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3A HEKOU ITIOCIHABM CIIEHAJAJIHA YCJI0OBAN 3A
PEAYKTUBUJIHOCT HA ETHA TUHEAPHA
JUOEPEHIINJATTHA PABEHKA O TPET PEJl YHJ OITIIT
NHTEI'PAJ E TIOJIMHOM

Nnnja A. lllankapes

Atictipaxii: Bo TpyaoT ce pasriiefiyBa XOMOTreHa An(epeHIrjalHa paBeHKa Off
TPeT pef co NOJIMHOMHHU KoedunueHTu. Bo Hero ce poOuBaaT nocinadu JOBOIHA
YCIIOBH 3a €r3WiCTeHIHja Ha ONIITO MOJWHOMHO pemieHme. IIpm Tme ycimosm
mudepeHnnjamHaTa paBeHKa ce pepylnupa Ha CHCTeM Off JBe JIMHEeapHH
nudepeHnjalHl paBeHKH, Off KOH e[{HaTa € Off IIPB pefl, a Apyrara e ofi BTOp pef.
Co mocrnefoBaTeIHO pellaBambe Ha OBHE [Be AU(EpeHIWjaTHi pPaBEeHKU ce
fobuBa OMNIITOTO TMOJMHOMHO pelIeHHe Ha pasriieflyBaHaTa AuQepeHujaTHa
paBeHKa.

Kayunu 36oposu: ucepeHnujaqH paBeHKH, OIIITO PpElIeHHEe, MOIWHOMHO
peleHne, er3uCTeHIUjalHu YCIIOBY, PENyKTUOMITHA AubepeHrjaTHa paBeHKa.

0. ITpepmeT Ha 0BOj Tpy# € AudpepeHIjaiHaTa paBeHKa

ay’ "y tyy +oy=0, (0.1)

Kame a=o(x) =Ao+Aix+Ax*+ Az, L=0(x) =Bo+B1x+Byx?, 7=Ax)=Co+t
Cix, 6=8x)=Dy, a 4;,i=0,1,2,3, (4, #0), B, i=0,1,2, C;, i=0,1, Dy ce

KOHCTaHTH.

Bo [1] ce poOueHn HeKOM CHEUHUjalHA YCIOBU 34
nucepennujanHaTa paBernka (0.1) ma Guae peyKTHOMITHA HAa CHCTEM
Ofl TpU JUHEeapHH AuepeHIujaTHi paBeHK: Of IPB pefl U [a uMa
ommro pelieHue nonuHoM. [Ipu Toa e mobGueHa u dopmynarta co
KOja € ompeJieJIeH OBOj MOJTMHOM.

Hue, Bo 0BOj Tpy/, fo6uBame nocnadu crielijaIHu YCIOBH 32
penyKTUOWIHOCT Ha AudepeHnujatHaTa paBeHka (0.1) Ha cuctem of
lBe NMHEeapHH AudepeHINjalHi PABeHKH, O] KO eHaTa € Off PB
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pen, a fpyrata € Of BTOp pel, W Koja MMa OIIITO pelleHue
nomHoM. [loToa e goGmeHa ¢opMyiiaTa co Koja ce OIpefienyBa
MOJIMHOMOT.

3a Taa uen, ja gudepeHuupame gudepeHjaJHaTa paBeHKa
(0.1) m matm, Kage mWTO m € TPHUPOAEH Opoj W ja moOWBame
nudepeHnrjalHaTa paBeHKa off pef m+3:

a y"9 4] Gﬂ j@”{?jﬁ e +
! (’:j“(in jﬂ '{gq]y b 02)

" (gfj[';]ﬂ@y[g@ja b =0

Kaxko mrro e mo3nato, Buiu [2,3], moTpebeH 1 JOBOJICH YCIOB
3a pudpepennujanHaTa paBeHka (0.1) ga Ma MOJMHOMHO pellleHue
OJ] CTEIIeH m, € ia Ouje 3al0BOJIeHa paBeHKaTa

(i

3a t=m, Kajie WITO m € HajMaJInoOT MPHUPOJEH Opoj co Taa OcOOMHA.
Bo 3aBucHocT o mpupopata Ha  KOC(UIMEHTHTE  Off
nudpepeHnmjamaara paBeHka (0.2), moceOHO Ke TH pasriefame
CIIETHUTE CITyJau:

1. 5 a+(l]ﬂ+0 y #0;
2. 5 a+(ljﬂ+o y =0, (1Ja+(0]ﬂ¢0,
3. 5 a+[ljﬂ+0 y =0, (1Ja+(o],6’:0



1. Bo oBoj ciyuaj mudpepennumjannaTa paBenka (0.2) cranyBa

oz [ﬂm(?jﬂ 124 (’:ja”-{;n}b’#[gqjy Jz=0, (1.1)

kane mmro " D=z,

CraBajKku moHaTaMy
1 2 m m m
=—(Ax"+Bx+C "+ + ,
@ = (4" + Bx )[@a mﬂ [O}]

(TJQI{Z}B = %(Dx +F)[ [’:ja”{;ﬂﬂ#[g?jy 1. (1.2)

kage mto 4, B, C, D, E u F#0 ce KOHCTaHTH, AudepeHIIjaHaTa
paBenka (1.1), mociie genemeTo co KOe(UIMEHTOT Mpef z, MOXKe J1a
ce HaIluIIe BO BUN

(Ax*+B+C)z "’ +(Dx+E)z +Fz=0. (1.3)

bupejkn

[?]a"{i”jﬂ'{?]y —Gx+H, (L4)

Kajie IITo

G=3m(m-1)A3+2mB,+Cy, H=m(m-1)A+mB1+Cy , (1.5)

of] MpBaTa paBeHKa ofi paBeHkure (1.2) no6uBame:

(A3 +Ax*+A1x+Ao) F=AGx* +(AH+BG)x*+(BH+CG)x +CH. (1.6)
3Hauu, 3a ompefenyBambe Ha Koeduuuenture 4, B, C, tu

UMaMe PaBEHKHUTE:

As F =AG, A, F =AH+BG,
Ay F =BH+CG, Ao F =CH. (1.7)



O,T_I OBHC paBCHKH, ITOCIICTOBATCIIHO IIO6I/IB8.M€3

A A4,G-A,H
A:EsF, B=2(;—23F,
2 2
o 4G = 4GH + 4H® (L.8)
G3

H H H
Aa(E)3 _Az(E)2 +AIE_AO =0.

On Broparta paBenka o (1.2), Bo Bpcka co (1.4), ro nmame
UJICHTUTETOT

[(3mA3+Bz)x2+(2mA2 +B1)x+mA1+Bo]F=
=(DGx*+(DH+EG)x+EH) (1.9)

oJ1 KOj, 3a ompefieyBame Ha KoeduuueHture D u E, ru foouBame
paBEHKUTE:

DG=(3mA3 +Bz)F,
DH+EG=(2mAy+ B1)F. (1.10)
EH=(mA1+Bo)F.

Op oBHE paBeHKHU NOCIEAOBATETHO JOOUBaME:

p_mA+B,
G )
g 2md, + B)G - @Bma, + B)H (1.11)

G2
(Bmd, + Bz)(%)z —(2md, + Bl)%+ (md, +B,) = 0.

Co x1 1 x2 1a TM O3HAYMME HYJUTE HA OJIUHOMOT Ax*+Bx+C.
Bo T0j cny4aj, Kako 1ITO € MO3HAaTO, IOTPEeOEH U TOBOJIEH YCIIOB 32
nudepennujanHaTa paBenka (1.3) 7a ©Ma 1Be MONMHOMHH PellIeHH]ja
on crenenu n-1 u n+k-1, kage mwro n>1 u k ce npupogHU OpOEBH, €
la Guyat 3agoBolieHn penanuute (Bumn [4]):

A(n-1)*+(D-A)(n-1)+F=0,
(2n+k-3)4+D=0, (1.12)
[(nt+k-r-2)x1+(n+r-1x,]4-E=0, r=0, 1,2, ..., n-1.



On npBata paBenka of (1.12), Bo Bpcka co MpBUATE paBEHKH
on (1.8) um (1.11), nobuBame:

A3(n-1)?+[(8m-1)A3+B5](n-1)+G=0. (1.13)

Co 3amenata Ha G of pBaTa paBeHKa of (1.5) Bo nmocneHaBa
paBeHka (1.13), ja foOuMBaMe paBeHKaTa

(3m?+n?+3mn-6m-3n+2)As+(2m+n-1)Bo+C1=0. (1.14)

On Broparta paBeHka on (1.12), co 3ameHaTta Ha A U D off
npsute paBesku of (1.8) u (1.11) Haorame

(Bm+2n+k-3)A3+B,=0. (115)
Cera, o paBenkara (1.14), Bo Bpcka co (1.15), 3a C; umame

C1=[mBm+4n+2k-3)+(n-1)(m+k-1)]A4s. (1.16)

JIBeTe HYJIM X1 ¥ X2 HA MOMMHOMOT Ax*+Bx+C og (1.6) ce riega
Jieka ce HYJM W Ha MOJMHOMOT «(x). TperaTra HeroBa Hyja, fia ja
O3HaYMMe CO X3, BO BpcKa co (1.6) u co yeTBpTaTa paBenka og (1.8),
ja 3aJ0BOJIyBa paBeHKaTa

G x3+H=0. (117)

On tperarta paBenka of (1.12), Bo Bpcka co mpBata of (1.8) u
Bropata of (1.11), nobuBame

[(n+k-r-2) x1+(n+r-1) x2]A3G-(2mA,+B1) G+(3mAs+B2) H=0.

On oBaa paBeHKa, BO Bpcka co aBeTe paBeHku (1.15) u (1.17)
U co mpuMeHa Ha BueroBuTe mpaBmiia Ha TMOJIMHOMOT «(x), 3a B
goomBaMme

B1=[2m+n+k-r-2)x;+(2m~+n+r-1)x;+(2m~+2n+k-3)x3] 4. (1.18)

On mpBata paBenka on (1.5), Bo Bpcka co JiBeTe paBEHKH
(1.15) m (1.16) 3a G nobuBame

G=(n-1)(n+k-1)43 (1.19)



a of1 BTOopaTta paBeHka o (1.5), Bo Bpcka co (1.17), (1.18), (1.19) n
CO MpuMeHaTa Ha BueToBuTe mpaBuia Ha MOJMHOMOT ox), 3a Cp
goonBame

Co=-[m(m+n+k-r-1)x1+m(m+n+r)x;+(m+n-1)(m+n+k-L)xs]4s.  (1.20)

On tperatra paBenka op (1.11), Bo Bpcka co (1.17), ja
noOuBaMe paBeHKATa

(3mA3 +Bz)X32+(2mA2 +Bl)x3 +mA1+Bg=0,

O KOja, CO IprMeHa Ha BueToBuTe npaBuiia Ha MOIMHOMOT (x), BO
Bpcka co paBenkure (1.15) u (1.18) 3a By mo6uBame

Bo=-[mx1x+(m+n+k-r-2)x1x3+(m+n+r-1)xxs]4s. (1.21)

On paBenkara (0.3) 3a t=m, Bo Bpcka co paBenkute (1.15) n
(1.16), 3a Dy ro6MBamMe

Do=-m(m-+n)(m+n+k) As. (1.22)

Cera gudepennyujannaTta paBenka (0.1) Moxe ma ce 3anuiie
BO BUJ|

(oe-x1) (x-x2) (x-x3)y " -
{(Bm+2n+k-3)x*[(2m+n+k-r-2)x1+(2m+n+r-1)x,+
+(2m+2n+k-3)x3)x+[mxy xo+(m+n+k-r-2) x; x3 +

+(m+n+tr-1) xp x3]}y '+ (1.23)
+H{[m(3m+4n+2k-3)+(n-1)(n+k-1)|x-[m(m+n-+k-r-1) x1+

+m(m-+n+r) xo+(m+n-1)(m+n+k-1) x3]}y -

-m(m+n)(m+n+k)y=0

WJIN YIITS BO BUNQ

(or-x1) (x-x2) (e-x3)y "

-[m(x-x1) (x-x2)+ (m+n+k-r-2) (x-x1) (x-x3)+
+(m+n+r-1)(x-x2) (x-x3)]y "'+
+[m(m+n+k-r-1)(x-x1)+tm(m+n+r)(x-xz) +
+(m+n-1)(m+n+k-1)(x-x3)]y -
-m(m+n)(m+n+k)y=0.

Co mperpynupame Ha UWICHOBUTE Off OBaa paBeHKa ja
nobuBaMe nudepeHnnjanHaTa paBeHKa



(vxa{(e)(x2) - her-1) (o) + b+ ) (o)
+(m+n)(m+n+k)y} -m{(x-x1) (x-x2)y " -
-[(m+n+k-r-1)(x-x1)+(m+n+r)(x-x2) |y "+(m+n)(m+n+k)y }=0

KOja ce pejyuupa Ha CHUCTEMOT Off JBETe JIMHEApHHU
nuePEHIN]ATHA PAaBEHKI

(-x1) (-x2) y " -[(m+n+k-r-1) (x-x1) +(m+n+r)(x-x2) ]y '+
+(m+n)(m+ntk)y=u, (1.24)

(o-x3)u "-mu=0.

OnmToTo pelieHne Ha BTOpaBa AudepeHUujanHa Off OBUE
paBenku (1.24) e

u=Ksz(x-x3)", (1.25)

Kasie mTo Kje Mpom3BOJIHA KOHCTAHTA, a MpBaTa paBeHka of (1.24),
BO Bpcka co (1.25) cranysa

(-x1) (-x2) y " -[(m+n+k-r-1) (x-x1) +(m+n+r)(x-x2) ]y '+
+(m+n)(m+n+k)y= Kz(x-x3)". (1.26)

CoopBeTHaTa XOMOT€Ha paBeHKa Off 0Baa AudepeHIjajlHa paBeHKa
uMa OIIITO pelleHne, Buau [4],

y=Ki y1+ Ks' y2 (1.27)
Kajie 1ITOo

Y, = (x _ xl)m+n+r+l ()C —x, )m+n+k—r [()C _ xl)—r—l (x _ xz)—k+r ](m+n) ’
y _ (x —x )m+n+r+l (x —x )m+n+k—r %
2 1 2

(e =) M=) [ -n) () ]

* *
ce TOJIMHOMHM Off cTeneH m+n m m+n+kK coonBetHo, a K1 n K, ce
KOHCTaHTH.

3a pma ro goOmemMe ONIITOTO PELIeHWE Ha HEXOMOreHaTa
nucgepennmjanHa paBenka (1.26), co mpumena Ha JlarpanxkoBaTa



MeToJa Ha BapHjanuja Ha KoncTanTa oy (1.27) 3a dyukiunre K; (x)
u K, (x), no6usame (Bumu [5,7])

K () =K, (r=%)" v, dx+ K
' ? (x=x)(x—x,) (0" v, = 11y,") .

K, () =K, (r=x)"y, de+ K
? ? (x=x)(x—x,) (0" v, — 1y, ") >

Kajaec mTo Kin K> ce IMPOU3BOJIHA KOHCTAHTH.

Cera ommToTO pelieHHe Ha Au(epeHIrjaTHaTa paBeHKa
(1.26) ke 6une

y=Kiy1t Kz y2 +K3 y3 (1.29)
Kajie MITo
(x=x3)"»,
V3=, , —dx —
’ lJ. (x=x)(x =x)(01' v, = my,")
3 (¥ =x,) 1 . (1.30)
(x = x)(x = x,)(0' ¥, = 0y, ')

bunejku

)m+n+k-r—l

Y1’ ya- y1y2 ' =(-x)"" (s
Ke oune

By = (=)™ =) (=) () T x

X J.(x —x)"[(x—x) " M (x - xz)_k”-[(x -x) (x— xz)k_’_ldx](’"“’) dx —
—[Ge—x) M=) T [ (=) (=) ] x

x [ (=) " =) "M = ) ], (1.31)

JlecHo mMoxke fa ce BUAM feKa (PyHKIjaTta y3(x), ompefesneHa co
opmynara (1.31) e moaTUHOM OJf CTETIEH M.



2. Bo oBoj cayuaj, mudepennujannata paBenka (0.1) mma paBe
MOJIMHOMHU pelIeHuja co CTeneHu m U m+1 cOOBETHO, a HEj3UHUTE
KOe(UIMEHTH T 3a[JOBOIyBaaT pealiiunTe

e
e ley-o

On oBue fiBe pesalyy NociIeOBAaTETHO JOONBaMe

-t

5_2m+1 o [(m+1Y 99
= 3 o'+ 5 £ (2.2)

Cera nudepennujannara pasenka (0.2) cranyBa
o™ I+ (ma+ [y 2=,

O] Kajie ToOuBaMe

B
y(m+2) :a—me_.'.;dx.

3a y(x) ma 6uge MONMHOM Off cTeneH m+n, n>1 e mpupoaeH
6poj, Tpeba a ouse

Op oBpe cienyBa

—-m 7J‘de
a"e’® =P ,(x),



Kajie mrTo P,(x) € MmoMMHOM Off cTemneH n-2, of Kaje 3a f(x) ce
noonBa

Bx) = —ma'—aI;—Z. 2.3)
n-2
AKXO cTaBUME

Poo()=(x-x)"2,  Poo’(x)=(n-2)(x-x3")">

Kaje MITO x3 € HyJa Ha MONTHHOMOT ofx), M aKo co x;° u x2° ru
O3HauMMe JIPYTUTEe JIBE HYJIH Ha TOJUHOMOT ¢(x), CO MpUMEHa Ha
BuertoBure npasuna 3a f(x), nmame

B(x) = —ma'—"" 20 a=—[(m+n-2)(x—x")(x-x,°)+
X=X

+ m(x— xlo)(x - xgo) + m(x— xzo)(x — xzo)]Ag.

3a Yx) u dop (2.2) Bo Bpcka co (2.3) Haorame TOCIIeToBaTEITHO

m) , (m , n—2 B
y(x) = —(2 ]a +(1 J[ma + x—x30 al=

=[m(m+n-1)(x —xlo) +m(m+n —1)(x—x20) +m(m+21)(x - x30)]A3,

5= 2(’”; lja"'+[m2+1][—ma'”—(n —2)24,] = —m(m +1)(m + n) A,.

Cera nudepennujannara pasenka (0.1) cranyBa

2

(e x17) (- x2°) (- x3°)y
[(m+n-2) (x- x1°) (- x2°)+m (- x1°) (- x3°) +
+m(x- x2°) (x- x30) ]y " Hm[(m+n-1)(x- x.°)+
(m+n-1)(x x2°)+(m+1)(x- x3) ]y -m(m+1)(m+n)y=0

U ce pefylypa Ha CUCTEMOT JINHEApHHU AU epeHIInjaHU PABEHKH Off
IIPB pef

(x xa3 )y -(m+m)y=uy,
(ox- xzo) uy "-(m+1) ur= up,
(x- xlo) us” —m u,=0.
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Co MMOCJICHOBATCIIHO p€llaBalkbC Ha OBOj CUCTEM, UMaMC

U, :Kl(x—xlo)m,

Oym
0\m+1 (x_xl )
u =(x_x ) [K + K —dX],
1 2 2 lJ- (x_xzo)m+2
m+n (x_x O)’”+1
y:('x—x3o) [K3 +K2J- 3 il

(x—x;)
_ 0y m+1

+K1J- (x—x,)

(x— x10 )"
0\ m+n+l ,[ 0\m+2 dx d.X] '
) (x—x,)

(x —x
IIpu Toa, K, K,, K; ce NpOn3BOJIHN KOHCTAHTH.

3. Cera of penanuure

e
a"+(;njﬂ'+(glj7 o, (31
;" a-{@ﬁ =0,

nocacnoBaTCJIHO IIO6I/IBaMeI

' £m+1] N (m+2j o
p=—-ma', y = a', 0= a (3.2)

Ny WS

2 3
Hudepennyjannara paenka (0.1), Bo Bpcka co (3.2) moxe na ce

3alluIiae BO BU]

m+1 m+2
05y"'—ma'y"+( 5 Ja"y'—[ 3 ]a"'y=0. (3.3

* * *
Co x1, x2, X3 [a I'M O3HAUMME HYJUTE Ha MOJUHOMOT ¢(x). Toram
nucepeHnujainara paBeHka (3.3) Moxe jja ce HammiIe BO BUJ

(x- xl*)(x; XZ*)(X; XS*))’ ” ’; . . .

Yoo )+ Yo ) (o 3 ) s )y

+m(m+1)[(e- xy )+ (- x2 ) +(x- x3 )]y - (3.4)
-m(m+1)(m+2)y=0

11



U Ce pefyuupa Ha CUCTEMOT AudepeHInjaTHu paBEHKU Ol IPB pefl,
BUjM [6]

(x- x3 )y ~(m+2)y=vs,

(x -x2 ) vi -(m+1)vy =vy, (3.5)

(x —x1 ) v2- mv, =0.

Co pemaBameTo Ha 0BOj cucteM (3.5) moclieoBaTeTHO
goomBame

v, =C, (x—x )",

= (x—x,)"[C, +C, j("—x?’)z:zdx],
y=(x-x)"[C, +C, j(xx—z)mdﬁ (3.6)

)m+3

m+1

~r(x xz (x— xs
+Clj(x—x1 n1+3,f(x . )+2dxdx].

ITpu Toa, C1*, Co*, C3*, ce MpOU3BOJIHN KOHCTAHTH.

Jla 3abenexxuMe fieKa JiecHaTa cTpaHa off TpeTaTta opMmyia
o (3.6) mpeTcTaByBa MOJMHOM Off CTeNeH m+2. 3Ha4d, OMIITOTO
pemienne Ha AudepeHnujatHaTa paBeHka (0.1) e moiamHOM Of
creneH m+2.
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Ilija A. Schapkarev

Uber einige schwiéchere spezielle Bedingungen fir die Reduktion einer
linearen Differentialgleichung der dritten Ordnung deren allgemeines
Integral ein Polynom ist

Zusammenfassung

In der Arbeit wird die Differentialgleichung der dritten Ordnung
(0.1) mit polinomische Koeffizienten betrachtet. Durch Differenzieren
und Dividieren werden die Bedingungen erhalten, so dass die betrachtete
Differentialgleichung (0.1) drei Polynomldsungen besitzt. Von diesen
Bedingungen  werden die  Koeffizienten  der  urspringliche
Differentialgleichung (0.1) mit den Formeln (1.15), (1.16), (1.18), (1.20),
(1.21), und (1.22) erhalten. Jetzt wird die Differentialgleichung (0.1) in
der Form (1.23) aufgeschhrieben. Weiter wird gezeigt dass die erhaltene
Differentialgleichung (1.23) auf ein entsprechendes System der zwei
Differentialgleichungen (1.24) reduziert warden kann. Mit nacheinander
Auflosung dises System werden die drei Polynomlésungen yi, y», ys, der
urspriingliche Differentialgleichung (0.1) erhalten. Die Polynomldsungen
V1, Y2, ¥3, Wwerden mit den Formeln (1.28) und (1.30) gegeben.

13



8 MC/IP 2004, (15 - 20)

360pHUK Ha TpyOOBM ISBN 9989 -630-49 -6
30.09.- 03.10.2004 roga. COBISS.MK - ID 61901322
Oxpwupg, MakepgoHuja

NMHBAPUJAHTHOCT HA EJJHA BPOJHA
KAPAKTEPUCTUKA 3A EJHA KJTACA IMHEAPHU
JANO®EPEHIINJA/IHUA PABEHKUN O BTOP PE[]
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Amncrpakr:

Bo oBoj Tpyn ce pasrienyBa kiaca gudepeHIjalHi PaBEeHKHU
(1),(3),(4),(5), Bp3anu co TpanHchopmamnmjaTa (2). Ce mokaxKyBa
Jleka CHTe paBeHKM HMaaT HCTa AWCKPUMUHAHTAa HAa CBOHUTE
KapakTepucTuuHu paBeHkH (6),(7),(8),(9). Jo ucTHOT 3aKIy4YOK ce
moafa W 3a kJjacata paudepeHuyjanHu paBeHku of Bup (10)
(12),(13),(14),(15), (16),(17),(18) moGumenm co TpaHchopmanmjaTa
(11).

KJIYYHU 300pOBH: MHBaPHjaHTHOCT, iu(pepeHIlujaiHa paBeHKa,
TpaHchopmanuja

l. Heka e nafgena nuHeapHa nudepeHnmjaiata paBeHka ofj
BTOP pef Off BUJ

(X-X1)(X-X2)y” + (b1X + bo)y” + coy = 0 1)

Kaje Xi#Xo, by, bo , Co ce peaman KoHCTAHTH.

15



Bo [1] e mokaxkaHO fieka co Tpancopmalyjata
neduHUpaHa co

y = (x-%)“(x-x2)" 2 @)

nudepeHnmjanaaTa paBenka (1) ce TpancopMupa BO HajMHOTY TpH
nucepeHrjaHu paBEHKH Off UCT B T.€. BO paBEHKUTE:

(X-X1)(X-X2)Z1” + [(2o+b1] X -2a X2 + bo]z1” +
[o (a-1) + abg + CoJz1 =0, (3)

(X-X1)(X-X2)Z2” + [(2B+b1] X - 2B X1 + bolzy” +
[B(B-1) + Bby + CoJ22 =0, 4)

(X-X1)(X-X2)Z3” + [(2a+2PB+b1] X -2a. X2 - 2B X1 + bg]z3” +
[20B + o (a-1) + B(B-1) + (a+P)bs + Co]z5 =0, (5)

Kaje
byx; +by B=1- bx2+b

X=X, Xy, =X

a=1-

Bo nureparypata e mos3HaTo jeka NOTpeOeH U [OBOJIEH
ycinoB ucepeHnujamHaTa paBeHka (1) ga WMa eHO TOJIWHOMHO
pellIeHre Off CTENEH N € YCIOBOT N J1a Oujie KOPEH Ha KBajipaTHaTa
paBeHKa

2+ (b - 1)t +co =0, (6)

¥ TOA MOMAJIMOT aKo ¥ JBaTa KOpeHu ce nmpupopau 6poesu. [Topanu
cBojaTa BaXKHOCT OBaa KBajjpaTHa paBeHKa Ke ja Hapedeme
KapakTepHCTHYHA paBeHKa 3a fAudepeHnujamHaTta paBeHka (1) co
nuckpuMuHanTa A = (by - 1)% - 4cp .

3a qudpepennujamaure paBeHku (3), (4) u (5) coogBeTHUTE
KapaKTECPUCTUIHU PABECHKH CE

t? + (20+by - )t + o (a-1) + by + ¢ = 0, (7)
£+ (2B+by - 1)t + B(B-1) + Bb1 + o = 0, ®)

t? + (20+2B+by - )t + 2af + o (a-1) + B(B-1) + (a+P)br +co=0. (9)

16



JlecHo ce mokaxkyBa fileKa M OBHME TpPHU KapaKTEpUCTUUHU
paBeHKU MMaaT UCTa guckpuMmmuHaHTa A . Cropepi Toa Moxeme fa
3aKJIy4yuMe JieKa JUCKpUMUHAHTaTa KaKo OpOojHa KapaKTEepUCTUKA €
WHBapHWjaHTHA BO OHOC Ha TpaHchopmanmjaTa (2).

Co cMmeHara

a-t =
2

Y= (x=x%) % (x=X,) 2w,

nucepennujamHaTa paBeHka (1) ce Tpancopmupa BO
nucepeHnrjaina paBeHka off Buji (HopMaJseH BHf) :

A(x-X1)* (X-X2)> W” + (ag X* + a;x + ag )w = 0.

CoopBeTHaTa KapaKTepUCTUYHA paBeHKa 3a OBaa AiuepeHInjantHa
paBeHKa € KBaJjpaTHaTa paBeHKa

£ -t+%2=0

I MOKE Jja ce IIOKaKe JeKa U JUCKpUMHUHAHTAaTa Ha OBaa
KBaJpaTHa paBE€HKa € €[IHaKBa Ha A.

1. Heka e gagena nuaeapHa nudepeHIyjaiHa paBeHKa Off
BTOp peJl o] BUJ
(X-X1)(X-X2) (X-X3) y” + (bax® + by X + by )y’ + (Cix + Co)y =0 (10)
Kafe X1#X#Xs, bp, b1, Do, €1, Co c€ peaiHn KOHCTAHTH.

