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ZA NEKOI POSLABI SPECIJALNI USLOVI  ZA 
REDUKTIBILNOST NA EDNA LINEARNA 

DIFERENCIJALNA RAVENKA OD TRET RED ^IJ OP[T 
INTEGRAL E POLINOM 

 

Ilija A. [apkarev 
 
 

Apstrakt: Vo trudot se razgleduva homogena diferencijalna ravenka od 
tret red so polinomni koeficienti. Vo nego se dobivaat poslabi dovolni 
uslovi za egzistencija na op{to polinomno re{enie. Pri tie uslovi 
diferencijalnata ravenka se reducira na sistem od dve linearni 
diferencijalni ravenki, od koi ednata e od prv red, a drugata e od vtor red. 
So posledovatelno re{avawe na ovie dve diferencijalni ravenki se 
dobiva op{toto polinomno re{enie na razgleduvanata diferencijalna 
ravenka. 
 
Klu~ni zborovi: Diferencijalni ravenki, op{to re{enie, polinomno 
re{enie, egzistencijalni uslovi, reduktibilna diferencijalna ravenka. 
 
 

0. Predmet na ovoj trud e diferencijalnata ravenka  
 

αy’’’+βy’’+γ y’+δy=0,                  (0.1) 
 
kade α=α(x)=A0+A1x+A2x2+A3x3, β=β(x)=B0+B1x+B2x2, γ=γ(x)=C0+ 
C1x,  δ=δ(x)=D0, a Ai, i=0,1,2,3,  ( 03 ≠A ), BBi, i=0,1,2, Ci, i=0,1, D0   se 
konstanti. 
 Vo [1] se dobieni nekoi specijalni uslovi za 
diferencijalnata ravenka (0.1) da bide reduktibilna na sistem 
od tri linearni diferencijalni ravenki od prv red i da ima 
op{to re{enie polinom. Pri toa e dobiena i formulata so 
koja e opredelen ovoj polinom. 
 Nie, vo ovoj trud, dobivame poslabi specijalni uslovi za 
reduktibilnost na diferencijalnata ravenka (0.1) na sistem od 
dve linearni diferencijalni ravenki, od koi ednata e od prv 
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red, a drugata e od vtor red, i koja ima op{to re{enie 
polinom. Potoa e dobiena formulata so koja se opredeluva 
polinomot.  

Za taa cel, ja diferencirame diferencijalnata ravenka 
(0.1) m pati, kade {to m e priroden broj i ja dobivame 
diferencijalnata ravenka od red m+3: 
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Kako {to e poznato, vidi [2,3], potreben i dovolen uslov 
za diferencijalnata ravenka (0.1) da ima polinomno re{enie 
od stepen m, e da bide zadovolena ravenkata 
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za t=m, kade {to m e najmaliot priroden broj so taa osobina. 
Vo zavisnost od prirodata na koeficientite od 
diferencijalnata ravenka (0.2), posebno }e gi razgledame 
slednite slu~ai: 
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1. Vo ovoj slu~aj diferencijalnata ravenka (0.2)  stanuva 
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kade {to y(m+1)=z. 
 
 Stavaj}i ponatamu 
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kade {to A, B, C, D, E i F ≠ 0 se konstanti, diferencijalnata 
ravenka (1.1), posle deleweto so koeficientot pred z, mo`e da 
se napi{e vo vid 
 
(Ax2+B+C)z’’+(Dx+E)z’+Fz=0.                                                  (1.3)   
 
Bidej}i  
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kade {to 
 

G=3m(m-1)A3+2mB2+C1 ,  H=m(m-1)A2+mB1+C0 ,                (1.5)
                                                
od prvata ravenka od ravenkite (1.2) dobivame: 
 

(A3x3+A2x2+A1x+A0)F=AGx3+(AH+BG)x2+(BH+CG)x +CH.         (1.6) 
 
 Zna~i, za opredeluvawe na koeficientite A, B, C, gi 
imame ravenkite: 
 

A3 F =AG,      A2 F =AH+BG, 
A1 F =BH+CG,      A0 F =CH.                                                  (1.7) 
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 Od ovie ravenki, posledovatelno dobivame: 
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 Od vtorata ravenka od (1.2), vo vrska so (1.4), go imame 
identitetot  
 

[(3mA3+B2)x2+(2mA2+B1)x+mA1+B0]F= 
=(DGx2+(DH+EG)x+EH)                                                                  (1.9) 

 
od koj, za opredeluvawe na koeficientite D i E, gi dobivame 
ravenkite: 
 

DG=(3mA3+B2)F, 
DH+EG=(2mA2+B1)F,                                                  (1.10) 
EH=(mA1+B0)F. 
 
Od ovie ravenki posledovatelno dobivame: 
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So x1 i x2 da gi ozna~ime nulite na polinomot Ax2+Bx+C. 
Vo toj slu~aj, kako {to e poznato, potreben i dovolen uslov za 
diferencijalnata ravenka (1.3) da ima dve polinomni re{enija 
od stepeni n-1 i n+k-1, kade {to n>1 i k se prirodni broevi, e 
da bidat zadovoleni relaciite (vidi [4]): 

 

A(n-1)2+(D-A)(n-1)+F=0, 
(2n+k-3)A+D=0,                                                  (1.12) 
[(n+k-r-2)x1+(n+r-1)x2]A-E=0,   r=0, 1, 2, ..., n-1. 
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 Od prvata ravenka od (1.12), vo vrska so prvite ravenki 
od (1.8)  i (1.11), dobivame:  
 

A3(n-1)2+[(3m-1)A3+B2](n-1)+G=0.                                     (1.13)     
  

So zamenata na G od prvata ravenka od (1.5) vo poslenava 
ravenka (1.13), ja dobivame ravenkata 

 
(3m2+n2+3mn-6m-3n+2)A3+(2m+n-1)BB2+C1=0.                           (1.14) 
    

Od vtorata ravenka od (1.12), so zamenata na A i D od 
prvite ravenki od (1.8) i (1.11) nao|ame 

 
(3m+2n+k-3)A3+B2=0.                                                           (1.15)
     
 Sega, od ravenkata (1.14), vo vrska so (1.15), za C1 imame 
 
C1=[m(3m+4n+2k-3)+(n-1)(m+k-1)]A3.                                    (1.16)
  

       Dvete nuli x1 i x2 na polinomot Ax2+Bx+C od (1.6) se gleda 
deka se nuli i na polinomot α(x). Tretata negova nula, da ja 
ozna~ime so x3, vo vrska so (1.6) i so ~etvrtata ravenka od (1.8), 
ja zadovoluva ravenkata 

 

G x3+H=0.                          (1.17) 
 

Od tretata ravenka od (1.12), vo vrska so prvata od (1.8) i 
vtorata od (1.11), dobivame 

 

[(n+k-r-2) x1+(n+r-1) x2]A3G-(2mA2+B1)G+(3mA3+B2)H=0. 
 

 Od ovaa ravenka, vo vrska so dvete ravenki (1.15) i (1.17) 
i so primena na Vietovite pravila na polinomot α(x), za BB1 
dobivame 
 

BB1=[(2m+n+k-r-2)x1+(2m+n+r-1)x2+(2m+2n+k-3)x3]A3.  (1.18) 
 

Od prvata ravenka od (1.5), vo vrska so dvete ravenki 
(1.15) i (1.16) za G dobivame 

 

G=(n-1)(n+k-1)A3                             (1.19) 
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a od vtorata ravenka od (1.5), vo vrska so (1.17), (1.18), (1.19) i 
so primenata na Vietovite pravila na polinomot α(x), za C0 
dobivame 
 

C0=-[m(m+n+k-r-1)x1+m(m+n+r)x2+(m+n-1)(m+n+k-1)x3]A3. (1.20) 
 

Od  tretata ravenka od (1.11), vo vrska so (1.17), ja 
dobivame ravenkata 

 

(3mA3+B2)x3
2+(2mA2+B1)x3+mA1+B0=0, 

 

od koja, so primena na Vietovite pravila na polinomot α(x), vo 
vrska so ravenkite (1.15) i (1.18) za BB0 dobivame 
 

BB0=-[mx1x2+(m+n+k-r-2)x1x3+(m+n+r-1)x2x3]A3.                         (1.21) 
 

Od ravenkata (0.3) za t=m, vo vrska so ravenkite (1.15) i 
(1.16), za D0 dobivame 
 

D0=-m(m+n)(m+n+k) A3.                           (1.22) 
 

Sega diferencijalnata ravenka (0.1) mo`e da se zapi{e 
vo vid 
 

(x-x1)(x-x2)(x-x3)y’’’- 
-{(3m+2n+k-3)x2-[(2m+n+k-r-2)x1+(2m+n+r-1)x2+ 
+(2m+2n+k-3)x3]x+[mx1 x2+(m+n+k-r-2) x1 x3  + 
+(m+n+r-1) x2 x3]}y’’+                                      (1.23) 
+{[m(3m+4n+2k-3)+(n-1)(n+k-1)]x-[m(m+n+k-r-1) x1+ 
+m(m+n+r) x2+(m+n-1)(m+n+k-1) x3]}y’- 
-m(m+n)(m+n+k)y=0 
 

ili u{te vo vid 
 

(x-x1)(x-x2)(x-x3)y’’’- 
-[m(x-x1)(x-x2)+(m+n+k-r-2)(x-x1)(x-x3)+ 
+(m+n+r-1)(x-x2)(x-x3)]y’’+ 
+[m(m+n+k-r-1)(x-x1)+m(m+n+r)(x-x2)+ 
+(m+n-1)(m+n+k-1)(x-x3)]y’- 
-m(m+n)(m+n+k)y=0. 
 
 So pregrupirawe na ~lenovite od ovaa ravenka ja 
dobivame diferencijalnata ravenka 
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(x-x3){(x-x1)(x-x2) y’’-[(m+n+k-r-1)(x-x1)+(m+n+r)(x-x2)]y’+ 
+(m+n)(m+n+k)y}’-m{(x-x1)(x-x2)y’’- 
-[(m+n+k-r-1)(x-x1)+(m+n+r)(x-x2)]y’+(m+n)(m+n+k)y }=0 
 
koja se reducira na sistemot od dvete linearni 
diferencijalni ravenki 
 
(x-x1)(x-x2) y’’-[(m+n+k-r-1)(x-x1)+(m+n+r)(x-x2)]y’+ 
+(m+n)(m+n+k)y=u,                             (1.24) 
(x-x3)u’-mu=0. 
 

Op{toto re{enie na vtorava diferencijalna  od ovie 
ravenki (1.24) e  
 
u=K3(x-x3)m,                             (1.25) 
 
kade {to  K3 e proizvolna konstanta, a prvata ravenka od (1.24), 
vo vrska so (1.25) stanuva 
 
(x-x1)(x-x2) y’’-[(m+n+k-r-1)(x-x1)+(m+n+r)(x-x2)]y’+ 
+(m+n)(m+n+k)y= K3(x-x3)m.                             (1.26) 
 
Soodvetnata homogena ravenka od ovaa diferencijalna ravenka 
ima op{to re{enie, vidi [4], 
 
y= K1

* y1+ K2
* y2                  (1.27) 

 
kade {to 
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se polinomi od stepen m+n i m+n+k soodvetno, a K1

* i  K2
* se 

konstanti. 
 
 Za da go dobieme op{toto re{enie na nehomogenata 
diferencijalna ravenka (1.26), so primena na Lagran`ovata 
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metoda na varijacija na konstanti od (1.27) za funkciite K1
* (x) 

i K2
* (x), dobivame (vidi [5,7]) 
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kade {to K1 i K2  se proizvolni konstanti. 
 Sega op{toto re{enie na diferencijalnata ravenka 
(1.26) }e bide 
 
y= K1 y1+ K2 y2 +K3 y3                             (1.29) 
 
kade {to 
 

(1.30)                                        .
)'')()((

)(      

)'')()((
)(

212121

13
2

212121

23
13

∫

∫

−−−
−

−

−
−−−

−
=

dx
yyyyxxxx

yxxy

dx
yyyyxxxx

yxxyy

m

m

 

Bidej}i 
 
y1’ y2- y1 y2’=(x-x1)m+n+r(x-x2)m+n+k-r-1, 
 
}e bide 
 

(1.31)                                      .])()[()(

])()()()[(

])()()()[()(

])(){[()()(

)(
2

1
13

)(1
212

1
1

)(1
212

1
13

)(
2

1
12

1
13

dxxxxxxx

dxxxxxxxxx

dxdxxxxxxxxxxx

xxxxxxxxy

nmrkrm

nmrkrrkr

nmrkrrkrm

nmrkrrknmrnm

++−−−

+−−+−−−

+−−+−−−

++−−−−+++++

−−−×

×−−−−−

−−−−−−×

×−−−−=

∫
∫

∫∫
 

 
Lesno mo`e da se vidi deka funkcijata y3(x), opredelena so 
formulata (1.31) e polinom od stepen m. 
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2.  Vo ovoj slu~aj, diferencijalnata ravenka (0.1) ima dve 
polinomni re{enija so stepeni m i m+1 soodvetno, a nejzinite 
koeficienti gi zadovoluvaat relaciite 
 

0
0

'
1

''
2

'''
3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
δγβα

mmmm
, 

 

(2.1)                                                                  . 0
0

'
1

''
2

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
γβα

mmm
 

 
Od ovie dve relacii posledovatelno dobivame 
 

(2.2)                                                               '.'
2   

1
'''

3   
1

2

,'
1

''
2

βαδ

βαγ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=

mm

mm

 

 
Sega diferencijalnata ravenka (0.2) stanuva 
 
αy(m+3)+(mα’+β)y(m+2)=0,  
 
od kade dobivame 
 

.)2( ∫=
−−+ dxmm ey α

β

α  
 

Za y(x) da bide polinom od stepen m+n, n>1 e priroden 
broj, treba da bide 
 

.0
)1(

=⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ∫
−

−−

n
dxme α

β

α  

 
 Od ovde sleduva 
 

),(2 xPe n

dxm
−

−− =∫ α
β

α  
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kade {to Pn-2(x) e polinom od stepen n-2, od kade za β(x) se 
dobiva 

(2.3)                                                                          .'')(
2

2

−

−−−=
n

n

P
Pmx ααβ  

Ako stavime 
 
Pn-2(x)=(x-x3

0)n-2,    Pn-2’(x)=(n-2)(x-x3
0)n-3

 
kade {to x3

0 e nula na polinomot α(x),  i ako so x1
0 i x2

0 gi 
ozna~ime drugite dve nuli na polinomot α(x), so primena na 
Vietovite pravila za β(x), imame 
 

.)])(())((        

))()(2[(2')(

3
0

3
0

2
0

3
0

1

0
2

0
10

3

Axxxxmxxxx m

xxxxnm
xx

nmx

−−+−−+

+−−−+−=
−
−

−−= ααβ
 

 

Za γ(x) i δ od (2.2) vo vrska so (2.3) nao|ame posledovatelno 
 

.))(1(]2)2('''[
2   

1
'''

3   
1

2

,)])(1())(1())(1([

]2'[
1

''
2

)(

33

3
0

3
0

2
0

1

0
3

AnmmmAnm
mm

Axxmmxxnmmxxnmm

xx
nm

mm
x

++−=−−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
=

−++−−++−−+=

=
−
−

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−=

ααδ

αααγ

 

 

Sega diferencijalnata ravenka (0.1) stanuva 
 

(x- x1
0)(x- x2

0)(x- x3
0)y’’’- 

-[(m+n-2)(x- x1
0)(x- x2

0)+m(x- x1
0)(x- x3

0)+ 
+m(x- x2

0)(x- x3
0)]y’’+m[(m+n-1)(x- x1

0)+ 
(m+n-1)(x x2

0)+(m+1)(x- x3
0)]y’-m(m+1)(m+n)y=0 

 

i se reducira na sistemot linearni diferencijalni ravenki od 
prv red 
 

(x -x3
0)y’-(m+n)y=u1, 

(x- x2
0) u1 ’-(m+1) u1= u2, 

(x- x1
0) u2’ –m u2=0. 
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 So posledovatelno re{avawe na ovoj sistem, imame 
 

]. 
)(
)(

)(
)(    

)(
)([)(

],
)(
)([)(

,)(

20
2

0
1

10
3

10
2

1

10
3

10
2

23
0

3

20
2

0
1

12
10

21

0
112

dxdx
xx
xx

xx
xxK

dx
xx
xxKKxxy

dx
xx
xxKKxxu

xxKu

m

m

nm

m

nm

m
nm

m

m
m

m

∫∫

∫

∫

+++

+

++

+
+

+
+

−
−

−
−

+

+
−
−

+−=

−
−

+−=

−=

 

 

Pri toa, K1, K2, K3 se proizvolni konstanti. 
 
3. Sega od relaciite 
  

0
0

'
1

''
2

'''
3

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
δγβα

mmmm
, 

(3.1)                                                                     , 0
0

'
1

''
2

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
γβα

mmm

 

,0
0

'
1

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
βα

mm
 

posledovatelno dobivame: 

(3.2)                        '''
3   

2
          ,''

2   
1

          ,' αδααβ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
=−=

mm
γm  

Diferencijalnata ravenka (0.1), vo vrska so (3.2) mo`e da se 
zapi{e vo vid 

(3.3)                                      .0'''
3   

2
'''

2   
1

'''''' =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
+− y

m
y

m
ymy αααα

 

So x1
*, x2

*, x3
* da gi ozna~ime nulite na polinomot α(x). Toga{ 

diferencijalnata ravenka (3.3) mo`e da se napi{e vo vid 
 

(x- x1
*)(x- x2

*)(x- x3
*)y’’’- 

-m[(x- x1
*)(x- x2

*)+(x- x1
*)(x- x3

*)+(x- x2
*)(x- x3

*)]y’’+ 
+m(m+1)[(x- x1

*)+(x- x2
*)+(x- x3

*)]y’-                                               (3.4) 
-m(m+1)(m+2)y=0 
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i se reducira na sistemot diferencijalni ravenki od prv red, 
vidi [6]   
 

(x- x3
*)y’-(m+2)y=v1, 

(x -x2
*) v1’-(m+1)v1 =v2,                  (3.5) 

(x –x1
*) v2’- mv2 =0. 

 
  So re{avaweto na ovoj sistem (3.5) posledovatelno 
dobivame 
 

]. 
)(
)(

)(
)(

(3.6)                                       
)(
)([)(

],
)(
)([)(

,)(

2*
2

*
3

3*
1

1*
2*

1

3*
1

1*
2*

2
*

3
2*

3

2*
2

*
3*

1
*

2
1*

21

*
1

*
12

dxdx
xx
xx

xx
xxC

dx
xx
xxCCxxy

dx
xx
xxCCxxv

xxCv

m

m

m

m

m

m
m

m

m
m

m

∫∫

∫

∫

++

+

+

+
+

+
+

−
−

−
−

+

+
−
−

+−=

−
−

+−=

−=

 

 

Pri toa, C1*, C2*, C3*, se proizvolni konstanti. 
 Da zabele`ime deka desnata strana od tretata formula 
od (3.6) pretstavuva polinom od stepen m+2. Zna~i, op{toto 
re{enie na diferencijalnata ravenka (0.1) e polinom od 
stepen m+2. 
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Ilija A. Schapkarev 
 
Über einige schwächere spezielle Bedingungen für die Reduktion einer 
linearen Differentialgleichung der dritten Ordnung deren allgemeines 
Integral ein Polynom ist 
 
 

Zusammenfassung 
 

 In der Arbeit wird die Differentialgleichung der dritten Ordnung 
(0.1)  mit polinomische Koeffizienten betrachtet. Durch Differenzieren 
und Dividieren werden die Bedingungen erhalten, so dass die betrachtete 
Differentialgleichung (0.1) drei Polynomlösungen besitzt. Von diesen 
Bedingungen werden die Koeffizienten der ursprüngliche 
Differentialgleichung (0.1) mit den Formeln (1.15), (1.16), (1.18), (1.20), 
(1.21), und (1.22) erhalten. Jetzt wird die Differentialgleichung (0.1) in 
der Form (1.23) aufgeschhrieben. Weiter wird gezeigt dass die erhaltene 
Differentialgleichung (1.23) auf ein entsprechendes System der zwei 
Differentialgleichungen (1.24) reduziert warden kann. Mit nacheinander 
Auflösung dises System werden die drei Polynomlösungen  y1, y2, y3, der 
ursprüngliche Differentialgleichung (0.1) erhalten. Die Polynomlösungen 
y1, y2, y3, werden mit den Formeln (1.28) und (1.30) gegeben. 
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INVARIJANTNOST NA EDNA BROJNA 
KARAKTERISTIKA ZA EDNA KLASA LINEARNI 

DIFERENCIJALNI RAVENKI OD VTOR RED 
 

Boro M. Piperevski 
Elektrotehni~ki fakultet−Skopje 

e−mail:  borom@etf.ukim.edu.mk  
 
 

Apstrakt:  
Vo ovoj trud se razgleduva klasa diferencijalni ravenki 

(1),(3),(4),(5), vrzani so transformacijata (2). Se poka`uva 
deka site ravenki imaat ista diskriminanta na svoite 
karakteristi~ni ravenki (6),(7),(8),(9). Do istiot zaklu~ok se 
doa|a i za klasata diferencijalni ravenki od vid (10) 
(12),(13),(14),(15), (16),(17),(18) dobieni so transformacijata 
(11). 

 
klu~ni zborovi: invarijantnost, diferencijalna ravenka, 
transformacija 
 
 

 
I. Neka e dadena linearna diferencijalna ravenka od 

vtor red od vid 
 

                               (x-x1)(x-x2)y” + (b1x + b0)y’ + c0y = 0             (1) 
 

kade x1≠x2, b1, b0 , c0 se realni konstanti. 
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 Vo [1]  e poka`ano deka so transformacijata 
definirana so  
 

                                      y = (x-x1)α(x-x2)β z                                (2) 
 

diferencijalnata ravenka (1) se transformira vo najmnogu tri 
diferencijalni ravenki od ist vid t.e. vo ravenkite: 
 

(x-x1)(x-x2)z1” + [(2α+b1] x -2α x2 + b0]z1’ +  
                               [α (α-1) + αb1 + c0]z1 = 0,                               (3)                             

 
 (x-x1)(x-x2)z2” + [(2β+b1] x - 2β x1 + b0]z2’ +  

                                    [β(β-1) + βb1 + c0 ]z2 = 0 ,                           (4)  
 

(x-x1)(x-x2)z3” + [(2α+2β+b1] x -2α x2 - 2β x1 + b0]z3’ +  
                   [2αβ + α (α-1) +  β(β-1) + (α+β)b1 + c0 ]z3 = 0 ,         (5)    

 
kade  

α = 1 - 
21

011

xx
bxb

−
+  , β = 1 - 

12

021

xx
bxb

−
+ . 

 
 Vo literaturata e poznato deka potreben i dovolen 

uslov diferencijalnata ravenka (1) da ima edno polinomno 
re{enie od stepen n e uslovot n  da bide koren na kvadratnata 
ravenka  
 

                                           t2 + (b1 - 1)t + c0 = 0,                                 (6) 
 

i toa pomaliot ako i dvata koreni se prirodni broevi. Poradi 
svojata va`nost ovaa kvadratna ravenka }e ja nare~eme 
karakteristi~na ravenka za diferencijalnata ravenka (1) so 
diskriminanta Δ = (b1 - 1)2 - 4c0 .  
 Za diferencijalnite ravenki (3), (4) i (5) soodvetnite 
karakteristi~ni ravenki se  
 

             t2 + (2α+b1 - 1)t + α (α-1) + αb1 + c0 = 0,                     (7) 
 

                            t2 + (2β+b1 - 1)t + β(β-1) + βb1 + c0 = 0,                    (8) 
 

  t2 + (2α+2β+b1 - 1)t + 2αβ + α (α-1) +  β(β-1) + (α+β)b1 + c0 = 0.    (9) 
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Lesno se poka`uva deka i ovie tri karakteristi~ni 
ravenki imaat ista diskriminanta Δ . Spored toa mo`eme da 
zaklu~ime deka diskriminantata kako brojna karakteristika e 
invarijantna vo odnos na transformacijata (2). 

 
So smenata 
 

y = wxxxx 2
1

2
2

1

1 )()(
−−

−−
βα

 , 
 
diferencijalnata ravenka (1) se transformira vo 
diferencijalna ravenka od vid (normalen vid) : 

 
4(x-x1)2 (x-x2)2 w” + (a2 x2 + a1x + a0 )w  = 0. 

 
Soodvetnata karakteristi~na ravenka za ovaa diferencijalna 
ravenka e kvadratnata ravenka   
 

t2  - t + 
4
2a  = 0 

 
i  mo`e da se poka`e deka i diskriminantata na ovaa 
kvadratna ravenka e ednakva na Δ. 
 
 

II. Neka e dadena linearna diferencijalna ravenka od 
vtor red od vid 

 
         (x-x1)(x-x2)(x-x3) y” + (b2x2 + b1 x + b0 )y’ + (c1x + c0) y = 0    (10) 

 
kade x1≠x2≠x3, b2, b1, b0 , c1, c0 se realni konstanti. 
 
 Vo [1]  e poka`ano deka so transformacijata 
definirana so  
 
                                  y = (x-x1)α(x-x2)β(x-x3)γ z                                    (11) 

 
diferencijalnata ravenka (10) se transformira vo najmnogu 7 
drugi diferencijalni ravenki od ist vid : 
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(x-x1)(x-x2)(x-x3) z1” + [(2α+ b2 ) x2 -(2α x3 + 2α x2  - b1) x +  
2α x2 x3 +  b0]z1’ + {[α (α-1) + αb2 + c1 ] x  + α (α-1)(x1 - x2 - x3 ) +  

                                       α (b2x1 + b1)  + c0 }z1 = 0,                              (12) 
 

(x-x1)(x-x2)(x-x3) z2” + [(2β+ b2 ) x2 -( 2β x1 + 2β x3 - b1) x +  
2β x1x3 + b0]z2’ + {[  β(β-1) + βb2 + c1 ] x  + β(β-1)(x2 - x1 - x3 ) +  

                                        β(b2x2 + b1)  + c0 }z2 = 0,                              (13) 
 

 (x-x1)(x-x2)(x-x3) z3” + [(2γ + b2 ) x2 -(2γx1 + 2γx2 - b1) x +  
2γx1x2 + b0]z3’ + {[γ (γ -1) +γb2 + c1 ] x  + γ (γ -1)(x3 - x1 - x2 ) +   

                                         γ(b2x3 + b1)   + c0 }z3 = 0,                             (14) 
 

(x-x1)(x-x2)(x-x3) z4” + [(2α+2β+ b2 ) x2 -(2α x3 + 2α x2 + 2β x1 + 
2β x3 - b1) x + 2α x2 x3 + 2β x1x3 + b0] z4’ + {[2αβ  + α (α-1) + 

 β(β-1) + (α+β)b2 + c1 ] x  - 2αβx3  +α (α-1)(x1-x2 -x3 ) +  
            β(β-1)(x2-x1-x3 ) + α (b2x1 + b1) +β(b2x2 + b1) + c0 }z4 = 0,     (15) 

 

(x-x1)(x-x2)(x-x3) z5” + [(2α+2γ + b2 ) x2 -(2α x3 + 2α x2 + 2γx1 +  
2γx2 - b1) x + +2α x2 x3 +2γx1x2 + b0]z5’ + {[2αγ + α (α-1) +   γ (γ -1) + 

(α+γ)b2 + c1 ] x  - 2αγx2 + α (α-1)(x1-x2-x3 ) + γ (γ -1)(x3-x1-x2 ) +  
                           α (b2x1 + b1) + γ(b2x3 + b1) + c0 }z5 = 0,                    (16) 

 

(x-x1)(x-x2)(x-x3) z6” + [(2β+2γ + b2 ) x2 -(2β x1 + 2β x3 + 2γx1 +  
2γx2 - b1) x +  +2β x1x3 +2γx1x2 + b0]z6’ + {[2βγ + β(β-1) + γ (γ -1) + 

(β+γ)b2 + c1 ] x  - 2βγx1  + β(β-1)(x2-x1-x3 ) + γ (γ-1)(x3-x1-x2 ) +  
                                β(b2x2 + b1)  +γ(b2x3 + b1) + c0 }z6 = 0,                 (17) 
 

(x-x1)(x-x2)(x-x3) z7” + [(2α+2β+2γ + b2) x2 - (2α x3 + 2αx2 +  
2β x1 + 2β x3 + 2γx1 + 2γx2 - b1) x + 2α x2 x3 + 2β x1x3 +2γx1x2 + b0]z7’ 
+ {[2αβ + 2αγ +2βγ + α(α-1)+  β(β-1) + γ (γ -1) +(α+β+γ)b2 + c1 ] x - 

2αβx3 - 2αγx2 - 2βγx1 + α(α-1)(x1- x2- x3) + β(β-1)(x2- x1- x3) +  
γ(γ -1)(x3 - x1- x2) +   

                   α (b2x1 + b1)  +β(b2x2 + b1)  +γ(b2x3 + b1)+ c0 }z7 = 0,      (18) 
 

kade  

α = 1 - 
))(( 1213

011
2
12

xxxx
bxbxb

−−
++  , β = 1 - 

))(( 2321

021
2
22

xxxx
bxbxb

−−
++ ,  

 

γ = 1- 
))(( 3231

031
2
32

xxxx
bxbxb

−−
++ . 
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Soodvetnata karakteristi~na ravenka za ravenkata (10) e 
kvadratnata ravenka  

t2 + (b2 - 1)t + c1 = 0, 
 

~ija diskriminanta e Δ = (b2 - 1)2 - 4c1 .  
 

