относительно взятия надслов и изотонных подстановок. Из
этой проблемы вытекает проблема Шпехта для полилинейных многочленов,
имеется тесная связь с проблемой слабой нётеровости групповой алгебры беско-
нечной финитарной симметрической группы над полем положительной харак-
теристики (для нулевой характеристики это было установлено А. Залесским).
Для решения проблемы Латышева надо уметь переводить свойства T -идеалов
на язык полилинейных слов. В работах [4], [11] была произведена попытка
осуществить программу перевода структурных свойств алгебр на язык комби-
наторики слов. На язык полилинейных слов такой перевод осуществить проще,
в дальнейшем можно получить информацию и о словах общего вида.

В настоящей работе мы переносим технику В. Н. Латышева на не полилиней-
ный случай, что позволяет получить субэкспоненциальную оценку в теореме
Ширшова о высоте. Г. Р. Челноков предложил идею этого переноса в 1996 г.

1.7. Оценки высоты. Первоначальное доказательство А. И. Ширшова хо-
тя и было чисто комбинаторным (оно основывалось на технике элиминации,
развитой им в алгебрах Ли, в частности, в доказательстве теоремы о свободе),
однако оно давало только примитивно рекурсивные оценки. Позднее А. Т. Ко-
лотов в [24] получил оценку на Ht(A) 6 ll

n

(n = deg(A), l – число образующих).
А. Я. Белов в работе [25] показал, что Ht(n, l) < 2nln+1. Экспоненциальная
оценка теоремы Ширшова о высоте изложена также в работах [12], [26], [27].
Данные оценки улучшались в работах А. Клейна [28], [29]. В 2001 г. Е. С. Чиб-
риков в работе [30] доказал, что Ht(4, l) > (7k2−2k). М. И. Харитонов получил
в работах [27], [31], [32] оценки на структуру кусочной периодичности. В 2011 г.
А. А. Лопатин [33] получил следующий результат.

Теорема 4. Пусть Cn,l – степень нильпотентности свободной l-порож-
денной алгебры, удовлетворяющей тождеству xn = 0. Пусть p – характери-
стика базового поля алгебры, p > n

2 . Тогда

Cn,l < 4 · 2n/2l. (1)
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По определению Cn,l 6 Ψ(n, n, l). Заметим, что для малых n оценка (1) мень-
ше, чем полученная в данной работе оценка Ψ(n, n, l), но при росте n оценка
Ψ(n, n, l) асимптотически лучше оценки (1).

Е. И. Зельманов поставил следующий вопрос в Днестровской тетради [34]
в 1993 г.

Вопрос 1.1. Пусть F2,m – свободное 2-порожденное ассоциативное кольцо
с тождеством xm = 0. Верно ли, что класс нильпотентности кольца F2,m растет
экспоненциально по m?

Наша работа отвечает на вопрос Е. И. Зельманова следующим образом: в
действительности искомый класс нильпотентности растет субэкспоненциально.

1.8. Полученные результаты. Основной результат работы состоит в сле-
дующем.

Теорема 5. Высота множества не n-разбиваемых слов над l-буквенным
алфавитом относительно множества слов длины меньше n не превышает
Φ(n, l), где

Φ(n, l) = E1l · nE2+12 log3 n, E1 = 421 log3 4+17, E2 = 30 log3 4 + 10.

Из теоремы 5 путем некоторого огрубления и упрощения оценки получается,
что при фиксированном l и n→∞

Φ(n, l) < 287l · n12 log3 n+48 = n12(1+o(1)) log3 n,

а при фиксированном n и l→∞

Φ(n, l) < C(n)l.

Следствие 1.4. Высота l-порожденной PI-алгебры с допустимым поли-
номиальным тождеством степени n над множеством слов длины меньше n
не превышает Φ(n, l).

Кроме того, доказывается субэкспоненциальная оценка, которая лучше при
малых n.

Теорема 6. Высота множества не n-разбиваемых слов над l-буквенным
алфавитом относительно множества слов длины меньше n не превышает
Φ(n, l), где

Φ(n, l) = 240l · n38+8 log2 n.

Как следствие получаются субэкспоненциальные оценки на индекс нильпо-
тентности l-порожденных ниль-алгебр степени n для произвольной характери-
стики.

Другим основным результатом нашей работы является следующая

Теорема 7. Пусть l, n и d > n – некоторые натуральные числа. Тогда все
l-порожденные слова длины не меньше, чем Ψ(n, d, l), либо содержат xd , либо
являются n-разбиваемыми, где

Ψ(n, d, l) = 45+3 log3 4l(nd)3 log3(nd)+(5+6 log3 4)d2.
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Из теоремы 7 путем некоторого огрубления и упрощения оценки получается,
что при фиксированном l и nd→∞

Ψ(n, d, l) < 218l(nd)3 log3(nd)+13d2 = (nd)3(1+o(1)) log3(nd),

а при фиксированном n и l→∞

Ψ(n, d, l) < C(n, d)l.

Следствие 1.5. Пусть l, d – некоторые натуральные числа. Пусть в ас-
социативной l-порожденной алгебре A выполнено тождество xd = 0. Тогда
ее индекс нильпотентности меньше, чем Ψ(d, d, l).

Кроме того, доказывается субэкспоненциальная оценка, которая лучше при
малых n и d.

Теорема 8. Пусть l, n и d > n – некоторые натуральные числа. Тогда все
l-порожденные слова длины не меньше, чем Ψ(n, d, l), либо содержат xd , либо
являются n-разбиваемыми, где

Ψ(n, d, l) = 256l(nd)2 log2(nd)+10d2.

Для вещественного числа x положим pxq := −[−x]. Таким образом мы
округляем нецелые числа в большую сторону.

В процессе доказательства теоремы 5 доказывается следующая теорема, оце-
нивающая существенную высоту.

Теорема 9. Существенная высота l-порожденной PI-алгебры с допусти-
мым полиномиальным тождеством степени n над множеством слов длины
меньше n меньше, чем Υ(n, l), где

Υ(n, l) = 2n3plog3 nq+4l.

В работе [35] установлено, что индекс нильпотентности l-порожденного ниль-
полукольца степени n совпадает с индексом нильпотентности l-порожденного
ниль-кольца степени n, причем сложение не обязательно коммутативно. Там
же приведены примеры не нильпотентных ниль-почтиколец индекса 2. Таким
образом, наши результаты распространяются и на случай полуколец.

1.9. О нижних оценках. Сравним полученные результаты с нижней оцен-
кой для высоты. Высота алгебры A не меньше ее размерности Гельфанда–
Кириллова GK(A). Для алгебры l-порожденных общих матриц порядка n дан-
ная размерность равна (l − 1)n2 + 1 (см. [36], а также [37]). В то же вре-
мя, минимальная степень тождества этой алгебры равна 2n в силу теоремы
Амицура–Левицкого. Имеет место следующее

Предложение 1.1. Высота l-порожденной PI-алгебры степени n, а так-
же множества не n-разбиваемых слов над l-буквенным алфавитом не мень-
ше, чем (l − 1)n2/4 + 1.
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Нижние оценки на индекс нильпотентности были установлены Е. Н. Кузь-
миным в работе [38]. Он привел пример 2-порожденной алгебры с тождеством
xn = 0, индекс нильпотентности которой строго больше (n2 + n− 2)/2. Вопрос
нахождения нижних оценок рассматривается в работе [31].

В то же время для случая нулевой характеристики и счетного числа обра-
зующих Ю. П. Размыслов (см., например, [39]) получил верхнюю оценку на
индекс нильпотентности равную n2.

Сначала мы докажем теорему 7, а в § 4 займемся оценками существенной
высоты, т.е. количества различных периодических фрагментов в не n-разбива-
емом слове.

Авторы признательны В.Н. Латышеву, А. В. Михалеву и всем участникам
семинара “Теория колец” за внимание к работе, а также участникам семинара
МФТИ под руководством А. М. Райгородского.

§ 2. Оценки на появление степеней подслов

2.1. План доказательства теоремы 7. В леммах 2.1, 2.2 и 2.3 описыва-
ются достаточные условия для присутствия периода длины d в не n-разбивае-
мом слове W . В лемме 2.4 связываются понятия n-разбиваемости слова W и
множества его хвостов. После этого определенным образом выбирается под-
множество множества хвостов слова W , для которого можно применить тео-
рему Дилуорса. Затем мы раскрашиваем хвосты и их первые буквы в соот-
ветствии с принадлежностью к цепям, полученным при применении теоремы
Дилуорса.

Необходимо изучить, в какой позиции начинают отличаться соседние хвосты
в каждой цепи. Также вызывает интерес то, с какой “частотой” эта позиция
попадет в p-хвост для некоторого p 6 n. Потом мы несколько обобщаем наши
рассуждения, деля хвосты на сегменты по несколько букв, а затем рассмат-
ривая, в какой сегмент попала позиция, в которой начинают отличаться друг
от друга соседние хвосты в цепи. В лемме 3.2 связываются рассматриваемые
“частоты” для p-хвостов и kp-хвостов для k = 3.

В завершение доказательства строится иерархическая структура на основе
применения леммы 3.2, т.е. рассматриваются сначала сегменты n-хвостов, по-
том подсегменты этих сегментов и т.д. Далее мы рассматриваем наибольшее
возможное количество хвостов из подмножества, для которого была применена
теорема Дилуорса, после чего оцениваем сверху общее количество хвостов, а,
значит, и букв слова W .

2.2. Свойства периодичности и n-разбиваемости. Пусть a1, . . . , al –
алфавит, над которым проводится построение слов. Порядок a1 ≺ a2 ≺ · · · ≺ al

индуцирует лексикографический порядок на словах над заданным алфавитом.
Для удобства введем следующие определения.

Определение 2.1. а) Если в слове v содержится подслово вида ut, то будем
говорить, что в слове v содержится период длины t.
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б) Если слово u является началом слова v, то такие слова называют несрав-
нимыми.

в) Слово v – хвост слова u, если найдется слово w такое, что u = wv.
г) Слово v – k-хвост слова u, если v состоит из k первых букв некоторого

хвоста u.
г*) k-начало – то же самое, что и k-хвост.
д) Пусть слово u левее слова v, если начало слова u левее начала слова v.

Обозначим через |u| длину слова u.
Для доказательства потребуются следующие достаточные условия наличия

периода.

Лемма 2.1. В слове W длины x либо первые [x/d] хвостов попарно сравни-
мы, либо в слове W найдется период длины d.

Доказательство. Пусть в слове W не нашлось слова вида ud. Рассмотрим
первые [x/d] хвостов. Предположим, что среди них нашлись 2 несравнимых
хвоста v1 и v2. Пусть v1 = u · v2. Тогда v2 = u · v3 для некоторого v3. Тогда
v1 = u2 · v3. Применяя такие рассуждения, получим, что v1 = ud · vd+1, так как
|u| < x/d, |v2| > (d− 1)x/d. Противоречие.

Лемма 2.2. Если в слове V длины k · t не больше k различных подслов дли-
ны k , то V включает в себя период длины t.

Доказательство. Докажем лемму индукцией по k. База при k = 1 оче-
видна. Если найдется не больше, чем (k−1) различных подслов длины (k−1),
то применим индукционное предположение. Если существуют k различных
подслов длины (k − 1), то каждое подслово длины k однозначно определяется
своими первыми (k − 1) буквами. Значит, V = vt, где v – k-хвост V .

Определение 2.2. а) Слово W – n-разбиваемо в обычном смысле, если най-
дутся u1, u2, . . . , un такие, что W = v · u1 · · ·un, при этом u1 ≻ · · · ≻ un.

б) В текущем доказательстве слово W будем называть n-разбиваемым в хво-
стовом смысле, если найдутся хвосты u1, . . . , un такие, что u1 ≻ u2 ≻ · · · ≻ un

и для любого i = 1, 2, . . . , n − 1 начало ui – слева от начала ui+1. Если особо
не оговорено противное, то под n-разбиваемыми словами мы подразумеваем
n-разбиваемые в хвостовом смысле.

в) Слово W – n-сократимое, если оно либо n-разбиваемо в обычном смысле,
либо найдется слово вида ud ⊆W .

Теперь опишем достаточное условие n-сократимости и его связь с n-разби-
ваемостью.

Лемма 2.3. Если в слове W найдутся n одинаковых непересекающихся под-
слов u длины n · d, то W n-сократимое.

Доказательство. Предположим противное. Рассмотрим хвосты u1, u2,

. . . , un слова u, которые начинаются с каждой из его первых n букв. Перенуме-
руем хвосты так, чтобы выполнялись неравенства u1 ≻ · · · ≻ un. По лемме 2.1
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они несравнимы. Рассмотрим подслово u1, лежащее в самом левом экземпля-
ре слова u, подслово u2 – во втором слева, . . . , un – в n-м слева. Получили
n-разбиение слова W . Противоречие.

Лемма 2.4. Если слово W является 4nd-разбиваемым, то оно n-сократи-
мое.

Доказательство. Предположим противное. Рассмотрим порядковые но-
мера позиций букв ai, где a1 < a2 < · · · < a4nd, с которых начинаются хво-
сты ui, разбивающие W . Положим a4nd+1 = |W |. Если W – не n-сократимое,
то найдется такое число i, что 1 6 i 6 4(n−1)d+1 и для любых i 6 b < c 6 d <

e 6 i + 4d несравнимы (ac − ab)-хвост ub и (ae − ad)-хвост ud. Сравним числа
ai+2d− ai и ai+4d− ai+2d. Можно считать, что ai+4d− ai+2d > ai+2d− ai. Пусть
aj+1 − aj = infk (ak+1 − ak), 0 6 j < 2d. Сравним числа j и d. Можно считать,
что j < d. По предположению (a2d − aj)-хвост uj и (a2d − aj+1)-хвост uj+1

несравнимы с (a4d−a2d)-хвостом u2d. Так как a4d−a2d > a2d−aj > a2d−aj+1,
то (a2d− aj)-хвост uj и (a2d − aj+1)-хвост uj+1 несравнимы между собой. Так
как

a2d − aj

a2d − aj+1
6
d+ 1
d

,

то (aj+1 − aj)-хвост uj в степени d содержится в (a2d − aj)-хвосте uj . Проти-
воречие.

Следствие 2.1. Если слово W – не n-разбиваемо в обычном смысле, то W
не 4nd-разбиваемо (в хвостовом смысле).

Положим pn,d := 4nd− 1.
Пусть W не n-сократимое слово. Тогда W не (pn,d + 1)-разбиваемое. Рас-

смотрим U− [|W |/d]-хвост слова W . Пусть Ω – множество хвостов слова W , ко-
торые начинаются в U . Тогда по лемме 2.1 любые два элемента из Ω сравнимы.
Естественным образом строится биекция между Ω, буквами U и натуральными
числами от 1 до |Ω| = |U |.

Введем слово θ такое, что θ лексикографически меньше любого слова.

Замечание 2.1. В текущем доказательстве теоремы 7 все хвосты мы пред-
полагаем лежащими в Ω.

§ 3. Оценки на появление периодических фрагментов

Применение теоремы Дилуорса. Для хвостов u и v положим u < v, если
u ≺ v и, кроме того, u левее v. Тогда по теореме Дилуорса Ω можно разбить
на pn,d цепей, где в каждой цепи u ≺ v, если u левее v. Покрасим начальные
позиции хвостов в pn,d цветов в соответствии с принадлежностью к цепям.
Фиксируем натуральное число p. Каждому натуральному числу i от 1 до |Ω|
сопоставим Bp(i) – упорядоченный набор из pn,d слов {f(i, j)}, построенных по
следующему правилу.

Для каждого j = 1, 2, . . . , pn,d положим

f(i, j) = {max f 6 i : fраскрашено в цвет j}.
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Если такого f не найдется, то слово из Bp(i) на позиции j считаем рав-
ным θ , в противном случае это слово считаем равным p-хвосту, который
начинается с f(i, j)-ой буквы.

Неформально говоря, мы наблюдаем, с какой скоростью хвосты “эволюцио-
нируют” в своих цепях, если рассматривать последовательность позиций сло-
ва W как ось времени.

3.1. Наборы Bp(i), процесс на позициях.

Лемма 3.1 (о процессе). Дана последовательность S длины |S|, состав-
ленная из слов длины k − 1. Каждое из них состоит из k − 2 символов “0” и
одной “1” . Пусть S удовлетворяет следующему условию:

если для некоторого 0 < s 6 k − 1 найдутся pn,d слов, в которых “1” сто-
ит на s-м месте, то между первым и pn,d-м из этих слов найдется слово,
в котором “1” стоит строго меньше, чем на s-м месте; L(k − 1) = supS |S|.

Тогда L(k − 1) 6 pk−1
n,d − 1.

Доказательство. L(1) 6 pn,d − 1. Пусть L(k − 1) 6 pk−1
n,d − 1. Покажем,

что L(k) 6 pk
n,d − 1. Рассмотрим слова, у которых символ “1” стоит на первом

месте; их не больше pn,d − 1. Между любыми двумя из них, а также перед
первым и после последнего, количество слов не больше L(k − 1) 6 pk−1

n,d − 1.
Получаем, что

L(k) 6 pn,d − 1 + (pn,d)((pn,d)k−1 − 1) = (pn,d)k − 1.

Нам требуется ввести некоторую величину, которая бы численно оценивала
скорость “эволюции” наборов Bp(i). Положим

ψ(p) := {max k : Bp(i) = Bp(i+ k − 1)}.

В частности, по лемме 2.2 ψ(pn,d) 6 pn,dd.
Для заданного α определим разбиение последовательности первых |Ω| по-

зиций i слова W на классы эквивалентности ∼α следующим образом: i ∼α j,
если Bα(i) = Bα(j).

Предложение 3.1. Для любых натуральных a < b имеем ψ(a) 6 ψ(b).

Лемма 3.2 (основная). Для любых натуральных чисел a, k верно неравен-
ство

ψ(a) 6 pk
n,dψ(k · a) + k · a.

Доказательство. Рассмотрим по наименьшему представителю из каждо-
го класса∼k·a. Получена последовательность позиций {ij}. Теперь рассмотрим
все ij и Bk·a(ij) из одного класса эквивалентности по ∼a. Пусть он состоит из
Bk·a(ij) при ij ∈ [b, c). Обозначим за {ij}′ отрезок последовательности {ij},
для которого ij ∈ [b, c− k · a).

Фиксируем некоторое натуральное число r, 1 6 r 6 pn,d. Назовем все
k · a-начала цвета r, начинающиеся с позиций слова W из {ij}′, представи-
телями типа r. Все представители типа r будут попарно различны, так как
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они начинаются с наименьших позиций в классах эквивалентности по ∼k·a.
Разобьем каждый представитель типа r на k сегментов длины a. Пронумеруем
сегменты внутри каждого представителя типа r слева направо числами от нуля
до k − 1. Если найдутся pn,d + 1 представителей типа r, у которых совпадают
первые t−1 сегментов, но которые попарно различны в t-м, где t – натуральное
число, 1 6 t 6 k− 1, то найдутся две первых буквы t-го сегмента одного цвета.
Тогда позиции, с которых начинаются эти сегменты, входят в разные классы
эквивалентности по ∼a.

Применим лемму 3.1 следующим образом: во всех представителях типа r,
кроме самого правого, будем считать сегменты единичными, если именно в них
находится наименьшая позиция, в которой текущий представитель типа r от-
личается от предыдущего. Остальные сегменты считаем нулевыми.

Теперь можно применить лемму 3.1 (о процессе) с параметрами, совпадаю-
щими с заданными в условии леммы. Получаем, что в последовательности {ij}′
будет не более pk−1

n,d представителей типа r. Тогда в последовательности {ij}′

будет не более pk
n,d членов. Таким образом, c− b 6 pk

n,dψ(k · a) + k · a.

3.2. Завершение доказательств теорем 7 и 8. Пусть

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1.

При этом |W | 6 d|Ω|+ d в силу леммы 2.1.
Так как набор B1(i) принимает не более 1 + pn,dl различных значений, то

|W | 6 d(1 + pn,dl)ψ(1) + d. По лемме 3.2

ψ(1) < (p3
n,d + pn,d)ψ(3) < (p3

n,d + pn,d)2ψ(9)

< · · · < (p3
n,d + pn,d)plog3 pn,dqψ(pn,d) 6 (p3

n,d + pn,d)plog3 pn,dqpn,dd.

Подставляя pn,d = 4nd− 1, получаем

|W | < 45+3 log3 4l(nd)3 log3(nd)+(5+6 log3 4)d2.

Отсюда имеем утверждение теоремы 7.
Доказательство теоремы 8 завершается также, только вместо последователь-

ности
a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1

рассматривается последовательность

a0 = 2plog2 pn,dq, a1 = 2plog2 pn,dq−1, . . . , aplog2 pn,dq = 1.

§ 4. Оценка существенной высоты

В этом параграфе мы продолжаем доказывать основную теорему 5. Попутно
доказывается теорема 9. Будем смотреть на позиции букв слова W как на ось
времени, т.е. подслово u встретилось раньше подслова v, если u целиком лежит
левее v внутри слова W .
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4.1. Вычленение различных периодических фрагментов в слове W .
Обозначим через s количество подслов слова W с периодом длины меньше n,
в которых период повторяется больше 2n раз и которые попарно разделены
сравнимыми с предыдущим периодом подсловами длины больше n. Пронуме-
руем их от начала к концу слова: x2n

1 , x2n
2 , . . . , x2n

s . Таким образом,

W = y0x
2n
1 y1x

2n
2 · · ·x2n

s ys.

Если найдется i такое, что длина слова xi не меньше n, то в слове x2
i найдут-

ся n попарно сравнимых хвостов, а, значит, слово x2n
i – n-разбиваемое. Получа-

ем, что число s не меньше, чем существенная высота слова W над множеством
слов длины меньше n.

Определение 4.1. Слово u назовем нециклическим, если u нельзя предста-
вить в виде vk, где k > 1.

Определение 4.2. Слово-цикл u – слово u со всеми его сдвигами по циклу.

Определение 4.3. Слово W называется сильно n-разбиваемым, если его
можно представить в виде W = W0W1 · · ·Wn, где подслова W1, . . . ,Wn идут
в порядке лексикографического убывания, и каждое из слов Wi, i = 1, 2, . . . , n,
начинается с некоторого слова zk

i ∈ Z, все zi различны.

Лемма 4.1. Если найдется число m, 1 6 m < n, такое, что существуют
2n− 1 попарно несравнимых слов длины m xi1 , . . . , xi2n−1 , то W – n-разбива-
емое.

Доказательство. Положим x := xi1 . Тогда в слове W найдутся непересе-
кающиеся подслова xp1v′1, . . . , x

p2n−1v′2n−1, где p1, . . . , p2n−1 – некоторые нату-
ральные числа, большие n, а v′1, . . . , v′2n−1 – некоторые слова длины m, сравни-
мые с x, v′1 = vi1 . Тогда среди слов v′1, . . . , v′2n−1 найдутся либо n лексикогра-
фически больших x, либо n лексикографически меньших x. Можно считать,
что v′1, . . . , v′n лексикографически больше x. Тогда в слове W найдутся подсло-
ва v′1, xv

′
2, . . . , x

n−1v′n, идущие слева направо в порядке лексикографического
убывания.

Рассмотрим некоторое число m, 1 6 m < n. Разобьем все xi длины m на
эквивалентности по сильной несравнимости и выберем по одному представите-
лю из каждого класса эквивалентности. Пусть это слова xi1 , . . . , xi′s

, где s′ –
некоторое натуральное число. Так как подслова xi являются периодами, будем
рассматривать их как слово-циклы.

Обозначим vk := xik
.

Пусть v(k, i), где i – натуральное число от 1 до m, – циклический сдвиг
слова vk на (k−1) позиций вправо, т.е. v(k, 1) = vk, а первая буква слова v(k, 2)
является второй буквой слова vk. Таким образом, {v(k, i)}m

i=1 – слово-цикл
слова vk. Заметим, что для любых 1 6 i1, i2 6 p, 1 6 j1, j2 6 m слово v(i1, j1)
сильно несравнимо со словом v(i2, j2).

Замечание 4.1. Случаи m = 2, 3, n− 1 рассмотрены в работах [31], [27].
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4.2. Применение теоремы Дилуорса. Рассмотрим множество слов Ω′ =
{v(i, j)}, где 1 6 i 6 p, 1 6 j 6 m. Введем следующий порядок на словах v(i, j):
v(i1, j1) ≻ v(i2, j2), если v(i1, j1) > v(i2, j2) и i1 > i2.

Лемма 4.2. Если в множестве Ω′ для порядка ≻ найдется антицепь дли-
ны n, то слово W будет n-разбиваемым.

Доказательство. Пусть нашлась антицепь длины n из слов

v(i1, j1), v(i2, j2), . . . , v(in, jn), i1 6 i2 6 · · · 6 in.

Если все неравенства между ik строгие, то слово W – n-разбиваемое по опре-
делению.

Предположим, что для некоторого числа r нашлись ir+1 = · · · = ir+k, где
либо r = 0, либо ir < ir+1. Кроме того, k – такое натуральное число, что либо
k = n− r, либо ir+k < ir+k+1.

Слово sir+1 периодическое, следовательно, оно представляется в виде произ-
ведения n экземпляров слова v2

ir+1
, которое содержит слово-цикл vir+1 . Значит,

в слове sir+1 можно выбрать непересекающиеся подслова, идущие в порядке
лексикографического убывания, равные v(ir+1, jr+1), . . . , v(ir+k, jr+k) соответ-
ственно. Таким же образом поступаем со всеми множествами равных индексов
в последовательности {ir}n

r=1. Получаем n-разбиваемость слова W . Противо-
речие.

Значит, множество Ω′ можно разбить на n− 1 цепь.
Положим qn = n− 1.

4.3. Наборы Cα(i), процесс на позициях. Покрасим первые буквы слов
из Ω′ в qn цветов в соответствии с принадлежностью к цепям. Покрасим так-
же числа от 1 до |Ω′| в соответствующие цвета. Фиксируем натуральное чис-
ло α 6 m. Каждому числу i от 1 до |Ω′| сопоставим упорядоченный набор
слов Cα(i), состоящий из qn слов по следующему правилу.

Для каждого j = 1, 2, . . . , qn положим f(i, j) = {max f 6 i : существует k

такое, что v(f, k) раскрашено в цвет j и α-хвост, который начинается с f ,
состоит только из букв, являющихся первыми буквами хвостов из Ω′}.

Если такого f не найдется, то слово из Cα(i) считаем равным θ , в про-
тивном случае это слово считаем равным α-хвосту слова v(f, k).

Положим ϕ(a) = {max k : для некоторого i верно Ca(i) = Ca(i+ k − 1)}.
Для заданного a 6 m определим разбиение последовательности слово-цик-

лов {i} слова W на классы эквивалентности следующим образом: i ∼a j, если
Ca(i) = Ca(j).

Заметим, что построенная конструкция во многом аналогична построенной
в доказательстве теоремы 7. Обращаем внимание на схожесть Ba(i) и Ca(i), а
также ψ(a) и ϕ(a).

Лемма 4.3. Во введенных ранее обозначениях ϕ(m) 6 qn/m.
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Доказательство. В п. 4.1 слово-циклы были пронумерованы. Рассмот-
рим слово-циклы с номерами i, i + 1, . . . , i + [qn/m]. Ранее было показано, что
каждый слово-цикл состоит из m различных слов. Рассмотрим теперь слова
в слово-циклах i, i + 1, . . . , i + [qn/m] как элементы множества Ω′. При таком
рассмотрении у первых букв из слово-циклов появляются свои позиции. Всего
рассматриваемых позиций не меньше n. Следовательно, среди них найдутся
две позиции одного цвета. Тогда в силу сильной несравнимости слово-циклов
имеем утверждение леммы.

Предложение 4.1. Для любых натуральных a < b имеем ϕ(a) 6 ϕ(b).

Лемма 4.4 (основная). Для натуральных чисел a, k таких, что ak 6 m,
верно неравенство

ϕ(a) 6 qk
nϕ(k · a).

Доказательство. Рассмотрим по наименьшему представителю из каждо-
го класса∼k·a. Получена последовательность позиций {ij}. Теперь рассмотрим
все ij и Ck·a(ij) из одного класса эквивалентности по ∼a. Пусть он состоит из
Ck·a(ij) при ij ∈ [b, c). Обозначим за {ij}′ отрезок последовательности {ij},
для которого ij ∈ [b, c).

Фиксируем некоторое натуральное число r, 1 6 r 6 qn. Назовем все k · a-
начала цвета r, начинающиеся с позиций слова W из {ij}′, представителями
типа r. Все представители типа r будут попарно различны, так как они начи-
наются с наименьших позиций в классах эквивалентности по ∼k·a. Разобьем
каждый представитель типа r на k сегментов длины a. Пронумеруем сегмен-
ты внутри каждого представителя типа r слева направо числами от нуля до
k − 1. Если найдутся qn + 1 представителей типа r, у которых совпадают пер-
вые t − 1 сегментов, но которые попарно различны в t-м, где t – натуральное
число, 1 6 t 6 k− 1, то найдутся две первых буквы t-го сегмента одного цвета.
Тогда позиции, с которых начинаются эти сегменты, входят в разные классы
эквивалентности по ∼a.

Применим лемму 3.1 следующим образом: во всех представителях типа r,
кроме самого правого, будем считать сегменты единичными, если именно в них
находится наименьшая позиция, в которой текущий представитель типа r от-
личается от предыдущего. Остальные сегменты считаем нулевыми.

Теперь мы можем применить лемму 3.1 (о процессе) с параметрами, совпа-
дающими с заданными в условии леммы. Получаем, что количество предста-
вителей типа r в последовательности {ij}′ не превосходит qk−1

n . Тогда в после-
довательности {ij}′ будет не более qk

n членов. Таким образом, c− b 6 qk
nϕ(k ·a).

4.4. Завершение доказательства теоремы 9. Пусть

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1.

Подставляя эти ai в леммы 4.4 и 4.3, получаем, что

ϕ(1) 6 q3nϕ(3) 6 q9nϕ(9) 6 · · · 6 q3plog3 mq
n ϕ(m) 6 q3plog3 mq+1

n .
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Так как C1
i принимает не более 1 + qnl различных значений, то

|Ω′| < q3plog3 mq+1
n (1 + qnl) < n3plog3 nq+2l.

По лемме 4.1 получаем, что количество xi длины m меньше 2n3plog3 nq+3l.
Имеем, что количество всех xi меньше 2n3plog3 nq+4l, т.е. s < 2n3plog3 nq+4l.

Таким образом, теорема 9 доказана.

§ 5. Доказательство основной теоремы 5 и теоремы 6

5.1. План доказательства. Будем далее под n-разбиваемым словом под-
разумевать n-разбиваемое в обычном смысле. Сначала мы находим необходи-
мое количество фрагментов с длиной периода не меньше 2n в слове W . Это
можно сделать, просто разбив слово W на подслова большой длины, к кото-
рым применяется теорема 7. Однако мы можем улучшить оценку, если сначала
выделим в слове W периодический фрагмент с длиной периода не менее 4n, за-
тем рассмотрим W1 – слово W с “вырезанным” периодическим фрагментом u1.
У слова W1 выделяем фрагмент с длиной периода не менее 4n, после чего
рассматриваем W2 – слово W1 с “вырезанным” периодическим фрагментом u2.
У слова W2 так же вырезаем периодический фрагмент. Далее продолжаем
этот процесс, подробнее описанный в алгоритме ниже. Затем мы по выре-
занным фрагментам восстанавливаем первоначальное слово W . После этого
показывается, что в слове W подслово ui чаще всего не является произведени-
ем большого количества не склеенных подслов. В лемме 5.1 доказывается, что
применение алгоритма дает необходимое количество подслов слова W с длиной
периода не меньше 2n среди вырезанных подслов.

5.2. Суммирование существенной высоты и степени нильпотентно-
сти. Пусть Ht(w) – высота слова w над множеством слов степени не выше n.
Рассмотрим слово W с высотой Ht(W ) > Φ(n, l). Теперь для него проведем
следующий алгоритм.

Алгоритм. Шаг 1. По теореме 7 в слове W найдется подслово с длиной
периода 4n. Пусть W0 = W = u′1x

4n
1′ y

′
1, причем слово x1′ нециклическое. Пред-

ставим y′1 в виде y′1 = xr2
1′ y1, где r2 – максимально возможное число. Слово u′1

представим как u′1 = u1x
r1
1′ , где r1 – наибольшее возможное. Обозначим че-

рез f1 следующее слово:

W0 = u1x
4n+r1+r2
1′ y1 = u1f1y1.

Назовем позиции, входящие в слово f1, скучными, последнюю позицию слова
u1 – скучной типа 1, вторую с конца позицию u1 – скучной типа 2, и так
далее, n-ю с конца позицию u1 – скучной типа n. Положим W1 = u1y1.

Шаг k. Рассмотрим слова uk−1, yk−1, Wk−1 = uk−1yk−1, построенные на
предыдущем шаге. Если |Wk−1| > Φ(n, l), то применим теорему 7 к слову W

с тем условием, что процесс в основной лемме 3.2 будет вестись только по не
скучным позициям и скучным позициям типа больше ka, где k и a – параметры
леммы 3.2.

4 Математический сборник, т. 203, вып. 4
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Таким образом, в слове Wk−1 найдется нециклическое подслово с длиной
периода 4n, так что

Wk−1 = u′kx
4n
k′ y

′
k.

При этом положим

r1 := sup{r : u′k = ukx
r
k′}, r2 := sup{r : y′k = xr

k′yk}.

(Отметим, что слова в наших рассуждениях могут быть пустыми.)
Определим fk из равенства

Wk−1 = ukx
4n+r1+r2
k′ yk = ukfkyk.

Назовем позиции, входящие в слово fk, скучными, последнюю позицию слова
uk – скучной типа 1, вторую с конца позицию uk – скучной типа 2, и так
далее, n-ю с конца позицию uk – скучной типа n. Если позиция в процессе
алгоритма определяется как скучная двух типов, то будем считать ее скучной
того типа, который меньше. Положим Wk = ukyk.

Проведем 4t + 1 шагов алгоритма. Рассмотрим первоначальное слово W .
Для каждого натурального i из отрезка [1, 4t] имеет место равенство

W = w0f
(1)
i w1f

(2)
i · · · f (ni)

i wni

для некоторых подслов wj . Здесь fi = f
(1)
i · · · f (ni)

i . Также мы считаем, что
при 1 6 j 6 ni − 1 подслово wj непустое. Пусть s(k) – количество индексов
i ∈ [1, 4t] таких, что ni = k.

Для доказательства теоремы 7 требуется найти как можно больше длинных
периодических фрагментов. Помочь в этом сможет следующая лемма.

Лемма 5.1. Во введенных ранее обозначениях s = s(1) + s(2) > 2t.

Доказательство. Назовем монолитным подслово U слова W , если:
1) U является произведением слов вида f (j)

i ;
2) U не является подсловом слова, для которого выполняется предыдущее

свойство 1.
Пусть после (i− 1)-го шага алгоритма в слове W содержится ki−1 монолит-

ных подслов. Заметим, что ki 6 ki−1 − ni + 2.
Тогда если ni > 3, то ki 6 ki−1 − 1. Если же ni 6 2, то ki 6 ki−1 + 1. При

этом k1 = 1, kt > 1 = k1. Лемма доказана.

Следствие 5.1. Выполнено неравенство
∞∑

k=1

k · s(k) 6 10t 6 5s.

Доказательство. Из доказательства леммы 5.1 получаем∑
ni>3

(ni − 2) 6 2t.

По определению
∑∞

k=1 s(k) = 4t, т.е.
∑∞

k=1 2s(k) = 8t. Складывая эти два
неравенства и применяя лемму 5.1, получаем доказываемое неравенство.
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Предложение 5.1. Высота слова W будет не больше

Ψ(n, 4n, l) +
∞∑

k=1

k · s(k) 6 Ψ(n, 4n, l) + 5s.

Далее будем рассматривать только fi с ni 6 2. Если ni = 1, то положим
f ′i := fi. Если же ni = 2, то положим f ′i := f

(j)
i , где f (j)

i – слово с наибольшей
длиной между f (1)

i и f (2)
i .

Слова f ′i упорядочим в соответствии с их близостью к началу W . Получим
последовательность f ′m1

, . . . , f ′ms
, где s′ = s(1)+s(2); положим f ′′i := f ′mi

. Пусть
f ′′i = w′ix

pi′′
i′′ w

′′
i , где хотя бы одно из слов w′i, w′′i пустое.

Замечание 5.1. Можно считать, что мы первыми шагами алгоритма вы-
брали все те fi, для которых ni = 1.

Теперь рассмотрим z′j – подслова W следующего вида:

z′j = x
p(2j−1)′′+ג
(2j−1)′′ vj , ג > 0, |vj | = |x(2j−1)′′ |,

при этом vj не равно x(2j−1)′′ , начало z′j совпадает с началом периодического
подслова в f ′′2j−1. Покажем, что z′j не пересекаются.

В самом деле, если f ′′2j−1 = fm2j−1 , то z′j = fm2j−1vj .
Если же f ′′2j−1 = f

(k)
m2j−1 , k = 1, 2, а подслово z′j пересекается с подсло-

вом z′j+1, то f ′′2j ⊂ z′i. Так как слова x(2j)′′ и x(2j−1)′′ нециклические, то
|x(2j)′′ | = |x(2j−1)′′ |. Но тогда длина периода в z′j не меньше 4n, что проти-
воречит замечанию 5.1.

Тем самым доказана следующая лемма.

Лемма 5.2. В слове W с высотой не более (Ψ(n, 4n, l) + 5s′) найдется не
менее s′ непересекающихся периодических подслов, в которых период повто-
рится не менее 2n раз. Кроме того, между любыми двумя элементами данно-
го множества периодических подслов найдется подслово длины периода более
левого из выбранных элементов.

5.3. Завершение доказательств основной теоремы 5 и теоремы 6.
Подставляя в лемму 5.2 вместо числа s′ значение s из доказательства теоремы 9
получаем, что высота W не больше, чем

Ψ(n, 4n, l) + 5s < E1l · nE2+12 log3 n,

где E1 = 421 log3 4+17, E2 = 30 log3 4 + 10.
Тем самым мы получили утверждение основной теоремы 5.
Доказательство теоремы 6 завершается также, только в пункте 4.4 вместо

последовательности

a0 = 3plog3 pn,dq, a1 = 3plog3 pn,dq−1, . . . , aplog3 pn,dq = 1

рассматривается последовательность

a0 = 2plog2 pn,dq, a1 = 2plog2 pn,dq−1, . . . , aplog2 pn,dq = 1,

а значение Ψ(n, 4n, l) берется из теоремы 8.

4*
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§ 6. Комментарии

Представленная вниманию читателя техника, по всей видимости, позволяет
улучшить полученную в настоящей работе оценку, но при этом она останется
только субэкспоненциальной. Для получения полиномиальной оценки, если
она существует, требуются новые идеи и методы.

В начале представленного решения при использовании теоремы Ширшова
подслова большого слова используются прежде всего в качестве множества
независимых элементов, а не набора тесно связанных друг с другом слов. Далее
используется то, что буквы внутри подслов раскрашены. При учете раскраски
только первых букв подслов получается экспоненциальная оценка. При рас-
смотрении раскраски всех букв подслов опять получается экспонента. Данный
факт имеет место из-за построения иерархической системы подслов. Не ис-
ключено, что подробное рассмотрение приведенной связи подслов вкупе с из-
ложенным выше решением позволит улучшить полученную оценку вплоть до
полиномиальной.

Интересно также получить оценки на высоту алгебры над множеством слов
степени не выше сложности алгебры (в англоязычной литературе PI-degree).
В работе [4] получены экспоненциальные оценки, а для слов, не являющихся
линейной комбинацией лексикографически меньших, в работе [40] получены
надэкспоненциальные оценки.

Глубокие идеи оригинальных работ А. И. Ширшова [1], [2], восходящие к тех-
нике элиминации в алгебрах Ли, могут оказаться чрезвычайно полезными,
в том числе и для улучшения оценок, несмотря на то, что оценки на высоту,
полученные в этих работах, являются только примитивно рекурсивными.
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Preface

Anatolii Illarionovich Shirshov (1921–1981) was an outstanding Russian mathe-
matician whose works made a decisive contribution to the theory of associative,
Lie, Jordan, and alternative rings. He created a large scientific school whose rep-
resentatives have worked successfully in many different areas of algebra. For a
period of fifteen years (1959–1973), A.I. Shirshov was Deputy Director of the (now
Sobolev) Institute of Mathematics of the Siberian Branch of the Russian Academy
of Sciences (the Director was S.L. Sobolev) and in this and other positions he made
a substantial contribution to the organization and early development of both the
Sobolev Institute and the entire Siberian Branch of the Academy.

The present collection contains English translations (by M. Bremner and
M. Kochetov) of all the published scientific works of A.I. Shirshov with the ex-
ception of his book Rings that are nearly associative, M: Nauka, 1978 (With
K.A. Zhevlakov, A.M. Slinko and I.P. Shestakov) (translated by H.F. Smith, N.Y.:
Academic Press, 1982) and some articles whose content is included in later more
extensive publications. The works are ordered chronologically.

February 2009 L.A. Bokut
V. Latyshev
I.P. Shestakov
E.I. Zelmanov
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Perspectives on Shirshov’s Height Theorem

Alexei Kanel-Belov and Louis H. Rowen

In this survey we consider the impact of Shirshov’s Height Theorem on algebra.
In order to avoid duplication, we often refer to Kemer’s survey article [Kem09] in
this volume for further details. Proofs of various quoted results are given in the
book [BBL97], and in the authors’ book [BR05].

1. Historical background to Shirshov’s Theorem

Let F denote a field. An F -algebra is called affine if it is finitely generated as an
algebra. An F -algebra is algebraic if each element a satisfies an algebraic equation
over F ; i.e., if the dimension [F [a] : F ] < ∞. We say that an algebra A has PI-
degree n if A satisfies a multilinear polynomial identity (PI) of degree n. One of
the early tests of the utility of PI-theory was whether it could provide a framework
for a positive solution of the following famous problem of Kurosh:

Are affine algebraic algebras necessarily finite dimensional?

Although now known to be false for associative algebras in general (cf. [Gol64]),
Kurosh’s problem was solved for associative PI-algebras by Kaplansky [Kap50],
building on work of Jacobson and Levitzki, as described in [Kem09]. However,
Kaplansky’s elegant proof, relying on topology and structure theory, is not con-
structive.

Digression. In hindsight, Kurosh’s problem for PI-algebras has an easy so-
lution using standard results from structure theory. Here is a modification of the
argument given in [Pro73]. By [Pro73, Lemma 2.6], if A is not finite-dimensional,
there is a prime ideal P maximal with respect to A/P not being finite-dimensional,
so we may assume that A is a prime affine algebraic PI-algebra. But then the
center C of A is a field, so A is simple, by [Row88, Corollary 6.1.29], and thus

This research was supported by the Israel Science Foundation, grant #1178/06. The authors
would like to thank L. Bokut, A. Kemer, E. Zelmanov, and U. Vishne for helpful comments on
drafts of this survey.
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finite-dimensional over C, by Kaplansky’s Theorem. Then a version of the Artin-
Tate Lemma [Row88, Proposition 6.2.5] says the field C is affine and thus finite-
dimensional over F , implying R is finite-dimensional over F . (This argument also
works more generally for affine algebras integral over a commutative Noetherian
ring.)

A different approach to Kurosh’s problem, taken by A.I. Shirshov [Shir57a],
[Shir57b], involves the detailed analysis of words and their relations, as given in
Shirshov’s Height Theorem:

Let A be a finitely generated algebra of PI-degree d. Then there exists a finite
set Y ⊂ A and an integer h̃ ∈ N such that A is linearly spanned by the set of
elements of the form

vk1
1 vk2

2 · · · vkh

h where h ≤ h̃, vi ∈ Y.

For Y we may take the set of words of length ≤ d. Such Y is called a Shirshov
base of the algebra A, and h̃ is called the Shirshov height h(A).

The object of this survey is to describe the impact of this pioneering theo-
rem. Shirshov’s theorem immediately yields an independent positive solution of
Kurosh’s problem and of other related problems for PI-algebras. Specifically, if Y
is a Shirshov base consisting of algebraic elements, then the algebra A is finite-
dimensional. Thus, Shirshov’s theorem explicitly determines the set of elements
whose algebraicity implies algebraicity of the whole algebra. (It is worth noting
that Procesi [Pro73] later discovered a structural proof of Shirshov’s theorem also,
by means of reducing first to prime rings and then utilizing traces.) We also have

Corollary 1.1. If A is a PI-algebra of PI-degree d and all words in its generators
of length ≤ d are algebraic, then A is locally finite.

Let us briefly sketch the proof of Shirshov’s Theorem. Suppose that A =
F{a1, . . . , a�} is an affine algebra. Ordering the letters a1 < · · · < a� induces
the lexicographic order on the set Ω∗ of words in the generators {a1, . . . , a�}. We
consider this as a total order, where a proper initial subword v of a wordw is defined
to precede w. But note that this order is not preserved under multiplication; for
example a2 ≺ a2a1 but a2

2 � (a2a1)2. A word w is reducible if it can be written as
a linear combination of smaller words.

Definition 1.2. A word w is called d-decomposable if it contains a subword w1 · · ·wd

such that w1 · · ·wd � wπ(1) · · ·wπ(d) for any permutation π of {1, . . . , d}.
A (multilinear) PI of degree d can be used to rewrite any d-decomposable

word as a sum of smaller words; thus, the irreducible words are d-indecomposable.
Shirshov proved Shirshov’s Lemma, which asserts that, for any given r > 0, any
long enough d-indecomposable word must contain a nonempty word ur where
|u| ≤ d. Shirshov’s height theorem follows from an algorithmic argument given in
[BR05, p. 50].
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Shirshov’s Height Theorem also yields a result about the Gelfand-Kirillov
dimension GK(A) of an affine algebra A. Recall that

GK(A) = lim
n→∞

ln dim(VA(n))
ln(n)

,

where VA(n) is the vector space generated by the words of length ≤ n in the
generators of A. A related concept is the (Poincaré-)Hilbert Series

HA = 1 +
∑

dnλ
n,

where dn = dim(VA(n)/VA(n − 1)), the number of irreducible words of length
n. (Strictly speaking, HA depends on the given set of generators of A, whereas
GK(A) is independent of the choice of generators.)

Corollary 1.3 (Berele [Ber93]). GK(A) <∞, for any affine PI-algebra A.

To prove the corollary, it suffices to observe that the number of solutions
of the inequality k1|v1| + · · · + kh|vh| ≤ n with h ≤ h̃ does not exceed N h̃, and
therefore GK(A) ≤ h(A).

Shirshov’s beautiful theorem, which also is formulated for algebras over arbi-
trary commutative rings, opened the way to the combinatoric school of PI-theory,
which has led to many breakthroughs in recent years. (Ironically, Shirshov’s work
was unknown in the West until Amitsur brought it to attention in 1973. Thus,
for many years, there was a parallel development of PI-theory on both sides of
the former “iron curtain,” along mostly combinatoric lines in the former Soviet
Union and along structural lines in the West. Although our focus in this survey is
on Shirshov’s influence, and thus on the Russian school, we also describe parallel
results in the West.)

1.1. The radical of an affine PI-algebra and the Nagata-Higman Theorem

One of the early applications of Shirshov’s Theorem was in a seemingly unre-
lated direction. Using structure theory, Amitsur [Am57] showed that the Jacobson
radical J(A) of an affine PI-algebra is nil. This led to the question of whether
J(A) is nilpotent, which was formally raised by Latyshev in his dissertation. Shir-
shov’s Theorem is a key tool in verifying this assertion when R satisfies the PI’s
of n× n matrices, as shown by Razmyslov [Raz74a], who also proved that a com-
plete solution is equivalent to the conjecture that every affine PI-algebra satisfies
the standard PI. Kemer[Kem80] verified this latter conjecture in characteristic 0.
Braun [Br84] was the first to prove the nilpotence of J(A) for arbitrary affine A,
using the structure of Azumaya algebras. A nice exposition of Braun’s theorem
can also be found in Lvov [Lv83].

Incidentally, much earlier, Dubnov and Ivanov, and independently, Nagata
and Higman [Hig56] showed that in characteristic 0, any nil algebra of bounded
index n is nilpotent. The original bounds for the nilpotence index were exponen-
tial in n. Better bounds have been obtained as an outgrowth of Shirshov’s work.
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Razmyslov [Raz74b] showed that n2 is an upper bound, and Kuzmin obtained the
lower bound n2+n−2

2 , described in [BR05, p. 341].

1.2. Representable algebras

An F -algebra is called representable if it can be embedded into Mn(K) for some
field extension K ⊃ F and some n. (More generally, we can take K commu-
tative Noetherian, in view of [An92].) Shirshov’s Theorem implies that for any
representable affine PI-algebra A, one may adjoin the characteristic coefficients of
finitely many words of the generators, to obtain a PI-algebra Â, called the trace
ring or characteristic closure, which is finite over its center but also possesses
a nonzero ideal contained in A. The use of this conductor ideal, discovered by
Razmyslov [Raz74a] (and later, independently, by Schelter [Sch76]) is one of the
keys to the structure of affine PI-algebras, and is used in Razmyslov’s work on the
Jacobson radical described above.

Another application of the characteristic closure is to the Hilbert series of an
algebra; Answering a question raised by Procesi [Pro73], Belov proved that any
relatively free, affine PI-algebra has a rational Hilbert series (with respect to a
suitable set of generators); cf. [BR05, Chapter 9] for this and related results. On
the other hand, Theorem 3.5 below provides examples of representable algebras
with non-rational Hilbert series.

1.3. Specht’s conjecture

One of the most famous problems in PI-theory was Specht’s conjecture, that every
set of identities is a consequence of a finite set of identities. (More formally, every T -
ideal of the free algebra is finitely generated as a T -ideal.) As described in [Kem09],
this question was settled affirmatively by Kemer [Kem87], [Kem90b] whenever the
base field F is infinite, and later by Belov for arbitrary affine PI-algebras. The
characteristic closure is one component of the proofs, and the nilpotence of the
radical is another important aspect, so Shirshov’s theorem plays an important role.
The key step of Kemer’s theorem is that each affine PI-algebra over an infinite field
satisfies the same PI’s as a suitable finite-dimensional algebra; it follows at once
that the corresponding relatively free algebra is representable. (Belov extended
this fact to affine algebras over arbitrary commutative Noetherian rings.)

2. Generalizations to nonassociative algebras

Shirshov’s Height Theorem has been extended to various classes of nonassociative
algebras. In his original paper, Shirshov applied his theorem to special Jordan
algebras. Zelmanov [Zel91] obtained the following analog for ad-identities of Lie
algebras:

Say an associative word in X is special if it is the leading word appearing
in some Lie word (i.e., word with respect to the Lie multiplication). The word w
is Zelmanov d-decomposable if it can be written as a product of subwords w =
w′w1w

′
1w2w

′
2 · · ·wdw

′
dw

′′ with each wi special and w1 � w2 · · · � wd. Then, for
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any �, k, d, there is β = β(�, k, d) such that any Zelmanov d-indecomposable word
w of length ≥ β in � letters must contain a nonempty subword of the form uk,
with u special.

Zelmanov’s result is a major ingredient in his celebrated solution of the re-
stricted Burnside problem. S.P. Mishchenko [Mis90] obtained an analogue of Shir-
shov’s Height Theorem for Lie algebras with a “sparse” identity. S.V. Pchelintsev
[Pch84] proved an analog for alternative and (−1, 1) cases. Belov [Bel88b] proved
a version for a certain class of rings asymptotically close to associative rings, in-
cluding alternative and Jordan PI-algebras.

3. Questions arising in connection with Shirshov’s Theorem

Shirshov’s Height Theorem also gives rise to various notions, which we examine in
turn.

3.1. d-decomposable words

We start with d-decomposable words; cf. Definiton 1.2. An equivalent formulation:
A word w is d-decomposable if it can be written in the form s0v1s1v2 . . . s−1vdsd

where v1 � v2 � · · · � vd. The next proposition below demonstrates the impor-
tance of the notion of d-decomposability.

Proposition 3.1 (A.I. Shirshov).

a) Suppose that a word w is d-decomposable. Then any word obtained from w
by means of a nonidentical permutation is lexicographically less than w.

b) If an algebra A satisfies a PI

x1 · · ·xd =
∑

σ �=id∈Sd

ασxσ(1) · · ·xσ(d)

of degree d, then any d-decomposable word w can be written as a linear com-
bination of words of lower order.

Thus in an algebra of PI-degree d, any word not representable as a linear
combination of lower-order words is not d-decomposable, and it suffices to check
that the set of d-indecomposable words has bounded height.

3.1.1. d-decomposable words and codimensions. Regev [Reg72] introduced the
codimension sequence in order to prove that the tensor product of PI-algebras
is a PI-algebra. Namely, let Wn denote the F -space of multilinear polynomials in
x1, . . . , xn, and

cn = dimF (Wn/(Wn ∩ id(A));
then cn is exponentially bounded, for any PI-degree n.

A theorem of Dilworth enables one to bound the number of d-indecomposable
words of length n by n2(d−1). Latyshev [Lat72] discovered a quicker proof of Regev’s
tensor product theorem by using Dilworth’s Theorem, and showing that cn(A) is
bounded by the number of d-indecomposable multilinear words. This estimate of
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the codimension series led to the result of Kemer, Regev, and Amitsur that any
polynomial identity whose Young tableau contains a rectangle (whose size is a
suitably large function of n) is a consequence of any given polynomial identity
of degree n. (This is the basis of Kemer’s “super-trick” to pass from identities of
nonaffine algebras to identities of affine superalgebras.)

On the other hand, there is an interesting refinement of the Hilbert series.
The multivariate Poincaré-Hilbert series of an affine algebra A = F{a1, . . . , a�} is
defined as

H(A) =
∑

diλ
i1
1 · · ·λi�

� ,

where

di = dimF

(
V̄A(i));

here i = (i1, . . . , i�), and V̄A(i) is the vector space spanned by irreducible words of
length ≤ iu in the generator ai of A, for 1 ≤ u ≤ �.

Kemer [Kem95, §2] proved that the number of d-indecomposable multilinear
words of length n equals the codimension of the space of multilinear polynomials of
degree n, with traces, of Md(F ). By Formanek [For84], this codimension sequence
can be calculated precisely, using the multivariate Hilbert series.

Thus, Shirshov’s approach motivates the use of combinatorics to compute
codimensions, and to introduce the use of invariants of matrices. In this regard,
Razmyslov [Raz74b], Helling[Hel74], and Procesi[Pro76], independently showed in
characteristic 0 that every PI is a consequence of the Hamilton-Cayley equation
(which can be written as a trace identity). This follows from the two Fundamental
Theorems of Invariant Theory, which respectively are as follows:

• All invariants can be expressed in terms of traces.
• All relations between invariants are consequences of the Hamilton-Cayley

trace identity.

In characteristic p > 0 one must study all of the coefficients of the Hamilton-
Cayley equation as individual functions, arising from homogeneous forms (not
necessarily linear), since they cannot be computed in terms of the trace. Kemer
[Kem90b] developed the theory of identities involving these forms. Donkin[Do94]
proved the analog of the First Fundamental Theorem of Invariant Theory, and
Zubkov [Zubk96] proved the analog of the Second Fundamental Theorem.

In a similar vein, Razmyslov’s student Zubrilin developed the technique of
incorporating coefficients of the characteristic polynomial into Capelli polynomials,
which leads to a combinatoric proof of the Razmyslov-Kemer-Braun theorem, as
exposed in [BR05, §2.5].

Kemer [Kem95] showed that, unlike the situation in characteristic 0, any PI-
algebra A (not necessarily affine) of characteristic p > 0 satisfies all the multilinear
identities of a finite-dimensional algebra; combining this with the cited work of
Donkin, Zubkov, and Zubrilin, yields that A satisfies all PI’s of a finite-dimensional
algebra; cf. [Bel00].
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3.2. Estimates of Shirshov height

Shirshov’s original proof was purely combinatorial (based on an elimination tech-
nique he developed for Lie algebras), but did not provide a reasonable estimate for
the height. Kolotov [Kol81] obtained an estimate for h(A) ≤ ssm

(m = PI-deg(A),
and s is the number of generators). In the Dniester Notebook (most recent version
[Dne93]), Zelmanov asked for an exponential bound, which was obtained later by
Belov [Bel88a]:

Theorem 3.1. Suppose A is a PI-algebra of PI-degree d, generated by � elements.
Then the height of A over the set of words having length ≤ m is bounded by a
function h(m, �) where h(m, �) < 2m�m+1.

3.2.1. Burnside-type problems. A word w = uk, for k > 1, is called cyclic or
periodic. By problems of Burnside type, we mean problems related to periodic
words. Combinatorics play an important role. The following basic lemma yields
computational tools involving subwords which are described in [Bel07] and provide
the bounds given in Theorem 3.1. The technique is illustrated in the slightly weaker
result given in [BR05, Theorem 2.74].

Lemma 3.2 (on overlapping). If two periodic words of respective periods m and n
contain identical subwords having length m+n−gcd(m,n) then they have identical
periods.

3.3. The essential height of an algebra

Definition 3.3. An algebra A is said to have essential height ≤ h over a subset Y ,
if there is a finite set S ⊂ A (which may depend on Y ) such that A is spanned as
a vector space by

Y [h],S = {s0ym1
1 s1 · · · st−1y

mt
t st : mi ∈ N, yi ∈ Y, si ∈ S, t ≤ h}.

In this case, Y is called an essential Shirshov base, and S the supplementary set.

Essential height is an estimate for GK-dimension; also, the converse is true
for representable algebras.

Theorem 3.2 (A.Ya. Belov [BBL97]). Suppose A is a finitely generated repre-
sentable algebra and HEssY (A) <∞. Then HEssY (A) = GK(A).

This equality is useful in both directions. First of all, it shows for a repre-
sentable algebra A that HEssY (A) is independent of the choice of Y . In the other
direction, since HEssY (A) must be an integer, one has:

Corollary 3.4 (V.T. Markov). The Gelfand-Kirillov dimension of a representable
affine algebra is an integer.

Due to the representability of relatively free affine algebras (noted above),
the Gelfand-Kirillov dimension of a relatively free algebra also equals the essential
height.
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Clearly, an essential Shirshov base is a Shirshov base iff it generates A as
an algebra. Boundedness of essential height over Y implies a positive solution of
“Kurosh’s problem over Y .” The converse is much less trivial.

Theorem 3.3 (A.Ya. Belov). Suppose A is a graded PI-algebra, and Y is a finite
set of homogeneous elements. Let Y (n) denote the ideal generated by all nth powers
of elements of Y . If the algebra A/Y (n) is nilpotent for each n, then Y is an s-base
for A. If in this situation Y generates A as an algebra, then Y is a Shirshov base
for A.

We proceed to formulate a generalization of this theorem for the non-graded
case. We must confront the following counterexample to the straightforward con-
verse of Kurosh’s problem: Suppose A = Q[x, 1/x]. Each projection π such that
π(x) is algebraic has finite-dimensional image. Nevertheless the set {x} is not an
s-base for A.

Thus we need a stronger definition:

Definition 3.5. A set M ⊂ A is called a Kurosh set if it satisfies the condition that
for any projection π : A⊗K[X ] → A′, if the image π(M) is integral over π(K[X ]),
then π(M) is finite over π(K[X ]).

Theorem 3.4 (A.Ya. Belov). Let A be a PI-algebra, M ⊆ A a Kurosh subset in A.
Then M is an s-base for A.

Thus, boundedness of essential height is a non-commutative generalization
of integrality. The following proposition shows that Theorem 3.4 does generalize
Theorem 3.3:

Proposition 3.6. Let A be a graded algebra, Y a set of homogeneous elements. If
the algebra A/Y (n) is locally nilpotent for all n, then Y is a Kurosh set.

3.4. Normal bases and monomial algebras

Shirshov’s combinatoric approach leads us to the combinatoric study of bases. Let
A = F{a1, . . . , a�} be an associative affine algebra. A word is called reducible if
it can be written as a linear combination of lexicographically smaller words; the
normal base of the algebra A is the set of all irreducible words in the generators;
cf. [BBL97], [BRV06], [Dr00], [Lat88], [Ufn85].

A monomial algebra is an algebra that can be described in terms of rela-
tions that are monomials in the generators. Any affine algebra A has its associated
monomial algebra possessing the same Hilbert series; namely one factors the free
algebra by the set of reducible words in the generators of A, cf. [BR05, Propo-
sition 9.8]. The associated monomial algebra of an algebra A also has the same
Shirshov base, although it may not satisfy the same PI’s. Nevertheless, their easier
relations make monomial algebras a useful tool in studying Shirshov bases. This
discussion follows [BRV06]; the reader should also consult [BBL97].

In case an affine monomial algebra A is PI, it has bounded essential height
over a (finite) Shirshov base Y , which we may assume to be a set of words in
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the generators. Take a supplementary set S as in Definition 3.3 that contains Y .
Choose a subset of Y [h],S that spans A. Given

w = s0y
m1
1 s1 · · · st−1y

mt
t st (1)

(with yi ∈ Y and si ∈ S, and t bounded by the height), we rewrite it in the
same manner with s0 ∈ S of maximal possible length, then with ym1

1 of maximal
possible length, and so on. (s0, y1, s1, . . . , st−1, yt, st) is called the type of w. The
type of a subword of a w of type θ is called a subtype of θ.

By an exponential polynomial in the variables m1, . . . ,mt we mean an ex-
pression of the form ∑

fj(m1, . . . ,mt)αm1
1j · · ·αmt

tj

where fj are polynomials over a finite algebraic extension K of F , and αij ∈ K.
For example,

P (m1, . . . ,mt) = (5 −√
2)m1 −m4

2 · 3m1

is an exponential polynomial over Q.

Theorem 3.5. A monomial algebra A over F is representable iff:

1. A has essential height over a finite set Y (with a supplementary set S), such
that every word in the generators of A has a unique type, and there are finitely
many types.

2. For each type θ = (s0, y1, s1, y2, . . . , yt, st), there is a finite system Pθ,j of
exponential equations over k, in the variables m1, . . . ,mt, such that

⋃

θ

{s0ym1
1 s1 · · · ymt

t st : ∃j Pθ,j(m1, . . . ,mt) �= 0}

is a normal base.

The construction of monomial algebras is thus equivalent to the solution of
arbitrary exponential polynomials. But this is algorithmically unsolvable by the
celebrated theorem of Davis-Putnam-Robinson [DPR61]. Thus there is no algo-
rithm to determine whether there is an isomorphism (given in terms of the gener-
ators) for two monomial subalgebras of the matrix algebra over a polynomial ring
of characteristic 0. On the other hand, this isomorphism problem is algorithmi-
cally solvable in characteristic p > 0. More precisely, Belov and Chilikov [BC00],
[BRV06] proved over a field of characteristic p that the set of p-adic representa-
tions of exponential equations (with unknowns in N) forms a “regular language.”
Thus, an inaccessible problem in characteristic 0 becomes algorithmically solvable
in positive characteristic.

3.5. The conjecture of Amitsur and Shestakov

S. Amitsur and I.P. Shestakov conjectured that if the algebra A satisfies the iden-
tities of Mn(F ) and all words having length not exceeding n are algebraic, then A
is finite-dimensional. I.V. Lvov reduced this assertion to the following:
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Let A = F{a1, . . . , a�} be a finite-dimensional subalgebra (without 1) of a
matrix algebra of order n. If all words in a1, . . . , a� of length ≤ n are nilpotent,
then the algebra A is nilpotent.

Shestakov’s conjecture was proved by V.A. Ufnarovsky [Ufn85] and by
G.P. Chekanu [Che88]. Their Independence Theorem may be formulated as fol-
lows [Che88], [Ufn90]:

Theorem 3.6 (Independence Theorem). Suppose the following is true:

1. a word w = ai1 · · · ain is minimal under the lexicographical order in the set
of all nonzero products of length n;

2. all terminal subwords of w are nilpotent.

Then the initial subwords of w are linearly independent.

Here is a key step. A word is called extremal if it does not lexicographically
precede any nonzero word.

Lemma 3.7. Any set of pairwise incomparable subwords of an extremal word is
independent.

To deduce I.P. Shestakov’s conjecture (or, equivalently, I.V. L’vov’s assertion)
from this theorem, we consider the following construction:

Remark 3.8. Given an algebra A and a right module V , the algebra Ã is defined
additively as A⊕ V , with multiplication defined as follows: V · V = A · V = 0, and
the product of elements from V and A is given by the module multiplication.

We take a faithful representation of A acting on an n-dimensional right vector
space V . Taking a base v1, . . . , vn of this space, then, for some vi we have viw �= 0.
Viewing V as a right A-module, we form the algebra Ã of Remark 3.8, ordering
the generators by v1 � · · · � vn � a1 � · · · � as, and apply the Independence
Theorem. Later, Belov and Chekanu showed that we may take the {vi} to be the
set of words from Shestakov’s conjecture. Another proof of this fact was obtained
by V. Drensky.

The original proofs of the Independence Theorem were rather complicated.
Application of hyperwords, described below, allow a considerable simplification.

Subsequent papers of these authors contained various refinements and gen-
eralizations of these theorems. Here is another elegant result of Chekanu [Che96]:

Theorem 3.7. Suppose a word w is extremal and non-periodic, of length n. If
wn �= 0, then the algebra generated by the letters of w contains a nilpotent element
of index exactly n.

3.6. Hyperwords in algebras

Many of the combinatorial results in this survey are most easily proved using
infinite words, or hyperwords, so we conclude with a discussion of basic auxiliary
facts and constructions related to hyperwords in algebras.
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Definition 3.9. A hyperword is a word infinite in both directions; a word infinite
only to the left (resp. right) is called a left (resp. right) hyperword.

u∞ denotes the hyperword having period u, and u∞/2 the left (resp. right)
hyperword having period u and terminal (resp. initial) subword u.

The context will always make clear whether we consider a left or right hy-
perword, so we do not distinguish the notation between them. For example, the
expression u∞/2wv∞/2 indicates that u∞/2 is a left hyperword and v∞/2 is a right
hyperword.

Right hyperwords form a linearly ordered set with respect to the lexicograph-
ical order. For a right hyperword w, we let (w)k denote the initial subword of w
having length k.

Lemma 3.10 ([BBL97]). Let C be an arbitrary collection of words having unbounded
length. Then there exists a hyperword w such that each of its subwords is a subword
of a word from C.

Although evaluating a hyperword in an algebra does not make sense, we can
define whether or not it equals 0 (according to whether some subword equals 0),
and this leads to the notion of linear independence of hyperwords in A:

Definition 3.11.

a) A hyperword w is called a zero hyperword if it includes a subword of finite
length equal to 0, and a nonzero hyperword otherwise.

b) A finite set of right hyperwords {wi} is called linearly dependent if there exist
{αi} such that some of them are not zero and for all sufficiently large k we
have ∑

αi(wi)k = 0.

c) Suppose w is a right hyperword in an algebra A, M is a right A-module, and
m ∈M . We say that mw �= 0 if m(w)k �= 0 for all k. Otherwise Mw = 0.

d) Suppose {w1, . . . , wn} is a set of right hyperwords in an algebra A, and M is
a right A-module. We say that

∑
miwi = 0 for mi ∈ M if

∑
mi(wi)k = 0

for all sufficiently large k.

Proposition 3.12.

a) A finitely generated non-nilpotent algebra A contains non-zero hyperwords.
b) Suppose A is a finitely generated algebra, M is a finitely generated right A-

module. If MAk �= 0 for all k > 0, then there exist m ∈ M and a right
hyperword w such that mw �= 0.

The existence of a least upper bound and of a greatest lower bound for any
set of right hyperwords implies the following

Proposition 3.13.

a) Let w be a hyperword. Then the set of right hyperwords whose subwords are
all subwords of w contains maximal and minimal hyperwords.

b) Suppose ∀k mAk �= 0. Then the set of right hyperwords w such that mw �= 0
contains a maximal and a minimal hyperword.
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c) If A is non-nilpotent, then the set of nonzero right hyperwords in A contains
a maximal and a minimal hyperword.

Let u be the maximal word in an algebra A among all nonzero words in A
having length ≤ n. Unfortunately u may have no extension to a word of greater
length. Thus, to utilize hyperwords, we need the following construction:

Construction 1. Let A be an algebra having generators as � · · · � a1. Put
a1 � x and consider the free product A′ = A ∗ F 〈x〉.

Each word u in A is an initial subword of some hyperword in A′. If u is the
maximal word in A among all words having length at most |u|, then the maximal
hyperword in A′ beginning with u is a hyperword in A. If ũ is a hyperword in A
for which each initial subword has this property, then the maximal hyperword in
A′ is ũ.

The following construction is useful for treating modules.
Construction 2. Suppose A is an algebra having generators as � · · · � a1,

and V is a finitely generated right A-module having generators mk � · · · � m1.
Put m1 � as, a1 � x, and Ã as in Remark 3.8. Define A′′ = Ã ∗F 〈x〉/I where the
ideal I is generated by elements of the form xmi.

In the algebra A′′, the maximal right hyperword begins with mk, and each
word in Ã may be extended to a hyperword in A′′; if MAk �= 0 for all k, then the
maximal hyperword in Ã begins with some mi.

If u is the maximal word in A among all words having length at most |u| that
act nontrivially on the generators of the module, then after renumbering the mi

suitably, the maximal hyperword in A′′ is a hyperword in Ã. If u is a hyperword in
Ã such that each of its initial subwords has the above property, then the maximal
hyperword in A′′ is u.

Note that if an algebra has no nonzero nilpotent ideals, then any word may
be extended to a hyperword. The following observation is useful.

Proposition 3.14. If an algebra contains no nonzero periodic hyperword, then all
of its words are nilpotent.

The technique of hyperwords seems to lie rather close to the lines of structure
theory, as illustrated in the following theorem and its proof, cf. [Bel07].

Theorem 3.8. The set of irreducible words in a PI-algebra A has bounded height
over the set of words whose degree does not exceed the PI-degree of A.

Proof. Suppose m is the minimal degree of identities holding in an algebra A of
PI-degree d. Since A has bounded height over the set of words having degree ≤ m,
it suffices to show that if |u| is a nonperiodic word of length > n then the word
uk for sufficiently large k is a linear combination of words of smaller lexicographic
order.

Step 1. Consider the right A-module M defined by a generator v and by
the relations vw = 0 whenever w ≺ u∞/2. Our goal is to show that Muk = 0
for some k. Indeed, some power uk is spanned by smaller lexicographic words. By
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virtue of Shirshov’s Height Theorem, the set of irreducible words has bounded
height over Ym, the set of words of degree ≤ m. But if each sufficiently large power
of a nonperiodic word having length d may be linearly represented by smaller
words, then the words having length > d may be excluded from Ym.

Step 2. The correspondence λ : vs → vus defines a well-defined endomor-
phism of the module M , hence M may be considered as an A[λ]-module. Our goal
is to show that Mλk = 0 for some k, or equivalently that M = M ⊗F[λ, λ−1] = 0.

Step 3. If Mλk ∈ M · J(AnnM) where J(AnnM) is the Jacobson radical
of the annihilator of M , then Mλ�k ∈ M · J(AnnM)�, and by the nilpotence
of the radical, Mλ�k = 0 for sufficiently large �. Hence, we may assume that
J(AnnM) = 0.

Step 4. Using primary decomposition, we reduce to the case for which M is
a faithful module over a primary ring B.

Step 5. Elements of the center Z(B) have trivial annihilator, so we may
localize relative to them; replacing Z(B) by an algebraic extension, we reduce to
the case for which B is the algebra of some dimension k ≤ n over a field, and M
is a k-dimensional vector space.

Step 6. Since M is a vector space of dimension < |u|, the vectors �vu0, �vu1,
. . . , �vun−1 are linearly dependent (where ui is the initial subword of length i in
the word u, and u0 = 1). Thus we have the equality

∑

i∈I

λi�viui = 0 (2)

where I ⊆ {0, . . . , n − 1}, λi ∈ F\0. To each ui we attach a word u(i) so that
uiu

(i) = u|u|. Let u(j) be the least of those u(i) which are involved in the formula
(2). Write the equality (2) in the form

�vjuj =
∑

i∈I\{j}
βi�viui (3)

where βi = −αi/αj. But then

�vu|u| = �vjuju
(j) =

∑

i∈I\{j}
βi�viuiu

(j). (4)

If i ∈ I\{j}, then u(j) ≺ u(i) and uiu
(j) ≺ uiu

(i) = u|u|; hence vuiu
(j) = 0.

Thus all terms in the right side of (4) are zero. Hence �vu|u| = 0, as desired. �

Hyperwords facilitate proofs of the Independence Theorem, Shirshov’s Height
Theorem, nilpotence of the Lie algebra generated by sandwiches [Ufn90], proof
of the Bergman Gap Theorem, (that any algebra of GK dimension greater than
1, has GK dimension at least 2, together with a description of the base having
growth function VA(n) = n(n+3)

2 ), and also describe various properties of monomial
algebras [BBL97] as well as other combinatorial results for semigroups and rings.
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On Shirshov’s Papers for Lie Algebras

Leonid Bokut

Shirshov published six papers on Lie algebras in which he found the following
results (in order of publication, 1953–1962):

• Some years before Witt [84], the “Shirshov-Witt theorem” [1].
• Some years before Lazard [62], the “Lazard-Shirshov elimination process” [1].

This is often called “Lazard elimination”; see for example [79].
• The first example of a Lie ring that is not representable into any associative

ring [2]; see also P. Cartier [37] and P.M. Cohn [43].
• In the same year as Chen-Fox-Lyndon [38], the “Lyndon-Shirshov basis” of

a free Lie algebra (Lyndon-Shirshov Lie words) [6]. This is often called the
“Lyndon basis”; see for example [63], [79], [64].

• Independently of Lyndon [65], the “Lyndon-Shirshov (associative) words” [6].
They are often called “Lyndon words”; see for example [63]. In the literature
they are also often called “(Shirshov’s) regular words” or “Lyndon-Shirshov
words”; see for example [42], [24], [13], [32], [85], [76], [14].

• The algorithmic criterion to recognize Lie polynomials in a free associative
algebra over any commutative ring [6]. The algorithm is based on the property
that the maximal (in deg-lex ordering) associative word of any Lie polynomial
is an associative Lyndon-Shirshov word. The Friedrichs criterion [45] follows
from the Shirshov algorithmic criterion (see [6]).

• In the same year as Chen-Fox-Lyndon [38], the “central result on Lyndon-
Shirshov words”: any word is a unique non-decreasing product of Lyndon-
Shirshov words [6]. This is often called the “Lyndon theorem” or the “Chen-
Fox-Lyndon theorem”.

• The reduction algorithm for Lie polynomials: the elimination of the maximal
Lyndon-Shirshov Lie word of a Lie polynomial in a Lyndon-Shirshov Lie
word [6]. The algorithm based on the Special Bracketing Lemma [6, Lemma
4], which in turn depends on the “central result on Lyndon-Shirshov words”
above.

• The theorem that any Lie algebra of countable dimension is embeddable into
two-generated Lie algebra with the same number of defining relations [6].
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• Some years before Viennot [82], the “Hall-Shirshov bases” of a free Lie algebra
[7]: a series of bases that contains the Hall basis and the Lyndon-Shirshov
basis and depends on an ordering of basic Lie words such that [w] = [[u][v]] >
[v]. They are often called “Hall sets”; see for example [79].

• Some years before Hironaka [53] and Buchberger [35], [36], the “Gröbner-
Shirshov basis theory” for Lie polynomials (Lie algebras) explicitly and for
noncommutative polynomials (associative algebras) implicitly [9]. This theory
includes the definition of composition (s-polynomial), reduction algorithm, al-
gorithm for producing a Gröbner-Shirshov basis (this is an infinite algorithm
of Knuth-Bendix types [55]; see also the software implementations in [48], [87],
[15]), and “Composition-Diamond Lemma”. The Shirshov’s “Composition-
Diamond Lemma” for associative algebras was formulated explicitly in [25]
and rediscovered by G. Bergman [16] under the name “Diamond Lemma for
ring theory”. The “Gröbner-Shirshov basis theory” for associative algebras
was rediscovered by T. Mora [78] under the name “non-commutative Gröbner
basis theory”. The analogous theory for polynomials (commutative algebras)
was found by B. Buchberger [35], [36] under the name “Gröbner basis the-
ory”; similar ideas for (commutative) formal series were found by H. Hironaka
[53] under the name “standard basis theory”.

• The “Freiheitssatz” and the decidability of the word problem for one-relator
Lie algebras [9].

• The first linear basis of the free product of Lie algebras [10].
• The first example showing that an analogue of the Kurosh subgroup theorem

is not valid for subalgebras of the free product of Lie algebras [10].

Let us give some comments on these papers and further developments. See also
V.K. Kharchenko’s comments to some of these papers elsewhere in this volume.

In the paper [1], A.I. Shirshov, an aspirant (Ph.D. student) of A.G. Kurosh,
proved that any subalgebra of a free Lie algebra is also free. This result was inspired
by Kurosh’s theorem [60] that any subalgebra of free non-associative algebra is also
free. The former result was independently proved by E. Witt [84] three years later
and is now called the Shirshov-Witt theorem. In this paper, Shirshov used the “Kd-
lemma” to rewrite, in particular, a basic Lie word on a set X = {xi : i = 1, 2, . . .}
as a basic Lie word on the independent set [xix

k
1 ] = [. . . [xix1] . . . x1] (i > 1, k ≥ 0);

see Lemma 3 and Corollary 2 in [1]. This is often called the “Lazard elimination
process” (Lazard [62]); see Theorem 0.6 of [79], cf. [34].

In the paper [2], Shirshov constructed the first example showing that the
PBW theorem is not valid in general for Lie algebras over a commutative ring
Σ (Σ-algebras). In this paper, Shirshov was able to construct a Lie Σ-algebra L
with an element a in the center of L such that a belongs to the center of any Lie
Σ-algebra extension of L. On the other hand, he gives a construction showing that
the analogous extension result is not valid in general for associative Σ-algebras.
Other counter-examples to the PBW theorem for Lie rings were constructed by
P. Cartier [37] and P.M. Cohn [43].
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In the paper [4], Shirshov proved that any subalgebra of a free commutative
(anti-commutative) non-associative algebra is also free. He established linear bases
of free (anti)commutative algebras, and later he used these bases for his “Gröbner-
Shirshov basis theory” for (anti)commutative algebras, namely, for “Composition-
Diamond Lemmas” for these algebras (see below [8]).

In the paper [5], Shirshov proves that any countably generated special Jordan
(non-associative, (anti)commutative) algebra over a commutative ring can be em-
bedded into a two-generated special Jordan (non-associative, (anti)commutative)
algebra with the same number of defining relations. For groups, this is the famous
Higman-Neumann-Neumann theorem [51]. A.I. Malcev [72] proved an analogous
result for associative algebras. The analogous problem for Lie algebras was open
until Shirshov’s next paper [6].

Speaking about Shirshov’s paper [6], I cannot help but cite P.M. Cohn’s
review (Zbl 0080.25503): “The author varies the usual construction of basic com-
mutators in Lie rings by ordering words lexicographically and not by length [the
“Lyndon-Shirshov basis”, see also Chen-Fox-Lyndon [38]; in [42], P.M. Cohn cred-
ited this basis together with “Lyndon-Shirshov words” to Shirshov alone – L.B.].
This is used to give a very short proof of the theorem (Magnus, this Zbl. 16, 194
[see [69] – L.B.]; Witt, this Zbl 16, 244 [see [83] – L.B.]) that the Lie algebra ob-
tained from a free associative algebra is free, with appropriate modification for the
case of restricted Lie algebras. Secondly he derives the Friedrichs criterion (this
Zbl. 52, 45 [see [45] – L.B.]) for Lie elements (see also P.M. Cohn [44] and R.
Lyndon [66] – L.B.). As the third application he proves that every Lie algebra L
can be embedded in a Lie algebra M such that in M any subalgebra of countable
dimension is contained in a two-generated subalgebra. This is proved by show-
ing that in the free associative algebra on two generators a, b (over a field), the
elements

dk = [[a, [a, bk]], [a, b]], k = 1, 2, . . . ([x, y] = xy − yx),

form a distinguished set in the Lie algebra on two generators a, b (cf. Shirshov,
this Zbl 71, 257 [see [5] – L.B.]).

Let us formulate the last statement, Lemma 10 of [6], explicitly. Let k〈a, b〉
be the free associative algebra over a field k on two generators a, b, let Lie(a, b) be
the Lie algebra of Lie polynomials of k〈a, b〉 (the free Lie algebra on {a, b}), and
let L∞ = Lie(dk : k = 1, 2, . . .) be the Lie subalgebra of Lie(a, b), generated by
{dk : k = 1, 2, . . .} above. By the Kd-lemma [1] (the Lazard-Shirshov elimination
process), L∞ is the free Lie algebra on the countable set {dk : k ≥ 1}. Let S be a
subset of L∞. Then

AssoIdk〈a,b〉(S) ∩ L∞ = LieIdL∞(S),

where the former is the associative ideal (in k〈a, b〉) generated by S, and the latter
is the Lie ideal (in L∞) generated by S. Shirshov also noticed that from the last
statement the PBW theorem follows. In the proof of Lemma 10, Shirshov used the
leading (maximal in the deg-lex order) associative monomials of Lie and associative
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polynomials, and Lemma 4 on the “special bracketing” of a Lyndon-Shirshov word
with a fixed Lyndon-Shirshov subword. The Special Bracketing Lemma is crucial:
it allows him to define the reduction algorithm for Lie polynomials (he used this
algorithm in the proof of Lemma 10), and to define later in [9] the notion of
composition of two Lie polynomials (an analog of Buchberger’s s-polynomial in
Gröbner basis theory). By the way, in the proof of the Special Bracketing Lemma,
he used the fact that any word c can be uniquely expressed as the product of a non-
decreasing series of Lyndon-Shirshov words, c = c1c2 . . . ck with c1 ≤ c2 ≤ · · · ≤ ck
(k ≥ 0). Actually, this remark is an important theorem often called the Lyndon
theorem or the Chen-Fox-Lyndon theorem (see [38]). For example, this result is
cited in the following way by Springer Online, Encyclopedia of Mathematics (edited
by Michiel Hazewinkel): Lyndon words – “The central result on Lyndon words is
the following Chen-Fox-Lyndon theorem: any word can be expressed as a unique
non-decreasing product of Lyndon words”.

All in all, Shirshov’s paper [6] can be viewed, in particular, as an important
step toward the Gröbner-Shirshov basis theory for associative and Lie algebras [9].

A.I. Shirshov [7] “varies the usual construction of basic commutators” [P.
Hall [49] for groups and M. Hall [50] for Lie algebras – L.B.] in a free Lie algebra
by ordering basic Lie words {[w]} in any way such that [w] > [v] if [w] = [[u][v]].
For example, an ordering based on the length (the Hall words), or an ordering
based on lexicographical ordering (the Lyndon-Shirshov basis), both enjoy this
property. He proves that any ordering of this kind leads to a linear basis of a free
Lie algebra. Actually, this paper is a part of Shirshov’s Thesis [3]. As mentioned
above, Shirshov’s series of bases were rediscovered later by Viennot [82] and are
now often called “Hall bases” (see [79]). There is another example of “Hall-Shirshov
bases”, that give bases of free solvable Lie algebras ([18], see also [80] and [79],
Ch. 5.3). In the paper [41], a first example of right normed basis of a free Lie
algebra is found. Though it is not a Hall-Shirshov basis, it is closely connected to
Lyndon–Shirshov words.

In the paper [8], Shirshov invented the “Gröbner-Shirshov basis theory” for
(anti)commutative non-associative algebras based on the “Composition-Diamond
Lemmas” for those algebras (see Lemma 2 in [8]). In particular, it implies the de-
cidability of the word problem for any finitely presented (anti)commutative non-
associative algebra. Also, the reduction algorithm is defined in order to find a
“Gröbner-Shirshov basis” of any finitely generated ideal in a free (anti)commu-
tative algebra. Shirshov also mentioned that the same results are valid for non-
associative algebras. The decidability of the word problem for non-associative al-
gebras was proved by A.I. Zhukov [86], another student of A.G. Kurosh. Actually,
Zhukov invented a kind of “Gröbner-Shirshov basis theory” for non-associative al-
gebras. The difference is that he did not use any linear ordering of non-associative
words; for a non-associative polynomial f , he chose any non-associative word of
maximal length from f as a “leading monomial” of f .

Shirshov’s paper [9] is truly a pioneering paper in the subject. He starts with
the definition of the composition of two Lie polynomials f, g (explicitly) and two
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associative polynomials (implicitly) via the leading associative words f̄ , ḡ of poly-
nomials in the deg-lex ordering: Let w = f̄b = aḡ for some associative words
a, b such that f̄ = ac, ḡ = cb and c �= 1 (where 1 is the empty word). Then
the associative composition (f, g)c (this is Shirshov’s original notation; we now
use (f, g)w) is defined as follows: (f, g)c = fb − ag. For Lie polynomials f , g,
one needs to put extra Lie brackets on fb and ga. This is done according to the
above mentioned Special Bracketing Lemma 4 [6]. This is a really important and
crucial notion for the Gröbner-Shirshov basis theory for both Lie and associative
algebras. Together with the above definition of reduction of one Lie polynomial
modulo another (see the same paper [6]), it leads to an infinite algorithm to con-
struct the Gröbner-Shirshov basis Sc starting with any set of Lie (associative)
polynomials S. He proves Lemma 3, which is now called the Composition Lemma,
or the Composition-Diamond Lemma, for Lie polynomials: if f ∈ Ideal(S) then
the leading associative word f̄ contains as a subword s̄ for some s ∈ Sc (see also
[32], [27]). Actually, he assumes the extra condition that S should be stable in
some sense (see below), but he did not use the stability condition in the proof of
the lemma (this condition is essential in order that Sc should be a recursive set
for, say, finite S; he kips the stability condition having in mind the application of
his theory to the word problem for Lie algebras). In [24], Shirshov’s Composition
Lemma for Lie polynomials was formulated in the modern form: Let S be a set of
Lie polynomials that is closed under compositions (i.e., a Gröbner-Shirshov basis).
If f ∈ Ideal(S) then f̄ = as̄b for some s ∈ S and some associative words a, b. Clo-
sure means that any composition (i.e., composition of inclusion and composition
of intersection) (f, g)w of polynomials f , g from S is trivial, i.e., it is zero after
the reduction leading words of S. One may use a weaker form of the triviality that
(f, g)w =

∑
αi(aisibi) for some si ∈ S, αi ∈ k (the ground field) and some asso-

ciative words ai, bi (with extra Lie bracketing), such that the leading associative
words ais̄ibi of each expression are strictly less than w. The same Composition
Lemma is valid for non-commutative associative polynomials with a much easier
proof.

A.I. Shirshov gives three applications of his Composition Lemma for Lie
algebras.

Theorem 1. For any Lie polynomial f , there is no non-zero composition (f, f)w.
Then the reduction algorithm gives a solution of the word problem for any one-
relator Lie algebra Lie(X |f = 0).

This is because any one-element set in a free Lie algebra is Gröbner-Shirshov
basis. One may apply Shirshov’s reduction algorithm for Lie polynomials. For
groups, it is the famous result of W. Magnus [67]. S.I. Adjan [12] proved it for
any semigroup with one defining relation of the form u = 1. V.N. Gerasimov [47]
proved the decidability result for an associative one-relator algebra k〈X |f(X) = 0〉
over a field k where the maximal homogeneous part f̃ of f(X) has no a proper
two-sided divisor (from f̃ = gh = h′g it follows g ∈ k).
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In the paper [18], there is an application of the Shirshov’s theorem: Any
Lie algebra L is embeddable into an algebraically closed Lie algebra M (in the
sense that any equation f(x1, . . . , xn) = 0 in the variables X = {x1, x2, . . .} with
coefficients in M has a solution in M ; here f belongs to a free Lie product (see
[10] below) of a free Lie algebra Lie(X) and M , f �∈M).

Theorem 2. The word problem is decidable for any Lie algebra with a finite number
of homogeneous defining relations.

This is because any finite homogeneous set of Lie (associative) polynomials
is a stable set in the sense of this paper. So, one may find all elements of Sc

up to some fixed degree, and then apply Shirshov’s reduction algorithm to the
polynomial under consideration.

Theorem 3. (Freeness Theorem). Let L be a Lie algebra with one defining relation
s = 0. Then any subalgebra of L, generated by all but one letter involved in s, is
the free Lie algebra on these free generators.

For groups, this is the famous “Freiheitssatz” by W. Magnus [68]. The Free-
ness Theorem is also valid for an associative algebra with one defining relation
(L.G. Makar-Limanov [71]). The proof does not use the Gröbner-Shirshov basis
theory for associative algebras, but rather the existence of algebraically closed
associative algebras (L.G. Makar-Limanov [70]). The Freeness theorem is proved
for a pre-Lie (or right-symmetric) one-relator algebra (D. Kozybaev, L. Makar-
Limanov, U. Umirbaev [56]).

Shirshov’s paper [9] implicitly contains the Gröbner-Shirshov basis theory for
associative algebras too, because he constantly used the fact that any Lie polyno-
mial is at the same time a non-commutative polynomial. For example, the maximal
term of a Lie polynomial is defined to be its maximal word as a non-commutative
polynomial, the definition of the Lie composition (the Lie s-polynomial) of two
Lie polynomials begins with their composition as non-commutative polynomials
and then puts some special Lie brackets on it, and so on. The main Composition-
Diamond Lemma for associative polynomials is actually proved in the paper: we
need only to “forget” about the Lie brackets in the proof of this lemma for Lie
polynomials (Lemma 3 [9]). The Composition-Diamond Lemma was explicitly for-
mulated much later in papers L.A. Bokut [25] and G. Bergman [16].

We formulate Shirshov’s Composition-Diamond Lemma for associative alge-
bras following his paper [9] by “forgetting” the brackets, i.e., with only the change
of “Lie polynomials” to “non-commutative polynomials”. Let k〈X〉 be the free
associative algebra over a field k on a set X , such that the free monoid X∗ is
well-ordered by the deg-lex ordering. For a polynomial f , Shirshov [9] denotes by
f the maximal word of f . Let f , g be two monic polynomials (possibly equal), let
w ∈ X∗ be such that w = acb, where f = ac, g = cb and a, b, c are words with
c nonempty. Then (f, g)c = fb − ag is called an (associative) composition of f, g
(this is Shirshov’s original notation, now we use (f, g)w); for Lie polynomials f ,
g, Shirshov puts some special brackets into [fb] − [ag] such that [fb] − [ag] < w.
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Let S be a reduced set in k〈X〉 and let Sc be a reduced set obtained from S by
(transfinite) induction applying the following elementary operations: joining to S
a composition of two elements of S and applying the reduction algorithm to the
resulting set (until one gets a reduced set with only trivial compositions after the
reduction). In current terminology, Sc is a Gröbner-Shirshov basis of the ideal gen-
erated by S, and the process of adding compositions is Shirshov’s algorithm. He
calls S a stable set if, at each step, the degree of the composition (f, g)w, after the
reduction, is bigger than the degree of f , g (or (f, g)w is zero after the reduction).
Of course, if S is a finite (or recursive) stable set, then Sc is a recursive set and
from the next lemma the word problem is solvable in the algebra with defining
relations S. Now suppose that S is a Gröbner-Shirshov basis in the sense that S
is a reduced set and any composition of intersection of elements of S is zero after
the reduction (S is complete or closed under compositions). Hence S is a stable
set in the sense of Shirshov. Then Lemma 3 of [9] has the following “forgetting
brackets” form (see [25]).

Shirshov’s Composition-Diamond Lemma for Associative Algebras. Let S ⊂ k〈X〉
be a Gröbner-Shirshov basis of the ideal Id(S). If f ∈ Id(S), then f = asb, for
some s ∈ S and a, b ∈ X∗. Hence the set of S-irreducible words Irr(S), that do
not contain maximal words of polynomials from S as subwords, is a k-basis of the
algebra k〈X |S〉.

It is easy to see that the converse is also true (see [16]).
In the paper [10], Shirshov found a linear basis of a free product of Lie

algebras with an amalgamation as an application of his Composition-Diamond
Lemma for Lie algebras. Then he found an example proving that an analog of the
Kurosh subgroup theorem [61] for a free product of groups, as well as Kurosh’s [60]
and Gainov’s [46] theorems for subalgebras of free products of non-associative or
(anti)commutative non-associative algebras, are not valid for subalgebras of free
products of Lie algebras. Kukin [59], [58] found a description of subalgebras of free
(amalgamated) products of Lie algebras.

In the paper [24], Shirshov’s Composition-Diamond Lemma was systemat-
ically used in order to prove the following embedding theorem: Let M be any
recursively enumerable set of natural numbers. Let

LM = Lie(a, b, c, a1, b1, c1 | [abkc] = [a1b
k
1c1], k ∈M)

be a recursively presented Lie algebra. Then LM is embeddable into a finitely pre-
sented Lie algebra L. If M is not recursive, then the word problem is undecidable
in LM and hence in L.

This gave the negative solution of the word problem for Lie algebras. An
explicit example of a finitely presented Lie algebra with undecidable word problem
was given by Kukin [57]. The proof in [24] used Matiyasevich’s solution of Hilbert’s
10th problem [73] and some ideas of the Higman theorem [52] that any recursively
presented group is embeddable into a finitely presented group. There remained
the problem of whether any recursively presented Lie (associative) algebra can be
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embedded into a finitely presented Lie (associative) algebra. V. Belyaev [17] solved
positively the problem for associative algebras.

In the paper [25], Shirshov’s Composition-Diamond Lemma for associative
algebras was used to prove an embedding theorem for associative algebras: For any
associative algebras A, Ai (i = 1, 2, 3, 4) with appropriate cardinality conditions,
for example, all of them are algebras of countable dimension and Ai (i = 1, 2, 3, 4)
is the union of a countable increasing series of subalgebras with factors of countable
dimension. Then A can be embedded into a simple associative algebra which is a
sum of Ai (i = 1, 2, 3, 4); in particular, A can be embedded into a finitely generated
simple associative algebra. By the way, answering a question raised by [25], Shelah
[81] constructed an example of an associative algebra of uncountable dimension
which is not a union of a countable increasing series of subalgebras with factors of
uncountable dimension.

In the paper [26], Shirshov’s Composition-Diamond Lemma for Lie algebras
was used to prove an embedding theorem for Lie algebras: Any Lie algebra is
embeddable into an algebraically closed (in particular simple) Lie algebra which
is a sum of four prescribed Lie subalgebras with the same cardinality conditions
as in [25] above.

In the papers [20], [21], [23], there were found normal forms of elements of
Novikov’s and Boone’s groups, as well as relative normal forms of some groups of
quotients of multiplicative semigroups of some rings. Actually, those normal forms
are the (relative) irreducible words for (relative) Gröbner-Shirshov bases of the
groups, see [33], [39].

In the papers [74], [75], there were proved Composition-Diamond Lemmas
for colore Lie superalgebras, Lie p-algebras and Lie p-superalgebras.

In the papers [54], [40], there were proved Composition-Diamond Lemmas
for modules.

In the paper [28], it was proved Composition-Diamond Lemma for associative
conformal algebras.

Some other papers on Gröbner–Shirshov bases one may found in surveys [29],
[30], [31].
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group via Gröbner-Shirshov bases., SEA Bull Math., 32(2008), 5.

[40] E.S. Chibrikov, On free Lie conformal algebras. Vestnik Novosib. State Univ., Ser.
“Math, Mech, Inform.”, 4 (2004), No 1, 65–83 (in Russian).

[41] Chibrikov, E.S. A right normed basis for free Lie algebras and Lyndon–Shirshov
words. J. Algebra 302, No. 2, 593–612 (2006).

[42] Cohn, P.M. Universal algebra. (English) Harper’s Series in Modern Mathematics.
New York-Evanston-London: Harper and Row, Publishers 1965, XV, 333 p. (1965).

[43] Cohn, P.M. A remark on the Birkhoff-Witt theorem. (English) J. Lond. Math. Soc.
38, 197–203 (1963).

[44] Cohn, P.M. Sur le critère de Friedrichs pour les commutateurs dans une algèbre
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Some of A.I. Shirshov Works

V.K. Kharchenko

In his first published paper “Subalgebras of free Lie algebras” A.I. Shirshov proved
for Lie algebras an analog of the famous Nielsen-Schreier theorem: every subalgebra
of a free Lie algebra is free. Three years later this theorem was independently
proved and extended to restricted Lie algebras by E. Witt [38]. Much later this
result was generalized to Lie superalgebras (A.S. Shtern [29]), and to colored Lie
superalgebras (A.A. Mikhalev [20, 21, 22]). These results went through further
development in the field of quantum algebra as follows. The Shirshov–Witt theorem
for Lie algebras over fields of characteristic zero admits an equivalent formulation
in terms of a free associative algebra: Every Hopf subalgebra of a free algebra
k〈yi〉 with the coproduct set up by ∆(yi) = yi ⊗ 1 + 1 ⊗ yi is free. If we consider
the free algebra as a braided Hopf algebra with a very special braiding (τ(yi ⊗
yj) = pijyj ⊗ yi, pijpji = 1), then we get a reformulation of the Mikhalev-Shtern
generalization as well. We may consider the free associative algebra k〈V 〉 as a
braided Hopf algebra provided that V is a braided space with arbitrary braiding
(not necessary invertible). In this setting the braided version of the Shirshov-Witt
theorem takes up the following form [12]. If a subalgebra U ⊆ k〈V 〉 is a right
categorical right coideal, that is ∆(U) ⊆ U⊗k〈V 〉, τ(k〈V 〉 ⊗U) ⊆ U⊗k〈V 〉, then
U is a free subalgebra.

A detailed investigation of free generators for subalgebras of a free Lie al-
gebra and their ranks can be found in the papers [15, 23, 25]. An analogue of
Schreier’s formula was found by V. Petrogradsky for free Lie (super)algebras in
terms of formal power series [27, 28]. Description of automorphism groups of free
Lie algebras is closely related to the theorem of A.I. Shirshov on subalgebras. In
1964 P. Cohn [4] proved that the automorphisms of free Lie algebras of a finite
rank are tame, i.e., the automorphism group is generated by elementary automor-
pisms. Defining relations of the automorphism group were described in 2007 by
U.U. Umirbaev [36]. A detailed investigation of automorphisms of free Lie algebras
and their applications can be found in the papers [15, 26, 23, 34, 35, 24, 25, 27].
The Shirshov-Witt theorem on subalgebras gives also the decidability of the occur-
rence problem for free Lie algebras (see, also [15]). In 1990 U.U. Umirbaev proved
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[32] that finitely generated subalgebras of free Lie algebras are finitely separable.
The occurrence problem for free Lie algebras and for relatively free algebras was
studied in [33, 6, 7].

In a small note “On representation of Lie rings in associative rings” A.I.
Shirshov constructed an example of a Lie ring that has no faithful representations
in associative rings. This example shows that the Poincare-Birkhoff-Witt theorem
may not be extended to Lie algebras over arbitrary commutative rings. Recall that
the original proof of the PBW-theorem for Lie algebras over fields remains valid
for Lie algebras over commutative rings, provided that the algebra is a free module
over the ring of scalars [1, 37]. However it is not evident if a free Lie algebra over
any commutative ring indeed is a free module over the ring of scalars. A.I. Shir-
shov in his fundamental paper “On free Lie rings” showed in particular that this
question has an affirmative answer. Independently M. Lazard [17] and P. Cartier
[2] proved that every Lie algebra over a Dedekind domain has a representation
in an associative ring. If the ring of scalars itself is an algebra over the rationals,
the representation exists as well (P. Cohn [3]). Later H.-J. Higgins in [8] found
necessary and sufficient conditions for the module structure for a Lie algebra over
a commutative ring to have a representation in an associative ring. It should be
emphasized that the embedding problems are the most subtle problems located at
the interfaces between algebra and logic. Sometimes in this area deep and exten-
sive investigations trace back to publications with serious gaps and errors, see for
example the historical notes [30]. Even in our time there appear such publications
concerning the representation of generalizations of Lie algebras in associative rings
in serious mathematical journals (see a discussion in [12, Section 5]).

In the paper “On free Lie rings” in order to construct a basis of a free Lie
algebra (over a commutative ring) A.I. Shirshov introduced a class of words that
is fundamental for modern combinatorial theory. This class of words was indepen-
dently discovered by R. Lyndon several years before [19]. Now these words are
called Lyndon words or Lyndon-Shirshov words, see M. Lothaire [18].

The method of Lyndon-Shirshov words remains a very effective tool for mod-
ern investigations in algebra. This allows one to construct a PBW-basis in ar-
bitrary Hopf algebra generated by skew-primitive semi-invariants, [11], or in a
braided Hopf algebra with a so-called triangular set of primitive generators [31].
In a more general setting, [5], it is possible to find some kind of factorization of
graded Hopf algebras using Lyndon-Shirshov words. An interesting development
is due to P. Lalonde and A. Ram. They found an elegant representation of the
Lyndon-Shirshov basis for classical finite-dimensional simple Lie algebras, see [16,
Figure 1]. More recently the method of Lyndon-Shirshov words has proved to be an
extremely important tool for classification of right coideal subalgebras in quantum
groups [13, 14].

One more result from the paper “On free Lie rings” that has a reflection
to contemporaneity, the Freiderich criterion (Theorem 3 in that paper), shows
that the elements of a given free Lie algebra (over a commutative ring Σ) can
be distinguished in the enveloping free associative algebra (over Σ) as primitive
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elements with respect to the diagonal coproduct. Even though A.I. Shirshov did not
introduce the very same coproduct, in Theorem 3 one may replace the commuting
variables ai, a

′
i with ai ⊗ 1 and 1 ⊗ ai respectively. Then the condition

f(a1 + a′1, . . . , an + a′n) = f(a1, . . . , an) + f(a′1, . . . , a
′
n)

reduces to ∆(f) = f ⊗1+1⊗ f, where ∆ is the diagonal coproduct defined on the
generators via ∆(ai) = ai ⊗ 1 + 1⊗ ai and extended to the enveloping free algebra
as an algebra homomorphism ∆ : AΣR → AΣR ⊗ AΣR.

In the paper “On rings with identity relations” A.I. Shirshov in particular
proves that every associative PI-ring algebraic over a central subring Z1 is in some
sense finite over Z1 (Theorem 4 in the paper). This new notion of finiteness is close
to but not identical with the notion of finitely generated module. It is interesting
that essentially the same notion over a not necessarily central subring appears
in the modern noncommutative Galois theory. More precisely a subring A ⊆ R is
called (right) Shirshov finite over a subring D ⊆ R if there exists a finite number of
elements r1, r2, . . . , rk such that A ⊆ r1D+r2D+ · · ·+rkD. The Shirshov theorem
(Theorem 4 in the paper) says that Rn is Shirshov finite over Z1, where n is the
degree of PI-identity of the finitely generated ring R. The same finiteness relation
in local form exists between a given semiprime ring R and its Galois subring RG

with respect to a finite group G of automorphisms, [9, 10, Theorem 5.10.1]. In
more detail, suppose that semiprime associative ring R has no additive |G|-torsion
(or more generally G is a Maschke group, [9, 10, Definition 5.4.13]). Then R has
an essential two-sided ideal I that is locally finite in the Shirshov sense over the
fixed ring RG = {r ∈ R | ∀g ∈ G, g(r) = r}. Here the local finiteness means that
each finitely generated right ideal A ⊆ I is Shirshov finite over RG as a subring.
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Comments on Shirshov’s Height Theorem

Alexander Kemer

In 1941 A.G. Kurosh [1] posed the problem: Is every finitely-generated alge-
braic associative algebra finite-dimensional? In 1964 E.S. Golod and I.R. Shafare-
vich [2, 3] constructed a counterexample: they presented an infinite-dimensional
finitely-generated nil-algebra. This counterexample shows that in general finitely-
generated algebraic associative algebras are very far from being finite-dimensional.

Every problem can be considered not only as an explicit problem but as a
direction of research. In the case of Kurosh’s problem such a direction can be
formulated in the following way: Find the conditions which imply that a finitely
generated algebra is finite-dimensional.

Before the counterexample of Golod-Shafarevich was constructed, many pos-
itive results on Kurosh’s problem were obtained. In 1945 N. Jacobson [4] solved the
problem of Kurosh for algebraic algebras of bounded index. In 1946 J. Levitzky [5]
proved that for a finitely generated PI-algebra over a commutative ring, if each
element is nilpotent then the algebra is nilpotent. Finally, in 1948 I. Kaplansky [6]
solved Kurosh’s problem for PI-algebras over a field. All of these results became
classical and are included in textbooks on ring theory. The great role of these re-
sults in ring theory is well known. In fact, the structure theory of rings developed
around the problem of A.G. Kurosh.

In 1957 A.I. Shirshov proved his famous theorem on height:

Theorem (A.I. Shirshov [7]). For any finitely-generated associative PI-algebra
A over a commutative ring R with 1, there exist a natural number h and elements
a1, . . . , an ∈ A such that any element of A can be represented as an R-linear
combination of elements of the form

aα1
i1

· · · aαk
ik
,

where k < h.

We note that an algebra A over a commutative ring R with 1 is called a
PI-algebra if A satisfies some polynomial identity f = 0 such that the ideal of the
ring R generated by the coefficients of the highest-degree terms of the polynomial
f contains 1.
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The positive solution of Kurosh’s problem for PI-algebras over a ring follows
immediately from Shirshov’s theorem. Indeed, since the elements a1, . . . , an ∈ A
are algebraic (the elements a1, . . . , an are taken from the conclusion of the theorem
on height), the degrees αi are bounded. Hence the algebra A is a finitely-generated
R-module.

Comparing the solutions of Kurosh’s problem obtained by I. Kaplansky and
A.I. Shirshov one notes that the solution of I. Kaplansky is based on the well-
developed structure theory of rings, but makes little use of the PI-condition. In
fact, the PI-condition is used in two statements: (1) The radical of a finitely-
generated algebraic PI-algebra is nilpotent; (2) A matrix algebra of order n does
not satisfy a polynomial identity of degree less than 2n. These statements are quite
easy from the contemporary point of view.

The solution of A.I. Shirshov does not use the structure theory at all. More-
over A.I. Shirshov also made little use of algebraicity. It follows from the above
that it is sufficient to require algebraicity only for some finite set of elements.
But the most important merit of the theorem on height is that it was proved for
algebras over a commutative ring. Many of the results in ring theory concerning
PI-algebras would not have been obtained if the theorem on height were true only
for algebras over fields.

With the first results about PI-algebras it became clear that the PI-condition
is a peculiar finiteness condition. In 1957 S. Amitsur [8] proved a remarkable the-
orem: The radical of a finitely-generated PI-algebra is a nil-ideal. This theorem
once again corroborated that the PI-condition is a finiteness condition, and al-
lowed V.N. Latyshev at that time to formulate rather boldly the problem: Is the
radical of a finitely-generated PI-algebra nilpotent? (See [9].) A great contribution
to the solution of this problem was made by Yu.P. Razmyslov [10] who proved that
the radical of finitely-generated PI-algebra over a field is nilpotent if and only if the
algebra satisfies some standard identity. To prove this statement, Yu.P. Razmyslov
constructed an embedding of certain algebras into algebras which are algebraic over
the center and then applied the theorem on height. Yu.P. Razmyslov was the first
algebraist to apply the theorem on height very often and deeply. For algebras over
a field of characteristic zero, Latyshev’s problem was solved by A.R. Kemer [11]
who proved that every finitely-generated PI-algebra over a field of characteristic
zero satisfies a standard identity of some order. Indeed this result and the theorem
of Razmyslov mentioned above imply the positive solution of Latyshev’s problem
in the case of characteristic zero. In 1982, A. Braun [12] solved Latyshev’s problem
positively for algebras over a commutative Noetherian ring. At present the theo-
rem on the nilpotency of the radical of a finitely-generated PI-algebra is known
as the theorem of Braun-Kemer-Razmyslov.

In 1974, Yu.P. Razmyslov introduced a new concept of trace identity, and
proved that each trace identity of the matrix algebra of order n over a field of
characteristic 0 follows from the Cayley-Hamilton trace identity of degree n and
the identity Tr(1) = n [13]. Little later C. Procesi [14] proved actually the same
result in the terms of invariants.
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The Cayley-Hamilton identity of degree n has the form

Xn(x) = xn + b1(x)xn−1 + · · · + bn(x) = 0,

where the coefficient bm(x) is a form of degree m. In the case of characteristic zero
the coefficients bm(x) can be represented as linear combinations of trace monomials
of the form

Tr(xi1 )α1Tr(xi2 )α2 · · ·Tr(xik )αk .

Of course this theorem of Yu.P. Razmyslov does not concern the theorem on height
directly, but the idea of trace identities gives a way of embedding (if possible)
a finitely-generated PI-algebra over a field into a finite-dimensional algebra (a
matrix algebra) over a larger field (such algebras are called representable). Indeed,
let a finitely-generated algebra A over a field F be embeddable into the matrix
algebra Mn(K), F ⊆ K. Consider the F -subalgebra C = SA, where S is the F -
subalgebra (with unity) of the field K generated by all the elements bm(a) (a ∈ A)
where the elements bm(a) are the coefficients of the Cayley-Hamilton identity of
degree n. It follows from this that in the case of characteristic zero the algebra A
is embeddable into the algebra

D = A⊗ T 〈A〉/J,
where T 〈A〉 is the commutative algebra generated by the symbols Tr(a), a ∈ A,
the trace on the algebra A⊗ T 〈A〉 is defined by the formula

Tr
(∑

ak ⊗ tk

)
=
∑

Tr(ak)tk,

and the ideal J is generated by the elements Xn(d) (d ∈ A⊗T 〈A〉). In the case of
characteristic p the algebra A⊗ T 〈A〉 is generated by the symbols bm(a) (a ∈ A).
The forms bm(x) are defined in the same manner but with more complicated
formulas.

Assume that the algebra A is embeddable into the algebra D. Then the
algebra A is embeddable into the algebra

D′ = A⊗ T ′〈A〉/J ∩A⊗ T ′〈A〉,
where T ′〈A〉 is the subalgebra of A⊗ T 〈A〉 generated by the elements bm(ai) (the
elements ai are taken from the conclusion of the theorem on height). The algebra
D′ is finitely-generated and algebraic over the commutative algebra T ′〈A〉 because
it satisfies the Cayley-Hamilton identity. By the theorem on height the algebra D′

is a finitely-generated T ′〈A〉-module. Since the algebra T ′〈A〉 is noetherian, by a
theorem of K. Beidar [15] the algebras D′ and A are representable. In 1995 the
theorem of Razmyslov in the case of characteristic p was proved by A.R. Kemer
at the multilinear level [16] and little later A.N. Zubkov proved this theorem at
the homogeneous level [17].

A very important problem in the theory of PI-algebras was posed by W.
Specht [18] in 1950: Does every associative algebra over a field of characteristic zero
have a finite basis of identities? The finite basis problem makes sense for algebras
over any field, and even for rings, groups and arbitrary general algebraic systems.
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A positive solution of the finite basis problem for a given class of algebraic systems
is a sort of classification of these algebraic systems in the language of identities.

A rather large number of papers have been devoted to Specht’s problem for
associative algebras over a field of characteristic zero. We note the most important
results. In 1977 V.N. Latyshev [19] proved that any associative algebra over a field
of characteristic zero satisfying a polynomial identity of the form

[x1, . . . , xn] · · · [y1, . . . , yn] = 0,

has a finite basis of identities. This result was also obtained independently by G.
Genov [20] and A. Popov [21].

In 1982 A.R. Kemer reduced the Specht problem to the finite basis prob-
lem for graded identities of finitely-generated associative PI-superalgebras [22]
and in 1986 he solved the Specht problem positively [23]. The first proof of the
theorem on the finite basis of identities was rather complicated. A little later in
1987 A.R. Kemer [24] proved that relatively free finitely-generated associative PI-
superalgebras over a field of characteristic zero are representable. This theorem
implies the theorem on the finite basis, and explains the reason why the Specht
problem has a positive solution. This reason is that finite-generated PI-algebras
over a field of characteristic zero cannot be distinguished in the language of iden-
tities from finite-dimensional algebras. More precisely, for every finitely-generated
PI-algebra A there exists a finitely-dimensional algebra C such that the ideals of
identities of these algebras are equal. In 1988 A.R. Kemer proved the same result
for algebras over an infinite field of characteristic p [25].

The main idea of the proof of this theorem is to approach step-by-step the
given T -ideal Γ by the ideals of identities of finite-dimensional algebras. At the
first step there is constructed a finite-dimensional algebra C0 such that

T [C0] ⊆ Γ.

The existence of this algebra follows from the theorem on nilpotency of Braun-
Kemer-Razmyslov and the theorem of J. Lewin [33]. The most difficult part of the
proof is the following statement: If T [C] ⊆ Γ, T [C] �= Γ (C is finite-dimensional)
then there exists a finite-dimensional algebra C′ such that

T [C] ⊆ T [C′] ⊆ Γ, T [C] �= T [C′].

The proof of this statement uses identities with forms and the standard application
of the theorem on height which was described above.

Examples of infinitely-based algebras in the case of characteristic p were
constructed in 1999 by V.V. Schigolev [26] and A.Ya. Belov [27].

In 1998 A.Ya. Belov [28] announced a positive solution of the local finite
basis problem for algebras over a commutative noetherian ring, and announced a
result about the representability of the relatively free algebra over a commutative
noetherian ring in some weak sense: The relatively free finitely-generated PI-
algebra A over a commutative noetherian ring R is embeddable into some algebra
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A′ over a commutative noetherian ring R′ such that A′ is a finitely-generated R′-
module (R ⊆ R′). In other words the algebra A is embeddable into the algebra of
endomorphisms of some finitely generated R′-module.

Regarding the methods of A.Ya. Belov we should note that most of the ideas
of A.Ya. Belov are combinatorial, and come from the theorem on height and other
results of A.I. Shirshov. A.Ya. Belov developed the combinatorial ideas of A.I.
Shirshov which made it possible to consider more complicated combinatorial sit-
uations than in the theorem on height. In this sense one can call A.Ya. Belov a
successor of A.I. Shirshov.

Another nice idea is applying Zariski closure. This idea was new for PI-
theory. The algebras of endomorphisms of finitely generated modules over a ring
have a more complicated structure than finite-dimensional algebras, but applying
Zariski closure A.Ya. Belov proved that a finitely-generated PI-algebra A over a
commutative noetherian ring R has the same identities as some algebra C over a
commutative noetherian ring R′, R ⊆ R′, satisfying the property that the radi-
cal of the algebra C splits off and is nilpotent, i.e., C = P + RadC, where the
subalgebra C is semisimple. Applying Zariski closure A.Ya. Belov also obtained a
lot of information about the semiprime part P . We note that the main results of
A.Ya. Belov are not yet published.

We also mention the results devoted to the estimation of height in the theorem
of A.I. Shirshov. The height h(A) of an algebra A depends on the number of
generators s and the minimal degree of identities m = deg(A). The estimate for
the height which follows from the proof of the theorem on height is not satisfactory.
In 1982 A.G. Kolotov [29] obtained the estimate

h(a) ≤ ssm

.

In [30] E.I. Zelmanov raised a question about the exponential estimate of the
height. The positive answer was obtained by A. Ya. Belov in 1988 [31, 32].
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Brief Review of the Life and Work
of A.I. Shirshov

Evgenii Kuzmin

An outstanding Russian mathematician, Anatolĭı Illarionovich Shirshov was born
on the 8th of August 1921 in the village of Kolyvan in the Novosibirsk Region.
Before the war he started his studies in Tomsk University and then went to the
front as a volunteer, and after demobilization in 1946 he continued his studies in
Voroshilovgrad (now Lugansk) Pedagogical Institute. He combined his studies at
the Institute with working as a mathematics teacher at a secondary school.

In 1950, A.I. Shirshov entered the Graduate School of the Faculty of Me-
chanics and Mathematics at Moscow State University (MSU) where he studied
under the supervision of Professor A.G. Kurosh. After successful defence in 1953
of his Candidate of Science thesis, Some problems in the theory of nonassocia-
tive rings and algebras, he started working at the Department of Higher Algebra
at MSU, first as Assistant, and starting in 1955, as Docent. In 1957–1960, A.I.
Shirshov worked as the First Deputy Dean of the Faculty (the Dean was A.N.
Kolmogorov). These years witnessed the blossoming of his creative scientific activ-
ity: in rapid succession he published works in which he laid the foundation for a
new direction in modern algebra, the theory of rings that are nearly associative. In
1958, A.I. Shirshov defended his Doctor of Science thesis, On some classes of rings
that are nearly associative, and in 1961 he was promoted to the rank of Professor.

In 1960, A.I. Shirshov, upon the invitation of Academicians S.L. Sobolev,
I.N. Vekua and A.I. Malcev, decided to participate in the realization of an impor-
tant national program: raising the level of scientific activity in his native region
of Siberia. Like many other scientists of the time, who answered the call of the
Government, he took an active part in the organization of the Siberian Branch of
the Academy of Sciences of the USSR. Together with Academician A.I. Malcev,
he became one of the founders of the Siberian school of algebra and logic. By
his scientific, administrative and public activities, he made a great contribution
to the foundation and development of the Mathematical Institute and the entire
Siberian Branch. From 1960 to 1973, he was Deputy Director of the Mathematical
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Institute of the Siberian Branch, and from 1967 to his last days, he was the Head
of Division of Ring Theory of the Mathematical Institute. Simultaneously he con-
ducted extensive pedagogical work as a Professor of the Department of Algebra
and Mathematical Logic of Novosibirsk State University.

In 1964, A.I. Shirshov was elected a Corresponding Member of the Academy
of Sciences of the USSR. He became a member of the Bureau of the Mathematical
Division of the Academy of Sciences, a member of the National Committee of
Soviet Mathematicians, Chairman of the Committee on Algebra of the Academy
of Sciences, and also a member of several scientific councils and editorial boards.

The circle of scientific interests of A.I. Shirshov was rather extensive: algebra,
mathematical logic, number theory, and projective geometry. However, his creative
activity was concentrated mostly on ring theory and problems of algebra on the
border with mathematical logic. When A.I. Shirshov started his research in the
theory of rings that are nearly associative (1953), this theory simply did not exist:
there were merely definitions of various classes of nonassociative rings and some
isolated results about these rings. Now, it is a well-developed branch of algebra
that includes as its components the theories of infinite-dimensional Lie algebras,
the theory of alternative algebras, the theory of Jordan algebras, and also the
theories of wider classes of algebras: Malcev algebras, binary-Lie algebras, right-
alternative algebras, and others. The theory of rings that are nearly associative
owes its modern development largely to the works of A.I. Shirshov and his students.

Already in the first works of A.I. Shirshov on ring theory we find brilliant
results that have become classical: the theorem on freeness of subalgebras of free
Lie algebras, and the theorem on embedding of an arbitrary Lie algebra with
a countable number of generators into a Lie algebra with two generators. The
bases of the free Lie algebra constructed by A.I. Shirshov (the Lyndon-Shirshov
basis, the Hall-Shirshov bases) have played an important role in the solution of
various types of algorithmic problems in the theory of Lie algebras, and also find
applications in group theory. The attention of specialists was attracted by A.I.
Shirshov’s beautiful example of a Lie algebra over a ring which does not have an
enveloping associative algebra over the same ring.

In group theory as well as ring theory an important role is played by prob-
lems of Burnside type; one of the best-known problems of this kind is the problem
posed by A.G. Kurosh: is an associative algebraic algebra necessarily locally finite?
As is well known, in the general case this problem of Kurosh was given a negative
answer by E.S. Golod: on the other hand, this problem was given a positive an-
swer by Kaplansky in the class of associative algebras which satisfy a polynomial
identity. A.I. Shirshov suggested a general combinatorial approach that provides
a positive solution to the problem of Kurosh for alternative and special Jordan al-
gebras of bounded degree, and proves local nilpotency in the particular case of nil
rings of bounded index. Turning his attention to associative rings with identical
relations, A.I. Shirshov proved a theorem on local boundedness of their heights
which is an essential strengthening of the theorem of Kaplansky. Introducing nat-
ural definitions of algebraicity and local finiteness over a subring of the center, he
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obtained another generalization of Kaplansky’s theorem: an alternative ring with
a non-trivial identity, which is algebraic over a subring of its center, is locally finite
over that subring.

Perhaps the most beautiful and difficult theorem of A.I. Shirshov is the state-
ment that any Jordan algebra with two generators is special. This served as the
starting point of a long series of works by American authors on Jordan algebras
with two and three generators and on identities of Jordan algebras.

An important event for algebra was the publication of the monograph Rings
that are nearly associative (Moscow, Nauka, 1978) written by A.I. Shirshov in
collaboration with his students K.A. Zhevlakov, A.M. Slinko and I.P. Shestakov.

Among the algorithmic problems of algebra, to A.I. Shirshov belongs the
solution of the word problem and the proof of the freeness theorem in the classes
of commutative and anticommutative algebras and Lie algebras with one defining
relation (using what is now called Gröbner-Shirshov basis theory). He also solved
the word problem for solvable Lie algebras of index 2.

The works of A.I. Shirshov in the theory of rings that are nearly associative
have cleared the way for further investigations in this area. In the works of his
students and followers, many problems stated by A.I. Shirshov were solved: de-
cidability of the word problem in the class of all Lie algebras and in the class of
solvable Lie algebras; the problem of computing the basis rank of the varieties of
alternative and Malcev algebras; the problem of describing the subalgebras of the
free product of Lie algebras; the problem of local nilpotency of Jordan nil-algebras
of bounded index; and others.

In the last years of his life, A.I. Shirshov was actively engaged in theory of
projective planes. He developed a new algebraic approach to the study of projective
planes; in particular he constructed a simple explicit “base” of a free projective
plane. This approach allowed the formulation of a series of problems and a new
viewpoint on the known results and problems in the theory of projective planes.
To these problems A.I. Shirshov devoted an extended plenary report at the 14th
All-Union Algebra Conference in Novosibirsk in 1977.

A.I. Shirshov devoted much attention and care to the training of the next
generation of young scientists; he considered this the duty of a scientist. The school
of algebra created by him was an object of personal pride.

A.I. Shirshov died on the 28th of February 1981 after a prolonged serious
illness. The profound ideas of his works remain alive.





A Word about the Teacher

Evgenii Kuzmin

Strict and attentive, but at the same time fatherly and warm – a glance above the
glasses (in a simple thin frame). He walked through the rows of students looking
into notebooks, checking how the problem written on the blackboard was being
solved. September 1955: a seminar in higher algebra is in progress for the students
of the 104th section of the first year in the Faculty of Mechanics and Mathemat-
ics [Mehmat] at MSU. The seminar is run by the Teacher, Anatoly Illarionovich
Shirshov, a young assistant in the Department of Higher Algebra at MSU. The
Department is headed by Alexander Gennadievich Kurosh, the author of the text-
book “A Course in Higher Algebra” and the monograph “Group Theory”. A.I.
stops next to me, nods with satisfaction and calls me to the blackboard: “Kuzmin,
come and tell us how to solve this problem”. I go up and explain it. Stopping me
before I finish, A.I. asks the audience: “Who knows how to complete the solution?
Vinogradov, come to the blackboard.”

To be called to the blackboard is an honour; it must be earned. We have
some rather strong folks in our class, future doctors of science Sasha Vinogradov,
Borya Vainberg, Dima Fuks, Galina Turina (a talented mathematician who, un-
fortunately, was killed in an untimely accident rafting on northern rivers), Valera
Kudryavtsev, Galina Blohina, Vitya Ivnitsky and your humble servant Zhenya
(Evgenii) Kuzmin. The studies at Mehmat came easily to me, and I especially
enjoyed algebra, with its strict logic of calculations and somewhat dry beauty
of algebraic structures and abstract theories. We could not imagine how different
higher mathematics is from school mathematics! And it was rare luck to meet your
life-long Teacher during the first few days of university studies. A.I. noticed me,
started to give me separate, more difficult and interesting homework assignments,
and once offered a completely unusual problem:

“There is a theorem of Shirokov which gives a positive answer to the con-
jecture of Kaplansky on the quasi-nilpotency of the commutator in an associative
valuation ring under one extra condition of an algebraic nature. Shirokov proved
his theorem using methods of functional analysis. But Kaplansky himself is an
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algebraist, and his problem is also formulated algebraically. So I think that there
must exist a purely algebraic proof of this theorem. Try to find such a proof!”

After some time I managed to do it! (Later in my diploma thesis I extended
Shirokov’s theorem to flexible valuation rings, which are a wide generalization of
associative rings.) The reaction of Shirshov was unexpected. He brought me to
his seminar, where the participants were students one or two years older than me,
and said: “Look at this boy. He solved a problem of Kaplansky!” Of course, it was
Shirokov who solved the problem of Kaplansky; I merely re-proved his theorem.
A.I. simply wanted to praise me, and his words gave me wings. I began to attend
his seminar and then his special course in ring theory, where he explained his
ideas, amazing in their beauty and complexity, related to alternative, Jordan and
Lie rings – the ideas that created a new direction in ring theory and were the basis
of Shirshov’s doctoral thesis.

The core of Shirshov’s seminar consisted of five people: L. A. Bokut, G.V. Do-
rofeev, E.N. Kuzmin, V.N. Latyshev, and K.A. Zhevlakov, whom somebody called
the “magnificent five”. These five direct students of A.I. became the basis on which
the school of Shirshov emerged; in the framework of this school the well-known
doctors of science were formed: V.T. Filippov, A.Ya. Kanel-Belov, A.V. Iltyakov,
A.R. Kemer, V.K. Kharchenko, P.S. Kolesnikov, G.P. Kukin, Yu.N. Malcev, Yu.A.
Medvedev, A.A. Nikitin, S.V. Pchelintsev, V.V. Shchigolev, I.P. Shestakov, A.M.
Slinko, S.R. Sverchkov, U.U. Umirbaev, E.I. Zelmanov, V.N. Zhelyabin – not to
mention numerous candidates of science (like members of Shirshov’s Ring Theory
Department at Sobolev Institute A.Z. Ananin, V.N. Gerasimov, A.T. Kolotov,
I.V. Lvov, A.N. Koryukin, V.A. Parfenov, A.P. Pojidaev, V.G. Skosyrskii, O.N.
Smirnov, A.I. Valitskas, S.Yu. Vasilovskii).

A distinguishing trait of Shirshov’s creative work was its exceptional individ-
uality: he wrote all his main works by himself, without co-authors. This trait was
largely inherited by his students. One day, after a regular session of the Academy of
Sciences, he recounted that, during a break between meetings, he was approached
by I.M. Gelfand, a well-known “co-authorizer”, who said, holding Shirshov by a
button of his jacket, that he had some ideas about Jordan algebras: “Would you
like, Anatoly Illarionovich, to think about them?” A.I. refused; he did not want to
join the numerous ranks of co-authors of Izrail Moiseevich.