Bo [1] e mokaxkaHO ieka co TpaHcopmalmjaTta
neduHUpaHa co

Y = (X-X1)“(X-X2)P(X-X3)" Z (11)

nudepeHnmjanmaaTa paBenka (10) ce Tpancopmupa Bo HajMHOTY 7
npyru audepeHnyujaTH paBeHKH Off UCT BUJ :

17



(X-X1) (X-X2) (X-X3) Z1” + [(2o+ by ) X* -(2a X3 + 200 Xz - by) X +
20 X2 X3+ bplzy” + {[a (a-1) + aby + ¢1] X + o (a-1) (X1 - X2 - X3) +
o (b2X1 + bl) + Cp }21 =0, (12)

(X-X1)(X-X2) (X-X3) 22" + [(2B+ bp) X* -( 2B X1 + 2B X3 - by) X +
2B X1X3 + bo]z2" + {[ B(B-1) + Bbz + c1] X + B(B-1)(X2 - X1 - X3) +
B(b2xz + b1) +co}z2 =0, (13)

(X-X1) (X-X2) (X-X3) Z3” + [(2y + b2 ) X* -(2yX1 + 2yx2 - by) X +
2yX1Xz + boJza” + {[y (v -1) +vb2 + C1 ] X + v (y-1)(Xa - X1 - X2 ) +
Y(DoXs +b1) +Co}z3=0, (14)

(X-X1) (X-X2) (X-X3) Z4” + [(2a+2B+ by ) X? (200 X3 + 200 X + 2B X3 +
2B X3-b1) X+ 20 X2 X3 + 2P X1X3 + bo] 24" + {[20p + a (a-1) +
B(B-l) + (OH'B)bz + C1] X - ZOLBX;; +a (Ot-l)(Xl-Xz -X3) +
B(B-l)(XQ-Xl-Xg) + o (boXg + by) +B(b2X2 +by) +co}zs=0, (15)

(X-X1)(X-X2) (X-X3) Z5” + [(2a+2y + by ) X2 -(20 X3 + 201 Xo + 2yXy +
27Xz - b1) X + +20 X2 X3 +2yX1X2 + bplzs” + {[2ay + o (a-1) + vy (y-1) +
(aty)by + C1] X - 20yx2 + a0 (a-1)(X1-X2-X3 ) + v (7 -1)(Xz-X1-X2 ) +

o (bzXl + bl) + 'Y(bzX3 + bl) + Cp }25 =0, (16)

(X-X1) (X-X2)(X-X3) Z6” + [(2P+2y + by ) X* -(2B X1 + 2B X3 + 2yX1 +
2yXz - by) X+ +2P XaX3 +2yX1Xz + Do]ze” + {[2By + B(B-1) +v (v-1) +
(B+y)bz + C1] X - 2Byxs + B(B-1)(Xa-X1-Xz ) + v (y-1)(Xa-X1-X2 ) +
B(bzXz + bl) +’Y(b2X3 + bl) + Co }Zs =0, (17)

(X-X1) (X-X2)(X-X3) Z7” + [(20+2B+2y + by) X* - (200 X3 + 200X +
ZB X1 + ZB X3+ 2’YX1 + 2YX2 - bl) X+ 20 Xo X3 + ZB X1X3 +2’YX1X2 + bo]Z7’
+{[20B + 20y +2By + a(a-1)+ B(B-1) + v (v -1) H(a+P+y)b2 + €1 ] X -
20.BX3 - 207Xz - 2ByX1 + o(a-1)(X1- Xo- X3) + B(B-1)(X2- X1- X3) +
V(¥ -1)(Xs - X1- X2) +
o (boxa + by) +B(baxz + by) +y(boxs + by)+ co }z7 =0, (18)

Kaje
w=1- b,xZ +l,x, +b, B=1- b, X5 +h,x, +h,
(X3 = X)X, —Xy) (X1 = %X)(X5 — X;)
y=1- b, x5 +byx; +b,

(X = X3)(X; = X3) '
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CoojiBeTHAaTa KapaKTepHCTUYHA paBeHKa 3a paBeHkara (10) e
KBaJpaTHaTa paBCHKaA
2+ (by- 1)t + ¢ =0,

gmja quckpuvuHanTa € A = (b - 1)% - 4c; .

Moxe fa ce mokaxke fieKa CUTe KapaKTepUCTUYHH PaBEHKHU
3a pudepennmjaaauTe paBenku (12),(13),(14),(15),(16),(17),(18),
nmobuenn co TtpaHchopmanmjata (11), Kom ce O HCT BUJ CO
paBenkarta (10), Maat ucra qUCKpUMUHAHTa A.

On Invariation for a class of differential equations of the second order
numerical characteristic

Boro Piperevski
Faculty of Electrical Engineering, P.O.Box 574, Skopje, Macedonia
e—mail: borom@etf.ukim.edu.mk

Abstract:

In this article a class of differential equations (1),(3),(4),(5),
connected with the transformation (2), is considered. It is showh that all
equations have the same discriminant of its characteristic equations
(6),(7),(8),(9). Also the same conclution can be deduced for the class of
differential equations (10),(12),(13),(14),(15),(16),(17),(18), which are
gotton with the transformation (11).

key words: invariantion, differential equation, transformation
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On the relation between some problems in Number theory,
Orthogonal polynomials and Differential equations

Tonko Tonkov
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Abstract: The author discuss a special procedure and deduces two
theorems, which proofs are based on the Analysis and some properties of
Chebishev polynomials.

Key words: monotonic functions, Chebishev polynomials, divisor
problem in number theory, and differential equations of second order.

1. Introduction
Let 7(n) be the number of positive divisors of a natural integer

number n and let 7'(n) be its summatory function. Then we have

T(n>=2r(m)=zzl=z{f},

m<n m<n xy=m x<n X
where [a] means the integer parts of a.
Firstly P. G. Lejene Dirichlet [1] in 1849 evaluated 7'(n), proving

that

(1) T(n) = n(ln n+2y —1)+ A(n)
and

) A(n)=0(n),

where y =0,5772... is the Euler constant.

21



Dirichlet avoided the trivial evaluation

T(n) =Y 2+ 0(n) = nin n+0(n)

by using the identity

3) T(n)=—,uv+2[£}+2[£},

x<pu X x<v 14

where u(u+1)=2n, v= {i} .
U

From (3) for u=v = l\/; J it follows

“) T(m=23 ﬂ—[&]z.

x</nl

Dirichlet deduced (1) and (2) directly from (4) by using the
equality

2 F} = 2 E—pn(\/;): n(ln \/;+7)+ O(ﬁj—pn (\/;)

XS\/; X XS\/;x
n n
m) = -1 =11,
P, (m) Z‘n(x LCD

and p, (m)= O(m) as a trivial estimation.

where

The so called “Divisor problem” (of Dirichlet) consists of
estimating the error term A(#n) in (1) with possibly better order. The brief

history consists of the following records:
1

Voronoj [2] in 1903: O(n3 In nJ , by using Farrey sequences;

27

Van der Corput [3] in 1928: O[ngz], with special exploration of

exponential sums;
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Kolesnik [4] in 1985: 0[11429 J, who approved the method of Van

der Corput;

7

Iwaniec and Mozzochi [5] in 1988: O(n”}, who studied the

number of integer points not only beneath the hyperbola (Divisor
problem), but also the number of integer points in the circle (Circle
problem) with equal success.
The last record is due to M. Huxley [6], who proved that
23 461

A(n)=0(n73(ln n)m). Huxley studied the number of integer points

(lattice points) in a closed curve, as well as the number of unit squares
which centres lie within the curve.

The lattice theory or gitterpunktlehre origins from Gauss's
investigation about the integer points in the circle and from the cited
above Dirichlet's work [1].

2. About a special procedure

Now we will describe a special procedure, which we described
firstly in [7] in 1994. We generalize the idea of Dirichlet, hidden in the
identity (3) (in (4) particularly). Geometrical point of view shows, that
Dirichlet divided the graph of the hyperbola y =n/x into two pieces by
the dividing point x = ¢ (particularly x = [\/; ]) and in the second piece
the roles of x and y are changed.

We divide the graph of the line y = f(x) into pieces by the

following procedure.
Let y=f(x) be a real monotonic (strictly increasing or

decreasing) function in the interval [a, b] and let @(x) be its inverse
function. We divide the graph of f(x) into k +1 parts by dividing points

Xy Xyyeeuy X, A<Xx, <X, <...X, <b by the following way: the first,

K

the third etc parts (for the intervals (a, x,), (x,,x;) etc.) we project

orthogonally on the axe Ox; the second, the fourth etc. parts (for the
intervals (x,,x,), (x;,x,) etc.) we project orthogonally on Oy ; all

projections must be equal, and tend to 0, when x — 0.
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This procedure gives us the following equations, if f(x) is

increasing:
= , k=2r-1;
(5‘) Xy —a=X; =X, =...= XZ’_I er—Z d =
Xpoy =X =b—x,,, k=2r;
(57) =f(x)—f(x)=..= f(x,,5)— f(xy,5) =

) {f(b) ), k=2r-;
@) - S, k=2
We will eliminate x,, x;,..., x,. From (5") and (57") we get
JO)=x—a+ f(x);, x, =p(x;, —a+ f(x)));
Xy=x —a+x,=x;—a+@(x; —a+ f(x));
S(x)=x—a+ f(x3); x, =@p(x; —a+ f(x, —a+@(x, —a+ f(x))));
Xs=x,—a+x, =x,—a+@(x, —a+ f(x, —a+e(x, —a+ f(x)));

S ) =x —a+ f(x,,); X5 =@(x, —a+ f(x, —a+...+ f(x)..);
Xy =X, —a+X,, =X, —a+@(x,—a+ f(x, —a+e(x,—a+...
+o(x; —a+ f(x))...)))
k-1

where we have s times ¢ and f, 1<s ST.

But
f(B)= f(x,,,)=x,—a and b=@(x, —a+ f(x,,,)) for k=2r-1;

b
k

-x,, =x,—a and b=x—-a+x, =x,—a+e(x,—a+ f(x,,_,)) for

=2r,

and we have

b=F, (z,) for k=2r-1,

and

b=z +F,(z,) for k=2r,

where z, =x, —a and

(6) Fo(2)=¢lz+ fz+p(z+ fz+...+ plz+ f(z+a))...))
(7 times ¢ and f').

We get similar results, if f(x) is decreasing (in the system of

equations we will have the differences f(x,)— f(x,,) instead of

f(x,,,)— f(x,) for the case of increasing functions):

24
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and
b=z +G,. (z,) for k=2r,
where z, =x, —a and
(N G@=p-z+fz+ol-z+f(z+...+p(-z+ f(z+a))...))
(7 times ¢ and ).
The sum of all projections will be: L, =(k+1)z,. If £k — oo, then

x, &> a and z, — 0. We introduce also the designation L = llim(k +1)z, .

This constant, when exists, characterizes very special properties of f(x),
but we will not discuss L here.

3. The relation between orthogonal polynomials and differential
equations

The relation between orthogonal polynomials and differential
equations is well known. This relation is presented by the equations of
the form

Ax) y"+(B(x)+4'(x)) y'+C y =0,
where A(x) and B(x) are polynomials, and C is a constant.

In the particular case of the equation

(1-x*)y"=xy'+n* y=0,
its roots are the Chebyshev's polynomials of first kind. On the other
hand, the roots of these polynomials can be find geometricaly: we divide
the semicircumference into parts with equal length; then the projections
of the dividing points on Ox are the roots (see for instance [8], p. 69).
This procedure is different from our. But we will show that the
Chebyshev's polynomials are in liaison with our procedure too, proving
the following

Theorem 1. If f(x) = 1 in the interval (, f), 0 <a < [, then
X

sin(2s arccos ;j +a sin((Zs —1) arccos ;j
®) Gy (2)=—

5

sin((2s +1) arccos ;j +a sin(Zs arccos ;j

where G, (z) is defined in (7).
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Proof. Let f(x) :l in the interval («, f), (a:“ B= b j Then
X

NEERAN
1
(p(x)zf(x):;.We put

9) G,(2)=G, =a.
Then from (7) we get
1 z+G
(10)  Gy(2)=gl-z+f(z+G,))= =T
1 -z =Gz +1
—-z+
z+G,
_ z+G,
22 +Gyz—1’
and in general,
1
(11 st(z):(/’(_Z+f(Z+G2s—2(Z))): 1 =
B Z+G2$—2(Z)
Z+G2$—2(Z)

22 —1+2G,, ,(z)

Let us introduce the following system of polynomials:

(12) H,=1,H =z,
and for any integer s > 1
(13) H, (z)=zH,(z)-H_ (2)
It is easy to prove that
(14) Gy(2)=aH,,
and
(15) G,.(2) :_HZS—I(Z)+aH2s—2(Z)

H, (z)+aH, (2)

The equality (14) follows from (9) and (12). The equality (15) can
be proved by mathematical induction. Indeed, for s=1, as
H,(z)=z" -1, we have
H (z2)+aH(z) _ z+a
H,(z)+aH (z) z*-l+az’
which coincides with (11) for s =1.

Let be (15) for some natural s. Then for s +1 we will have

G,(z2)=-
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_ H2s—1 + aHZs—Z
z+ G, (2) 3 H, +aH,
27 —1+2G, (2) 2

G =- B
2542 (2) zH, , —ozH, ,

H, +al,
_ zH,czH, - H, ,-al, , _
(z° =1)(H,, +aH, ) -zH, , +aH, ,
_ zH, —H,  +oz(zH,, , - H,,) _
2(zH,, —H,\)—H, +oz(zH,, , - H,_,)—aH, , B
H, . +H, _ H, . +aH,
zH) —H,y +a(zH, - H, ) B H, ., +al,,

—1-

or
Hyo +aH,,

9
Hygn +aH g,

which is the equality (15) for s+1. So (15) is proved by mathematical
induction.

But the linear relation (13) shows, that H,, H,, H,, ... are
orthogonal polynomials as a variant of the well known polynomials of

Chebyshev of second kind U ,(x), defined by the following relations:
U,(x)=1, U,(x) = x, and

Gysip(2) =~

(16) U, (x)= xﬁn(x)—%ﬁ (x) for n>1.

n—1

We will prove, that for the polynomials H,(z) we have
(17) H (2) :2"(7,16].

=z, and the

Really, H,(z)=2°0, [gj =1, H,/(2)=20, GJ = 2.%

relation (13), by the hypotheses (17), became

240 | Zl=z20T | 2 |-2T | 2|,
2 2 2

or

which is (16) for x = —.
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The polynomials of Chebyshev 17” (x) are orthogonal in (—1,1) with
respect to +1—x”. This means, that the polynomials H, (z) are

orthogonal in (-2, 2) with respect to V4 —x” .

The very known explicite expression of U L(x) 1s

1 sin((n +1)arccos x)

7, (x) =
0=

and we have

2 sin((n +1) arccos;j

(18) H, (z)= 2"17,1(5) -
2 4-z°

Substituting (18) in (15), we receive (8) and the theorem 1 is
proved.

Remark. For some calculations equality (15) can by more
suitable, and we can formulate as proved the following

Theorem 2. If f(x) = 1 in the interval (a, f), 0 <a < £, then
X

H, (z2)+aH, ,(z)
H, (z2)+aH, (2)

G, (2)=-

with the previous notations.
For clarity of our procedure, we present the following

An Example. For the case of hyperbola f (x)z(p(x):l,
X

xe(a, f), 0<a< pf with 4 dividing points, k=2r, r=2, we will
have the following system:
X, —a=x,—x, =f-x,=f(x)— f(x,)=f(x3)— f(x,),

which is equivalent to

X, = (-, —a)+ f(x)))
Xy =x —a+o(-(x, —a)+ f(x)
X, == (x —a)+ f(x)=0(- (x, —a) + f(x, —a+o(—(x, =) + f(x))))

x,—a=p-x,
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or

1
X, = 7
—z+
z+a
1
X, =2+
—z+
z+a
(19) 1 :
X, = 1
-z+
N 1
z
1
-z+
—z+
zZ+a
z=x,—a=Lf-x,

where z is the same as z, = z, in the previous notation.
For the function G,,(z) we will have

G, (2)=x, == (x, —a) + f(x;)) = (= (x, — ) + f(x, —a + p(— (x, — @) + f(x))))) =
=p(-z+ fz+p(-z+ f(z+a)))

or
1 1
G zZ)= = =
—z+ —z+
1 z+a
oy -z —za+
Z+ o
— 1 J—
= . =
-z " —za+l1
—zt———;
-z —z'a+2z+«a
B -2 -Z’a+2z+«a B 23—2z+a(22—1) B

v+ a-2"—z-z2 —za+1 z4—3zz+1+a@3—22)

_ H,()+al, ()
H,(z)+aH (z)
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It is easily to calculate the system (19) by using the computer
system Mathematica, (where ChebyshevU[n,z/2] : =H (z)). We

receive, with 5-digit precision,
Solve[ {x2==1/(-z+1/(z+0.25)),

x3 == z+1/(-z+1/(z+0.25

x4 == 1/(-z+1/(z+1/(-z+1/(z+0.25)))), z == 4-x4

x1 ==0.25+4-x4} , {x1,x2, x3, x4, z}]

{{x1—> -1.43153,x2 —>1.01731,

x3 —-0.66422, x4 —5.68153, z —>-1.68153},

{x1 —>-0.538593, x2 —-0.936247, x3 —-1.72484,

x4 —4.78859, z —-0.788593}, {x1 —0.68284,

x2 —0.969339, x3 —1.40218, x4 —53.56716, z —0.43284},
{x1 —>1.78729, x2 —>-1.02272, x3 —0.514575, x4 —2.46271,
z—1.53729}, {x1 -4.49999, x2 —-0.248276,

x3 —4.00172, x4 —-0.249994, z —54.24999} }

For our geometrical problem the only solution is: x, =0,68284,
x, =0,969339, x, =1,40218, x, =3,56716. We illustrate our procedure
in fig. 1. We comparing it with one dividing point x, —the method of

Dirichlet — as the positive solution of the equation x, —a:i—%
Xy
aff —1++/4b> +(aff —1)°

(=025, p=4), from where x, = i \/ @f-D =1

2p
(fig.2).

In the case of 4 dividing ©points we  have
L, =5(x, —a) =5(0,68284 - 0,25) = 2,1642; in the case of one dividing
point we have L, =2(x,—a)=2(1-0,25)=15 and L, >L,. But if
a=0,5, f=15,then L, =1,01888, L, =1,840266 and L, < L,.
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a =025

X

E)

X3

Fig. 1

Fig. 2
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ArncrpakT : Bo 0BOj Tpyn ce pa3sriefyBa audepeHujanHa paBeHKa
on Bug (1). Co meronm Ha TpaHcopMmalja W KOPUCTEHE Ha
COOJIBETHH pe3yJTaTH € U3ABOCHA efIHa TOofIKJaca nudepeHIjaHI
paBeHku off Bup (1) Koja ©Ma eHO TIOJMHOMHO peIlleHue 3a Koe €
KOHCTpYHpaHa coofiBeTHa (hopMysa BO KOHEUEH BH/.

I. Bo [1] e mokaxkano feka qudepeHiyjaiHa paBeHKa off BUJ;
(X-X)(X-X2)(X-X3)Z" + (B2X* + PiX + Bo)Z’ +(yX +70) 2=0, (1)
X1#Xo#X3 , X1#X2, X1,X2, X3, B2, B1, Pos Y1, Yo €R.

UMa €JHO TOJMHOMHO pElIeHHE aKO NOCTOM NPHUPOAEH Opoj N
(moManmoT ako TMOCTOjaT jBa) TaKa INTO f1a C€ 3aJ0BOJICHU
YCIIOBUTE

n’+ (B2~ n+y1=0,
Bo + XoX3 - (Xo+X3)X1 + (B2t+ 1)X1” + Baxs = 0, 2
YoB1 + ¥0° - 1o + (11+B2)(y1 X1+2y0)X1 = O,
Ipu TOa OMIITOTO PENIEHKE € JafeHO co opMyaTa

z = e F{(x+K)(x-x2)"(x-x3)" ! e [C1 +
Co [ (x-X0)" (X-%2) " (X-%3)  "(x+K) 2 dx ] } Y
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Kajaec ITo

Mx + N
- j M=B2-1,  N=Bi+X1+ X132,

(X - Xz)(x - Xs) ’
X N8+ 2% B, + Xy )
2

K =

Bo [ 2 ] e nokaxkaHo fmeka mcrata paBeHka (1) mma emHO
MOJIMHOMHO PEIIEHrE aKO NOCTOM MPUPOZIEH Opoj N Taka IITO fia ce
3aJJOBOJICHU YCIIOBUTE

N+ (B- 1)n +y1 =0,
3n(n+1) + 2(n+1) B> +v1 =0, (3)
n(N+1)(- X1 - X2 - X3 ) + (n+1) B1 + 70 =0

IIpu Toa onmTOTO perieHne e JageHo co popmyrara

z=AF'[AF(Cy + Co [ ATV Fhdx )] ™,
B

Kaje mTo A = (X-X1)(X-X2)(X-X3), B = Box? + P1x + Bo, F = el

Il. Heka e magena qudepeHnyjanaaTa paBeHKa of B
(X-X1)(X-X2)y” + (biX+ho)y’ + Coy = 0 , 4
X1#X2, X1,X2, b1,00,Co €R.

Bo [3] e mokaxkaHo ieka paBeHKaTa (4) ©Ma OIIITO
pelieHre MOJIMHOM aKo M CaMO aKO TOCTOjaT MPUPOHI GPOEeBH M
¥ N Taka IITO ce 3aJJOBOJICHU YCIOBUTE

n(n-1)+nb, +c_ =0,
(n-1)+nb, +c,
(2n+m—l)+b1:0 (5)
r+n m+n-r-1)x -b_ =0,
(r+n)x ) +(m+ )x1 0
3anHekoer € {0, 1, 2,..., m-1}.

Co xopucrewme Ha ycimoBuTe (5), Kiacata IJHWHEapHU
nugepeHjaTHl  paBeHKH (4) KOM WMaaT OIIITO pelIeHue
MOJIMHOM T'O UMA CIEAHUOT OIIIT BUJ:
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(x—xl)(x—xz)y"—[(2n+ m-1)x—(r+ n)x2 -

(m+n—r—1)x1]y'+n(n+m)y:0, (6)
1 OMIIITOTO pellieHne Ke Ouje gageHo co popMymarta

y= Can(X) + CoPn+ m(X),

OJJHOCHO
rd" Cr_ _
yzcl(x_xl)n+r+l(x_x2)n+m rdﬁXT[(X_Xl) r 1(X_X2) m+l’]+

Conerd,, o omer 4T e mar
+C2(x Xl) (x x2) dxn[(x Xl) (x x2)

Joc=x)" o=x)™ " o (7)

Co 3aMeHaTa Y = X z , paBeHkara (4) ce Tpancopmupa Bo
paBeHKaTa

X(X-X1)(X-X2)Z” +[(b1 +2)x? +(bo— 2X1 — 2X2)X + 2X1Xz ]Z° +
[ (by +co)x +bg]z =0, )

OMHOCHO paBCHKATa

X(X-X1) (X-X2)Z" + (B2X* + P1X + Bo)z’ +(y:X + 10) 2 =0, (1)

OBaa paBeHka mpumafa Ha KiacaTa AU(PEPEHIN]JATHA
paBenku of Buy (1) Koja e m3yuyBana Bo Tpynosute [1,2] . Kako
HITO € MOKaXkaHo BO TouKa l., BO THe TPYMOBU ce MTOOMEHU MOBEKe
TPy JOBOJHH YCJIOBH 3a €r3WCTEHIMja M KOHCTPYKIUja Ha €IHO
MOJIMHOMHO pelleHHE.

Hexka 3a gudepennujannarta paBenka (1°) ogaocuo (17) ce
3afi0oBOJieHN ycioBuTe (5) m Heka Y1 = Pp(X) m Y2 = Prem(X) ce
MOJIMHOMHUTE pellieHnja Ha paBeHKaTa (4) ogHOCHO (6).

Bo cormacHocT co 3ameHaTta paBeHnkata (1°) ogHocHo (1”) wMma aBe

. 1 1 )
pemernja z; = — Pp(X) , Z2 = = Ppm(X), KOM BO ONImIT ciiy4aj He ce
X X

TOJIMHOMU.

Heka ¢dopmupame nuneapHa koMmOuHammja APy (X) + Ppim(X) 1
Heka ro ompefennMe A Taka mTo APy(X) + Prim(X) = X Qnem-1(X), mpu
mTO Qnim-1(X) € mommHOM O N + M -1 Bu creneH. Bo cormacHocT co
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CMEHaTa MOMMHOMOT  Qpim1(X) Ke Ompe efHO HapTUKYJIApHO
pemienne Ha paBenkarta (1°) omnocuo (17) . Co Toa e mokaxkaHa
cleHaTa Teopema:

TEOPEMA: Heka e nafiena qudpepeHnujaiHaTa paBenka (1)
ogHOCHO (1”) . AKO mocTojaT mpupoIHA GPOEBU M U N TaKa IITO ce
3a/J0BOJICHU YCIIOBUTE

2
n<+ -3n+y —p_+2=0,
(B, =3n+y, =4,
2n+m+,82—3:0 (8)
(r+n)x2+(m+n—r—1)x1—;/o:O,

3a Hekoe I € {0, 1, 2, ..., m -1}, Toram paBenkarta (1’) ogrocHo (17)
MMa eJIHO TIOJIMHOMHO pellieHne IaficHo co hopmynaTa

7= %[XPn(x) + Por (], ©)

Kaje mTo noauHoMuTe Pn(X) 1 Prim(X) ce magenu co popmymure (7).
[Ipm Toa mapaMeTapoT A € ompefesieH CO TOoa IITO CIOOOXHUOT
YJIeH Ha TOTUHOMOT APp(X) + Phim(X) ma Oue egHaKOB Ha HyJIA.

Bo cormacHoct co paBeHkarta (6), paBenkarta (1) ogHOCHO
(1), knmacata paBeHKW jJedHWHUpaHA CO TeopemMaTra Ke ro mma
ONIITHOT BHJ;

X(X =% )(x=%;)2"+ {B—2n-m)x2 +[(n+m—r=3)x, +(n+r—2)x, ]x+
+2x1x2}z’+[(n2 —2n+nm-m+)x+(n+m-r-1)x, +(n+ r)xz]z =0.
1. ITpumep 1. [TudepennujanHaTa paBeHKa

X(X-1)(x-2)z” + (-3x* + 2x + 42’ + 8 2 = 0,

Id 3a/]0BOJIyBa YCIOBHUTE OJf TeopemaTa M BO COTJIACHOCT CO
copmynara (9) nmMa eTHO TOTMHOMHO pellIeHUe

7 = 3x* — 20x3 + 50x% — 60x + 30.

OmnmroTo peuieHue Ke oupe gageHo co popmynara
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5x -8
X

z = C1(3x* - 20x® + 50x? — 60x + 30) + C;

ITpumep 2. IudepeHnnjansaTa paBeHKa
X(x-1)(x-2)2" + (-3x% + x + 4)z’ + (3x + 7)z = 0,

I'M 3aJI0BOJIyBa YCIOBUTE Off TeopeMara M BO COIJIACHOCT CO
¢opmynara (9) iMa eTHO TOJIMHOMHO pEIIICHHE

7 =11x% - 88x% + 168x — 96 .

OmnmroTo pelieHue Ke oupe fpageHo co popmynara

6x> —16Xx +11
—

z = C1(11x° — 88x* + 168x — 96) + C,

ITpumep 3. HucdepeHuujannaTa paBeHKa
X(X-1)(x-2)2" + (x> + 7 - 2)2” + (-4x + 1)z = 0,
' 33]I0BOJTyBa yCIOBUTE (2) M MMa €THO MMOJIMHOMHO pEeIlleHue
Z=x"+3x+6.
ITpumep 4. IudpepeHnnjannaTa paBeHKa
X(x-1)(x-2)z" - (2x* + x + 1)z’ + (2x + 8)z = 0,
'l 33JJOBOJIyBa yCIOBUTE (3) M MMa €IHO MOJMHOMHO pelleHne

Z7=9x%-2x-2.

3abenemka 1. JudepeHumjanHuTe paBeHKU [afeHU BO
npuMepute 1 m 2 He T 3agoBonyBaat ycnosute (2) u (3) T.e. He
npumafa Ha KjacuTe Au(epeHIyujaTHl PaBeHKHW TPETUPAHU BO
tpypoBute [1] wm [2]. JlecHo MoxXe [ma ce TOKaxe JeKa
nuEPEHINJATHATE PABEHKHU JaicHU BO Ipumeputre 3 U 4 KOU I'
3aJl0BOJTyBaaT yciaoBuTe (2) omHOCHO (3), HE THW 3a0BOJyBaaT
yciaoBuTe ofi Teopemarta. Crnopeyy Toa MOXKe Ja ce 3aKJIy4d fieKa €
NpoIMpeHa Kiacata naudepeHiujanHan paBeHkn on Bup (1) xom
uMaaT eJHO MOJIMHOMHO pellIeHHeE.
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3a6enemka 2. [ludpepennujanaure papenku oy Buj (1) Kom
I 3aJ0BOJIyBaaT YCIOBHUTE Off TeopeMaTa MOKaT Ja uMaaT Hu
OMIITO peIlleHre MOJMHOM aKO Ce JOAajie YCIOBOT MOJUHOMHOTO
pemenue Pp(X) Ha mudepeHnumjamHaTa paBeHKa (4) AameHoO co
coofiBeTHaTa popmyJia ja uMa ciio0OJIeH YJIEH €JHAKOB Ha HYyJIa.