Mo`e da se poka`e deka site karakteristi~ni ravenki 
za diferencijalnite ravenki (12),(13),(14),(15),(16),(17),(18), 
dobieni so transformacijata (11), koi se od ist vid so 
ravenkata (10), imaat ista diskriminanta Δ.  
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1. Introduction 
 Let )(nτ  be the number of positive divisors of a natural integer 
number  and let  be its summatory function. Then we have n )(nT

∑∑ ∑∑
≤≤ =≤

⎥⎦
⎤

⎢⎣
⎡===

nxnm mxynm x
nmnT 1)()( τ , 

where [a] means the integer parts of a.  
 Firstly P. G. Lejene Dirichlet [1] in 1849 evaluated , proving 
that 

)(nT

(1)    ( ) )(12ln)( nnnnT Δ+−+= γ  
and 
(2)    )()( nOn =Δ , 
where ...5772,0=γ  is the Euler constant. 
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 Dirichlet avoided the trivial evaluation 
 

)(ln)()( nOnnnO
x
nnT

nx
+=+= ∑

≤

 

by using the identity 
 

(3)    ∑∑
≤≤

⎥⎦
⎤

⎢⎣
⎡+⎥⎦

⎤
⎢⎣
⎡+−=

νμ ν
μν

xx

n
x
nnT )( , 

where ⎥
⎦

⎤
⎢
⎣

⎡
=≥+

μ
νμμ nn,)1( . 

 From (3) for [ ]n==νμ  it follows 
 

(4)    [ ]22)( n
x
nnT

nx

−⎥⎦
⎤

⎢⎣
⎡= ∑

≤

. 

 
 Dirichlet deduced (1) and (2) directly from (4) by using the 
equality 
 

( ) ( ) ( )n
n

Onnn
x
n

x
n

nn
nxnx

ργρ −⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++=−=⎥⎦

⎤
⎢⎣
⎡ ∑∑

≤≤

1ln , 

 
where 

∑
≤

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥⎦
⎤

⎢⎣
⎡−=

mx
n x

n
x
nm)(ρ , 

and  as a trivial estimation. )()( mOmn =ρ
 The so called “Divisor problem” (of Dirichlet) consists of 
estimating the error term )(nΔ  in (1) with possibly better order. The brief 
history consists of the following records: 

 Voronoj [2] in 1903: ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
nnO ln3

1

, by using Farrey sequences; 

 Van der Corput [3] in 1928: ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
82
27

nO , with special exploration of 

exponential sums; 
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 Kolesnik [4] in 1985: ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
429
139

nO , who approved the method of Van 

der Corput; 

 Iwaniec and Mozzochi [5] in 1988: ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
22
7

nO , who studied the 

number of integer points not only beneath the hyperbola (Divisor 
problem), but also the number of integer points in the circle (Circle 
problem) with equal success. 
 The last record is due to M. Huxley [6], who proved that 

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=Δ 146

461
73
23

ln)( nnOn . Huxley studied the number of integer points 

(lattice points) in a closed curve, as well as the number of unit squares 
which centres lie within the curve. 
 The lattice theory or gitterpunktlehre origins from Gauss`s 
investigation about the integer points in the circle and from the cited 
above Dirichlet`s work [1]. 
 

2. About a special procedure 
 
 Now we will describe a special procedure, which we described 
firstly in [7] in 1994. We generalize the idea of Dirichlet, hidden in the 
identity (3) (in (4) particularly). Geometrical point of view shows, that 
Dirichlet divided the graph of the hyperbola xny /=  into two pieces by 
the dividing point μ=x  (particularly ][ nx = ) and in the second piece 
the roles of x  and  are changed. y
 We divide the graph of the line )(xfy =  into pieces by the 
following procedure. 
 Let )(xfy =  be a real monotonic (strictly increasing or 
decreasing) function in the interval  and let ],[ ba )(xϕ  be its inverse 
function. We divide the graph of  into )(xf 1+k  parts by dividing points 

, , , 1x K,2x кx bxxxa k <<<< K21  by the following way: the first, 
the third etc parts (for the intervals ,  etc.) we project 
orthogonally on the axe ; the second, the fourth etc. parts (for the 
intervals ,  etc.) we project orthogonally on Оу ; all 
projections must be equal, and tend to 0, when 

),( 1xа ),( 32 хx
Оx

),( 21 xx ),( 43 хx
∞→к .  
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This procedure gives us the following equations, if  is 
increasing: 

)(xf

(5`)   
⎩
⎨
⎧

=−=−
−=−

==−=−
−−

−−

;2,
;12,

22212

2212
231 rkxbxx

rkxx
xxax

rrr

rrK =

(5``)   = =−==− −− )()()()( 322212 rr xfxfxfxf K  

⎩
⎨
⎧

=−
−=−

=
−

−

.2),()(
;12),()(

122

12

rkxfxf
rkxfbf

rr

r  

We will eliminate , , . From (5`) and (5``) we get 2x K,3x кx
);()( 112 xfaxxf +−= , ))(( 112 xfaxx +−= ϕ ; 

))(( 111213 xfaxaxxaxx +−+−=+−= ϕ ; 
);()( 314 xfaxxf +−= ))))(((( 11114 xfaxaxfaxx +−+−+−= ϕϕ ; 

))))(((( 11111415 xfaxaxfaxaxxaxx +−+−+−+−=+−= ϕϕ ; 
KKKKKKKKKKKKKKKKK  

);()( 1212 −+−= ss xfaxxf )))((( 1112 KK xfaxfaxx s ++−+−=ϕ ; 
K+−+−+−+−=+−=+ axaxfaxaxxaxx ss 11112112 ((( ϕϕ

)))))(( 11 Kxfax +−+ϕ  

where we have s  times ϕ  and , f
2

11 −
≤≤

ks . 

But 
axxfbf r −=− − 112 )()(  and ))(( 121 −+−= rxfaxb ϕ  for 12 −= rk ; 

axxb r −=− 12  and ))(( 121121 −+−+−=+−= rr xfaxaxxaxb ϕ  for 
, rk 2=

and we have 
)(2 rr zFb =  for 12 −= rk , 

and  
)(2 rrr zFzb +=  for rk 2= , 

where axzr −= 1  and  
(6)       ( )( )( )( )( )KK )()(2 azfzzfzzfzzF r +++++++= ϕϕϕ   
( r  times ϕ  and ). f

We get similar results, if  is decreasing (in the system of 
equations we will have the differences 

)(xf
)()( 1+− ii xfxf  instead of 

 for the case of increasing functions):  )()( 1 ii xfxf −+

)(2 rr zGb =  for 12 −= rk  
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and 
)(2 rrr zGzb +=  for rk 2= , 

where axzr −= 1  and 
(7)  ( )( )( )( )( )KK )()(2 azfzzfzzfzzG r ++−+++−++−= ϕϕϕ   
( r  times ϕ  and ). f

The sum of all projections will be: kk zkL )1( += . If , then 
 and . We introduce also the designation 

∞→k
ax →1 0→rz rk

zkL )1(lim +=
∞→

. 

This constant, when exists, characterizes very special properties of , 
but we will not discuss  here. 

)(xf
L

 
3. The relation between orthogonal polynomials and differential 

equations 
 
The relation between orthogonal polynomials and differential 

equations is well known. This relation is presented by the equations of 
the form 

( ) 0)()()( =+′′++′′ yCyxAxByxA , 
where and are polynomials, and C is a constant. )(xA )(xB
 In the particular case of the equation  

0)1( 22 =+′−′′− ynyxyx , 
its roots are the Chebyshev`s polynomials of first kind. On the other 
hand, the roots of these polynomials can be find geometricaly: we divide 
the semicircumference into parts with equal length; then the projections 
of the dividing points on Ox are the roots (see for instance [8], p. 69). 
This procedure is different from our. But we will show that the 
Chebyshev`s polynomials are in liaison with our procedure too, proving 
the following 

Theorem 1. If 
x

xf 1)( =  in the interval ),( βα , βα <<0 , then 

(8)   
⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛ +

⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛

−=

2
arccos2sin

2
arccos)12(sin

2
arccos)12(sin

2
arccos2sin

)(2 zszs

zszs
zG s

α

α
, 

where  is defined in (7). )(2 zG s
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Proof. Let 
x

xf 1)( =  in the interval ),( βα , ⎟
⎠

⎞
⎜
⎝

⎛ ==
n

b
n

a βα , . Then 

x
xfx 1)()( ==ϕ . We put  

(9)                               α== 00 )( GzG .  
Then from (7) we get 
 

(10)  ( )( ) =
+−−

+
=

+
+−

=++−=
11

1)(
0

2
0

0

02 zGz
Gz

Gz
z

GzfzzG ϕ  

10
2

0

−+
+

−=
zGz

Gz
, 

and in general, 

(11)        ( )( ) =

+
+−

=++−=

−

−

)(
1

1)()(

22

222

zGz
z

zGzfzzG

s

ss ϕ . 

)(1
)(

22
2

22

zzGz
zGz

s

s

−

−

+−
+

−=  . 

 
Let us introduce the following system of polynomials: 
(12)                             , 10 =H zH =1 ,  
and for any integer  1≥s
(13)                  )()()( 11 zHzzHzH sss −+ −=  
 It is easy to prove that 
(14)                            00 )( HzG α= ,  
and 

(15)                 
)()(
)()(

)(
122

2212
2 zHzH

zHzH
zG

ss

ss
s

−

−−

+
+

−=
α
α

. 

The equality (14) follows from (9) and (12). The equality (15) can 
be proved by mathematical induction. Indeed, for , as 

, we have 
1=s

1)( 2
2 −= zzH

zz
z

zHzH
zHzH

zG
α

α
α
α

+−
+

−=
+
+

−=
1)()(

)()(
)( 2

12

01
2 , 

which coincides with (11) for 1=s . 
 Let be (15) for some natural s . Then for 1+s  we will have  
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=
+−+−

−−
−=

=

+
−

−−

+
+

−
−=

+−
+

−=

−−−

−−−

−

−−

−

−−

+

2212122
2

2212122

122

22122

122

2212

2
2

2
22

))(1(

1)(1
)(

)(

ssss

ssss

ss

ss

ss

ss

s

s
s

zHzHHHz
HHzHzH

HH
zHzH

z

HH
HH

z

zzGz
zGz

zG

αα
αα

α
α

α
α

 

1222

1212

122212

212

1222122122

2212122

)(

)()(
)(

++

−+

−+

+

−−−−

−−−

+
+

−=
−+−

+
−=

=
−−+−−

−+−
−=

ss

ss

ssss

ss

ssssss

ssss

HH
HH

HzHHzH
HH

HHzHzHHzHz
HzHzHzH

α
α

α

αα
α

 

or 
=+ )(22 zG s

1222

1212

++

−+

+
+

−
ss

ss

HH
HH

α
α , 

which is the equality (15) for . So (15) is proved by mathematical 
induction. 

1+s

But the linear relation (13) shows, that , , , … are 
orthogonal polynomials as a variant of the well known polynomials of 
Chebyshev of second kind 

0H 1H 2H

)(~ xU n , defined by the following relations: 

1)(~
0 =xU , xxU =)(~

1 , and 

(16)         )(~
4
1)(~)(~

11 xUxUxxU nnn −+ −=  for . 1≥n

 We will prove, that for the polynomials  we have )(zH n

(17)                             ⎟
⎠
⎞

⎜
⎝
⎛=

2
~2)( zUzH n

n
n . 

Really, 1
2

~2)( 0
0

0 =⎟
⎠
⎞

⎜
⎝
⎛=

zUzH , zzzUzH ==⎟
⎠
⎞

⎜
⎝
⎛=

2
.2

2
~2)( 11 , and the 

relation (13), by the hypotheses (17), became  

⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛

−
−

+
+

2
~2

2
~2

2
~2 1

1
1

1 zUzUzzU n
n

n
n

n
n , 

or 

⎟
⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛

−+ 2
~

4
1

2
~

22
~

11
zUzUzzU nnn , 

which is (16) for 
2
zx = . 
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The polynomials of Chebyshev )(~ xU n  are orthogonal in  with 

respect to 

)1,1(−
21 x− . This means, that the polynomials  are 

orthogonal in 

)(zH n

)2,2(− with respect to 24 x− . 
 The very known explicite expression of )(~ xU n  is  
 

( )
21

arccos)1(sin
2
1)(~

x

xnxU nn
−

+
=  

and we have 

(18)          
24

2
arccos)1(sin2

2
~2)(

z

zn
zUzH n

n
n

−

⎟
⎠
⎞

⎜
⎝
⎛ +

=⎟
⎠
⎞

⎜
⎝
⎛= . 

 
Substituting (18) in (15), we receive (8) and the theorem 1 is 

proved. 
 Remark. For some calculations equality (15) can by more 
suitable, and we can formulate as proved the following  

 Theorem 2. If 
x

xf 1)( =  in the interval ),( βα , βα <<0 , then 

)()(
)()(

)(
122

2212
2 zHzH

zHzH
zG

ss

ss
s

−

−−

+
+

−=
α
α

 

with the previous notations. 
 For clarity of our procedure, we present the following  

 An Example. For the case of hyperbola 
x

xxf 1)()( == ϕ , 

),( βα∈x , βα <<0  with 4 dividing points, rk 2= , 2=r , we will 
have the following system: 

)()()()( 43214231 xfxfxfxfxxxx −=−=−=−=− βα , 
which is equivalent to 
 

( )
( )

( ) (( )
⎪
⎪
⎩

⎪
⎪
⎨

⎧

−=−
+=−+−+−−=+−−=

+−−+−=
+−−=

41

1111314

1113

112

))()(()()()(
)()(

)()(

xx
xfxxfxxfxx

xfxxx
xfxx

βα
αϕααϕαϕ

αϕα
αϕ

)
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or 

(19)                      

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−=−=
+

+−
+−

+
+−

=

+
+−

+=

+
+−

=

41

4

3

2

1
1

1
1

1

1
1

1
1

xxz
z

z
z

z
z

x

z
z

zx

z
z

x

βα
α

α

α

, 

 
where z  is the same as 2zzr =  in the previous notation. 
 For the function  we will have )(2 zG r

 
( ) ( )( )( )

( )( )( ))(
)()()()()()( 11113144

αϕϕ
αϕααϕαϕ

++−++−=
=+−−+−+−−=+−−==

zfzzfz
xfxxfxxfxxzG

 
or 

=

+−−
+

+
+−

=

+
+−

+
+−

=

1

1
1

1
1

1
1)(

2

4

α
α

α
zz

zz
z

z
z

z
z

zG

=

++−−
+−−

+−
=

αα
α

zzz
zzz

2
1

1

23

2
 

 
( )
( ) =−++−
−+−

−=
+−−−−+

++−−
=

zzzz
zzz

zzzzzz
zzz

213
12

12
2

324

23

2234

23

α
α

ααα
αα  

. 

)()(
)()(

34

23

zHzH
zHzH

α
α

+
+

−=  

 29 



 It is easily to calculate the system (19) by using the computer 
system Mathematica, (where ChebyshevU[n, ] : = ) ). We 
receive, with 5-digit precision, 

2/z (zH n

 
              Solve[{x2==1/(-z+1/(z+o.25)), 
 

  x3 == z+1/(-z+1/(z+0.25 
 
  x4 == 1/(-z+1/(z+1/(-z+1/(z+0.25)))), z == 4-x4 
 
  x1 == 0.25+ 4-x4} , {x1, x2, x3, x4, z}] 
 

  {{x1→ -1.43153, x2 →1.01731, 
 

  x3 →-0.66422, x4 →5.68153, z →-1.68153}, 
 

 {x1 →-0.538593, x2 →-0.936247, x3 →-1.72484, 
 

 x4 →4.78859, z →-0.788593}, {x1 →0.68284, 
 

 x2 →0.969339, x3 →1.40218, x4 →3.56716, z →0.43284},  
 

{x1 →1.78729, x2 →-1.02272, x3 →0.514575, x4 →2.46271,  
 

 z →1.53729}, {x1 →4.49999, x2 →-0.248276,  
 

  x3 →4.00172, x4 →-0.249994, z →4.24999}} 
 

 For our geometrical problem the only solution is: , 
, 

68284,01 =x
969339,02 =x 40218,13 =x , 56716,34 =x . We illustrate our procedure 

in fig. 1. We comparing it with one dividing point  –the method of 

Dirichlet – as the positive solution of the equation 

1x

β
α 11

1
1 −=−

x
x  

( 25,0=α , 4=β ), from where 1
2

)1(41 22

1 =
−++−

=
β

αβαβ b
x  

(fig.2).  
 In the case of 4 dividing points we have 

1642,2)25,068284,0(5)(5 14 =−=−= αxL ; in the case of one dividing 
point we have 5,1)25,01(2)(2 11 =−=−= αxL  and . But if 14 LL >

5,0=α , 5,1=β , then 01888,14 =L , 840266,11 =L  and 14 LL < . 
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Apstrakt : Vo ovoj trud se razgleduva diferencijalna ravenka 
od vid (1). So metod na transformacija i koristewe na 
soodvetni rezultati e izdvoena edna podklasa diferencijalni 
ravenki od vid (1) koja ima edno polinomno re{enie za koe e 
konstruirana soodvetna formula vo kone~en vid. 
 
 
I. Vo [1] e poka`ano deka diferencijalna ravenka od vid: 
 

          (x-x1)(x-x2)(x-x3)z” + (β2x2 + β1x + β0)z’ +(γ1x + γ0 ) z = 0,       (1) 
 

x1≠x2≠x3 , x1≠x2 ,   x1,x2, x3 , β2 , β1, β0, γ1, γ0 ∈R. 
          
ima edno polinomno re{enie ako postoi priroden broj n 
(pomaliot ako postojat dva) taka {to da se zadovoleni 
uslovite  
  

n2 + (β2- 1)n + γ1 = 0, 
                     β0 + x2x3 - (x2+x3)x1 + (β2+ 1)x1

2 + β1x1 = 0,                 (2)             
γ0β1 + γ0

2 - γ1β0 + (γ1+β2)( γ1 x1+2γ0)x1 = 0, 
 
Pri toa op{toto re{enie e dadeno so formulata 
 

z = e -F{(x+K)(x-x2)n-1(x-x3)n-1 eF [C1 +  
C2 ∫ (x-x1)n-1(x-x2)1-n(x-x3)1-n(x+K)-2 dx ] } (n-1) , 
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kade {to 
  

∫ −−
+

=
))(( 32 xxxx

NMxF ,  M=β2-1,      N=β1+x1+ x1β2, 

    
1

01121111 )2(
γ

γγββγ ++++
−=

xxnx
K      

 

Vo [ 2 ] e poka`ano deka istata ravenka (1) ima edno 
polinomno re{enie ako postoi priroden broj n taka {to da se 
zadovoleni uslovite  
 

n2 + (β2- 1)n + γ1 = 0, 
                                 3n(n+1) + 2(n+1) β2  + γ1 =0,                              (3) 

n(n+1)( - x1 - x2  - x3 ) + (n+1) β1  +  γ0 =0 
 

Pri toa op{toto re{enie e dadeno so formulata 
 

z = AF-1[AnF(C1 + C2 ∫ A-(n+1) F-1 dx )] (n+1) , 
 

kade {to A =  (x-x1)(x-x2)(x-x3), B = β2x2 + β1x + β0 , F = ∫ dx
A
B

e . 
 
II. Neka e dadena diferencijalnata ravenka od vid: 
 

                         (x-x1)(x-x2)y” + (b1x+b0)y’ + c0y = 0 ,                    (4) 
 

x1≠x2 ,   x1,x2, b1,b0,c0 ∈R. 
  
 Vo [3]  e poka`ano deka ravenkata (4) ima op{to 
re{enie polinom ako i samo ako   postojat prirodni broevi m 
i n taka {to se zadovoleni uslovite    
                

               

,0
01

)1(
2

)(

0
1

)12(

,0
01

)1(

=−−−+++

=+−+

=++−

bxrnmxnr

bmn

cnbnn

            (5) 

za nekoe r ∈ {0, 1, 2, ..., m -1}. 
 
 So koristewe na uslovite (5), klasata linearni 
diferencijalni ravenki (4) koi imaat op{to re{enie 
polinom go ima sledniot op{t vid: 
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−+−−+−−−
2

)()12[(")
2

)(
1

( xnrxmnyxxxx     

                         0)(']
1

)1( =++−−+ ymnnyxrnm ,                        (6) 

 

i op{toto re{enie }e bide dadeno so formulata 
 

y = C1Pn(x) + C2Pn+ m(x),  
odnosno  

])2(1)1[()2(1)1(1
rmxxrxxndx

ndrmnxxrnxxCy +−−−−−−+−++−= + 

rmxxrxxndx

ndrmnxxrnxxC +−−−−−−+−++−+ )
2

(1)
1

[()
2

(1)
1

(
2

       

                          ∫ −−−− ]1)
2

()
1

( dxrmxxrxx  .              (7) 

 

 So zamenata y = x z , ravenkata (4) se transformira vo 
ravenkata  
 

x(x-x1)(x-x2)z” +[(b1 +2)x2 +(b0 – 2x1 – 2x2)x  + 2x1x2 ]z’ +  
                                      [ (b1 + c0 )x +b0]z = 0,                                      (1’) 

 
 odnosno ravenkata 
 

             x(x-x1)(x-x2)z” + (β2x2 + β1x + β0)z’ +(γ1x + γ0 ) z = 0,           (1”) 
 

Ovaa ravenka pripa|a na klasata diferencijalni 
ravenki od vid (1) koja e izu~uvana vo trudovite [1,2] . Kako 
{to e poka`ano vo to~ka I., vo tie trudovi se dobieni pove}e 
grupi dovolni uslovi za egzistencija i konstrukcija na edno 
polinomno re{enie.  
 Neka za diferencijalnata ravenka (1’) odnosno (1”)  se 
zadovoleni uslovite (5) i neka y1 =  Pn(x) i y2 = Pn+m(x) se 
polinomnite re{enija na ravenkata (4) odnosno (6).  
Vo soglasnost so zamenata ravenkata (1’) odnosno (1”)   ima dve 

re{enija z1 = 
x
1  Pn(x) , z2 = 

x
1  Pn+m(x), koi vo op{t slu~aj ne se 

polinomi.  
Neka formirame linearna kombinacija λPn(x) + Pn+m(x) i 

neka go opredelime λ taka {to λPn(x) + Pn+m(x) = x Qn+m-1(x), pri 
{to Qn+m-1(x) e polinom od n + m -1 vi stepen. Vo soglasnost so 
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smenata polinomot  Qn+m-1(x) }e bide edno partikularno 
re{enie na ravenkata (1’) odnosno (1”)  . So toa e doka`ana 
slednata teorema: 

  
TEOREMA: Neka e dadena diferencijalnata ravenka (1’) 
odnosno (1”)  . Ako postojat prirodni broevi m i n taka {to se 
zadovoleni uslovite    
                

                                (8) 

,0
01

)1(
2

)(

03
2

2

,02
21

)3
2

(2

=−−−+++

=−++

=+−+−+

γ

β

βγβ

xrnmxnr

mn

nn

za nekoe r ∈ {0, 1, 2, ..., m -1}, toga{ ravenkata (1’) odnosno (1”)  
ima edno polinomno re{enie dadeno so formulata  
 

                                z = 
x
1 [λPn(x) + Pn+ m(x)],                                (9) 

 
kade {to polinomite  Pn(x) i Pn+m(x) se dadeni so formulite (7). 
Pri toa  parametarot λ e opredelen so toa {to slobodniot 
~len na polinomot λPn(x) + Pn+m(x) da bide ednakov na nula. 
 
 Vo soglasnost so ravenkata (6), ravenkata (1’) odnosno 
(1”), klasata ravenki definirana so teoremata }e go ima 
op{tiot vid: 
 

[ ]{ +−++−−++−−+′′−− xxrnxrmnxmnzxxxxx 21
2

2 )2()3()23())(1(
 

[ ] .0)()1()12(}2 21
2

21 =++−−+++−+−+′+ zxrnxrmnxmnmnnzxx  
 
III. Primer 1.  Diferencijalnata ravenka  
 

x(x-1)(x-2)z” + (-3x2 + 2x + 4)z’ + 8 z = 0, 
   

gi zadovoluva uslovite od teoremata i vo soglasnost so 
formulata (9) ima edno polinomno re{enie 
 

z = 3x4 – 20x3 + 50x2 – 60x + 30. 
 

 Op{toto re{enie }e bide dadeno so formulata 

 36 



z = C1(3x4 – 20x3 + 50x2 – 60x + 30) + C2
x

x 85 −
. 

 

Primer 2. Diferencijalnata ravenka 
 

x(x-1)(x-2)z” + (-3x2 + x + 4)z’ + (3x + 7)z = 0, 
 

gi zadovoluva uslovite od teoremata i vo soglasnost so 
formulata (9) ima edno polinomno re{enie 
 

z = 11x3 – 88x2 + 168x – 96 . 
 

 Op{toto re{enie }e bide dadeno so formulata 
 

z = C1(11x3 – 88x2 + 168x – 96) + C2
x

xx 11166 2 +−
. 

 

Primer 3. Diferencijalnata ravenka 
 

x(x-1)(x-2)z” + (x2 + 7x - 2)z’ + (-4x + 1)z = 0, 
 

gi zadovoluva uslovite (2) i ima edno polinomno re{enie 
 

z = x2 + 3x + 6. 
 

Primer 4. Diferencijalnata ravenka 
 

x(x-1)(x-2)z” - (2x2 + x + 1)z’ + (2x + 8)z = 0, 
 

gi zadovoluva uslovite (3) i ima edno polinomno re{enie 
 

z = 9x2 - 2x - 2. 
 

Zabele{ka 1. Diferencijalnite ravenki dadeni vo 
primerite 1 i 2 ne gi zadovoluvaat uslovite (2) i (3) t.e. ne 
pripa|a na klasite diferencijalni ravenki tretirani vo 
trudovite [1] i [2]. Lesno mo`e da se poka`e deka 
diferencijalnite ravenki dadeni vo primerite 3 i 4 koi gi 
zadovoluvaat uslovite (2) odnosno (3), ne gi zadovoluvaat 
uslovite od teoremata. Spored toa mo`e da se zaklu~i deka e 
pro{irena klasata diferencijalni ravenki od vid (1) koi 
imaat edno polinomno re{enie. 
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 Zabele{ka 2. Diferencijalnite ravenki od vid (1) koi 
gi zadovoluvaat uslovite od teoremata mo`at da imaat i 
op{to re{enie polinom ako se dodade uslovot polinomnoto 
re{enie Pn(x) na diferencijalnata ravenka (4) dadeno so 
soodvetnata formula da ima sloboden ~len ednakov na nula.  
 

Zabele{ka 3. Vo [4] e poka`ano deka kompleksnite 
polinomi koi se re{enija na diferencijalni ravenki od 
klasata (1) koi gi zadovoluvaat uslovite (2), se ortogonalni na 
kru`en lak. 
 

On existention and construction of polynomial solution of a subclass 
linear homogeneous differential equations of second order 

 
Elena Hadzieva, Boro M. Piperevski  
Department of Electrical Engineering   

hadzieva@etf.ukim.edu.mk ; borom@etf.ukim.edu.mk 
 
Abstract:  
In this article we observe differential equation of type (1). By method of 
transformation and by using some previous results, we come to a subclass of 
differential equations of type (1) which has one polynomial solution. A formula 
of that solution is constructed. 
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ZA NEKOI HOMOGENI PROBLEMI SO SOPSTVENI 
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Apstrakt. Vo ovaa nota se 
opredeleni kontureni problemi 
(problemi so sopstveni vrednosti) 
od tret red ~ie re{enie   
(sopstveni funkciii) e homogena 
funkcija od vtora stepen od 
re{enieto (sopstvenata funkcija) 
i negoviot (nivniot) izvod od 
konturen problem  (problem so 
sopstveni vrednosti) od vtor red   

0. Voved 

Problemite so sopstveni vrednosti kako i konturnite 
problemi so diferencijalna ravenka od  neparen red poretko 
se predmet na razgleduvawe vo smisol na nivno re{avawe. Od 
tie pri~ini na mislewe sme deka opredeluvaweto na nivnite 
re{enija (sopstveni funkcii) so pomo{ na problemi koi se 
polesno re{livi, koi se od ponizok red e od interes.  