Something similar also happened to me. After struggling with the problem
of existence of an analytic Moufang loop with a given tangent Malcev algebra, I
ventured to ask A.I. for help. The answer was like a cold shower: “If you don’t
want to work on this problem yourself, I will give it to somebody else”. In a few
years it dawned upon me how to make use of the Campbell-Hausdorff series, and
the proof was found! How happy was A.I. for me! He used to say: “This is your
second doctoral thesis”.

Shirshov’s treatment of his students was truly fatherly. He was happy for our
successes as a father would be – and what were our successes compared to his truly
outstanding achievements?! – and he looked after us even in everyday life. It was
impossible not to feel a grateful love for this Man, our great Teacher.



A.I. Shirshov’s Works
on Alternative and Jordan Algebras

Ivan Shestakov and Efim Zelmanov

This survey is an extended version of Section 3 of the paper [3] by L.A. Bokut and
the first author, which was based on the report delivered at the Second Interna-
tional Conference on Algebra in memory of A.I. Shirshov, held in Barnaul, Russia
in August 1991.

We consider here the contribution of A.I. Shirshov to the theories of alterna-
tive and Jordan algebras. In the middle of the 1950s, when A.I. Shirshov began to
investigate these algebras, there was no general structure theory. Only the struc-
ture theory of finite-dimensional algebras had been developed in the works of
M. Zorn, A.A. Albert, N. Jacobson, R.D. Schafer, and others [9, 20]. As to the
infinite-dimensional case, only some isolated results, such as the Bruck-Kleinfeld-
Skornyakov theorem on alternative division rings [2, 27], had begun to appear. The
results of A.I. Shirshov and, more importantly, the ideas and methods developed
in his papers, provided a basis for the creation of structure theories for alternative
and Jordan algebras in the general case.

Recall that at that time the structure theory of associative rings was already
well-developed. One of its main achievements was I. Kaplansky’s solution [11] of
the A.G. Kurosh problem for algebraic PI-algebras. Although the Kurosh problem
is easily reformulated for alternative or Jordan algebras, the proof of I. Kaplansky
could not be translated to these classes of algebras since they lacked any structure
theory. As has already been mentioned in other surveys in this volume, A.I. Shir-
shov looked at the Kurosh problem from the combinatorial point of view, and this
approach permitted him not only to obtain more profound results in the associa-
tive case, but also to solve the problem for alternative and special Jordan algebras.
Furthermore, these works were of fundamental significance for the entire develop-
ment of the theory of alternative rings. They clearly demonstrated the intrinsic
unity of the theories of Jordan and alternative algebras.

Recall that an algebra A is said to be alternative if, for all a, b ∈ A, the
subalgebra generated by a, b is associative. An algebra J is said to be Jordan if it
satisfies the identities xy = yx and (x2y)x = x2(yx).
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The best-known example of an alternative algebra is the algebra of Cayley
numbers. The typical example of a Jordan algebra is the algebra A(+) = 〈A,+, ◦〉,
where A is an associative algebra and a ◦ b = 1

2 (ab + ba). If a Jordan algebra J
is embeddable into the algebra A(+) for a suitable associative algebra A, then J
is called a special Jordan algebra; in this case we denote by A(J) = algA(J) the
enveloping algebra of J .

A.I. Shirshov proved that if J is an algebraic special Jordan PI-algebra, then
the algebra A(J) is locally finite. In particular, the algebra J itself is locally finite
in this case. The proof of this striking result should be considered together with the
proof of the celebrated Height Theorem (see the other surveys in this volume). Both
proofs are based on a Ramsey-type combinatorial statement which has implications
far beyond algebra.

A word v is said to be n-divisible if it can be represented as v = v1 . . . vn where
v > vσ(1) . . . vσ(n) lexicographically for an arbitrary nonidentical permutation σ.

The Shirshov N(k, s, n)-lemma. For arbitrary integers k, s, n ≥ 1 there exists an
integer N(k, s, n) such that an arbitrary word in x1, . . . xk of length N(k, s, n)
contains a subword us or an n-divisible subword.

The proof of this lemma involves induction on k. Let k ≥ 2. Modulo the
induction assumption it is sufficient to consider only words in the finite set

T = { xi
kxi1 . . . xir | 1 ≤ i < s, 1 ≤ i1, . . . , ir ≤ k−1, r < N(k−1, s, n) }.

An (n−1)-divisible word in T gives rise to an n-divisible word in the alphabet
x1, . . . , xk. The key observation of Shirshov that allowed him to apply this combi-
natorics to special Jordan algebras is that an arbitrary T -word is a Jordan word;
that is, a lexicographically greatest monomial in a homogeneous Jordan expression
in x1, . . . , xk.

Shirshov’s result works for alternative algebras as well. If B is an alternative
algebra, then B(+) is a special Jordan algebra, and moreover, an enveloping algebra
A(B(+)) is isomorphic to the algebra of right multiplications,

R(B) = alg〈Rb | b ∈ B〉, Rb : x �→ xb.

Thus, we have the transitions,

B is an
algebraic
alternative
PI-algebra

=⇒
B(+) is an
algebraic
Jordan
PI-algebra

=⇒
A(B(+))
∼= R(B) is
locally
finite

=⇒
B is
locally
finite,

which give a solution to the Kurosh problem for alternative algebras. The idea of
the transition from associative algebras to alternative algebras via Jordan algebras,

Associative algebras
Jordan algebras

=⇒ Alternative algebras,

plays a crucial role in many further investigations.
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We remark that the reduction of the Restricted Burnside Problem [36, 37, 38]
to Engel Lie algebras [35] was based on the Lie analogue of Shirshov’s N(k, s, n)-
lemma. A word in x1, . . . , xk is said to be a Lie word if it is the lexicographically
greatest word in a homogeneous linear combination of commutators in x1, . . . , xk.

Theorem. For arbitrary integers k, s, n ≥ 1, there exists an integer L(k, s, n) such
that an arbitrary word in x1, . . . , xk of length L(k, s, n) contains a subword us

where u is a Lie word, or a subword v1u1v2u2 . . . un−1vn where v1, . . . , vn are Lie
words, such that

v1u1v2 . . . un−1vn > vσ(1)u1vσ(2)u2 . . . un−1vσ(n),

lexicographically, for any nonidentical permutation σ.

In [34] the Kurosh problem for arbitrary (not necessarily special) Jordan PI-
algebras was solved. It is a typical situation for Jordan algebras, when a theorem
is first proved for special algebras and then extended to the class of all algebras. In
this connection, it is very important to determine conditions sufficient for speciality
of an algebra. In this direction, A.I. Shirshov proved the fundamental theorem that
the free Jordan algebra with two generators is special. Combined with the earlier
result by P. Cohn [4], the theorem implies that every Jordan algebra with two gen-
erators is special. A.I. Shirshov considered this theorem as one of his best results.
The claim is quite simple whereas the proof is difficult and sophisticated. The the-
orem served as a source of diverse research in several directions. The first of them
relates to the investigation of the structure of free Jordan algebras J [x, y, z, . . .]
with more than two generators.

We ought to say that A.I. Shirshov was always interested in studying prob-
lems related to the structure of free algebras. His first works are devoted to free
Lie algebras. His last results are concerned with the structure of free projective
planes. He also formulated a series of questions on the structure of free Jordan,
alternative, Malcev, and other algebras [5].

The first result on the structure of the free Jordan algebra J [X ], |X | ≥ 3, was
obtained in 1959 by A.A. Albert and L.J. Paige [1]. They proved that this algebra is
neither special nor even a homomorphic image of a special Jordan algebra. (Earlier
P. Cohn in [4] showed that the class of special Jordan algebras is not closed under
homomorphic images.) This implies that the algebra J [x, y, z] contains nonzero
elements vanishing in every special Jordan algebra (such elements are called s-
identities). In 1966, C.M. Glennie [7] presented a concrete s-identity of degree 8.
Until now, no essentially new s-identities have been found, and the question of
their description is still open. Moreover, he proved that there are no s-identities
of degree ≤ 7 and no homogeneous s-identities in three variables, which are linear
in one of them. It is curious that these two facts provided all the identities that
are needed for the structure theory [33].

In the case of special algebras, the role of a free algebra is played by the
free special Jordan algebra SJ [X ], which is defined as the minimal subspace of the
free associative algebra Assoc[X ] that contains X and is closed with respect to
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the Jordan product a ◦ b. The elements of SJ [X ] are called Jordan elements. It is
easy to see that SJ [X ] ⊆ H(Assoc[X ], ∗), where H(Assoc[X ], ∗) is the subspace
of symmetric elements of Assoc[X ] with respect to the involution ∗ which is the
identity on X : (x1x2 · · ·xn)∗ = xn · · ·x2x1. The subspace H(Assoc[X ], ∗) is closed
with respect to the Jordan product and hence may be considered as a Jordan
algebra. It is generated as an algebra by the set X and by all tetrads {xixjxkxl} =
xixjxkxl + xlxkxjxi; when |X | ≤ 3 then H(Assoc[X ], ∗) = SJ [X ], and when
|X | > 3 then H(Assoc[X ], ∗) strictly contains SJ [X ] (since tetrads in general are
not Jordan elements).

An important tool to “diminish the gap” between H(Assoc[X ], ∗) and SJ [X ]
was invented by E. Zelmanov [33]. An element n ∈ SJ [X ] is called a tetrad-eater
if the tetrad {nabc} is a Jordan element for any a, b, c ∈ SJ [X ]. E. Zelmanov con-
structed an ideal I in SJ [X ] which consists of tetrad-eaters; it satisfies the condi-
tion I = H(A(I), ∗), that is, I coincides with the subspace of symmetric elements
in its enveloping algebra. The tetrad-eater ideal I is essential to the classification
of prime Jordan algebras [33]. Among various corollaries of the classification, it
was proved that the algebra J [X ] is not prime for |X | > 3. The generators of I
in [33] are of quite large degree. The following example, due to V. Skosyrsky [28],
presents a tetrad-eater of minimal known degree:

λ(x, y, z, t, u) = [[[x, y]2, x], [[[z, t]2, z], u]].

One can easily check that this is a Jordan element; moreover, the ideal of SJ [X ]
generated by all homogeneous elements of this type consists of tetrad-eaters.

As of now there are no known criteria to determine when an element of
Assoc[X ] is a Jordan element.

A series of interesting results on the structure of the free Jordan algebra J [X ]
was obtained by Yu.A. Medvedev [16, 17]. He proved in particular that
(1) If |X | ≥ 3, then the algebra J [X ] has nontrivial center and contains Albert

subrings (central orders in 27-dimensional exceptional simple Jordan alge-
bras).

(2) If |X | ≥ 32, then J [X ] contains nonzero nilpotent elements and nontrivial nil
ideals.

In the joint paper by Yu.A. Medvedev and E. Zelmanov [18], it was proved that
(3) If |X | is infinite, then the nil radical of J [X ] is neither nilpotent nor solvable.

The first two results had their analogues in the theory of free alternative algebras
[32]. The third is specific for Jordan algebras. As E.I. Zelmanov and I.P. Shestakov
showed [39], the nil radical of a free alternative algebra over a field of characteristic
zero is nilpotent. It is interesting that nilpotency of the radical in the alternative
case as well as nonnilpotency of the radical in the Jordan case was proved by
analyzing the structure of simple superalgebras and their identities.

Another direction stemming from the Shirshov theorem on two-generated
Jordan algebras relates to investigating the problems of speciality, finding certain
criteria of speciality, and studying the influence of identities of an algebra on its
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speciality. Together with A.I. Shirshov, P. M. Cohn was a pioneer in this direction
[4]. The direction was further developed in the works by A.M. Slin’ko [29] and
S.R. Sverchkov [30, 31]. In the papers [14, 22, 19, 13, 8, 23, 24] this approach
was extended to Jordan superalgebras and to other classes of algebras. We present
one of the results of S.R. Sverchkov [30]: The class of special Jordan algebras
regarded as a quasivariety cannot be determined by a set of quasi-identities (that
is, expressions of the type “f(x) = 0 ⇒ g(x) = 0”) in finitely many variables.

One of the important and difficult problems in the theory of nonassociative
algebras is the construction of effective bases of free algebras. A.I. Shirshov con-
structed bases for free Lie algebras, and free commutative and anticommutative
algebras, and formulated this problem for free alternative, free Jordan, free Mal-
cev, and other free algebras [5, problem 1.160]. In the case of free Jordan algebras,
no effective bases are known for J [X ], |X | > 2 and SJ [X ], |X | > 3. In the case of
alternative algebras, a base for the free algebra Alt[x, y, z] was constructed by A.
Iltiakov [10] who also proved that this algebra has no nilpotent elements, contrary
to Alt[X ] for |X | > 3. In [25, 26] bases of free Malcev and alternative superalgebras
on one odd generator are constructed.

The structure of the free alternative algebras Alt[X ] for |X | > 3 was studied
by I.P. Shestakov (see [32]). In particular, in [21] he solved the following problem
of A.I. Shirshov [5, problem 1.159]: Let Altn denote the variety generated by a free
alternative algebra with n generators. Does the chain of varieties

Alt1 ⊆ Alt2 ⊆ · · · ⊆ Altn ⊆ Altn+1 ⊆ · · · ,
stabilize after a finite number of steps? The answer turned out to be negative. It
was proved in [21] that Altn ⊂ Alt2n+1 strictly for any n. Later, V. T. Filippov
[6] showed that if the base field has characteristic different from 2 and 3 then
Altn ⊂ Altn+1 strictly for any n.

A.I. Shirshov posed the analogous problem for free Jordan, free Malcev, and
other free algebras. A negative answer for the variety Mal of Malcev algebras was
obtained in [21] by I.P. Shestakov; later V.T. Filippov refined this result in [6] by
proving that Maln ⊂Maln+1 strictly for any n �= 3. For n = 3 the question is still
open. The corresponding problem for the variety Jor of Jordan algebras remains
open; it is known only that Jor1 ⊂ Jor2 ⊂ Jor3 strictly. In the light of the above
results, it seems very interesting to construct bases of the free Jordan and free
Malcev algebras on three generators. In particular, are these algebras semiprime
like Alt[x, y, z]?

It seems natural to reformulate the problem above on the chain of varieties in
the framework of superalgebras. Recall that a variety of algebras M is said to have
finite basic rank if it can be generated by a finitely generated algebra; the minimal
number of generators in this case is called the basic rank of M. For example, the
varieties of all associative and all Lie algebras have basic rank 2, the varieties Alt
and Mal, or the variety generated by a Grassmann algebra on an infinite number
of generators, have infinite basic rank. Similarly, we will say that a variety M
has a finite basic superrank if the corresponding variety of M-superalgebras is
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generated by a finitely generated superalgebra; a pair (m,n) of m even and n odd
generators of such a superalgebra we call a basic superrank of M if it is minimal
right lexicographically.

The notion of basic superrank is a more refined characteristic of a variety;
this fact is evidenced by the following theorem by A.R. Kemer [12] which played
a crucial role in his solution of the Specht problem: Every variety of associative
algebras over a field of characteristic 0 has a finite basic superrank. The variety of
alternative algebras which are solvable of index 2 provides a nonassociative exam-
ple: it has infinite basic rank but its basic superrank is (0, 1). In this connection,
the following question arises: What is the value of basic superrank for the variety
Alt of alternative alebras? Is it finite?

Finally, we want to mention one work by A.I. Shirshov which greatly influ-
enced the development of the theory of nonassociative algebras. This is the survey
Some questions of the theory of rings that are nearly associative. Many students of
A.I. Shirshov, and the students of his students, began their acquaintance with ring
theory while perusing this article. On the one hand, it is accessible for beginners,
on the other hand, it contains a whole program of further study, and a series of
attractive and still open problems.

In recent years, the theory of nonassociative algebras has gained wide recog-
nition; its methods penetrate deeply into other domains of mathematics, not only
into algebra but also into geometry, analysis, and theoretical physics. A great part
of the merit for this belongs to A.I. Shirshov, who was a harbinger of the theory
and whose marvelous theorems will adorn it forever.
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Subalgebras of Free Lie Algebras

A.I. Shirshov

1. Introduction

In the work of A.G. Kurosh [2] it is proved that every subalgebra of a free nonas-
sociative algebra is free. It would be natural to investigate the possibility of trans-
ferring this theorem to the most important classes of relatively free algebras whose
general definition was given in the work of A.I. Malcev [3].

The widest class of such algebras that includes all classes of algebras that have
been studied sufficiently deeply is the class of power associative algebras, i.e., the
algebras in which each element generates an associative subalgebra. However, the
corresponding theorem for this class of algebras is false, because the free associative
algebra with one generator already contains subalgebras that are not free (see A.G.
Kurosh [2]). For the same reason, this theorem does not hold for Jordan algebras,
for alternative algebras, and also for right or left alternative algebras. It is not
difficult to convince oneself that this theorem does not hold for power-commutative
or flexible algebras either, for reasons similar to those stated above.

These considerations, however, are not valid for free Lie algebras, since in
them a single element generates a one-dimensional subspace with zero multiplica-
tion, for which the theorem on subalgebras holds trivially. In the present work, it
is proved that every subalgebra of every free Lie algebra is free.

This work was carried out under the supervision of A.G. Kurosh, to whom I
find it my pleasant duty to express deep gratitude.

2. Preliminary concepts

Let R = {aα} be a set of symbols where α ranges over some nonempty set of
indices. From elements of R one can form nonassociative words of various lengths
as is done in the work of A.G. Kurosh [2].

Mat. Sbornik N.S. 33 (75), (1953), no. 2, 441–452.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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Definition 1. We will call words of length 1, i.e., elements of R, regular words, and
we will order them arbitrarily. Assuming that regular words of length less than
n, n > 1, are already defined and ordered by the relation ≤ in such a way that
shorter words precede longer words, we call a word w of length n regular if the
following conditions are satisfied:

1) w = uv where u and v are regular words and u > v;
2) if u = u1u2 then u2 ≤ v.

We will order arbitrarily the regular words of length n defined in this way, and
declare that they are greater than shorter words.

Definition 2. Suppose we have a regular word d. We will call a regular word w,
w > d, d-reducible if w = uv, v > d, and d-irreducible otherwise.

Obviously, for each regular word w, w > d, one can determine if it is d-
reducible or d-irreducible. If it turns out that w is d-reducible, then w = uv where
each word u, v is regular and greater than d, and thus one can determine if each
is d-reducible or d-irreducible. Continuing this process, we will clearly arrive at
a unique representation of the word w as a product (with some arrangement of
brackets) of d-irreducible words. We will call this representation a d-factorization
of w.

Definition 3. We will say that two nonassociative words u and v have the same
content relative to R if each element aα ∈ R occurs in u and v the same number
of times.

Clearly, the words that have the same content relative to R also have the
same length.

Let A be a free Lie algebra over a field P with the same set R of free gener-
ators. The elements of A are linear combinations of nonassociative words formed
from elements of R with coefficients from the field P ; in this case, two elements
are considered equal if one can be obtained from the other by a finite number of
applications of the distributive laws and the identical relations:

x2 = 0, (1)

(xy)z + (yz)x+ (zx)y = 0, (2)

or identical transformations in the additive group.
Hall [1] proved:

Theorem 1. Regular words, for any fixed choice of ordering in the definition, form
a basis of the algebra A.

The proof of this theorem can found in the cited work of Hall. (It is easy to
see that Hall’s assumption of finiteness of the number of generators of the algebra
A is not essential.) In the following, it is important that the process used in that
proof allows one to express each word in the algebra A as a linear combination of
regular words of the same content relative to R.
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Theorem 1 and the above remark imply the following result of a combinatorial
nature:

Corollary 1. The number of regular words of the same given content relative to R
does not depend on the choice of ordering in the definition of regular words.

Indeed, let regular words be defined in two different ways, and letMi (i = 1, 2)
be the sets of all words which are regular according to the first (respectively second)
sense and have the same given content relative to R. By Theorem 1 the elements
of each set Mi in A are linearly independent over P , and any element of each of
these sets is a linear combination of the elements of the other set, which proves
the corollary.

Given an arbitrary Lie algebra L, one can speak of a regular form of its
elements. For this, one must fix some set M = {vγ} of generators and consider the
homomorphism of the free Lie algebra L, with the set M = {vγ} of free generators
which are in one-to-one correspondence with the elements of M , onto L.

An M -word, i.e., an element of L of the form w = vγ1vγ2 · · · vγk
where vγj ∈

M with some arrangement of brackets, will be called Mτ -regular if, for the set M
the regular words have been defined in some way τ and the word w = vγ1 vγ2 · · · vγk

in elements of M is regular. Generally speaking, for an element of L, an Mτ -regular
form, i.e., a representation as a linear combination of Mτ -regular words, is not
uniquely defined, but for any M -word w there exists an expression as a linear
combination of Mτ -regular words with the same content relative to M as w. To
find such an expression, one must find an analogous expression for the word w and
then pass to the homomorphic image.

For consistency of notation in what follows, we will denote by D the free Lie
algebra on the set of free generators that are in one-to-one correspondence with
the generators of the given Lie algebra D.

Definition 4. We will say that a set R of elements of the free Lie algebra A is
independent if R generates a free subalgebra of A and is a system of free generators
of that subalgebra.

For example, the set R itself is independent. In what follows we will assume
that for the set R the regular words are defined in some fixed way and we will call
those words R-regular.

Let d be a fixed R-regular word, and Kd the set of d-irreducible words. The
set Kd generates some subalgebra Ad of A. The set Kd consists of R-regular
words, and thus it is already ordered by the fixed order of R-regular words. We
will transfer this order to the set Kd of free generators of the free Lie algebra Ad,
and starting with this order we will define in some fixed way Kd-regularKd-words.
After that, it also makes sense to speak of Kd-regular Kd-words. As was shown
above, there exists a representation of each Kd-word as a linear combination of
regular Kd words of the same content relative to Kd.

Lemma 1. Every Kd-word can be represented as a linear combination of Kd-words
of the same content relative to Kd which are in fact R-regular.
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This lemma is obvious for Kd-words whose Kd-length (i.e., length relative to
Kd) is 1, since the elements of Kd are in fact R-regular.

Suppose the lemma has been proved for Kd-words whose Kd-length is less
than n, n > 1. A word w whose Kd-length is equal to n can be represented
as a product of two Kd-words of smaller Kd-length which can, by the inductive
hypothesis, be rewritten in R-regular form with the same content relative to Kd.
Therefore, we can assume that w = uv where u and v are R-regular Kd-words;
we can also assume that u > v in the sense of the ordering of R-regular words
because in the contrary case we would have written w = −vu. If u is a Kd-word
of Kd-length 1, then w is already R-regular because u and v are R-regular, u > v,
and if u = u1u2 then u2 ≤ d < v by definition of d-irreducibility. If the Kd-length
of u is greater than 1, then it suffices to consider the case when u = u1u2 and
u2 > v, since in the contrary case w would already be R-regular.

So let w = (u1u2)v where u1, u2, v are R-regular Kd-words, u1 > u2 > v. By
relation (2),

w = (u1u2)v = (u1v)u2 + u1(u2v). (3)

Since the lengths of the words u1v and u2v are greater than the length of v,
rewriting u1v and u2v in R-regular form we obtain Kd-words that are greater
than v relative to the ordering of words in R. Applying distributivity and removing
words of the form uu if they appear, and using anticommutativity to make the
right factor less than the left factor, we obtain an expression of w as a linear
combination of words, each of which, as w itself, consists of two R-regular factors
with the right factor less than the left factor but now greater than v. We do the
same with each of these words as with w. Because of the finiteness of the number
of words with a given content, this process will terminate after a finite number of
steps; this means that we have obtained the required expression for w.

Lemma 2. Kd-regular Kd-words are linearly independent in A.

For the proof of Lemma 2 it suffices to prove linear independence of Kd-
regular Kd-words with the same content relative to Kd, since by Lemma 1 each
Kd-regular Kd-word is a linear combination of R-regular Kd-words of the same
content which are linearly independent by Theorem 1.

For Kd-words of Kd-length 1, the statement of Lemma 2 is obvious. Assume
by induction that, in any free Lie algebra A0, for any R0-regular word d0, Kd0-
regular Kd0-words of Kd0-length less than n are linearly independent.

Suppose there exists a linear dependence between Kd-regular Kd-words of
Kd-length n, n > 1, that have given content relative to Kd. Now let w be the
smallest element of Kd that appears in these linearly dependent words. Subject the
Kd-regular Kd-words under consideration to w-factorization, which makes sense
in Ad and also in Ad by the homomorphism Ad → Ad. All w-irreducible words
that can appear here will have the form u or [· · · (uw) · · · ]w where u ∈ Kd, u �=
w. Therefore they will be R-regular, i.e., belong to the set Kw of R-regular w-
irreducible words.
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The elements Kw will be ordered in a different way depending on whether
we consider them as R-words or as Kd-words. Thus we introduce two definitions
of regular words in Aw and we will distinguish KwR-regular Kw-words and Kwd-
regular Kw-words, depending on whether the ordering in Kw is induced by the
ordering of the regular words of A or the ordering of the regular words of Ad. In this
sense we will speak of KwR-regular and Kwd-regular Kw-words in the subalgebra
Aw generated by the set Kw.

In view of the fact that w by assumption occurs in each of our linearly depen-
dent Kd-regular Kd-words, and since for w itself w-reducibility or w-irreducibility
does not make sense, it follows that the Kw-length of the Kd-regular Kd-words
under consideration will be less than n, and thus the assumed linear dependence is
at the same time a linear dependence between Kd-regular Kw-words of Kw-length
less than n. By the inductive hypothesis, KwR-regular Kw-words of length less
than n are linearly independent. By Corollary 1 the number of KwR-regular Kw-
words of a fixed content is equal to the number of Kwd-regular Kw-words of the
same content. From the possibility of representing a KwR-regular Kw-word as a
linear combination of Kwd-regular Kw-words of the same content, and vice versa,
it follows that the Kwd-regular Kw-words of Kw-length less than n are linearly
independent.

Applying Lemma 1 to the algebra Ad it is possible to express anyKwd-regular
word as a linear combination of Kd-regular words of the same content relative to
Kw. On the other hand, it is obvious that everyKw-word is a linear combination of
Kwd-regular Kw-words of the same content. Passing to the homomorphic images
we obtain the corresponding statement for the subalgebra Ad.

By the inductive hypothesis, Kwd-regular Kwd-words of Kw-length less than
n are linearly independent in the algebra Ad; therefore the numbers ofKwd-regular
andKd-regularKw-words ofKw-length less than n and the same content are equal.

An analogous statement holds also for Kw-words. Therefore the Kw-words
of Kw-length less than n that are Kd-regular are linearly independent, which
however contradicts the above-mentioned linear dependence of these words. This
proves Lemma 2.

Lemma 3. The set Kd is independent.

The homomorphism Ad → Ad is, by Lemma 2, an isomorphism, since only
the zero element of Ad is mapped to the zero element of Ad. The existence of an
isomorphism between Ad and the free Lie algebra Ad proves Lemma 3.

Corollary 2. In the free Lie algebra with two generators there exists a subalgebra
that is a free Lie algebra with a countably infinite set of generators.

Let a and b be the generators of the free Lie algebra. Then the countable
set of words of the form ab, (ab)b, [(ab)b)b], . . . is independent since each of these
words belongs to the independent set Kb of b-irreducible words. From this the
desired conclusion follows.
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In the free Lie algebra A with the set of free generators R, to each element
w there corresponds uniquely a natural number n(w), the degree of the element
w. The degree of w can be defined as the greatest length of regular words in
the representation of w in terms of the basis of regular words. Obviously, this
does not depend on the definition of regular words. The sum of the terms in this
representation of w whose length is equal to n(w) will be called the highest part
of w. The element w will be called homogeneous if it coincides with its highest
part. In an analogous sense, we can define degree, highest part, and homogeneity
relative to one of the free generators of the algebra A.

3. Main theorem

Let B be an arbitrary subalgebra of the free Lie algebra A. We will construct a
finite or countably infinite increasing sequence of integers kn (n = 0, 1, 2, . . .) and
a sequence of subalgebras Bn ⊂ B similarly to the way it is done in the work of
A.G. Kurosh [2]: define k0 = 0 and B0 = 0; if km and Bm are already defined for all
m = 0, 1, . . . , n− 1, let kn be the least degree of elements in B that do not belong
to Bn−1, and let Bn be the subalgebra of B generated by all elements whose degree
does not exceed kn.

Lemma 4. In B it is possible to choose a subset M such that
(1) no element a ∈ M has its highest part in the subalgebra generated by the

highest parts of the elements of M\ {a}, and
(2) the subalgebra B is generated by the set M.

The set Kn of elements of the subalgebra Bn whose degree does not exceed
kn is a linear subspace and the set K′

n of elements of the subalgebra Bn−1 whose
degree does not exceed kn is a linear subspace of Kn.

Choose arbitrarily one representative for each coset in a basis of the linear
space Kn/K′

n and let Mn be this set. Now let M =
⋃

n≥1 Mn. We will prove that
the set M satisfies the requirements of Lemma 4.

We will denote the elements of M by bβ and their highest parts by b′β. Suppose
that for bβ ∈ Mn the following equality holds:

b′β =
∑

γ �=β

αγb
′
γ +

∑

γ,δ �=β

αγδb
′
γb

′
δ + · · · +

∑

γ,δ,...,ν �=β

αγδ···νb′γb
′
δ · · · b′ν , (4)

where some bracket arrangement is assumed for each summand with more than
two factors, and the α’s with subscripts are elements of the field P .

The second and following summations on the right-hand side of equation (4)
may contain factors of degree greater than the degree of b′β . Then, when we rewrite
these products in the regular form, they will either become zero or will keep the
same degree. In view of the linear independence of regular words, all such terms
must cancel each other, and hence we may assume that the first summation con-
tains only the elements of the same degree as b′β, and that the remaining elements
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b′ appearing on the right-hand side of equation (4) have degree strictly less than
the degree of b′β, but their products have the same degree as b′β.

The highest part of the element

bβ −
∑

γ �=β

αγbγ −
∑

γ,δ �=β

αγδbγbδ − · · · −
∑

γ,δ,...,ν �=β

αγδ···νbγbδ · · · bν

of the subalgebra Bn, has degree less than kn, and thus this element already
belongs to the subalgebra Bn−1, which leads to a contradiction with the linear
independence of the cosets from which we chose the elements of Mn. Requirement
(1) for the set M has been proved.

To prove that requirement (2) holds, we observe that the subalgebra Bn

is generated by the subalgebra Bn−1 and the set Mn, from which it follows by
induction that the subalgebra Bn is generated by the set

⋃n
k=1 Mk for all n. Since

for each c ∈ B there exists a natural number q such that c ∈ Bq, requirement (2)
has been proved.

By a nonassociative polynomial we mean an element of the free nonassociative
algebra S over the field P with a countably infinite set of free generators x1, x2,
. . . . Let S be the free Lie algebra over the same field with free generators a1,
a2, . . . , where regular words in S have been defined in some way. There exists a
natural homomorphism of S onto S that sends the polynomial f(xi1 , xi2 , . . .) to the
element f(ai1 , ai2 , . . .). We will call two polynomials in S equivalent if their images
in S are equal. We will call a polynomial f(xi1 , xi2 , . . .) non-trivial if its image
f(ai1 , ai2 , . . .) is nonzero. Let ϕ(ai1 , ai2 , . . .) be the regular form of this image.
Then the polynomial ϕ(xi1 , xi2 , . . .) equivalent to the polynomial f(xi1 , xi2 , . . .)
will be called regular. Clearly, any part of a regular polynomial is non-trivial.

Theorem 2. Any subalgebra B of a free Lie algebra A is free.

Suppose we are given a free Lie algebra A over the field P with the set R of
free generators, and a subalgebra B. According to Lemma 4, we choose a set M
and we will prove that it is independent.

Assume that for some finite system of elements b1, b2, . . . , bq in M, there
exists a non-trivial relation F (b1, b2, . . . , bq) = 0, i.e., F (x1, x2, . . . , xq) is a non-
trivial polynomial which we may take to be regular; from this we will derive a
contradiction. We may assume that n(bi) ≤ n(bj) for i < j.

Lemma 5. Under the above assumption, there exists a finite set M1 of homogeneous
elements of the algebra A that satisfies requirement (1) of Lemma 4, and some
non-trivial relation F1 = 0 among the elements of M1.

The regular polynomial F (x1, x2, . . . , xq) can be represented as the following
sum of two polynomials:

F (x1, x2, . . . , xq) = F1(x1, x2, . . . , xq) + F ′
2(x1, x2, . . . , xq).

To each term of the polynomial F under the substitution of bi for xi (i = 1, 2, . . . , q)
there corresponds a natural number, namely the sum of the degrees relative to R
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of all factors of the form bi that occur in the given term. Then, we denote by F1

the sum of all terms for which this sum of degrees is maximal.
Let bi = b′i +b′′i where b′i is the leading term of bi (i = 1, 2, . . . , q). Then, from

the relation

F (b1, . . . , bq) = F (b′1 + b′′1 , . . . , b
′
q + b′′q )

= F (b′1, . . . , b
′
q) + F ′(b′1, . . . , b

′
q, b

′′
1 , . . . , b

′′
q )

= F1(b′1, . . . , b
′
q) + F ′

2(b
′
1, . . . , b

′
q) + F ′(b′1, . . . , b

′
q, b

′′
1 , . . . , b

′′
q )

= 0,

it follows that F1(b′1, . . . , b
′
q) = 0 by the definition of the polynomial F1. The non-

triviality of the polynomial F1 follows from the fact that it is regular as part of
the regular polynomial F . The required set M1 is b′1, b

′
2, . . . , b′q.

Lemma 6. Suppose there exists a set M1 = {b′i} (i = 1, 2, . . . , q) and a non-trivial
relation

F1(b′1, . . . , b
′
q) = 0,

that satisfy the conditions of Lemma 5. Suppose that the elements of the set M′
2 =

{ci} (i = 1, 2, . . . , q) are in one-to-one correspondence with the elements of the
set M1 and have the form ci = b′i + vi (i = 1, 2, . . . , q) where vi is an element of
the subalgebra generated by the elements b′k with k < i, and vi either is zero or
has the same degree relative to R as b′i. Then there exists a non-trivial relation
F2(c1, . . . , cq) = 0 and the set M′

2 satisfies the same conditions as the set M1.

First of all, let us prove that there exists a representation bi = ci + v′i (i =
1, 2, . . . , q) where v′i is zero or an element of the subalgebra generated by the
elements cj (j < i) whose degree is equal to the degree of vi. We set b′1 = c1.
Suppose we have found the required representation for all b′k with k < m. Then,
from the equality b′m = cm−vm, after replacing all b′j (j < m) in vm by the already
found expressions, it follows that there exists the required expression for b′m.

We separate, from the non-trivial polynomial F1(b′1, . . . , b
′
q) which we may

suppose regular, the part F11 that has the highest degree relative to b′q, and then
from F11 we separate the part F12 that has the highest degree relative to b′q−1, and
so on; finally, from F1,q−1 we separate the part F1q that has the highest degree
relative to b′1. Let us substitute the expressions we have found for b′k into the
relation f1 = 0:

F (b′1, . . . , b
′
q) = F1q(b′1, . . . , b

′
q) + F 1(b′1, . . . , b

′
q)

= F1q(c1 + v′1, . . . , cq + v′q) + F 1(c1 + v′1, . . . , cq + v′q)

= F1q(c1, . . . , cq) + ϕ(c1, . . . , cq)

= F2(c1, . . . , cq)
= 0.
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The polynomial F1q is non-trivial since it is regular; and obviously it does not
have terms of the same content relative to M′

2 as any term of the polynomial ϕ.
It follows that the polynomial F2 is non-trivial.

Now we prove that the element cj ∈ M′
2 does not belong to the subalgebra

generated by the set M′
2 \ cj . Assuming the contrary, we obtain the equation

cj =
∑

k1 �=j

αk1ck1 +
∑

k1,k2 �=j

αk1k2ck1ck2 + · · · +
∑

k1,...,kn �=j

αk1···knck1ck2 · · · ckn ,

where we assume for each product with n > 2 there is some arrangement of
brackets.

Repeating verbatim what was said above about equation (4), we will assume
that the element cj and all elements ck1 that occur in the first summation have
the same degree, and all factors in the second and following summations on the
right-hand side have strictly smaller degrees. Let c� have the greatest index among
the elements cj , ck1 . Then, replacing all ci by their expressions in terms of b′i, we
obtain that b′i belongs to the subalgebra generated by the other elements of the
set M1, which contradicts Lemma 5. This completes the proof.

Lemma 7. Under the conditions of Lemma 6, there exists a set M2 of elements
which satisfy requirement (1) of Lemma 4, are homogeneous in each element of R,
and satisfy some non-trivial relation.

We choose arbitrarily some generator aα ∈ R from among the elements of
the set M1. Each element b′i ∈ M1 can be written in the form

b′i = bi1 + bi2 + · · · + bini ,

where bik is the part of the element b′i that has degree k relative to aα (i =
1, 2, . . . , q; k = 0, 1, . . . , ni). If b2n2 belongs to the subalgebra generated by the
element b1n1 , i.e., b2n2 = γb1n1 , γ ∈ P , then we replace the element b′2 in M1

by the element b′2 − γb′1 and denote the resulting set M12, using for symmetry
the notation M11 = M1; otherwise, we set M12 = M11. Suppose the sets M1r

(r = 1, 2, . . . , �; � < q) have already been constructed. If, in the set M1� the element
b�+1,n�+1, that is a part of the element b′�+1, does not belong to the subalgebra
generated by the highest parts, relative to aα, of the preceding elements of M1�,
then we will set M1,�+1 = M1�. If, on the other hand, b�+1,n�+1 belongs to that
subalgebra, then we replace the element b′�+1 by the element b′�+1 − v�+1 where
v�+1 is an element of the subalgebra generated by the elements of M1� preceding
the element b′�+1, whose highest part relative to aα is the same as for b′�+1. We
denote the resulting set by M1,�+1. We may assume that the highest part relative
to aα of the element b′�+1 − v�+1 does not belong to the subalgebra generated by
the highest parts relative to aα of the elements of M1� that precede b′�+1, because
this can be easily achieved by an appropriate choice of v�+1. Finally, we will obtain
a set M1q = M′ such that the highest part of each element relative to aα does
not belong to the subalgebra generated by the highest parts (relative to aα) of
the preceding elements. In fact, the highest part relative to aα of each element of
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M′ does not belong to the subalgebra generated by the similar parts of the other
elements, since assuming the contrary immediately leads to a contradiction as in
the proof of Lemma 6.

Applying Lemma 6 at each step of the above construction we obtain that no
element of the set M′ belongs to the subalgebra generated by the other elements,
and we also obtain a certain non-trivial relation F ′′ = 0 for the elements of this
set. We write each element c′k ∈ M in the form c′k = c′k1 + c′k2 where c′k1 is the
highest part of the element c′k relative to aα, and separate in each polynomial F ′′

the highest part F ′′
1 relative to aα. Then we will have

F ′′(c′1, . . . , c
′
q) = F ′′

1 (c′1, . . . , c
′
q) + F ′′

2 (c′1, . . . , c
′
q)

= F ′′
1 (c′11, . . . , c

′
q1) + ϕ′′(c′11, . . . , c

′
q1, c

′
12, . . . , c

′
q2)

= 0.

In view of the fact that each term of F ′′
1 (c′11, . . . , c′q1) has the highest degree in aα,

these terms cannot cancel with the terms of the polynomial ϕ′′; moreover, F ′′
1 is

non-trivial as a part of a regular polynomial.
Thus we have obtained the set M′′ = {c′i1} of elements which are homoge-

neous in aα, and a non-trivial relation F ′′
1 = 0 satisfied by these elements. Enu-

merating one by one all the generators that occur in the elements of the set M1

we find obtain the desired set M2 and some non-trivial relation for its elements.
Lemmas 5, 6 and 7 allow us to assume that the set M1 = {b′i} (i = 1, 2, . . . , q)

consists of elements that are homogeneous in each generator and satisfy require-
ment (1) of Lemma 4.

If M1 contains elements of degree 1, then by homogeneity they must have
the form γaµ where γ ∈ P , aµ ∈ R. Therefore we can assume that such elements
have the form aµ ∈ R, i.e., they are simply free generators.

The ordered q-tuple (ν1; ν2; . . . ; νq) of natural numbers, where νk is the degree
of b′k, will be called the height of the set M1. We order the set of all possible heights
lexicographically, and assume that for the sets with smaller height there are no non-
trivial relations if those sets satisfy requirement (1) of Lemma 4. This assumption
is justified by considering the sets of height ε = (1; 1; . . . ; 1) that consist only of
free generators.

Assume (ν1; ν2; . . . ; νq) > (1; 1; . . . ; 1); this means that some νk > 1. Then,
in the element b′k, we can find a generator aλ that is not one of the b′m, since
otherwise requirement (1) of Lemma 4 would be violated.

Let us reorder the generators to make aλ the smallest if this is not already
the case, and rewrite all b′i in regular form relative to some new definition of
regular words that depends on this order. After this, we subject the words in the
elements of the set M1 to aλ-factorization. By Lemma 3, aλ-irreducible words
form an independent set; thus all our considerations can be transferred to the free
Lie algebra Aaλ

generated by the set Kaλ
of aλ-irreducible words. Since aλ is the

smallest of the generators, all other generators will be aλ-irreducible; therefore,
the degree of each word relative to the new system of free generators of Aaλ



Subalgebras of Free Lie Algebras 75

will be equal to the difference between its degree relative to the old system of
free generators of the algebra A and its degree relative to aλ. It follows that the
elements of M1 which are homogeneous in each of the old generators will also be
homogeneous relative to the new systems of generators, but the set M1 itself will
have a smaller height. Obviously, the height will not become zero and also the set
will retain a non-trivial relation. This contradicts the inductive hypothesis and
consequently proves the theorem.

The theorem on subalgebras of free Lie algebras proved above cannot be
transferred to rings, since for example the subring, of the free Lie ring with gener-
ators a and b, generated by the elements 2a, b, ab is not free because the generators
2a, b, ab satisfy the relation

(2a)b− 2(ab) = 0,

and as can be easily seen there is no other system of generators for this subring
that would not satisfy a non-trivial relation.
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On the Representation of Lie Rings
in Associative Rings

A.I. Shirshov

V.M. Kurochkin [1] has formulated the following theorem: Every Σ-operator Lie
ring L has a faithful representation in an associative Σ-operator ring A, where
Σ is an arbitrary domain of operators for the ring L. In a subsequent note [2],
V.M. Kurochkin pointed out the insufficient rigor of the proof he proposed for this
theorem.

In the present paper, an example is constructed which demonstrates that, for
the above formulation, the theorem is not valid.

Consider a linear space A with basis elements ai (i = 1, 2, . . . , 13) over the
field GF (2). We make the space A into a ring by defining multiplication according
to the following formulas:

a1a2 = a2a1 = a11; a1a3 = a3a1 = a13; a2a3 = a3a2 = a12;
a1a8 = a8a1 = a2a6 = a6a2 = a3a5 = a5a3 = a10;

and in all remaining cases aiaj = 0. Since the following equations hold identically
as a consequence of the multiplication table,

x2 = 0; (xy)z = 0;

the ring A is a Lie ring.
Now let Σ be the linear space over the same field with basis elements ei

(i = 0, 1, 2, 3). Define a multiplication in Σ as follows:

eie0 = e0ei = ei, i = 0, 1, 2, 3; eiej = 0, i, j �= 0.

Define an action of the elements of Σ on the elements of A in the following way:

e0ai = ai, i = 1, 2, . . . , 13;
e1a1 = a4; e1a2 = a5; e1a3 = a6; e1a12 = a10; e1ak = 0, 3 < k < 12, k = 13;
e2a1 = a5; e2a2 = a7; e2a3 = a8; e2a13 = a10; e2at = 0, 3 < t < 13;

Uspekhi Mat. Nauk N.S. 8, (1953), no. 5 (57), 173–175.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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e3a1 = a6; e3a2 = a8; e3a3 = a9; e3a11 = a10; e3a� = 0, 3 < � < 11, � = 12, 13.

By distributivity we define the action of any element of Σ on any element of A.
In this way, the ring A becomes a Σ-operator Lie ring. Indeed, from the

displayed table it follows that (eiej)ak = ei(ejak) for i �= 0, j �= 0. Obviously,
for i = 0 and j = 0 this equation also holds. Therefore, (σ1σ2)b = σ1(σ2b) where
σ1, σ2 ∈ Σ and b ∈ A. Further, if aiaj = ak then k = 10, 11, 12, 13. Suppose
k = 10; then the equation (erai)aj = ai(eraj) = era10 can be easily verified
directly. For k = 11, it is sufficient to consider the equation a1a2 = a11. In this
case also, (era1)a2 = a1(era2) = era11, where a nonzero result is possible only
for r = 0 and r = 3. The situation is similar for k = 12 and k = 13. Now,
if aiaj = 0 then, for example, for i = 1 we will have j = 1, 4, . . . , 7, 9, 13 and
(era1)aj = a1(eraj) = 0. Similarly for i = 2 and i = 3. From this it easily follows
that (σb1)b2 = b1(σb2) = σ(b1b2) where σ ∈ Σ, b1, b2 ∈ A, which completes the
proof of the fact that A is a Σ-operator ring.

We now show that, in no matter which Σ-operator Lie ring A we embed the
ring A, the element a10 will always be an absolute zero-divisor1 of A.

Indeed, let x be an arbitrary element of A. Then,

0 = [x(e1a2 + a5)]a3 + (xa1)(e2a3 + a8) + [x(a6 + e1a3)]a2

= [x(e1a2)]a3 + (xa5)a3 + (xa1)(e2a3) + (xa1)a8 + (xa6)a2 + [x(e1a3)]a2

= (xa3)(e1a2) + x[(e1a2)a3] + [x(e2a1)]a3 + [x(e2a1)]a3 + (xa1)(e3a2)

+ [x(e3a1)]a2 + (xa3)(e1a2)

= x[(e1a2)a3]
= xa10,

where we have used the Jacobi identity, the fact that A is a Σ-operator ring, and
the fact that all elements of the additive group of A have order 2.

Suppose there exists an associative Σ-operator ring B whose commutator
Lie ring B− contains A as a Σ-admissible subring. Then it is obvious that to the
element a10 there corresponds some element of the center of B, such that for any
embedding of the ring B into any other associative Σ-operator ring B, this element
is mapped to the center of B.

We now obtain a contradiction from the following result:

Lemma 1. Any associative Σ-operator ring B, such that e0� = � for any � ∈ B, can
be embedded into some associative Σ-operator ring B such that the intersection of
the center Z of B with B equals zero2.

For the proof it suffices to consider the case in which Σ is a commutative
associative ring with identity element e0 acting on B as the identity automorphism.

1That is, a central element. [Translators]
2To make the condition of the lemma hold in our case, it suffices to consider, instead of the ring
B, the Σ-admissible subring generated by all elements of A.
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Consider the collection B of symbols of the form (σi, bi1, bi2, bi3) where σi ∈
Σ, and bik ∈ B, k = 1, 2, 3. We will regard two symbols (σi, bi1, bi2, bi3) and
(σj , bj1, bj2, bj3) as equal if and only if σi = σj , bik = bjk, k = 1, 2, 3.

We make the collection B into a Σ-operator ring by defining addition, multi-
plication, and the action of σ ∈ Σ on an element b ∈ B by the following formulas:

(σi, bi1, bi2, bi3) + (σj , bj1, bj2, bj3) = (σi + σj , bi1 + bj1, bi2 + bj2, bi3 + bj3);

(σi, bi1, bi2, bi3) · (σj , bj1, bj2, bj3) = (0, σjbi3 + bi3bj1, σibj3 + bi2bj3, bi3bj3);

σ(σi, bi1, bi2, bi3) = (σσi, σbi1, σbi2, σbi3).

It is easy to verify that all the axioms of a Σ-operator ring are satisfied.
The ring B is an associative ring, since

[(σi, bi1, bi2, bi3) · (σj , bj1, bj2, bj3)] · (σk, bk1, bk2, bk3)

= (σi, bi1, bi2, bi3) · [(σj , bj1, bj2, bj3) · (σk, bk1, bk2, bk3)]

= (0, σkbi3bj3 + bi3bj3bk1, σibj3bk3 + bi2bj3bk3, bi3bj3bk3),

and it contains a subring of symbols (0, 0, 0, bi3) that is isomorphic to the ring B.
On the other hand, for bi3 �= 0, from the equations

(e0, 0, 0, 0) · (0, 0, 0, bi3) = (0, 0, bi3, 0), and

(0, 0, 0, bi3) · (e0, 0, 0, 0) = (0, bi3, 0, 0),

it follows that

(e0, 0, 0, 0) · (0, 0, 0, bi3) �= (0, 0, 0, bi3) · (e0, 0, 0, 0),

which completes the proof of the lemma.
From the contradiction just obtained, it follows that the Σ-operator ring A

cannot be faithfully represented in any associative Σ-operator ring. This example
also shows that Ado’s theorem cannot be generalized to rings over an arbitrary
ring of operators.

It would be interesting to find necessary and sufficient conditions for the
existence of a faithful representation of a given Σ-operator Lie ring R. Lazard [3]
proved that if Σ is a principal ideal ring, then such a representation exists for
any R. One can also prove the following theorem: If no element σ ∈ Σ, σ �= 0,
annihilates an absolute zero-divisor of R, then a faithful representation always
exists.
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Subalgebras of Free Commutative and
Free Anticommutative Algebras

A.I. Shirshov

1. It is known (see A.G. Kurosh [2]) that any subalgebra of the free nonassociative
algebra is free. It is natural to ask the corresponding question for relatively free
algebras (see A.I. Malcev [3]), of course restricting oneself to the most important
classes of algebras.

In the work of the present author [4], it is proved that every subalgebra of a
free Lie algebra is also free. In the same paper it is pointed out that the analogous
theorem is not valid for free associative, alternative, right- or left-alternative, or
Jordan algebras, and also for flexible algebras, and power-associative or power-
commutative algebras. It is easy to see that this theorem is valid for free nilpotent
algebras of class 1, and not valid for free nilpotent algebras of class k, k > 1.

Among the most important classes of algebras, there remain only the com-
mutative and anticommutative algebras. In the present paper, it is proved that
for the free algebras of these two classes, the corresponding problem has a posi-
tive solution. For brevity and convenience of exposition, we will call commutative
algebras C-algebras and anticommutative algebras AC-algebras.

Analogously to the definitions of A.I. Malcev [3] we call an algebra A over a
field P a free ε-algebra where ε = C or ε = AC if it is defined by some set R of
generators and by the identical relation

xy + δyx = 0, (1)

where δ = −1 for ε = C and δ = +1 for ε = AC, and also for ε = AC we will
assume1 that the characteristic of P is not 2 since this case will be included in the
case ε = C.

In the proof of Theorem 1 below, we use a method that is similar to Hall’s
method in [1], and in the proof of Theorem 2 below, we partially use the methods

Mat. Sbornik N.S. 34 (76), (1954), no. 1, 81–88.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
1According to current terminology, an anticommutative algebra in characteristic 2 should also
satisfy x2 = 0 for all x, and this case is not included in the author’s considerations. [Translators]
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of A.G. Kurosh [2] and of the present author [4]. The present work can be studied
independently of the above-mentioned papers, although it can be regarded as a
sequel to the present author’s work [4].

The present work was carried out under the supervision of A.G. Kurosh, to
whom the author expresses his deep gratitude.

2. Let R = {aα} be some set of symbols where α takes values in some non-empty
set of indices.

Consider nonassociative words of various lengths formed from these symbols,
in the sense of the definitions given in the work of A.G. Kurosh [2]; we will call
them R-words or simply words.

Definition. Words of length 1 will be called ε-regular and ordered arbitrarily.
Assuming that ε-regular words of length less than n, n > 1, have been already
defined and ordered in such a way that words of smaller length precede words of
greater length, a word w of length n will be called ε-regular if

1) w = uv where u and v are ε-regular words;
2) u ≥ v for ε = C and u > v for ε = AC.

We order arbitrarily the ε-regular words of length n defined in this way, and declare
them to be greater than regular words of smaller length.

The symbols <, >, ≤, ≥ as applied to ε-regular words in the above definition,
as well as in the remainder of this paper, will be understood in the sense of the
ordering of these words.

Theorem 1. The collection of all ε-regular words for ε = C,AC forms a basis of
the free ε-algebra A with the system of free generators R.

We demonstrate a method that allows us to assign uniquely, to each word w
of the free ε-algebra A, some element w∗ of the same algebra such that

w∗ = w in the algebra A, (2)

where w∗ is either an ε-regular word with coefficient +1 or −1, or 0. For words of
length 1, we set w∗ = w.

Suppose such a method is already defined for words of length less than n,
and let w be a word of length n, n > 1. Then w = uv. We set

w∗ = u∗v∗, if u∗ ≥ v∗ in case ε = C, or u∗ > v∗ in case ε = AC;

w∗ = 0 if u∗ = v∗ in case ε = AC;

w∗ = −δv∗u∗ if u∗ < v∗.

Obviously, all the conditions imposed on w∗ are satisfied.
Each element a ∈ A has the form

a =
k∑

i=1

αiwi, (3)
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where αi are elements of the base field, and wi are some words, not necessarily
distinct. Clearly, the element a can be written in the form

a =
k∑

i=1

αiw
∗
i , (4)

from which it follows that every element of the free ε-algebra can be represented
as a linear combination of ε-regular words.

The zero element of the algebra A only admits a representation of the form

0 =
∑

i

αiai1ai2 · · ·aini [cidi + δdici]bi1bi2 · · · bimi ,

where α ∈ P , and a, b, c, d are some words, and an appropriate arrangement of
parentheses is assumed. One immediately sees that the ε-regular expression of the
right-hand side obtained after applying distributivity and replacing each of the re-
sulting words by the corresponding starred word, gives zero. Since for an ε-regular
word w we have w∗ = w, it follows that there do not exist two distinct ε-regular
expressions for the same element, which is equivalent to the linear independence
of ε-regular words. The theorem is proved.

The unique expression of an element a as a linear combination of ε-regular
words will be denoted by a∗.

In the free ε-algebra A, to each element a there corresponds a natural number
n(a), the degree of a, defined as the greatest length of the ε-regular words occurring
in a∗.

The sum of the terms of the element a∗, i.e., ε-regular words with coefficients
in P , whose degree is equal to n(a), will be called the highest part of the element a.

3. The purpose of the present work is the proof of the following theorem.

Theorem 2. Every subalgebra B of a free ε-algebra A (where ε = C or ε = AC) is
also free.

Thanks to the existence of the concept of degree, we can use the method of
A.G. Kurosh [2] to construct, for each subalgebra B of the free ε-algebra A, a finite
or countably infinite sequence of integers kn and subalgebras Bn (n = 1, 2, . . .),
where k0 = 0, B0 = 0, kn is the smallest degree of elements of the subalgebra B
which have not been included in Bn−1, and Bn is the subalgebra generated in B
by the elements whose degree does not exceed kn.

The set Kn of elements of Bn whose degree does not exceed kn is a linear
subspace, and the set K′

n of elements of Bn−1 whose degree does not exceed kn

is a subspace of Kn. We arbitrarily choose one representative from each coset in
a basis of the linear space Kn/K′

n and denote the resulting set by Mn. Now let
M =

⋃
n≥1 Mn. We prove that the set M has the following properties:

A. The highest part of each element a, a ∈ M, does not belong to the subalgebra
generated by the highest parts of the elements of the set M\ {a};

B. The subalgebra B is generated by the set M.
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Suppose, contrary to property A, that the highest part a of some element a ∈ M
belongs to the subalgebra generated by the highest parts of the elements of the
set M\ {a}, i.e.,

a =
∑

i

αiai +
∑

i,j

αijbi bj + · · · +
∑

i,j,...,k

αij···kci cj · · · ck,

where α ∈ P , and parentheses are placed appropriately. Then all b, . . . , c that
occur in the second and following summations can obviously be assumed to have
degree less than the degree of a, and all ai that occur in the first summation can
be assumed to be distinct from a and to have degree equal to the degree of a,
i.e., all corresponding elements a, ai must belong to the same set Mn. It follows
that for the cosets A, Ai represented by the elements a, ai there exists a linear
dependence relation A−∑i αiAi = 0, which contradicts the choice of these cosets.
Thus, property A has been proved.

To prove property B, it suffices to observe that the subalgebra Bn is generated
by the set

⋃n
k=1 Mk.

4. We will call any element of the free nonassociative algebra S, with the set
X = {x1, x2, . . .} of free generators, a nonassociative polynomial. Let S be the free
ε-algebra with generators a1, a2, . . . over the same field P . There exists a natural
homomorphism of S onto S that sends the polynomial f(xi1 , xi2 , . . .) to the element
f(ai1 , ai2 , . . .). We will call two polynomials S equivalent if their images in S are
equal. We will call a polynomial f(xi1 , xi2 , . . .) non-trivial if its image is nonzero.
If in S, regular words are defined and ϕ(ai1 , ai2 , . . .) is the ε-regular form of the
element f(ai1 , ai2 , . . .), then the polynomials f(xi1 , xi2 , . . .) and ϕ(xi1 , xi2 , . . .) are
equivalent. In this case, we will call the polynomial ϕ(xi1 , xi2 , . . .) ε-regular, and
then obviously any part of ϕ will also be ε-regular.

We now assume that there exists some non-trivial relation f(b1, b2, . . . , bq) =
0 for the elements of M, i.e., f(x1, x2, . . . , xq) is a non-trivial polynomial which can
in fact be taken to be regular, and we derive a contradiction from this assumption.

Lemma. If, in the free ε-algebra A there exists a finite set of elements bi (where
i = 1, 2, . . . , q, and n(bi) ≥ n(bj) for i > j) which satisfy property A and some non-
trivial relation f(b1, b2, . . . , bq) = 0, then the elements of the finite set M = {ci}
(i = 1, 2, . . . , q) that have the form ci = bi + wi, where wi is an element of the
subalgebra generated by the elements bk (k < i) and either wi = 0 or n(wi) = n(bi),
also satisfy property A and some non-trivial relation f ′(c1, c2, . . . , cq) = 0.

We will first prove that there exist expressions

bi = ci + w′
i (i = 1, 2, . . . , q)

where w′
i is an element (possibly zero) of the subalgebra generated by the elements

ck (k < i). Indeed, b1 = c1. Assuming that for all i < k the desired expression has
been found, we can replace, in the equation

bk = ck − wk,
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all bj (j < k) that occur in wk by the already found expressions in terms of ci,
after which we obtain the desired expression for bk.

We will prove that property A holds for the elements of the set M. If the
highest part cj of some element cj ∈ M belongs to the subalgebra generated by
the highest parts of the elements of M\{cj}, then analogously to what was done
in the proof of property A for the set M, we may assume that cj belongs to the
subalgebra generated by ck, k < j. But then, using the obvious equations

ci = bi + wi (i = 1, 2, . . . , q),

where wi is the highest part of wi, to replace all ci by their expressions in terms of
bi (i = 1, 2, . . . , q), we obtain an expression of the element bj in terms of b�, � < j,
which contradicts the assumption.

Now we prove that the elements of the set M satisfy some non-trivial relation.
Separate, in the polynomial f(x1, x2, . . . , xq), the highest part relative to xq, i.e.,
the collection of the terms that contain the factor xq the maximal number of times.
Denote this part by fq. Now separate in fq the highest part fq−1 relative to xq−1,
and so on, and finally separate in f2 the highest part f1 relative to x1. After this
we have:

f(b1, b2, . . . , bq) = f1(b1, b2, . . . , bq) + f ′
1(b1, b2, . . . , bq)

= f1(c1 + w′
1, . . . , cq + w′

q) + f ′
1(c1 + w′

1, . . . , cq + w′
q)

= f1(c1, . . . , cq) + ϕ(c1, . . . , cq)

= f ′(c1, . . . , cq)
= 0.

The polynomial f ′(c1, . . . , cq) cannot be trivial because the polynomials f1 and ϕ
do not have terms of the same content and f1 is a non-trivial polynomial. This
completes the proof of the lemma.

Based on the lemma, one can easily prove that the assumption of the existence
of a non-trivial relation among the elements of M implies the existence of a finite
set N of elements, that satisfy property A and some non-trivial relation, such that
in each of them any term included in the highest part is not the product of leading
terms (relative to the fixed ordering of ε-regular words) of the other elements of
the set.

To prove this statement, we enumerate the finite subset of elements of M
that occur in the non-trivial relation f = 0 and denote the resulting finite set by
M1 where M1 = {bi} (i = 1, 2, . . . , q). Without loss of generality we assume that
for i > j either n(bi) > n(bj) or bi ≥ bj where bi, bj are the ε-regular words of the
leading terms of the elements bi, bj . We will show that using the lemma we can
obtain bi > bj for i > j. Separate in M1 the subset M1k of elements of degree k.
Consider in M1k the subset M1k of elements with the greatest leading terms (up
to a coefficient from the field P ). Let

M1k = {bi} (i = ik, ik + 1, . . . , ik + qk).
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Replacing in M1k the subset M1k by the set of elements

bik
, bik+1 − α1bik

, bik+2 − α2bik
, . . . , bik+qk

− αqk
bik
,

where αs (s = 1, 2, . . . , qk) are the elements of the field P chosen such that in
the differences above the leading terms cancel, we obtain that in the set M1k

there will be only one element with leading term bik
and the leading terms of all

other elements will be less than bik
. Doing the same with the set {bi1+s − αsbik

}
(s = 1, 2, . . . , qk) and so on, we transform the set M1k into a set in which all
leading terms are distinct. We perform the same transformations for all possible
k. Obviously, these transformations conform to the requirements of the lemma.

If it now turns out that some term w of the highest part of some element
w of the resulting set can be represented as a product of leading terms of other
elements of the set, then obviously the latter terms will not have greater degree.
Therefore we can eliminate the term w in w by subtracting from w the product of
the corresponding elements with the appropriate arrangement of parentheses. We
assume by induction that the elements of the set under consideration that precede
the element w are such that the terms of their highest parts can no longer be
represented as products of leading terms of other elements. It is clear that, even
if after performing the subtraction we obtain new terms that can be represented
as products of leading terms of other elements, then the number of such factors
in such terms is strictly less than the corresponding number for the term w. The
proof can now be completed by a straightforward induction.

Let us now prove that the properties satisfied by the set N are contradictory.
Indeed, let f = 0 be a non-trivial relation satisfied by the elements of the set N ,
and let

e = αbi1bi2 · · · bis , α ∈ P, bik
∈ N (k = 1, 2, . . . , s),

where parentheses are arranged in a certain way, be one of the terms of the regular
polynomial f ; this term is chosen from among the terms for which the number
n =

∑s
k=1 n(bik

) is maximal, in such a way that the number s is maximal. We
show that, when the word

e = bi1 bi2 · · · bis ,

where bik
is the leading term of the element bik

and parentheses are arranged in
the same way as before, is rewritten in ε-regular form e∗, there will be no such
term among the other ε-regular words obtained by representing the left-hand side
of the non-trivial relation f = 0 as a linear combination of ε-regular R-words.
Indeed, such a word could only appear after rewriting some product of terms of
highest parts of elements of N in ε-regular form. Assume that there is a term,

m = βbj1 bj2 · · · bjr ,

where bjk
is some term in the highest part of the element bjk

, such that m∗ and
e∗ are similar terms. Then, since all bjk

and bik
are assumed to be ε-regular, from

the process of constructing w∗ from w it follows that m∗ can be represented as
a product of the same words bj1 , . . . , bjr with possibly a different order and a
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different arrangement of parentheses. The same applies to the term e∗. If some
term bjk

is not in fact the leading term of the element bjk
, then it cannot be

represented as a product of leading terms of the elements of N (we recall that
analogous statements are made up to a factor from the field P ); therefore, from
the similarity of e∗ and m∗, it follows that bjk

taken in a product with other terms
bjt must give the leading term big ; but from here it follows that r > s which is

impossible. Therefore, all bjk
are in fact the leading terms of the corresponding

elements. On the other hand, from the equation

(αe−m)∗ = 0, α ∈ P,

it follows that
(α1e−m)∗ = 0, α1 ∈ P,

where m = βbj1bj2 · · · bjr is the term of the polynomial f from which the term
m could be obtained. Therefore, since the polynomial f is ε-regular, e and m are
similar terms, which is a contradiction. This completes the proof of Theorem 2.
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On Special J-rings

A.I. Shirshov

1. Introduction

A commutative ring such that for every pair of elements a and b the following
equation holds,

J0{a, b} ≡ (a2b)a− a2(ba) = 0, (1)
is called a Jordan ring1. In the first four sections of this paper, we will consider
Jordan algebras2 over an arbitrary ring of coefficients Σ, assuming only that Σ is a
unital ring and that for each element a in the Jordan algebra there exists a unique
element b such that 2b = a. Clearly, in this case the equation 2a = 0 implies a = 0.
In such Jordan algebras, i.e., Jordan algebras without elements of order 2 in the
additive group, the following equations hold:

J1{x, y, z, t} ≡
[(yz)x]t+ [(ty)x]z + [(zt)x]y − (yz)(xt) − (ty)(xz) − (zt)(xy) = 0, (2)

J2{x, y, z, t} ≡
[(yz)x]t+ [(ty)x]z + [(zt)x]y − [(xz)y]t− [(tx)y]z − [(zt)y]x = 0. (3)

The validity of equation (2) follows from the relation

J0{y+z+t, x} − J0{−y+z+t, x} − J0{y−z+t, x} − J0{y+z−t, x}
= 8J1{x, y, z, t},

which can be verified by direct computation, and then equation (3) follows from
(2) using the relation

J2{x, y, z, t} = J1{x, y, z, t} − J1{y, x, z, t}.

Mat. Sbornik N.S. 38 (80), (1956), no. 2, 149–166.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
1Literally, “J-ring”. We adopt the modern terminology, “Jordan ring”. [Translators]
2Literally, “Jordan rings with an arbitrary ring Σ of operators”. [Translators]
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Jordan algebras also satisfy the relation

(bas)at = (bat)as, (4)

which generalizes equation (1). Indeed, suppose that relation (4) holds for expo-
nents s1 and t1 such that s1 + t1 < s+ t. Then, from the equation

J1{as+t−3, a, a, ba} − aJ1{as+t−3, a, a, b} = as+t−1(ba) − (bas+t−1)a = 0,

which is implied by the inductive hypothesis, the validity of equation (4) follows
in the case when one of s or t equals 1. For s = t there is nothing to prove. If
1 < s < t, then from the equation

J1{b, a, as−1, at}
= [(bas)at − (bat)as] + [(bat+1)as−1 − (bas−1)at+1] + [(bas+t−1)a− (ba)as+t−1]
= 0

it easily follows that the proof can be completed by induction on min(s, t). From
equation (4) it is easy to obtain associativity for the powers of one element.

It is known that if A is an associative algebra over Σ which admits unique
division by 2, then introducing in A the new multiplication

a · b =
1
2
(ab+ ba),

we obtain a Jordan algebra A(+) with the same additive group and new multipli-
cation. A Jordan algebra I over Σ is called special if there exists an associative
algebra A over Σ such that the Jordan algebra A(+) contains a subalgebra isomor-
phic to I. Even in the case of algebras over a field, it is known [1] that not every
Jordan algebra is special.

In the case of algebras over a field, Cohn [2] proved that a homomorphic image
of a special Jordan algebra is not necessarily special. It follows that the class of
special Jordan algebras cannot be defined by identical relations. In the present
paper, it is proved that a Jordan algebra over Σ that has a finite or countably
infinite set of generators is special if and only if it can be embedded into a Jordan
algebra over Σ with two generators.

In the last section of this paper, we remove the requirement that for every
element a there exists an element b such that 2b = a. This condition will be replaced
by the weaker condition that there are no elements of order 2 in the additive group.
It is clear that in this case we will be forced to consider the operation a◦b = ab+ba.

2. An embedding theorem

Consider the free associative algebra A over Σ (see the definition in [3]) with
two generators a and b. We will assume that the ring Σ admits unique division
by 2. Let A′ be the subalgebra of A generated by the elements of the set T =
{bab, ba2b, . . . , banb, . . .}.
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Lemma 1. The subalgebra A′ is a free associative algebra over Σ with the set T of
free generators.

Proof. We introduce the notation: banb = cn. Let f(x1, x2, . . . , xk) be an associa-
tive polynomial with coefficients in Σ (with all similar terms combined) such that
f(c1, c2, . . . , ck) = 0. Clearly,

xn1
i1
xn2

i2
· · ·xns

is
�= xm1

j1
xm2

j2
· · ·xmt

jt
implies cn1

i1
cn2
i2

· · · cns

is
�= cm1

j1
cm2
j2

· · · cmt

jt
.

Hence it follows that f ≡ 0, and this proves the lemma. �

Let N ′ be an ideal of the algebra A′ over Σ. Then N ′ generates in A some
ideal N .

Lemma 2. For any ideal N ′ of the algebra A′, the following equality holds: N∩A′ =
N ′.

Proof. Obviously, N ∩ A′ ⊇ N ′. Let n be an element of the ideal N ; then n =∑
i cin

′
idi where n′

i ∈ N ′ and ci, di are monomials of A. Let n ∈ A′. This means
that all terms that occur in the expression of n such that ci or di does not belong
to A′ must cancel each other. This implies that n ∈ N ′, and this proves the
lemma. �

Theorem 1. Every special Jordan algebra I over Σ that has a finite or countably
infinite number of generators can be embedded into a special Jordan algebra over
Σ with two generators.

Proof. Obviously, the associative algebra B over Σ in which the algebra I can
be represented can be assumed to have a finite or countably infinite number of
generators. It is also clear that the algebra B is isomorphic to a quotient algebra
A′ of the algebra A′ by some ideal N ′. From Lemma 2 it follows that the quotient
algebra A, of the algebra A with respect to the corresponding ideal N , contains
a subalgebra isomorphic to A′, and therefore also isomorphic to B. Since bakb =
2b · (b · ak) − ak · b2 it follows that the algebra I is isomorphic to the subalgebra
generated in A

(+)
by the two generators a and b that are the images of the elements

a and b. This proves the theorem. �

Clearly, as a byproduct we have reproved the theorem of A.I. Malcev [3]
that states that any associative algebra over Σ with a finite or countably infinite
number of generators can be embedded into an associative algebra over Σ with
two generators.

Remark. From the proof of Theorem 1 it follows that the generators of the algebra
I can be expressed in terms of the generators a and b using only the algebra product
without scalar multiplication.
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3. Main theorem

Consider the set S of associative words in two generators a and b. The degree
of an associative word will be understood in the usual sense; in addition, we will
introduce the notion of height. The heights of the associative words

an1bm1an2bm2 · · ·ankbmk and an1bm1an2bm2 · · · ankbmkank+1 ,

and also of the words obtained from these by interchanging a and b, will be re-
spectively 2k and 2k+1. The words of the form as and br have height 1, the words
asbr and bras have height 2, and so on.

We define a mapping α → α of the set S onto itself as follows: for α ∈ S
we set α = α if α has height 1, and α = dmc if α = cdm where d is one of the
generators a and b.

To each associative word α in S we assign an element α∗ of the free Jordan
algebra I over Σ with two generators a and b as follows:

α∗ =






α if α has height 1,
as ◦ br if α = asbr or α = bras,

am ◦ (can)∗ + (amc)∗ ◦ an − c∗ ◦ am+n if α = amcan,

2am ◦ (bn ◦ c∗) + 2bn ◦ (am ◦ c∗) − 2(am ◦ bn) ◦ c∗ − (bncam)∗

if α = amcbn.

(5)

Interchanging a and b in the third and fourth cases, we obtain two more formulas.
The symbol ◦ in the right-hand side means the multiplication in the free Jordan
algebra; in the fourth case one should also take into account that the height of the
word bncam is smaller than the height of the word α = amcbn.

For two associative words α and β we introduce the operation

α ◦ β =
1
4
(
αβ + αβ + βα+ βα

)
, (6)

where in the right-hand side we have an element of the free associative algebra A
over Σ on two generators a and b. The two meanings of the operation ◦ should not
cause confusion, as can be seen from the Main Lemma stated below.

The next two formulas follow immediately from the definition:

(α)∗ = α∗ and (α ◦ β)∗ = (β ◦ α)∗. (7)

By straightforward computation, one can verify the equation

J1(α, β, γ, δ) = 0, (8)

where α, β, γ, δ are words from S and the multiplication is performed in the sense
of the operation ◦. Clearly, from this it follows that

J2(α, β, γ, δ) = 0. (9)

The validity of equations (8) and (9) will also be clear from what follows.
We extend the operations ∗, , ◦ linearly to the elements of the free associative

algebra over Σ with generators a and b.
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Main Lemma. For associative words α and β in two generators a and b, the fol-
lowing equation holds:

(α ◦ β)∗ = α∗ ◦ β∗.

The proof of the Main Lemma, owing to its complexity, will be given in the next
section; now we will consider its consequences.

Let A be the free associative algebra over Σ with two generators a and b. In
the Jordan algebra A(+), the elements a and b generate a subalgebra A(+)

0 .

Lemma 3. Every element of the algebra A(+)
0 can be represented as a linear com-

bination (with coefficients from Σ) of elements of the form α + α where α is an
associative word in a and b.

Proof. Obviously, it suffices to prove Lemma 3 for monomials relative to the op-
eration · of the algebra A(+)

0 . For monomials of the form ar or bs, the lemma is
obvious. Suppose we have some monomial M = N · P of the algebra A(+)

0 where
N and P are monomials of lower degree for which we assume that Lemma 3 is
valid. Then the validity of Lemma 3 follows from the equation:

(α+ α) · (β + β
)

=
1
2
(
αβ + αβ

)
+

1
2
(
αβ + βα

)
+

1
2
(
αβ + βα

)
+

1
2
(
αβ + βα

)
.

This completes the proof. �

Theorem 2. The algebra A
(+)
0 is isomorphic to the free Jordan algebra I over Σ

with generators a and b.

Proof. To each element of the form (α + α)/2 of the algebra A(+)
0 where α ∈ S,

we assign the element α∗ of I. By Lemma 3 this mapping can be extended to the
entire additive group of the algebra A(+)

0 .
We show that this mapping is a homomorphism from A

(+)
0 to I. It follows

from the definition that this mapping is Σ-linear (it preserves addition, and mul-
tiplication by elements of Σ). From the equation
[
1
2

(α+ α)
]
·
[
1
2
(
β + β

)]
=

1
8
(
αβ + αβ + αβ + αβ + βα + βα+ βα+ βα

)

=
1
4

(
αβ + βα

2

)
+

1
4

(
αβ + βα

2

)
+

1
4

(
αβ + βα

2

)
+

1
4

(
αβ + βα

2

)
,

it follows that to the product of the elements (α + α)/2 and (β + β)/2 there
corresponds the following element of I:

1
4

[
(αβ)∗ +

(
αβ
)∗

+ (βα)∗ +
(
βα
)∗]

= (α ◦ β)∗ = α∗ ◦ β∗,

where we have used the Main Lemma and the bilinearity of the operation ∗. This
implies that the image of the product equals the product of the images.
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We now show that each element of the algebra I is the image of some element
of the algebra A(+)

0 . Indeed, the elements of I of the form as and br have obvious
pre-images; if we now assume the existence of pre-images for elements n and p of
the algebra I, then clearly there exists a pre-image for m = n ◦ p. The proof can
now be completed by induction and the passage from monomials to polynomials.

Since the Jordan algebra I is free, it is clear that the mapping just constructed
is an isomorphism, and this completes the proof. �

Every ideal I1 of the algebra A(+)
0 , being a subset of the algebra A, generates

in it some ideal I1.

Lemma 4. For every ideal I1 of the algebra A(+)
0 , the following equality holds:

I1 ∩A(+)
0 = I1.

Proof. From Lemma 3 it follows that each element s of the algebraA(+)
0 , considered

as an associative polynomial, satisfies the relation s = s. Let v be an element of
the intersection I1∩A(+)

0 . Then v, being an element of the ideal I1, can be written
as

v =
∑

k

ckikdk,

where ik ∈ I1 and ck, dk are associative words. Since v is an element of the algebra
A

(+)
0 , we have

v =
1
2

(v + v) =
∑

k

ck ik dk + dk ik ck
2

.

We show that each summand

ek =
ck ik dk + dk ik ck

2
belongs to the ideal I1. We carry out an induction on the sum of the heights of the
words ck and dk. If this sum is equal to 1, i.e., one of the words has the form ar or bs

and the other is empty, then the statement is obvious. Suppose the statement has
been proved for all smaller sums. We show that in this case the statement is true
if both words ck and dk are nonempty. Then, up to interchanging the generators
a and b, there are two possible cases:

(1) ek =
amcan + ancam

2
, and so

ek = am · ca
n + anc

2
+ an · a

mc+ cam

2
− am+n · c+ c

2
,

(2) ek =
amcbn + bncam

2
, and so

ek = 2am ·
(
bn · c+ c

2

)
+ 2bn ·

(
am · c+ c

2

)
− 2 (bn · am) · c+ c

2

− bncam + amcbn

2
.
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Clearly, in both cases, the conditions of the inductive hypothesis are satisfied,
provided that

ek �= amikb
n + bnika

m

2
,

and in the remaining case,

ek = am · (bn · ik) + bn · (am · ik) − (bn · am) · ik.
It remains to consider the case when

ek =
ikCD +DC ik

2
.

This case can be reduced to a previous case using the inductive hypothesis and
the equation

ek = 2D · ikC + Cik
2

− DikC + CikD

2
,

if we assume that D = D. We are permitted to make this assumption by separating
asD a factor of height 1. Therefore, we have proved that I1∩A(+)

0 ⊆ I1. The reverse
inclusion is obvious, and this completes the proof of the lemma. �

Theorem 3. Every Jordan algebra N over Σ with two generators is special.

Proof. From Theorem 1 it follows that the algebra N is isomorphic to a quotient
algebra of A(+)

0 by some ideal I1. Lemma 4 implies that, in the quotient algebra
A/I1, distinct elements of the algebra A(+)

0 /I1 have distinct images. From here it
follows that the Jordan algebra N ∼= A

(+)
0 /I1 is isomorphic to a subalgebra of the

Jordan algebra (A/I1)(+). This completes the proof. �

Remark. The statements of Lemmas 3 and 4 for algebras over a field are contained
in the results of Cohn [2], where a special case of Theorem 3 is also proved, stating
that a homomorphic image of a special Jordan algebra (over a field) with two
generators is a special Jordan algebra.

4. Main lemma

We start the proof of the Main Lemma. In the course of the proof, for associative
words α and β, we will assume the following inductive hypotheses:

1) The lemma holds for pairs of words for which the sum of the heights is less
than the corresponding sum for α and β.

2) The lemma holds for pairs of words for which the sum of the heights is equal
to the corresponding sum for α and β, but the sum of the degrees is less than
the corresponding sum for α and β.

The basis of the induction is the obvious validity of the lemma when the sum of
heights equals 2.
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3) The lemma holds for pairs of words for which the sum of the heights as well
as the sum of the degrees are equal to the corresponding sums for α and β, but
the smaller of the heights is less than the smaller of the heights of α and β.

The basis of the induction for the last hypothesis will be justified below, where it
will be shown that the lemma holds if one of the heights of α and β is less than 3.

Suppose now that β has height greater than 2, and the height of α is not less
than the height of β. Then,

β∗ =
∑

i

σi (c∗i ◦ d∗i ) ◦ e∗i +
∑

j

σja
kj ◦ bsj ,

where σk are some coefficients. By the bilinearity of all the operations, to prove
the lemma it suffices to consider in place of β∗ the elements β1 = (c∗ ◦ d∗) ◦ e∗ and
β2 = ak ◦ bs.

From inductive hypothesis 3) it follows that

α∗ ◦ β∗
2 = α∗ ◦ (ak ◦ bs) =

[
α ◦ (ak ◦ bs)]∗ = (α ◦ β2)

∗
.

From equation (2) it follows that

α∗ ◦ β∗
1 = α∗ ◦ [(c∗ ◦ d∗) ◦ e∗]

= J1{e∗, c∗, d∗, α∗} − [(α∗ ◦ c∗) ◦ e∗] ◦ d∗ − [(α∗ ◦ d∗) ◦ e∗] ◦ c∗
+ (α∗ ◦ e∗) ◦ (c∗ ◦ d∗) + (α∗ ◦ c∗) ◦ (d∗ ◦ e∗) + (α∗ ◦ d∗) ◦ (c∗ ◦ e∗),

but according to inductive hypothesis 3) and equation (8) we have

α∗ ◦ β∗
1 = [α ◦ β1 − J1{e, c, d, a}]∗ = (α ◦ β1)

∗ .

This completes the proof of the lemma.
It will be far more difficult to justify the basis for inductive hypothesis 3).

Here the proof will consist of a number of cases.

4.1. Case 1: α = ambsDbr, β = an

From the definitions of ∗ and ◦, and equation (2), it follows that

(α ◦ β)∗ − α∗ ◦ β∗ =
1
2

(ambsDbran)∗ +
1
2
(
am+nbsDbr

)∗ − (ambsDbr)∗ ◦ an

=
1
2
am ◦ (bsDbran)∗ − 1

2
an ◦ (ambsDbr)∗ − 1

2
am+n ◦ (bsDbr)∗

+
1
2
(
am+nbsDbr

)∗

= am ◦ {bs ◦ [an ◦ (Dbr)∗]} + am ◦ {an ◦ [bs ◦ (Dbr)∗]}
− am ◦ {(an ◦ bs) ◦ (Dbr)∗]} − 1

2
am ◦ (anDbr+s)∗ − 1

2
an ◦ (ambsDbr)∗

− 1
2
am+n ◦ (bsDbr)∗ +

1
2
(am+nbsDbr)∗
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= J2{bs, (Dbr)∗, am, an} − an ◦ {bs ◦ [am ◦ (Dbr)∗]} − (am+n ◦ bs) ◦ (Dbr)∗

+ bs ◦ [am+n ◦ (Dbr)∗] + an ◦ [(am ◦ bs) ◦ (Dbr)∗]

+ am ◦ {an ◦ [bs ◦ (Dbr)∗]} − 1
2
am ◦ (anDbr+s)∗ − 1

2
an ◦ (ambsDbr)∗

− 1
2
am+n ◦ (bsDbr)∗ +

1
2
(am+nbsDbr)∗.

Using inductive hypothesis 1), we can write the following equations:

an ◦ {bs ◦ [am ◦ (Dbr)∗]} = (10)
1
4

[
an ◦ (bsamDbr)∗ + an ◦ (bsDbram)∗ + an ◦ (amDbr+s)∗ + an ◦ (Dbrambs)∗

]
,

(am+n ◦ bs) ◦ (Dbr)∗ = (11)
1
4

[
(am+nbsDbr)∗ + (bsam+nDbr)∗ + (Dbram+nbs)∗ + (Dbr+sam+n)∗

]
,

bs ◦ [am+n ◦ (Dbr)∗] = (12)
1
4

[
(bsam+nDbr)∗ + (bsDbram+n)∗ + (am+nDbr+s)∗ + (Dbram+nbs)∗

]
,

an ◦ [(am ◦ bs) ◦ (Dbr)∗] = (13)
1
4

[
an ◦ (ambsDbr)∗ + an ◦ (bsamDbr)∗ + an ◦ (Dbrambs)∗ + an ◦ (Dbr+sam)∗

]
,

1
2
am ◦ (anDbr+s)∗ =

1
4

[
(am+nDbr+s)∗ + (anDbr+sam)∗

]
, (14)

1
2
am+n ◦ (bsDbr)∗ =

1
4

[
(am+nbsDbr)∗ + (bsDbram+n)∗

]
. (15)

Using equation (4), and inductive hypothesis 1), we obtain the equation

am ◦ {an ◦ [bs ◦ (Dbr)∗]} = an ◦ {am ◦ [bs ◦ (Dbr)∗]} (16)

=
1
4

[
an ◦ (ambsDbr)∗ + an ◦ (amDbr+s)∗

+ an ◦ (bsDbram)∗ + an ◦ (Dbr+sam)∗
]
.

Substituting the right-hand sides of equations (10–16) for the corresponding terms
in the preceding expression for (α ◦ β)∗ − α∗ ◦ β∗, and combining like terms, we
obtain:

(α ◦ β)∗ − α∗ ◦ β∗ =
1
2
an ◦ (Dbr+sam

)∗ − 1
4
(
Dbr+sam+n

)∗ − 1
4
(
anDbr+sam

)∗ = 0,

by inductive hypothesis 1).
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4.2. Case 2: α = asDam, β = at

First we prove the validity of the lemma for s = m. In this case, it follows from
the definitions of the operations, inductive hypothesis 1), and equation (4), that

(α ◦ β)∗ =
(
asDas ◦ at

)∗ =
1
2
(
asDas+t

)∗ +
1
2
(
as+tDas

)∗ (17)

=
1
2
as ◦ (Das+t

)∗ +
1
2
as+t ◦ (asD)∗ +

1
2
as+t ◦ (Das)∗ +

1
2
as ◦ (as+tD

)∗

− a2s+t ◦D∗

= as ◦ (D∗ ◦ as+t
)

+ as+t ◦ (as ◦D∗) − a2s+t ◦D∗

= 2as+t ◦ (as ◦D∗) − a2s+t ◦D∗.

By inductive hypothesis 2) we have:

α∗ ◦ β∗ = (asDas)∗ ◦ at = at ◦ [2as ◦ (as ◦D) − a2s ◦D]∗ (18)

= 2at ◦ [as ◦ (as ◦D∗)] − at ◦ (a2s ◦D∗).

From equations (17) and (18) it follows that:

(α ◦ β)∗ − α∗ ◦ β∗

= 2as+t ◦ (as ◦D∗) + at ◦ (a2s ◦D∗)− 2at ◦ [as ◦ (as ◦D∗)] − a2s+r ◦D∗

= −J1{as, as, at, D∗} = 0.

In the proof of the general case, we will assume that s > m. We can do this
without loss of generality, because in the contrary case, we can consider α instead
of α. Using hypothesis 2) we obtain:

α∗ ◦ β∗ = (asDam)∗ ◦ at (19)

= at ◦ {2am ◦ [am ◦ (as−mD)] − a2m ◦ (as−mD)]}∗
= 2at ◦ {am ◦ [am ◦ (as−mD)∗]} − at ◦ [a2m ◦ (as−mD)∗]

= J2{am, (as−mD)∗, at, am} + 2am+t ◦ [am ◦ (as−mD)∗] − a2m+t ◦ (as−mD)∗

= (asD)∗ ◦ am+t + (as−mDam)∗ ◦ am+t − a2m+t ◦ (as−mD)∗.

From equation (19) it follows that the proof can be completed by induction on the
degree of β, with constant sums of heights and degrees of α and β.

Assuming that the lemma holds for t′ > t, we have:

(as−mDam)∗ ◦ am+t =
1
2
(as+tDam)∗ +

1
2
(as−mDa2m+t)∗. (20)

From inductive hypothesis 1) it follows that:

(asD)∗ ◦ am+t =
1
2
(am+t+sD)∗ +

1
2
(asDam+t)∗, (21)

and

a2m+t ◦ (as−mD)∗ =
1
2
(am+t+sD)∗ +

1
2
(as−mDa2m+t)∗. (22)
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Using equations (20), (21) and (22), we obtain from (19):

α∗ ◦ β∗ =
1
2
(as+tDam)∗ +

1
2
(asDam+t)∗ = (α ◦ β)∗,

as desired.

Remark. The sum of heights in Case 1 is odd, and in Case 2 is even. From trans-
formations (17) through (22) it is clear that the proof in Case 2 reduces to Case
1 with the sum of heights being smaller by 1. Therefore the validity of the Main
Lemma for Case 2 with the sum of the heights of α and β equal to 2� can be
assumed as soon as the validity is assumed for Case 1 with the corresponding sum
equal to 2�− 1. This remark will be needed in the proof of Case 5.

4.3. Case 3: α = ambsDbrat, β = bn

First we consider the easier special case when the word D is empty. Let α1 =
ambsat. Then from equations (2), (4), and the definitions of the operations, it
follows that

(α1 ◦ β)∗ =
1
2
(ambsatbn)∗ +

1
2
(bnambsat)∗

= am ◦ [bn ◦ (bs ◦ at)] + bn ◦ [am ◦ (bs ◦ at)] − (bn ◦ am) ◦ (bs ◦ at)

− 1
2
bn+s ◦ am+t + bn ◦ [at ◦ (am ◦ bs)] + at ◦ [bn ◦ (am ◦ bs)]

− (bn ◦ at) ◦ (bs ◦ am) − 1
2
bn+s ◦ am+t

= J1{bn, bs, at, am} − bs ◦ (bn ◦ at+m) + 2bn ◦ [am ◦ (bs ◦ at)]

= 2[am ◦ (bs ◦ at)] ◦ bn − (at+m ◦ bs) ◦ bn = α∗
1 ◦ β∗,

as desired. In the general case, the proof is much longer.
Using inductive hypothesis 1), the definitions of the operations, and equation

(4), we obtain

(α ◦ β)∗ − α∗ ◦ β∗ = [(ambsDbrat) ◦ bn]∗ − (ambsDbrat)∗ ◦ bn

=
1
2
(ambsDbratbn)∗ +

1
2
(bnambsDbrat)∗ − (ambsDbrat)∗ ◦ bn

= am ◦ [bn ◦ (bsDbrat)∗] + bn ◦ [am ◦ (bsDbrat)∗] − (bn ◦ am) ◦ (bsDbrat)∗

− 1
2
(bn+sDbrat+m)∗ + bn ◦ [at ◦ (ambsDbr)∗] + at ◦ [bn ◦ (ambsDbr)∗]

− (at ◦ bn) ◦ (ambsDbr)∗ − 1
2
(am+tbsDbr+n)∗ − bn ◦ [am ◦ (bsDbrat)∗]

− bn ◦ [at ◦ (ambsDbr)∗] + bn ◦ [am+t ◦ (bsDbr)∗]

= am ◦ [bn ◦ (bsDbrat)∗] − (bn ◦ am) ◦ (bsDbrat)∗ + at ◦ [bn ◦ (ambsDbr)∗]

− (at ◦ bn) ◦ (ambsDbr)∗ − 1
2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗

+ bn ◦ [am+t ◦ (bsDbr)∗]
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= am ◦ [bn ◦ (bsDbrat)∗] − (bn ◦ am) ◦ (bsDbrat)∗

+ 2at ◦ {bn ◦ [am ◦ (bsDbr)∗]} − at ◦ [bn ◦ (bsDbram)∗]

− 2(at ◦ bn) ◦ [am ◦ (bsDbr)∗] + (at ◦ bn) ◦ (bsDbram)∗

− 1
2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗ + bn ◦ [am+t ◦ (bsDbr)∗]

= 2am ◦ 〈bn ◦ {bs ◦ [at ◦ (Dbr)∗]}〉 + 2am ◦ 〈bn ◦ {at ◦ [bs ◦ (Dbr)∗]}〉
− 2am ◦ {bn ◦ [(at ◦ bs) ◦ (Dbr)∗]} − 2(am ◦ bn) ◦ {bs ◦ [at ◦ (Dbr)∗]}
− 2(am ◦ bn) ◦ {at ◦ [bs ◦ (Dbr)∗]} + 2(am ◦ bn) ◦ [(at ◦ bs) ◦ (Dbr)∗]

− 2at ◦ 〈bn ◦ {bs ◦ [am ◦ (Dbr)∗]}〉 − 2at ◦ 〈bn ◦ {am ◦ [bs ◦ (Dbr)∗]}〉
+ 2at ◦ {bn ◦ [(am ◦ bs) ◦ (Dbr)∗]} + 2(at ◦ bn) ◦ {bs ◦ [am ◦ (Dbr)∗]}
+ 2(at ◦ bn) ◦ {am ◦ [bs ◦ (Dbr)∗]} − 2(at ◦ bn) ◦ [(am ◦ bs) ◦ (Dbr)∗]

+ 2at ◦ {bn ◦ [am ◦ (bsDbr)∗]} − 2(at ◦ bn) ◦ [am ◦ (bsDbr)∗]

− 1
2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗ + bn ◦ [am+t ◦ (bsDbr)∗]

− am ◦ [bn ◦ (atDbr+s)∗] + at ◦ [bn ◦ (amDbr+s)∗]

+ (am ◦ bn) ◦ (atDbr+s)∗ − (at ◦ bn) ◦ (amDbr+s)∗

= 2J1{bn, am, bs, at ◦ (Dbr)∗} − 2bs ◦ 〈bn ◦ {am ◦ [at ◦ (Dbr)∗]}〉
− 2[(am ◦ bs) ◦ bn] ◦ [at ◦ (Dbr)∗] + 2bn+s ◦ {am ◦ [at ◦ (Dbr)∗]}
+ 2{bn ◦ [at ◦ (Dbr)∗]} ◦ (am ◦ bs) − 2at ◦ 〈bn ◦ {am ◦ [bs ◦ (Dbr)∗]}
+ 2(at ◦ bn) ◦ {am ◦ [bs ◦ (Dbr)∗]} − 2J1{bn, am, at ◦ bs, (Dbr)∗}
+ 2(at ◦ bs) ◦ {bn ◦ [am ◦ (Dbr)∗]} + 2{bn ◦ [am ◦ (at ◦ bs)]} ◦ (Dbr)∗

− 2[(at ◦ bs) ◦ bn] ◦ [am ◦ (Dbr)∗] − 2[am ◦ (at ◦ bs)] ◦ [bn ◦ (Dbr)∗]

− 2J1{bn, at, bs, am ◦ (Dbr)∗} + 2bs ◦ 〈bn ◦ {at ◦ [am ◦ (Dbr)∗]}〉
+ 2[(at ◦ bs) ◦ bn] ◦ [am ◦ (Dbr)∗] − 2bn+s ◦ {at ◦ [am ◦ (Dbr)∗]}
− 2{bn ◦ [am ◦ (Dbr)∗]} ◦ (at ◦ bs) + 2am ◦ 〈bn ◦ {at ◦ [bs ◦ (Dbr)∗]}〉
− 2(am ◦ bn) ◦ {at ◦ [bs ◦ (Dbr)∗]} + 2J1{bn, at, am ◦ bs, (Dbr)∗}
− 2(am ◦ bs) ◦ {bn ◦ [at ◦ (Dbr)∗]} − 2{bn ◦ [at ◦ (am ◦ bs)]} ◦ (Dbr)∗

+ 2[(am ◦ bs) ◦ bn] ◦ [at ◦ (Dbr)∗] + 2[at ◦ (am ◦ bs)] ◦ [bn ◦ (Dbr)∗]

+ 2at ◦ {bn ◦ [am ◦ (bsDbr)∗]} − 2(at ◦ bn) ◦ [am ◦ (bsDbr)∗]

− 1
2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗ + bn ◦ [am+t ◦ (bsDbr)∗]

− am ◦ [bn ◦ (atDbr+s)∗] + (am ◦ bn) ◦ (atDbr+s)∗

+ at ◦ [bn ◦ (amDbr+s)∗] − (at ◦ bn) ◦ (amDbr+s)∗
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= −2at ◦ 〈bn ◦ {am ◦ [bs ◦ (Dbr)∗]}〉 + 2(at ◦ bn) ◦ {am ◦ [bs(Dbr)∗]}
+ 2am ◦ 〈bn ◦ {at ◦ [bs ◦ (Dbr)∗]}〉 − 2(am ◦ bn) ◦ {at ◦ [bs ◦ (Dbr)∗]}
+ 2at ◦ {bn ◦ [am ◦ (bsDbr)∗]} − 2(at ◦ bn) ◦ [am ◦ (bsDbr)∗]

− 1
2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗ + bn ◦ [am+t ◦ (bsDbr)∗]

− am ◦ [bn ◦ (atDbr+s)∗] + (am ◦ bn) ◦ (atDbr+s)∗

+ at ◦ [bn ◦ (amDbr+s)∗] − (at ◦ bn) ◦ (amDbr+s)∗

= −2at ◦ 〈bn ◦ {am ◦ [bs ◦ (Dbr)∗]}〉 + 2(at ◦ bn) ◦ {am ◦ [bs ◦ (Dbr)∗]}
+ 2J1{bn, at, am, bs ◦ (Dbr)∗} − 2at ◦ 〈bn ◦ {am ◦ [bs ◦ (Dbr)∗]}〉
− 2(am+t ◦ bn) ◦ [bs ◦ (Dbr)∗] + 2(at ◦ bn) ◦ {am ◦ [bs ◦ (Dbr)∗]}
+ 2am+t ◦ {bn ◦ [bs ◦ (Dbr)∗]} + 2at ◦ {bn ◦ [am ◦ (bsDbr)∗]}
− 2(at ◦ bn) ◦ [am ◦ (bsDbr)∗] − 1

2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+n)∗

+ bn ◦ [am+t ◦ (bsDbr)∗] − am ◦ [bn ◦ (atDbr+s)∗] + (am ◦ bn) ◦ (atDbr+s)∗

+ at ◦ [bn ◦ (amDbr+s)∗] − (at ◦ bn) ◦ (amDbr+s)∗

= −2at ◦ {bn ◦ [am ◦ (Dbr+s)∗]} + 2(at ◦ bn) ◦ [am ◦ (Dbr+s)∗]

− 2(am+t ◦ bn) ◦ [bs ◦ (Dbr)∗] + 2(am+t ◦ {bn ◦ [bs ◦ (Dbr)∗]}
− 1

2
(bn+sDbrat+m)∗ − 1

2
(am+tbsDbr+m)∗ + bn ◦ [am+t ◦ (bsDbr)∗]

− am ◦ [bn ◦ (atDbr+s)∗] + (am ◦ bn) ◦ (atDbr+s)∗

+ at ◦ [bn ◦ (amDbr+s)∗] − (at ◦ bn) ◦ (amDbr+s)∗

=
1
4

[
− (atbnamDbr+s)∗ − (atbnDbs+ram)∗ − (at+mDbr+s+n)∗

− (atDbr+sambn)∗ − (bnamDbr+sat)∗ − (bnDbr+sam+t)∗

− (amDbr+s+nat)∗ − (Dbr+sambnat)∗ + (atbnamDbr+s)∗

+ (atbnDbr+sam)∗ + (bnat+mDbr+s)∗ + (bnatDbr+sam)∗

+ (amDbr+satbn)∗ + (Dbr+sam+tbn)∗ + (amDbr+s+nat)∗

+ (Dbr+sambnat)∗ − (am+tbn+sDbr)∗ − (bnam+tbsDbr)∗

− (am+tbnDbr+s)∗ − (bnam+tDbr+s)∗ − (bsDbram+tbn)∗

− (bsDbr+nam+t)∗ − (Dbr+sam+tbn)∗ − (Dbr+s+nam+t)∗

+ (am+tbn+sDbr)∗ + (am+tbnDbr+s)∗ + (am+tbsDbr+n)∗

+ (am+tDbr+s+n)∗ + (bn+sDbram+t)∗ + (bnDbr+sam+t)∗

+ (bsDbr+nam+t)∗ + (Dbr+s+nam+t)∗ − 2(bn+sDbrat+m)∗

− 2(am+tbsDbr+n)∗ + (bnam+tbsDbr)∗ + (bn+sDbram+t)∗
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+ (am+tbsDbr+n)∗ + (bsDbram+tbn)∗ − (ambnatDbr+s)∗

− (am+tDbr+s+n)∗ − (bnatDbr+sam)∗ − (atDbr+s+nam)∗

+ (ambnatDbr+s)∗ + (bnam+tDbr+s)∗ + (atDbr+sambn)∗

+ (atDbr+s+nam)∗ + (atbnamDbr+s)∗ + (at+mDbr+s+n)∗

+ (bnamDbr+sat)∗ + (amDbr+s+nat)∗ − (atbnamDbr+s)∗

− (bnat+mDbr+s)∗ − (amDbr+satbn)∗ − (amDbr+s+nat)∗
]

= 0,

as was to be established.

4.4. Case 4: α = amDbn, β = atbq

From the definition of operation ∗ it follows that

(bqamDbnat)∗ = 2bq ◦ [at ◦ (amDbn)∗] + 2at ◦ [bq ◦ (amDbn)∗]

− 2(at ◦ bq) ◦ (amDbn)∗ − (am+tDbn+q)∗.

From this equation we have:

α∗ ◦ β∗ = (amDbn)∗ ◦ (at ◦ bq)
= bq ◦ [at ◦ (amDbn)∗] + at ◦ [bq ◦ (amDbn)∗] (23)

− 1
2
(am+tDbn+q)∗ − 1

2
(bqamDbnat)∗.

Using inductive hypothesis 1), and the relation proved in Case 3, we obtain the
equations

bq ◦ [at ◦ (amDbn)∗] = bq ◦ (at ◦ amDbn)∗ = [bq ◦ (at ◦ amDbn)]∗ (24)

=
1
4
(bqat+mDbn)∗ +

1
4
(bqamDbnat)∗ +

1
4
(at+mDbn+q)∗ +

1
4
(amDbnatbq)∗,

at ◦ [bq ◦ (amDbn)∗] = [at ◦ (bq ◦ amDbn)]∗ (25)

=
1
4
(atbqamDbn)∗ +

1
4
(at+mDbn+q)∗ +

1
4
(bqamDbnat)∗ +

1
4
(amDbn+qat)∗.

From equations (23), (24) and (25) it follows that

α∗ ◦ β∗ =
1
4

[
(bqat+mDbn)∗ + (amDbnatbq)∗ + (atbqamDbn)∗ + (amDbn+qat)∗

]

= (α ◦ β)∗.

Clearly, the same proof is valid if the word D is empty.

4.5. Case 5: α = amDan, β = apbq

4.5.1. Step 1. First of all we prove that the lemma holds if m = n. Using inductive
hypothesis 1) and the relation proved in Case 1, we have:

α∗ ◦ β∗ = (anDan)∗ ◦ (ap ◦ bq) = [an ◦ (anD +Dan) − a2n ◦D]∗ ◦ (ap ◦ bq)
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= [an ◦ (anD +Dan)∗] ◦ (ap ◦ bq) − (a2n ◦D∗) ◦ (ap ◦ bq)
= 2[an ◦ (an ◦D∗)] ◦ (ap ◦ bq) − (a2n ◦D∗) ◦ (ap ◦ bq)
= 2J2{an, D∗, an, ap ◦ bq} − 2{an ◦ [an ◦ (ap ◦ bq)]} ◦D∗

− 2{an ◦ [D∗ ◦ (ap ◦ bq)]} ◦ an + 4{D∗ ◦ [an ◦ (ap ◦ bq)]} ◦ an

+ (a2n ◦D∗) ◦ (ap ◦ bq)
= −2{an ◦ [D∗ ◦ (ap ◦ bq)]} ◦ an + 4{D∗ ◦ [an ◦ (ap ◦ bq)]} ◦ an

+ (a2n ◦D∗) ◦ (ap ◦ ba) − J1{an, an, ap, bq} ◦D∗ + (bq ◦ a2n+p) ◦D∗

− 2[an+p ◦ (an ◦ bq)] ◦D∗ − [a2n ◦ (ap ◦ bq)] ◦D∗

=
[− 2{an ◦ [D ◦ (ap ◦ bq)] ◦ an + 4{D ◦ [an ◦ (ap ◦ bq)]} ◦ an

+ (a2n ◦D) ◦ (ap ◦ bq) − J1{an, an, ap, bq} ◦D
+ (bq ◦ a2n+p) ◦D − 2[an+p ◦ (an ◦ bq)] ◦D − [a2n ◦ (ap ◦ bq)] ◦D ]∗

=
[− 2{an ◦ [an ◦ (ap ◦ bq)]} ◦D − 2{an ◦ [D ◦ (ap ◦ bq)]} ◦ an

+ 4{D ◦ [an ◦ (ap ◦ bq)]} ◦ an + (a2n ◦D) ◦ (ap ◦ bq) ]∗

=
[− 2J2{an, D, an, ap ◦ bq} + 2[an ◦ (an ◦D)] ◦ (ap ◦ bq)
− (a2n ◦D) ◦ (ap ◦ bq) ]∗

=
{

[2an ◦ (an ◦D) − a2n ◦D] ◦ (ap ◦ bq)}∗ =
[
anDan ◦ (ap ◦ bq)]∗

= (α ◦ apbq)∗ = (α ◦ β)∗.

4.5.2. Step 2. Now suppose that the lemma holds for some pair of words α1 =
atDar, β1 = akbs. We will show that in this case the lemma also holds for the
words α2 = atDak, β2 = arbs. Indeed,

α∗
2 ◦ β∗

2 = (atDak)∗ ◦ (ar ◦ bs)
= 2[(atD)∗ ◦ ak] ◦ (ar ◦ bs) − (at+kD)∗ ◦ (ar ◦ bs)
= −2J1{(atD)∗, ak, ar, bs} + 2[(atD)∗ ◦ ak+r] ◦ bs + 2[(atD)∗ ◦ (ak ◦ as)] ◦ ar

+ 2[(atD)∗ ◦ (ar ◦ bs)] ◦ ak − 2[(atD)∗ ◦ bs] ◦ ak+r

− 2[(atD)∗ ◦ ar] ◦ (ak ◦ bs) − (at+kD)∗ ◦ (ar ◦ bs)
=
[− 2J1{atD, ak, ar, bs} + 2(atD ◦ ak+r) ◦ bs + 2[atD ◦ (ak ◦ bs)] ◦ ar

+ 2[atD ◦ (ar ◦ bs)] ◦ ak − 2(atD ◦ bs) ◦ ak+r − (at+rD) ◦ (ak ◦ bs)
− (at+kD) ◦ (ar ◦ bs) ]∗ − (atDar)∗ ◦ (ak ◦ bs)

= −α∗
1 ◦ β∗

1 +
[
2(atD ◦ ar) ◦ (ak ◦ bs) + 2(atD ◦ ak) ◦ (ar ◦ bs)

− (at+rD) ◦ (ak ◦ bs) − (at+kD) ◦ (ar ◦ bs) ]∗

= −α∗
1 ◦ β∗

1 +
[
atDar ◦ (ak ◦ bs) + atDak ◦ (ar ◦ bs)]∗

= −α∗
1 ◦ β∗

1 + (α1 ◦ β1)∗ + (α2 ◦ β2)∗ = (α2 ◦ β2)∗.
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The claim is proved.

4.5.3. Step 3. Finally we prove that if the lemma holds for some words α3 =
a2sDar, β3 = apbq then it also holds for the words α4 = asDar+s and β3. Indeed,

α∗
4 ◦ β∗

3 = (asDar+s)∗ ◦ (ap ◦ bq) = 2{as ◦ [as ◦ (Dar)∗]} ◦ (ap ◦ bq) (26)

= 2J2{as, ap ◦ bq, as, (Dar)∗} − 2{as ◦ [(ap ◦ bq) ◦ (Dar)∗]} ◦ as

− 2{as ◦ [as ◦ (ap ◦ bq)]} ◦ (Dar)∗ + 4{(ap ◦ bq) ◦ [as ◦ (Dar)∗]} ◦ as

+ 2[(ap ◦ bq) ◦ a2s] ◦ (Dar)∗ − [a2s ◦ (Dar)∗] ◦ (ap ◦ bq)
= −2{as ◦ [(ap ◦ bq) ◦ (Dar)∗]} ◦ as + 4{(ap ◦ bq) ◦ [as ◦ (Dar)∗]} ◦ as

− [a2s ◦ (Dar)∗] ◦ (ap ◦ bq) − J1{as, as, ap, bq} ◦ (Dar)∗

+ (bq ◦ a2s+p) ◦ (Dar)∗ − 2[(as ◦ bq) ◦ as+p] ◦ (Dar)∗

+ [(ap ◦ bq) ◦ a2s] ◦ (Dar)∗

= −2{as ◦ [(ap ◦ bq) ◦ (Dar)∗]} ◦ as + 4{(ap ◦ bq) ◦ [as ◦ (Dar)∗]} ◦ as

− [a2s ◦ (Dar)∗] ◦ (ap ◦ bq) + (bq ◦ a2s+p) ◦ (Dar)∗

− 2J2{as+p, bq, as, (Dar)∗} + J2{a2s, bq, ap, (Dar)∗}
+ 2{as+p ◦ [bq ◦ (Dar)∗]} ◦ as + 2{as+p ◦ [as ◦ (Dar)∗]} ◦ bq
− 2(bq ◦ a2s+p) ◦ (Dar)∗ − 2{bq ◦ [as+p ◦ (Dar)∗]} ◦ as

− 2{bq ◦ [as ◦ (Dar)∗]} ◦ as+p − {a2s ◦ [bq ◦ (Dar)∗]} ◦ ap

− {a2s ◦ [ap ◦ (Dar)∗]} ◦ bq + (bq ◦ a2s+p) ◦ (Dar)∗

+ {bq ◦ [a2s ◦ (Dar)∗]} ◦ ap + {bq ◦ [ap ◦ (Dar)∗]} ◦ a2s.

Using inductive hypothesis 2) we can move the symbol ∗ outside the braces in the
first two monomials of the right-hand side of equation (26). As a result we obtain
the monomials

{as ◦ [(ap ◦ bq) ◦ (Dar)]}∗ ◦ as and {(ap ◦ bq) ◦ [as ◦ (Dar)]}∗ ◦ as. (27)

After performing all the ◦ operations inside the braces, we obtain, either monomials
whose heights will not exceed one less than the sum of the heights of α and β,
or words whose heights are equal to the sum of the heights of the words α and β
but which together with the word as form a pair of the form considered in Case 2.
Using the cases already established, and the remark in Case 2, we conclude that
the monomials (27) are equal respectively to the monomials

〈{as ◦ [(ap ◦ bq) ◦Dar]} ◦ as〉∗ and 〈{(ap ◦ bq) ◦ [as ◦Dar]} ◦ as〉∗. (28)

Since it is obvious that

[a2s ◦ (Dar)∗] ◦ (ap ◦ bq) = [a2s ◦Dar]∗ ◦ (ap ◦ bq)
=

1
2
(a2sDar)∗ ◦ (ap◦q) +

1
2
(Da2s+r)∗ ◦ (ap ◦ bq),
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for the right-hand side of equation (26), using the cases established earlier or
inductive hypothesis 1), we can move the operation ∗ outside the parentheses
everywhere except in the term

1
2
(a2sDar)∗ ◦ (apbq).

We do this, and then perform the transformations done in (26) in the reverse order:

α∗
4 ◦ β∗

3 =
〈
− 2{as ◦ [(ap ◦ bq) ◦ (Dar)]} ◦ as + 4{(ap ◦ bq) ◦ [as ◦Dar]} ◦ as

− 1
2
Da2s+r ◦ (ap ◦ bq) + (bq ◦ a2s+p) ◦Dar − 2J2{as+p, bq, as, Dar}

+ J2{a2s, bq, ap, Dar} + 2{as+p ◦ [bq ◦Dar]} ◦ as + 2{as+p ◦ [as ◦Dar]} ◦ bq
− 2(bq ◦ a2s+p) ◦Dar − 2[bq ◦ (as+p ◦Dar)] ◦ as − 2[bq ◦ (as ◦Dar)] ◦ as+p

− [a2s ◦ (bq ◦Dar)] ◦ ap − [a2s ◦ (ap ◦Dar)] ◦ bq + (bq ◦ a2s+p) ◦Dar

+ [bq ◦ (a2s ◦Dar)] ◦ ap + [bq ◦ (ap ◦Dar)] ◦ a2s
〉∗

− 1
2
(a2sDar)∗ ◦ (ap ◦ bq)

=
〈
− 2{as ◦ [(ap ◦ bq) ◦Dar]} ◦ as + 4[(ap ◦ bq) ◦ (as ◦Dar)] ◦ as

− 1
2
Da2s+r ◦ (ap ◦ bq) + (bq ◦ a2s+p) ◦Dar − 2[as+p ◦ (bq ◦ as)] ◦Dar

+ [a2s ◦ (bq ◦ ap)] ◦Dar
〉∗

− 1
2
α∗

3 ◦ β∗
3

=
〈
− 2{as ◦ [(ap ◦ bq) ◦Dar]} ◦ as + 4[(ap ◦ bq) ◦ (as ◦Dar)] ◦ as

− 1
2
Da2s+r ◦ (ap ◦ bq) + J1{as, as, ap, bq} ◦Dar

− 2{as ◦ [as ◦ (ap ◦ bq)]} ◦Dar + 2[a2s ◦ (bq ◦ ap)] ◦Dar
〉∗

− 1
2
α∗

3 ◦ β∗
3

=
〈
− 2J2{as, ap ◦ bq, as, Dar} + 2[as ◦ (as ◦Dar)] ◦ (ap ◦ bq)

− 1
2
Da2s+r ◦ (ap ◦ bq)

〉∗
− 1

2
α∗

3 ◦ β∗
3

=
1
2
[a2sDar ◦ (ap ◦ bq)]∗ + [asDar+s ◦ (ap ◦ bq)]∗ − 1

2
α∗

3 ◦ β∗
3

=
1
2
(α3 ◦ β3)∗ + (α4 ◦ β3)∗ − 1

2
α∗

3 ◦ β∗
3 = (α4 ◦ β3)∗.

4.5.4. Step 4.

Definition. By the δ-transformation of a pair of natural numbers t and s, t > s,
we will mean the transformation that replaces this pair by the pair t− s, 2s.

Lemma 5. Starting with an arbitrary triple n, p, q of natural numbers, and using
a finite number of δ-transformations, we can pass to another triple of natural
numbers at least two of which are equal.
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Proof. Let γ be the greatest natural number such that at least one of the numbers
n + p, n + q, p + q is divisible by 2γ . The proof will be complete if we can show
that, in the case where n, p, q are pairwise distinct, the number γ can be increased
by one by δ-transformations.

Obviously, γ > 0. First we show that if the sum of n and p is divisible by
2γ then by δ-transformations we can replace them by a pair of numbers such that
either they are equal or they are both are divisible by 2γ . Let

n+ p = 2γ(2s− 1), n > p, p = 2µ(2q − 1), µ < γ.

Then after one δ-transformation both resulting numbers will be divisible by 2µ+1.
Clearly, for this argument we need simultaneously n �= p and µ < γ. It is therefore
obvious that after a finite number of steps we will arrive at a pair of numbers that
are either equal or both divisible by 2γ .

On the basis of the preceding argument, we may assume that two of the
given three numbers, say n and p, are divisible by 2γ . Clearly, one of the numbers
n and p is divisible by 2γ+1 since otherwise their sum would be divisible by 2γ+1.
Without loss of generality, we may assume that the greater of the numbers n and
p is divisible by 2γ+1, since in the contrary case this can be easily obtained by
doubling the smaller of the numbers n and p sufficiently many times at the expense
of the greater. On the basis of the above arguments, we may assume that

n > p, n+ p = 2γ(2s− 1), n = 2γ+1k.

As to the number q, there are two possible cases:

1) q > p: Then, replacing the pair q, p by the pair 2p, q − p we see that the
number 2p is divisible by 2γ+1 and therefore the sum n+ 2p is also divisible
by 2γ+1.

2) q < p: Then, the δ-transformations

(n, p, q) −→ (n, p− q, 2q) −→ (n− p+ q, 2p− 2q, 2q)

lead to a triple of natural numbers, for two of which, 2p−2q and 2q, the sum
is divisible by 2γ+1.

This completes the proof of Lemma 5. �

Now let us complete the proof of Case 5.
The natural numbers m, n, p that occur in the expressions for α and β can

be subjected to arbitrary permutations because of Step 2 and the possibility of
replacing α by α. Step 3 allows us to perform δ-transformations on them. Because
of Lemma 5, we can obtain after a finite number of steps the equality of two of
these natural numbers. The proof can be completed by Step 1. Case 5 is finished.

The cases considered above together with the cases that can be obtained from
them by interchanging a and b or by replacing α by α justify the basis of inductive
hypothesis 3). This completes the proof of the Main Lemma.
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5. The operation ab + ba

In the preceding sections, we assumed everywhere that the associative ring Σ
admits division by 2. Suppose that we have an associative algebra B over Σ such
that for some elements a and b in B there does not exist an element c for which
2c = ab + ba, but the characteristic of the algebra is not 2. Then in the algebra
B we can introduce the operation a ◦ b = ab + ba, relative to which the additive
group of B will again be a Jordan algebra over Σ. We show that in this case also
the main results of this article are valid.

Lemma 6. Any associative ring Σ with characteristic different from 2 can be em-
bedded in a ring Σ that admits unique division by 2.

Proof. Consider the set Σ of pairs (σ, 2k) where σ ∈ Σ, and k ≥ 0 is an integer.
We will consider the pairs (σ1, 2k1) and (σ2, 2k2) to be equivalent if 2k2σ1 = 2k1σ2.
We define addition and multiplication of the pairs in the familiar way:

(σ1, 2k1) + (σ2, 2k2) =
(
2k2σ1 + 2k1σ2, 2k1+k2

)
,

(σ1, 2k1)(σ2, 2k2) =
(
σ1σ2, 2k1+k2

)
.

Obviously, the ring Σ satisfies the requirements of Lemma 6. �

Suppose we have a Jordan algebra M over Σ with a finite or countably infinite
set of generators, which is special in the new sense, i.e., there exists an associative
algebra B over Σ whose Jordan algebra B(+)

(2) with respect to the operation ◦
contains a subalgebra isomorphic to M. Such algebras will be called semispecial.

We introduce a new multiplication × on B by the equation a × b = 2ab
for a, b ∈ B. The additive group of B relative to the old addition and the new
multiplication × will be an associative algebra B(×) over Σ. This algebra can be
embedded into the algebra B(×) over Σ of pairs (b, 2k) in the way described for
Σ. If the action of the elements of Σ is defined by (σ, 2s)(b, 2k) = (σb, 2k+s), then
the subset of B(×) consisting of the pairs (m, 2t), where m belongs to the subset
of elements of the additive group of B that correspond to the elements of M, will
obviously be a special Jordan algebra over Σ. By Theorem 1, it can be embedded
into a special Jordan algebra over Σ with two generators.

Each element of the algebra B(×) under this embedding can be expressed in
terms of the generators using only the operation × without the action of Σ, as can
be seen from the remark to Theorem 1. If we now return from the multiplication
× to the multiplication ab = 1

2a×b, then relative to this operation, the algebra M
will be embedded into a semispecial Jordan algebra with two generators over Σ,
which can also be considered as an algebra over Σ. Clearly, the subalgebra over Σ
generated by the two generators will be smaller than the corresponding subalgebra
over Σ, but it will still contain the algebra M as can be easily verified. Thus, we
have proved the following theorem:
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Theorem 4. Every semispecial Jordan algebra M over Σ with a finite or countably
infinite number of generators, and without elements of order 2 in the additive
group, can be embedded into a semispecial Jordan algebra with two generators
over Σ.

Suppose we have a Jordan algebra N with two generators over Σ; regarding
N we now assume only that its additive group does not have elements of order 2.
Since the construction of Lemma 6 applies in this case, we may assume that the
algebra N is embedded into the algebra N of pairs of the form (n, 2k) for n ∈ N
(k = 0, 1, 2, . . .) which is a Jordan algebra over Σ. By Theorem 3, N is a special
Jordan algebra over Σ. If we now introduce a new operation a ∗ b = 1

2ab on the
corresponding associative algebra A over Σ, then it is obvious that with respect
to the algebra A(∗) the Jordan algebra N will be a semispecial Jordan algebra
over Σ. If we regard the algebra A(∗) as an algebra over Σ, then the subalgebra
N (over Σ) of the algebra

(A(∗))(+)

(2)
will be semispecial. Thus, we have proved the

following theorem:

Theorem 5. Every Jordan algebra N over Σ with two generators and without
elements of order 2 in the additive group is semispecial.
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Some Theorems on Embedding of Rings

A.I. Shirshov

1. Introduction

The present work is a sequel to the author’s article [4]. The main topic is special
Jordan algebras over rings, but the methods employed also allow us to obtain new
results for other classes of algebras. The main result of the present article concern-
ing special Jordan algebras is a necessary and sufficient condition for speciality (or
semispeciality) of a Jordan algebra formulated in terms of the algebra itself (Theo-
rems 8 and 9). Other new theorems deal with the general theory of nonassociative
rings (Theorems 2, 3, 4, 5).

2. Some embedding theorems

Suppose we have a commutative1 associative ring Σ and a set Ω of (nonassociative)
multilinear polynomials in the independent variables x, y, z, . . . with coefficients
in Σ. Then we can speak of Ω-algebras over Σ, i.e., algebras over Σ in which the
polynomials in Ω vanish identically after substituting elements of the algebra for
the variables x, y, z, . . . . In the usual sense we will speak of free Ω-algebras over
Σ. Generally speaking, all algebras considered here will be nonassociative.

Definition 1. Let Sk be the free Ω-algebra over Σ with k generators. A countably
infinite subset N of Sk, which is a free generating set for the subalgebra T it
generates in Sk, will be called distinguished if any ideal I of T is the intersection
of the ideal I generated by I in Sk with the subalgebra T .

Definition 2. The smallest natural number k (if it exists) for which Sk contains a
distinguished subset will be called the basis rank2 of the set Ω over Σ.

Mat. Sbornik N.S. 40 (82), (1956), no. 1, 65–72.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
1The word “commutative” is omitted in the Russian. [Translators]
2Literally, the “dimension”. [Translators]
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Theorem 1. If a set of identical relations Ω has basis rank k over the ring Σ, then
any Ω-algebra R over Σ that has a finite or countably infinite set of generators can
be isomorphically embedded into some Ω-algebra with k generators.

Proof. Suppose that we have a distinguished subset N in the free Ω-algebra Sk,
and as before let T be the Ω-subalgebra generated by N in Sk. Then the algebra
R is isomorphic to the quotient of T by some ideal I. The ideal I generates in Sk

an ideal I such that I = I ∩ T . Therefore the quotient algebra Sk/I contains a
subalgebra isomorphic to T/I and hence to R. �

Theorem 2. If some set Ω of identical relations has basis rank k over Σ, then any
Ω-algebra K over Σ can be isomorphically embedded into an Ω-algebra N over
Σ each of whose countable subsets is contained in a subalgebra generated by k
elements.

Proof. We will assume that the collection {Bα} of countably infinite subsets of
K is well-ordered by the index variable α which ranges over some well-ordered
set. Suppose we have already constructed an Ω-algebra Kα over Σ that is an
extension of the algebra K such that each subset Bβ, β < α, is already contained
in a subalgebra generated by k elements. If Bα itself lies in a subalgebra with
k generators then we set Kα+1 = Kα. Now suppose that Bα does not lie in
any subalgebra of Kα with k generators. We extend the set Bα to some set Λα of
generators of Kα. Consider the free Ω-algebra Qα over Σ with the set of generators
Λ′

α of the same cardinality as Λα. Then we arbitrarily select k elements a1, a2,
. . . , ak in the set Λ′

α, and a distinguished set Tα in the free Ω-algebra Qαk over Σ
that is generated in the algebra Qα by the elements ai (i = 1, 2, . . . , k). Select a
countably infinite subset tα1 , . . . , tαr , . . . of the set Tα that has a countably infinite
complement in Tα. Clearly, the subalgebra Kα generated in Qα by the set

Λα = {tαs | s = 1, 2, . . .} ∪ (Λ′
α \ {ai | i = 1, . . . , k}),

is a free Ω-algebra, since from any relation which is non-trivial (i.e., not a conse-
quence of Ω) we could obtain a non-trivial relation for the elements of the set Tα

by replacing the generators from Λα that are not in Tα by arbitrary elements of Tα.
From this it follows that the algebra Kα is isomorphic to the quotient algebra of
Kα by some ideal Iα, where Iα can be chosen such that the images of the elements
tαi (i = 1, 2, . . . , r, . . .) correspond to the elements of Bα. The ideal Iα generates in
Qα some ideal Iα. We will prove that Iα ∩Kα = Iα.

Let d be an arbitrary element of this intersection. Since d ∈ Iα, it can be
written as a (nonassociative) polynomial each of whose terms contains a factor
from Iα; and since d ∈ Kα, it can be written as a polynomial in elements of Λα.
Comparing these two expressions, we obtain an equation in the free Ω-algebra
Qα over Σ, which obviously will still be valid if the free generators from the set
Λ′

α \ {ai | i = 1, . . . , k} which occur in it are replaced by (distinct) elements of the
set Tα \ {tαs | s = 1, 2, . . .}. Let I

0

α be the ideal of Qαk generated by the finite set
of elements obtained as a result of this replacement of the elements Iα that occur



Some Theorems on Embedding of Rings 111

in the expression for d, and let I0
α be the ideal generated by the same elements

in the subalgebra generated by Tα. From the fact that Tα is a distinguished set,
it follows that, after this replacement, the element d becomes an element of the
ideal I0

α. Using the fact that Tα is a set of free generators for the subalgebra it
generates, we can perform the reverse replacement which gives us an expression
for d as an element of Iα.

From the claim just proved it follows that the quotient algebra Qα/Iα con-
tains a subalgebra isomorphic to the algebraKα, and under the natural embedding
the set Bα is contained in a subring generated by k elements, namely the images
of the elements of the set {ai | i = 1, . . . , k}. We extend the algebra Kα to the
algebra isomorphic to Qα/Iα and denote the extended algebra by Kα+1.

If γ is a limit ordinal then by Kγ we denote the union of the increasing chain
of algebras

⋃
δ<γ Kδ.

By an obvious transfinite induction, it follows that the algebra K can be
extended to an Ω-algebra K ′ over Σ such that every countably infinite subset of
K is contained in a subalgebra of K ′ generated by k elements. Analogously, the
algebra K ′ can be extended to K ′′ and so on. The union N =

⋃
K(γ) of this

increasing chain of algebras will obviously satisfy the conditions of the theorem if
γ ranges over all ordinals of the first two classes. This completes the proof. �

We now consider applications of Theorem 2 to some particular cases.

1) The set Ω is empty and Σ is an arbitrary ring.

Lemma 1. The set T = {aa2, a2a2, (a2a)a2, [(a2a)a]a2, . . .} is a distinguished subset
of the free algebra S over Σ on one generator a.

Proof. Let S0 be the subring of S generated by T , let I0 be an ideal of S0, and let
I be the ideal of S generated by I0. If q is an element of the intersection S0 ∩ I,
then q can be written as a polynomial, each of whose terms qi is a product of an
element of I0 and some monomials in S. If at least one of the latter monomials
does not belong to S0, then from the definition of T it follows that none of the
monomials obtained by expanding qi belongs to S0. Since q ∈ S0, all such qi must
cancel each other, and thus q ∈ I0. This completes the proof. �

2) The set Ω consists of the relation xy − yx = 0, and Σ is an arbitrary ring.

Lemma 2. The set TC = {a2a2, (a2a)a2, [(a2a)a]a2, . . .} is a distinguished subset
of the free commutative algebra SC over Σ on one generator a.

Proof. From [3] it follows that the elements of SC are linear combinations with
coefficients from Σ of the so-called C-regular words. Taking this into account, we
can complete the proof similarly to the proof of Lemma 1. �

3) The set Ω consists of the relation xy + yx = 0, and Σ is an arbitrary ring.