3abenemka 3. Bo [4] e mokaxkaHO feKa KOMIUICKCHUTE
MOJIMHOMU KOW ce pellleHuja Ha JudepeHIujaHl pPaBEeHKH Off
knacata (1) kou ru 3aoBoayBaat yciaosute (2), ce OpTOrOHAIHA Ha
KPY>KEH JaK.

On existention and construction of polynomial solution of a subclass
linear homogeneous differential equations of second order

Elena Hadzieva, Boro M. Piperevski
Department of Electrical Engineering
hadzieva@etf.ukim.edu.mk ; borom@etf.ukim.edu.mk

Abstract:

In this article we observe differential equation of type (1). By method of
transformation and by using some previous results, we come to a subclass of
differential equations of type (1) which has one polynomial solution. A formula
of that solution is constructed.
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0. Bosen

Amncrpakr. Bo osaa Hoilia ce
oilpedeneHU  KOHIUlypeHU  ipobaemu
(@ipobaemu co coiiciiseHu 8peOHOCHILL)
00  ipeiti  pe0  uue  peuieHue
(couiciisenu ¢gynkuyuuu) e xomozena
¢dyHKyuja 00 esmopa citieileH 00
pewiernueitio (coticiisenaitia (yHKyUja)
u Hezosuowi (HUBHUOIWL) U3B00 00
KOHUlypeH iupobaem (ipobaem co
COTCIIBEHU 8PEOHOCILL) 00 BIHLOP peO

[TpobiemuTe co CONCTBEHN BPEAHOCTU KAaKO M KOHTYPHHUTE
npobiiemMu co AudepeHjaTHa paBeHKa Off HemapeH pef] MOpPeTKO
ce MpeAaMeT Ha pasriieflyBame BO CMUCOJI Ha HUBHO pemraBame. Of
THE NPUYNHA HA MHCIEHE CMEe fleKa OINpefielyBamheTO Ha HUBHUTE
pemieHuja (concTBeHn (PYHKIMKM) CO IMOMOII HAa MPOOJIEeMH KOH ce
MOJIECHO PEIUTNBH, KOH Ce Of] IOHU30K PeJl € Off HHTEPEC.

OsBpie Ke ce ompefenyBa pellleHUe Ha e[lHa Kilaca KOHTYpPHH
npoOJEMH Off TPET PEJ CO MOMOII HAa KOHTYPHHU POOJIEMH Off BTOP

pen.
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Taka BO TpypmoT [ 1] ompepelsieHO € pelleHne Ha KOHTYPEH
npoOJieM off n+1-BU pej uyue pelIeHu € n-Ta CTENEH Off PELICHUETO
Ha KOHTYPEH IpoOJIeEM Off BTOP Pef.

Bo Tpypor [2] ompefeneHO € pelleHWE Ha KOHTYPHHU
poOJIEMU Off TPET U YETBPTH Pej] KaKO IIPOU3BOJ] HA IBA KOHTYPHHU
npo06ieMu off BTOP pef.

Ospie Ke pasriaegaMe KOHTYPHHU NPOOJIEMH Off TPETHU pef uue
pelleHre € XoMoreHa (hyHKIja off BTOpa CTENEH MO PELIEHUETO U
HETOBHMOT M3BOJ] O] KOHTYPEH IPOOJIEM Off BTOP pef.

Bo tpynot [4] onpenienena e nudpepeHjanHaTa paBeHKa o
TPETH pefl YAU MHTErpaiy ce MPOU3BOAM Off MHTErpajud U HUBHUTE
W3BOJIM Ha JIMHEAPHU NU(PEPEHIM]ATTHE PABEHKHU Of] BTOP PEf.

1. OnpepenyBame Ha qudrepeHIMjaTHATA pABEHKA

Heka HM € n03HATO penIeHneTo Ha KOHTYPHUOT MPOOIIEM CO
nudepeHnrjaTHa paBeHKa of BTOp pef

y'+ py +qy=0, P,  — KOHCTaHTH (1)

u llITypMOBU KOHTYPHU yCIIOBH
AYa + 1Y, =0 (2.1)
BooYp + Bar¥p =0 (2.2)

Kazge Y. =Y(€), y.=Yy'(c)u c=a,b.

HudepennujanHata paBeHka

z A B C
27 A B C
| 1 I 3)
2" A, B, C,
Zvn A3 83 C3
Kaue
Ai= —-qBigy
Bi :2 Ai—l_pBi—l_Zq Ci—l |:17253> (4)
Ci=Bi-i—=2pCiy
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A():A, B():B nu C():C

MMa pelleHne Z XoMoreHa (hyHKIja o BTOpa CTENEH oY u Y’

z=Ay’+Byy +Cy? (AB,C - KoHCTaHTH) ()

Kajie Yy e pelieHwe Ha AudepeHIUjamHaTa paBeHka (1), a Yy’
HETOBUOT U3BOJ , [4].

2. OnpenenyBame Ha KOHTYPHHUTE YCIOBH

3a fa ru ompepfenuMe KOHTYpPHUTE yCJIOBU €O OapaHaTO
CBOJCTBO 3a (pyHKUMjaTa Z, UCTaTa Ke ja gudepeHuupaMe U Ke r'u
KopucTuMe BoBefieHuTe o3HaKkm (4). [Ipu Toa ce mo6mBa cCHCTEMOT
paBEHKU 110 v WY, y’2

Ay'+ Byy +Cy? =z

Ay +Biyy +Ciy? =2 (6)
AV +Byy +Cyt= 7.

Yyye pelieHne e

A 2 A ' A 12
2 y 5 yy 52 y
- yy= noyl=—2", 7
y A yy A y A (7)
Kajse
z B C A z C
Ayz = Z' Bl Cl N Ayy = Al Zl Cl 5
A B z
Ay,z = Al Bl Z'
A, B, 2"
n
A B C
A2 BZ CZ
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IMonatamy, ako KOHTypHHTe ycnoBu (2.1) rm MOMHOKUME
COOJIBETHO CO Y U Y’ c€ JOOMBaaT paBEHKUTE

2 ;L
Yy +1YaYa =0

' 12
@0 YaYataYa =0.
3amMenyBajku ru u3pasute (7) COOIBETHO ce moouBa

0 Ayaz +ag Ay, =0 (8.1)
a0y +0(11Ay;12 =0 (8.2)
OJTHOCHO
z, B C A z, C
apl2's B Cil+oy|A 7', C|=0 9.1)
2", B, C, A 2", C,
A z, C A B 1z,
apol A ' Cil+oy|A B 7', (=0 (9.2)
A, 7', C, A, B, 7',

T.C. IBa KOHTYPHH yCJIIOBH BO TOYKaTa X=a.

Pasenkure
z, B C A z, C
Bl 2y B Ci|+ByA 7, C|=0, (9.3)
Z”b 82 C2 A2 Z”b C2
A z, C A B 1z,
Bl A 2% Ci|+By|A B 7 |=0, (9.4)
A 7y G, A, B, 17",

I'Ml OIpeJieNlyBaaT KOHTYPHHU YCIOBH BO TOYKaTa X=b.
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4
Osue yetupm paeHku (9.1) - (9.4) ompenmenyBaat (3}24
TPOjKH KOHTYPHHU YCJIOBM, KOM 3aelHO CO audpepeHImjaaHaTa
4
paBeHka (3) ompepenyBaar (3}24 KOHTYPHH TPOOJEMH KOU

UMaaT pellleHrue Oj] BUIOT IITO To Gapame, (5)

AKO p m ( ce mapaMmMeTpu Toram HMMame NpoOJIeMu co
COTICTBEHU BPETHOCTHU

Hpumep 1. 3a ipobaemoiti co coiicitieeHu 8peOHOCIHIL CO
oughepeHyujanHa pasaenka

y" + Ay=0, A-mapameTap (10)
U KOHULYPHU YCAOBU
a)=0.
y(a) (1)
y(b)=0
3Haeme OeKa uma coliciliGeHuU 8peOHOCIU
2_2
n“rz
A, = 3
(b-a)
u coiicitieeHu (hyHKyuu
P, = 2_sin nz(x—a) (12)
b-a b-a

[5, cTp.365,2.9 (a)]

3a oBoj mpo6aeM =4, p=0; a10=1, a11=0m Bro=1, P21=0.
I1pu oBUE BpeHOCTH COOIBETHO Au(epeHnujaaHaTa paBenka (3) ro
npuMa BHOT

z A B C

z - B 2(A-AC) B o 13)
7' -24(A-AC)  -4JB 2(A-AC)
z" 42°B ~-81(A-AC) -4iB
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Hcro Taka, coogBeTHO 1 KOHTypHUTE ycnosu (9.1)—(9.4)
ce of] BUJ

z, B C Z, B C

Z, B, C,|=0,71e |z, 2(A-AC) B =0, (13.1)
7'y B, C, 7', —4iB  2(A-iC)

A z, C A Z, C

A 7, C/|=0,Te ~ B Z, B |=0, (132)
A, 7', C, -24(A-aC) 7', 2(A-iC)

z, B C Zy B C

Z, B, C |=0, te. |7, 2(A-iC) B =0, (13.3)
7'y B, C, 7'y  —41B  2(A-AC)

Az, C A Z, C

A 7, C/|=0 Te - /B Zy B [=0. (134)
A, 7'y C, —22(A-4C) z', 2(A-AC)

On mpeTXOomHO M3JIOKEHETO MOXKe fla ce KOHCTaTupa jeka
YEeTUPHU TPOOJIIEMH CO CONCTBEHH BPEJHOCTH CO Nu(epeHIujaHa
paBenka (13) u egHa Tpojka o KoHTypHUTe yciosu (13.1) — (13.4)
UMaaT CONICTBEHU (PYHKIINU

2_2 2_2
n()()_2Cn % 2 (A— Cn’z jsinz n;r(x—a)+ Bnz .nznﬁ(x—a)

(b-a) "b-a (b-a)’ b-a (b—a)ZSI b-a

KOM I'0 IMaaT CBOjCTBOTO Jla c€ XOMOTeHa (PYHKIIM]ja Off BTOP CTENEH
oj concTBeHnTe PyHKIUA @, (12) ¥ HEj3UHUOT U3BO[I, T.C.

Zn(X): Awnz + B(Dngonl"'cgonl2
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Mpumep 2. IIpobaemoiti co coucitigeHU 6peOHOCHIU CO
ougpepenyujanna psaenrxa (10) u koniiypru ycaosu

y'(a)=0.
y'(b)=0

UM@ COUCIBEHU 8PeOHOCIIU

[5,cTp.365, 2.9 (6)].

3a oBoj cay4aj ; a10=0. ai1=1u B=0. B21=1. [1pm oBue
BPEHOCTH COOABETHO nucpepeHImjainaTa paBeHka (3) ro mpuma
BuoT (13) ¥ cOOIBETHUTE KOHTYPHHU YCIIOBHU C€ Off BUJI

A z, C A Z, C

A 7, C/|=0 te ~ /B z, B |=0 (14.1)
A, 7', C, -24(A-aC) 7', 2(A-iC)

A B 1z, A B Z,

A B 7,[=0 Te. - B 2(A-AC) 7,|=0 (14.2)
A, B, 7, -2A4(A-AC) -4iB 7',

A z, C A Z, C

A 7, C/|=0 rte - /B z, B |=0 (14.3)
A, 7'y C, —22(A-4C) 2, 2(A-AC)

A B z, A B Z,

A B Z,[=0 Te. ~ B 2(A-AC) 7z, |=0 (14.4)
A, B, 7 -24(A-aC) -4iB 7',
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a CONCTBEHUTE (PyHKIIUU

Zn(X): Awnz + B(Dngonl"'cgonl2

ro nmpuMaatT BUJOT

2_2 2_2
Zn(X):zCn i 2a(A_ Cn’z jcosz nz(x—a)

(b-a) b-al’ (b-a) b-a
Bnz . 2nz(x—a) (15)
(b-a)’ b-a

Mpumep 3 [Ipobaemoiti co coucitieeHU B8pPeOHOCIUU CO
ougppenyujarna pasenka (10) u korillypHu ycaosu

ay(a)-y'(a)=0 (16.1)

ay(b)-y" (b)=0 (162)
UMa colicitieru pyHKyUU

7r(x—a)+05b—aSin nz(x—a)
b-a nz b-a

n
@, = CO0S

[5,cTp.365, 2.9 (B)].

3a o0BOj cnyuaj ; ap=d. a11=—l u Prp=a. P21=—1. [Ipu
OBHE BPEIHOCTH COOABETHO nuepeHnmjaiHaTa paBeHka (3) ro
npuMa BuoT (13) 1 coOOBETHUTE KOHTYPHHU YCIIOBU ce
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=0 (17.1)

A z, C A B 1z,
A 7, G A, B, 7,
z, B C A z, C
7'y B, G, A 7 G,
A z, C A B 1z,
A 7 G, A, B, 7V,
KOHM MOXKAaT J1a CE 3aluIlaT U BO BUJ
z A+aB C Az, B+aC
7 A+aB, C, =0,|A 7, B;+aC =0. (18)
7' A+aB, C, ceab A 7'y B,+aC, ceab

ConctBenn (QYHKIMM 3a MNPOOJIEMUTE CO COICTBEHHU
BpenHoctH (13)—(18) oBoj ciyuaj ce

2 2 2_2 2_12 2
Z, =A+azC+{Aa (b_a2) 2—n T ch” —z(bz—a) :Isinz—ni(x;a)Jr
n-rz n°rz —

2 2 2_2
+[Aa(:;a)+8a (b—nalzzz—n Vi _Cgcivfjsin2n7z(x—a)Jr

2n7z(x—a).

+Bacos
b-a
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ABSTRACT. It is known that the ordinary differential equation of Il order

y"+y=0 1is basic for construction of the analytic theory of trigonometric

functions. In this paper, we consider areolar differential equation of II order
2

67‘2’ —aw (). If we put 1=-1, than we can see some analogy between this two

oz

equations. So, the equation (*) could be basic for construction of so cold areolar

trigonometry, but this is not the task for this paper. For areolar equations in

which the unknown function is under the sighn of complex conjugation does not

exist quadrature methods for solving them. That’s why with method of areolar

series,the solution of (*) is found and by using the cylindrical functions, we put

the solution into a more concize form.

Ja mpoyuyBame apeosapHaTa paBeHKa Off BTOP pef :
32
ddj’l’ AW (1eC) (1)
z
no HemosHartata yrkumja W =W(z)=U(x,y)+iV(x,y)on Kowm-
IUIEKCHA IPOMEHIMBa z = X +iy . IIpu Toa

d 1 0 .0
=G |5) (2)
€ T.H. ONIEPATOPEH U3BOJ MO Z = X — iy WM apeoJlapeH M3BOJ, BOBE-
nen ox Komocos Bo 1909 ropguna [1], u
5 0
444,
dz® dz dz
€ apeoJiapeH U3BOJ] O] BTOPH Pefl.
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N3zpazor

I...dz, 3)
HepUHIPaH co
[ 1@z =W+ o). )
— A
-1

U © =®d(z) e NPOU3BOJHA aHAIUTHYKA (pyHKIHja , ce BUKA OIepa-
TOPEH MHTETPAN IO Z = X—iy .
OnepanyckuTe MpaBuia 3a ONEepaTOPHUOT M3BOA MO Z (2) , KaKo u
3a omepaTopHUOT MHTerpai no Z (3) ce majeHn BO MOHOTrpadujaTa
Ha [ H.ITonoxyu [2].

Bo Tpypor [3] co meTofia Ha apeosapHM PEOBH , HAjICHO €
OIIITO PEIIeHNEe Ha apeoapHaTa paBeHka (1) Bo o6mnK:

W = g|&|2n{®[f”jdzjdz...j dz| @,(z)dz +

+ ﬂzznjdij dZ...I dZ_[ ®,(2)dz |+

1 _2n+l N @
+m[z Idzjdz...jdzj @, (z)dz +

2n
+ 42’ [dz[dz...[dz[ @, (z)dz ] |
2n+2
npu mto O, =D, (z) u O, =D,(z)ce NPOU3BOIHU aHATUTUIKH
(pbyHKIIMK BO yJIOra Ha MHTETPALMOHN KOHCTAHTH .
Bo oBaa pa6ora ce obumyBaMe ONIITOTO pelneHue (4) 1a ro
3anuIIEME BO NMOEJHOCTABEH OOINK.
Penor Bo (4) ro 3ammiyBaMe Kako 30Mp HA YETHPH COOJ-
BETHU PEJOBH , OTOA Off MPBUOT M TPETHUOT peN T'M OfellyBame

YJIEHOBHUTE 32 N=0 U Ha Kpaj BO CEKOJ Of YETUPHUTE PEOBH CTa-
BaMe CyMHpamETO Ja IIOYHYyBa Off HyJlaTa co IITO foOuBaMe jeka
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2n+2 2n+2

‘l 2n+2 Idzjdz _[dzf dz+
n=0

2n+2

W= (z)+ Z®2(2)+

I
+/12 szjdz jdzj z)dz +
n=0
| Mzm )
nz_(; a3 Idzjdz Idzj z)dz +
2n+2
2n _on+4l

/12 |/1ln+1 jdz_[dz jdzj

2n+2

Axo ja uckopuctume popmyinarta Cauchy

J gz . f dz[ o { Rl

Torai pemreHneTo (5) gobusa 061K

| |2n+2 2n+2 1
W=, () + 20, (Z)+nz(; (2n+2)! (2n+1)!'

[z-eP™ @, (e + 43, W

— 2n 2n+1

/1|2n+2 =2n+3

2n
2” 2n+1

I(—) (£)g

nZ(;' (2n+3)! (2n1+1)!j(Z -¢)" @, (e)s +

- 2n _on+1 _
N /IZ YA JA(—)ZMI )

< (2n+1)! (2n+1)!

OTHOCHO
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2n+2 —2n+2 §)2n+1

W = ®,(2)+ 70, (z)+jz| | D, (E)dE +

~  (2n+2)! (2n+1)

2n+1

MIZW" 2"(2-8) ®,(eME+

|l|2n+2 —2n+3 (Z 5)2n+1 (7)

IZ; (2n+3)42n+1)! D.(£4ds+

s 2 EJ e

[(2n+1) ]

JlecHoO ce OKaXKyBa ieKa 4eTBPTUOT peft BO (7) KOHBeprupa BO
cekoja 00JacT LITO JIEKW BO KOHEUYHATAa KOMIIJIEKCHA paMHMHA.
Ha craBume

|ﬂ|2n 2n+1( f )2n+1
°= Z [(2n+1)F ®)

3a npBarta cyma Bo (7) umame

| |2n 7 2n+1(z . §)2n+1
[(2n+1)1]

o /12”—2n+z(z 6g)2n+1
Z'

& (2n+2)42n+1)!

M8

T.C.

!—.‘>

OJ1 KaJi€ IITO
2n+2 2n+2 2n+1

A P
Z (2n+2)t 2n+1) = [saz ®

n=0

3a cymara Ha BTOpHOT pefi Bo (7) , uMaMme:

g2 w0

H2n+1)!
Ha kpaj , 3a cymara Ha TpeTI/IOT pen Bo (7) umame :
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o |l|2n z2n+1(z_§)2n+1
S =
Z(; [(2n+1)1]
A o o |ﬁ,|2n Z2n+2(z_§)2n+l
ISdZ - Z(; (2n+2)H(2n+1)!

AA o - |/1|2nzzn+3(z_§)zn+1
I(dez)dz_nZ_(; 2n+3)-(2n+1)

oJ1 Kajie IIITO

- 12n+272n+3 7 é: 2n+1
Z| (2n+3)! Ezn+1) =1 H(deZ)dz (an

n=0

Taka , cormacHo ¢opmymure (8) , (9) , (10) u (11) pyskumja-
Ta, (7) TO MOGMBa MOETHOCTABHUOT OOJIHMK

W = (z)+z0,(z)+

+14] MSdZ (EHE+ /If D EdE 12

A ] (] Sapydzie, (£Xg+A[S L@, (E)E
Cera oBaa paboTa Moxe fia ce (popMyJpa BO ClI€IHABA:

Teopema:  ApeoaapHaitia OughepeHyujarHa paseHKa 00
siriopu peo (1) uma owwitio pewenue 00 obaux (12) dpu witio
O, =D,(2), J=12 ce ipoussoanu aHAAUTIU1KU PYHKYUU B0
ya0z2a Ha uHiezpayuoHu KoHcitaniiu . Ilpu iwoa S = s(z,z,g) e
cyma Ha peooiii (8) .

3a6enemka 1 Ako Bo 6mio koj o oonunure(4) wu  (12)
3a OMIITOTO pEIIeHUEe Ha apeojlapHaTa MudepeHijajHa paBeHKa
on BTopu pef (1) Kako u BO caMaTa paBeHKa , CTaBuMe A =0 , TO-
rai v JoOMBaMe MO3HATUTE T.H. OMAHATIUTUIKY (PYHKIIUU

W = f(2)+2g9(2)
Ha Goursat [4], [5].
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3adenemka 2 Ako craBuMe A =a+iff , TOrau JIECHO ce
mpoBepyBa jfleka apeosiapHaTa nudepeHIpjaraa paBeska (1) e kom-
MJIEKCEH 3aMKC Ha CJEJHUOB CUCTEM Of IB€ MapUujaTHu AudepeH-
[[jaJIHA PABEHKH Off BTOP PEN

o%u _2 0%v _azu
ox>  oxoy 6352
o°v _0%u 8%v

42 T=4(Bu+av) (13)
x> Oxoy oy

=4(au+pv)

Toa 3Haum gexka
u=ReW
vV =ImW
kage W =W(z) e ompepmenena co dopmynara (12) (r.e.(4)), e
pelieHre Ha CUCTEMOT NapIujaiHu nudepeHyjanau paBeHku (13) .

3a6enemxka 3 Bo tpypnot [6], C.®emnn ru npoydyBa HeaHa-
matnuknre pyrkuun W =W (z)=U(x,y)+iV(x,y) une oncramysarme
OJl aHAJIUTUYHOCT € aHAJIUTHYKa (PyHKIHUja KaKo pelleHue Ha pa-
BEHKaTa
BW = f(t) f = f(t)- ananurTnuka pynkmja.

IIpu Toa,

A

d
B=2— 14
dz (14)

e T.H. onepaTop Ha bunumoBuk [7], ”HTEpIIpeTUPaH KaKo Mepa Ha
OTCTAIlyBAHKE Off AHATUTUYHOCT Ha HEAHAIIUTUUKUTE (PYHKIIUH.

CornmacHo Bpckara (14) apeomapHata paucdepeHIyjanHa
paBeHka off BTop pep (1) mo6uBa o61mK

B*W =4iW ,

nopaau mwro dyrkuuure W =W(z) , onpenesnenu co (4) T.e. (12)
MOKaT fla ce MHTEPIpPEeTHpaaT KakKo HEaHATNTHIKHN (DYHKIUN UK
LITO BTOPO OTCTAllyBake Off AHAIUTUYHOCT € “IPONOPLUOHAIHO”
CO HMBHATa KOMIUIEKCHO KOWbYrupaHa BPeIHOCT .
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AncrpakT

Co orsep Ha MO3HATUTE IIOCTAallKU 3a peELIaBalkbe Ha
JUHeapHUTE  JU(EpPECHIUjaJIHU  PABEHKM CO  KOHCTAaHTHHU
KOC(UIMEHTH TPHUPOAEH € CTPEMEXOT PEIIaBakbEeTO  Ha
JUHEeapHUTE JU(EPECHIUjaIHU PaBEHKH CO  (PYHKIUOHATHU
KOe(UIMEHTH fla Ce€ CBeJe Ha pellaBakbe Ha JIMHEApHU
nudepeHIjaTHl PaBEHKM CO KOHCTaHTHM KoeduuueHTu. OBfe
laBaMe€ €[eH MPWIOr KOH TO] IPHUPOJAEH CTPEMEX BOEJHO
onpefeNlyBajku yCIOBM MNPH KOW JIMHEapHaTa AudepeHnnjaaHa
paBEHKa Off BTOP pefl, cO (PyHKIMOHAIHYA KOS(PUIUEHTH,

f()y” +g(x)y” + h(x)y =0, 1)

MOXe Jla ce cCBefle Ha JuHeapHa nudepeHIMjaiHa paBeHKa CO
KOHCTaHTHM KoeduimeHTn. [Ipuroa mo6uBame fneka OOJIMKOT Ha
pelieHneTo Ha nudpepeHImjaiHaTa paBeHka (1) 3aBUCH Off 3HAKOT
Ha urypupaukute KoeunueHtn f(x), g(X) m h(x).
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1. Tlo3nat e akTOT jeka pelIeHneTo Ha JHMHeapHaTa
nucpepeHnrjaTHa paBeHKa
y” +a(x)y =0

BO 3aBHCHOCT Off 3HAKOT Ha (pyHKIMjaTa a(X) MOXKe Jja ce 3amulie BO
CIIEMHUAOT OOJINK:
y =C,sin

x+C,cos,, X ,3aa(x)>0,

a(x) a(x)

y =C,sh,,,x+C,ch, X ,3aa(x) <0.

a(x a(x

Hcro Taka mo3HaTO € fileKa paBeHKaTa
y” +ay =0, a- const ()]

UMa pelIeHue 1aJleHO co (POPMYJIIUTE:

y=Ce +C,eV** 3aa>0 u
y=C,sinv—a x+C,cosv—a x,3aa<0. (1

OBne Ke gokaxkeme fieka nudepeHnujanHara paseHka (1),
NPy OJPENECHM YCIOBH MOXKE Jla ce cBefle Ha audepeHIyjadHa
paBenka opf o6smk (I) ma cornmacHo Toa pemrenueTo e of o06muk (11).

3a Taa 1ena BOBeAyBaMe HOBAa HE3aBUCHO NPOMEHIIMBA
BenmunHa t BO paBeHkaTta (1) co pemammjata X = X(t). [Ipum Toa
goomBame:

f(t)
X% (1)

gt) fmx"()
X'(t)  x*()

y"(t){ }y'(t)+h(t)y(t) =0.

[Tpu npeTnocTaBka fgeka X = X(t) ru 33/J0BOyBa YCIOBUTE

X-2 (t) - _ Al“lf(f;)

g(t)x”* (1) - FOX" (1) =0, @)

, A —const

co eruMuHanmja Ha X = X(t) Bo ycrnoBuTe (2) ce mo6uBa ycIoOBOT:
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2g9(x)h(x) = £'(x)h(x) - £ ()h*(x) 3)

3a cBomMBOCT Ha paBeHkara (1) Ha pasenkara (I) mo HOBarta
npomennuBa t . Ilpu Toa camara dpynkumja X = X(f) ce gfobuBa on
penanujata

_ | h()
t= j Af(x)dx (4)

Co oBa HEmITO NPAaKTUYHO ja JOKaXKaBMeE Cle[lHaBa
Teopema. [udepennujamnara paBeska (1), co BoBelyBame Ha HOBa
HE3aBUCHO TMPOMEHIMBA BenuunHa t co penamujata (4) ce
TpaHcdopmupa Bo qudepeHijaJHaTa paBeHKa

y"(t) - Ay(t) = 0. ()

Cera umajku Bo Buj (1), (1) u penanujata (4) 3a pemeHneTo
Ha mudepeHnujaiHaTa paBeHka (1) rm pobmBame ClegHUTE

dopmynu:
—wdx - —h(x)dx
y:CleI 4 CLe i ,3a %<O
X

nimn

y= Clsin[j%dxj + C, cos(f%dx}, 3a ?(())(()) >0. (6)

2. OBpie Ke pasriefamMe HEKOJIKY CIEHUjalIHi CIy4au IITO
mpowu3JeryBaat of] ycIoBoT (3).

a) Axo e (pyHkijaTa h(X) = ¢ — KOHCTaHTa, TOTaIll YCIOBOT
(3) cranysa

29(x) = f7(x),
na paBeHkara (1) e

Fx)y” +%f '(X)y’ +cy =0,
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M BO COTJIACHOCT €O (6) MMa pelieHue

- B Y
yzcleh“”-mzeI “”,3a?%5<o

nimn

y:ClsinUdej + C, cos[ de},e;a ° .o
f(x) f(x) f (x)

6) Ako ¢dynkumjata f(X) = ¢, Toram yciaosor (3) e
29(x)h(x) = - ch’(x),

a cooJBETHaTa paBeHKa (3) cranyBa

. ch'(x)
2h(x)

y+h(x)y =0,

e penieHue cnopen (6) € o 06auK

—de - —de
y=CleI ¢ +CzeI ¢ ,3am<0
C

niun

y=C Sin(f@dxj +C, cos[j@dx} ,3a h() >0

c

CrenmjarHo ako h(X) = X u ¢ = 1, ce moOwBa TMHEapHaTa
nucpepeHnrjaTHa paBeHKa
” 1 7 2
Xy - 5 y' +Xxy=0,

I1a corjiaCHO 1morope, HejSI/IHOTO pPE€IICHUEC MO2KE 1a CE€ 3allUIIC BO

00IuMK
3 3

y=Clsin%x2 +C, COS%XZ,SaX>0,
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B) Axo e g(x) =f ’(x), Toram ycioBort (3) ctaHyBa

f’(x)h(x) + f)x)h’(x) =0
na paBeHkara (1) e

F2x)y” + £ (f(x)y” +cy = 0.
3a 0o06JMKOT Ha HEj3MHOTO pelenue cnopen (6) mo6uBame

C C
™ T

y=C.e + C,e ,3aCc<0,

nin

. C C
y= C]_ Sln(J- i 2()() de + C2 COS(IfZ—(X)dX], 3ac>0

Crnemmjanao ako e f(X) = X, ce pgo6uBa OjnepoBara
nudepeHnrjaIHa paBeHKa
X’y” +xy’ +cy =0

I1a corjiaCHO morope H€j3I/IHOTO pemIcHruEC MO2KE ia CE€ 3allUIIIC BO

00K
y =C,sinv/c In|x|+C,cos./cIn|x|,3ac>0,
y:Cl|x|FC +C2|x|‘*ﬁC ,3aC<0.
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ABOUT SOLVING A DIFFERENTIAL EQUATION OF SECOND
ORDER
Dimov A. Lazo

Summary

It is natural tendency to reduct the solving of a differential
equation with functional coefficients to solving of a differential equation
with constant coefficients. Here, we give a supplement to this natural
tendency, determining conditions in which a differential equation of
second order with functional coefficients is reducted to a differential
equation with constant coefficients. In the same time, we determine the
solution of the differential equation.
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On a Numerical Solution of a class of
Sturm-Liouville Problems

Sonja Gegovska-Zajkova
Faculty of Electrical Engineering, P.O.Box 574,
Skopje, Macedonia,
szajkova@etf.ukim.edu.mk

Abstract

A class of Sturm-Liouville problems containing spectral parame-
ter in the boundary or interface conditions and coefficients which are
piecewise functions are considered. Approximation of spectral prob-
lems using finite difference method and the estimates for the eigenval-
ues and eigenfunctions is given. Numerical solutions for these problems
are obtained.