Ovde }e se opredeluva re{enie na edna klasa konturni 
problemi od tret red so pomo{ na konturni problemi od vtor 
red. 
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Taka vo trudot [ 1]  oprereleno e re{enie na konturen 
problem od n+1-vi  red ~ie re{eni e n-ta stepen od re{enieto 
na konturen problem od vtor red.  

Vo trudot [2] opredeleno e re{enie na konturni 
problemi od tret i ~etvrti red kako proizvod na dva konturni 
problemi od vtor red. 

Ovde }e razgledame konturni problemi od treti red ~ie 
re{enie e homogena funkcija od vtora stepen po re{enieto i 
negoviot izvod od konturen problem od vtor red. 

Vo trudot [4] opredelena e diferencijalnata ravenka od 
treti red ~ii integrali se proizvodi od integrali i nivnite 
izvodi na linearni diferencijalni ravenki od vtor red. 

 
1. Opredeluvawe na diferencijalnata ravenka 
  

Neka ni e poznato re{enieto na konturniot problem so 
diferencijalna ravenka od vtor red 

,0=+′+′′ yqypy         p, q – konstanti   (1) 

i [turmovi konturni uslovi 

          01110 =′+ aa yy αα                  (2.1)            

        02120 =′+ bb yy ββ                        (2.2) 

kade )(),( cyycyy cc ′=′=  i  c = a, b. 

Diferencijalnata ravenka 
 

     0

'''
''
'

333

222

111 =

CBAz
CBAz
CBAz
CBAz

             (3) 

kade 
A i  =  − q B i─1

B i  = 2  A i─1− p B i─1 − 2q C i─1       i=1,2,3;        (4) 

C  i= B i─1 − 2p C i─1
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i  

A0=A,     BB0=B  i  C0=C 

ima re{enie  z  homogena funkcija od vtora stepen po y  i  y’ 
 
                z = A y2 + B y y’ + C y’2   (A,B,C - konstanti)          (5) 
 

kade  y  e re{enie na diferencijalnata ravenka (1), a  y’ 
negoviot izvod , [4]. 
 
 2. Opredeluvawe na konturnite uslovi 
 

Za da gi opredelime konturnite uslovi  so baranato 
svojstvo za funkcijata z, istata  }e ja diferencirame i }e gi 
koristime vovedenite oznaki (4). Pri toa se dobiva sistemot 
ravenki po  y2,  yy’,  y’2  

 
A y2  +  B y y’ + C y’2   = z 

             A1 y2 + BB1 y y’ + C1 y’ = z’                               (6) 2  

   A2 y2 + BB2 y y’ + C2 y’ =  z’’. 2  

~ie re{enie e 

                 y2 =
Δ

Δ 2y ,    y y’=
Δ

Δ 'yy    i    y’2 =
Δ

Δ 2'y ,                  (7) 

kade  

22

11

''
'2

CBz
CBz
CBz

y =Δ ,       

22

11

C''zA
C'zA
CzA

'yy =Δ ,    

''
'

22

11'2

zBA
zBA
zBA

y =Δ  

i  

222

111

CBA
CBA
CBA

=Δ ≠0. 
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Ponatamu, ako konturnite uslovi (2.1) gi pomno`ime 
soodvetno so ya  i  y’a se dobivaat ravenkite 

011
2

10 =′+ aaa yyy αα  

02
1110 =′+′ aaa yyy αα  . 

Zamenuvaj}i gi izrazite  (7) soodvetno se dobiva 

 
                                        01110 2 =Δ+Δ ′aaa

yyy
αα                                (8.1) 

                             021110 =Δ+Δ ′′
aaa yyy αα                         (8.2) 

odnosno 

         0
''
'

''
'

22

1111

22

1110 =+
CzA
CzA
CzA

CBz
CBz
CBz

a

a

a

a

a

a

αα               (9.1) 

 

                   0
''
'

''
'

22

1111

22

1110 =+

a

a

a

a

a

a

zBA
zBA
zBA

CzA
CzA
CzA

αα               (9.2) 

 

t.e. dva konturni uslovi vo to~kata x=a. 
  

Ravenkite 
 

0
''
'

''
'

22

1121

22

1120 =+
CzA
CzA
CzA

CBz
CBz
CBz

b

b

b

b

b

b

ββ ,    (9.3) 

 

0
''
'

''
'

22

1121

22

1120 =+

b

b

b

b

b

b

zBA
zBA
zBA

CzA
CzA
CzA

ββ ,   (9.4) 

 
gi opredeluvaat konturni uslovi vo to~kata x=b. 
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Ovie ~etiri ravenki (9.1) - (9.4) opredeluvaat  

trojki konturni uslovi, koi zaedno so diferencijalnata 

ravenka (3) opredeluvaat   konturni problemi koi 

imaat re{enie od vidot {to go barame, (5) 

4
3
4

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

4
3
4

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

  Ako p i q se parametri toga{ imame problemi so 
sopstveni vrednosti  
 

Primer 1. Za problemot so sopstveni vrednosti so 
diferencijalna ravaenka  

         ,yy 0=+′′ λ       λ-parametar    (10) 

i konturni uslovi 

         
( )
( ) 0

0
=
=

by
.ay

                             (11) 

znaeme  deka ima sopstveni vrednosti   

( )2
22

ab
n

n
−

=
πλ  

i sopstveni funkcii 

             
( )

ab
axnsin

abn −
−

−
=

πϕ 2
                 (12) 

[5, str.365, 2.9 (a)] 

Za  ovoj problem  q=λ, p=0; α10=1,  α11=0 i  β20=1,  β21=0. 
Pri ovie vrednosti soodvetno diferencijalnata ravenka (3) go 
prima vidot 

 

                
( )

( ) ( )
( )

0

484
242

2

2

=

−−−
−−−−

−−

BCAB'''z
CABCA''z

BCAB'z
CBAz

λλλλ
λλλλ

λλ
         (13) 
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Isto taka, soodvetno i konturnite uslovi (9.1)‡(9.4) 
se od vid 

 

 0

22

11 =
CB''z
CB'z
CBz

a

a

a

,  t.e.    ( )
( )

0
24

2 =
−−

−
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λλ
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22

11 =
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CzA
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a

a

,  t.e    

( ) ( )
0

22
=

−−−
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CA''zCA
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a

a

a

λλλ
λ ,  (13.2) 
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22

11 =
CB''z
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b
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0
24
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11 =
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b

b

b

    t.e  

( ) ( )
0

22
=

−−−
−

CA''zCA
B'zB
CzA

b

b

b

λλλ
λ .   (13.4) 

 

Od prethodno izlo`eneto mo`e da se konstatira deka 
~etiri problemi so sopstveni vrednosti so diferencijalna 
ravenka (13) i edna trojka od konturnite uslovi (13.1) ‡ (13.4) 
imaat sopstveni funkcii 

 

( )
( ) ( )

( )
( )

( )
ab

axnsin
ab

Bn
ab

axnsin
ab

CnA
abab

Cnxzn −
−

−
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−
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⎟
⎟
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⎞
⎜
⎜
⎝

⎛

−
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−
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−
=

πππππ 222
2

2
2
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3

22

 

koi go imaat svojstvoto da se homogena funkcija od vtor stepen 
od sopstvenite funkcii  ϕn  (12) i nejziniot izvod, t.e. 
 

( ) 22 'C'BAxz nnnnn ϕϕϕϕ ++=  
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Primer 2. Problemot so sopstveni vrednosti so 
diferencijalna rvaenka (10) i konturni uslovi 

 

( )
( ) 0

0
=
=

b'y
.a'y

 

 

ima sopstveni vrednosti 

( )2
22

ab
n

n
−

=
πλ  

i sopstveni funkcii 
 

( ) 12
≥

−
−

−
= n,

ab
axncos

abn
πϕ  

 

[5,str.365, 2.9 (b)]. 

 
Za  ovoj slu~aj ; α10=0.  α11=1 i  β20=0.  β21=1. Pri ovie 

vrednosti soodvetno diferencijalnata ravenka (3) go prima 
vidot (13) i soodvetnite konturni uslovi se od vid 
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0

42
2 =
−−−
−−

b

b

b

''zBCA
'zCAB

zBA

λλλ
λλ    (14.4) 
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a sopstvenite funkcii 
 

( ) 22 'C'BAxz nnnnn ϕϕϕϕ ++=  
 

go primaat vidot 
 

( )
( ) ( )

( )
−

−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−
−

−
+

−
=

ab
axn

ab
CnA

abab
Cnxzn

πππ 2
2

22

3

22

cos22
  

                                           

                                    
( )

( )
ab

axn
ab

Bn
−
−

−
ππ 2sin2

                                       (15) 

 

Primer 3 Problemot so sopstveni vrednosti so 
difrencijalna ravenka (10) i konturni uslovi 

 
 

        ( ) ( ) 0=′− ayayα                (16.1) 

 

                                           ( ) ( ) 0=′− b'ybyα                            (16.2) 

 

ima sopstveni funkcii 

 

( ) ( )
ab

axnsin
n

ab
ab

axncosn −
−−

+
−
−

=
π

π
απϕ  

[5,str.365, 2.9 (v)]. 

 

Za  ovoj slu~aj ; α10=α.  α11=─1 i  β20=α.  β21=─1. Pri 
ovie vrednosti soodvetno diferencijalnata ravenka (3) go 
prima vidot (13) i soodvetnite konturni uslovi se  
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               0

22

11

22

11 =−
C''zA
C'zA
CzA

CB''z
CB'z
CBz

a

a

a

a

a

a

α             (17.1) 

 

     0

22

11

22

11 =−

a

a

a

a

a

a

''zBA
'zBA

zBA

C''zA
C'zA
CzA

α              (17.2) 

 

  0

22

11

22

11 =−
C''zA
C'zA
CzA

CB''z
CB'z
CBz

b

b

b

b

b

b

α               (17.3) 

 

               0

22

11

22

11 =−

b

b

b

b

b

b

''zBA
'zBA

zBA

C''zA
C'zA
CzA

α               (17.4) 

 

koi mo`at da se zapi{at i vo vid 
 

    0

222

111 =
+
+
+

= b,axCBA''z
CBA'z
CBAz

α
α
α

, 0

22

11 =
+
+
+

= b,ax2b

1b

b

CB''zA
CB'zA
CB zA

α
α
α

.  (18) 

 

Sopstveni funkcii za problemite so sopstveni 
vrednosti (13)‡(18) ovoj slu~aj se  

 

( ) ( ) ( )
+

−
−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −−
+

−−
++=

ab
axnsin

n
abnC

n
nabACAzn

π
π

π
π

παα 2
22

222

22

2222
2

 

       ( ) ( ) ( )
+

−
−

⎥
⎦

⎤
⎢
⎣

⎡
−

−
−−

+
−

+
ab

axn
ab

nC
n

nabB
n

abA ππα
π

πα
π

α 2sin22

2222

 

 

+
( )

ab
axnB

−
−πα 2cos . 
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ABSTRACT. It is known that the ordinary differential equation of II order  

 is basic for construction of the analytic theory of trigonometric 
functions. In this paper, we consider areolar  differential equation of  II order  

0=+′′ yy

w
z
w λ=

∂
∂

2

2
 (*). If we put 1−=λ , than we can see some analogy between this two 

equations. So, the equation (*) could be basic for construction of so cold areolar 
trigonometry, but this is not the task for this paper. For areolar equations in 
which the unknown function is under the sighn of complex conjugation does not 
exist quadrature methods for solving them. That’s why with method of areolar 
series,the solution of (*) is found and by using the cylindrical  functions, we put 
the solution into a more  concize  form. 
 
 Ja prou~uvame areolarnata ravenka od vtor red : 

                      W
zd
Wd λ=2

2ˆ
     ( )C∈λ       (1) 

po nepoznatata funkcija ( ) ( ) ( )yxiVyxUzWW ,, +== od kom-
pleksna promenliva  iyxz +=  . Pri toa 

                       )(
2
1ˆ

y
i

xzd
d

∂
∂

+
∂
∂

=        (2)  

e t.n. operatoren izvod po iyxz −=  ili areolaren izvod, vove-
den  od Kolosov vo 1909 godina [1] , i   

)
ˆ

(
ˆˆ

2

2

zd
d

zd
d

zd
d

=  

e areolaren izvod od vtori red. 
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 Izrazot 

                                               ∫
∧

zd... ,                                   (3) 

definiran so 

                                     ∫
∧

Φ+= )()()( zzWzdzf ,                           (3’) 

pri {to 

)(
ˆ

zf
zd
Wd

=  

i  e proizvolna analiti~ka funkcija , se vika  opera-
toren    integral po 

)(zΦ=Φ
iyxz −=  . 

Operaciskite pravila za operatorniot izvod po z  (2) , kako i 
za operatorniot integral po z  (3) se dadeni vo monografijata 
na G.N.Polo`uŭ  [2]. 
 Vo trudot [3] so metoda na  areolarni redovi , najdeno e 
op{to re{enie na areolarnata ravenka (1) vo oblik: 
 

 

( ) [ ( )

( ) ]

( ) [ ( )

( ) ] }zdzzdzdzdz

dzzdzdzdzz
n

zdzzdzdzdz

dzzdzdzdzz
n

W

n

n

n

n

n

n

n

n

n

n

2

22

12

2

2

12

1

22

2

1

2

2

0

2

...

...
!12

1

...

...
!2

1

Φ+

+Φ
+

+

+Φ+

+Φ
⎩
⎨
⎧

=

+

+

+

+

∞

=

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫∑

44 344 21

44 344 21

44 344 21

44 344 21

λ

λ

λ

               (4) 

pri {to )(11 zΦ=Φ  i )(22 zΦ=Φ se proizvolni analiti~ki 
funkcii vo uloga na integracioni konstanti .  
 Vo ovaa rabota  se obiduvame op{toto re{enie (4)  da go 
zapi{eme vo poednostaven oblik. 
 Redot vo (4) go zapi{uvame kako zbir na ~etiri sood-
vetni redovi , potoa od prviot i tretiot red gi odeluvame 
~lenovite za on =  i na kraj vo sekoj od ~etirite redovi sta-
vame sumiraweto da po~nuva od nulata so {to dobivame deka 
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( ) ( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( ) zdzzdzdzd
n

z

dzzdzdzdz
n

z

zdzzdzdzd
n
z

dzzdzdzdz
n

z
zzzW

n
n

nn
n

n

nn
n

n

nn
n

nn

n

2

22
0

122

2

22
0

2222

1

22
0

22

1

22

2222

0
21

...
!12

...
!32

...
!2

...
!22

Φ
+

+

+Φ
+

+

+Φ+

+Φ
+

+Φ+Φ=

+

∞

=

+

+

∞

=

++

+

∞

=

+

++
∞

=

∫ ∫ ∫ ∫∑

∫ ∫ ∫ ∫∑

∫ ∫ ∫ ∫∑

∫ ∫ ∫ ∫∑

44 344 21

44 344 21

44 344 21

44 344 21

λ
λ

λ

λ
λ

λ

  (5) 

 Ako ja iskoristime formulata Cauchy  
 

  ( ) ( )
( ) ( ) ( )

⎪⎩

⎪
⎨
⎧ ∫
∫

=Φ
≥Φ−

−
=Φ

−

∫ ∫ ∫ ∫
2,

!1
1

1

1

...
kdz

k
kd

k

k

dzzdzdzdz
ξξξ

ξξ44 344 21
   (6) 

 
toga{ re{enieto (5) dobiva oblik 

 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ξξξ
λ

λ

ξξξ
λ

ξξξ
λ

λξξξ

λ

dz
nn

z

dz
nn

z

dz
nn

z
dz

nn
z

zzzW

n

on

nn

n

n

nn

n

on

nn
n

n

nn

2

12
122

2

12

0

3222

1

1222

1
12

0

2222

21

!12
1

!12

!12
1

!32

!12
1

!2

!12
1

!22
)()(

Φ−
+

⋅
+

+

+Φ−
+

⋅
+

+

+Φ−
+

⋅+Φ−

⋅
+

⋅
+

+Φ+Φ=

+∞

=

+

+∞

=

++

+∞

=

+

∞

=

++

∫∑

∫∑

∫∑∫

∑

 

odnosno 
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( )
( ) ( ) ( )

( ) ( )

( )
( ) ( ) ( )

( )
( )[ ]

( ) ξξ
ξλ

λ

ξξ
ξλ

ξξξλλ

ξξ
ξλ

d
n

zz

d
nn

zz

dzz

d
nn

zz
zzzW

on

nnn

n

nnn

n

on

nn

n

nnn

22

12122

2
0

123222

1

12
22

0
1

122222

21

!12

!12!32

!12!22
)()(

Φ⋅
+

−
+

+Φ
+⋅+
−

+

+Φ−+

+Φ
+⋅+
−

+Φ+Φ=

∫∑

∫∑

∫∑

∫∑

∞

=

++

∞

=

+++

+∞

=

∞

=

+++

      (7) 

 
Lesno se poka`uva deka ~etvrtiot red vo (7) konvergira  vo 
sekoja oblast {to le`i vo kone~nata kompleksna ramnina. 
 Da stavime   

     
( )

( )[ ]∑
∞

=

++

+

−
=

0
2

12122

!12n

nnn

n
zz

S
ξλ

      (8) 

  
Za prvata suma vo (7) imame 
 

( )
( )[ ]∑

∞

=

++

+

−
=

0
2

12122

!12n

nnn

n
zz

S
ξλ

 

t.e.              
( )

( ) ( )∫ ∑
∧ ∞

=

++

+⋅+
−

=
0

12222

!12!22n

nnn

nn
zz

zdS
ξλ

  

od kade {to 

                          
( )

( ) ( ) ∫∑
∧∞

=

+++

=
+⋅+
−

zdS
nn

zz

n

nnn
2

0

122222

!12!22
λ

ξλ
    (9)         

  
Za sumata na vtoriot red vo (7) , imame: 

 

                                              
( )

( ) ( )∑
∞

=

+

+⋅
−

0

1222

!12!2n

nnn

nn
zz ξλ

                           (10) 

 Na kraj , za sumata na tretiot red vo (7) imame : 
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( )
( )[ ]∑

∞

=

++

+

−
=

0
2

12122

!12n

nnn

n
zz

S
ξλ

 

( )
( ) ( )∫ ∑

∧ ∞

=

++

+⋅+
−

=
0

12222

!12!22n

nnn

nn
zz

zdS
ξλ

 

( )
( ) ( )∫ ∑∫

∧ ∞

=

++∧

+⋅+
−

=
0

12322

!12!32
)(

n

nnn

nn
zz

zdzdS
ξλ

, 

od kade {to 

   
( )

( ) ( ) zdzdS
nn

zz

n

nnn

)(
!12!32

2

0

123222

∫∫∑
∧∧∞

=

+++

=
+⋅+
−

λ
ξλ

               (11) 

 
 Taka , soglasno formulite (8) , (9) , (10) i (11) funkcija-
ta, (7) go dobiva poednostavniot oblik 
 

                        

( ) ( )

( ) ( ) ξξλξξλ d
dz
SddzdS

zzzW

11
2

21

ˆ
][ Φ⋅+Φ+

+Φ+Φ=

∫∫ ∫
∧

           (12) 

( ) ( ) ξξλξξλ dSdzdzdS 22
2 ])([ Φ⋅+Φ+ ∫∫ ∫ ∫

∧ ∧

 

 Seta ovaa rabota mo`e da se formulira vo slednava: 
 
 Teorema: Areolarnata diferencijalna ravenka od 
vtori red (1) ima op{to re{enie od oblik (12) pri {to 

 , )(zjj Φ=Φ 2,1=j  se proizvolni analiti~ki funkcii  vo 

uloga na integracioni konstanti . Pri toa  ( )ξ,, zzSS =  e 
suma na redot (8) . 
  
  Zabele{ka 1  Ako vo bilo koj od oblicite(4) ili  (12)  
za op{toto re{enie na areolarnata diferencijalna ravenka 
od vtori red (1) kako i vo samata ravenka , stavime 0=λ  ,  to-
ga{ gi dobivame poznatite t.n. bianaliti~ki funkcii  
  

)()( zgzzfW +=  
na Goursat  [4] , [5] . 
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 Zabele{ka 2 Ako stavime βαλ i+=  , toga{ lesno se 
proveruva deka areolarnata diferencijalna ravenka (1) e kom-
pleksen zapis na sledniov sistem od dve parcijalni diferen-
cijalni ravenki od vtor red 
 

                                 ( )

( )

⎪⎩

⎪
⎨
⎧ +=

∂

∂
−

∂∂
∂

−
∂

∂

+=
∂

∂
−

∂∂
∂

+
∂

∂

vu
y
u

yx
v

x
u

vu
y

v
yx
u

x
v

βα

αβ

42

42

2

22

2

2

2

22

2

2
               (13) 

 Toa zna~i deka  

Wv
Wu

Im
Re

=
=  

kade ( )zWW =  e opredelena so formulata  (12) (t.e.(4)), e 
re{enie na sistemot parcijalni diferencijalni ravenki (13) . 
 
 Zabele{ka 3  Vo trudot [6], S.Fempl gi prou~uva neana-
liti~kite funkcii ( ) ( ) ( )yxiVyxUzWW ,, +==  ~ie odstapuvawe 
od analiti~nost e analiti~ka funkcija kako re{enie na ra-
venkata 

   ( ) ( −== tfftfWB 2 ) analiti~ka funkcija. 
 

 Pri toa,  

            
zd

dB
ˆ

2=        (14) 

 
e t.n. operator na Bilimovi} [7], interpretiran kako mera na 
otstapuvawe od analiti~nost na neanaliti~kite funkcii. 
  
 Soglasno vrskata (14) areolarnata diferencijalna  
ravenka od vtor red (1) dobiva oblik 
 

WWB λ42 =  , 
 
poradi {to funkciite ( )zWW =  , opredeleni so (4) t.e. (12) 
mo`at da se interpretiraat kako neanaliti~ki funkcii ~ie 
{to vtoro otstapuvawe od analiti~nost e “proporcionalno” 
so nivnata kompleksno kowugirana vrednost . 
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Apstrakt 
So ogled na poznatite postapki za re{avawe na 

linearnite diferencijalni ravenki so konstantni 
koeficienti priroden e streme`ot re{avaweto na 
linearnite diferencijalni ravenki so funkcionalni 
koeficienti da se svede na re{avawe na linearni 
diferencijalni ravenki so konstantni koeficienti. Ovde 
davame eden prilog kon toj priroden streme` voedno 
opredeluvaj}i uslovi pri koi linearnata diferencijalna 
ravenka od vtor red, so funkcionalni koeficienti, 
 

                         f(x)y” + g(x)y’ + h(x)y = 0,                                   (1) 
 

mo`e da se svede na linearna diferencijalna ravenka so 
konstantni koeficienti. Pritoa dobivame deka oblikot na 
re{enieto na diferencijalnata ravenka (1) zavisi od znakot 
na figurira~kite koeficienti  f(x), g(x) i h(x). 
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1. Poznat e faktot deka re{enieto na linearnata 
diferencijalna ravenka  

y” +a(x)y = 0 
 

vo zavisnost od znakot na funkcijata a(x) mo`e da se zapi{e vo 
sledniot oblik: 
 

xCxCy xaxa )(2)(1 cossin +=  , za a(x) > 0, 
 

xchCxshCy xaxa )(2)(1 +=  , za a(x) < 0. 
 

Isto taka poznato e deka ravenkata 
 

       y” +ay = 0,  a - const                    (I) 
 
ima re{enie dadeno so formulite: 
 

xaxa eCeCy −+= 21 , za a > 0  i 

xaCxaCy −+−= cossin 21 , za a < 0.     (II)
  

Ovde }e doka`eme deka diferencijalnata ravenka (1), 
pri odredeni uslovi mo`e da se svede na diferencijalna 
ravenka od oblik (I) pa soglasno toa re{enieto e od oblik (II).  
 Za taa cel voveduvame nova nezavisno promenliva 
veli~ina t  vo ravenkata (1) so relacijata x = x(t). Pri toa 
dobivame: 
 

0)()()('
)('

)(")(
)('
)()("

)(
)(

32 =+⎥
⎦

⎤
⎢
⎣

⎡
−+

′
tythty

tx
txtf

tx
tgty

tx
tf

. 

 
 Pri pretpostavka deka x = x(t) gi zadovoluva uslovite 
 

)(
)()('2

th
tAftx −= ,  A – const 

                                                                    (2) ,0)(")()(')( 2 =− txtftxtg
 

so eliminacija na x = x(t) vo uslovite (2) se dobiva uslovot: 
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                            )(')()()(')()(2 xhxfxhxfxhxg −=                          (3) 
 

za svodlivost na ravenkata (1) na ravenkata (I) po novata 
promenliva t . Pri toa samata funkcija x = x(t) se dobiva od 
relacijata  

                                           ∫ −= dx
xAf

xht
)(

)(
                                       (4) 

 
 So ova ne{to prakti~no ja doka`avme slednava 
Teorema. Diferencijalnata ravenka (1), so voveduvawe na nova 
nezavisno promenliva veli~ina t so relacijata (4) se 
transformira vo diferencijalnata ravenka 
 
                                            y”(t) – Ay(t) = 0.                                        (5) 

 
 Sega imaj}i vo vid (I), (II) i relacijata (4) za re{enieto 
na diferencijalnata ravenka (1) gi dobivame slednite 
formuli: 
 

∫
=

− dx
xf
xh

eCy )(
)(

1  + 
∫ −− dx

xf
xh

eC )(
)(

2 , za 0
)(
)(
<

xf
xh

 

ili 
 

           ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ dx

xf
xhCy

)(
)(sin1  + ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∫ dx

xf
xhC

)(
)(cos2 , za 0

)(
)(
>

xf
xh

.        (6) 

 
 

 2. Ovde }e razgledame nekolku specijalni slu~ai {to 
proizleguvaat od uslovot (3). 
 

 a) Ako e funkcijata h(x) = c – konstanta, toga{ uslovot 
(3) stanuva 
 

2g(x) = f ’(x), 
pa ravenkata (1) e  
 

f(x)y” +
2
1 f ’(x)y’ + cy = 0, 
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i vo soglasnost so (6) ima re{enie 
 

∫
=

− dx
xf

c

eCy )(
1  + 

∫ −− dx
xf

c

eC )(
2 , za 0

)(
<

xf
c

 

 

ili 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ dx

xf
cCy

)(
sin1  + ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∫ dx

xf
cC

)(
cos2 , za 0

)(
>

xf
c

. 

 
 

 b) Ako funkcijata f(x) = c, toga{ uslovot (3) e  
 

2g(x)h(x) = - ch’(x), 
 

a soodvetnata ravenka (3) stanuva 
 

0)('
)(2
)('" =+− yxhy

xh
xchcy , 

 
~ie re{enie spored (6) e od oblik 
 
 

∫=
− dx

c
xh

eCy
)(

1  + ∫ −− dx
c
xh

eC
)(

2 , za 0)(
<

c
xh

 

 

ili 

⎟
⎠
⎞

⎜
⎝
⎛= ∫ dx

c
xhCy )(sin1  + ⎟

⎠
⎞

⎜
⎝
⎛
∫ dx

c
xhC )(cos2 , za 0)(

>
c
xh

 

 

 Specijalno ako h(x) = x i c = 1, se dobiva linearnata 
diferencijalna ravenka 

xy” – 
2
1 y’ + x2y = 0, 

pa soglasno pogore, nejzinoto re{enie mo`e da se zapi{e vo 
oblik 

2
3

2
2
3

1 3
2cos

3
2sin xCxCy += , za x > 0, 

2
3

)(
3
2

1

x
eCy

−
=  + 

2
3

)(
3
2

2

x
eC

−−
, za x < 0, 
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 v) Ako e g(x) = f ’(x), toga{ uslovot (3) stanuva 
 

f ’(x)h(x) + f)x)h’(x) = 0 
pa ravenkata (1) e 
 

f 2(x)y” + f ’(x)f(x)y’ + cy = 0. 
 

Za oblikot na nejzinoto re{enie spored (6) dobivame  
 

∫
=

− dx
xf

c

eCy )(
1

2

 + 
∫ −− dx

xf
c

eC )(
2

2

, za c < 0, 
ili 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∫ dx

xf
cCy

)(
sin 21  + ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∫ dx

xf
cC

)(
cos 22 , za c > 0 

 
 Specijalno ako e f(x) = x, se dobiva Ojlerovata 
diferencijalna ravenka 
 

x2y” +xy’ + cy = 0 
 

pa soglasno pogore nejzinoto re{enie mo`e da se zapi{e vo 
oblik 

||lncos||lnsin 21 xcCxcCy += , za c > 0, 
cc xCxCy −−− += |||| 21  , za c < 0. 
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ABOUT SOLVING A DIFFERENTIAL EQUATION OF SECOND 
ORDER 

Dimov A. Lazo 
 

Summary 
 It is natural tendency to reduct the solving of a differential 
equation with functional coefficients to solving of a differential equation 
with constant coefficients. Here, we give a supplement to this natural 
tendency, determining conditions in which a differential equation of 
second order with functional coefficients is reducted to a differential 
equation with constant coefficients. In the same time, we determine the 
solution of the differential equation. 
 Department of Mechanical Engineering 
 p. fah 464 
 1000 Skopje 
 Macedonia 
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On a Numerical Solution of a class of

Sturm-Liouville Problems

Sonja Gegovska-Zajkova
Faculty of Electrical Engineering, P.O.Box 574,

Skopje, Macedonia,
szajkova@etf.ukim.edu.mk

Abstract

A class of Sturm-Liouville problems containing spectral parame-
ter in the boundary or interface conditions and coefficients which are
piecewise functions are considered. Approximation of spectral prob-
lems using finite difference method and the estimates for the eigenval-
ues and eigenfunctions is given. Numerical solutions for these problems
are obtained.

