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NPECIUKYBAIbA BO
PAMHUMHA ITPEKY
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(IIpoooaxcerue!)

6.6. [1a ru pasriegame Kpyxxuunure (K;)
n (K,) 4YMM paBEeHKH ce€ |z—c||=R; n
|z—cy |= Ry, COOBETHO.

Axo R; # R,, Toram IpecIuKyBameTO

§:C — C pecdunmupano co

_ _R Ricry—Ryey
w=S(z)= RZTTOR (1)
. R
€ XOMOTETHja CO KOe(UIMEHT Tz U ueHTap
)
Ricy-Ryc
J979%9 - O pgBa  joOWMBaMe  fieka

Ri—Ry
Ryw—Ricy+Rycy
z =———
Ry

Kata Ha KpyxHmnara (K)

1 aKO 3aMCHHUME BO paBCH-

ja mobmBame

paBE€HKaTa

Ryw—Rjcr+Ryc .
+2221—c1 =R, , Koja € eK-

BHMBaJIeCHTHA Ha paBEHKaTa Ha KpYXKHHIATa
(K,). Ha 3abenexume peka 3a R =R,
npecaukyBambeTo (1) e TpaHcianuja 3a Bek-
TOp ¢, —c¢; ¥ UCTOTO KpyxXHHUata (Kp) ja

MIPECIUKYBa BO KpyKHUIATa (K5 ).
AHaJOTHO ce MOKaxKkyBa jieKa IPECIuKy-

BameTo S:C — C pmedunnpano co

R Ricr+Ry¢
W:S(z):—ijz+—1 2R1 201 2)

. R
€ XOMOTeTHja cO KOe(hUIIUEHT —72 U LIEHTap
1

Ricr+Rye
22w eka meroto Kpyxunnara (Kj)
1 2

ja mpecnuKyBa BO KpyxXHuIaTa (K,).

Op pocera W3HECEHOTO ClefyBa jeka
TOYHOCTA Ha CIJIe[[HATa TeOpeMa.

Teopema. Kon Omiio jgBe KPYKHUIHU CE
XOMOTETHYHH, T.€. MIOCTOM XOMOTETHja Koja
eflHaTa ja pecirKyBa BO ipyrara. ¢

6.7. IIpumep. Heka B u C ce TOYKH Off
JajieHa KpYyKHUIA, KOM HE JIeXKaT Ha €E[leH
A¥jaMeTap, U TAHTEHTUTE Ha Taa KPY>KHHUIA
BO OBHUE TOYKHM ce cedaT BO Toukata A . Heka
P e npousBonHa Touka of KpyxHumnarta. Co
A4;,B,,C, na ru o3HayMMe TOAHOXjaTa Ha

HOpMaJIUTE COYyLITEHH Off TouykKaTa P KOH
npasure BC,CA, AB, coopBeTHO. [lokaxeTe

_2 R —_—
neka PA1 = PB1-PCq.

Pemenne. be3 orpaHnnuyyBame Ha OI-
ITOCTA MOXKEME Jja NPETIOCTaBUME JeKa
flafleHaTa KpYyXHUIA € e[UHeYHa U JeKa
aukcoT Ha Toukata P e 1 (3omTo?).

Hexa acukcute Ha Toukute B u C ce b
u ¢, coogBeTHo. Torami, o 3abenemka 3.13
T) U 1) 3a apUKCUTE Ha TOUKUTE A U 4

2bc _ btc+l-bc
bre T A=

3a pa ro omnpepienuMme apuKCOT b; Ha TOU-

nMmaMe a=

, COOJIBETHO.

KaTa B; Ke MCKODUCTHME Ji€Ka Taa JIeKU Ha
mpaBata AC u geka PB; e HOpMalHa Ha

a—c

E Axo

a—c

b -
AC . Nmame, %:M u

¢ a-c
BO TIOCJICIHUTE JIBE PABEHKW 3aMEHHUME 3a d ,
MocJie CpefyBamETO JOOUBaME:

b, +E1c2 =2c
b —bic? =1-c?

— 1+2¢—c>
-

ol IUTO cleayBa b AHanorso

_ 1+2p-1?
2

Haofame ¢ . Cnopeq Toa,

—2
Pd H1-a =% be-b-c+1?
2 2 DR D
=2b=1F -3|e-1F41-h|-[1-¢ [=PB - PG
mTo " TpeGame J1a ce JoKaxe. ¢

6.8. Criopent 4.10 u 5.5 nupextHaTa cnwud-
HOCT KOja He € WJCHTUTET WM TpaHClaluja
“Ma eIWHCTBEHA HEMOJBMKHA TOYKA M TOa €
LEHTApOT Ha JMpeKTHaTa CIMYHOCT. 3a

nmpasaTta (p): z:n;+c Ke BenmMme Jieka e
HENOJBIIKHA 32 TMPEKTHATa CIMYHOCT S aKo
S(p)=p, T.e. aKO IUPEKTHATa CIMYHOCT ja
MpeciInKyBa npaBata (p) Bo camara cebe. 3a
kpyxuunata (K): | z—c|= R Ke BenuMme fieka
€ HeMOJBIKHA 32 JUPEKTHaTa CIMYHOCT S
ako S(K)=K.