1 Introduction

Let us consider the initial boundary value problem for the heat equation
with concentrated capacity at the interior point z = & [4, 5, 8]

) + K 6z~ €] 0 = = (a(w) 9) + fa,0), (1) € (0,1) % (0, 7),
(1.1)

w(0,8) =0, u(l,)=0, 0<t<T, (1.2)

u(z, 0) =uo(xz), x€(0,1), (1.3)

where K >0, 0 < c¢; < a(z) <c2, 0<ec3 <c(x) <cy and §(z) is the
Dirac distribution. It follows from (1.1), that the solution of this problem
satisfies at (z,t) € Q1 = (0, &) x (0, T) and (z,t) € Q2 = (£, 1) x (0, T)
the equation

o) 5 = - (ale) 5) + Fo,1).

and at x = £ the conditions of conjugation

0 ou(€,
[u]p=¢ = u(§+0,t) —u( —0,t) =0, [a 8_2]125 K uéﬁ t)‘



It is easy to see that the initial boundary value problem (1.1)—(1.3) can
be written as an abstract Cauchy problem

B% + Au = f(t), t€(0,T); u(0)=mwug (1.4)
. 0 ou
letting H = L2(0,1), Au = —%(a(x)%) and Bu = [c(z) + K o(z —

&) u(x, t). Then Hy =W3 (0,1),
lwll% =

lwll = [ (@) w(z) dz + K w(E).

o Oo— ..

Thus, the following spectral problem can be obtained:
(a(z)w')’ + Ac(z)w =0, =z € (0,§)U (1),
[W]z=e =w(E€+0) —w(—0)=0, [aw]z=¢+AKw(§) =0, (1.5)
w(0) =w(l) =0.

Further we assume that the function ¢(z) is continuous on [0, 1] and a(x)
has finite jump in the point z = &.
This spectral problem can be written in the form

Aw = \Bw (1.6)

with A, B as defined above. In such a way, the spectrum of (1.6) is discrete,
all eigenvalues are positive, A\ < Ay < ---, A\, — 00, while the eigenfunc-
tions w = wy, n = 1,2,... satisfy the condition of orthogonality

(wj, wg) B = (Bwj, wy) = (W0, W) = djk

and represent the basis of the space Hp.
The solution of problem (1.4) can be written in the form

t
oo

u(t) = Ze_’\"t cn + /e’\”Tfn(T)dT Wh,
n=1 0

where

Cn = (u07wn)B> fn(t) = (f(t)vwn)'



2  Sturm-—Liouville Problem
We consider a Sturm-Liouville problem:
(p(z)v") — q(z)v + Mr(x)v =0, (2.1)

where X is the eigenvalue, v(x) is the eigenfunction, p(z), q(z), r(x) are
piecewise continuous functions on [0, 1] such that

0<c <p)<c, 0<c<r(x)<c, 0<gqx)<cq, (2.2)

c1, C2,C3,Cq4 = const.
Let & be an interior point in (0, 1) where v(z) has to satisfy the condition
of conjugation

[V]pee =0(€+0) —v(E—0)=0, [pv']s—e = —AKv(£), K = const. > 0.
(2.3)
Then p(z) could have a discontinuity of first order at the point = = &,
(0 < € < 1). The boundary conditions could also consist spectral parameter

— agv'(0) + Bov(0) = Mov(0), o+ Bo >0, ap,fo >0,
alv’(l) + 511)(1) = )\fylv(l) , a1 +01>0,01,00>0, (2.4)

g, Bi, v; = const., i =1,2.

Using Dirac distribution, the problem (2.1), along with the conditions
(2.3), could be written in the following form :

(p(2)v") — q(z)v + Alr(z) + Kdo(z — §)lv =0, (2.5)
or in the operator form Av = ABv, letting H = L2(0,1) and
Av = —(p(z)v") + q(z)v, Bv=[r(z)+ Kz —&)v. (2.6)

This kind of spectral problems appears, as it was shown previously , while
solving the heat equation with concentrated capacity and combinations of
various boundary conditions as a result of using the method of separation
of variables [4, 1, 9].

As a model we shall consider the equation

ou d%u

[1+K5($—f)]a =Pgs

p, ¢ = const. >0 (2.7)



ou

with boundary conditions: w(0,¢) =0, —(1,¢) =0, and initial value
x

u(x,0) = up(z). As it was previously shown, following spectral problem

can be obtained

d>w
— =), 2 € (0, U (D)
U)(O) = 07 wl(l) = O’
dw
wle=0, —|—]| = Kw(§).
[wle [de (©)

This problem is a special case of the problem (2.1)—(2.4) setting in the
boundary conditions (2.4)

ay=Hb=r%=n=0, aa=pl), Bo=1. (2.8)
It can be proved that for such problem the following assertions hold [2, 3].

Theorem 1 The Sturm-Liouville problem (2.1)-(2.4) with coefficients given
in (2.8) has a countable set of eigenvalues 0 < A\j < Ay < --- to which corre-
spond the eigenfunctions vi(x), va(x),.... The eigenfunctions {v,(x)} form
a complete orthogonal system with respect to a norm || -|| g which arises from
the inner product (-,-)p, where

1
(u,v)p = /r(az)uv dx + Ku(&)v(€) . (2.9)
0
Theorem 2 The eigenvalues of the problem (2.1)-(2.4) with coefficients
(2.8), A, — 00, n — 00, satisfy the inequalities:
esn? < Ay < cgn?, 5 >0, (2.10)
cs and cg are independent of ¢;, 1 =1,2,3,4 and n.

Theorem 3 The eigenfunctions of the problem (2.1)-(2.4) and their deriva-
tives satisfy the inequalities

lon(2)| < er, Ul ()] < VA < csn, (2.11)

where c7, cg are positive constants independent of n.



The solution of spectral problem given above can be written in explicit

f
orm B Asin azx, x € (0,5)
w(z) = Beos a(l —x), z€(§1)

We obtain the values of the constants A and B using the first condition of
conjugation: A = Ccosa(l —¢&), B = Csina&, where C is a multiplicative
constant, and we can set C' = 1. The values of « = «a,, n =1,2,... are the
roots of the transcendental equation

o = letgag ~tga(1 ~ )]

There exists a countable set of solutions o = a,,,n = 1, 2, ... of this equation.
Thus we can obtain the eigenvalues A = A\, = a%, O< A <Aoo, Ay —
0o, and respective eigenfunctions w = wy(z), n =1,2,....

There is another class of solution w(x) = sin ax which exists if

2m
§—m,k,meN. Then for n =0,1,2, ...

2
An:p[(2k+1)(2n+1)g tq wn:sin(2k+1)(2n+1)ga¢.

3 Difference Sturm-Liouville Problems

Let wy, = {a; = ih, i = 0,1,...,N, hN = 1} is a uniform mesh in [0, 1]
chosen so that £ = z, is a node. We approximate the problem (2.1)—(2.4)
with coefficients (2.8) on the mesh @y, by the difference scheme

_(ayf)w_‘_dy:)‘h (p(:v)+K5h(x—§))y, T € Wh,

h h 3.1
w=0, ayr+ody=;Npy, v=an, (3.1)
where
0, wah\{g}
h’



—(ayz)s +dy = \'py, O<z=a;=ih <1,
i£Em,
h h—
—?(a%) +?dy=>\h@/, =T,
K=K +hp(€),

d, r € wp\{&}

h h
wo=0,  ayr+dy=\'py, z=zN.
We shall denote by Ay difference operator
— (ayzp)e+dy, z=mx,i=1,2,... N—1

2
Ay = anf—l—dy, i=N
0, i=0

while d(z;) = q(z;), p(x;) = r(z;),

_ () +p(z = h)
a(e) = PP

_pE-0)+p(E—h)
a(€) = :

Thus the following inequalities hold:

forz #&,6+h,

(€ +h)+p(E+0)

L alg+h) =

0<c<a<c, 0<c<plx)<cs, 0<d(z)<c. (3.2)

Now our goal is to find nontrivial solutions of the problem (3.1) (the eigen-
functions) which correspond to the values of the parameter A" (the eigen-
values). It is already prove that [3]:

Theorem 4 There exists N — 1 eigenvalues of the problem (3.1), 0 < A} <
R )\}Zﬁ,fl to which correspond the eigenfunctions yi(x),...,yn—1(x). The
eigenfunctions {yn(x)} form an orthogonal system in the I3, | space with
scalar product
N-1
_ h _
(y,v]B, = Z Pi Yi Vi h + Ky U + 5PN YN UN ; K=K+hp(§). (3.3)

=1



Theorem 5 The eigenvalues of the problem (3.1) satisfy inequalities

M{n? <\ < Mjn?, n=1,2,...,N—-1, (3.4)

where M{ and M} are positive constants independent of h and n.

Theorem 6 For the eigenfunctions of the problem (3.1) the following esti-

mates hold
)zl < Man®2, (3.5)

max |yz.i|, M1, M2 are constants inde-
1<i<N

[ynlle < Miv/n,
where [ly|c = max|y(z)[, [lyzllc =
TEWH

pendent of h and n.

It can be proved that the scheme (3.1) has a second order of accuracy
(|yn — unllc = O(h?), N — X,| = O(h?)) except at the point z = ¢ where
Hy[u] = H[u] = O(h), i.e. [[yn — unllc = O(h) [2].

4  Numerical Experiments

In order to approve theoretical results given above, we made some numerical
experiments using program package MatLab.We set p = 1, ¢ = 0 in (2.7)
and use difference scheme (3.1), uniform mesh where the number of nodes
is 28 .10, k = 0, 1,...,5. In the table 1 the approximation error of the
first four eigenvalues is presented. It is obvious that approximation error
has the lowest value for the first eigenvalue and it increases for every next
eigenvalue. On the other hand, the approximation error depends on the
number of nodes IV, so we can see that the increasing of the value of N
implies decreasing of the error.

N\Err [ M = M| o= A3 [ [As = M | A — A
10 1.74 E-03 | 1.76 E-01 | 1.65 E-00 | 7.19 E-00
20 4.36 E-04 | 4.42 E-02 | 4.20 E-01 | 1.85 E-00
40 1.09 E-04 | 1.11 E-02 | 1.05 E-01 | 4.65 E-01
80 2.73 E-05 | 2.77 E-03 | 2.64 E-02 | 1.16 E-01
160 6.82 E-06 | 6.93 E-04 | 6.59 E-03 | 2.91 E-02
320 1.70 E-06 | 1.73 E-04 | 1.65 E-03 | 7.28 E-03

Table 1

In a table 2 the convergence rate calculated by the formula

PNZIOg HU_UHOOJV
2 Jlu = vlloon’

7



is given. Here, we denote by u an exact and by v approximate values. We
can see from the table that convergence rate of the eigenvalues is near to 2,
like it was proved in previous paragraph.

N\pn | pn(A1) | pn(X2) | pn(A3) | pn(Ad)
P10 1.99902 | 1.99238 | 1.98037 | 1.96213
P20 1.99976 | 1.99809 | 1.99509 | 1.99051
P40 1.99994 | 1.99952 | 1.99877 | 1.99763
P80 1.99998 | 1.99988 | 1.99969 | 1.99941
£160 2.00001 | 1.99997 | 1.99992 | 1.99985

Table 2

For the eigenfunctions similar discussion can be done. Approximation
error
_ h
Err; = max |y;'(z) — wi(z)],
A

for i = 1,2,3,4 is given in the table 3, while the values of convergence rate
are presented in table 4.

N\ Err; Errq Erry Errs Erry
10 1.79 E-05 | 1.30 E-03 | 3.12 E-03 | 4.40 E-03
20 3.18 E-06 | 2.41 E-04 | 5.57 E-04 | 8.14 E-04
40 5.61 E-07 | 4.37 E-05 | 9.85 E-05 | 1.48 E-04
80 9.90 E-08 | 7.82 E-06 | 1.74 E-05 | 2.65 E-05
160 1.75 E-08 | 1.39 E-06 | 3.09 E-06 | 4.72 E-06
320 3.09 E-09 | 2.47 E-07 | 5.46 E-07 | 8.36 E-07

Table 3
N\pn | pn(y1) | pn(y2) | pn(ys) | pn(ya)
P10 2.49591 | 2.43613 | 2.48729 | 2.43393
P20 2.50218 | 2.46487 | 2.49811 | 2.45766
P40 2.50226 | 2.48128 | 2.49726 | 2.48314
P80 2.50144 | 2.49114 | 2.49893 | 2.49006
P160 2.50079 | 2.49549 | 2.49962 | 2.49544

Table 4
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Amncrpakt. Bo 0BOj Tpyl Haofame yCIIOBH IIPU KOM HEXOMOI€HaTa
nuHeapHa nudepeHnyujanHa paBenka of | pen (5) m HexoMoreHara
nuHeapHa mudepeHnjarHa paBeHka ox Il pem  (24) wmaar
KBa3UNEPUOJUYHN pelleHuja. JJoOMeHuTe YCIOBU Ce UCKaKaHMU IPEKY
CelyM TEOPEMU.

BOBE[L

Meduaumuja. dynknujata Y=¢(X), x € | = R ja HapexyBame
ksazunepuogmana (KII®) ako mocrom dymkuuja @(X) u 6poj
A € R raksu mro na e 3a0B0sIeHa penanujaTa

o(X+ (X)) = Ap(X), VX, X+ @(X) € | (1)

®dyukumjata @(X) ja Bukame kpasumepuop (KIT) 3a dpynxumjaTa
y=0(X), a 1 - kBasunepuoanien koedunuenr (KIIK) wnmm
KoegunueHT Ha Neopmanmja.

Ako A1=1 m ®@(X)=konst. Toram dyskumjata ¢@(x)e
MEPUOINYHA BO KJIaCHYHA CMHUCIIA.

Bo Bpcka co BOBEEHMOT MOWM 3a KBAa3UNIEPUOAMYHOCT HA
(pyHKIIMja rO MOCTAaByBaMe CIIEJHUOB IIPOOIEM:
Axo QyaKImjaTa Y(X)e 3aajjeHa WMIUTUIATHO  CO

muepeHujaaIHaTa paBeHKa
F(x, y,y’,...,y(”))zo, (2)
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Jla HajieMe yCJIOBM NP KOW paBeHKaTa (2) MMa KBa3UIEePUOIUIHA
pemiennja (KIIP), T.e. ycimoBu 3a mocroewme Ha (pyHKIMja (3aKOH)

o(X) u 6poj A ,3a KOU Baxu
y(Xx+@(x)) = 1y(x), x,x+wo(x)e D, (3)
PaBenkure (2)+(3) obOpa3dyBaar cucteM ImTO TH AchUHEpA
dyukiuuTe Y(X) u ©(X), ma mocTaBEeHHOT MPOOIIEM TO CBEyBaMe
Ha pellaBambe Ha CUCTEMOT

FOG Y, YL Y,y ™) =0
y(x + a(x)) = Ay(x) @
(Y(x+o()™ = 2y®(x), k=12...n

IITO BO ONUIT CIIy4aj ce CBEAyBa HAa HelMHeapHa AudepeHlrjaiHa
paBeHKa Mo Yy # (yHKUUOHATHO-IUdEpEHIMjalHA PaBEHKa IO

@(X) . TenepaiHO, HEe € JNECHO Jia Ce PEIn BAKOB CHCTEM, OCOGEHO
ako (2) e nudpepeHnyjanHa paBeHKa Off HOBUCOK pefl.

Axo (2) e nuHeapHa paBeHKa, cuCTeMoT (4) € TIOeTHOCTaBeH
U TOJ € IMHEApEH MO Y(X) ¥ HEJ3UHUTE U3BOJY, HO € HEJIMHEAPEH 110
w(X) .

Bo Tpymot npe3eHTupaH Ha MefyHapogHaTa KOH(epeHIuja
MATEMATUKA 2004, Bo KPAI'YEBAILI, ce wu3noxeHu
NOOMEHUTE pe3yiaTaTd 3a XOMOIEHa JuMHeapHa AudepeHlUjaIHa
paBeHka of | pen

y'+ f(x)y=0
1 3a XOMOT€Ha JInHeapHa audepeHyjaina papenka of |l pen
y'+f(x)y'+9(x)y=0.

OBge, BO BpcKa CO IIOCTaBEHHOT MpoOieM  3a
KBAa3UNEPUOAUYHOCT, TM W3J0XKyBaMme HOOMEHUTE pe3yliTaTh 3a
HEXOMOT€HU JINHeapHu audepeHnyjanau paseHku of | u Il pen.

I. Heka (2) e HexoMmMoreHa JuHeapHa u(EpeHIjaTHA
paseHnka oy | pen
y'+f(x)y+9(x)=0. ()
Bapame ycrnoBu npu kom (5) uMa KBa3uNEpHUOAUYHH pelleHHja, T.e.
pellieHuja IMITo ja 3al0BOJIyBaat pesanujarta (3).
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Bo 0B0j ciyuaj cucremoT (4) uMa Buf
y' + f(x)y+9(x)=0
y(X + (X)) = Ay (x) (6)
y'(X+ o(x))L+ @'(x)) = 2y'(X)
On ycloBOT 3a KBa3WIIEPHOAMYHOCT Ha penieHneTo Ha (5), ciemyBa
neka (5) Tpeba fa e 3a{oBOJIeHa 1 BO X + @(X), T.e. BaxKu
YV(X+w)+ f(X+w) - yX+o)+g(x+w)=0. (7)
Op (6) u (7) moxe na ce emumunupar  Y'(X) u Y'(X+ @(x)). Taka,
npu 1+ o'(x)#0 on Tperara paBeHka Bo (6) uMame
Ay'(x)
1+ w'(x)’

y'(x + o(x))=

a oJf mpBaTa
y'(x) ==-f(x)y-9(x)

1 110 3aMeHa Bo (7) qobuBame
Ay'(X)
1+ o'

+f(x+w) - y(x)+g(x+w)=0
of] Kaje
y[(1+w’)-f(X+w)—f(X)]+E(1+w’)-g(X+w)—g(X)}=0 (8)
I
[—f(x)y—g(x)]+(1+a)’)-{f(x+a))-y+%g(x+a))}:0,/1;t0. 9)

Pasenkara (8), ogHocHO (9), e dyHKIMOHATIHO nudepeHIrjaHa
paBeHka 1o @(X), T.e.

O (X, y, o(x), ®'(x), f(x), 9(x), f(x+®),g(x+ ®)) =0
KOja BO OIIIIT ClTy4Yaj He € JIECHO Jla Ce eI, HaKO PEIICHHETO Ha
(1) moxke nma ce 3afafe eKcuMIUTHO BO ofgHoc Ha f m Q. Baroa (9)

MOXEME J1a ja pa3riegyBaMe caMO BO HEKOM CIELUJATHU CIIyYau.

1. Heka fu g ce KII® u TakBu mto
f(x+w)=T(x), g(x+w)=41g(x) (10)
Ipu ycmos f(X)y+9g(x)=#0, ox (9) pmobuBame o'(X)=0, T.e.

@(x) = konst.
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CnenyBa
Teopema 1. Ao (5) uma KITP co KIIK A u fu g ce KII®,

takBy mTo Baxku (10), Toram @(X) = KOHCT. .

2.Heka f ng ce KII® u TakBm mro
f(X+w)=puf(x), gx+w)=vg(x), u#L, v+A1
torat of (9):

x (1—/J)f(X)y+(1—%)g(X)

w(X) = dx =

o ﬂf(X)y+%g(X)

fj.f(t)dt X jf(u)du y (11)
 @-mfee (€ [oMe  d]+a- o)
= I - o - dx
X - [t X [ f s ,
uf(le * (€~ [oe®  dl+" g

Xo

3. On (9), mpu ®'=0 Te. @(X)=KOHCT.=®" u
f(x+w")- f(x) %0, nobusame:
1 g(x+@7)-Ag9(x)

= . 12
y A fx+e")-f(x) (12)
Axo fu g ce KII® npumrto
f(x+o")=uf(x), g(x+e")=vy(x), (13)
TOrall
yo— =AW 20 (14)

Au=-1)F(x)’
Ipuroa, 6upejkn y e pemenue Ha (5), pynkuuure f n g Ttpeba ma
ro 3a/10BOJIyBaaT M yCJIOBOT
A(f-g'—fg)+(+2)gf? =0,

Kaje A, =-

Mu-1)
OJTHOCHO
f'g-fg" Au-v 2

Py b #0, A#v (15)
g -V

, of
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CnenyBa
Teopema 2. Axo [IP (5) mma KIIP co koncranTen KII,

o(X)=w" =konst u fng ce KII® 3a kou Baxkar penanuute (13)
u (15), Toram pemeHuneTo ce onpenenysa co (14).

. . - 1%
Bo crenmjanen ciydaj, ako /Z‘ Y_0,1e A=—, A#v ,

roram f'-g-f-g'=0 ox xage f=Cg w rmoram om (14)
goomnBame

1

Y——E-

4. PaBenkara (5) e KBaJipaTypHO pelUINBa, T.C.

—Tf(t)dt « jf(u)du
yx)=e* |C—[g(t)e  dt], (16)

Xo

Oy ycnosot Y(X + (X)) = Ay(X) u (16) noGusame:

—j. f(t)dt j]'wf (t)dt X jf(u)du Yo .[[f(u)du

e e C—Jg(t)e° dt— | g(t)-ec dt|=
X0 X

—j‘f(t)dt . jf(u)du
—Je® |C—[gt)e® dt
X

of1 Kajie

X+aw X+@

t
— [fydt [y - [f ot

e *  —i|-C+lg)e” dt-[i-e’ -
Xo

t
o j f(u)du

[ g(t)-e° dt=0 . 17)

(17) e 3agoBosIeHO 3a cekoe C aKO BaXu:
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-X]wf ()t
1 ex =1
X+@ j'f(u)du (18)
2° [ g(t)e°  dt=0
Heka F(x) e npumuTuBHa pyrknuja 3a f(X), T.e.
F(x) :j f(x)dx.
Toram
j f(t)dt = F(x + @) — F(x)
na ox (18.1°) cnemysa
F(x+a)(x)):F(x)+In%, A>0. (19)
Hekae
jf(t)dt
h(x)=e*  g(t)
Toram
09 =e" 9 g
T.C.

h()=C,e"” - g(x), C,=e "

F(x)

Axo H(X) e npumurusraza e"™g(x), r.e.

jeF(X)g(x)dx = H(x)

torari off (18.2°) nobuBame
H(X+w)=H(X).

Cnenysa
Teopema 3. Axo cekoe pemenne Ha (5) e KII, Toram 3a
npumutuBEuTe pyEKmun F(X) m H(X) ma dyskuumre f(X) n

eF®g(x), coonseTro, BaxaT penanuuTe

F(x+a)(x))=F(x)+In%, 2505 Hx+o(X))=H(X). (20)
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Co mapiyjanaa uHTerpanyja, of yciosot (18.2°) mo6uBame

X+

" IG(x + @) -8 + [eTUGM (DAt =060 =g(x). (21)

ITopayu (19) o (21) cnepyBa

X+@

J(X)EG(xm)—G(x)} [e"e@fmdt=0

niun

X+a

jeF“)G(t)f(t)dt:—eF(X) Be(xm) —G(x)} (22)

CneuujanHo, ako npuMuTHBHaTA PpyHKIMja 3a g(x) e KIIPD, T.e.

G(x+o(x)) = #G(x)
TOramt

X+w

IeF(t)G(t)f(t)dt=(1—§)~eF(x)G(x)

CnenujanHo, 3a A= u, ciegyBa
X+w

jeFmG(t)f(t)dt =0.

Cnenysa

Teopema 4. JloBosieH ycioB paBeHkara (5) ma uma KITP e 3a
npumuTHBHATE (pyHKIMK F(x) 1 G(x) Ha pynkuuure f(X) m g(x),
COOJIBETHO, JTa BasKaT peJlaluuTe

1° F(x+a))=F(x)+In%, A>0

X+ (23)
20 IeF(t)G(t)f(t)dt:(l—%)-e‘F(x)G(x)

1.  3a mudepennujansara paBenka of Il pepq
y"+ 109y +9(x)y =h(x) (24)
npoOJeMOT  3a  OIpefielyBalkbe  YCIOBHM 32  IIOCTOEHE

KBa3UNEPUOAUYHM PELIEHN]ja, IO CBelyBaMe Ha CUCTEMOT:
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y'+ f(X)y' +g(x)y =h(x)
y(X + @) = Ay(X)

y'(X+ @)1+ ') = Ay'(X) (25)

y'(X+ o)1+ a)’)2 +Y'(X+ w)o"=y"(X)

Ha cnueH HauMH Kako ¥ BO Clly4aj Ha uepeHIjaTHa paBeHKa Off
| pen (5), co momomr Ha (25) u paBeHKaTa

y"(x+alx))+ f(x+ X))y (x+ alx))+ g(x-+ alx))y(x+ alx)) =hlx+alx))

Moxe fa ru enumuaupame Y''(X) u y"'(x+ o(X)) .
Taka, npu 1+ @' #0 umame:

) /1 !!_ ! X+ . 4
y (X+C{)): y (])-/f ,)Z)) @
w
n
: Ay,
Aneo - F0)y' = 9(y)- 7 - .
- TO 4 f(x+ @) L=+ Ag(X+ )y =h(x+ @)
1+ o) l+o

OJI Kajie, 1o cpefyBambe o Yy u Yy’
Ay[f(x+ @)1+ o) - f()1+0)- 0" |+ dyg(x+ )1+ ')’ -
g1+ ) |- |h(x+ @)1+ e'f - b+ e')|=0  (26)

nimn

Ay'e"+1+a' VP [Ay-g(x+ o) —h(x+ o) |+ 1+ ') - 2y f (x+0) +

27
+ AL+ o'~ y'T () - yg(x) +h(x)]=0 @)

(27) e nuHeapHa paBeHKa off | pei o y. AKO cTaBEMe
FO=2-|f (x+ o)1+ @'Y - f(0+0)- 0]
G()=4-|g(x+ @)L+ - gL+ (28)
H(x) = -h(x+ @)L+ @' - 2h(x)(L+ @)

nmMame

F(x)y’+G(x)y+%H(x):0 (29)
178105
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: G(X)y 1 HX

00 o 00 =0, F(x)#0, xel. (30)

y +

ITpu nosuar KIT @(x) u KIIK A, dyskinuare F(x), G(x), H(x) ce
onpenenenn, na (30) e KBapaTypHO PENLINBA, T.€.