Lemma 3. The set TAC = {[(ab)b](ab), {[(ab)b]b}(ab), . . .} is a distinguished subset
of the free anticommutative algebra SAC over Σ on two generators a and b.
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The proof is similar, using the results of [3]. Obviously, in the general case
the basis rank here is 2, but in the case when all elements of Σ have additive order
2 we will obtain a commutative algebra and thus the basis rank will be 1.

4) The set Ω consists of the relation (xy)z−x(yz) = 0, and Σ is an arbitrary ring.

Lemma 4. The set TA = {bab, ba2b, ba3b, . . .} is a distinguished subset of the free
associative algebra SA over Σ on two generators a and b.

See the proof of this lemma in [4].
Theorem 2 and Lemmas 1–4 imply the following Theorems:

Theorem 3. Every algebra over Σ can be embedded into an algebra over Σ in
which every countably infinite subset is contained in a subalgebra generated by one
element.

This theorem generalizes a result of A.I. Zhukov [5].

Theorem 4. Every commutative (resp. anticommutative) algebra over Σ can be
embedded into a commutative (resp. anticommutative) algebra over Σ in which ev-
ery countably infinite subset is contained in a subalgebra generated by one element
(resp. by two elements).

Theorem 5. Every associative algebra over Σ can be embedded into an associative
algebra over Σ in which every countably infinite subset is contained in a subalgebra
generated by two elements.

Theorem 5 generalizes a result of A.I. Malcev [2].

3. Applications to special Jordan algebras

Special Jordan rings cannot be immediately included into the scheme explained
in Section 1 because there does not exist a set of identical relations defining this
class of algebras (see [1], [4]). Suppose we have some algebra J over Σ. In the case
when J is generated by a finite or countably infinite set is considered in [4], where
it is shown that J can be embedded into a Jordan algebra with two generators.
First we will assume that Σ admits division by 2.

Theorem 6. Any special Jordan algebra J over Σ can be isomorphically embedded
into a special Jordan algebra J each of whose countable subsets is contained in a
subalgebra generated by two elements.

Proof. Since the algebra J is special, it can be represented isomorphically in some
associative algebra K over Σ. By Theorem 5, the algebra K is embeddable in an
associative algebra N over Σ, each of whose countable subsets is contained in a
subalgebra generated by two elements. Since the set TA of Lemma 4 consists of
the Jordan polynomials ts = basb = 2b ◦ (b ◦ as) − as ◦ b2, it is clear that, upon
extending the algebra K, each countably infinite subset Bα that appears in the
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proof of Theorem 2 will be contained in a special Jordan subalgebra generated by
two elements, namely the images of the elements a and b. Obviously, we will also
have to carry out this construction for the countably infinite subsets Bα that are
contained in a subalgebra generated by two elements but do not consist of Jordan
polynomials in these two elements. It follows that each countably infinite subset
of the algebra N will be contained in a special Jordan subalgebra generated by
two elements. To the associative algebra N there corresponds the special Jordan
algebra N (+). This completes the proof. �

A question arises regarding the validity of the converse to Theorem 6: Is a
Jordan algebra special if each of its countable subsets is contained in a subalgebra
with two generators, that is, in a special Jordan algebra [4]? A positive answer to
this question will be given in a somewhat more general form.

We will call a Jordan algebra locally special if each of its finitely generated
subalgebras is special.

Theorem 7. Any locally special Jordan algebra J is special.

Proof. By J we will denote a set of elements that is in one-to-one correspondence
with the algebra J . Consider the free associative algebra A over Σ with the set J
of free generators, and its ideal I1 generated by all elements of the form3

αi = a1i + b1i − c1i, βj =
1
2
(
a2jb2j + b2ja2j

)− c2j , γk = σka3k − c3k,

whenever the following equations hold in the algebra J :

a1i + b1i = c1i, a2j ◦ b2j = c2j , σka3k = c3k.

We will prove that the Jordan algebra J is isomorphically represented in the quo-
tient algebra A/I1. For this it suffices to show that I1 ∩ J equals zero. Assume to
the contrary that we have the following relation:

∑

i

diαisi +
∑

j

rjβjtj +
∑

k

nkγkmk = q, (1)

where q ∈ J and d, s, r, t, n, m may be absent4. Since (1) is a relation among the
generators of a free associative algebra over Σ, it must hold in any associative alge-
bra over Σ for arbitrary elements in one-to-one correspondence with the elements
under consideration. However, to the finite set T of elements of J that occur in
relation (1), there corresponds a finite set of elements T in J . By local speciality
of J , there exists an associative algebra A1 that represents the subalgebra of J
generated by the finite set T . For the elements of the set T in A1, the relation (1)
must hold, but obviously the left-hand side of (1) vanishes in A1, which gives a
contradiction. �

The results of Theorems 6 and 7 can be formulated as follows:

3It is implicit that σk ∈ Σ. [Translators]
4It is implicit that q �= 0. [Translators]
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Theorem 8. If the ring Σ admits unique division by 2, then a Jordan algebra J over
Σ is special if and only if it is isomorphically embeddable in a Jordan algebra each
of whose countable subsets is contained in a subalgebra generated by two elements.

If we restrict ourselves to the assumption that the additive group of the
algebra J has no elements of order 2, then we can consider semispecial Jordan
algebras (see [4]).

Theorem 9. If the additive group of the Jordan algebra J has no elements of order
2, then J is semispecial if and only if J is isomorphically embeddable in a Jordan
algebra each of whose countable subsets is contained in a subalgebra generated by
two elements.

Proof. From semispeciality of J it follows that there exists an associative algebra
K1 in which the algebra J is isomorphically represented by the operation a ◦ b =
ab+ ba. We may assume that the additive group of the algebra K1 does not have
elements of order 2, since the collection of elements of order 2s in the additive
group of a ring is an ideal for which the corresponding quotient ring does not
contain elements a satisfying 2sa = 0 for some natural number s. The intersection
of this ideal with the set that corresponds in K1 to the algebra J will be zero.
The algebra K1 can be extended to an algebra K with unique division by 2 ([4],
Lemma 6). At the same time, the base ring Σ will be extended to Σ with unique
division by 2.

We introduce in K a new associative operation a× b = 2ab. Then the special
algebra K(+) considered relative to the operation a · b = 1

2 (a × b + b × a) can
be embedded into a Jordan algebra N over Σ, each of whose countable subsets is
contained in a subalgebra generated by two elements. Returning to the original
operation ab = 1

2 (a× b), we convince ourselves that the algebra J is embedded in
the desired way, since an algebra over Σ is also an algebra over Σ.

Conversely, suppose that J is embedded into a corresponding algebraN . Then
in N ([4], Theorem 5) each finite subset is contained in a semispecial algebra. The
proof can be completed by repeating the proof of Theorem 7 but replacing βj by
β′

j = a2jb2j + b2ja2j − c2j . �

4. Algebras of finite dimension

In this section we consider a refinement of the previous results for algebras of finite
dimension.

Let A be an associative algebra of finite dimension over some field F . Ob-
viously, A has a finite system of generators {ci} (i = 1, 2, . . . ,m). Consider the
free associative algebra B with two generators a and b over F . The subalgebra B′

generated in B by the elements c′i = baib (i = 1, 2, . . . ,m, . . .) is a free associative
algebra with a countably infinite set of generators. Let I ′ be the kernel of the
homomorphism of B′ onto A, and let I be the ideal generated by I ′ in B. We may
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assume5 that c′m+i ∈ I ′ (i = 1, 2, . . .). Further, let I1 be the ideal of B generated by
the elements of the form aba, bk, am+k−2 (k = 3, 4, . . .). We will prove the equality

(I + I1) ∩ B′ = I ′.

Suppose that the element i + i1 in the sum of ideals I + I1 is an element of B′.
From the obvious relation I1 ∩ B′ ⊆ I it follows that i1 ∈ I, and thus i + i1 ∈ I.
The proof can be completed using the equality I ∩ B′ = I ′, which is proved in
the work [4]. The quotient algebra B = B/(I + I ′) therefore contains a subalgebra
isomorphic to A, and is clearly an algebra with two generators. In addition to the
cosets corresponding to the elements of A, the algebra B contains only a finite
number of linearly independent cosets, and thus is an algebra of finite dimension.
Thus, we have proved the following result:

Theorem 10. Any associative algebra A of finite dimension over a field F is iso-
morphic to a subalgebra of an associative algebra B with two generators and finite
dimension over F .

Now consider a special Jordan algebra J of finite dimension with basis a1,
a2, . . ., an. Let A be an associative algebra in which J is represented. It is easy to
show that the subalgebra of A generated by the elements a1, a2, . . . , an has finite
dimension. Indeed, any product of elements ai that contains more than n factors
can be represented as a linear combination of such products with a smaller number
of factors. This follows from the equation ai ◦ aj = 1

2 (aiaj + ajai) =
∑
ckijak,

because in the product under consideration there will be at least two equal factors,
which by a sequence of transpositions can be moved next to each other, and then
it will become possible to decrease the number of factors. From this, using the
proof of Theorem 10, the next result follows.

Theorem 11. Any special Jordan algebra J of finite dimension over the field F of
characteristic �= 2 is isomorphic to a subalgebra of a special Jordan algebra J with
two generators and finite dimension over F .

Remark 1. Special Jordan algebras over fields of characteristic 2 are Lie algebras. It
is known that a Lie algebra of finite dimension can be represented in an associative
algebra of finite dimension; the question of the number of generators has not been
considered for this case.

Remark 2. Without changing the methods, it is easy to obtain analogues of The-
orems 10 and 11 for finite algebras, or algebras of finite rank over some ring of
coefficients.

References

[1] P.M. Cohn, On homomorphic images of special Jordan algebras, Canadian J. Math.
6 (1954) 253–264.

5It is also implicit that c′i maps to ci for i = 1, . . . , m. [Translators]



116 A.I. Shirshov

[2] A.I. Malcev, On a representation of nonassociative rings, Uspekhi Mat. Nauk N.S. 7
(1952) 181–185.

[3] A.I. Shirshov, Subalgebras of free commutative and free anticommutative algebras,
Mat. Sbornik 34 (1954) 81–88.

[4] A.I. Shirshov, On special J-rings, Mat. Sbornik 38 (1956) 149–166.

[5] A.I. Zhukov, Reduced systems of defining relations for nonassociative algebras, Mat.
Sbornik 27 (1950) 267–280.



On some Nonassociative Nil-rings
and Algebraic Algebras

A.I. Shirshov

1. Introduction

In the works of Levitzki [5] and Jacobson [3] devoted to the solution of the problem
of Kurosh [4], it is proved that any associative algebraic algebra of bounded degree
is locally finite, and that every associative nil-ring of bounded index is locally
nilpotent. The problem of Kurosh can be stated for any class of power associative
algebras [1], but already Lie algebras give an example showing that the problem
does not have a positive solution for arbitrary power associative algebras.

In the present paper, a positive solution is given for the analogous problem
(also in the bounded case) for special Jordan algebras and for alternative algebras,
under a natural restriction on the characteristic of the base field (Theorems 4 and
8). For nil rings, results generalizing the theorem of Levitzki in the associative case
are also obtained (Theorems 2 and 7).

2. Preliminary results

Consider the associative words formed from the elements of some finite ordered
set of symbols:

R = {ai} (i = 1, 2, . . . , k), ai > aj if i > j.

Definition 1. A word of the form1 α = ak · · · akai1ai2 · · · ais where it �= k (t =
1, 2, . . . , s), s ≥ 1 will be called ak-irreducible.

Definition 2. A representation of the word β (if possible) as the product of a
number of ak-irreducible words will be called an ak-factorization of the word β.

Mat. Sbornik N.S. 41 (83), (1957), no. 3, 381–394.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
1It is implicit that ak occurs at least once. [Translators]
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It is easy to see that for a word β there exists an ak-factorization, which is
moreover unique, if and only if β starts with the symbol ak and ends with a symbol
different from ak. The following is an example of an a3-factorization of a word on
three symbols:

(a3a3a2a1a1a2a1)(a3a1)(a3a3a3a1a1a2)(a3a1a2).

On the set of all associative words in the elements of the set R, we introduce
a partial order: for words α and β of the same length we declare α > β if this
relation holds in the lexicographical sense. We order lexicographically the set T
of all ak-irreducible words; when the word α is the beginning of the word β (i.e.,
β = αai1ai2 · · · aim , it �= k, t = 1, 2, . . . ,m) we declare α > β.

Definition 3. The associative word γ will be called n-decomposable if it can be
represented as the product of n subwords in such a way that, for any non-identity
permutation of these subwords, the resulting associative word is strictly less than γ.

For example, the word a3a1a2a2a1a1a2a1a1a1 is 3-decomposable and admits
several 3-decompositions:

(a3a1)(a2a2a1a1)(a2a1a1a1), (a3a1a2)(a2a1a1)(a2a1a1a1),

(a3)(a1a2a2a1a1a2)(a1a1a1), etc.;

the word a1a2a1a3a2a1a2a3a2 is not 2-decomposable.
The words that admit ak-factorization can be considered as words formed

from the elements of the set T . In this case also, it makes sense to consider n-de-
composable words. In the rest of the paper, where it could lead to confusion, we
will speak about nR-decomposable or nT -decomposable words, specifying which
set of symbols is to be regarded as generators.

When we consider words formed from elements of the set T , we will call them
T -words (as opposed to R-words); analogously, we will use the terms T -length and
R-length.

Lemma 1. For any associative T -word α, nT -decomposability implies nR-decom-
posability.

Proof. Let α = α1α2 · · ·αn be an nT -decomposition of α; then α, α1, . . . , αn

admit an ak-factorization. From Definition 3 it follows that α > αi1αi2 · · ·αin in
the sense of the set T whenever (i1, i2, . . . , in) is a non-identity permutation of the
symbols 1, 2, . . . , n. It is easy to see that this relation also holds in the sense of the
set R. Therefore, this nT -decomposition is also an nR-decomposition. The lemma
has been proved. �
Lemma 2. If the word α is (n − 1)T -decomposable, then the word αak is nR-de-
composable.

Proof. Lemma 1 implies the existence of the following (n− 1)R-decomposition of
the word α:

α = (akai1 · · · a′i1)(akai2 · · · a′i2) · · · (akain−1 · · ·a′in−1
),
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where a, a′ ∈ R, a′it
�= ak (t = 1, 2, . . . , n− 1). We will prove that for the word αak

we have the following nR-decomposition:

αak = (ak)(ai1 · · ·a′i1ak)(ai2 · · · a′i2ak) · · · (ain−1 · · · a′in−1
ak).

Indeed, any permutation of the factors of αak that fixes the first factor ak, trans-
forms αak into α′ak where α′ is obtained by some permutation of the factors in
the given (n− 1)T -decomposition of α. Therefore, α > α′ and αak > α′ak. Now, if
we consider permutations that move the symbol ak from the first position, then it
is obvious that the result of applying such a permutation to αak will start with a
strictly smaller number of symbols ak as compared to αak. Thus, it will be strictly
less than αak. The lemma has been proved. �

Lemma 3. For any three natural numbers k, s, n there exists a natural num-
ber N(k, s, n) such that in any associative word of length N(k, s, n) in k or-
dered symbols there exists either a subword repeated s times consecutively or an
n-decomposable subword (or both).

Proof. It is easy to see that the natural numbers N(k, s, 1) andN(1, s, n) satisfying
the conditions of the lemma exist for any k, s, n. Suppose we are given some
natural numbers k and n. We make the inductive assumption that there exist
natural numbers N(k − 1, s, n) and N(k, s, n− 1) satisfying the conditions of the
lemma for all natural numbers k and s.

Consider an arbitrary associative word α of length

[s+N(k − 1, s, n)]
[
N
(
kN(k−1,s,n)+s, s, n− 1

)
+ 1
]
,

in elements of our familiar set R. If, at the beginning of α there is a number of the
symbols ai other than ak, and their number is not less than N(k − 1, s, n), then
we can apply the inductive hypothesis to the subword α′ that is at the beginning
of the word α and depends only on k− 1 symbols. Therefore, we may assume that
the length of the word α′ (if it exists) is less than N(k − 1, s, n). At the end of
the word α there may be a subword α′′ = akak · · · ak. We may suppose that if
α′′ exists then its length is less than s, for in the contrary case the conclusion of
the lemma would hold. Removing the words α′ and α′′ (if they exist) we obtain a
subword α1 whose length is greater than

[s+N(k − 1, s, n)]N
(
kN(k−1,s,n)+s, s, n− 1

)
.

Having performed ak-factorization of the word α1, we may assume in addition
that the length of each ak-irreducible word that occurs in this ak-factorization is
less than the number s+N(k−1, s, n), for in the contrary case such a word would
contain either s consecutive symbols ak or a subword of length N(k − 1, s, n)
not containing the symbol ak. It is easy to see that there exist no more than
kN(k−1,s,n)+s distinct ak-irreducible words with the above-mentioned restriction
on length. We will regard the word α1 as a T -word. Since its T -length is strictly
greater than N(kN(k−1,s,n)+s, s, n−1), in α1 there exists either a subword repeated
s times consecutively or an (n− 1)T -decomposable subword β.
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If this second alternative holds, then by the strict inequality for the length
of α1 we may assume that the subword β is immediately followed by the symbol
ak. By Lemma 2 the subword βak is nR-decomposable. In this case, as well as
obviously in the case when the first alternative holds, the conclusion of the lemma
is true. Therefore we set

N(k, s, n) = [s+N(k − 1, s, n)]
[
N
(
kN(k−1,s,n)+s, s, n− 1

)
+ 1
]
.

This completes the proof of Lemma 3. �

Definition 4. An element b of the free associative ring A with the setR of generators
will be called a Jordan polynomial if there exists a natural number t such that the
element 2tb can be represented as a polynomial in the elements of R with respect
to addition and the Jordan multiplication a ◦ b = ab+ ba.

For example, the element a1a2a1 is a Jordan polynomial in the sense of
Definition 4, because 22a1a2a1 = 2a1 ◦ (a1 ◦ a2) − (a1 ◦ a1) ◦ a2.

Definition 5. An associative word α in the elements of R will be called special if
there exists a homogeneous Jordan polynomial bα such that the highest word of
bα is α, and this occurs in bα with coefficient of the form 2t (t = 0, 1, . . .).

Lemma 4. Every T -word α is special (relative to the set R).

Proof. If the T -length of α equals 1, i.e.,

α = akak · · · akai1ai2 · · · aim (ir �= k; r = 1, 2, . . . ,m),

then bα = [· · · [· · · (ak ◦ ak) ◦ · · · ◦ ak] ◦ ai1 ] ◦ · · · aim .
Suppose the statement of the lemma has been proved for T -words whose

T -length is strictly less than the T -length of α (which is greater than 1). Then,

α = βakak · · ·akai1ai2 · · · aim (ir �= k; r = 1, 2, . . . ,m),

where β is a T -word to which the inductive hypothesis applies. Let bβ be a Jordan
polynomial that corresponds to β. Then a simple calculation shows that we may
take as bα the Jordan polynomial

[· · · [[bβ ◦ [[· · · (ak ◦ ak) ◦ · · · ◦ ak] ◦ ai1 ]] ◦ ai2 ] · · · ] ◦ aim

+ [· · · [[[bβ ◦ [· · · (ak ◦ ak) ◦ · · · ◦ ak]] ◦ ai1 ] ◦ ai2 ] · · · ] ◦ aim

− [· · · [[(bβ ◦ ai1) ◦ [· · · (ak ◦ ak) ◦ · · · ◦ ak]] ◦ ai2 ] · · · ] ◦ aim .

The lemma has been proved. �

Consider an arbitrary algebra K which will in general be nonassociative. Let
Γ be a subsemigroup of the additive group of K, and suppose that the elements
of Γ satisfy the following homogeneous identical relation (in K):

f(γp1
1 , γp2

2 , . . . , γpk

k ) = 0, for all γi ∈ Γ.

Here, f(xp1
1 , x

p2
2 , . . . , x

pk

k ) denotes a (nonassociative) homogeneous polynomial in
the variables xi (i = 1, 2, . . . , k), in each of whose monomials xi occurs pi times,
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and whose coefficients can be taken to be elements of an arbitrary associative
ring2 Σ.

Definition 6. By the multilinear polynomial

f(x11, . . . , x1p1 , x21, . . . , x2p2 , . . . , xk1, . . . , xkpk
),

corresponding to the polynomial

f(xp1
1 , x

p2
2 , . . . , x

pk

k ),

we mean the polynomial obtained from f by first replacing each variable xi by
one of the variables xis so that in each monomial exactly one xis occurs, and
then summing over all permutations of the symbols xi1, xi2, . . . , xipi for all i =
1, 2, . . . , k.

For example, if
f(x3

1, x
2
2) = [(x1x2)x1](x1x2),

then

f(x11, x12, x13, x21, x22) =

[(x11x21)x12](x13x22) + [(x11x22)x12](x13x21) + [(x11x21)x13](x12x22)

+ [(x11x22)x13](x12x21) + [(x12x21)x11](x13x22) + [(x12x22)x11](x13x21)

+ [(x12x21)x13](x11x22) + [(x12x22)x13](x11x21) + [(x13x21)x11](x12x22)

+ [(x13x22)x11](x12x21) + [(x13x21)x12](x11x22) + [(x13x22)x12](x11x21).

Lemma 5. For arbitrary elements γij (i = 1, 2, . . . , k; j = 1, 2, . . . , pi) of the semi-
group Γ in K, the following relation holds:

f(γ11, . . . , γ1p1 , γ21, . . . , γ2p2 , . . . , γk1, . . . , γkpk
) = 0.

Proof. Suppose that

p1 = p2 = · · · = ps−1 = 1, ps > 1.

From the properties of the semigroup Γ it follows that the polynomial

f
(
x1, x2, . . . , xs−1, (xs1 + xs2 + · · · + xsps)

ps , x
ps+1
s+1 , . . . , x

pk

k

)

−
ps∑

q=1

f
(
x1, x2, . . . , xs−1,

[( ps∑

j=1

xsj

)− xsq

]ps
, x

ps+1
s+1 , . . . , x

pk

k

)

+
∑

ps≥q1>q2≥1

f
(
x1, x2, . . . , xs−1,

[( ps∑

j=1

xsj

)− xsq1 − xsq2

]ps
, x

ps+1
s+1 , . . . , x

pk

k

)

− · · · + (−1)ps−1

ps∑

t=1

f
(
x1, x2, . . . , xs−1, x

ps

t , x
ps+1
s+1 , . . . , x

pk

k

)
,

vanishes, if the variables are replaced by arbitrary elements of Γ.

2It is implicit that Σ is also commutative. [Translators]
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Now a simple calculation performed for each monomial of the polynomial f
shows that the polynomial above is linear in each variable xsi (i = 1, 2, . . . , ps),
and can be obtained from f by first replacing each occurrence of the variable xs in
each term by one of the variables xsi so that in each monomial of f exactly one xsi

occurs, and then summing over all permutations of the symbols xs1, xs2, . . . , xsps .
Performing this construction consecutively for all s from 1 to k, we obtain the
desired result. This completes the proof of the lemma. �

Remark. This rather simple statement, in a weaker formulation, has appeared
many times already in algebraic papers, but usually it was proved for algebras
over a field (see, for example, [6]) with some restrictions on the field.

3. Semispecial Jordan rings and algebras

Consider a semispecial Jordan ring I, i.e., a ring embeddable in some associative
ring A0(I) such that the set of elements corresponding to the elements of I forms a
Jordan ring isomorphic to I with respect to addition and the Jordan multiplication
a ◦ b = ab+ ba. If, for some element c of I there exists a natural number n(c) such
that cn(c)−1 �= 0 and cn(c) = 0, then we will call c as usual a nilpotent element of
index n(c).

Definition 7. If all elements of the ring I are nilpotent, and their indices are
uniformly bounded, then we will say that I is a Jordan nil-ring of bounded index.

Definition 8. An arbitrary ring S is called nilpotent if there exists a natural number
N(S) such that the product of any N(S) elements of S, with any arrangement of
brackets, is equal to zero.

Theorem 1. Any semispecial Jordan nil-ring of bounded index with finitely many
generators, and without elements of order 2 in the additive group, is nilpotent.

Definition 9. The intersection of all subrings of A0(I) that contain I will be called
an enveloping associative ring A(I) of the semispecial Jordan ring I.

It is easy to see that the enveloping ring A(I) is the subring generated in
A0(I) by an arbitrary set of generators of I.

The validity of Theorem 1 will follow from Theorem 2, which generalizes a
theorem of Levitzki [5] (generally speaking).

Theorem 2. Any enveloping associative ring A(I), without elements of order 2 in
the additive group, of a semispecial Jordan nil-ring I of bounded index with a finite
number of generators, is nilpotent.

Proof. Suppose the ring I has R = {ai} (i = 1, 2, . . . , k) as a set of generators.
We will regard the same set R as a set of generators of A(I). We will carry out
the proof of Theorem 2 by induction, assuming its validity in the case when the
number of generators of I equals k − 1.
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Consider an arbitrary R-word α of length m[N(M,n, n) + 2] where m is the
maximal length of nonzero ak-irreducible words (here we are using the inductive
hypothesis), M is the number of such words, and n is a bound on the indices of
the elements of I. Then, in the word α we can find a subword β that is a T -word
and has T -length equal to N(M,n, n).

By Lemma 3, in the word β there exists either a subword repeated n times
consecutively, or an n-decomposable subword γ. We will consider both possibilities
one after the other.

1. β = β1 γγ · · · γ︸ ︷︷ ︸
n times

β2. By Lemma 4, the word γ is special. Thus, there exists

a natural number p such that 2pγ is the highest term of a Jordan polynomial
bγ . Since bnγ = 0, the element 2npβ can be written as a linear combination with
integral coefficients of words of the same R-length that strictly precede the word
β. Therefore 2npα can also be expressed in a similar way.

2. β = β1γ1γ2 · · · γnβ2. The elements of I form a subgroup of the additive
subgroup of A(I). By Lemma 5, the relation xn

1 = 0 that holds in A(I) for the
elements of I, implies the relation

∑
p xi1xi2 · · ·xin = 0, where the summation

extends over all permutations (i1, i2, . . . in) of the symbols 1, 2, . . . , n.
By Lemma 4, the elements γi are special, and thus, up to a factor of the form

2s, each element γi is the highest term of a Jordan polynomial bγi .
Using the definition of n-decomposition, and the defining property of the

Jordan polynomials bγi , we see that the relation
∑

p bγi1
bγi2

· · · bγin
= 0 implies

that the element 2sβ, for some non-negative integer s, can be expressed as a linear
combination with integral coefficients of words preceding β. Therefore, 2sα can
also be expressed in a similar way.

Thus, we have arrived at the conclusion that either α = 0 or the element 2sα
can be expressed as a linear combination with integral coefficients of words that
have the same R-length as α but precede α. Since a decreasing sequence of words
of the same length must terminate, it follows that for some non-negative integer s1,
we have the equality 2s1α = 0; the absence of elements of order 2 in the additive
group of A(I) implies that α = 0. Theorems 2 and 1 have been proved. �

Without changing the notation, we will now assume that I is a special al-
gebraic Jordan algebra over a field F of characteristic different from 2 and that
the degrees of the elements of I are bounded by n. In other words, each element
of I is a root of some (associative) polynomial of degree n in one variable x with
coefficients from F (compare [4]).

Let Pt(x1, x2, . . . , xt) =
∑±xi1xi2 · · ·xit be the alternating sum of the n!

terms that are obtained from the product x1x2 · · ·xt by all possible permutations
of the factors; the sign of each term depends on the parity (even + or odd −) of
the corresponding permutation.
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Lemma 6. For any elements a, b1, b2, . . . , bn−1 of the algebra I, the following equa-
tion holds in any enveloping associative algebra A(I):

P2n−1(a, a2, . . . , an, b1, b2, . . . , bn−1) = 0.

Proof. It is easy to see that each alternating sum Pt of the above form equals zero
if any two of the arguments are equal. On the other hand, by assumption, for each
element a ∈ I there exist elements δi(a) ∈ F such that

an = δ1(n)an−1 + δ2(n)an−2 + · · · .
To complete the proof of Lemma 6, we substitute the above expression for an into
the left-hand side of the desired equation. �

The equation just proved is not trivial, i.e., it does not hold in all associative
algebras. Indeed, the term ab1a

2b2 · · · an−1bn−1a
n, for example, appears only once.

Theorem 3. Any enveloping associative algebra A(I) of a special algebraic Jordan
algebra I of bounded degree over a field F of characteristic �= 2, is locally finite,
i.e., each finite subset of its elements generates a subalgebra of finite dimension.

Proof. Any subalgebra AQ(I) of A(I), that has a finite number of generators, is
contained in a subalgebra AR(I) whose set of generators R = {ai} (i = 1, 2, . . . , k)
consists of elements of I. We will prove the finiteness of the dimension of AR(I) by
induction on k. Assume that subalgebras generated in A(I) by k− 1 elements of I
have finite dimension. Then, there exists a natural number m such that each word
of length ≥ m formed from elements of the set R′ = R \ {ak} can be expressed as
a linear combination of words of smaller length. Consider an R-word α of length

(m+ n)
[
N

(
M,n,

1
2
(n2 + 3n− 2)

)
+ 1
]
,

where M is the number of distinct ak-irreducible words that cannot be represented
as linear combinations of R-words of smaller R-length, and n is a bound on the
degrees of the elements of I. Theorem 3 will be proved if we can show that α can
be represented as a linear combination of words of smaller R-length.

If α = α′βα′′ where α′ is an R′-word, β is a T -word, and α′′ = akak · · · ak,
then we may assume that the R-lengths of the words α′ and α′′ are less than
(respectively) m and n, because in the contrary case there would be nothing to
prove. Then, the R-length of β is greater than

(m+ n)N
(
M,n,

1
2
(n2 + 3n− 2)

)
.

We may assume that each of the ak-irreducible words that occur in β cannot be
represented as a linear combination of R-words of smaller R-length. Each such
word has R-length less than m+ n. Thus, the T -length of β is greater than

N

(
M,n,

1
2
(n2 + 3n− 2)

)
.
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By Lemma 3 we can claim that in the word β there exists either a T -subword
repeated n times consecutively or a 1

2 (n2 + 3n− 2)-decomposable T -subword. We
will consider separately both possibilities.

1. β = β1γ1γ1 · · · γ1β2. Using the algebraicity of the Jordan polynomial bγ1

defined analogously to how it was done in the proof of Theorem 2, we obtain an
expression of β (and thus also of α) as a linear combination of preceding words (in
the sense of lexicographical order) and words of smaller R-length.

2. β = β1γ1γ2 · · · γn′β2 for n′ = 1
2 (n2 + 3n− 2). By Lemmas 6 and 5, for the

Jordan polynomials bγis
(s = 1, 2, . . . , n′) we have a non-linear relation of degree

n′ = (1+2+· · ·+n)+(n−1). From this it follows that the product bγ1bγ2 · · · bγn′ can
be expressed as a linear combination of products obtained from it by permuting
the factors. As in the proof of Theorem 2, we conclude that it is possible to express
the word β, and thus also α, as a linear combination of preceding words.

Applying the argument repeatedly to the words produced, we will obtain in
the end an expression of α as a linear combination of words of smaller R-length.
This completes the proof of the theorem. �

The following result is an obvious consequence of Theorem 3:

Theorem 4. Any special algebraic Jordan algebra of bounded degree, over a field F
of characteristic �= 2, is locally finite.

Remark 1. The question remains open, whether we can remove the hypotheses of
semispeciality and speciality in Theorems 1 and 4. However, from the work of the
present author [8] and Theorems 1 and 4, it follows that any two elements generate
a nilpotent subring (respectively a subalgebra of finite dimension) in a Jordan nil-
ring of bounded index (respectively in an algebraic Jordan algebra of bounded
degree) under the same restriction on the additive group of the ring (respectively
the characteristic of the base field of the algebra).

Remark 2. The restrictions on the additive group (respectively on the character-
istic of the field) are essential, as shown already by the example of the free Lie
algebra on two generators over a field of characteristic 2, which is a semispecial
Jordan algebra by Birkhoff and Witt (see [2] and [9]) but has infinite dimension.

4. Right alternative and alternative rings and algebras

It is well known that a ring S is called right alternative (respectively, left-alterna-
tive) if for any two elements a and b we have (ab)b = a(bb) (respectively, b(ba) =
(bb)a). A ring that is simultaneously right and left alternative is called alternative.
It is known [7] that, under the operation of addition and Jordan multiplication
a ◦ b = ab+ ba, the elements of a right alternative ring form a semispecial Jordan
ring. Lemma 5 implies the following well-known multilinear relation:

(ab)c+ (ac)b = a(bc) + a(cb), (1)

for all elements a, b and c of a right alternative ring S.
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Fixing a set of generators R of the right alternative ring S and assuming
that S has no elements of order 2 in its additive group, we transfer Definition 4 to
the elements of the right alternative ring. For example, the element (a1a2)a1 is a
Jordan polynomial since using relation (1) we can easily verify that

22(a1a2)a1 = 2a1 ◦ (a2 ◦ a1) − (a1 ◦ a1) ◦ a2;

on the other hand, the element a1(a2a1) is not a Jordan polynomial.

Definition 10. Let ai1ai2 · · · ais be an associative word in the elements of the set
R. Then we set

〈ai1ai2 · · · ais〉 = {· · · [(ai1ai2)ai3 ]ai4 · · · }ais .

We extend the operation 〈 〉 to nonassociative words by ignoring the existing
arrangement of parentheses, and then to linear combinations of those words. For
example,

〈 (ab)(cd) +m[n(pq)] 〉 = [(ab)c]d+ [(mn)p]q.

We will indicate by a bar over some subword or element that this subword or
element is considered as a generator and is not subjected to change. For example,

〈 [ (ab) (cd) ] (mn) 〉 = {[(ab)(cd)]m}n = 〈 [(ab)(cd)] (mn) 〉,
and

〈 [ (ab) (cd) ] (mn) 〉 = {[(ab)c]d}(mn).

If an element q of the free nonassociative ring on the set of generators R lies
in the ideal generated by the element of the form (ab)b − a(bb), then obviously
〈q〉 = 0.

Lemma 7. If m is an element of a right alternative ring S that has no elements
of order 2 in the additive group, and d is a Jordan polynomial, then we have the
equation:

md = 〈md〉.
Proof. By the last remark, it suffices to prove the lemma under the assumption
that d is a Jordan monomial, i.e., it can be written as the Jordan product of some
factors from R.

If d has degree 1, i.e., is an element of R, then there is nothing to prove.
Suppose d has degree n > 1, and for lower degrees the statement has already been
proved. Then d = d1 ◦ d2, where d1 and d2 are Jordan monomials to which we can
apply the inductive hypothesis. Then

md = m(d1d2) +m(d2d1) = (md1)d2 + (md2)d1 = 〈md1〉d2 + 〈md2〉d1

= 〈(md1)d2〉 + 〈(md2)d1〉 = 〈m(d1 ◦ d2)〉 = 〈md〉.
Here we have used equation (1), the inductive hypothesis, and the linearity of the
operation 〈 〉. This completes the proof. �
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Lemma 7 and the fact proved above that the element (a1a2)a1 is a Jordan
polynomial, imply under our assumptions the following well-known equation:

a[(bc)b] = [(ab)c]b, (2)

for all elements a, b and c of S.

Lemma 8. Under the assumptions of Lemma 7, we have d = 〈d〉.
Proof. Using the method of the proof of Lemma 7 and the lemma itself, we obtain
this series of equations:

d = d1 ◦ d2 = d1d2 + d2d1 = 〈 d1 d2 〉 + 〈 d2 d1 〉 = 〈d1d2〉 + 〈d2d1〉 = 〈d〉,
which complete the proof. �

Definition 11. A monomial q of the free nonassociative ring with the set of gener-
ators R = {ai} (i = 1, 2, . . . , k) is called an r1-word if q = 〈q〉. By induction we
define an ri-word to be an r1-word in ri−1-words. For example, the words

{[(a1a2)a3]a4}a5 and ({(a1a2)[(a2a1)a3]}a4)(a1a3),

are respectively r1- and r2-words.

Lemma 9. Every element b, of an alternative ring C that has no elements of order
2 in its additive group, can be represented as a linear combination with integer
coefficients of r2-words in any set R of generators of C.

Proof. Obviously, it suffices to prove the lemma assuming that b is a monomial.
For monomials of degree ≤ 3 the statement of the lemma is trivial. Suppose that
the lemma has been proved for degrees < n, and the degree of the monomial b is
n. Using this assumption we have:

b = b′b′′ =
∑

i

b2i(c2id1i), where bji, cji, dji are rj-words.

It now suffices to prove the lemma for monomials of degree n of the form
b2i(c2id1i). If the degree of the monomial c2id1i is less than or equal to 2, then our
statement is trivially true. Let us perform a second induction, with the inductive
hypothesis that the lemma is valid for monomials of degree n if the degree of the
right factor is less than m.

Suppose now that the monomial b2i(c2id1i) has degree n, and that the mono-
mial c2id1i has degree m where 3 ≤ m < n. First we assume that the monomial
d1i has degree 1. We will need these two well-known relations,

(ab)c+ (ba)c = a(bc) + b(ac), (3)

(ab)c+ (cb)a = a(bc) + c(ba), (4)

that hold for any elements a, b, c of an alternative ring. Relation (3) is the analogue
of relation (1) and holds in any left alternative ring; relation (4) (flexibility) is an
immediate consequence of the relations (1) and (3). Using consecutively relations
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(4) and (1) we obtain:

b2i(c2id1i) = −d1i(c2ib2i) + (b2ic2i)d1i + (d1ic2i)b2i

= d1i(b2ic2i) − (d1ib2i)c2i + (b2ic2i)d1i.

We can apply the second inductive hypothesis to the monomials (d1ib2i)c2i and
(b2ic2i)d1i.

Consider the monomial d1i(b2ic2i). Its factor b2ic2i has degree n−1, so b2ic2i =∑
t �2tp1t. Using consecutively relations (3) and (1), we have

d1i(b2ic2i) =
∑

t

d1i(�2tp1t) =
∑

t

[−�2t(d1ip1t) + (d1i�2t)p1t + (�2td1i)p1t]

=
∑

t

[�2t(p1td1i) − (�2tp1t)d1i + (d1i�2t)p1t].

Since the monomial d1i has degree 1, and �jt and pjt are rj-words, then obviously
the inductive hypothesis applies to all the words that we obtain (p1td1i is an
r1-word, and (d1i�2t)p1t can be expressed in terms of r2-words, since when we
right-multiply an r2-word by an r1-word we obtain an r2-word by Definition 11).

Thus the lemma has been proved assuming the inductive hypotheses and
making the additional assumption on d1i. This provides the basis for a third in-
duction with the hypothesis that the lemma is valid if we assume the second
inductive hypothesis when the degree of d1i is less than k. Suppose now that this
degree is equal to k for 1 < k < m.

Keeping the same meaning of the indices, we have

b2i(c2id1i) = b2i[c2i(d′1ias)],

where the monomial d′1i has degree k − 1 and as ∈ R.
Applying Lemma 5 to relation (2), we obtain the relation

a[(b′c)b′′] + a[(b′′c)b′] = [(ab′)c]b′′ + [(ab′′)c]b′, (5)

that holds for all elements a, b′, b′′, c of the ring C. Using consecutively relations
(1) and (5) we obtain

b2i[c2i(d′1ias)] = −b2i[(d′1ias)c2i] + ω1 = b2i[(c2ias)d′i1] + ω2 = ω3,

where the ωi are linear combinations of monomials to which we can apply the
inductive hypothesis. This completes the proof of Lemma 9. �

Definition 12. A ring S with a set of generators R is called right nilpotent relative
to R if there exists a natural number m such that for any R-monomial d of degree
≥ m we have 〈d〉 = 0.

Since any right alternative ring S is a power associative ring, Definition 7 of
nil rings can be transferred without any change to right alternative rings.

Theorem 5. Every right alternative nil-ring S of bounded index without elements
of order 2 in the additive group is locally right-nilpotent relative to any set of
generators.
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Theorem 5 is a consequence of the following result:

Theorem 6. If the Jordan polynomials of a right alternative ring S, without el-
ements of order 2 in the additive group and with a set of generators R = {ai}
(i = 1, 2, . . . , k), are nilpotent of uniformly bounded index, then S is right-nilpotent
relative to R.

Proof. Let the number n be a bound on the indices of the Jordan polynomials of
the ring S. In the free associative ring A with the set of generators R, we consider
the ideal I1 generated by the n-th powers of all Jordan polynomials. Theorem 2
implies that, for any monomial q of the ring A with degree ≥ m[N(M,n, n) + 2],
there exists a natural number sq such that 2sqq ∈ I1, i.e., 2sqq =

∑
r �rcrj

n
r dr,

where the �r are integers, the cr and dr are monomials which may be absent, and
the jr are Jordan polynomials.

Since the last equation holds in the free associative ring, then in any (nonas-
sociative) ring on the same set of generators, the following relation will be valid:

2sq〈q〉 =
∑

r

�r〈crjn
r dr〉.

Using Lemma 7 and if necessary Lemma 8, we obtain that in the ring S,

2sq〈q〉 =
∑

r

�r〈〈crjn
r 〉dr〉 =

∑

r

�r〈〈cr〉jn
r dr〉 = 0,

since any power of a Jordan polynomial is again a Jordan polynomial. This com-
pletes the proof of Theorems 5 and 6. �
Theorem 7. Any alternative nil-ring S of bounded index, without elements of or-
der 2 in the additive group, is locally nilpotent.

Proof. Every finite set R = {ai} (i = 1, 2, . . . , k) in the ring S generates, by
Theorem 6, a subring that is right-nilpotent relative to R. The finite set R1 of
nonzero r1-words in S generates a subring S1 that is right-nilpotent relative to
R1. From the proof of Lemma 9 it follows that any R-monomial q in the ring
S can be written as a linear combination with integer coefficients of r2-words of
the same R-length. If q is an r2-word of sufficiently large R-length, then from the
right-nilpotency of the ring S1 it follows that q = 0. This completes the proof. �
Lemma 10. In any right alternative algebra S, which is algebraic of bounded degree
over a field F of characteristic �= 2 and is generated by a finite set R, there exist
only finitely many linearly independent r1-words (relative to R).

Proof. For any Jordan polynomial js, the following equation holds:

fs(js) = jn
s + δs1j

n−1
s + δs2j

n−2
s + · · · = 0,

where δsi ∈ F .
Consider the free associative algebra A over F with the set R of generators,

and the ideal I1 in A generated by all elements fs(js). From Theorem 3 it follows
that the quotient algebra A = A/I1 is locally finite.
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We will show that the linear dependence in A of the images of some words qi
(i = 1, 2, . . . , t) implies the linear dependence of the r1-words 〈qi〉 in the algebra
S. The former linear dependence is equivalent to the following relation in the free
associative algebra A:

t∑

i=1

µiqi +
∑

s

ρscsfs(js)ds = 0,

where µ, ρ ∈ F and cs, ds are some monomials. As in the proof of Theorem 6, we
obtain that

t∑

i=1

µi〈qi〉 +
∑

s

ρs〈〈cs〉 fs(js) ds〉 = 0,

from which it follows that
∑t

i=1 µi〈qi〉 = 0 in the algebra A. This completes the
proof. �
Theorem 8. Any algebraic alternative algebra S of bounded degree over a field F
of characteristic �= 2 is locally finite.

The validity of this theorem follows immediately from Lemmas 9 and 10.
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On Rings with Identical Relations

A.I. Shirshov

1. Introduction

The present work is a sequel to the author’s paper [6]. In order to avoid repeating
numerous definitions and explaining many notations, which would take up an
unjustifiable amount of space, the author will limit himself to frequent references.

The first part of this work (§2) is devoted to associative rings with identical
relations. In that section, Theorem 1 is proved, which establishes a local finiteness
property for such rings, and consequences of that theorem which follow almost
immediately are pointed out, including in particular the theorem of Kaplansky [2]
on local finiteness of algebraic algebras with identical relations. In the last section
(§3), a certain generalization of Kaplansky’s theorem to the case of alternative
rings (Theorem 5) is proved.

2. Associative rings with identical relations

First we consider associative algebras that satisfy one or more identical relations.
Examples of such algebras are commutative algebras and algebras of finite dimen-
sion. These examples demonstrate the breadth of this class of associative algebras,
and the importance of obtaining general theorems that hold for arbitrary associa-
tive algebras with identical relations.

It is known (see for example [4] and [6]) that one may assume that such an
algebra satisfies a multilinear identity. Obviously, such an identity can always be
written in the form

x1x2 · · ·xn =
∑

(i1,i2,...,in)

αi1i2···inxi1xi2 · · ·xin , (1)

Mat. Sbornik N.S. 43 (85), (1957), no. 2, 277–283.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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where the summation on the right side is over all permutations (i1, i2, . . . , in) of
the symbols 1, 2, . . . , n other than the identity permutation (1, 2, . . . , n), and all
the coefficients αi1i2...in belong to the base field.

Definition 1. If a word s in some symbols v1, v2, . . . , vr can be written in the form

s = vm1
i1
vm2

i2
· · · vmk

ik
where vi�

�= vi�+1 ,

then the natural number k will be called the height of the word s relative to the
set {vi}.

Obviously, the word s = v1v1v2v1v1v2v1v1v2, for example, has height 6 rela-
tive to the set {v1, v2}, and height 1 relative to the word v1v1v2.

Definition 2. Let A be an algebra with a finite number of generators a1, a2, . . . , a�.
Suppose that there exists a set t1, t2, . . . , tk of elements which are homogeneous
in each ai such that each word s in the generators ai is equal in A to some linear
combination of words in the elements tj that have the same content (relative to
the set {ai}) as the word s and have height (relative to the set {tj}) less than
or equal to some given number q. In this case, we will say that the algebra A has
bounded height. If every finite subset of an algebra B generates a subalgebra of
bounded height, then we will say that the algebra B has locally bounded heights.

Obviously, any commutative algebra has locally bounded heights.

Theorem 1. Any associative algebra (over a field) which satisfies an identical re-
lation of degree n has locally bounded heights (relative to some set of words whose
degrees are less than n, with respect to any set of generators).

Proof. Suppose the algebra A is generated by a1, a2, . . . , ak. According to Lemma
3 of [6], there exists a natural number N = N(n) such that for every word of
length N in the generators ai there exists either an n-decomposable subword [6,
Definition 3] or a subword of the form b2

n

. First, we will prove that if b has length
m ≥ n then some subword of the word b2

n

is itself n-decomposable; without
loss of generality we may assume that the word b cannot be written in the form
b
t

for some t > 1. Using cyclic permutations of the generators, we can form m
different words from the word b, namely b = b0, b1, . . ., bm−1. We can order these
words lexicographically: bi0 > bi1 > · · · > bim−1 . Obviously, the word b2

n

can be
written in the form b2

n

= cb′i0b
′
i1 · · · b′im−1

, where each of the words b′i has bi as
an initial subword. Furthermore, it is obvious that the subword b′i0b

′
i1
· · · b′im−1

is
m-decomposable, and consequently, it contains an n-decomposable subword. By
relation (1), every n-decomposable word can be represented as a linear combination
of (lexicographically) smaller words. From this, it follows that every word of length
N in the generators ai is equal to a linear combination of words that have the same
content relative to the generators but contain subwords of the form b2

n

where b
has length < n.

The last remark implies that if the height of a word s is sufficiently large,
and the word s does not contain n-decomposable subwords, then there exists a
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subword s1 of the form s1 = bnb′ where the lengths m, m′ of the words b, b′ satisfy
the inequality n > m ≥ m′ and the word b′ is not an initial subword of b. Since
the set of possibilities for the words b and b′ is finite, it easily follows that there
exists a sufficiently large natural number M such that every word s of height M
relative to some set of words of length < n is a linear combination of words of the
same content which are lexicographically not greater than s and such that each of
these words has n equal subwords of the form s1 = bnb′ (which are not necessarily
consecutive). However, every such word has a subword that is n-decomposable in
one of the following ways:

α0(bnb′α1b)(bn−1b′α2b
2)(bn−2b′α3b

3) · · · (bb′αn),

α0b
n(b′α1b

n−1)(bb′α2b
n−2)(b2b′α3b

n−3) · · · (bn−1b′αn),

depending on which of the words b and b′ is lexicographically greater. Therefore,
each word of height ≥M can be written as a linear combination of words of smaller
height. The proof is complete. �

Now we pass to associative algebras over an arbitrary commutative associa-
tive coefficient ring Σ.

Definition 3. An identical relation satisfied by an associative algebra over Σ will be
called admissible if (after combining similar terms) at least one of the coefficients
of a term of highest degree is equal to 1.

Theorem 2. If an associative ring C over Σ satisfies an admissible identical relation
of degree n, then the ring C has locally bounded heights (relative to some set of
words whose degrees are less than n, with respect to any set of generators).

Proof. Suppose that the distinguished term of degree n (with coefficient 1) of the
identity involves the variables x1, x2, . . . , xk to degrees n1, n2, . . . , nk (respectively)
with

∑k
i=1 ni = n. Linearizing this term [6, Lemma 5] consecutively with respect

to x1, x2, . . . , xk, we eliminate all the terms in which at least one of the xi has
degree less than ni. (If ni = 1 then we consider the relation

φ(xi, x
′
i) = f(xi + x′i) − f(x′i) = 0,

where f is the left side of the original identity.) Since similar terms cannot appear
as a result of this process, the multilinear identity thus obtained will have at least
one term with coefficient 1. Performing, if necessary, a permutation of the variables,
we obtain an identity of the form (1) which was used in the proof of Theorem 1.
The remainder of the proof is a repetition of the proof of Theorem 1. �

We now consider some corollaries of the results already proved.

Theorem 3. Let A be an associative ring over Σ with an admissible identical rela-
tion of degree n. If all products in A of fewer than n generators are nilpotent, then
A is locally nilpotent.

The proof of this theorem is obvious.
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Corollary 1. If all products of degree ≤ n of the generators of an associative algebra
A of dimension n are nilpotent, then A is nilpotent.

This statement follows from the known fact that any algebra of dimension n
satisfies an identical relation of degree n + 1: the alternating sum of all (n + 1)!
distinct products of n+ 1 distinct variables is identically zero.

Definition 4. An element a of an associative ring A will be called algebraic1 over
the subring Z1 of the center Z of A if there exist elements zi ∈ Z1 and a natural
number m such that this equation holds:

am =
m−1∑

i=1

zia
m−i.

Definition 5. If the associative ring A has elements b1, b2, . . . , bk such that for some
natural number m every element c ∈ Am can be written in the form

c =
k∑

i=1

zibi,

where the elements zi belong to the subring Z1 of the center Z, then A will be
called finite over Z1.

As in the case of algebras of finite dimension, it is obvious that a ring, which
is finite over its center, satisfies an admissible identical relation. The following
stronger result follows immediately from Theorem 2.

Theorem 4. Let A be an associative ring with a finite number of generators and
an admissible identical relation of degree n. If all products in A of fewer than n
generators are algebraic over the subring Z1 of the center of A, then A is finite
over Z1.

In the special case where Z1 is the zero subring, Theorem 4 includes Levitski’s
theorem [3]; it also contains a more general theorem of Kaplansky [2] (it suffices
to adjoin a unit element).

3. Alternative and special Jordan rings with identical relations

In what follows, we will consider alternative rings without elements of order 2 in
the additive group, satisfying some identical relation which is not a consequence
of associativity.

Definition 6. An identical relation f(x1, x2, . . . , xn) = 0, satisfied by an alternative
ring, will be called essential if at least one of the coefficients of the highest degree
terms of the element 〈f〉 [6, Definition 9] of the free nonassociative ring in the
generators xi is equal to 1 (after combining similar terms).

1The current term is “integral”. [Translators]
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Definition 7. An identical relation I = 0 in a special Jordan ring will be called
admissible if the relation F = 0 is admissible, where F is the associative polynomial
obtained by expanding the Jordan polynomial I.

Lemma 1. If an alternative ring K satisfies an essential identical relation, then
the corresponding special Jordan ring K+ satisfies an admissible identical relation.

Proof. Let f(x1, x2, . . . , xq) = 0 be the identical relation that holds inK. If we sub-
stitute in f the monomial xyi for xi then we obtain an essential relation φ(x, y) = 0.
If φ(x, y) is the polynomial obtained from φ by reversing the order of variables in
each monomial, then [5, §3] the ring K satisfies the admissible essential identical
relation ψ(x, y) = φ(x, y)φ(x, y) = 0. However, the polynomial ψ(x, y) is a Jordan
polynomial, since ψ = ψ (see [1, 5]); we have also used the associativity of an
alternative ring on two generators. Regarding ψ(x, y) ≡ I(x, y) as a Jordan poly-
nomial, we see that the Jordan polynomial I(x, y) is identically zero in K+. The
proof of the lemma is complete. �

Definition 8. The center Z of a (nonassociative) ring T is the set of all elements
x ∈ T such that xa = ax and (xa)b = x(ab) = a(bx) for all elements a, b ∈ T .

It is easy to verify that Z is a subring.

Remark. When we consider the center of an alternative ring, we can, generally
speaking, limit ourselves in Definition 8 to the condition xa = ax. We do not do
this, because we do not wish to distract the reader from the main goal of this work
by the details that arise.

We extend Definitions 4 and 5 to alternative rings.

Theorem 5. Let K be an alternative ring with a finite number of generators and an
essential identical relation. If Z1 is any subring of the center for which all Jordan
monomials in r2-words of the generators are algebraic over Z1, then K is finite
over Z1.

Proof. Let λ be the maximal element of the set R of generators of the ring K.
Consider an r1-word w in the elements of the set R such that λ occurs consecutively
fewer than m(λ) times where m(λ) is the degree of the element λ. We perform
λ-factorization of the associative word w obtained from w by omitting parentheses,
and denote by dλ(w) the number of λ-irreducible factors.

Suppose that in the word w there appear k distinct λ-irreducible words and
dλ(w) > N(k, s, n) [6, Lemma 3], where n is the degree2 of the identical relation
that holds in K, and s ≥ 2n is the upper bound on the degrees of all r1-words v
that correspond to subwords v of w formed by λ-irreducible subwords for which
dλ(v) < n. From [6, Lemma 3] and the proof of Theorem 1 it follows that the word
w has a subword u which has either the form u = u1u2 · · ·un−1un or the form

2The number n should denote not the degree of the identity in K but in K+. In general it is not
the same and much bigger. [Editors]
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u = (u′)s where u′ and ui are words formed by λ-irreducible words, dλ(u′) < n,
and u1u2 · · ·un−1un is an n-decomposition of u.

In each of these cases, we can express the word w as a linear combination of
r1-words that are smaller than w, together with words with coefficients in the ring
Z1 such that the R-lengths of these latter words are strictly less than the R-length
of w. Since the arguments are completely analogous, we will consider only the first
case.

Let w = αuβ where u = u1u2 · · ·un−1un. The words ui (up to a scalar multi-
ple of the form 2t) are the maximal (associative) words of some Jordan monomials
bui [6, Lemma 4]. Thus the element

W = 〈αbu1bu2 · · · bunβ〉 = 〈αbu1bu2 · · · bunβ〉,
(recall the notation3 from [6, §4]) has w as the leading term. According to the last
lemma, there exists a Jordan polynomial I(x1, x2, . . . , xn) that is identically zero
in K and has the word x1x2 · · ·xn as its maximal (associative) word. Since

〈αI(bu1 , bu2 , . . . , bun)β〉 = 0, and

〈αI(bu1 , bu2 , . . . , bun)β〉 = 〈αI(bu1 , bu2 , . . . , bun)β〉,
the word w is equal to a linear combination of (lexicographically) smaller r1-words.

Using the above arguments, we carry out induction on the number of gen-
erators, and see that first, every sufficiently long λ-irreducible word is a linear
combination of shorter λ-irreducible words, which justifies the introduction of the
number k, and second, every sufficiently long r1-word is a linear combination of
shorter r1-words with coefficients in Z1. This statement immediately carries over
to r2-words which, by virtue of Lemma 9 of reference [6], completes the proof. �

Let us point out, for example, the following two corollaries of Theorem 5.

Corollary 2. Any alternative algebraic algebra with an essential identical relation
is locally finite.

The proof of this statement follows from the sufficiently obvious fact that
adjoining a unit element preserves algebraicity and also preserves the property of
having an identical relation. (For example, the identical relation

f(x1, x2, . . . , xn)
∑

(−1)i〈xi1xi2 · · ·xin〉 = 0

holds4, where f(x1, x2, . . . , xn) = 0 is the original relation and i = (i1, i2, . . . , in)
ranges over all permutations of the symbols 1, 2, . . . , n, and (−1)i = ±1 according
to the parity of the permutation i.)

3The bar here has a different meaning from earlier in this proof, up to and including the first
sentence of this paragraph. [Translators]
4In fact, this identical relation may not hold. For instance, if f(x, y) = xxy = 0 holds in A, then
xxy[x, y] = 0 does not necessary hold in the algebra A⊕Z1 with an external unit element 1. We
can consider instead the identical relation f([x1, y1], . . . , [xn, yn]). [Editors]
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Corollary 3. The enveloping associative algebra, of an algebraic special Jordan
algebra of characteristic �= 2 with a finite number of generators and an identical
relation, has finite dimension.

The proof of this statement follows from the fact that the existence of an iden-
tical relation for the Jordan polynomials in the generators is sufficient to guarantee
that the number of linearly independent r1-words is finite.
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On Free Lie Rings

A.I. Shirshov

1. Introduction

Let Σ be a commutative associative ring with unit, let R = {aα} be some set of
symbols, and let AΣR be the free associative algebra over Σ with free generating
set R. In the ring AΣR, the set R generates a Lie subring A

(−)
ΣR with respect to the

operations x ◦ y = xy − yx, addition, and scalar multiplication by elements of Σ.
If Σ is a field, then it is known that A

(−)
ΣR is the free Lie algebra with free

generating set R. This result can be derived as an immediate corollary of the
Birkhoff-Witt theorem [1, 10]. Since the Birkhoff-Witt theorem cannot be general-
ized to algebras over an arbitrary coefficient ring [7], the question naturally arises
whether the ring A

(−)
ΣR is free for arbitrary Σ. In the present paper, a positive

answer is given to this question.
For the cases when Σ is a field of characteristic 0 (and also for the case of

the so-called restricted Lie algebras), a number of authors [2, 3, 4, 6, 9] concerned
themselves with the problem of determining necessary and sufficient conditions
under which a given element of AΣR belongs to A

(−)
ΣR . In §3 this problem is

resolved without any restrictions on the ring Σ.
Finally, in §4 it is proved that any Lie algebra over a field, with at most

countable dimension, can be isomorphically embedded into a Lie algebra with two
generators.

All the above-mentioned results are simultaneously proved for restricted Lie
algebras.

2. Choice of basis in the ring A
(−)
ΣR

Consider the set R of associative words generated by the elements of R.

Mat. Sbornik N.S. 45 (87), (1958), no. 2, 113–122.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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Defining arbitrarily some total order on the set R, we partially order lexico-
graphically the set R. The order relation will be undefined only for pairs of words
in which one word is an initial subword of the other.

Definition 1. An associative word u is called regular if u > u2u1 for any factoriza-
tion u = u1u2 where u1 and u2 are nonempty.

For example, the word a3a3a2a3a2a1 is regular because it is greater than the
words a3a2a3a2a1a3, a2a3a2a1a3a3, a3a2a1a3a3a2, etc.

If u and v are regular words and u = vv1, then we will define v > u.

Remark. If u = vv1 is a regular word, then u > v1 since v1 cannot coincide with
any initial subword of u.

Definition 2. A nonassociative R-word [u] will be called regular if
(1) the associative word u, obtained by omitting the parentheses, is regular; and
(2) if [u] = [v][w] then [v] and [w] are regular words; and
(3) if [u] = [[v1][v2]][w] then v2 ≤ w.

It is easy to see that regular words are defined inductively, and that one can
determine effectively whether a given nonassociative word is regular or not. We
also remark that in Condition (2) it is implicit by Condition (1) that v > w.

Lemma 1. In any regular associative word, one can place parentheses in one and
only one way such that the resulting nonassociative word is regular.

Proof. Suppose the lemma is proved for words whose lengths are less than n.
Suppose that a given regular associative word u of length n > 1 contains an
element aβ ∈ R that is less than all the other elements of R occurring in u. Then
it is obvious that the word u begins with an element of R that is greater than aβ .
From Definition 2 it follows that for any placement of parentheses in the word u
that results in a regular nonassociative word, only one placement of parenthesis is
possible for subwords of the form aγaβaβ · · ·aβ :

{· · · [(aγaβ)aβ ] · · · }aβ (aγ > aβ).

Replacing in the word [u] every subword of the form

[· · · (aγ aβ)aβ · · · ]aβ︸ ︷︷ ︸
k times

,

by the symbol ak
γ , and setting ak

γ > a�
δ if either aγ > aδ or γ = δ, k < �, we obtain a

new regular word [u] in the symbols ak
γ (k = 0, 1, 2, . . .), a0

γ = aγ . If the conclusion
of the lemma did not hold for the word [u], then obviously it would not hold for
the word u either. However, by the inductive hypothesis, this is impossible. The
proof is complete. �

By virtue of the one-to-one correspondence between regular associative and
nonassociative words that has just been established, we will retain the symbol [u]
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to denote the regular nonassociative word corresponding to the regular associative
word u.

We denote by LΣR the free Lie algebra over Σ with free generating set R.

Lemma 2. Every element of the free Lie algebra LΣR over Σ with free generating
set R can be represented as a linear combination of regular words with coefficients
from Σ.

Proof. Obviously, it suffices to prove the lemma only for words in the elements of
the set R. Suppose a word v has length n, and that the lemma has been proved
for words of smaller length. Then

v = uw =
∑

i

∑

k

σik[ui][wk],

where σik ∈ Σ, and ui and wk are regular words with ui > wk. If

[ui][wk] = [[ui1 ][ui2 ]][wk] and ui2 > wk,

then obviously
[ui][wk] = [[ui1 ][wk]][ui2 ] + [ui1 ][[ui2 ][wk]].

If we now assume in addition that the associative words, obtained by omitting
parentheses in the regular words that occur in the expressions for [ui1 ][wk] and
[ui2 ][wk], are greater than wk, then the proof will be complete by induction on the
smallest factor. �
Lemma 3. If we write the regular word [v] ∈ A

(−)
ΣR as an element of the associative

algebra AΣR, then in this expression v will appear with coefficient 1 and all other
associative words that occur will be less than v.

Proof. For words of length 1, Lemma 3 is trivially valid. Suppose it is valid for
words of lengths less than n. If [v] is a word of length n > 1 then [v] = [u][w]. If
we denote by t the associative expression for a Lie word t, then obviously

[v] = [u] [w] − [w] [u].

Since u > w and (by the inductive hypothesis) the maximal words in the expres-
sions [u] [w], [w] [u] are equal respectively to the words uw, wu and have coefficient
1, it follows that the maximal word occurring in [v] is equal to uw = v and has
coefficient 1. The proof is complete. �

Theorem 1. The rings LΣR and A
(−)
ΣR are isomorphic.

Proof. Let the element � ∈ LΣR be sent to the element �, under the homomorphism
ϕ of the ring LΣR onto the ring A

(−)
ΣR extending the correspondence between the

generators. If � �= 0, then by Lemma 2 we can assume that the element � is written
as a linear combination of regular words, and the coefficient σ of the maximal word
[�1] is not zero. Then by Lemma 3, we have � �= 0 since the word �1 in the element
� appears with the same coefficient σ. The proof is complete. �

In §4 we will need the following result.



142 A.I. Shirshov

Lemma 4. Suppose that a regular associative R-word u has the form u = α�β where
� is a regular subword; the words α and β may be empty. Then in the placement
of parentheses in the word [u], one pair of parentheses will occur in the position
α(�β1)β2 where β1β2 = β and each of the words β1, β2 may be empty. Furthermore,
parentheses can be placed in the regular word �β1 as follows:

{· · · [(�β(1)
1 )β(2)

1 ] · · · }β(s)
1 ,

where β(i)
1 are regular words with β(1)

1 ≤ β
(2)
1 ≤ · · · ≤ β

(s)
1 , and in each of the words

�, β(i)
1 parentheses are placed in the unique way prescribed by Lemma 1, and1 the

maximal (associative) word of the resulting expression
(
α{· · · [(�β(1)

1 )β(2)
1 ] · · · }β(s)

1

)
β2,

is equal to u.

Proof. Let aβ be the smallest of the generators that occurs in u. If � has length
1 then there is nothing to prove. Suppose that the lemma is valid if u has length
less than n where n > 1.

If u has length n, then (as in the proof of Lemma 1) we represent it as
a word in the symbols ak

γ . Assuming that the length of � is greater than 1, we
note that it starts with a symbol other than aβ, and in the new representation
it will be replaced by a new word �1 which, regarded as an R-word, can differ
by several factors aβ appended on the right. It is easy to see that the R-word �1
will be regular. Considering the words u and �1 as words in the symbols ak

γ , we
find ourselves in a situation where we can apply the inductive hypothesis. The
remainder of the argument is obvious, and this completes the proof. �

To conclude this section, we will show how Theorem 1 implies Witt’s formula
[10] for the rank of the homogeneous submodule of degree q in the free Lie algebra.

Definition 3. An associative word v is called periodic if it can be written as the
product of k (k > 1) equal words. Two associative words u and w are called
cyclically comparable if there exist representations u = u1u2, w = w1w2 such that
u1 = w2, u2 = w1.

It is easy to see that the set of all associative words is partitioned into disjoint
classes of cyclically comparable words. The following statements are trivial.

Lemma 5. Each class of cyclically comparable non-periodic words contains one and
only one regular word.

Lemma 6. No class of cyclically comparable periodic words contains a regular word.

Let ψq(n) be the rank of the submodule of homogeneous polynomials of
degree q in the free Lie algebra on n generators. The number ψq(n) coincides with

1The rest of this sentence has been added by the Editors.
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the number of regular words of length q in n symbols. From Lemmas 5 and 6, we
obtain the following equation:

nq = q ψq(n) + d1ψd1(n) + · · · + dsψds(n),

where nq is the number of all associative words of length q in n symbols, and the
di are the divisors of q (other than q itself). The Dedekind inversion principle2

immediately gives Witt’s formula:

ψn(q) =
1
q

∑

s|q
µ(s)nq/s

where µ(s) is the Möbius function.

3. Free restricted Lie rings

Suppose that the characteristic of the coefficient ring Σ is a prime number p. The
associative ring AΣR that was considered in §1 is obviously a ring of characteristic
p. It is known [5] that in this case the element (a+ b)p − ap − bp = ϕ(a, b) of the
ring AΣR is a Lie polynomial in the elements a and b.

Definition 4. A Lie algebra L over Σ in which a unary operation x[p] is defined is
called a restricted Lie algebra if

(a+ b)[p] = a[p] + b[p] + ϕ(a, b), a · b[p] = [· · · (a · b) · b · · · ]b︸ ︷︷ ︸
p times

, (σa)[p] = σpa[p],

for all elements a, b ∈ L and σ ∈ Σ.

Obviously any associative algebra over Σ becomes a restricted Lie algebra
with respect to addition and the operations a ◦ b = ab − ba, a[p] = ap. In the
free ring AΣR, the set R generates a restricted Lie algebra A

(p)
ΣR. We introduce the

following notation:

x[pk] = [· · · (x [p])[p] · · · ][p]

︸ ︷︷ ︸
k times

.

Lemma 7. Every element of an arbitrary restricted Lie algebra A over Σ with
generating set R can be written as a linear combination with coefficients in Σ of
elements of the form u[pk] (k = 0, 1, 2, . . .) where u is a regular nonassociative
word.

The proof of this result follows immediately from Definition 4 and Lemma 2.

Definition 5. An associative word v is called p-regular if it has the form upk

(k =
0, 1, 2, . . .) where u is a regular word.

2This is now usually called the Möbius inversion formula. [Translators]



144 A.I. Shirshov

Definition 6. Elements of the ring A
(p)
ΣR that have the form [u]p

k

, where [u] is a
regular nonassociative R-word relative to the operation a ◦ b = ab− ba, are called
p-regular elements.

Lemma 8. The set of p-regular elements of A
(p)
ΣR is linearly independent over Σ.

Proof. Obviously, the leading term of the polynomial which is the associative ex-
pansion of the p-regular element [u]p

k

will be the p-regular associative word upk

.
Therefore distinct p-regular elements correspond to distinct maximal words. From
this the lemma follows. �

Lemmas 7 and 8 immediately imply the following result.

Theorem 2. The algebra A
(p)
ΣR is a free restricted Lie algebra over Σ with generating

set R and a basis consisting of the p-regular elements.

From the above constructions we immediately obtain an algorithm that allows
us to determine, for a given element a of the algebra AΣR, whether or not it belongs
to the algebras A

(−)
ΣR or A

(p)
ΣR. For this determination, one should separate the

lexicographically maximal monomial σu in the expression of the element a. If the
word u is not regular (respectively, p-regular) then the corresponding membership
question is answered in the negative. If the word is regular (respectively, p-regular)
then subtracting from a the element σ[u] (respectively, σ[u1]p

k

) where [u], [u1] are
the corresponding regular nonassociative words, we obtain an element a1 whose
maximal monomial will be less than the monomial σu. After a finite number of
steps this process will terminate. From this algorithm one can obtain the following
criterion of Friedrichs [4].

Theorem 3. An element f(a1, a2, . . . , as) of the algebra AΣR belongs3 to A
(p)
ΣR if

and only if the relations aia
′
j = a′jai imply the equation4

f(a1 + a′1, a2 + a′2, . . . , as + a′s) = f(a1, a2, . . . , as) + f(a′1, a
′
2, . . . , a

′
s).

Proof. The proof of the necessity of the conditions is by induction and is almost
trivial. Let us prove the sufficiency for the case of characteristic 0 (the proof of
the general case is similar).

Let d be an element of AΣR that does not belong to A
(−)
ΣR . Then, after a finite

number of steps of the above-mentioned algorithm, we will obtain an element di

whose leading term is σui where the word ui is not regular. Then ui = vw where
wv ≥ ui; and5 wv is maximal among the words that are cyclically comparable
with ui. It is easy to see, however, that in the expression

di(a1 + a′1, a2 + a′2, . . . , as + a′s) − di(a1, a2, . . . , as) − di(a′1, a
′
2, . . . , a

′
s),

3In the case of characteristic 0, one must replace A
(p)
ΣR by A

(−)
ΣR . [Translators]

4Today this is expressed in terms of the coproduct on the algebra AΣR. [Translators]
5(without loss of generality). [Translators]
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the element

v(a1, . . . , as)w(a′1, . . . , a
′
s) = w(a′1, . . . , a

′
s) v(a1, . . . , as),

occurs with coefficient σ �= 0. The proof is complete. �

4. Theorems on embeddings of Lie algebras and
restricted Lie algebras

In what follows we will denote by L a Lie algebra over an arbitrary field or a
restricted Lie algebra over a field of characteristic p > 0. Our task is to demonstrate
the possibility of embedding L into an appropriate algebra with two generators
under certain assumptions of countability, and then to generalize this result. Let
A be the free associative algebra on two generators a and b.

Lemma 9. The elements

dk = [a ◦ {[· · · (a ◦ b) ◦ b · · · ] ◦ b}]︸ ︷︷ ︸
k times

◦(a ◦ b) (k = 1, 2, . . .),

of A generate (under the operations a ◦ b and a[p]) a free Lie algebra (respectively
a free restricted Lie algebra) L(a, b), and constitute a set T of free generators.

Proof. We order the set T by setting dk > ds for k < s. It is easy to verify that
every regular nonassociative T -word (respectively, p-regular T -element) is a regular
nonassociative R-word (respectively, p-regular R-element). From this follows the
linear independence of regular nonassociative T -words (respectively, p-regular T -
elements), and this proves the lemma. �
Lemma 10. The set T = {dk} is distinguished (in the sense of Definition 1 of [8]).

Proof. Let J be an ideal of L(a, b) and J1 the ideal generated by J in A. It suffices
to prove the equality J1 ∩ L(a, b) = J (in fact the definition of ‘distinguished’
demands that J ′

1 ∩ L(a, b) = J where J ′
1 is the ideal of the Lie algebra A(−)

generated by J). Consider some element � in J1:

� =
∑

i

mi =
∑

i

αi�iβi,

where the αi and βi are monomials (possibly empty) in a and b, and the �i are
elements of J and thus of L(a, b), that is, Lie polynomials in the elements of T .
Let �i be the maximal word among the words of highest degree that occur in
the associative expansion of �i. Obviously, �i is a regular (respectively p-regular)
associative word. Among the words of the form αi�iβi that have highest degree,
we choose one which is maximal in the lexicographical sense: t = αj�jβj . Assume
that � ∈ L(a, b).

Case 1: Suppose that the word t does not occur6 among the other associative
words that occur in the expansion of �. Then the word t is regular (respectively

6Literally, “does not have similars”. [Translators]
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p-regular) and contains a regular (respectively p-regular) subword �j . We place
parentheses in the word t in the unique way which makes it a regular nonassociative
word (p-regular element). By virtue of Lemma 4, one pair of these parentheses will
be placed as follows7: αj [�jβ1j ]β2j where β1jβ2j = βj and each of the words β1j ,
β2j may be empty. Moreover, after the required placement of parentheses, the word
�jβ1j will take the form

�′ = [· · · (�j ◦ β(1)) ◦ β(2) · · · ] ◦ β(k),

where �j and βs are regular nonassociative words and β(1) ≤ β(2) ≤ · · · ≤ β(k).
The word t is the product of words of the form a2bkab (k = 1, 2, . . .) since

otherwise, performing the algorithm of expressing � as a linear combination of the
basis elements of the algebra A(−) (respectively, the free restricted algebra A(p)),
we would obtain a leading term which is not a T -word; but it is obvious that every
element of L(a, b) contains only T -words in its expression in terms of the basis of
regular words. From this it easily follows that each of the words β(s), as well as αj

and β2j , is a T -word.
The element �′′ = {αj [�jβ1j ]β2j}, in which the parentheses inside the square

brackets are placed in the same way as in �′, and elsewhere in the way prescribed
for regular words, will obviously be a nonassociative T -polynomial that belongs
to the intersection J1 ∩ L(a, b); from the proof of Lemma 4 it follows that its
lexicographically maximal word, among the words of highest degree, coincides with
t. Therefore, in the difference �− �′′ the analogous word will be lexicographically
smaller or will have lower degree.

Our argument does not apply only in the case when t is a pk-th power of �j .
Let

t = qs�jq
pk+k1−pk1−s,

where �j = qpk1 , and q is a regular word. The element (�j)pk

of the ideal J can be
written in the form

(
�j + ω

)pk

=
(
�j + ω

)pk−1
�j = qpk+k1−pk1

�j +
∑

k

εk�j ,

where ω stands for the terms smaller than �j, and the leading terms of the ele-
ments εk�j of the ideal J1 are less than t. On the other hand, by virtue of the
representation

qs�jq
pk+k1−pk1−s =

pk+k1−pk1−s∑

t=1

qs+t−1(�j ◦ q)qpk+k1−pk1−s−t + qpk+k1−pk1
�j

= s1 + qpk+k1−pk1
�j = s1 + (�j)pk −

∑

k

εk�j ,

7We have added a bar over �j . [Translators]
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where s1 is also an element of J1 with leading term less than t, we see that after
subtracting from � the element (�j)pk

(that obviously belongs to the ideal J) we
will obtain an element of J1 with leading term less than t.

Case 2: Suppose that we have several maximal words: t1, t2, . . ., tr. Take any
two of them:

t1 = αj�jβj, t2 = αk�kβk.

Again several subcases are possible.
(a) t1 = t2 = αj �j γj �k βk. In this case mj (the element to which the word

t1 belongs) can be written, up to a scalar coefficient, in the form

mj = αj �j γj �k βk = αj �j γj �k βk − ωj = mk + ω,

where ω and ωj are polynomials whose terms are smaller than t1 or have lower
degree; and ωj as well as ω belong to the ideal J1. Combining similar terms reduces
the number of distinct ts.

(b) t1 = t2 = αj�1j�2j�3jβk where �1j�2j = �j and �2j�3j = �k; also �j and �k
are regular words (one of the words �1j and �3j may be empty). From regularity
of the words �j and �k and the Remark after Definition 1, it follows that the word
�1j�2j�3j is regular. From Lemma 4 it follows that the placement of parentheses in
the word [�1j�2j�3j ] on the subword �k coincides with the placement of parentheses
in the word [ �k ]:

[�1j�2j�3j ] = �′1{�′2 · · · (�′s[ �k ]) · · · }.
The same lemma implies that we may place parentheses in the word �1j�2j�3j as
follows:

{([ �j ]�′′1)�′′2 · · · }�′′q ,
where �′′1 ≤ �′′2 ≤ · · · ≤ �′′q , and the �′′r are regular words with the corresponding
placement of parentheses. In this case each of the words �tj (t = 1, 2, 3), �′p, �

′′
r is

a product of words of the form a2bkab (k = 1, 2, . . .). Obviously, the element

αj

(
�′1 ◦ {�′2 ◦ · · · (�′s ◦ �k) · · · } + {· · · [(�j ◦ �′′1) ◦ �′′2 ] · · · ◦ �′′q}

)
βk,

of the ideal J1, coincides up to some lower terms with the sum mj +mk. Therefore
the words t1 and t2 in this case can be replaced by one word (or both can be
omitted).

One can argue analogously using Lemma 4 in the case where �j = �1j�2j�3j

and �2j = �k.

(c) t1 = t2 = αj�1j�2j�3jβk where �1j�2j = �j = qpr

, �2j�3j = �k = qps

(s > r) and �2j = qn. Then we can reduce the number of the words ts by using
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the equations

�j�3j = �jq
ps−n =

ps−n−1∑

t=0

qt(� ◦ q)qps−n−t−1 + qps−n�j = ω1 + qps−n�j

= ω1 + qps−n�j
ps−r−1

�j = ω1 + qpr−n
(
�j

ps−r

−
∑

i

εi�j

)

= qpr−n�p
s−r

j + ω2 = �1j�k + qpr−n
(
�p

s−r

j − �k

)
+ ω2 = �1j�k + ω3,

where ωi, as well as εi�j, are elements of the ideal J1 with smaller leading terms.
Considering the remaining possible cases, including those in which one of the

words �j or �k is regular and the other is p-regular but not regular, by analogous
arguments we can reduce the number of words ts. Having reduced this number to
1, we will be under the conditions of Case 1. These arguments imply that after a
finite number of steps we will express � as an element of the ideal J . The proof is
complete. �
Theorem 4. Every Lie algebra or restricted Lie algebra of at most countable rank
can be isomorphically embedded into an appropriate algebra with two generators
over the same field.

Theorem 5. Any Lie algebra (respectively restricted Lie algebra) can be isomor-
phically embedded into a Lie algebra (respectively restricted Lie algebra) with the
property that every subalgebra of countable rank is contained in a subalgebra with
two generators.

Theorems 4 and 5 are corollaries of Lemma 10 as well as Theorems 1 and 2 of
[8]; it is necessary to remark that although the statements of the latter Theorems
do not formally include the case of restricted Lie algebras, the given proofs also
remain valid in this case without any changes.

It is easy to see that the algebras obtained here are automatically represented
in an associative algebra. Therefore, the proof given here also contains a proof of
the Birkhoff-Witt theorem [1], [10] and the theorem of Jacobson [5].
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On a Problem of Levitzki

A.I. Shirshov

An associative ring S is called a nil-ring if every element of S is nilpotent. Lev-
itzki [4] posed the following problem: Is every nil-ring nilpotent? This problem
was solved in the affirmative by Levitzki himself [5] for the case in which the ele-
ments of S have globally bounded indices of nilpotency. Later, Kaplansky [2], who
was investigating the more general problem of Kurosh [3], extended the result of
Levitzki to nil-rings with polynomial identities. In the present note an affirmative
solution is given to Levitzki’s problem for the wider class of rings introduced by
Drazin [1].

Let Λ = {λi}, i = 1, 2, . . . , h be some set of variables, and let π(λ) =
λi1λi2 · · ·λik

be some monomial in these variables. Denote by Tπ(λ) the set of all
monomials in Λ of degree ≥ k and distinct from π(λ). For any sequence of elements
{xi}, i = 1, 2, . . . , h, of the ring S, we denote by π(x) the element xi1xi2 · · ·xik

and by Tπ(x) the set of all elements of S obtained by replacing the variables λi by
the corresponding elements xi in each monomial of Tπ(λ).

If there exists a monomial π(λ), such that for any collection of elements xi,
i = 1, 2, . . . , h, of the ring S the element π(x) belongs to the right ideal generated
by Tπ(x), then the monomial π(λ) is called a strongly pivotal monomial of S, and
S is called a ring with strongly pivotal monomial. For brevity, we will call such
rings SP -rings.

Drazin [1] has shown that the class of SP -rings contains the rings with mini-
mum condition on right ideals and the rings with polynomial identity. In the same
paper it was shown that for any SP -ring the monomial π(λ) can be assumed to
be linear in each variable λi. Under some strong restrictions, Drazin, using essen-
tially the methods of Kaplansky, gave an affirmative solution to the problem of
Kurosh for SP -algebras, i.e., he proved local finiteness of algebraic SP -algebras
of a particular type. However, Drazin himself points out the difficulties that did
not allow him to solve even the Levitzki problem for SP -rings without additional
restrictions.

Doklady Akad. Nauk SSSR 120, (1958), no. 1, 41–42.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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If a strongly pivotal monomial π(λ), which in the sequel will be assumed
linear in each variable λi, has degree t, then the SP -ring S will be called an
SP -ring of degree t.

Lemma. Let S be a nil SP -ring of degree t, and let I be the ideal generated by the
elements at

i where ai, i = 1, 2, . . . , n, is some fixed set of elements of S. Then for
any natural number q > t there exists a natural number k = k(q) such that the
ideal Ik is contained in the ideal generated by the elements aq

i .

Proof. Suppose that there exists a natural number r such that the ideal Ir is
contained in the ideal generated by the elements am

i , i = 1, 2, . . . , n, for some fixed
m ≥ t. In order to prove the lemma we will show that there exists a natural number
r1 such that the ideal Ir1 is contained in the ideal generated by the elements am+1

i .
Every element of the ideal Ir(nt+1) can be written as a sum of products of

nt+1 elements of the form α am
j β where α and β are monomials in the generators

of S. In each such product there exists an element am
j that occurs at least t + 1

times. Therefore, each such product can be written in the form

c1Dct+2 = c1d1d2 · · · dtct+2

= c1(am
j c2aj)(am−1

j c3a
2
j)(a

m−2
j c4a

3
j ) · · · (am−t+1

j ct+1a
t
j)ct+2.

By assumption, the monomialD belongs to the right ideal generated by all possible
products of its factors d1, d2, . . ., dt which are distinct from D itself and have total
degree (with respect to the elements di) greater than or equal to that of D.

For any other monomial of degree t in the elements di, there exist two adjacent
elements dj1 and dj2 with j1 ≥ j2. In each such case, in the corresponding segment,
there is a word

dj1dj2 = am−j1+1
j cj1+1a

j1
j a

m−j2+1
j cj2+1a

j2
j

= am−j1+1
j cj1+1a

m+1+(j1−j2)
j cj2+1a

j2
j .

It is easy to see that all such elements belong to the ideal generated by am+1
j .

From this it follows that c1D = ω1 + c1Dq where ω1 is an element of the ideal
generated by the element am+1

j . But then

c1D = ω1 + ω1q + c1Dq
2 = ω1 + ω1q + ω1q

2 + c1Dq
3 = · · ·

= ω1 + ω1q + ω1q
2 + · · · + ω1a

� + c1Dq
�+1,

for any �. The lemma now follows from nilpotency of the element q. For the number
r1 we can take r(nt+ 1). �
Theorem. Any nil SP -ring is locally nilpotent.

Proof. Let S be a nil SP -ring of degree t with a finite number of generators, and
let J be the ideal generated by all possible elements at, a ∈ S. The quotient ring
S/J is nilpotent by Levitzki’s theorem [5], and this means that there exists a
natural number M such that any element of the form bi1bi2 · · · biM , where the bis

are the generators of S, belongs to the ideal J . Since there is only a finite number
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of elements of the form bi1bi2 · · · biM , the ideal SM is contained in some ideal J1

which is contained in J and is generated by some finite set of elements at
i. The

lemma implies nilpotency of the ideal J1, and hence of the ring S. �
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Some Problems in the Theory of Rings
that are Nearly Associative

A.I. Shirshov

The words “some problems” in the title of this article mean primarily that the
article considers absolutely no results about algebras of finite dimension. Among
other questions that remain outside the scope of the article, we mention, for exam-
ple, various theorems about decomposition of algebras (see for example [47, 70])
which are closely related to the theory of algebras of finite dimension.

The author is grateful to A.G. Kurosh and L.A. Skornyakov who got ac-
quainted with the first draft of the manuscript and made a series of very valuable
comments.

1. Introduction

1. Until recently the theory of rings and algebras was regarded exclusively as
the theory of associative rings and algebras. This was a result of the fact that
the first rings encountered in the course of the development of mathematics were
associative (and commutative) rings of numbers and rings of functions, and also
associative rings of endomorphisms of Abelian groups, in particular, rings of linear
transformations of vector spaces.

In the survey article by A.G. Kurosh [40] he persuasively argued that the
contemporary theory of associative rings is only a part of a general theory of
rings, although it continues to play a very important role in mathematics. The
present article, in contrast to the article of A.G. Kurosh, is dedicated to a survey
of one part of the theory of rings: precisely, the theory of rings, which although
nonassociative, are more or less connected with associative rings. More precise
connections will be mentioned during the discussion of particular classes of rings.

Uspekhi Mat. Nauk 13, (1958), no. 6 (84), 3–20.
c© 2009 Translated from the Russian original by M.R. Bremner and N.P. Fomenko, with the
assistance of M.V. Kochetov and A.P. Pozhidaev.
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Because the classes of rings that are studied in this article were mentioned to
some extent in the article of A.G. Kurosh, there is some intersection in the content
of these two articles. In what follows, the author assumes that the following notions
are understood: rings, algebras, ideals, quotient rings, rings with a domain Σ of
operators (or Σ-operator rings1). These notions and also some other main notions
of the theory of rings can be found in the same article by A.G. Kurosh.

2. We briefly describe the origins of the theory of nonassociative rings. Examples of
such rings were known a long time ago. The nonassociativity of the vector product
of 3-dimensional vectors was known in mechanics. With this operation and vector
addition the collection of vectors is a Lie ring. Another very beautiful example is
the algebra of so-called Cayley numbers, which have been used in different parts
of mathematics.

The development of the theory of continuous groups in general and Lie groups
in particular contributed to the study of Lie algebras of finite dimension, which
are closely connected to Lie groups. Another connection between Lie algebras and
groups which appears to be very fruitful has been studied in the works of W.
Magnus [45], I.N. Sanov [50], A.I. Kostrikin [35] and others.

There is an interesting relationship between associative rings on the one hand
and Lie rings and Jordan rings2 on the other hand, constructed by the introduction
of a new operation on an associative ring. This relationship, in addition to giving
certain information about Lie rings and Jordan rings, allows us to study associative
rings themselves from some new directions.

3. Because there are differences between the properties of rings in different classes,
there are few results which have a universal character. We will describe some of
them.

Let A be an associative ring, and let a be some element of the ring A. It is
possible to connect with this element a new operation of “multiplication” which is
defined by x·y = axy. It is easy to check that the set of elements of the ringA forms,
under this operation and addition, a ring (in general, already nonassociative),
which we will denote byA(a). In [48] A.I. Malcev proved that any ring is isomorphic
to some subring of a ring of the form A(a).

Let the additive group of an associative ring be decomposed into the direct
sum of subgroups A1 and A2. Then every element a ∈ A allows a unique rep-
resentation of the form a = a1 + a2. Under the operations of “multiplication”
x · y = (xy)1 and addition the set of elements of the ring A is a ring (in general,
nonassociative). We denote this ring by A′. In [66] L.A. Skornyakov proved that
any ring is isomorphic to some subring of a ring of the form A′.

The preceding results of Malcev and Skornyakov indicate the possibility of
developing the entire theory of rings in terms of associative rings. However, nobody
until now has been able to get any precise theorems about rings of some class based

1That is, an algebra over the commutative associative coefficient ring Σ. [Translators]
2Literally, “J-rings”. [Translators]



Some Problems in the Theory of Rings that are Nearly Associative 157

on this method. Among the reasons for this is the fact that we cannot transfer the
properties of A to A(a) and A′. So, for example, if A is a Lie ring, then the rings
A(a) and A′ may not be Lie rings.

The results and problems that correspond to different classes of rings are
formulated very differently and require specific methods, and because of this it is
difficult to imagine the development of the entire theory of rings from the theory
of one specific, sufficiently studied class.

4. In the theory of rings, as in the theory of groups and other algebraic systems,
free systems play an important role: free rings, free associative rings, free Lie rings,
etc.

Let ν be a cardinal number. The free ring (free associative ring, free Lie
ring, etc.) on ν generators is a ring (associative ring, Lie ring, etc.) which has a
system S of generators of cardinality ν such that any mapping from S onto any
system of generators of any ring (associative ring, Lie ring, etc.) can be extended
to a homomorphism of rings. The free ring Aν with the set S of generators of
cardinality ν can be built constructively by the following steps.

We will call the elements of the set S words of length 1. If α and β are words
of lengths m and n (respectively) then the symbol (α)(β) will be called a word of
length m+ n; furthermore, we will consider two words (α)(β) and (α1)(β1) to be
equal if and only if α = α1 and β = β1. The collection of finite sums of the form∑

s ksγs where ks is an integer and γs is a word (we assume γs �= γt when s �= t)
becomes a ring, which we will denote by Aν , when we define the operations as
follows:

∑

s

ksγs +
∑

s

lsγs =
∑

s

(ks + ls)γs,

∑

s

ksγs ·
∑

t

ltγt =
∑

s,t

kslt(γs)(γt).

It is easy to check that the ring Aν satisfies the above-formulated definition, and
that any ring that satisfies that definition is isomorphic to Aν .

If the symbols ks are allowed to come from some associative ring Σ and we
define

k
∑

s

ksγs =
∑

s

(kks)γs, k ∈ Σ,

then the ring Aν will be a free Σ-operator ring with ν generators in the sense of
Σ-operator homomorphisms. If, furthermore, Σ is a field, then Aν is a free algebra
with ν generators over the field Σ.

In the works of Kurosh [39, 41] it was proved that any subalgebra of a free
algebra is again free, and some generalizations of this result to free sums of algebras
were given. A.I. Zhukov [74] solved positively the word problem3 for algebras4 with

3Literally, the “problem of equality”. [Translators]
4That is, nonassociative algebras. [Translators]
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a finite number of generators and a finite number of defining relations which is
analogous to the famous word problem in the theory of groups.

5. With additional axioms, or so-called identical relations, we may define various
classes of rings. The general method applied to this problem is as follows.

Let Aω be the free ring with a countably infinite number of generators xi

(i = 1, 2, . . .). In the ring Aω we consider a subset Q. Any ring C which satisfies
the condition that any substitution of any elements of C into the generators xi

in any element of the set Q gives zero, will be regarded as belonging to the class
defined by the set Q, or simply to the class of Q-rings. If in some free ring Aν

we take the ideal J generated by the elements obtained by substituting all the
elements of Aν into the generators xi in the elements of Q, then the quotient ring
D = Aν/J will be isomorphic to the free Q-ring in the sense given earlier. For
example, if the set Q consists of the single element (x1x2)x3 − x1(x2x3) then we
obtain the class of associative rings. If the set Q consists of elements qα, then it
is sometimes said that the class of Q-rings is defined by the identical relations
qα = 0. The same concepts can be defined in a very similar way for Σ-operator
Q-rings.

For the case when the set Q is finite, Yu.I. Sorkin [69] showed that the corre-
sponding class of rings can be given with the help of one ternary operation (that
is, defined on ordered triples of elements) and one relation which this operation
must satisfy.

2. Alternative rings

1. It is known that the field of complex numbers can be represented as the collection
of pairs of real numbers with the natural addition and the familiar definition of
multiplication. If on the Abelian group of ordered pairs (p, q) of complex numbers
with coordinate-wise addition is defined an operation of multiplication by the
formula

(p1, q1) · (p2, q2) = (p1p2 − q2q1, q2p1 + q1p2), (1)

where p2 and q2 are the complex conjugates of the complex numbers p2 and q2,
then one can easily check that with respect to these operations the set we are
considering is a ring. In this ring it happens that the equations AX = B and
XC = D have a uniquely determined solution when A �= 0, C �= 0 and so this
ring is the (associative but not commutative) division ring of real quaternions.
If in equation (1) we replace the symbols pi and qi by real quaternions, and we
understand p to be the quaternion conjugate of the quaternion p = (a, b) – that
is, p = (a,−b) – then the pairs of quaternions become a ring with respect to these
operations, which in this case is a nonassociative division ring. If for every real
number α and pair (p, q) we define α(p, q) = (αp, αq), then the additive groups of
the above division rings become vector spaces over the field of real numbers with
corresponding dimensions 4 and 8, and the division rings become algebras over the
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field of real numbers. The constructed nonassociative algebra of dimension 8 over
the field of real numbers is called the algebra of Cayley numbers. In what follows
we will denote it by R8.

2. The associator of the elements a, b, c in any ring is defined to be the element

[a, b, c] = (ab)c− a(bc).

The algebra R8 satisfies the following identical relations,

[x, y, y] = 0, (2)

[x, x, y] = 0, (3)

[x, y, x] = 0, (4)

each of which is implied by the other two. Rings in which the identical relations
(2)–(4) are satisfied are called alternative. A more general class of 8-dimensional
alternative algebras was studied by Dickson. These algebras received the name
Cayley-Dickson algebras.

In this and the following section (if this is not stated explicitly) for simplicity
of language we will assume that the additive groups of the rings do not contain
elements of order 2.

We next list some identical relations that hold in every alternative ring:

[(xy)z]y = x[(yz)y], (5)

y[z(yx)] = [y(zy)]x, (6)

(xy)(zx) = x[(yz)x]. (7)

To prove relation (5) we notice that substitution of y + z for y in equation (2)
leads to the equation

[x, y, z] = −[x, z, y]. (8)
Using equations (2) and (8) gives

2x[(yz)y] = x
[
2(yz)y + [z, y, y]− [y, z, y]− [y, y, z]

]

= x
[
(yz)y + (zy)y − zy2 + y(zy) − y2z + y(yz)

]

= [x(yz)]y + (xy)(yz) − [x, yz, y]− [x, y, yz] + [x(zy)]y + (xy)(zy)

− [x, zy, y] − [x, y, zy] + [x, z, y2] + [x, y2, z]− (xz)y2 − (xy2)z

=
[
x(yz) + x(zy)

]
y + (xy)(yz + zy) − [(xz)y]z − [(xy)y]z

= 2[(xy)z]y.

Thus equation (5) is proved, and for its proof we used only equation (2). From this
it follows that equation (5) holds in any ring which satisfies equation (2), that is,
in any so-called right alternative ring. The proofs of equations (6) and (7) are left
to the reader.

3. Let us notice one property of alternative rings, which makes them close to
associative rings. Let a and b be two elements of some alternative ring A, and let
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D be the subring of the ring A generated by the elements a and b. It happens that
the ring D is associative. To prove this proposition it is enough to show that any
two elements of the ring D obtained by different parenthesizations of an associative
monomial in a and b are equal.

Let c be some associative monomial as described. We denote by 〈c〉 the nonas-
sociative monomial obtained from the monomial c by the following parenthesiza-
tion: when c = c1a or c = c1b we let 〈c〉 = (〈c1〉)a or 〈c〉 = (〈c1〉)b, respectively; and
〈a〉 = a, 〈b〉 = b. For example, 〈a2bab2〉 = ((((aa)b)a)b)b. If d is a nonassociative
monomial with some parenthesization, then we will denote by d the associative
monomial obtained by removing the parentheses from d. The associativity of the
ring D is equivalent to the equation d = 〈d〉 holding where d is any nonassociative
monomial in the generators a and b. The last equality, which is obvious if the
degree of the monomial d in a and b is less than or equal to 3, will be proved by
induction on the degree of d.

Let the degree of the monomial d be greater than 3: d = d1d2, d1 = a〈d3〉,
and we assume that the equality to be proved holds for monomials with lower
degree. Then we have the following cases:

(i) d2 = 〈d4〉a, d = (a〈d3〉)(〈d4〉a) = [a(〈d3〉〈d4〉)]a = 〈d〉,

where we have used equation (7). If the monomial 〈d3〉 is empty, then the proof
works using equation (4).

(ii) d2 = (b〈d4〉)b, d = (a〈d3〉)[(b〈d4〉)b] = [(d1b)〈d4〉]b = 〈d〉,

where equation (5) was used. Finally,

(iii) d2 = (a〈d4〉)b,
d = (a〈d3〉)[(a〈d4〉)b]

= −(a〈d3〉)[b(a〈d4〉)] + [(a〈d3〉)(a〈d4〉)]b+ [(a〈d3〉)b](a〈d4〉)
= −〈d5〉 + 〈d〉 + d5,

where we have used equation (8) and also the above-proved identities from cases
(i) and (ii). Repeating (if necessary) the same transformation on d5 and so on, we
come in a finite number of steps to the identity which we are proving.

4. In spite of the noted closeness of alternative rings to associative rings, as of now
there is no general method which allows us to prove identities in alternative rings.
Each of the presently known such identities requires a separate and in some cases
very difficult proof. This happens because as of now there is no known method to
build constructively free alternative rings, so there is no known algorithm which
solves the word problem in free alternative rings; that is, an algorithm which allows
us, for every element of this ring written in terms of the generators, to determine
if it is zero or not.



Some Problems in the Theory of Rings that are Nearly Associative 161

We mention the following interesting identity:

[ (ab− ba)2, c, d ] (ab− ba) = 0,

which was proved by Kleinfeld (see for example [67]) and which shows that in the
free alternative ring there are zero divisors.

5. The study of alternative rings in general began with the study of alternative
division rings, which in the theory of projective planes play the role of the so-called
natural division rings of alternative planes (see [65]); that is, planes for which the
little Desargues theorem holds.

In the works of L.A. Skornyakov [62, 63] a full description is given of alterna-
tive but not associative division rings. It happens that every such division ring is
an algebra of dimension 8 over some field (a Cayley-Dickson algebra). Later and
independently of Skornyakov this statement was proved by Bruck and Kleinfeld [8],
but Kleinfeld [29] proved that even simplicity (that is, not having two-sided ideals)
of an alternative but not associative ring implies that the ring is a Cayley-Dickson
algebra.

If for an element a of some ring A there exists a natural number n(a) such that
an(a) = 0 (with any parenthesization of the expression an(a)), then this element is
called a nilpotent element. If all the elements in a ring (resp. ideal) are nilpotent,
it is called a nil-ring (resp. nil-ideal).

Recently Kleinfeld [30] strengthened his results by proving that any alterna-
tive but not associative ring, in which the intersection of all the two-sided ideals
is not a nil-ideal, is a Cayley-Dickson algebra over some field. Hence the class of
alternative rings is much larger than the class of associative rings, but only outside
the limits of the above-mentioned classes of rings.

6. Some attention has been given to right alternative rings (rings which satisfy
identity (2)). Skornyakov [64] proved that every right alternative division ring is
alternative. Kleinfeld [28] proved that for the alternativity of a right alternative
ring it is sufficient that [x, y, z]2 = 0 implies [x, y, z] = 0. Smiley [68] analyzed the
proof of Kleinfeld and noticed that it is sufficient to check only these cases: x = y,
x = yz − zy, x = (yz − zy)y, x = [y, y, z], or z = wy and x = [y, y, w] for some w.
We know about the structure of free right alternative rings as little as we know
about the structure of free alternative rings. The study of these rings is one of the
main tasks of the theory of alternative rings.

It would be interesting to find out whether there are any identical relations
which are not implied by (2)–(4) and are satisfied in the free alternative ring with
three generators as, for example, the relation (xy)z − x(yz) = 0 is satisfied by the
free alternative ring with two generators.

Because alternative rings are close relatives of associative rings, we may ask of
any statement which holds for associative rings whether it also holds for alternative
rings. One such problem (the Kurosh problem) will be discussed in the next section.
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San Soucie [51, 52] studied alternative and right alternative rings in charac-
teristic 2 (2x = 0).

3. Jordan rings

1. Let A be an associative ring. If we set a ◦ b = ab + ba, then with respect to
addition and the operation ◦ the set of elements of the ring A becomes a ring
which is in general nonassociative. We denote this ring by A(+). For an associative
algebra B (or a Σ-operator ring) it is possible in a similar way to define an algebra
B(+) over the same field (or a Σ-operator ring); for an algebra it is more convenient
to use the operation a ◦ b = 1

2 (ab + ba). It is easy to check that in the ring A(+)

the following identities hold:

a ◦ b = b ◦ a, (9)

((a ◦ a) ◦ b) ◦ a = (a ◦ a) ◦ (b ◦ a). (10)

Rings in which the multiplication satisfies (9) and (10) are called J-rings or Jordan
rings.

It can happen that some subset of a ring, which is not a subring, becomes
a Jordan ring under the operation ◦. As an example, consider the set of all real
symmetric matrices of some fixed degree n. A Jordan ring which is isomorphic to
a subring of some ring of the form A(+) is called a special Jordan ring. Special
Jordan algebras can be defined in a similar way.

2. Not every Jordan ring and not every Jordan algebra is special. The classical
example, that will be discussed below, of a non-special (often called exceptional)
Jordan algebra of finite dimension belongs to Albert [5].

In the algebra R8, which was discussed at the beginning of Section 2, for
any element s = (p, q) we set s = (p,−q). In the set of all matrices of degree 3
with elements from the algebra R8 we consider the subspace C27 of self-conjugate
matrices (that is, matrices which do not change when the elements are conjugated
and the matrix is transposed). It is possible to check that the set C27 with respect
to addition, the usual multiplication of real numbers, and the operation s ◦ t =
1
2 (s · t+ t · s) is a Jordan algebra of dimension 27 over the field of real numbers.

Let x be an element of the algebra R8. Denote by xij the matrix S from the
algebra C27 in which sij = x and sji = x and all other entries are zero; by e denote
the identity of the algebra R8.

Assume that there exists an associative algebra A, such that the Jordan
algebra A(+) has a subalgebra C′

27 isomorphic to the algebra C27. For simplicity
in what follows we will identify the algebra C′

27 with the algebra C27. If s, t ∈ C27

then it is obvious that s · t+ t ·s = st+ ts where st is the product of the elements s
and t in the algebra A. The last observation allows us to easily verify the following
equations:

e2ij = eijeij = eij · eij = eii + ejj , (11)
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eiixij + xijeii = ejjxij + xijejj = xij , (12)

ekkxij + xijekk = 0 (for k �= i, j), (13)

x12y23 + y23x12 = (x · y)13, (14)

x12y13 + y13x12 = (x · y)23, (15)

x13y23 + y23x13 = (x · y)12. (16)

From equation (13) we have

ekk(ekkxij + xijekk) = (ekkxij + xijekk)ekk = 0,

and because of e2kk = ekk, it easily follows that

ekkxij = xijekk = 0 (k �= i, j). (17)

Setting fij = eii + ejj , from the obvious equalities

fijxij + xijfij = 2xij , 2fijxij = fijxij + fijxijfij ,

we easily obtain
fijxij = fijxijfij = xijfij = xij . (18)

Finally,
eiiyijeii = ejjyijejj = 0, (19)

because, for example,

eiiyijeii = eii(yij − eiiyij) = 0,

(equation (12)).
If x ∈ R8 then we set x′ = e11x12e12. We show that the map x → x′ is a

homomorphism of the algebra R8 into the algebra A. Clearly (x + y)′ = x′ + y′.
From equations (14)–(17) it follows that

(x · y)′ = e11(x · y)12e12 = e11(x13y23 + y23x13)e12 = e11x13y23e12

= e11(x12e23 + e23x12)y23e12 = e11x12e23y23e12

= e11x12e23(y12e13 + e13y12)e12.

On the other hand,

y12e13e12 = y12e13f13e12 = y12e13e11e12 = (y23 − e13y12)e11e12
= −e13y12e11e12 = −e13f13y12e11e12 = −e13e11y12e11e12 = 0,

e23e13y12 = e23e13f12y12 = e23e13e11y12 = (e12 − e13e23)e11y12 = e12e11y12.

Making the corresponding substitution in the expression (x · y)′ we get

(x · y)′ = e11x12e12e11y12e12 = x′y′.

Because of the absence of proper ideals in the algebra R8, and also because e′ =
e11e12e12 = e11f12 = e11 �= 0, we conclude that the algebra R8 is isomorphic to
a subalgebra of the associative algebra A, which contradicts the nonassociativity
of the algebra R8. This contradiction shows that there is no associative algebra A
with the required properties.
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3. It would be natural to assume that special Jordan algebras satisfy some system
of identities which do not follow from (9) and (10).

At the present time such identities have not been found. Moreover, every
attempt to characterize special Jordan rings with the help of any system of iden-
tities must be completely unsuccessful, because Cohn [9] gave many examples of
non-special Jordan algebras which are homomorphic images of special Jordan alge-
bras. It was also shown by Cohn that any homomorphic image of a special Jordan
algebra with two generators is also a special Jordan algebra.

Let B be some Jordan ring. We define by the formula

{a, b, c} = (ab)c+ (bc)a− (ca)b,

a ternary operation on the set of elements of the ring B. It is easy to check that
if B is a special Jordan ring then we have the identity

{a, b, a}2 = {a, {b, a2, b}, a}. (20)

Hall [15] and Harper [17] independently proved that (20) holds for any Jordan ring.
In the author’s work [58] it was proved that every Jordan ring on two generators
is special. From this result it easily follows that any identity which involves, like
(20), only two variables and which holds in any special Jordan ring, also holds in
any Jordan ring. This result was recently reproved by Jacobson and Paige [26].

At present it is still not known whether the identities

{{a, x, a}, x, {a, x, b}} = {{{a, x, a}, x, b}, x, a}, (21)

{{x, b, x}, a, {x, b, x}} = {x, {b, {x, a, x}, b}, x}, (22)

which hold in any special Jordan ring, also hold in any Jordan ring. These identities
were pointed out by Jacobson; he proved in [27] that they hold in C27.

Jacobson proposed the question: Does there exist a Jordan algebra which is
not a homomorphic image of a special Jordan algebra?

Albert [6] proved that the algebra C27 is not a homomorphic image of any
special Jordan algebra of finite dimension.

The above-mentioned problem is equivalent to the following: Is the free Jor-
dan ring on more than two generators special or not? A positive answer would
trivially imply the solution of the word problem for a free Jordan ring, but still it
would not imply a solution of the problem of finding a basis for the free Jordan
algebra on three or more generators (see Cohn [9]).

4. If, on the set of elements of a right-alternative ring T , we define the operation
a ◦ b = ab + ba, then it is easy to show that in this case the ring T (+) will be a
Jordan ring. However, it turns out that the class of all Jordan rings that can be
obtained in this way is equal to the class of all special Jordan rings. Indeed, the
mapping f : x → Rx of elements of the ring T to the associative ring, generated
in the ring T ∗ of all endomorphisms of the additive group of the ring T by right
multiplications Rx (aRx = ax), is a homomorphism of the ring T (+) onto some
subring of the special Jordan ring T ∗(+). The mapping f will be an isomorphism
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if we initially extend the ring T by an identity element (after which the extended
ring remains right alternative).

The possibility of associating with every right alternative ring an associative
ring (in general, not unique), through the corresponding (special) Jordan ring,
turns out to be very useful in the study of right alternative rings, and so also in
the study of alternative rings.

Using this method, the author proved in [59, 60] that all the results obtained
as of the present towards solving the Kurosh problem [38] (or its special case, the
Levitzky problem) for associative algebras (or rings) also hold for alternative alge-
bras (or rings) and for special Jordan algebras (or Jordan rings). Let us formulate
one of them:

An alternative ring D with a finite number of generators and the identical
relation xn = 0 is nilpotent, that is, there exists a natural number N such that any
product of N elements of D is zero.

The closest generalization of Jordan rings are the so-called noncommutative
Jordan rings, the study of which was started by Schafer. The natural place for
them in the present article is in the last section.

4. Lie rings

1. A ring which satisfies the identical relations

x2 = 0, (23)

(xy)z + (yz)x+ (zx)y = 0, (24)

is called a Lie ring.
In this article we completely avoid the discussion of Lie algebras of finite

dimension, an exposition of which would be more natural in connection with the
theory of Lie groups.

If, in an associative ring A we define a new operation by the equation a · b =
ab − ba, then the set of elements of A will be a Lie ring with this operation and
addition. We denote this new ring byA(−). Birkhoff [7] and Witt [71] independently
proved that every Lie algebra is isomorphic to a subalgebra of some algebra of the
form A(−). If we use the terminology of Jordan rings, then we can say that every
Lie ring is special.

Lazard [42] and Witt [72] studied representations of Σ-operator Lie rings in
Σ-operator associative rings. The existence of such a representation was proved
by them in the case when Σ is a principal ideal domain, and in particular for Lie
rings without operators. The example constructed by the author in [57] shows that
there exist non-representable Σ-operator Lie rings which do not have elements of
finite order in the additive group.

I.D. Ado [1, 2] proved that any finite-dimensional Lie algebra over the field
of complex numbers can be represented in a finite-dimensional associative algebra.
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Later Harish-Chandra [16] and Iwasawa [24] proved that Ado’s theorem holds for
any finite-dimensional Lie algebra.

We mention the cycle of works of Herstein [19]–[21], which, in essence, belong
to the theory of associative rings and are dedicated to studying the ring A(−) under
various assumptions on the ring A.

2. There are interesting relations between the theory of Lie rings and the theory
of groups.

Let K be the ring of formal power series with rational coefficients in the
noncommutative variables xi (i = 1, 2, . . .). Magnus [45] proved that the elements
yi = 1 + xi of the ring K generate a free subgroup G of the multiplicative group
of the ring K, and that every element of the subgroup Gn (the n-th commutator
subgroup5) has the form 1+�n +ω, where �n is some homogeneous Lie polynomial
(with respect to the operations a · b and a + b) of degree n in the generators xi,
and ω is a formal power series in which all the terms have degree greater than n.
Then because of known criteria [11, 12, 44] which allow us to determine whether
a given polynomial is a Lie polynomial, the above mentioned representation of the
free group allows us to determine whether any given element lies in one term or
another of the lower central series.

The elements zi = exi of the ring K also generate a free group [46] and
if exey = et then t is a power series, the terms of which are homogeneous Lie
polynomials in x and y [18].

The relations which exist between the theory of groups and the theory of
Lie rings allow us to obtain group-theoretical results from statements proved for
Lie rings. For example, Higman [23] proved nilpotency (see the definition below)
of any Lie ring which has an automorphism of prime order without nonzero fixed
points. This statement allowed him to prove nilpotency of finite solvable groups
which have an automorphism satisfying the analogous conditions.

Earlier Lazard [43] studied nilpotent groups using extensively the apparatus
of Lie ring theory.

3. We consider one more circle of questions which are relevant to the theory of
groups.

A Lie ring L is called a ring satisfying the n-th Engel condition if for any
elements x and y we have the relation

{· · · [(x y)y] · · · }y︸ ︷︷ ︸
n y’s

= 0.

We introduce the following notation:

L = L1 = L(1), Lk = Lk−1L, L(k) = L(k−1)L(k−1).

A Lie ring is called nilpotent (resp. solvable) if there exists a natural number m
such that Lm = 0 (resp. L(m) = 0).

5That is, the n-th term of the lower central series. [Translators]
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With some restrictions on the additive group, Higgins [22] proved that solv-
able rings satisfying the n-th Engel condition are nilpotent. Then Cohn [10] con-
structed an example of a solvable Lie ring whose additive group is a p-group and
which satisfies the p-th Engel condition, but is not nilpotent. For Lie rings with
a finite number of generators and some restrictions on the additive group, A.I.
Kostrikin [37] proved that the Engel condition implies nilpotency. This result is
especially interesting because from it follows the positive solution of the group-
theoretical restricted Burnside problem for p-groups with elements of prime order
[35, 36].

An element a in a Lie algebra L is called algebraic if the endomorphism
Ra : x �→ xa generates a finite-dimensional subalgebra in the (associative) algebra
of all endomorphisms of the additive group of the algebra L.

It is not known whether there exists a Lie algebra with a finite number of
generators and infinite dimension in which every element is algebraic. This problem
is analogous to the famous Kurosh problem [38] for associative algebras.

We mention one easier but unsolved problem. Let the Lie algebra L be such
that any two elements belong to a subalgebra, the dimension of which does not
exceed some fixed number. Does it follow from this that every finite subset of the
algebra L belongs to some subalgebra of finite dimension?

4. An important role in the theory of Lie rings is played by free Lie rings. In
contrast to free alternative rings and free Jordan rings, free Lie rings have been
thoroughly studied. M. Hall [14] pointed out a method for constructing a basis
of a free Lie algebra; E. Witt [71] found a formula for computing the rank of the
homogeneous modules in a free Lie algebra on a finite number of generators.

We briefly describe one constructive method of building a free Lie ring. Let
A be a free associative Σ-operator ring with some set R = {ai} (i = 1, 2, . . . , k) as
a set of free generators. It turns out that [61] the elements of the set R generate
in the Lie ring A(−) a free Lie ring L for which they are free generators. We
order the elements of the set R in some way, and then we order lexicographically
every set of (associative) monomials of the same degree in the elements of the set
R. Let W be the set of all monomials w such that w = w1w2 > w2w1, for any
representation of the monomial w as a product of two monomials w1 and w2. Let
v ∈ W with v = v1v2 where v1 is a monomial from W of minimal degree such
that v2 ∈W . We parenthesize the monomial v in the following way: v = (v1)(v2),
and we repeat this method of parenthesization on the monomials v1 and v2. The
set of nonassociative monomials obtained from the elements of the set W by this
method of parenthesization with the operation interpreted as a · b = ab− ba will
be a basis of the ring L.

The author in [56] and independently Witt in [73] proved that any subalgebra
of a free Lie algebra is again free. This theorem is analogous to the theorem of
Kurosh mentioned in Section 1 for subalgebras of free algebras.
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Using the above method of constructing a free Lie algebra allowed the au-
thor in [61] to prove that any Lie algebra of finite or countable dimension can be
embedded in a Lie algebra with two generators.

Analogous theorems about embedding of arbitrary algebras and of associative
rings were proved respectively by A.I. Zhukov [74] and A.I. Malcev [48].

5. The study of Lie algebras over fields of prime characteristic has led to the
discussion of so-called restricted Lie algebras.

In a restricted Lie algebra over a field of characteristic p > 0 an additional
unary operation is defined with some natural axioms which are typical of the usual
(associative) p-th power. Jacobson [25] proved a theorem for restricted Lie algebras
analogous to the Birkhoff-Witt theorem, which in this case already includes a
theorem similar to Ado’s theorem.

6. Recently A.I. Malcev [49] considered a class of binary-Lie rings, which are re-
lated to Lie rings in a way analogous to the way alternative rings are related to
associative rings. A ring is called binary-Lie if every two elements lie in some Lie
subring.

A.T. Gainov [13] proved that in the case of a ring without elements of order 2
in the additive group, for a ring to be binary-Lie it is sufficient that these identities
hold:

x2 = [(xy)y]x+ [(yx)x]y = 0.
If, on the set of elements of some alternative ring D, we define the above

described operation a · b = ab − ba, then in the ring D(−), as was shown by A.I.
Malcev [49], these relations hold identically:

x2 = [(x · y) · z] · x+ [(y · z) · x] · x+ [(z · x) · x] · y − (x · y) · (x · z) = 0. (25)

Rings satisfying the identities (25) are called by A.I. Malcev Moufang-Lie rings,
and he also showed that the class of Moufang-Lie rings6 without elements of ad-
ditive order 6 is properly contained in the class of binary-Lie rings.

Recently Kleinfeld [31] proved that a Moufang-Lie ring M without elements
of additive order 2 which has an element a such that aM = M is a Lie ring. A
corresponding result can clearly be formulated in the language of alternative rings.

The problem of the truth of a theorem, similar to the Birkhoff-Witt theorem,
connecting the theory of Moufang-Lie rings with the theory of alternative rings
remains open.

5. Some wider classes of rings

1. As was shown earlier, a ring is alternative if and only if every two elements lie
in some associative subring.

Algebraists working in the theory of rings have been attracted for a long time
to the wider class of rings with associative powers. A ring is called power-associative

6Now called Malcev rings. [Translators]
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if every element lies in some associative subring. It is not difficult to check that all
the classes of rings discussed in the present article are power-associative.

In the case of rings for which the additive group has no torsion, Albert [3] has
shown that the identities x2x = xx2 and (x2x)x = x2x2 are sufficient to guarantee
power-associativity. This result was recently given another proof by A.T. Gainov
[13]. Albert proved in [4] that if in the additive group of a ring there are no elements
of order 30 then power-associativity follows from the identities

(xy)x = x(yx) and (x2x)x = x2x2.

For rings of small characteristic some sufficient conditions for power-associativity
were found by Kokoris [32, 33].

2. We mention one method for studying power-associative rings which has been
used extensively in the works of Albert.

Let A be a commutative power-associative ring in which the equation 2x = a
has a unique solution for every a ∈ A and which contains an idempotent e (e2 = e).
Then it turns out that every element b ∈ A has a unique representation in the form
b = b0 + b1 + b1/2 where bλe = λbλ; that is, the ring A can be represented as the
direct sum of three modules A = A0 + A1 + A1/2, the study of which gives some
information about the ring A. If the ring A is noncommutative, then we can study
the commutative ring A(+) which is obtained from the ring A with the help of the
new multiplication a ◦ b = 1

2 (ab+ ba). It is obvious that the subrings generated by
a single element in the rings A and A(+) are the same. Therefore the ring A(+) is
again power-associative.

Another very wide class of rings is the class of flexible rings; that is, rings
which satisfy the identical relation (4). All the rings discussed in this article, except
for right alternative rings, are from this class.

No significant results, which would go beyond the class of algebras of finite
dimension, have been obtained for flexible rings.

3. It would be natural to expect a deeper study of flexible power-associative rings.
However, comparatively recently Schafer [53] began the study of the class of

so-called noncommutative Jordan rings, defined by identities (4) and (10), which
is slightly narrower than the class of flexible power-associative rings, but contains
most of the rings mentioned above.

The study of this class of rings at the present time is restricted to the theory
of algebras of finite dimension (see [54, 55, 34]); however, we can hope that in the
future a sufficiently interesting theory of this class of rings will be constructed.

In conclusion, we mention one very wide class, the so-called power-commu-
tative rings; that is, rings in which every element belongs to a commutative (but
not necessarily associative) subring. This class includes not only the flexible rings,
but also the power-associative rings. Unfortunately, at this point in time, we do
not even know whether this class can be defined by a finite system of identities.
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Some Algorithmic Problems for ε-algebras

A.I. Shirshov

Introduction

The word problem1, stated relative to one or another algebraic system, has at-
tracted the attention of many mathematicians. In the works of A.A. Markov [1]
and E. Post [3] it was proved for the first time that there exist algebraic systems
(semigroups) with undecidable word problem. The most significant achievement in
this direction is the result of P.S. Novikov [2] that establishes undecidability of the
word problem for groups. In 1950, A.I. Zhukov [5], while studying free nonassocia-
tive algebras, established that in the case in which one does not assume that the
algebra satisfies any identical relation (for instance, associativity) the word prob-
lem (as well as some other algorithmic problems) is decidable. From the results
obtained for semigroups, it easily follows that the word problem is undecidable for
associative algebras.

The above-mentioned facts show that it is of interest to discover classes of
algebras defined by identical relations for which the word problem or some other
algorithmic problems are decidable. In the present work, the word problem is
solved for commutative and anticommutative algebras (ε-algebras). Moreover, in
these cases, the more general membership problem is solved, and a theorem is
proved that is analogous to a known theorem on freeness in group theory.

1. The word problem

In the study of commutative and anticommutative algebras, we will for brevity use
the terminology introduced in the work [4]. Hence, commutative and anticommu-
tative algebras will be called respectively C-algebras and AC-algebras. The term
ε-algebras with ε = C or ε = AC will be used when there is no need to distinguish

Sibirsk Mat. Zh. 3, (1962), no. 1, 132–137.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
1Literally, “the problem of identity”. [Translators]
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the two cases. In [4] the definition of ε-regular words is given, and it is shown that
they form a basis of the free ε-algebra. This result will also be used in the sequel
without further mention.

Let E be the free ε-algebra over some field P (fixed once and for all), and let
R = {aα}, α ∈ I, be a set of free generators. We choose in E an arbitrary finite
set of elements S and denote by 〈S〉 the ideal generated in E by S. To solve the
word problem in this case means to provide an algorithm that allows us, for an
arbitrary finite set S and an arbitrary element a ∈ E, to determine whether or
not a belongs to 〈S〉.

The definition of ε-regular words requires that some ordering be fixed. In the
sequel we will make the convention that, given two ε-regular words u = u1u2 and
v = v1v2 of equal length ≥ 2, the greater word is either the one with greater first
factor (u1 or v1), or if these are equal, then the one with greater second factor (u2

or v2). With respect to this ordering, we will speak of the leading term a of any
element a in the algebra E.

The concept of a subword of a nonassociative word is sufficiently well known.
Formally, it can be defined (by induction) on the word length, for example as
follows.

Definition 1. Let u be a word of length ≥ 2 with u = u1u2. Then u, u1, u2 and
the subwords of u1 and u2 are called subwords of u.

Definition 2. A set S of elements of E is called reduced if no element of S has a
leading term which is a subword of the leading term of another element of S, and
all the coefficients of the leading terms are equal to 1.

We now prove a few auxiliary results.

Lemma 1. Let S be a finite set of elements of E. Then there exists a reduced finite
set S′ such that 〈S′〉 = 〈S〉.
Proof. In the expression of the elements of S, there occurs only a finite subset
R′ of elements of R. Let si, i = 1, 2, . . . , n, be the elements of S, and let si be
the leading term of si; then obviously we may assume that the coefficients of the
leading terms of the elements of S are equal to 1. The symbol Σ = (s1, s2, . . . , sn)
where si ≤ sj if i > j will be called the type of the set S, and the number n will
be called the length of the type.

The set of all possible types that correspond to finite subsets of E, the expres-
sions of whose elements only involve elements from R′, will be ordered as follows:
if the lengths of the types are equal then the order is lexicographical, and shorter
types precede longer types.

Suppose that the finite set S is not reduced, i.e., the leading term sj of some
element sj ∈ S is a subword of the leading term si of an element si ∈ S, i �= j.
Then obviously there exists an element tj of the ideal 〈sj〉 such that si = tj and
hence the leading term di of the element di = si − tj will be smaller than the
word si. Denote by S1 the set obtained from S by replacing the element si by the
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element di. Obviously 〈S〉 = 〈S1〉 and the type of S1 is smaller than the type of S.
The proof is complete since any decreasing sequence of types must terminate. �
Lemma 2. An element t ∈ E lies in the ideal 〈S〉, where S = {si}, i = 1, 2, . . . , n,
is a finite reduced set, only if at least one of the words si, i = 1, 2, . . . , n, is a
subword of t.

Proof. If t ∈ 〈S〉 then obviously t can be represented as a linear combination of
products di, i = 1, 2, . . . ,m, of one of the elements2 ski of S and some number of
ε-regular words. Here we may assume that each di is an ε-regular word that has a
subword ski , and replacing this subword by ski turns di into di.

The last statement is obvious if ε = C, but it requires additional considera-
tions if ε = AC. In this second case, one should look at products of the form sisi.
But then, by virtue of the equation

sisi = si[si − (si − si)] = −si(si − si),

it is clear that in this case also the required representation is possible. In the
more general case of the expression σiσi, where σi is an AC-regular word with a
distinguished subword ski satisfying the above conditions, the argument is similar.

Among the ε-regular words di, i = 1, 2, . . . ,m, we select the maximal. If this
word is unique, then the lemma is proved. Assume now that the maximal word di

is equal to the word dj . Since S is reduced, each of the subwords ski , skj of the
word dj does not occur as a subword of the other in the expression of the word
dj (although they can be equal3). Therefore, without loss of generality, we may
assume that

dj = b1b2 · · · bpjskic1c2 · · · cqjskjf1f2 · · · frj ,

where parentheses are placed in a certain way and all b, c, f are ε-regular words.
By virtue of the equation

dj = b1b2 · · · bpjskic1c2 · · · cqjskjf1f2 · · · frj

+ b1b2 · · · bpjskic1c2 · · · cqj (skj − skj )f1f2 · · · frj

+ b1b2 · · · bpj (ski − ski)c1c2 · · · cqjskjf1f2 · · · frj ,

it is obvious that the element dj can be written as a linear combination of the
element di and some other elements formed in a similar way to the elements dk,
k = 1, 2, . . . ,m, but having smaller leading terms. After combining like terms, the
number of elements dk whose leading terms coincide and are maximal is reduced
by 1. The proof is complete by an obvious induction. �

From Lemmas 1 and 2 we easily obtain the following algorithm which solves
the word problem for ε-algebras as stated at the beginning of this section:
(a) In a finite number of steps one performs replacement of the set S by the

reduced set S′ (Lemma 1).

2In this proof, we have replaced sik(i) , sjk(j) by ski
, skj

respectively. [Translators]
3The original says “although they can be subwords of each other”. [Translators]
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(b) If the word a does not contain a subword that coincides with the leading
term of one of the elements S′, then Lemma 2 implies that a /∈ 〈S〉. If to
the contrary such a subword is found, then it is easy to construct an element
a1 ∈ 〈S〉 such that a = a1 and hence a−a1 will be less that a.

It is easy to see that the element a lies in the ideal 〈S〉 if and only if the element
b = a− a1 lies in 〈S〉. The rest is obvious.

For ε-algebras, as well as nonassociative algebras [5], we have the following
result.

Theorem. (Freeness Theorem) Suppose that the expression of an element c ∈ E,
in terms of the elements of the basis of ε-regular words, contains the generating
element aα ∈ R. Then the images of the elements of the set R \ {aα} generate a
free ε-algebra in the quotient E/〈c〉.
Proof. In the construction of the basis of ε-regular words, we make the convention
that for two such words the greater is the one whose expression contains the
generator aα more times, regardless of the degrees of the words. The words that
contain the generator aα the same number of times will be ordered in the usual
way. Obviously, any subword v of the word u will be smaller than this word u, and
any decreasing sequence of words that are ε-regular (in this sense) must terminate.