6.9. Cmopex Teopema 4.5 cnmkara Ha
kpyxkaunata (K): |z—c|=R mpu JgUPEKT-
HaTa CIMYHOCT W= S(z) =az+b e KpyXHuUUa
(K'):|z—(ac+b)|= R-| a| . Ciopen Toa, KpyX-
Hunara (K) e HemojBmXHA NpH JUPEKTHATA
b

CIIMYIHOCT aKO W caMo ako |al=1 u ¢ =1



IITO 3HA4YM aKO M CaMoO ako S € JBHXKEeHe
KOoe He € TpaHcjaluja M LEeHTapoT Ha
KpYy>XXHHMI]aTa ce coBIafa cO IEHTapoOT Ha
ABHKEHETO.

Co Toa ja JoKaXkaBMe clefHaTa Teopema.
Teopema. a) [TupeKTHATa CIMIHOCT MMa

HCMOJABM>KHA KPY>KHHUIIA aKO U CaMO aKoO Taa €
JIBU2KEHE KOC€ HE € TpchnauI/Ija.

6) 3a ABIXEHETO KOe He TpaHclanuja
€[IMHCTBEHM HEMOABMXXHU KPYXHUIIM cCe
KPY>XHUIIUTE YUU LIEHTPU ce coBmafaaT co
LEHTAPOT Ha IBIKEHETO. ¢

6.10. Cnopen Teopema 4.4 cinukaTa Ha

npasa (p):
CcIUYHOCT w=S(z)=az+b e mpaBa (p'):

z=pz+c TpU JUPEKTHaATa

w=(£ n)v_v+ b+ac —2577 . Cnopen Toa, mpa-
a a

BaTa (p) € HENOABHMKHA IPU JUPEKTHATa

CIMYHOCT § aKo U caMo ako 4£np=p u
a
b+ac—<bnp=c,T.e. akO ¥ caMO akO a R u
a

b+ac —577 = ¢ . Op gocera U3HECEHOTO CIENY-

Ba fieKa mpaBaTa (p): z=nz+c € HENoj-
BIJKHA 32 AMPEKTHATa CIMYHOCT aKo M camo

ako a=1 u b=bp wm a#1 n %:77%4—0,

T.e. aKO ¥ CaMO ako S e TpaHcaluja u mpa-
Bara (p) e mapajesiHa cO BEKTOPOT Ha TpaH-
cnanuja wim S e XOMOTEeTHja u npaBarta (p)
MUHYBa HU3 HEj3MHHUOT LIEHTap.

Co Toa ja JoKaxkaBMe ClleflHaTa TeopeMa.

TeopeMa. HI/IpeKTHaTa CIIMYHOCT HMa
HCIIOJIBM2>KHA IIpaBa aKO U CaMO aKoO Taa €:

a) TpaHCIanyja ¥ BO OBOj CIydaj HEMOM-
BIDKHM CE CHTE TIpaBW KOH Ce MapajeiiHh CO
BEKTOPOT Ha TpaHCIaIHja, UK

6) XOMOTeTHja U BO OBOj CIIy4aj HEMOJ-
BIDKHM CE€ CHTE TNPaBH KOW MHHYBAaaT HH3
HEj3HHUOT IICHTap. ¢

6.11. 3a6enemxka. O [0Ka30T Ha Teope-
Ma 6.6 cieayBa jieKa JIB€ KOHIEHTPHYHU
KPYKHHUIM IMaaT caMo €fIeH LIeHTap Ha CIInY-
HOCT KOj ce coBmara CO HEHTapOT Ha KPYXK-
Hunure (mpT. 1), a HEKOHICHTPUYHU KPYK-
HUIM MOXKE [la MMaaT WIH CJCH WU J[Ba
LEHTPU HA CIMYHOCT, BO 3aBHCHOCT Off TOA
[laJii HUBHHUTE PAJUyCH CC €IHAKBU WIH HE,
coonBeTHO. Bo ciyuaj Kora HEKOHIEHTPH-
YHUTE KPYKHUIM UMAAT Pa3IMIHU PauyCch

/)

ko

Lpr. 1

[EHTapOT Ha CIMYHOCT Ha xomoterujara (1)
ro HapeKyBaMe HaJBOpelleH IeHTap Ha
CIIMYHOCT, a HEHTapoT Ha XoMmoTteTHjaTa (2)
rO HapeKyBaMc BHATpelleH I[IEHTap Ha
cnuyHOCT (1pT. 2).

C

Lprt. 2

6.12. 3a6enemxka. Cmope Teopema 6.5
CeKOoja XOMOTETHja IPOM3BOJIHA IIpaBa ja
IIpecIuKyBa BO IIpaBa IlapajiejlHa Ha Hea.
OBa HHI 0BO3MOXYBa /1a TO ONPEAEINME LIEH-
TapoT Ha CIMYHOCT HA XOMOTETHjaTa BO
cllyyaj Kora UMaMeé HEKOHLEHTPUYHU KPYXK-
mumu (K;) un (K,). Hus menrapor S| mo-
BIIEKyBaMe JAMjaMeTap AB Ha KpyxKHHIaTa
(K;) W HHU3 NEHTapoT S, TIOBIEKyBaMe
paguyc S,C mapajeneH co aujameTap AB
(upT. 2). Ako R; # R, , Toram mpasute AC
u BC jaceyar nmpaBaTa S;S, BO ToukuTe O
n O, , KOU Ce HaJJBOPEILIEH 1 BHATPEIIEH LIEH-

Tap Ha CIMYHOCT HA pa3riieyBaHUTE XOMOTE-
THHU, COOABETHO. AKO, nmak R; =R,, Torai

npaBaTa AC Ke Ouje mapajejHa Ha IIpaBaTa
S|S,, a mpaBara BC Ke ja ceue IpaBaTa
S1S, BO BHATPELIHUOT LIEHTAP Ha CIMYHOCT.