J.G(t)d L H) J-G(u)d
F(t) X) o FW
—e " C-=|—L.eo ™ dt

y /1! F(x) (3D

Hexkon cnienujaanu ciayvan.
1. Axo ®'=0, Toram @ =kKoHCT. =w" U "=0, ma ox (27)
noomnBame

y[f(x+ o) - T (x)]+ y[g(x+a>*)—g(x)]—Bh(xm*)—h(x)}zo. (32)

Axo f,g m h ce KII® co uct koHCTaHTEH Nepuoy ", T.e.
f(x+o")=puf(x), gx+w’)=vi(x), h(x+w")=nh(x)
TOrall
FO)=2(u-1)f(x), G()=a-1)g(x), HX)=(A-nh(x) (33)

na (30) uma Bup

h(x)=0 (34)

)y +- 9( )y +
MU=

A-
A(u —1)

niun

' V—l‘g(X) /1—77 ‘h(x)_
y+ﬂ—1 f(x)y+,1(ﬂ_1) f(x)_o’ f(x)#0, u=1 (35)

1 peHICHUuETO C€ OApEayBa CKCIUTUIATHO CO (pOpMy.TIaTa

v-1tg(u)
f(t) h(X) ,Ll l;[) l‘(u)du

y=e ﬂ(ﬂ 1)I ()

dt |. (36)

Cnenysa
Teopema 5. Ako (5) uma KIIP co koncranten KII, Toram
npu ycnoB f,gm h ma ce KII® co wmecr koncranten KII n

f(x)#0, u#1, permieaneTo € ONpefeNeH0 EKCIUIUIATHO BO BHJ

(36).
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2. Ako f(x)=0, T.e. (24) e on BUj
y"+9(x)y = h(x) (37)
toram F(x)=0,na ox (30) ja toOuBamMe paBeHKa
G(x)y+%H(x)=O (38)
T.C.
__1HX) 1 h(x+w)-74h(x)
AGK) A g(x+@)-g(x)

Ako @' =0,T.e. w=KoHCT. =", ®"=0,aguh ce KII® T.e.

(39)

gx+o)=vg(x), h(x+w")=nh(x),
TOraul tMame
__A-n_ h()
Av-1) g0’
On GapameTo Y ma e pemrenne Ha (37), moouBaMe jieka (pyHKIUUTE
g u h Tpeba ia ja 3aJJOBOJIyBaaT M pejaiujarTa:

(40)

"y " Iy ! 12 _
M-heToANGT 207 =AY pgzLo aen. (1)
hg g A-1n

Cnenysa
Teopema 6. Ako paBenkara (37) mma KIIP co kKoHCcTaHTeH
KII, g u h ce KII® co uct koncranted KI1 u 3a nuB Baxku (41),

Toraii perreHreTo Ha (37) ce onpepesryBa 6e3 KBapaTypu BO B
_ A=n hG)
Av=1) 9(x)’

y:

3. Heka Bo (24) g(x)=0, 1.e. (24) e o BUA
y"+ f(x)y" = h(x) (42)
Toram G(x)=0, ma ox (30):
,_ 1HX _ 1h(x+o)-4ih(x)
V2T RN T At a) - f() (43)
Axo @'=0,T.e. w=const. =", ®"=0 u fu h ce KII® co ucr
KII, t.e.

f(x+@") = uf(x), h(x+o’)=nh(x)
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toratn off (43):
=) ) )
A(u-1) £(x)
Bunejku (44) e mps uHTerpan Ha (42), ¢ymkuumre fu h ja
3a/10BOJIyBaaT U pesianujaTa
hf—hf’ - Av
h?2 — A-n
PemenueTo ce ompepenyBa co eiHa KBaipaTypa, T.c.

y

hf2z0,np=A. (45)

G fh g (46)

=C
T A 1

Cnenysa
Teopema 7. [JoBosien yciioB paBeHkara (42) ma mma KITP co
koucranTeH KITe f u h ga ce KII® co ucr koncranren KIT u na ja

3ajjoBOJIyBaaT penanujata (45). Toram pemennero Ha (42) ce
ompefesyBa CO eHa KBajgpaTypa Bo Buj (46).
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ONE PROOF FOR A THEOREM OF DIFFERENTIAL
EQUATIONS

Nikola Rechoski

Abstract

In this article we present a proof for a known theorem of differential
equations conserning to the boundary problem.The proof is given by
means of distributions. Similar proof is given (2.p.275)

Introduction
The object of consideration is the differential equation of the form

ay"+. . +ay=u (1)

where a,,...,a,, are complex number, a, # 0, y is the unknown function
and u is a given function.

n

d
By L=a
4 "dt"

ordern.Thismeans Ly=a, y(”) +...+3a,Y, so that we can write

+...+a1%+a0 one denote the differential operator of

Ly =u (2)

If on right side a given distribution U ; then Y is the unknown
distribution of D', D is the space of Schwartz distribution .

In this case one write
LY=U (3)

In the theory of differential equations the basic meaning has the

following distribution L& =Y a,6%, &is the Dirac distribution,
k=0
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Further by * one denote the operation convolution of distribution : if
T,U e D then T*U is there convolution. In general the convolution is

not defined for every two distribution. Moreover if at least one has
compact support then the convolution is well defined and holds the
relations

T*U =22F(F'T-F'U)=F *(FT-FU)

where F denote the Fourier transform of distribution.

If is also well known that ™ *T =T from this the equation (3) can
be written in the form

LS*Y =U (4)
From the previous facts we have
L5*Y =228 (F*Ls-FlY)

Since
FLs = 2afa, (it) +..+ a,(it) +a, |=Q, (1),

Q,(t)=2zla, (it)" +...+a, |= At—t, ). (t—t, )

where A=27a i", t,,...,t, are the roots of the polinomail Q,(t)
and k,,...,k, are the multiplicity . Thus on get

27F(Q, (t)F v )=U

other
-1 -1,
22Q,(t)F Y = FU,FY _1FPUy_ 1P
27 Q,(t)" 27 (Q,(t)
S 1 F'U) . :
Consequntly the solution is given by Y :2—F if the Fourier
7 n

transforms exists for the distributions.
Here we consider the differential equation

a,y" +..+a,y =u (5)
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u is a continous function on the interval [t,,o0]and y is the unknown
function which must satisfy (5) on the interval [to,oo] . It is to find the
function  y(t) which satisfy (5) and the boundary conditions
y"(t,)=y,, v=04..,n-1.

Here we will give one proof that such a function exist on the interval
Q=(t,,»), yeC"(Q) and lim y"“(t)='y, . For a similar proof see for

example (2.p275)
Before we pass to the proof we will consider the distribution
I'=gH,H is the Heaviside function and g is the solution for the

differential  equations , g(0)=g(0)=..=g"?(0)=0 and

g<”-1>(o):ai. The distribution gH is the inverse for the distribution

L5:Zak5(k); this means Lo*gH =6. By D. we denote the

distributions which has support in the intervals of the form [t,,oo]
t, eR.
It is of interes to remark that D, with the operation convolution of

distributions is a commutative algebra with ¢ the identitiy element , and
without multipliers of zero.
Now we pass to the proof of theorem.

Proof. By assuming that there exist a function y(t) of class C"(t,,)
which satisfy the conditions ~lim y“(t)=y,.k =01,..n—1;we consider
the following distributions y(t)H(t—t,) and u(t)H(t -t,) of the algebra
D.. From the hypothesis it easy to prove that

+

[YOHE-t)] = YO OHE-t)+ Yt —t)) + o+ yoo* e -t,)  in

distributional sense for k=1,2,...,n
With this in account on obtain

Ly@HE-t,)]= (LyH(t-t,)+ > b 5%t (6)

Since (Ly)H(t-t,)=u(t)H(t—t,) we have
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LS *[y(t)H (t -t,)] = u(t Zbé t—t,) 7)
After multiplication the equation (7) with dlstrlbutlon gH on get

Ls*gH *[yH(t -t,)]=u(t)H(t -t,) t+n2bk5 (t—t,)*gH

k=1
Because L& * gH :5,5(k)(t—t0)*gH :(gH) t-t,)=g®(t-t,) for
k=0,1,...,n-1 ; definitely on obtain

y(tH(E-t,) = ju(r)g(t—z-)dr—i-nzlbkg(k)(t—t ht>t, (8)

t

V(0= [u)alt- )+ 30,9 -t )t >, ©

to

The following formulas holds for the function (9) :

t n-1

yD(t)= Iu(r)g(j)(t —7)dz+ gV (0(t)+ kZbkg(k*”(t -t,),  (10)

t n-1
yO(t)=fu(e)gW(t—z)dz+ Y b g*V(t-t,) j=041..,n-1  (12)
t k=0

—-

y(0)= [u(e)g (¢ e+ u(t)+ Yhoti-t)  (12)

to an k=

If, for example , u(t)e C*[t,, ) on get

t

n-1
y" (1) = J.u(r)g "t —z)dz+ g™ (0u(t)+ —u )+ bg* ™ (t-t,)
k=0

to a,

Now it is not difficult to verify that the function (9) satisfy the
differential equation (5).
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Indeed by using the formulas (11) and (12) and also the fact that the

function Zbkg ) a solution for the equation Ly=0 on obtain
k=0

a, ﬁu(r)g ™M(t-z)dz +iu(t)+ nibkg(k*“)(t ~t, )] +

to a'n k=0

t n-1
an_{IU(r)g "t -r)dr+ Y bg“ (-t )] +
k=0

)

+a0ﬁu(r)g(t—r)dr+:22bkg(k)(t—to):|:u(t)+

to

+[anju(r)g(”)(t—r)dr+...+a0ju(r)g(t—r)]+

) to

n-1 (n) n-1
+a{2bkg(k)(t—to)} +...+a{2bkg(k)(t—to)}:
k=0

k=0

=u(t)+ju(r)[ang(” )+ ...+ a,0(t—7)dr +0
—u(t)+ [u(c)-0de = uft)

for t>t, .Itis also easy to see that the function (9) satisfy the boundary
value conditions

limyY(t)=y,,j=0,.,n-1

t—>t,

For example

t

n-1
lim u(r)g(t—r)dr+!irtn2bkg(k)(t—t0)=0+bn_lg(“‘1)(0):
-ty % -ty k=0

1 n-1— n—l) 1

an ~ n—1+l+]yj an nyO yO

From theorem of Picard it result that the function (9) is the unique

solution of the differential equation (5) for t >t
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In the same way we can consider the equation
L6*Y =U,U eD,.

Because Y, =U +gH s a solution for (11), then every solution is given
by Y =y, +U *gH , where y, is the general solution of the equation

Lo*Y =0

Since the distribution U *gH e D, therefore supp U*gH [tl,oo).
Conse quently on the interval (— w,t,), U*gH=0, that’s on this interval
Y =y, and we can in the point t, =t, — & to sets y“)(t,)=y, .

Because the solution is unique it follows that

n-1

% :;bk[g(k)(t—tl +&)]+U *[gH]

is the solution that we seek.

ENEH JOKA3 HA TEOPEMA OJ1 IM®EPEHIINIJAJIHA
PABEHKUM

Huxkona Peukocku, c. Bearomrrn Oxpup

Bo oBaa pa6oTa e nasien goka3 Ha npo6semot Ha [Tukap-JInngened
32 OOMYHM fAU(EpEeHlMjaTHu  PABEHKU CO  KOHCTAHTHHU
KOe(PUIUEeHTH.
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3A HEKON ITOCJTABMI YCJI0OBUA 3A PENYKTUBUJIHOCT
HA EJHA TMHEAPHA ITN®EPEHIINJATTHA PABEHKA
O YETBPT PEJ 4YN1J OIIIIT UHTETPAJI E ITIOJIMHOM

Enena Xanmesa
Enexrporexnnuku akynreT - CKomje
hadzieva@etf.ukim.edu.mk

Aiiciipakii: Bo TpynoB ce pasriefyBa JuHeapHa AuQepeHIyjanHa
paBeHKa Off YETBPTHU pef] KOja UMa MOJIMHOMHYU KOE(UIUEHTH, Y] CTENIECH
€ UCT CO PENlOT Ha M3BOMOT Ipef KOj ce Haoraar. [JoOMeHnm ce JOBOJIHU
YCIIOBH 32 CBE[lyBamh€ HA PABEHKATa HA PEILJIUB CHCTEM Of IBE€ JTUHEAPHU
PaBEHKH Off IPB pefl ¥ e[jHa IMHeapHa paBeHKa Off BTOP pefl.

Bo TpynoB ce pa3rnenysa audepeHyyjaiHaTa paBeHKa

a(e)y" +b(x)y " Fe(x)y” +d(x)y +e(x)y=0, (1)

Kkage a(x) = A+ AP + A+ Ax+ Ao, b(x)= Bax>+B,x°+Bix+B, c(x)=
Cox®+Cix+Co, d(x)= Dix+Dy, e(x)= Eo, A; B, C, D; u E; (i mpuma
COOJIBETHU BPETHOCTH) C€ KOHCTAaHTH, A, € HEHYJTa KOHCTaHTA -

HcraBa paBeHka e pasriieqyBana Bo [1], HO oBzie ce moOueHn
nociiabM yCJIOBHM 3a HEj3WHO pelllaBame. MiejaTa e nHCupupaHa oy

Tpynort [2].

Ako paBerkara (1) ce nucpepenumpa n matu, ce f00UBa
a(x)y™? + [(Z]a (x)+ (ng(x)}y 43 4

Z a''(x)+ UJb (x)+ (ch(x)} 2 4 2
,31 a''(x)+ (ZJb' "(x)+ (;jc' (x)+ [g}d (x)} y 4

Z a” (x) +@b‘ " (%) +(Z Jc' () + @d' )+ [gje(x)} y® =0
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[TorpeGeH u MOBOJICH YCIIOB 3a jla qudpepeHnujaaHaTa paBenka (1)
uMa TMOJMHOMHO pelIeHue Off CTeNeH n, € fa Ouje 3aloBOJIeHa
penanujata ([3.4]):

@a” (x) + @b "(x) + (;’ jc’ "(x) + md' (x) + (gje(x) -0 (3
( j ") +( ]b"(x) +( ]c' (x) + (g jd(x) 40 )

(Bo cmygaj kora paBeHkaTa (3) mMa MOBeKe KOpPEHU TPHUPOIHA
OpoeBu, ce 3eMa HajManuoT of HuB.) Ke mpeTnocraBumMe jieka
cera nudpepeHIjaTHaTa paBeHka (2) ro uMa OOJIMKOT -

a(x)y"® + Kﬂa (x) + (g}b(x)}y(m) +
{@a"(x) +@b' ) +(gjc(x)}y(”+z) + )
o Gl

3a koedumuenror npex Y ce qo6usa:

( J "'(x)+( Jb"(x)+( Jc (x)+[ Jd(xF

=@4n(n-1)(n-2)A4, +3n(n-1)B, + 2nC, + D,)x +
+n(n—-1)(n—-2)A4; + n(n-1)B, + nC, + D,

Ke oznaunme a = 4n(n-1)(n-2)44+3n(n-1)Bs+2nCao+Ds,

S =n(n-1)(n-2)As+n(n-1)B+nCi+Dy.

CraBame:
a(x) zl(Axg + Bx? + Cx + D)(ax + f3), (6)
p
ma'(x) N (njb(x) _ L B 4 e+ G)ax + ), )
1 0 p
ma"(x) + mb (x) + [”Jc(x) =L s D+ p), ®)
2 1 0 )%
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na paBeHkara (1) cranysa

(Ax® + Bx? + Cx + D)y"™ + (Ex?* + Fx+ D)y"*¥ +
+(Hx+1)y™? 4+ py"? =0 9)

Axo mociiefHaBa paBeHKa,. (9), ja qudpepennupame m-1 natm,
(m e npuposeH 0poj), ce moouBa:

(42 +BX +Cx+ D" +

+H[Bm-DA+E)X’ +(2Am-1)B+F)x+(m-1)C+G""? +
+@m-1) (n—2) A+2Am—DE+H)x+ (10)
+(m=1)(n—2)B+(m-DF +I[y"™ +

+H =1 (n—2) (n—3) A+(m=1) (n—2)E+(m-DH+ ply*"™ =0

JloBoneH ycioB 3a ia (1) iMa TOJIMHOMHO pellleHue Off CTENeH n+m

e ([5D:
(m-1)(m-2)(m-3)A+(m-1)(m-2)E+(m-1)H+p=0, (11)

co mTo (10) ro mo6uBa OGIMKOT:

(Ax® + Bx? + Cx + D)y 4
+[B(m-1)A+E)x* +(2(m-1)B + F)x + (m —1)C + G]y""? +
+[B(m-1)(m—-2)A+2(m-1)E+ H)x+ (12)
+(m—-D)(m—2)B+(m—-DF +I]y""D =0

(ntm+1)

AKO KOe(UIMEHTOT Npef y
ox 0,

BO paBeHKaTa (12) e paznuueH

Bm-D(m-2)A+2(m-1)E+ H)x+
+(m-DY(m-2)B+(m-)F+1+#0 (13)

u ako o3Haumme y = 3(m-1)(m-2)4+2(m-1)E+H,
d = (m-1)(m-2)B+(m-1)F+I, craBajku

Ax3+Bx2+Cx+D=l(Lx2+Mx+N)()0c+5) (14)
q
(B(m-1)A+ E)x* + 2(m -1)B+ F)x+(m-1)C +G) =

zi(Jx+K)(7x+5) (15)
I 93



3a paBeHkaTa (12) ce mo6usa:

(Lx2+Mx+N)y(n+m+3)+(Jx+1<)y(n+m+2)+qy(n+m+l) =0.

(16)

(ntm+1) _ .
AKXO cTaBUME y =z, TOramul nocJICHaBa paBE€HKa J1061/IBa BU:

(Lx®+Mx+N)z " "+(Jx+K)z "+qz=0

7

Koeduuuenrure 4, B, C,D, E, F, G, H I, J, K, L, M, N TpebGa

la ce ompepeiaTr, Aofeka BOBEJECHUTE KOHCTAHTH p H ¢ BO
MOHATAaMOIITHUTE UCTPakKyBara HeMa j1a Blijaar.
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E=2(4n4, + B,);
[04

G:£(2nA2 + B, —£(3nA3 +B,)+
o o

On paBeHcTBOTO (6) ce moOUBa:

A:£A4; BZE(A3_£A4);
(04 o o
2
c=P, -4, +ﬂ—2A4),
(04 04 o
2 3
p=L -4 +’B—2A3 —ﬂ—3A4),
(04 (04 (04 (04
2 3 4
PRV
(04 (04 (04 o

On paBencTBoTO (7) ce mobuBa:

ﬂ—z (4nd, + B,));
a

On (8) mak, ce mo6uBa:

F=2@na, + B, - (4n4, + B,));
[04 (04

(18)

B B B
nA, + B, —;(ZnA2 +B)) +?(3nA3 +B,) —?(4;1/14 +B,)=0 (19)



H= §(6n(n —1)A, +3nB, +C,);

= §(3n(n ~1)4, +2nB, +C, - p o, Gn(n =04, +3nB; + C,));
n(n-1)A4, + nB, + C, —§(3n(n -4, +2nB, +C)) +
+’z—z(6n(n—1)A4 +3nB,+C,)=0 (20)

On (14) ce mobusa:

=Ly =L -Ls 5)A>
yx ya

N=2 (4, (£+ )A +(ﬁ ﬂ5+5—2)A)

yo ay v

(ﬂ —)A +(ﬂ—+'35+5—2)A
ay iy

(ﬂ—3+’8—2£+ﬂ5§ 5—3) 0 (21)

a aty ay’ y
On (15) ce mobusa:

J :Q((4n+3m_3)144 + B,);
yo
_ D (3n+2m-2)4, + B, - L ((4n+2m—-2)4, + B,) -
yo a
—é((4n+3m —-3)A4, + B,)));
v
2n+m-1)A4, + B, —E((Sn-i-m—l)/l3 +B,)-
a
o 2
—((3n+2m—2)A3+Bz)+—2((4n+m—1)A4+B3)+ (22)
v

ﬁ—((4n+3m 2)A, +B)+§2((4n+3m 3)4,+B;)=0
ay v’
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On (14) m (6) ce rnema jJeKa KOpPEHUTE Ha paBEHKATa
Lx*+Mx+N=0, x; U X, , ce U KOpPeHH Ha paBeHkara a(x) = 0, a
OCTaHATHUTE JBa KOPEHM Ha paBeHKaTa a(x)=0 ce: x1=—f/a (3apamu
(6)) m x2=-d'y(3apanu (6) u (14)). Kako mro e noznato ([4,6]),
noTpeOeH 1 JOBOJIEH YCIIOB 3a fa AudepeHnyjanaara paBenka (17)
“Ma JIBe MOJMHOMHU pelieHuja o cremeHn j-1 m j+k+1 (j, k ce
IpUPOIHN OPOEBH), € 1a OUIAT 3aJOBOJICHH peJlalluuTe:

L(-1)*+(J-L)(j-1)+¢=0
(2j+k-3)L+J=0 (23)
[G+k-r-2)x3+(j+r-1)x4]L-K=0, r=0,1,2,..., j-1

On BTOpaTa paBeHka off (23) umame: Bs = -(4n+3m+2j+k-6)Aa.
On npBata paBeHKa ofi (23) ce mo6uBa:

Co=[(n+m~+j+k-2)(n+m+j-2)+(n+m-+j+k-r-2)(n+m-1)+
+(nt+m+j+r-1)(n+m-1)+(n+m+j+k-r-2)n
+(nt+m+j+r-D)n+(n+m)n]Aa.

On (11) po6uBame:

Di=-[(n+m+j+k-1)(n+m+j-1)(n+m-1)+(n+m+j+k-1)(n+m+j-1)n+
+(ntm+j+k-r-1)(nt+m)n+m+m+j+r)(ntm)n]Aa,

a of1 (3) ce mobuBa

Eo=(n+m+j+k)(ntm+j)(n+tm)n Aa.
On Tperata paBeHka of yciaoBuTe (23) Ke HajaeMe Jieka:

By=[(3n+3m+2j+k-6)x1+(3n+2m~+2j+k-5)x,+
+(Bn+2m+j+k-r-4)x3+38n+2m+j+r-3)xs] As.

On (22) mak, nmame:

B1=-[(2n+2m+2j+k-5)x1x2+(2n+2m~+j+k-r-4)x1x3+(2n+2m-+j+
r- 3)x1xa+(2n+mtj+k-r-3)xx3+(2n+m—+j+r-2)xx4+(2n+m-1)x3x4)Aa.

On (19) ce no6usa

Bo=[(n+m-+k+j-r-3)xixoxs+(n+m+j+r-2)xixoxs+
+(n+m-1)x1x3x4F1X2x3%4] A4,

A TprayBajku off Toa IITO X2=—0/% ce No0uBa:
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Ci=-{xa[(ntm+j+k-2)(n+m+j-2)+(n+m+j+k-r-2)(n+m+1)+
+(ntm+tj+r-1)(ntm-1)]+x2[(n+m+j+k-2)(n+m+j-2)+
+(n+m+j+tk-r-2)n+m+m+j+r-1)n]+
+x3[(ntm+j+k-r-2)(n+m-1)+(n+m-+j+k-r-2)n+mn-+m)n]+
+xa[(ntmtj+r-1)(n+m-1)+(n+m+j+r-L)n+(n+m)n]}Aa4.

U na xpaj, ox Toa mTo x1=—f/ ce foduBa u3pa3or 3a Do:

Do=[(n+m+j+k-1)(n+m+j-1)(n+m-1)x1+(n+m+j+k-1)(n+m+j-1)nx,+
+(ntm+j+k-r-1)(n+m)nxz+(n+m+j+r)(n+m)nxs)Aa.
Pasenkara (1) cera ce Tpancopmupa BO CIETHHOB OOJUK:
(v-x1) (x-x2) (x-x3) (x-xa)y"" - [(n+m-tj+h-r-3) (v-x1) (x-x2) (x-x3) +
+(n+mtj+r-2)(x-x1) (-x2) (x-x4) +(n+m-1) (x-x1) (x-x3) (x-x4) +
+nx-x2)(x-x3)(x-xa)ly """ + [(ntm+j+k-2)(n+m+j-2)(xc-x1) (x-x2) +
+(nt+m+j+k-r-2)(n+m-1)(x-x1) (x-x3) +(n+m-+j+r-1) (n+m-1) (x-x1) (x-x4) +
+(n+mtj+k-r-2)n(x-x2) (x-x3) +(n+m-+j+r-)n(x-x2) (x-x4) + (¥
+(ntm)n(x-xs)(x-xa)ly - [(n+m+j+k-1)(n+m+j-1)(n+m-1)(x-x1)+
+(ntm+j+k-1)(n+m+j-L)n(x-x2) +(n+m+j+k-r-1)(n+m)n(x-x3)+
+Htmtj+r)(ntmn(xe-xa)ly’ + (ntm+j+k)(n+m+j)(n+m)ny=0,
OJHOCHO

(oe-x1) (e-x2) {(-x3) (x-xa)y "~ [(n+m+j+k-r-1)(c-x3) +(ntm+j+r) (e-xa) ]y "+
(ntmj+k)(n+m+j)y}"" — [(n+m-1)(c-x1)+ n(x-x2) ] {(e-x3)(x-xa)y " -
-[(n+m+j+k-r-1)(x-xs)+(n+m+j+r) (x-xa)ly + (n+m+j+k)(ntm+j)y} -
tn(ntm){(x-x3)(x-xa)y "-[(n+m+j+k-r13)(x-x3)+(n+m~+j+r)(x-xs)] y '+
+ (n+m+j+k)(n+m-+;)y}=0.
AKO o3HauYnNMe:

z = (x-x3)(x-xa)y”” - [(ntmtjtk-r-1)(x-xa)+(ntm+j+r)(c-xa)] y" +
Hntmj+k)(ntm))y,

TOTaIll TOCJIeIHaBa paBeHKa TO0OWBa OOJIHK:
(c-x1) (x-x2)z " — [(n+m-1)(x-x1)+ n(x-x2)] z"+n(n+m)z=0.
AKO HanpaBUMe yIITe elHa TpaHcopMalyja, uMame
(e-x2)[(x-x2)z -(n+m)z] -n[(x-x2)z -(n+m)z]=0,
U cTaBajku (x-x2)z -(n+m)z=v, ce nobuna:
(o-x1)v -nv=0.
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3Hauu paBeHkaTa (1) ce cBelyBa Ha CHCTEMOT:

{Ce-x3) (x-xa)y " -[(n+mAj+hk-r-1) (x-x3) +(ntm+j+r) (x-xa) ]y "+
+(ntm+j+k)(n+tm+j)y}=z

(x-x2)z -(n+m)z=v
(2-x1)v -nv=0.

Ce noOu peuuB CUCTEeM Of] IBE JIMHEApHU UepeHIU]jaTHI
PaBEHKH Off IPB pefl ¥ e[{Ha JuHeapHa AudepeHIjalHa paBeHKa Off
BTOp pefl.

On Some Weaker Condition for reducibility of a homogeneous linear

differential equation of forth order with a polynomial general solution
Elena Hadzieva
Department of Electrical Engineering
hadzieva@etf.ukim.edu.mk

Abstract:
A linear differential equation of forth order with polynomial coefficients is observed in
this article. The degree of each coefficient is the same as the order of the derivative
which is multiplied by. Sufficient conditions for reducing the equation to a solvable
system of three differential equation (two of them are of the first order, and the third one
of the second order) are obtained.
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ON INTEGRABILITY OF A CLASS OF
LINEAR DIFFERENTIAL EQUATIONS OF THIRD ORDER
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Abstract: In this article we observe a class of linear differential
equation of third order, which is obtained from a class of second
order differential equation. Using some previous results, conditions
for the existence of two of its particular solutions are obtained.

In this article we observe a differential equation of type

(x-x1)(x-X2)(x-x3) y*”” + (B2 x* + Bix+By)y’ +
+(Cix+Cp)y +Dy=0 (1)

Using differentiation and other relevant results, we obtain the
conditions for existence and integrability of (1), together with the formulae
of its two particular solutions.

We start with differentiation of the differential equation of second
order with polynomial coefficients

(x-x1)(x-X2)(x-X3) ¥ + (b2 x> +b;x+bg) y’ +
+(01X+Co)y:0 (2)

thus obtaining the differential equation of third order
(x-X1)(X-X2)(X-X3) ¥+ [(3+b2) X + (-2x1-2%2-2x3+b)) x +

+ X1 X2 X1 X3+X2X3+bg ] y”—i— [(2b2 + Cl) X +b; + C()] y’ tcy= 0 (3)
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which is of type (1). Using this fact, we get the interdepedence equations
between the coefficients of (1)1 (3):

D:CI
Co=b; +co
Ci=2b, +¢;

B() =X1Xp + X1X3 + XpX3 + bo
B1 = -2(X1+ X2 + X3) + b]
Bz =3+ b2
1e.
bz = Bz -3
bl = B1 + 2(X1+ X2+ X3)
by = Bo - X1X3 - X1X3 - X2X3
co=Co— B, —2(X1+X2+X3) (*)
C1 = D
c1=C;-2B,+6

In the article [I] we obtain the conditions for existence of one

particular polynomial solution of (1), of order n. Using this conditions
together with (*) over (1), we get the conditions for existence of one
particular polynomial solution of the differential equation (1):

n’+By—4)n+D=0
B2 X12+B1 X1+B0 =0 (**)
[C()—B1 -2 (X1 +X2+X3)] Co+ D (X1X2+X1X3 +X2X3—B0) +
(D+By—3)+{Dx; +2[Co—B; - 2(x;+ X2+ x3)]} X, =0
2B, -Ci+D=6

where the last equation is an additional condition, a result of the last two
equations of (*).

In this, the polynomial degree n € N of the particular solution, is a
root of the characteristic equation given with the first relation of (**), the
lower one if both roots are natural numbers.