The proof of Theorem 1 of the work [4] can be applied to this situation
without essential changes. The above way of ordering ε-regular words guarantees
that the leading term c of an element c contains the generator aα. Lemma 2, whose
proof is still valid, states in our case that the maximal word v, of any element v in
the ideal 〈c〉, contains a subword that coincides with c. From this it follows that
the (free) subalgebra E′ of E generated by the set R \ {aα} has zero intersection
with the ideal 〈c〉. This is equivalent to the statement of the theorem. �

2. The membership problem

The word problem is a special case of the so-called membership problem, which
for the case considered in this paper has the following formulation:

An arbitrary finite set V = {vj}, j = 1, 2, . . . , k, of elements of the
algebraE generates a subalgebra [V ]. It is necessary to find an algorithm
that allows us to determine whether or not the image of an arbitrary
element t ∈ E, under the natural homomorphism of E onto the quotient
algebra E′ = E/〈S〉 where S = {si}, i = 1, 2, . . . , n, belongs to the
image [V ]′ of [V ] under this homomorphism.

Obviously, when considering the membership problem for sets S and V and ele-
ments t, one can make the following assumptions without loss of generality:

(1) The set S is reduced.
(2) None of the words t and vj , j = 1, 2, . . . , k, contains any of the words si as a

subword.
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(3) The coefficients of the leading terms of the elements t and vj , j = 1, 2, . . . , k,
are equal to 1.

(4) Each element vj does not belong to the subalgebra of E generated by the
leading terms of the elements of the set V \ {vj}.

One can achieve Conditions (1)–(4) in a finite number of steps without changing
the ideal 〈S〉, the subalgebra V , or the image t′ of the element t. The proof of
this fact essentially repeats the argument given in the proof of Lemma 1. For
example, if it happens that some element vj belongs to the subalgebra generated
by the elements vi, i �= j, then instead of the element vj one should consider the
difference v′j = vj − uj where uj ∈ [V ] and v′j < vj.

Let λ be the maximum of the degrees of the elements of S. We will describe
a process for modifying the set V . Suppose some element si has the form si =
vi1vi2 · · · viq with some placement of parentheses. Then to the set V we adjoin the
element v′ = vi1vi2 · · · viq − si with the same placement of parentheses. Note that
the degrees of the elements vik

that appear in the expression of the element v′ are
less than λ. If necessary, to the set V ′ = V ∪ {v′} we apply the transformations
which ensure Conditions (2)–(4). We repeat this entire process as many times as
required.

Since, after each step, the set of words of degree ≤ λ, which can be obtained
by multiplying the leading terms of the elements of the corresponding V (i), can
only increase, and the number of ε-regular words of degree ≤ λ that occur in this
process is finite, the process will lead in the end to a set V1 satisfying the following
conditions:
− Conditions (2)–(4) above;
− the images of the algebras [V1] and [V ], under the natural homomorphism of

the algebra E onto the quotient algebra E/〈S〉, coincide;
− if for some placement of parentheses sj = vj1vj2 · · · vjp for some j, j1, j2, . . .,
jp, then the element sj − vj1vj2 · · · vjp can be represented as the sum w + τ
where w ∈ [V1], τ ∈ 〈S〉, w < sj and τ < sj .

The totality of these conditions imposed on the sets S and V1 and the element t
will be called for brevity Condition (5).

Lemma 3. The image of an element t ∈ E belongs to the image of the subalgebra
[V1] under the natural homomorphism of E onto the quotient algebra E/〈S〉 only
if t ∈ [V 1] where V 1 is the set of leading terms of the elements of V1; here we
assume that Condition (5) is satisfied.

Proof. Indeed, suppose that t = u+σ where u ∈ [V1] and σ ∈ 〈S〉. The leading term
σ of σ contains some word sp as a subword where sp ∈ S (Lemma 2). Obviously,
u ∈ [V 1]. If σ �= u (ignoring the coefficients) then the lemma is proved, since t �= σ
by Condition (2) and therefore t = u.

Now assume that u = σ. Then for the element sp that is a subword of σ we
have the representation sp = vp1vp2 · · · vp�

with some placement of parentheses.
By Condition (5) we have sp − vp1vp2 · · · vp�

= u′ + σ′ where u′ ∈ [V1], σ′ ∈ 〈S〉,
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u′ < sp and σ′ < sp. Thus sp = u′′ + σ′, u′′ ∈ [V1]. The element σ can be written
in the form σ = σ1 + σ2 where σ1 is obtained by replacing the subword sp in σ
by the element sp, and also σ2 is in 〈S〉 with σ2 < σ1. Obviously, σ1 = σ = u.
Replacing the factor sp in σ1 by the expression u′′ + σ′, we obtain the following
expression for the element t: t = u + u1 + σ3 where u1 ∈ [V1] and σ3 ∈ 〈S〉 with
σ3 < σ. The process of decreasing the leading terms of the summands in 〈S〉 that
occur in the expression for t cannot continue indefinitely. The proof is completed
by the obvious remark that the condition u ∈ [V1] implies u ∈ [V 1]. The lemma is
proved. �

Lemma 3 implies the following algorithm for solving the membership problem
for ε-algebras as stated above:
(a) Rewrite the element t, and the elements of the sets V and S, so that they

satisfy Conditions (1)–(4).
(b) Extend the set V to the set V1 satisfying Condition (5).
(c) If t ∈ [V1] then instead of the element t consider the difference t1 = t − w,

where w ∈ [V1] and w = t, so that the leading term of t1 is smaller than t.
(d) If at any step the current difference equals zero, then the result concerning t

is affirmative; if the process terminates with a nonzero element tr, then the
result is negative.

Remark 1. The above stated algorithm also applies of course to the case of nonas-
sociative algebras considered in the work [5] by A.I. Zhukov. Therefore, the mem-
bership problem is decidable also for algebras without any identical relations.

Remark 2. In the same way as in [5], the finiteness problem is decidable for ε-
algebras.
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Some Algorithmic Problems for Lie Algebras

A.I. Shirshov

1. Introduction

In a previous work [2] the author considered some algorithmic problems in the
theory of ε-algebras. The same paper mentioned some literature relevant to these
problems.

In the present paper, we consider the analogous problems for Lie algebras.
Unfortunately, we cannot obtain the solution of the word problem in this case.
However, the word problem can be solved for Lie algebras with one defining rela-
tion, and for Lie algebras with a homogeneous system of defining relations.

Moreover, for Lie algebras we will prove a freeness theorem analogous to the
corresponding theorem in group theory.

2. Definition of composition

Let L be the free Lie algebra over a field P with the set R = {aα}, α ∈ I, of free
generators. For brevity of exposition, in what follows we will use the definitions
and results of the author’s work [1] without particular explanation.

Having fixed once and for all an ordering on the set R, we define regular
associative and regular nonassociative words formed by the elements of this set.
In the work [1], it is shown that the regular nonassociative words form a basis of
L. In what follows, unless otherwise indicated, when we speak of some element
of L, we will mean its representation as a linear combination of the elements of
this basis. The regular associative word that corresponds to the leading term of
an element b ∈ L (without coefficient) will be denoted by b.

Sibirsk Mat. Zh. 3, (1962), no. 2, 292–296.
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We choose in L two arbitrary elements b and c such that b = b1b2 and c = c1c2
with b2 = c1, where b1, b2, c2 are (nonempty associative) words and the coefficients
of the leading terms of the elements b and c equal 1.

Lemma 1. The associative word u = b1b2c2 = b1c1c2 is regular.

Proof. Suppose u = w1w2 and w1 is a subword of b. Then b = w1v, b > v, and
hence w1w2 > w2w1. In the case when w2 is a subword of c2, i.e., c2 = c′2w2, the
inequality w1w2 > w2w1 follows from the obvious inequalities w2 < c2 < c < u.
The proof is complete. �

According to Lemma 4 of [1], we form nonassociative words u1 and u2 by
placing parentheses in the word u in two different ways1:

u1 = {· · · [(̃bq1)q2] · · · }qs,
where the qi are regular nonassociative words and q1q2 · · · qs = c2, with q1 ≤ q2 ≤
· · · ≤ qs; and

u2 = r1{r2 · · · [rt−1(rtc̃)] · · · },
where the rj are regular nonassociative words and r1r2 · · · rt = b1. Let

u′1 = {· · · [(bq1)q2] · · · }qs, u′2 = r1{r2 · · · [rt−1(rtc)] · · · }.
Definition 1. The element t = α(u′1 − u′2), where α ∈ P is the inverse of the
coefficient of the leading term of u′1 − u′2, will be called the composition (b, c)c1 of
the elements b and c relative to the word c1.

Therefore, the notion of composition is defined for some but not all pairs b
and c of elements of L, and essentially depends on the word c1.

Lemma 2. No composition can be formed for the pair (b, b).

Proof. It suffices to show that there cannot be two representations b = b1b2 = b2b3
where b2 is a nonempty associative word. Suppose that b = b1b2 = b2b3. From the
definition of regularity it follows that b > b3b2, i.e., b1 > b3; on the other hand,
b > b2b1, i.e., b3 > b1: an obvious contradiction. �

Note that if the composition (b, c)c1 is defined for some word c1, then the
composition (c, b)b1 of the elements c and b cannot be formed, since the assumption
of the existence of the composition (b, c)c1 implies the inequality b > c.

1We have added tildes over b and c in the following equations for u1 and u2; the tilde means the
regular nonassociative word corresponding to a given regular associative word. See the proof of
Lemma 3. [Translators]
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3. Some word problems

We consider some definitions necessary for what follows.

Definition 2. A finite set S = {si}, i = 1, 2, . . . , k, of elements of the algebra L is
called reduced if none of the associative words si is a subword of another word sj

(si, sj ∈ S) and the coefficients of the leading terms of the elements equal 1.

Let S be a reduced set of elements of L, and let S∗ be the set of the leading
terms of the elements of S and the elements obtained from S by all possible
compositions (repeated any number of times).

Definition 3. A reduced set S of elements of L will be called stable if

(i) the degree of the composition (s′, s′′)c of two elements s′ and s′′, belonging
to S or obtained from S by any number of compositions, is greater than the
degree of each of the elements s′ and s′′, and

(ii) no element of S∗ contains another element of S∗ as a subword (in particular,
the elements of S∗ are distinct).

Theorem 1. Let S be a stable set of elements of L. Then there exists an algorithm
that allows us to determine, in a finite number of steps, whether or not an arbitrary
element t ∈ L belongs to the ideal 〈S〉 generated by S in L.

We will obtain Theorem 1 from the following lemma.

Lemma 3. An element t ∈ L belongs to the ideal 〈S〉 generated in L by the elements
of a stable set S, only if the word t contains one of the words of S∗ as a subword.

Proof. Suppose t ∈ 〈S〉. Then t can be written as a linear combination of elements
di of the form

di = c1c2 · · · ckispif1f2 · · · f�i ,

with some placement of parentheses, where si ∈ S and cj, fj are regular words.
Since for any regular associative words u and v, the greater of the words uv and
vu is regular, we may assume without loss of generality that the following word is
regular:

di = c1c2 · · · ckispif1f2 · · · f�i
.

The claim of the lemma is obvious if the word d1, which is the greatest of the
words di of highest degree, does not occur among the other words2 dj , j �= 1,
corresponding to the element t.

Now suppose that d1 = dj , j �= 1. Consider the first and simplest case in
which spj is a subword of one of the words c1c2 · · · ck1 or f1f2 · · · f �1 . Consider the
former case (the latter is analogous). From the regularity of dj , sp1 , spj it follows

2We have added a bar here, and twice in the first sentence of the next paragraph. [Translators]
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(by Lemma 4 of [1]) that we can place parentheses in the word dj in the following
way3:

d′ =

c1c2 · · · cq[· · · (( s̃pjc
′
q+1 )c′q+2) · · · c′r] · · · ck1 [· · · (( s̃p1f

′
1 )f ′

2) · · · f ′
m]fm+1 · · · f�1 ,

where c′ρ and f ′
ν are regular words,

c′q+1 ≤ c′q+2 ≤ · · · ≤ c′r, and f ′
1 ≤ f ′

2 ≤ · · · ≤ f ′
m,

and the remaining parentheses are placed in the same way as in d̃j , where the
symbol ˜ means the regular nonassociative word corresponding to a given regular
associative word. Furthermore, let d′1 and d′j denote the elements of L obtained
from d′ by replacing s̃p1 by sp1 and s̃pj by spj respectively.

The differences d1 − d′1 and dj − d′j can obviously be written as linear com-
binations of elements similar to the elements di but having smaller leading terms
than4 d1. As in the proof of Lemma 2 of [2], one can show that the difference
d′j − d′1 can be written in an analogous way. From this, by virtue of the equation

dj = d1 − (d1 − d′1) + (d′j − d′1) + (dj − d′j),

it follows that the element dj can be replaced by the sum of d1 and some other
similar elements with smaller leading terms. Combining like terms will either de-
crease the number of occurrences of the leading term or produce an expression
with a smaller leading term. The induction is obvious.

One more case is possible: sp1 = e1e2, spj = e2e3. Then by Lemma 1, the
subword e1e2e3 of d1 is regular, and on e = e1e2e3 parentheses can be placed in
two ways as described in the definition of composition; we can then extend each
of these placements of parentheses in a unique way to a complete placement of
parentheses on d1. Let δ be the difference of the elements d′′1 and d′′j obtained from

3We have omitted the primes on c1, . . ., cq. [Translators]
4Let us simplify and put d′1 = d′j = (c spj c′sp1f) where c, c′, f are some associative words

and (. . .) is the same placement of parentheses as in Shirshov’s paper. (We shorten Shirshov’s
notation, and instead of two expressions d′1, d′j we use only one). Then, for example, d1 − d′1 has

the shorter form (c spj c′sp1f) − (c spj c′sp1f) where c, c′, f are the same associative words, and

the maximal associative words of each expression d1 and d′1 are equal to d1. Then we can rewrite

d1 as an associative expression c spj c′sp1f with maximal word d1 plus a linear combination of

associative expressions aisp1bi with maximal words less than d1. We can do the same with d′1.
The result is

D = d1 − d′1 =
∑

1≤j≤k

αjajsp1bj ,

with maximal words less than d1. Without loss of generality, we can assume a1sp1b1 > a2sp1b2 >
. . . , since the maximal word of sp1 is a regular word, and any regular word has the property that

its prefix cannot coincide with its suffix. Then D = a1sp1b1. By Lemma 4 of [1], one can place

parentheses to obtain (a1sp1b1) with the maximal word equal to D. Then D − α1(a1sp1b1) has

the same form as D, but its maximal word is less than D. The result now follows by induction
on the maximal word. [Editors]
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those described above by replacing the words s̃p1 , s̃pj by sp1 , spj respectively; then
δ can be obtained from the word d1 by replacing the word e by the composition
(sp1 , spj )e2 and subsequently placing parentheses as on the words d′′1 and d′′j . As
in the previous case, the proof is completed by considering the equation

dj = d1 − (d1 − d′′1 ) + (dj − d′′j ) − δ.

The lemma is proved. �
To prove Theorem 1 it suffices to verify that one can write down in a finite

number of steps all the elements of the set S∗ whose degrees do not exceed the
degree of the element t. If the word t occurs in an element of S∗ as a subword,
then in the ideal 〈S〉 there can be found an element t0 such that t0 = t. Then
instead of the element t, one should consider the difference t− t0.

The theorem is proved.

Corollary 1. There exists an algorithm that solves the word problem for Lie algebras
with one defining relation.

This follows from the obvious stability of a set that consists of one element.

Corollary 2. There are no Lie algebras with one defining relation that have a finite
dimension ≥ 3.

This statement follows from the fact that in a Lie algebra with defining
relation s = 0, all the distinct words vi, such that vi does not contain s as a
subword, are linearly independent.

Theorem 2. There exists an algorithm that solves the word problem for Lie algebras
with a homogeneous set of defining relations.

Proof. Suppose that in the algebra L some homogeneous set S has been selected. If
S is not reduced, then it can be replaced by a reduced set S1 such that 〈S〉 = 〈S1〉.
Indeed, if si (si ∈ S) is a subword of sj (sj ∈ S), then one constructs an element
s0 of the ideal 〈si〉 such that s0 = sj , and considers the element s′j = sj − s0
instead of the element sj.

The proof that this process of reduction will terminate in a finite number
of steps coincides with the proof of Lemma 1 in [2]. Obviously, the resulting set
S1 will consist of homogeneous elements. Since the composition of homogeneous
elements is homogeneous, the requirement on degrees in the definition of stability
is satisfied. It is also obvious that after a finite number of steps one can write
down all elements of S∗ whose degrees do not exceed the degree of a given element
t ∈ L; during this procedure it may be necessary to perform the reduction process
on the sets obtained from S1 by adjoining compositions of certain elements. The
proof is completed as in Theorem 1. �
Theorem 3. (Freeness Theorem) Let L0 be a Lie algebra with a set R of generators
and one defining relation s = 0 whose left side contains the generator aα. Then
the subalgebra L′

0, generated in L0 by the set R \ {aα}, is free.
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Proof. In addition to the natural ordering of the regular words that form a basis
of the free Lie algebra L, we will consider the following ordering. A regular word
u is considered to be greater than a regular word v if the generator aα occurs in
u more times than in v. If aα occurs in u and v the same number of times, then
these words are first compared by degree, and if the degrees are equal, then by the
usual lexicographical comparison of the words u and v. The associative word s that
corresponds to the leading term of an element s in the sense of the new ordering,
may be different from the word s. Repeating the arguments used in the proof of
Lemma 3, and applying Lemma 2, we obtain the result that an element t belongs
to the ideal 〈s〉 only if5 the word s is a subword of t. Since the generator aα occurs
in the expression of s, it follows that the subalgebra L′

0 has zero intersection with
the ideal 〈s〉. This is equivalent to the claim of the theorem. �

References

[1] A.I. Shirshov, On free Lie rings, Mat. Sbornik 45 (1958), no. 2, 113–122.

[2] A.I. Shirshov, Some algorithmic problems on ε-algebras, Sibirsk. Mat. Zh. 3, (1961),
no. 1, 132–137.

5In the rest of this sentence, we have added double bars over s and t. [Translators]



On a Hypothesis in the Theory of Lie Algebras

A.I. Shirshov

1. Introduction

The concepts of a free group and the free product of groups, as well as the re-
sults related to these concepts, have their analogues in the theory of algebras. It
is known, for example, that any subalgebra of a free Lie algebra is also free. This
result is analogous to the well-known theorem of Nielsen-Schreier in group theory.
The results of A.T. Gainov [1] on subalgebras of the free commutative and free an-
ticommutative products of algebras, are analogous to the theorem of A.G. Kurosh
[2] on subgroups of the free product of groups. Under the influence of this analogy,
there existed a conjecture that subalgebras of the free Lie product of Lie algebras
are described by a theorem analogous to the theorem of A.T. Gainov cited above.
In the present note, we prove that this is not the case. Moreover, we give here a
construction of interest in its own right, which it is natural to call the free Lie
product of Lie algebras with an amalgamated subalgebra.

2. The free Lie product of Lie algebras with an amalgamated
subalgebra

Let Lα (α ∈ I) be a family of Lie algebras over some fixed field P , each of which
contains a subalgebra Lα,0 which is isomorphic to a given algebra L0. We construct
a Lie algebra L with the following properties:
(1) L contains subalgebras L′

α which are isomorphic to the algebras Lα (α ∈ I)
respectively;

(2) the intersection L′
0 =
⋂
L′

α of the algebras L′
α is a subalgebra isomorphic to

L0, and some fixed isomorphism of L0 with L′
0 can be extended to isomor-

phisms of Lα with L′
α for all α;

(3) L is generated by the subalgebras L′
α (α ∈ I).

Sibirsk Mat. Zh. 3, (1962), no. 2, 297–301.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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We choose an arbitrary basis of L0, and for each α ∈ I we extend its isomorphic
image in Lα to a basis of this latter algebra. As a result of this, we obtain a set
S of elements of the algebras Lα, namely S = {eαγ} (α ∈ I, γ ∈ Jα), where all
the index sets Jα contain subsets J ′

α of equal cardinality (which we will identify in
what follows: J ′

α = J ′) such that γ ∈ J ′
α implies eαγ ∈ Lα,0. Clearly, the symbols

eαγ and eβγ will not be distinguished if γ ∈ J ′.
We take a set R = {fαγ} (α ∈ I, γ ∈ Jα) in one-to-one correspondence with

S, and make it into the set of free generators of the free Lie algebra L. We choose
a basis of L formed by regular words (see [3]), starting from some ordering of the
sets I and Jα, where the ordering of Jα extends some ordering of J ′, and the
conditions γ ∈ J ′, δ ∈ Jα, δ /∈ J ′

α imply that γ < δ. That is, fαγ < fα′γ′ if either
α < α′, or α = α′, γ < γ′. Consider the ideal Q of L generated by all elements of
the form

qαγδ = fαγfαδ −
∑

τ

pτ
αγδfατ (γ > δ),

where the following equation holds in the algebra Lα:

eαγeαδ =
∑

τ

pτ
αγδeατ (pτ

αγδ ∈ P ).

Definition. A basis word v of the algebra L will be called special if the corre-
sponding regular associative word does not contain subwords of the form fαβfαβ′ ,
β > β′.

Clearly, a special word of length ≥ 2 can contain none of the symbols fαβ

when β ∈ J ′.

In what follows, by the leading term of an element t ∈ L we will mean the
lexicographically maximal term among the terms of the highest degree.

Lemma 1. An element t ∈ L belongs to the ideal Q only if its leading term is not
special.

Proof. Suppose that an element t of the algebra L belongs to the ideal Q, i.e., t can
be represented as a linear combination of products of elements qαγδ with elements
of R. Obviously, the leading term of each of the elements qαγδ corresponds to a
regular associative word that contains a subword of the form fαβfαβ′ , β > β′.

If the greatest of these leading terms does not occur among the other leading
terms, then the claim is proved. Otherwise, some of the leading terms are equal,
and in view of the complete analogy with the proof of Lemma 3 of [4], it suffices to
consider only the case in which the equal regular associative words, corresponding
to the equal leading terms, have the form c1c2 · · · csfαβfαγfαδd1d2 · · · dr, and the
products themselves have the form

v1 = c1c2 · · · cs
(
fαβfαγ −

∑

τ

pτ
αβγfατ

)
fαδ d1d2 · · · dr,

v2 = c1c2 · · · csfαβ

(
fαγfαδ −

∑

τ

pτ
αγδfατ

)
d1d2 · · · dr,
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where β > γ > δ and the parentheses on the products v1 and v2 are placed in the
same way. By virtue of the known properties of the structure constants of a Lie
algebra, the following equation holds:

v1 = c1c2 · · · cs
(
fαβfαδ −

∑

τ

pτ
αβδfατ

)
fαγd1d2 · · · dr

+ c1c2 · · · csfαβ

(
fαγfαδ −

∑

τ

pτ
αγδfατ

)
d1d2 · · ·dr + w,

where the omitted parentheses are placed as on the element v1, and the element
w is a linear combination of the elements1 of the form qαγδ, but of lower degree.

Having performed the corresponding substitution in the expression for the
element t, and combined like terms (the second summand in the expression for v1
coincides with v2), we either decrease the number of the above-mentioned products
with equal leading terms, or reduce the leading term itself. The proof is completed
by induction on the leading term2. �

Now consider the quotient algebra L = L/Q. Lemma 1 implies that the
images of special words are linearly independent in L.

Theorem 1. The images of the special words form a basis of the algebra L.

Proof. By the remark preceding the statement of the theorem, it suffices to prove
that the images of regular words can be represented as linear combinations of
special words. A regular word is not special if it contains either
(1) a subword of the form fαβfαγ , β > γ, or
(2) a subword of the form fαβ(fαγw), β > γ, where w is a regular word, or
(3) a subword of the form fαβ(uv) where the regular associative word that cor-

responds to u starts with fαγ , β > γ.
In the first case, since

fαβfαγ −
∑

τ

pτ
αβγfατ ≡ 0 (mod Q),

the word can be replaced by a linear combination of words of lower degree. In the
second case, it follows from the equation

fαβ(fαγw) = (fαβfαγ)w + fαγ(fαβw),

that the given word can be replaced by a linear combination of words either of
lower degree or smaller in the lexicographical sense. The argument in the third
case is analogous. The rest is obvious. �

It is also obvious that the algebra L satisfies the required conditions stated
at the beginning of this section. Furthermore, it is clear that L can be homomor-
phically mapped onto any Lie algebra satisfying the same list of conditions, and
that the kernel of this homomorphism will have zero intersection with each of the

1Multiplied by the ci and dj . [Translators]
2And on the number of products with equal leading terms. [Translators]
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algebras L′
α. From the latter remark it easily follows that L is uniquely determined

up to isomorphism. Therefore, L does not depend on the choice of whichever or-
dering of the sets I and Jα is used in the construction of L. By analogy with the
well-known definition in group theory, we will call L the free Lie product of the
Lie algebras Lα with an amalgamated subalgebra L0.

3. On subalgebras of free Lie products of Lie algebras

A special case of the construction considered above is the free Lie product of Lie
algebras Lα, α ∈ I, obtained with the assumption that L0 = 0, i.e., J ′ is the empty
set. As in the general case, the free Lie product is commutative, associative, and
has many properties usually associated with free compositions. We point out only
one of them.

Lemma 2. Let L be the free Lie product of the Lie algebras Lα, α ∈ I. Then
the quotient L of L by the ideal Sβ, generated in L by one of the factors Lβ, is
isomorphic to the free Lie product of the Lα, α ∈ I, I = I \ {β}.

The proof of this statement follows immediately from the fact that an element
c ∈ L belongs to the ideal Sβ if and only if each basis element occurring in the
expression of c contains at least one of the generators fβµ.

Theorem 2. There exist Lie algebras such that their free Lie product has a subal-
gebra that is not free, is not isomorphic to any subalgebra of any of the factors,
and cannot be decomposed as the free Lie product of any of its subalgebras.

Proof. Let L1 be a 1-dimensional Lie algebra with generator e11, and let L2 be
the 2-dimensional Lie algebra with basis e21, e22 such that e22e21 = e21. Let L be
the free Lie product of L1 and L2. It follows from the above discussion that for a
basis of L we can choose the collection of special words, i.e., regular nonassociative
words whose corresponding associative words do not contain the subword e22e21.
Note that here we assume the following ordering: e22 > e21 > e11.

Consider the subalgebra L′ of L generated by the elements e21, e22, e21e11,
e22e11. First we show that L′ is isomorphic to the Lie algebra L∗ with four gener-
ators c1, c2, c3, c4 and two defining relations:

c4c1 + c3c2 − c1 = 0, c4c2 − c2 = 0.

We establish the following correspondence among the generators:

c4 → e22, c3 → e22e11, c2 → e21, c1 → e21e11.

Since the following relations hold in the algebra,

e22(e21e11) + (e22e11)e21 − e21e11 = 0, e22e21 − e21 = 0,

the correspondence above extends to a homomorphism of algebras from L∗ onto
L′. The algebra L∗ is one of the algebras for which the word problem is decidable
(see [4]).
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As basis elements of L∗ we can take the regular nonassociative words whose
corresponding associative words do not contain the subwords c4c1 or c4c2. However,
it is easy to see that every nonzero linear combination of such elements corresponds
to a nonzero element of L′. Therefore, the above-mentioned homomorphism is an
isomorphism.

In what follows, we will work with the algebra L∗. We will assume that L∗

does not contain subalgebras of finite dimension, except for those of dimension 1
and the subalgebra generated by c4 and c2, since such a subalgebra would give the
required example; for the same reason, we will assume that the free Lie product of
Lie algebras which do not have finite-dimensional subalgebras except for those of
dimension 1, does not contain such subalgebras either. From this it follows that,
if L∗ were decomposed as the free Lie product of algebras L1 and L2, then one of
them, say L1, would contain the elements c4 and c2.

The ideal T generated by these elements contains the element c1, and hence
the quotient algebra L∗/T is 1-dimensional; however by Lemma 2 it is isomorphic
to L2. The algebra L∗ is not isomorphic to L, since it does not contain an element
that together with c4 and c2 would generate L∗. Therefore, the algebra L1 is not
generated by c4 and c2. It cannot be decomposed into the free Lie product of two
Lie algebras, since otherwise it would follow from Lemma 2 that the quotient of
L∗ by the ideal T would not be 1-dimensional. Therefore, as the required example,
we can take the subalgebra L1 of L. The theorem is proved. �
Remark. In fact, even the algebra L′ cannot be decomposed as a free Lie product
of its subalgebras. However, the proof of this fact is considerably more complicated
than the proof given above.

The theorem just proved shows that subalgebras of the free Lie product of Lie
algebras have a rather complicated structure, and the problem of their description
is of great interest.
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On the Bases of a Free Lie Algebra

A.I. Shirshov

Introduction

In the work of M. Hall [1], a certain way of fixing a basis of a free Lie algebra
is indicated. However, the concrete bases which one needs to construct, in order
to solve certain problems, do not always fall into Hall’s scheme. For instance, the
basis of a free Lie algebra considered in the work [2] cannot be constructed using
Hall’s method. For this reason, in each such case it is necessary to reprove that
a certain subset of a free Lie algebra is a basis. Below, we give a method that
generalizes Hall’s method for choosing a basis in a free Lie algebra.

A construction of a basis of a free Lie algebra

Let R = {aα} be a set of symbols, where α ranges over a nonempty set of indices.
The set of all nonassociative words that can be formed from the elements of R will
be denoted by K.

Definition 1. Nonassociative words of length 1 in K will be called regular and
ordered arbitrarily. Suppose regular words for all lengths less than n have already
been defined and ordered by some relation > such that for any regular words u, v
and w the condition w = uv implies w > v. Then a word t of length n, n > 1, will
be called regular if

1) t = rs where r and s are regular words with r > s, and
2) if r = r1r2 then r2 ≤ s.

The regular words of length ≤ n defined in this way will be ordered arbitrarily,
except that we preserve the existing ordering of the regular words of length less
than n, and require as before that w = uv implies w > v.

Algebra Logika 1, (1962), no. 1, 14–19.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.



194 A.I. Shirshov

The ordering described in this definition can be realized, for instance, by
ordering words of the same length arbitrarily and declaring that words of smaller
length precede words of greater length (see Hall [1]). This case, however, does not
exhaust all the possibilities.

We indicate a method that assigns to every element w of K the unique formal
expression,

w∗ =
k(w)∑

i=1

n
(w)
i wi,

where k(w) ≥ 0, the n(w)
i are nonzero elements of the base field, and the wi are

distinct regular words. If the length of the word w equals 1, then we set w∗ = w.
Assume by induction that for words w whose length is less than n the following
conditions hold:

i) the required method has been indicated,
ii) the words wi obtained by this method have the same content relative to R

as w (i.e., in each of these words every element of R occurs the same number
of times as in w),

iii) if w is the product of two distinct regular words, w = uv, then all the wi,
i = 1, 2, . . . , k(w), are greater than the lesser of u and w (in the sense of the
ordering of regular words), and

iv) if w is regular then w∗ = w, i.e., k(w) = 1 and n(w)
1 = 1.

Suppose now that a word w has length n > 1. Then w = uv. By the inductive
hypothesis it follows that the expressions,

u∗ =
k(u)∑

i=1

n
(u)
i ui, v∗ =

k(v)∑

j=1

n
(v)
j vj ,

have already been defined. Let

w′ =
k(u)∑

i=1

k(v)∑

j=1

n
(u)
i n

(v)
j uivj .

We delete in the expression w′ the terms n(v)
j n

(u)
i uivj in which ui = vj , and replace

each term in which ui < vj by the expression −n(u)
i n

(v)
j vjui.

After performing the formal combination of like terms, and removing the
terms whose coefficients turn out to be zero, we denote the resulting expression by
w′′. In the expression w′′, if it turns out that for some muivj we have ui = u′iu

′′
i

with u′′i > vj , then we replace each such expression by m(u′ivj)u′′i +mu′i(u
′′
i vj); we

act analogously for the elements mvjui if it turns out that vj = v′jv
′′
j with v′′j > ui.

After this, we combine like terms and denote the resulting expression by w′′′. For
each monomial that occurs in w′′′ we perform all the transformations that have
been done for w, each time replacing the monomial in w′′′ by the corresponding
formal expression, multiplied by the original coefficient of the monomial; we then
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combine like terms. Then for the resulting expression w(4) we perform the same
transformations as were done for w′′′, and so forth. We will show that at some
step this process must stabilize.

Indeed, by the inductive hypothesis for the element uivj , with each passage
to the sum of products of regular words, the lesser of the factors will be greater
than the lesser of the words ui and vj . However, also by the inductive hypothesis,
the content of the words will not change, but the number of words with the same
content is finite. This stabilized expression obtained for w we will take as w∗.

Therefore, we have indicated a method which, to each word w of length n,
assigns in a unique manner the formal expression w∗. Since at each step the content
of the words is preserved, all the wj will have the same content as w. If w = uv is a
product of two regular words, then all the wi will be greater than the lesser of the
words u and v, since at no step can a decrease of the lesser factor occur, and hence
wi = uivi where vi is not less than the lesser of the words u and v, but wi > vi

by Definition 1. In the case that w is regular, it cannot undergo any changes, and
hence w∗ = w. Therefore, all the assumptions of the inductive hypothesis have
been verified for words of length n.

Now consider the vector space A over the base field with the basis of regular
words. We make this space into an algebra S by defining the product of basis
elements as follows:

vi · vj = (vivj)∗.

Theorem. The algebra S is the free Lie algebra with the set of generators R.

Proof. First we prove that S is a Lie algebra. The construction for w∗ explained
above shows that

(∑

i

δiai +
∑

j

δ′juj

)
·
(∑

i

δiai +
∑

j

δ′juj

)
= 0,

which implies that the identical relation x2 = 0 holds in S.
It is more difficult to prove that the Jacobi identity holds. By virtue of its

multilinearity, it suffices to show that if ui, uj, uk are regular words, then

[(uiuj)∗uk]∗ + [(ujuk)∗ui]∗ + [(ukui)∗uj ]∗ = 0. (1)

If the sum of the lengths of ui, uj, uk equals 3, then the validity of equation
(1) follows from the definition of the operation w∗. Assume by induction that for
any set R, and any way of defining regular R-words, i.e., words formed from the
symbols of the set R, equation (1) holds if the sum of the lengths of ui, uj , uk is
less than n. Suppose now that ui, uj, uk are such that the sum of their lengths
equals n, n > 3. Let aβ be the lowest symbol (in terms of the ordering) of the set
R, from among the symbols that occur in ur (r = i, j, k).

First, we assume that ur �= aβ (r = i, j, k). Consider the set of symbols
R′ = {an

α}, n = 0, 1, 2, . . ., where aα ∈ R and aα > aβ. To each R′-word w we
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assign an R-word w by replacing in w each symbol an
α by the monomial

[· · · (aα aβ)aβ · · · ]aβ︸ ︷︷ ︸
n times

.

We will say that the word w is regular if the corresponding word w is regular,
and we will order regular R′-words using the already defined ordering of the corre-
sponding regular R-words. Then R′-words of length 1 are regular, and R′-words of
length n, n > 1, are regular if and only if they satisfy the conditions of Definition
1. Therefore, the definition of regular R′-words agrees with Definition 1. In our
words ur (r = i, j, k) there occur symbols from R that are not less than aβ , and by
Definition 1 the symbol aβ can occur only in words of the form [· · · (aαaβ)aβ · · · ]aβ ;
hence we can find R′-words ur (r = i, j, k) which correspond, in the sense explained
above, to the R-words ur (r = i, j, k). Since aβ occurs in at least one of the words
ur (r = i, j, k), the sum of the lengths of the R′-words ur (r = i, j, k) is less than
n. Hence by the inductive hypothesis it follows that

[(uiuj)∗uk]∗ + [(ujuk)∗ui]∗ + [(ukui)∗uj ]∗ = 0.

But each transformation for (uiuj)∗ etc. corresponds to an analogous transforma-
tion for (uiuj)∗ etc., and as a result of performing these transformations, we obtain
elements which correspond as explained above. Hence equation (1) holds in this
case.

Now assume that aβ equals one of our words, for instance uk. Then equation
(1) takes the form

[(uiuj)∗aβ]∗ + [(ujaβ)∗ui]∗ + [(aβui)∗uj ]∗ = 0. (2)

We also assume that ui �= aβ, uj �= aβ and ui �= aj , since otherwise equation (2) is
obvious. Without loss of generality, we may assume that ui > uj , since otherwise,
using the equation (uv)∗ = −(vu)∗, we can reduce equation (2) to the equation

[(ujui)∗aβ]∗ + [(uiaβ)∗uj]∗ + [(aβuj)∗ui]∗ = 0.

If it turns out that the following equation holds,

(uiuj)∗ = uiuj, (3)

then

[(uiuj)∗aβ ]∗ + [(ujaβ)∗ui]∗ + [(aβui)∗uj ]∗ =

[(uiaβ)∗uj ]∗ + [ui(ujaβ)∗]∗ + [(ujaβ)∗ui]∗ + [(aβui)∗uj]∗ = 0,

by the definition of the operation w∗, and hence equation (2) holds. Equation (3)
is valid if the length of ui equals 1, or if ui has the form ui1ui2 where ui2 ≤ uj .
Hence we can exclude these cases and assume that ui = ui1ui2 where ui2 > uj .
Consider the finite set of pairs u′i, u

′
j of regular words which can be formed from

the symbols that occur in ui, uj and for which u′i ≥ u′j. Let u′′j be the maximal
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value taken on by u′j. Then (u′′i u
′′
j )∗ = u′′i u

′′
j where u′′i is some value of the word

u′i that corresponds to the word u′′j . Indeed, if u′′i = u′′i1u
′′
i2 with u′′i2 > u′′j , then

(w′′)∗ = (u′′i u
′′
j )∗ = [(u′′i1u

′′
j )∗u′′i2]

∗ + [u′′i1(u
′′
i2u

′′
j )∗]∗.

During the application of the operation ∗, the content of the words does not
change, and the lowest factor will not decrease, but each of the regular words in
the expressions (u′′i1u

′′
j )∗, (u′′i2u

′′
j )∗, u′′i2, u

′′
i1 is greater than u′′j . Hence, u′′j is not

maximal. Therefore, equation (2) holds for the words u′′i , u′′j , aβ. We carry out
induction on the finite number of values of the word u′′j in the pairs of words
defined above.

Assume by induction that equation (2) holds for all possible values of the
pairs u′i, u

′
j with u′j > uj. From the definition of the operation ∗ it follows that

{[(ui1ui2)uj ]∗aβ}∗ = {[(ui1uj)∗ui2]∗aβ}∗ + {[ui1(ui2uj)∗]∗aβ}∗. (4)

Since each of the words ui1, ui2, uj is distinct from aβ, from the case proved above
the following equations hold:

[(ujaβ)∗(ui1ui2)]∗ = {[(ujaβ)∗ui1]∗ui2}∗ + {ui1[(ujaβ)∗ui2]∗}∗, (5)

{[(aβui1)∗ui2]∗uj}∗ = [(aβui1)∗(ui2uj)∗]∗ + {[(aβui1)∗uj]∗ui2}∗, (6)

{[ui1(aβui2)∗]∗uj}∗ = [(ui1uj)∗(aβui2)∗]∗ + {ui1[(aβui2)∗uj ]∗}∗. (7)

Finally, from the inductive hypothesis it follows that

{[aβ(ui1ui2)]∗uj}∗ = {[(aβui1)∗ui2]∗uj}∗ + {[ui2(aβui2)∗]∗uj}∗, (8)

{ui1[(ujaβ)∗ui2]∗}∗ + {ui1[(ui2uj)∗aβ ]∗}∗ + {ui1[(aβui2)∗uj]∗}∗ = 0, (9)

{[(ui1uj)∗ui2]∗aβ}∗ = {[(ui1uj)∗aβ ]∗ui2}∗ + [(ui1uj)∗(ui2aβ)∗]∗, (10)

{[ui1(ui2uj)∗]∗aβ}∗ = [(ui1aβ)∗(ui2uj)∗]∗ + {ui1[(ui2uj)∗aβ ]∗}∗, (11)

{[(ujaβ)∗ui1]∗ui2}∗ + {[(aβui1)∗uj ]∗ui2}∗ + {[(ui1uj)∗aβ ]∗ui2}∗ = 0. (12)

Adding separately the left and right sides of equations (4)–(12) with the corre-
sponding sides of the obvious equations,

[(ui1uj)∗(ui2aβ)∗]∗ = −[(ui1uj)∗(aβui2)∗]∗, (13)

[(ui1aβ)∗(ui2uj)∗]∗ = −[(aβui2)∗(ui2uj)∗]∗, (14)

and comparing the results, we obtain

{[(ui1ui2)uj ]∗aβ}∗ + [(ujaβ)∗(ui1ui2)]∗ + {[aβ(ui1ui2)]∗uj}∗ = 0,

which completes the proof that S is a Lie algebra.
Now let S be any Lie algebra with R as the set of generators. To each element

h =
∑

i δiai +
∑

j δ
′
juj of the algebra S we assign the analogously written element

h of S where δi, δ′j are elements of the base field. Since the transformations that
carry the word w to the element w∗ can be performed in any Lie algebra, it follows
that the above-mentioned correspondence is a homomorphism of S onto S. �
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Instead of coefficients from the base field one can consider integers. In this
case, we will obtain a free Lie ring S. From what has been proved it follows that
regular words form a basis of the free Lie ring, which is a generalization of the well-
known theorem of Hall [1], since Definition 1 is broader than the corresponding
definition given by Hall.

Obviously, this also implies a group-theoretic statement generalizing the
corresponding result of Hall. To be specific, we introduce the notation [x, y] =
xyx−1y−1 in the free group G with R as a set of free generators, and call a com-
mutator product (i.e., an R-word with some placement of square brackets) regular
if it is regular in the sense of Definition 1. Then from the well-known isomorphism
of the group Gn/Gn+1 with the subgroup generated by words of length n in the
additive group of the free Lie ring with generating set R, it follows that regular
commutator products of length n form a basis of the Abelian group Gn/Gn+1.
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On Some Groups which are Nearly Engel

A.I. Shirshov

1. Introduction

In the present work, we give a certain modification of one of the possible definitions
of an Engel group. As a consequence of this, we define a class of groups which in
the finite case turns out to be wider than the class of Engel groups. For the finite
case, we obtain a complete description of groups of this wider class (Section 3).
In Section 4 we define a subclass of Engel groups that contains in particular the
3-Engel groups.

In this work we formulate several problems that can, in the author’s opinion,
attract the attention of mathematicians.

The author expresses his gratitude to M.I. Kargapolov, who looked over the
manuscript and made a number of important remarks.

2. The definition of ν-group

Let G be a group. We introduce the following notation:

[a, b, 1] = [a, b] = aba−1b−1; [a, b, k] = [ [a, b, k − 1], b ] (k = 2, 3, . . .).

A group G in which, for any two elements a and b and some fixed number k, the
equality [a, b, k] = e holds, where e is the identity element of G, is called k-Engel or
simply Engel. Obviously, any nilpotent group is Engel. However, it is not known up
to now if there exist Engel groups which are not locally nilpotent. Local nilpotence
has been proved only for 3-Engel groups [2].

The definition of Engel groups can be formulated in a slightly different way.
Suppose that a variety M1 of groups is determined by the equation

f1(x, y) = ϕ1(x, y),

Algebra Logika 2, (1963), no. 5, 5–18.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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where f1 and ϕ1 are words in the variables x and y. Then setting

f2(x, y) = f1(xyx−1, y), ϕ2(x, y) = ϕ1(xyx−1, y),

we define a new variety M2 by the equation

f2(x, y) = ϕ(x, y).

Clearly M1 ⊆ M2. Analogously, we define the varieties M3, M4, and so on. Ap-
plying the above process to the variety E1 of Abelian groups, i.e., to the relation
xy = yx, we obtain the variety E2 determined by the relation xyx−1y = yxyx−1,
or equivalently by the relation [x, y, 2] = e. Since [xyx−1, y, k] = [x, y, k + 1], the
variety Ek coincides with the variety of k-Engel groups.

The passage from M1 to M2 consists in replacing arbitrary elements x and y
by a pair of conjugates xyx−1 and y. Taking into account that a pair of conjugate
elements can always be written in the form xy and yx, we can define in a simi-
lar way another process of passing from a variety M (1) to another variety M (2).
Suppose that the variety M (1) is determined by the relation

f (1)(x, y) = ϕ(1)(x, y).

Setting
f (2)(x, y) = f (1)(xy, yx), ϕ(2)(x, y) = ϕ(1)(xy, yx),

we define the variety M (2) by the relation

f (2)(x, y) = ϕ(2)(x, y).

Analogously, we define the varieties M(k), k = 3, 4, . . .. Applying this process to
the variety E1 = N (1) of Abelian groups, i.e., again to the relation xy = yx, we
obtain the variety N (2) determined by the relation xy2x = yx2y, the variety N (3)

determined by the relation xy2xyx2y = yx2yxy2x, and so on.

Definition 1. The groups that belong to the variety N (k) will be called νk-groups
or simply ν-groups.

The first question that arises in connection with the study of ν-groups is the
question of the relation of this class with the class of Engel groups. Obviously, the
varieties E2 and N (2) coincide, since each of them is determined by the commu-
tativity of any two conjugate elements. As the following theorem shows, starting
with k = 3, the varieties Ek and N (k) no longer coincide.

Theorem 1. A group G is 3-Engel if and only if it satisfies the following identical
relations:

xy2xyx2y = yx2yxy2x, (1)

xy2xyxyx2y = yx2yyxxy2x. (2)

The relations (1) and (2) are independent.
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Proof. Let G be a 3-Engel group. Then by virtue of the easily and immediately
verifiable relation,

xy2xyx2yx−1y−2x−1y−1x−2y−1

= [x, yx, 3]yx2yxy2x[x−1, y−1x−1, 3]x−1y−2x−1y−1x−2y−1,

it is obvious that G satisfies relation (1). In addition, since in the group G we have

e = [x, yx, 3] = xy2xy−1x−1yx2yx−1y−1 · y−1x−2y−1,

it follows that

e = y−1x−2y−1 · xy2xy−1x−1yx2yx−1y−1

= y−1x−2y−1xy2xy−1x−2y−1yxyx2yx−1y−1.

Using the already established relation (1), we obtain

e = y−1x−2y−1 · y−1x−2y−1xy2x · yx2y · x−1y−1,

or equivalently xy2x · yx · yx2y = yx2y · yx · xy2x, i.e., relation (2).
If we now assume that G satisfies relations (1) and (2), then doing the just

performed transformations in the reverse order, we obtain [x, yx, 3] = e, or equiv-
alently [x, y, 3] = e.

To prove the independence of relations (1) and (2), it suffices to give examples
of groups in which one of the relations holds but not the other.

It is easy to verify that the symmetric group S3 of degree 3 satisfies relation
(1). It is well known that S3 is not Engel, and hence does not satisfy relation (2).
Another group with the same properties is, for example, the free product of two
groups of order 2.

Denote by Z3 the collection of all pairs of the form (εi, t) where t is an
arbitrary complex number, and εi is one of the three cube roots of unity. We define
multiplication of elements of Z3 by the formula (εi, t1)(εj , t2) = (εiεj , t1εj + t2).
It is easy to verify that the set Z3, with the above operation, is a group that is
isomorphic to the group of all rotations of the complex plane, by angles that are
multiples of 2π/3 around various points, and all translations. A direct computation
shows that the identity (2) holds in Z3. On the other hand, setting α = (εi, 1),
β = (1, 1), εi �= 1, we convince ourselves that αβ2αβα2β �= βα2βαβ2α. We note
that the group Z3 is a solvable group with Abelian commutator subgroup. �
Remark 1. The theorem just proved indicates the possibility of defining 3-Engel
groups by relations that make sense for semigroups. Relations (1) and (2) can
therefore be taken as the definition of a 3-Engel semigroup. From the results of
the works [2] and [4] it follows that a 3-Engel semigroup with cancelation is locally
nilpotent.

It would be interesting to find semigroup relations (if they exist) that define
k-Engel groups for any k. The following two questions are also of interest:

1) Do there exist Engel groups that are not ν-groups?
2) Do there exist ν-groups that are not locally solvable?
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Negative answers to both of these questions would give an affirmative solution to
the problem of local nilpotence of Engel groups.

3. Finite ν-groups

In this section, we consider finite ν-groups in a little more detail. The example of
the group S3 shows that there exist finite ν-groups that are not nilpotent. On the
other hand, the example of the alternating group A4 shows that there exist finite
solvable groups which are not ν-groups.

In Section 1, the νk-groups were defined by the equation

f (k)(x, y) = ϕ(k)(x, y), where f (1)(x, y) = xy, ϕ(1)(x, y) = yx.

By induction we show that

f (k)(x, y) = f (k−1)(x, y)ϕ(k−1)(x, y); ϕ(k)(x, y) = ϕ(k−1)(x, y) f (k−1)(x, y).

Indeed,

f (k)(x, y) = f (k−1)(xy, yx) = f (k−2)(xy, yx)ϕ(k−2)(xy, yx)

= f (k−1)(x, y)ϕ(k−1)(x, y),

and the second equation is proved similarly.
Consider the set S of pairs (a, b) of elements of a group G. On the set S

we define the mapping ϕ that sends each pair (a, b) to the pair (ab, ba); we write
(a, b)ϕ = (ab, ba). The pairs of the form (a, a) will be called trivial. Obviously, G is
a ν-group if and only if some power of the mapping ϕ sends every pair to a trivial
pair. The group A4 mentioned above is not a ν-group because

((1, 2, 3), (1, 3, 4))ϕ2
= ((1, 2, 3), (1, 3, 4)).

Obviously, no power of the mapping ϕ can send ((1, 2, 3), (1, 3, 4)) to a trivial pair.
It follows from the work of A.I. Malcev [4] that any nilpotent group G is a

ν-group. A wider class of ν-groups is described by the following theorem.

Theorem 2. A group G which is an extension of a nilpotent group, by a nilpotent
group with an identical relation of the form x2k

= e, is a ν-group.

Proof. By assumption, G has a nilpotent normal subgroup N , such that the quo-
tient group G � G/N is a nilpotent group with the identical relation x2k

= e.
Therefore, any pair (a, b) of elements of G is sent by a power of ϕ to a pair of the
form (cn, cm), n,m ∈ N , c2

k ∈ N . Since

(cn, cm)ϕ = (c2 · c−1ncm, c2 · c−1mcn) = (c2n1, c
2m1), n1,m ∈ N,

it follows that ϕk sends the pair (cn, cm) to a pair of the form (n,m), n,m ∈ N
which, by nilpotence of the group N , will be sent by some power of ϕ to a trivial
pair. The theorem is proved. �

The description of finite ν-groups of odd order is achieved by the following
theorem.
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Theorem 3. A finite ν-group of odd order is nilpotent.

For the proof we will need some auxiliary results.

Lemma 1. Let s and t be natural numbers with (s, t) = 1. Then the matrix A(s,t)

of the form

A(s,t) =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

1 0 0 · · · 0
0 1 0 · · · 0
...

...
...

...
0 0 0 · · · 0

−1 0 0 · · · 0
0 −1 0 · · · 0
...

...
...

...
0 0 0 · · · −1

︸ ︷︷ ︸
s

−1 0 0 · · · 0
0 −1 0 · · · 0
...

...
...

...
0 0 0 · · · −1
0 0 0 · · · 0
0 0 0 · · · 0
...

...
...

...
0 0 0 · · · 1

︸ ︷︷ ︸
t

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

= Es+t −
∥∥∥∥

0t×s Et

Es 0s×t

∥∥∥∥ ,

has rank s + t − 1. (Here Eq and 0r×p are the identity and zero matrices of the
indicated sizes.)

Proof. Without loss of generality, we may assume that s > t since otherwise we
could transpose the matrix A(s,t). We now add the first row of A(s,t) to the (t+1)-
st row, the second row to the (t+2)-nd row, and so on, finally adding row t to row
2t. As a result of these operations we obtain the new matrix A(1)

(s,t) of the form

A
(1)
(s,t) =

∥∥∥∥∥
Et 0t×(s−t) −Et

0s×t A(s−t,t)

∥∥∥∥∥ .

Let r(C) denote the rank of a matrix C. Clearly,

r(A(s,t)) = t+ r(A(s−t,t)).

Since (s− t, t) = 1, the proof is completed by induction:

r(A(s,t)) = t+ (s− t) + t− 1 = t+ s− 1.

The lemma is proved. �

Lemma 2. Let G be a ν-group, let p and q be distinct odd primes, and let a ∈ G be
an element such that aq belongs to the centralizer of an element b of order p lying
in an Abelian normal subgroup N of G. Then a belongs to the centralizer of b.

Proof. Let bs = a−sbas. Obviously,

(ab, a)ϕ = (a2b1, a
2b0), (a2b1, a

2b0)ϕ = (a4b3b0, a
4b2b1),
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and so on. The indices of the elements b are reduced modulo q, and the powers of
the elements br are reduced modulo p. A pair

C =
(
a2i

bk0
0 b

k1
1 · · · bkq−1

q−1 , a
2i

b�00 b
�1
1 · · · b�q−1

q−1

)
,

is sent by ϕ to the pair

Cϕ =
(
a2i+1

bk0
2i b

k1
2i+1 · · · b

kq−1

2i+q−1b
�0
0 b

�1
1 · · · b�q−1

q−1 ,

a2i+1
b�02ib

�1
2i+1 · · · b

�q−1

2i+q−1b
k0
0 b

k1
1 · · · bkq−1

q−1

)
.

Consider the q-dimensional vector spaceQ over the field of congruence classes mod-
ulo p. If a = (α0, α1, . . . , αq−1) ∈ Q then we set a(1) = (αq−1, α0, α1, . . . , αq−2),
and by induction a(t) = (a(t−1))(1). To the pair C we assign the number 2i and
the vector c ∈ Q of the form

c = (k0 − �0, k1 − �1, . . . , kq−1 − �q−1), C �→ (2i, c).

Obviously, in this way, to the pair Cϕ will be assigned the pair (2i+1, C(2i) − C):

Cϕ �→ (2i+1, C(2i) − C).

If we start transforming consecutively (with ϕ) the pair (a2b1, a
2b0), then all the

vectors in Q that correspond to the resulting pairs will belong to the subspace Q′

which consists of vectors for which the sum of the coordinates equals zero. Since
the number of vectors in Q′ is finite, and the numbers 2i can be reduced modulo
q, it follows that there will be repetitions in the indicated sequence of vectors for
which the corresponding numbers are congruent modulo q.

On the other hand, if we wish to recover C from the known vector C(2i) −C,
then we obtain a system of q linear equations with q unknowns, such that the
coefficient matrix has the form A(s,t), (s, t) = 1, which by Lemma 1 is a matrix of
rank q−1. Its columns, as well as the column of constant terms, are vectors in the
subspace Q′. Clearly, this system of equations will have a unique solution in Q′.
The above-mentioned sequence of vectors will therefore be periodic, and the vector
(−1, 1, 0, . . . , 0) which begins the sequence will reoccur as far from the beginning
as we wish. However, at a sufficient distance from the beginning of the sequence,
all occurring pairs will be trivial, and hence the pair (asb1, a

sb0) corresponding
to our vector will also be trivial. Therefore b1 = b0 and ab = ba. The lemma is
proved. �
Proof. (of Theorem 3) Assume that the claim of the theorem is valid for groups
that have order less than that of G. Then all subgroups of G are supersolvable,
and therefore the group G is solvable [3]; hence one of the commutator subgroups
G(s) is an Abelian normal subgroup.

Let Np be the primary component of G(s) relative to a prime number p, and
let d be one of the elements of order p in Np. The element d lies in a normal
subgroup Ñp ⊆ G all of whose elements have order p. By the inductive hypothesis,
the quotient group G/Ñp is nilpotent, and hence is the direct product of its Sylow
subgroups. The subgroup Qp ⊆ G, that corresponds to the Sylow p-subgroup of
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G/Ñp, is the unique Sylow p-subgroup, and thus is a normal subgroup of G. Its
center Zp is also a normal subgroup of G. Let b be an element of order p in Zp, and
let a be an element of order m with (m, p) = 1. If q is one of the prime factors of
m, then by Lemma 2 the element am/q lies in the centralizer of b. Considering the
prime factorization ofm/q, and repeating the argument as many times as required,
we arrive at the statement that a lies in the centralizer of b.

Therefore, the element b is in the center Z of the group G. The quotient group
G/Z of G by the (non-trivial) center Z is nilpotent by the inductive hypothesis.
Therefore G is also nilpotent. Theorem 3 is proved. �

Below we will give a complete description of finite ν-groups. To this end, we
first prove two more lemmas.

Lemma 3. If a ν-group G has an Abelian normal subgroup N which is a 2-group
of odd index, then N is a direct factor of G.

Proof. Assume that the statement of the lemma is valid for groups whose order is
smaller than that of G.

Let a ∈ N , a2 = e, b ∈ G. Since (aba, b)ϕ = (a · baba · a, baba), it is clear that
the mapping ϕ replaces b by baba. We form the sequence

b1 = b, b2 = b1ab1a, . . . , bi = bi−1abi−1a, . . . .

Since G is a ν-group, for some n we have abna = bn, i.e., (abn−1)2 = (bn−1a)2. On
the other hand, for some q we have (abn−1)2q+1 ∈ N . Hence

(abn−1)2q+1a = a(abn−1)2q+1.

But (abn−1)2q+1a = a(bn−1a)2q+1. Therefore (abn−1)2q+1 = (bn−1a)2q+1, and
hence abn−1 = bn−1a. From this we see that the equation abna = bn implies
abn−1a = bn−1. It immediately follows that ab = ba. Therefore, the elements of
order 2 of the group N form a subgroup Z of the center of G.

By the inductive hypothesis, the quotient G � G/Z decomposes as a direct
product G = P × N where P is a subgroup of odd order, and the intersection
of the corresponding subgroup P ⊆ G with N is Z. By the inductive hypothesis,
P = P1 ×Z. Since the group P1 coincides with the set of all elements of odd order
in P , it follows that P1 is a normal subgroup of G, and the elements of P1 commute
with the elements of N . Therefore, G = P1 ×N . The lemma is proved. �

Lemma 4. If a Sylow 2-subgroup N of a finite ν-group G is normal, then it is a
direct factor.

Proof. The center Z of N is a normal subgroup of G. Performing induction on
the index of nilpotence of N , we consider the quotient group G � G/Z. Now the
argument is completely identical to that concluding the proof of Lemma 3. �

Theorem 4. The extensions of nilpotent groups of odd order by 2-groups are the
only ν-groups among finite groups.
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Proof. According to Theorem 2, it suffices to prove that any finite ν-group is an
extension of a nilpotent group of odd order by a 2-group.

We choose a Sylow 2-subgroup Q in the ν-group G, an arbitrary subgroup
S ⊆ Q, and an element a of odd order in the normalizer of S. Then in the group
T = 〈a, S〉 generated by a and S, the group S will be a normal Sylow 2-subgroup,
and hence a direct factor by Lemma 4. Therefore, the element a is in the centralizer
of the group T . Now appealing to the well-known result on the existence of p-
complements [1, Theorem 14.4.7] we conclude that G has a normal subgroup of
odd order for which the corresponding quotient group is a 2-group. The theorem
is proved. �

Theorem 4 gives a complete description of finite ν-groups.

4. One subclass of ν-groups

With each element c of a semigroup G, we can associate a mapping ϕc from the set
S of pairs of elements of G to itself that sends the pair (a, b) to the pair (acb, bca):

(a, b)ϕc = (acb, bca).

If the semigroup G has an identity element e, then it is clear that the map ϕe

coincides with the mapping ϕ considered earlier. All possible mappings ϕc generate
a semigroup [G], of self-mappings of the set S, which we will call adjoint to G.

In the theory of semigroups, two completely different concepts of nilpotence
are used, brought to the theory of semigroups on the one hand from ring theory
and on the other hand from group theory. We need to distinguish them.

Definition 2. A semigroup G with zero is called r-nilpotent if there exists a natural
number n such that a1a2 · · · an = 0 for all elements ai of G.

A.I. Malcev [4] gave the following definition in a slightly different form.

Definition 3. A semigroup G is called g-nilpotent if the adjoint semigroup [G] is
r-nilpotent. (The role of zero in [G] is played by the mapping which sends any pair
in S to a trivial pair.)

A.I. Malcev showed in the same work that if G is a group, then the concept
of g-nilpotence coincides with the usual concept of nilpotence for groups.

Definition 4. A pair (a, b) in S will be called m-central and written (a, b)m if every
element of the semigroup [G]m sends it to a trivial pair.

Lemma 5. In a group G with generators c1, c2, . . ., ck, the condition (a, b)n is
equivalent to the conjunction of the conditions (ab, ba)n−1 and (acib, bcia)n−1 for
i = 1, 2, . . . , k.

Proof. By definition, we declare that (a, b)0 means a = b. Obviously, the condition
(a, b)n implies the indicated k + 1 conditions.
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For the proof of the converse, we first take n = 1. Then we have ab = ba and
acib = bcia for i = 1, 2, . . . , k. The following equations are obvious: ciba−1 = a−1bci
and ba−1 = a−1b. Clearly, the element a−1b lies in the center. Therefore, for any
d we have adb = bda, i.e., (a, b)1. Now suppose that the lemma has been proved
for all natural numbers less than n, and that the following conditions hold:

(ab, ba)n−1, (acib, bcia)n−1, i = 1, 2, . . . , k.

Obviously, the center Z of G is non-trivial. Denoting by d the image of an element
d ∈ G in the quotient group G � G/Z, we have

(ab, ba)n−2, (a ci b, b ci a)n−2, i = 1, 2, . . . , k.

From the inductive hypothesis it follows that (a, b)n−1, i.e., any element from
[G ]n−1 sends the pair (a, b) to a pair of the form (d, d). This means that any
element of [G]n−1 sends the pair (a, b) to a pair of the form (d, dz), z ∈ Z, and
hence any element of [G]n sends the pair (a, b) to a trivial pair, i.e., we have (a, b)n.
The lemma is proved. �

The lemma easily implies the following interesting property of 3-Engel groups.

Theorem 5. Any two conjugate elements of a 3-Engel group generate a 2-Engel
group.

Proof. In the 3-Engel group G we choose any two conjugate elements a and b,
which can always be written in the form a = cd and b = dc with c, d ∈ G. From
equations (1) and (2) it follows that

ab2a = ba2b, ab3a = babab, ba3b = ababa.

From Lemma 5 it follows that the condition (ab, ba)1 holds in the group G1 gener-
ated by a and b. Now we prove the condition (a, b)2 for which it suffices to verify
the conditions (a2b, ba2)1 and (ab2, b2a)1. By the obvious symmetry we will prove
only the condition (a2b, ba2)1, which is equivalent to the equations:

a2b2a2 = ba4b, a2baba2 = ba5b, a2b3a2 = ba2ba2b.

However,

a2b2a2 = aba2ba = ba4b, a2baba2 = aba3ba = ba5b, a2b3a2 = abababa = ba2ba2b,

where we have used in every case the condition (ab, ba)1, i.e., abqba = baqab for
all q ∈ G1. The theorem is proved. �

The result of Theorem 5 suggests the following definition.

Definition 5. Abelian groups will be called σ1-groups. Any group in which any
two conjugate elements generate a σi−1-group will be called a σi-group. Finally,
σi-groups, as i ranges over all natural numbers, will be called σ-groups.

Remark 2. We can also speak of σ-semigroups if by conjugate elements we under-
stand elements of the form xy and yx.



208 A.I. Shirshov

Remark 3. Obviously, σ-groups lie in the intersection of the classes of ν-groups
and Engel groups. It is not known to the author whether there exist Engel groups
that are not σ-groups. Local nilpotence of σk-groups for k > 3 is also unclear.

Definition 6. A group G will be called weakly nilpotent of bounded index if there
exists a natural number k such that any subgroup of G generated by two elements
is nilpotent with nilpotence index less than or equal to k.

Theorem 6. Every weakly nilpotent group of bounded index is a σ-group.

Proof. Let G be a weakly nilpotent group of weak nilpotence index not exceeding
k. We show that any two conjugate elements in G generate a nilpotent subgroup of
nilpotence index not exceeding k−1. In what follows, by the symbol (c1, c2, . . . , cs)
we will understand the simple commutator in the sense of M. Hall’s book [1].
Suppose elements x1 and x2 = y−1x1y generate a subgroup Q in G. In any simple
commutator t = (xi1, xi2, . . . , xik) where is takes values 1 or 2, we have either
xi1 = xi2 and hence t = e, or the commutator (xi1, xi2) can be written as a triple
commutator. Indeed,

(x1, x2) = (x1, y
−1x1y) = (y−1x1y, y

−1, y−1x1y),

(x2, x1) = (y−1x1y, x1) = (x1, y1, x1).

Therefore any commutator t of the indicated form is equal to the identity in G.
The proof that the nilpotence index of Q does not exceed k − 1, and hence the
proof of Theorem 6 (by an obvious induction), follow immediately from the next
lemma. �

Lemma 6. Let the group F be generated by a1, a2, . . ., am. Then any normal
subgroup that contains all simple commutators of the form αi = (ai1, ai2, . . . , ait),
is = 1, 2, . . . ,m, where t is an arbitrary natural number, contains Ft (term t in
the lower central series).

Proof. For t = 1 the statement is trivial. Suppose now that τ = (q1, q2, . . . , qt−1, qt)
is an arbitrary simple commutator, qi ∈ F . By the inductive hypothesis, we
conclude that the commutator τ ′ = (q1, q2, . . . , qt−1) lies in the normal sub-
group generated by the commutators of the form Ai = (ai1, ai2, . . . , ait−1 ), i.e.,
τ ′ =

∏
i �

−1
i Ai�i. Using the well-known formulas relating commutators,

(xy, z) = y−1(x, z)y(y, z), (x, yz) = (x, z)z−1(x, y)z,

(x−1, y) = x(x, y)−1x−1, (x, y−1) = y(x, y)−1y−1,

we convince ourselves that the commutator τ lies in any normal subgroup contain-
ing all commutators of the form (�−1

i Ai�i, ai), and hence in the normal subgroup
generated by the commutators (Ai, �iai�

−1
i ). Using the stated formulas one more

time, we arrive at the conclusion that τ is contained in the normal subgroup gener-
ated by all commutators of the form αi. If N is the normal subgroup generated in
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F by all commutators of the form αi, then the quotient group F � F/N satisfies
the following identical relation:

(x1, x2, . . . , xt) = e,

which is equivalent to the statement of the lemma. The lemma, and hence Theo-
rem 6, are proved. �

It is very probable that the converse of Theorem 6 is also true.
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On Some Identical Relations for Algebras

A.I. Shirshov

1. In the work of A.I. Malcev [2], results of a general nature are applied in particular
to the classification of identical relations of degree 3 for associative algebras. It
is shown there that, under natural assumptions on the characteristic, any such
identical relation is a linear combination of the following relations:

∑

(i1,i2,i3)

xi1xi2xi3 = 0, (1)

∑

(i1,i2,i3)

(−1)σixi1xi2xi3 = 0, (2)

x1x2x3 + x2x1x3 − x2x3x1 − x3x2x1 = 0, (3)

x1x2x3 + x1x3x2 − x3x1x2 − x3x2x1 = 0, (4)

where the summations in relations (1) and (2) are performed over all substitutions,
and σi is the number of inversions in the permutation (i1, i2, i3) of 1, 2, 3.

In the present note, we study algebras that satisfy one of the relations (3)
and (4) and show that such algebras, in a sense to be made precise later, are close
to commutative. In conclusion, we give and study a generalization of this closeness
to commutativity.

2. For brevity, throughout this note, algebras with relations (3) and (4) will be
called µ-algebras and µ′-algebras respectively.

Theorem 1. Let S be a µ-algebra over a field P of characteristic �= 2. Then the
ideal S3 lies in the center Z of S, and the ideal S2 is commutative.

Proof. It is easy to see that when relation (3) holds identically, these relations
follow:

x2x4x3x1 + x4x2x3x1 − x4x3x1x2 − x3x1x4x2 = 0, (5)

−x3x4x2x1 − x4x3x2x1 + x4x2x1x3 + x2x1x4x3 = 0, (6)

Sibirsk Mat. Zh. 7, (1966), no. 4, 963–966
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−x2x1x4x3 − x1x2x4x3 + x1x4x3x2 + x4x3x1x2 = 0, (7)

−x3x4x1x2 − x4x3x1x2 + x4x1x2x3 + x1x2x4x3 = 0, (8)

x3x4x1x2 + x4x3x1x2 − x4x1x3x2 − x1x4x3x2 = 0, (9)

−x2x4x3x1 − x4x2x3x1 + x4x3x2x1 + x3x4x2x1 = 0, (10)

−x4x2x1x3 − x4x1x2x3 + x4x1x3x2 + x4x3x1x2 = 0. (11)

Adding equations (5)–(11) we obtain

x4x3x1x2 − x3x1x4x2 = 0. (12)

Furthermore, the relations

x4x2x1x3 − x2x1x4x3 = 0, (13)

x4x1x2x3 − x1x2x4x3 = 0, (14)

are corollaries of relation (12). If we subtract the left side of relation (7) from the
sum of the left sides of relations (11), (13), (14) then we obtain

x4x1x3x2 − x1x4x3x2 = 0. (15)

Relations (12) and (15) together are equivalent to a system of relations of the form

x1x2x3x4 − xi1xi2xi3x4 = 0, (16)

where (i1, i2, i3) is an arbitrary permutation of 1, 2, 3. Using relation (16) we
rewrite relation (11) in the form

2x4x1x3x2 − 2x2x4x1x3 = 0,

or equivalently,
x2(x4x1x3) = (x4x1x3)x2. (17)

Finally, repeated application of the last relation gives

(x2x4)(x1x3) = (x1x3)(x2x4). (18)

The last two relations constitute the statement of the theorem. �

Remark 1. It follows from the proof that the restriction on characteristic is only
essential in the derivations of relations (17) and (18); relation (16) is valid without
restriction.

Remark 2. From the fact that an algebra which is anti-isomorphic to a µ-algebra
is a µ′-algebra, it follows that Theorem 1 holds also for µ′-algebras.

3. Consider the following properties of an algebra A:

α) some power Ak of A is a commutative algebra;
β) some power At of A lies in the center.

Lemma 1. Properties α and β are equivalent.
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Proof. Obviously, β implies α. Now, if A satisfies property α, then it is obvious
that

(x1x2 · · ·xk)(xk+1 · · ·x2kx2k+1) = (xk+1 · · ·x2k)(x2k+1x1 · · ·xk)
= x2k+1x1 · · ·xkxk+1 · · ·x2k.

In other words, A satisfies property β for t = 2k. �

Definition 1. An algebra A that satisfies α and β will be called a KD-algebra.

The statement of Theorem 1 can be strengthened using the following lemma.

Lemma 2. If every algebra A satisfying a multilinear identical relation

F (x1, x2, . . . , xk) = 0,

over a field of characteristic zero is a KD-algebra, then every algebra B over the
same field satisfying an identical relation of the form

F (xt1
1 , x

t2
2 , . . . , x

tk

k ) = 0,

where the ti are arbitrary natural numbers, is also a KD-algebra.

Proof. Let t = max(t1, t2, . . . , tk). Then it was shown by Higman [1] that there
exists a natural number f(t) such that any element of the ideal Bf(t) can be
written as a linear combination of the s-th powers of elements of B, where s is
any natural number less than or equal to t. From this it follows that the algebra
Bf(t) satisfies the identical relation F (x1, x2, . . . , xk) = 0, and thus by assumption
Bf(t) is a KD-algebra. Hence for some number q the algebra [Bf(t)]q = Bqf(t) is
commutative. �

Theorem 2. Any algebra A with identical relation

xt1
1 x

t2
2 x

t3
3 + xt2

2 x
t1
1 x

t3
3 − xt2

2 x
t3
3 x

t1
1 − xt3

3 x
t2
2 x

t1
1 = 0, (19)

over a field of characteristic zero, is a KD-algebra.

Remark 3. The result of Higman used above allows us to point out that for algebras
over a field of characteristic zero, any identity of the form

xpyq − yqxp = 0, (20)

is equivalent to the definition of a KD-algebra.

4. The study of KD-algebras is of interest, if only for the reason that they include
commutative and nilpotent algebras. But there is yet another reason.

Definition 2. An associative algebra is called locally Noetherian if every increasing
chain of right ideals of every finitely generated subalgebra stabilizes after a finite
number of steps.

Theorem 3. Every KD-algebra is locally Noetherian.
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Proof. Obviously, a finitely generated subalgebra S of aKD-algebra is itself aKD-
algebra, and hence is an extension of the commutative finitely generated algebra
Sm by the nilpotent finite-dimensional algebra S/Sm; in both of these algebras,
every increasing chain of right ideals must terminate. Hence, for any increasing
chain of right ideals J1 ⊂ J2 ⊂ · · · ⊂ Jn ⊂ · · · there exists a number k such that
Sm ∩ Jk = Sm ∩ Jk+r and Jk = Jk+r, where Jp is the pre-image of the ideal Jp

under the natural homomorphism of S onto S/Sm, and r is any natural number.
This immediately implies that Jk = Jk+r. �
Corollary. An algebra with identical relation (19) over a field of characteristic zero
is locally Noetherian.

5. It is well known that the sum of any finite number of nilpotent ideals is a
nilpotent ideal. On the other hand, it is not difficult to construct an example of an
algebra in which the sum of two commutative ideals is not a commutative ideal.
For this reason, the following result is of interest.

Theorem 4. The sum of any finite number of KD-ideals (i.e., ideals that are KD-
algebras) of an algebra A is again a KD-ideal.

Proof. It suffices to prove the claim for two ideals. Let J1 and J2 be KD-ideals of
the algebra A, and let Z1 and Z2 be their respective centers. Then

J t1
1 ⊂ Z1, J t2

2 ⊂ Z2, (J1 + J2)t1+t2−1 ⊂ Z1 + Z2.

If z1, z′1, z′′1 ∈ Z1 and z2, z′2, z′′2 ∈ Z2 then

(z1 + z2)(z′1 + z′2)(z
′′
1 + z′′2 ) = (z′′1 + z′′2 )(z1 + z2)(z′1 + z′2),

which can be easily and immediately verified. The commutativity of the ideal

[(J1 + J2)t1+t2−1]2 = (J1 + J2)2t1+2t2−2,

follows from this. �
Remark 4. The theorem just proved could be used in an obvious way to construct
KD-radicals analogous to radicals based on nilpotency.
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On Some Positively Definable Varieties
of Groups

A.I. Shirshov

1. A variety N of groups will be called positively definable if it can be defined by
identical relations that do not include variables with negative powers.

For example, the variety of Abelian groups is obviously positively definable.
A.I. Malcev [2] proved positive definability of the varieties of nilpotent groups
(with a given index of nilpotence) and showed that the varieties of solvable groups
are not positively definable. In the author’s work [3], it is also shown that the
varieties of Engel groups for n = 2 and n = 3 are positively definable, and are
determined respectively by the identities (A) and (B):

xy2x = yx2y, (A)

xy2xyx2y = yx2yxy2x, xy2xyxy2y = yx2y2x2y2x. (B)

In the present note, we prove positive definability for a sufficiently broad class of
varieties, which generalizes the class of n-nilpotent groups introduced by Baer [1].

Let [a, b]s = (ab)sb−sa−s where a, b are elements of a group G and s is an
integer, and let (k) = (k1, k2, . . . , kt) be a t-tuple of integers.

Definition 1. A group G is called nilpotent relative to the t-tuple (k) if for any
elements ai, i = 0, 1, 2, . . . , t, the following equality holds:

(a0, a1, . . . , at)(k)
def= [[. . . [a0, a1]k1 , . . .]kt−1 , at]kt = e. (1)

Obviously, the collection of all groups that are nilpotent relative to a fixed
t-tuple (k) is a variety. This variety will be denoted by

N(k) = N(k1,k2,...,kt).

Special cases of varieties of the form N(k) are the n-nilpotent groups introduced
by Baer [1]. The following statement holds.

Sibirsk Mat. Zh. 8 (1967), no. 5, 1190–1192
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Theorem. Any variety of the form N(k) is positively definable.

2. We consider the so-called n-center of the group G.

Definition 2. The collection of all elements z in G, such that [z, a]n = e for all
a ∈ G, is called the n-center of G and is denoted by Zn(G).

Obviously, Z−1(G) coincides with the center of G.

Lemma 1. For every element a ∈ G and every z ∈ Zn(G) we have [a, z]n = e.

Proof. The claim follows from the easily verified equation

[a, z]n = an[z, z−1a−1]na−n,

and the definition of Zn(G). �

It is well known, and can be easily verified, that the n-center is a characteristic
subgroup. The following statement can also be immediately verified.

Lemma 2. We have Zn(G) = Z1−n(G).

3. We fix a t-tuple (k) = (k1, k2, . . . , kt) and associate to it two sequences of
recursively defined elements of the free group with generators x, y, z1, z2, . . ., zt:

u0 = x, v0 = y,

us = uks−1
s−1 (vs−1zs)ks−1vs−1, vs = vks

s−1(zsus−1)ks−1 for ks ≥ 1,

us = u−ks
s−1(vs−1zs)−ksvs−1, vs = v1−ks

s−1 (zsus−1)−ks for ks < 1,





(2)

for s = 1, 2, . . . t.

Definition 3. A group G is called a (k)-group if it satisfies the identical relation
ut = vt.

Lemma 3. A group G is a (k)-group if and only if it is nilpotent relative to the
t-tuple (k).

Proof. We carry out induction on the length of (k), remarking that the case of
length 1 is included in the general argument. We write (k′) = (k1, k2, . . . , kt−1).

Assume it has been proved that any group nilpotent relative to (k′) is a
(k′)-group, and suppose that a group G is nilpotent relative to (k). Then

(a0, a1, . . . , at−1)(k′) ∈ Zkt(G) = Z1−kt(G).

For this reason, the group G = G/Zkt(G) is nilpotent relative to (k′), and hence
by the inductive hypothesis it is a (k′)-group. Therefore,

ut−1v
−1
t−1 ∈ Zkt(G) = Z1−kt(G),

for any corresponding values of the words ut−1 and vt−1 in the group G. Hence
for any q ∈ G it follows that

(ut−1v
−1
t−1vt−1q)α = (ut−1v

−1
t−1)

α(vt−1q)α, where α = max(kt, 1 − kt).
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In other words,
(ut−1q)α(vt−1q)−α = (ut−1v

−1
t−1)

α. (3)
Since the right side does not depend on q, it follows from (3) that

(ut−1q)α(vt−1q)−α = (ut−1zt)α(vt−1zt)−α, (4)

which is valid for all values of zt. Setting q = v−1
t−1u

−1
t−1 in (4), and performing the

obvious transformations, we obtain

(ut−1v
−1
t−1u

−1
t−1)

αuα
t−1 = (ut−1zt)α(vt−1zt)−α,

ut−1v
−α
t−1u

α−1
t−1 = (ut−1zt)α(vt−1zt)−α, (5)

uα−1
t−1 (vt−1zt)α−1vt−1 = vα

t−1(ztut−1)α−1. (6)

Therefore, the group G satisfies the identical relation ut = vt; i.e., it is a (k)-group.
Conversely, suppose that G is a (k)-group; i.e., it satisfies relation (6), and

hence also (5). Since the left side of relation (5) does not depend on zt, obviously
relation (4) holds. If, in the latter relation, we set zt = v−1

t−1p, then we obtain

(ut−1q)α(vt−1q)−α = (ut−1v
−1
t−1p)

αp−α. (7)

If, in relation (7), we make the two substitutions, q = e and q = p = e, then we
obtain respectively

uα
t−1v

−α
t−1 = (ut−1v

−1
t−1p)

αp−α, (8)

uα
t−1v

−α
t−1 = (ut−1v

−1
t−1)

α. (9)

From these last relations it follows that

(ut−1v
−1
t−1p)

α = (ut−1v
−1
t−1)

αpα, (10)

for all p ∈ G; i.e., ut−1v
−1
t−1 ∈ Zkt(G) = Z1−kt(G). By assumption, the group G is

nilpotent relative to (k′), and hence G is nilpotent relative to (k). The lemma is
proved. �

The statement of the theorem follows trivially from the lemma.
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On the Definition of the Binary-Lie Property

A.I. Shirshov

In the present note we construct an example of an algebra over a field of charac-
teristic 2 that satisfies the identical relations

x2 = 0 and [(xy)y]x + [(yx)x]y = 0,

but is not binary-Lie. This example has been announced earlier [2]. For the neces-
sary definitions and the history of the problem, see for example the work [1].

Over an arbitrary field P of characteristic 2, a 16-dimensional algebra A with
basis ai, i = 1, 2, . . . , 16, is determined by the following multiplication table:

aiaj = ajai for i, j = 1, 2, . . . , 16,
a1a2 = a3, a1a3 = a5, a1a4 = a7, a1a5 = a8,
a1a6 = a10, a1a7 = a12, a1a9 = a13, a1a10 = a15,
a2a3 = a4, a2a4 = a6, a2a5 = a7, a2a7 = a9 + a10,
a2a8 = a11 + a12, a2a11 = a13, a2a12 = a15 + a16, a3a4 = a9,
a3a5 = a11, a3a7 = a14, a4a5 = a16;

all remaining products equal zero. It is easy to verify directly that the algebra A
is generated by the elements a1 and a2; it is also obvious that c2 = 0 for all c ∈ A.

Theorem. The algebra A satisfies the identity

[(xy)y]x+ [(yx)x]y = 0, (1)

but it is not a Lie algebra; i.e., it is not binary-Lie, since it is generated by two
elements.

We remark that identity (1) is equivalent to the identity

J(xy, x, y) = 0, (2)

where J(x, y, z) def= (xy)z + (yz)x+ zx)y is the Jacobian of the elements x, y, z.

Algebra Logika 10, (1971), no. 1, 100–102.
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Lemma. If, for all distinct basis elements ai, aj, ak, a� of the algebra A, the
following equations hold,

Φ1(ai, aj)
def= J(aiaj , ai, aj) = 0,

Φ2(ai, aj , ak) def= J(aiaj , ai, ak) + J(aiak, ai, aj) = 0,

Φ3(ai, aj , ak, a�)
def=

J(ai, aj , ak, a�) + J(aia�, ak, aj) + J(akaj , ai, a�) + J(aka�, ai, aj) = 0,

then A satisfies the identity (1): Φ1(x, y) = 0.

Proof. It is easy to see (computing by hand if this is not clear) that

Φ1(a+ b, c+ d) = Φ1(a, c) + Φ1(a, d) + Φ1(b, c) + Φ1(b, d) + Φ2(a, c, d)

+ Φ2(b, c, d) + Φ2(c, a, b) + Φ2(d, a, b) + Φ3(a, c, b, d),

Φ2(a+ b, c, a) = Φ2(a, c, d) + Φ2(b, c, d) + Φ3(a, c, b, d).

From the above equations, as well as the multilinearity of Φ3, it follows that for
all u, v ∈ A the element Φ1(u, v) can be written as a linear combination of the
elements indicated in the statement of the lemma. In general, the indices i, j, k, �
occurring in this expression may coincide. But in this case, either the index of the
corresponding Φs changes or we obviously obtain zero. The lemma is proved. �
Proof. (of the theorem) For the proof of the theorem, we assign to each basis
element ai the weights pj(ai), j = 0, 1, 2, i = 1, 2, . . . , 16, according to the following
table:

pj(ai) a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16

p0 1 1 2 3 3 4 4 4 5 5 5 5 6 6 6 6
p1 1 0 1 1 2 1 2 3 2 2 3 3 3 3 3 3
p2 0 1 1 2 1 3 2 1 3 3 2 2 3 3 3 3

It easy to verify that ps(aiaj) = ps(ai) + ps(aj), s = 0, 1, 2, if aiaj �= 0. As
a result of this remark and the lemma, it suffices for the proof of equation (1)
to verify the vanishing only of those Φ for which the sum of all weights ps,
s = 0, 1, 2, of the arguments of the corresponding Jacobians, does not exceed
the limit value; namely, Φ1(a1, a2), Φ2(a1, a2, a3), Φ2(a1, a2, a4), Φ2(a2, a1, a3),
Φ2(a2, a1, a5), Φ2(a3, a1, a2). The verification is obvious. On the other hand,

J(a1, a2, a7) = a13 + a14 + a16 �= 0.

The theorem is proved. �
Remark. Some quotients of the algebra A have the same property. For instance, it
is easy to see that the subspace J of A with basis {a6, a8, a9, a10, a11, a12, a13, a15,
a16} is an ideal, and that in the quotient B = A/J we have J(b1, b2, b7) = b14 �= 0
where bi is the image of ai under the natural homomorphism of A onto B. Finally,
if P = GF (2), then B is a finite ring (with 128 elements) which satisfies the
property indicated above.
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On the Theory of Projective Planes

A.I. Shirshov and A.A. Nikitin

In 1976, in the special course on Projective Planes given at Novosibirsk State
University, and later in 1977, in the report on Projective Planes given at the
Fourteenth All-Union Algebra Conference, A.I. Shirshov presented the concept
of a projective plane as a partial algebraic system. This approach allowed the
formulation of a number of new problems, together with a new viewpoint on known
results and problems in the theory of projective planes. In the present work, we
discuss part of the results contained in the special course and in the report, and
also some further developments.

In the study of projective planes, different authors starting with M. Hall [2]
implicitly used a partial binary operation. Projective planes as a partial algebraic
system were considered for the first time by Magari [7]. The works of Giovagnoli
[1] and Kim and Roush [5] also follow this approach.

In [7] and [1], free and completely free projective planes were constructed as
partial algebraic systems, in which every element was regarded as an equivalence
class defined on the set of nonassociative words in the generators of the plane. In §2
of the present article, we give constructions of free and completely free projective
planes as partial algebraic systems, in which each element is uniquely represented
as a nonassociative word in the generators of the plane.

In the above-mentioned special course and report, A.I. Shirshov gave a con-
struction of an embedding of the completely free projective plane with a finite
number of generators into the completely free projective plane with four genera-
tors, and formulated the problem of constructing an embedding of the completely
free projective plane with a countable number of generators into the completely
free projective plane with a finite number of generators.

In 1972, Johnson [4] showed that every free projective plane with a finite
number of generators is a homomorphic image of a completely free projective
plane with four generators. In §4 of the present work, we show that in the com-
pletely free projective plane CF(C1) with four generators, there exists a countable

Algebra Logika 20, 3 (1981) 330–356.
c© 2009 Translated from the Russian original by M.R. Bremner and M.V. Kochetov.
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subconfiguration C0 such that CF(C1) is freely generated by C0. Based on this
result, we further prove that any finite or countably infinite projective plane is a
homomorphic image of the completely free projective plane with four generators.

Theorems 1 and 2 were obtained by A.I. Shirshov, and Theorems 3 and 4 by
A.A. Nikitin.

1. Preliminary definitions and results

1. Let A be an arbitrary nonempty set, and let A0 and 0A be subsets of A such
that A = A0 ∪ 0A and A0 ∩ 0A = ∅. In this case we will say that (A0, 0A) is a
partition of A. Here one of the subsets A0 and 0A may be empty.

We now fix a partition (A0, 0A) of A. Elements a and b in A will be called
unitypical relative to the partition (A0, 0A) if a and b belong to the same subset
of the partition (A0, 0A). Otherwise, the elements a and b in A will be called
non-unitypical relative to this partition.

Suppose now that on the set A, with a fixed partition (A0, 0A), a partial
binary commutative operation · is defined, such that the following conditions hold:

1.1. If a and b are distinct unitypical elements of A relative to (A0, 0A), then the
product a · b is defined.

1.2. If the product a · b is defined for elements a and b in A, then a and b are
distinct unitypical elements, but a and a · b are non-unitypical relative to
(A0, 0A).

1.3. If the products a · b, a · c and (a · b) · (a · c) are defined for elements a, b and
c in A, then we have

(a · b) · (a · c) = a. (1)

1.4. The set A contains pairwise distinct elements a, b, c and d such that the
products a · b, b · c, c · d and d · a are defined and pairwise distinct.

Such a partial algebraic system 〈A, (A0, 0A), ·〉 will be called a projective plane.
Suppose that a partial binary commutative operation ∗ is defined on the set

A with a fixed partition (A0, 0A) such that Conditions 1.2 and 1.3 hold, as well as
the condition

1.5. If the products a ∗ b and a ∗ c are defined for elements a, b and c in A, and
a ∗ b �= a ∗ c, then the product (a ∗ b) ∗ (a ∗ c) is also defined.

Here for the operation ∗ one or both of the Conditions 1.1 and 1.4 may not nec-
essarily hold. A partial algebraic system with a partial binary commutative op-
eration ∗ satisfying Conditions 1.2, 1.3 and 1.5 will occasionally be denoted by
〈A, (A0, 0A), ∗〉.
Example 1. Let B be an arbitrary nonempty subset of elements of a projective
plane P = 〈A, (A0, 0A), ·〉. Then the partition (A0, 0A) of the set A of elements
of the projective plane P determines a partition (B0, 0B) of the set B where
B0 = B ∩ A0 and 0B = B ∩ 0A. For the elements of B the concepts of unitypical
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and non-unitypical elements are defined in the natural way relative to the parti-
tion (B0, 0B). The operation · defined in P induces a partial binary commutative
operation ◦ on the set B. For this operation ◦ Conditions 1.2, 1.3 and 1.5 hold.

Let A = 〈A, (A0, 0A), ∗〉 be a partial algebraic system with a partial binary
commutative operation ∗ satisfying Conditions 1.2, 1.3 and 1.5. We will say that
an element a in A is a divisor of an element b in A if there exists an element c in
A such that b = a ∗ c. The set of all divisors of an element b in A will be denoted
by TA

b .
In what follows, the symbol of the operation ∗ defined in a partial algebraic

system satisfying Conditions 1.2, 1.3 and 1.5 will be occasionally omitted if this
does not lead to misunderstanding.

Proposition 1. Let A = 〈A, (A0, 0A), ∗〉 be a partial algebraic system with a partial
binary commutative operation ∗ satisfying Conditions 1.2, 1.3 and 1.5. Then

(a) If the equation ab = cd holds for elements a, b, c in A, and the product ac is
defined, then we have ab = ac;

(b) If a, b, c and d are pairwise distinct elements of A0 such that the elements
ab, bc, cd and da are defined and pairwise distinct, then in the set 0A there
exist pairwise distinct elements a, b, c and d such that the elements ab, bc,
cd and da are defined and pairwise distinct.

Proof. Indeed, if the product ac is defined and ab �= ac, then from Condition 1.5
it follows that the products (ab)(ac) and (cd)(ac) are defined. From Condition 1.3
and the assumption of the proposition we obtain a = (ab)(ac) = (cd)(ac) = c. But
this contradicts Condition 1.2. Therefore, ab = ac and part (a) is proved.

For the proof of part (b) it suffices to set a = ab, b = bc and c = cd, d = da
and then use the assumptions of the proposition, Conditions 1.3 and 1.5, and the
statement of part (a). �

The following result holds:

Proposition 2. 1 Let P = 〈A, (A0, 0A), ∗〉 be a projective plane. Then, if the prod-
ucts ab, (ab)c and [(ab)c]a are defined for elements a, b and c, then the following
equation holds: [(ab)c]a = ab.

2. Now consider a set A with a fixed partition (A0, 0A) in a different situation.
Suppose that a symmetric relation α is defined on the set A, such that α includes
only pairs of elements which are non-unitypical relative to the partition (A0, 0A).
If, for any elements a, b, c and d in A, the conditions (a, c), (b, c), (a, d), (b, d) ∈ α
imply that at least one of the equations a = b, c = d holds, then the relation
α is called an incidence relation relative to the partition (A0, 0A). The system
〈A, (A0, 0A), α〉 thus obtained is sometimes called a partial plane.

1In this regard, see also [5].
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If it does not lead to misunderstanding, then an incidence relation α relative
to the partition (A0, 0A) will be called an incidence relation, and if a pair (a, b)
belongs to α then we will sometimes say that the elements a and b are incident.

Remark 1. If the elements of A0 are called ‘points’, and the elements of 0A are
called ‘lines’, and we declare that a point a is incident to a line b if and only if b
passes through a, then as a result we obtain an interpretation of a partial plane.
If we interchange the names of the elements of A0 and 0A, then we obtain another
interpretation which is sometimes called the ‘dual’ of the first interpretation.

Suppose now that on the set A there is a partition (A0, 0A), an incidence rela-
tion α relative to (A0, 0A), and a partial binary commutative operation · satisfying
Conditions 1.2, 1.3 and 1.5 relative to (A0, 0A). We will say that the operation ·
and the relation α are compatible on A if the following conditions hold:
1.6. If the equation a · b = c holds for elements a, b and c in A, then we have

(a, c) ∈ α and (b, c) ∈ α.
1.7. If (a, c) ∈ α and (b, c) ∈ α and also a �= b, then a · b is defined and we have

a · b = c.
In what follows, a partial algebraic system A = 〈A, (A0, 0A), ·, α〉, where the

partial binary commutative operation · (satisfying Conditions 1.2, 1.3, 1.5) and
the incidence relation α are compatible on A, will be called a configuration.

Remark 2. Condition 1.7 implies that the partial operation · in a configuration is
uniquely determined by the incidence relation α.

Remark 3. Condition 1.6 implies that if, for each element a in a configuration
A = 〈A, (A0, 0A), ·, α〉 either TA

a �= ∅ or there exists an element b in A such that
a ∈ TA

b , then the relation α is uniquely determined by the partial operation · . If
we define a symmetric relation α̃ on the set A in such way that (a, b) ∈ α̃ if and
only if either a ∈ TA

b or b ∈ TA
a , then we obtain the equation α = α̃. In particular,

it follows from this that the definition of projective plane given above is equivalent
to the traditional definition, and that any partial plane can be considered as a
configuration.

In what follows, we will sometimes omit the set of elements in the sym-
bol for a configuration, and indicate only the partition. Thus, for example, A =
〈(A0, 0A), ·, α〉. Here we assume that A = A0 ∪ 0A and A0 ∩ 0A = ∅.
Example 2. Let B = 〈B, (B0, 0B), ◦〉 be one of the partial algebraic systems from
Example 1, and let P = 〈A, (A0, 0A), ·〉 be the projective plane containing B.
Denote by α the incidence relation on A that is compatible with the operation · in
P, and let β be the relation induced by α on the set B, namely β = (B ×B) ∩ α.
Then β is an incidence relation compatible on B with the partial operation ◦
defined on B, and the partial algebraic system 〈(B0, 0B), ◦, β〉 is a configuration.

3. At the present time in the theory of projective planes, it is traditional to use a
number of definitions going back to [2, 3, 8, 9]. Below in this subsection, we give
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the corresponding definitions and concepts in the form that is convenient for the
rest of this paper.

A configuration B = 〈(B0, 0B), ◦, β〉 will be called an extension of a config-
uration A = 〈(A0, 0A), ·, α〉 if B0 ⊇ A0, 0B ⊇ 0A and β ⊇ α.

Remark 4. It immediately follows from this definition, and the compatibility of
the corresponding operations and incidence relations in the configurations A and
B, that if the product a · b is defined for elements a and b in A, then the product
a ◦ b is also defined in B and we have a · b = a ◦ b.

If B is an extension of a configuration A, then A will sometimes be called a
subconfiguration of B; this will be written in the form B ⊇ A or A ⊆ B.

An extension B of a configuration A will be called a one-step extension, if
for any element a in B that is not contained in A, there exist elements b and c in
A such that a = bc.

A one-step extension B of a configuration A will be called a complete one-
step extension if for any two distinct unitypical elements a and b in A, there exists
an element c in B such that ab = c.

A one-step extension B of a configuration A will be called a free one-step
extension if for any element a in B that is not contained in A, there exist two and
only two elements b and c in A such that a = bc.

An extension B of a configuration A will be called a complete free one-step
extension if this extension is simultaneously a complete one-step extension and a
free one-step extension.

We will say that a configuration A = 〈A, (A0, 0A), ·, α〉 is closed if the oper-
ation · satisfies Condition 1.1.

A subconfiguration A of a configuration B will be called a closed subconfig-
uration if A is closed as a configuration.

A closed subconfiguration A of a projective plane P will be called a projective
subplane in P if A is a projective plane.

Let B be a closed configuration and let A be a subconfiguration of B. We
denote by 〈A〉B the intersection of all closed subconfigurations in B that contain
A as a subconfiguration.

For a subconfiguration A in a closed configuration B, we set by definition
A[0] = A. Now, if for a natural number i the configuration A[i−1] is defined, then
by A[i] we denote the complete one-step extension of the configuration A[i−1] in
B. Then we have the following result.

Proposition 3. 2 The configuration 〈A〉B is closed and we have 〈A〉B =
⋃∞

i=0 A[i].

We will say that a closed configuration B is generated by a configuration A
if we have 〈A〉B = B.

In the case when a closed configuration B is generated by a configuration A,
and for any natural number i the one-step extension A[i] ⊇ A[i−1] is a complete
free one-step extension, then we will say that B is freely generated by A.

2See also for example Theorem 11.3 in [3].
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A projective plane P is called free if P is freely generated by a configuration
A = 〈(A0, 0A), ·, α〉 such that the set 0A has only one element a, the set A0 has
at least four elements, and only two elements in the set A0 are not incident to the
element a in 0A.

A configuration A = 〈(A0, 0A), ·, α〉 will be called a configuration without
incidence if α = ∅.

A projective plane P will be called completely free if P is freely generated
by a configuration A = 〈(A0, 0A), ·, ∅〉 without incidence. In this case, we will also
say that P is freely generated by the set A = A0 ∪ 0A.

We will say that configurations A1 and A2 are freely equivalent if there exists
a natural number n and configurations B1, B2, . . ., Bn such that B1 = A1,
Bn = A2, and for any natural number i, i = 1, 2, . . . , n − 1, either Bi is a free
one-step extension of Bi+1 or, vice versa, Bi+1 is a free one-step extension of Bi.

In the case when a projective plane P is freely generated by a configuration
A = 〈A, (A0, 0A), ·, α〉 containing a finite number of elements, then following [2]
we will call the number

r(A) = 2|A| − 1
2
|α|,

the rank of the configuration A. The following result holds.

Remark 5. [2] If A is a finite configuration and B is a configuration that is freely
equivalent to A, then their ranks are equal: r(A) = r(B).

By virtue of Remark 5, in the case when a projective plane P is freely gener-
ated by a configuration A of finite rank r(A), it is natural to call the number r(A)
the rank of the plane P. In all other cases, the rank of a freely generated plane
will be understood to be the cardinality of the set of its elements.

Remark 6. From the results of [6, §1] it follows that a projective plane P is free if
and only if either

(1) P is a completely free plane of infinite rank, or
(2) P is a completely free plane of finite rank, and in this case the rank r(P) of

the plane P is an even number, or
(3) P is a free plane of finite rank which is an odd number, and in this case there

exists a configuration A = 〈(A0, 0A), ·, α〉 such that the plane P is freely
generated by A, where

(i) the set A0 contains n elements, n ≥ 4, i.e., A0 = {t1, t2, . . . , tn},
(ii) the set 0A contains one element p, i.e., 0A = {p},
(iii) the operation is nowhere defined in A, and
(iv) α = {(tn, p), (p, tn)}.
We will say that a plane P is freely generated by the set A if P is freely

generated by a configuration of the form 〈A, (A0, 0A), ·, ∅〉 where A = A0 ∪ 0A.
We have the following result:
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Proposition 4. 3 Let P be a projective plane freely generated by a configuration
B without incidence. Then there exists a set A of unitypical elements in P such
that P is freely generated by the configuration A = 〈(A, ∅), ·, ∅〉 and A is freely
equivalent to B.

The following holds:

Proposition 5. 4 Let a projective plane P be freely generated by a configuration A,
and let a configuration B be freely equivalent to A. Then P is also freely generated
by B.

2. Constructions of free and completely free projective planes

1. We give a construction for a completely free plane freely generated by a fixed
set V of symbols where |V | ≥ 4.

Construction 1. Fix a set of pairwise distinct symbols V = {vi} where i ranges
over a well-ordered set I of indices and the cardinality of V is at least 4. We
denote by W (V ) the set of all nonassociative words in the alphabet V . As usual,
the number d(w) of occurrences of elements of the set V in a word w in W (V ) will
be called the V -length of w. If it does not lead to misunderstanding, the V -length
will be called simply the length.

On the set W (V ) we define a lexicographical order as follows. For words u
and w in W (V ) we set u > w if either (i) the length of u is greater than the length
of w, or (ii) the lengths of u and w equal 1 and the index of u is greater than the
index of w, or (iii) the lengths of u and w are equal, u = u1u2, w = w1w2 and
u1 > w1, or (iv) the lengths of u and w are equal, u = u1u2, w = w1w2, u1 = w1

and u2 > w2.
The words of length 1 in W (V ) will be called regular words of the first type

(of length 1) relative to the set V . The words of length 2 in W (V ) of the form vivj

where vi > vj will be called regular words of the second type (of length 2) relative
to the set V .

A word w in W (V ) of length 3k + 1 (respectively 3k + 2) will be called a
regular word of the first type (respectively of the second type) relative to the set
V , if

(1) w = w1w2 where w1 and w2 are regular words of the second (respectively
first) type, and w1 is greater than w2, and

(2) if w = (w′
1w

′′
1 )(w′

2w
′′
2 ) then the intersection of the sets {w′

1, w
′′
1} and {w′

2, w
′′
2}

is empty, and
(3) if w = ((w′

1w
′′
1 )w′′′

1 )w2 or w = (w′′′
1 (w′

1w
′′
1 ))w2 then w2 is not an element of

the set {w′
1, w

′′
1}.

3See for example Lemma 1 in [6].
4See for example Theorem 4.2 in [2].
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If it does not lead to misunderstanding, then words which are regular relative to
the set V will be called simply regular.

The set of all regular words of the first (respectively second) type contained
in W (V ) will be denoted by W 0 (respectively 0W ).

If, for elements w1 and w2 in W (V ), one of the words w1w2 and w2w1 is
regular, then we will denote this regular word by w1w2.

On the set W 0 ∪ 0W we define a partial binary commutative operation · in
the following way. Given distinct unitypical regular words w1 and w2,
2.1. if one of the words w1w2 and w2w1 is regular, then w1 · w2 = w1w2,
2.2. if w1 = w′

1w
′′
1 , w2 = w′

2w
′′
2 and the intersection {w′

1, w
′′
1} ∩ {w′

2, w
′′
2} contains

an element w, then w1 · w2 = w,
2.3. if w1 = (w′

1w2)w′′
1 then w1 · w2 = w′

1w2, and
2.4. in all other cases the operation · on the elements of W 0 ∪ 0W is undefined.
The partial algebraic system 〈(W 0, 0W ), ·〉 obtained in this way will be regarded
as the result of Construction 1 for the set V and denoted by CF(V ).

Lemma 1. The partial algebraic system CF(V ) is a projective plane.

Proof. We observe that for the operation · in CF(V ), Conditions 1.1, 1.2 and
1.4 follow immediately from the definition of this operation and the definition of
regular words relative to the set V . To verify Condition 1.3 we need to prove that if
w1, w2, w3 are unitypical words such that w1 �= w2, w1 �= w3 and w1 ·w2 �= w1 ·w3,
then equation (1) holds. For this, it suffices to consider the following cases5:

(a) w1w2 = w1w2, and either w1 · w3 = w1w3 or w3 = (w1w′
3)w

′′
3 or w1 =

(w3w′
1)w

′′
1 or w1 = w′

1w
′′
1 , w3 = w1w′

3;
(b) w1 = w′

1w
′′
1 , w2 = w′

1w
′
2, and either w3 = w′′

1w
′
3 or w3 = (w1w′

3)w
′′
3 ;

(c) w3 = (w1w′
3)w

′′
3 , and either w1 = (w2w′

1)w
′′
1 or w2 = (w1w′

2)w
′′
2 ;

(d) w1 = w′
1w

′′
1 , w2 = w′

1w
′
2, and either w3 = w′

1w
′
3 or w1 = (w3w′′′

1 )w′′′′
1 ;

(e) w1 = (w2w′
1)w

′′
1 , w1 = (w3w′′′

1 )w′′′′
1 .

Cases (a)–(c) follow immediately from Conditions 2.1–2.3.
In case (d) the equation w3 = w′

1w
′
3 and Condition 2.2 imply w1 ·w2 = w1 ·w3,

which contradicts the assumption. Now let w1 = (w3w′′′
1 )w′′′′

1 . Then from w1 =
w′

1w
′′
1 it follows that either w3w′′′

1 = w′
1, w

′′′′
1 = w′′

1 or w3w′′′
1 = w′′

1 , w′′′′
1 = w′

1.
From Conditions 2.2 and 2.3, and from w1 · w2 �= w1 · w3, we obtain w′′

1 = w3w′′′
1

and w′
1 = w′′′′

1 . Therefore (w1 · w2)(w1 · w3) = w1.
In case (e), from Condition 2.3 we obtain w1 ·w2 = w2w′

1 and w1 ·w3 = w3w′′′
1 .

From this, and from the equation w1 ·w2 �= w1 ·w3 it follows that w2 · w′
1 �= w3w′′′

1 .
Hence w′′

1 = w3w′′′
1 and w′′′′

1 = w2w′
1. Therefore

(w1 · w2) · (w1 · w3) = (w2w′
2) · (w3w′′′

1 ) = (w2w′
1) (w3w′′′

1 ) = w1.

5In the rest of this proof, there are some typographical errors in the original text, especially
regarding the superscripts. We have attempted to correct these errors. [Translators]
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All the necessary cases have been considered. Thus the operation · in CF(V ) satis-
fies Conditions 1.1–1.4. Therefore the partial algebra system CF(V ) is a projective
plane. �

Now we prove the following result:

Theorem 1. Let V be a set containing at least four elements, and let CF(V ) be the
partial algebraic system resulting from Construction 1 for the set V . Then CF(V )
is a completely free projective plane, freely generated by the set V of unitypical
elements.

Proof. From the construction of the plane CF(V ) it follows that we can choose in
CF(V ) a subconfiguration of the form D = 〈(V, ∅), ·, ∅〉. Consider the sequence of
configurations D[0] = D, D[1], . . ., D[i].

From the definitions of the operation · in CF(V ) and the configuration D[1],
it follows that for any w ∈ D[1], since w = uv, we have u, v ∈ D[0], and if w /∈ D[0]

and u1, v1 ∈ D[0] are such that w = u1v1, then w = u1v1. Thus D[1] ⊃ D[0] is a
free one-step extension. Therefore we have the basis of the induction.

Assume, for any natural number i not exceeding a natural number s, that
D[i] ⊃ D[i−1] is a free one-step extension.

Now choose arbitrarily an element w ∈ D[s+1]. Then by definition of a com-
plete one-step extension it follows that in D[s] there exist elements u and v such
that w = u · v. The definition of the operation · in CF(V ) implies that we have the
following cases:
(a) w = uv,
(b) u = wu′, v = wv′,
(c) w = w1w2 and either u = wu′, v = wi, i ∈ {1, 2}, or v = wv′, u = wi,

i ∈ {1, 2}.
In cases (b) and (c) it follows from the inductive hypothesis that w ∈ D[s]. This
contradicts the choice of w in D[s+1]. Therefore we have the equation w = uv and
hence the inductive step from s to s + 1: that is, D[s+1] ⊂ D[s] is a free one-step
extension. Therefore, for any natural number i, D[i] ⊂ D[i−1] is a free one-step
extension, and

CF(V ) =
∞⋃

i=1

D[i−1] = 〈D〉CF(V ).

From this and Lemma 1 we obtain that CF(V ) is a completely free projective
plane, freely generated by the configuration D. �

2. Now we apply Construction 1 to build a free projective plane of odd rank.

Construction 2. Let Vn = {v1, v2, . . . , vn} be a set consisting of n (n ≥ 5) pairwise
distinct symbols. We define the elements of Vn to be unitypical. Let CF(Vn) =
〈(W 0

n ,
0Wn), ·〉 be the completely free projective plane freely generated by the set

Vn, which is built according to Construction 1. Let W 0
n and 0Wn be the sets of all

regular words relative to Vn of the first and second types respectively; let W ′
n be
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the subset of W 0
n ∪ 0Wn consisting of the regular words that are formed from the

elements of the set Vn−1 = Vn \ {vn} = {v1, v2, . . . , vn−1}; let W ′′
n be the subset of

W 0
n ∪ 0Wn consisting of the regular words that have subwords of the form vnvn−1

but do not have subwords of the form vnv where v is an arbitrary regular word of
the first type distinct from vn−1.

The operation · defined in the plane CF(Vn) induces on the set W ′
n ∪W ′′

n a
partial operation ◦. The partial algebraic system thus obtained,

〈(
(W ′

n ∪W ′′
n ) ∩W 0

n , (W
′
n ∪W ′′

n ) ∩ 0Wn), ◦〉,
will be denoted by F(Ṽn) where Ṽn = {v1, v2, . . . , vn−1; vnvn−1} and regarded as
the result of Construction 2.

It immediately follows from the definition that F(Ṽn) is a closed subconfig-
uration in the projective plane CF(Vn). From this, and from the construction of
the configuration F(Ṽn), it follows that F(Ṽn) is a projective plane. From the def-
inition of multiplication in the plane CF(Vn) it follows that F(Ṽn) is generated by
the configuration of the form

Dn =
〈
Ṽn,
({v1, v2, . . . , vn}, {vnvn−1}

)
, ∗, ν〉,

where ν = {(vn−1, vnvn−1), (vnvn−1, vn)}, and for all elements in Dn the operation
∗ is undefined.

If we apply, to the sequence of configurations D
[0]
n = Dn, D

[1]
n , . . ., D

[i]
n , . . .,

arguments analogous to those done in the proof of Theorem 1 for the sequence
D, D[1], . . ., D[i], . . ., then we obtain that for any natural number i, the complete
one-step extension D[i] ⊃ D[i−1] is a free one-step extension, and

C(Ṽn) =
∞⋃

i=1

D[i−1]
n = 〈D〉C(Ṽn).

Thus we have the next result.

Proposition 6. The partial algebraic system F(Ṽn) built in Construction 2 is a free
projective plane of rank 2n− 1 where n ≥ 5.

From Propositions 4 and 6, Remark 6, Theorem 1, and Constructions 1 and
2, we obtain the following result.

Remark 7. Any free (including also completely free) projective plane can be re-
garded as a partial algebraic system in which every element has the form of a
suitable regular word.

Remark 8. 6 In [1] and [7] are given constructions of free and completely free
projective planes, but the elements of these planes are defined by the authors only
up to a certain equivalence relation which is not always convenient for applications.

6With regard to completely free projective planes, see also [5].
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3. On embeddings of projective planes

1. We have the following construction.

Construction 3. Let C1 = {a1, a2, a3, a4} be a fixed set of four elements. We define

e1 =
[(

(a4a2)(a3a1)
)(

(a4a1)(a3a2)
)]

(a2a1),

e2 =
[(

(a4a2)(a3a1)
)(

(a4a1)(a3a2)
)]

(a4a3),

e3 =
[(

(a4a3)(a2a1)
)(

(a4a1)(a3a2)
)]

(a3a1),

e4 =
[(

(a4a3)(a2a1)
)(

(a4a1)(a3a2)
)]

(a4a2),

e5 =
[(

(a4a3)(a2a1)
)(

(a4a2)(a3a1)
)]

(a3a2),

e6 =
[(

(a4a3)(a2a1)
)(

(a4a2)(a3a1)
)]

(a4a2).

We further set

g1 = (e2a2)(e1a4), g2 = (e3a2)(e2a1), g3 = (e4a1)(e3a4),

g4 = (e5a1)(e4a3), g5 = (e6a2)(e1a3), g6 = (e6a3)(e5a4).

We will regard the set G = {g1, g2, g3, g4, g5, g6} as the result of Construction 3.
It immediately follows from the definition of the elements of the set G that all
of them are regular words relative to C1. Hence, the set G is contained in the
projective plane CF(C1) obtained from the set C1 according to Construction 1.
Now consider the subconfiguration 〈(G, ∅), ·, ∅〉 in CF(C1), where the operation · is
undefined for all pairs of elements in the set G. This configuration will be denoted
by G.

We have the following result.

Proposition 7. In the projective plane CF(C1), the configuration G̃ = 〈G〉CF(C1) is
a completely free plane, freely generated by the set G which consists of six unitypical
elements.

Proof. For the proof of this statement, it suffices to observe that any word that
is regular relative to the set G is also regular relative to the set C1. Hence, for
any natural number i, the complete one-step extension G[i] ⊃ G[i−1] is also a free
one-step extension within the plane CF(C1). The claim of the proposition follows
from this and from the fact that G̃ = 〈G〉CF(C1) = 〈G〉G̃. �

Construction 4. Let Vn = {v1, v2, . . . , vn} where n ≥ 6, and let CF(Vn) be the
completely free projective plane obtained from the set Vn according to Construc-
tion 1. For any quadruple (i1, i2, i3, i4) of natural numbers such that 1 ≤ i1 < i2 <
i3 < i4 ≤ n, we will denote by h(i1, i2, i3, i4) the word

(
(vi4vi3)(vi2vi1)

)(
(vi4vi2 )(vi3vi1)

)
. (2)

The set H of all words (2) formed from the elements of the set Vn will be regarded
as the result of Construction 4. It is clear from the construction of the elements ofH
that all of them are regular words relative to the set Vn, and hence H is contained
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in the projective plane CF(Vn). Now consider the configuration 〈(H, ∅), ·, ∅〉 where
the operation · is undefined for all pairs of elements in H . We will denote this
configuration by H.

The proof of the next result is similar to that of Proposition 7.

Proposition 8. In the projective plane CF(Vn) the configuration H̃ = 〈H〉CF(Vn) is
a completely free plane, freely generated by the set H of unitypical elements.

Observe that since the cardinality |Vn| of the set Vn equals n, the cardinality
|H | of the set H equals

(
n
4

)
. Hence if n ≥ 6 then |H | > |Vn|. This, together with

Propositions 7 and 8, implies the following result.

Theorem 2. Let C1 be a set which contains four symbols, and let CF(C1) be the
completely free projective plane freely generated by the set C1 of unitypical ele-
ments. Then for any natural number n ≥ 4, there exists a projective subplane of
CF(C1) which is a completely free projective plane freely generated by a set of n
unitypical elements.

It is easy to see that the rank of a free plane cannot be smaller than 8. Hence
from Theorem 2 and Proposition 6 we obtain the following result.

Corollary 1. [2] For any natural number n ≥ 8, the completely free plane CF(C1)
contains a projective subplane which is a free projective plane of rank n.

2. In what follows we will need the next result.

Lemma 2. Let CF(V ) be the completely free projective plane freely generated by the
set V , and let U be a set of unitypical elements in CF(V ) such that

(i) for any two distinct words ui and uj in U , there exists7 a word uiuj in CF(V )
which is regular relative to V , and

(ii) if, in the expression of an element uk in U , there occurs a word u which is
regular relative to V , then for any words of the form uw1 or (uw2)w3 which
are regular relative to V , we have uk �= uw1 and uk �= (uw2)w3.

Then any word which is regular relative to U is also regular relative to V .

Proof. For words of U -length 1 or 2 that are regular relative to U , the statement
of the lemma follows immediately from the assumptions. Thus we have the basis
of induction on the U -lengths of the words.

Assume that any word of U -length n which is regular relative to U is also
regular relative to V , and consider an arbitrary word w that is regular relative to
U and has U -length n+ 1 ≥ 2. For the word w there exist words x1 and x2 that
are regular relative to U such that w = x1x2 and the U -lengths of both of these
words are strictly less than n + 1, and hence the inductive hypothesis applies to
the words x1 and x2.

From the definition of regular words, it follows that if w fails to be regular
relative to V , then we are in one of the following cases:

7That is, either uiuj or ujui is regular relative to V , and hence uiuj is defined. [Translators]
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(a) x1 = y′1y
′′
1 , x2 = y′2y

′′
2 , and the intersection {y′1, y′′1} ∩ {y′2, y′′2} is not empty;

(b) there exist elements z′ and z′′ such that for some index i ∈ {1, 2} the elements
xi, x3−i, z′, z′′ satisfy x3−i = (xiz′)z′′.

We consider the two cases separately.
(a) From the definition of regular words, it follows that the words y′1, y

′′
1 , y′2,

y′′2 cannot simultaneously be regular relative to the set U . Hence, without loss of
generality, we can assume that y′′2 is not regular relative to U ; but in this case
x2 ∈ U . If now at least one of the elements y′1, y

′′
1 is not regular relative to U , then

x1 ∈ U and hence by the conditions of the lemma there exists a word x1x2 that
is regular relative to V , which contradicts the original assumption. Hence y′1 and
y′′1 are regular relative to U . From this, and from the fact that the intersection
{y′1, y′′1} ∩ {y′2, y′′2} is not empty, we can assume without loss of generality that
y′1 = y′2. Therefore the word w has the form x1x2 = (y′1y

′′
1 ) (y′1y

′′
2 ).

First consider x1. This word has the form y′1y
′′
1 , where y′1 and y′′1 are words

that are regular relative to U , and hence the U -lengths of both of the words y′1
and y′′1 are less than the U -length of x. From this, and the fact that x2 ∈ U , it
follows that y′1 is a word of second type relative to U , and hence there exist words
v′ and v′′, regular relative to U , such that the U -lengths of both of v′ and v′′ are
strictly less than the U -length of y′1 and we have y′1 = v′v′′. But then x2 has the
form y′1y

′′
2 = (v′v′′)y′′2 , which contradicts the assumptions of the lemma. For this

reason, case (a) is impossible.
(b) From the definition of regular words, it follows that the elements z′ and

z′′ cannot simultaneously be regular relative to U . If z′′ is not regular relative
to U , then the word (xiz′)z′′ must be an element of U . But this contradicts the
assumptions of the lemma. If z′′ is regular relative to U , then z′ is not regular rel-
ative to U , and in this case either xiz′ ∈ U or (xiz′)z′′ ∈ U , which also contradicts
the assumptions of the lemma. Consequently case (b) is also impossible.

Therefore, the word w is regular relative to V , contrary to the assumption.
Hence any word w which is regular relative to U and has U -length n + 1 is also
regular relative to V . The induction is complete. �

Construction 5. Let C1 = {a1, a2, a3, a4} be a fixed set of symbols, and let G =
{g1, g2, g3, g4, g5, g6} be the set of words resulting from Construction 3. Take the
elements g1, g2, g3, g4 from G and substitute them for the elements a1, a2, a3, a4

respectively into the words g1, g2, g3, g4, g5, g6. Denote the resulting words by g1,1,
g1,2, g1,3, g1,4, g1,5, g1,6. Now suppose that for any natural number i the words gi,1,
gi,2, gi,3, gi,4, gi,5, gi,6 have been constructed. Then we denote by gi+1,1, gi+1,2,
gi+1,3, gi+1,4, gi+1,5, gi+1,6 the words resulting from substituting the elements gi,1,
gi,2, gi,3, gi,4 for the symbols a1, a2, a3, a4 respectively into the words g1, g2, g3,
g4, g5, g6. We denote the element g6 by g0,6. We define the set

G = {g0,6, g1,6, . . . , gi,6, . . .},
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to be the result of Construction 5. It follows from the definition of the elements
of G, that for any natural number i, the element gi−1,6 is a regular word relative
to C1. Hence the set G is contained in the projective plane CF(C1) obtained from
the set C1 according to Construction 1. Consider in CF(C1) the subconfiguration
〈(G, ∅), ·, ∅〉 where the operation · is undefined for all pairs of elements of G. Denote
this configuration by G.

It follows from the construction of G, that C1 and G are sets of unitypical
elements satisfying the conditions of Lemma 2. Thus any word that is regular
relative to G is also regular relative to C1. Hence for any natural number i, the
complete one-step extension G

[i] ⊃ G
[i−1]

in the plane CF(C1) is a free one-step
extension. For this reason the closed configuration 〈G〉CF(C1) is a completely free
projective plane, freely generated by a countable set G of unitypical elements.
Therefore we have the following result.

Theorem 3. Let C1 be a set of four elements, let CF(C1) be the completely free
projective plane freely generated by the set C1 of unitypical elements, and let G be
the countable set of elements obtained according to Construction 5. Then CF(C1)
contains a projective subplane which is a completely free projective plane freely
generated by the set G of unitypical elements.

4. On homomorphisms of projective planes

1. The following result holds.

Lemma 3. Let CF(V ) be the completely free projective plane, freely generated by
the set V of unitypical elements according to Construction 1. Let A1, A2, . . ., An,
. . . be a sequence of subconfigurations in CF(V ) such that

(i) A1 = 〈(V, ∅), ·, ∅〉,
(ii) for any natural number i the configuration Ai+1 is a free one-step extension

of Ai, and
(iii) A0

def=
⋃∞

i=1 Ai �= CF(V ).
Then the following conditions hold:
(a) for any natural number n, if w ∈ An+1 and w /∈ An then in An there exist

elements u and v such that w = uv;
(b) the projective plane CF(V ) is freely generated by the configuration A0.

Proof. (a) In the case n = 1, the claim is obvious. Thus we have a basis for the
induction. Suppose, for all natural numbers k < n, that from w ∈ Ak+1, w /∈ Ak

it follows that there exist elements u and v in Ak such that w = uv. Now choose
arbitrarily an element w in An+1 such that w /∈ An, and let u and v be the elements
in An such that w = u · v.

From the definition of the plane CF(V ), and Conditions 2.1–2.3 in the defi-
nition of the operation · in CF(V ), it follows that the equation w = u · v holds in
CF(V ) in any of the following cases:
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• w = uv;
• u = wu′, v = wv′;
• w = w1w2 and either u = wu′, v = wi, i ∈ {1, 2}, or v = wv′, u = wi,
i ∈ {1, 2}.

Assume that
u = wu′. (3)

Then u /∈ A1. From this, and from the assumptions of the lemma, it follows
that there exists a smallest natural number s such that 1 < s ≤ n, u ∈ As,
u /∈ As−1. Hence from the inductive hypothesis, the definition of regular words in
Construction 1, and equation (3), it follows that w, u′ ∈ As−1. But this contradicts
the choice of the element w. The case v = wv′ is treated similarly. Therefore,
w = uv. The inductive step is complete. Part (a) of the lemma is proved.

(b) We show that for any natural number n, the complete one-step extension
A

[n]
0 ⊃ A

[n−1]
0 is a free one-step extension.

Let n = 1. We choose arbitrarily an element w in A
[1]
0 such that w /∈ A

[0]
0 = A0.

Then in A0 there exist elements u and v such that w = u ·v. From the definition of
the configuration A0 it follows that there exists a smallest natural number s such
that u ∈ As. Now, if u > w then from the definition of the multiplication in the
plane CF(V ) it follows that w occurs in the expression of the word u. Hence from
part (a) of this lemma we obtain w ∈ As ⊂ A0. This contradicts the choice of w.
Consequently u < v. Similarly one shows that v < w. From this and the definition
of multiplication in the plane CF(V ), it follows that w = uv, i.e., for w there exist
two and only two elements u and v in A0 such that w = u · v. For this reason the
extension A

[1]
0 ⊃ A0 is a complete free one-step extension. Therefore we have the

basis of induction.
Now suppose, for any natural number k < n, that the extension A

[k]
0 ⊃ A

[k−1]
0

is a complete free one-step extension, and that for any element w ∈ A
[k]
0 with

w /∈ A
[k−1]
0 there exist elements u and v in A

[k−1]
0 for which w = uv. Choose

arbitrarily an element w ∈ A
[n]
0 such that w /∈ A

[n−1]
0 . Then for this element there

exist elements u and v in A
[n−1]
0 such that w = u · v. From this, the inductive

hypothesis, and the definition of the operation · in the plane CF(V ), it follows
that w > u and w > v. Hence w = uv, and the extension A

[n]
0 ⊃ A

[n−1]
0 is a

complete free one-step extension. The inductive step is complete. Therefore part
(b) is also proved. �

2. We have the following construction.

Construction 6. Let C1 = {a1, a2, a,a4} be a fixed set of four elements, and let
CF(C1) be the completely free projective plane obtained from C1 according to
Construction 1. In the alphabet C1, we introduce notation for words which will
be needed in what follows: b0,m, c0,j, d0,j , e0,m, f0,k, g0,� where m = 1, 2, . . ., 6,
j = 1, 2, 3, k = 1, 2, . . ., 12, � = 1, 2, 3, 4, as displayed in Table 1; in each column,
the definition of the element in the first row is given in the second row.
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b0,1 b0,2 b0,3 b0,4 b0,5 b0,6 c0,1 c0,2

a2a1 a3a1 a3a2 a4a1 a4a2 a4a3 b0,4b0,3 b0,5b0,2

c0,3 d0,1 d0,2 d0,3 e0,1 e0,2 e0,3 e0,4

b0,6b0,1 c0,2c0,1 c0,3c0,1 c0,3c0,2 d0,1b0,1 d0,1b0,6 d0,2b0,2 d0,2b0,9

e0,5 e0,6 f0,1 f0,2 f0,3 f0,4 f0,5 f0,6

d0,3b0,3 d0,3b0,4 e0,1a3 e0,1a4 e0,2a1 e0,2a2 e0,3a2 e0,3a4

f0,7 f0,8 f0,9 f0,10 f0,11 f0,12 g0,1 g0,2

e0,4a1 e0,4a3 e0,5a1 e0,5a4 e0,6a2 e0,6a3 f0,4f0,2 f0,5f0,3

g0,3 g0,4

f0,7f0,6 f0,9f0,8

Table 1. Definition of the words b0,m, c0,j , d0,j , e0,m, f0,k, g0,�.

Now, if for a natural number i we have already defined the elements bi−1,m,
ci−1,j , di−1,j , ei−1,m, fi−1,k, gi−1,� where m = 1, 2, . . ., 6, j = 1, 2, 3, k = 1, 2,
. . ., 12, � = 1, 2, 3, 4, then we denote by bi,m, ci,j , di,j , ei,m, fi,k, gi,� respectively
the words obtained by substituting the words gi−1,1, gi−1,2, gi−1,3, gi−1,4 for a1,
a2, a3, a4 respectively in the expressions of the words b0,m, c0,j , d0,j , e0,m, f0,k,
g0,� where m = 1, 2, . . . , 6, j = 1, 2, 3, k = 1, 2, . . . , 12, � = 1, 2, 3, 4. We denote by
C0 the set of words

{a1, a2, a3, a4} ∪ {bi,m, ci,j , di,j , ei,m, fi,k, gi,�},
where i = 0, 1, . . . and m = 1, 2, . . . , 6, j = 1, 2, 3, k = 1, 2, . . . , 12, � = 1, 2, 3, 4.

Remark 9. Every element of the set C0 is a regular word relative to C1, and hence
we have C0 ⊂ CF(C1).

By definition C1 = {a1, a2, a3, a4}. Now, if for some natural number i the set
C6i−5 has been defined, then by C6i−4, C6i−3, C6i−2, C6i−1, C6i, C6i+1 respectively
we denote the following sets:

C6i−5 ∪ {bi−1,m}, m = 1, 2, . . . , 6; C6i−4 ∪ {ci−1,j}, j = 1, 2, 3;

C6i−3 ∪ {di−1,j}, j = 1, 2, 3; C6i−2 ∪ {ei−1,m}, m = 1, 2, . . . , 6;

C6i−1 ∪ {fi−1,k}, k = 1, 2, . . . , 12; C6i ∪ {gi−1,�}, � = 1, 2, 3, 4.