Jla 3abesnexumMe fieka, ako ¢ € 3aeHUY-
Ka TaHreHTa Ha Kpyxuuuure (K|) u (K,),

TOraimr ako R; = R,, Taa e napalejHa co Impa-
Bata S|S,, a ako Ry # R, , Taa MUHyBa HU3

€lcH Off LECHTPUTE Ha CIUYHOCT (301ITO?).
Crnopen, Toa, ako R # R, , Toraul 3a ja I



KOHCTpyHpaMe 3aeTHUYKUTE TaHIeHTU Ha
(K1) u (K,), Tpeba fa I HajaeMe HUBHUTE

LEHTPU Ha CIMYHOCT M OJf HUB J]la T'M IMOB-
JleyeM TaHTeHTHTE Ha eIHa Off KPY>KHULUTE.
6.13. Jla i pasriegame KpPY>KHHUIWATE
(K;),i=1,2,3 uuum paBeHKu ce |z—¢|=R,
i=1,2,3, COOOBETHO U R; ;tRj, 3a i#j,a

HUBHHTE NECHTPHU HE ce KOJMMHeapHH (IpT. 3).

Hpr. 3 i3

Op moka3oT Ha Teopema 6.6 ciiefyBa exa
Rica—Ryey Rye3—Rzep
Ri-Ry Ry—R3

Ric3—Rscy
Ri—R3

ce apuKcUTe HA IEHTPUTE HA XOMOTETH-
ute S),,S,3 U Sj3 KOH ja ImpeciauKkyBaaT

(K1) BO (K3), (Kp) BO (K3),m (Ky) BO
(K3) , coogseTHO. ITpuToa

Ric3—R3c1 _ Riep —Rycq

Ri-R3 MRy _RiR-Ry) o
Ryc3—R3cy Ricxy—Rocl — Ry (R —R3) ’
Ry—R3 Ri-Ry

nma o mnocienuua 1.4 cregyBa pAeka
TOYKHUTE S)5,5,3 U S|3 C€ KOJINHEAPHHU.

AHaJOTHO ce foKaXyBa JleKa: TOUKUTE
815,823,813 C€ KONWHEApHW, TOYKHUTE

S12,823,8;; C€ KOJIMHEApHU, U TOUYKHUTE

812,853,513 C€ KOJIIMHEapHHU.

Co Toa ja TOKazKaBMe ciI€ejHaTa Teopema.

Teopema. AKO IEHTPUTE HA KPYKHUIUTE
(K;),i=1,2,3 ce HEKONMHEAPHU U HUBHUTE

paguycu ce MefyceOHO pa3IuyHy, TOralll HUB-

12’S23’S13 ’

HUTE LEHTPH Ha Xomoretdja S
812,823,813 Je€XaT Ha YETHPU IpaBU, Taka
LITO Ha CEKOja Off HUB JieXaT 10 TPU LEHTPU
Ha XOMOTeTHja. ¢

6.14. Ilpumep. [Ja ce KOHCTpyUpPa KpyXK-
HUIA, KOja IITO MUHYBA HU3 JjajiecHa TOYkKa U
[OmMpa /1B JaJIcHU MPaBH.

Pemenne. Heka ce nafenn npasute (a) #
(b) m ToukaTa 4. Ke ro pasriegaMe caMo
ciay4ajoT Kora npasure (a) u (b) ce ceuar, a

TOuKaTa 4 He JIeXH Ha HHME[HA Of] IpaBUTE
(@) m (b) M He NeXu Ha CHUMETPAINTE Ha

arjauTe MTO I'M oOpa3yBaaT ImpaBute (a) u
(b) (upr. 4). OcTaHaTUTE CIyYand TM OCTaBa-
ME Ha YUTATENOT 3a BeXKOa.

LpT. 4
Hexa S=(a)n(b) u Hexa K(O,r) e Oa-
paHaTta kpyxHuna. bupejku (K) ru mommpa

npaBute (a) u (b), Hej3mHMOT HeHTap O Ie-
KM Ha cMMeTpajaTta (s) Ha OHOj aroi obpa-
3yBaH o mpaBute (a) u (b) BO KOj JEXH
ToukaTa 4. Axo H e xomoreTHja co HeHTap
BO S W TpOW3BOJNIEH KOE(UIUEHT, TOTAII

H(a)=a, H(b)=b,a H(K) =K Ke Oupe Kpyx-
HHI[Aa IITO ' fonupa npasute (a) u (b) . 3Haun
3a la ja KOHCTpyupaMme Kpyxnunara (K),
HAjIpBO KOHCTPyUPAaMe€ NPOM3BOJHA KpPYXK-
HUIIA (E) KOja ru onupa npasute (a) u (b).
Hekxa 4, m A4, ce mpeceyHuTe TOYKHM Ha
KpY>KHUI]ATa (E) co mpaBata SA.Axo H| u
H, ce XOMOTeTHH CO LIEHTap BO S U Koe-
dunuenTn 0A4:041 u OA:043 , coofBeTHO,
toram H(4;)=4 u H,(4,)=A4. 3Haunu,
HI(E):K' u HZ(E):K” Ke MIHYyBaaT HU3
ToukaTta A ¥ Ke ru fonupaar npaBure (a) u
(b) . HuBHute nenTpu Ke 6upgat H; (5) =0'n
H2(5):0”. Cnopen Toa, Tpeba fa moBIe-
yeMme NpaBu NapajejHu co npasure OA; u
OA, u BO IlpecenyTe co npasaTa (s) Ke '

nobueme Toukure O' u O'".