1 Introduction

Let us consider the initial boundary value problem for the heat equation
with concentrated capacity at the interior point x = ξ [4, 5, 8]

[c(x) + K δ(x − ξ)]
∂u

∂t
=

∂

∂x

(
a(x)

∂u

∂x

)
+ f(x, t), (x, t) ∈ (0, 1) × (0, T ),

(1.1)
u(0, t) = 0, u(1, t) = 0, 0 < t < T, (1.2)

u(x, 0) = u0(x), x ∈ (0, 1), (1.3)

where K > 0, 0 < c1 ≤ a(x) ≤ c2, 0 < c3 ≤ c(x) ≤ c4 and δ(x) is the
Dirac distribution. It follows from (1.1), that the solution of this problem
satisfies at (x, t) ∈ Q1 = (0, ξ) × (0, T ) and (x, t) ∈ Q2 = (ξ, 1) × (0, T )
the equation

c(x)
∂u

∂t
=

∂

∂x

(
a(x)

∂u

∂x

)
+ f(x, t) ,

and at x = ξ the conditions of conjugation

[u]x=ξ ≡ u(ξ + 0, t) − u(ξ − 0, t) = 0 ,

[
a

∂u

∂x

]
x=ξ

= K
∂u(ξ, t)

∂t
.
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It is easy to see that the initial boundary value problem (1.1)–(1.3) can
be written as an abstract Cauchy problem

B
du

dt
+ Au = f(t), t ∈ (0, T ); u(0) = u0 (1.4)

letting H = L2(0, 1), Au = − ∂

∂x

(
a(x)

∂u

∂x

)
and Bu = [c(x) + K δ(x −

ξ)] u(x, t) . Then HA =
◦

W 1
2 (0, 1),

‖w‖2
A =

1∫
0

a(x) [w′(x)]2 dx,

‖w‖2
B =

1∫
0

c(x)w2(x) dx + K w2(ξ) .

Thus, the following spectral problem can be obtained:

(a(x)w′)′ + λc(x)w = 0, x ∈ (0, ξ) ∪ (ξ, 1),

[w]x=ξ = w(ξ + 0) − w(ξ − 0) = 0, [aw′]x=ξ + λKw(ξ) = 0,

w(0) = w(1) = 0.

(1.5)

Further we assume that the function c(x) is continuous on [0, 1] and a(x)
has finite jump in the point x = ξ.

This spectral problem can be written in the form

Aw = λ̃Bw (1.6)

with A, B as defined above. In such a way, the spectrum of (1.6) is discrete,
all eigenvalues are positive, λ̃1 ≤ λ̃2 ≤ · · · , λ̃n → ∞, while the eigenfunc-
tions w = wn, n = 1, 2, . . . satisfy the condition of orthogonality

(wj , wk)B = (Bwj , wk) = (w̃j , w̃k) = δjk

and represent the basis of the space HB.
The solution of problem (1.4) can be written in the form

u(t) =
∞∑

n=1

e−λ̃nt

⎡
⎣cn +

t∫
0

eλ̃nτfn(τ)dτ

⎤
⎦wn,

where
cn = (u0, wn)B, fn(t) = (f(t), wn).
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2 Sturm–Liouville Problem

We consider a Sturm-Liouville problem:

(p(x)v′)′ − q(x)v + λr(x)v = 0 , (2.1)

where λ is the eigenvalue, v(x) is the eigenfunction, p(x), q(x), r(x) are
piecewise continuous functions on [0, 1] such that

0 < c1 ≤ p(x) ≤ c2 , 0 < c1 ≤ r(x) ≤ c3 , 0 ≤ q(x) ≤ c4 , (2.2)

c1, c2, c3, c4 = const.
Let ξ be an interior point in (0 , 1) where v(x) has to satisfy the condition

of conjugation

[v]x=ξ = v(ξ + 0) − v(ξ − 0) = 0 , [pv′]x=ξ = −λKv(ξ), K = const. > 0 .
(2.3)

Then p(x) could have a discontinuity of first order at the point x = ξ,
(0 < ξ < 1). The boundary conditions could also consist spectral parameter

− α0v
′(0) + β0v(0) = λγ0v(0) , α0 + β0 > 0, α0 , β0 ≥ 0 ,

α1v
′(1) + β1v(1) = λγ1v(1) , α1 + β1 > 0, α1 , β1 ≥ 0 , (2.4)

αi, βi, γi = const. , i = 1, 2 .

Using Dirac distribution, the problem (2.1), along with the conditions
(2.3), could be written in the following form :

(p(x)v′)′ − q(x)v + λ[r(x) + Kδ(x − ξ)]v = 0 , (2.5)

or in the operator form Av = λBv, letting H = L2(0, 1) and

Av = −(p(x)v′)′ + q(x)v , Bv = [r(x) + Kδ(x − ξ)]v . (2.6)

This kind of spectral problems appears, as it was shown previously , while
solving the heat equation with concentrated capacity and combinations of
various boundary conditions as a result of using the method of separation
of variables [4, 1, 9].

As a model we shall consider the equation

[1 + Kδ(x − ξ)]
∂u

∂t
= p

∂2u

∂x2
− qu, p, q = const. > 0 (2.7)
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with boundary conditions: u(0, t) = 0,
∂u

∂x
(1, t) = 0, and initial value

u(x, 0) = u0(x). As it was previously shown, following spectral problem
can be obtained

−d2w

dx2
= λw(x), x ∈ (0, ξ) ∪ (ξ, 1)

w(0) = 0, w′(1) = 0,

[w]ξ = 0, −
[
dw

dx

]
ξ

= λKw(ξ).

This problem is a special case of the problem (2.1)–(2.4) setting in the
boundary conditions (2.4)

α0 = β1 = γ0 = γ1 = 0 , α1 = p(1) , β0 = 1 . (2.8)

It can be proved that for such problem the following assertions hold [2, 3].

Theorem 1 The Sturm-Liouville problem (2.1)–(2.4) with coefficients given
in (2.8) has a countable set of eigenvalues 0 < λ1 < λ2 < · · · to which corre-
spond the eigenfunctions v1(x), v2(x), . . .. The eigenfunctions {vn(x)} form
a complete orthogonal system with respect to a norm ‖·‖B which arises from
the inner product (·, ·)B, where

(u, v)B =

1∫
0

r(x)u v dx + Ku(ξ)v(ξ) . (2.9)

Theorem 2 The eigenvalues of the problem (2.1)–(2.4) with coefficients
(2.8), λn → ∞, n → ∞, satisfy the inequalities:

c5n
2 ≤ λn ≤ c6n

2 , c5 > 0 , (2.10)

c5 and c6 are independent of ci, i = 1, 2, 3, 4 and n.

Theorem 3 The eigenfunctions of the problem (2.1)–(2.4) and their deriva-
tives satisfy the inequalities

|vn(x)| ≤ c7 , |v′n(x)| ≤ c′8
√

λn ≤ c8n , (2.11)

where c7, c8 are positive constants independent of n.
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The solution of spectral problem given above can be written in explicit
form

w(x) =
{

A sin αx, x ∈ (0, ξ)
B cos α(1 − x), x ∈ (ξ, 1)

We obtain the values of the constants A and B using the first condition of
conjugation: A = Ccosα(1 − ξ), B = Csin αξ, where C is a multiplicative
constant, and we can set C = 1. The values of α = αn, n = 1, 2, . . . are the
roots of the transcendental equation

α =
1
K

[ctg αξ − tg α(1 − ξ)].

There exists a countable set of solutions α = αn, n = 1, 2, . . . of this equation.
Thus we can obtain the eigenvalues λ = λn = α2

n, 0 < λ1 < λ2 · · · , λn →
∞, and respective eigenfunctions w = wn(x), n = 1, 2, . . ..

There is another class of solution w(x) = sin αx which exists if

ξ =
2m

2k + 1
, k, m ∈ N . Then for n = 0, 1, 2, . . .

λn = p
[
(2k + 1)(2n + 1)

π

2

]2
+ q, wn = sin(2k + 1)(2n + 1)

π

2
x .

3 Difference Sturm-Liouville Problems

Let ωh = {xi = ih, i = 0, 1, . . . , N, hN = 1} is a uniform mesh in [0, 1]
chosen so that ξ = xm is a node. We approximate the problem (2.1)–(2.4)
with coefficients (2.8) on the mesh ωh by the difference scheme

−(ayx)x + dy = λh (ρ(x) + Kδh(x − ξ)) y , x ∈ ωh ,

y0 = 0 , ayx +
h

2
dy =

h

2
λhρy , x = xN ,

(3.1)

where

δh(x − ξ) =

{
0 , x ∈ ωh\{ξ}
1
h

, x = ξ
,
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or

−(ayx)x + dy = λhρ y , 0 < x = xi = ih < 1 ,
i �= m,

− h

K
(ayx)x +

h

K
d y = λhy , x = xm ,

K = K + hρ(ξ) ,

d =

⎧⎪⎨
⎪⎩

d(xm − 0) + d(xm + 0)
2

, x = xm = ξ

d , x ∈ ωh \ {ξ}
,

y0 = 0 , ayx +
h

2
dy =

h

2
λhρy , x = xN .

We shall denote by Λ y difference operator

Λ y =

⎧⎪⎨
⎪⎩

− (ayx)x + dy , x = xi, i = 1, 2, . . . , N − 1
2
h

ayx + dy , i = N

0 , i = 0

while d(xi) = q(xi) , ρ(xi) = r(xi) ,

a(x) =
p(x) + p(x − h)

2
, for x �= ξ, ξ + h ,

a(ξ) =
p(ξ − 0) + p(ξ − h)

2
, a(ξ + h) =

p(ξ + h) + p(ξ + 0)
2

.

Thus the following inequalities hold:

0 < c1 ≤ a ≤ c2 , 0 < c1 ≤ ρ(x) ≤ c3 , 0 ≤ d(x) ≤ c4 . (3.2)

Now our goal is to find nontrivial solutions of the problem (3.1) (the eigen-
functions) which correspond to the values of the parameter λh (the eigen-
values). It is already prove that [3]:

Theorem 4 There exists N − 1 eigenvalues of the problem (3.1), 0 < λh
1 <

· · · < λh
N−1 to which correspond the eigenfunctions y1(x), . . . , yN−1(x). The

eigenfunctions {yn(x)} form an orthogonal system in the l2N−1 space with
scalar product

(y, v]Bh
=

N−1∑
i=1
i�=m

ρi yi vi h + Kym vm +
h

2
ρN yN vN , K = K + hρ(ξ) . (3.3)
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Theorem 5 The eigenvalues of the problem (3.1) satisfy inequalities

M ′
1n

2 ≤ λh
n ≤ M ′

2n
2 , n = 1, 2, . . . , N − 1 , (3.4)

where M ′
1 and M ′

2 are positive constants independent of h and n.

Theorem 6 For the eigenfunctions of the problem (3.1) the following esti-
mates hold

‖yn‖C ≤ M1

√
n , ‖(yn)x‖C ≤ M2n

3/2 , (3.5)

where ‖y‖C = max
x∈ωh

|y(x)| , ‖yx‖C = max
1≤i≤N

|yx,i|, M1, M2 are constants inde-

pendent of h and n.

It can be proved that the scheme (3.1) has a second order of accuracy
(‖yn − un‖C = O(h2), |λh

n − λn| = O(h2)) except at the point x = ξ where
HN [u] − H[u] = O(h), i.e. ‖yn − un‖C = O(h) [2].

4 Numerical Experiments

In order to approve theoretical results given above, we made some numerical
experiments using program package MatLab.We set p = 1, q = 0 in (2.7)
and use difference scheme (3.1), uniform mesh where the number of nodes
is 2k · 10, k = 0, 1, . . . , 5. In the table 1 the approximation error of the
first four eigenvalues is presented. It is obvious that approximation error
has the lowest value for the first eigenvalue and it increases for every next
eigenvalue. On the other hand, the approximation error depends on the
number of nodes N , so we can see that the increasing of the value of N
implies decreasing of the error.

N \ Err |λ1 − λh
1 | |λ2 − λh

2 | |λ3 − λh
3 | |λ4 − λh

4 |
10 1.74 E-03 1.76 E-01 1.65 E-00 7.19 E-00
20 4.36 E-04 4.42 E-02 4.20 E-01 1.85 E-00
40 1.09 E-04 1.11 E-02 1.05 E-01 4.65 E-01
80 2.73 E-05 2.77 E-03 2.64 E-02 1.16 E-01
160 6.82 E-06 6.93 E-04 6.59 E-03 2.91 E-02
320 1.70 E-06 1.73 E-04 1.65 E-03 7.28 E-03

Table 1

In a table 2 the convergence rate calculated by the formula

ρN = log2

‖u − v‖∞,N

‖u − v‖∞,2N
,
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is given. Here, we denote by u an exact and by v approximate values. We
can see from the table that convergence rate of the eigenvalues is near to 2,
like it was proved in previous paragraph.

N \ ρN ρN (λ1) ρN (λ2) ρN (λ3) ρN (λ4)
ρ10 1.99902 1.99238 1.98037 1.96213
ρ20 1.99976 1.99809 1.99509 1.99051
ρ40 1.99994 1.99952 1.99877 1.99763
ρ80 1.99998 1.99988 1.99969 1.99941
ρ160 2.00001 1.99997 1.99992 1.99985

Table 2

For the eigenfunctions similar discussion can be done. Approximation
error

Erri = max
x∈ω

|yh
i (x) − ui(x)|,

for i = 1, 2, 3, 4 is given in the table 3, while the values of convergence rate
are presented in table 4.

N \ Erri Err1 Err2 Err3 Err4

10 1.79 E-05 1.30 E-03 3.12 E-03 4.40 E-03
20 3.18 E-06 2.41 E-04 5.57 E-04 8.14 E-04
40 5.61 E-07 4.37 E-05 9.85 E-05 1.48 E-04
80 9.90 E-08 7.82 E-06 1.74 E-05 2.65 E-05
160 1.75 E-08 1.39 E-06 3.09 E-06 4.72 E-06
320 3.09 E-09 2.47 E-07 5.46 E-07 8.36 E-07

Table 3

N \ ρN ρN (y1) ρN (y2) ρN (y3) ρN (y4)
ρ10 2.49591 2.43613 2.48729 2.43393
ρ20 2.50218 2.46487 2.49811 2.45766
ρ40 2.50226 2.48128 2.49726 2.48314
ρ80 2.50144 2.49114 2.49893 2.49006
ρ160 2.50079 2.49549 2.49962 2.49544

Table 4
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USLOVI ZA POSTOEWE NA KVAZIPERIODI^NI 
RE[ENIJA ZA NEKOI NEHOMOGENI  LINEARNI 
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Apstrakt. Vo ovoj trud nao|ame uslovi pri koi nehomogenata 
linearna diferencijalna ravenka od I red  (5) i nehomogenata 
linearna diferencijalna ravenka od II red (24) imaat 
kvaziperiodi~ni re{enija. Dobienite uslovi se iska`ani preku  
sedum teoremi. 
 

VOVED 
Definicija. Funkcijata )(xy ϕ= , RIx ⊆∈  ja narekuvame 

kvaziperiodi~na (KPF) ako postoi funkcija )(xω  i broj 
R∈λ  takvi {to da e zadovolena relacijata  

          )())(( xxx ϕλωϕ =+ , Ixxx ∈+∀ )(, ω            (1) 
Funkcijata )(xω  ja vikame kvaziperiod (KP) za funkcijata 

)(xy ϕ= , a λ  - kvaziperiodi~en koeficient (KPK) ili 
koeficient na deformacija. 

 
Ako 1=λ  i .)( konstx =ω  toga{ funkcijata )(xϕ e 

periodi~na vo klasi~na smisla.  
   

Vo vrska so vovedeniot poim za kvaziperiodi~nost na 
funkcija go postavuvame sledniov problem: 

Ako funkcijata e zadadena implicitno so 
diferencijalnata ravenka 

)(xy

  ( ) 0,,,, )( =′ nyyyxF K ,      (2) 
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da najdeme uslovi pri koi ravenkata (2) ima kvaziperiodi~ni 
re{enija (KPR), t.e. uslovi za postoewe na funkcija (zakon) 

)(xω i broj  λ  , za koi va`i 

yDxxxxyxxy ∈+=+ )(,),())(( ωλω    (3) 

Ravenkite (2)+(3) obrazuvaat sistem {to gi definira 
funkciite  i )(xy )(xω , pa postaveniot problem go sveduvame 
na re{avawe na sistemot 

 

⎪
⎩

⎪
⎨

⎧

==+

=+
=′′′

nkxyxxy

xyxxy
yyyyxF

kk

n

,,2,1),())(((

)())((
0),,,,,(

)()(

)(

K

K

λω

λω          (4) 

 

{to vo op{t slu~aj se sveduva na nelinearna diferencijalna 
ravenka po  i funkcionalno-diferencijalna ravenka po y

)(xω . Generalno, ne e lesno da se re{i vakov sistem, osobeno 
ako  (2) e diferencijalna ravenka od povisok red. 

Ako (2) e linearna ravenka, sistemot (4) e poednostaven 
i toj e linearen po  i nejzinite izvodi, no e nelinearen po )(xy

)(xω . 
Vo trudot prezentiran na me|unarodnata konferencija  

MATEMATIKA 2004, vo KRAGUEVAC, se izlo`eni 
dobienite rezultati za homogena linearna diferencijalna 
ravenka od I red  

0)( =+′ yxfy  
i za homogena linearna diferencijalna ravenka od II red  

0)()( =+′+′′ yxgyxfy . 
 
 Ovde, vo vrska so postaveniot problem za 
kvaziperiodi~nost, gi izlo`uvame dobienite rezultati za 
nehomogeni linearni diferencijalni ravenki od I i II red. 
 
 I. Neka (2) e nehomogena linearna diferencijalna 
ravenka od  I red 

     0)()( =++′ xgyxfy .       (5) 
Barame uslovi pri koi (5) ima kvaziperiodi~ni re{enija, t.e. 
re{enija {to ja zadovoluvaat relacijata (3). 
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Vo ovoj slu~aj sistemot  (4) ima vid 

⎪
⎩

⎪
⎨

⎧

′=′++′
=+

=++′

)())(1))(((
)())((

0)()(

xyxxxy
xyxxy

xgyxfy

λωω
λω     (6) 

Od uslovot za kvaziperiodi~nost na re{enieto na (5),  sleduva 
deka (5) treba da e zadovolena i vo )(xx ω+ , t.e. va`i 

0)()()()( =+++⋅+++′ ωωωω xgxyxfxy . (7) 

Od (6) i (7) mo`e da se eliminirat  )(xy′  i ))(( xxy ω+′ . Taka, 
pri  0)(1 ≠′+ xω  od tretata ravenka vo (6) imame 

( )
)(1

)()(
x

xyxxy
ω

λω
′+
′

=+′ , 

a od prvata  
)()()( xgyxfxy −−=′  

i po zamena vo (7) dobivame 

0)()()(
1

)(
=++⋅++

′+
′

ωλω
ω

λ xgxyxfxy
 

od kade 

         [ ] 0)()()1(1)()()1( =⎥⎦
⎤

⎢⎣
⎡ −+⋅′++−+⋅′+ xgxgxfxfy ωω
λ

ωω      (8) 

ili  

    [ ] 0)(1)()1()()( =⎥⎦
⎤

⎢⎣
⎡ ++⋅+⋅′++−− ω

λ
ωω xgyxfxgyxf , 0≠λ .    (9) 

Ravenkata  (8), odnosno (9), e funkcionalno diferencijalna 
ravenka po )(xω , t.e.  

0))(),(),(),(),(),(,,( =++′Φ ωωωω xgxfxgxfxxyx  
koja vo op{t slu~aj ne e lesno da se re{i, iako re{enieto na 
(1) mo`e da se zadade eksplicitno vo odnos na . Zatoa (9) 
mo`eme da ja razgleduvame samo vo nekoi specijalni slu~ai. 

gf  i 

 
1. Neka i f g  se  KPF i takvi {to 
              

     )()(),()( xgxgxfxf λωω =+=+     (10) 
 

Pri uslov 0)()( ≠+ xgyxf , od (9) dobivame 0)( =′ xω , t.e. 
.)( konstx =ω   

 

 75 



Sleduva 
Teorema 1. Ako (5) ima KPR so KPK λ  i i f g  se KPF, 

takvi {to va`i (10), toga{  .konst=)(xω . 
 

2. Neka   se KPF i takvi {to  gf  i 
)()(),()( xgxgxfxf νωμω =+=+ , λνμ ≠≠ ,1  

toga{ od (9): 

∫
∫

∫

∫

+

−+−

+

−+−

∫
−

∫

∫
−

∫

=

==

−

−

x

x x

x

duufdttf

x

x

duufdttf

x

x

dx

xgxf

xgxf

dx
xgyxf

xgyxf

dtetgCe

dtetgCe

x

t

t

x

x

t

t

x

x

0

0

00

0

00

0

)()[(

)()1()[()1(

)()(

)()1()()1(

)])((

)])((

)(

)()(

)()(

λ
ν

μ

λ
ν

μ

λ
ν

μ

λ
ν

μ
ω

             

           

   (11) 

 

3. Od (9), pri 0=′ω  t.e.   i 

, dobivame: 

∗== ωω .konst)(x
0)()( ≠−+ ∗ xfxf ω

  
)()(
)()(1

xfxf
xgxgy

−+
−+

−=
∗

∗

⋅
ω

λω
λ

.                    (12) 

 
Ako  i f g   se KPF  pri {to  

)()(),()( xgxgxfxf νωμω =+=+ ∗∗ ,    (13) 
toga{  

)()1(
)()(
xf

xgy
−

−=
−

μλ
λν

, 0)(,1 ≠≠ xfμ         (14) 

Pritoa, bidej}i  e re{enie na (5), funkciite    treba da 
go zadovoluvaat  i uslovot 

y gf  i 

( ) ( ) 01 2
11 =++⋅′−′⋅ fggfgf λλ , 

kade 
( )11 −
−

−=
μλ

λνλ  

odnosno 

     
νλ
νλμ

−
−

=
′−′

2fg
gfgf

,                  (15) νλ ≠≠ ,02gf
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Sleduva 
Teorema 2. Ako DR (5) ima KPR so konstanten KP, 

  i  se KPF za koi va`at  relaciite (13) 
i (15), toga{  re{enieto se opredeluva so (14). 

konstx == ∗ωω )( gf  i 

Vo specijalen slu~aj, ako   0=
−
−
νλ
νλμ , t.e. 

μ
νλ = , νλ ≠  , 

toga{  0=′⋅−⋅′ gfgf  od kade Cgf =   i toga{ od  (14) 
dobivame  

C
y 1

−= . 

 
4. Ravenkata (5) e kvadraturno re{liva, t.e.  

     .              (16) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∫
∫

⋅−
∫

=
− x

x

duufdttf

dtetgCexy

x

x

x

x

0

00

)()(

)()(

Od uslovot )())(( xyxxy λω =+  i (16) dobivame: 
 

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∫
∫

⋅−∫
∫

⋅−
∫

⋅
∫ +−−

+

ω
ω

x

x

duufx

x

duufdttfdttf

dtetgdtetgCee

t

t

t

t

x

x

x

x 0

0

00

)()()()(

)()(  

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

∫
∫

⋅−
∫

=
− x

x

duufdttf

dtetgCe

t

t

x

x

0

00

)()(

)(λ  

od kade  

−
∫

−⋅∫
∫

⋅+⋅
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
−

∫
++

−−

][)(
)()()(

0

0

ωω

λλ

x

x

t

t

x

x

dttfx

x

duufdttf

edtetgCe  

0)( 0

)(

=∫
∫

⋅
+ωx

x

duuf

dtetg

t

t
 .               (17) 

(17) e zadovoleno za sekoe  ako va`i: C
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⎪
⎪

⎩

⎪
⎪

⎨

⎧

=∫
∫

⋅

=
∫

+

−
+

0)(2

1

0

)(
0

)(
0

ω

λ

ω

x

x

duuf

dttf

dtetg

e
t

t

x

x

           (18) 

 

Neka  e primitivna funkcija za , t.e. )(xF )(xf

∫= dxxfxF )()( . 

Toga{ 

)()()( xFxFdttf
x

x

−+=∫
+

ω
ω

 

pa od  (18.10) sleduva 

     0,1ln)())(( >+=+ λ
λ

ω xFxxF .            (19) 

Neka e  

)()( 0

)(

tgexh

x

x

dttf∫
=  

Toga{  

)()( )()( 0 xgexh xFxF ⋅= −  
t.e. 

)(
1

)(
1

0),()( xFxF eCxgeCxh −=⋅=  
 

Ako  e primitivna za   , t.e.  )(xH )()( xge xF

∫ = )()()( xHdxxge xF  

toga{ od (18.2o) dobivame 
)()( xHxH =+ω . 

 

Sleduva  
Teorema 3. Ako sekoe re{enie na (5) e KP, toga{ za 

primitivnite funkcii  i  na funkciite    i  

, soodvetno, va`at relaciite 

)(xF )(xH )(xf
)()( xge xF

0,1ln)())(( >+=+ λ
λ

ω xFxxF ;  )())(( xHxxH =+ ω .      (20) 
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So parcijalna integracija, od uslovot  (18.2o) dobivame 

0)()()()( )()()( =+−+ ∫
+

+
ω

ω ω
x

x

tFxFxF dttftGexGexGe , )()( xgxG =′ . (21) 

Poradi (19) od (21) sleduva                

0)()()()(1 )()( =+⎥⎦
⎤

⎢⎣
⎡ −+ ∫

+ω

ω
λ

x

x

tFxF dttftGexGxGe  

ili  

 ⎥⎦
⎤

⎢⎣
⎡ −+−=∫

+

)()(1)()( )()( xGxGedttftGe xF
x

x

tF ω
λ

ω

     (22) 

 
Specijalno, ako primitivnata funkcija za  e KPF, t.e. )(xg
 

)())(( xGxxG μω =+  
toga{  

)()1()()( )()( xGedttftGe xF
x

x

tF ⋅−=∫
+

λ
μω

 

Specijalno, za μλ = , sleduva 

0)()()( =∫
+ωx

x

tF dttftGe . 

Sleduva 
Teorema 4.  Dovolen uslov ravenkata (5) da ima KPR e za 

primitivnite funkcii  i ( )xF ( )xG  na funkciite  i , 
soodvetno, da va`at  relaciite 

)(xf )(xg

                             

⎪
⎪
⎩

⎪
⎪
⎨

⎧

⋅−=°

>+=+°

−
+

∫ )()1()()(2

0,1ln)()(1

)()( xGedttftGe

xFxF

xF
x

x

tF

λ
μ

λ
λ

ω

ω             (23) 

 
III. Za diferencijalnata ravenka od II red 
 

)()()( xhyxgyxfy =+′+′′                  (24) 
 

problemot za opredeluvawe uslovi za postoewe 
kvaziperiodi~ni re{enija, go sveduvame na sistemot: 
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⎪
⎪
⎩

⎪
⎪
⎨

⎧

′′=′′+′+′++′′

′=′++′
=+

=+′+′′

)()()1)((

)()1)((
)()(

)()()(

2 xyxyxy

xyxy
xyxy

xhyxgyxfy

λωωωω

λωω
λω

      (25) 

 

Na sli~en na~in kako i vo slu~aj na diferencijalna ravenka od 
I red (5), so pomo{ na (25) i ravenkata  
 

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) (( )xxhxxyxxgxxyxxfxxy )ωωωωωω +=++++′+++′′  
 

mo`e da gi eliminirame )(xy ′′  i ))(( xxy ω+′′ .  
Taka, pri 01 ≠′+ω  imame: 

( )21
)()(

ω
ωωλω

′+

′′⋅+′−′′
=+′′ xyyxy  

i 

( )

( )
)()(

1
)(

1
1

)()()(
2 ωωλ

ω
λω

ω

ω
ω

λλ
+=⋅++

′+
′

⋅++
′+

′′⋅
′+
′

−−′−
xhyxgyxf

yyxgyxfxh

 
od kade, po sreduvawe po  i  y y′

( ) ( )[ ] [ −′+++′′−′+−′++′ 32 )1)((1)(1)( ωωλωωωωλ xgyxfxfy  

             ] ( ) ( )[ ] 01)(1)()(1 3 =′+−′++−′+ ωλωωω xhxh g(x)        (26) 
ili 
 

  
( ) [ ] ( )

( )[ ] 0)()()(1
)(1)()(1 23

=+−′−′++
++⋅′⋅′+++−+⋅′++′′′

xhxygxfy
xfyxhxgyy

ωλ
ωλωωωλωωλ

                                      
  (27) 

 
(27) e linearna ravenka od I red po . Ako stavime y

       

( ) ( )[ ]
( ) ( )[ ]

( ) ( )[ ]ωλωω

ωωωλ

ωωωωλ

′+−′++−=

′+−′++⋅=

′′−′+−′++⋅=

1)(1)()(

1)(1)()(

1)(1)()(

3

3

2

xhxhxH

xgxgxG

xfxfxF

                (28) 

imame  

0)(1)()( =++′ xHyxGyxF
λ

                   (29) 

ili 
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0
)(
)(1

)(
)(

=⋅++′
xF
xHy

xF
xGy

λ
, IxxF ∈≠ ,0)( .                  (30) 

 
Pri poznat KP )(xω  i KPK λ , funkciite , )(xF ( )xG ,  se 
opredeleni, pa (30) e kvadraturno re{liva, t.e. 