On each of the sets Ci, i = 0, 1, . . . we define a partial binary commutative opera-
tion fi (respectively) as follows:
4.1. If, for two distinct unitypical elements a and b in the set Ci, the product a · b,

using the operation · defined in the plane CF(C1), is also contained in Ci,
then fi(a, b) = a · b, i = 0, 1, . . ..
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a1 a2 a3 a4 b0,1 b0,2 b0,3 b0,4

b0,1 b0,1 b0,2 b0,4 a1 a1 a2 a1

b0,2 b0,3 b0,3 b0,5 a2 a3 a3 a4

b0,4 b0,5 b0,6 b0,6 c0,3 c0,2 c0,1 c0,2

f0,3 f0,4 f0,1 f0,2 e0,1 e0,3 e0,5 e0,6

f0,7 f0,5 f0,8 f0,6

f0,9 f0,11 f0,12 f0,10

b0,5 b0,6 c0,1 c0,2 c0,3 d0,1 d0,2 d0,3

a2 a3 b0,3 b0,2 b0,1 c0,1 c0,1 c0,2

a4 a4 b0,4 b0,5 b0,6 c0,2 c0,3 c0,3

c0,3 c0,1 d0,1 d0,1 d0,2 e0,1 e0,3 e0,5

e0,4 e0,2 d0,2 d0,3 d0,3 e0,2 e0,4 e0,6

e0,1 e0,2 e0,3 e0,4 e0,5 e0,6 f0,1 f0,2

b0,1 b0,6 b0,2 b0,5 b0,3 b0,4 a3 a4

d0,1 d0,1 d0,2 d0,2 d0,3 d0,3 e0,1 e0,1

f0,1 f0,3 f0,5 f0,7 f0,9 f0,11 g0,1

f0,2 f0,4 f0,6 f0,8 f0,10 f0,12

f0,3 f0,4 f0,5 f0,6 f0,7 f0,8 f0,9 f0,10

a1 a2 a2 a4 a1 a3 a1 a4

e0,2 e0,2 e0,3 e0,3 e0,4 e0,4 e0,5 e0,5

g0,2 g0,1 g0,2 g0,3 g0,3 g0,4 g0,4

f0,11 f0,12 g0,1 g0,2 g0,3 g0,4

a2 a3 f0,2 f0,3 f0,6 f0,8

e0,6 e0,6 f0,4 f0,5 f0,7 f0,9

b1,1 b1,1 b1,2 b1,4

b1,2 b1,3 b1,3 b1,5

b1,4 b1,5 b1,6 b1,6

f1,3 f1,4 f1,1 f1,2

f1,7 f1,5 f1,8 f1,6

f1,9 f1,11 f1,12 f1,10

Table 2. The incidence relation α0 (basis of induction).

4.2. In all other cases we declare that the operation fi on Ci is undefined, i =
0, 1, . . ..

Table 2 gives the incidence relation for elements of C0: in each column, the
first row gives an element w ∈ C0, and the other rows give the elements of C0
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bi,1 bi,2 bi,3 bi,4
gi−1,1 gi−1,1 gi−1,2 gi−1,1

gi−1,2 gi−1,3 gi−1,3 gi−1,4

ci,3 ci,2 ci,1 ci,1
ei,1 ei,3 ei,5 ei,6

bi,5 bi,6 ci,1 ci,2 ci,3 di,1 di,2 di,3

gi−1,2 gi−1,3 bi,3 bi,2 bi,1 ci,2 ci,1 ci,2
gi−1,4 gi−1,4 bi,4 bi,5 bi,6 ci,3 ci,3 ci,3
ci,2 ci,3 di,1 di,1 di,2 ei,1 ei,3 ei,5

ei,4 ei,2 di,2 di,3 di,3 ei,2 ei,4 ei,6

ei,1 ei,2 ei,3 ei,4 ei,5 ei,6 fi,1 fi,2

bi,1 bi,6 bi,2 bi,5 bi,3 bi,4 gi−1,3 gi−1,4

di,1 di,1 di,2 di,2 di,3 di,3 ei,1 ei,1

fi,1 fi,3 fi,5 fi,7 fi,9 fi,11 gi,1

fi,2 fi,4 fi,6 fi,8 fi,10 fi,12

fi,3 fi,4 fi,5 fi,6 fi,7 fi,8 fi,9 fi,10

gi−1,1 gi−1,2 gi−1,2 gi−1,4 gi−1,1 gi−1,3 gi−1,1 gi−1,4

ei,2 ei,2 ei,3 ei,3 ei,4 ei,4 ei,5 ei,6

gi,2 gi,1 gi,2 gi,3 gi,3 gi,4 gi,4

fi,11 fi,12 gi,1 gi,2 gi,3 gi,4

gi−1,2 gi−1,3 fi,2 fi,3 fi,6 fi,8

ei,1 ei,6 fi,4 fi,5 fi,7 fi,9

bi+1,1 bi+1,1 bi+1,2 bi+1,4

bi+1,2 bi+1,3 bi+1,3 bi+1,5

bi+1,4 bi+1,5 bi+1,6 bi+1,6

fi+1,3 fi+1,4 fi+1,1 fi+1,2

fi+1,7 fi+1,5 fi+1,8 fi+1,6

fi+1,9 fi+1,11 fi+1,12 fi+1,10

Table 3. The incidence relation α0 (inductive step).

which are incident with w in CF(C1). This incidence relation8 will be denoted by
α0. We construct a sequence of configurations using Tables 2 and 3.

Let C0 and 0C be the sets of regular words of first and second type respec-
tively relative to the set C1 in the plane CF(C1). Choose arbitrarily an element
w in CF(C1) such that for some elements u and v in CF(C1) we have w = uv.

8Table 2 gives the basis of the induction defining α0, and Table 3 gives the inductive step.
[Translators]
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Then the pairs of the form (w, u), (u,w), (w, v) and (v, w) will be called the basic
incidences of the element w, and the set {(w, u), (u,w), (w, v), (v, w)} will be
denoted by Ow and called the full set of basic incidences of w in CF(C1).

We define the sequence of sets α1, α2, . . ., αi, . . . as follows:

4.3. Set by definition α1 = ∅.
4.4. If, for some natural number i the set αi has already been defined, then we

define αi+1 in this way: for all elements in Ci+1 \ Ci we denote by βi+1 the
union of all full sets of basic incidences,

βi+1 =
⋃

w∈Ci+1\Ci

Ow,

and define αi+1 = αi ∪ βi+1.

For each natural number i, we will denote by Ci the partial algebraic system
〈
(Ci ∩C0, Ci ∩ 0C), fi, αi

〉
, i = 1, 2, . . . ,

where fi is the partial binary commutative operation defined on Ci and satisfying
Conditions 4.1 and 4.2, and the relation αi is defined for each i according to
Conditions 4.3 and 4.4.

It follows immediately from the definitions of fi and αi, and the construction
of the sets Ci, i = 1, 2, . . ., that αi is an incidence relation relative to the partition
(Ci ∩ C0, Ci ∩ 0C) such that αi and fi are compatible on the set. Therefore we
have the following result.

Lemma 4. For every natural number i, the partial algebraic system

Ci =
〈
(Ci ∩ C0, Ci ∩ 0C), fi, αi

〉
,

is a configuration, and the extension Ci+1 ⊃ Ci is free.

Denote by C0 the configuration equal to the union of the configurations Ci,
i = 1, 2, . . .:

C0 =
∞⋃

i=1

Ci.

The configuration C0 will be regarded as the result of Construction 6.

Remark 10. It follows from the construction of the sequence of configurations C1,
C2, . . ., Ci, . . . that the configuration C0 can also be defined as follows:

C0 =
〈
(C0 ∩ C0, C0 ∩ 0C), α0, f0

〉
,

where α0 is defined by Tables 2 and 3, and f0 is the partial binary commutative
operation satisfying Conditions 4.1 and 4.2.

For the sequence of configurations Ci, i = 1, 2, . . ., and the configuration C0,
by virtue of their constructions and Lemma 4, all the conditions of Lemma 3 are
satisfied. Hence the following holds.
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Lemma 5. Let CF(C1) be the completely free projective plane freely generated by
the set C1 of unitypical elements according to Construction 1, and let C0 be the
configuration resulting from Construction 6. Then CF(C1) is freely generated by C0.

3. Let B1 and B2 be configurations contained respectively in the projective planes
A1 and A2. A mapping ϕ of B1 onto B2 will be called a homomorphism of con-
figurations if the incidence of the elements x and y in B1 implies the incidence of
the elements ϕ(x) and ϕ(y) in B2. In the case Ai = Bi, i = 1, 2, we will say that
ϕ is a homomorphism of projective planes from A1 onto A2.

Construction 7. Let U0 = {u1, u2, . . . , ui, . . .} be a fixed countable set of symbols
ordered according to the indices, and let CF(U0) be the completely free plane
freely generated by U0 according to Construction 1. Denote by 0U the set of all
words of the form ui+1ui where i = 1, 2, . . . . Denote by U the subconfiguration
〈(U0, 0U), ∗, α〉 in the projective plane CF(U0), where α is the union of the full
sets of basic incidences for all elements of 0U ,

α =
⋃

w∈0U

Ow,

the partial binary commutative operation ∗ is defined on the set U0∩0U as follows,

ui+1 ∗ ui = ui+1ui, (ui+2ui+1) ∗ (ui+1ui) = ui+1, i = 1, 2, . . . ,

and all remaining products in U are undefined. The configuration U just obtained
will be regarded as the result of Construction 7.

We have the following result.

Lemma 6. Let U0 be a countable set of symbols, and let CF(U0) be the completely
free projective plane obtained from U0 according to Construction 1. Let C1 be a set
consisting of four symbols, and let CF(C1) be the completely free projective plane
obtained from C1 according to Construction 1. Then there exists a homomorphism
θ of projective planes from CF(C1) onto CF(U0).

Proof. First, we construct a mapping θ of the configuration C0, obtained as the
result of Construction 6, onto the configuration U, obtained as the result of Con-
struction 7:

θ(a�) = θ(c0,j) = θ(e0,m) = u1,

θ(b0,m) = θ(d0,j) = θ(f0,k) = u2u1,

θ(g0,�) = u2, . . . , θ(gi−1,�) = θ(ci,j) = θ(ei,m) = ui+1,

θ(bi,m) = θ(di,j) = θ(fi,k) = ui+2ui+1,

where m = 1, 2, . . . , 6, j = 1, 2, 3, k = 1, 2, . . . , 12, � = 1, 2, 3, 4, i = 1, 2, . . . .
It is clear from inspection of Tables 2 and 3, and the definition of the map-

ping θ, that if elements a and b are incident in the configuration C0 then the
elements θ(a) and θ(b) are incident in the configuration U. Hence the mapping θ
is a homomorphism of configurations from C0 onto U.
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The configuration U is freely equivalent to the configuration 〈U0, (U0, ∅), ·, ∅〉,
and hence by Proposition 5 the projective plane CF(U0) is freely generated by the
configuration U.

In [3] it is shown that if the plane P1 is freely generated by a configuration A1,
the plane P2 is generated by a configuration A2, and there exists a homomorphism
τ of configurations from A1 onto A2, then there exists a homomorphism τ of
projective planes from P1 onto P1 such that τ is an extension of τ .

From this, together with Lemma 5, the definition of the configurations C0

and U, and the construction of the homomorphism θ, it follows that there exists a
homomorphism θ of projective planes from CF(C1) onto CF(U0) such that θ is an
extension of θ. The lemma is proved. �

For what follows we will need the next result.

Proposition 9. [10] Let P = 〈(P 0, 0P ), ·〉 be a projective plane where P 0 and 0P
are the sets of elements of the first and second types in P . Then there exists a
completely free projective plane CF(V ) such that CF(V ) is freely generated by a set
V of unitypical elements, where the cardinalities of the sets P 0 and V are equal
and there exists a homomorphism of planes from CF(V ) onto P.

Now we will prove the following result.

Theorem 4. Any finite or countably infinite projective plane is a homomorphic im-
age of a completely free projective plane freely generated by a set of four elements.

Proof. Let P = 〈(P 0, 0P ), ·〉 be an arbitrary finite or countable infinite projec-
tive plane. Then from Proposition 9 it follows that there exists a completely free
projective plane P1 = CF(V ) such that P1 is freely generated by the set V of uni-
typical elements, where the cardinalities of P 0 and V are equal, and there exists
a homomorphism τ1 of planes from P1 onto P. Observe that any completely free
projective plane, freely generated by a finite or countably infinite set, consists of
a countably infinite set of elements.

If U0 is a countably infinite set of symbols, and CF(U0) is the completely free
projective plane freely generated by the set U0 according to Construction 1, then
it follows from Proposition 9 that there exists a homomorphism τ of planes from
CF(U0) onto P1.

By Proposition 4 it follows that if a plane is freely generated by a set of four
elements, then this plane can also be freely generated by a set of four unitypical
elements. For this reason let C1 = {a1, a2, a3, a4} be a set of four elements, let
CF(C1) be the completely free plane obtained from C1 according to Construction 1,
and let θ be the homomorphism of planes from CF(C1) onto CF(U0) constructed
in Lemma 6. Then we obtain the following sequence of homomorphisms:

CF(C1)
θ−→ CF(U0) τ1−→ P1

τ−→ P.

The composition of these homomorphisms gives the required homomorphism of
planes from CF(C1) onto P. �
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Corollary 2. [4] Any projective plane with a finite number of generators is a ho-
momorphic image of a completely free projective plane freely generated by a set of
four elements.
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COMMENTS ON SHIRSHOV'S HEIGHT THEOREM

ALEXANDER KEMER

In 1941 A.G. Kurosh [1] posed the problem: Is every �nitely-generated algebraic associative
algebra �nite-dimensional? In 1964 E.S. Golod and I.R. Shafarevich [2, 3] constructed a
counterexample: they presented an in�nite-dimensional �nitely-generated nil-algebra. This
counterexample shows that in general �nitely-generated algebraic associative algebras are
very far from being �nite-dimensional.

Every problem can be considered not only as an explicit problem but as a direction of
research. In the case of Kurosh's problem such a direction can be formulated in the following
way: Find the conditions which imply that a �nitely generated algebra is �nite-dimensional.

Before the counterexample of Golod-Shafarevich was constructed, many positive results
on Kurosh's problem were obtained. In 1945 N. Jacobson [4] solved the problem of Kurosh
for algebraic algebras of bounded index. In 1946 J. Levitzky [5] proved that for a �nitely
generated PI-algebra over a commutative ring, if each element is nilpotent then the algebra
is nilpotent. Finally, in 1948 I. Kaplansky [6] solved Kurosh's problem for PI-algebras over
a �eld. All of these results became classical and are included in textbooks on ring theory.
The great role of these results in ring theory is well known. In fact, the structure theory of
rings developed around the problem of A.G. Kurosh.

In 1957 A.I. Shirshov proved his famous theorem on height:
Theorem (A.I. Shirshov [7]). For any �nitely-generated associative PI-algebra A over

a commutative ring R with 1, there exist a natural number h and elements a1; : : : ; an ∈ A
such that any element of A can be represented as an R-linear combination of elements of the
form

a�1
i1 · · · a�kik ;

where k < h.
We note that an algebra A over a commutative ring R with 1 is called a PI-algebra if A

satis�es some polynomial identity f = 0 such that the ideal of the ring R generated by the
coe�cients of the highest-degree terms of the polynomial f contains 1.

The positive solution of Kurosh's problem for PI-algebras over a ring follows immediately
from Shirshov's theorem. Indeed, since the elements a1; : : : ; an ∈ A are algebraic (the ele-
ments a1; : : : ; an are taken from the conclusion of the theorem on height), the degrees �i are
bounded. Hence the algebra A is a �nitely-generated R-module.

Comparing the solutions of Kurosh's problem obtained by I. Kaplansky and A.I. Shirshov
one notes that the solution of I. Kaplansky is based on the well-developed structure theory
of rings, but makes little use of the PI-condition. In fact, the PI-condition is used in two
statements: (1) The radical of a �nitely-generated algebraic PI-algebra is nilpotent; (2) A
matrix algebra of order n does not satisfy a polynomial identity of degree less than 2n. These
statements are quite easy from the contemporary point of view.

The solution of A.I. Shirshov does not use the structure theory at all. Moreover A.I.
Shirshov also made little use of algebraicity. It follows from the above that it is su�cient to

1
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require algebraicity only for some �nite set of elements. But the most important merit of the
theorem on height is that it was proved for algebras over a commutative ring. Many of the
results in ring theory concerning PI-algebras would not have been obtained if the theorem
on height were true only for algebras over �elds.

With the �rst results about PI-algebras it became clear that the PI-condition is a peculiar
�niteness condition. In 1957 S. Amitsur [8] proved a remarkable theorem: The radical of a
�nitely-generated PI-algebra is a nil-ideal. This theorem once again corroborated that the
PI-condition is a �niteness condition, and allowed V.N. Latyshev at that time to formulate
rather boldly the problem: Is the radical of a �nitely-generated PI-algebra nilpotent? (See
[9]). A great contribution to the solution of this problem was made by Yu.P. Razmyslov
[10] who proved that the radical of �nitely-generated PI-algebra over a �eld is nilpotent
if and only if the algebra satis�es some standard identity. To prove this statement, Yu.P.
Razmyslov constructed an embedding of certain algebras into algebras which are algebraic
over the center and then applied the theorem on height. Yu.P. Razmyslov was the �rst
algebraist to apply the theorem on height very often and deeply. For algebras over a �eld of
characteristic zero, Latyshev's problem was solved by A.R. Kemer [11] who proved that every
�nitely-generated PI-algebra over a �eld of characteristic zero satis�es a standard identity
of some order. Indeed this result and the theorem of Razmyslov mentioned above imply the
positive solution of Latyshev's problem in the case of characteristic zero. In 1982, A. Braun
[12] solved Latyshev's problem positively for algebras over a commutative Noetherian ring.
At present the theorem on the nilpotency of the radical of a �nitely-generated PI-algebra is
known as the theorem of Braun-Kemer-Razmyslov.

In 1974, Yu. P. Razmyslov introduced a new concept of trace identity, and proved that
each trace identity of the matrix algebra of order n over a �eld of characteristic 0 follows
from the Cayley-Hamilton trace identity of degree n and the identity Tr(1) = n [13]. Little
later C. Procesi [14] proved actually the same result in the terms of invariants.

The Cayley-Hamilton identity of degree n has the form

Xn(x) = xn + b1(x)xn−1 + · · ·+ bn(x) = 0;

where the coe�cient bm(x) is a form of degree m. In the case of characteristic zero the
coe�cients bm(x) can be represented as linear combinations of trace monomials of the form

Tr(xi1)�1Tr(xi2)�2 · · ·Tr(xik)�k :

Of course this theorem of Yu.P. Razmyslov does not concern the theorem on height directly,
but the idea of trace identities gives a way of embedding (if possible) a �nitely-generated
PI-algebra over a �eld into a �nite-dimensional algebra (a matrix algebra) over a larger �eld
(such algebras are called representable). Indeed, let a �nitely-generated algebra A over a
�eld F be embeddable into the matrix algebra Mn(K), F ⊆ K. Consider the F -subalgebra
C = SA, where S is the F -subalgebra (with unity) of the �eld K generated by all the
elements bm(a) (a ∈ A) where the elements bm(a) are the coe�cients of the Cayley-Hamilton
identity of degree n. It follows from this that in the case of characteristic zero the algebra
A is embeddable into the algebra

D = A⊗ T 〈A〉=J;
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where T 〈A〉 is the commutative algebra generated by the symbols Tr(a); a ∈ A, the trace on
the algebra A⊗ T 〈A〉 is de�ned by the formula

Tr
( ∑

ak ⊗ tk
)

=
∑

Tr(ak)tk;

and the ideal J is generated by the elements Xn(d) (d ∈ A⊗ T 〈A〉). In the case of charac-
teristic p the algebra A⊗T 〈A〉 is generated by the symbols bm(a) (a ∈ A). The forms bm(x)
are de�ned in the same manner but with more complicated formulas.

Assume that the algebra A is embeddable into the algebra D. Then the algebra A is
embeddable into the algebra

D′ = A⊗ T ′〈A〉=J ∩ A⊗ T ′〈A〉;
where T ′〈A〉 is the subalgebra of A⊗T 〈A〉 generated by the elements bm(ai) (the elements ai
are taken from the conclusion of the theorem on height). The algebra D′ is �nitely-generated
and algebraic over the commutative algebra T ′〈A〉 because it satis�es the Cayley-Hamilton
identity. By the theorem on height the algebra D′ is a �nitely-generated T ′〈A〉-module.
Since the algebra T ′〈A〉 is noetherian, by a theorem of K. Beidar [15] the algebras D′ and
A are representable. In 1995 the theorem of Razmyslov in the case of characteristic p was
proved by A.R. Kemer at the multilinear level [16] and little later A.N. Zubkov proved this
theorem at the homogeneous level [17].

A very important problem in the theory of PI-algebras was posed by W. Specht [18] in
1950: Does every associative algebra over a �eld of characteristic zero have a �nite basis of
identities? The �nite basis problem makes sense for algebras over any �eld, and even for
rings, groups and arbitrary general algebraic systems. A positive solution of the �nite basis
problem for a given class of algebraic systems is a sort of classi�cation of these algebraic
systems in the language of identities.

A rather large number of papers have been devoted to Specht's problem for associative
algebras over a �eld of characteristic zero. We note the most important results. In 1977 V.N.
Latyshev [19] proved that any associative algebra over a �eld of characteristic zero satisfying
a polynomial identity of the form

[x1; : : : ; xn] · · · [y1; : : : ; yn] = 0;
has a �nite basis of identities. This result was also obtained independently by G. Genov [20]
and A. Popov [21].

In 1982 A.R. Kemer reduced the Specht problem to the �nite basis problem for graded
identities of �nitely-generated associative PI-superalgebras [22] and in 1986 he solved the
Specht problem positively [23]. The �rst proof of the theorem on the �nite basis of identities
was rather complicated. A little later in 1987 A.R. Kemer [24] proved that relatively free
�nitely-generated associative PI-superalgebras over a �eld of characteristic zero are repre-
sentable. This theorem implies the theorem on the �nite basis, and explains the reason why
the Specht problem has a positive solution. This reason is that �nite-generated PI-algebras
over a �eld of characteristic zero cannot be distinguished in the language of identities from
�nite-dimensional algebras. More precisely, for every �nitely-generated PI-algebra A there
exists a �nitely-dimensional algebra C such that the ideals of identities of these algebras
are equal. In 1988 A.R. Kemer proved the same result for algebras over an in�nite �eld of
characteristic p [25].

The main idea of the proof of this theorem is to approach step-by-step the given T -ideal �
by the ideals of identities of �nite-dimensional algebras. At the �rst step there is constructed
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a �nite-dimensional algebra C0 such that
T [C0] ⊆ �:

The existence of this algebra follows from the theorem on nilpotency of Braun-Kemer-
Razmyslov and the theorem of J. Lewin [33]. The most di�cult part of the proof is the
following statement: If T [C] ⊆ �, T [C] 6= � (C is �nite-dimensional) then there exists a
�nite-dimensional algebra C ′ such that

T [C] ⊆ T [C ′] ⊆ �; T [C] 6= T [C ′]:
The proof of this statement uses identities with forms and the standard application of the
theorem on height which was described above.

Examples of in�nitely-based algebras in the case of characteristic p were constructed in
1999 by V.V. Schigolev [26] and A.Ya. Belov [27].

In 1998 A.Ya. Belov [28] announced a positive solution of the local �nite basis problem
for algebras over a commutative noetherian ring, and announced a result about the repre-
sentability of the relatively free algebra over a commutative noetherian ring in some weak
sense: The relatively free �nitely-generated PI-algebra A over a commutative noetherian
ring R is embeddable into some algebra A′ over a commutative noetherian ring R′ such that
A′ is a �nitely-generated R′-module (R ⊆ R′). In other words the algebra A is embeddable
into the algebra of endomorphisms of some �nitely generated R′-module.

Regarding the methods of A.Ya. Belov we should note that most of the ideas of A.Ya. Belov
are combinatorial, and come from the theorem on height and other results of A.I. Shirshov.
A.Ya. Belov developed the combinatorial ideas of A.I. Shirshov which made it possible to
consider more complicated combinatorial situations than in the theorem on height. In this
sense one can call A.Ya. Belov a successor of A.I. Shirshov.

Another nice idea is applying Zariski closure. This idea was new for PI-theory. The
algebras of endomorphisms of �nitely generated modules over a ring have a more complicated
structure than �nite-dimensional algebras, but applying Zariski closure A.Ya. Belov proved
that a �nitely-generated PI-algebra A over a commutative noetherian ring R has the same
identities as some algebra C over a commutative noetherian ring R′, R ⊆ R′, satisfying the
property that the radical of the algebra C splits o� and is nilpotent, i.e., C = P + RadC,
where the subalgebra C is semisimple. Applying Zariski closure A.Ya. Belov also obtained a
lot of information about the semiprime part P . We note that the main results of A.Ya. Belov
are not yet published.

We also mention the results devoted to the estimation of height in the theorem of A.I.
Shirshov. The height h(A) of an algebra A depends on the number of generators s and the
minimal degree of identities m = deg(A). The estimate for the height which follows from
the proof of the theorem on height is not satisfactory. In 1982 A.G. Kolotov [29] obtained
the estimate

h(a) ≤ ssm :
In [30] E.I. Zelmanov raised a question about the exponential estimate of the height. The
positive answer was obtained by A. Ya. Belov in 1988 [31, 32].
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ÊÀÊ ÏÅÐÅÑÅÊÀÞÒÑß Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÊÐÈÂÎËÈÍÅÉÍÛÅ ÑÔÅÐÛ,

ÈËÈ ÄÂÓÌÅÐÍÛÅ ÌÅÀÍÄÐÛ 1

Ñ. Àââàêóìîâ, À. Áåðäíèêîâ, À. Ðóõîâè÷ è À. Ñêîïåíêîâ 2

1 Ïðèìåðû è îñíîâíûå çàäà÷è

Ðèñ. 1: Êðèâîëèíåéíûå ñôåðû, ïåðåñåêàþùèåñÿ ïî îêðóæíîñòè (ñëåâà) è ïî äâóì îêðóæíîñòÿì
(ñïðàâà)

Êàê ìîãóò ïåðåñåêàòüñÿ êðèâîëèíåéíûå ñôåðû â òðåõìåðíîì ïðîñòðàíñòâå? Íà ðèñóíêàõ
1 è 2 èçîáðàæåíû ïàðû êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèåñÿ ïî
íàáîðó îêðóæíîñòåé.

Âèäèìî, òåðìèí êðèâîëèíåéíàÿ ñôåðà èíòóèòèâíî ïîíÿòåí Âàì. Åñëè íåò, òî ïðî÷òèòå ñòðî-
ãîå îïðåäåëåíèå íèæå. Çäåñü ìû òîëüêî îòìåòèì, ÷òî â ýòîì òåêñòå êðèâîëèíåéíûå ñôåðû
ïîäðàçóìåâàþòñÿ íå èìåþùèìè ñàìîïåðåñå÷åíèé.

Ñêîðåå âñåãî, äëÿ ðåøåíèÿ çàäà÷ Âàì íå ïîíàäîáÿòñÿ ñòðîãèå îïðåäåëåíèÿ. Ïîæàëóéñòà,
èçîáðàæàéòå êðèâîëèíåéíûå ñôåðû ñ ïîìîùüþ ïîíÿòíûõ (äëÿ ÷ëåíîâ æþðè) ðèñóíêîâ, à íå
çàäàâàéòå èõ ôîðìàëüíûìè êîíñòðóêöèÿìè. Åñëè çàäà÷à ñôîðìóëèðîâàíà êàê óòâåðæäåíèå,
òî òðåáóåòñÿ åãî äîêàçàòü. Åñëè çàäà÷à îêàçûâàåòñÿ ñëèøêîì ñëîæíîé, ïîïðîáóéòå ðåøèòü
ñîñåäíèå çàäà÷è, îíè ìîãóò ñîäåðæàòü ïîäñêàçêè. Íåðåøåííûå çàäà÷è îòìå÷åíû çâåçäî÷êàìè.

1.1. Íàðèñóéòå ïàðó êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèõñÿ ïî
îáúåäèíåíèþ òðåõ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé òàê, ÷òî â êàæäîé ñôåðå ýòè îêðóæíîñòè

(a) îãðàíè÷èâàþò 3 äèñêà (êàê ñïðàâà-ñíèçó-ñëåâà íà ðèñ. 2).
(b) íå îãðàíè÷èâàþò 3 äèñêîâ (êàê ñïðàâà-ñíèçó-ñïðàâà íà ðèñ. 2).

1.2. Íàðèñóéòå ïàðó êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèõñÿ ïî
îáúåäèíåíèþ ÷åòûðåõ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé òàê, ÷òî â êàæäîé ñôåðå ýòè îêðóæíîñòè

(a) îãðàíè÷èâàþò 4 äèñêà (êàê íà ðèñ. 3.a).
(b)

”
ïàðàëëåëüíû“, èëè

”
îäíà âíóòðè äðóãîé“(êàê íà ðèñ. 3.b).

(c) ðàñïîëîæåíû êàê íà ðèñ. 3.c.

1Ìû áëàãîäàðèì çà ïîëåçíûå çàìå÷àíèÿ è îáñóæäåíèÿ Ñ. Ëàíäî è àíîíèìíîãî ðåöåíçåíòà Ìîñêîâñêîé Ìà-
òåìàòè÷åñêîé Êîíôåðåíöèè Øêîëüíèêîâ.

2Ïîääåðæàí Ãðàíòîì ôîíäà Ñàéìîíñà-ÍÌÓ
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Ðèñ. 2: Êðèâîëèíåéíûå ñôåðû, ïåðåñåêàþùèåñÿ ïî äâóì îêðóæíîñòÿì (ñëåâà) è ïî òðåì îêðóæ-
íîñòÿì (ñïðàâà)

Ðèñ. 3: ×åòûðå îêðóæíîñòè íà ñôåðå

Ïðåäïîëîæèì, ÷òî M è N � íàáîðû èç îäèíàêîâîãî ÷èñëà îêðóæíîñòåé íà êðèâîëèíåéíûõ
ñôåðàõ S è T . ÒîãäàM ðàñïîëîæåíî â S òàê æå, êàê N â T , åñëè åñòü áèåêöèÿ ìåæäó ñâÿçíûìè
êîìïîíåíòàìè äîïîëíåíèé S −M è T − N , ïðè êîòîðîé äâå ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ
S −M ñîñåäíèå òîãäà è òîëüêî òîãäà, êîãäà äâå ñîîòâåòñòâóþùèå ñâÿçíûå êîìïîíåíòû T −N
ñîñåäíèå. (Èëè, ÷òî òî æå ñàìîå, åñëè ïàðû (S,M) è (T,N) êóñî÷íî-ëèíåéíî ãîìåîìîðôíû.)

1.3. (ij), i, j ∈ {a, b, c}. Íàðèñóéòå ïàðó êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå,
ïåðåñåêàþùèõñÿ ïî îáúåäèíåíèþ ÷åòûðåõ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé òàê, ÷òî â îäíîé
ñôåðå ýòè îêðóæíîñòè ðàñïîëîæåíû êàê íà ðèñ. 3.i, à â äðóãîé � êàê íà 3.j.

Â ýòîì òåêñòå ìû èçó÷èì äâå ñëåäóþùèå ïðîáëåìû è èõ îáîáùåíèÿ. (Âïîëíå âîçìîæíî,
âû â äàííûé ìîìåíò íå ñìîæåòå èõ ðåøèòü, òàê ÷òî ëó÷øå îòëîæèòå èõ è ïîðåøàéòå äðóãèå
çàäà÷è.)

Êðèâîëèíåéíûå ñôåðû ïåðåñåêàþòñÿ òðàíñâåðñàëüíî, åñëè â îêðåñòíîñòè ëþáîé òî÷êè ïåðå-
ñå÷åíèÿ îíî âûãëÿäèò êàê ïåðåñå÷åíèå äâóõ ïëîñêîñòåé ïî ïðÿìîé. (Ñòðîãîå îïðåäåëåíèå äàíî
íèæå â òåêñòå.)

1.4. (a) Ïðîáëåìà Ëàíäî. Ïóñòü M è N � äâà íàáîðà îäèíàêîâîãî ÷èñëà îêðóæíîñòåé íà
ñôåðå. Ñóùåñòâóåò ëè ïàðà êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå, êîòîðûå òðàíñ-
âåðñàëüíî ïåðåñåêàþòñÿ ïî êîíå÷íîìó íàþîðó íåïåðåñåêàþùèõñÿ îêðóæíîñòåé, ðàñïîëîæåííûõ

2



â îäíîé ñôåðå êàê M , à â äðóãîé � êàê â N?
(b) Ñóùåñòâóåò ëè àëãîðèòì, ïðîâåðÿþùèé ñóùåñòâîâàíèå òàêèõ äâóõ êðèâîëèíåéíûõ ñôåð?

(Ñì.
”
Ñâÿçü ñ ãðàôàìè“íèæå.)

(c)* Ñóùåñòâóåò ëè òàêîé ïîëèíîìèàëüíûé àëãîðèòì?

Íà ðèñ. 1, ñëåâà, äâå ñôåðû ïåðåñåêàþòñÿ ïî îêðóæíîñòè; êàæäàÿ ñôåðà äåëèòñÿ îêðóæíî-
ñòüþ íà 2 ñâÿçíûõ êîìïîíåíòû, êàæäàÿ èç êîòîðûõ èìååò îäíó ñîñåäíþþ ñ íåé êîìïîíåíòó (â
òîé æå ñôåðå). Íà ðèñ. 1, ñïðàâà, (è íà ðèñ. 2 ñëåâà) äâå êðèâîëèíåéíûå ñôåðû ïåðåñåêàþò-
ñÿ ïî äâóì îêðóæíîñòÿì; êàæäàÿ èç ñôåð äåëèòñÿ îêðóæíîñòÿìè íà 3 ñâÿçíûå êîìïîíåíòû,
èç êîòîðûõ äâå èìåþò 1 ñîñåäíþþ êîìïîíåíòó, à îäíà � 2 ñîñåäíèå êîìïîíåíòû. Íà ðèñ. 2,
ñïðàâà, äâå êðèâîëèíåéíûå ñôåðû ïåðåñåêàþòñÿ ïî òðåì îêðóæíîñòÿì; êàæäàÿ ñôåðà äåëèòñÿ
îêðóæíîñòÿìè íà 4 ñâÿçíûå êîìïîíåíòû; â îäíîé ñôåðå êîëè÷åñòâà ñîñåäåé ó êîìïîíåíò ðàâíû
3, 1, 1, 1, à â äðóãîé � 1, 2, 2, 1.

1.5. Ïðîáëåìà ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé. Äàíû ïîñëåäîâàòåëüíîñòè ~x =
(x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) ïîëîæèòåëüíûõ öåëûõ ÷èñåë. Ñóùåñòâóþò ëè äâå êðèâîëè-
íåéíûå ñôåðû S è T â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñå÷åíèå êîòîðûõ ñîñòîèò èç n− 1 îêðóæ-
íîñòåé è äåëèò
• S íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü òàê ïðîíóìåðîâàíû, ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû xi ñîñåäíèõ ñâÿçíûõ êîìïîíåíò â S, è
• T íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü òàê ïðîíóìåðîâàíû, ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû yi ñîñåäíèõ ñâÿçíûõ êîìïîíåíò â T?

Íåêîòîðûå ñòðîãèå îïðåäåëåíèÿ.
Íàïîìíèì, ÷òî Âû ñìîæåòå ðåøèòü âñå ïðåäëîæåííûå çàäà÷è ôàêòè÷åñêè íå èñïîëüçóÿ

ïðèâîäèìûå ñòðîãèå îïðåäåëåíèÿ. Ìû ïðèâîäèì óäîáíûå â ðàìêàõ äàííîãî òåêñòà îïðåäåëåíèÿ;
îíè ìîãóò îòëè÷àòüñÿ îò îáùåïðèíÿòûõ ìàòåìàòè÷åñêèé òåðìèíîâ.

Â ýòîì òåêñòå êðèâîëèíåéíîé îêðóæíîñòüþ, èëè, ñîêðàùåííî, îêðóæíîñòüþ, íàçûâàåòñÿ
çàìêíóòàÿ íåñàìîïåðåñåêàþùàÿñÿ ëîìàíàÿ â òðåõìåðíîì ïðîñòðàíñòâå. Îïðåäåëåíèå ìíîãî-
ãðàííèêà (íåñàìîïåðåñåêàþùåãîñÿ, íî íå îáÿçàòåëüíî âûïóêëîãî) ïðèâåäåíî â [D], ñì. òàêæå
[W]. Êðèâîëèíåéíîé ñôåðîé íàçûâàåòñÿ ìíîãîãðàííèê â òðåõìåðíîì ïðîñòðàíñòâå (òî÷íåå, åãî
äâóìåðíàÿ ïîâåðõíîñòü), êîòîðûé ðàçáèâàåòñÿ íà ÷àñòè ëþáîé ëåæàùåé íà íåì îêðóæíîñòüþ.
Ñì. ðèñ. 1. (Òàêèå ìíîãîãðàííèêè íàçûâàþòñÿ òîïîëîãè÷åñêè ýêâèâàëåíòíûìè ñôåðå. Ýòî óñëî-
âèå ýêâèâàëåíòíî óñëîâèþ V − E + F = 2.)

Ðèñ. 4: Êðèâîëèíåéíàÿ ñôåðà (ñëåâà) è ôèãóðà, íå ÿâëÿþùàÿñÿ êðèâîëèíåéíîé ñôåðîé (ñïðàâà)

Äëÿ óïðîùåíèÿ ðèñóíêîâ áóäåì èçîáðàæàòü âìåñòî ìíîãîãðàííèêà `áëèçêóþ' ê íåìó êðè-
âîëèíåéíóþ ïîâåðõíîñòü. Íàïðèìåð, êðèâîëèíåéíóþ ñôåðó èëè `ñîñèñêó', êàê íà ðèñóíêå 2
ñïðàâà. Âìåñòî çàìêíóòîé ëîìàíîé áóäåì èçîáðàæàòü � `áëèçêóþ' ê íåé çàìêíóòóþ êðèâóþ.

Ïîäìíîæåñòâî X òðåõìåðíîãî ïðîñòðàíñòâà íàçîâåì ñâÿçíûì, åñëè ëþáûå äâå åãî òî÷êè
ìîæíî ñîåäèíèòü ëîìàíîé, ëåæàùåé â X. Êîìïîíåíòîé ñâÿçíîñòè èëè ñâÿçíîé êîìïîíåíòîé
ïîäìíîæåñòâà Y òðåõìåðíîãî ïðîñòðàíñòâà íàçîâåì ìàêñèìàëüíîå ñâÿçíîå ïîäìíîæåñòâî â X,
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ò.å. òàêîå ñâÿçíîå ïîäìíîæåñòâî Y ⊂ X, ÷òî íå ñóùåñòâóåò ñâÿçíîãî ïîäìíîæåñòâà Z, äëÿ
êîòîðîãî Y ⊂ Z ⊂ X è Y 6= Z 6= X.

Ïóñòü M � îáúåäèíåíèå íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â êðèâîëèíåéíîé ñôåðå S. Äâå
ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S−M íàçûâàþòñÿ ñîñåäÿìè, åñëè èõ çàìûêàíèÿ ïåðåñåêàþòñÿ.

Ðèñ. 5: Òðàíñâåðñàëüíîå (ñëåâà) è íå òðàíñâåðñàëüíîå (ñïðàâà) ïåðåñå÷åíèÿ

Îáîçíà÷èì ÷åðåç B(x, r) ⊂ R3 øàð ðàäèóñà r ñ öåíòðîì â x. Ïåðåñå÷åíèå äâóõ êðèâîëèíåé-
íûõ ñôåð S, T ⊂ R3 òðàíñâåðñàëüíî, åñëè äëÿ ëþáîé òî÷êè x ∈ S ∩ T ñóùåñòâóåò r > 0 òàêîå,
÷òî è B(x, r)− S, è B(x, r)∩ (T − S) ñîñòîÿò èç äâóõ ñâÿçíûõ êîìïîíåíò, à êàæäàÿ êîìïîíåíòà
B(x, r)− S ñîäåðæèò êîìïîíåíòó B(x, r) ∩ (T − S).

Âû ìîæåòå èñïîëüçîâàòü ñëåäóþùóþ òåîðåìó è åe ñëåäñòâèå áåç äîêàçàòåëüñòâà.

Òåîðåìà Æîðäàíà. Êðèâîëèíåéíàÿ ñôåðà äåëèò òðåõìåðíîå ïðîñòðàíñòâî ðîâíî íà äâå
÷àñòè. Äâå òî÷êè ïðîñòðàíñòâà, íå ïðèíàäëåæàùèå ñôåðå, ëåæàò â îäíîé ÷àñòè òîãäà è
òîëüêî òîãäà, êîãäà èõ ìîæíî ñîåäèíèòü ëîìàíîé, íå ïåðåñåêàþùåé êðèâîëèíåéíîé ñôåðû.

Ñëåäñòâèå. Ïóñòü S è T � êðèâîëèíåéíûå ñôåðû, òðàíñâåðñàëüíî ïåðåñåêàþùèåñÿ ïî
êîíå÷íîìó íàáîðó S ∩ T íåïåðåñåêàþùèõñÿ îêðóæíîñòåé. Îáîçíà÷èì ÷åðåç B âíóòðåííîñòü
ñôåðû S (òî÷íåå, îãðàíè÷åííóþ ÷àñòü äîïîëíåíèÿ R3 − S). Ïóñòü Q � ñâÿçíàÿ êîìïîíåíòà
äîïîëíåíèÿ T −S, ðàñïîëîæåííàÿ âíóòðè S. Òîãäà Q äåëèò B íà äâå ÷àñòè. Äâå òî÷êè øàðà
B, íå ëåæàùèå íà Q, ëåæàò â îäíîé ÷àñòè òîãäà è òîëüêî òîãäà, êîãäà èõ ìîæíî ñîåäèíèòü
ëîìàíîé, íåïåðåñåêàþùåé Q.

Ñâÿçü ñ ãðàôàìè.
Ïóñòü M � îáúåäèíåíèå íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â êðèâîëèíåéíîé ñôåðå S. Îïðå-

äåëèì (äâîéñòâåííûé ê M) ãðàô G = G(S,M) ñëåäóþùèì îáðàçîì. Âåðøèíû � ñâÿçíûå êîì-
ïîíåíòû S −M . Âåðøèíû ñîåäèíÿþòñÿ ðåáðîì, åñëè ñîîòâåòñòâóþùèå êîìïîíåíòû � ñîñåäè.

Íà ðèñ. 6 ïîêàçàíû ãðàôû äëÿ ñôåð S, T ñ ðèñ. 2 ñïðàâà è íàáîðà îêðóæíîñòåé S ∩ T .
Àíàëîãè÷íûì îáðàçîì äâå êðèâîëèíåéíûå ñôåðû, ïåðåñåêàþùèåñÿ ïî íàáîðó îêðóæíîñòåé,
îïðåäåëÿþò ïàðó ãðàôîâ. Ïðîáëåìà Ëàíäî òðåáóåò îïèñàòü ïîëó÷àþùèåñÿ òàêèì îáðàçîì ïàðû
ãðàôîâ, à ïðîáëåìà ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé � ïîëó÷àþùèåñÿ íàáîðû ñòåïåíåé èõ
âåðøèí. 3

Ïîáëàæêè.
Êîìàíäà ïîëó÷àåò

”
ïîáëàæêó“ çà êàæäîå ïðàâèëüíî (≥ +.) çàïèñàííîå ðåøåíèå. Êîìïüþ-

òåðíàÿ ïðîãðàììà, ïðîõîäÿùàÿ òåñòû, ïðåäëîæåííûå æþðè, è èìåþùàÿ ïîíÿòíóþ ñòðóê-
òóðó ðàñöåíèâàåòñÿ êàê çàïèñàííîå ðåøåíèå. Áîëüøàÿ ïîíÿòíàÿ ÷ëåíàì æþðè êàðòèíêà ðàñ-
öåíèâàåòñÿ êàê çàïèñàííîå ïîñòðîåíèå ïðèìåðà. Æþðè òàêæå ìîæåò íàãðàæäàòü

”
ïîáëàæêà-

ìè“ çà êðàñèâûå ðåøåíèÿ, ðåøåíèÿ ñëîæíûõ çàäà÷ è çà (íåêîòîðûå) ðåøåíèÿ, çàïèñàííûå â

3Âîò äðóãàÿ èíòåðïðåòàöèÿ, ïðåäëîæåííàÿ È.Í. Øíóðíèêîâûì. Äàíû åäèíè÷íûé êâàäðàò íà ïëîñêîñòè è
(êóñî÷íî-ëèíåéíàÿ) ôóíêöèÿ íà íåì, ñòðîãî ïîëîæèòåëüíàÿ íà ãðàíèöå êâàäðàòà. Äèñê ñîîòâåòñòâóåò îäíîé
êðèâîëèíåéíîé ñôåðå (ñ ïðîêîëîì), ãðàôèê ôóíêöèè (íàä äèñêîì) � äðóãîé êðèâîëèíåéíîé ñôåðå, ìíîæåñòâî
íóëåé ôóíêöèè � ïåðåñå÷åíèþ êðèâîëèíåéíûõ ñôåð.
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Ðèñ. 6: Äâà ãðàôà äëÿ ñôåð ñ ðèñ. 2 ñïðàâà

TEX-å.
”
Ïîáëàæåê“ ó æþðè áåñêîíå÷íî ìíîãî. Ìîæíî òàêæå ñäàâàòü çàäà÷è óñòíî, ïëàòÿ ïî

”
ïîáëàæêå“ çà êàæäóþ ïîïûòêó.
Ìû ïðèãëàøàåì øêîëüíèêîâ, óñïåøíî ïðîäâèíóâøèõñÿ â ðåøåíèè çàäà÷ è ðàáîòàþùèõ íàä

çàäà÷àìè äëÿ èññëåäîâàíèÿ, êîíñóëüòèðîâàòüñÿ ïî ïîâîäó âîçíèêàþùèõ âîïðîñîâ è èäåé ðåøå-
íèÿ.

2 Ïðîáëåìà ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé

Ïàðà ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ öåëûõ ÷è-
ñåë íàçûâàåòñÿ ðåàëèçóåìîé, åñëè ñóùåñòâóþò äâå êðèâîëèíåéíûå ñôåðû S è T â òðåõìåðíîì
ïðîñòðàíñòâå, ïåðåñå÷åíèå êîòîðûõ ñîñòîèò èç n− 1 îêðóæíîñòåé è äåëèò
• S íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü òàê çàíóìåðîâàíû, ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû xi ñîñåäíèõ ñâÿçíûõ êîìïîíåíò â S, è
• T íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü òàê çàíóìåðîâàíû, ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû yi ñîñåäíèõ ñâÿçíûõ êîìïîíåíò â T?
Ïàðà (S, T ) ñôåð íàçûâàåòñÿ ðåàëèçàöèåé ïàðû (~x, ~y).

2.1. (n), n ∈ {2, 3, 4, 5}. Êàêèå ïàðû ïîñëåäîâàòåëüíîñòåé èç n ïîëîæèòåëüíûõ öåëûõ ÷èñåë
ðåàëèçóåìû?

2.2. (a) Åñëè ïàðà (~x, ~y) ïîñëåäîâàòåëüíîñòåé ðåàëèçóåìà, òî x1 +x2 + . . . xn = y1 + y2 + · · ·+
yn = 2n− 2.

(b) Äâîéñòâåííûé ãðàô G(S,M) ê íàáîðó M íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â êðèâîëèíåé-
íîé ñôåðå S ÿâëÿåòñÿ äåðåâîì.

Ïîñëåäîâàòåëüíîñòü ~x = (x1, x2, . . . , xn) ïîëîæèòåëüíûõ öåëûõ ÷èñåë íàçûâàåòñÿ äåðåâÿííîé,
åñëè x1 + x2 + . . . xn = 2n− 2.

2.3. Åñëè ïîñëåäîâàòåëüíîñòü ~x äåðåâÿííàÿ, òî â íåé íå ìåíåå x1 åäèíèö.

2.4. Ïàðà (~x, ~x) ðåàëèçóåìà äëÿ ëþáîé äåðåâÿííîé ïîñëåäîâàòåëüíîñòè ~x.

2.5. Ïóñòü ~x, ~y � äåðåâÿííûå ïîñëåäîâàòåëüíîñòè, â êîòîðûõ âñå åäèíèöû íàõîäÿòñÿ â êîíöå,
è x1 ≥ y1. Òîãäà ïîñëåäîâàòåëüíîñòè ~x

′ := (x1−y1+1, x2, x3, . . . , xn−y1+1) è ~y
′ = (y2, y3, . . . , yn−y1+2)

� äåðåâÿííûå.

2.6. Êàêèå ïàðû äåðåâÿííûõ ïîñëåäîâàòåëüíîñòåé ìîæíî ïîëó÷èòü èç ((1, 1), (1, 1)) ñ ïîìî-
ùüþ ïåðåñòàíîâîê è çàìåí ïàðû âåêòîðîâ ( ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) ) íà ïàðó:

(a) ( ~x′ = (a, x1, x2, . . . , xn, 1, 1, . . . , 1), ~y′ = (y1+a−1, y2, y3, . . . , yn, 1, 1, . . . , 1) ) (÷èñëî íîâûõ
åäèíèö ðàâíî a− 2 äëÿ ~x′, è a− 1 äëÿ y′; çäåñü a ìîæåò áûòü ðàçëè÷íî äëÿ ðàçëè÷íûõ çàìåí:

((1, 1), (1, 1))
a=3→ ((3, 1, 1, 1), (3, 1, 1, 1))

a=4→ ((4, 3, 1, 1, 1, 1, 1), (6, 1, 1, 1, 1, 1, 1))).
(b) ( ~x′ = (x1 + 1, x2, x3, . . . , xn, 1), ~y′ = (y1 + 1, y2, y3, . . . , yn, 1) ).
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3 Ïðîáëåìà Ëàíäî

Ïàðà (M,N) íàáîðîâ èç îäèíàêîâîãî ÷èñëà íåïåðåñåêàþùèõñÿ îêðóæíîñòåé íà ñôåðå, íàçû-
âàåòñÿ ðåàëèçóåìîé, åñëè ñóùåñòâóåò ïàðà êðèâîëèíåéíûõ ñôåð â òðåõìåðíîì ïðîñòðàíñòâå,
êîòîðûå òðàíñâåðñàëüíî ïåðåñåêàþòñÿ ïî êîíå÷íîìó îáúåäèíåíèþ íåïåðåñåêàþùèõñÿ îêðóæ-
íîñòåé, êîòîðûå ðàñïîëîæåíû â îäíîé ñôåðå òàê æå, êàê M , à â äðóãîé � êàê â N .

Ðèñ. 7: Ðåàëèçóåìà ëè ýòà ïàðà?

Ðèñ. 8: Ðåàëèçóåìà ëè ýòà ïàðà?

3.1. (a) Ëþáàÿ ïàðà íàáîðîâ, êàæäûé èç êîòîðûõ ñîñòîèò èç n ≤ 4 íåïåðåñåêàþùèõñÿ
îêðóæíîñòåé, ðåàëèçóåìà.

(b) ßâëÿåòñÿ ëè ïàðà íà ðèñ. 7 ðåàëèçóåìîé? Îäèí ãðàô � öåïî÷êà èç 6 ðåáåð, äðóãîé �
òðèîä ñ `ëó÷àìè' èç äâóõ ðåáåð.
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(c) ßâëÿåòñÿ ëè ïàðà íà ðèñ. 8 ðåàëèçóåìîé? Îäèí ãðàô � çâåçäà ñ 4 `ëó÷àìè', òðè `ëó÷à'
ñîñòîÿò èç äâóõ ðåáåð, à îäèí `ëó÷' � èç îäíîãî ðåáðà. Äðóãîé ãðàô ïðåäñòàâëÿåò ñîáîé áóêâó
`H' ñ `ãîðèçîíòàëüíîé ïåðåêëàäèíîé' èç òðåõ ðåáåð.

(d) Ñóùåñòâóåò íåðåàëèçóåìàÿ ïàðà èç äâóõ íàáîðîâ èç îäèíàêîâîãî ÷èñëà íåïåðåñåêàþùèõ-
ñÿ îêðóæíîñòåé.

3.2. Äàíû öåëûå ÷èñëà n è k.
(a) Êàêèå íàáîðû íåïåðåñåêàþùèõñÿ îêðóæíîñòåé ðåàëèçóåìû â ïàðå ñ íàáîðîì n îêðóæ-

íîñòåé, îãðàíè÷èâàþùèõ n íåïåðåñåêàþùèõñÿ äèñêîâ? (Èëè, ÷òî òî æå ñàìîå, êàêèå ãðàôû
ðåàëèçóåìû â ïàðå ñî çâåçäîé ñ n ëó÷àìè?)

(b) Êàêèå ãðàôû ðåàëèçóåìû â ïàðå ñ ãðàôîì, ïðåäñòàâëÿþùèì ñîáîé îáúåäèíåíèå ïî îä-
íîìó îáùåìó ðåáðó çâåçäû ñ n ëó÷àìè è çâåçäû ñ k ëó÷àìè?

(c) * Êàêèå íàáîðû íåïåðåñåêàþùèõñÿ îêðóæíîñòåé ðåàëèçóåìû â ïàðå ñ íàáîðîì n `ïàðàë-
ëåëüíûõ' îêðóæíîñòåé? (Èëè, ÷òî òî æå ñàìîå, êàêèå ãðàôû ðåàëèçóåìû â ïàðå ñ öåïî÷êîé
äëèíû n+ 1?)

3.3. Ïóñòü S è T � êðèâîëèíåéíûå ñôåðû, òðàíñâåðñàëüíî ïåðåñåêàþùèåñÿ ïî êîíå÷íîìó
íàáîðó S ∩ T íåïåðåñåêàþùèõñÿ îêðóæíîñòåé. Òîãäà ñâÿçíûå êîìïîíåíòû S − T ìîæíî ïîêðà-
ñèòü â ÷åðíûé è áåëûé öâåòà òàê, ÷òîáû ëþáûå äâå êîìïîíåíòû îäíîãî öâåòà íå áûëè ñîñåäÿìè.

Äî êîíöà ýòîãî ïàðàãðàôà M,N áóäóò îáúåäèíåíèÿìè îäèíàêîâîãî ÷èñëà íåïåðåñåêàþùèõñÿ
îêðóæíîñòåé íà êðèâîëèíåéíûõ ñôåðàõ S, T (Íè M , íè N íå îáÿçàíî ñîâïàäàòü ñ S ∩ T .)

Äëÿ ñâÿçíîé êîìïîíåíòû P ìíîæåñòâà S−M îáîçíà÷èì çà ∂P îáúåäèíåíèå ãðàíè÷íûõ (êðà-
åâûõ) îêðóæíîñòåé êîìïîíåíòû P . Ëåãêî âèäåòü, ÷òî ñâÿçíûå êîìïîíåíòû P è Q äîïîëíåíèÿ
S −M ÿâëÿþòñÿ ñîñåäÿìè â òîì è òîëüêî òîì ñëó÷àå, êîãäà ∂P ∩ ∂Q 6= ∅.

3.4. Íåçàöåïëåííûå ñåìåéñòâà îêðóæíîñòåé.
Ïóñòü S è T � êðèâîëèíåéíûå ñôåðû, òðàíñâåðñàëüíî ïåðåñåêàþùèåñÿ ïî êîíå÷íîìó íàáîðó

S ∩ T íåïåðåñåêàþùèõñÿ îêðóæíîñòåé. Ïóñòü P è Q � äâå ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ
S − T , ðàñïîëîæåííûå âíóòðè T .

(a) Åñëè Q ÿâëÿåòñÿ êðèâîëèíåéíûì äèñêîì (òî åñòü, åñëè ãðàíèöà êîìïîíåíòû Q ñîñòîèò
èç îäíîé îêðóæíîñòè), òî ∂P íàõîäèòñÿ öåëèêîì âíóòðè îäíîé êîìïîíåíòû äîïîëíåíèÿ T−∂Q.

(b) Åñëè Q ÿâëÿåòñÿ êðèâîëèíåéíûì öèëèíäðîì (òî åñòü, åñëè ãðàíèöà êîìïîíåíòû Q ñîñòî-
èò èç äâóõ îêðóæíîñòåé), òî ∂P öåëèêîì ñîäåðæèòñÿ ëèáî â êîëüöåâîé êîìïîíåíòå äîïîëíåíèÿ
T − ∂Q (òî åñòü, â êîìïîíåíòå ñ äâóìÿ ãðàíè÷íûìè îêðóæíîñòÿìè), ëèáî â îáúåäèíåíèè äâóõ
äèñêîâûõ (òî åñòü èìåþùèõ îäíó ãðàíè÷íóþ îêðóæíîñòü) êîìïîíåíò äîïîëíåíèÿ T − ∂Q.

(c) Ïîêðàñèì ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ T − ∂Q â ÷åðíûé è áåëûé öâåòà òàê, ÷òîáû
ëþáûå äâå ñîñåäíèå êîìïîíåíòû îêàçàëèñü ðàçíîãî öâåòà. Òîãäà ∂P öåëèêîì ñîäåðæèòñÿ â
îáúåäèíåíèè îäèíàêîâî îêðàøåííûõ êîìïîíåíò äîïîëíåíèÿ T − ∂Q.

Çíàê t îáîçíà÷àåò îáúåäèíåíèå íåïåðåñåêàþùèõñÿ ìíîæåñòâ.

3.5. Ïóñòü S è T òàêèå êðèâîëèíåéíûå ñôåðû, ÷òî S ∩ T ðàñïîëîæåíî íà S êàê íà ðèñ. 9.
Îáîçíà÷èì çà Ai `âíåøíèå' îêðóæíîñòè, çà B `áîëüøóþ ðàçäåëÿþùóþ' îêðóæíîñòü, à çà C �
îáúåäèíåíèå `âíóòðåííèõ' îêðóæíîñòåé, ñì. ðèñ. 9.

(a) Äëÿ êàæäîãî i îáúåäèíåíèå B ∪ C ëåæèò ïî îäíó ñòîðîíó îò Ai â T .
(b) Îáúåäèíåíèå B ∪ C ëåæèò â îäíîé ñâÿçíîé êîìïîíåíòå T − tiAi.

3.6. Ïðîáëåìà ïðîäîëæåíèÿ âëîæåíèÿ. (a) Ëþáûå äâå íåïåðåñåêàþùèåñÿ îêðóæíîñòè
â åäèíè÷íîé ñôåðå ÿâëÿþòñÿ ãðàíèöàìè äâóõ íåïåðåñåêàþùèõñÿ êðèâîëèíåéíûõ äèñêîâ âíóòðè
ñôåðû.

(b) Äëÿ êàêèõ òðåõ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé p, q1, q2 íà åäèíè÷íîé ñôåðå ñóùåñòâóþò
íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûé äèñê P è êðèâîëèíåéíûé öèëèíäð Q âíóòðè ýòîé ñôåðû, äëÿ
êîòîðûõ ∂P = p è ∂Q = q1 t q2? (Ðèñ. 10 ñëåâà.)
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Ðèñ. 9: Ïåðåñå÷åíèå S ∩ T íà ñôåðå S

Ðèñ. 10: Íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûé äèñê è êðèâîëèíåéíûé öèëèíäð âíå øàðà (ñëåâà),
íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûå öèëèíäðû, îäèí èç êîòîðûõ çàóçëåí, âíå øàðà (ñïðàâà)

(c) Äëÿ êàêèõ ÷åòûðåõ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé p1, p2, q1, q2 íà åäèíè÷íîé ñôåðå ñó-
ùåñòâóþò íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûå öèëèíäðû P è Q âíóòðè ýòîé ñôåðû, äëÿ êîòîðûõ
∂P = p1 t p2 è ∂Q = q1 t q2? (Ðèñ. 10 ñïðàâà.)

(d) Äëÿ êàêèõ äâóõ íåïåðåñåêàþùèõñÿ ñåìåéñòâ p, q íåïåðåñåêàþùèõñÿ îêðóæíîñòåé íà åäè-
íè÷íîé ñôåðå ñóùåñòâóþò íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûå ñôåðû ñ äûðêàìè P è Q âíóòðè
ýòîé ñôåðû, äëÿ êîòîðûõ ∂P = p è ∂Q = q?

(e) Ñóùåñòâóþò ëè òðè íåïåðåñåêàþùèõñÿ ñåìåéñòâà p, q, r íåïåðåñåêàþùèõñÿ îêðóæíîñòåé
íà åäèíè÷íîé ñôåðå, òàêèå ÷òî
• êàæäàÿ èç òðåõ ïàð (p, q), (q, r) è (p, r) ìîæåò áûòü ïðîäîëæåíà âíóòðü ñôåðû (äî íåïå-

ðåñåêàþùèõñÿ êðèâîëèíåéíûõ ñôåð ñ äûðêàìè) â ñìûñëå ïóíêòà (d);
• íå ñóùåñòâóåò íåïåðåñåêàþùèõñÿ êðèâîëèíåéíûõ ñôåð ñ äûðêàìè P,Q è R âíóòðè ýòîé

ñôåðû, äëÿ êîòîðûõ ∂P = p, ∂Q = q è ∂R = r? 4

(f) Äëÿ êàêèõ m íåïåðåñåêàþùèõñÿ ñåìåéñòâ p1, . . . , pm íåïåðåñåêàþùèõñÿ îêðóæíîñòåé íà
åäèíè÷íîé ñôåðå ñóùåñòâóþò íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûå ñôåðû ñ äûðêàìè P1, . . . , Pm

âíóòðè ýòîé ñôåðû, òàêèå ÷òî ∂Pi = pi äëÿ âñåõ i = 1, . . . ,m?

Ïóñòü S è T � êðèâîëèíåéíûå ñôåðû, äëÿ êîòîðûõ âñå êðîìå îäíîé êîìïîíåíòû S − T
èìåþò ïî îäíîìó ñîñåäó. (Îñòàâøàÿñÿ êîìïîíåíòà ìîæåò èìåòü îäíîãî èëè áîëåå ñîñåäåé.) Ýòà
îñòàâøàÿñÿ êîìïîíåíòà íàçûâàåòñÿ êðèâîëèíåéíîé ñôåðîé ñ äûðêàìè. Êðèâîëèíåéíûé äèñê �
ýòî êðèâîëèíåéíàÿ ñôåðà ñ 1 äûðêîé (= ñ îäíèì ñîñåäîì). Êðèâîëèíåéíûé öèëèíäð � ýòî
êðèâîëèíåéíàÿ ñôåðà ñ 2 äûðêàìè (= ñ äâóìÿ ñîñåäÿìè).

ÏóñòüM è N � äâà íàáîðà íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â åäèíè÷íîé ñôåðå S. Ïîêðàñèì
ñâÿçíûå êîìïîíåíòû S − N â ÷åðíûé è áåëûé öâåòà òàê, ÷òîáû ñîñåäíèå êîìïîíåíòû áûëè
ðàçíûõ öâåòîâ. Íàáîð M ëåæèò ïî îäíó ñòîðîíó (â ñôåðå) îò N , åñëè M ñîäåðæèòñÿ â íàáîðå
êîìïîíåíò S − N , îäèíàêîâî ïîêðàøåííûõ. Íàáîðû M è N íå çàöåïëåíû (â ñôåðå), åñëè M
ëåæèò ïî îäíó ñòîðîíó îò N è N ëåæèò ïî îäíó ñòîðîíó îò M . Ñì. ðèñ. 11.

3.7. (a) Ñóùåñòâóåò äâà íàáîðà M è N íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â ñôåðå, òàêèå ÷òî
M ëåæèò ïî îäíó ñòîðîíó îò N , íî N íå ëåæèò ïî îäíó ñòîðîíó îò M .

(b) Âåðíî ëè, ÷òî åñëè ïàðû M , N è N , P íàáîðîâ îêðóæíîñòåé íà êðèâîëèíåéíîé ñôåðå íå
çàöåïëåíû, òî íå çàöåïëåíà è ïàðà M , P , òî åñòü, òðàíçèòèâíî ëè îòíîøåíèå íåçàöåïëåííîñòè?

4Ñðàâíèòå ñ èçâåñòíûì ïðèìåðîì êîëåö Áîððîìåî.
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Ðèñ. 11: (A): íàáîð `ïóíêòèðíûõ' îêðóæíîñòåé è íàáîð `æèðíûõ' îêðóæíîñòåé íå çàöåïëåíû
(B): íàáîð `ïóíêòèðíûõ' îêðóæíîñòåé è íàáîð `æèðíûõ' îêðóæíîñòåé çàöåïëåíû, ïîñêîëüêó âû-
äåëåííûé ñòðåëî÷êàìè ïóòü ìåæäó äâóìÿ `æèðíûìè' îêðóæíîñòÿìè ïåðåñåêàåò `ïóíêòèðíûå'
îêðóæíîñòè ïî íå÷åòíîìó ÷èñëó òî÷åê.

(c) Äëÿ íàáîðà M íåïåðåñåêàþùèõñÿ îêðóæíîñòåé â åäèíè÷íîé ñôåðå S îáîçíà÷èì çà M̊
îáúåäèíåíèå ÷åðíûõ êîìïîíåíò ñâÿçíîñòè S − M . äâà íàáîðà M è N íå çàöåïëåíû åñëè è
òîëüêî åñëè äëÿ ëþáûõ ÷åðíî-áåëûõ ðàñêðàñîê S îòíîñèòåëüíî M è îòíîñèòåëüíî N , òàêèõ ÷òî
M̊ ∪ N̊ 6= S, áóäåò ëèáî M̊ ⊂ N̊ , (Åñòü äâà ñïîñîáà âûáðàòü p̊ äëÿ äàííîãî p; îäèí èç íèõ �
äîïîëíåíèå äðóãîãî.) ëèáî N̊ ⊂ M̊ , ëèáî M̊ ∩ N̊ = ∅.
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ÊÀÊ ÏÅÐÅÑÅÊÀÞÒÑß Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÊÐÈÂÎËÈÍÅÉÍÛÅ ÑÔÅÐÛ,

ÈËÈ ÄÂÓÌÅÐÍÛÅ ÌÅÀÍÄÐÛ

Ñ. Àââàêóìîâ, À. Áåðäíèêîâ, À. Ðóõîâè÷ è À. Ñêîïåíêîâ

4 Ïðîìåæóòî÷íûé ôèíèø. Íåêîòîðûå ðåøåíèÿ è íîâûå

çàäà÷è

1.1 è 1.2. Àíàëîãè÷íî ðåøåíèþ çàäà÷è 2.4.

Ðèñ. 12: Ê ðåøåíèþ çàäà÷è 1.3.

1.3. Ñëó÷àé i = j âûâîäèòñÿ àíàëîãè÷íî çàäà÷å 2.4. Ñëó÷àè ab, ac, bc cì. íà ðèñ. 12.

1.4. (a) Îòâåò ñîäåðæèòñÿ â ðåøåíèè çàäà÷è 4.5.
(b) Òàêîé àëãîðèòì äàåòñÿ â îòâåòå ê 4.5. (Î÷åâèäíî, îí íå ïîëèíîìèàëåí.)

1.5. Òåîðåìà 1. Ïóñòü n � ïîëîæèòåëüíîå öåëîå ÷èñëî, à ~x = (x1, x2, . . . , xn), ~y =
(y1, y2, . . . , yn) � ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ öåëûõ ÷èñåë. Òîãäà óñëîâèå x1+· · ·+xn =
y1 + · · ·+ yn = 2n− 2 ðàâíîñèëüíî ñóùåñòâîâàíèþ êðèâîëèíåéíûõ ñôåð S è T , ïåðåñå÷åíèå êî-
òîðûõ ñîñòîèò èç n− 1 îêðóæíîñòåé è äåëèò
• S íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü çàíóìåðîâàíû, òàê ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû xi ñîñåäåé â S, è
• T íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîãóò áûòü çàíóìåðîâàíû, òàê ÷òî ó i-îé ñâÿçíîé

êîìïîíåíòû yi ñîñåäåé â T .

Ýòî ñëåäóåò èç Òåîðåìû 1' (çàäà÷à 4.3) íèæå.

2.1. Îòâåò. Ïàðû (~x, ~x) ðåàëèçóåìû äëÿ ~x, ðàâíîãî ñ òî÷íîñòüþ äî ïåðåñòàíîâîê îäíîé èç
ïàð

(1, 1), (2, 1, 1), (3, 1, 1, 1), (2, 2, 1, 1), (4, 1, 1, 1, 1), (3, 2, 1, 1, 1), (2, 2, 2, 1, 1).
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Äðóãèå ðåàëèçóåìûå ïàðû ðàâíû ñ òî÷íîñòüþ äî ïåðåñòàíîâîê ïàðàì äâóõ ïîñëåäîâàòåëüíîñòåé
ðàâíîé äëèíû èç ïðèâåäåííîãî ñïèñêà.

2.2. (a) Ïðåäïîëîæèì, ÷òî êðèâîëèíåéíûå ñôåðû S, T ðåàëèçóþò ïàðó (~x, ~y). Âñïîìíèì
îïðåäåëåíèå ãðàôà G = G(S, S ∩ T ) èç ïàðàãðàôà 1. Êîëè÷åñòâî åãî âåðøèí ðàâíî n. Èç k-îé
èñõîäèò xk ðåáåð. Ïîýòîìó êîëè÷åñòâî ðåáåð ðàâíî (x1+ · · ·+xn)/2. Î÷åâèäíî, ÷òî G ñâÿçåí. Ïî
òåîðåìå Æîðäàíà î êðèâîé5 G äåëèòñÿ ëþáûì ñâîèì ðåáðîì íà íåñêîëüêî ÷àñòåé. Çíà÷èò G �
äåðåâî. Ïîýòîìó ÷èñëî ðåáåð ðàâíî n−1 = (x1+ · · ·+xn)/2. Àíàëîãè÷íî n−1 = (y1+ · · ·+yn)/2.

Íàáðîñîê àëüòåðíàòèâíîãî ðåøåíèÿ (a) Ò. Íîâèêà. Èíäóêöèÿ ïî ÷èñëó îêðóæíîñòåé. Óòâåð-
æäåíèå âåðíî äëÿ îäíîé îêðóæíîñòè (íà êàæäîé ñôåðå òîëüêî 2 äèñêà, çíà÷èò n = 2). Êàæäàÿ
ñëåäóþùàÿ îêðóæíîñòü äåëèò îäíó èç ñâÿçíûõ êîìïîíåíò íà äâå ÷àñòè, è äîáàâëÿåò ê íèì ïî
îäíîé ãðàíè÷íîé îêðóæíîñòè.

(b) Î÷åâèäíî, G ñâÿçåí. Ïî òåîðåìå Æîðäàíà î êðèâîé G ðàçäåëÿåòñÿ ëþáûì ðåáðîì. Çíà-
÷èò, G � äåðåâî.

2.3. Åñëè êîëè÷åñòâî åäèíèö ðàâíî s, òî 2n − 2 = x1 + · · · + xn ≥ x1 + 2(n − 1 − s) + s =
2n− 2 + x1 − s. Çíà÷èò, s ≥ x1.

2.4. Ïóñòü S � åäèíè÷íûé êóá. Ðàññìîòðèì ñåìåéñòâî M îêðóæíîñòåé íà S, `ðåàëèçóþùåå'
~x. (Ñóùåñòâîâàíèå òàêîãî ñåìåéñòâà äîêàçûâàåòñÿ èíäóêöèåé. Ïðè ïåðåõîäå èñïîëüçóåòñÿ óäà-
ëåíèå âèñÿ÷åé âåðøèíû.) Ïîêðàñèì â ÷åðíûé è áåëûé öâåòà äîïîëíåíèå â S ê ýòèì îêðóæíîñòÿì
òàê, ÷òî ñîñåäíèå êîìïîíåíòû áóäóò ðàçíîãî öâåòà. Ðàññìîòðèì áëèçêóþ ê S êðèâîëèíåéíóþ
ñôåðó T òàêóþ, ÷òî S ∩T = M , êàæäàÿ ÷åðíàÿ êîìïîíåíòà T ëåæèò âíóòðè S, è êàæäàÿ áåëàÿ
êîìïîíåíòà T ëåæèò ñíàðóæè S. Òîãäà S è T ðåàëèçóþò (~x, ~x).

2.5. Ñîãëàñíî çàäà÷å 2.3 x1 ≤ s. Òîãäà

xn−y1+1 = xn−y1+2 = · · · = xn−y1+1 = · · · = xn = yn−y1+1 = yn−y1+2 = · · · = yn = 1.

Ñëåäîâàòåëüíî (

n−y1+1∑
i=1

xi)− y1 + 1 = (
n∑

i=1

xi)− y1 + 1− (y1 − 1) = 2(n− y1 + 1)− 2

è (

n−y1+2∑
i=2

yi) = (
n∑

i=1

yi)− y1 − (y1 − 2) = 2(n− y1 + 1)− 2.

Çíà÷èò íîâûå ïîñëåäîâàòåëüíîñòè äåðåâÿííûå.

2.6. Îòâåò: ëþáàÿ ïàðà.
(a) Èíäóêöèÿ ïî n. Áàçà èíäóêöèè ïðè n = 2 î÷åâèäíà. Ïðåäïîëîæèì, óòâåðæäåíèå âåðíî

äëÿ âñåõ n < k, äîêàæåì åãî äëÿ n = k.
Åñëè ïîñëåäîâàòåëüíîñòè ~u = (u1, . . . , uk) è ~v = (v1, . . . , vk) ïîëó÷àþòñÿ äðóã èç äðóãà ïåðå-

ñòàíîâêàìè, òî ïàðà (~u,~v) ðåàëèçóåìà ïî çàäà÷å 2.4. Åñëè ïîñëåäîâàòåëüíîñòè ~u = (u1, . . . , uk)
è ~v = (v1, . . . , vk) íå ïîëó÷àþòñÿ äðóã èç äðóãà ïåðåñòàíîâêàìè, ìîæíî òàê ïåðåóïîðÿäî÷èòü
ïîñëåäîâàòåëüíîñòè, ÷òî u1 6= v1 è âñå åäèíèöû íàõîäÿòñÿ â êîíöàõ ïîñëåäîâàòåëüíîñòåé. Áåç
îãðàíè÷åíèÿ îáùíîñòè u1 < v1. Îáîçíà÷èì

a := u1, n := k−u1+1, xi = ui+1 äëÿ i = 1, . . . , n, y1 := v1−u1+1, yi = vi äëÿ i = 2, . . . , n.

Ñîãëàñíî çàäà÷å 2.3 ui = 1 äëÿ âñåõ i ≥ n + 2 è vi = 1 äëÿ âñåõ i ≥ n + 1. Ïîýòîìó ïàðà (~u,~v)
ïîëó÷àåòñÿ èç ïàðû (~x, ~y) ïðèìåíåíèåì äàííîãî â çàäà÷å ïðåîáðàçîâàíèÿ. Èìååì

x1 + · · ·+ xn = u2 + · · ·+ un+1 = 2k − 2− u1 − (u1 − 2) = 2n− 2 è

5Òåîðåìà Æîðäàíà î êðèâîé. Îêðóæíîñòü íà ñôåðå äåëèò ñôåðó ðîâíî íà äâå ÷àñòè. Äâå òî÷êè ñôåðû,

íå ëåæàùèå íà ýòîé îêðóæíîñòè, ëåæàò â îäíîé ÷àñòè òîãäà è òîëüêî òîãäà, êîãäà èõ ìîæíî ñîåäèíèòü

íåêîòîðîé ñôåðè÷åñêîé ëîìàíîé, íå ïåðåñåêàþùåé îêðóæíîñòè.
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y1 + · · ·+ yn = v1 + · · ·+ vn − (u1 − 1) = 2k − 2− (u1 − 1)− (u1 − 1) = 2n− 2.

Çíà÷èò ïîñëåäîâàòåëüíîñòè ~x è ~y äåðåâÿííûå. Èç u1 > 1 èìååì n < k. Øàã èíäóêöèè äîêàçàí.
(b) Èíäóêöèÿ ïî n.

Ðèñ. 13: Êðèâîëèíåéíûå ñôåðû, ðåàëèçóþùèå ïàðó ñ ðèñóíêà 7.

3.1. (a) Ñëåäóåò èç çàäà÷ 1.1 è 1.3.
(b) Äà, ñì. ðèñ. 13. Àëüòåðíàòèâíàÿ êîíñòðóêöèÿ. Ïóñòü S è T ′ � êðèâîëèíåéíûå ñôåðû

ñ ðèñóíêà 2. Ïóñòü T ′′ � ñôåðà âíóòðè T ′ `áëèçêàÿ è ïàðàëëåëüíàÿ' T ′. Âîçüìåì êîìïîíåíòó
ñâÿçíîñòèX äîïîëíåíèÿ R3−S−T ′ ëåæàùóþ âíóòðè T ′, òàêóþ ÷òî åå ãðàíèöà ñîäåðæèò ñâÿçíóþ
êîìïîíåíòó T ′ − S, ÿâëÿþùóþñÿ äèñêîì. Ïóñòü T � êðèâîëèíåéíàÿ ñôåðà, ïîëó÷åííàÿ ïóòåì
ñîåäèíåíèÿ T ′ è T ′′ òîíêîé òðóáêîé â X. Òîãäà S è T áóäóò òðåáóåìûìè.

(c) Íåò. Ýòîò ôàêò ïîëó÷åí ñ ïîìîùüþ êîìïüþòåðíîé ïðîãðàììû, îñíîâàííîé íà ðåøåíèè
çàäà÷è 4.5.

(d) Êîíòðïðèìåð èçîáðàæåí íà ðèñ. 14. Ïîäñêàçêà: èñïîëüçóéòå çàäà÷ó 3.5 (èëè çàäà÷ó 3.4
â ôîðìå 4.7 íèæå).

Ðèñ. 14: äåâÿòü îêðóæíîñòåé (æèðíûå), ðàñïîëîæåííûå íà ñôåðå (òîíêàÿ) äâóìÿ ðàçíûìè ñïî-
ñîáàìè (ñëåâà, ñïðàâà).

3.2. (a) Îòâåò: Âñå íàáîðû. Ïîäñêàçêà. Âîçüìåì n íåïåðåñåêàþùèõñÿ ñôåð, ïåðåñåêàþùèõ
äàííóþ ñôåðó S ïî n îêðóæíîñòÿì äàííîãî íàáîðà M . Ñîåäèíèì èõ n − 1 íåïåðåñåêàþùèìè-
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ñÿ òðóáêàìè âíóòðè S è ïîëó÷èì êðèâîëèíåéíóþ ñôåðó T . Ïðîâåðüòå, ÷òî T óäîâëåòâîðÿåò
óñëîâèþ çàäà÷è.

(b) Ãèïîòåçà. Ïàðà èç òàêîãî ãðàôà è äåðåâà ðåàëèçóåìà òîãäà è òîëüêî òîãäà, êîãäà ýòî
äåðåâî ÿâëÿåòñÿ îáúåäèíåíèåì äâóõ äåðåâüåâ èç n è k ðåáåð, ïåðåñåêàþùèõñÿ ðîâíî ïî îäíîìó
ðåáðó.

(c) Ãèïîòåçà. Ëþáîé íàáîð n îêðóæíîñòåé ðåàëèçóåì â ïàðå ñ íàáîðîì n `ïàðàëëåëüíûõ'
îêðóæíîñòåé.

3.3. Ïîêðàñèì ñâÿçíûå êîìïîíåíòû, ëåæàùèå âíóòðè è âíå T , â ÷åðíûé è áåëûé öâåòà,
ñîîòâåòñòâåííî.

3.4. (a) è (b) èíòóèòèâíî î÷åâèäíû è ñëåäóþò èç (c).
(c) Áóäåì ñ÷èòàòü, ÷òî T � êðóãëàÿ ñôåðà è îêðóæíîñòè èç ∂Q � êðóãëûå îêðóæíîñòè,

÷òî íèêàêàÿ èç íèõ íå ÿâëÿåòñÿ áîëüøèì êðóãîì. Äëÿ êàæäîé îêðóæíîñòè èç ∂Q âîçüìåì
ñôåðó, ïðîõîäÿùóþ ÷åðåç ýòó îêðóæíîñòü è öåíòð ñôåðû T . Îáúåäèíåíèå Q è ÷àñòåé òàêèõ
ñôåð, ëåæàùèõ ñíàðóæè T � êðèâîëèíåéíàÿ ñôåðà, íàçîâåì åå Q′. Ýòà ñôåðà äåëèò R3 íà äâå
êîìïîíåíòû ñâÿçíîñòè. Ïîñêîëüêó Q ñâÿçíî, ïåðåñå÷åíèå îáåèõ êîìïîíåíò ñâÿçíîñòè ñ âíóòðåí-
íîñòüþ T ñâÿçíî. Ýòè êîìïîíåíòû ïåðåñåêàþò T ïî ÷åðíûì è áåëûì ÷àñòÿì ñîîòâåòñòâåííî.
Ïîñêîëüêó P ëåæèò â îäíîé êîìïîíåíòå, òî ∂P ëåæèò ëèáî â ÷åðíîé, ëèáî â áåëîé êîìïîíåíòå
T − ∂Q.

3.5. (a) äåëàåòñÿ àíàëîãè÷íî (b).
(b) Ðàññìîòðèì äèñêè A1, A2, A3 ⊂ S, îãðàíè÷åííûå îêðóæíîñòÿìè A1, A2, A3 ⊂ S è íå

ñîäåðæàùèå äðóãèõ îêðóæíîñòåé. Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî âíóòðåííîñòè ýòèõ
äèñêîâ ëåæàò âíóòðè T . Òîãäà âíóòðåííîñòè êîìïîíåíòû äîïîëíåíèÿ S − M , îãðàíè÷åííîé
B ∪C, òîæå ëåæèò âíóòðè T (ïîñêîëüêó ïåðåñå÷åíèå S ∩ T òðàíñâåðñàëüíî). Ýòà âíóòðåííîñòü
ëåæèò â îäíîé èç êîìïîíåíò ñâÿçíîñòè äîïîëíåíèÿ R3 − (T ∪ A1 ∪ A2 ∪ A3). Çíà÷èò, âñå 4
îêðóæíîñòè îáúåäèíåíèÿ B∪C ëåæàò â îäíîé êîìïîíåíòå ñâÿçíîñòè äîïîëíåíèÿ T − (A1∪A2∪
A3).

Çàìåòèì, ÷òî ýòî ÷àñòíûé ñëó÷àé çàäà÷è 3.4.c (ñðàâíèòå ñ çàäà÷åé 4.6.a).

3.7. (a) Ñì. îïðåäåëåíèå îêðóæíîñòåé A−, A0, A+ íà ðèñóíêå 15. Ñåìåéñòâî {A0} ëåæèò ïî
îäíó ñòîðîíó îò ñåìåéñòâà {A+, A−}, íî íå íàîáîðîò.

(b) Íåò.

Íåêîòîðûå íîâûå çàäà÷è ïî ïðîáëåìå ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé.

Ïàðà ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ öåëûõ
÷èñåë íàçûâàåòñÿ ñèëüíî ðåàëèçóåìîé, åñëè ñóùåñòâóþò äâå òàêèå êðèâîëèíåéíûå ñôåðû S, T ,
÷òî

(1) èõ ïåðåñå÷åíèå ñîñòîèò èç n− 1 îêðóæíîñòåé è äåëèò
• S íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîæíî çàíóìåðîâàòü òàê, ÷òî ó i-îé ñâÿçíîé êîìïî-

íåíòû xi ñîñåäåé â S, èãðàíèöåé
• T íà n ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîæíî çàíóìåðîâàòü òàê, ÷òî ó i-îé ñâÿçíîé êîìïî-

íåíòû yi ñîñåäåé â T ;
(2) â S ∩ T ñóùåñòâóåò îêðóæíîñòü, ÿâëÿþùàÿñÿ ãðàíèöåé íåêîòîðûõ äèñêà è êîìïîíåíòû

ñ x1 ñîñåäÿìè â S− T , à òàêæå ãðàíèöåé íåêîòîðûõ äèñêà è êîìïîíåíòû ñ y1 ñîñåäÿìè â T −S.
Ïàðà (S, T ) êðèâîëèíåéíûõ ñôåð íàçûâàåòñÿ ñèëüíîé ðåàëèçàöèåé ïàðû (~x, ~y).

4.1. Ïóñòü ~x, ~y � äåðåâÿííûå ïîñëåäîâàòåëüíîñòè, ó êîòîðûõ âñå åäèíèöû íàõîäÿòñÿ â êîíöå.
Åñëè ïàðà ïîñëåäîâàòåëüíîñòåé ~x′ := (x1 − y1 + 1, x2, x3, . . . , xn−y1+1), ~y

′ := (y2, y3, . . . , yn−y1+2)
ñèëüíî ðåàëèçóåìà, òî è ïàðà (~x, ~y) òîæå.

4.2. Åñëè ïàðà (~x, ~y) ñèëüíî ðåàëèçóåìà, òî äëÿ ëþáîãî öåëîãî ïîëîæèòåëüíîãî a ïàðû (~x′, ~y′)
ñèëüíî ðåàëèçóåìû äëÿ
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(a) ~x′ = (a, x1, x2, . . . , xn, 1, 1, . . . , 1), ~y′ = (y1 + a − 1, y2, y3, . . . , yn, 1, 1, . . . , 1) (â ~y′ a − 1

íîâûõ åäèíèö, â ~x′ èõ a−2; çäåñü a ìîæåò áûòü ðàçëè÷íî äëÿ ðàçëè÷íûõ çàìåí: ((1, 1), (1, 1))
a=3→

((3, 1, 1, 1), (3, 1, 1, 1))
a=4→ ((4, 3, 1, 1, 1, 1, 1), (6, 1, 1, 1, 1, 1, 1))).

(b) êàêîãî-ëèáî âûáîðà ~x′ ∈ {(1, x1 + 1, x2, x3, . . . , xn), (x1 + 1, x2, x3, . . . , xn, 1)} è
~y′ ∈ {(1, y1 + 1, y2, y3, . . . , yn), (y1 + 1, y2, y3, . . . , yn, 1)}.
4.3. Ïàðà ïîñëåäîâàòåëüíîñòåé ñèëüíî ðåàëèçóåìà òîãäà è òîëüêî òîãäà, êîãäà îáå ïîñëåäî-

âàòåëüíîñòè äåðåâÿííûå.

Íåêîòîðûå íîâûå çàäà÷è ïî ïðîáëåìå Ëàíäî.

4.4. Êàæäàÿ ïàðà îáúåäèíåíèé èç
(5) 5; (6) 6;
íåïåðåñåêàþùèõñÿ îêðóæíîñòåé, ðåàëèçóåìà.

Ïðîáëåìà Ëàíäî ðåøàåòñÿ ñ ïîìîùüþ åå çàíóìåðîâàííîãî, èëè ðàñêðàøåííîãî, àíàëîãà. Äà-
äèì îïðåäåëåíèÿ, íåîáõîäèìûå äëÿ åãî ôîðìóëèðîâêè.

Â ýòîì ïóíêòå M è N � äâà îáúåäèíåíèÿ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé íà ñôåðàõ S è T ,
ñîîòâåòñòâåííî, ïðè÷åì â êàæäîì îáúåäèíåíèè îêðóæíîñòè çàíóìåðîâàíû ÷èñëàìè 1, 2, . . . , n.

Ïàðà (M,N) íàçûâàåòñÿ ðåàëèçóåìîé, åñëè ñóùåñòâóþò
(1) äâå êðèâîëèíåéíûå ñôåðû S ′ è T ′, òðàíñâåðñàëüíî ïåðåñåêàþùèåñÿ ïî êîíå÷íîìó íàáîðó

S ′ ∩ T ′ íåïåðåñåêàþùèõñÿ îêðóæíîñòåé, è
(2) íóìåðàöèÿ ýòèõ îêðóæíîñòåé, äëÿ êîòîðîé
• S ′ ∩ T ′ íà ñôåðå S ′ è M íà ñôåðå S çàíóìåðîâàííî îäèíàêîâû;
• S ′ ∩ T ′ íà ñôåðå T ′ è N íà ñôåðå T çàíóìåðîâàííî îäèíàêîâû.

Ðèñ. 15: Ê ïðèìåðó

(Âû, ïî-âèäèìîìó, ñìîæåòå ðåøèòü âñå çàäà÷è, íå èñïîëüçóÿ ñëåäóþùåãî ñòðîãîãî îïðåäå-
ëåíèÿ çàíóìåðîâàííîîäèíàêîâîñòè. Çàíóìåðîâàííûå íàáîðû M íà êðèâîëèíåéíîé ñôåðå S è N
íà êðèâîëèíåéíîé ñôåðå T íàçûâàþòñÿ çàíóìåðîâàííî îäèíàêîâûìè, åñëè ñóùåñòâóåò âçàèìíî
îäíîçíà÷íîå ñîîòâåòñòâèå ìåæäó ñâÿçíûìè êîìïîíåíòàìè äîïîëíåíèé S−M è T−N , ïðè êîòî-
ðîì äâå ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S −M ãðàíè÷àò ïî îêðóæíîñòè èç M òîãäà è òîëüêî
òîãäà, êîãäà äâå ñîîòâåòñòâóþùèå êîìïîíåíòû äîïîëíåíèÿ T−N ãðàíè÷àò ïî ñîîòâåòñòâóþùåé
îêðóæíîñòè èç N .)

Ïðèìåð. Íà åäèíè÷íîé ñôåðå (èëè íà ïîâåðõíîñòè Çåìëè) âîçüìåì ýêâàòîð A0 = A2, ïà-
ðàëëåëü A+ = A1 øåñòèäåñÿòè ãðàäóñîâ ñåâåðíîé øèðîòû, ïàðàëëåëü A− = A3 øåñòèäåñÿòè
ãðàäóñîâ þæíîé øèðîòû. Ñì. ðèñóíîê 15. Òîãäà
• íåçàíóìåðîâàííûå (èëè íåóïîðÿäî÷åííûå) íàáîðû {A−, A0, A+} è {A0, A−, A+} îäèíàêîâû.
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• çàíóìåðîâàííûå (èëè óïîðÿäî÷åííûå) íàáîðû (A−, A0, A+) è (A+, A0, A−) çàíóìåðîâàííî
îäèíàêîâû.
• çàíóìåðîâàííûå íàáîðû (A−, A0, A+) è (A0, A−, A+) íå ÿâëÿþòñÿ çàíóìåðîâàííî îäèíàêî-

âûìè.
• ïàðà çàíóìåðîâàííûõ íàáîðîâ (A−, A0, A+) è (A0, A−, A+) íå ðåàëèçóåìà.

Ðèñ. 16: Ðàñòàùåííûå êðèâîëèíåéíûå ñôåðû S ′ è T ′

Äîêàçàòåëüñòâî ïîñëåäíåãî óòâåðæäåíèÿ. Ïóñòü, íàïðîòèâ, ñóùåñòâóþò êðèâîëèíåéíûå
ñôåðû S ′ è T ′, ðåàëèçóþùèå ýòó ïàðó. Îáîçíà÷èì ÷åðåç
• Bk êîïèþ îêðóæíîñòè Ak íà êîïèè T ñôåðû S;
• A′k îêðóæíîñòü íà êðèâîëèíåéíîé ñôåðå S ′ ñîîòâåòñòâóþùóþ Ak;
• B′k îêðóæíîñòü íà êðèâîëèíåéíîé ñôåðå T ′ ñîîòâåòñòâóþùóþ Bk;
• D′ ⊂ S ′ äèñê â S ′ − T ′ îãðàíè÷åííûé A′+;
• C ′ ⊂ S ′ öèëèíäð â S ′ − T ′ îãðàíè÷åííûé A′0 è A′−.
Ïîñêîëüêó S ′ è T ′ ðåàëèçóþò ïàðó (A+, A0, A−), (B0, B+, B−), ïîëó÷àåì A′+ = B′0, A

′
0 = B′+ è

A′− = B′−.
ßñíî, ÷òî C ′ è D′ ëåæàò â òðåõìåðíîì ïðîñòðàíñòâå ïî îäíó ñòîðîíó îò êðèâîëèíåéíîé

ñôåðû T ′. (Ñðàâíèòå ñ çàäà÷åé 3.3.) Èìååì ∂D = A′+ = B′0. Ãðàíèöà ∂C
′ = A′0 t A′− = B′+ t B′−

íå ëåæèò â îäíîé êîìïîíåíòå äîïîëíåíèÿ T ′ − ∂D′ = T ′ −B′0. Ýòî ïðîòèâîðå÷èò óòâåðæäåíèþ
çàäà÷è 3.4.a äëÿ P = C ′ è Q = D′. QED

4.5. Çàíóìåðîâàííàÿ ïðîáëåìà Ëàíäî. Êàêèå ïàðû çàíóìåðîâàííûõ íàáîðîâ íà ñôåðàõ
ðåàëèçóåìû?

4.6. (a) Åñëè ïàðà (M,N) çàíóìåðîâàííûõ íàáîðîâ íà ñôåðàõ S è T ðåàëèçóåìà, òî ñâÿçíûå
êîìïîíåíòû äîïîëíåíèÿ S −M ìîæíî ïîêðàñèòü â ÷åðíûé è áåëûé öâåòà òàê, ÷òî äëÿ ëþáûõ
äâóõ îäíîöâåòíûõ êîìïîíåíò P è Q äîïîëíåíèÿ S −M ïîäíàáîðû â T , ñîîòâåòñòâóþùèå ∂P è
∂Q, íå çàöåïëåíû.

(b) Âåðíî ëè îáðàòíîå ê (a) óòâåðæäåíèå?

Ïóñòü p è q äâà ïîäìíîæåñòâà ìíîæåñòâà ðåáåð íåêîòîðîãî äåðåâà. Ìíîæåñòâî p ëåæèò
ïî îäíó ñòîðîíó (â ýòîì äåðåâå) îò q, åñëè p ∩ q = ∅, è äëÿ ëþáûõ äâóõ êîíöîâ ðåáåð èç p
ñîåäèíÿþùèé èõ ïóòü â äåðåâå ñîäåðæèò ÷åòíîå ÷èñëî ðåáåð èç q. Íàáîðû p è q íå çàöåïëåíû
(â ýòîì äåðåâå) åñëè p ëåæèò ïî îäíó ñòîðîíó îò q è q ëåæèò ïî îäíó ñòîðîíó îò p.

Äëÿ âåðøèíû P ãðàôà îáîçíà÷èì ÷åðåç δP ìíîæåñòâî âûõîäÿùèõ èç P ðåáåð.
Ãðàôû G(S,M) è G(T,N) îïðåäåëåíû â �1. Íóìåðàöèÿ îêðóæíîñòåé â M è îêðóæíîñòåé â

N çàäàåò íóìåðàöèþ ðåáåð â G(S,M) è â G(T,N).
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4.7. (a) Åñëè ïàðà (M,N) çàíóìåðîâàííûõ íàáîðîâ íà ñôåðàõ S è T ðåàëèçóåìà, òî âåðøèíû
ãðàôà G(S,M) ìîæíî òàê ïîêðàñèòü â ÷åðíûé è áåëûé öâåòà, ÷òî äëÿ ëþáûõ äâóõ îäíîöâåòíûõ
âåðøèí P,Q ãðàôà G(S,M) íàáîðû ðåáåð â G(T,N), ñîîòâåòñòâóþùèå δP è δQ, íå çàöåïëåíû
â G(T,N).

(b)* Äàíû äâà äåðåâà G è G′ ñ îäèíàêîâûì êîëè÷åñòâîì ðåáåð. Ñóùåñòâóåò ëè ïîëèíîìèàëü-
íûé àëãîðèòì äëÿ ïðîâåðêè íàëè÷èÿ òàêèõ íóìåðàöèé èõ ðåáåð, ïðè êîòîðîé âåðøèíû ãðàôà
G ìîæíî ïîêðàñèòü â ÷åðíûé è áåëûé öâåòà òàê, ÷òî äëÿ ëþáûõ äâóõ îäíîöâåòíûõ âåðøèí
P,Q ãðàôà G íàáîðû ðåáåð â G′, ñîîòâåòñòâóþùèå δP è δQ, íå çàöåïëåíû â G′?

5 Áîëüøå ñôåð è ñôåðû ñ ðó÷êàìè

Ïóñòü n1, n2, n3 � ïîëîæèòåëüíûå öåëûå ÷èñëà. Òðîéêà

~x1 = (x11, x12, . . . , x1n1), ~x2 = (x21, x22, . . . , x2n2), ~x3 = (x31, x32, . . . , x3n3)

ïîñëåäîâàòåëüíîñòåé ïîëîæèòåëüíûõ öåëûõ ÷èñåë íàçûâàåòñÿ ðåàëèçóåìîé, åñëè ñóùåñòâóþò
òðè êðèâîëèíåéíûõ ñôåðû S1, S2, S3 â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèåñÿ ïîïàðíî ïî
îêðóæíîñòÿì òàê, ÷òî S1 ∩ S2 ∩ S3 = ∅ è äëÿ âñåõ k = 1, 2, 3 äîïîëíåíèå Sk − Sk+1− Sk+2 èìååò
nk ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîæíî ïðîíóìåðîâàòü òàê, ÷òî ó i-îé ñâÿçíîé êîìïîíåíòû xki
ñîñåäåé â Sk äëÿ âñåõ i = 1, . . . , nk.

Â ýòîì ïàðàãðàôå (è â ñîîòâåòñòâóþùèõ ðåøåíèÿõ) èíäåêñû k, k+ 1, k+ 2 ðàññìàòðèâàþòñÿ
ïî ìîäóëþ 3.

Òðîéêà (S1, S2, S3) êðèâîëèíåéíûõ ñôåð íàçûâàåòñÿ ðåàëèçàöèåé òðîéêè ( ~x1, ~x2, ~x3).

5.1. Ïðîáëåìà òðîåê ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé. Êàêèå òðîéêè äåðåâÿííûõ
ïîñëåäîâàòåëüíîñòåé ðåàëèçóåìû?

5.2. Êàêèå òðîéêè äåðåâÿííûõ ïîñëåäîâàòåëüíîñòåé, â êàæäîé èç êîòîðûõ íå áîëåå ÷åòûðåõ
÷èñåë, ðåàëèçóåìû?

5.3. Åñëè òðîéêà ïîñëåäîâàòåëüíîñòåé äëèí n1, n2, n3, ðåàëèçóåìà, òî
(a) n1 + n2 + n3 íå÷åòíî;
(b) nk < nk+1 + nk+2 äëÿ âñåõ k = 1, 2, 3.

5.4. Ïóñòü x1 ≥ x2 ≥ · · · ≥ xn � äåðåâÿííàÿ ïîñëåäîâàòåëüíîñòü, à p è q � òàêèå ïîëîæè-
òåëüíûå öåëûå ÷èñëà, ÷òî p ≥ q > 1 è p + q = n + 1. Òîãäà ñóùåñòâóþò äâå òàêèå äåðåâÿí-
íûå ïîñëåäîâàòåëüíîñòè a1, a2, . . . , ap è b1, b2, . . . , bq, ÷òî a1 + b1 = x1, è óïîðÿäî÷åííûå íàáîðû
(a2, a3, . . . , ap, b2, b3, . . . , bq) è (x2, x3, . . . , xn) îäèíàêîâû ñ òî÷íîñòüþ äî ïåðåñòàíîâêè.

Êàêîâû àíàëîãè õàðàêòåðèçàöèé ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé (òåîðåì 1 è 2) äëÿ
ïåðåñå÷åíèÿ áîëåå, ÷åì òðåõ ìíîãîãðàííèêîâ?

5.5. * Ãèïîòåçà. Çàäàíû íàòóðàëüíûå ÷èñëà n1, n2, n3, . . . , ns è s ïîñëåäîâàòåëüíîñòåé

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , . . . , xs1, xs2, . . . , xsns

íàòóðàëüíûõ ÷èñåë. Òîãäà ñóùåñòâóþò s êðèâîëèíåéíûõ ñôåð S1, S2, . . . , Sk â òðåõìåðíîì ïðî-
ñòðàíñòâå, ïîïàðíî ïåðåñåêàþùèõñÿ ïî îêðóæíîñòÿì è òàêèõ, ÷òî
• íèêàêèå òðè èç íèõ íå ïåðåñåêàþòñÿ â îäíîé òî÷êå;
• äëÿ êàæäîãî k = 1, . . . , s è j = 1, . . . , nk äîïîëíåíèå Sk − Sk+1 − Sk+2 − · · · − Sk+s−1 èìååò

nk êîìïîíåíò ñâÿçíîñòè, j-òàÿ èç êîòîðûõ èìååò xkj ñîñåäåé â Sk

òîãäà è òîëüêî òîãäà êîãäà âñå s ïîñëåäîâàòåëüíîñòåé äåðåâÿííûå, è n1 + n2 + · · · + ns − s
åñòü ÷åòíîå ÷èñëî, íå ìåíüøåå 2nk äëÿ êàæäîãî k = 1, . . . , s.
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Äëÿ s < 4 ýòà ãèïîòåçà äîêàçàíà (ñì. Òåîðåìû 1 è 2), ïåðâûé íåòðèâèàëüíûé ñëó÷àé �
s = 4.

Êàêèìè ìîãóò áûòü íàáîðû êîëè÷åñòâ ñîñåäåé ó êîìïîíåíò, åñëè ðàçðåøèòü òðîéíûå ïåðå-
ñå÷åíèÿ êðèâîëèíåéíûõ ñôåð?

5.6. * Ãèïîòåçà. Ïóñòü n1, n2, n3 � ïîëîæèòåëüíûå öåëûå ÷èñëà, è

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , x31, x32, . . . , x3n3

� ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ öåëûõ ÷èñåë. Òîãäà ñóùåñòâîâàíèå êðèâîëèíåéíûõ
ñôåð S1, S2, S3,
• ïîïàðíî ïåðåñåêàþùèõñÿ ïî îêðóæíîñòÿì,
• èìåþùèõ 2T òî÷åê ïåðåñå÷åíèÿ âñåõ òðåõ ñôåð è
• òàêèõ, ÷òî äëÿ êàæäîãî k = 1, 2, 3 äîïîëíåíèå Sk − Sk+1 − Sk+2 èìååò nk ñâÿçíûõ êîì-

ïîíåíò, ó i-îé èç êîòîðûõ xki ñîñåäåé â Sk äëÿ êàæäîãî i = 1, . . . , k
ðàâíîñèëüíî òîìó, ÷òî n1 + n2 + n3 + T íå÷åòíî, xk1 + xk2 + · · · + xknk

= 2nk − 2 + 2T è
nk + T < nk+1 + nk+2 äëÿ êàæäîãî k = 1, 2, 3.

Êàêîâû àíàëîãè òåîðåì 1 è 2 äëÿ ïåðåñå÷åíèÿ êðèâîëèíåéíûõ ñôåð ñ ðó÷êàìè?

5.7. * Ãèïîòåçà. Çàäàíû öåëûå ÷èñëà g1, g2, n > 0 è äâå ïîñëåäîâàòåëüíîñòè

x11, x12, . . . , x1n, x21, x22, . . . , x2n

íàòóðàëüíûõ ÷èñåë. Ñóùåñòâóþò êðèâîëèíåéíûå ñôåðà ñ g1 ðó÷êàìè S1 è ñôåðà ñ g2 ðó÷êà-
ìè S2 â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèåñÿ ïî îêðóæíîñòÿì, ðàçáèâàþùèì Sk íà
n êîìïîíåíò ñâÿçíîñòè, j-òàÿ èç êîòîðûõ èìååò xkj ñîñåäåé â Sk äëÿ êàæäîãî k = 1, 2 è
j = 1, . . . n

òîãäà è òîëüêî òîãäà êîãäà s := x11 + x12 + · · · + x1n = x21 + x22 + · · · + x2n ÷åòíî è
2n− 2 ≤ s ≤ 2n− 2 + 2gk äëÿ êàæäîãî k = 1, 2.

Áûëî áû èíòåðåñíî ðåøèòü àíàëîãè÷íûå ïðîáëåìû ïðè íàëè÷èè ñàìîïåðåñå÷åíèé. Èíòåðåñ-
íû îáà âàðèàíòà � ñ òî÷êàìè òðîåêðàòíîãî ñàìîïåðåñå÷åíèÿ èëè áåç.
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ÊÀÊ ÏÅÐÅÑÅÊÀÞÒÑß Â ÏÐÎÑÒÐÀÍÑÒÂÅ ÊÐÈÂÎËÈÍÅÉÍÛÅ ÑÔÅÐÛ,

ÈËÈ ÄÂÓÌÅÐÍÛÅ ÌÅÀÍÄÐÛ

Ñ. Àââàêóìîâ, À. Áåðäíèêîâ, À. Ðóõîâè÷ è À. Ñêîïåíêîâ

6 Ôèíèø. Ðåøåíèÿ.

Â ýòîì ïàðàãðàôå êðèâîëèíåéíûå ñôåðû íàçûâàþòñÿ ïðîñòî ñôåðàìè.

Ïðîáëåìà ñîñåäñòâåííûõ ïîñëåäîâàòåëüíîñòåé

Ðèñ. 17: Èíäóêòèâíîå ïîñòðîåíèå

4.1. Ìîæíî ñ÷èòàòü, ÷òî x1 ≥ y1. Ðàññìîòðèì ñôåðû S ′, T ′, ðåàëèçóþùèå ïàðó (~x′, ~y′) ïîñëå-
äîâàòåëüíîñòåé. Ðàññìîòðèì îêðóæíîñòü â ïåðåñå÷åíèè T ′ ∩ S ′, èç óñëîâèÿ (2) â îïðåäåëåíèè
ñèëüíîé ðåàëèçóåìîñòè. Ýòî îêðóæíîñòü, îãðàíè÷èâàþùàÿ
• â S ′ − T ′ ñâÿçíóþ êîìïîíåíòó, íàçîâåì åå C, ó êîòîðîé x1 − y1 + 1 ñîñåäåé,
• â T ′ − S ′ � äèñê, íàçîâåì åãî D.
Èçìåíèì ñôåðû S ′, T ′ ñîåäèíåíèåì êîìïîíåíò C è D ïðè ïîìîùè y1 − 1 `ïàëüöåâ', ñì. ðèñ.

17. Íîâûå ñôåðû îáîçíà÷èì ÷åðåç S, T . Äîêàæåì, ÷òî îíè ðåàëèçóþò ïàðó (~x, ~y) ïîñëåäîâàòåëü-
íîñòåé.

Óñëîâèå (1) âûïîëíåíî äëÿ S, T , ïîñêîëüêó
• êàæäàÿ êîìïîíåíòà S ′ − T ′, êðîìå C, òàêæå ÿâëÿåòñÿ è êîìïîíåíòîé äîïîëíåíèÿ S − T ,
• C äåëèòñÿ y1 − 1 îêðóæíîñòÿìè èç (S ∩ T ) − (S ′ ∩ T ′) íà y1 − 1 äèñêîâ è êîìïîíåíòó ñ

(x1 − y1 + 1) + (y1 − 1) = x1 ñîñåäÿìè,
è
• êàæäàÿ êîìïîíåíòà äîïîëíåíèÿ T ′ − S ′, êðîìå D, òàêæå ÿâëÿåòñÿ è êîìïîíåíòîé äîïîë-

íåíèÿ T − S,
• D ðàçäåëåíî y1 − 1 îêðóæíîñòÿìè íà y1 − 1 äèñêîâ è êîìïîíåíòó ñ y1 ñîñåäÿìè.
Ëþáàÿ îêðóæíîñòü èç (S ∩ T )− (S ′ ∩ T ′) óäîâëåòâîðÿåò óñëîâèþ (2).
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4.3. Äîêàçàòåëüñòâî òåîðåìû 1'. Äîêàæåì èíäóêöèåé ïî äëèíå n ïîñëåäîâàòåëüíîñòè. Äëÿ
ëþáîé äåðåâÿííîé ïîñëåäîâàòåëüíîñòè èç n ÷èñåë èìååì n ≥ 2. Áàçà èíäóêöèè (n = 2) î÷åâèäíà.

Äîêàæåì øàã èíäóêöèè. Ïóñòü òåîðåìà 1' äîêàçàíà äëÿ 2, 3, . . . , n− 1 ≥ 2. Äîêàæåì åå äëÿ
n.

Ïåðåñòàâèì åäèíèöû â ïîñëåäîâàòåëüíîñòÿõ â êîíåö. Ñîãëàñíî çàäà÷àì 2.5 è 4.1, ïî ïðåä-
ïîëîæåíèþ èíäóêöèè íîâûå ïîñëåäîâàòåëüíîñòè ðåàëèçóåìû. Ðàññìîòðèì ñôåðû S, T , èõ ðåà-
ëèçóþùèå. Ñôåðû S, T óäîâëåòâîðÿþò óñëîâèþ (1) èç îïðåäåëåíèÿ ñèëüíîé ðåàëèçóåìîñòè äëÿ
ñòàðûõ ïîñëåäîâàòåëüíîñòåé. Òàêæå
• åñëè x1 6= 1, òî óñëîâèÿ (2) äëÿ ñòàðîé è íîâîé ïîñëåäîâàòåëüíîñòåé ~x ýêâèâàëåíòíû;
• åñëè x1 = 1, òî îêðóæíîñòü èç óñëîâèÿ (2) äëÿ íîâîé ïîñëåäîâàòåëüíîñòè ~x îãðàíè÷èâàåò

äèñê, ò.å. êîìïîíåíòó ñ x1 = 1 ñîñåäîì.
Ýòî âûïîëíåíî è ñ çàìåíîé ~x íà ~y. Èòàê, óñëîâèå (2) âûïîëíåíî äëÿ ñòàðûõ ïîñëåäîâàòåëü-

íîñòåé. Çíà÷èò, S, T ñèëüíî ðåàëèçóþò ñòàðûå ïîñëåäîâàòåëüíîñòè.

Ïðîáëåìà Ëàíäî.

3.1. (d) (ïðÿìîå ðåøåíèå) Ïóñòü, íàïðîòèâ, ñóùåñòâóþò ñôåðû S ′ è T ′, ðåàëèçóþùèå ïàðó
ñ ðèñóíêà 9. Îáîçíà÷èì ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S ′ − T ′ êàê íà ðèñ. 14 ñëåâà.

Ðàññìîòðèì äèñêè A1, . . . , A4 ⊂ S ′. Áåç îãðàíè÷åíèÿ îáùíîñòè ïðåäïîëîæèì, ÷òî èõ âíóò-
ðåííîñòè ëåæàò âíóòðè T ′. Òîãäà âíóòðåííîñòü êîìïîíåíòû C ⊂ S ′ òàêæå ëåæèò âíóòðè T ′

(òàê êàê ïåðåñå÷åíèå S ′ ∩ T ′ òðàíñâåðñàëüíî). Òàê êàê C,A1, . . . , A4 íå ïåðåñåêàþòñÿ, òî C öå-
ëèêîì ëåæèò â îäíîé ñâÿçíîé êîìïîíåíòå äîïîëíåíèÿ R3 − T ′ ∪

⊔
Ai. Òàêèì îáðàçîì, âñå 5

îêðóæíîñòåé ãðàíèöû ∂C ëåæàò â îäíîé ñâÿçíîé êîìïîíåíòå äîïîëíåíèÿ T ′ −
⊔
∂Ai. (Çäåñü

ìû èñïîëüçóåì òðèâèàëüíûé ÷àñòíûé ñëó÷àé òåîðåìû î ïðîäîëæåíèè âëîæåíèÿ.)
Ïåðåôîðìóëèðóåì ïðåäûäóùåå óòâåðæäåíèå â òåðìèíàõ ãðàôà G(T ′) (ðèñ. 18). Îáîçíà÷èì

çà G(C) îáúåäèíåíèå 5-è ðåáåð ãðàôà G(T ′), ñîîòâåòñòâóþùèõ îêðóæíîñòÿì ãðàíèöû ∂C. Òîãäà
G(C) öåëèêîì ëåæèò â îäíîé ñâÿçíîé êîìïîíåíòå äîïîëíåíèÿ â G(T ′) ê 4-åì ðåáðàì, ñîîòâåò-
ñòâóþùèì îêðóæíîñòÿì ãðàíèöû∂Ai. Òàê êàê ó G(T ′) òîëüêî 9 ðåáåð, ýòî çíà÷èò, ÷òî G(C)
�ïîääåðåâî G(T ′). Îáîçíà÷èì ÷åðåç G(B) îáúåäèíåíèå 5-è ðåáåð ãðàôà G(T ′), ñîîòâåòñòâóþ-
ùèõ îêðóæíîñòÿì ãðàíèöû ∂B. Àíàëîãè÷íî, G(B) � ïîääåðåâî G(T ′).

Òàê êàê G(B) ∪ G(C) = G(T ′), òî õîòÿ áû äâà èç òðåõ ðåáåð a, b, c ãðàôà G(T ′) (ðèñ. 18)
ëåæàò â îäíîì èç ïîääåðåâüåâ G(B) èëè G(C). Áåç îãðàíè÷åíèÿ îáùíîñòè a, b ∈ G(B). Íî â
ëþáîì ïîääåðåâå G(T ′), ñîäåðæàùåì è a, è b õîòÿ áû 6 ðåáåð, â òî âðåìÿ êàê â G(B) ëèøü 5
ðåáåð. Çíà÷èò, èñõîäíîå ïðåäïîëîæåíèå ïðîòèâîðå÷èâî è íåâåðíî.

Ðèñ. 18: Ãðàô G := G(T ′, N).
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Ðèñ. 19: Ê ðåøåíèþ çàäà÷è 3.6.f. (A) Èìååì S (ñåðàÿ), p1 (êðàñíîå), p2 (çåëåíîå), p3 (ñèíåå).
(B) Èìååì, ÷òî p̊3 (ñèíåå) � `íàèìåíüøåå'. Ïîñòðîèì P1 (æåëòîå) è P2 (çåëåíîå) ïî èíäóêöèè.
(C) Ñâÿçíûå êîìïîíåíòû p̊3 (ñèíåå) ìîæíî ñîåäèíèòü ïóòåì, íå ïåðåñåêàþùèìñÿ ñ P1∪P2. Òîãäà
ñîåäèíèì èõ òðóáîé è ïîëó÷èì P3 (ñèíåå).

3.6. (a) Î÷åâèäíî.
(b) Ýòî ðàâíîñèëüíî òîìó, ÷òî îêðóæíîñòè q1 è q2 ëåæàò ïî îäíó ñòîðîíó îò p.
(c) Ýòî ðàâíîñèëüíî òîìó, ÷òî p1 t p2 è q1 t q2 íå çàöåïëåíû.
(d) Ýòî ðàâíîñèëüíî òîìó, ÷òî p è q íå çàöåïëåíû. Ïîäñêàçêà: îáîáùèòå ðåøåíèå çàäà÷è

3.1.d. Ôîðìàëüíîå ðåøåíèå ïîëó÷àåòñÿ ïîäñòàíîâêîé m = 2 â ðåøåíèå äëÿ (f).
(e) Íåò, ñîãëàñíî îòâåòó íà (f).
(f) Ýòî ðàâíîñèëüíî òîìó, ÷òî pi è pj íå çàöåïëåíû äëÿ ëþáûõ i 6= j.

Òåîðåìà î ïðîäîëæåíèè âëîæåíèÿ. Íàáîðû p1, . . . , pm íåïåðåñåêàþùèõñÿ îêðóæíîñòåé
â åäèíè÷íîé ñôåðå S ïîïàðíî íå çàöåïëåíû â òîì è òîëüêî òîì ñëó÷àå, êîãäà ñóùåñòâóþò
íåïåðåñåêàþùèåñÿ ñôåðû ñ äûðêàìè P1, . . . , Pm, ÷üè âíóòðåííîñòè ëåæàò âíóòðè S, è äëÿ
êîòîðûõ ∂Pi = pi äëÿ âñåõ i = 1, . . . ,m.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ëåãêî ñëåäóåò èç çàäà÷è 3.4.c. Äîñòàòî÷íîñòü äîêàæåì èí-
äóêöèåé ïî m. Áàçà m = 1 ïî ñóòè äîêàçàíà ïðè ðåøåíèè çàäà÷è 3.2.a. Äîêàæåì øàã èíäóêöèè.
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Âîçüìåì òî÷êó O ∈ S −
⊔
pi

i=1,...,m

. Äëÿ êàæäîãî i ðàññìîòðèì ÷åðíî-áåëóþ ðàñêðàñêó äîïîëíåíèÿ

S − pi, ïðè êîòîðîé O áåëàÿ. Íàïîìíèì, ÷òî p̊i � îáúåäèíåíèå ÷åðíûõ êîìïîíåíò äîïîëíåíèÿ
S − pi. Ðàç O áåëàÿ, à pi è pj íå çàöåïëåíû, ïî çàäà÷å 3.7.b äëÿ âñåõ i 6= j èëè p̊i ⊂ p̊j, èëè
p̊j ⊂ p̊i, èëè p̊i ∩ p̊j = ∅. Çíà÷èò, åñòü `íàèìåíüøåå' p̊i, òî åñòü, òàêîå p̊i, ÷òî p̊j 6⊂ p̊i äëÿ âñåõ

j 6= i. Ìîæíî ïîëîæèòü i = m. Òîãäà p̊m ∩
m−1⊔
i=1

pi = ∅, p̊m � íàáîð ñôåð ñ äûðêàìè, ∂p̊m = pm è

p̊m ⊂ S. Îáîçíà÷èì ÷åðåç ∆ çàìêíóòûé øàð, îãðàíè÷èâàåìûé S (òî åñòü, `âíóòðåííþþ ÷àñòü'
ñôåðû S). Ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ ñóùåñòâóþò íåïåðåñåêàþùèåñÿ ñôåðû ñ äûðêàìè
P1, . . . , Pm−1 ⊂ ∆, òàêèå ÷òî ∂Pi = pi äëÿ âñåõ i = 1, . . . ,m− 1.

Ðèñ. 20: Äîêàçàòåëüñòâî óòâåðæäåíèÿ

Óòâåðæäåíèå. Íàáîð pm ëåæèò â îäíîé ñâÿçíîé êîìïîíåíòå äîïîëíåíèÿ ∆ − (P1 t · · · t
Pm−1).

6

Äîêàçàòåëüñòâî óòâåðæäåíèÿ. Ïðåäïîëîæèì ïðîòèâíîå. Ðàññìîòðèì ëþáûå äâå òî÷êè
A,B ∈ pm èç ðàçíûõ ñâÿçíûõ êîìïîíåíò äîïîëíåíèÿ ∆ − (P1 t · · · t Pm−1). Îáîçíà÷èì ÷å-

ðåç l ïóòü âíóòðè S, ñîåäèíÿþùèé A è B, è ïðè ýòîì l := #(l ∩
m−1⊔
i=1

Pi) ìèíèìàëüíî (ìèíèìóì

ïî âñåì òàêèì l, îáúåêòû A,B, pm, S, P1, . . . , Pm−1 ôèêñèðîâàíû). Òîãäà l > 0 (èíà÷å A è B ëå-
æàëè áû â ðàçíûõ êîìïîíåíòàõ). Òàê êàê pm ëåæèò ïî îäíó ñòîðîíó îò ∂Pi, òî÷êè A è B ëåæàò
â îäíîé êîìïîíåíòå ∆ − Pi, è #(l ∩ Pi) ÷åòíî äëÿ âñåõ i. (Åñëè m = 2, ìîæíî äàæå ïîëó÷èòü
#(l ∩ P1) = 0 è îñòàíîâèòüñÿ.) Òîãäà #(l ∩ Pi) ≥ 2 äëÿ íåêîòîðîãî i. Îáîçíà÷èì ÷åðåç Q è R
ïîñëåäîâàòåëüíûå (íà l) òî÷êè l ∩ Pi. Îáîçíà÷èì ÷åðåç Q′ òî÷êó l ÷óòü ïåðåä Q è çà R′ òî÷êó l
÷óòü ïîñëå R. Òàê êàê Pi ñâÿçíî, Q è R ìîæíî ñîåäèíèòü ïóòåì Pi. Çíà÷èò Q

′ è R′ ìîæíî ñîåäè-
íèòü ïóòåì l′, äîñòàòî÷íî áëèçêèì ê Pi, íî íå ïåðåñåêàþùèì Pi. Ïóòü l

′ íå ïåðåñåêàåò íè÷åãî
èç P1, . . . , Pm−1, òàê êàê îí äîñòàòî÷íî áëèçîê ê Pi, à P1, . . . , Pm−1 ïîïàðíî íå ïåðåñåêàþòñÿ.
Çàìåíèì ÷àñòü ïóòè l îò Q′ äî R′ íà l′. Ïîëó÷åííûé ïóòü íàçîâåì l′′. Òåïåðü l′′ = l − 2. Ýòî
ïðîòèâîðå÷èò ìèíèìàëüíîñòè l. Ïîýòîìó l íå ïåðåñåêàåò P1 t · · · tPm−1, çíà÷èò A è B äîëæíû
ëåæàòü â îäíîé ñâÿçíîé êîìïîíåíòå äîïîëíåíèÿ ∆− (P1 t · · · t Pm−1). ×ÒÄ.

6Äëÿ m = 2 ýòî óòâåðæäåíèå � ïî÷òè îïðåäåëåíèå íåçàöåïëåííîñòè (òî÷íåå, òîãî, ÷òî `p2 ëåæèò ïî îäíó
ñòîðîíó îò ∂P1'). Ñëó÷àé m ≥ 3 èíòåðåñíåé, âåäü îáúåäèíåíèå äâóõ ïîäìíîæåñòâ, âîîáùå ãîâîðÿ, ìîæåò ðàçáèòü
ñàìî ìíîæåñòâî, äàæå åñëè êàæäîå èç ýòèõ ïîäìíîæåñòâ ïîîäèíî÷êå èñõîäíîå ìíîæåñòâî íå ðàçáèâàëî.
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Çàâåðøåíèå äîêàçàòåëüñòâà òåîðåìû î ïðîäîëæåíèè âëîæåíèÿ. Ïóñòü p̊′m � îáúåäèíåíèå
íåïåðåñåêàþùèõñÿ ñôåð ñ äûðêàìè, ïîëó÷åííûõ èç p̊m íåáîëüøîé äåôîðìàöèåé, ïîñëå êîòîðîé
âíóòðåííîñòü p̊′m ïîïàäàåò â ∆ è ∂p̊′m = ∂p̊m = pm. Ñîãëàñíî Óòâåðæäåíèþ, ëþáûå äâå òî÷êè
p̊′m ìîæíî ñîåäèíèòü ïóòåì âíóòðè S, íå ïåðåñåêàþùèì P1, . . . , Pm−1. Òîãäà ìîæíî ñîåäèíèòü
âñå ñâÿçíûå êîìïîíåíòû ìíîæåñòâà p̊′m òðóáêàìè âíóòðè S, íå ïåðåñåêàþùèìè P1, . . . , Pm−1.
Êîëè÷åñòâî òðóáîê áóäåò íà 1 ìåíüøå êîëè÷åñòâà êîìïîíåíò ñâÿçíîñòè p̊′m, çíà÷èò, íå áóäåò
`öèêëîâ èç òðóáîê'. Çíà÷èò, ìû ïîëó÷èëè ñôåðó ñ äûðêàìè. Îáîçíà÷èì åå ÷åðåç Pm. Èìååì
∂Pm = pm, Pm ⊂ ∆, è Pm íå ïåðåñåêàåòñÿ ñ P1, . . . , Pm−1. Øàã èíäóêöèè äîêàçàí. ×ÒÄ.

4.4. Ýòîò ôàêò ïîëó÷åí ñ èñïîëüçîâàíèåì êîìïüþòåðíîé ïðîãðàììû, îñíîâàííîé íà òåîðåìå
3.

4.5. Îòâåò äàåòñÿ çàäà÷åé 4.6, è îí òàêîâ.
Òåîðåìà 3. Ïàðà (M,N) çàíóìåðîâàííûõ íàáîðîâ íà ñôåðàõ S è T ðåàëèçóåìà òîãäà è

òîëüêî òîãäà, êîãäà ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S −M ìîæíî ïîêðàñèòü â ÷åðíûé è
áåëûé öâåòà òàê, ÷òî äëÿ ëþáûõ äâóõ îäíîöâåòíûõ êîìïîíåíò P è Q äîïîëíåíèÿ S − M
ïîäíàáîðû â N , ñîîòâåòñòâóþùèå ∂P è ∂Q, íå çàöåïëåíû.

4.6. (a) Ýòî ïåðåôîðìóëèðîâêà çàäà÷è 3.4.
(b) Äà. Èäåÿ ðåøåíèÿ � äîêàçàòü è èñïîëüçîâàòü îòâåò ê ïðîáëåìå ïðîäîëæåíèÿ âëîæåíèÿ

3.6.e.
Ïóñòü T ′ � åäèíè÷íûé êóá. Íóìåðàöèè äàþò âçàèìíî-îäíîçíà÷íîå ñîîòâåòñòâèå h ìåæäó

îêðóæíîñòÿìè èç M è îêðóæíîñòÿìè èç N .
Îáîçíà÷èì ÷åðåç A1, . . . , Am áåëûå ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S−M . Ïî ïðåäïîëîæå-

íèþ h(∂A1), . . . , h(∂Am) ïîïàðíî íå çàöåïëåíû â T . Ñîãëàñíî îòâåòó ê ïðîáëåìå ïðîäîëæåíèÿ
âëîæåíèÿ 3.6.e ñóùåñòâóþò íåïåðåñåêàþùèåñÿ êðèâîëèíåéíûå ñôåðû ñ äûðêàìè A′1, . . . , A

′
m,

âíóòðåííîñòè êîòîðûõ ëåæàò âíóòðè T ′, è òàêèå, ÷òî ∂A′i = h(∂Ai) äëÿ âñåõ i = 1, . . . ,m.
Îáîçíà÷èì ÷åðåç B1, . . . , Bn ÷åðíûå ñâÿçíûå êîìïîíåíòû äîïîëíåíèÿ S −M . Àíàëîãè÷íî

ñóùåñòâóþò íåïåðåñåêàþùèåñÿ ñôåðû ñ äûðêàìè B′1, . . . , B
′
n, âíóòðåííîñòè êîòîðûõ ëåæàò ñíà-

ðóæè T ′, è òàêèå, ÷òî ∂B′i = h(∂Bi) äëÿ âñåõ i = 1, . . . , n.
Ïóñòü S ′ := (A′1 ∪ . . . ∪ A′m) ∪ (B′1 ∪ . . . ∪ B′n). Èç ïîñòðîåíèÿ ñëåäóåò, ÷òî S ′ íåñàìîïåðåñå-

êàþùàÿñÿ. Ó A′i òàêîå æå ÷èñëî äûðîê, êàê è ó Ai, è ó B′i òàêîå æå ÷èñëî äûðîê, êàê è ó Bi.
Òàê êàê S = (A1 ∪ . . . ∪ Am) ∪ (B1 ∪ . . . ∪ Bn) � ñôåðà, òî è S ′ òîæå. (Ñòðîãîå äîêàçàòåëüñòâî
ìîæíî ïîëó÷èòü, âîñïîëüçîâàâøèñü ýéëåðîâîé õàðàêòåðèñòèêîé.) Î÷åâèäíî, S ′ è T ′ ðåàëèçóþò
ïàðó M,N .