The formula of the polynomial solution is given with

TR MR R
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where
Mx+ N

F= dx,
ey cary
M=B,-4, N=B,+2(x,+X;)+XB,, K:_X1D+n(C1X1+D).

D

In [2], the formula of the general solution of (2) is given, from

which we can find the second particular solution of (1), according to the
formula (5):
Y, =& 0 K)(x=x,)" (x=x,)"e"

J =) =) T = x) T (x e K) P [T (5)

where K is as stated above. We obtain the third particular solution using
the classical method.

Theoreml1: If the differential equation (1) satisfies the conditions (**),
then it has two independent particular solutions given with the
formulae (4) and (5), of which the first is a polynomial of order
n, the lower one if the characteristic equation of (2) has two
natural roots.

According to [2] , the differential equation (1) can be transformed

to at most 7 other differential equations of the same type, using the
substitution

y=(x—x)"(x—x2)’ (x—x3)" z, where

L b,x,” +bx, +b, Bl b,x,> +b,x, +b, L b,x;” +b,x, +b, ©)
(X3_X1)(X2_X1) (1 Xz)(x ) (XI_X3)(X2_X3)

With the connecting relations between the equations of second and
third order, together with the substitutions :

y = (xx1)* (x%2)’ (xX3) 77,y = (x-x1)" 21, y = (x%2) 22,
y = (Xx-X3)" 73 y = (x-x1)" (X-Xz)B Z4

y = (x-x1)" (x-x3)" 2 y = (x-%2)° (x-%3)" 26 (7
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we obtain at most seven other differential equations of third order with one
polynomial solution.

The same equations, with the use of the coefficients of (1), have the
following form:

(x-x1)(x-X2)(x-X3) Z1" " +[(2a+B>) X - (2axst20x,-B1) X F20x:x3+Bo] 217"+
+1 [a(o-1)+Hoto(By-3)+Ci ] X + a(a-1)(X1-Xa-X3) +
+ o[ (B2-3)x1+B1 + 2x1+2X0+2x3]-20(x2+x3) +Co 21"+
+ [o(a-1)+o(By-3)+D] 21 =0 (1a)

(X-X1 )(X-X2)(X-X3) Z2" "+ [(2P+B2)X* -(2Px1+2Pxs3 - By) X +2Px3x1+Bo] 227"+
+ 3 [B(B-1)+ 4B+ B(B2-3)+Ci] X + B(B-1)(x2-X3-X1) + B[(B2-3)xa+
+ B1+2x1+2x,+2x3] — 2B(X1+X3) + C()} Z’ +
+ [B(B-1) + B(B,-3) + D] ;=0 (1b)

(x-x1)(x-X2)(X-X3)Z3"’ ’+[(2y+B2)X2-(2yX2+2yx1-B DXH2yx1X2+Bo]z3”" +
+ 4 [y(y-1) + 4y + 7(B2-3) + CiIX + y(y-D(xa-X1X2) +
+ ’y[(Bz-3)X3+ B1+2X1+2X2+2X3]—2'Y(X1+X2)+C0 F 23’+
+ [y(y-D+y(B2-3)+D]z3= 0 (1c)

(xX-X1)(X-X2)(X-X3) 24"+ [(2a+2B+B>) -
- (2OLX3+20(.X2+2BX1+2BX3 -Bl) X+ 20X,X3 + 2BX3X1 + B()] 24+
+3[Ba(o+P) + (0+B)? + Ci] X + a*(X1-Xo-X3) + P(X2-X3-X1) - 20Xz +
HartB)(X1+xatx3+B)) + (Ba-3)(0x+Bx2) +Cot Z4” +
+ [(a+P)* + (a+B)(Br-4) + D] 24=0 (1d)

(x-X1)(X-X2)(x-X3) 25" + [(20+2y+B,) -
- QoxsH20x,1+2yx+2yX; -B1) X + 20x0X3 + 2yx1X, + Bo] 2577 +
+1[Ba (0+y) + (aty)* + C1] X + a2 (X1-X2-X3) + Y7 (X3-X2-X) - 207X, +
+ (o) (X +X2+x3+B1 ) + (B-3)(0x+yx3) +Cof z5” +
+ [(o+y)* + (orty)(By-4) + D] 25 =0 (le)

(X-X1)(X-X2)(x-X3) Z¢""" + [(2B+2y+B2) X —
- (2Bx1+2Bx3+2yx1+2yx2 -By) X + 2Bx1x3 + 2yx1X2 + Bo] Z6”" +
+ 9 [Ba(Bty) + (B+y)” +Ci] X + BA(xa-x1-%3) + V(X3-Xo-X1) - 2Byx) +
+ (BHY)( x1+x2tx3+B1) + (Ba-3)(Bxatyxs) +Cof Zg” +
+ [(B+y)* + (B+y)(B2-4) + D] 26=0 (1f)
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(xX-X1)(X-X2)(x-X3) 27" + [(2o+2B+2y+B,) -
-(2(X.X3+2OLX2+2BX1+2BX3+2YX1+2YX2-B1)X+2OLX2X3 +2BX3X1+2YX2X1+
+Bo] 27" + A [0+ B+ v+ 20B+ 2007+ 2By (a+BH)BrHCi] X -
- 20X3 -20X2 - 23X - 2BX3 - 2yX1-2yX2 - 20BX3-2Pyx1-207X2 +
+ a(o-1)(x1-x2-x3) + B(B-1)(X2-X3-X1) + y(y-1)(X3-X2-X1 )+
+ (X[(B2-3)X1+b1] + B[(Bz -3)X2+b1] + 'Y[(Bz -3)X3+b1]+ COF Z7’ +
2020y 2Pyt ol + B2+ v+ (0+B+y)(B-4)tD] 27 =0 (19)

The conditions for the existence of one particular polynomial
solution for each of the equations, using the coefficients of (1), have a
common fourth equation, same as the one in (**), are adequatly given
with:

e n’+(ot+B;—4)n+ao-1)+ a(B-3) +
a(a-1)+ a(Bs-3) + D=0 (1a-u)

o B2 X1 2 + B1 X) + 2OL(X12 -X1X2+X2X3-X1X3) + B(): 0
o [a(a-1)(x1-X2-X3) + a(B2-3)x; + (a-1)(B1+2x;+2x,+2x3) + Co ]

+ [o(1-0)(x1+X2H+x3) + a(B1+B2-3)x; + Co] - [o(a-1) +

+ OL(BQ-3) + D] (2OLX2X3+B0-X1X2-X1X3-X2X3)+

+ [a*+(o+1)(By-3) + D + a]{[a(a-4)+ aBy+D]x, +

+ 2[ou(a-1)(X1-X2-x3) + ou(B2-3)x; +

+ (O(,—l) (B1+2X1+2X2+2X3)+C0] }Xl =0
L4 2B2 - C1 +D=6

° n2+(2B+B2 -4) n +B(B-1)+B(B2-3)+B(B-1)+p(B2-3)+D =0

° Box; 2-B1 X1 +Bo=0 (lb'U)

o [B(B-D(x2-x3-x1) + B(B2-3)x2 + (B-1)(B1+2x1+2x,12x3) + Co |
[BB-D(xatxst+x1)+B(B1+B2-3)x2+Co-[B(B-1)+
B(B2-3)+D](2BX3X1+ Bo- x1X2 - X1X3 - X2X3) +[Bz +
(B+1)(B2-3) +D+ BH{[B(B-4)+BB+D]x; +
2[B(B-D(x2-x3-x1)+P(B2-3)x2+
+ (B—l)(Bl + 2X1+2X2+2X3) + Co ]} X1 = 0

o 2B2 - C1 +D=6
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n’+Q2y+By—4)n+y(y-1) +v(B3) + D=0
Box; 2. B xi1+Byg=0 (1C-U)

[Y(y-1)(X3-X2-X1) + 7(B2-3)x3+(y-1)(B1+2x,+2x2+2x3) + Co] -

[y(-p)(xstxotx1) + v (Bi+Ba-3)x3+Co] - [v(y-1) +

’Y(Bz-3)+ D](2'YX1X2+ Bo- x1X2 - X1X3 - X2X3) +

[’ + (y+1) (B2-3) + D + y]{[y(y-4) + yB, + D]x; +

2[y(y-D(X3-X2-x1) + 7(B2-3)x5+

+ (y-1)(B; + 2x;+2x,1+2x3) + Co ]} x; =0
2B2 — C] +D=6

n® + 2a+2B +Br—4) n Ha+P)’ + (a+B)(Br-4)+D =0
Byx;2 +B;x; + 20(()(12 -X1X2+XoX3-X1X3) + Bo=0 (1d-u)
[( o - B?)(x1-%2) — (aHB)’xs + (oHB)( X1+x21+3x3+B1) +
+ (B2-3)(O(.X1+BX2) + 2OLX2+ 2BX1 - B1-2X1-2X2-2X3 + C()]
[0 - BP)(x17%2) - (a+B)’x3 + (atB)(xi+xotx3+By) +
+ (B2-3)(axi+Bx2)] - [(a+B)” +(atB)(Bo-4)+D]+
+ (2oxox3 + 2BX3X1 + Bo-X1X2-X1X3-X)X3) + [(0c+[3)2 +
+ (aHB+1)By+ D-2a-2B-3] {[(0+B)” +(a+B)(Bo-4)+DIxi+
+2[(0®-B?)(x1-%2) — (0rHB)’x3 + (HB)( x1+x2+3x31B)) +
+ (B2-3)(ox1+Bx2) +20x2 +2BX; - B1-2x1-2x,-2x3 +Co] }x; =0
2B2 - C1 +D=6

n® + (2a+2y+B, 4) n +(oc+y)2 +(a+y)(B2-4)+D =0
B2 X1 2 + B1 X1 + 2OL(X12 -X1X2+X2X3-X1X3) + B(): 0 (le-U)
[(0 - ") (x1-X3) — (0Hy)*x2 + (aty)( x1+3x0+x5+ By) +
+ (B2-3)(ox1+yx3)+ 2ax3 +2yX; - B1-2x1-2x5-2x3 +Co
: [(oc2 - yz)(xl-x3) - (oc+y)2x2 + (at+y)( x+x+x3-By)+
+ (B2-3)(axi+yx3)] - [(aty)” + (aty)(Bo-4) +D] +
+ (2oxx3 + 2yx1X2 + By -X1X2 -X1X3-X2X3) + [(OH"Y)2 +
+ (oty+1)Byt D- 20-2y -3]{[(aty)” +(o+y)(B2-4)+D]x, +
+ 2[(0 - Y)(xi-xa)~(0rty) xo+ (aty)( xi3x0t+x5+ By) +
+ (B2-3)(O(,X1+’YX3)+2OLX3 +2’YX1 -B1 -2X1-2X2-2X3 + C()]}X] =0
2B,-C;+D=6
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n* + (By—4) n+ (B+y)* + (B+y)(B2-4) + D=0
Box; 2-B] X1 +B0:0 (1f-U)
[(B7)(x2-x3) — (B+y)’x1 + (BHy)(xa+x5+3 X1+ By) +
+ (B2-3)(Bxat+yx3) + 2Bx3 +2yx2- B1-2X1-2X5-2x3 +Co]-
(B (xax3) — (BHy)’x1 + (BHY)( xi+x0tx3-By) +
+ (B2-3)(Bxatyxs)] - [(B+)” + (B+1)(Bo-4)+DJ-
- (2Bx1x3+ 2yx1%2 +Bo - X1X2 - X1X3 - Xox3) + [(BHy)” +
+ (BHy+1)By +D- 2-2y -3] {[(B+y)* + (B+1)(B2-4) + D] x; +
+ 2[(B*r7)(xax3) — (BHy)’x1 + (BHy)(xatxst3 x+By) +
+ (B2-3)(BX2+’YX3) +2BX3 +2’YX2 - By- 2X1-2X2-2X3+C0] }X] =(
2B2 — C1 +D= 6

n’+ (2p+2y+B—4)n + 2aB + 2ay + 2By + aa-1) +
+B(B-1)+7(1-1) + (0c+By)ba+ D=0
B> x4 2 4 B x;+ 20((X12 -X1X2tXoX3-X1X3) + Bp=0 (1g-U)
[a(o-1)(x1-3%2-3%3) + B(B-1)(x2-3x3-3x1) + Y(y-1)(x3-3%2-3x;) +
+ o (Box+ B1-x1+2x,1+2x3) + B(Boaxot+ B1+2x-x0+2%3) +
+ v (Baxs + Bi+2x1+2x; -x3) + Co] [al(a-1)(X1-X2-X3) +
+ B(B-D(x2-x3-X1) + v(y-1)(X3-%2-X1) +(B2-3)(ax; +Px; +yx3)+
(B12x;+2x,+2x3)(a+B+y-1) +Co]-[2ap+2ay+2By +o(a-1)+
B(B-Dty(y-1) +H(atB+y)(B2-3)+D] (2oxoxs +
2PBx3x; + 2yxoX; B —X1X7 - X1X3 - XoX3) H[20B+2ay+2By+
A’ +BZHy+ (Ba-3)(actBry+ L)+ Doyl { [2o+20y+2By+
a(a-4)+ B(B-4)+y(y-4)Hatp+y)Bat D]x; +
2[a(a-1)(x1-3%2-3x3) + B(B-1)(x2-3x3-3x;) +
’Y(Y-1)(X3-3X2-3X1)+0(.(B2X1+ Bi-xi+
+ 2x,+2x3) + B(Baxot B1+2x;- xo+2x3) +
+ Y(B2X3+ B1+2X1+2X2—X3) + Co} X1 = 0
o 2B2 - C1 +D=6

According to Theorem 1, the two particular solutions of each of the
equations (1a) - (1g), are given with the formula :

25, =€ " [(X + K x=x%, )" (x=x, )" e ]“H) (8)

2y = K Yoo o e [ ) ) K
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where

MiX+Ni dX, fOI' |:a, b, C; d; e! f!g (9)

i [y ey

Ni =By +2(X, +X3) +XBy, K; :_XlDi +n(§“Xl +0)

M, =B, -4

i 720

2

B1a = - (2OLX3+2OLX2-B1), Bza = 2OL+B2
Cia= a(a-1) +4a +a(By-3)+C;, D, = a(a-1) +o(Bz-3)+D

Bi,=- (2BX1+2BX3 - B]), By, = 2B+B2
Cip = B(B-D+ 4B+ B(B2-3)+Cy, Dy = B(B-1) + B(B2-3) +D

Bi.=- (2’YX2+2’YX1-B1), B,. = 2'Y+B2
Cic= y(y-1) + 4y +y(B2-3)+ Ci, D¢ = y(y-1) +y(B»>-3) + D

Bid = - Qoxst20x,+2Bx1+2Bx3 -By), Bag = 20+2p+B;
Cig= Bz (0B) + (aB)’ + Ci, Dy = (o+B)* + (a+B)(B24) + D

Bie = - 2ox3t20x212yx1+2yx5 -By), Boe = 20+2y+B;
Cie= By (aty) + (o+y)* + C1, De = (0r+y)” + (a+y)(B2-4) + D

Bir= - (2Bx+2Bx3+2yx;+2yX; -B1), Bar= 2B+2y+B,
Cir= By (B+y) + (B+y)° + C1, Dp = (B+y)* + (B+y)(B-4) + D

By = - Qox3t2ox,+2Bx1+2Bx3+2yx1 127X, -B1)
Bzg = 2OL+2B+2’Y+B2
Cig= o+ B2+ v+ 20B+2ay+2By+ (or+B+y)Bo+C
Dy = 2aB+200+2By+ a(0- 1)+ B(B-1)1Hy(y-1)+(oB+1)bsD

e B,)x,” — (B, +2X, +2X;)X, — B, + 2X,X,
(X3 =X )(Xz - Xl)

_(2-By)xX,” = (B, +2X, +2X,)X, — By +2X,X,
(Xl _Xz)(x3 _Xz)

_(2-B,)x," = (B, +2X, +2%,)X, — B, +2x,X,
(X| _X3)(X2 _X3)

B
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Theorem 2: If there is a natural number n such that one of the groups of
conditions (la-u) — (1g-u) for the differential equation (1) is
satisfied , then this equation is solvable. From the formula (8)
and the connecting relations (7), we get two particular solutions
of its fundamental system, while the third one can be obtained
using the classical method.

Example 1:  We consider the differential equation
(x-1)(x+1)(x-3) y'— (3x°-6x-1) y’ + 4(x-2) y = 0
then x= 1,x,=-1,x3=3,bg=1,b,=-3, b1=6,c;= 4, co=-8.

The conditions for the existence of one polynomial solution of
order 2 for this equation are satisfied, so two particular solutions of its
general solution can be found:

C(x+1)

yI:(x+1)2, y, = lnx—3 N X+3 N X—3

16 X+1 4 X+1

They are also particular solutions to the following third order differential
equation:
X-DX+D(x-3) y’=2(x+1)y’ + 4y =0

From here, we can find the solutions of each of the transformed equations:

X-D(x+1)(x-3) 2, + (4x*-8x-12) 2, + (2x-6)z;" = 0
(XHJZ ( X+1 jz x-3 x> +8x-9
n=\——>1|, W= In + 2
x—1 4x—4 X+1 4(x+1)(x-1)

X-D(X+1)(x-3) 2o+ (4x* - 16x+ 12) 2,”" + (2x - 10)2," = 0

1. x=3 X +8x-9
Z,,=1, z,=—In + 3
16  x+1 4(x+1)

X-D(x+1)(x-3) 25+ (4x*-2) 23" + (2x-2)23°= 0

x+1Y x+1 Y. x-3 x* +8x—9
Z,=|—— |, Z,= In + 5
X—-3 4x—12 X+1 4(x+1)(x-3)
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X-D)(X+1)(x-3) 24+ (8x*-24) 2" + (14x-14) 24’ + 42, = 0

1 1 X—=3 x> +8Xx—-9
=T Ip= 2ln + 3 2
(x=1 16(x—1)° x+1 4(x+1)’(x-1)

Zy

(X-D)(x+1)(x-3) 25+ (8x*-8x -16) 25" + (14X +2) 25’ + 4 25 = 0

X+1 X+1 X—3 X* +8Xx—9
=77 —— 5| > In= 2 n + 2 2
X" —4x+3 4(X" —4x+3) X+1 4(X+1)(X" —4x+3)
(X-D)(X+1)(X-3) 25+ (8X*-16X + 8) z5”* + (14x-18) 25" + 4 4= 0

;o] .. = Lo X3, X* +8X—9
(x=3)27 T 16(x=3)°  x+1  4(x+1)(x-3)

X-D(x+1)(x-3) 27+ (12x*-24x-4) z;”* + (34x-38) 27" + 162;= 0

1 ’ 1 X—3 X* +8X—9
= s Ip= 2 In + 3,02 2
X" —4x+3 4(x°—4x+3) X+1 4(X+1)°(x" —4x+3)
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IT'EHEPAJ/IM3UPAH n-CKAJAPEH ITPOU3BO/

Pucro Mamyeckn, @akyiarer 3a onmrectBend nayku, Ckomje

Amncrpakr. Bo oBaa pabora, kopucrtejkm tm Gateaux w3BOgM Ha
N —HopMaTa e QajieHa eJHa reHepanm3anyja Ha TMOMMOT 3a N —cka-
JlapeH MPOM3BOJN M Ce JOKaKaHW MOBEKe CBOjCTBA BO BPCKa CO OBaa
reHepanu3anmja.

[ToumuTe N—HOpMa M N—CKallapeH MPOU3BOJl CE BOBeJeHU Off A.
Misiak ([3]), kako mTo ciemyBa.

Heka L e pealieH BEKTOPCKH MPOCTOP CO AUMEH3HWja MOroyieMa
win efHakBa Ha N, n>1u [...# ¢ peanna dynkumja na L" 3a koja
BaskaT yCIIOBUTE

i) || X, %X ,.... Xy [0, 32 cexkom Xg,Xp,....,Xy €L # || X, Xo,.... %y ||=0
aKO M caMO aKO MHOXKECTBOTO { X, X5 ,..., X, } € JIMHEapHO 3aBUCHO;

) [ X Xp [E 2(%) s, 7(X0) ||, 32 cexom X, Xp,..., X, €L 1 3a
cekoja ouekumja 7 {X;,Xo,...,Xn F=>{X, X0 ,.... Xn }-

iii)||ax1,X2,...,xn ||=|a|-||X1,X2,...,Xn , 32 CEKOU X1, X9,...,Xs €L

3acekoj a€R.

V) X+ X, X e X IS X X s X I+ 1 X X 0 X |l 32 cekom
xl,...,xn,xie L.
dyHkiujaTa ||*,,*|| ce HapeKyBa N—HopMma Ha L, a (L,”*,....,*”) ce Hape-
KyBa peajieH N—HOpPMUpPaH MpocTop.

Hexka n e npupopeH 6poj, L e peaneHn BEKTOPCKH IPOCTOP TaKOB

Ln +1

mrodimL>nn (*,*|*,....,*) e peasiHa (PyHKIH]jA HA TakBa IITO

i) (aalXxy...X,1)=0, 3a CEeKOH a, %, Xn_g €L u
(a,alXy,.... X,_1)=0 aKo U caMo aKO a,X,...,X,_1Ce JTHHEAPHO

3aBHUCHU;
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i) (ablx,...xp1)=(e@@),00)|7(q),...7(X,_1)), 3a  cexon
a,b,x,...,X,_1 € L u3a cexou 6uexuun

X Xna} > {4 X1}, @:{a b —>{a,b};
iii) 3a cekou a,X%;,Xo,...,Xy_1 € L Baxnu
(a,a] X, Xp.o Xn_1) = (X, X | @, X900, Xn 1) 5
iv) 3acekou a,b,X,...,.X,_1 € L u3acekoj € R Baxu
(ca,b]xg,...Xp1)=a(ab|x,...xn1): 1
V) 3acekou a,b,a,X,...,Xp_1 € L Baxu
(@a+ag,b|xg, .. Xn1)=(a,0] X Xn_1) + (80, D] Xqses Xq 1) o
®yukImjaTa (**|**) ce HapekyBa N-CKajapeH MOpOU3BOf, a
(L, (*,*|*,....,*)) ce HapeKyBa N-MpeAXuadtepToB IPOCTOP.

a 3abenexxume geka ako N—HOPMHUPAHUOT MPOCTOP € N—Tpef-
XuI0epTOB, TOTAIl

(a,a] X,y Xp—1) =l @, X5, Xp—1 || , 32 cexom @, Xq,...,Xp_1 € L.

Heka (L,”*,....,*”) € peaJeH N-HOPMHpPAH TPOCTOp U

¢:Lx..xL—>R enpousBosneH N-pyHKINOHAT.

Hecen ilapyujansen u3600 Ha N-PYHKIUOHAIOT ¢ MO X BO TOYKaTa
(X1,.-., Xp) BO IIpaBeI[ Ha Y €
- . PO+ AY Xoy e, X)) —P(X, X9y X))
B (4 Xp)(y) = lim n n-,
20 A
aKo HaBejeHaTa rpaHMIa TOCTOU.

Jles tiapuyujasen u3600 Ha N-PYHKIUOHAIOT ¢ MO X BO TOYKaTa
(X1,..,Xy) BOTIpaBer Ha Yy €

¢-_ (X )(y) = lim ¢(x1+/1y,x2,...,xn)—¢(x1,x2,...,xn),
A0~ A
AaKO HaBE€JI€HaTa rpaHuia nmoCTou.

AKO 71eBHOT ¥ IECHUOT NaplLujajeH U3BOJ Ha N-(PyHKIUOHAIOT ¢
no X BO ToukaTa (X,..,X,) BO IpaBell Ha Yy IIOCTOjaT U ce eJHAKBH,

TOraul Ke BelnMe fieKa N-(pyHKIHMOHAJIOT ¢ € AudepeHnnjaduieH no X;

BO TOuKaTa (X,...,Xp) BO IpaBel] Ha Y, T.e. IOCTOU ¢l'(x1,...,xn)(y), npu
ITO
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B0 X0)(Y) = B (s X0 )(Y) = B O X0 )(Y).
AHanorHo ce feuHIpaaT NapLyjalHATEe U3BOAN
B0 X)), B (K X)) 1 B (X Xn)(Y), 1=2,3,.0,0.

Bo [2] e pa3srnegan n-pyHKummoHamotr ¢:Lx..xL—>R, pedu-

HHpaH CO
PO X)) = [Xgs oo X
u HeroBaTa audepenyujabunHoct. [Ipuroa, 3a pyHkuujata
||x1 1Y, X0, ey xn||—||x1, X9, erey xn||
t

O01(Xqs e X, Y1) = X1, Xo,... Xp, YL HteR

MOKasKaHM ce ceJHUBE TBP/icHA.

Jema 1. Pynkuujata t — 061(X,..., Xy, Y,t) € MOHOTOHO pacTeuka 3a
t>0. ¢

Iocnemuua 1. ®Pynkumjara t— 5 (X, ..., Xy, Y,t) € MOHOTOHO
pacreuka 3a t<0. ¢
Jlema 2. Ha unrepBanor (0,) ¢ynkumjara t — o1(X,..., X, Y,t) €
OrpaHUY€Ha U BaXn
~[~Y: X X | € S Koo X VO <[V X X |- #

3abenemxka. AHAJIOTHO, MOKE JIa ce IOKaxe [ieKa Ha UHTEPBAaJIuTe
(—0,0) u (0,0) yHKIIHTE

£ 58 (0 X Yo = X0 o0 X0 X5+ X2 Xy || = [ X xn||, i—23.n

t

C€ MOHOTOHO paCTE€4YKU U J€Ka Ha UHTEPBAJIOT (0, OO) C€ OrpaHUYCHU, IpU
IITO BaXKaT OI€CHKHUTC

—[- Y X0 X || € G (Koo X0, VO <Y X X[, T=2,3,.00,

IMocaenuua 2. Heka (L,||*,....,*||)e peasieH N-HOpMHUPaH MPOCTOP.
Toram nocron
i %0+ 1y, Xg e X || = [ X eoes X |

|
—0* t

(Pi+ (X3 X0 )(Y) =,
1 BaXXun
—||—y,x2,...,xn||Sgo1+ (X0 X )W) <Y X0 X |- #

Teopema 1. 3a cexoum X, Xp,..,Xn,Y,Y' €L Baxkar ciegHuBe
CBOjCTBa:
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i) @ O XY +Y) S0 (Kens X)) + @ O X )Y

ii) 3a cexoj o >0 Baxu @ (@X, - X0 )(¥) = @pe (X100 X0 )(Y);

i) Bacekoj >0 Baxu @ (X, Xp)(@y) =@y (X, X0 )(Y);

iv) 3acekoj a >0 Baxku goi+ (Xl,...,xn)(axl):a”Xl,...,Xn”;I/I

V) ||X1+ty, X0 yueny Xn” 2||X1, X9,y X ||, 3a cexoj t € R ako u camo ako

~ (4000 X0) (V) SO @ (X, X )(Y). @
Jema 3. 3a cexon X,...,X,, Y € L Baxu
~@ (4o X0)(Y) = 0 (K1 X )(Y)- @

Iocnepuma 3. 3a cekom Xq,..,Xp, Y,Y' €L Baxar cnegHuTe

CBOjCTBa
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) =YX X € 2 (K X)) < [Y X X
i) @ (e X0 )(Y) @ (e X0 )Y ) S @ (e X0 )Y + Y
iii) 3a @ <0, @ (%X, X000 X0)(Y) = =0 (X4, X )(Y);
iv) 3a a <0, (0i+ (xl,xz,...,xn)(ay)=a¢i_(x1,...,xn)(y);

V) @ (e X0 )(Y) S @ (e X0 )(Y). @

Teopema 2. Ako Gateaux m3Boji Ha N-HOpMaTa IO X; BO TOYKaTa
Xn) IO IpaBel Y HOCTOHU, TOTall TOUHHM Ce CIEHUTE TBPACHA

) @10 XY +Y) = 010 X0)(Y) + 210 X (Y
i) (pi(xl,...,xn)(ay) =a(pi(x1,...,xn)(y), 3a CeKoj pealieH 0poj «;

iii) (pi(axl,xz,...,xn)(y):Sgn(a)goi(xl,...,xn)(y),za CeKOj peayieH
opoja #0;

iv) goi(xl,...,xn)(y)‘s||y,x2,...,xn||; u

V) @ (e X )(@X) = Xy Xy - @



1. I'naTkn (Ma3H1) N-HOPMHPAHH NPOCTOPH

N-HOPMHUPAHUOT BEKTOPCKU MPOCTOP (L,||*,....,*||) ro HapeKyBame
mazen (Zaadokx) ako 3a cekoj X#0 W 3a CEKOM JIMHEApPHO HE3aBHCHU
BEKTOPH Xq,...,Xn_1 €L TakBu mro P(X) N P(X,...,Xy_1) ={0} n-HOp™Mara e
Gateaux pucpepeHuujabuaHa MO X BO TOoYKaTa (X, Xq,...,Xp_1) IO CEKOj
npaser Y.