( )xH

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ ∫
⋅−

∫
= ∫

− x

x

du
uF
uGdt

tF
tG

dte
xF
xHCey

t

t

x

x

0

00
)(
)(

)(
)(

)(
)(1

λ
                    (    31) 

 
Nekoi specijalni slu~ai. 
1. Ako 0=′ω , toga{  i  ∗== ωω konst. 0=′′ω , pa od (27) 

dobivame 

[ ] [ ] 0)()(1)()()()( =⎥⎦
⎤

⎢⎣
⎡ −+−−++−+′ ∗∗∗ xhxhxgxgyxfxfy ω
λ

ωω . (32) 

Ako   i   se  KPF so ist konstanten period , t.e.  gf , h ∗ω

)()(),()(),()( xhxhxfxgxfxf ηωνωμω =+=+=+ ∗∗∗  
toga{ 
    ( ) ( ) ( ) )()(),(1)(),(1)( xhxHxgxGxfxF ηλνλμλ −=−=−=      (33) 
pa (30) ima vid 

  0)(
)1(

)(
1
1)( =⋅

−
−

+⋅
−
−

+′ xhyxgyxf
μλ
ηλ

μ
ν                   (34) 

ili 

      0
)(
)(

)1()(
)(

1
1

=⋅
−
−

+⋅
−
−

+′
xf
xhy

xf
xgy

μλ
ηλ

μ
ν

, 1,0)( ≠≠ μxf              (35) 

 
i re{enieto  se odreduva eksplicitno so formulata 
 

            
( ) ⎥

⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ ∫
⋅

−
−

−
∫

= ∫
−
−

−
−

− x

x

du
uf
ugdt

tf
tg

dte
xf
xhCey

t

t

x

x

0

00
)(
)(

1
1

)(
)(

1
1

)(
)(

1
μ
ν

μ
ν

μλ
ηλ .            (36) 

Sleduva 
Teorema 5. Ako (5) ima KPR so konstanten KP, toga{ 

pri uslov i  da se  KPF so ist konstanten KP  i gf , h
1,0)( ≠≠ μxf , re{enieto e opredeleno eksplicitno vo vid 

(36). 

 81 



2. Ako 0)( =xf , t.e. (24) e od vid 
                                             )()( xhyxgy =+′′                             (37) 
toga{ 0)( =xF , pa  od (30) ja dobivame ravenka  

0)(1)( =+ xHyxG
λ

      (38) 

t.e.  

          
)()(
)()(1

)(
)(1

xgxg
xhxh

xG
xHy

−+
−+

⋅−=−=
ω

λω
λλ

                (39) 

Ako 0=′ω , t.e. ,  ∗== ωω konst. 0=′′ω , a g i   se  KPF  t.e. h

)()(),()( xhxhxgxg ηωνω =+=+ ∗∗ , 
toga{ imame 

   ( ) )(
)(

1 xg
xhy ⋅

−
−

−=
νλ

ηλ
.                 (40) 

Od baraweto da e re{enie na (37), dobivame deka funkciite y
g  i  treba da ja zadovoluvaat i relacijata: h
  

   
ηλ
λνη
−
−

=
′

+
′′−′′−′′

3

2

2
22
g
g

hg
ghghgh

, .    (41) ηλ ≠≠ ,02hg

 
Sleduva 
Teorema 6. Ako ravenkata (37)  ima KPR so konstanten 

KP, g  i  se  KPF so ist konstanten KP  i za niv va`i  (41),  
toga{ re{enieto na (37) se opredeluva bez kvadraturi vo vid  

h

( ) )(
)(

1 xg
xhy ⋅

−
−

−=
νλ
ηλ

. 

 
 
3. Neka vo (24) , t.e. (24) e od vid 0)( =xg

       )()( xhyxfy =′+′′                   (42) 
Toga{  0)( =xG , pa od (30): 

        
)()(
)()(1

)(
)(1

xfxf
xhxh

xF
xHy

−+
−+

−=−=′
ω

λω
λλ

.   (43) 

Ako 0=′ω , t.e. ,  ∗== ωω const. 0=′′ω  i i  se  KPF  so ist 
KP, t.e.  

f h

)()(),()( xhxhxfxf ηωμω =+=+ ∗∗  
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toga{ od (43): 

   
)(
)(

)1(
)(

xf
xhy

−
−

−=′
μλ
ηλ

,                   (44) 

Bidej}i (44) e prv integral na (42), funkciite i  ja 
zadovoluvaat i relacijata 

f h

λη
ηλ
λνη

≠≠
−
−

=
′−′

,0, 2
2 hf

hf
fhfh .    (45) 

Re{enieto se opredeluva so edna kvadratura, t.e. 
 

    ∫−
−

−=
x

x

dt
tf
thCy

0
)(
)(

)1(
)(

μλ
ηλ

      (46) 

 
 
Sleduva 
Teorema 7. Dovolen uslov  ravenkata (42) da ima KPR so 

konstanten KP e i  da se KPF so ist konstanten KP i da ja 
zadovoluvaat relacijata (45). Toga{ re{enieto na (42) se 
opredeluva  so edna kvadratura vo vid (46). 

f h
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ONE PROOF FOR A THEOREM OF DIFFERENTIAL 
EQUATIONS 

 
Nikola Rechoski 

 
 Abstract 
In this article we present a proof for a known theorem of differential 
equations conserning to the boundary problem.The proof is given by 
means of distributions. Similar proof is given (2.p.275) 
 
Introduction 
The object of consideration is the differential equation of the form  
                
                                      ( ) uyaya n

n =++ 0...                                        (1) 
 
where  are complex number, ,,..., 0aan 0≠na ,  y is the unknown function 
and u is a given function. 

By on

n

n a
dt
da

dt
daL +++= 1...  one denote the differential operator of 

order n . This means      ( ) ,... 0 yayaLy n
n ++=  so that we can write 

  
            uLy =                                                    (2) 

 
If on right side a given distribution U ; then Y is the unknown 
distribution of   is the space of Schwartz distribution .  '' , DD
In this case one write  

             LY=U                                                      (3) 
 

 In the theory of differential equations the basic meaning has the 

following distribution  , ( )∑
=

=
n

k

k
kaL

0
δδ δ is the Dirac distribution. 
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Further by * one denote the operation convolution of distribution : if  
 then T*U is there convolution. In general the convolution is 

not defined for every two distribution. Moreover if at least one has 
compact support then the convolution is well defined and holds the 
relations  

', DUT ∈

                 ( )FUFTFUFTFFUT ⋅=⋅= −−− 111 )(2* π    
 
where F denote the Fourier transform of distribution. 
If is also well known that  ( ) ( )nn TT =*δ   from this the equation (3) can 
be written in the form 
 

                        UYL =*δ                                            (4) 
 
From the previous facts we have  
 
                                 ( )YFLFFYL 112* −− ⋅= δπδ  
 
Since   

( ) ( )[ ] ( )tQaitaitaLF no
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1

1 ...2πδ , 

( ) ( )[ ] ( ) ( ) mk
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k
o

n
nn ttttAaitatQ −−=++= ......2 1

1π  
 

where ,  are the roots of the polinomail n
niaA π2= mtt ,...,1 ( )tQn  

 and  are the multiplicity . Thus on get  mkk ,...,1

 
( )( ) UYFtQF n =−12π  
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Consequntly the solution is given by ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

−

)(2
1 1

tQ
UFFY

nπ
 if the Fourier 

transforms exists for the distributions. 
Here we consider the differential equation 
 

                                                   (5) ( ) uyaya o
n

n =++ ...
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u is a continous function on the interval [ ]∞,ot and y is the unknown 
function which must satisfy (5)  on the interval [ ]∞,0t  . It is to find the 
function  ( )ty  which satisfy (5) and the boundary conditions 

, ( ) ( ) ν
ν yty =0 1,...,1,0 −= nν . 

Here we will give one proof that such a function exist on the interval  
, ( )∞=Ω ,0t ( )Ω∈ nCy  and  ( ) ( ) k

k

tt
yty =

→ 0

lim . For a similar proof see for 

example (2.p275) 
Before we pass to the proof we will consider the distribution  

is the Heaviside function and g is the solution for the 
differential equations , 

HgH ,=Γ
( ) ( ) ( ) ( ) 00...00 2' ==== −nggg  and  

( ) ( )
n

n

a
g 101 =− . The distribution gH is the inverse for the distribution  

; this means  ( )∑
=

=
n

k

k
kaL

0

δδ δδ =gHL * . By  we denote the 

distributions which has support in the intervals of the form   
. 

'
+D

[ ]∞,1t
Rt ∈1

It is of interes to remark that  with the operation convolution of 
distributions is a commutative algebra with 

'
+D

δ  the identitiy element , and 
without multipliers of zero. 
Now we pass to the proof of theorem. 
Proof. By assuming that there exist a function ( )ty  of class  
which satisfy the conditions  

( )∞,0tC n

( ) ( ) ;1,...1,0,lim
0

−==
→

nkyty k
k

tt
we consider 

the following distributions ( ) ( )0ttHty −  and ( ) ( )0ttHtu −  of the algebra 
. From the hypothesis it easy to prove that   '

+D
( ) ( )[ ]( ) ( )( ) ( ) ( ) ( )( )0

1
00100 ... ttyttyttHtyttHty k

k
kk −++−+−=− −

− δδ  in 
distributional sense for k=1,2,…,n. 
With this in account on obtain  
 

                               (6) ( ) ( )[ ] ( ) ( ) ( ) (∑
−

=

−+−=−
1

0
000

n

k

k
k ttbttHLyttHtyL δ )

∑
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=
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1

0
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kn

j
jjkk yab  

Since ( ) ( ) ( ) ( )00 ttHtuttHLy −=−   we have  
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                          (7) ( ) ( )[ ] ( ) ( ) ( ) (∑
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0
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k
k ttbttHtuttHtyL δδ )

After multiplication the equation (7) with distribution gH on get  
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Because ( ) ( ) ( )( ) ( ) ( ) ( )000 *,* ttgttgHgHttgHL kkk −=−=−= δδδ   for 
k=0,1,…,n-1 ; definitely on obtain  
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                                      (9) ( ) ( ) ( ) ( ) ( ) 0

1

0
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The following formulas holds for the function (9)  : 
 

            (10) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ,0 0
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If , for example , ( ) [ )∞∈ ,0
1 tCtu  on get  
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Now it is not difficult to verify that the function  (9) satisfy the 
differential equation (5).  
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Indeed by using the formulas (11) and (12) and also the fact that the 

function   a solution for the equation Ly=0 on obtain  ( ) (∑
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for   .It is also easy to see that the function (9) satisfy the boundary 
value conditions 

0tt >
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From theorem of Picard it result that the function (9) is the unique 
solution of the differential equation (5) for  0tt >
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In the same way we can consider the equation 
 

',* +∈= DUUYLδ . 
 

Because gHUYi +=  is a solution for (11), then every solution is given 
by , where is the general solution of the equation  gHUyY h *+= hy
 

0* =YLδ  
 
Since the distribution therefore supp  
Conse quently on the interval 

'* +∈DgHU [ ).,* 1 ∞⊂ tgHU
( )1, t∞− , U*gH=0, that’s on this interval 

and we can in the point hyY = ε−= 10 tt  to sets ( ) ( ) k
k yty =0 . 

Because the solution is unique it follows that  
 

( ) ( )[ ] [ ]∑
−

=

++−=
1

0
1 *

n

k

k
k gHUttgbY ε  

 
is the solution that we seek. 
 

EDEN DOKAZ NA TEOREMA OD DIFERENCIJALNI 
RAVENKI 

 
Nikola Re~koski, s. Velgo{ti Ohrid 

 
Vo ovaa rabota e daden dokaz na problemot na Pikar-Lindelef 
za obi~ni diferencijalni ravenki so konstantni 
koeficienti. 
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ZA NEKOI POSLABI USLOVI ZA REDUKTIBILNOST 
  NA EDNA LINEARNA DIFERENCIJALNA RAVENKA 
OD  ^ETVRT RED ^IJ OP[T INTEGRAL E POLINOM 

 

Elena Haxieva 
Elektrotehni~ki fakultet - Skopje 

hadzieva@etf.ukim.edu.mk 
 
Apstrakt: Vo trudov se razgleduva linearna diferencijalna 
ravenka od ~etvrti red koja ima polinomni koeficienti, ~ij stepen 
e ist so redot na izvodot pred koj se nao|aat. Dobieni se dovolni 
uslovi za sveduvawe na ravenkata na re{liv sistem od dve linearni 
ravenki od prv red i edna linearna ravenka od vtor red. 
 

Vo trudov se razgleduva diferencijalnata ravenka 
 

a(x)yIV+b(x)y’’’+c(x)y’’+d(x)y’+e(x)y=0,    (1)  
 

kade a(x) = A4x4+A3x3+A2x2+A1x+A0, b(x)= B3x3+B2x2+B1x+B0, c(x)= 
C2x2+C1x+C0, d(x)= D1x+D0, e(x)= E0, Ai, Bi, Ci, Di i Ei (i prima 
soodvetni vrednosti) se konstanti, A4 e nenulta konstanta.  

Istava ravenka e razgleduvana vo [1], no ovde se dobieni 
poslabi uslovi za nejzino re{avawe. Idejata e inspirirana od 
trudot [2]. 

 

 Ako ravenkata (1) se diferencira n pati, se dobiva  
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Potreben i dovolen uslov za da diferencijalnata ravenka (1) 
ima polinomno re{enie od stepen n, e da bide zadovolena 
relacijata ([3,4]): 
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(Vo slu~aj koga ravenkata (3) ima pove}e koreni prirodni 
broevi, se zema najmaliot od niv.) ]e pretpostavime deka  
sega diferencijalnata ravenka (2) go ima oblikot: 
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Za koeficientot pred  y(n+1) se dobiva: 
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β = n(n-1)(n-2)A3+n(n-1)BB2+nC1+D0. 
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pa ravenkata (1) stanuva  
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Ako poslednava ravenka,. (9), ja diferencirame m-1 pati,  
(m e priroden broj), se dobiva:  
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Dovolen uslov za da (1) ima polinomno re{enie od stepen n+m 
e ([5]): 
                 (m-1)(m-2)(m-3)A+(m-1)(m-2)E+(m-1)H+p=0,               (11) 
 

so {to (10) go dobiva oblikot: 
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Ako koeficientot pred y(n+m+1) vo ravenkata (12) e razli~en 
od 0, 
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 i ako ozna~ime γ = 3(m-1)(m-2)A+2(m-1)E+H,  
δ = (m-1)(m-2)B+(m-1)F+I, stavaj}i 
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za ravenkata (12) se dobiva: 
 
  

     (Lx2+Mx+N)y(n+m+3)+(Jx+K)y(n+m+2)+qy(n+m+1) = 0.                 (16) 
 
 
Ako stavime y(n+m+1)=z, toga{ poslednava ravenka dobiva vid: 
 
 

            (Lx2+Mx+N)z’’+(Jx+K)z’+qz=0                           (17) 
 

 
Koeficientite A, B, C, D, E, F, G, H, I, J, K, L, M, N treba 

da se opredelat, dodeka vovedenite konstanti p i q vo 
ponatamo{nite istra`uvawa nema da vlijaat.   

 
 Od  ravenstvoto (6) se dobiva: 
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Od ravenstvoto (7) se dobiva: 
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Od (8) pak, se dobiva: 
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Od (15) se dobiva: 
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Od (14) i (6) se gleda deka korenite na ravenkata 
Lx2+Mx+N=0,  x3 i x4 , se i koreni na ravenkata a(x) = 0, a 
ostanatite dva koreni na ravenkata a(x)=0 se: x1= −β/α (zaradi 
(6)) i x2=-δ/γ (zaradi (6) i (14)). Kako {to e poznato ([4,6]), 
potreben i dovolen uslov za da diferencijalnata ravenka (17) 
ima dve polinomni re{enija od stepeni j-1 i j+k+1 (j, k se 
prirodni broevi), e da bidat zadovoleni relaciite: 

 
      L(j-1)2+(J-L)(j-1)+q=0 
      (2j+k-3)L+J=0         (23) 
      [(j+k-r-2)x3+(j+r-1)x4]L-K=0,    r=0,1,2,..., j-1 
 

Od vtorata ravenka od (23) imame: BB3 = -(4n+3m+2j+k-6)A4. 
Od prvata ravenka od (23) se dobiva: 
 

C2=[(n+m+j+k-2)(n+m+j-2)+(n+m+j+k-r-2)(n+m-1)+ 
+(n+m+j+r-1)(n+m-1)+(n+m+j+k-r-2)n 

+(n+m+j+r-1)n+(n+m)n]A4. 
 

Od (11) dobivame: 
 

D1=-[(n+m+j+k-1)(n+m+j-1)(n+m-1)+(n+m+j+k-1)(n+m+j-1)n+ 
+(n+m+j+k-r-1)(n+m)n+(n+m+j+r)(n+m)n]A4, 

 
a od (3) se dobiva  
 

E0=(n+m+j+k)(n+m+j)(n+m)n A4. 
 

Od tretata ravenka od uslovite (23) }e najdeme deka: 
 

BB2= [(3n+3m+2j+k-6)x1+(3n+2m+2j+k-5)x2+ 
+(3n+2m+j+k-r-4)x3+(3n+2m+j+r-3)x4] A4. 

 
Od (22) pak, imame: 

 

BB1=-[(2n+2m+2j+k-5)x1x2+(2n+2m+j+k-r-4)x1x3+(2n+2m+j+ 
r- 3)x1x4+(2n+m+j+k-r-3)x2x3+(2n+m+j+r-2)x2x4+(2n+m-1)x3x4]A4. 

 
Od (19) se dobiva 

 

BB0=[(n+m+k+j-r-3)x1x2x3+(n+m+j+r-2)x1x2x4+ 
+(n+m-1)x1x3x4+nx2x3x4]A4, 

 

A trgnuvaj}i od toa {to x2=−δ/γ, se dobiva: 
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C1=-{x1[(n+m+j+k-2)(n+m+j-2)+(n+m+j+k-r-2)(n+m+1)+ 
+(n+m+j+r-1)(n+m-1)]+x2[(n+m+j+k-2)(n+m+j-2)+ 

+(n+m+j+k-r-2)n+(n+m+j+r-1)n]+ 
+x3[(n+m+j+k-r-2)(n+m-1)+(n+m+j+k-r-2)n+(n+m)n]+ 
+x4[(n+m+j+r-1)(n+m-1)+(n+m+j+r-1)n+(n+m)n]}A4. 
 

I na kraj, od toa {to x1=−β/α  se dobiva izrazot za D0: 
 

D0=[(n+m+j+k-1)(n+m+j-1)(n+m-1)x1+(n+m+j+k-1)(n+m+j-1)nx2+ 
+(n+m+j+k-r-1)(n+m)nx3+(n+m+j+r)(n+m)nx4]A4. 

 

Ravenkata (1) sega se transformira vo sledniov oblik: 
 

(x-x1)(x-x2)(x-x3)(x-x4)yIV - [(n+m+j+k-r-3)(x-x1)(x-x2)(x-x3)+ 
+(n+m+j+r-2)(x-x1)(x-x2)(x-x4)+(n+m-1)(x-x1)(x-x3)(x-x4)+ 
+n(x-x2)(x-x3)(x-x4)]y’’’ + [(n+m+j+k-2)(n+m+j-2)(x-x1)(x-x2)+ 
+(n+m+j+k-r-2)(n+m-1)(x-x1)(x-x3)+(n+m+j+r-1)(n+m-1)(x-x1)(x-x4)+ 
+(n+m+j+k-r-2)n(x-x2)(x-x3)+(n+m+j+r-1)n(x-x2)(x-x4)+                  (*) 
+(n+m)n(x-x3)(x-x4)]y’’-[(n+m+j+k-1)(n+m+j-1)(n+m-1)(x-x1)+ 
+(n+m+j+k-1)(n+m+j-1)n(x-x2)+(n+m+j+k-r-1)(n+m)n(x-x3)+ 
+(n+m+j+r)(n+m)n(x-x4)]y’ + (n+m+j+k)(n+m+j)(n+m)ny=0, 

 

odnosno 
 

(x-x1)(x-x2) {(x-x3)(x-x4)y’’-[(n+m+j+k-r-1)(x-x3)+(n+m+j+r)(x-x4)]y’+ 
(n+m+j+k)(n+m+j)y}’’ – [(n+m-1)(x-x1)+ n(x-x2) ] {(x-x3)(x-x4)y’’- 

-[(n+m+j+k-r-1)(x-x3)+(n+m+j+r)(x-x4)]y’+ (n+m+j+k)(n+m+j)y}’- 
+n(n+m){(x-x3)(x-x4)y’’-[(n+m+j+k-r13)(x-x3)+(n+m+j+r)(x-x4)] y’+ 

+ (n+m+j+k)(n+m+j)y}=0. 
Ako ozna~ime: 

 

z = (x-x3)(x-x4)y’’ - [(n+m+j+k-r-1)(x-x3)+(n+m+j+r)(x-x4)] y’ + 
+(n+m+j+k)(n+m+j)y, 

 

toga{ poslednava ravenka dobiva oblik: 
 

(x-x1)(x-x2)z’’ – [(n+m-1)(x-x1)+ n(x-x2)] z’+n(n+m)z=0. 
 

Ako napravime u{te edna transformacija, imame 
 

(x-x1)[(x-x2)z’-(n+m)z]’-n[(x-x2)z’-(n+m)z]=0, 
  

i stavaj}i (x-x2)z’-(n+m)z=v, se dobiva: 
 

(x-x1)v’-nv=0. 
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Zna~i ravenkata (1) se sveduva na sistemot: 
 

{(x-x3)(x-x4)y’’-[(n+m+j+k-r-1)(x-x3)+(n+m+j+r)(x-x4)]y’+ 
+(n+m+j+k)(n+m+j)y}=z 

 
(x-x2)z’-(n+m)z=v 

 
(x-x1)v’-nv=0. 

 
Se dobi re{liv sistem od dve linearni diferencijalni 

ravenki od prv red i edna linearna diferencijalna ravenka od 
vtor red. 

 
On Some Weaker Condition for reducibility of a homogeneous linear 
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A linear differential equation of forth order with polynomial coefficients is observed in 
this article. The degree of each coefficient is the same as the order of the derivative 
which is multiplied by. Sufficient conditions for reducing the equation to a solvable 
system of three differential equation (two of them are of the first order, and the third one 
of the second order) are obtained. 

 
Literatura: 

 
[1] Hadzieva E. J., Shapkarev I. A., Polynomial as a General Solution of a Linear 
Differential Equation of Fourth Order, Mathematica Balkanica, Vol. 18, 2004, Fasc. 3-
4., Sofia, p.295 – 303 

 
[2] [apkarev I. A., Za nekoi poslabi uslovi za reduktibilnost na edna 
linearna homogena diferencijalna ravenka od tret red ~ij op{t integral e 
polinom, rakopis 

 
[3] Piperevski B. M., Egzistencija i konstrukcija na polinomno re{enie 
na edna klasa linearni diferencijalni ravenki od tret red, Zbornik na 
trudovi na ETF, 1996, Skopje 

 
[4] Piperevski B. M., Polinomni re{enija na edna klasa linearni 
diferencijalni ravenki, Doktorska disertacija, 1982, Skopje 

 
[5] [apkarev I. A., Polinom kako op{to re{enie na edna homogena 
diferencijalna ravenka od tret red, Zbornik na trudovi, Vtor kongres na 
matemati~arite i informati~arite na Makedonija, 2000, Skopje 

 
[6] Shapkarev I. A., Piperevski B. M., Hadzieva E. J., On Some Special General 
Integrals of a Linear Differential Equations of Second Order, Mathematica Balkanica, 
Vol. 18, 2004, Fasc. 3-4., Sofia, p. 453-459 

 98 



 
8 MSDR 2004, (99 - 108) 
Zbornik na trudovi    ISBN  9989 – 630 – 49 − 6 
30.09.- 03.10.2004 god.    COBISS.MK – ID 61901322 
Ohrid, Makedonija 

 
 
 

ON INTEGRABILITY OF A CLASS OF 
LINEAR DIFFERENTIAL EQUATIONS OF THIRD ORDER 

 
Nevena Serafimova, Katerina Mitkovska – Trendova 

Military Academy “General Mihailo Apostolski”−Skopje 
e−mail:  nevenase@yahoo.com  ;  trendov@yahoo.com  

 
 

Abstract: In this article we observe a class of linear differential 
equation of third order, which is obtained from a class of second 
order differential equation. Using some previous results, conditions 
for the existence of two of its particular solutions are obtained. 

 
 In this article we observe a differential equation of type 
 

(x-x1)(x-x2)(x-x3) y’’’ + (B2 x2 + B1 x + B0 ) y’’ +  
                                + (C1 x + C0) y’ + D y = 0                                      (1) 

 
Using differentiation and other relevant results, we obtain the 

conditions for existence and integrability of (1), together with the formulae 
of its two particular solutions. 

 
We start with differentiation of the differential equation of second 

order with polynomial coefficients  
 

(x-x1)(x-x2)(x-x3) y’’ + (b2 x2 + b1 x + b0 ) y’ + 
                                  + (c1 x + c0) y = 0                                                     (2) 
 
thus obtaining the differential equation of third order 
 

(x-x1)(x-x2)(x-x3) y’’’+ [(3+b2) x2 + (-2x1-2x2-2x3+b1) x + 
    + x1x2+x1x3+x2x3+b0 ] y’’+ [(2b2 + c1) x + b1 + c0] y’ + c1 y = 0        (3) 
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which is of type (1). Using this fact, we get the interdepedence equations 
between the coefficients of  (1) i (3): 
 

D = c1
C0 = b1 + c0
C1 = 2b2 + c1
BB0 = x1x2 + x1x3 + x2x3 + b0
BB1 = -2(x1+ x2 + x3) + b1
BB2 = 3 + b2 

 i.e. 
b2 = B2 – 3 

b1 = B1 + 2(x1+ x2 + x3) 
b0 = B0 - x1x2 - x1x3 - x2x3 

                                    c0 = C0 – B1 – 2(x1 + x2 + x3)                                            (*) 
c1 = D 

c1 = C1 – 2B2 + 6 
 

In the article [ ]1  we obtain the conditions for existence of one 
particular polynomial solution of (1), of order n. Using this conditions 
together with (*) over (1), we get the conditions for existence of one 
particular polynomial solution of the differential equation (1): 

 
n2 + (B2 – 4) n + D = 0 

                                         B2 x1
2 + B1 x1 + BB0  = 0                                    (**) 

[C0 – B1 – 2 (x1 + x2 + x3)] C0 +  D (x1x2 + x1x3 + x2x3 – B0)  + 
(D + B2 – 3) + {Dx1 + 2[C0 – B1 – 2(x1+ x2 + x3)]} x1 = 0 

2B2 – C1 + D = 6 
 

where the last equation is an additional condition, a result of the last two 
equations of (*). 

In this, the polynomial degree Nn∈  of the particular solution, is a 
root of the characteristic equation given with the first relation of (**), the 
lower one if both roots are natural numbers. 

The formula of the polynomial solution is given with 
 

                ( )( ) ( )[ ] )1(1
3

1
21

−−−− −−+=
nFnnF exxxxKxey           (4) 
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In , the formula of the general solution of (2) is given, from 

which we can find the second particular solution of (1), according to the 
formula  (5) :  

[ ]2
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where K is as stated above. We obtain the third particular solution using 
the classical method.  
 
Theorem1:   If the differential equation  (1) satisfies the conditions (**), 

then it has two independent particular solutions given with the 
formulae (4) and (5), of which the first is a polynomial of order 
n, the lower one if the characteristic equation of (2) has two 
natural roots.  