Op mpeTXOmHWUTE pasriefyBama cledayBa
lieKa 3ajavyaTa uMa JBe peleHuja. ¢

7. IHANPEKTHU CJINMYHOCTU

7.1. Hdedununuja. IIpecnukyBameTo
S:C — C peduHUpaHO cO

S(z):a;-i—b,a,beC,a;tO 1)

ro HapeKyBaMe MHAMPEKTHA CIMYHOCT. Bo
HaTaMOIIHUTE pa3rielyBakba MHOKECTBO-
TO MHAMPEKTHU CIUYHOCTH K€ TO O3Hauy-
Bame co IS .

7.2. Teopema. VIHIMpeKTHATa CIMYHOCT
S:C — C pedunupana co (1) e buekuuja u
HEj3WHOTO MHBEP3HO IPECINKyBambe

s7t.:cocCe neUHIPAHO CO

SNz =Lz-L abeCax0 (2)
a a

npu mro Baxu S 1S
Axo  S(z))=8(zy),

azi+b=az2+b, o WTO cnegyBa z; =z,,

Moxka3s. TOral

T.. S e mHjekuuja. Ako weC, Toram 3a

7= w=b
a

BaXn
S(z) =Sy = g2y p=
a a

T.. § € cypjeknyja, ma 3Ha4YM TOoa € OMeK-
nyja.

Lz_% ¢ pugn-

a
PEKTHA CIIMYHOCT U TIPUTOA BAXKH
S(S1(2) =58 =z,

S

IIpecnukyBameTo Si(z) =

Q

wTo 3uaun S =S €IS

7.3. Teopema. Kommno3nnyja Ha Be WHAN-
PEKTHU CIIMYHOCTH € MUPEKTHA CIUYHOCT, a
KOMITO3MI[BHja HA JMPEKTHA W WHAUPEKTHA
CIIMYHOCT € MHIUPEKTHA CIIMYHOCT.

Hokas. Ako S;,S, €IS, Toram
Si(z)=az+b,a,beC,a+0 n
S,(z)=cz+d,c,d eC,c#0.

Cnopen Toa,
S1(S2(2) = Si(cz +d) = a(cz +d) +b
= (ac)z +(ad +b),
ac,ad +beC,ac#0 T.e. S8, € DS.

3Hayu, KOMIIO3MIYja Ha IBE UHAMPEKTHH
CIIMIHOCTH € TUPEKTHA CITMIHOCT.

Ako S; DS un S, €IS, Toram
Si(z)=az+b,a,bcC,a#0 n

S,(z)=cz+d,c,d eC,c#0.
Cnopen Toa,
5,(Sy(2)) = Sy(cz +d) = a(cz +d)+b
= (ac)z + (ad +b),

ac,ad +beC,ac#0T.e. SjoS, clS. Ana-

JIOTHO Ce JIOKaXyBa fieKa S, oS; €IS . 3Ha-

91, KOMIIO3WIIMja Ha MHANPEKTHA U IUPEKTHA
CIIMYHOCT € UHMPEKTHA CIMYHOCT. ¢

7.4. [IupeKTHATE W WHAUPEKTHUTE CIIAY-
HOCTH CO €AHO HMe Ke TI'M HapeKyBame
cnnyHOCTH. BO HaTamouIHuTe pasriefyBama
MHOKECTBOTO CIMYHOCTH K€ IO O3HauyBame
co S. Co HemocpepHa NpOBEpKa ce JIOKa-
KyBa JleKa 3a CIMYHOCTUTE BO OJHOC Ha
omnepanyjaTa KOMIIO3UIMja Ha MPECINKyBamba
BaXKM aCOLMjaTHBHUOT 3aKOH. Off MpeTXOgHO
KaxkaHOTO M of Teopemure 6.2, 7.2 u 7.3
clefyBa TOUHOCTA Ha cJefjHaTa TeopeMa.

Teopema. MOHOXECTBOTO CIUYHOCTH S
BO OfHOC Ha omepalyjaTa KOMIIO3HUIHja Ha
MIpEeCIuKyBamwa € rpymna. ¢

7.5. Teopema. Cexoja MHANPEKTHA CIIAY-
HOCT €IHO3HAYHO € ONpeJielieHa co IBa mapa
IPUPY>KEHN TOUKH.

HNoka3. Heka § e mnpowusBosiHa HHAH-
pPEKTHA CIMYHOCT 3a KOja BaxXu S(z;)=w; U

S(z)=az+b,

a,beC,a#0 ce Hemo3HaTH KOE(UUUECHTH

S(zy)=w,. Toram, Kase

kou Tpeba fa ru onpenenume. Cropen Teo-
pema 7.2 cekoja WHAMPEKTHA CIMYHOCT €

Ouekuyja, mMa 3aToa Of z; #z, CJefyBa

wy #w,. Co 3ameHa Bo S(z)=az+b po-
OuBame
wy =azi+b

®)