3adenemxka. Bo nperxopHara geuHnja TPETIOCTaBUBME JIeKa
x#0 m P(X)NP(X,...,Xxp_1) ={0}. OBue npeTnocraBKu ce HEONXOJHU
ounejKu:

- ako X=0 ¥ BexkTOpUTE Xf,..,Xp_1 C€ JIHMHEApDHO HE3aBUCHH,
TOraml nocTou Yy € L TakoB o ||y0, X seeey Xn_1|| # 0, ma 3aToa

@p 06X X0-1)(Y0) = Yo, X0 Xna| # [ Yo, X1+ X

= - (6%, %-1)(Yo)

T.e. N-HopMmaTa He e Gateaux mudepenumjabunmHa mo X=0 BO Touykarta
(X, Xq,..., Xp—1) TIO IPaBELOT Yg, U

-ako z#0 um ako ze P(X)NP(X,....Xh—1) #{0}, Toram nocrojat
) n-1
a;, i=1..,n-1 takBu mTo X= Y @;X. On NMuHeapHaTa HE3aBUCHOCT Ha
i=1
X{,.., Xp_1 CIEMyBa JeKa IOCTOU Yo € L Takos mrTo ||y0,x1,..., xn_1|| #0, na
3aToa
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%+ tyg s X oo Xy | = [|%0 X0 Xy 4

0y (X% 1) (Yo) = lim.

t—0 t
n-1
I X+1Yo = X &%, %, X1
= lim =
t—0" t
Yo X Xp—
:t|_|)r;)1+ ” 0 1t n 1||=||YO'X1’---'Xn—l”
# —||Yo, X, s Xq g = lim Yo% Yol
t—>0" t
n-1
X +tyo = 3 X, X4 X
= lim =1
t—>0" t
~im %+ tyg X, e Xy || = [|% X0 X4
t—>0" t

=@ (X, %, Xq-1)(Yo),
T.e. N-HOpMaTa He e Gateaux mudepenHumjabunHa no X=0 BO ToyKaTa

(X, Xq,..., Xp_1) TIO IIPABELOT Y.

Jema 4. N-HOPMHUPAHUOT BEKTOPCKHU MPOCTOP (L||**||) e ria-

IOK aKO M caMO aKo 3a ceKoj X#0 M 3a CeKOM JMHEapHO HE3aBHCHU
BEKTOPHU Xq,..., Xp_1 € L TakBu mrTo P(X) " P(Xy,..., X,_1) ={0} Baxnu

@y (6K X0 )Y + YY) = 010 06X, X1 )(Y) + 03 (6 K0 X))
3a cekod Y,y e L.

Hoxka3. Henocpenno cnengyBa of nema 3, nocnenuia 3 u Teopema 2.

Jlema 5. N-HOPMHPAHHOT BEKTOPCKU TPOCTOP (L,”*,....,*”) e

IIIaJloK aKoO M caMO aKo 3a ceKoj X#0 M 3a ceKkom NMHEapHO HE3aBUCHU
BEKTOPHU Xq,...,Xp_1 € L TakBu mto P(X) NP(Xy,..., X,_1) ={0} Baxu

—(/)i+ (X, X, Xp—)(Y) = (0i+ (X, %, Xn_1)(Y), 3acexkony e L.

Hoxka3. Henocpenno cnenyBa of nema 3, mocnepuia 3 u reopema 2.
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2. 'enepamm3npan N-cKajapeH NpON3BOJ

Heka (L, ||*,,*||) € N-HopMupaH npoctop. O HenpeKUHAaTOCTa Ha

N-HOpMaTa BO OJHOC Ha CCKOja KOOpaAuHaTa I[O6I/IBaM€

i ||x+ty,x1,...,xn_1||2—||x, xl,...,xn_1||2 _
t—0" 2
_im [ty X =% X X XY X X% X X
t—0" t 2
=||x,x1,...,xn_1||-goi+ (X, X0, e0s X1 )(Y).

Co

(Y DX X)) = XK X @0 06 X0 X1 )(Y) (1)

nedunupame 2enepasusupar N-ckasaper Upou3eo0 TPHUAPYXKEH Ha N-
HOpMaTa ||* ...... *” Jla 3abenexumMe nexa (x, Y%, Xn_1> =0 ako m camo

aKO X, X{,..., Xn_1 C€ IMHEAPHO 3aBUCHH UIIA ¢, (X, Xq, - Xp—1)(Y) = 0.

Teopema 3. 3a cexon Yi,Y1.%,Xo,...,Xp €L ¥ 3a ceKoOM NMO3UTUBHU
peannu OpoeBu «, f Baxu

i) ||x1,x2 ..... xn||2=<x1,x1|x2 ..... xn>,

Hoka3. i) Op pedwHAIMjaTa Ha TeHEPANTM3WPAHUOT N-CKalapeH
IPOU3BOJ 1 Off TeopeMma 1 iv) umame

(X, X | X000 X ) =] X0 X1 xn||(pi+ (X0 X100 X0 )(X0) = X0, X o xn||2.
ii) Op mocneguna 2 u neMa 3 jo6uBamMe

[0 Y2 15010 X0 )| = %0 X100 X

iif) Op Teopema 1 i) umame
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<X1, Y1+ V11 %, Xn> =[x, %z, .. Xn||'<0i+ (X0 X0 X0 ) (Y1 + Y1)
<[x, %p, . Xn||'(<0i+ (X1, X211, Xn)(Yl)+¢i+ (X4, X, Xn)(yi))
=0 X e X | @ O X X YY) K X X 0 O X X0 ) (1)

=<x1,y1|xz,...,xn)+<x1,y1|x2,...,xn>.
iv) Cnopen teopema 1 ii) u iii) 3a ceKoM NO3UTHBHHU pPEaHU

OpoeBu «a, f poOuBame

(axq, By Xp, X ) = |@Xq, Xp, s Xn||(/’i+ (@, %9, %0 ) (Y1)

=a,8||x1,X2,...,Xn||(/)i+ (X0 X1 X0 YY) = @B (X, Y1 | Xp e Xy ). #

Jlema 6. AKO N-HOPMUPAHUOT BEKTOPCKU MPOCTOP (L,”*,....,*”) e

N-IpefxuadepToOB IPOCTOP, TOraml N-CKaJlapHUOT IPOU3BOJ M TeHepa-
JM3UPaAHUOT N-CKaJlapeH MPOU3BOJ] CE COBNAraar, T.€.

(30, Y1 X1 X ) = (%0 V1 | X X ).
Hoxka3. Mmawme:

[0 +ty2, X0 X | = X0 X010 X

(X, Y1 1%, X ) = lim

t—0* 2t
— lim (X1+ty1,X1+ty1|XZ,...,Xn)—(Xl,XllX2,...,Xn)
t—0* ot
2
— lim 2t(X1,y1|X2,...,Xn)—t (yl,y1|X2,...,Xn)
t—0* 2t

= (X, Y11 X0, X ). @

Teopema 4. Heka (L,”*,....,*”) € TJalok N-HOPMUPAH BEKTOPCKHU
nmpocTop. AKO X ® Yy ce JIHMHeapHO HEe3aBHCHM BeKTOopu BO L m
Xqse- Xn_q € L JIMHEAPHO HE3aBUCHU BEKTOPH TaKBH IITO
P(X) " P(X,...,Xp_1) ={0}, Toram mnocrom eguHCTBEH peajeH Opoj «
TAKOB WTO (X,aX+ Y|X(,..., Xy 1) =0.

Hoxka3. Heka

_ AR %))
%, X eoes X
HNmawme:
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(X, X+ Y| gy Xy 1) =l X, Xy X g 21 (X, X 0oms X ) (@X + Y)
=5 X (L (X K X 1) (@) + @1 (X, X X0 1) (Y))

= X, X Xp—g [ (@ |1 X, Xy Xp—g [ +1. (X, X, Xn—1)(Y)) = 0.
AKko a,f €R ce TakBu IITO

(x,ax+ Y%, xn_1> =0wu <x,ﬂx +Y [ Xy, xn_1> =0,
Torai OupejKu
I X, X, Xn—q |2 0
nobuBame

@ (XX, Xn g )(@X + Y) = @14 (X, X500 Xn 1) (BX+Y)
OJl ITO cefyBa a=p. ¢

Teopema 5. 3a r17agoK N-HOPMUpPAH BEKTOPCKU MPOCTOP
(L,”*,....,*”) CIIETHATE TBPJICHa CE CKBUBAJICHTHHU:

i) (L, ||*,,*||) € N-PeaXmIGEPTOB MPOCTOP.
i) AKO || X, X, Xn—1 [IF Y, Xq, s Xn—1 ||, TOram

(3| ) -0

iii) 3acekou X,Y,X,..., X,_1 € L Baxu

(X Y1 Xg oo Xn1) = (Yo X X X1 )

T.C. TCHEPAJIUBUPAHUOT n'CKaJ'IapeH Mpou3BOJ € CUMETPUICH BO OJJHOC Ha
Xuy.

iV) (X, Y%, Xq_1) € IMHEAPEH IO X 33 CEKOM Y, Xq, ..., Xp_1 € L.
HMoka3. i)=ii). Heka mpernocraBume peka (L,”*,....,*”) e n-
OPeAXwIOEPTOB MPOCTOP €O N-CKajlapeH MPOU3BOJ (*,*|*,....,*) u
I X, X3, Xn—g [IEIl Y, Xq, -0y Xn—1 || Tooram, 3a cekoj ne N Baxu
[x+ny,xq, ..., xn_1||2 = (X+NY, X+NY | X000 X_1)
=(x,x|xl,...,xn_l)+2n(x,y|x1,...,xn_1)+n2(y,y|xl,...,xn_l)
=(y,y|xl,...,xn_1)+2n(x,y|xl,...,xn_1)+n2(x,x|xl,...,xn_l)
= (NX+Y,NX+ Y[ X0, Xy 1) = X+ y,xl,...,xn_1||2,
ma 3aToa

lim (X + Y, %o X | = X+ 1Y, X, X)) =0
nN—o0
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iii)=iv). Bugejkn L e rmagok u (X,Y|X,... Xy 1) € CHMETpHUCH
BO OJIHOC Ha X MY Off TeopeMa 2 JoOuBame

)

=%, X eee xn_1||-(pi(x,x1 ..... Xn-1)(Y) +[|Ys X1 xn_1||2
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=||x+y,x1 ..... xn_1||2—||x,x1 ..... xn_1||2+||y,x1 ..... xn_1||-(pi(y,x1 ..... Xn_1)(=X).

‘ 3)
+y X X 10V X X 1) (%)
On (2) u (3) cnenyBa
X+ Y. %, e xn_1||2 = %, X0 X [T Y X X[+
+||x X e xn_1||-goi(x,xl ..... Xn—1)(Y) — 4)

Axo BO (4) HamecTO Yy cTaBUMe —Y H ako X,Y,X,..,Xp_1 €L ce
TakBu TO X—Y#0 1 P(X—y)NP(X,..., Xh_1) ={0}, moGuBame

X0 X s X |- 210X X, X1 ) () — ®)

Bunejkn L e rimagok Baxku
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P10 X0 Xn-1)(Y) + @1 (X X X 1) () = 0.

Axo ru cobepeme (4) u (5) fobuBame
X+ 5o Xt P X = Y X X[ = 2(||x,x1,..., O S [ . xn_1||2).

Cera TBpHieHETO HEMOCPETHO CcIeayBa off Teopema 7, [1]. ¢
IMocnenuna 4. Heka (L, ||*,,*||) € IIaJl0K N-HOPMUPaH BEKTOPCKU
npocrop. CleHuBE TBP/IEHa CE EKBUBAJIEHTHU:

i) (L, ||*,,*||) € N-TpeXuIGepTOB MPOCTOP.

i) 1% Xg0eoes X)) = @1 (Ys X X1 )(X), 3a cexon
X, Y, X, osXng€L. @
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Oxpug, MakegoHuja

ONEPATOPU CO OPBUTH IITO TEXAT KOH BECKOHEYHOCT

Coma ManueBcka, Texunuku paxynarer, burosaa

AmncrtpakT. Bo 0B0j TpyA ce pa3srienyBaaT ycioBH LITO Tpeda Jia 3a10BOJTyBa
elleH ormepartop Ha OECKOHEYHO-AMMEH3HOHAJICH baHaxoB mpocTop co
CIIEKTPAJICH PajuyC CTPOro IorojeM ox 1 3a BO IPOCTOPOT Ja MOCTOjar
BEKTOPH YHU OPOUTHU BO OJJHOC Ha TOj OINEPAaTOp TeXAT KOH OECKOHEUHOCT.

Kiayuynu 300poBu u wu3pa3u. baHaxoB mpocTop, OrpaHUyYEH JIMHEAPEH
oreparop, OpOUTH, CIIEKTap, TSKUHCKH TOMECTYBakba, XUTICPIIMKIHYHOCT.

Heka X e GeckoHEYHO-TMMEH3MOHATIEH KOMIUIEKCEH banaxoB mpocTop
u B(X) e anrebpara 011 cuTe OrpaHMYEHH JMHEAapHU onepatopu Ha X . Opbuma

na BekTopoT Xe.X Bo oaHoC Ha onepatopot T'e B(X) e MHOXKECTBOTO UTEpaTH

Orb(T,x)= {T "x:n> 0} . Bo monaramormmauTe pasrieayBama ke OumaT qaacHu
ycnoBu moj kou 3a ganeH omepatop TeB(X) Bo mpocTopoT ke mocrojar

BEKTOpPH YHU OpPOWTH BO ONHOC Ha 1 TeXaT KOH OECKOHEYHOCT W IPUTOA
BaKBHUTE BEKTOPH Ja (OpPMHpaaT ryCTO MHOXKECTBO BO IpocTopoT. OBHUE yCIOBU

ce oxHecyBaar Ha crnektpanHuor pamuyc r(T ):Sup{|/1|:/1€J(T )} Ha
oneparopor T, xane o(T) e cnekrapor Ha T, ¥ HA JIBE MOJMHOXECTBA HA

CIIEKTAPOT: TOYKACTHOT CIIEKTap O ,(7') 1 apOKCHMATHBHHOT TOUKACT CIIEKTap
0,(T) wro ce cocrou oz cure oune A € (1) 3a Ko mocTon HOPMAITH3UPaHa
HH3a BEKTOPH (X,,),>] TaKBa IITO ||T X, — /bcn” — 0 kora n— o0 (BakBaTa HU3A

Ce ylITe ce HapeKyBa Huza 00 CKopo concmeéenu éexkmopu 3a A ). Hamome-

nyBame neka 3a cekoj 7€ B(X) e ucnonnero ([3], mponosunuja VIL.6.7.)
D#0o(T)vo,(T)co,(T).

OmnmruTe pe3ynTaTd INTO Ke OWaT Tpe3eHTHpPaHH BO MPOAOIDKEHHE Ce
MOTHBHpPAHU W 3aCHOBAaHHU Ha pe3ynratute Ha B. Beauzamy m3noxkenu Bo [1]. IIpBuor
pesyunrar, nema 1, e popMynaupaHa 1 JOKakaHa Bp3 OCHOBA Ha JI0Ka30T Ha IPOIO3HIIH]a
[1].11.1.13. Bropuor pesyntar, jgema 2, e momudukanuja Ha sema [1].I11.2.A.6
HaIpaBeHa cO e Ja ce Aaje JAeTajeH Aoka3 Ha teopema [1].II1.2.A.5; pesynararor ox
0Baa TeopeMa, CO Majla U3MEeHa BO 3aKIy4OKOT, ¢ (GOopMyJIHpaH BO TeopeMa 3 MO0y U
3a MCTaTa € IPUIIOKEH KOMJIETEH JI0Ka3.
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JIEMA 1. Ako X e pednexcusen Banaxos npoctop, Te B(X) u
Aeo,(T)\o,(T), roram cexoja HU3a O CKOPO CONCTBEHU BEKTOPU 33 A €
ciaba HyJa HU3a.

JOKA3. Heka (x,),>; € HU3a OJ CKOPO COICTBEHH BEKTOpH 3a
A€o, (T)\o,(T). bunejku Bo ciyyaj Ha peduexcusen banaxos mpocrop,
ball X ={xe X : ||x|| <1} e cnabo xommakTHO (Teopema Ha Alaoglu), mocrojat
BeKTOp X € ball X v monumsa (x, )i>1 Ha (X,),>] Taka wWro X, —> x(wk),
kage wk e cnabara tomonoruja va X . Toram Ix,, —Ax, — Tx—Ax(wk) wu,
nopaau || Ix, — Ax, |[> 0 xora n — o, Tx,, —xlxnk — 0(wk) . Ho Bo cnyuaj Ha

Banaxosu mpoctopu wk e Hausdorffov-oBa Tomonoruja, ImTO 3HAYM JEKa
Tx—Ax=0. Opa 3aeano co A& 0o ,(T), ke nane x=0. Co T0a noGuBME 1eKa

x=0 e BCYyLIHOCT €MHCTBEHATa TOYKA HA HATPYIyBame 3a HU3aTa (X,,),>| BO
onHoc Ha wk . OBa, 3aeHO cO ciabara KOMIAaKTHOCT Ha ball X , ummunimpa
x, > 0(wk). 1

JIEMA 2. Ako (z,),>] € ci1aba Hy:a Hu3a Bo banaxosuor npoctop X,

TOTAall 33 CeKOj BEKTOp z € X

(@) lim sup”z + zn” >zl ;
n—»0

(b) axo ||zn|| — o KOra n—> o0, TOralll

lim sup"z + zn” >max{a/2,
n—

JOKA3. IIpu ycnosute Bo nemara, x*(z,) -0 kora n— o0 3a cexoj

OrpaHHYCH JHHEeapeH (yHKIHOHAT x" e X", Axo IIpuTOa x4 <1 , TOTaIll
|x*(2)| = lim |x*(z+2z,)| <limsup|z+z,| =
B—>00 n—

||z||=sup{|x*(z) |: x* e X*,

X *” <1} <lim sup"z +2z,
n—x0

b

co wTo € AokaxaHo (a). Heka cera ||zn||—>a Kora n—o. 3a ||z,,||>a/2,
TBpAcweTo (b) ke cmeam ox  (a), a ako ||zn|| <a/2, Toram
||zn|| -al/2< ||z + zn” + ||z|| -a/2< ||z + zn” 3a cekoj n=>1, mro uMIMIMpa

a/2=lim(|z,|-a/2)<limsup|z +z,|. ®
n—>0 n

—>0
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TEOPEMA 3. Heka X e peduekcuBeH banaxoB mpoctop. Ako 3a
oneparopor Te B(X) «kpyxnuuara {1eC : |4 = r}, xane r=r(T), conpxu

touka on o(T )\ap(T ), TOram 3a CeKOja HU3a IO3UTUBHU OpOeBH (),
o0 .

TaKBa IITO E &, <400, BO CEKOja TOMKA OJ MPOCTOPOT CO Pajyc CTPOro
n=

0
TIOTOJIEM O] Z | @y TIOCTOM BEKTOp y € X TakoB IITO
n=
1 n .
||Ty|| >—q,r ,3aceko] n=1.
2 n

JoKkA3. Axo Aeo(T)\o,(I) e takoB wWTO |/1| =y, ToOTram
Aedo(T)\o,(T) co,(T)\ o) (T), ma criopexn yiema 1, TOCTOM HHU3a BEKTOPH
(x,,),,>1 B0 X co 0cOOUHHU:

(a) ||xn || =1 3acekoj n>1;

(b) || Tx,, — Ax,, ||> 0 xora n —> o ;

(c) x, > 0(wk).
Toram

— ¥ xora n—o,3aceko] k>1. (1)

1T x, - 2, |50 u |[TFx,
Hexka xeX u £>0 ce npoussonuu u (@,),s; € HA3aTa O] yCIOBOT

BO T€OpEMara.

I. Cnopen (1) 3a k=1 u (c), 3a Hu3zata ((1+¢)Tx,),>; Baxu
|1+ &)y Tx, |»> (1+&)ax, xora n—o u (1+&)Tx, > 0(wk), mro
criopen jieMa 2. (b) mMmmuanupa

sup,,»1[T(x + (1+ &)y x,)| = limsup|T (x + (1+ &)y x,, )| =
n—>0
> max l(1+5)05 r ||Tx|| >la r
> 5 W Sar
Toram mocroun n 21 Taka wTO 3a BEeKTOpPOT y; =x+(1+ g)alxn1 Ja BaKH
1
||Ty1|| > Ealr .

II. Heka mpermocTaBuMe Jieka 3a HEKOj kK >2 ce HajaeHWU MPHUPOIHHU
OpoeBu n; <...<n;_; TaKBU ILITO 32 BEKTOPUTE

y=x+l+e)ax, +..+ax, ), 1<i<k-1

J1a BaXKHU

HijIH>%ajl”j,BaCCKOI/IISjSlSk—l. )
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III. Ja pasrnemyBame Husara BeKTopu (y;_; +(1+&)ax,) s -

TBPAEWE 4. Ilocrojar croro pacreuku Hm3u (N i (n))ys1, 15 j<k-1

Bo N TakBH IITO

. 1 . )
Jloka3oT Ha 0Ba TBPACHC I'0 CIIPOBEAYBaME CO HHAYKIIHja:

i) Cnopen (c) mmame (1+¢)aTx,, - O(wk). On MHAyKTHBHATaA TpeT-
mocraBka II. (2),3a j=1 u [ =k—1, xako u 1ema 2. (a) , foOuBame

SUP |7 (V41 + (14 &) x,)|| 2 limsup|[T (v + 1+ &)ayx,)| 2 [Ty | >
n—»o0

>%alr, Vm=>1.

Oa n103BOITyBa J1a Ce Hajjie CTPOro pacreyka Huza (N;(n)),>; Bo N Taka mro

HT(yk,1 +(1+g)akle(n))‘ >%a1r ,3aceko] n=1.

ii) Heka ce Hajaenn crporo pacreukure Husu (N;(n)),»; Bo N 3a
1<j<s, xage s<k—2, a nIpuTOa HEPABEHCTBOTO BO (2) Ja BaXKH 3a CEKOj
1<j<s.

i) Husata (Xy, (v, (n)).))n>1 KaKO momnmsa Ha (X,),>| € HCTO Taka

cnaba Hyna Huza, mro ummmmupa (1+e&)a;, T S+1xN1("_(NS(n))_N)—>0(wk), u

IOCJICA0BATCIIHO

. 1 1 1 1
limsup | 7 (v + 1+ &)Xy, vy (o) RN T vy > Eam’”ﬁ ,Vm=1.
n—>0

Toram

+1

1 1 .
SUP s || T (e + (4 €)Xy, (v, ().l >§as+1”5 , 3acekoj m=1

IITO JJO3BOJIyBa JIa Ce Hajjie CTporo pacreuka Huza (Ng 1(n)),>; Bo N Taka mro

1 .
1T ey + (U )y, (v () | >5as+1r”l sacexoj nzl. ¢

[IponomkyBame co T0Ka30T Ha TeOpeMara.
Bunejku (le (...(Nk_l(n))...))nzl € MoJHM3a Ha (X,),>] »

k k
I1A+&) T Xy (N, (). [P A+ E)ar™ xora n— o0 n
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k
A+ T Xy, (N, (n))..)) > 0(Wk),
a criope Jiema 2. (b)

, k
limsup [ 7% (yi_y + A+ &)Xy, (v, (n)).)) 2
n—»0

Zmax{%(lJrg)akrk,H Tkyk_l ||} >%akrk. 4
Hexa m;, €N e takoB mto N|(...(N;_;(my))...) 2 n;_; +1. Toram cnopen (4)
SUP > m, || T (v +(1+ E)OUUXN, (N, (. )) || > %akrk ,
I1a IT0CTOU nk' 2 my, Taka ITo
| r* (Vi +(1+5)akxN1 ((Njy (g Nl >%akrk- (5)
Heka ng = Ni(...(Ny_1(n;"))...) . bunejku usure (N ;(n)),>; ce crporo
pacteuku u ny > my, ke Baku 1y > Ny(..(Ny_y (my))..) > my_y +1.
Heka y; =y +(+&)a;x, . Toram, cmopex (5) 3a j=k-1 u
n= nk' , omHocHo cnopen (3) 3a je{l,...k=2} u n=N,;;(.(Np_ (n))..),
HijkH>%ajrj 3acekoj 1< j<k. (6)

Opn 1. - II. ciopex IpUHIMIIOT HA MaTeMaTHYKa UHAYKIH]a CIeIU JeKa
IIOCTOM CTPOro pacteyka Husa (7);>; BO N Taka INTO 3a BEKTOPHUTE

Vi =x+(l+€)(051xn1 oo, ), k=1 ngaBaxu (6), u Toa 3a cexoj k>1.
. o0

3a Baka HajACHUTE BEKTOPH () )i>1, HOPaIH yCIOBOT Zn:l a,<+o u (a),

||yn —ym" S+ &) Amingmny+1 + -+ Fmaxgmny) —> 0 KOTA m,n—> oo, WTO 3HAYH

neka (Vg)gs>; ¢ KommeBa umza. Toram mnocrom yeX Taka MLITO

yzkli_r};yk =x+(1+$)zk=1akxnk . [Iputoa

||y - x|| =(+¢) 2:21 Xy, <1+ 5)2::1|ak| <1+ 25)Z<:zl|ak|
u, ciopex (6) ‘T"y = lim T”ykuzlanr” 3acekoj n>1 . M
k—+o 2

MHHOCIEAULIA 5. Axo omepatopoT 1 € CO CHEKTpalieH paauyc
r=r(T)>1, Toram npu ycioBuTe Bo Teopema 2.1 BO IpOCTOPOT MOCTOU TyCTO

MHOXCCTBO BECKTOPHU YU 0p6HTI/I TEXAaT KOH OECKOHEYHOCT.
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JOKA3. 3a namenun xe€ X, £>0 u npous3BoiaHo u3bpan 1<q<r me-
¢bunupame Hu3a (), €O
a, =e(g-D)1+2&) ¢, n>1.
Toram

0 —
zn_lan=£(1+25) "'u a,r" — o0 xora n—>w,

M TIOCIIEZIOBATEIHO 3a BEKTOPOT KOHCTPYHpaH BO MPEIXOJHHOT JOKa3 BaKU

||y—x||<g u HT"y“—mo kora n—>oo . W

Hanomenysame nexa Bo ciydaj kora npu 7 =r(7)>1 nocron A€o ,(T)
TakoB wTo 1 <|A| < r, Toram 3a cexkoj Henyitu Bekrop x € ker(7'—A4) = {0},

opourara Orb(T,x) texu ko 6eckoneunoct: | T"x||=|A["|| x||=7" || x|
KOra 11— 00 .

TEOPEMA 6. Ako X ¢ banaxoB mpocTop (He 3aI0JKUTENHO pedliek-

cusen) u 3a TeB(X) nocrom Hopmanusupana cnaba Hyna Hu3a (X,),s| CO

ocobuHa: 3a cexoj k=1 mocrom A; Taka IITO HT kxn —> A, xora n— o,

. o0
TOraul 3a CceKoja Hu3a MO3UTUBHU OpoeBH (,),»; TakBa IITO zn:1an <40,

. o0
BO CC€KOJa TOIIKa O MPOCTOPOT CO paaAnuyC CTPOro morojeM on E lan IoCTOMn
n=

BekTop y € X 3a KOj HT”yH >a,A,/2,3acekoj n>1. Axo npuroa @, A, —> ©

KOra n—»co, TOTall BO MPOCTOPOT TMOCTOM T'yCTO MHOXKECTBO BEKTOPH UHHU
opOuTH TeXKAT KOH OeckoHewHOCT. M

Jloka3zoT Ha TeopeMa 6 ce CIpOBeIyBa HAa COCEMa MCTHOT HAYMH KaKO

. n ,
OHOj Ha TeopeMa 3, caMO HAMECTO HHM3aTa » Ha COOABETHOTO MECTO Ke
crou 4, .

3a Kkpaj, Kako WIycTpallyja Ha IPeIX0HUTE PE3YNITaTH Ke AaeMe YIITe
e/leH eJIHOCTaBeH MPHUMEP Ha omepeTop. buaejku UCTHOT e MomudHKanuja Ha
eIIHH OJ1 HAjeJHOCTABHUTE MPUMEPH Ha XHIEPIUKIMYHA OTIEPATOPH IITO MY C€
MO3HATH HA aBTOPOT, 3apaqd KOMIUIETHOCT BO Teopema 7.B.(c) ke Owune

HOKa’kaHO U 0Ba HeroBo cBojcTBo. Oneparopor Te B(X) ce Hapekysa xunep-

yuxauyen onepamop axko moctou Bekrop x € X takos mto Orb(T,x) e rycra

BO IIEJTMOT IPOCTOP, BAKBHOT BEKTOP YIITE CE€ HAPEKYBA XUNEPYUKIUUEH 8EKINOD
3a oneparopotr 1T . [la HamoMeHeme jeKa ako 1T € XUIMEePLUUKIUYEH OmNeparop,
TOrall MHOKECTBOTO O] CUTE XMIIEPUHUKIMYHH BEKTOPH € I'ycTo0 G5 MHOXKECTBO
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Bo npoctopoT ([1], Il , §5). 3a mogeranHu uHGpOpMALMK 32 XUTICPIUKITHYHO-
CTa 4YMTaTeNoT ce ynaryBa Ha [1], [2], [4]-[8].