 
According to  [ ]2  ,  the differential equation  (1) can be transformed 

to at most 7 other differential equations of the same type, using the 
substitution  

 

                         y = (x – x1)α (x – x2)β (x – x3)γ z,   where   
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With the connecting relations between the equations of second and 

third order, together with the substitutions :  
 

y = (x-x1)α (x-x2)β (x-x3)γ z7, y = (x-x1)α z1, y =  (x-x2)β z2 , 
 

  y = (x-x3)γ z3                                          y = (x-x1)α (x-x2)β z4 
 

                       y = (x-x1)α (x-x3)γ z5                         y = (x-x2)β (x-x3)γ z6                  (7) 
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we obtain at most seven other differential equations of third order with one 
polynomial solution.  

The same equations, with the use of the coefficients of (1), have the 
following form: 
 
(x-x1)(x-x2)(x-x3) z1’’’+[(2α+B2) x2 - (2αx3+2αx2-B1) x +2αx2x3+B0] z1’’+ 

+ ⎨[α(α-1)+4α+α(B2-3)+C1] x + α(α-1)(x1-x2-x3) + 
+ α[(B2-3)x1+B1 + 2x1+2x2+2x3]-2α(x2+x3) +C0⎬ z1’+ 

                                  + [α(α-1)+α(B2-3)+D] z1 = 0                                 (1a) 
 
(x-x1)(x-x2)(x-x3) z2’’’+ [(2β+B2)x2 -(2βx1+2βx3 - B1) x +2βx3x1+B0] z2’’+ 

+ ⎨[β(β-1)+ 4β+ β(B2-3)+C1] x + β(β-1)(x2-x3-x1) + β[(B2-3)x2+  
+ B1+2x1+2x2+2x3] – 2β(x1+x3) + C0⎬ z2’  +   

                                 + [β(β-1) + β(B2-3) + D] z2 = 0                              (1b) 
 

(x-x1)(x-x2)(x-x3)z3’’’+[(2γ+B2)x2-(2γx2+2γx1-B1)x+2γx1x2+B0]z3’’ + 
+ ⎨[γ(γ-1) + 4γ + γ(B2-3) + C1]x + γ(γ-1)(x3-x1-x2) + 
+ γ[(B2-3)x3+ B1+2x1+2x2+2x3]–2γ(x1+x2)+C0⎬ z3’+ 

                                          + [γ(γ-1)+γ(B2-3)+D]z3 = 0                            (1c) 
 

(x-x1)(x-x2)(x-x3) z4’’’+ [(2α+2β+B2) x2 – 
- (2αx3+2αx2+2βx1+2βx3 -B1) x + 2αx2x3 + 2βx3x1 + B0] z4’’ + 

+ ⎨[BB2(α+β) + (α+β)  + C2
1] x + α (x2

1-x2-x3) + β (x2
2-x3-x1) - 2αβx3 + 

+(α+β)(x1+x2+x3+B1) + (B2-3)(αx1+βx2) +C0⎬ z4’ + 
                           + [(α+β)2 + (α+β)(B2-4) + D] z4 = 0                           (1d) 
 

(x-x1)(x-x2)(x-x3) z5’’’ + [(2α+2γ+B2) x2 – 
- (2αx3+2αx2+2γx1+2γx2 -B1) x + 2αx2x3 + 2γx1x2 + B0] z5’’ + 
+ ⎨[BB2 (α+γ) + (α+γ)  + C2

1] x + α (x2
1-x2-x3) + γ (x2

3-x2-x1) - 2αγx2 + 
+ (α+γ)(x1+x2+x3+B1) + (B2-3)(αx1+γx3) +C0⎬ z5’ + 

                         + [(α+γ)2 + (α+γ)(B2-4) + D] z5 = 0                              (1e) 
 

(x-x1)(x-x2)(x-x3) z6’’’ + [(2β+2γ+B2) x2 – 
- (2βx1+2βx3+2γx1+2γx2 -B1) x + 2βx1x3 + 2γx1x2 + B0] z6’’ + 
+ ⎨[BB2(β+γ) + (β+γ)  +C2

1] x + β (x2
2-x1-x3) + γ (x2

3-x2-x1) - 2βγx1 + 
+ (β+γ)( x1+x2+x3+B1) + (B2-3)(βx2+γx3) +C0⎬ z6’ + 

                                + [(β+γ)2 + (β+γ)(B2-4) + D] z6 = 0                          (1f) 
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(x-x1)(x-x2)(x-x3) z7’’’ + [(2α+2β+2γ+B2) x2 – 
-(2αx3+2αx2+2βx1+2βx3+2γx1+2γx2-B1)x+2αx2x3 +2βx3x1+2γx2x1+ 

+B0] z7’’ +  ⎨[α2 + β2 + γ2+ 2αβ+2αγ+2βγ+ (α+β+γ)B2+C1] x – 
- 2αx3 -2αx2 - 2βx1 - 2βx3 - 2γx1-2γx2 - 2αβx3-2βγx1-2αγx2 + 

+ α(α-1)(x1-x2-x3) + β(β-1)(x2-x3-x1) + γ(γ-1)(x3-x2-x1)+ 
+ α[(B2-3)x1+b1] + β[(B2 -3)x2+b1] + γ[(B2 -3)x3+b1]+ Co⎬ z7’ + 

              +[2αβ+2αγ+2βγ+ α2 + β2 + γ2 + (α+β+γ)(B2-4)+D] z7 = 0       (1g) 
 
 

The conditions for the existence of one particular polynomial 
solution for each of the equations, using the coefficients of (1), have a 
common fourth equation, same as the one in (**), are adequatly given 
with:  

 
 

• n2 + (2α+B2 – 4) n + α(α-1) + α(B2-3) +  
                  α(α-1) + α(B2-3) + D = 0                                            (1a-u) 
• BB2 x1 

2  + B1 x1 + 2α(x1
2 -x1x2+x2x3-x1x3) + B0= 0                   

• [α(α-1)(x1-x2-x3) + α(B2-3)x1 + (α-1)(B1+2x1+2x2+2x3) + C0 ]           
    + [α(1-α)(x1+x2+x3) + α(B1+B2-3)x1  + C0] - [α(α-1) +  
    + α(B2-3) + D] (2αx2x3+B0-x1x2-x1x3-x2x3)+ 
    + [α2+(α+1)(B2-3) + D + α]{[α(α-4)+ αBB2+D]x1 +  
    + 2[α(α-1)(x1-x2-x3) + α(B2-3)x1 +  
    + (α-1) (B1+2x1+2x2+2x3)+C0]}x1 = 0 

• 2B2 – C1 + D = 6 
 
 

• n2+(2β+B2 - 4) n +β(β-1)+β(B2-3)+β(β-1)+β(B2-3)+D =0 
•     B2x1 2 - B1 x1 + B0 = 0                                                         (1b-u)                        
• [β(β-1)(x2-x3-x1) + β(B2-3)x2 + (β-1)(B1+2x1+2x2+2x3) + C0 ]·                               

    · [β(β-1)(x2+x3+x1)+β(B1+B2-3)x2+C0]-[β(β-1)+  
    β(B2-3)+D](2βx3x1+ B0 - x1x2 - x1x3 - x2x3) +[β2 +  
    (β+1)(B2-3) +D+ β]{[β(β-4)+βBB2+D]x1 +  
     2[β(β-1)(x2-x3-x1)+β(B2-3)x2+ 
    + (β-1)(B1 + 2x1+2x2+2x3) + C0 ]} x1 = 0 

• 2B2 – C1 + D = 6 
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• n2 + (2γ + B2 – 4) n + γ(γ-1) + γ(B2-3) + D = 0 
•     B2x1 2 - B1 x1 + B0 = 0                                                           (1c-u) 
• [γ(γ-1)(x3-x2-x1) + γ(B2-3)x3+(γ-1)(B1+2x1+2x2+2x3) + C0] · 

· [γ(1-γ)(x3+x2+x1) + γ (B1+B2-3)x3+C0] - [γ(γ-1) +  
γ(B2-3)+ D](2γx1x2+ B0 - x1x2 - x1x3 - x2x3)  + 
 [γ2 + (γ+1) (B2-3) + D + γ]{[γ(γ-4) + γBB2 + D]x1 +  
2[γ(γ-1)(x3-x2-x1) + γ(B2-3)x3+ 
+ (γ-1)(B1 + 2x1+2x2+2x3) + C0 ]} x1 = 0 

• 2B2 – C1 + D = 6 
 
 

• n2 + (2α+2β +B2–4) n +(α+β)2 + (α+β)(B2-4)+D = 0 
•     B2 x1 

2  + B1 x1 + 2α(x1
2 -x1x2+x2x3-x1x3) + B0= 0               (1d-u) 

• [( α2 - β2)(x1-x2) – (α+β)2x3 + (α+β)( x1+x2+3x3+B1) +  
              + (B2-3)(αx1+βx2) + 2αx2+ 2βx1 - B1-2x1-2x2-2x3 + C0]· 
              · [( α2 - β2)(x1-x2) - (α+β)2x3 + (α+β)(x1+x2+x3+B1) +  
              + (B2-3)(αx1+βx2)] - [(α+β)2 +(α+β)(B2-4)+D]+ 

  + (2αx2x3 + 2βx3x1 + B0-x1x2-x1x3-x2x3)  + [(α+β)2 +  
  + (α+β+1)B2+ D-2α-2β-3] {[(α+β)2 +(α+β)(B2-4)+D]x1+ 
  + 2[(α2-β2)(x1-x2) – (α+β)2x3 + (α+β)( x1+x2+3x3+B1) +  
  + (B2-3)(αx1+βx2) +2αx2 +2βx1 - B1-2x1-2x2-2x3 +C0]}x1 =0 

• 2B2 – C1 + D = 6 
 
 

• n2 + (2α+2γ+B2 –4) n +(α+γ)2 +(α+γ)(B2-4)+D = 0 
•    B2 x1 

2  + B1 x1 + 2α(x1
2 -x1x2+x2x3-x1x3) + B0= 0                (1e-u) 

• [(α2 - γ2)(x1-x3) – (α+γ)2x2 + (α+γ)( x1+3x2+x3+ B1) + 
              + (B2-3)(αx1+γx3)+ 2αx3 +2γx1 - B1-2x1-2x2-2x3 +C0]· 
              · [(α2 - γ2)(x1-x3) – (α+γ)2x2 + (α+γ)( x1+x2+x3-B1)+  
              + (B2-3)(αx1+γx3)] - [(α+γ)2 + (α+γ)(B2-4) +D] + 

  + (2αx2x3 + 2γx1x2 + B0 -x1x2 -x1x3-x2x3)  + [(α+γ)2 + 
  + (α+γ+1)B2+ D- 2α-2γ -3]{[(α+γ)2 +(α+γ)(B2-4)+D]x1 +   
  + 2[(α2 - γ2)(x1-x3)–(α+γ)2x2+ (α+γ)( x1+3x2+x3+ B1) +  
  + (B2-3)(αx1+γx3)+2αx3 +2γx1 -B1 -2x1-2x2-2x3 + C0]}x1 = 0 

• 2B2 – C1 + D = 6 
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• n2 + (B2 – 4) n + (β+γ)2 + (β+γ)(B2-4) + D = 0 
•     B2x1 2 - B1 x1 + B0 = 0                                                 (1f-u)                      
• [(β2-γ2)(x2-x3) – (β+γ)2x1 + (β+γ)(x2+x3+3 x1+ B1) +  
               + (B2-3)(βx2+γx3) + 2βx3  +2γx2- B1-2x1-2x2-2x3 +C0]· 
                · [(β2-γ2)(x2-x3) – (β+γ)2x1 + (β+γ)( x1+x2+x3-B1) +  
               + (B2-3)(βx2+γx3)] - [(β+γ)2 + (β+γ)(B2-4)+D]· 
                · (2βx1x3 + 2γx1x2 +B0 - x1x2 - x1x3 - x2x3)  + [(β+γ)2  +   
               + (β+γ+1)B2 +D- 2β-2γ -3] {[(β+γ)2 + (β+γ)(B2-4) + D] x1 +  
               + 2[(β2-γ2)(x2-x3) – (β+γ)2x1 + (β+γ)(x2+x3+3 x1+B1) + 
               + (B2-3)(βx2+γx3) +2βx3 +2γx2 - B1- 2x1-2x2-2x3+C0]}x1 = 0 
• 2B2 – C1 + D = 6 

 
• n2 + (2β+2γ+B2–4)n + 2αβ + 2αγ + 2βγ + α(α-1) +  

                    + β(β-1) + γ(γ-1) +  (α+β+γ)b2 + D = 0                       
•      B2 x1 

2  + B1 x1 + 2α(x1
2 -x1x2+x2x3-x1x3) + B0= 0              (1g-u)            

• [α(α-1)(x1-3x2-3x3) + β(β-1)(x2-3x3-3x1) + γ(γ-1)(x3-3x2-3x1) +  
  + α (B2x1+ B1-x1+2x2+2x3) + β(B2x2+ B1+2x1-x2+2x3) +  
  + γ (B2x3 + B1+2x1+2x2 -x3) + C0] [α(α-1)(x1-x2-x3) +  
  + β(β-1)(x2-x3-x1) + γ(γ-1)(x3-x2-x1) +(B2-3)(αx1 +βx2 +γx3)+ 
(B1+2x1+2x2+2x3)(α+β+γ-1) +C0]-[2αβ+2αγ+2βγ +α(α-1)+ 
β(β-1)+γ(γ-1) +(α+β+γ)(B2-3)+D] (2αx2x3 + 
2βx3x1 + 2γx2x1 +B0 – x1x2 - x1x3 - x2x3) +[2αβ+2αγ+2βγ+ 
α2+β2+γ2+ (B2-3)(α+β+γ+1)+ D+α+β+γ]{[2αβ+2αγ+2βγ+ 
α(α-4)+ β(β-4)+γ(γ-4)+(α+β+γ)B2+ D]x1 + 
2[α(α-1)(x1-3x2-3x3) + β(β-1)(x2-3x3-3x1) +  
γ(γ-1)(x3-3x2-3x1)+α(B2x1+ B1 - x1+ 
  + 2x2+2x3) + β(B2x2+ B1+2x1- x2+2x3) +  
  + γ(B2x3+ B1+2x1+2x2-x3) + C0} x1 = 0 

• 2B2 – C1 + D = 6 
 
 
According to Theorem 1, the two particular solutions of each of the 

equations (1a) - (1g), are given with  the formula : 
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    where   
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   for  i = a, b, c, d, e, f, g                       (9) 
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BB1a = - (2αx3+2αx2-B1),   B2a =  2α+B2

C1a =  α(α-1) + 4α +α(B2-3) +C1,    Da  =  α(α-1) + α(B2-3) + D 
 

BB1b = - (2βx1+2βx3 - B1), B2b =  2β+B2

C1b =  β(β-1)+ 4β+ β(B2-3)+C1, Db  =  β(β-1) + β(B2-3) + D 
 

BB1c = - (2γx2+2γx1-B1),  B2c =  2γ+B2

C1c =  γ(γ-1) + 4γ + γ(B2-3) + C1,   Dc  =  γ(γ-1) + γ(B2-3) + D 
 

BB1d = - (2αx3+2αx2+2βx1+2βx3 -B1),   B2d =  2α+2β+B2

C1d =  B2 (α+β) + (α+β)2 + C1,   Dd  =  (α+β)2 + (α+β)(B2-4) + D 
 

BB1e = - (2αx3+2αx2+2γx1+2γx2 -B1), B2e =  2α+2γ+B2

C1e =  B2 (α+γ) + (α+γ)2 + C1,  De  =  (α+γ)2 + (α+γ)(B2-4) + D 
 

BB1f = - (2βx1+2βx3+2γx1+2γx2 -B1),  B2f =  2β+2γ+B2

C1f =  B2 (β+γ) + (β+γ)2 + C1 ,   Df  =  (β+γ)2 + (β+γ)(B2-4) + D 
 

BB1g = - (2αx3+2αx2+2βx1+2βx3+2γx1+2γx2 -B1) 
BB2g =  2α+2β+2γ+B2

C1g =  α2 + β2 + γ2+ 2αβ+2αγ+2βγ+ (α+β+γ)B2+C1

Dg  =  2αβ+2αγ+2βγ+ α(α-1)+ β(β-1)+γ(γ-1)+(α+β+γ)b2+D 
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Theorem 2:  If there is a natural number n such that one of the groups of 
conditions (1a-u) – (1g-u) for the differential equation (1) is 
satisfied , then this equation is solvable. From the formula (8) 
and the connecting relations (7), we get two particular solutions 
of its fundamental system, while the third one can be obtained 
using the classical method.  

 
Example 1:      We consider the differential equation 
 

        (x-1)(x+1)(x-3) y”– (3x2-6x-1) y’ + 4(x-2) y = 0       
 
then   x1=  1, x2 = -1, x3 = 3, b0 = 1, b2 = -3,   b1 = 6, c1 =  4, c0 = -8. 
 

The conditions for the existence of one polynomial solution of 
order 2 for this equation are satisfied, so two particular solutions of its 
general solution can be found:  
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They are also particular solutions to the following third order differential 
equation: 

(x-1)(x+1)(x-3) y”’– 2(x+1)y’ + 4y = 0 
 
From here, we can find the solutions of each of the transformed equations: 
 

(x-1)(x+1)(x-3) z1
’’’ + (4x2 - 8x - 12) z1’’ + (2x - 6) z1’ =  0 
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(x-1)(x+1)(x-3) z2

’’’ + (4x2  - 16x + 12) z2’’ + (2x - 10) z2’ =  0 
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(x-1)(x+1)(x-3) z3

’’’ + (4x2 - 2) z3’’ + (2x - 2) z3’ =  0 
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(x-1)(x+1)(x-3) z4
’’’ + (8x2-24) z4’’ + (14x-14) z4’ + 4 z4 =  0 
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(x-1)(x+1)(x-3) z5

’’’ + (8x2-8x -16) z5’’ + (14x +2) z5’ + 4 z5 =  0 
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(x-1)(x+1)(x-3) z6

’’’ + (8x2-16x + 8) z6’’ + (14x-18) z6’ + 4 z6 =  0 
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(x-1)(x+1)(x-3) z7

’’’ + (12x2-24x-4) z7’’ + (34x-38) z7’ +  16 z7 =  0 
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GENERALIZIRAN n-SKALAREN PROIZVOD  
 

Risto Mal~eski, Fakultet za op{testveni nauki, Skopje  
 

Apstrakt. Vo ovaa rabota, koristej}i gi Gateaux izvodi na  
n − normata e dadena edna generalizacija na poimot za ska-
laren proizvod i se doka`ani pove}e svojstva vo vrska so ovaa 
generalizacija.  

n −

 
Poimite n −norma i n − skalaren proizvod se vovedeni od A. 

Misiak ([3]), kako {to sleduva. 
 
 

Neka  e realen vektorski prostor so dimenzija pogolema 

ili ednakva na , i 

L
n 1n > ∗∗,....,  e realna funkcija na  za koja 

va`at uslovite  

nL

 

i) , za sekoi 1 2|| , ,..., || 0nx x x ≥ 1 2, ,..., nx x x L∈  i  

ako i samo ako mno`estvoto 
1 2|| , ,..., || 0nx x x =

1 2{ , ,..., }nx x x  e linearno zavisno;  
 

ii) 1 1|| ,..., || || ( ) ,..., ( ) ||n nx x x xπ π= , za sekoi 1 2, ,..., nx x x ∈L  i za 

sekoja biekcija 1 2 1 2:{ , ,..., } { , ,..., }n nx x x x x xπ → .  
 

iii) 1 2 1 2, ,..., , ,...,n nx x x x x xα α= ⋅ , za sekoi 1 2, ,..., nx x x ∈L  i 

za sekoj α ∈R .  
 

iv) ' '
1 1 2 1 2 1 2|| , ,..., || || , ,..., || || , ,..., ||n n nx x x x x x x x x x+ ≤ + , za sekoi 

'
1 1,..., ,nx x x L∈ .  

 

Funkcijata ∗∗,....,  se narekuva n −norma na , a  L ),....,,( ∗∗L se nare-

kuva realen n −normiran prostor.  
 
 

Neka n e priroden broj, L e realen vektorski prostor takov 

{to dim L ≥ n i ),,....,( ∗∗∗∗  e realna funkcija na 1nL +  takva {to  
 

i)  ( )1 1, | ,..., 0na a x x − ≥ , za sekoi  i 1 1, ,..., na x x L− ∈

( )1 1, | ,..., 0na a x x − =  ako i samo ako 1, ,..., na x x 1− se linearno 

zavisni;  
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ii)  ( ) ( )1 1 1 1, | ,..., ( ), ( ) | ( ),..., ( )n na b x x a b x xϕ ϕ π π− −= , za sekoi 

1 1, , ,..., na b x x L− ∈  i za sekoi biekcii  

{ } { }1 1 1 1: ,..., ,..., , :{ , } { , };n nx x x x a b aπ ϕ− −→ → b  
 

iii)  za sekoi  va`i  1 2 1, , ,..., na x x x L− ∈

( ) ( )1 2 1 1 1 2 1, | , ..., , | , ...,n na a x x x x x a x x− −= ; 
 

iv)  za sekoi 1 1, , ,..., na b x x L− ∈  i za sekoj α∈R  va`i  
 

( ) ( )1 1 1 1, | ,..., , | ,...,n na b x x a b x xα α− −= ; i 
 

v)  za sekoi 1 1 1, , , ,..., na b a x x L− ∈  va`i  
 

( ) ( ) ( )1 1 1 1 1 1 1 1, | ,..., , | ,..., , | ,...,n na a b x x a b x x a b x xn− − −+ = + ,. 
 

Funkcijata ),,....,( ∗∗∗∗ se narekuva n-skalaren proizvod, a 

)),,....,(,( ∗∗∗∗L  se narekuva n-predhilbertov prostor.  
 

Da zabele`ime deka ako n −normiraniot prostor e n pred-
hilbertov, toga{  

−

 

1 1 1( , | ,..., ) || , ,..., ||na a x x a x x 1n− −= , za sekoi 1 1, ,..., na x x L− ∈ . 
 

Neka ),....,,( ∗∗L  e realen n-normiran prostor i 

:  h ... h L Lφ → R  e proizvolen n-funkcional.  
 

Desen parcijalen izvod na n-funkcionalot φ  po 1x  vo to~kata 

1( ,..., )nx x  vo pravec na  e  y

' 1 2 1 2
11 0

( , ,..., ) ( , ,..., )
( ,..., )( ) lim ,n n

n
x y x x x x x

x x y
λ

φ λ φ
φ

λ
+

+→

+ −
=  

ako navedenata granica postoi.  
 

Lev parcijalen izvod na n-funkcionalot φ  po 1x  vo to~kata 

1( ,..., )nx x  vo pravec na  e  y

' 1 2 1 2
11 0

( , ,..., ) ( , ,..., )
( ,..., )( ) lim ,n n

n
x y x x x x x

x x y
λ

φ λ φ
φ

λ
−

−→

+ −
=  

ako navedenata granica postoi.  
 

Ako leviot i desniot parcijalen izvod na n-funkcionalot φ  
po 1x  vo to~kata 1( ,..., )nx x  vo pravec na  postojat i se ednakvi, 

toga{ }e velime deka n-funkcionalot φ  e diferencijabilen po 

y

1x  

vo to~kata 1( ,..., )nx x  vo pravec na , t.e. postoi y '
1 1( ,..., )( )nx x yφ , pri 

{to  
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' ' '
1 1 1 11 1( ,..., )( ) ( ,..., )( ) ( ,..., )( ).n n nx x y x x y x x yφ φ φ+ −= =  

Analogno se definiraat parcijalnite izvodi  
' ' '

1 1 1( ,..., )( ), ( ,..., )( ) ( ,..., )( ), 2,3,..., .  i  i n n ni ix x y x x y x x y i nφ φ φ+ − =  

Vo [2] e razgledan  n-funkcionalot : h ... h L L Rϕ → ,  defi-
niran so  

1 1( ,..., ) ,..., ,n nx x x xϕ =  

i negovata diferencijabilnost. Pritoa, za funkcijata  

1 2 1 2
1 1 1 2

, ,..., , ,...,
( ,..., , , ) , , ,..., ,  i n n

n n
x ty x x x x x

x x y t x x x y L t
t

δ
+ −

= ∈ ∈R

 
doka`ani se slednive tvrdewa.  

 
 

Lema 1. Funkcijata 1 1( ,..., , , )nt x x y tδ→  e monotono raste~ka za 

 ♦ 0.t >
 

Posledica 1. Funkcijata 1 1( ,..., , , )nt x x y tδ→  e monotono 

raste~ka za 0.t <  ♦ 

Lema 2. Na intervalot  funkcijata (0, )∞ 1 1( ,..., , , )nt x x y tδ→  e 
ograni~ena i va`i  

2 1 1 2, ,..., ( ,..., , , ) , ,..., .n ny x x x x y t y x xδ− − ≤ ≤ n ♦ 
 

Zabele{ka. Analogno, mo`e da se doka`e deka na intervalite 
 i ( ,0)−∞ (0, )∞  funkciite  
 

1 1 1 1
1

,..., , , ,..., ,...,
( ,..., , , ) , 2,3,...,i i i n n

i n
x x x ty x x x x

t x x y t i
t

δ − ++ −
→ = = n  

 

se monotono raste~ki i deka na intervalot (0, )∞  se ograni~eni, pri 
{to va`at ocenkite  

 

2 1 2, ,..., ( ,..., , , ) , ,..., , 2,3,..., .n i n ny x x x x y t y x x i nδ− − ≤ ≤ =  
 
 

Posledica 2. Neka  ),....,,( ∗∗L e realen n-normiran prostor. 