Wy =az2 +b

PemaBajku ro cucremor (3) mo Hemo-

_Wi-m

3HATM @ W b Haorfame a it

zZ1—z2

ZIWHy —Z2 W]

p=2127E2M 420, T.e. KOe(UIUEHTHTE
zZ1—z2

Ha MHAMPEKTHATA CJAMYHOCT CE HAMOJHO

ONpefIeIeHH CO B Napa IPUAPYKEHHA TOUKH
(21,8(21)) 7 (22,58(z3)) . ¢



7.6. Teopema. Crnivka Ha mpaBa (p) mpu
VHAMPEKTHA CIMYHOCT € mpasa (p') .

HMoxka3. Heka
Si(z)=az+b,a,beC,a=0

€ MH[UPEKTHA CIUYHOCT U (p): z=nz+c €

nazeHa npasa. Mmame, z=%=b
a

MEHWME BO paBeHKaTa Ha mpaBata (p) fmo-

OuBaMe JileKa Taa ce MPECIuKyBa BO IMpaBa
(p') umja paBeHKa e

w=(Epw+(b—acy—L7) . e
a a

7.7. Teopema. Cnuka Ha kpyxkuHuna (K)
IpU MHAUPEKTHA CIMYHOCT € KPY>KHHIA
(K").

Hoxka3. Heka

S\(z)=az+b,a,beC,a#0

€ MHAUpEKTHA cIMYHOCT U (K): |z—c|=R ¢

S|

majeHa kpyxuuma. Mmame, z ==
a

n aKko

3aMEHUME BO paBeHKaTa Ha KpY:KHHMIATa
(K) moOuBaMe fieKa Taa ce NPEecIuKyBa BO

(K")

|[w—(b+ac|=R-|al. ¢

KpyXXHHIA 4Ydja  paBeHKa €

7.8. Teopema. AkO A,B ce MpPOW3BOIHA
pa3iIMYHU TOYKU U A',B' ce HUBHUTE CIIUKU
npu wHAMpeKTHaTa cimmynoct (1) m  ako
a=re'?, Toram A'B'=rAB,a ako a u a
ce OpUEeHTUPAHUTE ariu Mefy peajqHaTa ocka
nnpasute AB n A'B', Torami a+o =¢ .

Hoka3. Hexka z,z,,w;,w, ce adukcure
Ha ToukuTe A,B,A',B', coomBeTHO. Torar,
2y —zy=AB-e'* u wy —w; = A'B"e' | kane

a W o ce ariuTe Kou r'u 3adaka peanHara

OCKa CO BeKTopure AB u ﬁ, COOJIBETHO.
Opn pasencrBata wy = azi+b u wy = azy +b
ro Jo0uBamMe paBeHCTBOTO
wy —wy =a(z; —z1),
T.€. pAaBEHCTBOTO
A'B'-e'™ =y AB-' P

Of1 LITO CIeayBa A'B'=rAB Ho+a =¢. ¢

7.9. Hedunnnuja. 3a e purypu Ke Be-
JUMe eKa ce HHIUPEKTHO CIMYHH aKo IOC-

TOM WHJUPEKTHA CIMYHOCT KOja emHaTa Off
HUB ja IPECIUKyBa Ha ipyraTa.

Peamamor 6poj r op TpeTxopmHATa
TeopeMa IO HapeKyBaMe KoOe(UIHeHT Ha
uHAUpeKkTHaTa cinmaHocT (1).

7.10. Iocaenquua. Ako ABC u A'B'C' ce
MHIUPEKTHO CJIMYHU TPUATOIHUIH, TOT AL

AB:AC=AB:ACwu ZABC'=-/ABC . +

7.11. Teopema. Heka Toukwte A4,B,C,

A,B',C' nMaat

adukcu Z1,29,23,

Wy,Wy, W3, COOABETHO. TpuaromHunure

ABC n A'B'C' ce MHIMPEKTHO CIIMYHY aKO U
caMo aKo

2 (W2 —W3)+ 2y (W3 —wi)+23(w1 —w2) =0. (4)

Hoxka3. Tpuaronnumure ABC u A'B'C'
ce WHAUPEKTHO CIMYHU aKO U caMO aKo
MMOCTOM WHAWPEKTHA CIUYHOCT Off OOIMKOT

(1) 3a koja Baxkm w; =az;+b, 3a i=123.
Cnopen Toa,

Wl —W2 :a(Zl _22) n Wl _W3 :a(Zl _23) .
AKo TH mofienuMe TOCIIETHUTE JBE paBEH-
CTBa o JoOMBaMe paBeHCTBOTO

wm—Wy _ 21722

)
21723

wi—w3
KOE€ € EKBUBAJICHTHO CO PABEHCTBOTO (4). ¢

7.12. Jedunnnnuja. MugupekTHaTa ciamd-
HOCT co KoedunmeHT 1 Ke ja HapeKyBame
NHIMPEeKTHA u30oMeTpuja. [IBmkemaTa o
MHIMPEKTHUTE N30METPHHU CO EHO UMe Ke TH
HapeKyBaMe H30MeTPHH.

Bo HaTaMmomHHTe pasriefyBama MHO-
SKECTBOTO WHJUPEKTHA W3OMETpPUU Ke TO
o3HauyBame co /I, a MHOXECTBOTO H30Me-
Tpur co I. Bo Bpcka co M3OMETpHHTE Off
IPEeTXONHUTE pa3riefyBamba HEIOCPETHO
cliellyBa TOYHOCTa Ha CJEHATa TeopeMa.
JeranuTe TM ocTaBaMe Ha YHTaTeJOT 3a
BexOa.