IIPUMEP 7. T'o pasrnenyBame baHaxOBHOT IPOCTOP ¢ OX CHUTE HyJa

HM3U O] KOMIUIEKCHM OpoeBn x=(X;);>p CO CyINpeMyM HopMara

(RS =Sups>0 |xk| u, 3a 1< p<o mpocropure (7 (Ny) om cure HU3M
_ 0 P )4

KOMIUIEKCHH OpoeBH X = (X} );>( TAKBH IITO k:0|xk| <o, co (¥ — HopMaTa

el = (X |k | < )P Hexa {e :k>0} e saeanmaxara xanoncka 6asa 3a

OBHE MTPOCTOPH.
3a magenu r >0 u HU3a W= (wy);>; BO kpyxkHunara {1eC : |4 =r}

JeduHUpame TEKHMHCKO IIOMECTyBame HaHaszan 1, co

T,e0=0 u T,e=wpe_; 3a k=>1. @
Bunejku Huzata w=(wy);>; ¢ orpannuena T, € B(tX (Ny)), T, €B(cy)) u
NpuToa ||Tw|| <r.Opn npyra cTpaHa, 3a gaaeHo n > 1

" 0 ,aKO0 k<n
Tw € = D (2)
WWe 1 o Wiy 11€)—p > AKO k>n

OJl KaJle CIEIN JeKa

HTW"ekH = WeWp_g oo Wiy |5 HTwnekHOQ =r" 3acekoj k>n,
p

HITO 3a€/HO CO ||TW|| <7 u nepuHHLHUjaTa HA HOPMA Ha ONEPaTOp, HMILIALHPA

neka ”Twn H =r" 3acekoj n>1, u NOCNENOBATENHO

H(T,,) =lim, ., [1,7[""=r w o(T,) < (AeC: |4 =1} .
Axo A€C e takoB mto |A| = r, Toram
X, =¢y+ Zle (Ww,..w,) " Ae, e 17 (Ny) < o
u mnpuroa I,x;=Ax;. bunejku x; #0, mocIeTHOTO HUMILIMLUpPA AEKa
Aeo,(T).

Axo A€C e TtakoB mTO |A| = r, 1 BEKTOPOT X = Z}f:l Xj€; € TaKoB ILITO
T, x = Ax, Toraml wyx; = Ax;_; 3acekoj k=1 mro, nopaau u300poT Ha HU3ATa
w=(Wy)g>1, kK€ UMILTHLIIpA |xk| :|xk—1| 3a cexoj k>1. Osa, npu xe (¥ (Ny)
um xe (¥ (¢o) (nopamu Zf:0|xk|p< o, ogHocHO x; -0 kora k—>x©) e
MOKHO caMo H0KoiKy x; =0 3a cekoj k>1, T.e. x=0. Op Tyka cneau neka

kpyxHunara {AeC: |1 =r} He cOAp>KH CONCTBEHU BPEIHOCTU 3a T}, .
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CyMupajku TH IPEIXOTHUTE PE3YITaTH ja MoOOUBaMe ClieaHaTa

IPONO3UIUJIA 7.A. TeXUHCKOTO OMECTyBamwe HaHa3aj 7, aeduHu-

pano co (1) e orpaHuueH JMHEapeH omeparop Ha mpoctopute ¢y U (¥ (Ny),
1< p <o unpuroa:

l/nzr,

2

(a) 3acexoj n>1, HTwnuzr” u r(T,)=lim,_, HTW”
(b) 0,(T,)=1{1eC |2 <r} n o(T,)={AeC: |4 <r} = 0,(T,) .1

TEOPEMA 7.B. Axko r>1 um 1< p<oo, Toram 3a TEXKHUHCKOTO

nomecTyBame HaHaszaj I,, nedunupano co (1) BO cekoj ol MPOCTOPHUTE c; H

07 (Np) mocrou

(a) TycTO MHOXECTBO BEKTOPH X TAaKBH IITO HT X ‘ —> 0 KOra 71— o ;

(b) TyCTO MHOXXECTBO BEKTOPH X TaKBH IITO HT W"x” — 0 xora n—

(c)rycto G5 MHOxkecTBO BekTopu x TakBu mro Orb(T,,x) e rycra
BO IIEJIMOT TPOCTOP.

JHOKA3. (a) Bunejku cexoj om mpoctopure (7 (Ng), I<p<owo e

pednexcuBeHn banaxoB mpocTop, TOYHOCTAa Ha TBPACHETO 32 OBUE IPOCTOPH
ClIe/IM O] IPeIX0IHATa TIPOIO3HIIMja H TeopeMa 3, OHOCHO Tociieanna 5.

3a 1a ce MOKaxKe TBPJEHETO 3a IPOCTOPOT ¢ HEKa (x(”))nzl € HU-

sata nedunmpana co x\") = > h_nei - Toram 3a cexoj n>1, "x(n)”OO =1 us3a

CeKOj TnHeapeH (PYHKIIMOHAI

aen)| =[S < T7 a0 xora n o,

1 *
a=(ahzo €l =¢o
ITO 3HAYM JeKa (x(n))nzl e cnaba HyJla HU3a BO ¢ . Hatamy,
m(n) _ N
Tw X0 = Zk:n WiWk—1 + Wk—m+1€k—m >
1 IOCIIEZI0BATETHO

HTwmx(n)

=Sup{| Wy wi_y . Wy_pyyy 1k =0} =" 3acexon n>m>1.
0

Toramr 3a cexoj m >1 mocton

4, =lim HTwmx(”) -

n—»0
0
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Jedunupajku cera Huza («,,),>; Kako BO JOKa30T Ha MOCIEAMIA 5, TOYHOCTA
Ha TBPZAEHETO 3a IPOCTOPOT ¢ Ke CIequ oJ] Teopema 6.

(b) Hexa L = span{e; :k >0} e Ha ryCTHOT BEKTOPCKH HOTIPOCTOP )
u (7 (No) renepupaH o BeKTopute {e; :k >0}, T.e. BEKTOPCKHOT MOTIPOCTOP

O]l CUT€ KOHEYHH JIMHEApHH KOMOMHAIIMK OBUE BEKTOPH. buejku 3a cexoj ye L
nocrou n(y)eN, Ttaka wro yespan{e,:0<k<n(y)}, cnopen (2)

HTW”x LO =0 3a cekoj n>n(y), u MOCIEIOBATEITHO “Twnx”oo — 0 kora n—> .

(c) 3a na ce mokaxwu neka I, € XMIEPIMKIMYEH oneparop Heka Sy,

€ TeXHHCKOTO moMmectyBame Ha ¢q u (P (Ny) nepurmpano co:

Si/wer = Wklllekﬂ , k=0 . Toram
i) S/ € B(I? (No)), Sy, € Bleo) m
HSI /W"H = SUPgag | (W Wiag oo Wernt) |21/ 77, 3 cexoj n>1,

U TOCIIEJIOBATEIHO, 3 CEKOj BEKTOp ) of oBue npoctopu Orb(S;,,,,») Texu
KoH 0.

i) 73,81/ ek = Ty (Wer1€hat) = Wes1 W€ =€ 3a cexoj k>0, o
ummnupa aexa 1,81/, =1 , kane / e HOeHTUYHHOT OIepaTop.

Cera ro mpuMeHyBame cleTHHOT pe3yiartaT ( [2], npomo3unuja 2.2.) 3a
X() = Yo = L

KPUTEPUYM 3A XHUIEPHUKJIUYHOCT. Ako X e cemapaOuieH

Banaxos mpoctop, TeB(X) u moctom CTPOro pacTeyka HM3a HPUPOIHU
Opoesu (”j)jzl (”j)jzl 3a Koja

nA
(a) moctou TycTo MHOXECTBO X5 BO X Taka LITO "T fx”—)O Kora

Jj —> 0 3aceko] xeXj;

(b) moctou rycro mMHOXecTBO Y, Bo X M mpeciukyBame S:Y; — Y
(He 3aJ0JKMTENHO JTMHEAPHO U HE 3aJI0JDKUTEITHO HEMPEKUHATO) TaKa LITO

Hsn/y“_)() KOra j —» o0 3a CEKOj ero u TlYOOS:”YO;

Torami 1 e XUIMCPUUKIIMYCH OIICparop. u

139



Jla HamomeHeme ymTe aeka TBplemara (b) u (¢) on mpemxomHara

TeopeMa BakaT M 3a TPOCTOPOT (', HO Teopema 6 He ¢ MPUMEHIMBA HA OBO]
npoctop. Criopexn teopema Ha Schur ([3],V.5.2 u [9], ctp.348), 3a cexkoja HU3a

13

(x,),>; BO (' ycmosute ,,x, — 0(wk) u,,

xn|—>0 Kora n-—» o, ce

1 1
exBuBasieHTHU. OBa 3HauM Jeka Bo (' BO omHOC (' — HOpMAaTa HE MOCTOM HHU3a
(x,,),>1 Taka MITO ||xn|| =1, n>1 a npuroa x,, = 0(wk) .
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KOHEYHN MATEMATHUYKU N350PHU HN3

Hparan JumutpoBcku, Jopgranka Murtescka
ITpupopHno—MmaremaTnuku pakyiarer—Ckomnje

BOBE]

OOnacta Ha IpaBHUTE Hayku € efHa oj OOJacTUTEe BO KOU
MaTeMaTHKaTa ce NMpUMeHyBa MHOry Majiky. Ho, mpakTukara nmokaxysa
neka 6e3 mMpUMeHa Ha MaTeMaTHKaTa AypH M BO OBaa 00iacT MoOXe fia ce
HampaBaT Tpemku. Toa e ciaydaj co M300pPHHTE METONU, OCOOEHO TpH
HontoBnot, CeH-JIaroBuoT 1 MOAN(UIMPAHIOT METOJ, Kajie ce KOPUCTaT
KOHEUYHUTE MAaTeMaTHIKU HU3H.

Bo oBoj Tpyn, 0e3 pja HaBieryBamMe BO IIpalllalkaTa Ha
NIeMOKPaTUYHOCTA WU IIPaBHATA JIETUTUMHOCT HAa U30OpHUTE pe3yJTaTH,
Ke fmajgeMe MaTeMaTU4KM 7oka3 Ha ¢opmysiaTa 3a NpecMeTyBame Ha
n300pHHATE pe3yaTaTH Mo [OHTOBHOT METOJ], IITO CKOPO aBTOMATCKH
noapazbupa u aHomoram ¢opmyan u 3a Cen-JlaroBuor u
MOAU(MUIMPAHUOT METO]I, 3a KOja hopMyiia cMeTaMe JieKa He € TT03HaTa 1
CO Koja ce oO0jacHyBaaT MHOTYy HEJOCTaTOIM ¥ HEJOTMYHOCTH Ha
JIOHTOBHOT METOJ KOU ce jaByBaaT BO m30opHaTa mpakca. [IpammameTto e
0COOEHO BaXXHO Owupejku JJOHTOBHOT M300pEH METOJ CE€ KOPHUCTH BO
rosjem Opoj Ip>KaBH.

®OPMYJA 3A MHO3UHCKUN U3BOPEH CUCTEM

I';u BOBeyBaMe clielHUTE O3HAUyBamwka 3a OCHOBHUTE N300pHU
TOJIEMUHHU:

M - BKynHa mMaca Ha Ba’KeUKku N300pHU JINBUNHA;

m; - 6poj Ha rIacoBM NOOMEHH 3a | -TaTa MapTHja WK MOCTUHEL;

p; - Opoj Ha MpaTeHUI KOU I'M JOOMBa cEKoja mapTuja Bp3
OCHOBa Ha M, ;

p - OpoeH coctaB Ha [lapramMeHTOT (KOHCTaHTa);

n - Opoj Ha peJleBaHTHHU NapTUH yYECHUYKHU BO N300pHUTE.
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OcHoBeH H300peH MpodaeM (BO MaTeMaTHYKa CMHUCIA) € fa ce
onpepenu n300pHaTa (PyHKIHja
p; = p;(m;) (1
KOja ro gaBa OpojoT Ha IMpaTeHUlM N30paHu CHOPE] COOABETEH U300pEH
METOJ, Bp3 OCHOBa Ha rijlacopure. Taa € pasiauyHa CIOpe[ pasiuyHu
n300pHU METOAM U MOCTAIKH.

OcHOBHHTE H300pPHH peJIaliH Ce UCTH BO CEKOj METON;
m+m,+...+4m, =M (2)
Pit Pyt tPy=p ®)
Akoe m; >m, >...>m, >0, Torau € NpUPOIHO Jja BaXK1
P, > P, >...>p, 21.

ITojnoBHa N360pHa XMNIOTE3a 32 MHO3HHCKHOT CHCTEM ¢ OpOjoT Ha
n30paHUTE TNpaTEeHHIU Ja € IpaBO INPONOPLUOHAJIEH Ha JOOUEHHTE
n36upauku Macu. IMeHo, TOTpeGHO e 1a BaxKu pejanujata

m m, m m, M
Pr P2 Ps pp P
nimn
Pi P
—=— (1=12,...,n
oyl )

|
of] Kaje ja foOuBaMe OCHOBHATa (popMyJia 32 OPOjOT HA MPATEeHUIMTE MO
MHO3MHCKHOT H300peH CHCTeM:

pizmpmi, i=12,...,n )

BO KOja 6pojoT

K= M BKynHaBaxe 4Ka u3bupa 4kamaca B
P BKyneHO6poj npaTeHnum BO U3GOPHOTO TENOo

= 6pojHa n3bupa 41 noTpebHN 3a e4eH NpaTeHNK

Bpojor k¥ e n3Gopen Koedunuent.

Jo6pu cTpaH Ha MHO3MHCKHOT M300pEH METOf ce:
- TIOTIIOJTHO €HAKOB OPOj II1acOBH 3a €IHO MPATEHUYKO MECTO
(meMOKpaTHYHOCT)
- e[JHaKBa MPUMEHa ¥ M300PHU MPeBUIyBatba (TPaHCIAaPEHTHOCT)
- YBaXKyBame M Ha MaJIUTe napThu (PaMHOTIPABHOCT)
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CnabocTy Ha MHO3MHCKHOT U300peH METO] ce:

- TosnieM OpoOj YCUTHETHU MapTUU BO MapilaMEHTOT, IITO OTEKHYBa
CTEKHYBaH€ Ha MHO3WHCTBO U U3TJIACyBakhe Ha 3aKOHUTE;

- TEIMIKOTUU TIpu (popMHpame Ha KOANUIUU MOTpeOHU 3a Op3a u
epmkacHa pabora Ha TapIaMEHTOT, a OCOOEHO TpW JOHECyBame Ha
yCTaBHM 3aKOHHU 3a KOU € TOTPEeOHO MBOTPETUHCKO MHO3MHCTBO;

- Topaju HamaJeHa e(HUKAaCHOCT, 3rojlieMeH Opoj Ha
napJiaMeHTapHU KPU3H, IITO 3HAUM ONIITECTBEHA HECTAOMITHOCT.

JOHTOB UBBOPEH METOJ

MHO3UHCKHOT U300peH cucTeM e 0e3 COMHeHHEe MaTeMaTH4Ku 1
JIEMOKpAaTCKM HajKOpekTeH. Moxke Ja ce J[oKaxe [eKa Ipu HEro
OTCTalyBamara Off CpefluHaTa ce MUHUMAJHHU U TOA € €UHCTBEH CUCTEM
co oBaa ocobnHa. MefyTroa, nmorpebara 3a KOMIPOMHCH, HEONXOJHU BO
>KMBOTOT, YeCTO MNaTh Oapa HamylITalke Ha OBOj CHCTEM. 3aToa ce
MPEMIOKEHU JPYrd M300pHU CUCTEMH Off KOM HAjMHOTY ce NPHUMEHYyBa
JOHTOBUOT METO/I.

CymTrHaTa Ha OBOj METOJ] CE COCTOU BO CIIEJHOTO:

- W36opnure Mmacu m;,m,, ...,M,, HOAPENECHH IO TOJIEMUHA, '
fieJuMe cO IPUPOJHU OPOEBH U TaKa I'M JOOMBaMe KOHEUHUTE
HU3H

m m m m m, m,
1 ] 2 ] 3 y 4 y ce y pl y “ee y N
m, m, m, m, m,
1 ) 2 1l 3 LR 1) p2 1 e ) N

m; m m m
1 2 Ps N

mn mn mn
1 1 1l pn 7 1 N

Op oBue HU3M I' U30UpaMe PBUTE P; HAjTOJIEMH KONMYHALM, P, 3a M,
p, 3a m,, UTH. p, 3a m,, Taka mTo fa Baxu (3). Cekoj of oBue

KOJIMYHUIIU TOTall ONPENIeNyBa M0 €HO IIPATEHNYKO MECTO.

OBOj MeToj € OuHuINIeAHO KOHCTpyHUpaH HUHTyuTHBHO. He cme
CpeTHaje MaTeMaTHYKd [o0Ka3 ®u ¢dopmyrna, Kou OM ja NOTBpAUIE
HEroBaTa KOPEKTHOCT U AEMOKPAaTHYHOCT.
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XAPMOHUCKHA CYMHA
MaremaTu3anujata Ha U300OPHHOT MPOOJIEM MOXKE Ja ce M3BeJie
ako JIOHTOBHOT TPHATOJHKK Of] IieMaTa (6) ce mpeTBOpH BO popmyJia.
Toa MoXe f1a ce HampaBu CaMO aKO €JIEMEHTUATE - KOJIWYHUIYU TH
cobepeme, 3a CTATHCTHKA WJIM aHAINTHYKA 0O0paboTka. Taka moOuBame
N KOHEYHH CyMH
m m m
— L+ ..
1 2 3 p; n

()
n
=m; 1+1+1+...+i+...+l =m; 1 (i=12,...,n)

2 3 k

KOM TM BHKaMe KOHEYHHM XapMOHHMCKHM cymu. Toa ce cymMm Kom pacrar
MHOTy IHOJIeKa, IpH pacTeme Ha OpojoT Ha WIEHOBHUTE, WITO BO
MaTeMaTHKaTa IPEeTCTaByBa CcIOpa AuBepreHnuja. 3a OBME HHU3U KaKO
€IMHCTBEHO CPEJCTBO 3a CyMUpame ClIy>KH TeopemaTa Ha Ojinep:

n—o00 n

AKo ja mpuMeHnMe oBaa hopMyia Bp3 KOHEYHUTE HU3M TOTrall BaxKu

Iim(l+%+%+ +1 —In nj =C =Euler—oBakoHcTaHta ~056. (8)

1+£+£+...+1=Inn+C+gn.
2 3 n

Bupejku ¢, 3aBuch off N W HE MOXe /1a ce OLEH! OJHATIPEN, CIeyBa AeKa
HE MOXe Jla ce OIeHW HUTy ropHarta cyma. Crmopara AuBEpreHIydja Ha
ropHaTa cyMa MOKe Jia ce COriiefia HU3 CIeJHIOT IpUMep.

Jla HajaeMe KONKY 4JeHOBM N Tpeba fla cobepeme 3a ga mMame
cyMa effHaKBa Ha 20, mTo onpepenysa 20 mpaTeHUIu:

1+1+l+...+lzlnn+C
2 3 n

=20,n=?
Ako 3ememe n=1000 000 000=10° u norapuTMHpaMe EMaMe

INnn=In10°=9-1n10=9-2,30+0,56 ~ 21,2 .

3naum 3a fga gooumeme cyma 20 (7.e.20 mpaTeHunm) Tpeba ma cobepeme
ellHa MWIMjapia WICHOBM BO TopHaTa Hu3a. bupejkm Bo Makenonuja
MHO3MHCTBO ce ompefeiyBa co Haj 60 mpaTeHWIHn, Toa 3Hauu ieka Tpeda
na cobepeme Hajl 3 MIJIMjapAu APOTIKH, IIITO € MHOTY 1 3a KOMIjyTep, a He
3a pavHO coOMpame Mpu N300PHUTE KOMUCHH.

3aroa JJOHTOBHOT MeTOJ lajieH co AchuHunmjaTta (6) € 0coOeHO
TEXKOK 32 MPOTHO3UPakE M € HeTPAHCIIApEHTEH 3a MPUMEHa.
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MATEMATHNYKUN 1OKA3 HA TOHTOBMNOT CUCTEM.
METOA HA PEIIMIIPOYHM MOMEHTHA
Bupnejkn cobupameTo BO IIeMaTa € TEIIKO W3BOMJIMBO, K€ TO
MpUMEHUME METOAOT Ha MOMEHTH, IITO OCOOEHO ce€ KOPHUCTH BO
¢usukara, u cratuctukata. MiMa MHOry MOMEHTH: Ha cUjia, HA UHEPIH)a,
Ha paboTa, Ha KOJIMYECTBO JBWXEHE, MUMMYJC HAa CHJIa, KWHETHYKA
eHepruja. Hue Ke mpumMeHmMe MOMEHT BO BHJ Ha jauMHa Ha MOJIETO,

f.
E=—" , T.€. BO BUI Ha pCIUIIPOYHN BPECAHOCTH Ha HOHTOBI/ITC KOJIMYHHUIHU
i

n ,
— B0 (6). IMeHO Ke Tu pasrieyBaMe peuunpOIHUTE HU3H
m;

123 b N
e ™
KOHU Ce CyMHpaaT JIecHO, T.e.
n n
Ziziz 1+2+3+.. k):i-M. 9)
e M Mo m; 2

IMpuunHata 3a BakBa TpaHchopmanuja Ha JJOHTOBHTE KOJMYHULM €
eHOCTABHA 1 C€ COCTOM BO CIIETHOTO:
Ha MaKCI/IMyMOT Ha HOHTOBHTC KOJIMYHNIIU COOTBeTCTByBa nu
MaKCuMaJIHa cyMa
m; m;
max— <> max » —-
P; i Pj
n peuHHquHO, Ha MHUHHUMAJTHHUTC HOHTOBI/I KOJIMYHUI A COOTBeTCTByBa

MHWHUMAJIHA CyMa
n i

m|n—<—>m|nz 1 Dop (10)

j= ji=l

N3b0PHA ®YHKIIUMJA
dopmupame 30up Off PEUUIPOYHUTE BPEJHOCTU HA UIECHOBUTE Off

HonToBaTa 1ema
F(m,. p,)= Z Ly, (11)

J i=1
KOj K& TO Hapeueme H300pHa q)yHKnnJa. Taa 3aBucu op M3dUpayKuTE
Macu M;, Ol MpaTeHuuTe P; ¥ OPOjOT HAa MAPTUUTE IITO YIECTBYBAAT BO

uzbopure.
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AKo mj u P; C€ HENPEKWHATH NMPOMEHIIUBH, TOraml HpOGJIeMOT
Ha Haofame Ha Min F(mj, pl) CC CBElyBa Ha IpUMCHaA Ha alnapaToT Ha

MaTeMaTH4yKaTa aHalu3a: olpeoenysatse
F(mj , pi) iipu ycaosuitie (2) u (3).

YCAOBHU  eKcilipemu Ha

JATPAHXKOBA ®YHKIINJA HA YCJIOBHU EKCTPEMUA
Co (10), (2) u (3) popmupame JlarpankoBa (pyHKIHja CO MapaMeTpu A u

: Jo o]

JATPAHXOBHU ®OPMYJIN 3A YCIOBEH EKCTPEM
Op aHanmm3aTa € MO3HaTo IeKa BO CIyuaj Ha eKcTpeM (Max wmiau min) 3a
(11) ke Baxkmu:

Zpi_p

i=1

o(m;, p;, A4, 1)=F(m;, p;)+ ,1(

@:O, @:O (2n paBeHKn)
op; om;
o, @ g .
oA ou
JOHTOBU PABEHKU N HUBHO PEHNIEHUE
On (9), (11), (12) u (13) ro6uBame:
n p_2 +p, n n
O=> —+2 > p—-p|+ m, — M
iZ:l: 2m,; (lzl: J ﬂ(; j
@:M_’_ A1-1=0
op; 2m;
b pl+p
=—— S+ u-1=0 14
om ome (14)
oo
T P+ Py+...+P,—p=0
@=m1+m2 +...+4m, -M =0
ou
On oBHE paBeHKH HaofaMe:
piz—/lmi—%, i=12,...,n (15)

146



A=-—2 (16)

og kou ja pobuBame J[loHTOBaTa opMysia 3a OCHOBHHOT WU300peH
npoo6aem (1):

pi=m--£+l(n-%— J,i:l,z,...,n. (17)

On dopmyrara (17) MOXKHHM ce CICHUTE 3aKITyJOIIH:
1. JloHToBMOT OpOj Ha NpaTEeHUIW € €JHAKOB Ha 30HpPOT Off

MHO3HHCKHOT GPOj paTeHUIA —

A:%[n-ﬂ— j (18)

7 COOUPOKOT

T.C.
Pitno pormy = pi(nowmos.)"’A

2. Paznukata A=p € TOJIKY IOroyiema

i(no lowt) — pi(no MHO3. )
KOJIKY € IoroyuiemM OpojoT m; u OpojoT Ha MapTHUATE N.

3. [Taptuure co ronem 6poj npateHunn 1no JOoHT goOuBaat ymre
norojem Opoj MpaTeHULIH.

4. M3BOPEH IIPEJIOM. He mnocrom pa3nuka mnomery
JIOHTOBHOT ¥ MHO3WHCKUOT METOJ] aKO

A={n. M q]og
2™

O]l Kajie JoouBame

(OBoj 6poj Bo P.Makenonuja Ha u36opute Bo 2002 rojuHa n3HecyBaiie
40 000 rmacaum).

. .M
5. Ako naprtujaTa uMa u3bupauu Hajg OpOjoT — , Taa aBTOMATCKHI
n
nobuBa A mpaTeHunM noBeke. [lapTumTe mTO MMaaT W30Wpaym OKOIY

. M .
6p0_]OT —, CO HOHTOBI/IOT CUCTEM HE JIO6I/IBaaT NOBCKE NpaTCHUIU, T.C.
n
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THe J00MBaaT efHAKOB Opoj mpaTeHU U 1O [[OHTOBHOT M MO
MHO3UHCKUOT cucTeM. [laptuure 3a kKou OpOjOT Ha HM30Upauu € MO

M
nparoT — HKMaaT HeraTuBHA pasiuka A W The naptum rybar A
n

mpaTCHUIHA 1O IIOHTOBI/IOT BO OJHOC Ha MHO3MHCKHOT CUCTEM.

6. TonmemuTe mapTum fOGMBaAT yIITe NOBEKe MPATCHULH, & MATTUTE
Iy ry0aT u oHaka ManuoT O6poj mecta. Criope Toa HajMalluTe NapTHU ce
MOTIOJHO YHUILITEHHU.

7. bupejkn mMacata Ha Baxkedku riacoBu € M u Taa e (puKCHa,
clleflyBa JicKa FOJIEMHTE MapTHH JOOMBaaT M3BECEH OpOj NMpaTEeHMIU Ha
CMeTKa Ha MaJlWTe MapTUU U TOA TOYHO Of HUBHUTE IJacoBU (Taka BO
Makenonnja, 4 MOOEHUYKY MAPTUU TM UMAAT MIPEB3EMEHO IIIACOBUTE Of
12 Manu maptuM M Taka HeKOM mapTuu goomBaaT u mo 20% mnoBeke
NpaTeHNYKN MECTa).

8. JIOHTOBHOT METOJ BPIIM €I€H BUJI apUTMETUYKO IPUCBOjyBaHE
Ha IJIaCOBUTE.

9. JIOHTOBHOT METOJ TO HamalyBa OpOjOT Ha HaplIaMEHTapHHUTE
napTum.

OcraHyBa Ha IPaBHUNUTE Jia ja OLIEHAT JEMOKPATUYHOCTA HA OBOj
n300peH METO.

Ce ocraBa MMPOKO IOJIE 3a [JUCKYyCHja 3a YCHEIIHOCTAa Ha
HoHToBaTa hopMysna BO cTapuTe U IOJIEMU €BPOICKU JEMOKpATHH U BO
MaJIUTEe U 3aBUCHU IPXKaBU.

Hcro Taka, moTpeOHa e moceOHA aHalu3a U 3a 3TOJIEMYBAaHETO
(MyITUILIMIMPAKETO) Ha IpelmikaTa A mpu mopenda Ha fApkaBaTa Ha
n36opHu eguEUIM (6 Bo P. Makenonmja) wiy 1mo BpeMeHCKH 30HU (8 BO
Pycuja).

Ospe ymTe efHaml ja @pelno3HaBaMeé WHAKy [O3HaTaTa
pelaTUBHOCT Ha JeMOKpaTHjaTa - HEMa HjealHO IpaBefieH u300peH
METOJ] ¥ HICTOBPEMEHO ebuKacHa Ap>KaBHa BJacT.
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