Toga{ postoi  

1 2 1'
11 0

, ..., ,...,
( ,..., )( ) lim ,n n

n
t

x ty x x x x
x x y

t
ϕ +

+→

+ −
=  

i va`i  
'

2 1 21, ,..., ( ,..., )( ) , ,..., .n ny x x x x y y x xϕ +− − ≤ ≤ n  ♦ 
 

Teorema 1. Za sekoi 1 2, ,..., , , 'nx x x y y L∈  va`at slednive 
svojstva:  
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i) ' ' '
1 1 11 1 1( ,..., )( ') ( ,..., )( ) ( ,..., )( ');n n nx x y y x x y x x yϕ ϕ ϕ+ + ++ ≤ +   

ii) Za sekoj 0α >  va`i ' '
1 11 1( ,..., )( ) ( ,..., )( );n nx x y x x yϕ α ϕ+ +=  

iii) Zasekoj 0α ≥  va`i ' '
1 11 1( ,..., )( ) ( ,..., )( );n nx x y x x yϕ α αϕ+ +=  

iv) Zasekoj 0α ≥  va`i '
1 1 11 ( ,..., )( ) ,..., ;n nx x x x xϕ α α+ = i  

v) 1 2 1 2, ,..., , ,..., ,n nx ty x x x x x+ ≥  za sekoj t∈R  ako i samo ako  
' '

1 11 1( ,..., )( ) 0 ( ,..., )( ).n nx x y x x yϕ ϕ+ +− − ≤ ≤  ♦ 
 
 

Lema 3. Za sekoi 1,..., ,nx x y L∈  va`i  
 

' '
1 11 1( ,..., )( ) ( ,..., )( ).n nx x y x x yϕ ϕ+ −− − =  ♦ 

 
 

Posledica 3. Za sekoi 1,..., , , 'nx x y y L∈  va`at slednite 
svojstva  

i)  '
2 1 21, ,..., ( ,..., )( ) , ,...,n ny x x x x y y x xϕ −− ≤ ≤ n  ; 

 

ii)  ' ' '
1 1 11 1 1( ,..., )( ) ( ,..., )( ') ( ,..., )( ');n n nx x y x x y x x y yϕ ϕ ϕ− − −+ ≤ +  

 

iii)  Za 0,α <  ' '
1 2 11 1( , ,..., )( ) ( ,..., )( );n nx x x y x x yϕ α ϕ+ −= −   

 

iv)  Za 0,α ≤  ' '
1 2 11 1( , ,..., )( ) ( ,..., )( );n nx x x y x x yϕ α αϕ+ −=   

 

v)  ' '
1 11 1( ,..., )( ) ( ,..., )( ).n nx x y x x yϕ ϕ− +≤  ♦ 

 
 
 

 Teorema 2. Ako Gateaux izvod na n-normata po 1x  vo to~kata 

1( ,..., )nx x  po pravec y postoi, toga{ to~ni se slednite tvrdewa  
 

i)  ' ' '
1 1 1 1 1 1( ,..., )( ') ( ,..., )( ) ( ,..., )( ');n n nx x y y x x y x x yϕ ϕ ϕ+ = +   

 

ii)  ' '
1 1 1 1( ,..., )( ) ( ,..., )( ),n nx x y x x yϕ α αϕ=  za sekoj realen broj α; 

 

iii)  ' '
1 1 2 1 1( , ,..., )( ) sgn( ) ( ,..., )( ),n nx x x y x x yϕ α α ϕ= za sekoj realen 

broj 0α ≠ ; 
 

iv)  '
1 1 2( ,..., )( ) , ,..., ;n nx x y y x xϕ ≤  i  

 

v)  '
1 1 1 1( ,..., )( ) ,..., .n nx x x x xϕ α α=  ♦ 
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1. Glatki (mazni) n-normirani prostori   
 

n-normiraniot vektorski prostor ),....,,( ∗∗L  go narekuvame 

mazen (gladok) ako za sekoj 0x ≠  i za sekoi linearno nezavisni 
vektori 1 1,..., nx x − L∈   takvi {to 1 1( ) ( ,..., ) {0}nP x P x x −∩ =  n-normata e 

Gateaux diferencijabilna po x  vo to~kata 1( , ,..., )nx x x 1−  po sekoj 
pravec   .y

 
 

 Zabele{ka. Vo prethodnata definicija pretpostavivme deka 
 i 0x ≠ 1 1( ) ( ,..., ) {0}nP x P x x −∩ = . Ovie pretpostavki se neophodni 

bidej}i: 
 

- ako 0x =  i vektorite 1,..., n 1x x −  se linearno nezavisni, 

toga{ postoi 0y L∈  takov {to 0 1 1, ,..., 0,ny x x − ≠  pa zatoa 
 

'
1 1 0 0 1 1 0 11

'
1 1 01

( , ,..., )( ) , ,..., , ,...,

( , ,..., )( )

n n

n

x x x y y x x y x x

x x x y

ϕ

ϕ

+

−

1n− − −

−

= ≠ −

=
, 

 

t.e. n-normata ne e Gateaux diferencijabilna po 0x =  vo to~kata 
 po pravecot  i  1( , ,..., )nx x x −1 0,y

 

- ako 0z ≠  i ako 1 1( ) ( ,..., ) {0},nz P x P x x −∈ ∩ ≠  toga{ postojat 

, 1,..., 1i i nα = −  takvi {to 
1

1
.

n
i i

i
x xα

−

=
= ∑  Od linearnata nezavisnost na 

1,..., n 1x x −  sleduva deka postoi  takov {to 0y L∈ 0 1 1, ,..., 0,ny x x − ≠  pa 

zatoa  
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0 1 1 1 1'
1 1 01 0

1
0 1 1

1

0

0 1 1
0 1 1

0

0 1 1
0 1 1

0

0

0

, ,..., , ,...,
( , ,..., )( ) lim

|| , ,..., ||
lim

, ,...,
lim , ,...,

, ,...,
, ,..., lim

||
lim

n n
n

t
n

i i n
i

t

n
n

t

n
n

t

t

x ty x x x x x
x x x y

t

x ty x x x

t
t y x x

y x x
t

t y x x
y x x

t

x ty

ϕ

α

+
+

+

+

−

−

− −
−

→
−

−
=

→

−
−

→

−
−

→

→

+ −
=

+ −
=

= =

−
≠ − =

+
=

∑

1
1 1

1
, ,..., ||

n
i i n

i
x x x

t

α
−

−
=

− ∑

 

0 1 1 1 1

0
'

1 1 01

, ,..., , ,...,
lim

( , ,..., )( ),

n n

t

n

x ty x x x x x
t

x x x yϕ

−

−

− −

→

−

+ −
=

=

 

 

t.e. n-normata ne e Gateaux diferencijabilna po 0x =  vo to~kata 
 po pravecot   1( , ,..., )nx x x −1 0.y

 
 

Lema 4. n-normiraniot vektorski prostor ),....,,( ∗∗L  e gla-

dok ako i samo ako za sekoj  i za sekoi linearno nezavisni 
vektori 

0x ≠
1 1,..., nx x − L∈   takvi {to 1 1( ) ( ,..., ) {0}nP x P x x −∩ =  va`i  

 

' ' '
1 1 1 1 1 11 1 1( , ,..., )( ') ( , ,..., )( ) ( , ,..., )( '),n n nx x x y y x x x y x x x yϕ ϕ ϕ+ + +− −+ = + −  

za sekoi , ' .y y L∈  
 

Dokaz. Neposredno sleduva od lema 3, posledica 3 i teorema 2. 
♦ 

 
 

Lema 5. n-normiraniot vektorski prostor ),....,,( ∗∗L  e 

gladok ako i samo ako za sekoj 0x ≠  i za sekoi linearno nezavisni 
vektori 1 1,..., nx x − L∈   takvi {to 1 1( ) ( ,..., ) {0}nP x P x x −∩ =  va`i  

 

' '
1 1 1 11 1( , ,..., )( ) ( , ,..., )( ), . za sekoi n nx x x y x x x y y Lϕ ϕ+ +− −− = ∈  

 

Dokaz. Neposredno sleduva od lema 3, posledica 3 i teorema 2. 
♦ 
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2. Generaliziran n-skalaren proizvod  
 

Neka ),....,,( ∗∗L  e n-normiran prostor. Od neprekinatosta na 

n-normata vo odnos na sekoja koordinata dobivame  
 

2 2
1 1 1 1

0

1 1 1 1 1 1 1 1

0
'

1 1 1 11

, ,..., , ,...,
lim

2
, ,..., , ,..., , ,..., , ,...,

lim
2

, ,..., ( , ,..., )( ).

n n

t

n n n

t

n n

x ty x x x x x
t

x ty x x x x x x ty x x x x x
t

x x x x x x yϕ

+

+

+

− −

→

n− − −

→

− −

+ −
=

+ − + +
= ⋅

= ⋅

−  

 

So  
 

'
1 1 1 1 1 11, | ,..., , ,..., ( , ,..., )( )n n nx y x x x x x x x x yϕ +− −= ⋅ −   (1) 

 

definirame generaliziran n-skalaren proizvod pridru`en na n-
normata ∗∗,...., . Da zabele`ime deka 1 1, | ,..., 0nx y x x − =  ako i samo 

ako 1, ,..., n 1x x x −  se linearno zavisni ili  '
1 11 ( , ,..., )( ) 0.nx x x yϕ + − =

 

Teorema 3. Za sekoi '
1 1 1 2, ,...,, , ny y x x x L∈  i za sekoi pozitivni 

realni broevi ,α β   va`i  
 

i)  2
1 2 1 1 2, ,..., , | ,..., ,n nx x x x x x x=  

ii)  1 1 2 1 2 1 2, | ,..., , ,..., , ,..., ,n n nx y x x x x x y x x≤ ⋅  

iii)  ' '
1 1 1 2 1 1 2 1 1 2, | ,..., , | ,..., , | ,..., ,n n nx y y x x x y x x x y x x+ ≤ + , i  

iv)  1 1 2 1 1 2, | ,..., , | ,..., .n nx y x x x y x xα β αβ=  
 

 Dokaz. i) Od definicijata na generaliziraniot n-skalaren 
proizvod i od teorema 1 iv) imame  

2'
1 1 2 1 2 1 2 1 1 21, | ,..., , ,..., ( , ,..., )( ) , ,..., .=n n nx x x x x x x x x x x x x xϕ + = n   

 

ii)  Od posledica 2 i lema 3 dobivame  
'

1 1 2 1 2 1 2 1 1 2 1 21, | ,..., , ,..., ( , ,..., )( ) , ,..., , ,..., .n n n n nx y x x x x x x x x y x x x y x xϕ += ⋅ ≤ ⋅   
 

iii)  Od teorema 1 i) imame  
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( )
' ' '

1 1 1 2 1 2 1 2 1 11

' ' '
1 2 1 2 1 1 2 11 1

' '
1 2 1 2 1 1 2 1 2 11 1

1 1

, | ,..., , ,..., ( , ,..., )( )

, ,..., ( , ,..., )( ) ( , ,..., )( )

, ,..., ( , ,..., )( ) , ,..., ( , ,..., )( )

, |

n n n

n n n

n n n n

x y y x x x x x x x x y y

x x x x x x y x x x y

'x x x x x x y x x x x x x y

x y x

ϕ

ϕ ϕ

ϕ ϕ

+

+ +

+ +

+ = ⋅ +

≤ ⋅ +

= ⋅ + ⋅

= '
2 1 1 2,..., , | ,..., .n nx x y x x+

 

iv)  Spored teorema 1 ii) i iii) za sekoi pozitivni realni 
broevi ,α β  dobivame  

 

'
1 1 2 1 2 1 2 11, | ,..., , ,..., ( , ,..., )( )n n nx y x x x x x x x x yα β α ϕ α β+=  

'
1 2 1 2 1 1 1 21, ,..., ( , ,..., )( ) , | ,..., .n n nx x x x x x y x y x xαβ ϕ αβ+= =  ♦ 

 
 

Lema 6. Ako n-normiraniot vektorski prostor ),....,,( ∗∗L  e 

n-predhilbertov prostor, toga{ n-skalarniot proizvod i genera-
liziraniot n-skalaren proizvod se sovpa|aat, t.e.  

 

( )1 1 2 1 1 2, | ,..., , | ,..., .n nx y x x x y x x=  

Dokaz. Imame:  

( ) ( )

( ) ( )

2 2
1 1 2 1 2

1 1 2
0

1 1 1 1 2 1 1 2

0
2

1 1 2 1 1 2

0

, ,..., , ,...,
, | ,..., lim

2
, | ,..., , | ,...,

lim
2

2 , | ,..., , | ,...,
lim

2

n n
n

t

n n

t

n n

t

x ty x x x x x
x y x x

t
x ty x ty x x x x x x

t

t x y x x t y y x x
t

+

+

+

→

→

→

+ −
=

+ + −
=

−
=

 

( )1 1 2, | ,..., .nx y x x=  ♦ 

Teorema 4. Neka ),....,,( ∗∗L  e gladok n-normiran vektorski 

prostor. Ako x  i  se linearno nezavisni vektori vo  i y L

1 1,..., nx x − ∈L
=

 linearno nezavisni vektori takvi {to 

, toga{ postoi edinstven realen broj 1 1( ) ( ,..., ) {0}nP x P x x −∩ α   

takov {to  1 1, | ,..., 0.nx x y x xα −+ =   

Dokaz. Neka  
'
1 1

1

( , ,..., )( )
.

, ,...,
n

n

x x x y
x x x

ϕ
α = −   

Imame:  
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'
1 1 1 1 1 1 1

' '
1 1 1 1 1 1 1 1

'
1 1 1 1 1 1 1

, | ,..., || , ,..., || ( , ,..., )( )

|| , ,..., || ( ( , ,..., )( ) ( , ,..., )( ))

|| , ,..., || ( || , ,..., || ( , ,..., )( )) 0.

n n n

n n

n n n

x x y x x x x x x x x x y

nx x x x x x x x x x y

x x x x x x x x x y

α ϕ

ϕ α ϕ

α ϕ

− − −

− −

− − −

+ = ⋅ +

= ⋅ +

α

−

= ⋅ + =

 

Ako , Rα β ∈  se takvi {to  

1 1, | ,..., 0nx x y x xα −+ =  i 1 1, | ,..., nx x y x xβ − 0,+ =   

toga{ bidej}i  

1 1|| , ,..., || 0nx x x − ≠   
dobivame  

' '
1 1 1 11 1( , ,..., )( ) ( , ,..., )( )n nx x x x y x x x x yϕ α ϕ+ +− − β+ = +  

od {to sleduva .=α β ♦ 
 

Teorema 5. Za gladok n-normiran vektorski prostor 
),....,,( ∗∗L  slednite tvrdewa se ekvivalentni:  

i)  ),....,,( ∗∗L e n-predhilbertov prostor.  

ii)  Ako  toga{  1 1 1 1|| , ,..., || || , ,..., ||,n nx x x y x x− −=

( )1 1 1 1lim , ,..., , ,..., 0.n n
n

nx y x x x ny x x− −
→∞

+ − + =   
 

iii)  za sekoi 1 1, , ,..., nx y x x L− ∈  va`i  
 

1 1 1 1, | ,..., , | ,..., ,n nx y x x y x x x− −=  

t.e. generaliziraniot n-skalaren proizvod e simetri~en vo odnos na 
. i x y  

iv)  1, | ,..., nx y x x 1−  e linearen po x  za sekoi   1 1, ,..., .ny x x L− ∈
 

 Dokaz.  Neka pretpostavime deka )i ii⇒ ). ),....,,( ∗∗L  e n-

predhilbertov prostor so n-skalaren proizvod ),,....,( ∗∗∗∗  i 

1 1 1 1|| , ,..., || || , ,..., || .nx x x y x x− n−=  Toga{, za sekoj n N∈  va`i  
 

2
1 1 1 1

2
1 1 1 1 1 1

2
1 1 1 1 1 1

2
1 1 1 1

, ,..., ( , | ,..., )

( , | ,..., ) 2 ( , | ,..., ) ( , | ,..., )

( , | ,..., ) 2 ( , | ,..., ) ( , | ,..., )

( , | ,..., ) , ,..., ,

n n

n n

n n

n n

x ny x x x ny x ny x x

x x x x n x y x x n y y x x

y y x x n x y x x n x x x x

nx y nx y x x nx y x x

− −

n

n

− − −

− − −

− −

+ = + +

= + +

= + +

= + + = +

 

 

pa zatoa  
 

( )1 1 1 1lim , ,..., , ,..., 0.n n
n

nx y x x x ny x x− −
→∞

+ − + =   
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)ii iii⇒ ).  Neka 1 1 1, ,..., , ,..., .n nx x x y x x− −= 1  Toga{,  
 

'
1 1 1 1 1 11

1 1 1 1 1 1

1 1 1 1 1 1

'
1 1 1 11

, | ,..., , ,..., ( , ,..., )( )

, ,..., lim ( , ,..., , ,..., )

, ,..., lim ( , ,..., , ,..., )

, ,..., ( , ,..., )( ) ,

n n n

n n
n

n n
n

n n

x y x x x x x x x x y

x x x nx y x x nx x x

y x x x ny x x ny x x

y x x y x x x y

ϕ

ϕ

+

+

− − −

− −
→∞

− −
→∞

− −

= ⋅

= ⋅ + −

= ⋅ + −

= ⋅ =

n

n

−

−

1 1| ,..., .nx x x −

 

 

Ako 1 1 1, ,..., , ,..., ,n nx x x y x x− −≠ 1  toga{  
 

1 1 1 1 1 1 1 1, ,..., , ,..., , ,..., , ,..., ,n n ny x x x x x x x x y x xn− − −= −  
 

pa zatoa  
 
 

'
1 1 1 1 1 11

'
1 1 1 1 1 11

'
1 1 1 1 1 11

'
1 1 1 1 11

, | ,..., , ,..., ( , ,..., )( )

( , ,..., , ,..., )( , ,..., )

( , ,..., , ,..., )( , ,..., )

, ,..., ( , ,..., )( ) , | ,...,

n n n

n n n

n n n

n n

x y x x x x x x x x y

y x x x x x x x x y

x x x y x x y x x x

y x x y x x x y x x x

ϕ

ϕ

ϕ

ϕ

+

+

+

+

− − −

− − −

− − −

− −

= ⋅

=

=

= ⋅ = 1 .n−

  

 

)iii iv⇒ ).  Bidej}i  e gladok i L 1, | ,..., nx y x x 1−  e simetri~en 

vo odnos na i x y  od teorema 2 dobivame  
 

' '
1 1 1 1

' '
1 1 1 1 1

' ' '
1 1 1 1 1 1 1 1

' '
1 1 1 1 1 1 1 1 1

, | ,..., , | ,...,

, ,..., ( , ,..., )( )

, ,..., ( ( , ,..., )( ) ( , ,..., )( ))

, ,..., ( , ,..., )( ) , ,..., ( , ,...

n n

n n

n n n

n n n

x x y x x y x x x x

y x x y x x x x

y x x y x x x y x x x

y x x y x x x y x x y x

ϕ

ϕ ϕ

ϕ ϕ

− −

− −

− − −

− − −

+ = +

= ⋅ +

= ⋅ +

= ⋅ + ⋅ '
1

'
1 1 1 1

'
1 1 1 1

, )(

, | ,..., , | ,...,

, | ,..., , | ,..., .

n

n n

n n

)x x

y x x x y x x x

x y x x x y x x

−

− −

− −

= +

= +

  

 
 

) )iv i⇒ .  Od linearnosta na 1 1, | ,..., nx y x x −  po x  sleduva  
 

1 1 1 1 1 1
2'

1 1 1 1 1 1

, | ,..., , | ,..., , | ,...,

, ,..., ( , ,..., )( ) , ,...,

n n n

n n

x y y x x x y x x y y x x

x x x x x x y y x xϕ

− − −

− −

+ = + =

= ⋅ + 1n−
    (2) 

 
 

Od druga strana, ako 1 1, , ,..., nx y x x L− ∈  se takvi {to  
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0x y+ ≠  i 1 1( ) ( ,..., ) {0},nP x y P x x −+ ∩ =  
 

toga{  
 
 

( )

'
1 1 1 1 1 1 1

'
1 1 1 1 1

' '
1 1 1 1 1 1 1 1

2
1 1 1

, | ,..., , ,..., ( , ,..., )( )

, ,..., ( , ,..., )( ( ))

, ,..., ( , ,..., )( ) ( , ,..., )( )

, ,..., , ,...,

n n n

n n

n n

n

x y y x x x y x x x y x x y

x y x x x y x x x y x

nx y x x x y x x x y x y x x x

x y x x x y x

ϕ

ϕ

ϕ ϕ

− − −

− −

− −

−

+ = + ⋅ +

= + ⋅ + + + −

= + ⋅ + + + + −

= + + +

−

'
1 1 1 1

2
1 1 1 1

2
1 1 1 1 1 1

( , ,..., )( )

, ,..., , | ,...,

, ,..., , | ,..., , | ,...,

n n

n n

n n n

x x y x x x

x y x x x y x x x

x y x x x x x x y x x x

ϕ− −

− −

− − −

⋅ + −

= + + + −

= + + − + −

 

2 '
1 1 1 1 1 1 1

'
1 1 1 1 1

2 2 '
1 1 1 1 1 1 1 1 1

, ,..., , ,..., ( , ,..., )( )

, ,..., ( , ,..., )( )

, ,..., , ,..., , ,..., ( , ,..., )( ).

n n n

n n

n n n n

x y x x x x x x x x x

y x x y x x x

x y x x x x x y x x y x x x

ϕ

ϕ

ϕ

− − −

− −

− − − −

= + + ⋅ − +

+ ⋅ −

= + − + ⋅ −

 

 
 

t.e.  
 

2 2
1 1 1 1 1 1

'
1 1 1 1 1

, | ,..., , ,..., , ,...,

, ,..., ( , ,..., )( ).

n n n

n n

x y y x x x y x x x x x

y x x y x x xϕ

− −

− −

+ = + − −

+ ⋅ −
  (3) 

 
 

Od (2) i (3) sleduva  
 
 

2 2
1 1 1 1 1 1

'
1 1 1 1 1

'
1 1 1 1 1

, ,..., , ,..., , ,...,

, ,..., ( , ,..., )( )

, ,..., ( , ,..., )( ).

n n

n n

n n

x y x x x x x y x x

x x x x x x y

y x x y x x x

ϕ

ϕ

− −

− −

− −

2
n−+ = +

+ ⋅ −

− ⋅ −

+

  (4) 

 
 

Ako vo (4) namesto  stavime y y−  i ako 1 1, , ,..., nx y x x L− ∈  se 

takvi {to 0x y− ≠  i 1 1( ) ( ,..., ) {0},nP x y P x x −− ∩ =  dobivame  
 
 

2 2
1 1 1 1 1 1

'
1 1 1 1 1

'
1 1 1 1 1

, ,..., , ,..., , ,...,

, ,..., ( , ,..., )( )

, ,..., ( , ,..., )( ).

n n

n n

n n

x y x x x x x y x x

x x x x x x y

y x x y x x x

ϕ

ϕ

− −

− −

− −

2
n−− = +

+ ⋅ −

− ⋅ −

+

−   (5) 

 
 

Bidej}i  e gladok va`i  L
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' '
1 1 1 1 1 1( , ,..., )( ) ( , ,..., )( ) 0.n nx x x y x x x yϕ ϕ− −− + =  

 
 
 

Ako gi sobereme (4) i (5) dobivame  
 
 

( )2 2 2
1 1 1 1 1 1 1 1, ,..., , ,..., 2 , ,..., , ,..., .n n nx y x x x y x x x x x y x x− − −+ + − = + 2

n−  
 
 

Sega tvrdeweto neposredno sleduva od teorema 7, [1]. ♦ 
 
 
 
 

Posledica 4. Neka ),....,,( ∗∗L  e gladok n-normiran vektorski 

prostor. Slednive tvrdewa se ekvivalentni:  
 
 

i)  ),....,,( ∗∗L e n-predhilbertov prostor.  
 
 

ii)  ' '
1 1 1 1 1 1( , ,..., )( ) ( , ,..., )( ),n nx x x y y x x xϕ ϕ− = −  za sekoi 

1 1, , ,..., nx y x x L− ∈ .  ♦ 
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еден оператор на бесконечно-димензионален Банахов простор со 
спектрален радиус строго поголем од 1 за во просторот да постојат 
вектори чии орбити во однос на тој оператор тежат кон бесконечност. 

 

Клучни зборови и изрази. Банахов простор, oграничен линеарен 
оператор, орбити, спектар, тежински поместувања, хиперцикличност. 

 
Нека H е бесконечно-димензионален комплексен Банахов простор 

и B(H) е алгебрата од сите ограничени линеарни оператори на H. Орбита 

на векторот x∈H во однос на операторот T∈B(H)  е множеството итерати 

{ }( , ) : 0nOrb T x T x n= ≥ . Во понатамошните разгледувања ќе бидат дадени 
услови под кои за даден оператор  T∈B(H)  во просторот ќе постојат 
вектори чии орбити во однос на  тежат кон бесконечност и притоа 
ваквите вектори да формираат густо множество во просторот. Овие услови 
се однесуваат на спектралниот радиус 

T

)}(:sup{)( TTr σλλ ∈=  на 
операторот , каде T ( )Tσ  е спектарот на , и на две подмножества на 
спектарот: точкастиот спектар 

T
( )p Tσ  и апроксимативниот точкаст спектар 

( )a Tσ  што се состои од сите оние )(Tσλ ∈  за кои постои нормализирана 
низа вектори  таква што 1( )n nx ≥ 0→− nn xTx λ  кога  (ваквата низа 
се уште се нарекува низа од скоро сопствени вектори за 

n →∞

λ ). Напоме-
нуваме дека за секој T∈B(H)  е исполнето ([3], пропозиција VII.6.7.) 

( ) ( ) ( )p aT T Tσ σ σ∅ ≠ ∂ ∪ ⊆ .  
 

Општите резултати што ќе бидат презентирани во продолжение се 
мотивирани и засновани на резултатите на B. Beauzamy изложени во [1]. Првиот 
резултат, лема 1, e формулирана и докажана врз основа на доказот на пропозиција 
[1].II.1.13. Вториот резултат, лема 2, е модификација на лема [1].III.2.A.6 
направена со цел да се даде детален доказ на теорема [1].III.2.A.5; резултатот од 
оваа теорема, со мала измена во заклучокот, е формулиран во теорема 3 подолу и 
за истата е приложен комлетен доказ. 
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ЛЕМА 1. Ако H  е рефлексивен Банахов простор, T∈B(H)  и 

)(\)( TT pa σσλ ∈ , тогаш секоја низа од скоро сопствени вектори за λ  е 
слаба нула низа. 
 

ДОКАЗ. Нека  е низа од скоро сопствени вектори за 1( )n nx ≥

)(\)( TT pa σσλ ∈ . Бидејќи во случај на рефлексивен Банахов простор, 

}1:{ ≤∈= xxball XX  е слабо компактно (теорема на Alaoglu), постојат 
вектор  и подниза  на  така што Xballx∈ 1( )

kn kx ≥ 1( )n nx ≥ (
kn )x x wk→ , 

каде  е слабата топологија на H  . Тогаш wk )(wkxTxxTx
kk nn λλ −→−   и, 

поради 0|||| →− nn xTx λ   кога , n →∞ )(0 wkxTx
kk nn →−λ . Но во случај на 

Банахови простори  е Hausdorffov-ова топологија, што значи дека wk
0=− xTx λ . Ова заедно со )(Tpσλ∉ , ќе даде 0x = . Со тоа добивме дека 

 е всушност единствената точка на натрупување за низата  во 
однос на . Ова, заедно со слабата компактност на , имплицира 

0x = 1( )n nx ≥
wk Xball

0 ( )nx wk→ .    
 
 

ЛЕМА 2. Ако  е слаба нула низа во Банаховиот простор , 
тогаш за секој вектор 

1( )n nz ≥ X
X∈z    

 

( )a  limsup n
n

z z z
→∞

+ ≥ ; 
 

( )b  ако  α→nz  кога , тогаш  n →∞
 

},2/max{suplim zzz n
n

α≥+
∞→

. 
 

ДОКАЗ. При условите во лемата,  кога  за секој 

ограничен линеарен функционал . Ако притоа 

*( ) 0nx z → n →∞
∗∗ ∈Xx * 1x ≤ , тогаш 

 

*( ) lim *( ) limsupn n
n n

x z x z z z z
→∞ →∞

= + ≤ + ⇒  

n
n

zzxzxz +≤≤∈=
∞→

suplim}1*|:)(*sup{| *xX*, , 
 

со што е докажано ( ) . Нека сега  a α→nz кога . За n →∞ 2/α>nz , 
тврдењето ( )  ќе следи од ( ) , а ако b a 2/α≤nz , тогаш 

nnn zzzzzz +≤−++≤− 2/2/ αα  за секој 1 , што имлицира n ≥

n
n

nn
zzz +≤−=

∞→∞→
suplim)2/(lim2/ αα .  
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ТЕОРЕМА 3. Нека X е рефлексивен Банахов простор. Ако за 
операторот T∈B(H)   кружницата {λ∈÷ : |λ| = r}, каде ( )r r T= , содржи 
точка од ( ) \ ( )pT Tσ σ , тогаш за секоја низа позитивни броеви 1)( ≥nnα  

таква што , во секоја топка од просторот со радиус строго 

поголем од  постои вектор 

∑∞

=
+∞<

1n nα

∑∞

=1n nα X∈y  таков што  

n
nrTy α

2
1

≥ , за секој . 1n ≥
 

ДОКАЗ. Ако )(\)( TT pσσλ∈  е таков што r=λ , тогаш 

)(\)( TT pσσλ ∂∈  ( ) \ ( )a pT Tσ σ⊆ , па според лема 1, постои низа вектори 

 во X со особини:  1( )n nx ≥
 

( )a 1nx =  за секој ; 1n ≥
( )b 0|||| →− nn xTx λ  кога ; n →∞
( )c 0 ( )nx wk→ . 

Тогаш  
0|||| →− n

k
n

k xxT λ  и k k
nT x r→  кога  , за секој .  n →∞ 1k ≥ (1)

 

Нека  x∈H и 0ε >  се произволни и  1)( ≥nnα  е низата од условот 
во теоремата. 
 

I. Според  за (1) 1k =  и ( ) , за низата c 11 ))1(( ≥+ nnTxαε  важи 

nn xTx 11 )1(||)1(|| αεαε +→+  кога  и n →∞ )(0)1( 1 wkTxn →+ αε , што 
според лема 2. (  имплицира )b

≥++≥++
∞→

≥ ))1((suplim))1((sup 111 n
n

nn xxTxxT αεαε  

rTxr 11 2
1,)1(

2
1max ααε >

⎭
⎬
⎫

⎩
⎨
⎧ +≥ . 

Тогаш постои  така што за векторот 
1

1n ≥
111 )1( nxxy αε++=  да важи 

rTy 11 2
1α≥ . 

 

II. Нека претпоставиме дека за некој 2  се најдени природни 
броеви 

k ≥
11 ... −<< knn  такви што за векторите  

)...)1(
11 lnlnl xxxy ααε ++++= , 1 1l k≤ ≤ −  

да важи  
j

jl
j ryT α

2
1

> , за секои 1 1j l k≤ ≤ ≤ − .     (2)
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III. Ја разгледуваме низата вектори 11 ))1(( ≥− ++ nnkk xy αε . 
 

ТВРДЕЊЕ 4. Постојат стого растечки низи 1( ( ))j nN n ≥ ,  
во ù такви што  

1 1j k≤ ≤ −

 

j
jnNNkk

j rxyT
j

ααε
2
1))1(( ))...)((...(1 1

>++−  за секои 1 1j k≤ ≤ −  и .  1n ≥ (3)
 

Доказот на ова тврдење го спроведуваме со индукција: 
 
 

i) Според ( )  имаме c )(0)1( 1 wkTxn →+ αε . Од индуктивната прет-
поставка II. ( , за 2) 1j =  и 1l k= − , како и лема 2. ( , добиваме )a
 

>≥++≥++ −−
∞→

−≥ 111 ))1((suplim))1((sup knkk
n

nkkmn TyxyTxyT αεαε  

r12
1α> , 1m∀ ≥ . 

Ова дозволува да се најде строго растечка низа  во ù така што  1( ( ))nN n ≥1

rxyT nNkk 1)(1 2
1))1((

1
ααε >++− , за секој . 1n ≥

 

ii) Нека се најдени строго растечките низи 1( ( ))j nN n ≥  во ù за 
, каде 1 j s≤ ≤ 2s k≤ − , а притоа неравенството во  да важи за секој 
. 