Teopema. MuoxectBoro uzomerpuu [
BO OfHOC Ha oImepalyjaTa KOMIIO3WIHja Ha
MPECIUKYBamba ¢ rpymna. ¢

7.13. Teopema. MHaupekTHaTa CIXIHOCT
€ MHBOJYTOPHa aKO M caMO aKO € OCHa
cuMeTpuja.

Joka3. Heka wuHOuUpeKTHaTa CIMYHOCT
§:C>C e HMHBOIYTOpPHA. Toram

S(z)=8""(z), 3a cekoj zeC, ma 3aroa



b

az+b=L1z-L 3a cekoj zeC. Op mo-
a a

CJIEAHOTO PaBEHCTBO JIOGI/IBEIMC

%: —a . Cnopep Toa, paBeHKaTa z=az+b €

lal=1 m

paBeHKa Ha mpaBa. [la TrH pa3sriename
TOouKaTa Z W Hej3MHaTa cimka w=S(z). 3a

OBUE fBE TOYKU Baxu w=az+b, ma of
npumep 1.9 cienysa fgexa THE ce CUMETPUYHU
BO OfHOC Ha IpaBaTa z=az+b, T..
S:C— C e ocHa cuMeTpHja.

OOpaTHOTO TBpAEHE HENOCPENHO Clle-

myBa o mpumep 1.9. ¢
7.14. ToukaTta z € HeNmOABHMKHA 3a WH-
nupekTHaTta cnuyHocT (1) ako W camMo ako
z=az+b. Cnopen toa, z=az+b u co 3a-
MeHa BO IPEeTXOJHATa PaBeHKa ToOuBaMe
z(l—aa)=ab+b. 5)
MOKHH ce CIeJHUTE TPH CIAyIau.
1) Ako aa#1, toram (1) He e u3oMe-
TpHja U UMa eAHA HEeTOABMKHA TOYKA
a};+17

z 3a Kkoja of (5) mobuBame z = .
aa

2) Ako aa=1u ab+b#0, Toram Me
HHIUPEKTHA U30METpHUja, HO HE € OCHa

cAMETpHja ¥ HeMa  HEMOJBUXKHH
TOYKHU.

3) Ako aa=1 wu ab+b=0, Toram
lal=1 n £

PR Ia oj MOKa3oT Ha

TeopeMa 7.13 cnenyBa aeka (1) e ocHa

cUMeTpHja W Kako z=az+b
moOuWBaMe feKa TOUYKaTa Zz JIeKH Ha
ocKaTa Ha CHMeTpHjaTa.

Co Toa ja JoKaXkaBMe Teopemara.

Teopema. MHgupekTHaTa CIMYHOCT KOja
HE € HM30MeTpHja uUMa EeJUHCTBEHa HeIo-
ABMKHA TOYKA Z :@. AKO MHJIUpEKTHaTa

—aa

CIIMYHOCT HE € OCHa CHMETpHja, TOrail Taa
HEMa HEMNOJBIDKHM TOYKM, a 3a OCHara
CUMEeTpHuja €[MHCTBEHU HEMOJBUXKHU TOYKH
ce TOUKHTE Off OCKaTa Ha CUMeTpujarTa. ¢

7.15. Jdedunnnmja. AKO WHAMpEKTHaTa
ciuyHocT (1) He e m3oMeTpwja, Toram He-

MOABWKHATA TOuka 4b+b
—aa

| ja HapeKkyBame
a

LIEHTap Ha pasrieflyBaHaTa CIMYHOCT.

7.16. dedunnuumja. 3a mnpaBata (p):

z=nz+c Ke Belnme J€Ka € HEHMOJABMXKHA 3a

uHAupekTHaTa canuHoct (1) ako S(p)=p,
T.e. aKO MHJUPEKTHaTa CIMYHOCT ja TIIpe-
cIUKyBa IpaBaTa (p) BO camaTa cebe. 3a

kpyxHunata (K): | z—c|=R Ke Beaume feka
€ HeMOABIDKHA 32 MHAUPEKTHATa CINYHOCT
(1) ako S(K)=K .

7.17. Teopema. a) AKO HWHAMpPEKTHaTa
cmmunoct (1) e ocHa cuMmeTpuwja, TOraIn
ockaTa Ha CHMeTpHWja M IIpaBUTE KOHW ce
HOpMaJlHM Ha Hea ce eMHCTBEHUTE HEemo-
ABMKHY npaBu 3a (1).

6) Axko mHgupekTHaTa cimaHocT (1) e oc-
Ha CUMETpHja, TOTall KPYXXHUIUTE YUK LeH-
TPH JIeXKaT Ha OCKaTa Ha CUMETpHja ce eMH-
CTBEHUTE HEMOJBIKHYU KpYXHUIM 3a (1).