4.7. (a) Ýòî � ïåðåôîðìóëèðîâêà çàäà÷ 3.4 è 4.6.

Áîëüøå ñôåð è ñôåðû ñ ðó÷êàìè

5.1. Òåîðåìà 2. Ïóñêàé n1, n2, n3 �ïîëîæèòåëüíûå öåëûå ÷èñëà, à

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , x31, x32, . . . , x3n3

� ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ öåëûõ ÷èñåë. Òîãäà ñóùåñòâóþò êðèâîëèíåéíûå ñôå-
ðû S1, S2, S3 â òðåõìåðíîì ïðîñòðàíñòâå, ïåðåñåêàþùèåñÿ ïîïàðíî ïî îêðóæíîñòÿì è òàêèå,
÷òî
• S1 ∩ S2 ∩ S3 = ∅;
• Ó Sk − Sk+1 − Sk+2 nk ñâÿçíûõ êîìïîíåíò, êîòîðûå ìîæíî òàê ïðîíóìåðîâàòü, ÷òî ó

i-îé êîìïîíåíòû xki ñîñåäåé â Sk, äëÿ âñåõ k = 1, 2, 3
åñëè è òîëüêî åñëè ïîñëåäîâàòåëüíîñòè äåðåâÿííûå, n1+n2+n3 íå÷åòíî, è nk < nk+1+nk+2

äëÿ âñåõ k = 1, 2, 3.
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Ðèñ. 21: Êîíñòðóêöèÿ èç òðåõ ñôåð

Äîêàçàòåëüñòâî. ×àñòü `òîëüêî òîãäà' ñëåäóåò èç çàäà÷ 2.2 è 5.3. Äîêàæåì ÷àñòü `òîãäà'.
Ïóñòü

m1 := (n2 + n3 − n1 + 1)/2, m2 := (n1 + n3 − n2 + 1)/2, m3 := (n1 + n2 − n3 + 1)/2.

Òîãäà
m1 +m2 = n3 + 1, m1 +m3 = n2 + 1, m2 +m3 = n1 + 1.

Ñîãëàñíî çàäà÷å 5.4 ñóùåñòâóþò ïîñëåäîâàòåëüíîñòè

p11, p12, . . . , p1m3 , p21, p22, . . . , p2m1 , p31, p32, . . . , p3m2 ,

q11, q12, . . . , q1m2 , q21, q23, . . . , q2m3 , q31, q32, . . . , q3m1 ,

òàêèå ÷òî pk−1,1 + qk+1,1 = xk1 è óïîðÿäî÷åííûå ìíîæåñòâà

(pk−1,2, pk−1,3, . . . , pk−1,mk+1
, qk+1,2, qk+1,3, . . . , qk+1,mk−1

) è (xk2, xk3, . . . , xknk
)

ðàâíû ñ òî÷íîñòüþ äî ïåðåñòàíîâêè. Ïî òåîðåìå 1' ñóùåñòâóþò ñôåðû

Q1, P1, Q2, P2, Q3, P3 ⊂ R3 òàêèå ÷òî Qk ∩Qk+1 = ∅, Qk ∩ Pl = ∅ åñëè l 6= k − 1 è

• Qk − Pk−1 � îáúåäèíåíèå mk+1 íåïåðåñåêàþùèõñÿ ñâÿçíûõ êîìïîíåíò, ó i-îé èç êîòîðûõ
qki ñîñåäåé
• Pk−1 − Qk � îáúåäèíåíèå mk+1 íåïåðåñåêàþùèõñÿ ñâÿçíûõ êîìïîíåíò, ó i-îé èç êîòîðûõ

pk−1,i ñîñåäåé
• ãðàíèöà íåêîòîðîé ñâÿçíîé êîìïîíåíòû R3 − Pk−1 − Qk ñîäåðæèò êîìïîíåíòó q̃k ñ qk1

ñîñåäÿìè â Qk è êîìïîíåíòó p̃k−1 ñ pk−1,1 ñîñåäÿìè â Pk−1.
Äëÿ k = 1, 2, 3 ïóñòü Sk � ñâÿçíàÿ ñóììà ñôåð Qk+1 è Pk−1 è òîíêîé òðóáêè, ñîåäèíÿþùåé

äâå êîìïîíåíòû q̃k+1 è p̃k−1 èç òðåòüåãî óñëîâèÿ, ñì. ðèñ. 21. Ýòî ìîæíî ñäåëàòü áåç ïåðåñå÷åíèé
íà ýòèõ òðåõ òðóáêàõ.
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Òîãäà Sk − Sk+1 − Sk+2 � òàêîå, êàê è äîëæíî áûòü äëÿ êàæäîãî k = 1, 2, 3. ×ÒÄ.

5.2. Îòâåò: ðåàëèçóåìû òîëüêî ñëåäóþùèå òðîéêè.

{(2, 1, 1), (2, 1, 1), (2, 1, 1)}, {(3, 1, 1, 1), (3, 1, 1, 1), (2, 1, 1)}, {(3, 1, 1, 1), (2, 2, 1, 1), (2, 1, 1)},

{(3, 1, 1, 1), (2, 1, 1), (1, 1)}, {(2, 2, 1, 1), (2, 2, 1, 1), (2, 1, 1)},
{(2, 2, 1, 1), (2, 1, 1), (1, 1)}, {(2, 1, 1), (1, 1), (1, 1)}.

Äîêàçàòåëüñòâî. Ñóùåñòâóåò òîëüêî 4 äåðåâÿííûå ïîñëåäîâàòåëüíîñòè äëèíû íå áîëåå 4:

(1, 1), (2, 1, 1), (3, 1, 1, 1), (2, 2, 1, 1).

Ñîãëàñíî óòâåðæäåíèþ çàäà÷è 5.3 êîëè÷åñòâî ïîñëåäîâàòåëüíîñòåé íå÷åòíîé äëèíû â ðåàëèçó-
åìîé òðîéêå íå÷åòíî. Çíà÷èò êàæäàÿ ðåàëèçóåìàÿ òðîéêà ïîñëåäîâàòåëüíîñòåé äëèíû íå áîëåå
4, êðîìå òðîéêè {(2, 1, 1), (2, 1, 1), (2, 1, 1)}, ñîñòîèò èç ïîñëåäîâàòåëüíîñòè (2, 1, 1) è äâóõ ïîñëå-
äîâàòåëüíîñòåé ÷åòíîé äëèíû. Ïî çàäà÷å 5.1 âñå ýòè 7 òðîåê ðåàëèçóåìû.

5.3. Ïóñòü m3,m2,m1 � êîëè÷åñòâà îêðóæíîñòåé â f1 ∩ f2, f1 ∩ f3 è f2 ∩ f3. Òîãäà n1 =
m3 +m2 + 1, n2 = m3 +m1 + 1, n3 = m2 +m1 + 1.

Çíà÷èò, n1 + n2 + n3 = 2(m3 +m2 +m1) + 3 íå÷åòíî.
Òàê êàê 2mk + 1 > 0, òî nk < nk+1 + nk+2 äëÿ âñåõ k = 1, 2, 3.

5.4. Ïóñòü r = r(~x) � ÷èñëî ÷ëåíîâ xi áîëüøèõ 1. Ïóñòü zs = x2 +x3 + · · ·+xs. Äëÿ êàæäîãî
s ≤ r ïîëîæèì

a1 = p− (zs − s+ 3) + 1, ai = xi äëÿ 2 ≤ i ≤ s è ai = 1 äëÿ s+ 1 ≤ i ≤ p,

b1 = x1 − a1, bi = xi+s−1 äëÿ 2 ≤ i ≤ r − s+ 1, bi = 1 äëÿ r − s+ 2 ≤ i ≤ q = n+ 1− p.
Òàê êàê s ≤ r, ïîñëåäîâàòåëüíîñòü b1, b2, . . . , bq îïðåäåëåíà êîððåêòíî. Äëÿ êàæäîãî i ÷èñëà ai
è bi çàâèñÿò îò s.

Ïîëó÷àåì
a1 + a2 + · · ·+ ap = p− (zs − s+ 3) + 1 + zs + p− s = 2p− 2,

òî åñòü ïîñëåäîâàòåëüíîñòü a1, a2, . . . , ap äåðåâÿííàÿ. Òàêæå

b1 + b2 + · · ·+ bq = zn − a1 − a2 − · · · − ap = 2n− 2− 2p+ 2 = 2q − 2,

òî åñòü ïîñëåäîâàòåëüíîñòü b1, b2, . . . , bq äåðåâÿííàÿ.
Îñòàëîñü äîêàçàòü ñóùåñòâîâàíèå ÷èñëà s ≤ r, ïðè êîòîðîì 1 ≤ a1 ≤ x1 − 1. Äëÿ êàæäîãî

i < r èìååì x1 ≥ xi, çíà÷èò

zi − i+ x1 + 1 ≥ (zi+1 − (i+ 1) + 3)− 1.

Äðóãèìè ñëîâàìè,
2 = z1 − 1 + 3,

z1 − 1 + x1 + 1 ≥ (z2 − 2 + 3)− 1,
z2 − 2 + x1 + 1 ≥ (z3 − 3 + 3)− 1,

. . . ,
zr−1 − (r − 1) + x1 + 1 ≥ (zr − r + 3)− 1,

zr − r + x1 + 1 = n− 1.
Çäåñü ïîñëåäíåå ðàâåíñòâî íå àíàëîãè÷íî ïðåäûäóùèì ðàâåíñòâàì, íî ñëåäóåò èç òîãî, ÷òî

ïîñëåäîâàòåëüíîñòü x1, x2, . . . , xn äåðåâÿííà, è 1 = xr+1 = · · · = xn. Òàê êàê 2 ≤ p ≤ n − 1,
ñóùåñòâóåò ÷èñëî s ≤ r, äëÿ êîòîðîãî

zs − s+ 3 ≤ p ≤ zs − s+ x1 + 1 ⇔ 1 ≤ a1 ≤ x1 − 1.
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HOW DO CURVED SPHERES INTERSECT IN 3-SPACE,

OR TWO-DIMENSIONAL MEANDRA 1

S. Avvakumov, A. Berdnikov, A. Rukhovich and A. Skopenkov 2

1 Examples and main problems

Figure 1: Curved spheres intersecting by a circle (left), by two circles (right)

Figure 2: Curved spheres intersecting by two circles (left), by three circles (right)

How can two curved spheres intersect in 3-space? In figures 1 and 2 you see pairs of curved
spheres in 3-space intersecting by a union of circles.

1We are grateful for useful remarks and discussions to G. Chelnokov, S. Lando and to an anonymous referee of
Moscow Mathematical Conference of High-School Students.

2Supported by Simons-IUM Fellowship
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The term curved sphere is possibly intuitively clear for you. If not, read rigorous definitions below.
Here we only remark that in this text curved sphere does not have self-intersections.

You will possibly be able to solve all the problems below without really using those rigorous def-
initions. In your solutions you can represent curved spheres by large pictures clear to jury members,
not only by formal constructions. If the formulation of a problem is a statement, it is required to
prove this statement. If a problem looks like too difficult, try to solve the neighboring problems,
they can contain hints. Unsolved problems are marked by stars.

1.1. Draw two curved spheres in 3-space intersecting by a disjoint union of 3 circles so that in
each sphere these circles

(a) bound 3 disjoint disks (like in figure 2 left).
(b) do not bound 3 disjoint disks (like in figure 2 right).

1.2. Draw two curved spheres in 3-space intersecting by a disjoint union of 4 circles so that in
each sphere these circles

(a) bound 4 disjoint disks (as in figure 3.a).
(b) are ‘parallel’, or ‘one inside the other’ (as in figure 3.b).
(c) are situated as in figure 3.c.

Figure 3: Four circles in a sphere

Suppose that M and N are collections of the same number of disjoint circles in curved spheres
S and T . Then M is situated in S as N in T if there is a bijection between connected components
(=connected parts) of S−M and T −N such that connected components of S−M are neighbors if
and only if the two corresponding connected components of T −N are neighbors. (Or, equivalently,
if pairs (S,M) and (T,N) are piecewise-linearly homeomorphic.)

1.3. (ij), i, j ∈ {a, b, c}. Draw two curved spheres in 3-space intersecting by a disjoint union of 4
circles so that in one sphere the circles are situated as in figure 3.i, and in the other as in figure 3.j.

In this text we study the following two problems and their generalizations. (You probably will
not be able to solve the problems right away, so postpone them and try to solve other problems.)

The intersection of two curved spheres is transversal if near each intersection point it looks like
the intersection of two planes having a common line. (See a rigorous definition below.)

1.4. (a) The Lando Problem. Let M and N be two unions of the same number of disjoint
circles in a sphere. Do there exist two curved spheres in 3-space whose intersection is transversal and
is a finite collection of disjoint circles that is situated as M in one sphere and as N in the other?

(b) Does there exist an algorithm for checking the existence of such two curved spheres? (Cf.
‘relation to graphs’ below.)

(c)* Does there exist such a polynomial algorithm?

In figure 1, left, two spheres intersect by a circle; each sphere is split by the circle into 2 connected
components, and each connected component has one neighboring connected component (in the same
sphere). In figure 1, right, (and in figure 2, left) two curved spheres intersect by 2 circles; each sphere
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is split by the circles into 3 connected component, of which two have one neighboring connected
component and one has two neighboring connected components (in the same sphere). In figure 2,
right, two curved spheres intersect by 3 circles; each sphere is split by the circles into 4 connected
components, in one sphere the numbers of neighbors of connected components are 3, 1, 1, 1, in the
other sphere those numbers are 1, 2, 2, 1.

1.5. Neighbor Sequence Problem. Given sequences ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn)
of positive integers, does there exist two curved spheres S, T in 3-space whose intersection consists
of n− 1 circles and splits
• S into n connected components which can be numbered so that the i-th connected component

has xi neighbors in S, and
• T into n connected component which can be numbered so that the i-th connected component

has yi neighbors in T?

Some rigorous definitions.
You will probably be able to solve all the problems without really using these rigorous definitions.
We present definitions convenient in frame of this text; they could be different from common

mathematical terms.

Figure 4: A curved sphere (left), not a curved sphere (right)

In this text a curved circle or, shortly, a circle is a closed broken line without self-intersections in
3-space. The definition of a polyhedron (without self-intersections, but possibly non-convex) is given
in [D], see also [W]. A curved sphere is a polyhedron in 3-space (more precisely, 2-dimensional surface
of the polyhedron), which is split into several parts by any circle lying on the polyhedron. See figure
1. (Such polyhedra are called topologically equivalent to sphere. This condition is equivalent to the
condition V − E + F = 2.)

In order to simplify pictures, instead of a polyhedron we draw a curved surface ‘close’ to the
polyhedron. For example, a curved sphere or a ‘sausage’ as in Figure 2. Instead of a broken line we
draw a curve ‘close’ to the broken line.

A subset X of the 3-space is connected if each two points of X can be connected by a broken
line in X. A connected component of a subset X of the 3-space is a maximal connected subset of X,
i.e., a connected subset Y ⊂ X such that there does not exist a connected subset Z ⊂ X for which
Y ⊂ Z ⊂ X and Y 6= Z 6= X.

Suppose that M is a collection of disjoint circles in curved sphere S. Two connected components
of the complement S −M are neighbors if their closures intersect.

Denote by B(x, r) ⊂ R3 the ball of radius r centered at x. Intersection of two curved spheres
S, T ⊂ R3 is transversal if for each point x ∈ S ∩ T there is r > 0 such that both B(x, r) − S and
B(x, r)∩(T −S) consist of two connected components, and each connected component of B(x, r)−S
contains a connected component of B(x, r) ∩ (T − S).

You can use the following theorem and corollary without proof.

Jordan Theorem. A curved sphere splits 3-space into exactly two connected components.
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Figure 5: A transversal intersection (left), not a transversal intersection (right)

Corollary. Suppose that S and T are curved spheres intersecting transversely by a finite union
S ∩ T of disjoint circles. Denote by B the interior part of S (or, more precisely, the bounded part of
R3− S). Let Q be a connected component of T − S which is situated inside S. Then Q splits B into
exactly two connected components.

Relation to graphs.
Suppose that M is a collection of disjoint circles in curved sphere S. Define (‘dual to M ’) graph

G = G(S,M) as follows. The vertices are connected components of S − M . Two vertices are
connected by an edge if the corresponding connected components are neighbors.

In figure 6 we show graphs for spheres S, T from figure 2 and collection S∩T of circles. Analogously
two curved spheres intersecting by circles define a pair of graphs. Then the Lando Problem asks to
describe such pairs of graphs, and Neighbor Sequence Problem asks to describe pairs of degree
sequences of such pairs of graphs. 3

Figure 6: Two graphs corresponding to Figure 2

Stars.
A team gets a star for each correct (> +.) written solution. A large picture clear to jury members,

or a well-structured computer program passing tests assigned by Jury, is recognized as an equivalent of
a written solution. Jury may also award stars for elegant solutions, for solutions of difficult problems
and for (some) solutions written in TEX. The jury has infinite number of stars. A team may present
a solution orally paying 1 star for each attempt.

We invite participants succeeding in solving these problems and working on unsolved problems
to discuss their questions and ideas of solutions.

2 Neighbor Sequence Problem

A pair ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) of sequences of positive integers is called realizable if
there exist two curved spheres S, T in 3-space whose intersection consists of n− 1 circles and splits
• S into n connected components which can be numbered so that the i-th connected component

has xi neighbors in S, and

3Here is another interpretation suggested by I. N. Shnurnikov. Suppose that the unit square on the plane and
(piecewise linear) function on the square are given. The function is strictly positive on the boundary of the square.
The disk corresponds to the first curved sphere (with a hole), the graph of the function (above the disk) — to the
second curved sphere, the zero set of the function — to the intersection of curved spheres.
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• T into n connected components which can be numbered so that the i-th connected component
has yi neighbors in T .

Pair (S, T ) of spheres is called a realization of pair (~x, ~y).

2.1. (n), n ∈ {2, 3, 4, 5}. Which pairs of sequences of n positive integers are realizable?

2.2. (a) If pair (~x, ~y) of sequences is realizable, then x1 + · · ·+ xn = y1 + · · ·+ yn = 2n− 2.
(b) The dual graph G(S,M) to a collection M of disjoint circles in a curved sphere S is a tree.

A sequence ~x = (x1, x2, . . . , xn) of positive integers is called tree-like if x1 + · · ·+ xn = 2n− 2.

2.3. If a sequence ~x is tree-like, then it has at least x1 units.

2.4. Pair (~x, ~x) is realizable for each tree-like ~x.

2.5. Let ~x, ~y be tree-like sequences in which all the units are situated at the end. If x1 ≥ y1, then
sequences ~x′ := (x1 − y1 + 1, x2, x3, . . . , xn−y1+1) and ~y′ := (y2, y3, . . . , yn−y1+2) are tree-like.

2.6. Which pairs of tree-like sequences could be obtained from pair ((1, 1), (1, 1)) by reorderings
and changes of pair ( ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) ) of vectors to pair:

(a) ( ~x′ = (a, x1, x2, . . . , xn, 1, 1, . . . , 1), ~y′ = (y1 + a − 1, y2, y3, . . . , yn, 1, 1, . . . , 1) ) (the number
of new 1’s is a − 2 for ~x′ and is a − 1 for ~y′; number a can be different for different changes, e.g.

((1, 1), (1, 1))
a=3→ ((3, 1, 1, 1), (3, 1, 1, 1))

a=4→ ((4, 3, 1, 1, 1, 1, 1), (6, 1, 1, 1, 1, 1, 1))).
(b) ( ~x′ = (x1 + 1, x2, x3, . . . , xn, 1), ~y′ = (y1 + 1, y2, y3, . . . , yn, 1) ).

3 The Lando Problem

A pair (M,N) of two unions of the same number of disjoint circles in a sphere is realizable if there
exist two curved spheres in 3-space intersecting transversely by a finite union of disjoint circles which
union is situated as M in one sphere and as N in the other sphere.

Figure 7: Is this pair realizable?

3.1. (a) Each pair of two unions of the same number n ≤ 4 of disjoint circles is realizable.
(b) Is pair in figure 7 realizable? One graph is the path of 6 edges, the other is triod with ‘rays’

consisting of 2 edges.
(c) Is pair in figure 8 realizable? One graph is the star with 4 ‘rays’, three ‘rays’ having two edges

and one ‘ray’ having 1 edge. The other graph is letter ‘H’ with ‘horizontal line’ consisting of 3 edges.
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Figure 8: Is this pair realizable?

(d) There is a non-realizable pair of two unions of the same number of disjoint circles.

3.2. Suppose that n and k are given integers.
(a) Which collections of circles are realizable together with the collection of n circles bounding n

disjoint disks? (Or, equivalently, which graphs are realizable together with the star of n rays?)
(b) Which graphs are realizable together with the graph that is a union, along a common edge,

of the star of n rays and the star of k rays?
(c) * Which collections of circles are realizable together with the collection of n ‘parallel’ circles?

(Or, equivalently, which graphs are realizable together with the path of length n?)

3.3. Suppose that S and T are curved spheres intersecting transversely by a finite union S ∩ T
of disjoint circles. Then connected components of S − T can be colored in black and white so that
any two same colored components are not neighbors.

In the rest of this section M,N are unions of the same number of disjoint circles in curved spheres
S, T . (Neither M nor N need to coincide with S ∩ T .)

For a connected component P of S−M denote by ∂P the union of boundary circles of P . Clearly,
connected components P and Q of S −M are neighbors if and only if ∂P ∩ ∂Q 6= ∅.

3.4. Unlinked families of circles. Suppose that S and T are curved spheres intersecting
transversely by a finite union S ∩ T of disjoint circles. Let P and Q be two connected components
of S − T which are situated inside T .

(a) If Q is a curved disk (i.e., if Q has one boundary circle), then ∂P is in one component of
T − ∂Q.

(b) If Q is a curved cylinder (i.e., if Q has two boundary circles), then ∂P is contained either in
the annulus component of T − ∂Q (i.e., in the component with two boundary circle), or in the union
of the two disk components of T − ∂Q (i.e., of the components with one boundary circle).

(c) Colour connected components of T −∂Q in black and white so that adjacent components have
different colours. Then ∂P is contained in the union of same coloured components of T − ∂Q.

The sign t means a union of disjoint sets.

3.5. Suppose that S and T are curved spheres such that S ∩ T is situated in S as it is shown in
figure 9. Denote by Ai the ‘exterior’ circles, by B the ‘big splitting’ circle and by C the union of the
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Figure 9: S ∩ T in S

‘interior’ circles, see figure 9.
(a) For each i the union B ∪ C is on the same side of Ai in T .
(b) The union B ∪ C is in the same connected component of T − tiAi.

Figure 10: Disjoint curved disk and curved cylinder outside a ball (left), disjoint curved cylinders,
one of them knotted, outside a ball (right)

3.6. Embedding Extension Problem. (a) Each two disjoint circles in the unit sphere bound
disjoint disks inside this sphere.

(b) For which three disjoint circles p, q1, q2 in the unit sphere there exist disjoint curved disks P
and curved cylinder Q inside this sphere such that ∂P = p and ∂Q = q1 t q2? (Figure 10 left.)

(c) For which four disjoint circles p1, p2, q1, q2 in the unit sphere there exist disjoint curved cylinders
P and Q inside this sphere such that ∂P = p1 t p2 and ∂Q = q1 t q2? (Figure 10 right.)

(d) For which two disjoint families p, q of disjoint circles in the unit sphere there exist disjoint
curved spheres with holes P and Q inside this sphere such that ∂P = p and ∂Q = q?

(e) Does there exist three disjoint families p, q, r of disjoint circles in the unit sphere such that
• each of the three pairs (p, q), (q, r) and (p, r) is extendable (to disjoint curved spheres with

holes) in the sense of (d);
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• there are no disjoint curved spheres with holes P,Q and R inside this sphere such that ∂P = p,
∂Q = q and ∂R = r? 4

(f) For which m disjoint families p1, . . . , pm of disjoint circles in the unit sphere there exist disjoint
curved spheres with holes P1, . . . , Pm inside this sphere such that ∂Pi = pi for each i = 1, . . . ,m?

Figure 11: (A): the dotted and the bold unions of circles are unlinked.
(B): the dotted and the bold unions of circles are not unlinked because the arrowed path between
two bold circles intersects the dotted circles in an odd number (one) of points.

Suppose that S and T are curved spheres such that each component of S − T except one have
one neighbor. (The ‘exceptional’ component may have one or more neighbors.) This ‘exceptional’
component is called a curved sphere with holes. A curved disk is a curved sphere with 1 hole (=with
1 neighbor). A curved cylinder is a curved sphere with 2 holes (=with 2 neighbors).

Let M and N be two unions of disjoint circles in the unit sphere S. Colour connected components
of S − q in black and white so that adjacent components have different colours. Union M is on the
same side the same side (in this sphere) of N if M is contained in the union of same coloured
components of S −N . Unions M and N are unlinked (in this sphere) if M is on the same side of N
and N is on the same side of M . See figure 11.

3.7. (a) There are two unions M and N of disjoint circles in a sphere such that M is on the same
side of N but N is not on the same side of M .

(b) Is unlinkedness transitive? That is, if M and N , N and P are unlinked, are then M and P
necessarily unlinked?

(c) For a union M of disjoint circles in the unit sphere S denote by M̊ the unions of black
connected components of S − M . (There are two choices of M̊ for given M ; one of them is the
complement to the other.) Two unions M and N are unlinked if and only if for each black and white
colourings for M and for N such that M̊ ∪ N̊ 6= S we have either M̊ ⊂ N̊ or N̊ ⊂ M̊ or M̊ ∩ N̊ = ∅.

4This should be compared with the well-known Borromean rings example.
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HOW DO CURVED SPHERES INTERSECT IN 3-SPACE,

OR TWO-DIMENSIONAL MEANDRA

S. Avvakumov, A. Berdnikov, A. Rukhovich and A. Skopenkov

4 Intermediate finish. Some solutions and new problems

1.1 and 1.2. Analogously to solution of Problem 2.4.

Figure 12: To the solution of Problem 1.3.

1.3. The case i = j follows analogously to Problem 2.4. The cases ab, ac and bc are shown in
figure 12.

1.4. (a) The answer is given by the answer to Problem 4.5.
(b) Such an algorithm is given by the answer to Problem 4.5. (Clearly, it is not polynomial.)

1.5. Theorem 1. Let n be a positive integer and ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) be
sequences of positive integers. There exist curved spheres S, T in 3-space whose intersection consists
of n− 1 circles and splits
• S into n connected components which can be numbered so that the i-th connected component

has xi neighbors in S, and
• T into n connected components which can be numbered so that the i-th connected component

has yi neighbors in T
if and only if x1 + · · ·+ xn = y1 + · · ·+ yn = 2n− 2.

This follows from Theorem 1’ (Problem 4.3) below.

2.1. Answer. Pairs (~x, ~x) are realizable for ~x up to reordering equal to

(1, 1), (2, 1, 1), (3, 1, 1, 1), (2, 2, 1, 1), (4, 1, 1, 1, 1), (3, 2, 1, 1, 1), (2, 2, 2, 1, 1).
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Other realizable pairs are up to reordering pairs of two sequences of the same number of elements
from this list.

2.2. (a) Suppose that curved spheres S, T realize pair (~x, ~y). Recall definition of a graph G =
G(S, S ∩ T ) from §1. The number of the vertices is n. Out of k-th vertex there issues xk edges.
Hence the number of the edges is (x1 + · · · + xn)/2. It is obvious that G is connected. By the
Jordan Curve Theorem 5 G is split by any edge. So G is a tree. Hence the number of edges is
n− 1 = (x1 + · · ·+ xn)/2. Analogously n− 1 = (y1 + · · ·+ yn)/2. QED

Sketch of an alternative solution of (a) by T. Nowik. By induction on the number of circles. The
statement is true for one circle (there are only 2 disks on each sphere hence n = 2). Each additional
circle splits one connected component into two, and adds two boundary circles.

(b) Clealy G is connected. By the Jordan Curve Theorem G is split by any edge. So G is a tree.

2.3. If the number of units is s, then 2n−2 = x1+ · · ·+xn ≥ x1+2(n−1−s)+s = 2n−2+x1−s.
So s ≥ x1.

2.4. Let S be the unite cube. Take a family M of circles on S ‘realizing’ ~x. (The existence of
such a family is proved by induction; the inductive step is proved using deletion of a hanging vertex.)
Color the complements in S to these circles into black and white so that neighboring components
have different colors. Take a sphere T close to S and such that S ∩ T = M , each black component
of T is inside S, and each white component of T is outside S. Then S, T realize (~x, ~x).

2.5. By Problem 2.3 x1 ≤ s. Then

xn−y1+1 = xn−y1+2 = · · · = xn−y1+1 = · · · = xn = yn−y1+1 = yn−y1+2 = · · · = yn = 1.

Hence (

n−y1+1∑
i=1

xi)− y1 + 1 = (
n∑

i=1

xi)− y1 + 1− (y1 − 1) = 2(n− y1 + 1)− 2

and (

n−y1+2∑
i=2

yi) = (
n∑

i=1

yi)− y1 − (y1 − 2) = 2(n− y1 + 1)− 2.

So the new sequences are tree-like.

2.6. Answer: each pair.
(a) Induction on n. The inductive base n = 2 is clear. Suppose that the statement is true for

each n < k, let us prove it for n = k.
If sequences ~u = (u1, . . . , uk) and ~v = (v1, . . . , vk) are the same up to reordering, then pair (~u,~v)

is realizable by Problem 2.4. If sequences ~u and ~v are not the same up to reordering, then reorder the
sequences so that u1 6= v1 and the units are at the end of the sequences. Without loss of generality
u1 < v1. Denote

a := u1, n := k− u1 + 1, xi = ui+1 for i = 1, . . . , n, y1 := v1− u1 + 1, yi = vi for i = 2, . . . , n.

By Problem 2.3 ui = 1 for each i ≥ n+ 2 and vi = 1 for each i ≥ n+ 1. Thus pair (~u,~v) is obtained
from pair (~x, ~y) by given transformation. We have

x1 + · · ·+ xn = u2 + · · ·+ un+1 = 2k − 2− u1 − (u1 − 2) = 2n− 2 and

y1 + · · ·+ yn = v1 + · · ·+ vn − (u1 − 1) = 2k − 2− (u1 − 1)− (u1 − 1) = 2n− 2.

So the sequences ~x and ~y are tree-like. Since u1 > 1, we have n < k. Inductive step is proved.
(b) By induction on n.

5Jordan Curve Theorem. A circle on a sphere splits the sphere into exactly two parts. Two points of the sphere
not lying on the circle both lie in the same part if and only if they can be connected them by (spherical) broken line
not intersecting the circle.
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Figure 13: Two spheres realizing the pair in figure 13.

3.1. (a) Follows from Problems 1.1 and 1.3.
(b) Yes. See figure 13. An alternative construction is as follows. Let S and T ′ be the curved

spheres from figure 2. Let T ′′ be a sphere inside T ′ ‘close and parallel’ to T ′. Take the connected
component X of R3 − S − T ′ lying inside T ′ whose boundary contains a disk connected component
of T ′ − S. Let T be a curved sphere obtained by joining T ′ and T ′′ by a tube in X. Then S and T
are as required.

(c) No. This fact is obtained using a computer program based on solution of Problem 4.5.
(d) An example is shown in figure 14. Hint: use Problem 3.5 (or Problem 3.4 in the form 4.7

below).

Figure 14: Nine circles (thick) situated in a sphere (thin) in two different ways (left, right).

3.2. (a) Answer: each collection is. Hint. Take n disjoint spheres intersecting given sphere S at
the n circles of given collection M . Connect them by n− 1 disjoint tubes (‘along a tree’) inside S to
obtain sphere T . Check that T is as required.

(b) Conjecture. The pair of such a graph and a tree is realizable if and only if this tree is the
union of two trees with n and k edges intersecting by exactly one edge.

(c) Conjecture. Any collection of n circles is realizable together with the collection of n ‘parallel’
circles.

3.3. Colour in black and white the connected components inside and outside T , respectively.

11



3.4. (a) and (b) are intuitively obvious and follow by (c).
(c) We may assume that T is a round sphere and that circles of ∂Q are round circles, none of

them being an equator. For each circle of ∂Q take the round sphere passing through this circle and
the center of T . The union of Q and the parts of such spheres lying outside T is a curved sphere, say,
Q′. Sphere Q′ splits R3 into two connected components. Since Q is connected, intersection of both
connected components with the interior of T is connected. These connected components intersect T
by black and white parts, respectively. Since P lies in one of the components, ∂P either lies in black
part of T − ∂Q or lies in white part of T − ∂Q.

3.5. (a) is analogous to (b).
(b) Consider disks A1, A2, A3 ⊂ S bounded by A1, A2, A3 ⊂ S and not containing other circles.

Without loss of generality we may assume that the interiors of these disks lie inside T . Then the
interior of the component of S−M bounded by B ∪C lies inside T as well (because the intersection
S∩T is transversal). This interior lies in one of the connected components of R3−(T ∪A1∪A2∪A3).
So all the 4 circles of B ∪ C lie in the same connected component of T − (A1 ∪ A2 ∪ A3).

Note that this is a particular case of Problem 3.4.c (cf. Problem 4.6.a).

3.7. (a) See definitions of A0, A+ and A− in figure 15 and the Example below in §4. Set {A0} is
on the same side of set {A+, A−} but not vice versa.

(b) No.

Some new problems on the Neighbor Sequence Problem.

A pair ~x = (x1, x2, . . . , xn), ~y = (y1, y2, . . . , yn) of sequences of positive integers is called strongly
realizable if there exist two curved spheres S, T

(1) whose intersection consists of n− 1 circles and splits
• S into n connected components which can be numbered so that the i-th connected component

has xi neighbors in S, and
• T into n connected components which can be numbered so that the i-th connected component

has yi neighbors in T ;
(2) there is a circle of S ∩ T that bounds a disk and a component with x1 neighbors in S − T , as

well as bounds a disk and a component with y1 neighbors in T − S.
Pair (S, T ) of spheres is called a strong realization of pair (~x, ~y).

4.1. Let ~x, ~y be tree-like sequences in which all the units are situated at the end. If pair of
sequences ~x′ := (x1−y1 +1, x2, x3, . . . , xn−y1+1), ~y

′ := (y2, y3, . . . , yn−y1+2) is strongly realizable, then
pair (~x, ~y) is strongly realizable.

4.2. If pair (~x, ~y) is strongly realizable, then for each positive integer a pairs (~x′, ~y′) are strongly
realizable for:

(a) ~x′ = (a, x1, x2, . . . , xn, 1, 1, . . . , 1), ~y′ = (y1 + a− 1, y2, y3, . . . , yn, 1, 1, . . . , 1).
(The number of new 1’s is a− 1 for ~y′ and is a− 2 for ~x′; number a can be different for different

changes.)
(b) some choice of ~x′ ∈ {(1, x1 + 1, x2, x3, . . . , xn), (x1 + 1, x2, x3, . . . , xn, 1)} and

~y′ ∈ {(1, y1 + 1, y2, y3, . . . , yn), (y1 + 1, y2, y3, . . . , yn, 1)}.
4.3. Theorem 1’. A pair of sequences is strongly realizable if and only if both sequences are

tree-like.

Hint: Use Problems 2.5 and 4.1 (or, alternatively, Problems 2.6 and 4.2).

Some new problems on the Lando Problem.

4.4. Each pair of unions of
(5) 5; (6) 6;
disjoint circles is realizable.

12



The Lando problem is solved via solution of its numbered, or colored, analogue. Let us introduce
definitions necessary to formulate the analogue.

Assume that M and N are two sets of disjoint circles in spheres S and T , and that in each set
the circles are numbered by 1, 2, . . . , n. Pair (M,N) is realizable if there exist two curved spheres S ′

and T ′ intersecting transversely by a finite union S ′ ∩T ′ of disjoint circles, and a numbering of these
circles such that
• S ′ ∩ T ′ in S ′ and M in S are numbered equivalent;
• S ′ ∩ T ′ in T ′ and N in T are numbered equivalent.
(Numbered sets M in S and N in T are numbered equivalent if there is a 1-1 correspondence

between connected components of S − M and of T − N such that two connected components of
S −M are adjacent along a circle of M if and only if the two corresponding connected components
of T −N are adjacent along the corresponding circle of N .)

Figure 15: Numbered sets (A−, A0, A+) and (A0, A−, A+) are not numbered equivalent.

Example. On the unit sphere (or on the Earth sphere) let A0 = A2 be the equator, A+ = A1 the
parallel of sixty degrees northern latitude, A− = A3 the parallel of sixty degrees southern latitude.
See figure 15. Then
• unnumbered (or, equivalently, unordered) sets {A+, A0, A−} and {A0, A+, A−} are the same (or

unnumbered equivalent).
• numbered (or, equivalently, ordered) sets (A−, A0, A+) and (A+, A0, A−) are numbered equiva-

lent.
• numbered sets (A+, A0, A−) and (A0, A+, A−) are not numbered equivalent.
• pair (A+, A0, A−), (A0, A+, A−) of numbered sets in the unit sphere S and in its copy T is

non-realizable.

Proof of the last assertion. Suppose to the contrary that there are spheres S ′ and T ′ realizing
given pair. Denote by
• Bk the copy Ak on the copy T of S;
• A′k the circle on S ′ corresponding to Ak;
• B′k the circle on T ′ corresponding to Bk;
• D′ ⊂ S ′ the disk in S ′ − T ′ bounded by A′+;
• C ′ ⊂ S ′ the cylinder in S ′ − T ′ bounded by A′0 and A′−.
See figure 16. Since S ′ and T ′ realize pair (A+, A0, A−), (B0, B+, B−), we have A′+ = B′0, A

′
0 = B′+

and A′− = B′−.
Clearly, C ′ and D′ lie in 3-space on the same side from sphere T ′. (Cf. Problem 3.3.) We have

∂D = A′+ = B′0. The boundary ∂C ′ = A′0 t A′− = B′+ t B′− does not lie in one component of
T ′ − ∂D′ = T ′ − B′0. This contradicts to the assertion of Problem 3.4.a for P = C ′ and Q = D′.
QED

13



Figure 16: Curved spheres S ′ and T ′ drawn apart

4.5. The Numbered Lando Problem. Which pairs of disjoint unions of numbered circles are
realizable?

4.6. (a) If pair (M,N) of disjoint unions of numbered circles in spheres S and T is realizable,
then connected components of S −M can be colored in black and white so that for each two same
coloured components P and Q of S−M unions in T corresponding to ∂P and ∂Q are unlinked in T .

(b) Does the converse to (a) hold?

Let p and q be two sets of edges of a tree G. Colour connected components of the complement in
G to the interiors of edges of q. Set p is on the same side (in this tree G) of q if p is contained in the
union of same-coloured connected components of G − q (or, equivalently, if p ∩ q = ∅ and for each
two vertices of edges of p there is a path in the tree connecting these two points, and containing an
even number of edges of q). Sets p and q are unlinked (in this tree) if p is on the same side of q and
q is on the same side of p.

For a vertex P of a graph denote by δP the union of edges issuing out of P .
Graphs G(S,M) and G(T,N) are defined in §1. Numberings of circles in M and of circles in N

give numberings of edges in G(S,M) and of edges in G(T,N).

4.7. (a) If pair (M,N) of disjoint unions of numbered circles in spheres S and T is realizable,
then the vertices of G(S,M) can be colored in black and white so that for each two same coloured
vertices P,Q of G(S,M) the unions in G(T,N) corresponding to δP and δQ are unlinked in G(T,N).

(b)* Given two trees G and G′ having the same number of edges, is there a polynomial algorithm
for checking the existence of numberings of their edges such that the vertices of G can be colored in
black and white so that for each two same coloured vertices P,Q of G the unions in G′ corresponding
to δP and δQ are unlinked in G′?

5 More spheres and spheres with handles

Let n1, n2, n3 be positive integers. A triple

~x1 = (x11, x12, . . . , x1n1), ~x2 = (x21, x22, . . . , x2n2), ~x3 = (x31, x32, . . . , x3n3)

of sequences of positive integers is called realizable if there exist three curved spheres S1, S2, S3 in
3-space pairwise intersecting by circles and such that S1 ∩ S2 ∩ S3 = ∅ and for each k = 1, 2, 3 the
complement Sk−Sk+1−Sk+2 has nk connected components which can be numbered so that the i-th
connected component has xki neighbors in Sk for each i = 1, . . . , nk.
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In this section (and in corresponding solutions) subscripts k, k + 1, k + 2 are considered mod 3.
Triple (S1, S2, S3) of spheres is called a realization of triple ( ~x1, ~x2, ~x3).

5.1. Triple Neighbor Sequence Problem. Which triples of tree-like sequences are realizable?

5.2. Which triples of tree-like sequences, each having at most 4 numbers, are realizable?

5.3. If a triple of sequences of lengths n1, n2, n3 is realizable, then
(a) n1 + n2 + n3 is odd;
(b) nk < nk+1 + nk+2 for each k = 1, 2, 3.

5.4. Let x1 ≥ x2 ≥ · · · ≥ xn be a tree-like sequence. Let p, q be positive integers such that
p ≥ q > 1 and p+ q = n+ 1. Then there exist two tree-like sequences a1, a2, . . . , ap and b1, b2, . . . , bq
such that a1 + b1 = x1 and ordered sets (a2, a3, . . . , ap, b2, b3, . . . , bq) and (x2, x3, . . . , xn) are the same
up to reordering.

What are analogs of characterizations of neighbor sequences (of Theorems 1 and 2) for intersec-
tions of more than three curved spheres?

5.5. * Conjecture. Let n1, n2, n3, . . . , ns be positive integers and

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , . . . , xs1, xs2, . . . , xsns

sequences of positive integers. There exist s curved spheres S1, S2, . . . , Ss pairwise intersecting by
circles and such that
• no three of them intersect;
• for each k = 1, . . . , s and j = 1, . . . , nk the complement Sk − Sk+1 − Sk+2 − · · · − Sk+s−1 has nk

connected components, of which the j-th has xkj neighbors in Sk;
if and only if each of s sequences is tree-like, and n1 +n2 + · · ·+ns− s is an even number greater

or equal to 2nk for each k = 1, . . . , s.

For s < 4 this conjecture is proved (see Theorems 1 and 2), the first unknown case is s = 4.
What can be neighbor sequences if there can be ‘triple points’, i.e. intersection points of of three

spheres?

5.6. * Conjecture. Let n1, n2, n3 be positive integers and

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , x31, x32, . . . , x3n3

be sequences of positive integers. Then there exist curved spheres S1, S2, S3 in 3-space
• pairwise intersecting by circles,
• having 2T triple intersection points and
• such that for each k = 1, 2, 3 the complement Sk − Sk+1 − Sk+2 has nk connected components

and the i-th connected component has xki neighbors in Sk for each i = 1, . . . , k
if and only if n1 +n2 +n3 +T is odd, xk1 +xk2 + · · ·+xknk

= 2nk−2+2T and nk +T < nk+1 +nk+2

for each k.

What are analogs of Theorems 1 and 2 for intersections of curved spheres with handles?

5.7. * Conjecture. Let g1, g2, n be positive integers and

x11, x12, . . . , x1n, x21, x22, . . . , x2n

two sequences of positive integers. There exist curved sphere with g1 handles S1 and curved sphere
with g2 handles S2 such that they intersect by circles splitting Sk into n connected components, of
which the j-th has xkj neighbors in Sk for each k = 1, 2 and j = 1, . . . n

if and only if s := x11 +x12 + · · ·+x1n = x21 +x22 + · · ·+x2n is even and 2n−2 ≤ s ≤ 2n−2+2gk

for each k = 1, 2.

It would be interesting to solve analogous problems in case when self-intersections are allowed.
Both cases are interesting — either with triple self-intersection points or without them.
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HOW DO CURVED SPHERES INTERSECT IN 3-SPACE,

OR TWO-DIMENSIONAL MEANDRA

S. Avvakumov, A. Berdnikov, A. Rukhovich and A. Skopenkov

6 Solutions after finish

In this section curved spheres are shortly called spheres.

Neighbor sequence problem

Figure 17: Inductive construction

4.1. We may assume that x1 ≥ y1. Take spheres S ′, T ′ realizing pair (~x′, ~y′) of sequences. Take
a circle of S ′ ∩ T ′ from condition (2). This circle that bounds
• in S ′ − T ′ a connected component, say C, that has x1 − y1 + 1 neighbors,
• in T ′ − S ′ a disk, say D.
We modify spheres S ′, T ′ by joining C and D by y1 − 1 fingers, see Figure 17. Denote the new

spheres by S and T . Let us prove that they realize pair (~x, ~y) of sequences.
Condition (1) is satisfied for S, T because
• each component of S ′ − T ′ except C is also a component of S − T ,
• C is separated by y1 − 1 circles of (S ∩ T )− (S ′ ∩ T ′) into y1 − 1 disks and a component with

(x1 − y1 + 1) + (y1 − 1) = x1 neighbors.
and
• each component of T ′ − S ′ except D is also a component of T − S,
• D is separated by y1 − 1 circles into y1 − 1 disks and a component with y1 neighbors.
Any circle of (S ∩ T )− (S ′ ∩ T ′) satisfies condition (2).

4.3. Proof of Theorem 1’. Proof by induction on the length n of the sequences. For each tree-like
sequence of n numbers we have n ≥ 2. The induction base is n = 2 and is clear.

Let us prove the induction step. Suppose Theorem 1’ is proved for 2, 3, . . . , n − 1 ≥ 2. Let us
prove it for n.
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Reorder our sequences so that the 1’s will be at the end. By Problems 2.5 and 4.1 and by the
induction hypothesis the new sequences are realizable. Take spheres S, T realizing the new sequences.
So S, T satisfy condition (1) from the definition of the strong realizability for the old sequences. Also,
• if x1 6= 1, then conditions (2) for the new and for the old sequences ~x are equivalent;
• if x1 = 1, then the circle from condition (2) for the new sequence ~x bounds a disk, so it bounds

a component with x1 = 1 neighbor.
Same holds for ~x replaced by ~y. So condition (2) is also satisfied for the old sequences. Thus S, T

strongly realize the old sequences.

Lando problem

3.1. (d) A direct solution. Assume to the contrary that there exist two spheres S ′ and T ′ realizing
pair (M,N) from figure 14. Denote the connected components of S ′ − T ′ as shown in fig. 14 left.

Without loss of generality we may assume that the interiors of disks A1, . . . , A4 ⊂ S ′ lie inside
T ′. Then the interior of component C ⊂ S ′ lies inside T ′ as well (because the intersection of S ′ and
T ′ is transversal). Since C,A1, . . . , A4 are disjoint, C lies in one of the connected components of
R3− T ′ ∪

⊔
Ai. So all the 5 circles of ∂C lie in the same connected component of T ′−

⊔
∂Ai. (Here

we use a trivial particular case of the Embedding Extension Theorem.)
Let us restate the previous statement in terms of graph G := G(T ′, N) (fig. 18). Denote by G(C)

the union of 5 edges of G corresponding to the circles of ∂C. Then G(C) lies completely in one of the
connected components of the compliment of G to the 4 edges corresponding to the circles of

⊔
∂Ai.

Since G has only 9 edges, this means that G(C) is a subtree of G. Denote by G(B) the union of 5
edges of G corresponding to the circles of ∂B. Likewise, G(B) is a subtree of G.

Since G(B) ∪ G(C) = G, at least two of the three edges a, b, c of G (fig. 18) belong to one of
subtrees G(B) or G(C). Without loss of generality we may assume that a, b ∈ G(B). But any subtree
of G containing both a and b has at least 6 edges while G(B) has only 5 edges. Contradiction.

Figure 18: Graph G := G(T ′, N).

3.6. (a) Clear.
(b) ... if and only if circles q1 and q2 are on the same side of p.
(c) ... if and only if p1 t p2 and q1 t q2 are unlinked.
(d) ... if and only if p and q are unlinked. Hint: generalize solution of Problem 3.6.d 3.2.a.

Formal solution is obtain by taking m = 2 in the solution of (f).
(e) No, by the answer to (f).
(f) ... if and only if pi and pj are unlinked for each i 6= j.
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Figure 19: To the solution of Problem 3.6.f. (A) We have S (gray), p1 (red), p2 (green), p3 (blue).
(B) We have that p̊3 (blue) is the ‘smallest’. We construct P1 (yellow) and P2 (green) by induction.
(C) Connected components of p̊3 (blue) can be connected by a path disjoint with P1 ∪ P2. So we
connect them by a tube and obtain P3 (blue).

Embedding Extension Theorem. Unions p1, . . . , pm of disjoint circles in the unit sphere S
are pairwise unlinked if and only if there exist disjoint curved spheres with holes P1, . . . , Pm whose
interiors are inside S and such that ∂Pi = pi for each i = 1, . . . ,m.

Proof. The necessity is essentially proved in Problem 3.4.c. The sufficiency is proved by induction
on m. Base m = 1 is essentially proved in the solution of Problem 3.2.a. Let us prove the inductive
step. Take a point O ∈ S −

⊔
pi

i=1,...,m

. For each i take a black and white colouring of S − pi such

that O is white. Recall that p̊i is the union of black components of S − pi. Since O is white and pi

and pj are unlinked, by Problem 3.7.b for each i 6= j either p̊i ⊂ p̊j or p̊j ⊂ p̊i or p̊i ∩ p̊j = ∅. So
there is a ‘smallest’ p̊i, i.e. p̊i such that p̊j 6⊂ p̊i for each j 6= i. We may assume that i = m. Then

p̊m ∩
m−1⊔
i=1

pi = ∅, p̊m is a collection of curved spheres with holes, ∂p̊m = pm and p̊m ⊂ S. Denote by

∆ the closed 3-ball bounded by S (i.e., ‘the interior part’ of S). By the inductive hypothesis there
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are disjoint spheres with holes P1, . . . , Pm−1 ⊂ ∆ such that ∂Pi = pi for each i = 1, . . . ,m− 1.

Figure 20: Proof of Claim

Claim. Union pm lies in one connected component of ∆− (P1 t · · · t Pm−1). 6

Proof of Claim. Take any two points A,B ∈ pm. Denote by l a path inside S connecting A and

B such that l := #(l∩
m−1⊔
i=1

Pi) is minimal (minimal by l, objects A,B, pm, S, P1, . . . , Pm−1 are fixed).

Assume to the contrary that l is not as required, i.e., l > 0. Since pm is on the same side of ∂Pi,
points A and B are in the same connected component of ∆ − Pi, so #(l ∩ Pi) is even for each i.
(If m = 2, we may even obtain that #(l ∩ P1) = 0 and stop here.) Then #(l ∩ Pi) ≥ 2 for some i.
Denote by Q and R two consecutive points of l ∩ Pi. Denote by Q′ the point of l slightly before Q
and by R′ the point of l slightly after R. Since Pi is connected, Q and R can be connected by a path
in Pi. So Q′ and R′ can be connected by a path l′ very close to Pi but not intersecting Pi. Path l′

does not intersect any of P1, . . . , Pm−1 because it is very close to Pi and P1, . . . , Pm−1 are pairwise
disjoint. Substitute the part of l between Q′ and R′ by l′. Denote the obtained path by l′′. Then
l′′ = l − 2. This contradicts to the minimality of l. Thus l is as required. QED

Completion of the proof of Embedding Extension Theorem. Let p̊′m be a disjoint union of curved
spheres with holes obtained from p̊m by a slight deformation so that the interior of p̊′m is inside the
interior of ∆ and ∂p̊′m = ∂p̊m = pm. By Claim each two points of p̊′m can be connected by a path
inside S disjoint with P1, . . . , Pm−1. So we can connect all the connected components of p̊′m by tubes
inside S disjoint with P1, . . . , Pm−1. The number of the tubes is one less than the number of the
connected components of p̊′m, so that there are no ‘cycles of tubes’. Then we obtain a sphere with
holes. Denote it by Pm. We have ∂Pm = pm, Pm ⊂ ∆ and Pm is disjoint with P1, . . . , Pm−1. The
inductive step is proved. QED

4.4. This fact is obtained using a computer program based on Theorem 3 below.

4.5. The answer is given by Problem 4.6 and is as follows.
Theorem 3. Pair (M,N) of disjoint unions of numbered circles in spheres S and T is realizable

if and only if connected components of S −M can be colored in black and white so that for each two
same coloured components P and Q of S−M unions in N corresponding to ∂P and ∂Q are unlinked
in T .

4.6. (a) This is a restatement of Problem 3.4.

6This assertion for m = 2 is essentially the definition of the comparability (or, rather, of ‘p2 is on the same side of
∂P1’). This case m ≥ 3 is interesting because in general the union of two subsets could split the ambient set even if
each subset alone does not split the ambient set.
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(b) Yes. The idea is to prove and use the answer to Embedding Extension Problem 3.6.e.
Let T ′ be the unit cube. Numberings give a 1–1 correspondence h between circles of M and

circles of N .
Denote byA1, . . . , Am the white connected components of S−M . By the assumption h(∂A1), . . . , h(∂Am)

are pairwise unlinked in T ′. By the answer to Embedding Extension Problem 3.6.e there exist disjoint
curved spheres with holes A′1, . . . , A

′
m whose interiors are inside T ′ and such that ∂A′i = h(∂Ai) for

each i = 1, . . . ,m.
Denote by B1, . . . , Bn the black connected components of S−M . Analogously there exist disjoint

curved spheres with holes B′1, . . . , B
′
n whose interiors are outside T ′ and such that ∂B′i = h(∂Bi) for

each i = 1, . . . , n.
Let S ′ := (A′1 ∪ . . . ∪ A′m) ∪ (B′1 ∪ . . . ∪ B′n). By construction S ′ does not have self-intersections.

We have that A′i has the same number of holes as Ai, and B′i has the same number of holes as Bi.
Since S = (A1 ∪ . . . ∪ Am) ∪ (B1 ∪ . . . ∪ Bn) is a curved sphere, S ′ is a curved sphere. (A rigorous
proof is obtained using Euler characteristic.) Clearly, S ′ and T ′ realize given pair M,N .

4.7. (a) This is a restatement of Problems 3.4 and 4.6.

More spheres and spheres with handles

5.1. Theorem 2. Let n1, n2, n3 be positive integers and

x11, x12, . . . , x1n1 , x21, x22, . . . , x2n2 , x31, x32, . . . , x3n3

be sequences of positive integers. There exist curved spheres S1, S2, S3 in 3-space pairwise intersecting
by circles and such that
• S1 ∩ S2 ∩ S3 = ∅;
• Sk−Sk+1−Sk+2 has nk connected components, which can be numbered so that the i-th component

has xki neighbors in Sk, for each k = 1, 2, 3
if and only if the sequences are tree-like, n1 + n2 + n3 is odd and nk < nk+1 + nk+2 for each

k = 1, 2, 3.

Figure 21: Construction of three spheres
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Proof. The ‘only if’ part follows by Problems 2.2 and 5.3. Let us prove the ‘if’ part. Let

m1 := (n2 + n3 − n1 + 1)/2, m2 := (n1 + n3 − n2 + 1)/2, m3 := (n1 + n2 − n3 + 1)/2.

So
m1 +m2 = n3 + 1, m1 +m3 = n2 + 1, m2 +m3 = n1 + 1.

By Problem 5.4 there exist sequences

p11, p12, . . . , p1m3 , p21, p22, . . . , p2m1 , p31, p32, . . . , p3m2 ,

q11, q12, . . . , q1m2 , q21, q23, . . . , q2m3 , q31, q32, . . . , q3m1 ,

such that pk−1,1 + qk+1,1 = xk1 and ordered sets

(pk−1,2, pk−1,3, . . . , pk−1,mk+1
, qk+1,2, qk+1,3, . . . , qk+1,mk−1

) and (xk2, xk3, . . . , xknk
)

are the same up to reordering. By Theorem 1’ there exist spheres

Q1, P1, Q2, P2, Q3, P3 ⊂ R3 such that Qk ∩Qk+1 = ∅, Qk ∩ Pl = ∅ if l 6= k − 1 and

• Qk − Pk−1 is the disjoint union of mk+1 connected components, i-th one has qki neighbors
• Pk−1 −Qk is the disjoint union of mk+1 connected components, i-th one has pk−1,i neighbors
• the boundary of some connected component of R3 − Pk−1 −Qk contains a component q̃k with

qk1 neighbors on Qk and a component p̃k−1 with pk−1,1 neighbors on Pk−1.
For k = 1, 2, 3 let Sk be the connected sum of spheres Qk+1 and Pk−1 along a small tube joining

the two components q̃k+1 and p̃k−1 from the third condition, see Figure 21. This can be done without
intersections of the three tubes.

Then Sk − Sk+1 − Sk+2 is as required for each k = 1, 2, 3. QED.

5.2. Answer: these triples are

{(2, 1, 1), (2, 1, 1), (2, 1, 1)}, {(3, 1, 1, 1), (3, 1, 1, 1), (2, 1, 1)}, {(3, 1, 1, 1), (2, 2, 1, 1), (2, 1, 1)},

{(3, 1, 1, 1), (2, 1, 1), (1, 1)}, {(2, 2, 1, 1), (2, 2, 1, 1), (2, 1, 1)},

{(2, 2, 1, 1), (2, 1, 1), (1, 1)}, {(2, 1, 1), (1, 1), (1, 1)}.

Proof. There exist only 4 tree-like sequences of length at most 4. They are

(1, 1), (2, 1, 1), (3, 1, 1, 1), (2, 2, 1, 1).

According to Problem 5.3 the number of odd length sequences in a realizable triple is odd. So in
each realizable triple of sequences of length at most 4, except triple {(2, 1, 1), (2, 1, 1), (2, 1, 1)}, there
are one sequence (2, 1, 1) and two sequences of even length. According to the answer to Problem 5.1
all these 7 triples are realizable.

5.3. Let m3,m2,m1 be the numbers of the circles in f1 ∩ f2, f1 ∩ f3 and f2 ∩ f3. Then n1 =
m3 +m2 + 1, n2 = m3 +m1 + 1, n3 = m2 +m1 + 1.

So n1 + n2 + n3 = 2(m3 +m2 +m1) + 3 is odd.
Since 2mk + 1 > 0 we have nk < nk+1 + nk+2 for each k = 1, 2, 3.

5.4. Let r = r(~x) be the number of those xi’s that are greater than 1. Let zs = x2 +x3 + · · ·+xs.
For each s ≤ r let

a1 = p− (zs − s+ 3) + 1, ai = xi for 2 ≤ i ≤ s and ai = 1 for s+ 1 ≤ i ≤ p,
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b1 = x1 − a1, bi = xi+s−1 for 2 ≤ i ≤ r − s+ 1, bi = 1 for r − s+ 2 ≤ i ≤ q = n+ 1− p.

Since s ≤ r, the sequence b1, b2, . . . , bq is well-defined. For each i we have that ai and bi depend on s.
We have

a1 + a2 + · · ·+ ap = p− (zs − s+ 3) + 1 + zs + p− s = 2p− 2,

i.e. the sequence a1, a2, . . . , ap is tree-like. Also

b1 + b2 + · · ·+ bq = zn − a1 − a2 − · · · − ap = 2n− 2− 2p+ 2 = 2q − 2,

i.e. the sequence b1, b2, . . . , bq is tree-like.
It remains to prove that there exists s ≤ r such that 1 ≤ a1 ≤ x1 − 1. For each i < r we have

x1 ≥ xi, so
zi − i+ x1 + 1 ≥ (zi+1 − (i+ 1) + 3)− 1.

In other words,
2 = z1 − 1 + 3,

z1 − 1 + x1 + 1 ≥ (z2 − 2 + 3)− 1,
z2 − 2 + x1 + 1 ≥ (z3 − 3 + 3)− 1,

. . . ,
zr−1 − (r − 1) + x1 + 1 ≥ (zr − r + 3)− 1,

zr − r + x1 + 1 = n− 1.
Here the last equality is not analogous to the previous equalities but follows because sequence

x1, x2, . . . , xn is tree-like and 1 = xr+1 = · · · = xn. Since 2 ≤ p ≤ n− 1, there exists s ≤ r such that

zs − s+ 3 ≤ p ≤ zs − s+ x1 + 1 ⇔ 1 ≤ a1 ≤ x1 − 1. QED
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HOW DO CURVED SPHERES INTERSECT IN 3-SPACE,

OR TWO-DIMENSIONAL MEANDRA

Fig. 2: curved spheres intersecting by three circles

1



Fig. 13: two spheres realizing the pair in figure 7.

Fig. 18: to the solution of Problem 3.6.f. (A) We have S (gray), p1 (red), p2 (green), p3 (blue).
(B) We have that p̊3 (blue) is the ‘smallest’. We construct P1 (yellow) and P2 (green) by induction.

(C) Connected components of p̊3 (blue) can be connected by a path
disjoint with P1 ∪ P2. So we connect them by a tube and obtain P3 (blue).
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How do curved spheres intersect in 3-space?

Sergey Avvakumov, s.avvakumov@gmail.com

November 2, 2018

Abstract

The following problem was proposed in 2010 by S. Lando.
Let M and N be two unions of the same number of disjoint circles in a sphere. Do there

always exist two spheres in 3-space such that their intersection is transversal and is a union of
disjoint circles that is situated as M in one sphere and as N in the other? Union M ′ of disjoint
circles is situated in one sphere as union M of disjoint circles in the other sphere if there is a
homeomorphism between these two spheres which maps M ′ to M .

We prove (by giving an explicit example) that the answer to this problem is “no”. We also
prove a necessary and sufficient condition on M and N for existing of such intersecting spheres.
This result can be restated in terms of graphs. Such restatement allows for a trivial brute-force
algorithm checking the condition for any given M and N . It is an open question if a faster
algorithm exist.

The Lando Problem

We work entirely in the piecewise-linear (PL) category 1.
Suppose M and M ′ are the unions of the same number of disjoint circles in spheres S and S ′.

Then M is situated in S as M ′ in S ′ if there is a homeomorphism f : S → S ′ such that f(M) = M ′.
The following problem suggested by S. Lando was one of the (unsolved) problems at the Moscow

State University mathematical tournament for students and young professors 2010 ([1], problem
MB-8).

Let M and N be two unions of the same number of disjoint circles in a sphere. Do there exist two
spheres in 3-space whose intersection is transversal and is a union of disjoint circles that is situated
as M in one sphere and as N in the other?

This problem appeared in the discussion of related papers [3], [4], [5].
In this paper we prove that the answer to Lando problem is “no” by giving an explicit example.

1A PL circle or circle is a closed broken line (polygon) without self-intersections in 3-space. A PL sphere or sphere
is a polyhedron in 3-space (more precisely, 2-dimensional surface of the polyhedron), which is split into several parts
by any circle lying on the polyhedron, i.e. is a polyhedron homeomorphic to S2.
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Figure 1: Two unions of M (left) and N (right) of 9 circles.

Theorem 1 (an example). Let M and N be two unions of 9 disjoint circles in S2 shown in Fig. 1.
Then there are no two spheres in 3-space whose intersection is transversal and is a union of 9 disjoint
circles that is situated as M in one sphere and as N in the other.

Figure 2: Bijection h between two sets of three circles is realized by PL embeddings f , g.

In Theorem 2 (see below) we describe all the collections of circles which can be realized by two
intersecting spheres. The precise meaning of the word “realized” is defined in the following paragraph.

Assume that M and N are two unions of disjoint circles in sphere S2. Suppose there exists PL
embeddings2 f : S2 ↪→ R3 and g : S2 ↪→ R3 such that intersection f(S2) ∩ g(S2) is transversal and
f(S2) ∩ g(S2) = f(M) = g(N). These embeddings induce a bijection h between sets of circles of M
and of N (for circles m ⊂M and n ⊂ N let h(m) = n if f(m) = g(n)). Equivalently we may number
circles of M and of N by 1, . . . , k so that two circles corresponding to the same circle of f(S2)∩g(S2)
have the same number. We say that f , g realize h (Fig. 2).

Theorem 2 (see below) gives a necessary and sufficient condition for the realizability of a bijection.
In particular Theorem 2 can be used to prove Theorem 1. The following simple example shows that
not every bijection is realizable.

2Map f : A→ B is piecewise linear if f is a simplicial map for some simplicial decompositions of A and B
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Figure 3: Circles A0, A1, A2, bijection h.

Example 1. Let A0, A1, A2 be the circles situated in S2 as shown in the Fig. 3. Let M = N =
A0 ∪ A1 ∪ A2. Let h be a bijection defined by h(A0) = A1, h(A1) = A0 and h(A2) = A2. Then h is
not realizable.

The proof of Example 1 (see “Proofs”) demonstrates some of the ideas used in the proof of
Theorem 2.

Let us introduce definitions necessary to state Theorem 2.
Let M and N be two unions (not necessary nonempty) of disjoint circles in sphere S2. Color

connected components of S2 − N in black and white so that adjacent components have different
colors. Union M is on one side (in this sphere) of N if M is contained in the union of same colored
components of S2−N . Unions M and N are unlinked (in this sphere) if M is on one side of N and N
is on one side of M . Equivalently unions M and N are unlinked (in S2) if [M ] = 0 in H1(S

2−N ;Z2)
and [N ] = 0 in H1(S

2 −M ;Z2).

Figure 4: (A) M (solid) is on one side of N (dashed) while N is not on one side of M .
(B) M (solid) and N (dashed), N and P (dotted) are unlinked, but M and P are not unlinked.

Unions M and N are always unlinked if M or N is empty. If M is on one side of N then N is
not necessary on one side of M (Fig. 4 left). Unlinkedness is not transitive. That is, if M and N , N
and P are unlinked, then M and P are not necessarily unlinked (Fig. 4 right).

Let M be a union of disjoint circles in sphere S. Suppose A is a connected component of S−M .
Denote by ∂A the boundary of the closure of A.

Theorem 2. Let M and N be two unions of the same number of disjoint circles in S2. Let h be a
bijection between sets of circles of M and of N . Color connected components of S2−M in two colors
so that any two same colored components are not adjacent. Then h is realizable if and only if h(∂A)
and h(∂B) are unlinked for each two same-colored components A and B of S2 −M .

We say that sphere with holes P is properly embedded in D3 if ∂P ⊂ ∂D3 and the interior of P
lies in the interior of D3. Theorem 2 is proved using the following:
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Embedding Extension Theorem. Let M1, . . . ,Mm be unions of disjoint circles in the sphere
S2 = ∂D3. Then there exist properly embedded in D3 disjoint spheres with holes P1, . . . , Pm such that
∂Pi = Mi for each i = 1, . . . ,m if and only if M1, . . . ,Mm are pairwise unlinked.

Embedding Extension Theorem immediately implies the following:

Corollary 1. Let M1, . . . ,Mm be unions of disjoint circles in the sphere S2 = ∂D3. Suppose that for
every i, j there exist properly embedded in D3 disjoint spheres with holes P ′i , P

′
j such that ∂P ′i =

Mi, ∂P
′
j = Mj. Then there exist properly embedded in D3 disjoint spheres with holes P1, . . . , Pm

such that ∂Pi = Mi for each i = 1, . . . ,m.

Note that analogous statement is false for all closed orientable 2-surfaces other than S2. For
instance:

Example 2. Let M1,M2,M3 be unions of disjoint circles in the standard torus T 2 ⊂ R3. Let M1

and M2 be a single meridian each and let M3 be a union of two meridians (Fig. 5). Then for
every i, j there exist disjoint spheres with holes P ′i , P

′
j whose interiors are inside T 2 and such that

∂P ′i = Mi, ∂P
′
j = Mj. But there are no disjoint spheres with holes P1, P2, P3 whose interiors are

inside T 2 and such that ∂P1 = M1, ∂P2 = M2, ∂P3 = M3.

Figure 5: Unions M1 and M2 consists of one meridian each and M3 consists of two meridians.

This example is similar to the famous Borromean rings example stated in the following way:

Borromean rings. Let S1
1 , S

1
2 , S

1
3 be the Borromean rings in S3 = ∂D4. Then for every i, j there exist

properly embedded in D4 disjoint disks D′2i , D
′2
j such that ∂D′2i = S1

i , ∂D
′2
j = S1

j . But there are no
properly embedded in D4 disjoint disks D2

1, D
2
2, D

2
3 such that ∂D2

1 = S1
1 , ∂D

2
2 = S1

2 , ∂D
2
3 = S1

3 .

Relation to graphs

Suppose that M is a union of disjoint circles in sphere S2. Define (“dual to M”) graph G = G(S2,M)
as follows. The vertices are the connected components of S2−M . Two vertices are connected by an
edge if the corresponding connected components are neighbors.
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Figure 6: Graph G (left), p (solid edges), q (dashed edges), complement in G to the interiors of edges
of q (right). Set p is not on one side of q since edges of p are both in black and white connected
components. Thus p and q are not unlinked.

The definition of unlinked unions of circles can also be restated in terms of graphs. Let p and q be
two sets of edges of a tree G. Color connected components of the complement in G to the interiors of
edges of q in black and white so that adjacent components have different colors. The set p is on the
same side of q (in this tree G) if p is contained in the union of same-colored connected components
of G− q (or, equivalently, if p ∩ q = ∅ and for each two vertices of edges of p there is a path in the
tree connecting these two points, and containing an even number of edges of q). Sets p and q are
unlinked (in this tree) if p is on the same side of q and q is on the same side of p (for example see
Fig. 6).

Let G and H be two trees with the same number of edges. Color vertices of G in two colors so
that any two same colored vertices are not adjacent. Bijection h between the sets of edges of G and
H is called realizing if h(δA) 3 and h(δB) are unlinked (in H) for each two same-colored vertices A
and B of G.

Instead of a union of disjoint circles in a sphere let us consider its dual graph. Theorem 2 implies
that a bijection between two sets of circles is realizable if and only if the corresponding bijection
between the sets of edges of dual graphs is realizing.

Let G and H be two trees with k edges each. Given a bijection h between the sets of edges of G
and H we can check algorithmically in at most O(k2) time if h is realizing. So, there is a brute-force
algorithm which finds a realizing bijection (if any) in O(k2k!) time. We don’t know if the more
efficient algorithm exists. More precisely there is the following open problem:

Open problem 1. Is there a “fast” algorithm, which takes as input two arbitrary trees G and H
with k edges each and produces as output a realizing bijection (if any) between the sets of edges of
G and H?

Open problem 2. Is there a tree G such that there is no realizing bijection between the sets of
edges of G and H, where H is the path graph with the same number of edges as G?

Proofs

Proof of the Example 1. Assume to the contrary that there are PL embeddings f : S2 ↪→ R3 and
g : S2 ↪→ R3 realizing h.

3δA is a set of all edges incident to A
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Figure 7: Circles f(A0) = g(A1), f(A1) = g(A0), f(A2) = g(A2).

Denote by D the disk in f(S2) − g(S2) bounded by f(A0) (Fig. 7). Denote by C the cylinder
in f(S2)− g(S2) bounded by f(A1) and f(A2). Clearly C and D lie in 3-space on the same side of
sphere g(S2). Circles f(A1) = g(h(A1)) = g(A0) and f(A2) = g(h(A2)) = g(A2) lie in sphere g(S2)
on the different sides of the circle f(A0) = g(h(A0)) = g(A1). So C intersects D. This contradicts
to the assumption that f is an embedding.

Proof of Theorem 1. Assume to the contrary that there is a bijection h between sets of circles of M
and of N and PL embeddings f : S2 ↪→ R3 and g : S2 ↪→ R3 realizing h.

Denote the connected components of f(S2)− g(S2) as shown in Fig. 1 (left).
Consider disks A1, . . . , A4 ⊂ f(S2). Without loss of generality we may assume that their interiors

lie inside g(S2). Then the interior of component C ⊂ f(S2) lies inside g(S2) as well (since the
intersection f(S2)∩g(S2) is transversal). Since C,A1, . . . , A4 are disjoint, C lies completely in one of
the connected components of R3− g(S2)∪

⊔
Ai. So all the 5 circles of ∂C lie in the same connected

component of g(S2)−
⊔
∂Ai (this argument is generalized in the proof of Claim 1 below).

Figure 8: Graph G(S2, N).

Let us restate the previous statement in terms of graph G(S2, N) (Fig. 8). Denote by G(C) the
union of 5 edges of G(S2, N) corresponding to the circles of ∂C. Then G(C) lies completely in one of
the connected components of the compliment of G(S2, N) to the 4 edges corresponding to the circles
of

⊔
∂Ai. Since G(S2, N) has only 9 edges this means that G(C) is a subtree of G(S2, N). Denote

by G(B) the union of 5 edges of G(S2, N) corresponding to the circles of ∂B. Likewise, G(B) is a
subtree of G(S2, N).
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Since G(B)∪G(C) = G(S2, N), at least two of the three edges a, b, c of G(S2, N) (Fig. 8) belong
to one of subtrees G(B) or G(C). Without loss of generality we may assume that a, b ∈ G(B). But
any subtree of G(S2, N) containing both a and b has at least 6 edges while G(B) has only 5 edges.
This contradicts the initial assumption.

Proof of the “only if” part of Theorem 2. Let A and B be two same colored components of S2−M .
Then f(A) and f(B) lie on the same side of g(S2). So by the “only if” part of Embedding Extension
Theorem ∂f(A) and ∂f(B) are unlinked in g(S2). Then g−1(∂f(A)) = h(∂A) and g−1(∂f(B)) =
h(∂B) are unlinked in S2.

Proof of the “if” part of Theorem 2. Let g : S2 ↪→ R3 be any PL embedding. We define a PL
embedding f : S2 ↪→ R3 such that f , g realize h by defining f(A) for every connected component A
of S2 −M .

Color connected components of S2−M in black and white so that any two same colored compo-
nents are not adjacent.

Let P1, . . . , Pm be the white components of S2−M . By the assumption of the Theorem h(∂P1), . . . , h(∂Pm)
are pairwise unlinked in S2. So g(h(∂P1)), . . . , g(h(∂Pm)) are pairwise unlinked in g(S2). By the
“if” part of Embedding Extension Theorem there exist disjoint spheres with holes P ′1, . . . , P

′
m whose

interiors are inside g(S2) and such that ∂P ′i = g(h(∂Pi)) for each i = 1, . . . ,m. Define f(Pi) := P ′i
for each i.

Likewise, let Q1, . . . , Qn be the black components of S2−M . By the “only if” part of Embedding
Extension Theorem there exist disjoint spheres with holes Q′1, . . . , Q

′
n whose interiors are outside

g(S2) and such that ∂Q′j = g(h(∂Qj)) for each j = 1, . . . , n. Define f(Qj) := Q′j for each j.
Image of f is the sphere

⊔
P ′i t

⊔
Q′j. Clearly, f and g realize h.

Proof of the “only if” part of Embedding Extension Theorem. Consider a properly embedded in D3

sphere with holes Pi. Add a “cap” (homeomorphic to a disk) in R3 − D3 to every circle of ∂Pi

such that the union of Pi with these caps is a sphere P̂i. (In the smooth category we may assume
that S2 is a round sphere and that bounding circles of ∂Pi are round circles, none of them being an
equator. Then for each circle of ∂Pi take the round sphere passing through this circle and the center
of S2. Take parts of such spheres lying in R3 −D3 as these “caps”. Analogous, albeit slightly more
complicated, construction is possible in the PL category).

Clearly, all same colored connected components of S2 −Mi = S2 − ∂Pi lie on the same side of
P̂i. And since Pi and Pj are disjoint, S2 ∩ Pj = Mj lie on one side of P̂i, i.e. in the union of same
colored components of S2 −Mi.

So Mj lie on one side of Mi by definition. Likewise, Mi lie on one side of Mj. Therefore Mi and
Mj are unlinked.

To prove the “if” part we require the following claim. Proof of the claim is postponed.

Claim 1. Let P1, . . . , Pn be properly embedded in D3 pairwise disjoint spheres with holes. Let M be
a union of disjoint circles in S2 = ∂D3 such that M and ∂Pi are unlinked for every i. Then M lies
in one connected component of D3 − (P1 t · · · t Pn).

Proof of the “if” part of Embedding Extension Theorem. This proof was suggested by A. Novikov.
It is simpler than our original proof.

Use induction on number of circles in M1 t · · · tMm.
Let p be a circle of M1 t · · · tMm bounding an open disk D in S2 disjoint with M1 t · · · tMm (p

corresponds to an edge of G(S2,M1 t · · · tMm) issuing out of a leaf vertex). We may assume that
p ⊂M1. Denote by M ′

1 the union of circles M1 − p (note that M ′
1 may be empty).
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Unions M ′
1,M2, . . . ,Mm are pairwise unlinked. By the inductive hypothesis there are properly

embedded in D3 disjoint spheres with holes P ′1, P2, . . . , Pm such that ∂Pi = Mi for each i = 2, . . . ,m
and ∂P ′1 = M ′

1. Let D′ be a disk obtained from the closure of D by a slight deformation so that the
interior of D′ is in the interior of D3 and ∂D′ = p. By Claim 1 each two points of M1 = M ′

1 t p can
be connected by a path in the interior of D3 disjoint with P2, . . . , Pm. So we can connect D′ with
P ′1 by a tube in the interior of D3 disjoint with P2, . . . , Pm. Then we obtain a sphere with holes.
Denote it by P1. We have ∂P1 = p t ∂P ′1 = M1, P1 is properly embedded in D3 and P1 is disjoint
with P2, . . . , Pm. The inductive step is proved.

Figure 9: Paths l, l′′.

Proof of Claim 1. Take any two points A,B ∈ M . Denote by l a path in D3 connecting A and

B such that l := #(l ∩
n⊔

i=1

Pi) is minimal (minimal by l, objects A,B,M,D3, P1, . . . , Pn are fixed).

Assume to the contrary that l is not as required, i.e. l > 0. Since M is on one side of ∂Pi, number
#(l ∩Pi) is even for each i. (If m = 2, we may even obtain that #(l ∩P1) = 0 and stop here.) Then
#(l ∩ Pi) ≥ 2 for some i. Denote by Q and R two consecutive points of l ∩ Pi. Denote by Q′ the
point of l slightly before Q and by R′ the point of l slightly after R (Fig. 9). Since Pi is connected,
Q and R can be connected by a path in Pi. So Q′ and R′ can be connected by a path l′ very close
to Pi but not intersecting Pi. Path l′ does not intersect any of P1, . . . , Pn because it is very close to
Pi and P1, . . . , Pn are pairwise disjoint. Substitute the part of l between Q′ and S ′ by l′. Denote
the obtained path by l′′. Then l′′ = l − 2. This contradicts to the minimality of l. Thus l is as
required.
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Ткани из прямых и окружностей

Алексей Заславский, Федор Нилов, Александр Полянский, Михаил Скопенков

Замыкание с периодом 6

0.1.

CA

B

A1

A2

A3
A4

A5

A6

Через точку A1 на стороне AB треугольника ABC провели прямую, перпен-
дикулярную биссектрисе угла A. Она пересекла сторону AC в точке A2. Через
точку A2 провели прямую, перпендикулярную биссектрисе угла C. Она пе-
ресекла сторону CB в точке A3. Аналогично построили точки A4, A5, A6, A7.
Докажите, что A7 = A1.

0.2. A3

O

A1 = A7

A2

A6

A5

A4

l1

l2 l3

Три прямые l1, l2, l3 пересекаются в одной точке. Точка A1 выбирается про-
изврольно. Точки A2, A3, A4, A5, A6, A7 получаются последовательным от-
ражением точки A1 относительно прямых l1, l2, l3, а затем снова l1, l2, l3.
Докажите, что A7 = A1.

0.3. A3

O

A1 = A7

A2

A6

A5

A4

l1

l2

l3

Три прямые l1, l2, l3 пересекаются в одной точке. На прямых l1 и l2 выбира-
ются произвольные точки A1 и A2, соответственно. Точка A3 является пере-
сечением прямой l3 и прямой, симметричной A1A2 относительно l2. Точка A4

является пересечением прямой l1 и прямой, симметричной A2A3 относительно
l3. Аналогично строятся точки A5, A6, A7. Докажите, что A7 = A1.

0.4.

A3
O

A1 = A7

A2

A6

A5

A4 l1

l2

l3

Теорема Ф. Петрова. Три луча l1, l2, l3 исходят из одной точки O. На лучах
l1 и l2 выбираются произвольные точки A1 и A2, соответственно. На луче l3
выбирается такая точка A3, что угол между A2A3 и l3 равен углу между A1A2

и l1. Затем на луче l1 выбирается такая точка A4, что угол между A3A4 и l1
равен углу между A2A3 и l2. Аналогично стоятся точки A5, A6, A7. Докажите,
что A7 = A1.

0.5.

A1 CA

B

A2

A3

A4

A5

A6 Бильярдный стол имеет форму треугольника ABC. Бильярдный шар выпу-
стили из некоторой точки A1 стороны AC под углом ABC к этой стороне.
Обозначим через A2, A3, A4, A5, A6, A7 точки, в которых шар последователь-
но ударялся о края стола. Докажите, что A7 = A1.

0.6.

A

B

C

A1

A2

A3A4

A5

A6

Через точку A1 на стороне AB треугольника ABC провели прямую парал-
лельно BC. Она пересекла CA в точке A2. Через A2 провели прямую парал-
лельно AB. Она пересекла BC в точке A3. Аналогично построили точки A4,
A5, A6, A7. Докажите, что A7 = A1.

0Летняя конференция Международного математического Турнира Городов, 2–10 августа 2012 г.
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0.7.

G

R

B

A3

O A1 = A7

A2

A6
A5

A4

Теорема Паппа.
a) Пусть прямые, содержащие стороны невыпуклого шестиугольника, попере-
менно проходят через две фиксированные точки. Тогда прямые, содержашие
его диагонали, пересекаются в одной точке или параллельны.
b) На плоскости отмечены красная (R), зеленая (G) и синяя (B) точки (см. ри-
сунок слева). Любая прямая, проходящая ровно через одну из этих точек,
окрашена в цвет этой точки. Возьмем произвольную точку O внутри тре-
угольника RGB. Проведем через нее красную, зеленую и синюю прямые. На
красной прямой возьмем произвольную точку A1 внутри треугольника RGB.
Проведем через нее зеленую прямую. Пусть она пересекла синюю прямую
через точку O в точке A2. Через точку A2 уже проведены зеленая и синяя
прямая; проведем через A2 красную прямую. Точку пересечения полученной
красной прямой с зеленой прямой через точку O обозначим A3. Продолжая
данное построение, получим точки A4, A5, A6, A7. Докажите, что A7 = A1.

0.8.

O
I

A1 = A7
A2

A3

A4

A5
A6

Теорема Брианшона.
a) Диагонали описанного шестиугольника пересекаются в одной точке.
b) Дана окружность с центром I и точка O вне нее. Прямые, проходящие
через центр I, окрашены в красный цвет. Касательные к окружности окра-
шены в зеленый и синий цвета в зависимости от того, в какой полуплоскости
относительно прямой OI расположена точка касания (см. рисунок слева). На
прямой OI возьмем произвольную точку A1. Проведем через нее зеленую пря-
мую. Пусть она пересекла синюю прямую через точку O в точке A2. Через
точку A2 уже проведены зеленая и синяя прямые; проведем красную. Точку
пересечения этой красной прямой с зеленой прямой через точку O обозначим
A3. Аналогично получим точки A4, A5, A6, A7. Докажите, что A7 = A1.

0.9.

B

G

R

A3

O
A1 = A7

A2

A6

A5

A4

Теорема Бляшке. На плоскости отмечены красная (R), зеленая (G) и синяя
(B) точки (см. рисунок слева). Любая окружность, проходящая ровно через
две из этих точек, окрашена в цвет третьей. Возьмем произвольную точку
O внутри треугольника RGB. Проведем через нее красную, синюю и зеле-
ную окружность. На красной окружности внутри треугольника RGB возь-
мем произвольную точку A1. Проведем через нее зеленую окружность. Пусть
она пересекла синюю окружность через точку O в точке A2, отличной от R,
G и B. Через точку A2 уже проведены зеленая и синяя окружность; прове-
дем красную. Точку пересечения полученной красной окружности с зеленой
окружностью через точку O, отличную от R, G и B, обозначим A3. Продол-
жая данное построение, получим точки A4, A5, A6, A7. Докажите, что A7 = A1.

Определение ткани

Определение. Пусть некоторые прямые на плоскости окрашены в красный, зеленый и си-
ний цвета. Окрашенные прямые образуют (гексагональную) ткань, если для
некоторого круга Ω на плоскости выполнены следующие 2 условия:

Условие слоения: Через каждую точку круга Ω проходит ровно одна прямая
каждого цвета, причем прямые разного цвета не совпадают.
Условие замыкания (см. рисунок слева): Возьмем произвольную точку O
внутри круга Ω. Проведем через нее красную, зеленую и синюю прямую. На
красной прямой внутри круга Ω возьмем произвольную точку A1. Проведем
через нее зеленую прямую. Пусть она пересекла синюю прямую через точку O
в точке A2. Через точку A2 уже проведены зеленая и синяя прямая; проведем
красную. Точку пересечения этой красной прямой с зеленой прямой через точ-
ку O обозначим A3. Продолжая это построение, получим точки A4, A5, A6, A7.
Условие замыкания состоит в том, что если все указанные точки существуют
и лежат внутри круга Ω, то A7 = A1.
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Пример. Три множества прямых, параллельных сторонам фиксированного треуголь-
ника, образуют ткань. Из прямых, образующих ткань, всегда можно получить
“триангуляцию” некоторой части плоскости. На рисунках мы будем всегда
изображать именно такие триангуляции; как, например, на нижних малень-
ких рисунках к задачам 0.7–0.9.

Замечание. Любая ткань (из любых линий и на любой поверхности) получается из
предыдущего примера с помощью подходящего непрерывного взаимно-
однозначного отображения некоторой части плоскости на круг Ω.

Заменив в определении ткани слово “прямая” на слова “прямая или окружность”, и потребовав
в условии слоения, чтобы прямые и окружности не касались друг друга внути круга Ω, получим
определение ткани из прямых или окружностей.

Проблема Бляшке (1920е). Найти все ткани из окружностей на плоскости.

Заменив в определении ткани “круг на плокости” на “пересечение поверхности с некоторым ша-
ром”, получим определение ткани на поверхности.

Замечание. Ткани из окружностей полностью описаны для всех поверхностей, за исключением
плоскости и сферы [3]; некоторые примеры показаны на рисунке снизу.

Замечание. Интерес к изучению тканей увеличился в последнее время в связи с возмож-
ными приложениями в архитектуре. Важная задача современной архитекту-
ры состоит в рационализации поверхностей свободной формы, то есть разбие-
ния их на относительно простые панели. Один из подходов к рационализации
— это конструкции из дуг окружностей, то есть триангуляции поверхно-
сти дугами окружностей, полученные из некоторой ткани. На рисунке слева
изображена подобная конструкция на Эйндховенском куполе, принадлежа-
щая архитектору М. Фуксасу.

1 Ткани из прямых на плоскости

Какие из следующих троек множеств прямых образуют ткань? Подсказка: можно использовать про-
грамму Geogebra для экспериментов и рисования картинок.

1.1. (R) Прямые, паралельных оси Ox; (G) параллельные оси Oy; (B) проходящие через начало
координат O.

1.2. Три множества прямых, проходящих через три фиксированные попарно различные точки плос-
кости.

Назовем единичной полуокружностью множество точек, координаты которых удовлетворяют
условиям x2 + y2 = 1 и x > 0, а дополнительной к ней полуокружностью множество, заданное
условиями x2 + y2 = 1 и x < 0.
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1.3. (R) Прямые, касающиеся единичной полуокружности; (G) касающиеся дополнительной к ней
полуокружности; (B) проходящие через начало координат O.

1.4. (R) Прямые, касающиеся единичной полуокружности; (G) касающиеся дополнительной к ней
полуокружности; (B) проходящие через фиксированную точку.

1.5. (R) Прямые, паралельные оси Ox; (G) параллельные оси Oy; (B) касающиеся единичной полу-
окружности.

1.6. (R) Прямые, касающиеся единичной полуокружности; (G) проходящие через начало координат
O; (B) паралельные оси Ox.

2 Ткани из окружностей на плоскости

2.1. Приведите пример ткани из окружностей (с доказательством).

Какие из следующих троек множеств прямых и окружностей образуют ткань?

2.2. (R) Прямые, касающиеся единичной полуокружности; (G) касающиеся дополнительной к ней
полуокружности; (B) окружности с центром в начале координат.

2.3. (R) Прямые, касающиеся единичной полуокружности; (G) проходящие через начало координат;
(B) окружности с центром в начале координат.

2.4. (R) Прямые, паралельные оси Ox; (G) параллельные оси Oy; (B) окружности, одновременно
касающиеся отрезков x = 0, 0 ≤ y ≤ 1 и x = 1, 0 ≤ y ≤ 1.

2.5. (R) Прямые, проходящие через начало координат; (G) окружности, одновременно касающиеся
отрезков x = 0, 0 ≤ y ≤ 1 и y = 0, 0 ≤ x ≤ 1; (B) окружности, одновременно касающиеся отрезков
x = 0, 2 ≤ y ≤ 4 и y = 0, 2 ≤ x ≤ 4.

2.6. (R) Прямые, проходящие через начало координат; (G) окружности с центром в начале коорди-
нат; (B) окружности, одновременно касающиеся отрезков x = 0, 0 ≤ y ≤ 1 и y = 0, 0 ≤ x ≤ 1.

3 3D

Тором называется результат вращения окружности вокруг прямой, лежащей в ее плоскости, но не
пересекающей саму окружность; см. рисунок внизу слева. Окружности, получающиеся как траекто-
рии отдельных точек, называются параллелями. Исходная окружность и все окружности, которые
получаются из нее вращением, называются меридианами. Через каждую точку тора проходят еще
две окружности, целиком лежащие на нем; они называются окружностями Вилларсо (этим можно
пользоваться без доказательства).

3.1. Параллели тора вместе с окружностями Вилларсо образуют ткань.

3.2. Меридианы тора вместе с окружностями Вилларсо образуют ткань.

Гиперболоидом вращения называется результат вращения прямой вокруг скрещивающейся с ней
прямой; см. рисунок вверху справа. Через каждую точку гиперболоида вращения проходят две пря-
мые, лежащие на нем (этим можно пользоваться без доказательства).

3.3. Прямые, лежащие на гиперболоиде вращения, вместе с его параллелями образуют ткань.
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4 Ткани из окружностей: общие конструкции

Дополните данные множества красных и зеленых прямых до ткани, добавив некоторое множество
синих a) прямых; b) окружностей (приведите как можно больше примеров таких множеств синих
прямых или окружностей; постарайтесь найти все примеры и доказать, что других нет):

4.1. (R) Прямые, паралельных оси Ox; (G) параллельные оси Oy.

4.2. (R) Прямые, паралельных оси Ox; (G) проходящие через начало координат O.

Пучком прямых называется множество всех прямых, проходящих через фиксированную точку
(вершину пучка) или параллельных фиксированной прямой. Пучком окружностей называется мно-
жество окружностей, имеющих общую радикальную ось (см. рисунок внизу). Если пучок содержит
“окружности” нулевого радиуса, то они называются предельными точками пучка (жирные точки на
рисунке).

4.3. Пучок окружностей с двумя предельными точками и два пучка прямых с вершинами в этих
точках вместе образуют ткань.

Замечание. Все ткани, образованные тремя семействами окружностей, были найдены А. Шелехо-
вым [4, Теорема 0.1].

В дальнейшем обобщёнными окружностями будем называть окружности и прямые.Обобщёнными
дугами будем называть и дуги окружностей, окружности, отрезки, лучи и прямые. Ткань из обоб-
щенных дуг определяется аналогично ткани из окружностей и прямых. Следующая задача может
оказаться полезной для решения задач разделов 1–3.

4.4. Построение тканей с помощью групп преобразований. Пусть выполнены следующие условия:

• Для каждого t ∈ R задано взаимно-однозначное преобразование Rt плоскости, переводящее
обобщенные окружности в обобщенные окружности. Для любых t, s ∈ R и для любой точки A
выполняется, что Rt(Rs(A)) = Rt+s(A). Для любой точки A множество γA = {Rt(A) : t ∈ R}
представляет собой обобщённую дугу.

• Через некоторую точку проведены две различные обобщённые дуги γ1, γ2. Для любой точки
A ∈ γ1 дугу γA покрасим в красный цвет. Дуги Rt(γ1), где t ∈ R, покрасим в зелёный цвет, дуги
Rt(γ2), где t ∈ R, покрасим в синий цвет. Известно, что цветные дуги имеют не более одной
общей точки.

• Существует круг Ω, через каждую точку которого проходит ровно одна дуга каждого цвета.

Тогда красные, синие и зеленые дуги образуют ткань.

Следующая серия состоит из более трудных задач (за исключением самой первой).
Если прямая на плоскости задается уравнением px+ qy = 1, то назовем пару чисел (p, q) коорди-

натами этой прямой.

4.5. Все прямые, координаты которых удовлетворяют некоторому линейному уравнению, образуют
пучок.

4.6. * Все прямые, координаты которых удовлетворяют некоторому уравнению второго порядка,
либо касаются одной кривой, заданной уравнением второго порядка, либо образуют два пучка, либо
один, либо пустое множество.

4.7. * Обобщенная теорема Паскаля. Три красные прямые пересекают три синие в 9 различных
точках. Тогда если кривая, заданная уравнением третьего порядка, проходит через 8 из них, то она
проходит и через девятую.
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4.8. * Теорема Шаля. Девять прямых образуют шестиугольную конфигурацию как на рисунке снизу.
Тогда если координаты 8 из этих прямых удовлетворяют уравнению третьего порядка, то и коорди-
наты девятой удовлетворяют тому же уравнению.

Множество неокрашенных обобщенных окружностей назовем тканью, если для некоторого круга
Ω выполнены следующие условия:

• Обобщенное условие слоения. Через каждую точку круга Ω проходит ненулевое конечное число
обобщенных окружностей из нашего множества.

• Часть обобщенных окружностей нашего множества можно окрасить в три цвета так, чтобы
окрашенные обобщенные окружности образовали ткань в круге Ω .

4.9. * Если множество прямых на плоскости удовлетворяют обобщенному условию слоения в некото-
ром круге, а их координаты удовлетворяют некоторому уравнению третьего порядка, то эти прямые
образуют ткань.

4.10. * Нормали к параболе образуют ткань.

4.11. * Прямые Симсона произвольного треугольника образуют ткань.

В заключение приведем несколько трудных задач для исследования.

4.12. ** Теорема Графа–Зауэра ([2, 1]). Пусть множество прямых удовлетворяет обобщенному усло-
вию слоения в некотором круге. Тогда эти прямые образуют ткань тогда и только тогда, когда
для некоторой декартовой системы координат на плоскости их координаты удовлетворяют одному
уравнению 3-й степени.

Замечание. Этот результат позволяет найти все ткани из окружностей ортогональных фиксиро-
ванной окружности [5].

Циклика задается уравнением вида

λ(x2 + y2)2 + (x2 + y2)(µx+ νy) +Q(x, y) = 0,

где λ, µ, ν ∈ R, а Q(x, y) — многочлен степени не выше 2.
Следующая задача адресована тем, кто знает определение комплексных точек и непрерывного

семейства окружностей.

4.13. ** Теорема Вундерлиха ([6], см. рисунок внизу). Три непрерывных семейства окружностей
дважды касаются некоторой циклики (возможно, в комплексных точках). Если эти семейства удо-
влетворяют обобщенному условию слоения в некотором круге, то они образуют ткань.

4.14. *** Попробуйте придумать пример ткани из окружностей, отличный от приведенных выше.
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Ткани из прямых и окружностей

Алексей Заславский, Федор Нилов, Александр Полянский, Михаил Скопенков

Решения задач.
Сформулируем лемму, которая поможет решить задачи 0.1, 0.5, 0.6.

Лемма 0. Пусть A′B′C ′ — чевианный треугольник некоторой точки относительно треугольника
ABC (то есть прямые AA′, BB′, CC ′ пересекаются в одной точке). Через произвольную точку M1 на
стороне AC проведем прямую, параллельную A′B′, и найдем точку M2 ее пересечения с BC; через
M2 проведем прямую, параллельную A′C ′ до пересечения с AB в точке M3 и т.д. Тогда M1 = M7.

Доказательство.
Если точка M1 совпадает с точкой B1, то точки M4 и M7 тоже совпадут с B′. Иначе из теоремы

Чевы получаем, что AB′

B′C
CA′

A′B
BC′

C′A
= 1. А из теоремы Фалеса B′C

CA′ = B′M1

M2A′ ,
A′B
BC′ = M2A′

C′M3
, C′A
AB′ = C′M3

M4B′ .

Подставляя последние три равенства в первое, получаем, что: B′M1

M4B′ = 1. Следовательно, точки M1

и M4 симметричны относительно точки B′. Точно также доказывается, что M4 и M7 симметричны
относительно точки B′. Следовательно, M1 = M7.

Решение задач раздела 0.
Решение задачи 0.1
Первое решение. Пусть a, b, c — это длины сторон BC, CA и AB соответственно. Пусть x —

направленная длина отрезка AA1 (то есть длина отрезка AA1, взятая с положительным знаком, если
вектора

−−→
AA1,

−→
AB сонаправлены, или с отрицательным знаком, если эти вектора противоположно

направлены). Поскольку прямая A1A2 перпендикулярна биссектрисе угла BAC, то отсюда получаем
AA2 = AA1 = x (с учетом знака). Аналогично мы получаем, что CA3 = CA2 = b−x, BA4 = a− b+x,
AA5 = c − a + b − x, CA6 = a − c + x, AA7 = x (с учетом знака). То есть AA7 = x = AA1 (с учетом
знака), а это значит, что A7 = A1.

Второе решение. По лемме 0 для треугольника Жергонна.
Решение задачи 0.2
В решениях задач 0.2, 0.3 и 0.4 рассматриваются углы между направлениями (векторами).

0Летняя конференция Международного математического Турнира Городов, 2–10 августа 2012 г.
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Пусть O — точка пересечения прямых l1, l2, l3. Пусть (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3, (OA1, l1) = ϕ.
Так как длины отрезков OAi одинаковы (при симметрии сохраняется длина), поэтому достаточно
показать, что (OA7, l1) = (OA1, l1) = ϕ.

Так как (OA2, l1) = −(OA1, l1) = −ϕ, то (OA2, l2) = −ϕ + ϕ1,2. Поэтому (OA3, l2) = ϕ − ϕ1,2.
Отсюда получаем, что (OA3, l3) = ϕ − ϕ1,2 + ϕ2,3. Поэтому (OA4, l3) = −ϕ + ϕ1,2 − ϕ2,3. Отсюда
получаем, что (OA4, l1) = −ϕ+ϕ1,2−ϕ2,3−ϕ1,2−ϕ2,3 = −ϕ− 2ϕ2,3. Действуя аналогично получаем,
что (OA7, l1) = −(OA4, l1)− 2ϕ2,3 = ϕ.

Решение задачи 0.3
Пусть (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3 и (l(1,2), l1) = ϕ, где l(i,i+1) — вектор, соединяющий точку O

с основанием проекции из O на прямую AiAi+1. Так как расстояния от O до всех AiAi+1 окажутся
одинаковыми (при симметрии сохраняется длина), то достаточно показать, что (l(7,8), l1) = (l(1,2), l1) =
ϕ.

Так как (l(2,3), l1) = −ϕ. Поэтому (l(2,3), l2) = (l(2,3), l1) + (l1, l2) = −ϕ+ϕ1,2. Аналогично (l(3,4), l2) =
ϕ−ϕ1,2. Поэтому (l(3,4), l3) = (l(3,4), l2)+(l2, l3) = ϕ−ϕ1,2+ϕ2,3. Аналогично (l(4,5), l3) = −ϕ+ϕ1,2−ϕ2,3.
Поэтому (l(4,5), l1) = (l(4,5), l3) + (l1, l3) = −ϕ + ϕ1,2 − ϕ2,3 + (−ϕ1,2 − ϕ2,3) = −ϕ − 2ϕ2,3. Действуя
аналогично получаем, что (l(7,8), l1) = −(l(4,5), l1)− 2ϕ2,3 = ϕ.

Решение задачи 0.4.
Пусть (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3, (A1A2, l1) = ϕ. Так как радиусы описанных окружностей около

треугольников OAiAi+1 равны между собой (это следует из теоремы синусов), то достаточно пока-
зать, что (A7A6, l3) = −(A1A2, l2) = −ϕ− ϕ1,2 (из обратной теоремы синусов).

Так как (A3A2, l3) = −(A1A2, l1) = −ϕ. Поэтому (A3A2, l2) = −ϕ − ϕ2,3. Так как (A3A4, l1) =
−(A3A2, l2) = ϕ + ϕ2,3. Поэтому (A3A4, l3) = ϕ + ϕ1,2 + ϕ2,3 + ϕ2,3. Так как (A5A4, l2) = −(A3A4, l3) =
−ϕ − ϕ1,2 − 2ϕ2,3. Поэтому (A5A4, l1) = −ϕ − ϕ1,2 − 2ϕ2,3 − ϕ1,2. Так как (A5A6, l3) = −(A5A4, l1) =
ϕ + 2ϕ1,2 + 2ϕ2,3. Поэтому (A5A6, l2) = ϕ + 2ϕ1,2 + 2ϕ2,3 − ϕ2,3. Так как (A7A6, l1) = −(A5A6, l2) =
−ϕ− 2ϕ1,2 − ϕ2,3. Поэтому (A7A6, l3) = −ϕ− 2ϕ1,2 − ϕ2,3 + ϕ1,2 + ϕ2,3 = −ϕ− ϕ1,2.

Решение задачи 0.5.
По лемме 0 для ортотреугольника.
Замечание. Условие задачи можно сформулировать следующим образом.
Пусть точка A1 лежит на прямой AB. Окружность, описанная около треугольника A1AC, пересе-

кает прямую BC в точке A2. Окружность, описанная около треугольника A2BA, пересекает прямую
CA в точке A3 и т.д. Докажите, что A1 = A7.

Решение задачи 0.6
По лемме 0 для серединного треугольника.
Решение задачи 0.7
a) В несколько другой, эквивалентной, формулировке теорема Паппа доказывается в книге [1,

Глава 1].
б) Рассмотрим шестиугольник A1A2A3A6A5A4: прямые A1A2, A3A6, A5A4 пересекаются в точке R,

а прямые A4A1, A2A3, A6A5 в точке G. Следовательно "диагонали"A2A5, A3A4 (последние две прямые
уже пересекаются в точке B) и A6A1 в одной точке (то есть в точке B). Следовательно A7 = A1.

Решение задачи 0.8
a) Теорема Брианшона доказывается в книге [1, Глава 1].
б) Несложно убедиться, что прямые A4A5, A5A6, A6A7 симметричны A4A3, A3A2, A2A1 относи-

тельно прямой OI. Следовательно A1 = A7.
Решение задачи 0.9
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Первое решение (Д. Якутов). Давайте посчитаем угол ∠GA4R:

∠GA4R = π − ∠GA4B − ∠BA4R

= π − ∠GOB − ∠BA5R

= π − ∠GOB − (π − ∠GA5R− ∠GA5B)

= ∠GA5R + ∠GA5B − ∠GOB

= ∠GOR− ∠GOB + ∠GA6B

= ∠GOR− ∠GOB + (π − ∠GA6R− ∠BA6R)

= ∠GOR− ∠GOB + (π − ∠GA7R− ∠BOR)

= (π − ∠BOR− ∠GOB + ∠GOR)− ∠GA7R.

Следовательно, ∠GA4R + ∠GA7R = π − ∠BOR− ∠GOB + ∠GOR.
По аналогичным соображениям ∠GA1R + ∠GA4R = π − ∠BOR − ∠GOB + ∠GOR. А значит,

∠GA1R = ∠GA7R. Также ∠GA1B = ∠GOB = ∠GA7B. Тогда точки G,B,A1, A7 — на одной окруж-
ности, и точки G,R,A1, A7 — тоже на одной окружности. Но эти две окружности имеют не более
двух точек пересечения, одна из которых G, при этом A1 6= G и A7 6= G, откуда следует, что A1 = A7.

Второе решение. Совершим инверсию с центром в точке O и произвольным радиусом. В резуль-
тате красная, синяя и зеленая окружности перейдут в прямые. Пусть красная точка перейдет в
точку C, синяя в точку A, а зеленая в точку B. Теперь будем следить за точками Ai. Через точку A1

(∈ AB) мы проводим зеленую (то есть проходящую через A и C) окружность, которая пересекается
в точке A2 с синей "окружностью" — прямой BC. Через точку A2 проводим красную окружность,
которая пересекается в точке A3 с зеленой "окружностью" — прямой AC. Через точку A3 проводим
синюю окружность до пересечения в A4 c красной "окружностью" — прямой AB и т.д.

Таким образом, мы получили переформулировку задачи 0.5, описанную в замечании к решению
той задачи. Значит A1 = A7.

Решение задач раздела 1.
Большинство решений задач разделов 1,2,3 опираются на результат задачи 4.4.
Решение задачи 1.1.
Будем использовать результат задачи 4.4.

• Для каждого t ∈ R зададим гомотетию H2t

O с центром в начале координат O и коэффициен-
том 2t. Несложно проверить, что для любой точки A выполняется H2t+s

O (A) = H2t

O (H2s

O (A)).
Множество γA тогда представляет собой лучи, выходящие из начала координат.

• Проведем через точку A(1, 1) прямые y = 1 (это γ1) и x = 1 (это γ2). Через каждую точку
B ∈ γ1 проведем луч γB. Покрасим такие лучи в красный цвет. Теперь покрасим в зеленый
и синие цвета прямые H2t

O (γ1) и H2t

O (γ2) соответственно, то есть будут прямые, параллельные
осям Ox и Oy. Очевидно, что любые цветные лучи или прямые не пересекаются.

• Рассмотрим круг радиуса 1 с центром в точке (1;1). Несложно убедиться, что через каждую
точку этого круга можно провести ровно одну прямую (или луч) каждого цвета.

Следовательно, из задачи 4.4 получаем, что данные лучи и прямые образуют ткань. Нетрудно убе-
диться, что и предложенные в условии задачи цветные прямые тоже образуют ткань.

Решение задачи 1.2.
Первое решение. Из решением задачи 0.7б) следует, что это ткань.
Второе решение. Сведём данную задачу к задаче 1.1. Для этого совершим проективное преобра-

зование, переводящее прямую, проходящую через две фиксированные точки, в бесконечно удалённую
прямую.

Решение задачи 1.3.
Из решения задачи 0.8б) следует, что это ткань.
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Решение задачи 1.4.
Из решения задачи 0.8а) следует, что это ткань.
Решение задачи 1.5.
Указанные прямые не образуют ткань.
Решение задачи 1.6.
Указанные прямые не образуют ткань.

Решение задач раздела 2.
Решение задачи 2.1.
В качестве примера возьмём образ при инверсии ткани из прямых, параллельных сторонам тре-

угольника.
Решение задачи 2.2.
Первое решение (Е. Стрельцова). Докажем, что данные прямые и окружности образуют ткань;

см. рисунок снизу. Выберем круг в правой верхней четверти плоскости так, чтобы он не имел общих
точек с единичным кругом и находился выше прямой y = 1. Радиус круга возьмем < 1. Теперь через
каждую точку круга проходит ровно одна красная и ровно одна зеленая прямые,так как из любой
точки можно провести ровно одну касательную каждого цвета. Через каждую точку T проходит
ровно одна окружность с центром в начале координат (Z), потому что с фиксированным радиусом
(ZT ) и с фиксированным центром (Z) можно провести ровно одну окружность. Окружности с цен-
тром Z не могут совпасть с касательными к единичной окружности. А зеленые и красные прямые не
могут совпасть, так как круг выше прямой y = 1. Концентрические окружности не могут касаться
друг друга. А зеленые и красные прямые не могут касаться окружностей c центром Z, потому что
у этих окружностей радиус > 1 и так как выбранный круг не имеет с единичным общих точек.
Касательные пересекают эти окружности, так как проходят через точки внутри кругов (заключен-
ных этими окружностями), которые полностью содержат единичный круг. Значит, условие слоения
выполняется.

0

O

a

b

A1

b′

A2

A3
A4

A5

a′

A6

Зеленая (a) и красная (b) прямые через точку O симметричны относительно прямой ZO. Значит,
A3 = SZO(A4). Тогда красная прямая через A3 симметрична зеленой прямой через A4 относитель-
но прямой ZO. Поэтому A2 = SZO(A5). Получаем, что зеленая прямая через A2 (b′) симметрична
красной прямой через A5 (a′).

Далее, a = SZO(a′), b = SZO(b′). Поэтому A6 = a∩a′ = SZO(b∩b′) = SZO(A1). Значит, A6 = SZO(A1).
Тогда ZA6 = SZO(ZA1). Следовательно, ZA6 = ZA1, то есть синяя окружность через точку A6

проходит через точку A1. Мы проверили, что выполняется условие замыкания.
Второе решение. Будем использовать результат задачи 4.4.

• Для каждого t ∈ R зададим поворот Rπt
O вокруг начала координат O на угол πt. Несложно про-

верить, что для любой точки A выполняется Rπ(t+s)
O (A) = Rπt

O (Rπs
O (A)), где t, s ∈ R. Множество

γA тогда представляет собой дуги окружностей c центром в начале координат.

• Проведем через точку A(0, 2) лучи y =
√

3x+ 2, x > −
√

3/2 (это γ1) и y = −
√

3x+ 2, x <
√

3/2
(это γ2). Эти касательные к единичной полуокружности. Через каждую точку B ∈ γ1 проведем
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дугу γB окружности с началом в начале координат. Покрасим такие дуги в красный цвет.
Теперь покрасим в зеленый и синие цвета лучи Rπt

O (γ1) и Rπt
O (γ2) соответственно, то есть это

лучи, являющиеся касательными к единичными полуокружностям.

• Рассмотрим круг радиуса 1/2 с центром в точке (0; 2). Несложно убедиться, что через каждую
точку этого круга можно провести ровно одну дугу или луч каждого цвета.

Следовательно, из задачи 4.4 получаем, что данные дуги и лучи образуют ткань. Нетрудно убедить-
ся, что и предложенные в условии задачи цветные прямые и окружности тоже образуют ткань.

Решение задачи 2.3.
Будем использовать результат задачи 4.4.

• Для каждого t ∈ R зададим поворот Rπt
O вокруг начала координат O на угол πt. Несложно про-

верить, что для любой точки A выполняется Rπ(t+s)
O (A) = Rπt

O (Rπs
O (A)), где t, s ∈ R. Множество

γA тогда представляет собой дугу окружности c центром в начале координат.

• Проведем через точку A(0, 2) лучи y =
√

3x + 2, x > −
√

3/2 (это γ1) и x = 0, y > 0 (это γ2).
Это касательная к единичной полуокружности и луч, выходящий из начало координат. Через
каждую точку B ∈ γ1 проведем дугу γB окружности с началом в начале координат. Покрасим
такие дуги в красный цвет. Теперь покрасим в зеленый и синие цвета лучи Rπt

O (γ1) и Rπt
O (γ2)

соответственно.

• Рассмотрим круг радиуса 1/2 с центром в точке A(0; 2). Несложно убедиться, что через каждую
точку этого круга можно провести ровно одну прямую каждого цвета.

Следовательно, из задачи 4.4 получаем, что данные лучи и дуги образуют ткань. Нетрудно убедить-
ся, что и предложенные в условии задачи цветные прямые и окружности тоже образуют ткань.

Решение задачи 2.4.
Будем использовать результат задачи 4.4.

• Для каждого t ∈ R зададим параллельный перенос T(0,t) на вектор (0, t). Несложно проверить,
что для любой точки A выполняется T(0,t+s)(A) = T(0,t)(T(0,s)(A)), где t, s ∈ R. Множество γA
тогда представляет собой прямые, параллельные оси Oy.

• Проведем через точку A(1/2 + 1/
√

8, 1/2 + 1/
√

8) дугу окружности (x − 1/2)2 + (y − 1/2)2 =
1/4, x > 1/2, y > 1/2 (это γ1) и прямую y = 1/2 + 1/

√
8 (это γ2). Через каждую точку B ∈ γ1

проведем прямые γB, параллельные оси Oy. Покрасим такие прямые в красный цвет. Теперь
покрасим в зеленый и синие цвета дуги T(0,t)(γ1) и прямые T(0,t)(γ2) соответственно.

• Рассмотрим круг радиуса 1/2− 1/
√

8 с центром в точке A(1/2 + 1/
√

8; 1/2 + 1/
√

8). Несложно
убедиться, что через каждую точку этого круга проходит ровно одна дуга обобщенной окруж-
ности каждого цвета.

Следовательно, из задачи 4.4 получаем, что данные дуги образуют ткань. Из этого следует, что и
предложенные в условии задачи цветные прямые и окружности тоже образуют ткань.

Решение задачи 2.5.
Действуем в соответствии с задачей 4.4. В качестве преобразований рассмотрим гомотетии с

центром в начале координат. Тогда красные прямые — прямые, проходящие через начало коорди-
нат. Зеленые окружности — окружности, касающиеся первой пары отрезков. Синие окружности —
окружности, касающиеся другой пары указанных отрезков.

Из задачи 4.4 получаем, что рассматриваемые прямые и подходящие дуги рассматриваемых
окружностей образуют ткань.

Решение задачи 2.6.
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Действуем в соответствии с задачей 4.4. В качестве преобразований рассмотрим гомотетии с цен-
тром в начале координат. Тогда красные прямые — прямые, проходящие через начало координат.
Зеленые окружности — окружности, с центром в начале координат. Синие окружности — окружно-
сти, касающиеся пары указанных отрезков.

Из задачи 4.4 получаем, что рассматриваемые множества прямых и окружностей образуют ткань.
Из этого следует, что и предложенные в условии задачи цветные прямые и окружности тоже обра-
зуют ткань.

Решение задач раздела 3.
Можно решить задачу, аналогичную задаче 4.4, и для тора и для гиперболоида вращения.
Решение задачи 3.1.
Действуем в соответствии с задачей 4.4. В качестве преобразований рассмотрим повороты вокруг

оси вращения. Тогда красные окружности — параллели. Зеленые и синие окружности — окружности
Вилларсо.

Из задачи 4.4 получаем, что рассматриваемые множества прямых и окружностей образуют ткань.
Решение задачи 3.2. Рассмотрим точку O. Проведем через неё меридиану γ1 и окружности Вил-

ларсо γ2, γ3. Все меридианы покрасим в красный цвет, окружности Вилларсо, получаемые из γ2
поворотом, покрасим в зеленый цвет, окружности Вилларсо, получаемые из γ3 поворотом, покрасим
в синий цвет. Рассмотрим шар с центром в точке O и радиуса R < r

100
(r — расстояние между γ1 и

осью вращения). Внутри него две окружности Вилларсо пересекаются не более, чем в одной точке.
Пересечение шара и тора обозначим через Ω.

Рассмотрим произвольную точку O′, лежащую в Ω. Проведем через неё красный меридиан w1,
синюю окружность w2 и зеленую окружность w3. Пусть все точки Ai, которые будут получаться в ре-
зультате постороения будут лежать в Ω. Пусть выбрана точка A1 ∈ w1. Проведём через неё зеленую
окружность w′2. Получим точку A2 пересечения w′2 и w3. Построим через точку A2 красную окруж-
ность w′1. Получаем точку A3 пересечения w′1 и w2. Построим через точку A3 синюю окружность w′3.
Получим точку A4 пересечения w′3 и w1. Проведём через A4 зеленую окружность w′′2 . Получим точку
A5 пересечения w′′2 и w3. Построим через точку A5 красную окружность w′′1 . Получаем точку A5 пе-
ресечения w′′1 и w2. Построим через точку A6 синюю окружность w′′3 . Получим точку A7 пересечения
w′′3 и w1.

Пусть α плоскость, содержащая окружность w1. Несложно убедиться, что окружности w′3,w′1, w′2
симметричны w′′2 , w′′1 , w′′3 относительно плоскости α. Следовательно, A1 = A7.

Решение задачи 3.3.
Действуем в соответствии с задачей 4.4. В качестве преобразований рассмотрим повороты вокруг

оси вращения. Тогда красные окружности — параллели. Зеленые и синие окружности — прямые,
лежащие в гиперболоиде вращения.

Из задачи 4.4 получаем, что рассматриваемые множества прямых и окружностей образуют ткань.

Указания и решения задач раздела 4.
Указание к задаче 4.1.
Перечислим несколько возможных примеров множеств синих обобщённых окружностей:

• (B) произвольный пучок прямых (Задачи 1.1 и 1.2);

• (B) концентрические окружности;

• (B) дуги окружностей, полученные из некоторой одной дуги с помощью параллельного переноса
вдоль оси Ox или Oy (Задача 4.3);

Из теоремы Графа–Зауэра (Задача 4.12) следует, что не существует других примеров синих пря-
мых. Из классификации Шелехова всех тканей, образованных пучками окружностей, [3, Теорема 0.1]
следует, что не существует других примеров, для которых множество синих окружностей являет-
ся пучком. Описание всех возможных примеров синих окружностей, не обязательно состоящих из
пучков, является открытой проблемой.

6



Указание к задаче 4.2.
Перечислим несколько возможных примеров множеств синих обобщённых окружностей:

• (B) произвольный пучок прямых (Задачи 1.1 и 1.2);

• (B) пучок окружностей с предельной точкой в начале координат O и общей радикальной осью
параллельной оси Ox.

• (B) дуги окружностей, полученные из некоторой одной дуги с помощью гомотетий с центром
в начале координат (Задача 4.3).

Из теоремы Графа–Зауэра (Задача 4.12) следует, что не существует других примеров синих прямых.
Из классификации Шелехова всех тканей, образованных пучками окружностей, [3, Теорема 0.1] сле-
дует, что не существует других примеров, для которых множество синих окружностей является пуч-
ком. Описание всех возможных примеров синих окружностей, не обязательно состоящих из пучков,
является открытой проблемой.

Указание к задаче 4.3.
Рассмотрим инверсию с центром в одной из предельных точек. Полученные пучки обобщенных

окружностей образуют ткань по задаче 4.4.
Решение задачи 4.4.
Условие слоения выполняется в соответствии с третьим условием задачи. Покажем, что выпол-

няется условие замыкания.
Возьмём произвольную точку O внутри круга. Проведем через нее красную (w1), зеленую (w2) и

синюю (w3) дуги обобщённых окружностей. Пусть все точки Ai, которые будут получаться в резуль-
тате построения будут лежать в Ω. Пусть точка A1 ∈ w1 и t ∈ R таково, что Rt(O) = A1 (в соответ-
ствии с первым условием леммы такое t найдётся: пусть w1 = γX для некоторой точки X ∈ γ1, тогда
существуют такие y, z ∈ R, что Ry(X) = O и Rz(X) = A1, тогда Rz−y(O) = Rz−y(Ry(X)) = Rz(X) =
A1, то есть t = z − y). Проведём через точку A1 зеленую дугу w′2 обобщённой окружности. Получим
точку A2 пересечения w′2 и w3. Построим через точку A2 красную дугу w′1 обобщённой окружно-
сти. Получим точку A3 пересечения w′1 и w2. Построим через точку A3 синюю дугу w′3 обобщённой
окружности. Получим точку A4 пересечения w′3 и w1. И т.д.

Теперь покажем, что Rt(O) = A7, отсюда будет следовать, что A1 = A7.
Нам известно, что Rt(O) = A1 , поэтому Rt(w2) = w′2 (это верно в связи с тем, что Rt(w2) —

зеленая дуга, проходящая через A1, а зеленых дуг, кроме w′2, проходящих через точку A1, нет),
следовательно, Rt(A3) ∈ w′2 ∩ w′1 = A2 . Так как Rt(A3) = A2, то Rt(A4) = O (из аналогичных сооб-
ражений). Так как Rt(A4) = O, то Rt(A5) = A6. Так как Rt(A5) = A6, то Rt(O) = A7. Задача решена.

Указание к задачам 4.5–4.6.
Данные задачи рассматриваются в [4].

Указание к задаче 4.7.
Решение данной задачи дано в книге Прасолова и Соловьёва [2].
Указание. Пусть уравнения красных прямых — a1x+b1y−1 = 0, a2x+b2y−1 = 0, a3x+b3y−1 = 0,

а уравнения синих — c1x + d1y − 1 = 0, c2x + d2y − 1 = 0, c3x + d3y − 1 = 0. Докажите, что тогда
уравнение кривой можно записать в виде

p(a1x+ b1y − 1)(a2x+ b2y − 1)(a3x+ b3y − 1) + q(c1x+ d1y − 1)(c2x+ d2y − 1)(c3x+ d3y − 1) = 0

для некоторых действительных чисел p и q.

Указание к задаче 4.8.
Эта задача получается из предыдущей с помощью проективной двойственности.

Указание к задаче 4.9.
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Использовать задачу 4.8.

Указание к задачам 4.10–4.11.
Использовать задачу 4.9. Рисунок к задаче 4.10, принадлежащий А. Ганеийану Себдани и Е.

Ашуриуну, приводится на первой странице решений.
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0.9 Теорема Бляшке (Вовченко Владислав)
Пусть R1G1B1 равносторонний треугольник с высотой 1. Тогда для

каждой внутренней точки R1G1B1 сумарное расстояние ее до сторон R1G1,
G1B1 и R1B1 будет равно 1. Пусть функция f определена на множестве
внутренних точек RGB такая, что для точки Х внутри RGB (обозначем
углыRXG, GXB иRXB α, β, µ соответственно) f(X) точка внутриR1G1B1

такая, что расстояние f(X) до сторон R1G1, G1B1 и R1B1 будет α
2π , β

2π и
µ
2π соответственно. Тогда зеленые дуги перейдут в паралельные отрезки и
аналогично для красных и синих дуг. Тогда f(A1) = f(A7), значит А1 = А7.
Что и требовалось доказать.
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Webs from lines and circles

Alexey Zaslavskiy, Fedor Nilov, Alexander Polyanskiy, Mikhail Skopenkov

Closure with period 6

0.1.

CA

B

A1

A2

A3
A4

A5

A6

Through a point A1 belonging to the side AB of a triangle ABC one draws a line
orthogonal to the bissector of the angle A. The drawn line intersects the side AC
at a point A2. Through the point A2 one draws a line orthogonal to the bissector
of the angle C. The line intersects the side CB at a point A3. Analogously one
gets points A4, A5, A6, A7. Prove that A7 = A1.

0.2. A3

O

A1 = A7

A2

A6

A5

A4

l1

l2 l3

Three lines l1, l2, l3 have a common point. Let A1 be an arbitrary point of the
plane. The points A2, A3, A4, A5, A6, A7 are obtained from A1 by consecutive.
reflections with respect to the lines l1, l2, l3, and then l1, l2, l3 again. Prove that
A7 = A1.

0.3. A3

O

A1 = A7

A2

A6

A5

A4

l1

l2

l3

Three lines l1, l2, l3 have a common point. On the lines l1 and l2 one takes arbitrary
points A1 and A2, respectively. The point A3 is the intersection of the line l3 and
the line symmetric to A1A2 with respect to l2. The point A4 is the intersection
of the line l1 and the line symmetric to A2A3 with respect to l3. Analogously one
gets the points A5, A6, A7. Prove that A7 = A1.

0.4.

A3
O

A1 = A7

A2

A6

A5

A4 l1

l2

l3

The F. Petrov Theorem. Three rays l1, l2, l3 have a common starting point O.
Take arbitrary points A1 and A2 on the rays l1 and l2, respectively. Take a point
A3 on the ray l3 such that the angle between A2A3 and l3 equals the angle between
A1A2 and l1. Take a point A4 on the ray l1 such that the angle between A3A4 and
l1 equals the angle between A2A3 and l2. Analogously get the points A5, A6, A7.
Prove that A7 = A1.

0.5.

A1 CA

B

A2

A3

A4

A5

A6 A billiard table has the shape of a triangle ABC. A billiard ball starts its movement
from a point A1 of the side AC under the angle ABC to the side. Denote by A2,
A3, A4, A5, A6, A7 the points where the ball consecutively hits the borders of the
table. Prove that A7 = A1.

0.6.

A

B

C

A1

A2

A3A4

A5

A6

Through a point A1 on the side AB of a triangle ABC one draws a line parallel
to BC. The line intersects CA at a point A2. Through the point A2 one draws a
line parallel to AB. The drawn line intersects BC at a point A3. Analogously one
gets the points A4, A5, A6, A7. Prove that A7 = A1.

0Summer conference of the International mathematical Tournament of towns, August 2–10, 2012
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0.7.

G

R

B

A3

O A1 = A7

A2

A6
A5

A4

The Pappus Theorem.
a) Suppose that the lines containing the sides of a nonconvex hexagon pass
alternately through two fixed points. Then the lines containg the diagoinals either
have a common point or are parallel to each other.
b) A red (R), a green (G) and a blue (B) points are marked in the plane (see the
figure to the left). Each line passing through exactly one of the marked point is
paint the same color as the point. Take an arbitrary point O inside the triangle
RGB. Draw the red, the green, and the blue line through the point. On the red line
take an arbitrary point A1 inside the triangle RGB. Draw the green line through
the point. Suppose that the green line intersects the blue line through the point
O at a point A2. The green and the blue line through the point A2 have already
been drawn; draw the red line through A2. The intersection point of the obtained
red line with the green line through the point O is denoted by A3. Continuing this
construction we get the points A4, A5, A6, A7. Prove that A7 = A1.

0.8.

O
I

A1 = A7
A2

A3

A4

A5
A6

The Brianchon Theorem.
a) The diagonals of a circumscribed hexagon have a common point.
b) A circle with center I and a point O outside the circle are given. The lines
passing through the center I are paint red. The tangent lines to the circle are
paint either green or blue depending on the position of their common point with
the circle with respect to the line OI (see the figure to the left). On the line OI
take an arbitrary point A1. Draw the green line through the point. Suppose that
the green line intersects the blue line through the point O at a point A2. The
green and the blue line through the point A2 have already been drawn; now draw
the red one. The intersection point of the obtained red line with the green line
through the point O is denoted by A3. Continuing this construction we get the
points A4, A5, A6, A7. Prove that A7 = A1.

0.9.