(2)
1 j s≤ ≤
 

iii) Низата  како подниза на  е исто така 

слаба нула низа, што имплицира , и 
последователно  

1))...)((...( )(
1 ≥nnNN s

x 1( )n nx ≥

)(0)1( ))...)((...(
1

1
wkxT nNN

s
k s

→+ +αε

1,
2
1||||||))1((||suplim 1

11
1

))...)((...(1
1

1
≥∀>≥++ +

+−
+

−
+

∞→
mryTxyT s

sk
s

nNNkk
s

n
s

ααε . 
 

Тогаш  

||))1((||sup ))...)((...(1
1

1 nNNkk
s

mn s
xyT αε++−

+
≥

1
12

1 +
+> s

s rα ,  за секој  1m ≥

што дозволува да се најде строго растечка низа 1( ( )) 1s nN n+ ≥  во ù така што 

||))1((|| ))...)((...(1
1

1 nNNkk
s

s
xyT αε++−

+ 1
12

1 +
+> s

s rα   за секој . ♦ 1n ≥
 

Продолжуваме со доказот на теоремата.  
 

Бидејќи  е подниза на , 1))...)((...( )(
11 ≥− nnNN k

x 1( )n nx ≥
k

knNN
k

k rxT
k

αεαε )1(||))1(|| ))...)((...( 11
+→+

−
 кога n  и →∞
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)(0))1( ))...)((...( 11
wkxT nNN

k
k k

→+
−

αε , 
 

па според лема 2.  ( )b

≥++
−−

∞→
||))1((||suplim ))...)((...(1 11 nNNkk

k

n
k

xyT αε                   

                       k
kk

kk
k ryTr ααε

2
1||||,)1(

2
1max 1 >

⎭
⎬
⎫

⎩
⎨
⎧ +≥ − .              (4)

 

Нека mk ∈ù е таков што 1))...)((...( 111 +≥ −− kkk nmNN . Тогаш според  (4)

||))1((||sup ))...)((...(1 11 nNNkk
k

mn kk
xyT

−
++−≥ αε k

k rα
2
1

> ,              

па постои  така што kn m′ ≥ k

                 ||))1((|| ))...)'((...(1 11 kk nNNkk
k xyT

−
++− αε k

k rα
2
1

> .                     (5)
 

Нека ))...)'((...( 11 kkk nNNn −= . Бидејќи низите 1( ( ))j nN n ≥  се строго 

растечки и , ќе важи kn m′ ≥ k 1))...)((...( 111 +≥≥ −− kkkk nmNNn . 
 

Нека 
knkkk xyy αε )1(1 ++= − . Тогаш, според  за  и 

, односно според (  за 

(5) 1j k= −

kn n ′= 3) }2,...,1{ −∈ kj  и ))...)'((...( 11 kkj nNNn −+= ,  

j
jk

j ryT α
2
1

>  за секој 1 j k≤ ≤ .       (6)
  

Од I. - III. според принципот на математичка индукција следи дека 
постои строго растечка низа  во ù така што за векторите 1( )k kn ≥

)...)(1(
11 knknk xxxy ααε ++++= ,   да важи , и тоа за секој . 

За вака најдените вектори , поради условот  и ( ) , 

1k ≥ (6) 1k ≥

1( )k ky ≥ ∑∞

=
+∞<

1n nα a

0)...)(1( },max{1},min{ →+++≤− + nmnmmn yy ααε  кога , што значи 

дека  е Кошиева низа. Тогаш постои 

,m n →∞

1( )k ky ≥ X∈y  така што 

. Притоа ∑∞

=∞→
++==

1
)1(lim

k nkkk k
xxyy αε

∑ ∑∑ ∞

=

∞

=

∞

=
+<+≤+=−

1 11
)21()1()1(

k k kkk nk k
xxy αεαεαε  

и, според  (6) n
nk

n
k

n ryTyT α
2
1lim ≥=

+∞→
 за секој 1  .  n ≥

 
 

ПОСЛЕДИЦА 5. Ако операторот  е со спектрален радиус 
, тогаш при условите во теорема 2.1 во просторот постои густо 

множество вектори чии орбити тежат кон бесконечност. 

T
( ) 1r r T= >
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ДОКАЗ. За дадени X∈x , 0ε >  и произволно избран  де-
финираме низа 

1 q r< <

1)( ≥nnα  со  
n

n qq −−+−= 1)21)(1( εεα , n≥1. 
Тогаш  

∑∞

=
−+=

1
1)21(

n n εεα  и  кога  , ∞→n
nrα n →∞

 

и последователно за векторот конструиран во предходниот доказ важи 
ε<− xy  и nT y →∞  кога .  n →∞

  
 

Напоменуваме дека во случај кога при ( ) 1r r T= >  постои )(Tpσλ∈   

таков што 1 < |λ | ≤ r, тогаш за секој ненулти вектор x ∈ ker(T −λ ) ≠ {0}, 
орбитата ( , )  тежи кон бесконечност:   
кога . 

Orb T x ∞→== |||||||||||||| xrxxT nnn λ
n →∞

 
 

ТЕОРЕМА 6. Ако X  е Банахов простор (не задолжително рефлек-
сивен) и за  T∈B(H)  постои нормализирана слаба нула низа  со 

особина: за секој 1  постои 

1( )n nx ≥

k ≥ kλ  така што kn
k xT λ→  кога , 

тогаш за секоја низа позитивни броеви 

n →∞

1)( ≥nnα  таква што , 

во секоја топка од просторот со радиус строго поголем од  постои 

вектор  за кој 

∑∞

=
+∞<

1n nα

∑∞

=1n nα

X∈y 2/nn
n yT λα≥ , за секој 1 . Ако притоа αn ≥ n nλ → ∞  

кога , тогаш во просторот постои густо множество вектори чии 
орбити тежат кон бесконечност.  

n →∞

 
 

Доказот на теорема 6 се спроведува на сосема истиот начин како 
оној на теорема 3, само наместо низата  на соодветното место ќе 
стои

nr
nλ . 

 

За крај, како илустрација на предходните резултати ќе дадеме уште 
еден едноставен пример на оперетор. Бидејќи истиот е модификација на 
едни од наједноставните примери на хиперциклични оператори што му се 
познати на авторот, заради комплетност во теорема 7.B.  ќе bиде 
покажано и ова негово својство. Операторот T∈B(H)   се нарекува хипер-

цикличен оператор ако постои вектор  

( )c

X∈x таков што ( , )  е густа 
во целиот простор, ваквиот вектор уште се нарекува хиперцикличен вектор 
за операторот .  Да напоменеме дека ако  е хиперцикличен оператор, 
тогаш множеството од сите хиперциклични вектори е густо G

Orb T x

T T
δ  множество 
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во просторот ([1], гл.III , §5). За подетални информации за хиперциклично-
ста читателот се упатува на [1], [2], [4]-[8]. 
 

ПРИМЕР 7. Го разгледуваме Банаховиот простор  од сите нула 
низи од комплексни броеви 

0c

0( )k kx x ≥=  со супремум нормата 

0supk kx x∞ ≥=  и, за 1 p≤ < ∞  просторите (ùpl 0) од сите низи 

комплексни броеви 0( )k kx x ≥=  такви што 0
p

kk x∞
= < ∞∑ , со − нормата pl

1/
0( )p p

p kkx x∞
== <∑ ∞ . Нека { }: 0ke k ≥  е заедничката канонска база за 

овие простори.  
За дадени 0  и низа  во кружницата {λ∈r > 1( )k kw w ≥= ÷ : |λ| = r}  

дефинираме тежинско поместување наназад  со   wT

0 0wT e =    и    1w k k kT e w e −=   за 1  .      k ≥ (1)

Бидејќи низата 1( )k kw w ≥=  е ограничена (ùp
wT l(B∈ 0)),  и 

притоа 
)( 0cTw B∈

wT r≤ . Од друга страна, за  дадено  1n ≥

⎭
⎬
⎫

⎩
⎨
⎧

≥
<

=
−+−− nkewww

nk
eT

nknkkk
k

n
w ako

ako

,...
,0

11
  ,      (2)

од каде следи дека  
 

n
k

n
wnkkkpk

n
w reTwwweT ===

∞
+−− |....| 11  за секој , k n≥

 

што заедно со wT r≤  и дефиницијата на норма на оператор, имплицира 

дека n
wT r= n  за секој , и последователно  1n ≥

1/( ) lim n n
w n wr T T r→∞= =  и ⊆)( wTσ {λ∈÷ : |λ| = r}  . 

 

Ако λ∈÷ е таков што |λ| = r, тогаш  

∑∞

=
− ∈+=

1
1

210 )...(
k k

k
k ewwwex λλ

pl (ù0) ⊆ c0 

и притоа λλ λxxTw = . Бидејќи 0≠λx , последното имплицира дека 
)(Tpσλ∈ . 

 

Ако λ∈÷  е таков што |λ| = r, и векторот 1 k kkx x e∞
== ∑  е таков што 

xxTw λ= , тогаш 1−= kkk xxw λ   за секој 1  што, поради изборот на низата 

, ќе имплицира 

k ≥

1( )k kw w ≥= 1k kx x −=  за секој 1 . Ова, при x∈ (ùk ≥ pl 0) 

или x∈ (cpl 0)  (поради 0
p

kk x∞
= < ∞∑ , односно  кога ) е 

можно само доколку 
0kx → k →∞

0kx =  за секој 1 , т.е. k ≥ 0x = . Од тука следи дека 
кружницата  {λ∈÷ : |λ| = r}  не содржи сопствени вредности за . wT
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Сумирајќи ги предходните резултати ја добиваме следната 
 
 

ПРОПОЗИЦИЈА 7.А. Тежинското поместување наназад  дефини-

рано со  е ограничен линеарен оператор на просторите  и (ù
wT

(1) 0c pl 0), 
 и притоа: 1 p≤ < ∞

 

( )a  за секој n , 1≥ n n
wT r  и 1/( ) lim n n

w n wr T T r→∞= = ; =
 

( )b  =)( wp Tσ {λ∈÷ : |λ| < r}  и =)( wTσ {λ∈÷ : |λ| ≤ r} = )( wa Tσ   .  
 
 

ТЕОРЕМА 7.B. Ако  и 1r > 1 p< < ∞ , тогаш за тежинското 
поместување наназад  дефинирано со  во секој од просторите  и 

(ù
wT (1) 0c

pl 0) постои  
 

( )a густо множество вектори x  такви што n
wT x →∞  кога ; n →∞

 

( )b густо множество вектори x  такви што 0n
wT x →  кога ; n →∞

 

( )c густо Gδ  множество вектори x  такви што  е густa 
во целиот простор.  

( , )wOrb T x

 

ДОКАЗ. ( )  Бидејќи секој од просторите (ùa pl 0),  е 
рефлексивен Банахов простор, точноста на тврдењето за овие простори 
следи од предходната пропозиција и теорема 3, односно последица 5. 

1 p< < ∞

 

За да се покаже тврдењето за просторот  нека е ни-

зата дефинирана со 
0c ( )

1( )n
nx ≥

( )n
kk nx e∞

== ∑ . Тогаш за секој  ,  1n ≥ ( ) 1=nx ∞  и за 
секој линеарен функционал  
 

∗
≥ =∈= 0

1
0( caa kk l) , ( ) 0n k kk n k na x a a∞ ∞

= == ≤ →∑ ∑  кога , n →∞
 

што значи дека  е слаба нула низа во . Натаму,  ( )
1( )n

nx ≥ 0c
 

∑∞

= −+−−=
nk mkmkkk

nm
w ewwwxT 11

)( ... , 
 

и последователно  
 

m
mkkk

nm
w rnkwwwxT =≥= +−−

∞
}|:...sup{| 11

)(  за секои . 1n m≥ ≥
 

Тогаш за секој  постои  1m ≥
 

mnm
wnm rxT ==

∞
∞→

)(limλ . 
 

 138



Дефинирајќи сега низа 1)( ≥nnα  како во доказот на последица 5, точноста 
на тврдењето за просторот  ќе следи од теорема 6. 0c
 

( )b  Нека L =  е на густиот векторски потпростор  

и (ù

}0:{ ≥kespan k 0c
pl 0) генериран од векторите { }: 0ke k ≥ , т.е. векторскиот потпростор 

од сите конечни линеарни комбинации овие вектори. Бидејќи за секој y∈L 
постои n(y)∈ù0 така што { }: 0 ( )ky span e k n y∈ ≤ ≤ , според  (2)

0n
wT x ∞ =  за секој ( )n n , и последователно y≥ 0n

wT x ∞ →  кога . n →∞
 

( )c  За да сe  покажи дека  е хиперцикличен оператор нека  

е тежинското поместување на  и (ù
wT 1/ wS

0c pl 0) дефинирано со: 
1

1/ 1 1
  

w k k kS e w e−
+ += , . Тогаш 0k ≥

 

i) ∈wS /1 B( (ùpl 0)), ∈wS /1 B(c0) и  
 

n
nkkkk

n
w rwwwS /1|)...(|sup 1

110/1 == −
−++≥ , за секој , 1

)

k

n ≥
 

и последователно, за секој вектор  од овие простори  тежи 
кон 0. 

y 1/( ,wOrb S y

 

ii) 1 1
1/ 1 1 1 1( )    

w w k w k k k k kT S e T w e w w e e− −
+ + + += = =  за секој 0 , што 

имплицира дека , каде  е идентичниот оператор.  
k ≥

1/w wT S I= I
 

Сега го применуваме следниот резултат ( [2], пропозиција 2.2.) за 
X0 = Y0 = L. 
 
 

КРИТЕРИУМ ЗА ХИПЕРЦИКЛИЧНОСТ. Ако X е сепарабилен 
Банахов простор, T∈B(H)  и постои строго растечка низа природни 

броеви 1( )j jn ≥ 1( )j jn ≥  за која 

( )a постои густо множество 0X  во X така што 0jnT x →  кога 
j →∞  за секој 0x X∈ ; 

 

( )b постои густо множество  во X и пресликување  
(не задолжително линеарно и не задолжително непрекинато) така што  

0Y 0 0:S Y Y→

 

0jnS y →  кога  за секој  j →∞ 0y Y∈  и 
0 0Y YT S I=o ; 

 

тогаш е хиперцикличен оператор.   T
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Да напоменеме уште дека тврдењата ( )  и ( )  од предходната 

теорема важат и за просторот , но теорема 6 не е применлива на овој 
простор. Според теорема на Schur ([3],V.5.2 и [9], стр.348), за секоја низа 

 во  условите „ 0

b c
1l

1( )n nx ≥
1l (n )x wk→  “ и „ 0nx →  кога “, се 

еквивалентни. Ова значи дека во  во однос − нормата не постои низа 
 така што 

n →∞
1l 1l

1( )n nx ≥ 1nx = ,  а  притоа 1n ≥ 0( )nx wk→ . 
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KONE^NI MATEMATI^KI IZBORNI NIZI 
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Prirodno−matemati~ki fakultet−Skopje 

 
 

VOVED 
Oblasta na pravnite nauki e edna od oblastite vo koi 

matematikata se primenuva mnogu malku. No, praktikata poka`uva 
deka bez primena na matematikata duri i vo ovaa oblast mo`e da se 
napravat gre{ki. Toa e slu~aj so izbornite metodi, osobeno pri 
Dontoviot, Sen-Lagoviot i modificiraniot metod, kade se koristat 
kone~nite matemati~ki nizi.  

Vo ovoj trud, bez da navleguvame vo pra{awata na 
demokrati~nosta ili pravnata legitimnost na izbornite rezultati, 
}e dademe matemati~ki dokaz na formulata za presmetuvawe na 
izbornite rezultati po Dontoviot metod, {to skoro avtomatski 
podrazbira i anologni formuli i za Sen-Lagoviot i 
modificiraniot metod, za koja formula smetame deka ne e poznata i 
so koja se objasnuvaat mnogu nedostatoci i nelogi~nosti na 
Dontoviot metod koi se javuvaat vo izbornata praksa. Pra{aweto e 
osobeno va`no bidej}i Dontoviot izboren metod  se koristi vo 
golem broj dr`avi. 
 

FORMULA ZA MNOZINSKI IZBOREN SISTEM 
Gi voveduvame slednite ozna~uvawa za osnovnite izborni 

golemini: 
 M  - vkupna masa na va`e~ki izborni liv~iwa; 
  - broj na glasovi dobieni za i -tata partija ili poedinec; im
  -  broj na pratenici koi gi dobiva sekoja partija vrz 
osnova na ; 

ip

im
 p   -  broen sostav na Parlamentot (konstanta); 
   -  broj na relevantni partii u~esni~ki vo izborite. n
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Osnoven izboren problem (vo matemati~ka smisla) e da se 
opredeli izbornata funkcija  

( )iii mpp =           (1) 
koja go dava brojot na pratenici izbrani spored soodveten izboren 
metod vrz osnova na glasovite. Taa e razli~na spored razli~ni 
izborni metodi i postapki. 
 

Osnovnite izborni relacii se isti vo sekoj metod: 
Mmmm n =+++ K21           (2) 
pppp n =+++ K21           (3) 

Ako e , toga{ e prirodno da va`i 
. 

021 ≥>>> nmmm K

121 ≥>>> nppp K

 
Pojdovna izborna hipoteza za mnozinskiot sistem e brojot na 

izbranite pratenici da e pravo proporcionalen na dobienite 
izbira~ki masi. Imeno, potrebno e da va`i relacijata 

 

 
p

M
p
m

p
m

p
m

p
m

n

n ===== K
3

3

2

2

1

1                      (4) 

 
ili 

),,2,1( ni
M
p

m
p

i

i K==  

od kade ja dobivame osnovnata formula za brojot na pratenicite po 
mnozinskiot izboren sistem: 

nim
M
pp ii ,,2,1, K==         (5) 

vo koja brojot  

pratenik eden za potrebni i~izbira na broj

telo izbornoto vo pratenici  broj vkupen

masa ka~izbira ka~va`e vkupna

               =

===
p

Mk
 

 
Brojot  k  e  izboren koeficient. 

 
Dobri strani na mnozinskiot izboren  metod se: 
 - potpolno ednakov broj glasovi za edno prateni~ko mesto 
(demokrati~nost) 
 - ednakva primena i izborni predviduvawa (transparentnost) 
 - uva`uvawe i na malite partii (ramnopravnost) 
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Slabosti na mnozinskiot izboren  metod se: 
 - golem broj usitneti partii vo parlamentot, {to ote`nuva 
steknuvawe na mnozinstvo i izglasuvawe na zakonite; 
 - te{kotii pri formirawe na koalicii potrebni za brza i 
efikasna rabota na parlamentot, a osobeno pri donesuvawe na 
ustavni zakoni za koi e potrebno dvotretinsko mnozinstvo; 
 - poradi namalena efikasnost, zgolemen broj na 
parlamentarni krizi, {to zna~i op{testvena nestabilnost. 
 

DONTOV IZBOREN METOD 
Mnozinskiot izboren sistem e bez somnenie matemati~ki i 

demokratski najkorekten. Mo`e da se doka`e deka pri nego 
otstapuvawata od sredinata se minimalni i toa e edinstven sistem 
so ovaa osobina. Me|utoa, potrebata za kompromisi, neophodni vo 
`ivotot, ~esto pati bara napu{tawe na ovoj sistem. Zatoa se 
predlo`eni drugi izborni sistemi od koi najmnogu se primenuva 
DONTOVIOT METOD. 

Su{tinata na ovoj metod se sostoi vo slednoto: 
- Izbornite masi  , podredeni po golemina,  gi 

delime so prirodni broevi i taka gi dobivame kone~nite 
nizi 

nmmm ,,, 21 K
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p
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3

3

2

2

1

1

      (6) 

 
Od ovie nizi gi izbirame prvite   najgolemi koli~nici,   za ,  

 za , itn.  za , taka {to da va`i (3). Sekoj od ovie 
koli~nici toga{ opredeluva po edno prateni~ko mesto. 

ip 1p 1m

2p 2m np nm

 Ovoj metod e o~igledno konstruiran intuitivno. Ne sme 
sretnale matemati~ki dokaz i formula, koi bi ja potvrdile 
negovata korektnost i demokrati~nost.  
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HARMONISKI SUMI 
Matematizacijata na izborniot problem mo`e da se izvede 

ako Dontoviot triagolnik od {emata (6) se pretvori vo formula.  
Toa mo`e da se napravi samo ako elementite - koli~nici gi 

sobereme, za statistika  ili analiti~ka obrabotka. Taka dobivame  
 kone~ni sumi n

                  

),,2,1(,111
3
1

2
11

321

1

ni
k

m
np

m

n
m

p
mmmm

n

k
i

i
i

i

i

iiii

KKK

KK

==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++++=

=++++++

∑
=

      (7) 

 
koi gi vikame kone~ni harmoniski sumi. Toa se sumi koi rastat 
mnogu poleka, pri rastewe na brojot na ~lenovite, {to vo 
matematikata pretstavuva spora divergencija. Za ovie nizi kako 
edinstveno sredstvo za sumirawe slu`i teoremata na Ojler: 
 

           56,0Eulerln1
3
1

2
11lim ≈−==⎟

⎠
⎞

⎜
⎝
⎛ −++++

∞→
konstanta ovaCn

nn
K .     (8) 

Ako ja primenime ovaa formula vrz kone~nite nizi toga{ va`i 
 

nCn
n

ε++=++++ ln1
3
1

2
11 K . 

Bidej}i nε  zavisi od  i ne mo`e da se oceni odnapred, sleduva deka 
ne mo`e da se oceni nitu gornata suma. Sporata divergencija na 
gornata suma mo`e da se sogleda niz sledniot primer. 

n

Da najdeme kolku ~lenovi   treba da sobereme za da imame 
suma ednakva na 20, {to opredeluva 20 pratenici: 

n

Cn
n

n

+≈++++

==

ln1
3
1

2
11

?,20
444 3444 21

K  

Ako zememe  i logaritmirame imame 9100000000001 ==n

        . 2,2156,030,2910ln910lnln 9 ≈+⋅=⋅==n
Zna~i za da dobieme suma 20  (t.e.20 pratenici) treba da sobereme 
edna milijarda ~lenovi vo gornata niza. Bidej}i vo Makedonija 
mnozinstvo se opredeluva so nad 60 pratenici, toa zna~i deka treba 
da sobereme nad 3 milijardi dropki, {to e mnogu i za kompjuter, a ne 
za ra~no sobirawe pri izbornite komisii.  

Zatoa Dontoviot metod daden so definicijata (6)  e osobeno 
te`ok za prognozirawe i e netransparenten za primena. 
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MATEMATI^KI DOKAZ NA DONTOVIOT SISTEM. 
METOD NA RECIPRO^NI MOMENTI 

 Bidej}i sobiraweto vo {emata e te{ko izvodlivo, }e go 
primenime metodot na momenti, {to osobeno se koristi vo 
fizikata, i statistikata. Ima mnogu momenti: na sila, na inercija, 
na rabota, na koli~estvo dvi`ewe, impuls na sila, kineti~ka 
energija. Nie }e primenime moment vo vid na ja~ina na poleto, 

i

i

r
f

E = , t.e. vo vid na recipro~ni vrednosti na Dontovite koli~nici 

im
n

 vo  (6). Imeno }e gi razgleduvame recipro~nite nizi 

ii

i

iii m
N

m
p

mmm
,,,,3,2,1

KK  

koi se sumiraat lesno, t.e. 
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113211
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⋅=++++= ∑∑

==

nn
m

k
mm

k

i

n

ki

n
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Pri~inata za vakva transformacija na Dontovite koli~nici e 
ednostavna i se sostoi vo slednoto:  
 Na maksimumot na Dontovite koli~nici sootvetstvuva i 
maksimalna suma 

∑↔
ji j

i

j

i

p
m

p
m

,

maxmax  

i recipro~no, na minimalnite  Dontovi koli~nici sootvetstvuva 
minimalna suma 

                                          ∑∑
==

↔
j

i
i

n

j jj

i p
mm

p

11

1minmin                              (10) 

 
IZBORNA FUNKCIJA 

Formirame zbir od recipro~nite vrednosti na ~lenovite od 
Dontovata {ema 

( ) ∑∑
==

=
j

i
i

n

j j
ij p

m
pmF

11

1,     (11) 

koj }e go nare~eme izborna funkcija. Taa zavisi od izbira~kite 
masi , od pratenicite  i brojot na partiite {to u~estvuvaat vo 

izborite.  
jm ip
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Ako   i  se neprekinati promenlivi, toga{ problemot 

na nao|awe na 
jm ip

( )ij pmF ,min  se sveduva na primena na aparatot na 

matemati~kata analiza: opredeluvawe  uslovni ekstremi na 
( )ij pmF ,  pri uslovite (2) i (3). 

 
LAGRAN@OVA FUNKCIJA NA USLOVNI EKSTREMI 

So (10), (2) i (3) formirame Lagran`ova funkcija so parametri λ  i 
μ : 
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LAGRAN@OVI FORMULI ZA USLOVEN EKSTREM 

Od analizata e poznato deka vo slu~aj na ekstrem ( max   ili min ) za 
(11) }e va`i: 
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∂
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DONTOVI RAVENKI I NIVNO RE[ENIE 
Od (9), (11), (12) i (13) dobivame: 
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Od ovie ravenki nao|ame: 

                                 
2
1

−−= ii mp λ ,                               (15) ni ,,2,1 K=
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M

np
2

+
−=λ                                                       (16) 

 
od koi ja dobivame Dontovata formula za osnovniot izboren 
problem (1): 
                                                      
   
                                                                    
 
 
Od formulata (17) mo`ni se slednite zaklu~oci: 
 

1. Dontoviot broj na pratenici e ednakov na zbirot od 

mnozinskiot broj pratenici  
M

pmi   i sobirokot  

 

         ⎟
⎠

⎞
⎜
⎝

⎛
−⋅=Δ 1

2
1

M
m

n i                                           (18) 

t.e.  

( ) Δ+= mnoz. poDont) po      ii pp (  

2. Razlikata  ( mnoz. poDont) po      ii pp )−=Δ (   e tolku pogolema 

kolku e pogolem brojot  i brojot na partiite  n. im
3. Partiite so golem broj pratenici  po Dont  dobivaat u{te 

pogolem broj pratenici. 
 
4. IZBOREN PRELOM. Ne postoi razlika pome|u 

Dontoviot i mnozinskiot metod ako  

01
2
1

=⎟
⎠

⎞
⎜
⎝

⎛
−⋅=Δ

M
m

n i  

od kade dobivame 

n
Mmi = . 

(Ovoj broj vo R.Makedonija na izborite vo 2002 godina iznesuva{e  
40 000 glasa~i). 

 5. Ako partijata ima izbira~i nad brojot 
n
M

, taa avtomatski 

dobiva Δ pratenici pove}e. Partiite {to imaat izbira~i okolu 

brojot  
n
M

, so Dontoviot sistem ne dobivaat pove}e pratenici, t.e. 

⎟
⎠

⎞

⎝
−1

2 M
n

M
i

i ⎜
⎛

⋅+⋅=
1 mpmp i , ni ,,2,1 K= .      (17) 
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tie dobivaat ednakov broj pratenici i po Dontoviot i po 
mnozinskiot sistem. Partiite za koi brojot na izbira~i e pod  

pragot  
n
M

 imaat negativna razlika Δ i tie partii gubat Δ 

pratenici po Dontoviot vo odnos na mnozinskiot sistem. 
  

6. Golemite partii dobivaat u{te pove}e pratenici, a malite 
gi gubat i onaka maliot broj mesta. Spored toa  najmalite partii se 
potpolno uni{teni. 

 
 7. Bidej}i masata na va`e~ki glasovi e  M  i taa e fiksna, 
sleduva deka golemite partii  dobivaat izvesen broj pratenici na 
smetka na malite partii i toa to~no od nivnite glasovi (taka vo 
Makedonija, 4 pobedni~ki partii gi imaat prevzemeno glasovite od 
12 mali partii i taka nekoi partii dobivaat i po 20% pove}e 
prateni~ki mesta). 
 8. Dontoviot metod vr{i eden vid aritmeti~ko prisvojuvawe 
na glasovite.  

9. Dontoviot metod go namaluva brojot na parlamentarnite 
partii. 

 
Ostanuva na pravnicite da ja ocenat demokrati~nosta na ovoj 

izboren metod. 
Se ostava {iroko pole za diskusija za uspe{nosta na 

Dontovata formula vo starite i golemi evropski demokratii i vo 
malite i zavisni dr`avi.  

Isto taka, potrebna e posebna analiza  i za zgolemuvaweto 
(multipliciraweto) na gre{kata Δ  pri podelba na dr`avata na 
izborni edinici (6 vo R. Makedonija) ili po vremenski zoni (8 vo 
Rusija). 

Ovde u{te edna{ ja prepoznavame inaku poznatata 
relativnost na demokratijata - nema idealno praveden izboren 
metod i istovremeno efikasna dr`avna vlast. 
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