JMoka3s. a) Heka (1) e ocHa cumeTtpuja co
ocka (p): z=az+b, |al=1lmn %:—a " HeKa

(9): z=nz+c e npomsBonHa mnpasa. Of

w=az+b, Haofame z ==L
a

BO  paBeHKaTa Ha (9)

. AKO 3aMeHuMe

nobuBame

b —pwb e omHOCHO W=Lw+L+b-<.
a a na na

IIpaBata (g) € HemopgBWIKHA 3a OCHaTa CHU-

Metpuja (1) ako m camo ako -“L=p u

na
Lip-<=¢c.0n <=5 u|al=1 cnemysa
na na na

n=ta. AKo n=a, Toram o Z+b—<=c
na na

ciepgyBa b=c. AKO 7 =-a, Toraml paBeH-

cTBOTO L +bh—-S =¢ e MCIOMHETO 32 CEKOj
na na

ceCu (9)L(p).
6) Heka (1) e ocHa cuMeTpmja cO OCKa

(p): z:a;+b, lal=1mn %:—a u Heka (K):

|z—c|=R e mnpousBonHa Kpyxnuma. Of

w=az+b Haofame z =N
a

BO  paBeHKara  Ha (K)

. AKO 3aMeHUME

nobuBame
|w—(b+az) |=R . Kpyxuunata (K) e He-
MOJBMKHA 3a ocHata cumetpuja (1) ako u

caMoO ako ¢ =ac+b , MITO 3HAYN aKO M CaMO
aKo HEj3MHMOT IIEHTap JIeKM Ha ocKaTa Ha
cuMeTpujaTa. ¢



7.18. Ilpumep. [1a ce KOHCTpyHpa KpyX-
HUIa, KOja INTO MHUHYBa HH3 [[BE [ajieHU
TOYKH | IONHPA AafieHa Ipasa.

Pemenne. Heka ce nafgeHu Toukure A u
B w mpaBara (c¢). OunriefHo, ako TOYKHATE
A m B nexar BO pa3iMYHU HOJYPAMHUHU
BO OJJHOC Ha TpaBaTa (¢) WU U JBETE JIeKaT
Ha npaBsata (c), Toraul 3ajlaJyaTa Hema pelie-
Hue. Ako A€ (c) n B¢ (c), Toram 3agadaTa
“Ma equHCTBeHO peuieHue. Llenrapor O Ha
GapaHaTa KpYKHUIA K€ JIeKH Ha CHUMET-
panaTa Ha oTceukara AB u Ha mpasata (p)
KOja IITO MUHYBa HU3 A W € HOpMallHa Ha
(¢). Ako ToukuTe 4 W B JexaT BO HWCTa
MoJlypaMHMHA BO OJIHOC Ha mpaBarta (¢) u
npaBaTa AB e mapanenaHa co mpasarta (c),
Toraim 3ajjayaTa uMa fiBe peueHuja. Eqnoro
pelIeHne e Kpy>XHunaTa Hu3 TOukute A4, B u
M , xafe mito M e IpeceyHaTa TOYKa Ha
cmMeTpaliata Ha oTcedykaTta AB co mpaBarta
(¢), a mpyroro e npaBaTta AB , (UpT. 5).

:

>

B

Q

M c
Lpr. 5

Hexka toukure 4 m B nexar BO HCTa
IoJlypaMHUHA BO OJHOC Ha IpaBaTa (c¢)
npaBata AB He e nmapaiienHa co npasata (c)
(upt. 6). bBupejku OapanaTa Kpy>KHHIA

Lpr. 6
K(O,R) munyBa Hu3 ToukuTe A4 u B Hej-

3MHHOT LIeHTap Ke JeXu Ha cumeTpanara (/)

Ha orceukara AB. Heka o, e ocHa cu-
MeTpuja co ocka Ha cumetpuja (/). Coopep
npeTxofgHaTa Teopema o;(K)=K . bunejkn
mpaBaTa (c) € TaHFeHTa Ha KpYy>KHUIATa
K(O,R), on mocnenuna 7.10 ciemyBa Aeka
Ako

npaBute (c) U (c¢') He ce mapajejHH, TOrall

o;(c)=c" e Tanremta Ha K(O,R).

3ajjayaTa ce cBefyBa Ha npumep 6.14.
Axo mpaBute (c) m (c¢') ce mapalenHu,

Toram Toukata A sexu mefy uuB. Heka d
e pacrojanuetro Mery mpasute (c) um (c').

KpyxHuunara E(A,i) ja cede cmmeTpanarta
(s) BoTouku O, u O, . bapanure KpyXHUII

ce KI(OI,%) u KZ(OZ,%) , (upt. 7). ¢

Lpr. 7

7.19. IlpupopnHo e fa ce 3ampaiiame, Janu
nocrojaT (UKCHM TpaBU 3a WMHAUPEKTHA
CIIMYIHOCT KOja HE € OCHA CUMETpHja, T.e. Kora
lal#1.

Cnopen Teopema 7.6 ciukara Ha mpaBaTa
(p): z=nz+c NpU UHAUPEKTHATA CIUYHOCT
(1) e mpasa (p')

w=(&n)w+(b—acy—4y) . Mpasure (p) n
a a

ydja paBeHKa e

(p') ce coBmaraaT ako u caMoO akoO £7=n u
a

b—acﬁ—”fbﬁ =c. Op mocnegHUTE nBE pa-
a

BEHCTBa JoOUBaMe 772 :4:ﬁ, T.€. 7 :ﬁ,
a
. _ ba—bld| _ ba+bld|
Mm=—yyra== » € == :
a(l+al) a(l-|al)