B

G

R

A3

O
A1 = A7

A2

A6

A5

A4

The Blaschke Theorem. A red (R), green (G), and blue (B) point are marked in
the plane (see the figure to the left). Each circle passing through exactly two of the
points is paint the color of the remaining point. Take an arbitrary point O inside
the triangle RGB. Draw the red, the green, and the blue circle through the point.
On the red circle take an arbitrary point A1 inside the triangle RGB. Draw the
green circle through the point. Suppose that the green circle intersects the blue
circle through the point O at a point A2 distinct from R, G, and B. The green
and the blue circles through the point A2 have already been drawn; draw the red
circle through A2. The intersection point (distinct from R, G, B) of the obtained
red circle with the green circle through the point O is denoted by A3. Continuing
this construction we get the points A4, A5, A6, A7. Prove that A7 = A1.

Definition of a web

Definition. Suppose that some lines in the plane are paint red, green, and blue. The paint lines
form a (hexagonal) web if there is a disk Ω satisfying the following 2 conditions:

Foliation condition: For each point A of the disk Ω there exists exactly one line
of each colour passing through A; and the lines of different colours do not coincide.
Closure condition (see figure to the left): Take an arbitrary point O inside the
disk Ω. Draw the red, the green, and the blue line through the point. On the red
line take an arbitrary point A1 inside the disk Ω. Draw the green line through the
point. Suppose that the green line intersects the blue line through the point O at
a point A2. The green and the blue line through the point A2 have already been
drawn; draw the red one. The intersection point of the obtained red line with the
green line through the point O is denoted by A3. Continuing this construction we
get the points A4, A5, A6, A7. Closure condition asserts that if all the above points
belong to the disk Ω then A7 = A1.
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Example. Three sets of lines parallel to the sides of a fixed triangle form a web. One can
always obtain a triangulation of certain part of the plane from the lines of a web.
In the figures of webs we always show such triangulations; e.g., see small bottom
figures in Problems 0.7–0.9.

Remark. An arbitrary web (from arbitrary curves on arbitrary surface) can be obtained
from the previous example by an appropriate continuous bijective map of a part
of the plane onto the disk Ω.

Replacing the word “line” by the word “line or circle” in the definition of a web, and requiring that lines
and circles pairwise do not touch each other, we get the definition of a web from lines or circles.

The Blaschke Problem (1920s). Find all webs of circles in the plane.

Replacing the word “disk” by the word “intersection of a surface with a ball” in the definition of a web
we get the definition of a web in the surface.

Remark. Webs from circles are completely described for all the surfaces except the plane and the sphere
[3]; some example are shown in the figure below.

Remark. The interest to webs grows because of possible application in architecture. An
important problem in modern architecutre is rationalization of freeform surfaces,
i.e., their decomposition into relatively simple panels. One of the approaches
to rationalization are circular arc structures, i.e., triangulations by circular arcs
obtained from certain web. In the figure to the left one can see such a structure
on Eidhoven Blob by architect M. Fuksas.

1 Webs from lines in the plane

Which of the following triples of sets of lines form a web? Hint: Geogebra software could be useful for
experiments and drawing figures.

1.1. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) passing through the origin O.

1.2. Three sets of lines passing through three fixed pairwise distinct points in the plane.

By the unit semicircle we mean the set of points with coordinates satisfying the conditions x2 + y2 = 1
and x > 0. By the complementary semicircle we mean the set given by the conditions x2 + y2 = 1 and
x < 0.

1.3. (R) Lines tangent to the unit semicircle; (G) tangent to its complementary semicircle; (B) passing
through the origin O.

3



1.4. (R) Lines tangent to a unit semicircle; (G) tangent to its complementary semicircle; (B) passing
through a fixed point.

1.5. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) tangent to the unit semicircle.

1.6. (R) Lines tangent to the unit semicircle; (G) passing through the origin O; (B) parallel to the Ox
axis.

2 Webs from circles in the plane

2.1. Give an example of a web from circles in the plane (with a proof).

Which of the following triples of sets of lines and circles form a web?

2.2. (R) Lines tangent to the unit semicircle; (G) tangent to its complementary semicircle; (B) circles
with centers at the origin.

2.3. (R) Lines tangent to the unit semicircle; (G) passing through the origin; (B) circles with centers at
the origin.

2.4. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis; (B) circles touching both segments
x = 0, 0 ≤ y ≤ 1 and x = 1, 0 ≤ y ≤ 1 simultaneously.

2.5. (R) Lines passing through the origin; (G) circles touching both segments x = 0, 0 ≤ y ≤ 1 and
y = 0, 0 ≤ x ≤ 1 simultaneously; (B) circles touching both segments x = 0, 2 ≤ y ≤ 4 and y = 0, 2 ≤ x ≤ 4
simultaneously.

2.6. (R) Lines passing through the origin; (G) circles with centers at the origin; (B) circles touching both
segments x = 0, 0 ≤ y ≤ 1 and y = 0, 0 ≤ x ≤ 1 simultaneously.

3 3D

A torus is the result of rotation of a circle around a line lying in the plane of the circle but not intersecting
the circle itself; see the left part of the figure below. Circles obtained as the trajectories of individual
points are called parallels. The initial circle and all the circles obtained from it by the rotation are called
meridians. Through each point of the torus one can draw two more circles lying on the torus; they are
called the Villarceau circles (this can be used without proof in your solutions).

3.1. The parallels of a torus with the Villarceau circles form a web.

3.2. The meridians of a torus with the Villarceau circles form a web.

A hyperboloid of revolution is the result of rotation of a line around a skew line; see the right part of
the figure above. Through each point of the hyperboloid one can draw two lines lying on the hyperboloid
(this can be used without proof).

3.3. The lines lying on a hyperboloid of revolution with its parallels form a web.
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4 Webs from circles: general constructions

Supplement the given sets of red and green lines with a set of blue a) lines; b) circles to obtain a web
(provide as many examples of such blue sets as possible; try to find all the examples and prove that there
are no other ones):

4.1. (R) Lines parallel to the Ox axis; (G) parallel to the Oy axis.

4.2. (R) Lines parallel to the Ox axis; (G) passing through the origin O.

A pencil of lines is a set of all the lines passing through a fixed point (vertex ) or parallel to a fixed line.
A pencil of circles is a set of all the circles having a common radical line; see the figure below. If the pencil
contains “circles” of zero radius then they called limit points of the pencil (bold points in the figure).

4.3. A pencil of circles with two limit points and two pencils of lines with vertices at these two points
form a web.

Remark. All webs formed by three pencils of circles were found by A. Shelekhov [4, Theorem 0.1].

In what follows by general circles we mean circles and lines. By general arcs we mean circular arcs,
circles, segments, rays, and lines. A web from general arcs is defined analogously to a web from circles or
lines. The following problem can be useful for solution of problems from sections 1–3.

4.4. Generation of webs using transformation groups. Suppose that the following conditions hold:

• For each t ∈ R there is a map Rt of the plane taking general circles to general circles. For arbitrary
t, s ∈ R and an arbitrary point A we have Rt(Rs(A)) = Rt+s(A). Also for each point A the set
γA = {Rt(A) : t ∈ R} is a general arc.

• Let γ1, γ2 be two distinct general arcs passing through some point. For each point A ∈ γ1 paint the
general circle γA red. Paint the arcs Rt(γ1), where t ∈ R, and the arcs Rt(γ2), where t ∈ R, green and
blue, respectively. Suppose that any two colored arcs have at most one common point.

• There exists a disc Ω, such that exactly one arc of each color passes through each point of the disc.

Then the red, green and blue general arcs form a web.

The following series of problems contains more complicated ones (except the very first one).
If a line in the plane has equation px+ qy = 1 then the pair (p, q) is called the coordinate of the line.

4.5. All the lines whose coordinates satisfy a fixed linear equation form a pencil.

4.6. * All the lines whose coordinates satisfy a fixed equation of degree 2 either are tangent to one conic
or form two pencils or form one pencil or form an empty set.

4.7. * The generalized Pascal theorem. Three red lines intersect three green lines at 9 distinct points. If a
curve given by an equation of degree 3 is passing through 8 of these points then it is passing through the
remaining point.

4.8. * The Chasles theorem. Let 9 lines form hexagonal configuration as in figure below. If the coordinates
of 8 of these lines satisfy an equation of degree 3 then the coordinate of the remaining line satisfies the
same equation.
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A set of uncolored general circles is a web, if there is a disk Ω satisfying the following conditions:

• Generalized foliation condition. Through each point of the disk Ω there passes a finite nonzero number
of general circles of the set.

• One can paint some of the general circles of the set red, green, and blue so that the paint ones form
a web in the disk Ω.

4.9. * If a set of lines in the plane satisfies the generalized foliation condition in a disk and their coordinates
satisfy a fixed equation of degree 3 then these lines form a web.

4.10. * Normal lines to a parabola form a web.

4.11. * Simson lines in a triangle form a web.

We conclude this list of problems by a few very hard ones.

4.12. ** The Graf–Sauer Theorem ([2, 1]). Suppose that a set of lines satisfies the generalized foliation
condition. Then these lines form a web if and only if in some cartesian coordinate system their coordinates
satisfy a fixed equation of degree 3.

Remark. This result allows to find all webs from circles orthogonal to a fixed circle [5].

A cyclic is a curve given by equation of the form

λ(x2 + y2)2 + (x2 + y2)(µx+ νy) +Q(x, y) = 0,

where λ, µ, ν ∈ R and Q(x, y) is a polynomial of degree at most 2.
The following problem is addressed to the readers who know the definitions of complex points and

continuous families of circles.

4.13. ** The Wunderlich Theorem ([6]; see figure below). Three continuous families of circles are doubly
tangent (possibly in complex points) to a cyclic. If these families satisfy the generalized foliation condition
then they form a web.

4.14. *** Give an example of a web of circles different from the above.
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Webs from lines and circles

Alexey Zaslavskiy, Fedor Nilov, Alexander Polyanskiy, Mikhail Skopenkov

Solutions of the problems

Next lemma allows to solve problems 0.1, 0.5, 0.6.
Lemma 0. Let A′B′C ′ be a cevian triangle of some point wrt triangle ABC (i.e the lines AA′, BB′, CC ′

concur). The line passing through an arbitrary point M1 of side AC and parallel to A′B′ intersect BC in
point M2; the line padding through M2 and parallel to A′C ′ intersect AB in point M3 etc. Then M1 = M7.

Proof.

If M1 coincide with B1, then M4 and M7 also coincide with B′. Else by Ceva theorem AB′

B′C
CA′

A′B
BC′

C′A
= 1.

And by Thales theorem B′C
CA′ = B′M1

M2A′ ,
A′B
BC′ = M2A′

C′M3
, C′A
AB′ = C′M3

M4B′ . Placing three last equalities into the

first one we obtain that: B′M1

M4B′ = 1. Thus M1 and M4 are symmetric wrt B′. Similarly M4 and M7 are

symmetric wrt B′. Therefore M1 = M7.

Solutions of problems of part 0.

Solution of problem 0.1
First solution. Let a, b, c be the side lengths of BC, CA, and AB, respectively. Let x be the signed

length of AA1 (i.e., the length of AA1 taken with positive sign, if the vectors
−−→
AA1 and

−→
AB have the same

orientation, and with negative sign, if they have opposite orientation). Since A1A2 is orthogonal to the the
bissector of the angle BAC it follows that AA2 = AA1 = x (with signs). Analogously we find consecutively
CA3 = CA2 = b−x, BA4 = a− b+x, AA5 = c− a+ b−x, CA6 = a− c+x, AA7 = x (with signs). Since
AA7 = x = AA1 (with signs) it follows that A7 = A1.

Second solution. Use lemma 0 to Gergonne triangle.

Solution of problem 0.2
In problems 0.2, 0.3 and 0.4 we consider the angles between the directions (vectors).
Let O be the common point of l1, l2, l3. Let (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3, (OA1, l1) = ϕ. Since the

lengths of segments OAi are equal (the symmetry conserve the length), it is sufficiently to prove that
(OA7, l1) = (OA1, l1) = ϕ.

0Summer conference of the International mathematical Tournament of towns, August 2–10, 2012
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Since (OA2, l1) = −(OA1, l1) = −ϕ, then (OA2, l2) = −ϕ + ϕ1,2. Thus (OA3, l2) = ϕ − ϕ1,2. From
this we obtain that (OA3, l3) = ϕ − ϕ1,2 + ϕ2,3. Therefore (OA4, l3) = −ϕ + ϕ1,2 − ϕ2,3. This yields
that (OA4, l1) = −ϕ + ϕ1,2 − ϕ2,3 − ϕ1,2 − ϕ2,3 = −ϕ − 2ϕ2,3. Similarly we obtain that (OA7, l1) =
−(OA4, l1)− 2ϕ2,3 = ϕ.

Solution of problem 0.3
Let (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3 and (l(1,2), l1) = ϕ, where l(i,i+1) ix the vector from O to the projection

of O to the line AiAi+1. Since the distances from O to all lines AiAi+1 are equal (the symmetry conserve
the length), it is sufficiently to prove that (l(7,8), l1) = (l(1,2), l1) = ϕ.

Since (l(2,3), l1) = −ϕ then (l(2,3), l2) = (l(2,3), l1) + (l1, l2) = −ϕ + ϕ1,2. Similarly (l(3,4), l2) = ϕ − ϕ1,2.
Thus (l(3,4), l3) = (l(3,4), l2) + (l2, l3) = ϕ − ϕ1,2 + ϕ2,3. Also (l(4,5), l3) = −ϕ + ϕ1,2 − ϕ2,3. Therefore
(l(4,5), l1) = (l(4,5), l3) + (l1, l3) = −ϕ+ ϕ1,2 − ϕ2,3 + (−ϕ1,2 − ϕ2,3) = −ϕ− 2ϕ2,3. Similarly we obtain that
(l(7,8), l1) = −(l(4,5), l1)− 2ϕ2,3 = ϕ.

Solution of problem 0.4.
Let (l1, l2) = ϕ1,2,(l2, l3) = ϕ2,3, (A1A2, l1) = ϕ. Since the circumradii of triangles OAiAi+1 are equal

(by the sinus theorem), it is sufficiently to prove that (A7A6, l3) = −(A1A2, l2) = −ϕ−ϕ1,2 (by the inverse
sinus theorem).

Since (A3A2, l3) = −(A1A2, l1) = −ϕ then (A3A2, l2) = −ϕ − ϕ2,3. Since (A3A4, l1) = −(A3A2, l2) =
ϕ + ϕ2,3 then (A3A4, l3) = ϕ + ϕ1,2 + ϕ2,3 + ϕ2,3. Since (A5A4, l2) = −(A3A4, l3) = −ϕ − ϕ1,2 − 2ϕ2,3

then (A5A4, l1) = −ϕ − ϕ1,2 − 2ϕ2,3 − ϕ1,2. Since (A5A6, l3) = −(A5A4, l1) = ϕ + 2ϕ1,2 + 2ϕ2,3 then
(A5A6, l2) = ϕ+ 2ϕ1,2 + 2ϕ2,3−ϕ2,3. Since (A7A6, l1) = −(A5A6, l2) = −ϕ− 2ϕ1,2−ϕ2,3 then (A7A6, l3) =
−ϕ− 2ϕ1,2 − ϕ2,3 + ϕ1,2 + ϕ2,3 = −ϕ− ϕ1,2.

Solution of problem 0.5.
Use lemma 0 to the orthotriangle.
Note. The problem can be reformulated in the next way.
Let point A1 lies on AB. The circumcircle of triangle A1AC secondary meets BC in point A2. The

circumcircle of triangle A2BA secondary meets CA in point A3 etc. Prove that A1 = A7.

Solution of problem 0.6
Use lemma 0 to the medial triangle.

Solution of problem 0.7
a) The Pappus theorem in an equivalent statement is proved in the book [1, Chapter 1].
b) Consider the hexagon A1A2A3A6A5A4: the lines A1A2, A3A6, A5A4 concur in point R, and the lines

A4A1, A2A3, A6A5 concur in point G. Therefore ”the diagonals” A2A5, A3A4 (these two lines pass through
B) and A6A1 concur (in point B). Thus A7 = A1.

Solution of problem 0.8
a) The Brianchon theorem is proved in the book [1, Chapter 1].
b) It is clear that the lines A4A5, A5A6, A6A7 are the reflections of A4A3, A3A2, A2A1 in OI. Therefore

A1 = A7.

Solution of problem 0.9
First solution (D. Yakutov). Let us compute the angle ∠GA4R:

∠GA4R = π − ∠GA4B − ∠BA4R

= π − ∠GOB − ∠BA5R

= π − ∠GOB − (π − ∠GA5R− ∠GA5B)

= ∠GA5R + ∠GA5B − ∠GOB

= ∠GOR− ∠GOB + ∠GA6B

= ∠GOR− ∠GOB + (π − ∠GA6R− ∠BA6R)

= ∠GOR− ∠GOB + (π − ∠GA7R− ∠BOR)

= (π − ∠BOR− ∠GOB + ∠GOR)− ∠GA7R.

Thus ∠GA4R + ∠GA7R = π − ∠BOR− ∠GOB + ∠GOR.
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Similarly ∠GA1R+∠GA4R = π−∠BOR−∠GOB+∠GOR. Thus ∠GA1R = ∠GA7R. Also ∠GA1B =
∠GOB = ∠GA7B. Hence the points G,B,A1, A7 belong to one circle and the points G,R,A1, A7 also
belong to one circle. But these two points have at most two common point, one of which is G. Since
A1 6= G and A7 6= G it follows that A1 = A7.

Second solution. Consider an arbitrary inversion with center O. It transforms the red, green and blue
circles to three lines. Let the image of the red point be C, the image of the blue point be A, and the image
of the green point be B. Now look after points Ai. Through point A1 (∈ AB) we take a green (passing
through A and C) circle, which secondary meets in A2 the blue ”circle” — line BC. Through A2 we take
a red circle secondary meeting in A3 the green ”circle” — line AC. Through A3 we take a blue circle
secondary meeting in A4 the red ”circle” — line AB etc.

Thus we obtained the reformulating of problem 0.5 given in the note to this problem. Therefore
A1 = A7.

Solutions of problems of part 1.

Most of the solutions of problems from sections 1–3 are based on Problem 4.4.

Solution of problem 1.1.
Use problem 4.4.

• For each t ∈ R take a homothety H2t

O with center O and coefficient 2t. It is clear that for any point
A H2t+s

O (A) = H2t

O (H2s

O (A)). The sets γA are a rays with origin O.

• Draw through point A(1, 1) the lines y = 1 (this is γ1) and x = 1 (this is γ2). Draw through an
arbitrary point B ∈ γ1 a ray γB. Paint all such rays red. Now paint green and blue respectively the
lines H2t

O (γ1) ans H2t

O (γ2), i.e the lines parallel to Ox and Oy. It is evident that the rays or the lines
of each color don’t intersect.

• Consider a disc with radius 1 and center (1;1). It is clear that exactly one ray or line of each color
passes through each point of this disc.

Therefore by problem 4.4 the constructed rays and lines form a web. It is clear that the lines given in the
problem also form a web.

Solution of problem 1.2.
First solution. Follows from the assertion of problem 0.7b.
Second solution. This follows from problem 1.1 by a projective transformation taking the line through

2 points from the 3 given ones to the infinitely distant line.
Solution of problem 1.3.
Follows from the assertion of problem 0.8b).
Solution of problem 1.4.
Follows from the assertion of problem 0.8a).
Solution of problem 1.5.
These lines don’t form a web.
Solution of problem 1.6.
These lines don’t form a web.

Solutions of problems of part 2.

Solution of problem 2.1.
Apply for example an arbitrary inversion to the web formed by the lines parallel to the sidelines of

some triangle.
Solution of problem 2.2.
First solution (E. Streltsova). Let us prove that these lines and circles form a wweb; see figure below.

Take a disc in the first coordinate quarter above the line y = 1 so that it has no common points with the
unit disk. Let the radius of the disk be < 1. Through each point of the disk there is exactly one red and
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one green line because there is exactly one tangent line of each color from each point. Through each point
T there is exactly one line with the center at the origin (Z) because the radius (ZT ) and the center (Z)
uniquely determine a circle. The circles with the center Z cannot coincide with the tangents to the unit
circle. And the green and the red line cannot coincide because the disk is above the line y = 1. Concentric
circles cannot touch each other. And the green and the red lines cannot touch the circles with the center Z
because the latter have radius > 1 and our disk have no common points with the unit disk. The tangents
intersect the blue circles because they contain points inside the circles. Thus the foliation condition holds.

0

O

a

b

A1

b′

A2

A3
A4

A5

a′

A6

The green (a) and the red (b) lines through the point O are symmetric with respect to the line ZO.
Thus A3 = SZO(A4). Thus the red line through A3 is symmetric to the green line through A4 with respect
to the line ZO. Hence A2 = SZO(A5). Hence the green line through A2 (b′) is symmetric to the red line
through A5 (a′).

Further, a = SZO(a′), b = SZO(b′). Thus A6 = a ∩ a′ = SZO(b ∩ b′) = SZO(A1). Thus A6 = SZO(A1).
Hence ZA6 = SZO(ZA1). Therefore ZA6 = ZA1, hence the blue circle through the point A6 passes through
A1. The closure condition has been checked.

Second solution. Use problem 4.4.

• For each t ∈ R take a rotation Rπt
O around the origin O to the angle πt. It is clear that for any point

A R
π(t+s)
O (A) = Rπt

O (Rπs
O (A)), if t, s ∈ R. The sets γA are an arcs of the circles with center O.

• Draw through the point A(0, 2) the rays y =
√

3x+2, x > −
√

3/2 (this is γ1) and y = −
√

3x+2, x <√
3/2 (this is γ2). These rays touche the unit semicircle. Draw through each point B ∈ γ1 an arc γB

of the circle with the center in the origin. Paint all such arcs the red. Now paint the rays Rπt
O (γ1)

and Rπt
O (γ2) green and blue respectively, these rays touche the unit semicercles.

• Consider a disc with radius 1/2 and center (0; 2). It is clear that exactly one arc or ray of each color
passes through each point of this disc.

Therefore by problem 4.4 the constructed arcs and rays form a web. It is clear that the lines and the
circles given in the problem also form a web.

Solution of problem 2.3.
Use problem 4.4.

• For each t ∈ R take a rotation Rπt
O around the origin O to angle πt. It is clear that for any point A

R
π(t+s)
O (A) = Rπt

O (Rπs
O (A)), if t, s ∈ R. The sets γA are an arcs of the circles with center O.

• Draw through the point A(0, 2) the rays y =
√

3x+ 2, x > −
√

3/2 (this is γ1) and x = 0, y > 0 (this
is γ2). One of these rays touches the unit semicircle and the other passes through the origin. Draw
through each point B ∈ γ1 an arc γB of the circle with center O. Paint all such arcs the red. Now
paint the rays Rπt

O (γ1) and Rπt
O (γ2) green and blue respectively.

• Consider a disc with radius 1/2 and center A(0; 2). It is clear that exactly one line of each color
passes through each point of this disc.
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Therefore by problem 4.4 the constructed rays and arcs form a web. It is clear that the lines and the
circles given in the problem also form a web.

Solution of problem 2.4.
Use problem 4.4.

• For each t ∈ R take a translation T(0,t) to the vector (0, t). It is clear that for any point A T(0,t+s)(A) =
T(0,t)(T(0,s)(A)), if t, s ∈ R. The sets γA are lines parallel to Oy.

• Draw through the point A(1/2 + 1/
√

8, 1/2 + 1/
√

8) the arc (x − 1/2)2 + (y − 1/2)2 = 1/4, x >
1/2, y > 1/2 (this is γ1) and the line y = 1/2 + 1/

√
2 (this is γ2). Through each point B ∈ γ1 draw a

line γB parallel to Oy. Paint all such lines red. Now paint the arcs T(0,t)(γ1) and the lines T(0,t)(γ2)
green and blue respectively.

• Consider a disc with radius 1/2 − 1/
√

8 and center A(1/2 + 1/
√

8; 1/2 + 1/
√

8). It is clear that
exactly one arc of each color passes through each point of this disc.

Therefore by problem 4.4 the constructed arcs form a web. Then the generalized circles considered in the
problem also form a web.

It is clear that the lines and the circles given in the problem also form a web.
Solution of problem 2.5.
Use problem 4.4. Consider as the maps the homotheties with center O. Then the red lines pass through

the origin. The green circles touch both segments of the firs pair. The blue circles touch both segment
of the second pair. By Problem 4.4 it follows that certain arcs of these circles form a web. Then the
generalized circles considered in the problem also form a web.

By problem 4.4 these lines and circles form a web.
Solution of problem 2.6.
Use problem 4.4. Consider as the maps the homotheties with center O. Then the red lines pass through

the origin. The green circles are the circles with center O. The blue circles touche two given segments.
By problem 4.4 these lines and circles form a web.

Solutions of problems of part 3.

The assertions the analogous of the problem 4.4 are true for the torus and the hyperboloid of revolution.
Solution of problem 3.1.
Use problem 4.4. Consider as the maps the rotations around the axis of the torus. Then the parallels

are the red circles. The Villarceau circles are the green and blue circles.
By problem 4.4 these circles form a web.
Solution of problem 3.2. Take an arbitrary point O of the torus. Draw through it the meridean γ1

and the Villarceau circles γ2, γ3. Paint the meridians red, paint the Villarceau circles obtained from the
circle γ2 by rotation green, paint the Villarceau circles obtained by rotation the circles γ2 blue. Take a
sphere with center O and radius R = r

100
(r is the distance between γ1 and the axis of the torus). It is

clear that any two the Villarceu circles have at most one common point inside the sphere. By Ω denote
the intersection of the sphere and the torus.

Consider an arbitrary point O′ inside Ω. Draw through it the red w1, green w2, and blue w3 circles.
Let all constructed points Ai lie inside Ω. Let A1 ∈ w1. Draw through A1 the green circle w′2. Let A2 be
the common point of w′2 and w3. Draw through A2 the red circle w′1. Let A3 be the common point of w′1
and w2. Draw through A3 the blue circle w′3. Let A4 be the common point of w′3 and w1. Draw through
A4 the green circle w′′2 . Let A5 be the common point of w′′2 and w3. Draw through A5 the red circle w′1.
Let A6 be the common point of w′′1 and w2. Draw through A6 the blue circle w′3. Let A7 be the common
point of w′′3 and w1. Let α be a plane such that w1 lie in. It is clear that the circles w′3,w

′
1, w

′
2 are the

reflections of w′′2 , w′′1 , w′′3 in α. Therefore A1 = A7.
Solution of problem 3.3.
Use problem 4.4. Consider as the maps the rotations around the axis of the torus. Then the parallels

are the red circles. The line lying on the hyperboloid are the green and blue lines. By problem 4.4 these
circles form a web.
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Hints and solutions of problems of part 4.

Hint to problem 4.1.
Let us list a few possible examples of the sets of blue general circles:

• (B) an arbitrary pencil of lines (Problems 1.1 and 1.2);

• (B) circles with a common center;

• (B) circular arcs obtained from a given one by parallel translations along either the Ox or the Oy
axis (Problem 4.3);

By the Graf–Sauer theorem (Problem 4.12) there are no other examples of sets of blue lines. By the
Shelekhov classification of all webs from pencils of general circles [3, Theorem 0.1] it follows that there
are no other examples in which the set of blue circles is a pencil. Description of all possible examples, not
necessarily pencils, is an open problem.

Hint to problem 4.2.
Let us list a few possible examples of the sets of blue general circles:

• (B) an arbitrary pencil of lines (Problems 1.1 and 1.2);

• (B) pencil of circles with a limit point at the origin O and the common radical axis parallel to the
Ox axis;

• (B) circular arcs obtained from a given one by homotheties with center at the origin (Problem 4.3).

By the Graf–Sauer theorem (Problem 4.12) there are no other examples of sets of blue lines. By the
Shelekhov classification of all webs from pencils of general circles [3, Theorem 0.1] it follows that there
are no other examples in which the set of blue circles is a pencil. Description of all possible examples, not
necessarily pencils, is an open problem.

Hint to problem 4.3.
Perform an inversion with the center at one of the limit points. The obtained pencils of general circles

form a web by Problem 4.4.

Solution of problem 4.4.
The foliation condition is true by the third condition of the problem. Let us show that the closure

condition also is true.
Take an arbitrary point O inside the disc. Draw trough it the red (w1), green (w2) and blue (w3)

arcs of general circles. Let all constructed points Ai lie inside Ω. Let A1 ∈ w1 and t ∈ R is such that
Rt(O) = A1 (such t exists by the first condition of the lemma: if w1 = γX , where X ∈ γ1, then there
exist such y, z ∈ R, that Ry(X) = O and Rz(X) = A1, thus Rz−y(O) = Rz−y(Ry(X)) = Rz(X) = A1.
Therefore t = z − y. ). Draw through A1 the green arc w′2. Let A2 be the common point of w′2 and w3.
Draw through A2 the red arc w′1. Let A3 be the common point of w′1 and w2. Draw through A3 the blue
arc w′3. Let A4 be the common point of w′3 and w1 etc.

Now let us show that Rt(O) = A7, this yields that A1 = A7.
We know that Rt(O) = A1 , thus Rt(w2) = w′2 (it is true because Rt(w2) is the red arc passing through

A1, and the unique such arc is w′2), therefore Rt(A3) ∈ w′2∩w′1 = A2. Since Rt(A3) = A2, then Rt(A4) = O
(similarly). Since Rt(A4) = O, then Rt(A5) = A6. Since Rt(A5) = A6, then Rt(O) = A7. The assertion is
proved.

Hints to problems 4.5–4.6.
These problems are discussed in [4].

Hints to problem 4.7.
The solution of this problem is given in the book by Prasolov and Solov’ev [2].
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Hint. Let the equations of red lines be a1x + b1y − 1 = 0, a2x + b2y − 1 = 0, a3x + b3y − 1 = 0, and
let the equation of blue ones be c1x + d1y − 1 = 0, c2x + d2y − 1 = 0, c3x + d3y − 1 = 0. Prove that the
equation of the curve has the form

p(a1x+ b1y − 1)(a2x+ b2y − 1)(a3x+ b3y − 1) + q(c1x+ d1y − 1)(c2x+ d2y − 1)(c3x+ d3y − 1) = 0

for some real numbers p and q.

Hints to problem 4.8.
This problem is obtained from the previous one by the projective duality.
Hints to problem 4.9.
Use Problem 4.8.
Hints to problem 4.10–4.11.
Use Problem 4.9. A figure to Problem 4.10 by A. Ghaneiyan Sebdani and E. Ashourioun is shown at

the first page of this document.
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×åñòíûé ðàçäåë òîðòîâ

È.È. Áîãäàíîâ, Ê.À. Êíîï, Ã.Ð. ×åëíîêîâ, È.Í. Øíóðíèêîâ

1 Îáùàÿ ïîñòàíîâêà

Äëÿ íà÷àëà ïðèâåä¼ì íåñêîëüêî çàäà÷, êîòîðûå ðàññìàòðèâàþòñÿ â ýòîì ïðîåêòå. Â êàæäîé

çàäà÷å ïåðâûé ïóíêò � íåñëîæíûé. Îäíàêî ñëîæíîñòü ñëåäóþùèõ áûñòðî ðàñò¼ò, è, íàïðèìåð,

çàäà÷à 1.3ä) � î÷åíü ñëîæíà!

Âíèìàíèå! Åñëè ó âàñ íå ïîëó÷àåòñÿ íåêîòîðûé ïóíêò � ïåðåéäèòå ê ñëåäóþùèì çàäà÷àì!

Ðåøåíèÿ íåêîòîðûõ èç íèõ ìîãóò ñèëüíî ïîìî÷ü (íàïðèìåð, î÷åíü ïîëåçíî äîêàçàòü Òåîðåìó

î òðåòè, ñì. çàäà÷ó 3.3á).

1.1. à) Òðè ïèðîæíûõ, êàæäîå èç êîòîðûõ âåñèò ïî 200 ã, ðàçðåçàëè íà êóñêè. Èçâåñòíî, ÷òî èõ

ìîæíî ðàçäàòü ÷åòûð¼ì äåòÿì òàê, ÷òîáû âñå ïîëó÷èëè ïîðîâíó. Äîêàæèòå, ÷òî êàêîé-òî èç

êóñêîâ âåñèò íå áîëüøå 50 ã. Ìîæíî ëè ÷èñëî 50 çàìåíèòü íà ìåíüøåå?

á) ×åòûðå ïèðîæíûõ, êàæäîå èç êîòîðûõ âåñèò ïî 210 ã, ðàçðåçàëè íà êóñêè. Èçâåñòíî, ÷òî

èõ ìîæíî ðàçäàòü 7 äåòÿì òàê, ÷òîáû âñå ïîëó÷èëè ïîðîâíó. Äîêàæèòå, ÷òî êàêîé-òî èç êóñêîâ

âåñèò íå áîëüøå 50 ã. Ìîæíî ëè ÷èñëî 50 çàìåíèòü íà ìåíüøåå?

â) ×åòûðå òîðòà, êàæäûé èç êîòîðûõ âåñèò ïî 3 êã, ðàçðåçàëè íà êóñêè. Èçâåñòíî, ÷òî èõ

ìîæíî ðàçäàòü 25 äåòÿì òàê, ÷òîáû âñå ïîëó÷èëè ïîðîâíó. Äîêàæèòå, ÷òî êàêîé-òî èç êóñêîâ

âåñèò íå áîëüøå 230 ã. Ìîæíî ëè ÷èñëî 230 çàìåíèòü íà ìåíüøåå?

1.2. à) Ïÿòü òîðòîâ ìàññû 1 êã íóæíî ðàçðåçàòü íà íåñêîëüêî ÷àñòåé òàê, ÷òîáû ìîæíî áûëî

ðàçäàòü èõ ïîðîâíó ñåìè ëþäÿì. Íàéäèòå ìàêñèìàëüíûé âîçìîæíûé âåñ ìèíèìàëüíîãî êóñêà

â òàêîì ðàçðåçàíèè.

á) Òà æå çàäà÷à äëÿ 7 òîðòîâ è 9 ÷åëîâåê.

1.3. à) Âîñåìü òîðòîâ ìàññû 1 êã íóæíî ðàçðåçàòü íà íåñêîëüêî ÷àñòåé òàê, ÷òîáû ìîæíî áûëî

ðàçäàòü èõ ïîðîâíó äåâÿòè ëþäÿì. Íàéäèòå ìàêñèìàëüíûé âîçìîæíûé âåñ ìèíèìàëüíîãî êóñêà

â òàêîì ðàçðåçàíèè.

á) Òà æå çàäà÷à äëÿ 11 òîðòîâ è 14 ÷åëîâåê.

â) Òà æå çàäà÷à äëÿ 14 òîðòîâ è 17 ÷åëîâåê.

ã) Òà æå çàäà÷à äëÿ 13 òîðòîâ è 16 ÷åëîâåê.

ä) Òà æå çàäà÷à äëÿ 31 òîðòà è 52 ÷åëîâåê.

Âñå ýòè çàäà÷è ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñëåäóþùåé îáùåé ïîñòàíîâêè. (Âåçäå äàëåå âñå

ïàðàìåòðû � íàòóðàëüíûå ÷èñëà.)

Ìåãàçàäà÷à. Åñòü m îäèíàêîâûõ òîðòîâ åäèíè÷íîãî âåñà è n ëþäåé. Òðåáóåòñÿ ðàçðåçàòü

òîðòû íà íåñêîëüêî ÷àñòåé è ðàçäàòü èõ ëþäÿì òàê, ÷òîáû êàæäûé ïîëó÷èë êóñêè îäíîãî è òîãî

æå ñóììàðíîãî âåñà. Ïðè ýòîì íàäî, ÷òîáû ìèíèìàëüíûé âåñ êóñêà áûë êàê ìîæíî áîëüøå.

Òðåáóåòñÿ íàéòè ýòîò íàèáîëüøèé âîçìîæíûé âåñ ìèíèìàëüíîãî êóñêà.

Îïðåäåëåíèå. Îáîçíà÷èì îòâåò â Ìåãàçàäà÷å ÷åðåç f(m,n).

Íåñìîòðÿ íà ïðîñòîòó ïîñòàíîâêè, ðåøèòü Ìåãàçàäà÷ó â îáùåì âèäå âåñüìà ñëîæíî. Îêà-

çûâàåòñÿ, ÷òî ïîñòåïåííûìè èòåðàöèÿìè âîçìîæíî íàéòè îòâåò äëÿ ¾áîëüøèíñòâà¿ çíà÷åíèé

m è n, íî âñ¼ âðåìÿ íåêîòîðûå îáëàñòè çíà÷åíèé îêàçûâàþòñÿ íåðàçîáðàííûìè.

Âèäèìî, îòâåòà íà Ìåãàçàäà÷ó â çàìêíóòîé ôîðìå íå ñóùåñòâóåò. Îñíîâíàÿ öåëü äàííîãî

ïðîåêòà � êàê ìîæíî áëèæå ïîäîéòè ê ïîñòðîåíèþ àëãîðèòìà, ðåøàþùåãî Ìåãàçàäà÷ó ïðè

êàæäûõ m è n. Ýòîò àëãîðèòì íå ñôîðìóëèðîâàí â âèäå çàäà÷è, îäíàêî ÿâëÿåòñÿ ãëàâíûì

ìàÿêîì ïðîåêòà.
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Âíèìàíèå! Åñëè ó âàñ ïîÿâèëñÿ îáùèé àëãîðèòì ðåøåíèÿ (èëè ÷¼òêèå ïðåäïîëîæåíèÿ î

òîì, êàê îí âûãëÿäèò) � ìû âñåãäà ãîòîâû ýòî îáñóäèòü. Òàêæå ýòî ìîæíî ñäåëàòü, åñëè ó âàñ

ãîòîâ òàêîé àëãîðèòì äëÿ äîñòàòî÷íî áîëüøîãî èíòåðâàëà çíà÷åíèé äðîáè m/n.

Â äàëüíåéøåì ìû âñåãäà ñ÷èòàåì, ÷òî ïåðåìåííûå îáîçíà÷àþò íàòóðàëüíûå ÷èñëà.

Ñðàçó ñôîðìóëèðóåì òðè îáùèõ âîïðîñà, îäèí âåñüìà ë¼ãîê, íà äðóãîé àâòîðû, êàê íè

ñòðàííî, íå çíàþò îòâåòà; òðåòèé ôîðìàëüíî íå ñâÿçàí ñ ïðîåêòîì, íî åãî ðåøåíèå òîæå ìîæåò

ïîìî÷ü.

1.4. Ïóñòü èçâåñòíî çíà÷åíèå f(m,n). Íàéäèòå f(n,m).

Çàìå÷àíèå. Â ñèëó ýòîé çàäà÷è, äîñòàòî÷íî èññëåäîâàòü ëèøü ñëó÷àé m < n; ïîýòîìó â

äàëüíåéøåì ìû ðàáîòàåì ëèøü ñ ýòèì ñëó÷àåì.

1.5∗. Âåðíî ëè, ÷òî f(tm, tn) = f(m,n)?

Çàìå÷àíèå. Àâòîðû ñ÷èòàþò (è ýòî õîðîøî ïîäòâåðæäåíî ïðàêòèêîé), ÷òî îòâåò íà ïî-

ñëåäíèé âîïðîñ ïîëîæèòåëåí. Ïîýòîìó âî ìíîãèõ ïîñëåäóþùèõ ïóíêòàõ ìû áóäåì çàäàâàòü íå

êîíêðåòíûå çíà÷åíèÿ m è n, à èõ ÷àñòíîå.

1.6. à) Íà êàêîå ìèíèìàëüíîå ÷èñëî êóñêîâ íàäî ðàçðåçàòü m îäèíàêîâûõ òîðòîâ, ÷òîáû ýòè

êóñêè ìîæíî áûëî ðàçäàòü ïîðîâíó n ëþäÿì?

á) Êàêèì ìîæåò áûòü ðàçìåð íàèìåíüøåãî êóñêà â òàêîì ðàçðåçàíèè íà íàèìåíüøåå ÷èñëî

êóñêîâ?

Â ñëåäóþùèõ ðàçäåëàõ ìû ïðåäëàãàåì íàéòè îòâåòû íà Ìåãàçàäà÷ó äëÿ íåêîòîðûõ ïîñëå-

äîâàòåëüíîñòåé çíà÷åíèé è, ñîîòâåòñòâåííî, äëÿ íåêîòîðûõ èíòåðâàëîâ çíà÷åíèé. Â êàæäîì èç

ðàçäåëîâ çàäà÷è èäóò ïðèìåðíî ïî âîçðàñòàíèþ ñëîæíîñòè; ìû ðåêîìåíäóåì ðåøàòü îáà ðàç-

äåëà ïàðàëëåëüíî. Ñ äðóãîé ñòîðîíû, åñëè âû ïðîðåøàåòå îäèí èç ðàçäåëîâ (ïî÷òè) äî êîíöà �

ìû âñåãäà ìîæåì äîáàâèòü áîëåå ñëîæíûõ çàäà÷!

2 Íåêîòîðûå ñïåöèàëüíûå ïîñëåäîâàòåëüíîñòè çíà÷åíèé

2.1. à) Íàéäèòå f(3k − 1, 3k).
á) Íàéäèòå f(3k + 1, 3k + 2).
â) Íàéäèòå f(3k, 3k + 1).

2.2. Äîêàæèòå, ÷òî f(m, 2m− 1) = m+1
6m−3

ïðè m ≥ 4.

2.3. à) Íàéäèòå f(3, n).
á) Íàéäèòå f(4, n).
â) Íàéäèòå f(5, n).

2.4. Íàéäèòå f(m, 2m+ 1).

2.5. Íàéäèòå f(2k + 1, 3k + 2).

2.6. Íàéäèòå f(3k + 1, 4k + 1).

2.7. Íàéäèòå f(5k + 2, 8k + 3).

2.8. Íàéäèòå f(5k − 1, 9k − 2).

2.9. Íàéäèòå f(17k − 4, 21k − 5).

3 Ñåðèéíûå ðåçóëüòàòû

Äàëüíåéøèå çàäà÷è ÿâëÿþòñÿ ëèøü íåêîòîðûìè âåõàìè íà ïóòè ê îáùåìó àëãîðèòìó. Åñëè ó

âàñ ïîÿâëÿþòñÿ êàêèå-òî äðóãèå ñåðèéíûå ðåçóëüòàòû, ñäàâàéòå èõ òîæå!

Íàïîìíèì, ÷òî ìû âñåãäà ïîëàãàåì m < n.

3.1. Ïóñòü n íå äåëèòñÿ íà m. Äîêàæèòå, ÷òî f(m,n) ≤ m
2n
. Ïðè êàêèõ çíà÷åíèÿõ m è n â ýòîé

îöåíêå äîñòèãàåòñÿ ðàâåíñòâî?
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3.2. à) Ïóñòü 3
4
< m

n
< 1. Äîêàæèòå, ÷òî f(m,n) ≤ m

n
− 1

2
.

á) Ïóñòü 1
2
< m

n
< 1. Äîêàæèòå, ÷òî f(m,n) ≤ m

n
− 1

3
.

â) Ïóñòü 2
k+1

< m
n

< 1 ïðè k ≥ 4. Äîêàæèòå, ÷òî f(m,n) ≤ m
n
− 1

k
.

Âíèìàíèå! Ñëåäóþùàÿ îöåíêà (ïóíêò á)) î÷åíü âàæíà!

3.3. à) Ïóñòü f(m,n) > m
3n . Äîêàæèòå, ÷òî â ëþáîì îïòèìàëüíîì ïðèìåðå äëÿ ïàðû (m,n)

êàæäîìó ÷åëîâåêó äîñòàëîñü íå áîëåå, ÷åì ïî äâà êóñêà.

á) (Òåîðåìà î òðåòè) Äîêàæèòå, ÷òî f(m,n) ≥ m
3n
.

â) Äîêàæèòå, ÷òî ïðè 2
3
< m

n
≤ 3

4
â ïðåäûäóùåé îöåíêå äîñòèãàåòñÿ ðàâåíñòâî. (Ñì. òàêæå

çàäà÷ó 3.11.)

3.4. à) Ïóñòü m
n

< 2
3
. Äîêàæèòå, ÷òî f(m,n) ≤ 1

4
.

á) Íàéäèòå âñå çíà÷åíèÿ (m,n) (òàêèå, ÷òî m
n

< 2
3
), äëÿ êîòîðûõ îöåíêà ïðåäûäóùåãî

ïóíêòà äîñòèãàåòñÿ.

3.5. Ïóñòü 2
k+1

< m
n

< 2
k
. Íàéäèòå âñå òàêèå ïàðû (m,n), äëÿ êîòîðûõ f(m,n) = 1

k+1
.

3.6. à) Äîêàæèòå, ÷òî f(m,n) = m
n
− 1

3
ïðè 1

2
< m

n
≤ 5

9
.

á) Íàéäèòå âñå çíà÷åíèÿ (m,n), äëÿ êîòîðûõ f(m,n) = m
n
− 1

3
.

3.7. Ïóñòü 2
k+1

< m
n

< 2
k
. Íàéäèòå âñå òàêèå ïàðû (m,n), äëÿ êîòîðûõ f(m,n) = m

n
− 1

k
(ïðè

k ≥ 4).

3.8. à) Íàéäèòå f(m,n) ïðè 7
15

< m
n

< 1
2
.

á) Ïðè êàêèõ åù¼ çíà÷åíèÿõ m/n ïîëó÷àåòñÿ òàêîé æå îòâåò?

3.9. à) Íàéäèòå f(m,n) ïðè 7
12

< m
n

< 22
37
.

á) Ïðè êàêèõ åù¼ çíà÷åíèÿõ m/n ïîëó÷àåòñÿ òàêîé æå îòâåò?

3.10. à) Íàéäèòå f(m,n) ïðè 14
17

< m
n

< 5
6
.

á) Ïðè êàêèõ åù¼ çíà÷åíèÿõ m/n ïîëó÷àåòñÿ òàêîé æå îòâåò?

3.11∗. Íàéäèòå âñå ïàðû (m,n), äëÿ êîòîðûõ f(m,n) = m
3n
.
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×åñòíûé ðàçäåë òîðòîâ

Ïîñëå ïðîìåæóòî÷íîãî ôèíèøà

Äîáàâî÷íûå çàäà÷è ê ïðåäûäóùèì ðàçäåëàì

Íà âñÿêèé ñëó÷àé íàïîìíèì çàäà÷ó, äîáàâëåííóþ íà èçíà÷àëüíîé ïðåçåíòàöèè.

1.6. à) Íà êàêîå ìèíèìàëüíîå ÷èñëî êóñêîâ íàäî ðàçðåçàòü m îäèíàêîâûõ òîðòîâ, ÷òîáû ýòè

êóñêè ìîæíî áûëî ðàçäàòü ïîðîâíó n ëþäÿì?

á) Êàêèì ìîæåò áûòü ðàçìåð íàèìåíüøåãî êóñêà â òàêîì ðàçðåçàíèè íà íàèìåíüøåå ÷èñëî

êóñêîâ?

Ñëåäóþùèå çàäà÷è � ïî ñóòè äîáàâêà â òðåòèé ðàçäåë. Òî÷íåå, ýòî åù¼ íåñêîëüêî îöåíîê,

àíàëîãè÷íûõ òåîðåìå î òðåòè, íî áîëåå òî÷íûõ.

3.12. Äîêàæèòå, ÷òî f(m,n) ≥ 2
5
· m
n
, åñëè 5

12
≤ m

n
≤ 1

2
.

3.13. à) Äîêàæèòå, ÷òî f(m,n) ≥ 3
8
· m
n
ïðè m

n
≤ 1

2
.

á) Äëÿ êàêèõ åù¼ èíòåðâàëîâ âû ìîæåòå äîêàçàòü ýòî íåðàâåíñòâî?

3.14. à) Äîêàæèòå, ÷òî f(m,n) ≥ 2
5
· m
n
, åñëè 3

5
≤ m

n
≤ 8

13
.

á) Ïîïûòàéòåñü äîêàçàòü ýòî íåðàâåíñòâî äëÿ êàêîãî-íèáóäü èíòåðâàëà, ñìåæíîãî ñ
(
3
5
, 8
13

)
.

Íàïðèìåð, ìîæíî ëè äîêàçàòü åãî äëÿ m
n
∈
(
10
17
, 3
5

)
? À äëÿ m

n
∈
(

8
13
, 5
8

)
?

â) Äëÿ êàêèõ åù¼ èíòåðâàëîâ (â äðóãèõ ìåñòàõ îòðåçêà [0, 1]) âû ìîæåòå ïîëó÷èòü òàêóþ

æå îöåíêó?

3.15. Äëÿ êàêîãî èíòåðâàëà âíóòðè
(
1
2
, 5
8

)
âû ìîæåòå äîêàçàòü îöåíêó f(m,n) ≥ 2

3
· m
n
− 1

6
?

Èñïûòàòåëüíûé ïîëèãîí.

Äëÿ òåõ, êîìó ïîíàäîáÿòñÿ äîïîëíèòåëüíûå íåòðèâèàëüíûå êîíêðåòíûå ïàðû (m,n), çäåñü ìû
ïðèâîäèì íåñêîëüêî òàêèõ ïàð. Âíèìàíèå! Ìû ìîæåì ïðîâåðèòü îòâåòû è ïðèìåðû äëÿ ýòèõ

ïàð, íî ìû íå ñòàíåì ïðîâåðÿòü äîêàçàòåëüñòâî, åñëè îíî íå ñîäåðæèò êàêèõ-òî îáùèõ èäåé;

ïîýòîìó ýòè ïàðû íå ïîìåùåíû â çàäà÷ó.

Èòàê, âîò ýòè ïàðû (åñëè áóäåò íàäî, ýòîò ñïèñîê ìîæåò áûòü ïîïîëíåí):

(17, 29); (31, 70); (17, 47); (117, 133); (27, 61); (566, 643); (3130, 6813).

Óäà÷è!

4 Âàðèàöèè ïîñòàíîâêè

Â ýòîì ðàçäåëå ìû îáîáùàåì èñõîäíóþ ïîñòàíîâêó ðàçíûìè ñïîñîáàìè. Ðåøåíèå ýòèõ çàäà÷

ìîæåò ñåðü¼çíî ïîìî÷ü â ðåøåíèè èñõîäíîé Ìåãàçàäà÷è.

4.1. à) Åñòü m òîðòîâ âåñà 1 è n > m ëþäåé. Òðåáóåòñÿ ðàçðåçàòü òîðòû è ðàçäàòü èõ ëþäÿì

òàê, ÷òîáû êàæäûé ïîëó÷èë ïîðîâíó. Ïðè ýòîì òðåáóåòñÿ, ÷òîáû êàæäûé ÷åëîâåê ïîëó÷èë íå

áîëåå äâóõ êóñêîâ, à êàæäûé òîðò áûë ðàçðåçàí íå áîëåå, ÷åì íà òðè ÷àñòè. Ïðè êàêèõ m, n
ýòî âîçìîæíî?
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á) Òîò æå âîïðîñ, íî êàæäûé òîðò äîëæåí áûòü ðàçðåçàí íå áîëåå, ÷åì íà k ÷àñòåé.

â) Òîò æå âîïðîñ, íî êàæäûé òîðò äîëæåí áûòü ðàçðåçàí ëèáî íà k − 1, ëèáî íà k ÷àñòåé.

Ñëåäóþùèå íåñêîëüêî çàäà÷ ñâÿçàíû ñ òåì, ÷òî òîðòû èíîãäà áûâàþò ðàçíûìè.

4.2. à) Äâà òîðòà ñ âåñàìè 1 êã è 2 êã äåëÿòñÿ ìåæäó N ëþäüìè òàê, ÷òîáû êàæäîìó äîñòàëîñü

ïîðîâíó. ×åìó ðàâåí íàèáîëüøèé âîçìîæíûé ðàçìåð ìèíèìàëüíîãî êóñêà?

á) Òîò æå âîïðîñ äëÿ äâóõ òîðòîâ âåñîâ 2 êã è 5 êã.

4.3. à) Ïóñòü k > 1. Åñòü 3k òîðòîâ âåñà 3 êàæäûé, k−1 òîðò âåñà 4 êàæäûé, è 3k−1 òîðò âåñà 7
êàæäûé. Òðåáóåòñÿ ðàçðåçàòü êàæäûé òîðò ðàçìåðà 3 íà äâà êóñêà, à êàæäûé èç îñòàëüíûõ �

íà òðè êóñêà, ÷òîáû âñå êóñêè ìîæíî áûëî ðàçäàòü íåñêîëüêèì ëþäÿì ïî äâà êàæäîìó, ÷òîáû

âñå ïîëó÷èëè ïîðîâíó. Êàêîâ ìàêñèìàëüíûé âîçìîæíûé ðàçìåð íàèìåíüøåãî êóñêà?

á) Òîò æå âîïðîñ äëÿ 3k òîðòîâ âåñà 3, k + 2 òîðòîâ âåñà 4 è 3k + 2 òîðòîâ âåñà 7.

â) Òîò æå âîïðîñ äëÿ 3k òîðòîâ âåñà 3, 2k − 1 òîðòîâ âåñà 4 è 4k − 1 òîðòîâ âåñà 7, ãäå

k ≥ 10. À ÷òî áóäåò, ñêàæåì, ïðè k = 7?

4.4. à) Åñòü òîðò âåñà 59, òîðò âåñà 89 è äâà òîðòà âåñà 41. Òðåáóåòñÿ ðàçðåçàòü ïåðâûé òîðò íà

4 êóñêà, âòîðîé � íà 6 êóñêîâ, à êàæäûé èç òðåòüèõ � íà 5 êóñêîâ òàê, ÷òîáû èõ ìîæíî áûëî

ðàçäàòü 10 ëþäÿì ïîðîâíó (ïî âåñó è ïî êîëè÷åñòâó êóñêîâ!). Êàêîâ ìàêñèìàëüíûé âîçìîæíûé

ðàçìåð íàèìåíüøåãî êóñêà?

á) Åñòü äâà òîðòà âåñà 41, òðè òîðòà âåñà 35, è 11 òîðòîâ âåñà 29. Òðåáóåòñÿ ðàçðåçàòü

êàæäûé èç ïåðâûõ òîðòîâ íà 5 êóñêîâ, êàæäûé èç âòîðûõ � íà 4 êóñêà, à êàæäûé èç òðåòüèõ

� íà 2 êóñêà òàê, ÷òîáû èõ ìîæíî áûëî ðàçäàòü 22 ëþäÿì ïîðîâíó (ïî âåñó è ïî êîëè÷åñòâó

êóñêîâ). Êàêîâ ìàêñèìàëüíûé âîçìîæíûé ðàçìåð íàèìåíüøåãî êóñêà?

â) Íàéäèòå f(23, 29).
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×åñòíûé ðàçäåë òîðòîâ

Èçáðàííûå ðåøåíèÿ

Åñëè ó âàñ ïîÿâèëèñü êàêèå-òî èäåè ïî ýòîìó ïðîåêòó, íå ñòåñíÿéòåñü íàïèñàòü íàì:

Êîíñòàíòèí Êíîï kostyaknop@gmail.com, Èëüÿ Áîãäàíîâ ilya.i.bogdanov@gmail.com

Ðåøåíèÿ, ïðåäñòàâëåííûå çäåñü, óñòðîåíû òàê. Â ðàçäåëå ¾Íåêîòîðûå ïîñëåäîâàòåëüíîñòè¿

ìû íàõîäèì çíà÷åíèÿ ôóíêöèè f íà íåêîòîðûõ ïîñëåäîâàòåëüíîñòÿõ ïàð (m,n). Çàìåòèì, ÷òî
áîëüøèíñòâî èç íèõ ñëåäóþò òàêæå èç áîëåå îáùèõ ðåçóëüòàòîâ èç ñëåäóþùèõ ðàçäåëîâ. Ðàçäåë

¾Ñåðèéíûå ðåçóëüòàòû¿ ñîäåðæèò ðåøåíèÿ (èëè èõ íàáðîñêè) çàäà÷ 3.13, à òàêæå 3.4�3.8; ïðè

ýòîì êàê ëåììà èñïîëüçóåòñÿ çàäà÷à 4.1. Â ðàçäåëå ¾Íåðàâíûå òîðòû¿ ìû ðàñïðîñòðàíÿåì

íàøè ìåòîäû íà ñëó÷àé ðàçëè÷íûõ òîðòîâ, ÷òî ïîçâîëÿåò ïîäñòóïèòüñÿ ê çàäà÷àì òèïà 3.9

(ìû ðåêîìåíäóåì ïðî÷åñòü ðàçäåë î ñåðèéíûõ ðåçóëüòàòàõ ïåðåä ýòèì). Íàêîíåö, â ðàçäåëå

¾Îáùèé àëãîðèòì¿ ìû íà ïðèìåðàõ îïèñûâàåì èäåè îáùåãî àëãîðèòìà ðåøåíèÿ Ìåãàçàäà÷è

(â í¼ì èñïîëüçîâàíû èäåè èç ïðåäûäóùèõ äâóõ ðàçäåëîâ).

Íà÷í¼ì æå ìû ñ çàäà÷è 1.6à).

1.6. à) Îòâåò. m+ n−ÍÎÄ(m,n).
Ïîñòðîèì ïðèìåð. Ðàññìîòðèì îòðåçîê äëèíû m. Ðàçäåëèì åãî êðàñíûìè òî÷êàìè íà m

ðàâíûõ ÷àñòåé è ñèíèìè òî÷êàìè íà n ðàâíûõ ÷àñòåé (íåêîòîðûå òî÷êè ìîãóò áûòü ïîêðàøåíû

â îáà öâåòà). Îòðåçêè ñ êðàñíûìè ñîîòâåòñòâóþò òîðòàì. Ðàçðåæåì òîðòû ïî âñåì ñèíèì òî÷-

êàì. Äîêàæåì, ÷òî ïîëó÷åíî òðåáóåìîå ðàçðåçàíèå. Î÷åâèäíî, ÷òî ýòè êóñêè ìîæíî ðàçäàòü

ëþäÿì: êàæäîìó ÷åëîâåêó ìîæíî äàòü êóñêè òîðòîâ ìåæäó ñîñåäíèìè ñèíèìè òî÷êàìè. Èìååì

m+ 1 êðàñíûõ òî÷åê, n+ 1 ñèíèõ òî÷åê è ÍÎÄ(m,n) + 1 ðàçíîöâåòíûõ òî÷åê. Òàêèì îáðàçîì

âñåãî m+ n−ÍÎÄ(m,n) + 1.
Îñòàëîñü äîêàçàòü, ÷òî êîëè÷åñòâî êóñêîâ íå ìîæåò áûòü ìåíüøå, ÷åì m+n−ÍÎÄ(m,n).

Îáîçíà÷èì d = ÍÎÄ(m,n), n = dn′, m = dm′. Ðàññìîòðèì äâóäîëüíûé ãðàô ñ m êðàñíûìè

âåðøèíàìè è n ñèíèìè âåðøèíàìè, òîðòû è ëþäè ñîîòâåòñòâåííî. Êàæäîå ðåáðî ñîîòâåòñòâóåò

êóñêó òîðòà è ñîåäèíÿåò ÷åëîâåêà, ïîëó÷èâøåãî ýòîò êóñîê ñ òîðòîì, îò êîòîðîãî ýòîò êóñîê

îòðåçàí. Ðàññìîòðèì êàêóþ-íèáóäü ñâÿçíóþ êîìïîíåíòó ýòîãî ãðàôà, ïóñòü â íåé r êðàñíûõ

âåðøèí è b ñèíèõ âåðøèí. Òîãäà b ÷åëîâåê ñúåëè âìåñòå r òîðòîâ, ñëåäîâàòåëüíî b · m
n

= r.

Îòñþäà r
b
= m′

n′ è ñëåäîâàòåëüíî m′
∣∣ r. Ñëåäîâàòåëüíî êîëè÷åñòâî ñâÿçíûõ êîìïîíåíò íå áîëåå

÷åì m
m′ = d. Ñ äðóãîé ñòîðîíû êîëè÷åñòâî ð¼áåð íà êàæäîé êîìïîíåíòå íå ìåíåå ÷åì óìåíü-

øåííîå íà 1 êîëè÷åñòâî âåðøèí. Ïîýòîìó îáùåå êîëè÷åñòâî ð¼áåð â ãðàôå (òî åñòü êîëè÷åñòâî

êóñêîâ, íà êîòîðûå ïîðåçàíû òîðòû) íå ìåíåå m+ n− d.

á) Ðåøåíèå îñòàâëÿåì ÷èòàòåëþ.

Íåêîòîðûå ïîñëåäîâàòåëüíîñòè

Â ýòîì ðàçäåëå ñîáðàíû íåêîòîðûå ðåøåíèÿ çàäà÷ èç ðàçäåëà 2. Ìíîãèå èç ýòèõ çàäà÷ íà ñàìîì

äåëå ñëåäóþò èç çàäà÷ ðàçäåëà 3; îäíàêî ìû ïðèâîäèì èõ, ÷òîáû ïðîäåìîíñòðèðîâàòü áîëåå

êîíêðåòíûå êîíñòðóêöèè.

Îáùåå çàìå÷àíèå. Ïîñêîëüêó ñëó÷àé n
... m òðèâèàëåí, äàëåå ìû âñåãäà ïðåäïîëàãàåì,

÷òî n íå äåëèòñÿ íà m.
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2.2. Èç 3.2á) ñëåäóåò f(m, 2m− 1) ≤ m+1
6m−3 . Ïðèìåð äåëåæà òîðòîâ âåñà 6m− 3:

2×
(
3 · (2m− 1)

)
+
(
2 · (m+1)+(2m− 4)+(2m− 1)

)
+2×

(
2 · (m+1)+(2m− 2)+(2m− 3)

)
+(

(m+ 1 + i) + (m+ 3 + i) + (2m− 4− i) + (2m− 3− i)
)
i=1,...,(m−5)

2.3. á) Îòâåò. 4
n
, åñëè n

... 4;
2
n
, åñëè n = 4k + 2; 4

n
− 1

[n/2]
, åñëè n = 2k + 1.

Åñëè n = 4l + 2 ÷åòíî, òî f(4, 4l + 2) = 1
2l+1

ïî 3.1. Ïóñòü n = 2k + 1 íå÷åòíî. Ïî 3.3à) ìû

ìîæåì ñ÷èòàòü, ÷òî êàæäûé ÷åëîâåê ïîëó÷èë ïî äâà êóñêà. Òîãäà âñåãî åñòü 4k+2 êóñêîâ è ïî

ïðèíöèïó Äèðèõëå åñòü òîðò ñ íå áîëåå ÷åì k êóñêàìè. Òîãäà íàéäåòñÿ êóñîê íå ìåíåå ÷åì 1
k
,

à äîïîëíèòåëüíûé ê íåìó êóñîê áóäåò íå áîëåå ÷åì 4
n
− 1

k
= 4

n
− 2

n−1 . Ïðèìåð äëÿ íå÷åòíûõ n:

2×
(
n− 1

2
· 2

n− 1

)
+ 2×

(
n− 1

2
·
(
4

n
− 2

n− 1

)
+

2

n

)
=

= (n− 1)×
(

2

n− 1
+

(
4

n
− 2

n− 1

))
+ 2 · 2

n
= n · 4

n
.

â) Îòâåò. 5
n
, åñëè n

... 5;
1

d2n/5e , åñëè n = 5k+1 ≥ 16 èëè n = 5k+3; 5
n
− 1

[2n/5]
, åñëè n = 5k+4

èëè n = 5k + 2 ≥ 12; f(5, 11) = 13
66
.

2.4. Îòâåò. 1
5
äëÿ m ≥ 6 è m = 2; îñòàëüíûå îòâåòû ñëåäóþò èç ïðåäûäóùèõ çàäà÷: f(1, 3) = 1

3
,

f(3, 7) = 5
28
, f(4, 9) = 7

36
, f(5, 11) = 13

66
.

2.5. Îòâåò. 1
4
äëÿ k ≥ 1.

Îöåíêà ñëåäóåò èç 3.4 à). Ïðèìåð äëÿ òîðòîâ âåñà 12k + 8:

1×
(
4 · (3k + 2)

)
+ 2×

(
(4k + 2) + (5k + 4− 2i) + (3k + 2 + 2i)

)
i=1,...,k

=

= k×
(
2 ·(4k+2)

)
+2×

(
(3k+2)+(5k+2)

)
+2×

(
(3k+4)+5k

)
+ · · ·+2×

(
(5k+2)+(3k+2)

)
.

Çàìåòèì, ÷òî çàäà÷à ñëåäóåò èç 3.4á).

2.6. Îòâåò. 2k+1
2(4k+1)

.

Îöåíêà ñëåäóåò èç 3.2 à). Ïðèìåð äëÿ òîðòîâ âåñà 8k + 2:

(k + 1)×
(
2 · (4k + 1)

)
+ 2×

(
(2k + 1) + (2k + i) + (4k + 1− i)

)
i=1,...,k

=

= (2k+2)×
(
(2k+1)+ (4k+1)

)
+2×

(
(4k+1− i) + (2k+1+ i)

)
i=1,...,(k−1)

+
(
2 · (3k+1)

)
.

2.7. Îòâåò. 1
4
.

Îöåíêà ñëåäóåò èç 3.4à). Ïðèìåð äëÿ òîðòîâ âåñà 32k + 12.

(5k + 2)× (32k + 12) =

= k×
(
4·(8k+3)

)
+2×

(
2·(10k+4)+(12k+4)

)
+
(
(12k+5)+(8k+3+i)+(12k+4−i)

)
i=1,...,4k

.

Çàìåòèì, ÷òî ñóùåñòâîâàíèå ïðèìåðà ñëåäóåò èç 3.4á).

2.8. Îòâåò. 6k−1
3(9k−2) .
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Îöåíêà ñëåäóåò èç 3.2 á). Ïðèìåð äëÿ òîðòîâ âåñà 27k − 6 è ïîðöèé ëþäåé 15k − 3:

2k ×
(
3 · (9k − 2)

)
+
(
(6k − 1) + (6k − 1) + (6k − 2 + i) + (9k − 2− i)

)
i=1,...,(3k−1)

=

= 6k ×
(
(6k − 1) + (9k − 2)

)
+
(
(6k − 1 + i) + (9k − 2− i)

)
i=1,...,3k−2

2.9. Îòâåò. 18k−4
63k−15 .

Îöåíêà âûòåêàåò èç ñëåäóþùåé ëåììû.

Ëåììà. Ïóñòü 4
5
< m

n
< 1; òîãäà f(m,n) ≤ 2 · m

n
− 4

3
.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå. Ëåãêî ïðîâåðèòü, ÷òî 2 · m
n
− 4

3
≥ m

3n
è 2 · m

n
− 4

3
≥

1
4
, òàê ÷òî âñå òîðòû ñîäåðæàò äâà èëè òðè êóñêà è âñå ëþäè èìåþò ïî äâà êóñêà. ×èñëî

äâóõêóñî÷íûõ òîðòîâ ðàâíî 3m − 2n, ÷èñëî òðåõêóñî÷íûõ òîðòîâ ðàâíî 2n − 2m. Âîçìîæíû

äâà âàðèàíòà.

1) Äîïóñòèì, ÷òî êîìó-òî äîñòàëèñü äâà êóñêà ñ äâóõêóñî÷íûõ òîðòîâ. Òîãäà îñòàþùèåñÿ

äâà êóñêà ýòèõ òîðòîâ âåñÿò â ñóììå 2−m
n
, à îäèí èç ýòèõ êóñêîâ íå ìåíüøå ÷åì 1− m

2n
. Ïîýòîìó

äîïîëíèòåëüíûé äî ïîðöèè êóñîê íå áîëüøå ÷åì

m

n
−
(
1− m

2n

)
< 2 · m

n
− 4

3
.

2) Ëþáîé êóñîê èç äâóõêóñî÷íîãî òîðòà äîïîëíÿåòñÿ êóñêîì èç òðåõêóñî÷íîãî òîðòà. Ïóñòü

x � âåñ ìèíèìàëüíîãî êóñêà. Òîãäà m
n
− x � ýòî ìàêñèìàëüíûé âåñ. Âîçüìåì íåêîòîðûé êóñîê

A èç äâóõêóñî÷íîãî òîðòà, òîãäà A ≥ 1−m
n
+x. Ïîýòîìó äîïîëíèòåëüíûé êóñîê ìîæíî îöåíèòü

êàê m
n
−A ≤ 2m

n
− 1− x. Èç m

n
> 4

5
ñëåäóåò, ÷òî äâóõêóñî÷íûõ òîðòîâ áîëüøå, ÷åì òðåõêóñî÷-

íûõ. Ïîýòîìó íàéäåòñÿ òðåõêóñî÷íûé òîðò, âñå êóñêè êîòîðîãî äîïîëíÿþò äî ïîðöèé êóñêè èç

äâóõêóñî÷íûõ òîðòîâ. Ïîýòîìó êàæäûé èç òðåõ êóñêîâ òîðòîâ íå áîëüøå ÷åì 2m
n
− 1− x è

3

(
2 · m

n
− 1− x

)
≤ 1⇔ x ≤ 2

m

n
− 4

3
.

Ïðèìåð. Òîðò âåñèò 63k − 15, ïîðöèÿ ÷åëîâåêà 51k − 12, ìèíèìàëüíûé âåñ êóñêà 18k − 4.

(17k − 4)× (63k − 15) = 2k ×
(
3 · (21k − 5)

)
+ 6k ×

(
(33k − 8) + (30k − 7)

)
+

+
(
(33k−10−i)+(30k−7+i)

)
i=1,...,3k−2

+2×
(
(18k−3+i)+(27k−6−i)+(18k−4)

)
i=1,...,3k−1

=

= 6k ×
(
(21k − 5) + (30k − 7)

)
+ 6k ×

(
(33k − 8) + (18k − 4)

)
+

2×
(
(18k − 4 + i) + (33k − 8− i)

)
i=1,...,3k−2

+
(
(24k − 6 + i) + (27k − 6− i)

)
i=1,...,3k−1

=

= (21k − 5)× (51k − 12).

Ñåðèéíûå ðåçóëüòàòû

Äëÿ íà÷àëà ïðèâåä¼ì îöåíêó, àíàëîãè÷íóþ òåîðåìå î òðåòè.

3.13. à) Åñëè n = 2m, òî f(m, 2m) = 1
2
; ïîýòîìó äîñòàòî÷íî ðàññìîòðåòü ñëó÷àé m

n
< 1

2 . Ïóñòü

âåñ êàæäîãî òîðòà � 8n, òîãäà êàæäûé ÷åëîâåê ïîëó÷èò ïî 8m.

Ðàññìîòðèì îòðåçîê äëèíû 8mn è ðàçäåëèì åãî êðàñíûìè òî÷êàìè íàm îäèíàêîâûõ îòðåç-

êîâ (òîðòîâ). Ìû áóäåì ïî î÷åðåäè îòðåçàòü êóñêè ñ ëåâîãî êðàÿ îñòàâøåãîñÿ îòðåçêà. Îòðåæåì

ñíà÷àëà íåñêîëüêî îòðåçêîâ ïî 4m, ïîêà îñòàòîê òîðòà íå îêàæåòñÿ (íåñòðîãî) ìåæäó 6m è 10m.
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Äàëåå, ðàçäåëèì îñòàâøóþñÿ ÷àñòü íà äâà ðàâíûõ îòðåçêà (ïîëó÷èì äâà êóñêà ðàçìåðà îò 3m
äî 5m), à îò íà÷àëà ñëåäóþùåãî òîðòà îòðåæåì äâà îòðåçêà, äîïîëíÿþùèõ òîëüêî ÷òî îòðåçàí-

íûå äî 8m. Â ðåçóëüòàòå, îò ñëåäóþùåãî îòðåçêà ìû çàáðàëè íå áîëåå 10m, è îñòàòîê íå ìåíüøå

8n− 10m ≥ 6m. Òîãäà ìû ìîæåì ïîâòîðÿòü ýòó îïåðàöèþ, ïîêà íå ïðèä¼ì ê ïîñëåäíåìó òîðòó.

Ïîñêîëüêó âñå îòðåçàííûå êóñêè ãðóïïèðóþòñÿ â ïàðû îáùåé äëèíû 8m, à äëèíà âñåãî îòðåç-

êà ðàâíà 8mn, ïîñëåäíèé òîðò çàêîí÷èòñÿ äâóìÿ êóñêàìè ðàçìåðà 4m. Òåïåðü ðàñïðåäåëåíèå

êóñêîâ ìåæäó ëþäüìè î÷åâèäíî.

Äàëåå ìû íàõîäèì òî÷íûå çíà÷åíèÿ ôóíêöèè íà íåêîòîðûõ èíòåðâàëàõ. Äëÿ ýòîãî â êà÷å-

ñòâå ëåìû íàì ïîíàäîáèòñÿ çàäà÷à 4.1.

4.1. à), á) Îòâåò. m
n
∈
[

1
k−1 , 1

)
∪
{

v
(k−1)v+1

}
v=1,2,...

.

Íà÷í¼ì ñ ïðèìåðà ïîäòâåðæäàþùåãî îòâåò. Áóäåì äåéñòâîâàòü òàêæå êàê è â òåîðåìå î

òðåòè. Ðàññìîòðèì îòðåçîê äëèíû m. Ðàçäåëèì åãî êðàñíûìè òî÷êàìè íà m ðàâíûõ ÷àñòåé è

ñèíèìè òî÷êàìè íà n ðàâíûõ ÷àñòåé (íåêîòîðûå òî÷êè ìîãóò áûòü ïîêðàøåíû â îáà öâåòà).

Îòðåçêè ñ êðàñíûìè ñîîòâåòñòâóþò òîðòàì. Ðàçðåæåì òîðòû ïî âñåì ñèíèì òî÷êàì. Äîêàæåì,

÷òî ïîëó÷åíî òðåáóåìîå ðàçðåçàíèå. Î÷åâèäíî, ÷òî ýòè êóñêè ìîæíî ðàçäàòü ëþäÿì: êàæäîìó

÷åëîâåêó ìîæíî äàòü êóñêè òîðòîâ ìåæäó ñîñåäíèìè ñèíèìè òî÷êàìè. Áîëåå òîãî, êàæäûé

÷åëîâåê ïîëó÷èë íå áîëåå ÷åì ïî äâà êóñêà, òàê êàê êàæäûé ïîëó÷èâøèéñÿ îòðåçîê ñîäåðæèò

íå áîëåå îäíîé êðàñíîé òî÷êè. Äîêàæåì, ÷òî êàæäûé òîðò ðàçðåçàí íå áîëåå ÷åì íà k ÷àñòåé.

Åñëè m
n

> 1
k−1 , òî êàæäûé òîðò ðàçðåçàí íå áîëåå ÷åì íà k − 2 ïîëíûõ ÷àñòåé è íå áîëåå

÷åì íà äâå ÷àñòè, ìåíüøèå m
n
� âñåãî íå áîëåå ÷åì íà k ÷àñòåé. Äëÿ m

n
= 1

k−1 óòâåðæäåíèå

î÷åâèäíî. Òåïåðü ïðåäïîëîæèì, ÷òî m
n

= v
(k−1)v+1

. Ðàññìîòðèì k ïîñëåäîâàòåëüíûõ ñèíèõ

òî÷åê. Ðàññòîÿíèå ìåæäó ïåðâîé è ïîñëåäíåé ðàâíî
(k−1)v

(k−1)v+1
è èõ êîîðäèíàòû � ýòî äðîáè ñî

çíàìåíàòåëåì (k − 1)v + 1. Ñëåäîâàòåëüíî òîðò ñîäåðæèò âñå ýòè k òî÷åê òîëüêî â òîì ñëó÷àå,

åñëè îäíà èç íèõ ÿâëÿåòñÿ åãî êîíöîì. Ýòî îçíà÷àåò â òî÷íîñòè, ÷òî òîðò ðàçðåçàí íå áîëåå

÷åì íà k ÷àñòåé.

Äîêàæåì, ÷òî â äðóãèõ ñëó÷àÿõ òðåáóåìîå ðàçðåçàíèå íåâîçìîæíî. Áóäåì íàçûâàòü ÷åëî-

âåêà ãîëîäíûì, åñëè îí ïîëó÷èë 2 êóñêà. Ðàññìîòðèì ãðàô, â êîòîðîì âåðøèíàì ñîîòâåòñòâóþò

òîðòû, à ð¼áðàì � ãîëîäíûå ëþäè, ïðè÷¼ì êàæäîå ðåáðî ñîåäèíÿåò äâà êóñêà, êîòîðûå ïîëó-

÷èë ñîîòâåòñòâóþùèé ãîëîäíûé ÷åëîâåê. Ðàññìîòðèì ïðîèçâîëüíóþ ñâÿçíóþ êîìïîíåíòó ýòîãî

ãðàôà; ïóñòü v è e � êîëè÷åñòâà âåðøèí è ð¼áåð ñîîòâåòñòâåííî. Òîãäà e ≥ v − 1.
Ýòè v òîðòîâ ñîäåðæàò íå áîëåå kv êóñêîâ, 2e èç êîòîðûõ ïðèíàäëåæàò ãîëîäíûì ëþäÿì.

Ýòè êóñêè ìîãóò áûòü ïåðåðàñïðåäåëåíû â öåëûå ÷àñòè (à èìåííî, e ÷àñòåé èç äâóõ êóñêîâ

êàæäàÿ è, ñêàæåì, t ÷àñòåé èç îäíîãî êóñêà). Òîãäà t ≤ kv− 2e. Ñðàâíèâàÿ îáùèé âåñ v òîðòîâ

è e+ t ëþäåé ïîëó÷àåì, ÷òî n
m

= e+t
v
≤ kv−e

v
= k− e

v . Åñëè e ≥ v, òî n
m
≤ k− 1. Èíà÷å e = v− 1

è ñëåäîâàòåëüíî n
m

=
v(k−1)+1

v
.

Âàæíîå çàìå÷àíèå. Åñëè óáðàòü óñëîâèå m < n, îòâåò èçìåíèòñÿ íå ñèëüíî. Âî-ïåðâûõ

íåîáõîäèìî âêëþ÷èòü â íåãî 1; òåïåðü ïðåäïîëîæèì, ÷òî m > n. Â ýòîì ñëó÷àå âñå ëþäè

ãîëîäíûå, ïîòîìó ÷òî ÷àñòü òîðòà, êîòîðàÿ äîñòà¼òñÿ ÷åëîâåêó áîëüøå ñàìîãî òîðòà. Êàæäàÿ

ñâÿçíàÿ êîìïîíåíòà ãðàôà ñîîòâåòñòâóåò äåëåíèþ v òîðòîâ ìåæäó e ëþäüìè, ñëåäîâàòåëüíî

1 < m
n

= v
e
. Ïîñëåäíåå íåðàâåíñòâî âûïîëíÿåòñÿ òîëüêî â ñëó÷àå e = v−1. Äëÿ òàêèõ çíà÷åíèé

v è e ïðèìåð ñòðîèòñÿ àíàëîãè÷íûì îáðàçîì, â ðåçóëüòàòå ïîëó÷àåì òàêîé îòâåò

m

n
∈
[

1

k − 1
, 1

⌋
∪
{

v

(k − 1)v + 1

}
v=1,2,...

∪
{
e+ 1

e

}
e=1,2,...

.

â) Îòâåò. m
n
∈
[

1
k−1 ,

2
k−1

⌋
∪
{

v
(k−1)v+1

}
v=1,2,...

.

Ðåøåíèå îñòàâëÿåì ÷èòàòåëþ.

3.4. à) Êàê îáû÷íî, ìû ìîæåì ñ÷èòàòü, ÷òî êàæäûé ÷åëîâåê ïîëó÷àåò íå ìåíåå äâóõ êóñêîâ.

Òîãäà îáùåå êîëè÷åñòâî êóñêîâ íå ìåíåå 2n > 3m. Ñëåäîâàòåëüíî êàêîé-òî òîðò ðàçðåçàåòñÿ ïî

êðàéíåé ìåðå íà ÷åòûðå êóñêà, îäèí èç êîòîðûõ íå ìîæåò áûòü áîëüøå 1
4
.
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á) Îòâåò. m
n
∈
[
5
8
, 2
3

)
∪
{
5k+2
8k+4

}
k=1,2,...

.

Ïðåäïîëîæèì, ÷òî f(m,n) = 1
4
; òîãäà f(m,n) > m

3n
, ïîýòîìó ìû ìîæåì ñ÷èòàòü, ÷òî êàæ-

äûé ÷åëîâåê ïîëó÷àåò ðîâíî 2 êóñêà. Äàëåå, êàæäûé êóñîê íå ìåíåå 1
4
è íå áîëåå

d =
m

n
− 1

4

(èíà÷å äðóãîé êóñîê, ïðèíàäëåæàùèé ÷åëîâåêó ñ êóñêîì âåñà d áóäåò ìåíüøå, ÷åì 1
4
). Ñëåäî-

âàòåëüíî êàæäûé òîðò ñîäåðæèò íå ìåíåå òð¼õ êóñêîâ (èíà÷å íàéä¼òñÿ êóñîê ñ âåñîì 1
2
> d) è

íå áîëåå 4 êóñêîâ (èíà÷å íàéä¼òñÿ êóñîê, ìåíüøèé 1
5
). Èòàê ó íàñ åñòü áîãàòûå òîðòû, êîòîðûå

ðàçðåçàþòñÿ íà 4 ÷àñòè è îáû÷íûå òîðòû, êîòîðûå ðàçðåçàþòñÿ íà 3 ÷àñòè. Êîëè÷åñòâî áîãàòûõ

è îáû÷íûõ òîðòîâ ðàâíî

f = 2n− 3m and u = 4m− 2n

ñîîòâåòñòâåííî. Òàê êàê u ≥ 0, ïîëó÷àåì, ÷òî m
n

> 1
2
.

Êàæäûé áîãàòûé òîðò äîëæåí áûòü ðàçðåçàí íà ðàâíûå ÷àñòè, êîòîðûå îòäàþòñÿ 4f ëþäÿì

è âòîðîé êóñîê ó êàæäîãî òàêîãî ÷åëîâåêà âåñèò d. Âñå îñòàâøèåñÿ ëþäè ïîëó÷àþò îáà ñâîèõ

êóñêà îò îáû÷íûõ òîðòîâ; áóäåì íàçûâàòü òàêèõ ëþäåé îáû÷íûìè. Ïîëó÷àåòñÿ

s = n− 4f = 12m− 7n

îáû÷íûõ ëþäåé.

Òåïåðü ðàññìîòðèì âñïîìîãàòåëüíîå äåëåíèå îòðèöàòåëüíûõ ¾òîðòîâ¿; îíî ñîîòâåòñòâóåò

îáû÷íûì òîðòàì è ëþäÿì. Äàâàéòå âû÷òåì 1
4
èç êàæäîãî êóñêà áîãàòîãî òîðòà è d èç êàæäîãî

êóñêà îáû÷íîãî òîðòà. Çàáóäåì íà íåêîòîðîå âðåìÿ ïðî íóëåâûå êóñêè. Òîãäà â íîâîì ðàçäå-

ëåíèè âñå íåîáû÷íûå ëþäè è âñå íå áîãàòûå òîðòû èñ÷åçíóò. Êàæäûé îáû÷íûé ¾òîðò¿ òåïåðü

ðàçäåëåí íå áîëåå ÷åì íà òðè îòðèöàòåëüíûõ ¾êóñêà¿ îäèíàêîâîãî îáùåãî âåñà, à êàæäûé

îáû÷íûé ÷åëîâåê èìååò íå áîëåå ÷åì äâà íåïîëîæèòåëüíûõ ¾êóñêà¿ îäèíàêîâîãî îáùåãî âåñà.

Çàìåòèì, ÷òî åñëè âçÿòü âñå ïîëó÷åííûå âåñà ñ îáðàòíûì çíàêîì, òî ìû ïîïàä¼ì â ñèòóàöèþ

çàäà÷è 4.1à) (áåç óñëîâèÿ m < n).
Îáðàòíî, îò äåëåíèÿ ýòèõ äåôèöèòîâ ëåãêî ïîëó÷èòü ðàçäåëåíèå èñõîäíûõ òîðòîâ. Áóäåì

ðåçàòü íàñòîÿùèå òîðòû íà òðè ÷àñòè ñî ñëåäóþùèìè äåôèöèòàìè (åñëè íîâûé ¾òîðò¿ áûë

ðàçäåëåí íà îäíó èëè äâå ÷àñòè, òî îñòàâøèåñÿ êóñêè íå äîëæíû èìåòü äåôèöèò, òî åñòü îíè

äîëæíû âåñèòü ïî d). Ïðî ëþäåé: åñëè êòî-òî èìååò äâà äåôèöèòà, òî ìû äà¼ì åìó äâà ñîîòâåò-

ñòâóþùèõ êóñêà; èíà÷å îí ïîëó÷àåò îäèí êóñîê, ñîîòâåòñòâóþùèé äåôèöèòó è åùå îäèí êóñîê

ñ íóëåâûì äåôèöèòîì. Â ðåçóëüòàòå âñå îñòàâøèåñÿ êóñêè ñ íóëåâûì äåôèöèòîì ðàçáèâàþòñÿ

íà ïàðû ñ êóñêàìè áîãàòûõ òîðòîâ.

Èòàê, äåëåíèå ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà u
s
= 4m−2n

12m−7n ∈
[
1
2
, 1
)
∪
{

k
2k+1

}
∪{

k+1
k

}
∪{∞} (ìû èñïîëüçóåì çàìå÷àíèå ïîñëå 4.1á)); òàêæå ìû äîëæíû äîáàâèòü âûðîæäåííûé

ñëó÷àé s = 0). Ñ ó÷¼òîì òîãî, ÷òî m
n

< 2
3
, ïîëó÷àåì, ÷òî m

n
∈
[
5
8
, 2
3

)
∪
{
5k+2
8k+4

}
k=1,2,...

.

3.5. Îòâåò. m
n
∈
[
2k−1
k2−1 ,

2
k

)
∪
{

d(2k−1)+2
d(k2−1)+k+1

}
d=1,2,...

.

Ðåøåíèå àíàëîãè÷íî 3.4á).

3.6. à) Ïî 3.2á), f(m,n) ≤ m
n
− 1

3
. Îáðàòíîå íåðàâåíñòâî äîêàçàíî â ïóíêòå á).

á) Îòâåò. m
n
∈
(
1
2
, 5
9

]
∪
{
5k+2
9k+3

}
k=0,1,2,...

.

Âíà÷àëå çàìåòèì, ÷òî f(m,n) ≥ m
3n

> m
n
− 1

3
ïðè m

n
< 1

2
. Ñ äðóãîé ñòîðîíû, f(m,n) ≤

m
2n

< m
n
− 1

3
ïðè m

n
> 2

3
. Îñòàëîñü ðàçîáðàòüñÿ ñ èíòåðâàëîì

(
1
2
, 2
3

)
(ëåâûé êîíåö èíòåðâàëà íå

óäîâëåòâîðÿåò óñëîâèþ, à ïðàâûé óäîâëåòâîðÿåò).

5



Ïðèâåä¼ì òóò íàáðîñîê äîêàçàòåëüñòâà, îíî ïîõîæå íà äîêàçàòåëüñòâî çàäà÷è 3.4á). Äî-

êàæåì, ÷òî êàæäûé ÷åëîâåê ïîëó÷èò 2 êóñêà è âåñà êóñêîâ ïðèíàäëåæàò îòðåçêó
[
1
3
, d
]
ãäå

d = m
n
− 1

3
. Èìååì f = 2n− 3m áîãàòûõ òîðòîâ, êàæäûé èç êîòîðûõ ðàçðåçàåòñÿ íà 4 ÷àñòè è

u = 4m − 2n îáû÷íûõ òîðòîâ, êàæäûé èç êîòîðûõ ðàçðåçàåòñÿ íà 3 ÷àñòè. Êàæäûé îáû÷íûé

òîðò äîëæåí ðàçðåçàòüñÿ íà îäèíàêîâûå êóñêè, êîòîðûå äîñòàþòñÿ 3u ëþäÿì, ïðè÷¼ì âòîðîé

êóñîê ó êàæäîãî òàêîãî ÷åëîâåêà âåñèò d, à âñå îñòàëüíûå s = n− 3u = 7n− 12m îáû÷íûå ëþäè

ïîëó÷àþò îáà êóñêà èç áîãàòûõ òîðòîâ. Çàìåòèì, ÷òî m
n

> 1
2
âëå÷¼ò f

s
≥ 1

2
.

Òåïåðü âû÷òåì 1
3
èç êàæäîãî êóñêà îáû÷íîãî òîðòà è d èç êàæäîãî èç îñòàëüíûõ êóñêîâ

ìû ïîëó÷èì ðàçáèåíèå îñòàâøèõñÿ f íåîòðèöàòåëüíûõ ¾òîðòîâ¿ ìåæäó s îáû÷íûìè ëþäüìè.
Åäèíñòâåííîå îñòàâøååñÿ óñëîâèå, ÷òî êàæäûé ÷åëîâåê äîëæåí ïîëó÷èòü íå áîëåå äâóõ êóñêîâ,

à êàæäûé ¾òîðò¿ äîëæåí áûòü ðàçðåçàí íå áîëåå ÷åì íà 4 ÷àñòè. Ýòî óñëîâèå ñîáëþäàåòñÿ è ìû

ìîæåì âîññòàíîâèòü ðàçáèåíèå îáû÷íûõ òîðòîâ. Ñëåäîâàòåëüíî, ïî 4.1á) (âìåñòå ñ çàìå÷àíèåì

ïîñëå íåãî), äëÿ f
s

> 1
2
òðåáóåìîå ðàçáèåíèå ñóùåñòâóåò òîãäà è òîëüêî òîãäà, êîãäà f

s
∈[

1
2
, 1
]
∪
{
v+1
v

}
∪ {∞} èç ÷åãî ñëåäóåò îòâåò.

3.7. Îòâåò. m
n
∈
(

2
k+1

, 2k−1
k2

]
∪
{
d(2k−1)+2

dk2+k

}
d=1,2,...

.

Ðåøåíèå àíàëîãè÷íî 3.6á).

3.8. ×àñòíûé ñëó÷àé çàäà÷è 3.5.

Èäåè ðåøåíèÿ çàäà÷è 3.9 ïðåäñòàâëåíû â ñëåäóþùåì ðàçäåëå.

Íåðàâíûå òîðòû

Íàïîìíèì, ÷òî ÷åðåç bxc è dxe îáîçíà÷àþòñÿ íàèáîëüøåå öåëîå ÷èñëî, íå ïðåâîñõîäÿùåå x, è
íàèìåíüøåå öåëîå ÷èñëî, íå ìåíüøåå x, ñîîòâåòñòâåííî.

4.2. à) Îòâåò. 3
N
, åñëè 3

∣∣ N ; max
{

3
N
− 1
b2N/3c ,

1
d2N/3e

}
â ïðîòèâíîì ñëó÷àå.

Åñëè 3
∣∣ N , òîãäà î÷åâèäíî, ÷òî îïòèìàëüíûì áóäåò ðàçðåçàíèå òîðòîâ íà êóñêè ïî 3

N
êàæäûé.

Òåïåðü ïðåäïîëîæèì, ÷òî 3 6
∣∣ N . Òîãäà êòî-òî äîëæåí ïîëó÷èòü íå ìåíåå äâóõ êóñêîâ,

ïîýòîìó îòâåò íå ïðåâûøàåò 3
2N

, è ìû ìîæåì ñ÷èòàòü, ÷òî êàæäûé ÷åëîâåê ïîëó÷àåò ïî êðàéíåé

ìåðå äâà êóñêà.

Äàëåå, ìåíüøèé òîðò ðàçäåëåí èëè íà ≤ b2N/3c ÷àñòåé, èëè íà ≥ d2N/3e ÷àñòåé (äëÿ N = 2
îáÿçàòåëüíî âûïîëíÿåòñÿ âòîðîé ñëó÷àé). Â ïåðâîì ñëó÷àå, îäèí èç ýòèõ êóñêîâ äîëæåí áûòü

≥ 1
b2N/3c , ïîýòîìó åãî äîïîëíåíèå (äëÿ ÷åëîâåêà) ≤ 3

N
− 1
b2N/3c . Âî âòîðîì ñëó÷àå, ìåíüøèé

òîðò ñîäåðæèò êóñîê, êîòîðûé ≤ 1
d2N/3e . Èòàê, â ëþáîì ñëó÷àå ìèíèìàëüíûé âåñ íå ïðåâûøàåò

õîòÿ áû îäíîãî èç ÷èñåë 3
N
− 1
b2N/3c è

1
d2N/3e , ò.å. íå ïðåâûøàåò D = max

{
3
N
− 1
b2N/3c ,

1
d2N/3e

}
.

Îñòàëîñü ïðèâåñòè ïðèìåð ñ ìèíèìàëüíûì âåñîì D. Ïðåäïîëîæèì ñíà÷àëà, ÷òî D = 3
N
−

1
b2N/3c . Ðàçäåëèì ìåíüøèé òîðò íà êóñêè âåñà 1

b2N/3c ≥ D, âûðåæåì òî æå ñàìîå ÷èñëî êóñêîâ

âåñà D êàæäûé èç áîëüøåãî òîðòà è ðàçäåëèì âñå îñòàëüíîå íà öåëûå ïîðöèè. Î÷åâèäíî, òàêîå

ðàçäåëåíèå ïîäõîäèò. Âî-âòîðîì ñëó÷àå, ïðèìåð ñòðîèòñÿ àíàëîãè÷íî.

Çàìå÷àíèå. Ìîæíî ïðîâåðèòü, ÷òî D = 3
N
− 1
b2N/3c åñëè N = 3k + 2, è D = 1

d2N/3e â
ïðîòèâíîì ñëó÷àå.

á) Îòâåò. 7
N
, åñëè 7

∣∣ N ; max
{

7
N
− 2
b4N/7c ,

2
d4N/7e

}
â ïðîòèâíîì ñëó÷àå.

Ðåøåíèå àíàëîãè÷íî è ïðåäîñòàâëÿåòñÿ ÷èòàòåëþ.

Ñëåäóþùàÿ çàäà÷à ïîäñêàçûâàåò, êàê ðàáîòàåò îáùèé àëãîðèòì. Íàì íóæíî ââåñòè íåêî-

òîðûå

Îïðåäåëåíèÿ è îáîçíà÷åíèÿ. Íàïîìíèì, ÷òî ãèïåðãðàô � ýòî ïàðà (V,E), ãäå V �

ìíîæåñòâî âåðøèí, à E � ìíîæåñòâî (ãèïåð)ðåáåð, ò.å. íåêîòîðûõ íåïóñòûõ ïîäìíîæåñòâ â
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V . Ãèïåðãðàô îäíîðîäåí, åñëè âñå åãî ðåáðà èìåþò îäèíàêîâîå ÷èñëî ýëåìåíòîâ. Äëÿ ëþáîãî

ãèïåðãðàôà G = (V,E) ìû ìîæåì ïîñòðîèòü åãî ïîäëåæàùèé ãðàô G′ = (V,E′) ñ òåì æå ñà-

ìûì ìíîæåñòâîì âåðøèí, â êîòîðîì ñîåäèíåíû ðåáðîì êàæäûå äâå âåðøèíû, ïðèíàäëåæàùèå

îäíîìó ãèïåððåáðó G. Ãèïåðãðàô ñâÿçåí, åñëè åãî ïîäëåæàùèé ãðàô ñâÿçåí.

Â äàëüíåéøåì ìû áóäåì îáîçíà÷àòü ÷åðåç [b : c] ñëåäóþùóþ ñèòóàöèþ: ó íàñ åñòü òîðò âåñà

b, êîòîðûé íóæíî ðàçäåëèòü íà c ÷àñòåé. Òàê, çàïèñü 2 × [4 : 3] + 3 × [7 : 4] áóäåò îáîçíà÷àòü

íàáîð èç äâóõ òîðòîâ âåñà 4, êàæäûé èç êîòîðûõ ñëåäóåò ðàçäåëèòü íà òðè ÷àñòè, è òðåõ òîðòîâ

âåñà 7, êàæäûé èç êîòîðûõ ñëåäóåò ðàçäåëèòü íà ÷åòûðå ÷àñòè.

4.4. à) Îòâåò. 49
6
.

Â íàøèõ îáîçíà÷åíèÿõ, èìååì [59 : 4] + [89 : 6] + 2× [41 : 5]. Îäèí èç êóñêîâ â òîðòå [89 : 6]

íå ìåíüøå 89
6
; åãî äîïîëíåíèå íå áîëüøå 49

6
. Îñòàëîñü ïðåäúÿâèòü ïðèìåð:(

4 · 59
4

)
+

(
6 · 89

6

)
+ 2×

(
3 · 49

6
+ 2 · 33

4

)
= 4×

(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
.

á) Îòâåò. 49
6
. Â íàøèõ îáîçíà÷åíèÿõ, èìååì 2× [41 : 5]+3× [35 : 4]+11× [29 : 2]. Ìû áóäåì

ãîâîðèòü, ÷òî òîðòû âåñà 29 ìàëåíüêèå, à îñòàëüíûå áîëüøèå. Çàìåòèì, ÷òî êàæäûé ÷åëîâåê

äîëæåí ïîëó÷èòü äâà êóñêà ñ îáùèì âåñîì 23. Ïðåäïîëîæèì, ÷òî êàæäûé êóñîê âåñèò íå ìåíåå

÷åì 49
6
; òîãäà êàæäûé êóñîê äîëæåí áûòü íå áîëåå ÷åì 23− 49

6
= 89

6
.

Åñëè ÷åëîâåê ïîëó÷àåò äâà êóñêà èç ìàëåíüêèõ òîðòîâ (êîíå÷íî, ýòè äâà òîðòà ðàçëè÷íû),

òî ñðåäíèé âåñ îñòàâøèõñÿ äâóõ êóñêîâ â ýòèõ òîðòàõ 2·29−23
2

> 89
6
, ÷òî íåâîçìîæíî. Ïîýòîìó

âñå 22 êóñêà ìàëåíüêèõ òîðòîâ ïîïàäàþò ê ðàçíûì ëþäÿì, è, ñëåäîâàòåëüíî, âñå êóñêè èç

áîëüøèõ òîðòîâ òàêæå ïîïàäàþò ê ðàçíûì ëþäÿì.

Òåïåðü äàâàéòå íàçîâåì òîðòû âåñà 41 áîãàòûìè, à òîðòû âåñà 35 îáû÷íûìè. Ïîñòðîèì ãè-

ïåðãðàô ñ ìàëåíüêèìè òîðòàìè â êà÷åñòâå âåðøèí; êàæäîå ðåáðî áóäåò ñîîòâåòñòâîâàòü îáû÷-

íîìó òîðòó è ñîñòîÿòü èç âñåõ ìàëåíüêèõ òîðòîâ, ñîäåðæàùèõ äîïîëíåíèÿ (äëÿ ëþäåé) ê êóñêàì

èç ýòîãî îáû÷íîãî òîðòà. Ýòîò ãèïåðãðàô ñîäåðæèò ïî êðàéíåé ìåðå äâå ñâÿçíûå êîìïîíåíòû.

Òåïåðü äàâàéòå óäàëèì âñå êóñêè îáû÷íûõ òîðòîâ è èõ äîïîëíåíèÿ â ìàëåíüêèõ òîðòàõ. Äà-

ëåå, ìû ñêëåèì îñòàâøèåñÿ êóñêè êàæäîé ñâÿçíîé êîìïîíåíòû â îäèí íîâûé ¾òîðò¿. Ïîñ÷èòàåì

÷èñëî êóñêîâ è âåñ ýòîãî ¾òîðòà¿.

Ïðåäïîëîæèì, ÷òî êîìïîíåíòà ñîäåðæèò v âåðøèí è e ðåáåð. Èç-çà êàæäîãî ðåáðà ìû

óäàëèëè 4 êóñêà îáùåãî âåñà 4 · 23− 35 = 57; ïîýòîìó ÷èñëî êóñêîâ â íàøåé êîìïîíåíòå óìåíü-

øèëîñü íà 4e, à èõ îáùèé âåñ � 57e. Òàêèì îáðàçîì, ñðåäíèé âåñ îñòàâøèõñÿ êóñêîâ ðàâåí
29v−57e
2v−4e , ÷òî äîëæíî áûòü ≤ 89

6 , ÷òî ïåðåïèñûâàåòñÿ êàê 2v ≥ 7e. Ñ äðóãîé ñòîðîíû, òàê êàê

êîìïîíåíòà ñâÿçíàÿ, ìû èìååì v ≤ 3e + 1. Äâà ïîëó÷åííûõ íåðàâåíñòâà âûïîëíÿþòñÿ òîëüêî

åñëè ïàðà (v, e) � èëè (4, 1), èëè (7, 2). Ñëåäîâàòåëüíî, íàø ãèïåðãðàô äîëæåí ñîäåðæàòü îäíó

êîìïîíåíòó òèïà (4, 1) è îäíó òèïà (7, 2). Â ïîñëåäíåé êîìïîíåíòå, îäèí èç êóñêîâ áóäåò íå

ìåíüøå, ÷åì 7·29−2·57
14−8 = 89

6
, ÷òî äàåò æåëàåìóþ îöåíêó.

Íî èç ýòîé êîíñòðóêöèè ìîæíî ïîëó÷èòü è ïðèìåð! Èìåííî, èç êîìïîíåíòû òèïà (4, 1) ìû
ïîëó÷èëè ¾òîðò¿ èç 4 êóñêîâ ñ îáùèì âåñîì 4 · 29 − 57 = 59, à èç îñòàâøåéñÿ êîìïîíåíòû ìû

ïîëó÷àåì ¾òîðò¿ èç 6 êóñêîâ ñ îáùèì âåñîì 7 · 29− 2 · 57 = 89. Òàêæå ó íàñ îñòàëîñü 2× [41 : 5].
Òàêèì îáðàçîì ìû ïðèøëè ê ñèòóàöèè 4.4à) è ïîýòîìó ìîæåì âçÿòü ðàçáèåíèå èç òîãî ïðèìåðà

è íàéòè âåñà óäàëåííûõ êóñêîâ. Ïîëó÷àåòñÿ ïðèìåð

11× 29 + 2× 41 + 3× 35 = 4×
(
59

4
+

57

4

)
+ 6×

(
89

6
+

85

6

)
+

(
2 · 29

2

)
+

+ 2×
(
3 · 49

6
+ 2 · 33

4

)
+

(
4 · 35

4

)
+ 2×

(
3 · 53

6
+

17

2

)
=

= 4×
(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
+ 4×

(
57

4
+

35

4

)
+ 6×

(
85

6
+

53

6

)
+ 2×

(
29

2
+

17

2

)
.

â) Îòâåò. 49
138

= 1
23
· 49
6
(ìîãëè áû äîãàäàòüñÿ?).
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Óìíîæèì âñå âåñà íà 29. Êàê îáû÷íî, ìû áóäåì ñ÷èòàòü, ÷òî êàæäûé ÷åëîâåê ïîëó÷àåò

ðîâíî äâà êóñêà, è ÷òî êàæäûé òîðò ðàçäåëåí èëè íà äâå, èëè íà òðè ÷àñòè. Òîãäà êîëè÷åñòâà

òîðòîâ îáîèõ òèïîâ ìîæíî íàéòè, è ìû ïðèõîäèì ê ñèòóàöèè 12 × [29 : 3] + 11 × [29 : 2].
Áóäåì íàçûâàòü òîðòû ñ òðåìÿ êóñêàìè áîãàòûìè, à îñòàëüíûå îáû÷íûìè. Ïðåäïîëîæèì, ÷òî

êàæäûé êóñîê âåñèò íå ìåíåå ÷åì 49
6
; òîãäà êàæäûé êóñîê äîëæåí áûòü òàêæå íå áîëåå ÷åì

23− 49
6

= 89
6
.

Ïî òåì æå ïðè÷èíàì, ÷òî è âûøå, íèêòî èç ëþäåé íå ïîëó÷èò äâóõ êóñêîâ èç îáû÷íîãî

òîðòà. Ïîýòîìó âñå 22 êóñêà îáû÷íûõ òîðòîâ äîñòàíóòñÿ ðàçëè÷íûì ëþäÿì, à èõ äîïîëíåíèÿ

ëåæàò â áîãàòûõ òîðòàõ. Îñòàâøèåñÿ 14 êóñêîâ áîãàòûõ òîðòîâ äîñòàíóòñÿ 7 îñòàâøèìñÿ ëþ-

äÿì; áóäåì íàçûâàòü ýòèõ ëþäåé áîãàòûìè. Òåïåðü ìû ïîñòðîèì ãðàô ñ áîãàòûìè òîðòàìè

â êà÷åñòâå âåðøèí; êàæäîå ðåáðî ñîîòâåòñòâóåò áîãàòîìó ÷åëîâåêó è ñîåäèíÿåò äâà áîãàòûõ

òîðòà, ñîäåðæàùèõ êóñêè, ïðèíàäëåæàùèå ýòîìó ÷åëîâåêó. Ýòîò ãðàô ñîäåðæèò ïî êðàéíåé

ìåðå 5 êîìïîíåíò ñâÿçíîñòè.

Òåïåðü óäàëèì âñå êóñêè áîãàòûõ ëþäåé. Äàëåå, ìû ñêëåèì îñòàâøèåñÿ êóñêè êàæäîé ñâÿç-

íîé êîìïîíåíòû â îäèí íîâûé ¾òîðò¿. Äàâàéòå íàéäåì ÷èñëî êóñêîâ è âåñ ýòîãî ¾òîðòà¿.

Ïðåäïîëîæèì, ÷òî êîìïîíåíòà ñîäåðæèò v âåðøèí è e ðåáåð (òîãäà v ≤ e + 1). Èç-çà
êàæäîãî ðåáðà ìû óäàëèëè 2 êóñêà ñ îáùèì âåñîì 23; ïîýòîìó ÷èñëî êóñêîâ, óäàëåííûõ èç

íàøåé êîìïîíåíòû, ðàâíî 2e, à èõ îáùèé âåñ � 23e. Òàêèì îáðàçîì, ñðåäíèé âåñ îñòàâøèõñÿ

êóñêîâ ðàâåí 29v−23e
3v−2e , ÷òî äîëæíî áûòü ≥ 49

6 ; ýòî íåðàâåíñòâî ïåðåïèñûâàåòñÿ êàê 27v ≥ 40e.

Ýòî íåâîçìîæíî, åñëè v ≤ e, ïîýòîìó ìû èìååì v = e + 1 è, çíà÷èò, 27 ≤ 13e èëè e ≤ 2.
Òàêèì îáðàçîì, êàæäàÿ ñâÿçíàÿ êîìïîíåíòà � äåðåâî (ñëåäîâàòåëüíî, èõ ðîâíî ïÿòü) è èìååò

ìàêñèìóì äâà ðåáðà.

Â ñàìîì ¾ðåãóëÿðíîì¿ ñëó÷àå åñòü äâå êîìïîíåíòû ñ äâóìÿ ðåáðàìè è òðè êîìïîíåíòû ñ

îäíèì ðåáðîì; òîãäà ïîëó÷åííûå íîâûå ¾òîðòû¿ áóäóò èìåòü âèä 2 × [41 : 5] + 3 × [35 : 4]. Ïî

4.4á), îòâåò áóäåò íå áîëåå ÷åì 49
6
.

Â ëþáîì äðóãîì ñëó÷àå ïîÿâëÿåòñÿ èçîëèðîâàííàÿ âåðøèíà, òî åñòü âñå òðè êóñêà ýòîãî

òîðòà ñïàðåíû (â ïîðöèè) ñ êóñêàìè èç îáû÷íûõ òîðòîâ. Ðàññìîòðèì ýòè òðè äîïîëíåíèÿ è

âîçüìåì òðè îáû÷íûõ òîðòà, ñîäåðæàùèõ èõ. Ñðåäíåå òðåõ îñòàâøèõñÿ êóñêîâ ýòèõ òîðòîâ

åñòü 4·29−3·23
3

> 89
6
, ÷òî íåâîçìîæíî. Îöåíêà äîêàçàíà.

Ïðèìåð ìîæåò áûòü ñíîâà ïîëó÷åí èç ïðèìåðà äëÿ 4.4á) äîáàâëåíèåì óäàëåííûõ êóñêîâ:

11× 29 + 12× 29 = 4×
(
59

4
+

57

4

)
+ 6×

(
89

6
+

85

6

)
+

(
2 · 29

2

)
+

+ 4×
(
49

6
+

33

4
+

151

12

)
+ 2×

(
49

6
+ 2 · 125

12

)
+

+ 2×
(
2 · 35

4
+

23

2

)
+ 2×

(
2 · 53

6
+

34

3

)
+ 2×

(
53

6
+

17

2
+

35

3

)
=

= 4×
(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
+ 4×

(
57

4
+

35

4

)
+ 6×

(
85

6
+

53

6

)
+

+ 2×
(
29

2
+

17

2

)
+ 4×

(
151

12
+

125

12

)
+

(
2 · 23

2

)
+ 2×

(
34

3
+

35

3

)
.

3.9. à) Îòâåò. 5
4
· m
n
− 1

2
.

Äîêàæåì ñíà÷àëà âåðõíþþ îöåíêó. Êàê îáû÷íî, ìû ñ÷èòàåì, ÷òî ó êàæäîãî ÷åëîâåêà ïî

äâà êóñêà, êàæäûé òîðò ðàçáèò íà 3 èëè 4 ÷àñòè, è åñòü u = 4m−2n îáû÷íûõ òîðòîâ ïî 3 ÷àñòè â

êàæäîì è f = 2n− 3m áîãàòûõ òîðòîâ èç 4 ÷àñòåé. Ïîñêîëüêó 4f < n (ýòî ñëåäóåò èç m
n

> 7
12
),

êòî-òî äîëæåí ïîëó÷èòü îáà êóñêà èç îáû÷íûõ òîðòîâ. Ðàññìîòðèì äâà òîðòà, ñîäåðæàùèå

åãî êóñêè; ñðåäíèé âåñ îñòàëüíûõ êóñêîâ ýòèõ òîðòîâ ðàâåí d = 1
4

(
2− m

n

)
, ïîýòîìó îäèí èç

ýòèõ êóñêîâ âåñèò íå ìåíüøå d. À òîãäà åãî äîïîëíåíèå íå òÿæåëåå m
n
− d = 5

4
· m
n
− 1

2
, ÷òî è

òðåáîâàëîñü.

Ïðèìåð áóäåò ñëåäîâàòü èç ÷àñòè á).
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á) Ìû áóäåì èññëåäîâàòü ëèøü ñëó÷àé m
n
∈
(

7
12
, 2
3

)
, êîãäà ïðîõîäèò îöåíêà èç ïóíêòà à).

Â ýòîì ñëó÷àå ìû óòâåðæäàåì, ÷òî f(m,n) = 5
4
· m
n
− 1

2
òîãäà è òîëüêî òîãäà, êîãäà m

n
∈(

7
12
, 22
37

]
∪
{
22d−3
37d−2

}
d=1,2,...

; íèæå ïðèâåä¼í íàáðîñîê ðåøåíèÿ.

Óìíîæèì âñå âåñà íà 4n; òîãäà âåñ ìèíèìàëüíîãî êóñêà áóäåò d = 5m − 2n, à âåñ ìàêñè-

ìàëüíîãî � t = 2n−m.

Â íàøåì ñëó÷àå, êàæäûé ÷åëîâåê ïîëó÷àåò ïî äâà êóñêà, åñòü f = 2n−3m áîãàòûõ òîðòîâ

ïî 4 êóñêà è u = 4m− 2n îáû÷íûõ òîðòîâ ïî òðè êóñêà. Äàëåå, ëåãêî âèäåòü, ÷òî äâà êóñêà èç

áîãàòûõ òîðòîâ íå ìîãóò ïîïàñòü îäíîìó ÷åëîâåêó, ïîýòîìó ó 4f ÷åëîâåê ïî îäíîìó êóñêó èç

áîãàòûõ òîðòîâ, à ó îñòàëüíûõ s = n− 4f îáû÷íûõ ëþäåé ïî äâà êóñêà èç îáû÷íûõ òîðòîâ.

Ïîñòðîèì ãðàô G ñ îáû÷íûìè òîðòàìè â êà÷åñòâå âåðøèí, ãäå êàæäîå ðåáðî áóäåò ñî-

åäèíÿòü äâà òîðòà, èç êîòîðûõ âçÿòû êóñêè îäíîãî îáû÷íîãî ÷åëîâåêà. Òåïåðü óäàëèì âñåõ

îáû÷íûõ ëþäåé ñî âñåìè èõ êóñêàìè, è îáúåäèíèì êàæäóþ êîìïîíåíòó ñâÿçíîñòè â íîâûé

òîðò. Åñëè â êàêîé-òî êîìïîíåíòå áûëî áîëåå îäíîãî ðåáðà, òî, óäàëÿÿ îáû÷íûõ ëþäåé, ìû

ïîëó÷àåì êóñêè ñî ñðåäíèì âåñîì > d, ÷òî íåâîçìîæíî. Çíà÷èò, ìû äîëæíû ïîëó÷èòü s íîâûõ
òîðòîâ âåñà 8n − 4m = 4t, ñîñòîÿùèå èç 4 êóñêîâ êàæäûé, è u − 2s ñòàðûõ òîðòîâ âåñà 4n,
ñîñòîÿùèõ èç òð¼õ êóñêîâ êàæäûé. Çàìåòèì, ÷òî òåïåðü íîâûå òîðòû äîëæíû áûòü ðàçäåëåíû

íà ðàâíûå ÷àñòè.

Òåïåðü ìîæíî äåéñòâîâàòü, êàê â 3.4á). Âû÷òåì d èç êàæäîãî îñòàâøåãîñÿ êóñêà îáû÷íîãî

òîðòà, and è t � èç êàæäîãî êóñêà áîãàòîãî òîðòà. Òîãäà íîâûå òîðòû èñ÷åçàþò, âñå ñîõðàíèâ-

øèåñÿ îáû÷íûå òîðòû ñòàíîâÿòñÿ ïîëîæèòåëüíûìè ¾òîðòàìè¿ èç òð¼õ èëè ìåíåå ÷àñòåé, à âñå

áîãàòûå òîðòû ñòàíîâÿòñÿ îòðèöàòåëüíûìè ¾òîðòàìè¿ èç 4 èëè ìåíåå ÷àñòåé. Áåðÿ âñå êóñêè

ïîñëåäíèõ ïî ìîäóëþ, ìû ïðèõîäèì ê òàêîé ïîñòàíîâêå:

Ïóñòü åñòü u−2s ðàâíûõ òîðòîâ, è íàì íàäî ðàçðåçàòü êàæäûé íà íå áîëåå ÷åì 3 ÷àñòè è

ïåðåðàñïðåäåëèòü ïîëó÷åííûå êóñêè â f ãðóïï îäèíàêîâîãî ñóììàðíîãî âåñà, ïðè÷¼ì â êàæäîé

èç ãðóïï äîëæíî áûòü íå áîëüøå 4 êóñêîâ

Áîëåå òîãî, ìîæíî ïîíÿòü, ÷òî èç ðàçðåçàíèÿ íîâûõ ¾òîðòîâ¿ âîññòàíàâëèâàåòñÿ ðàçðåçàíèå

(è ðàñïðåäåëåíèå) ñòàðûõ. Çíà÷èò, îñòà¼òñÿ âûÿñíèòü, ïðè êàêèõ ïàðàìåòðàõ íîâàÿ ïîñòàíîâêà

èìååò ðåøåíèå. Ýòî ìîæíî ñäåëàòü àíàëîãè÷íî 4.1.

Îáùèé àëãîðèòì

Íàêîíåö, ìû ïðîäåìîíñòðèðóåì ðàáîòó îáùåãî àëãîðèòìà íà îäíîì íåòðèâèàëüíîì ïðèìåðå �

à èìåííî, ìû íàéä¼ì çíà÷åíèå f(31, 52).

1.3. ä) Ìû íå áóäåì, êàê â íåêîòîðûõ ïðåäûäóùèõ çàäà÷àõ, ñðàçó ïðåäúÿâëÿòü îòâåò, à ïîêà-

æåì, êàê ìîæíî åãî íàéòè, ñ ñàìîãî íà÷àëà.

×àñòü I. Ñïåðâà ìû ïðîäåëàåì íåêèé ñòðàííûé ïðîöåññ; ñàì ïî ñåáå îí íå äà¼ò íè ïðèìåðà,

íè îöåíêè. Îäíàêî îí âûäà¼ò òî÷íûé îòâåò, ïðî êîòîðûé çàòåì ïðîñòî äîêàçûâàåòñÿ, ÷òî îí

äîñòèæèì è îïòèìàëåí.

Â ïðîöåññå ìû áóäåì äåëàòü íåêîòîðûå ïðåäïîëîæåíèÿ î òîì, êàê äîëæåí âûãëÿäåòü îï-

òèìàëüíûé ïðèìåð. Òàê ÷òî ïîñëå òîãî, êàê ïðèìåð áóäåò ïîñòðîåí, íàì îñòàíåòñÿ óáåäèòüñÿ

â òîì, ÷òî áåç âûïîëíåíèÿ îäíîãî èç ïðåäïîëîæåíèé ïîëó÷àåòñÿ õóäøèé îòâåò. Ìû îòìå÷àåì

ýòè ïðåäïîëîæåíèÿ áîãàòûì øðèôòîì è íóìåðóåì èõ.

Ïîäãîòîâêà. Óìíîæèì âñå âåñà íà 52. Ïðåäïîëîæèì(1), ÷òî êàæäûé ÷åëîâåê ïîëó÷èë

ïî äâà êóñêà. Ïîñêîëüêó 1
2 < m

n < 2
3 , ìû òàêæå ïðåäïîëîæèì (2), ÷òî êàæäûé òîðò ðàçäåë¼í

íà 3 èëè 4 ÷àñòè. Òîãäà ìû ïîëó÷àåì

11× [52 : 4] + 20× [52 : 3].

Íàçîâ¼ì òîðòû ñ 4 êóñêàìè áîãàòûìè, à îñòàëüíûå � îáû÷íûìè.

Íà÷àëüíûé øàã. Â áîãàòûõ êóñêàõ âñåãî 44 âåðøèíû, ÷òî ìåíüøå êîëè÷åñòâà ëþäåé. Çíà-

÷èò, ìû ïðåäïîëîæèì (3), ÷òî âñå ýòè 44 êóñêà ðàñïðåäåëåíû ïî 44 ðàçíûì ëþäÿì; çíà÷èò,

íàéäóòñÿ ðîâíî 8 ÷åëîâåê, ó êîòîðûõ âñå êóñêè ëåæàò â îáû÷íûõ êóñêàõ. Ðàññìîòðèì ãðàôñ

îáû÷íûìè òîðòàìè â êà÷åñòâå âåðøèí, ð¼áðà êîòîðîãî ñîîòâåòñòâóþò îáû÷íûì ëþäÿì. Îí

ñîäåðæèò 20 âåðøèí ì 8 ð¼áåð, òàê ÷òî â í¼ì õîòÿ áû 12 êîìïîíåíò ñâÿçíîñòè.
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Òåïåðü ìû ïðåäïîëîæèì(4) ÷òî (i) âñå êîìïîíåíòû � ýòî äåðåâüÿ (è ïîýòîìó èõ ðîâíî 12),

è (ii) âñå ð¼áðà ðàñïðåäåëåíû ìåæäó êîìïîíåíòàìè ïî÷òè ðàâíîìåðíî (òî åñòü ðàçíîñòü ÷èñëà

ï¼áåð â äâóõ êîìïîíåíòàõ íå ïðåâîñõîäèò 1). Â íàøåì ñëó÷àå ýòî îçíà÷àåò, ÷òî ïîÿâèëîñü 5

êîìïîíåíò ñâÿçíîñòè èç 2 âåðøèí, à òàêæå 4 èçîëèðîâàííûõ âåðøèíû. Òîãäà, óäàëÿÿ âñå êóñêè,

ïðèíàäëåæàùèå îáû÷íûì ëþäÿì, è ñêëåèâàÿ êàæäóþ êîìïîíåíòó â îäèí òîðò, ìû ïðèõîäèì ê

ñèòóàöèè

11× [52 : 4] + 8× [73 : 4] + 4× [52 : 3].

Ðåãóëÿðíûé øàã 1. Òåïåðü ó íàñ åñòü 44 ìàëåíüêèõ êóñêà â 11 áîãàòûõ òîðòàõ è 44 áîëüøèõ

êóñêà â îñòàëüíûõ òîðòàõ; ëþáîé ÷åëîâåê äîëæåí ïîëó÷èòü ïî ìàëåíüêîìó è áîëüøîìó êóñêó.

Çàìåòèì, ÷òî ñðåäíèé âåñ êóñêà â òîðòå [52 : 3] ìåíüøå, ÷åì â [73 : 4]. Íåôîðìàëüíî ãîâîðÿ,

ýòî çíà÷èò, ÷òî íàì íàäî ðàçðåçàòü òîðò [73 : 4] íàñòîëüêî ïîðîâíó, íàñêîëüêî ýòî âîçìîæíî.

Ïîýòîìó ìû îòëîæèì ïîêà ýòè òîðòû è çàéì¼ìñÿ îñòàëüíûìè.

Ðàññìîòðèì ãèïåðãðàô ñ áîãàòûìè òîðòàìè â êà÷åñòâå âåðøèí è ð¼áðàìè, ïîñòðîåíû ïî

òîðòàì [52 : 3] (êàæäîå ðåáðî ñîñòîèò èç áîãàòûõ òîðòîâ, ñîäåðæàùèõ äîïîëíåíèÿ êóñêîâ îäíîãî
òîðòà [52 : 3]). Òàêèì îáðàçîì, â íàøåì ãèïåðãðàôå 11 âåðøèí è 4 ðåáðà ìîùíîñòè ≤ 3. Òîãäà
â í¼ì íå ìåíåå 11− 4 · (3− 1) = 3 êîìïîíåíò ñâÿçíîñòè.

Êàê è ðàíüøå, ìû ïðåäïîëàãàåì(5), ÷òî â ýòîì ãèïåðãðàôå (i) â ëþáîé êîìïîíåíòå �

íàèáîëüøåå êîëè÷åñòâî âåðøèí, âîçìîæíîå ïðè äàííîì êîëè÷åñòâå ð¼áåð (è ïîýòîìó êîìïî-

íåíò ðîâíî òðè), è (ii) ð¼áðà ðàñïðåäåëåíû ïî êîìïîíåíòàì ïî÷òè ðàâíîìåðíî (ò.å. â ëþáûõ

êîìïîíåíòàõ èõ êîëè÷åñòâî ðàçëè÷àåòñÿ ìàêñèìóì íà 1). Â íàøåì ñëó÷àå ýòî îçíà÷àåò, ÷òî

ïîëó÷èëèñü äâå êîìïîíåíòû ñ îäíèì ðåáðîì è òðåìÿ âåðøèíàìè, à òàêæå îäíà ñ äâóìÿ ð¼áðà-

ìè è ïÿòüþ âåðøèíàìè. Òåïåðü, óäàëÿÿ âñå êóñêè òîðòîâ [52 : 4] âìåñòå ñ èõ äîïîëíåíèÿìè è

ñêëåèâàÿ êàæäóþ êîìïîíåíòó â îäèí òîðò, ìû ïðèõîäèì ê

2× [105 : 9] + [178 : 14] + 8× [73 : 4].

Ðåãóëÿðíûé øàã 2. Îñòàëèñü 32 áîëüøèõ êóñêà â òîðòàõ 8 × [73 : 4] è 32 ìàëåíüêèõ êóñêà

â îñòàëüíûõ òîðòàõ; êàæäûé äîëæåí ïîëó÷èòü ïî îäíîìó êóñêó êàæäîãî òèïà. Çàìåòèì, ÷òî

ñðåäíèé âåñ êóñêà â [105 : 9] áîëüøå, ÷åì â [178 : 14]. Îïÿòü æå, ýòî îçíà÷àåò, ÷òî íàäî ðåçàòü
[178 : 14] êàê ìîæíî òî÷íåå, ïîñåìó ìû ðàáîòàåì ñ îñòàëüíûìè.

Ðàññìîòðèì ãèïåðãðàô íà òîðòàõ [73 : 4] êàê íà âåðøèíàõ, ñ ð¼áðàìè, ñîîòâåòñòâóþùèìè

òîðòàì [105 : 9]. Â îòëè÷èå îò ïðåäûäóùèõ ñëó÷àåâ, ýòîò ãèïåðãðàô ìîæåò îêàçàòüñÿ ñâÿçíûì.

Òîãäà ìû ïðåäïîëàãàåì(6), ÷òî îí ñâÿçåí è ìû ãîòîâû çàâåðøàòü íàø ïðîöåññ. Äåéñòâèòåëü-

íî, äåëàÿ ãðàô ñâÿçíûì, ïîñëå ñòàíäàðòíîãî âûêèäûâàíèÿ è ñêëåèâàíèÿ ïîëó÷àåì ñèòóàöèþ

[178 : 14] + [256 : 14],

êîòîðàÿ òðèâèàëüíà. Äåéñòâèòåëüíî, ìèíèìàëüíûé êóñîê íå ïðåâîñõîäèò 178
14

= 89
7
, è äîáèòüñÿ

òàêîãî çíà÷åíèÿ ëåãêî: ðàçðåçàòü êàæäûé òîðò íà ðàâíûå êóñêè è ðàçäàòü èõ âñåì ëþäÿì

ïîðîâíó. Çàìåòüòå, ÷òî íàøà ïîñëåäíÿÿ îáúÿâëåííàÿ öåëü (ðàçðåçàòü [178 : 14] êàê ìîæíî

òî÷íåå) ñ áëåñêîì âûïîëíåíà.

Èòàê, åñëè âñå íàøè ïðåäïîëîæåíèÿ âûïîëíåíû, òî ìèíèìàëüíûé êóñîê íå ïðåâîñõîäèò

d = 89
7
.

×àñòü II. Òåïåðü ìû ïîñòðîèì ïðèìåð, ïîêàçûâàþùèé, ÷òî ìèíèìàëüíûé êóñîê ìîæåò

áûòü ðàâåí d. Äëÿ ýòîãî ìû ïîéä¼ì ïî íàøåìó ïðîöåññó â îáðàòíîì ïîðÿäêå. Íàïîìèíàåì, ÷òî

â êîíöå ìû ïîñòðîèëè ïðèìåð

[178 : 14] + [256 : 14] =

(
14 · 89

7

)
+

(
14 · 128

7

)
.