3Hauy, UHAMPEKTHATA CIUYHOCT KOja He
€ U30MeTpuja uMa JBe (PUKCHU NpaBu (p;) U

(p,) UMUK pABEHKHU ce

o<, ba-blal

T, batbla|

Tt a4 I




coonBeTHo. Op mocnenmuua 1.8. 6) ciepysa
JeKa mpaBuTe (p;) U (p,) €€ 3a€MHO HOP-

ManHu. bunejku

ba-bld|
a(1+|al)

ba-bla] _ 4 ba+b

L(a};+b O
a(l+la) 19l 1-ja?

lal* 1—aq

_ lal(ba+b)+(ba=blah(i-la) _ ba+baa _ beba
a(l-la) a(-laP)  1-al?

b+ba
1-laf?

poGuBaMe feKa IEeHTapoT Ha WHIU-

pexTHaTta cimyHocT (1), Koja He e M3oMeTpH-
ja, npunara Ha npasarta (p;) . AHAJOrHO,

ba+bldl a4 bath +b;+1§\a\

a a};+b)
a(-la) el 1a?  a(i-la))

lal > —aa

_ lalba+b)+ba+bla)(1+la) _ ba+baa _ biba
a(l-al®) a(l-la®)  1-a?

b+ba

T.€. HEHTapOT = |2
—|a|

Ha MHIUPEKTHATa CJINY-

HOcT (1), KOja He e M3oMeTpHja mpumara Ha
npasara (p,).
Co Toa ja JoKaXkaBMe clefHaTa Teopema.

Teopema. MuampekTHaTa cmmaHocT (1),
KOja HE € W30MeTpHWja, WMa [BE 3aeMHO
HOPMaJIHU (DUKCHHU IIPaBU KOW MUHYBAaaT HH3
LEHTAapOT Ha CIUYHOCTA. ¢

7.20. Heka (1) e MHAMpEKTHA CIMYHOCT
Koja He e uzomerpuja. ITpasure (p;) u (p,)

@~ ba-bld|
quu PaBCHKHN ce Z=——Z+=
|al a(1+a])
o= . ba+blal
z=—%z4+———, COOABETHO, TI'M HAapPEKYy-

lal™ " g(a) ’
BaMe OCKH Ha MHIUpPEeKTHaTa cmaHoCT (1).
Jacno, cnopen Teopema 7.19 ockute ce

CIMHCTBCHUTe (PUKCHU TpaBHM HA WHIHU-
peKTHaTa CIMYHOCT KOja HE € N30MEeTpHja.

8. UHBEP3UJA

8.1. Heka meR, m>0 u aeC. Pa3-
riaepyBaMe npeciaukyBame [:C\{a} —C\{a}
neuHIPaHO CO

I(z)=a+-. 1)

z—a

i) AKo I(z) =1(z,) , TOram of

a+=L—=qg+"-

zZ1—a z2—a

cnefyBa z; =z, , T.e. I € UHjeKIuja.

ii) 3a we C\{a},nocron z =a+-L-
w—a

TakoB mTo /(z) =w, T.e. I e cypjexuyja.
Cera, op1 i) u ii) creiyBa fieka / ¢ Ouek-
nyja.
Hedunnuuja. [TpecnukyBameTo
1:C\{a} > C\{a}
nedunupano co (1) ro HapekyBaMe HHBep-

3Hja Co LIEHTap BO a U KOS(UIUEHT m .

8.2. ToukaTa z € HENOJBMXKHA 3a MHBEP-

spjata (1) ako m caMo ako z =a+-=, wWTO
z—a

3HAYM aKO U caMo ako |z—a|=+m . Co Toa
ja moKaxkaBMe clelIHAaTa TeopeMa.

Teopema. ToukaTra z e HENOABIKHA 3a
nHBep3mjaTa (1) ako U caMo ako Hpumara Ha

KPY>KHUIATA |z —a |= x/; . ¢

8.3. HMedunmmmja. Kpyxuunata (Kj):
lz—al= x/; , ja HapeKkyBaMe KpY:KHHIAQ Ha
nuBep3ujara (1).

8.4. Teopema. MHBep3ujaTa € UHBOIY-
TOPHO MPECIUKYBambE.

Jloka3. Heka mHBep3njaTa e aepMHIpaHa
co (1). Toram, 3a cekoj z € C BaxXu

II(@2)=1(a+P)=a+—2—=z=E(z)

Te. I?=E u xako I e OuekIyja uMame

I=1" 1e. WHBEp3WjaTa € NHBOJIYTOPHA. ¢

8.5. Hexka O e meHtrap Ha WHBep3HWjaTa
(1), A e npou3BOJHA TOYKA Ofi pAMHUHATA,
pasznuuHa o O, u I(4)=A'. Aduxcure Ha
Toukute O,A m A' Heka ce a,z m z*, co-
onseTHO. [IpuToa Baxu

z¥—a=a+S=-a=—"-(z-a).
z—a |z—al

Oj1 mOoCNeTHOTO PABEHCTBO CIIEyBa leKa
arg(z*—a)=arg(z—a) v |z*—a|-|z—al=m.
Co Toa ja JoKaXkaBMe clefHaTa Teopema.

Teopema. Cekoja Touka A4 pasiauuHa of
neHrtapor O Ha wuHBep3ujata (1), co
WHBEp3WjaTa ce MpecnIuKyBa BO Touka A'
KOja JIexku Ha oaynpaBata OA W Taksa IITO

04-04'=m . ¢ )

(ITpopomxysa!)