Ðåãóëÿðíûé øàã 2. Òîðò [256 : 14] ïîëó÷èëñÿ èç 8× [73 : 4] óäàëåíèåì äîïîëíåíèé ê êóñêàì

èç 2× [105 : 9]. Âîññòàíîâèì ýòè êóñêè � íàïðèìåð, ñ ïîìîùüþ ¾ìåòîäà îòðåçêîâ¿; ñåé÷àñ ýòîò

ìåòîä ëåãêî ïðèìåíèòü:

8× [73 : 4] + 2× [105 : 9] = 8×
(
3 · 128

7
+

127

7

)
+ 2 ·

(
5 · 89

7
+ 4 · 90

7

)
.
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Ðåãóëÿðíûé øàã 1. Òîðòû 2× [105 : 9] ïîëó÷èëèñü èç 3× [52 : 4]+ 3× [52 : 4] âûêèäûâàíèåì
äîïîëíåíèé ê êóñêàì èç [52 : 3] + [52 : 3]; àíàëîãè÷íî, òîðò [178 : 14] ïîëó÷åí èç äðóãèõ

4 × [52 : 3] âûêèäûâàíèåì äîïîëíåíèé ê êóñêàì èç 2 × [52 : 3]. Òåïåðü ìû âîññòàíîâèì ýòè

òîðòû; ýòî äåëàåòñÿ àâòîìàòè÷åñêè, ïîñëå òîãî, êàê ìû ñêàæåì, êàê êóñêè èç [105 : 9] è [178 : 14]
ðàçáèâàþòñÿ íà êóñêè â òîðòàõ [52 : 4]. Ñäåëàâ ýòî ïðîèçâîëüíûì îáðàçîì, ïîëó÷àåì

11× [52 : 4] + 4× [52 : 3] = 4×
(
2 · 89

7
+

90

7
+

96

7

)
+ 2×

(
89

7
+ 2 · 90

7
+

95

7

)
+

+ 4×
(
3 · 89

7
+

97

7

)
+ 2×

(
2 · 89

7
+ 2 · 93

7

)
+

+ 2×
(
2 · 121

7
+

122

7

)
+ 2×

(
2 · 120

7
+

124

7

)
.

Íà÷àëüíûé øàã. Íàì îñòàëîñü âîññòàíîâèòü ïîñëåäíèå òîðòû 16 × [52 : 3] èç 8 × [73 : 4]
äîáàâëåíèå äîëåé îáû÷íûõ ëþäåé; ýòî òàêæå ïðîèñõîäèò àâòîìàòè÷åñêè:

16× [52 : 3] = 8×
(
2 · 128

7
+

108

7

)
+ 8×

(
128

7
+

127

7
+

109

7

)
.

Òàêèì îáðàçîì, ïðèìåð ïîñòðîåí:

11× [52 : 4] + 20× [52 : 3] = 4×
(
2 · 89

7
+

90

7
+

96

7

)
+ 2×

(
89

7
+ 2 · 90

7
+

95

7

)
+

+ 4×
(
3 · 89

7
+

97

7

)
+ 2×

(
2 · 89

7
+ 2 · 93

7

)
+

+ 2×
(
2 · 121

7
+

122

7

)
+ 2×

(
2 · 120

7
+

124

7

)
+

+ 8×
(
2 · 128

7
+

108

7

)
+ 8×

(
128

7
+

127

7
+

109

7

)
.

×àñòü III. Íàì îñòàëîñü ïðîâåðèòü, ÷òî âñå íàøè ïðåäïîëîæåíèÿ äîëæíû áûëè âûïîë-

íÿòüñÿ. Ýòî íåñëîæíî äåëàåòñÿ òåìè æå ìåòîäàìè, ÷òî è â ïðåäûäóùèõ ðàçäåëàõ. Îáîçíà÷èì

d = 89
6
, t = 31 − d = 128

7
. Åñëè f(31, 52) > d, òî ðàçìåðû âñåõ êóñêîâ íàõîäÿòñÿ â èíòåðâàëå

(d, t).

Ïðåäïîëîæåíèå (1) âûïîëíåíî, èíà÷å íàèìåíüøèé êóñîê íå ïðåâîñõîäèò 31
3

< d.

Ïðåäïîëîæåíèå (2) íåîáõîäèìî, èíà÷å ìû ïîëó÷àåì êóñîê ëèáî ðàçìåðà ≤ 52
5

< d, ëèáî

ðàçìåðà ≥ 31− 52
2

> t.

Ïðåäïîëîæåíèå (3) âåðíî: èíà÷å, ðàññìàòðèâàÿ ÷åëîâåêà ñ äâóìÿ êóñêàìè â äâóõ áîãàòûõ

òîðòàõ, ïîëó÷àåì, ÷òî ñðåäíèé âåñ îñòàâøèõñÿ 6 êóñêîâ â ýòèõ òîðòàõ ðàâåí 52·2−31
6

< d.

Ïðåäïîëîæåíèå (4): ïóñòü îíî íå âûïîëíÿåòñÿ. Òîãäà äâà ðåáðà èìåþò îáùóþ âåðøèíó.

Ðàññìîòðèì òðè òîðòà, ó÷àñòâóþùèå â ýòèõ ð¼áðàõ; ñðåäíèé âåñ 5 èõ êóñêîâ, íå ñîîòâåòñòâóþ-

ùèõ íàøèì ð¼áðàì, ðàâåí 3·52−2·31
5

> t.

Ïðåäïîëîæåíèå (5) ïðîâåðÿåòñÿ òàê æå, êàê è â 4.4á).

Íàêîíåö,Ïðåäïîëîæåíèå (6) ìîæíî íå ïðîâåðÿòü: ê ýòîìó ìîìêåòó ó íàñ óæå ïîëó÷èëñÿ

òîðò [178 : 14], à çíà÷èò, ìèíèìàëüíûé êóñîê íå ìîæåò ïðåâîñõîäèòü 178
14

= d.

Ãîòîâî!

Ïðåäëàãàåì âàì ïîïûòàòüñÿ ïðèìåíèòü àëãîðèòì ê ïàðàì ñ Èñïûòàòåëüíîãî ïîëèãîíà,

÷òîáû óâèäåòü, êàê îí ðàáîòàåò!
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×åñòíûé ðàçäåë òîðòîâ

Ðåøåíèÿ ïîñëå ïðîìåæóòî÷íîãî ôèíèøà

Íåñêîëüêî îáùèõ ðåçóëüòàòîâ

Ìû íà÷í¼ì ñ ðàçáîðà çàäà÷ 3.1�3.3, ïîñêîëüêó èõ ðåøåíèå óïðîùàåò îñòàëüíûå ðåøåíèÿ.

3.1. Åñëè n íå äåëèòñÿ íà m, òî òîðòû íåâîçìîæíî ðàçðåçàòü íà êóñêè âåñà m
n
. Çíà÷èò, íàéä¼òñÿ

êóñîê ìåíüøåãî âåñà. Òîãäà êòî-íèáóäü ïîëó÷èò õîòÿ áû äâà êóñêà, è íàèìåíüøèé èç íèõ áóäåò

âåñèòü íå áîëåå m
2n
.

Ïóñòü òåïåðü f(m,n) = m
2n
. Òîãäà êàæäûé êóñîê âåñèò ëèáî m

2n
, ëèáî m

n
. Êàæäûé êóñîê

âåñà m
n
ìîæíî ðàçáèòü íà äâà êóñêà âåñà m

n
. Èòàê, êàæäûé òîðò ñîñòîèò èç êóñêîâ âåñà m

2n
, ÷òî

ìîæåò ñëó÷èòüñÿ òîãäà è òîëüêî òîãäà, êîãäà 2m äåëèòñÿ íà n (à m íå äåëèòñÿ).

3.3. à) Ðàññìîòðèì ëþáîå îïòèìàëüíîå ðàçáèåíèå. Åñëè ó êîãî-òî õîòÿ áû òðè êóñêà, òî ìèíè-

ìàëüíûé èç íèõ íå ïðåâîñõîäèò m
3n
; ïîýòîìó è f(m,n) ≤ m

3n
.

3.2. à) Ïðåäïîëîæèì, ÷òî f(m,n) > m
n
− 1

2
. Ïîñêîëüêó m

n
> 3

4
, èìååì m

n
− 1

2
> m

3n
. Çíà÷èò, ïî

3.3à) êàæäûé ÷åëîâåê ïîëó÷àåò íå áîëåå äâóõ êóñêîâ. Åñëè åñòü êóñîê ðàçìåðà m
n
, ðàçäåëèì

åãî íà äâà ðàâíûõ; ïîëó÷åííîå ðàçáèåíèå ïî-ïðåæíåìó îïòèìàëüíî ââèäó 3.1. Èòàê, âñåãî åñòü

ðîâíî 2n êóñêîâ. Ïîñêîëüêó 2n < 3m, íàéä¼òñÿ òîðò, ðàçäåë¼ííûé íà äâå ÷àñòè (êàæäûé òîðò

äîëæåí áûòü ïîðåçàí!); îäíà èç ýòèõ ÷àñòåé íå ìåíüøå 1
2
. Òîãäà ó ÷åëîâåêà, ïîëó÷èâøèé ýòó

÷àñòü, îñòàâøèéñÿ êóñîê íå ïðåâîñõîäèò m
n
− 1

2
. Ïðîòèâîðå÷èå.

á), â) Ïóñòü k ≥ 3; ïðåäïîëîæèì, ÷òî 2
k+1

< m
n

< 1, íî f(m,n) > m
n
− 1

k
. Ïîñêîëüêó

m
n
− 1

k
> m

3n
, ïî 3.1 è 3.3à) ìû îïÿòü ìîæåì ñ÷èòàòü, ÷òî ó êàæäîãî ÷åëîâåêà ðîâíî ïî äâà

êóñêà, è îáùåå ÷èñëî êóñêîâ � 2n. Òàê êàê 2n < (m + 1)k, íàéä¼òñÿ òîðò ñ íå áîëåå ÷åì k

êóñêàìè, à òîãäà îäèí èç íèõ íå ìåíüøå 1
k
. Ó ÷åëîâåêà, ïîëó÷èâøåãî ýòîò êóñîê, âòîðàÿ ÷àñòü

íå áóäåò ïðåâîñõîäèòü m
n
− 1

k
. Ïðîòèâîðå÷èå.

3.3. á) Ðàññìîòðèì îòðåçîê äëèíû m. Ðàçäåëèì åãî êðàñíûìè òî÷êàìè íà m ðàâíûõ ÷àñòåé, à

ñèíèìè òî÷êàìè � íà 3n ðàâíûõ ÷àñòåé (êîíöû îòðåçêà áóäóò èìåòü îáà öâåòà). Ïîëó÷åííûå

îòðåçêè ñ êðàñíûìè êîíöàìè îáîçíà÷àþò òîðòû.

Òåïåðü îäíîâðåìåííî óäàëèì âñå ñèíèå òî÷êè, îäíà èç ñîñåäíèõ ñ êîòîðûìè òî÷åê � êðàñíàÿ

(íî íå ðàçíîöâåòíàÿ!). Çàòåì ðàçðåæåì òîðòû ïî îñòàâøèìñÿ ñèíèì òî÷êàì. Ìû óòâåðæäàåì,

÷òî òåïåðü ïîëó÷åííûå ÷àñòè ìîæíî ðàçäàòü n ëþäÿì ïîðîâíó.

Ïîñêîëüêó m < n, êàæäûé òîðò ñîäåðæàë õîòÿ áû òðè ñèíèõ òî÷êè, ïîýòîìó õîòÿ áû

îäíà èç íèõ îñòàëàñü. Äàëåå, êàæäûé ïîëó÷åííûé êóñîê, íå íàõîäÿùèéñÿ íà ãðàíèöå òîðòà,

èìååò äëèíó m
3n
. Òî æå âåðíî äëÿ êóñêà ñ ðàçíîöâåòíûì êîíöîì. Âñå æå îñòàëüíûå êóñêè

ðàçáèâàþòñÿ íà ïàðû, èìåþùèå îáùèé êðàñíûé êîíåö; îáùàÿ äëèíà äâóõ êóñêîâ ïàðû òîãäà

áóäåò ðàâíà 3 · m
3n

= 1. Òîãäà êàæäóþ òàêóþ ïàðó ìû ìîæåì îòäàòü îäíîìó ÷åëîâåêó. Âñå

îñòàëüíûå êóñêè èìåþò äëèíó m
3n
, è èõ ìîæíî ðàçäàòü ïî òðè îñòàâøèìñÿ ëþäÿì.

â) Îò ïðîòèâíîãî, ïóñòü m
n
∈
(
2
3
, 3
4

]
, íî f(m,n) > 1

3
. Ïî 3.3à) è 3.1, ìîæíî ïðåäïîëîæèòü,

÷òî êàæäûé ÷åëîâåê ïîëó÷àåò ðîâíî äâà êóñêà. Òîãäà îáùåå ÷èñëî êóñêîâ ðàâíî 2n < 3m,
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ïîýòîìó ñóùåñòâóåò òîðò, ðàçáèòûé íà äâà êóñêà. Îäèí èç ýòèõ êóñêîâ íå ìåíüøå 1
2
. Ó ÷åëîâåêà,

ïîëó÷èâøåãî åãî, âòîðîé êóñîê íå áîëüøå m
n
− 1

2
, ÷òî íå ïðåâîñõîäèò m

3n
? ïîñêîëüêó m

n
≤ 3

4
.

Ïðîòèâîðå÷èå.

Íàêîíåö, ìû ïðèâåä¼ì òàêæå ðåøåíèå 1.4.

1.4. Ðàññìîòðèì òàêîé íàáîð êóñêîâ, ÷òî åãî ìîæíî ðàñïðåäåëèòü êàê ïî n ðàâíûì òîðòàì âåñà

m, òàê è ïî m ðàâíûì òîðòàì âåñà n. Ïóñòü x � ìàêñèìàëüíûé âîçìîæíûé íàèìåíüøèé êóñîê

â òàêîì íàáîðå. Òîãäà

nf(m,n) = x = mf(n,m),

îòêóäà f(m,n) = m
n f(n,m).

Íåêîòîðûå çíà÷åíèÿ ôóíêöèè f

Îáîçíà÷åíèå. Ïðè ïîñòðîåíèè ïðèìåðîâ ìû áóäåì îáîçíà÷àòü ÷åðåç (i1 ·a1+i2 ·a2+ · · ·+il ·al)
ðàçðåç òîðòà íà i1+ i2+ · · ·+ il êóñêîâ, ñðåäè êîòîðûõ i1 êóñêîâ âåñà a1, i2 êóñêîâ a2 è ò.ä. Òàê

æå áóäåò îáîçíà÷àòüñÿ ñîñòàâ äîëè îäíîãî ÷åëîâåêà.

1.1. à) ×àñòíûé ñëó÷àé 3.3â).

á) Îöåíêà ñëåäóåò èç 3.2á). Ïðèìåð:

4× 210g = 2× (3 · 70g) + 2× (3 · 50g + 60g)

â) Îöåíêà ñëåäóåò èç 3.2â) ïðè k = 12. Ïðèìåð:

4× 3kg = 2× (12 · 250g) + 2× (240g + 12 · 230g) = 24× (230g + 250g) + (2 · 240g) = 25× 480g.

1.2. à) Îòâåò. 5
21
.

×àñòíûé ñëó÷àé 3.3â).

á) Îòâåò. 5
18 .

Îöåíêà ñëåäóåò èç 3.2à). Ïðèìåð:

7× 1 = 3×
(
2 · 1

2

)
+ 2×

(
5

18
+

6

18
+

7

18

)
+ 2×

(
2× 5

18
+

8

18

)
=

= 6×
(

5

18
+

1

2

)
+

(
2 · 7

18

)
+ 2×

(
6

18
+

8

18

)
= 9× 7

9
.

1.3. à) Îòâåò. 1
3 .

Êàê îáû÷íî, ìîæíî ïðåäïîëîæèòü, ÷òî ó êàæäîãî ÷åëîâåêà ïî äâà êóñêà. Òîãäà íàéä¼òñÿ

òîðò ñ òðåìÿ èëè áîëåå ÷àñòÿìè, îäíà èç êîòîðûõ íå ïðåâîñõîäèò 1
3
, ïîýòîìó f(8, 9) ≤ 1

3
. Ïðèìåð:

8× 1 = 2×
(
3 · 1

3

)
+ 6×

(
4

9
+

5

9

)
= 6×

(
1

3
+

5

9

)
+ 3×

(
2 · 4

9

)
= 9× 8

9
.

á) Îòâåò. 2
7 .

Îöåíêà f(11, 14) ≥ 2
7
ñëåäóåò èç 3.2à). Ïðèìåð:

11× 1 = 5×
(
2 · 1

2

)
+ 4×

(
2 · 2

7
+

3

7

)
+ 2×

(
2

7
+ 2 · 5

14

)
=

= 10×
(
1

2
+

2

7

)
+ 4×

(
3

7
+

5

14

)
= 14× 11

14

â) Îòâåò. 5
17
.

2



Êàê îáû÷íî, ìîæíî ïðåäïîëîæèòü, ÷òî ó êàæäîãî ÷åëîâåêà ïî äâà êóñêà. Òîãäà âñåãî åñòü

34 êóñêà. Çàìåòèì, ÷òî êàæäûé òîðò ðàçðåçàí íà äâà èëè òðè êóñêà: öåëîãî òîðòà áûòü íå ìîæåò,

à åñëè êàêîé-òî òîðò ðàçðåçàí õîòÿ áû íà 4 êóñêà, òî îäèí èç íèõ íå ïðåâîñõîäèò 1
4
< 5

17
. Òîãäà

åñòü 6 áîãàòûõ òîðòîâ ñ òðåìÿ êóñêàìè è 8 îáû÷íûõ òîðòîâ ñ äâóìÿ êóñêàìè; â áîãàòûõ òîðòàõ

âñåãî 18 êóñêîâ, à â îáû÷íûõ � 16 êóñêîâ. Ïîýòîìó íàéä¼òñÿ ÷åëîâåê, ó êîòîðîãî îáà êóñêà

� èç áîãàòûõ òîðòîâ (åñëè îíè èç îäíîãî òîðòà, òî âûáåðåì åù¼ îäèí áîãàòûé ïðîèçâîëüíî).

Ñóììàðíûé âåñ îñòàëüíûõ 4 êóñêîâ â ýòèõ òîðòàõ íå ïðåâîñõîäèò 2 − 14
17

= 20
17
. Ïîýòîìó îäèí

èç íèõ íå òÿæåëåå 5
17
.

Ïðèìåð:

14× 1 = 8×
(

9

17
+

8

17

)
+ 4×

(
2 · 6

17
+

5

17

)
+ 2×

(
7

17
+ 2 · 5

17

)
=

= 8×
(

5

17
+

9

17

)
+ 8×

(
6

17
+

8

17

)
+

(
2 · 7

17

)
= 17× 14

17
.

2.1. à) Îòâåò. 1
3
.

Ïóñòü s = f(3k − 1, 3k). Äîêàæåì ñíà÷àëà, ÷òî s ≤ 1
3
. Ïóñòü ýòî íå òàê. Òîãäà s > 1

3
, è

ñîãëàñíî 3.3à) ìîæíî ñ÷èòàòü, ÷òî ó ëþáîãî ÷åëîâåêà ðîâíî äâà êóñêà. Òîãäà íàéä¼òñÿ òîðò,

ðàçðåçàííûé õîòÿ áû íà 3 êóñêà, è íàèìåíüøèé èç íèõ íå ïðåâîñõîäèò 1
3
. Ïðîòèâîðå÷èå.

Äëÿ ïîñòðîåíèÿ ïðèìåðà óìíîæèì âñå âåñà íà 3k. Èìååì:

(3k−1)× 3k = 2×
(
3 · k

)
+

+ 3×
(
(2k − 1) + (k + 1)

)
+ 3×

(
(2k − 2) + (k + 2)

)
+ · · ·+ 3×

(
(k + 1) + (2k − 1)

)
=

= 3×
(
k + (2k − 1)

)
+ 3×

(
(k + 1) + (2k − 2)

)
+ · · ·+ 3×

(
(2k − 1) + k = (3k + 2)× (6k + 2).

á) Îòâåò. 2k+1
2(3k+2)

.

Îáîçíà÷èì s = f(3k+1, 3k+2), t = 2k+1
2(3k+2)

. Ñíà÷àëà ïîêàæåì, ÷òî s ≤ t. Ïóñòü ýòî íå òàê.

Îïÿòü æå, èç s > t ≥ 3k+1
3(3k+2)

ìîæíî ïðåäïîëîæèòü, ÷òî ó êàæäîãî ÷åëîâåêà ïî äâà êóñêà. Åñëè

êàêîé-òî òîðò ðàçðåçàí õîòÿ áû íà 4 ÷àñòè, òî íàèìåíüøàÿ èç íèõ íå ïðåâîñõîäèò 1
4
≤ 2k+1

2(3k+2)
,

÷òî íåâîçìîæíî. Ïîýòîìó êàæäûé òîðò ðàçðåçàí íà 2 èëè 3 êóñêà, è ëåãêî ïîíÿòü, ÷òî åñòü

ðîâíî äâà òîðòà, ðàçäåë¼ííûõ íà 3 êóñêà.

Ðàññìîòðèì òåïåðü ñëåäóþùèé ãðàô. Âåðøèíàìè ÿâëÿþòñÿ òîðòû, à êàæäîìó ÷åëîâåêó

ñîïîñòàâëåíî ðåáðî, ñîåäèíÿþùåå òîðòû, èç êîòîðûõ îí ïîëó÷èë ñâîè êóñêè. Â ýòîì ãðàôå

åñòü äâå âûäåëåííûõ âåðøèíû ñòåïåíè 3, à âñå îñòàëüíûå èìåþò ñòåïåíü 2. Ïîýòîìó îí ñîñòîèò

èç òð¼õ ïóòåé, ñîåäèíÿþùèõ âûäåëåííûå âåðøèíû (âîçìîæíî, íåêîòîðûå èç íèõ � öèêëû).

Äëèíà îäíîãî èç ýòèõ ïóòåé íå ìåíüøå k + 1; ðàññìîòðèì ýòîò ïóòü v0, v1, . . . , vk+1.

Îáîçíà÷èì äîëþ ÷åëîâåêà, ñîîòâåòñòâóþùåãî ðåáðó (vi, vi+1), ÷åðåç (pi, qi), ãäå êóñîê pi

âçÿò èç òîðòà vi, à qi � èç vi+1. Òîãäà pi + qi =
3k+1
3k+2

ïðè i = 0, 1, . . . , k, è qi + pi+1 = 1 ïðè

i = 1, 2, . . . , k. Ïîýòîìó pi+1−pi = 1
3k+2

, à çíà÷èò, pk ≥ k
3k+2

+p0 ≥ k
3k+2

+t = 4k+1
2(3k+2)

. Íàêîíåö,

ïîëó÷àåì qk = 3k+1
3k+2

− pk ≤ t. Ïðîòèâîðå÷èå.

Â ðåøåíèè ñîäåðæèòñÿ òàêæå èäåÿ ïðèìåðà: äîëæíû ïîëó÷èòüñÿ äâà ïóòè äëèíû k + 1 è

îäèí � äëèíû k. length k. Äëÿ óäîáñòâà óìíîæèì âñå âåñà íà 2(3k+2). Òîãäà ïðèìåð âûãëÿäèò
òàê:

(3k+1)× (6k + 4) = 2×
(
2 · (2k + 1) + (2k + 2)

)
+

+ 2×
(
(4k + 1) + (2k + 3)

)
+ 2×

(
(4k − 1) + (2k + 5)

)
+ · · ·+ 2×

(
(2k + 3) + (4k + 1)

)
+

+
(
4k + (2k + 4)

)
+
(
(4k − 2) + (2k + 6)

)
+ · · ·+

(
(2k + 4) + 4k

)
=

= 2×
(
(2k + 1) + (4k + 1)

)
+ 2×

(
(2k + 3) + (4k − 1)

)
+ · · ·+ 2×

(
(4k + 1) + (2k + 1)

)
+

+
(
(2k + 2) + 4k

)
+
(
(2k + 4) + (4k − 2)

)
+ · · ·+

(
4k + (2k + 2)

)
= (3k + 2)× (6k + 2).
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â) Îòâåò. k
3k+1

.

Îáîçíà÷èì s = f(3k, 3k+1), t = k
3k+1

. Îïÿòü æå, ïðåäïîëàãàÿ, ÷òî s > t, ìû ìîæåì ñ÷èòàòü,

÷òî ó êàæäîãî ÷åëîâåêà ïî äâà êóñêà, åñòü ðîâíî äâà òîðòà ñ òðåìÿ êóñêàìè, à îñòàëüíûå

ñîäåðæàò ïî äâà êóñêà. Äàëåå, ñòðîÿ àíàëîãè÷íûé ãðàô, ìû ïîëó÷àåì, ÷òî îäèí èç ïóòåé äëèíû

õîòÿ áû k + 1. Äåéñòâóÿ êàê è âûøå, ìû íàõîäèì, ÷òî pk − p0 = k
3k+1

, ïîýòîìó pk ≥ 2k
3k+1

è

qk = 3k
3k+1

− pk ≤ t. Ïðîòèâîðå÷èå.

Äëÿ ïîñòðîåíèÿ ïðèìåðà óìíîæèì âñå âåñà íà 3k + 1. Ïðèìåð âûãëÿäèò òàê:

3k×(3k + 1) = 2×
(
2 · k + (k + 1)

)
+

+ 2×
(
2k + (k + 1)

)
+ 2×

(
(2k − 1) + (k + 2)

)
+ · · ·+ 2×

(
(k + 1) + 2k

)
+

+
(
(2k − 1) + (k + 2)

)
+
(
(2k − 2) + (k + 3)

)
+ · · ·+

(
(k + 2) + (2k − 1)

)
=

= 2×
(
k + 2k

)
+ 2×

(
(k + 1) + (2k − 1)

)
+ · · ·+ 2×

(
2k + k

)
+

+
(
(k + 1) + (2k − 1)

)
+
(
(k + 2) + (2k − 2)

)
+ · · ·+

(
(2k − 1) + (k + 1)

)
= (3k + 1)× 3k.

2.3. à) Âîçìîæíû òðè ñëó÷àÿ, â çàâèñèìîñòè îò îñòàòêà îò äåëåíèÿ n íà 3.

1) n = 3k. Î÷åâèäíî, f(3, 3k) = 1
k
.

2) n = 3k + 1. Åñëè n = 1, òî f(3, 1)=1. Åñëè æå n = 3k + 1 ≥ 4, òî f(3, 3k + 1) = 3k−1
2k(3k+1)

.

Îöåíêà ñëåäóåò èç 3.2â) (ïðè k′ = 2k). Ïðèìåð:

3× 1 =

(
2k · 1

2k

)
+ 2×

(
k · 3k − 1

2k(3k + 1)
+ (k + 1) · 3

6k + 2

)
=

= 2k ×
(

3k − 1

2k(3k + 1)
+

1

2k

)
+ (k + 1)×

(
2 · 3

6k + 2

)
.

3) n = 3k + 2. Â ýòîì ñëó÷àå f(3, 3k + 2) = 1
2k+2

.

Ìîæíî ïðåäïîëîæèòü, ÷òî ó êàæäîãî ÷åëîâåêà ïî äâà êóñêà, è îáùåå ÷èñëî êóñêîâ ðàâíî

6k + 4. Òîãäà íàéä¼òñÿ òîðò ñ õîòÿ áû 2k + 2 êóñêàìè, îäèí èç êîòîðûõ íå ïðåâîñõîäèò 1
2k+2

.

Ïðèìåð:

3× 1 =

(
(2k + 2) · 1

2k + 2

)
+ 2×

(
(k + 1) · 3k + 4

(3k + 2)(2k + 2)
+ k · 3

6k + 4

)
=

= (2k + 2)×
(

1

2k + 2
+

3k + 4

(3k + 2)(2k + 2)

)
+ k ×

(
2 · 3

6k + 4

)
.
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Fair cake division

I.I. Bogdanov, G.R. Chelnokov, K.A. Knop, I.N. Shnurnikov

1 General setting

Firstly, we present several model problems of this project. In every problem, a �rst question is easy;

but then the di�culty grows fast. For instance, problem 1.3e) is very hard!

Warning! If you are stuck with some question for a long time, we advice to switch to another

problems of the project. Perhaps you will �nd there some clues or hints. For instance, you may �nd

that problem 3.3b) is very useful.

1.1. a) Three small cakes, each of weight 200 g, are divided into some pieces. It happens that one

can distribute all the pieces to 4 children so that each gets the pieces of the same total weight. Prove

that the minimal piece weight is not more than 50 g. Is it possible to replace the number 50 by a

smaller one?

b) Four small cakes, each of weight 210 g, are divided into some pieces. It happens that one can

distribute all the pieces to 7 children so that each gets the pieces of the same total weight. Prove

again that the minimal piece weight is not more than 50 g. Is it possible to replace the number 50

by a smaller one?

c) Now we have four large cakes, each of weight 3 kg, and we divide them into pieces so that it

is possible to distribute all the pieces to 25 children so that each gets the same total weight. Prove

that the minimal piece weighs not more than 230 g. Is it possible to replace the number 230 by a

smaller one?

1.2. a) We have �ve cakes of 1 kg each, and we need to cut them and to distribute the pieces to

seven people. We need the minimal piece weight to be the largest possible. Find this largest possible

minimal weight.

b) The same problem for 7 cakes and 9 people.

1.3. a) We need to cut eight cakes of 1 kg each and to distribute the pieces to 9 people. Find the

largest possible weight of the smallest piece in this division.

b) The same problem for 11 cakes and 14 people.

c) The same problem for 14 cakes and 17 people.

d) The same problem for 13 cakes and 16 people.

e) The same problem for 31 cakes and 52 people.

Surely, all these problems are the particular cases of the following general setting. (We always

assume that the variables denote some positive integers.)

Megaproblem. There are m cakes (of weight 1 kg each) and n people. We need to divide the

cakes into pieces and to distribute them all to the people so that each gets the same total weight

of pieces. We aim to maximize the minimal piece weight. So we need to �nd this largest possible

weight of the minimal piece.

De�nition. Denote by f(m,n) the answer to the Megaproblem.

Although the problem seems to be quite innocent, it is very hard to solve it in this general

setting. It happens that in several iterations one can �nd the answers for �most� values of m and n,
but at every step there still remain pairs (m,n) for which the answer is unknown.

It seems that there is no answer in a closed form. Thus our main purpose is to construct an

algorithm of solving Megaproblem for every particular case. We do not formulate the search of this

algorithm as a separate problem, but please keep in mind that this is the guiding star of this project.
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Attention! If you think that you have invented the general algorithm (or even some well-

formulated conjectures of how should it look like) � we are always open to discuss that! Moreover,

it also concerns to the algorithm which works for some (large enough) interval of values of the

ratio m/n.

We �nish this introduction with formulating three general problems. The �rst one is quite easy;

surprisingly, the answer for the second one is yet unknown. Formally speaking, the third one is not

connected with the project, but its solution may be helpful.

1.4. Given the value of f(m,n), determine f(n,m).

Remark. In view of this problem, it is enough to investigate only the case m < n. Hence,

further we deal with this case only.

1.5∗. Determine whether the relation f(tm, tn) = f(m,n) always holds.

Remark. The authors are almost sure that the answer is a�rmative; this is con�rmed in all

known particular cases. So, in many further problems we deal with the ratio m/n instead of the pair

(m,n).

1.6. a) We need to divide m equal cakes and to distribute them among n people so that each gets

the same total weight of pieces. Find the minimal number of pieces in such division.

b) For such a division with a minimal number of pieces, �nd all possible weights of the minimal

piece.

In the next two sections we collect the questions mainly concerning the particular cases of

Megaproblem: in Section 2 � for some sequences of values of m/n, and in Section 3 � (mostly) for

some intervals of values. In each Section, the problems are arranged (more or less) by the di�culty

in an increasing order. We recommend to try to solve the problems from all Sections simultaneously.

On the other hand, if you will solve one of the Sections (almost) up to the end, we are always

ready to add some more di�cult problems.

2 Some special sequences of values

2.1. a) Determine f(3k − 1, 3k).
b) Determine f(3k + 1, 3k + 2).
c) Determine f(3k, 3k + 1).

2.2. Prove that f(m, 2m− 1) = m+1
6m−3

for all m ≥ 4.

2.3. a) Determine f(3, n).
b) Determine f(4, n).
c) And also f(5, n).

2.4. Determine f(m, 2m+ 1).

2.5. Determine f(2k + 1, 3k + 2).

2.6. Determine f(3k + 1, 4k + 1).

2.7. Determine f(5k + 2, 8k + 3).

2.8. Determine f(5k − 1, 9k − 2).

2.9. Determine f(17k − 4, 21k − 5).

3 Serial results

We consider the problems of this Section as some steps towards the general algorithm (but surely

not all of them!). So, if you get some di�erent serial results � do not hesitate to submit them!

Recall that we always assume m < n.
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3.1. Given that m does not divide n, prove that f(m,n) ≤ m
2n
. Determine also all the pairs (m,n)

for which the equality is achieved.

3.2. a) Assume that 3
4
< m

n
< 1. Prove that f(m,n) ≤ m

n
− 1

2
.

b) Assume that 1
2
< m

n
< 1. Prove that f(m,n) ≤ m

n
− 1

3
.

c) Assume that 2
k+1

< m
n

< 1 with k ≥ 4. Prove that f(m,n) ≤ m
n
− 1

k
.

Attention! Part b) of the next problem is very important!

3.3. a) Suppose that f(m,n) > m
3n . Prove that in every optimal distribution for the pair (m,n) each

man gets not more than 2 pieces.

b) (Theorem on One Third) Prove that f(m,n) ≥ m
3n
.

c) Given that 2
3
< m

n
≤ 3

4
, prove that f(m,n) = m

3n
. (See also problem 3.11.)

3.4. a) Given that m
n

< 2
3
, prove that f(m,n) ≤ 1

4
.

b) Determine all pairs (m,n) (with m
n

< 2
3
) such that f(m,n) = 1

4
.

3.5. Determine all pairs (m,n) such that 2
k+1

< m
n

< 2
k
and f(m,n) = 1

k+1
.

3.6. a) Prove that f(m,n) = m
n
− 1

3
if 1

2
< m

n
≤ 5

9
.

b) Determine all pairs (m,n) such that f(m,n) = m
n
− 1

3
.

3.7. Determine all pairs (m,n) such that 2
k+1

< m
n

< 2
k
and f(m,n) = m

n
− 1

k
(for k ≥ 4).

3.8. a) Given that 7
15

< m
n

< 1
2
, �nd f(m,n).

b) Find all values of m/n for which f(m,n) has the same form.

3.9. a) Given that 7
12

< m
n

< 22
37
, �nd f(m,n).

b) Find all values of m/n for which f(m,n) has the same form.

3.10. a) Given that 14
17

< m
n

< 5
6
, �nd f(m,n).

b) Find all values of m/n for which f(m,n) has the same form.

3.11∗. Determine all pairs (m,n) such that f(m,n) = m
3n
.
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Fair cake division

After semi�nal

Additional problems to the previous sections

Just in case, we remind the problem added on the �rst presentation.

1.6. a) We need to divide m equal cakes and to distribute them among n people so that each gets

the same total weight of pieces. Find the minimal number of pieces in such division.

b) For such a division with a minimal number of pieces, �nd all possible weights of the minimal

piece.

Next problems form the addition to the third section. Namely, these are some bounds analogous

to the theorem on one third, but more exact ones.

3.12. Prove that f(m,n) ≥ 2
5
· m
n
, if 5

12
≤ m

n
≤ 1

2
.

3.13. a) Prove that f(m,n) ≥ 3
8
· m
n

if m
n
≤ 1

2
.

b) Find more intervals on which this inequality is true.

3.14. a) Prove that f(m,n) ≥ 2
5
· m
n
, if 3

5
≤ m

n
≤ 8

13
.

b) Try to prove this inequality for another interval, adjacent to the
(
3
5
, 8
13

)
. For example, is it

true for m
n
∈
(
10
17
, 3
5

)
? Or for m

n
∈
(

8
13
, 5
8

)
?

c) Find more intervals (in other places of the segment [0, 1]) where this bound is true.

3.15. For which intervals inside
(
1
2
, 5
8

)
you can prove the bound f(m,n) ≥ 2

3
· m
n
− 1

6
?

Testing area.

This section is useful for everyone who wants to have some nontrivial pairs (m,n), here are some of

these pairs. Attention! We can check answers and examples for these pairs, but we will not check

a proof, unless it includes some general ideas; so this pairs are not formed as a problem.

Here are these pairs (This list can be replenished):

(17, 29); (31, 70); (17, 47); (117, 133); (27, 61); (566, 643); (3130, 6813).

Good luck!

4 Variations of the problems setting

In this section we generalize original setting in di�erent ways. Solutions of these problems can be

very useful in solving Megaproblem.

4.1. a) We have m cakes with weight 1 and n > m people. We have to cut cakes and give it to the

people so that each gets the same total weight of pieces. And herewith each gets at most two pieces

and each cake is cut into at most three parts. Find all such pairs (m,n).
b) The same problem, but each cake is cut into at most k parts.

c) The same problem, but each cake is cut into either k − 1 or k parts.

Next problems deal with the situation when cakes can be di�erent.

1



4.2. a) Two cakes with weights 1 kg and 2 kg are divided between N people so that each gets the

same total weight of pieces. What is the maximal weight of the minimal piece?

b) The same question for two cakes with weights 2 kg and 5 kg.

4.3. a) Let k > 1. There are 3k cakes (each of weight 3), k − 1 cakes (each of weight 4), and 3k − 1
cakes (each of weight 7). We have to cut each cake of the weight 3 into two pieces, and the each of

the others � into three pieces so that the pieces may be distributed among several people and each

of them will have two pieces with the same total weight. What is the maximal possible size of the

minimal piece?

b) The same question for 3k cakes of the weight 3, k+2 cakes of the weight 4, and 3k+2 cakes

of the weight 7.

c) The same question for 3k cakes of the weight 3, 2k− 1 cakes of the weight 4, and 4k− 1 cakes

of the weight 7, where k ≥ 10. What can you say for other values of k (for example, k = 7)?

4.4. a) We have a cake with weight 59, a cake with weight 89 and two cakes of weight 41. We have

to cut the �rst cake into 4 pieces, the second cake into 6 pieces, and the each of the last into 5 pieces

so that they may be distributed among 10 persons so that all persons will have the same number of

pieces and the same total weight of their pieces. What is the maximal value of the minimal piece?

b) There are two cakes with weight 41, three cakes with weight 35, and 11 cakes with weight 29.

Each cake of the �rst group should be divided into 5 pieces, each cake of the second group � into 4

pieces, and the each cake of the third group � into 2 pieces. The pieces should be distributed among

22 persons so that all persons have the same number of pieces and the same total weight of their

pieces. What is the maximal possible value of the minimal piece?

c) Find f(23, 29).
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Fair cake division

Selected solutions

If you have any ideas on this project, please do not hesitate to contact us by the e-mail:

Konstantin Knop kostyaknop@gmail.com, Ilya Bogdanov ilya.i.bogdanov@gmail.com

The presented solutions are arranged as follows. In section �Some sequences� we �nd the values

of f on some sequences of pairs (m,n); notice that plenty of them also follow from more general

results from the next sections. Section �Serial results� contains the solutions (or their outlines) for

problems 3.4�3.8 (with problem 4.1 as a useful lemma) and bound 3.13. In section �Nonequal cakes�

we extend our methods; it allows us to approach to problems 3.9 and 3.10 (it is recommended to

read section on serial results before). Finally, in section �General algorithm� we describe on concrete

examples the ideas of a general algorithm of solving Megaproblem (it involves some ideas from the

previous two sections).

We start with the solution of problem 1.6.

1.6. a) Answer. m+ n− gcd(m,n).
To construct an example, consider a segment of length m. Divide it by red points into m equal

segments, and by blue points into n equal segments (some points will be multicolored). The segments

with the red endpoints represent the cakes. We cut the cakes by all the blue endpoints. We claim

that a desired division is obtained. Obviously, these pieces may be distributed among the people: it

su�ces to give to each person pieces between some neighboring blue points. There are m + 1 red

points, n + 1 blue points, and gcd(m,n) + 1 multicolored points. So the total number of points is

m+ n− gcd(m,n) + 1 and we have the required number of pieces.

We are left to show that the number of pieces should be at least m + n − gcd(m,n). Denote

d = gcd(m,n), n = dn′, m = dm′. Consider a bipartite graph with m red vertices and n blue

vertices, corresponding to cakes and people. Each edge corresponds to a piece, and it connects the

person getting the piece with the cake it is taken from. Consider a connected component of this

graph, let it have r red vertices and b blue vertices. Then b persons eat together r cakes, which

means that b · m
n

= r. So r
b
= m′

n′ and hence m′
∣∣ r. So, the number of connected components is at

most m
m′ = d. On the other hand, in each component the number of edges is at least the number of

vertices decreased by 1. So the total number of edges in the graph (which is the number of pieces)

is at least m+ n− d.

b) The solution is left to the reader.

Some sequences

Here we present the solutions for some problems from section 2. Many of them follow also from

more general results from section 3; nevertheless, we have put them here to show more concrete

constructions.

General remark. Since the case m
∣∣ n is trivial, further we always assume that m 6

∣∣ n.
2.2. By 3.2b) it follows that f(m, 2m − 1) ≤ m+1

6m−3 . Example of decomposition of cakes of weights

6m− 3:

2×
(
3 · (2m− 1)

)
+
(
2 · (m+1)+(2m− 4)+(2m− 1)

)
+2×

(
2 · (m+1)+(2m− 2)+(2m− 3)

)
+(

(m+ 1 + i) + (m+ 3 + i) + (2m− 4− i) + (2m− 3− i)
)
i=1,...,(m−5)

1



2.3. b) Answer. 4
n
if 4

∣∣ n; 2
n
if n = 4k + 2; 4

n
− 2

n−1 if n is odd.

If 4
∣∣ n then the answer f(4, n) = 4

n
is trivial. If n = 4l + 2 is even then f(4, 4l + 2) = 1

2l+1
by 3.1.

Let n = 2k+1 is odd. By 3.3a) we may assume that every person gets exactly two pieces. So we

have 4k + 2 pieces, and by the pigeonhole principle there exists a cake with not more than k pieces.

So there is a piece not less than 1
k
, and its complement (at a person) is at most 4

n
− 1

k
= 4

n
− 2

n−1 ;

hence f(4, n) ≤ 4
n
− 2

n−1 . An example for odd n:

2×
(
n− 1

2
· 2

n− 1

)
+ 2×

(
n− 1

2
·
(
4

n
− 2

n− 1

)
+

2

n

)
=

= (n− 1)×
(

2

n− 1
+

(
4

n
− 2

n− 1

))
+

(
2 · 2

n

)
= n · 4

n
.

c) Answer. 5
n
if n

... 5;
1

d2n/5e if n = 5k + 1 ≥ 16 or n = 5k + 3; 5
n
− 1
b2n/5c if n = 5k + 4 or

n = 5k + 2 ≥ 12; f(5, 11) = 13
66
. The other examples follow from the previous problems.

2.4. Answer. 1
5
for m ≥ 6 and m = 2; the other answers follow from the previous problems:

f(1, 3) = 1
3
, f(3, 7) = 5

28
, f(4, 9) = 7

36
, f(5, 11) = 13

66
.

2.5. Answer. 1
4
for k ≥ 1. The bound follows from 3.4 a). Example for cake weight 12k + 8:

1×
(
4 · (3k + 2)

)
+ 2×

(
(4k + 2) + (5k + 4− 2i) + (3k + 2 + 2i)

)
i=1,...,k

=

= k×
(
2 ·(4k+2)

)
+2×

(
(3k+2)+(5k+2)

)
+2×

(
(3k+4)+5k

)
+ · · ·+2×

(
(5k+2)+(3k+2)

)
.

Note that the problem follows from 3.4b).

2.6. Answer. 2k+1
2(4k+1)

. The bound follows from 3.2 a). Example for cake weight 8k + 2:

(k + 1)×
(
2 · (4k + 1)

)
+ 2×

(
(2k + 1) + (2k + i) + (4k + 1− i)

)
i=1,...,k

=

= (2k+2)×
(
(2k+1)+ (4k+1)

)
+2×

(
(4k+1− i) + (2k+1+ i)

)
i=1,...,(k−1)

+
(
2 · (3k+1)

)
.

2.7. Answer. 1
4
. Bound follows from 3.4a). Example for cake with weight 32k + 12.

(5k + 2)× (32k + 12) =

= k×
(
4·(8k+3)

)
+2×

(
2·(10k+4)+(12k+4)

)
+
(
(12k+5)+(8k+3+i)+(12k+4−i)

)
i=1,...,4k

.

Note that the existence of example follows from 3.4b).

2.8. Answer. 6k−1
3(9k−2) . The bound follows from 3.2b). Example with cake weights 27k − 6 and

portions of people 15k − 3:

2k ×
(
3 · (9k − 2)

)
+
(
(6k − 1) + (6k − 1) + (6k − 2 + i) + (9k − 2− i)

)
i=1,...,(3k−1)

=

= 6k ×
(
(6k − 1) + (9k − 2)

)
+
(
(6k − 1 + i) + (9k − 2− i)

)
i=1,...,3k−2

2.9. Answer. 18k−4
63k−15 . The bound follows from the lemma.

Lemma. If 4
5
< m

n
< 1, then f(m,n) ≤ 2 · m

n
− 4

3
.
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Proof. Suppose the contrary. It is easy to check that 2 · m
n
− 4

3
≥ m

3n
and 2 · m

n
− 4

3
≥ 1

4
, so all the

cakes contain two or three pieces and all people have two pieces. The number of two-piece cakes is

3m− 2n, the number of three-piece cakes is 2n− 2m. Two cases are possible.

1) Assume that some person gets both pieces from two-piece cakes. Then the remaining two

pieces from these two cakes weigh in total 2 − m
n
, and one of pieces is at least 1 − m

2n
. Hence the

completing piece is at most
m

n
−
(
1− m

2n

)
< 2 · m

n
− 4

3
.

2) Every piece of two-piece cake is completed by a piece of a three-piece cake. Let x be the

minimal piece weight. Then m
n
− x is the maximal weight. Let A be some piece of a two-piece cake;

then A ≥ 1 − m
n
+ x. Hence the completing piece is m

n
− A ≤ 2m

n
− 1 − x. From m

n
> 4

5
it follows

that there are more two-piece cakes than three-piece ones. So there is a three-piece cake, all pieces of

which are complementary to pieces of two-piece cakes. Hence all three pieces are at most 2m
n
−1−x

and

3

(
2 · m

n
− 1− x

)
≤ 1⇔ x ≤ 2 · m

n
− 4

3
.

Example. Cake weight is 63k−15, portion of a person is 51k−12, the minimal weight is 18k−4.

(17k − 4)× (63k − 15) = 2k ×
(
3 · (21k − 5)

)
+ 6k ×

(
(33k − 8) + (30k − 7)

)
+

+
(
(33k−10−i)+(30k−7+i)

)
i=1,...,3k−2

+2×
(
(18k−3+i)+(27k−6−i)+(18k−4)

)
i=1,...,3k−1

=

= 6k ×
(
(21k − 5) + (30k − 7)

)
+ 6k ×

(
(33k − 8) + (18k − 4)

)
+

2×
(
(18k − 4 + i) + (33k − 8− i)

)
i=1,...,3k−2

+
(
(24k − 6 + i) + (27k − 6− i)

)
i=1,...,3k−1

=

= (21k − 5)× (51k − 12).

Serial results

First, we present an estimate analogous to the Theorem on One Third.

3.13. a) If n = 2m, then f(m, 2m) = 1
2
, so we assume m

n
< 1

2 . Let 8n be the weight of every cake,

then each person receives 8m.

Consider the segment of length 8nm and divide it by red points into m equal segments (cakes).

We will cut o� the pieces consequently from the left end of the remaining segment. Cut o� several

pieces of 4m until the remainder will be between 6m and 10m. Next, we divide the remaining part

into two equal pieces of length between 3m and 5m. We complete both of these two pieces to 8m by

two pieces from the next cake. So we use at most 10m from the next cake, and the remainder is at

least 8n − 10m ≥ 6m. Thus we may continue cutting until the last cake. Since we have combined

extracted pieces to pairs of weight 8m, and the total segment equals to 8mn, then in the last cake

will be ended by two pieces of 4m. The distribution of pieces among people is also constructed.

Next, we present some exact values for several intervals. We start with problem 4.1, which

happens to be very helpful.

4.1. a), b) Answer. m
n
∈
[

1
k−1 , 1

)
∪
{

v
(k−1)v+1

}
v=1,2,...

.

Firstly, we present an example showing that the answer �ts. We act as in Theorem on One

Third. Consider a segment of length m. Divide it by red points into m equal segments, and by blue

points into n equal segments (some points will be multicolored). The obtained segments with the

red endpoints represent the cakes. Now we cut the cakes by all the blue endpoints.

We claim that a desired division is obtained. Obviously, these pieces may be distributed among

the people: it su�ces to give to each person pieces between some neighboring blue points. Moreover,

each person gets no more than two pieces since each such segment may contain at most one red

point. We are left to show that each cake is divided into at most k parts.
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If m
n

> 1
k−1 , then each cake contains at most k − 2 whole portions and at most two pieces

less than m
n

� thus at most k pieces at all. For m
n

= 1
k−1 the claim is obvious. Now assume that

m
n

= v
(k−1)v+1

. Consider now k consecutive blue points; the distance between the �rst and the last

of them is
(k−1)v

(k−1)v+1
, and their coordinates are the fractions with denominator (k − 1)v + 1. This

implies that a cake can contain all these k points only if one of them is its endpoint. This means

exactly that a cake is cut into no more than k pieces. The example is justi�ed.

We are left to prove that in other cases the desired division is impossible. Let us call a person

angry if he gets two pieces. Let us construct a graph having cakes as vertices, with each edge

corresponding to an angry person and connecting two cakes he gets his pieces from. Consider any

connected component of this graph; let v and e be the numbers of its vertices and edges, respectively.

Then e ≥ v − 1.
These v cakes contain at most kv pieces, 2e of which belong to angry people. Since there are no

edges from our component outside it, these pieces can be rearranged into whole portions (namely, e
portions of two pieces each and, say, t of portions of one piece). Then t ≤ kv− 2e. Next, comparing

the total weight at v cakes and e+ t people, we get n
m

= e+t
v
≤ kv−e

v
= k− e

v . If e ≥ v, then we get

n
m
≤ k − 1, otherwise e = v − 1, and we have n

m
=

v(k−1)+1
v

, as desired.

Important remark. Had we omitted the condition m < n, the answer would expand a bit.

Surely it will include 1; now assume that m > n. In this case, all people are angry since a person's

portion is greater than a cake. Now, each connected component of a graph corresponds to the

division of v cakes between e people, hence 1 < m
n

= v
e
which may happen only if e = v − 1. For

such values an example can be constructed in the same way; hence the answer becomes

m

n
∈
[

1

k − 1
, 1

⌋
∪
{

v

(k − 1)v + 1

}
v=1,2,...

∪
{
e+ 1

e

}
e=1,2,...

.

c) Answer. m
n
∈
[

1
k−1 ,

2
k−1

⌋
∪
{

v
(k−1)v+1

}
v=1,2,...

.

The solution is left to the reader.

3.4. a) As usual, we may assume that each person receives at least two pieces. Then the total number

of pieces is at least 2n > 3m. Hence some cake contains at least four pieces, one of which should not

exceed 1
4
.

b) Answer. m
n
∈
[
5
8
, 2
3

)
∪
{
5k+2
8k+4

}
k=1,2,...

.

Suppose that f(m,n) = 1
4
; then f(m,n) > m

3n
, so we may assume that each person gets exactly

two pieces. Next, each piece is at least 1
4
and at most

d =
m

n
− 1

4

(otherwise the other piece at the person having our one is less than 1
4
). Hence each cake contains

at least three pieces (otherwise there exists a piece of at least 1
2
> d) as well as at most 4 pieces

(otherwise there exists a piece not exceeding 1
5
). Thus, we have fat cakes with 4 pieces each and

usual cakes with 3 pieces each, and the numbers of fat and usual cakes are

f = 2n− 3m and u = 4m− 2n

respectively. Since u ≥ 0, we obtain m
n

> 1
2
.

Next, each fat cake should be split into equal parts, these parts belong to 4f people, and the

second piece at each such person weighs d. All the remaining people get both their pieces from the

usual cakes; let us call these people usual. Then there are

s = n− 4f = 12m− 7n

4



usual people.

Now we will consider some auxiliary decomposition of negative �cakes�; it corresponds to the

division of the usual cakes and people. Let us subtract 1
4
from each piece of a fat cake, and d from

each piece of a usual cake. Let us forget for a while about zero pieces. Then in a new decomposition

all non-usual people and all fat cakes vanish (and we forget about them too), each usual �cake� now

contains not more than three negative �pieces� of the same total weight, while each usual person

gets at most two nonpositive �pieces� of the same total weight. So, taking the opposites of all the

obtained weights, we arrive to the situation of 4.1a) (without a condition m < n).
Conversely, from the division of these de�ciencies it is easy to pass to the distribution of the

original cakes. Let us cut the real cakes into three pieces with the corresponding de�ciencies (if a

new �cake� is divided into one or two parts, then the remaining pieces should have zero de�ciencies,

i.e. they should be equal to d). For the people, if someone had got two de�ciencies, then we give

him the two corresponding pieces; otherwise he gets one corresponding piece together with the piece

of zero de�ciency. Finally, all the remaining pieces with zero de�ciency are paired with the pieces

from the fat cakes.

Thus, we obtain that the desired decomposition exists if and only if u
s
= 4m−2n

12m−7n ∈
[
1
2
, 1
)
∪{

k
2k+1

}
∪
{
k+1
k

}
∪{∞} (see the Remark after 4.1b); we have also added the degenerate case s = 0).

With the use of m
n

< 2
3
, this leads to the condition m

n
∈
[
5
8
, 2
3

)
∪
{
5k+2
8k+4

}
k=1,2,...

.

Remark. In the further solutions following the same scheme we will omit repeating details,

leaving them to the reader.

3.5. Answer. m
n
∈
[
2k−1
k2−1 ,

2
k

)
∪
{

d(2k−1)+2
d(k2−1)+k+1

}
d=1,2,...

.

The solution is analogous to 3.4b).

3.6. a) By 3.2b), f(m,n) ≤ m
n
− 1

3
. The converse inequality is proved in part b).

b) Answer. m
n
∈
(
1
2
, 5
9

]
∪
{
5k+2
9k+3

}
k=0,1,2,...

.

First, let us note that f(m,n) ≥ m
3n

> m
n
− 1

3
for m

n
< 1

2
. On the other hand, f(m,n) ≤ m

2n
<

m
n
− 1

3
for m

n
> 2

3
. So we are left to investigate the interval

(
1
2
, 2
3

)
(the left end of the interval does

not satisfy the condition, while the right end does).

We present an outline of the further solution which is similar to 3.4b). We obtain that each

person gets two pieces, the sizes of pieces belong to a segment
[
1
3
, d
]
where d = m

n
− 1

3
. Next, we

have f = 2n − 3m fat cakes with 4 pieces each and u = 4m − 2n usual cakes with 3 pieces each.

Each usual cake should be split into equal parts, these parts belong to 3u people, the second piece

at each such person weighs d, and all the other s = n− 3u = 7n− 12m usual people get both pieces

from fat cakes. Notice that m
n

> 1
2
implies f

s
≥ 1

2
.

Now, subtracting 1
3
from each piece of a usual cake and d from each other piece we obtain

the distribution of the remaining f nonnegative �cakes� over s usual people. The only condition

remained is that each person should get not more than two pieces, while each �cake� should contain

at most four pieces; this condition being satis�ed, we can recover the division of the usual cakes.

Hence by 4.1b) (together with the remark after it), for f
s
> 1

2
the desired division exists if and only

if f
s
∈
[
1
2
, 1
]
∪
{
v+1
v

}
∪ {∞}. The answer follows.

3.7. Answer. m
n
∈
(

2
k+1

, 2k−1
k2

]
∪
{
d(2k−1)+2

dk2+k

}
d=1,2,...

.

The solution is analogous to 3.6b).

3.8. A particular case of 3.5.

The ideas of solution of problem 3.9 is presented in the next section.
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Di�erent cakes

Recall that bxc and dxe are the largest integer not exceeding x and the smallest integer not less than

x, respectively.

4.2. a) Answer. 3
N
, if 3

∣∣ N ; max
{

3
N
− 1
b2N/3c ,

1
d2N/3e

}
otherwise.

If 3
∣∣ N , then obviously the optimal way is to cut the cakes into the pieces of 3

N
each.

Now assume that 3 6
∣∣ N . Then some person should get at least two pieces, hence the answer

does not exceed 3
2N

, and we may assume that each person gets at least two pieces.

Next, the smaller cake is divided either into ≤ b2N/3c parts, or into ≥ d2N/3e parts (for N = 2,

the second case necessarily holds). In the �rst case, one of these pieces should be ≥ 1
b2N/3c , so

its complement (at a person) is ≤ 3
N
− 1
b2N/3c . In the second case, the smaller cake contains a

piece which is ≤ 1
d2N/3e . So, in any case the minimal weight does not exceed one of the numbers

3
N
− 1
b2N/3c and

1
d2N/3e , i.e. it does not exceed D = max

{
3
N
− 1
b2N/3c ,

1
d2N/3e

}
.

We are left to present an example with D as the minimal piece weight. Assume that D =
3
N
− 1
b2N/3c . Let us divide the smaller cake into the pieces of 1

b2N/3c ≥ D, cut away the same number

of pieces of D each from the larger cake, and divide the rest into the whole portions. Obviously, this

division �ts. In the second case, the example is constructed analogously.

Remark. One may check that D = 3
N
− 1
b2N/3c if N = 3k + 2, and D = 1

d2N/3e otherwise.

b) Answer. 7
N
, if 7

∣∣ N ; max
{

7
N
− 2
b4N/7c ,

2
d4N/7e

}
otherwise.

The solution is completely analogous and is left to the reader.

The next problem gives a hint of how does the general algorithm work. We need to introduce

some

De�nitions and notation. Recall that a hypergraph is a pair (V,E) where V is the set of

vertices, and E is the set of (hyper)edges which are some nonempty subsets of V . A hypergraph

is homogeneous if all its edges have the same cardinality. For any hypergraph G = (V,E) we can

construct its underlying graph G′ = (V,E′) with the same set of vertices, connecting every two

vertices belonging to one hyperedge of G. A hypergraph is connected if its underlying graph is

connected.

Further we will denote by [b : c] the following situation: we have a cake of weight b which should

be divided into c parts. So, the notation 2 × [4 : 3] + 3 × [7 : 4] will denote the collection of two

cakes of weight 4 which should be divided into three parts each together with three cakes of weight

7 which should be divided into four parts each.

4.4. a) Answer. 49
6
.

In our notation, we have [59 : 4] + [89 : 6] + 2× [41 : 5]. One of the pieces in [89 : 6] is at least
89
6
, and its complement is ≤ 49

6
, as desired. It remains to provide an example:(

4 · 59
4

)
+

(
6 · 89

6

)
+ 2×

(
3 · 49

6
+ 2 · 33

4

)
= 4×

(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
.

b) Answer. 49
6
.

In our notation, we have 2 × [41 : 5] + 3 × [35 : 4] + 11 × [29 : 2]. We say that the cakes of

weight 29 are small, and the others are large. Notice that each person should get two pieces of total

weight 23. Assume that each piece weighs at least than 49
6
; then each piece should also be at most

than 23− 49
6

= 89
6
.

Assume that a person gets two pieces from small cakes (surely these two cakes are distinct), then

the average weight of the remaining two pieces in these cakes is 2·29−23
2

> 89
6

which is impossible.
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Hence all 22 pieces of small cakes come to di�erent people, and therefore all the pieces from the large

cakes also come to di�erent people.

Now let us call the cakes of weight 41 fat, and the cakes of weight 35 usual. Construct a

hypergraph with small cakes as vertices; each edge will correspond to a usual cake and consist of all

the small cakes containing the people's complements of the pieces of this usual cake. This hypergraph

contains at least two connected components.

Now let us remove all the pieces of the usual cakes, as well as their complements in small cakes.

Next, we glue the remaining pieces of each connected component into one new �cake�. Let us calculate

a number of pieces and a weight of this �cake�.

Assume that a component contains v vertices and e edges. Due to each edge, we have removed 4

pieces of total weight 4 · 23− 35 = 57; hence the number of the pieces removed from our component

is 4e, while their total weight is 57e. Thus the average weight of the remaining pieces is 29v−57e
2v−4e

which should be ≤ 89
6 , which rewrites as 2v ≥ 7e. On the other hand, since the component is

connected, we have v ≤ 3e + 1. The two obtained inequalities hold only if the pair (v, e) is either
(4, 1) or (7, 2). Hence our hypergraph should contain one component of type (4, 1) and one of type

(7, 2). In the latter component, one of the pieces will be at least 7·29−2·57
14−8 = 89

6
which provides the

desired estimate.

But we can also get the example from this construction! Namely, from the component of type

(4, 1) we have obtained a �cake� of 4 pieces and total weight 4 ·29−57 = 59, while from the remaining

component we get a �cake� of 6 pieces and total weight 7 · 29− 2 · 57 = 89. Also we have 2× [41 : 5]
remained. Thus we come to the situation of 4.4a), so we may take the division from that example

and then �nd the weights of the removed pieces. The resulting example is

11× 29 + 2× 41 + 3× 35 = 4×
(
59

4
+

57

4

)
+ 6×

(
89

6
+

85

6

)
+

(
2 · 29

2

)
+

+ 2×
(
3 · 49

6
+ 2 · 33

4

)
+

(
4 · 35

4

)
+ 2×

(
3 · 53

6
+

17

2

)
=

= 4×
(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
+ 4×

(
57

4
+

35

4

)
+ 6×

(
85

6
+

53

6

)
+ 2×

(
29

2
+

17

2

)
.

c) Answer. 49
138

= 1
23
· 49
6

(could you guess it?).

Let us multiply all the weights by 29. As usual, we may assume that each person gets exactly

two pieces, and each cake is divided into either two or three parts. Then the numbers of cakes of

both types can be found, and we arrive to the situation 12 × [29 : 3] + 11 × [29 : 2]. We say that

the cakes with three pieces are fat, and the others are usual. Assume that each piece weighs at least

than 49
6
; then each piece should also be at most than 23− 49

6
= 89

6
.

By the same reasons as above, none of the people gets two pieces from a usual cake. Hence

all 22 pieces of usual cakes come to di�erent people, and their complements belong to fat cakes.

The remaining 14 pieces of fat cakes come to 7 remaining people; let us call these people fat. Now

construct a graph with fat cakes as vertices; each edge will correspond to a fat person and connect

two fat cakes containing the cakes containing the pieces of this person. This graph contains at least

�ve connected components.

Now let us remove all the pieces of fat people. Next, we glue the remaining pieces of each

connected component into one new �cake�. Let us calculate a number of pieces and a weight of this

�cake�.

Assume that a component contains v vertices and e edges (then v ≤ e + 1). Due to each edge,

we have removed 2 pieces of total weight 23; hence the number of the pieces removed from our

component is 2e, while their total weight is 23e. Thus the average weight of the remaining pieces is
29v−23e
3v−2e which should be ≥ 49

6 , which rewrites as 27v ≥ 40e. This is impossible if v ≤ e, so we get

v = e+ 1 and hence 27 ≤ 13e, or e ≤ 2. Thus, each component is a tree (so there are exactly �ve of

them) and has at most two edges.

The most �regular� case is when there are two components with two edges and three components

with one edge; so the obtained new �cakes� will look as 2 × [41 : 5] + 3 × [35 : 4]. So by 4.4b) the

answer will be at most 49
6
.
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In any other case, an isolated vertex appears; this means that all three pieces of this cake are

paired up (in portions) with the pieces from usual cakes. Consider these three complements, and

take three usual cakes containing them. The average of three remaining pieces of these cakes is
4·29−3·23

3
> 89

6
, which is impossible. Hence the estimate is established.

The example again can be obtained from the example for 4.4b) by �lling up the removed pieces:

11× 29 + 12× 29 = 4×
(
59

4
+

57

4

)
+ 6×

(
89

6
+

85

6

)
+

(
2 · 29

2

)
+

+ 4×
(
49

6
+

33

4
+

151

12

)
+ 2×

(
49

6
+ 2 · 125

12

)
+

+ 2×
(
2 · 35

4
+

23

2

)
+ 2×

(
2 · 53

6
+

34

3

)
+ 2×

(
53

6
+

17

2
+

35

3

)
=

= 4×
(
59

4
+

33

4

)
+ 6×

(
89

6
+

49

6

)
+ 4×

(
57

4
+

35

4

)
+ 6×

(
85

6
+

53

6

)
+

+ 2×
(
29

2
+

17

2

)
+ 4×

(
151

12
+

125

12

)
+

(
2 · 23

2

)
+ 2×

(
34

3
+

35

3

)
.

3.9. a) Answer. 5
4
· m
n
− 1

2
.

First, let us prove the upper bound. As usual, we may assume that each person gets two pieces,

all the cakes are divided into 3 or 4 parts, hence there are u = 4m − 2n usual cakes of three parts

and f = 2n − 3m fat cakes of four parts. Since 4f < n (provided by m
n

> 7
12
), some person should

get both pieces from the usual cakes. Consider two cakes containing these pieces; the average weight

of the rest four pieces in them will be t = 1
4

(
2− m

n

)
, so one of these pieces weighs at least t. So its

complement weighs at most d = m
n
− t = 5

4
· m
n
− 1

2
, as desired.

The example will follow from part b).

b) We investigate only the case m
n
∈
(

7
12
, 2
3

)
where the upper bound from part a) holds. We

claim that on this interval f(m,n) = 5
4
· m
n
− 1

2
if and only if m

n
∈
(

7
12
, 22
37

]
∪
{
22d−3
37d−2

}
d=1,2,...

; here

is an outline of the proof.

We multiply all the weights by 4n; so the weight of the minimal piece should be d = 5m − 2n,
while the maximal weight should be t = 2n−m.

In our case, each person should get two pieces, there are f = 2n− 3m fat cakes with four pieces

each and u = 4m − 2n usual cakes with three pieces each. Next, it is easy to see that no person

gets two pieces from the fat cakes, so there are 4f persons getting a piece from the fat cake and

s = n− 4f usual persons with two pieces from usual cakes.

Construct a graph G having usual cakes as vertices, with the edges formed by the two pieces of

a usual person. Remove all the usual people's pieces and glue each component into a new cake. If

some connected component contains more than one edge, then deleting all the usual people's pieces

from this component we get some pieces of average weight > d which is impossible. Hence we get

s new cakes of weight 8n − 4m = 4t consisting of four pieces and u − 2s old cakes of weight 4n
consisting of three pieces. Notice that new cakes should be divided into four equal parts each.

Now we act as in 3.4b). Subtract d from each remaining piece of usual cake, and t from each

piece of a fat cake. Then the new cakes vanish, all remaining usual cakes turn into positive �cakes�

of three (or less) pieces, and all fat cakes turn into negative �cakes� of four (or less) pieces. Taking

the absolute values of negative pieces, we come to the following situation:

We have u − 2s equal cakes, and we need to cut each of them into at most three parts and

redistribute into f groups of equal weight having at most four pieces each.

Moreover, one can see that if the desired division of the �cakes� is possible then one may recover

the division of the initial cakes. Hence it remains to determine when the new problem has a solution.

This can be made in the same way as in 4.1.

8



General algorithm

Finally, we show how the general algorithm works on some nontrivial example � that is, we will �nd

f(31, 52).

1.3. e) Unlike in the other problems, we do not start with an answer, but we wish to see how to �nd

it from the very beginning.

Part I. Firstly, we will perform some strange process which provides neither an example nor

the bound. But we will get an answer; and then we will check that this answer is achievable and

optimal.

During the process, we will make some assumptions on how should the optimal example look

like. So, after the example is constructed we will need to check that lacking these assumptions we will

obtain a worse division. We mark these assumprions by a bold font and number them consecutively.

Preliminaries. Multiply all the weights by 52. We will assume(1) that each person has two

pieces, and since 1
2 < m

n < 2
3 we will assume(2) that each cake is divided into three of four parts.

Then we have

11× [52 : 4] + 20× [52 : 3].

Let us call the cakes with four pieces fat, and the other cakes usual.

Initial step. Now we have 44 pieces in fat cakes, which is smaller than the number of people. We

assume(3) that all of them come to di�erent persons. Hence there will be exactly 8 usual persons

with both pieces in usual cakes. So we construct a graph on usual cakes as vertices, where each usual

person induces an edge. This graph contains 20 vertices and 8 edges, so it has at least 12 connected

components.

In such a situation we assume(4) that (i) all components are trees (so there are exactly 12

of them), and (ii) the edges are distributed between the components almost uniformly (that is, the

numbers of edges in any two components di�er by at most 1). In our case, this means that there are

8 components with one edge and 4 isolated vertices. Now, removing the pieces belonging to usual

people and gluing the pieces of one component, we come to a situation

11× [52 : 4] + 8× [73 : 4] + 4× [52 : 3].

Regular step 1. Now we have 44 small pieces in 11 fat cakes, and 44 large pieces in remaining

cakes; each person should get one piece of each type. Notice that the average weight of a piece in

[52 : 3] is smaller than that in [73 : 4]. Informally speaking, this means that we need to cut the latter

cakes as uniformly as we can. So we postpone them and deal with the remaining ones.

Consider a hypergraph on the fat cakes as vertices, with each [52 : 3] cake inducing an edge (this

edge consists of the fat cakes containing the complements of the pieces of our [52 : 3] cake). Thus

we have a hypergraph on 11 vertices with 4 edges of cardinality ≤ 3. Such hypergraph has at least

11− 4 · (3− 1) = 3 connected components.

As before, we assume(5) that (i) each component has the maximal possible number of vertices

for its number of edges (so there are exactly three of them), and (ii) the edges are distributed between

the components almost uniformly (that is, the numbers of edges in any two components di�er by at

most 1). In our case, this means that there are two components with three vertices and one edge, as

well as one component with two edges and �ve vertices. Now, removing all the pieces of [52 : 3] cakes
together with their complements, and gluing the pieces of one component, we come to a situation

2× [105 : 9] + [178 : 14] + 8× [73 : 4].

Regular step 2. Now we have 32 large pieces in [73 : 4] cakes, and 32 small pieces in remaining

cakes; each person should get one piece of each type. Notice that the average weight of a piece in

[105 : 9] is larger than that in [178 : 14]. Again, this means that we need to cut the latter cakes as

uniformly as we can, so we deal with [105 : 9] cakes.
Consider a hypergraph on the [73 : 4] cakes as vertices, with each [105 : 9] cake inducing an edge.

Unlike the previous cases, this hypergraph may be connected; so we assume(6) that it is connected,

and we are ready to �nish. We make this graph connected, hence by the standard removing we arrive

to the situation

[178 : 14] + [256 : 14].
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But this situation is trivial, and the maximal possible smallest piece is 178
14

: it is enough to divide

each cake into equal parts and give to each person one piece from each cake. Notice that our last

aim (to cut [178 : 14] with the maximal uniformity) is completely reached.

Thus, under all our assumptions we obtain that the minimal piece is at most d = 89
7
.

Part II. Now we are to construct an example, moving backwards in our process. Recall that in

our example we have

[178 : 14] + [256 : 14] =

(
14 · 89

7

)
+

(
14 · 128

7

)
.

Regular step 2. The cake [256 : 14] is obtained from 8 × [73 : 4] by removing the pieces

complementary to the ones from 2× [105 : 9]. Now we reconstruct the division of these cakes � for

instance, with the help of intervals; now it is easy to apply:

8× [73 : 4] + 2× [105 : 9] = 8×
(
3 · 128

7
+

127

7

)
+ 2 ·

(
5 · 89

7
+ 4 · 90

7

)
.

Regular step 1. The cakes 2× [105 : 9] were obtained from 3× [52 : 4] + 3× [52 : 4] by removing

the complements of the pieces from [52 : 3] + [52 : 3]; analogously, the cake [178 : 14] was obtained
from another 4× [52 : 3] by removing the complements of the pieces from 2× [52 : 3]. Now we will

reconstruct them; it is immediate after we split the pieces in [105 : 9] and [178 : 14] into the [52 : 4]
cakes they were taken from. Making this arbitrarily we get

11× [52 : 4] + 4× [52 : 3] = 4×
(
2 · 89

7
+

90

7
+

96

7

)
+ 2×

(
89

7
+ 2 · 90

7
+

95

7

)
+

+ 4×
(
3 · 89

7
+

97

7

)
+ 2×

(
2 · 89

7
+ 2 · 93

7

)
+

+ 2×
(
2 · 121

7
+

122

7

)
+ 2×

(
2 · 120

7
+

124

7

)
.

Initial step. We are left to reconstruct the last cakes 16× [52 : 3] from 8× [73 : 4] by adding the

usual people; it also goes automatically:

16× [52 : 3] = 8×
(
2 · 128

7
+

108

7

)
+ 8×

(
128

7
+

127

7
+

109

7

)
.

So the whole example is reconstructed:

11× [52 : 4] + 20× [52 : 3] = 4×
(
2 · 89

7
+

90

7
+

96

7

)
+ 2×

(
89

7
+ 2 · 90

7
+

95

7

)
+

+ 4×
(
3 · 89

7
+

97

7

)
+ 2×

(
2 · 89

7
+ 2 · 93

7

)
+

+ 2×
(
2 · 121

7
+

122

7

)
+ 2×

(
2 · 120

7
+

124

7

)
+

+ 8×
(
2 · 128

7
+

108

7

)
+ 8×

(
128

7
+

127

7
+

109

7

)
.

Part III. We are left to check that all our assumptions were necessary. It can be done easily

within the methods involved in the previous sections. Denote d = 89
6
, t = 31 − d = 128

7
. If

f(31, 52) > d then all the piece weights should belong to the interval (d, t).

Assumption (1) should hold since otherwise the least piece is at most 31
3

< d.

Assumption (2) is necessary since otherwise we get a piece of ≤ 52
5

< d or ≥ 31− 52
2

> t.

Assumption (3) should hold, otherwise let us consider a person with two pieces in two fat

cakes. Then the average weight of the remaining six pieces in these cakes is 52·2−31
6

< d.
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Assumption (4): suppose it fails; then two edges have a common vertex. Consider three

cakes participating in these edges; the average of 5 their pieces not corresponding to our edges is
3·52−2·31

5
> t.

Assumption (5) may be checked in the same way as in 4.4b).

Finally, we do not need to check the last Assumption (6) at all: to this step, we already have

a [178 : 14] cake, so the minimal piece cannot exceed 178
14

= d.

We are done!

We suggest you to apply this algorithm to the pairs from the Testing area to see how it works!
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Fair cake division

Solutions after semi�nal

Some general results

We start with problems 3.1�3.3, since their solutions allow to simplify the further text.

3.1. If m 6
∣∣ n, then it is impossible to split a cake into equal pieces which weigh m

n
. So there will be

some piece less than m
n
. That means that some person will receive at least two pieces, and one of

them weigh at most m
2n

by the pigeonhole principle.

If f(m,n) = m
2n
, then every piece weighs m

2n
or m

n
(if its weight is between these numbers, then

the person receiving it has all other pieces smaller than m
2n
). We may split all the pieces of m

n
into

two pieces which weigh m
2n

which may happen if and only if m
∣∣ 2n (while m 6

∣∣ n).
3.3. a) Consider any optimal distribution. If someone gets at least three pieces, then the minimal of

them is at most 1
3
· m
n
; hence f(m,n) ≤ m

3n
.

3.2. a) Suppose that f(m,n) > m
n
− 1

2
. For m

n
> 3

4
we have m

n
− 1

2
> m

3n
. So by 3.3a) every person

has not more than two pieces. If there is a piece of weight m
n
, then we cut it into two equal pieces

and, and we still have the optimal decomposition of cakes because of 3.1. So the total of pieces in

decomposition is 2n. Since 2n < 3m, then by the pigeonhole principle there exists a cake with not

more than two pieces. A cake with one piece is impossible, so we have a cake with two pieces, one

of which is at least 1
2
. A person who has this piece also gets one more piece, the weight of which is

not more than m
n
− 1

2
. A contradiction.

b), c) Let k ≥ 3. Suppose that 2
k+1

< m
n

< 1 but f(m,n) > m
n
− 1

k
. Since m

n
− 1

k
> m

3n
for

m
n

> 2
k+1

, then by 3.1 and 3.3a) we may assume that each person has got two pieces and so the total

number of pieces is 2n. Since 2n < (m+ 1)k, then there is a cake with not more than k pieces, one

of which by the pigeonhole principle is at least 1
k
. A person with this piece has one more piece with

weight not more than m
n
− 1

k
. A contradiction.

3.3. b) Consider a segment of length m. Divide it by red points into m equal segments, and by blue

points into 3n equal segments (the endpoints will be multicolored). The obtained segments with the

red endpoints represent the cakes.

Now we simultaneously erase all blue points adjacent to a red point which is not blue. Next, cut

the cakes by the remaining blue points. We claim that we have obtained a desired division.

Since m < n, each cake contained at least three blue points, hence at least one of them is not

erased. Next, each piece not adjacent to the border of a cake is of length m
3n
. The same holds for the

segments having a multicolored endpoint. All the other segments are grouped into pairs sharing a

common red endpoint, and the total length of each pair is 3 · m
3n

= 1. Hence we may give each such

pair to one man. All the remaining pieces are m
3n

in length, so we can give to every remaining man

three such pieces.

c) Suppose, to the contrary, that m
n
∈
(
2
3
, 3
4

]
but f(m,n) > 1

3
. By 3.1 and 3.3a), we may assume

that each man gets exactly two pieces. Then the total number of pieces is 2n < 3m, hence by the

1



pigeonhole principle there exists a cake consisting of no more than two pieces. Hence one of these

pieces is at least 1
2
. Finally, the man getting this piece should get some other piece of weight at most

m
n
− 1

2
which does not exceed m

3n
since m

n
≤ 3

4
. A contradiction.

Finally, we present the solution of 1.4.

1.4. Consider a set of pieces such that we may arrange it into n equal cakes with weight m, as well

as into m equal cakes with weight n. Suppose that x is the maximal weight of the minimal piece of

sets with given property. Then

nf(m,n) = x = mf(n,m),

and f(m,n) = m
n f(n,m).

Some concrete values of f

Notation. In the examples we shall denote by (i1 · a1 + i2 · a2 + · · ·+ il · al) the decomposition of

a cake into i1 + i2 + · · · + il pieces, among which i1 pieces weigh a1, i2 pieces weigh a2, etc. The

composition of a man's portion will be denoted in the same manner.

1.1. a) A particular case of 3.3c).

b) The bound follows from 3.2b). Example:

4× 210g = 2× (3 · 70g) + 2× (3 · 50g + 60g)

c) The bound follows from 3.2c) for k = 12. Example:

4× 3kg = 2× (12 · 250g) + 2× (240g + 12 · 230g) = 24× (230g + 250g) + (2 · 240g) = 25× 480g.

1.2. a) Answer.
5
21
.

A particular case of 3.3c).

b) Answer.
5
18 .

The bound follows from 3.2a). Example:

7× 1 = 3×
(
2 · 1

2

)
+ 2×

(
5

18
+

6

18
+

7

18

)
+ 2×

(
2× 5

18
+

8

18

)
=

= 6×
(

5

18
+

1

2

)
+

(
2 · 7

18

)
+ 2×

(
6

18
+

8

18

)
= 9× 7

9
.

1.3. a) Answer.
1
3 .

We may assume that every person has two pieces, so there is a cake with three (or more) pieces,

one of which is not more than 1
3
, and f(8, 9) ≤ 1

3
.

Example:

8× 1 = 2×
(
3 · 1

3

)
+ 6×

(
4

9
+

5

9

)
= 6×

(
1

3
+

5

9

)
+ 3×

(
2 · 4

9

)
= 9× 8

9
.

b) Answer.
2
7 .

The bound f(11, 14) ≥ 2
7
follows from 3.2a). Example:

11× 1 = 5×
(
2 · 1

2

)
+ 4×

(
2 · 2

7
+

3

7

)
+ 2×

(
2

7
+ 2 · 5

14

)
=

= 10×
(
1

2
+

2

7

)
+ 4×

(
3

7
+

5

14

)
= 14× 11

14
.

c) Answer.
5
17
.
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As usual, we may assume that each person has got two pieces. Then there are 34 pieces in total.

Note that each cake contains two or three pieces: a cake could not contain only one piece, and if it

contains at least 4 pieces, then one of them is not more than 1
4
< 5

17
. So we have 6 fat cakes with

three pieces and 8 usual cakes with two pieces. There are 18 pieces in fat cakes and 16 pieces in usual

ones. So there is a person getting both his pieces from the fat cakes (if it is the same cake, we choose

a second fat cake arbitrarily). The rest four pieces of these two cakes weigh in total 2− 14
17

= 20
17
. So

one of them is not more than 5
17
.

Example:

14× 1 = 8×
(

9

17
+

8

17

)
+ 4×

(
2 · 6

17
+

5

17

)
+ 2×

(
7

17
+ 2 · 5

17

)
=

= 8×
(

5

17
+

9

17

)
+ 8×

(
6

17
+

8

17

)
+

(
2 · 7

17

)
= 17× 14

17
.

2.1. a) Answer.
1
3
.

Denote s = f(3k − 1, 3k). Firstly we prove that s ≤ 1
3
. Assume the contrary. Then s > 1

3
,

hence by 3.1 and 3.3a) each man gets two pieces, and as usual we may assume that he gets exactly

to pieces. Hence there exists a cake split into at least three parts, and the minimal of them is at

most 1
3
. A contradiction.

To construct an example, let us multiply all the weights by 3k. We have

(3k−1)× 3k = 2×
(
3 · k

)
+

+ 3×
(
(2k − 1) + (k + 1)

)
+ 3×

(
(2k − 2) + (k + 2)

)
+ · · ·+ 3×

(
(k + 1) + (2k − 1)

)
=

= 3×
(
k + (2k − 1)

)
+ 3×

(
(k + 1) + (2k − 2)

)
+ · · ·+ 3×

(
(2k − 1) + k = (3k + 2)× (6k + 2).

b) Answer.
2k+1

2(3k+2)
.

Denote s = f(3k+1, 3k+2), t = 2k+1
2(3k+2)

. Firstly, let us prove that s ≤ t. Assume the contrary.

As in the previous problem, by s > t ≥ 3k+1
3(3k+2)

we may assume that each man gets exactly two

pieces. If some cake is divided into at least four parts then the least of them is at most 1
4
≤ 2k+1

2(3k+2)
which is impossible. Hence each cake is split into two or three pieces, and it is easy to see that there

are exactly two cakes split into three parts.

Now consider the following graph. Its vertices are the cakes, and to each man corresponds an

edge connecting two cakes the pieces of this man are taken from. This graph has two distinguished

vertices of degree 3 and all other vertices of degree 2, hence it consists of three paths connecting

distinguished vertices (some of them may be circuits). The length of one of these paths is at least

k + 1; consider this path v0, v1, . . . , vk+1.

Denote the portion of the man corresponding to the edge (vi, vi+1) as (pi, qi) so that pi is taken

from cake vi, and qi is taken from vi+1. Then pi + qi =
3k+1
3k+2

for i = 0, 1, . . . , k, while qi + pi+1 = 1

for i = 1, 2, . . . , k. Hence pi+1−pi =
1

3k+2
, and hence pk ≥ k

3k+2
+p0 ≥ k

3k+2
+t = 4k+1

2(3k+2)
. Finally,

we get qk = 3k+1
3k+2

− pk ≤ t. A contradiction.

This proof also provides a hint of how to construct an example: there should be two paths of

length k+1 and one path of length k. To construct such an example, let us multiply all the weights

by 2(3k + 2). We have

(3k+1)× (6k + 4) = 2×
(
2 · (2k + 1) + (2k + 2)

)
+

+ 2×
(
(4k + 1) + (2k + 3)

)
+ 2×

(
(4k − 1) + (2k + 5)

)
+ · · ·+ 2×

(
(2k + 3) + (4k + 1)

)
+

+
(
4k + (2k + 4)

)
+
(
(4k − 2) + (2k + 6)

)
+ · · ·+

(
(2k + 4) + 4k

)
=

= 2×
(
(2k + 1) + (4k + 1)

)
+ 2×

(
(2k + 3) + (4k − 1)

)
+ · · ·+ 2×

(
(4k + 1) + (2k + 1)

)
+

+
(
(2k + 2) + 4k

)
+
(
(2k + 4) + (4k − 2)

)
+ · · ·+

(
4k + (2k + 2)

)
= (3k + 2)× (6k + 2).
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c) Answer.
k

3k+1
.

Denote s = f(3k, 3k + 1), t = k
3k+1

. Again, supposing that s > t, we may assume that each

man has two pieces, there are exactly two cakes split into three parts, and each other cake consists

of two parts. Next, constructing a graph as above, we get that it contains a path of length at least

k + 1. Again, acting as above we �nd that pk − p0 = k
3k+1

, so pk ≥ 2k
3k+1

, and qk = 3k
3k+1

− pk ≤ t.

A contradiction.

To construct an example, let us multiply all the weights by 3k + 1. We have

3k×(3k + 1) = 2×
(
2 · k + (k + 1)

)
+

+ 2×
(
2k + (k + 1)

)
+ 2×

(
(2k − 1) + (k + 2)

)
+ · · ·+ 2×

(
(k + 1) + 2k

)
+

+
(
(2k − 1) + (k + 2)

)
+
(
(2k − 2) + (k + 3)

)
+ · · ·+

(
(k + 2) + (2k − 1)

)
=

= 2×
(
k + 2k

)
+ 2×

(
(k + 1) + (2k − 1)

)
+ · · ·+ 2×

(
2k + k

)
+

+
(
(k + 1) + (2k − 1)

)
+
(
(k + 2) + (2k − 2)

)
+ · · ·+

(
(2k − 1) + (k + 1)

)
= (3k + 1)× 3k.

2.3. a) There are three cases, depending on the residue of n modulo 3.

1) n = 3k. Obviously, f(3, 3k) = 1
k
.

2) n = 3k + 1. If n = 1, then f(3, 1) = 1. For n = 3k + 1 ≥ 4 we have f(3, 3k + 1) = 3k−1
2k(3k+1)

.

The bound follows from 3.2c) for k′ = 2k. Example:

3× 1 =

(
2k · 1

2k

)
+ 2×

(
k · 3k − 1

2k(3k + 1)
+ (k + 1) · 3

6k + 2

)
=

= 2k ×
(

3k − 1

2k(3k + 1)
+

1

2k

)
+ (k + 1)×

(
2 · 3

6k + 2

)
.

3) n = 3k + 2. Here we have f(3, 3k + 2) = 1
2k+2

.

We may assume that each person has got two pieces and that the total number of pieces is 6k+4.

Then there is a cake with at least 2k + 2 pieces, one of them is not more than 1
2k+2

. Example:

3× 1 =

(
(2k + 2) · 1

2k + 2

)
+ 2×

(
(k + 1) · 3k + 4

(3k + 2)(2k + 2)
+ k · 3

6k + 4

)
=

= (2k + 2)×
(

1

2k + 2
+

3k + 4

(3k + 2)(2k + 2)

)
+ k ×

(
2 · 3

6k + 4

)
.
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Равновесия Нэша
Владимир Гурвич

1. Предварительное обсуждение

Что общего у шашек, шахмат, го и крестиков-ноликов на ограниченной доске? Это все конечные позици-
онные игры с полной информацией. С полной информацией — значит, что вся информация известна всем
игрокам (в картах это не так) и нет скрытой информации (нерозданных карт или непредсказуемых бросков
костей). Позиционные — значит ходы ведут из позиции в позицию. Конечные — значит, число позиций ко-
нечно, игра начинается с некоторой начальной позиции, и заканчивается в какой-то из конечных позиций
(например, в шахматах — позицией с патом, матом, голыми королями или повторением позиции). Эта ко-
нечная позиция и определяет, кто выиграл и с каким счетом (каждую игру можно сделать игрой на счет,
например, начисляя 1 за победу, 0 за ничью и −1 за поражение). Кроме того, все эти игры — антагонисти-
ческие для двух участников. Антагонистические — значит выигрыш одного является проигрышем другого,
и если один сколько-то очков выигрывает, то другой — проигрывает. Анализом с конца легко доказать, что
при этих условиях у каждого из игроков есть оптимальная стратегия и оптимальный результат. Игра по
оптимальной стратегии гарантирует результат не хуже оптимального. При этом нет стратегии, добиваю-
щейся большего с гарантией, то есть при любой игре противника. В антагонистических играх оптимальные
результаты противников противоположны, в игре на счет их сумма равна нулю. Игра обоих по оптимальной
стратегии создает «равновесие»: отклонение одного из игроков от этой стратегии не может принести ему
выгоды. Ситуация заметно усложняется, если игроков больше двух. Может оказаться, что каждому не га-
рантирован никакой результат, кроме наихудшего ввиду невозможности противостоять сговору остальных.

Упражнение. На столе лежат 10 спичек. Трое игроков берут спички по очереди, от 1 до 5 за ход.
Взявший последнюю спичку идет мыть посуду. Докажите, что сговорившись, любые двое могут послать
мыть посуду третьего.

Давайте за мытье посуды начислять −2, а остальным по +1. Сумма в любой партии равна 0, однако
сумма оптимальных результатов равна −6. Хочется, однако, устроить какой-то аналог равновесия и для
троих: предложить игрокам три такие стратегии, которым они захотят следовать. Для этого достаточно,
чтобы отклонившийся был наказан: если он не следует указанной стратегии, а остальные двое следуют, то
он получит меньше (или не больше).

Упражнение. Придумайте три такие стратегии для данной игры. Набор стратегий, где единственный
отклонившийся не выигрывает называется равновесием Нэша (это определение годится и для неантагони-
стических игр). Наша задача состоит в том, чтобы разобраться, для каких игр равновесия Нэша есть (и
какие), а для каких — нет.

Равновесия Нэша можно описать как правила, о соблюдении которых можно договориться даже без
механизма внешнего принуждения.

Упражнение. «Встреча в супермаркете». Два (или три) человека потерялись в супермаркете, мобиль-
ные телефоны сеть не ловят... Они могут встречаться у одного из трёх выходов, каждый выбирает куда
идти независимо и не зная выбор остальных. Если все встретились, каждый получает выигрыш +1, иначе
каждый получает −1. Какие равновесия Нэша в этой игре?
Примечание. Эта игра задана в так называемой нормальной форме (все игроки одновременно делают выбор,
не зная выбор друг друга; после этого по выбору всех игроков определяются выигрыши).
Примечание 2. В некоторых супермаркетах вешают большие таблички «потерявшимся встречаться у первой
кассы».

Упражнение. Есть ли равновесия Нэша в крестиках-ноликах 3 на 3? Опишите их.
Оказывается, что для ациклических игр (то есть игр, где позиции не повторяются), хотя бы одно рав-

новесие Нэша всегда есть (даже если участников не два, а больше). Вы сами сможете это легко доказать.
Давайте свяжем с игрой ориентированный граф: позиции будут вершинами, а ходы — ориентированными
ребрами (стрелками). Позиции, из которых нет ходов — конечные, каждой приписан набор очков, который
получат игроки при ходе в эту позицию. Остальные позиции поделены между игроками, для каждой извест-
но, кто из нее должен ходить. Пусть из позиции П все ходы ведут в конечные, и игрок выберает наиболее
выгодный для него ход в некоторую позицию Т. Очки из Т можно перенести в П. Теперь и П стала опреде-
ленной, как бы конечной. Так анализом с конца делаем все позиции определенными, в том числе начальную.
Оптимальная стратегия состоит в ходе игрока в такую позицию, где его выплата максимальна.

Упражнение. Докажите, что для любой ациклической игры указанные оптимальные стратегии обра-
зуют равновесие Нэша.

1



Давайте построим теперь граф игры в шахматах. Мы уже понимаем, что позиция — это не просто рас-
становка фигур, она должна включать в себя еще и очередь хода. Кроме того, полезно знать, есть ли право
рокировки, взятия на проходе, повторялась ли позиция раньше. Один из выходов снабдить позицию нуж-
ной информацией — запоминать ее вместе с предысторией. Тогда повторяющихся позиций точно не будет,
граф ациклический, и нем для обоих игроков есть оптимальная стратегия. Но такое понимание позиции
для нас неинтересно. Правило троекратного повторения позиции подразумевает под позицией нечто другое.
А именно, расстановка фигур, очередь хода, есть ли право рокировки, взятия на проходе. Тогда в графе
есть ориентированные циклы, и анализ с конца уже не действует. Уточним понятие стратегии. Назовем
стационарной стратегией данного игрока правило, выбирающее один определенный ход в каждой позиции
с его ходом. Например, в игре в спички жадная стратегия предписывает каждый раз брать максимально
возможное количество спичек. Заметим, что стационарная стратегия не зависит от предыстории, поэтому
если каждый играет по стационарной стратегии, то при повторении позиции игра зацикливается. Понятно,
что в шахматах зацикливание означает ничью. Можно, однако договорится, что циклы тоже имеют свою
цену (например, при зацикливании все проигрывают). В играх с циклами про равновесие Нэша мало что
известно.

Упражнение. Есть ли равновесие Нэша в шахматах? А если убрать правила про ничью при троекрат-
ном повторе позиции или после 50 ходов без взятий и передвижений пешек?

До сих пор мы рассматривали только терминальные игры, когда результат игры (платежи) определяется
только конечной позицией или циклом. В некоторых играх, помимо этого, игрок получает или платит еще
и за каждый ход, а окончательный результат игры определяется для него суммой всех платежей.

Упражнение. На столе лежат 5 спичек. Трое игроков берут спички по очереди 1 или 2 спички. Взявший
последнюю спичку получает премию из 3 спичек. Число заработанных очков равно числу спичек. Постройте
граф игры и найдите для всех оптимальные стратегии. Если игра заканчивается циклом, то мы предпола-
гаем, что цикл проходится бесконечно много раз. Тогда результат игрока будет конечен, только если сумма
его платежей по циклу равна 0. Иначе результат равен плюс или минус бесконечности.

В этой игре очевидно, сумма оптимальных результатов равна −3.
Упражнение. 100 кровожадных отморозков ограбили банк на миллион долларов и уселись в ряд за

стол делить деньги. Сначала первый предлагает, кому сколько: мне столько-то, второму столько-то и т.д.
(каждому —- целое число долларов), и все 100 голосуют. Если «за» не менее половины, то предложение
принимается, каждый получает предложенную долю, и все расходятся. Если более половины голосуют
«против», первого убивают, и тогда уже второй отморозок предлагает на тех же условиях кому сколько, и
т.д. Каждый отморозок руководствуется в первую очередь желанием выжить, во вторую (если жизнь вне
опасности) –– получить побольше денег, в третью (если на жизнь и сумму это не влияет) —- убить как
можно больше (а то ведь подстерегут в темном переулке!). Как распределятся деньги, если все отморозки
будут действовать и рассуждать абсолютно логически? (то есть, найдите равновесие Нэша)

2. Введение «без строгих определений»

Мы рассмотрим следующий вопрос: Какие конечные позиционные игры с полной информацией имеют равно-
веся Нэша в чистых стационарных стратегиях? В некоторых случаях ответ хорошо известен. Дадим сначала
небольшой обзор, откладывая точные определения до следующего параграфа. Равновесие Нэша существует
для таких классов:

А. Ациклические игры. В них позиции не могут повторяться. В этом случае равновесие всегда имеется.
Однако, уже в Шахматах, или даже в Го, повторения позиции возможны.

Б. Антагонистические игры двух лиц. Этот класс включает и Го, и Шахматы. Но что если интересы
двух игроков непротивоположны? или число игроков больше двух?

В. Если ходы игроков могут зависеть от предыстории. Мы, однако, ограничиваем себя (и игроков)
чистыми стационарными стратегиями. Иными словами, ход может зависеть только от текущей позиции, но
не от предшествующих, и выбирается он детерминировано, без всякой рандомизации. Например, Нарды,
исключаются.

Заметим, впрочем, что в рассмотренных случаях А, Б, и В равновесие существует даже и при наличии
случайных ходов.

Известно, однако, что равновесий может не быть в играх с неполной информацией (карточные игры или
Домино). Но мы таких игр не рассматриваем и даже определять их не будем.

Резюмируем:
Мы ограничимся играми с полной информацией, без случайных ходов и чистыми стационарными стра-

тегиями. При этом игроков может быть более двух, и даже если два, их интересы не обязательно противо-
положны.
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Удивительно, но в этом случае мало что известно. Есть несколько концепций решения, простейшей из
которых является несомненно равновесие Нэша. (Мы определим его ниже.) Хотя за работы о равновесиях
Нэша было выдано пять нобелевских премий по экономике, но мне кажется, что наиболее «простые» и
естественные математические вопросы до сих пор открыты. Здесь я предлагаю два таких вопроса-гипотезы.
Они проверены, с помощью компьютера, для достаточно (но не чрезмерно) больших примеров. Я надеюсь
на положительные ответы, но не удивлюсь и контрпримерам.

У этих гипотез есть относительно простые частные случаи, на которых можно будет упражняться. Впро-
чем, другие частные случаи довольно сложны, а для некоторых ответ неизвестен, как и в общем случае.

3. Основные определения

Мне кажется, что большинство из них интуитивно очевидно. Однако, формализм может и «напугать» кого-
то. Если так, то пропустите этот параграф при первом чтении и используйте его потом как словарь или
справочник.

Граф игры, позиции и ходы.
Дан конечный ориентированный граф (орграф) G = (V,E). Каждая его вершины v ∈ V — позизия игры,

а ориентированное ребро e = (v, v′) — возможный ход в позиции v. Позизии, VT ⊂ V , в которых вообще нет
ходов, называются терминальными. Выберем также начальную позицию v0 ∈ V \ VT .

Каждой нетерминальной позиции v ∈ V \ VТ поставим в соответствие игрока i ∈ I = {1, . . . , n}, кото-
рый выбирает ход в позиции v. Будем говорить, что i контролирует v и писать i = φ(v); иными словами,
отображение φ : V \ VТ → I распределяет нетерминальные позиции по игрокам.

Тройка {G,φ, v0} называется позиционной структурой.
Стратегии и ситуации.
Стратегия хi игрока i ∈ I — это план, выбирающий ход е = (v, v′) в любой позиции v ∈ φ−1(i), контро-

лируемой i, иными словами, — отображение хi, ставит в соответствие каждой позиции v ∈ φ−1(i) некоторый
ход е = (v, v′) из v. Это — так называемые чистые стационарные стратегии. Как уже говорилось, других
мы ни рассматривать, ни даже определять, не будем.

Партии. Пусть каждый игрок i выберет стратегию хi. Полученный набор х = (х1, . . . , хn) называется
профилем стратегий или ситуацией. Каждая такая ситуация однозначно определяет партию p(х ), по-
скольку каждый игрок i ∈ I в каждой своей позиции v ∈ φ−1(i) знает, какой ход ему делать (тот, который
предписывает его стратегия хi). Партия p(х ) начинается в v0 и либо заканчивается в одном из термина-
лов v ∈ VТ либо "зацикливается", т. е. возникает ориентированный цикл C, который затем повторяется
бесконечно. (Партия p(х ) уйти с C не может, так как все стратегии стационарны.)

Таким образом, мы получаем отображение g : Х → P , которое каждой ситуации х ∈ Х ставит в
соответствие партию p ∈ P . Такие отображения называются игровыми формами

Функции стоимости.
Каждый игрок i ∈ I за каждый ход е ∈ Е платит c(i, е) ∈ R. Это вещественное число называется

локальной стоимостью. (Если c(i, е) < 0, то i не платит, а наоборот, получает |c(i, е)|.)
Позиционная структура и локальный платеж определяют игру в позиционной форме.
Эффективная стоимость партии p = p(х ) определяется для каждого игрока i ∈ I так. Если p заканчи-

вается в терминале v ∈ VТ , то ее стоимость c(i, p) =
∑

е∈p c(i, е) аддитивна, т.е. равна сумме стоимостей всех
ходов p. Если же p зацикливается, то надо вычислить стоимость c(i, C) =

∑
е∈C c(i, е) соответствующего

цикла C для i. Если c(i, C) ≥ 0, то c(i, p) =∞ и c(i, p) = −∞, если c(i, C) < 0.
Такое определение естественно, поскольку цикл проходится неограниченное число раз, а локальные сто-

имости суммируются. Однако, для если партия p зацикливается на «нулевом цикле», c(i, C) = 0, мы всё
равно полагаем c(i, p) =∞. Это всего лишь удобное соглашение.

Игровая форма g и эффективная стоимость c определяют игру (g, c) в нормальной форме.
Естественно, каждый игрок i пытается минимизировать свою эффективную стоимость c(i, p).
Терминальные игры. Ход е = (v, v′) называется терминальным, если v′ ∈ VT — терминальна. Заме-

тим, что терминальный ход не может принадлежать никакому циклу. Функция стоимости c (и сама игра)
называется терминальной, если c(i, е) ≡ 0 для любого игрока i и нетерминального хода е. В этом случае,
стоимость партии p зависит только от её терминальной позиции. Если же партия p зацикливается, то её
стоимость по определению равна + или −∞.

Игры с нулевой суммой. Говорят, что функция стоимости c (и сама игра) имеют нулевую сумму,
если

∑
i∈I c(i, е) = 0 для любого хода е ∈ Е . Игры двух лиц, n = 2, с нулевой суммой играют очень важную

роль, как исторически, так и по существу.
Любую игру n лиц легко превратить в игру n + 1 лиц с нулевой суммой. Достаточно ввести (n + 1)-го

игрока-болвана (который не контролирует ни одной позиции) и определить локальную стоимость его ходов
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формулой c(n+ 1, е) = −
∑n

i=1 c(i, е).
Игры в нормальной форме; общее определение.
Итак, пусть I = {1, . . . , n} множество игроков, Хi — конечное множество стратегий игрока i ∈ I, а

Х = Х1 × . . .× Хn — их прямое произведение, т.е. множество ситуаций.
Далее, пусть P обозначает произвольное множество исходов игры (в нашем случае — партий). Произ-

вольное отображение g : Х → P называется игровой формой.
Наконец, пусть дана произвольная функция стоимости c : I × P → R. Её вещественные значения c(i, p)

показывают, сколько должен платить игрок i ∈ I за партию p ∈ P .
Пара (g, c) определяет игру в нормальной форме.
Равновесие Нэша и седловая точка.
Ситуация х = (х1, . . . , хn) ∈ Х1 × . . .×Хn = Х называется равновесием Нэша, если изменение стратегии

любым игроком i ∈ I (но только одним) не приносит ему выгоды, т.е. не уменьшает стоимости для него.
Формально, это можно записать так: c(i, g(х )) ≤ c(i, g(х ′)) для любого игрока i ∈ I и для любой ситуации
х ′ ∈ Х такой, что все её координаты (стратегии) те же, что и в х , за исключением, быть может, координаты
i, иными словами, только х ′i может отличаться от хi.

Это понятие было введено Джоном Нэшем в 1950 году. В случае игр двух лиц с нулевой суммой равно-
весие Нэша носит название седловая точка. Это понятие лет на 200 старше.

В отличие от седловой точки, концепция Нэша весьма уязвима для критики. Зачастую, два игрока
могут изменить одновременно свои стратегии и оба выгадать. Более того, то же могут сделать иногда и все
n игроков.

Ситуаций равновесия (в чистых стратегиях) может вообще не быть. А если есть, то их может быть много.
Более того, не только равновесий, но и равновесных платежей может быть много.

Седловая точка лишена большинства этих недостатков. Однако, критика Нэша не является нашей целью.
(Вспомним также о пяти нобелевских премиях :-)

Однородное равновесие Нэша Ситуация х ∈ Х называется однородным равновесием Нэша, если она
является равновесием не только при данной начальной позиции v0 ∈ V , но и при любой другой начальной
позиции v′0 ∈ V .

4. Задачи и гипотезы

Мы будем интересоваться теоремами существования равновесия Нэша (т.е. разрешимостью по Нэшу) пози-
ционных игр, определенных выше.

Сложность проблемы я оцениваю числом очков, данным в скобках.
Гипотеза 1 (500). Верно ли, что любая позиционная игра двух лиц разрешима по Нэшу.
Задача 1 (10). Покажите, что без нарушения общности можно предположить отсутствие «нулевых

циклов», точнее, ориентированных циклов с нулевой суммой локальных стоимостей. Иными словами, можно
без нарушения общности предположить, что

∑
е∈C c(i, е) 6= 0 для любого ориентированного цикла C и игрока

i ∈ I = {1, 2}.
Напомним, что, эффективная стоимость любой зацикливающейся партии равна + или −∞.
Это совсем новая гипотеза. Владимир Удалов написал программу, которая подтвердила её для многих

орграфов с 10 – 18 вершинами.
Задача 2 (25). На случай трёх игроков Гипотеза 1 не обобщается. Постройте пример.
Для игр двух лиц с нулевой суммой гипотеза верна, но доказательство сложное. Более того, в этом

случае можно так ввести конечную эффективную стоимость каждой партии p, заканчивающейся «нулевым
циклом» C, что седловая точка всегда будет существовать. (Напомним, что мы определили c(i, p) = +∞ в
этом случае.) Однако, такое переопределение непросто.

Задача 3 (70). Попробуйте его найти и доказать разрешимость. Покажите, что «очевидные попытки»
не проходят. Например, если положить c(i, p) = 0 или c(i, p) =

∑
е∈p c(i, e), то седловой точки может и не

быть. Постройте примеры.
Гипотеза 2 (500). Верно ли, что любая позиционная игра n лиц, в которой все локальные стоимости

неотрицательны, разрешима по Нэшу?
Задача 3а (5). Докажите, что достаточно рассмотреть строго положительные локальные стоимости.
Гипотеза не доказана даже в следующих «очень частных» случаях.
Гипотеза 2а (300). Терминальный платеж.
При этом эффективная стоимость любой зацикливающейся партии для любого игрока равна +∞.
Гипотеза 2б (400). Терминальный платеж. При этом по-прежнему все циклы образуют один и тот же

исход, НО не обязательно наихудший для всех игроков. Вместо этого, мы теперь предполагаем, что каждый
из игроков ранжирует все терминалы и циклический исход произвольно.
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Гипотеза 2в (300). Случай двух игроков, n = 2. В этом случае мы обьединяем предположения Гипотез
1 и 2.

Задача 4 (100). Докажите, что в случае двух игроков и терминальной функции стоимости Гипотеза 2
всё же верна.

Этот результат можно вывести из одной моей старой теоремы, 1975 года.
По определению, общая игровая форма n лиц g : Х1 × . . .× Хn → P разрешима по Нэшу, если соответ-

ствующая игра (g, c) имеет хотя бы одно равновесие Нэша при любой функции стоимости c : I × P → R.
Здесь c(i, p) — стоимость исхода p ∈ P для игрока i ∈ I.

Для случая двух игроков, I = {1, 2}, наряду с общим определением разрешимости рассмотрим следую-
щие два более слабых свойства:

Игровая форма двух лиц g называется антагонистически разрешимой, если она разрешима в классе
игр с нулевой суммой. Наконец, g называется ±1 разрешимой, если она разрешима в классе игр двух лиц с
нулевой суммой, причем функция стоимости принимает только два значения: +1 и −1.

Задача 5 (100). Докажите, что все эти три свойства (разрешимость, антагонистическая разрешимость
и ±1 разрешимость) эквивалентны.

Эквивалентность последних двух свойств я доказал немного раньше, в 1973 году, но ещё раньше, в 1970,
то же сделали Джек Эдмондс и Дэлберт Рэй Фалкерсон. Edmonds, J.; Fulkerson, D. R. (1970), "Bottleneck
extrema", Journal of Combinatorial Theory 8:3 (1970) 299-306.

К сожалению, утверждение задачи 5 на игры трех лиц уже не обобщается. Сформулируем это точнее.
Каждой игровой форме n лиц, I = {1, . . . , n}, можно поставить в соответствие n игровых форм двух лиц, в
которых i играет против I \ {i}, где i ∈ I.

Задача 5а (50). Приведите пример неразрешимой по Нэшу игровой формы трёх лиц, такой что все три
соответствующих ей игровые формы двух лиц разрешимы.

Задача 5б (20) Приведите обратный пример, разрешимой по Нэшу игровой формы трёх лиц, такой что
все три соответствующих ей формы двух лиц неразрешимы.

Задача 6 (20). Покажите, что Задача 4 сводится к Задаче 5.
Задача 7 (15). Докажите, что равновесие Нэша существует, если граф G ациклический (не имеет ори-

ентированных циклов).
Подсказка: Примените динамичаское программирование. В теории позиционных игр это называется "об-

ратная индукция".
Этот результат был получен Гарольдом Куном (1952) и Давидом Гейлом (1953) вскоре после того, как

Нэш ввел своё понятие равновесия.
Задача 7а (20). Докажите, что для ациклических игр равновесие Нэша существует, даже если разрешить

позиции случая (в которых задано распределение вероятностей).
Разумеется, за решение обеих этих задач можно получить максимум 20 очков, но не 35.
Задача 8 (40). Докажите, что равновесие Нэша (седловая точка) существует для позиционных игр двух

лиц с нулевой суммой.
В частности, для шахмат или го. Этот результат Эрнст Цермело доложил на 5-м международном кон-

грессе математиков в 1912 году. Его доклад назывался: «О применении теории множеств к шахматной
игре».

Замечу, что и в этом случае результат можно обобщить, разрешив позиции случая. Однако, это увело
бы нас далеко в сторону (стохастических игр). Поэтому отложим это направление на будущее.

Задача 9 (10). Договоримся заканчивать игру при первом же повторении позиции. При этом исходом
игры будет считаться полученный цикл. Покажите, что при этом конечный граф может быть заменен
конечным деревом (в котором нет не только ориентированных, но и вообще никаких циклов). Почему же
Гипотезы 1 и 2 не вытекают из Задачи 7?

Задача 10 (15) Приведите пример терминальной игры двух лиц в которой имеется всего один цикл и
нет однородного равновесия. (При этом цикл не обязательно худший исход для обоих игроков. Каждый из
них ранжирует терминалы и цикл произвольно.)

Задача 11 (100) Приведите пример терминальной игры двух лиц в которой нет однородного равновесия
и при этом имеется всего один цикл, который является худшим исходом для обоих игроков.

Задача 12 (25) Приведите аналогичный пример терминальной игры трех лиц: в ней нет однородного
равновесия и при этом имеется всего один цикл, который является худшим исходом для всех трёх игроков.

Такие примеры были построены не так давно: к Задаче 11 в 2003, а к Задаче 12 в 2008 годах.
Разумеется, во всех трех случаях (Задачи 10,11 и 12) относительно любой фиксированной начальной

позиции, равновесие существует. Иначе, Гипотеза 2 была бы опровергнута.
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Nash Equilibria

Vladimir Gurvich

1 Preliminary talks

What is common in Go, Chess, Checkers, and Gomoku? They all are finite positional games with perfect
information and without positions of chance. The last means that ”all players know everything” and
hence, they know the same. This is not the case with cards or domino. A player does (or at least
supposed to) not see the opponents’ cards. In Backgammon, there are positions of chance, when the
dices are tossed. Word ”positional” means that moves lead between positions. Word ”finite” means that
there are finitely many positions.

Any configuration of stones is a position in Go. There are very (but finitely) many of them. A play
starts with some initial position and terminates in a final one (which is called a terminal). For example,
a mate or a stale mate are terminals in Chess. It is important to notice that positions can be repeated
and a play may cycle.

All games considered above are zero-sum two-person games. The word ”zero-sum” means that the
winning of one is the losing of the other. And if one gets some number of points then the other loses
the same number. A pair of strategies is optimal if they form an equilibrium, that is, the corresponding
result can be improved by neither of the players.

Yet, everything becomes much more complicated when there are more than two players (or two but
the game is not zero-sum). It may happen that each player can guarantee only a very poor result, because
it is difficult to fight against the coalition of all other players.

An exercise: There are 10 matches, 3 players take them in a cyclic order, 1,2,3,4, or 5 for one move.
One that take the last one should do the dishes. Prove that any two can always force the third one to
do the dishes.

Let doing the dishes costs 2, while the winners get +1 each (that is, their cost is (-1) for each). The
game is zero-sum. We want to define an equilibrium in this case too, that is, to suggest 3 strategies such
that if one player changes his strategy, he cannot profit whenever two opponents keep their old strategies.
This concept was introduced by John Nash in 1950 and it is called Nash equilibrium.

An exercise: Suggest some Nash equilibria in the considered game.
Our main problem is to understand which games are Nash-solvable (that is, always have Nash equi-

libria) and which may have none.
First, let us demonstrate that any acyclic case (in which no position can be repeated) is Nash-solvable.
Let us assign to a game a directed graph (digraph), whose vertices are the positions and the directed

edges (arcs) are moves. The positions with no moves are called terminals. Let us assign to each terminal
and player a number which this player gets in this terminal. For any non-terminal position we define a
player who makes a move in it. Let all moves from a position v lead to terminals. Then the corresponding
player chooses a best his move, say to a terminal v′. Then we transfer to v all points defined for v′. Now v
”becomes terminal”, etc. This procedure is called Backward Induction. It defines strategies of all players.

An exercise: Prove that these strategies form a Nash equilibrium for any acyclic games.
Let us define the concept of a strategy more accurately. A stationary strategy of a player is a rule

choosing his move in each his position. For example in the above ”match-game” the greedy strategy
suggests to take the maximum number of matches each time. Let us note that a stationary strategy does
not depend on history, that is, on the preceding positions or moves. In particular, the play must cycle
whenever a position appears twice. In Chess this means a draw. However, cycles may have some other
costs, for example, all players lose.

Up to now, we considered only the terminal cost functions, that is, the result depended only on the
terminal (or cycle). More generally, each player may pay for each (not only for his own) move and the
final result is defined as the sum of all these local costs.

An exercise: There are 5 matches. 3 players take them in a cyclic order. One who takes the last
match gets a bonus: 3 matches. The result of a player is the number of collected matches. Construct the
graph and find an equilibrium.
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If a play cycles then we assume that the cycle is passed infinitely many times. In other words, the
cost of such a play is either + or −∞ For convenience we will assume that it is +∞ whenever the sum
of all local costs ≥ 0.

2 A mini-survey “before accurate definitions”

We will consider the following question:
Which positional games (with perfect information and without moves of chance) have Nash equilibria
(in pure stationary strategies)? In some cases, the answer is well known. We start with a mini-survey
postponing the precise definitions till the next section. Nash equilibria (NE) exist for the following classes
of games:

A. Acyclic games, in which no position can appear twice. In this case, NE always exist. Yet, already
in Chess, or even Go, positions can be repeated.

B. Zero-sum two-person games. Both Go and Chess are included. Yet, what if the conflict is not
antagonistic? or there are more than two participants?

C. NE exist if players’ moves may depend on the preceding moves.
Yet, we will restrict ourselves (and the players) to the pure stationary strategies. In other words, a move
in the present position depends only on it, not on preceding positions or moves. Furthermore, this move is
chosen deterministically, without any randomization. For example, Backgammon will not be considered.

Let us note, however, that in all of the above cases, A,B, and C, a NE exists even if we allow positions
of chance. It is also known that NE may fail to exist in games with imperfect information (like card
games or Domino). Yet, we will not consider (and will not even define) them.

Let us summarize:
We will restrict ourselves to games with perfect information, without random moves, and to pure sta-
tionary strategies. Yet, the number of players may be greater than two and, even a two-person game,
may be not zero-sum.

Somewhat surprisingly, not much is known about the considered games. There are several solution-
concepts, among which the NE is certainly most popular. (It will be defined in the next section.)
Although, five Nobel Prizes in Economics were granted for works on NE, but in my opinion, the “simplest”
and most challenging related mathematical problems are open yet.

Here we will consider two such problems-conjectures. By computers, they are verified for sufficiently
(but not too) large examples. So, I hope for affirmative solutions but a counterexample would not be too
surprising to me, either.

These conjectures are verified in some special cases, which will serve as exercises. In contrast, some
other special cases are difficult, or even open.

3 Main definitions

They all are pretty natural but still so much formalities may scare some.
In this case, I recommend to skip this section during the first reading and use it as a dictionary, only
when necessary.

Graphs, positions, and moves. Given a finite directed graph (digraph) G = (V,E), a vertex
v ∈ V is interpreted as a position, while a directed edge e = (v, v′) is a move from the position v in the
corresponding game.

The positions VT ⊂ V without any moves are called terminal.
Let us choose also an initial position v0 ∈ V \ VT .

Players. Let us assign to each non-terminal position v ∈ V \ V a player i ∈ I = {1, . . . , n} who
will make a move in v, say that v is controlled by i, and write i = φ(v). In other words, the mapping
φ : V \ VT → I distributes the non-terminal positions among players.

Triplet {G,φ, v0} is called a positional structure.

Strategies and situations. A strategy xi of player i ∈ I is a plan choosing a move e = (v, v′) in
every position v ∈ φ−1(i) controlled by i. In other words, the mapping xi assigns a move e = (v, v′) from
v to v′ for each position v ∈ φ−1(i).
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These are the so-called pure stationary strategies. As we already mentioned, we will not consider, nor
even define, any others.

Let each player i choose a strategy xi. The obtained n-tuple x = (x1, . . . , xn) will be called a strategy
profile or a situation.

Plays. Eeach situation x uniquely defines a play p(x), since each player i knows what to do in every
position v ∈ φ−1(i) (to move according to xi).

The play p(x) begins in v0 and either it terminates an a v ∈ VT or “cycles”, that is, passes a directed
cycle C infinitely many times. (Let us notice that p(x) cannot leave C, since all strategies of x are
stationary.)

Thus, we obtain a mapping g : X → P that assigns a play p = p(x) ∈ P to every situation x ∈ X.
Such a mapping is called a game form.

Local and effective cost functions. Each player i ∈ I pays the value c(i, e) ∈ R for each (not only
for his own) move e ∈ E. This real number is the local cost. (Of course, if c(i, e) < 0 then i gets |c(i, e)|
rather than pays it.)

A positional structure and a local cost function define a positional game.
The effective cost c(i, p) of a play p = p(x) for a player i ∈ I is defined as follows. If p ends in a

terminal position v ∈ V then c(i, p) =
∑
∈p c(i, ), that is, the cost is additive and is equal to the sum of

the costs of all moves of p for i.
If p cycles on C, we have to compute the cost c(i, C) =

∑
∈C c(i, e) of C first. If c(i, C) ≥ 0 then

c(i, p) =∞ and c(i, p) = −∞ when c(i, C) < 0.
Such definition is natural. Indeed, play p repeats C infinitely and the local costs are summed up.

Yet, when C is a “zero-cycle” for i, that is, c(i, C) = 0, we still set c(i, p) = ∞. This is just a helpful
convention.

A game form g : X → P together with an effective cost function c : I × P → R define a game (g, c)
in the normal form.

Naturally, each player i ∈ I is trying to minimize his effective cost c(i, p).
In particular, all players should avoid non-negative cycles. We will see, however, that it might be not
that easy to do.

Terminal moves, costs, and games. A move e = (v, v′) is called terminal if v′ ∈ VT is a terminal
position. Let us notice that a terminal move cannot belong to a directed cycle. A local cost function c
(and the obtained game) are called terminal if c(i, e) ≡ 0 for each player i and every non-terminal move
e. In this case, the effective cost of a terminal play p depends only on its last move and if p cycles then
its cost is + or −∞, by definition.

Zero-sum games. We say that a local cost function c (as well as the corresponding game) are zero-
sum if

∑
i∈I c(i, e) = 0 for every move e ∈ E. Zero-sum two-person, n = 2, games play very important

role.
Any n-person game can be easily converted into a zero-sum (n+ 1)-person game. Let us introduce a

new (n+ 1)st player who will be a dummy (in control of no positions) and define his local cost function
c(n+ 1, e) = −

∑n
i=1 c(i, e).

Games in normal form; general definition. Let I = {1, . . . , n} be a set of players, i be a finite
set of strategies of i ∈ I, and X = X1 × . . .×Xn be the direct product of these n sets, that is, X is the
set of situations.

Furthermore, let P denote an arbitrary set of outcomes (plays, in our case). An arbitrary mapping
g : X → P is called a game form.

Finally, given an arbitrary cost function c : I × P → R, its real values c(i, p) show how much player
i ∈ I must pay for the play p ∈ P .

Finally, the pair (g, c) is called a game in normal form.

Nash equilibria and saddle points.
A situation x = (x1, . . . , xn) ∈ X1 × . . . × Xn = X is called a Nash equilibrium (NE), if no player

i ∈ I can profit by replacing his strategy (xi by x′i) provided all other players keep their old strategies.
Formally, we can write this as follows:

c(i, g(x)) ≤ c(i, g(x′)) for every player i ∈ I and for each situation x′ ∈ X such that all components
(strategies) of x′ are the same as in x, except for, maybe, the ith one; that is, only x′i may differ from xi,
while x′j = xj for all j ∈ I \ {i}.
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This concept was introduced by John Nash in 1950. For the two-person zero-sum games, NE are
saddle points, which concept is about 200 years older.

In contrast to saddle points, the concept of NE is vulnerable for criticism. Indeed, two players might
change simultaneously their strategies and profit both. Moreover, sometimes all n players may do the
same. (In other words, NE are not necessarily Pareto-optimal.) Furthermore, NE (in pure strategies)
may fail to exist (as well as the saddle points, yet). Then, NE may be numerous, moreover NE costs
might be not unique, either. However, we are here not for criticizing but for studying the concept of NE.
(Remember also about five Nobel Prizes :-)

Uniform Nash equilibria. A situation x ∈ X is called a uniform NE , if it is a NE not only with
respect to the given initial position v0 but with respect to any other initial position v′0 ∈ V , as well.

4 Conjectures and problems

We are interested in the NE existence theorems, or in other words in Nash-solvability (NS), of the
positional games defined above.

The number of points in parentheses measure the complexity of the problems.

Conjecture 1 (500). Prove or disprove that any two-person positional game is Nash-solvable (NS).

Problem 1 (10). Show that, proving Conjecture 1, one can assume, without loss of generality, that
the considered game contains no “zero-cycles”; more precisely,

∑
e∈C c(i, e) 6= 0 for every directed cycle

C and player i ∈ I = {1, 2}.
Let us recall that the effective cost of any cycling play is either + or −∞.

This is a brand new conjecture. It was verified by a recent computer code written by Vladimir
Oudalov for many digraphs with 10-18 vertices.

Problem 2 (25). Give an example showing that Conjecture 1 cannot be extended for the three-person
case, n = 3.

The conjecture does hold for the two-person zero-sum case but all known proofs are difficult.
Moreover, in this case we can introduce a finite effective cost function for all plays resulting in zero-

cycles such that a saddle point always exists. (Let us recall that we have set c(i, p) = +∞ in the
considered case.)

Problem 3 (70). Show that the following “natural redefinings” fail:
c(i, p) = 0 or c(i, p) =

∑
e∈p c(i, e). In both cases there may be no saddle points. Give examples and try

to find the “right” definition.

Conjecture 2 (500). Prove (or disprove) that an n-person positional game is Nash-solvable whenever
all its local costs are non-negative.

Problem 4 (5). Show that proving Conjecture 2, without loss of generality, one can restrict himself
to the strictly positive costs.

This conjecture remains unproved even in the following very special cases:

Conjecture 2a (300). Does Conjecture 2 hold for the games with a terminal cost function? (In this
case the effective cost of every cycling play is +∞.)

Conjecture 2b (400). The same question but now we do not assume that every cycling play is the
worst outcome for all n players. Instead, we assume that all such plays form the same outcome but each
player can rank this cyclic and all terminal outcomes arbitrarily. Does NS hold?

Conjecture 2c (200). Does conjecture 2 hold for two-person games?

In other words, here we unite the conditions of Conjectures 1 and 2.

Problem 5 (100). Prove that Conjecture 2 holds, yet, for the case of two players and terminal cost
functions.

This result can be derived from my old theorem of 1975. By definition, a general n-person game form
g : X1 × . . . × Xn → P is NS when the corresponding game (g, c) has at least one NE for every cost
function c : I × P → R.

Here c(i, p) is the cost of the outcome p ∈ P for the player i ∈ I.
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For the two-person case, I = {1, 2}, let us introduce the next two relaxations of the above condition.
A two-person game form g will be called:

zero-sum solvable if it is solvable in the class of the zero-sum games;

±1 solvable if it is solvable in the class of the zero-sum games whose cost function takes the values
+1 and −1 only.

Problem 5a (100). Prove that all three above properties (solvability, zero-sum solvability, and ±1
solvability) of the two-person game forms are equivalent.

The equivalence of the last two properties is not difficult to show and I proved it a bit earlier, in 1973.
Yet, even earlier this was demonstrated by Jack Edmonds and Delbert Ray Fulkerson, in their paper
“Bottleneck extrema”, Journal of Combinatorial Theory 8:3 (1970) 299–306.

Unfortunately, the statement of Problem 5a cannot be extended to the three-person case, already.
More precisely, let us assign to each n-person game form n two-person game forms in which i is playing
against the complementary coalition I \ {i}, for all n players i ∈ I.

Problem 5b (50). Construct a three-person game form that is not NS, while all three corresponding
two-person game forms are NS.

Problem 5c (20). Construct an “inverse” example: a three-person NS game form such that all three
corresponding two-person game forms are not NS.

Problem 6 (20). Reduce problem 4 to Problem 5.

Problem 7 (15). Prove Nash-solvability for the games on acyclic digraphs.
(A digraph G is acyclic if it has no directed cycles.)
Hint: Make use of the dynamic programming (which is called “backward induction” in game theory.)

This result was obtained by Harold Kuhn in 1951 and David Gale in 1953, soon after Nash coined his
concept of equilibrium.

Problem 7a (20). Prove that NS holds for the acyclic case, even in the presence of positions of
chance (for each of which a probabilistic distribution among possible moves is given).

Of course, solution of the last two problems costs 20 points rather than 35.

Problem 8 (40). Prove that a NE (that is, a saddle point) always exists in the zero-sum two-person
positional games.

In particular, for Chess and Go. This theorem belongs to Ernst Zermelo:
“On an Application of Set Theory to the Theory of the Game of Chess”,
Proceedings of the Fifth Congress of Mathematicians at Cambridge, 1912.

Let us note that this result also can be extended to allow positions of chance. Yet, this direction
would lead us too far to the stochastic game theory. So, we will postpone it for the future.

Problem 9 (10). Let us agree to finish the game as soon as a position is repeated, the obtained
cycling play being the outcome. Then, any finite digraph is reduced to a tree (that have no cycles at all,
directed or not). Then, why Conjectures 1 and 2 do not result from Problem 7?

Problem 10 (15). Give an example of a terminal two-person game that has a unique directed cycle
and no uniform NE. (Here, we do not assume that the cycle is the worst outcome for both players. Each
of them may rank it and the terminals arbitrarily.)

Problem 11 (100). Give an example of a terminal two-person game that has a unique directed cycle
and no uniform NE, now assuming that the cycle is the worst outcome for both players.

Problem 12 (25). Provide a similar three-person example with a unique directed cycle that is the
worst outcome for all players and without uniform NE.

Such examples were obtained just recently: in 2003 for Problem 11 and in 2008 for Problem 12. Of
course, in all three cases (of Problems 10, 11, and 12), a NE exists with respect to any fixed initial
position. Otherwise, Conjecture 2 would be disproved.
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